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Abstract

We introduce three dimensional fractional Mellin transform and establish analytic theo-
rem, boundedness theorem, inversion theorem and uniqueness theorem for three dimen-
sional fractional Mellin transform. We present propositions of 3-dimensional fractional
Mellin transform. We give some applications of 3-dimensional fractional Mellin trans-

form for solving PDE’s.
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1 Introduction

In modern era, the work of integral transform is very important in the daily life [1- 3]. In the
present scenario, the fractional integral transform has been widely used in signal processing,
image reconstruction, pattern recognition, and many more fields [4, 5]. Mellin transform is

derived from a complex Fourier transform [1] called scale covariant transform [6,7]. Mellin
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transform has many applications, such as algorithms, correlators, navigation, vowel recogni-
tion, cryptographic scheme quantum calculus, radar classification of ships, electromagnetic,
stress distribution, agriculture, medical stream, statistics, probability, signal processing, op-
tics, and pattern recognition [8, 9]. Akay and Boudreause [7] have introduced the fractional
Mellin transform to generalize the scale covariant transform. In connection with fractional
order, the fractional Fourier transform was given by Namias [6], which was dependent on
continuous parameters. The applications of fractional Mellin transform have been given in
controlling the range of rotation and scaling of the signal system [2, 10,], whereas the frac-
tional Fourier transform is only restricted to object recognition in the signal system [8,10-15].
So, the fractional Mellin transform is an essential aspect for analysis of the control system,
stability of electrical networks, and many more in Science and Engineering. Sharma and
Deshmukh [8] have given applications of two-dimensional fractional Mellin transform. To
solve some kind of third-order differential equations is a challenging task [11]. In this con-
text, we present propositions that extend the Mellin transform to a fractional form. We
also explore the concept of 3-DFrMT to solve certain third- order homogeneous Mboctara

PDE’s. This work represents an original scientific contribution and introduces new findings
in the field.

2 3-DFrMT
Definition 2.1. 3DFrMT with parameter A of h(z,w, U) denoted by 3DFrMT {h(z,w,U)}

and it is defined by

3DFrMT{h(z,w,0)} = Hr(B,7,0) = /000 /000 /000 h(z,w,0) Kp(z,w,U, 3,7,0) dz dw dU
(2.1)

where, the kernal

KA(Zv w, 67 Baf% 6)

271 271 2716 1
ﬂ-Z/B 1 vy m i | ——— (B2 +log?z)+

— 1 — 1 ——1 52410020
— »sin A wsin A UsinA e LltanA tan A (0% +og™0)

1
(W2+logzw)+tanA
for, 0 < A < g

Now we give the analytic theorem in 3DFrMT.
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Theorem 2.2. Let h € E*(R") and its FrMT be defined by (5), then Ha(x, ¢, p) is
analytic on C™ if the w, 7,k supp h C S5, S; and S, where

Sw={2z:2€ R",|z| < w,w > 0},
Sr={w:we R", |w| <T1,7>0},
S, ={0:0 € R",|U| < k,k > 0}.

Moreover H(x, ¢, p) is differentiable and Dg Dg DY Ha(B,7,0)=< h(z,w,U, 3,7,6) >

Proof. Let

B (Br, B2, — — —Bj,— — —PBn) €C",
v (e — = ——m) € O,
5t (81,09, — — —8;,— — —0,) € C™.

We first prove that

o o0 0

(9753- 377] 375] HA(ﬂv%é) =< h(z,w,U), a

g 0 0
353‘ (97'7] 875] KA(Z,U),U,/B/Y:(S) >.

For fixed 8; # 0, choose two concentric circles C1, Co with centre at ¢ and radius Ry,

Ry respectively such that 0 < Ry < Ry < |B;]. Let AB;; be a complex increment satisfying

0< ’,3]‘ < R;.

Again for fixed 7; # 0. Again choose two concentric circles C3, C4 with centre at 7 and
radius R3, Ry respectively such that 0 < R3 < Ry < |;|. Let Av; ; be a complex increment
satisfying 0 < |v;| < Rs.

Also for fixed d; # 0, choose two concentric circles Cs, Cg with centre at ¢ and radius

Rs, Rg respectively such that 0 < Rs < Rg < [0j]. Let Ad;; be a complex increment
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satisfying 0 < |Ad;| < Rs.
Ha|(Bj + ABj), 4,051 — HalBj, 4, 05 Ha|(Bj, (v + Av;), 651 — HalBj, 75, 65

Consider

AB; A
H|Bj, 74, (85 + Ad5)| — HalBj, 75, 051 9 9 0
—<h — K
As, < h(z,w,0) 93, 0, 95, Az, w, 0, B,7,6) >
=< h(z,w,U)jTAngwAgj(z,w,g) > (2.2)

Ka(z,w,0, B5,7;,05).

We have,

DXDS, D Ka(z,w,U, B,7,0)

2mif . 2miy 2mi0 . [ I oo
- em tanA(ﬁ og ZHtanA

- -1 2 +log?w)+
zsin A wsin A Usin A (7" Hlog™w) tan A

82+1 2U:|
= DXDS DY, (o )]

x A (¢ B p M
=2 2.2 2. 2. C) ;) (jw) E(B) Q(y) T(8) Al Bl M1z XtV = CHR g5=ptL

A=0U=0 B=0 R=0 M=0 L=0
2mi \A-U/ 27 \B-R/ 2w \M-L _ _ _
(tanA> (tanA) <tanA> (logz)A Y (Ing)B R(logU)M " Cul2) Cr(w)

CL(O) KA(Z,’U}, 67/8777 5)7

where, E(3), Q(y) andT(9) is a polynomials in 3,7, 0.
Since z,w,U € R™ and fixed x, (, p and A are ranging from 0 to g,

DX DS, DY K (z,w, U, 8,7,0) is analytic inside and on C” , Cf and C3, we have by

Cauchy’s integral formula

D§ Dlgv szj TAﬂjA@/jA@' (Za w, U)

Dpf”f” CWKA(ZUJUﬁ’Y, )

1 1
A@(X Bj — AB; X - @)

" ]
1 1 1 1 1 1
— — — X dY dZ
A"}/J< A’Y] Y—"yj) (Y—"}/j)2 A5j(Z—5j—A(5j Z—5j> (Z—éj)Qld d d
where
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B = /Blaﬂ27_ - _6j—1>X7 ﬂj—i-l?_ - _7671)
Y Y1572, Vi 17Y’Yj+17 - —¥n,
0 = 61,09, — — —0;j_1,Z, dj41,— — —0

_ ABAyAS; f f f T(z,w, 5, 3,7,9)
—871'3 1" i 1 X 5] A/BJ)(X — ﬁj)Q(Y - — A’yj)(y — ’}/j)z
(Z - 8; — AG))

dX dY dZ

But for all X € C", Y € Cf and Z € Cf and z,w and U restricted to a compact
subset of R, 0 < A < g, T(z,w,U,,7,0) = DX D5, DY K(z,w,U,3,7,0) is bounded by

a constant G.

Moreover | X —3;—Apj| > Ro—Ry > 0and | X -] = Ry, |Y —v;—Avj| > R4—R3 > 0
and

\Y—’yj] = Ry, ‘Z—(%‘—A(Sﬂ > Rg — Rs > 0 and ’Z—éj’ = Rs.
Therefore we have,

DX D§, D Y ag, a6, (2,0, U)‘

ABj| |A AG;
18511851 6J|f f f ¢ L [dX| |aY| |az]
81 c’ cy cl (R2 - Rl)RQ (R4 - Rg)R4(R6 - R5)R6

IAB;| |Ay;]|AS;] G
~ (R2 — R1)R2 (Ry — R3)R4 (Rs — R5)Rg

Thus, as [ABj] — 0, |[Ay;| — 0 and |AS;| — 0, DX DS, D Tag, aq,as,(2,w,5) — 0

uniformly on the compact subset of R". Thus Tg, .. 5,(2,w, U) converges in E(R") to zero.

Since h € (E*), therefore (6) is — 0. Thus Hx(B,7,0) is differentiable with respect to
Bj, v; and ;. But this is true for all i, j= 1,2,- - - ;n. Therefore, Hy(5,7,0) is analytic on
C™ and

DX DS Df Ha(B,7,0) =< h(z,w,0, 8,7.6), D§ D§ D§ Kj(z,w,0,3,7,6) >
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Now we give boundedness theorem in 3DFrMT.

Theorem 2.3. Let h(z,w,U) € E*(R"™) and its FrMT be defined by (2.3). Let supp h

C spU s;Usy, where S = {z: 2 € R",|2| <w,w >0}, S; ={w:w e R", |w| < 7,7 > 0}
and

S, ={0:0 € R",|U| < K,k > 0}, then for all §,v,5 € C™ for each = > 0, there exist a

constant Cy > 0 and a positive integer 1,0, & € It such that for 0 < A < g, where I

is the set of positive integer.

‘HA(Ba'Yv 5)|
A-U B-R M—L
< (O maijc Cy Cx O} [log(w + El)} [log(w + Eg)] [log(w + Eg):|
=
pP<E

T
Cy(w +Z ) Cr(T+Z2) Cr(k+Z3) (ww+ Zy)sinA

|:2(IA[3)+cosA(IA (log(w+51))] +U—x—1

[Q(IB'y +cosA(Ig(log(T+E ))} +R—(-1 |:2(11\/15)+COSA(1M (log(li+53))i| +L—p—1

(T + Z9) smA (k + Z3)sin A

Proof. By the Boundedness property of the generalized function, there exit a constant

(5 and a positive integer 9, o and &, such that

’HA(Bf}/’(S)‘ < ‘ < h(zawaU)7KA,h,$(Z>w>O>BafVa 6) > ‘
< Cymax sup |DX DS D Ka(z,w, 0, 3,7, )‘
XSV zeR™
(<o weR™
p<§ UBER"
x A (¢ B p M
< Comax sup ZZZZZ( )( )( )v(B)Q(fy)n((S)A!B!M!
XSV ZER | 420 U=0 B=0 R=0 M=0 1=0

p<E DER™

2mi 2miy 2110 N\ AU _\ B-R M-L
: —1-x+U : —1-¢+R __— —1—p+L [ 2m1i 21 211
zsin A wsin A Usin A
tan A tan A tan A

(log 2)*~Y (log w)®~% (log B)M~L Cy(2)Cr(w) CL(V)

1
i 2 o 22 2 o 2’[1) 2 o 2
e [tanA(ﬁ oy )thanA(7 Hog w)+ nA(5 oy 6)]
2
L(IM) FU—x-1 2Upy)
< Comax Cp Cf CY" (w+ =) sinA (1 +Z3) sinA
/234
p<E
27 (Ipr0) )
T x tL=p- _ _ _ . _ _
(k +Z3) sinA log(w + Z1)]47Y [log(r + Z2)]%~F [log(k + Z3)| ML
0
- - _ _ (w+E1) _ (T+E2) _ (k+E3)
Cu(w+Z1) Cr(T+Z3) Cpr(k+Z3)(w + Z;)tan A ' (1 + =) tan A ’ (k + Z3)tan A ’
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X A x 2w \A-U ma5?)
where, C) = ZZ(A> AlR(ﬁ)(tanA) e sinA
A=0U=0
¢ B . Uy
k= S5 () ()
B=0 R=0
p M B W(IM52)
o - ()2

o AU _ 1B-R _ qM-L _
< Comax Cy C) C} [Zog(w + :1)] [log(w + :2)] [log(w + :3)] Cy(w + =)
XY
(<o
pP<E

™
—|2(1 +cosA(I4(log(w+E2E +U—x—-1
Cr(t+Z2) Cr(k+Z3) (w+Zp)sinA { (I4P) (Za(tog( 1))} X

[Q(IB’y)JrcosA(IB (log(T+Eg))} +R—(-1 |:2(IM5)+cosA(IM (log(nJrEg))} +L—p—1

(T 4 ) sinA (k + Z3) sinA

Now we give inversion theorem in 3DFrMT.

Theorem 2.4. We can find the function h(z,w,U) using the inversion formula of

3DFrMT

h(z,w,U) = I I I HA(8,7.0) Knlz,w, 8, 5,7,6) df dvy d,

where,

KA(Z, w, 67 B?f% 5)

—2m1 —271 —2mid 1
B 1 ‘ (8 +log?2) +

= <_732A) z sinA  sinA U sinA eim tan A tan A
sin

(v +log?w)+ T (8°+10g*v)

an A

Proof. We have

3DFTMT{h(z7w7U)}:HA(57775) - f f f h(Z,U),U) KA(Zaw767B7775) dz dw dO
0 0 0

27if 2miy 2mid
oo 0 0 - 1 - -1 " -1
- f f f h(z,w,0) »sin A wsin A Usin A
0 0 0
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(B2+log?z)+

‘ 2 +log?w)+
em tan A tan[\(7 ogw) t

(62410g%0)

_7-”'62 —71'7;’}/2 —ié?
etan A etanA etanA Hy(8,,0d)

o oo (o 2mif3 ) 2miy ) 2mid . log?z log*w 1og*U
:f f f h(z,w, V) ssin A wsinA  UsinA em tanA+tanA+tanA dz dw dU
0 0 0

2mif3 2miy 2mid
S R B -l -1 ————1
:f f f g(z,w,0) zsin A sinA UsinA  dz dw dU,
0 0 0

where,

A |:l0922 log?w log2U]

g(z,w,0) = h(z,w, V) e "[tan A tan A tanA

= M{g(z,w,0)} () () (¥),

where, 7 = (2mﬂ> 0= (27Ti’Y) v — (27Tz'6)

sinA/’ sinA/’ sinA/’

Using inverse Mellin transform

9(z,w,0) = 83/ // G(m,Q,0) 277 w0 Vdr dQ d¥,
™

where,
—mif? —miy? —mid? A QsinA TsinA
G(1,Q,0) =e tanA\ e tanA e tanA HA(Tsm sin Sin. )

omi | 2mi | 2mi

{log z log*w logQU

Soh(z,w,0) e tanA+tanA+tanA 3/ / / G(,Q, ) w2 Ydr dQ AU
8

an A dz dw dOU.

) o oo (o —mifB? —mwiy? —mid? 2mif 2miy
h(zjij) = 8? I I I etan A e tan A e tan A HAﬁ,g(ﬁ,’y, (5) z sinA w sinA
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—27id [long log?>w 10g?0

s (25 (250 (@I v

h(szvU):foo foo fOOHA(Ba’%(S) [?A(vavzjvﬁa’ya(s) d6d7d5

where,

KA(Z, w, Ua ﬁ?P% 6)

—2mif  —2miy —2mid 1

1 1

s e 2 1 2 2 l 2 2 l QU

= ( . ;A) z sinA w sinA U sinA e ™ tanA(’B g Z)thanA(v og u))thaunAw Hog™0) .
sin

Now we give uniqueness theorem in 3DFrMT.

Theorem 2.5. If Hp(8,7,0) = 3DFtMT {h(z,w,0)}, Ga(B,7,0) = 3DFrMT
{9(z,w,0)},
Qa(B,7,0) =3DFrMT {q(z,w,V)} for, 0 < A < g and supp h C Sg, supp g C S, ,
supp q C Sy, where

Se={2:2€ R",|z| < w,w > 0},
Sr={w:we R"|w| < 7,7 >0},
S, ={0:0 € R",|U| < K,k > 0}.
If, HA(B,7,0) = GA(B,7,d) = Qa(B,7,d) then h = g = q in the sense of equality in E*.

Proof. By inversion theorem

1M
[ Raeow.8.5.5.6) [Ha(5.7.8) = Gal(8.7.0) = Qu(B.7.0)] 6 dy ds

3 Some Propositions
Example 3.1. Show that
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{3DFrMT(1)} (B,7,8) = (i tanA)3/2e mitanA(B*+7+6%)

Proof. We have {3DFrMT(1)}(5,7,0)

o oo (o 2ﬂiﬁl2wi712ﬂ'i51m’2252l2l2l26
= f f f (1) ssinh wsinA  UsinA etcmA(ﬁ FrroTHogTEog wkog )dz dw dO
0 0 0

putting,

logz =w = 2= = dz = e“dw

logw =v = w=¢€"= dw =e"dv

log U =19 =0 =c¢Y = dU = e¥dy

{3DFRMT(1)} (B,7,9)

2mif 27y . 2mid . oo oy
f f f @)sinA (e)sinA (eV)sinA etanA T won ¥ gy aw
27 ™
here, X =
where, sinh '~ tanA

_et A B ) f f f h X (Brtyw+60) Y (@ +v°+9%) g0 ), 4T

(7”)3/2 e 41/}(52+7 w9
%

= (i tan A)3/2e—mitan A(B+77+6%)

Example 3.2. Show that

{3DF7~MT( i(C (log m)?-+€ (log 1)+ (log])?] )} (8.7, 6)

—i7T2 { 52 N '72 . 52 }
T4+ (tanA w4+ Etan A w4 tan A

(7.‘.2‘)3/2 L(62+’Y +62) -
_ etan A eSin A cos A

VXY Z

Proof. We have
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{3DFrMT (¢f Kot meciogtnviest 1) 1 (5.1 5)

o oo (oo 27 2miy  2mid
- f f f [ei [¢ log? m+¢ log® nt log? ”] msinA_lnsinA_llsinA_1
0 0 0

7(5%7 +6%+log? m-+log® ntlog” |
eta nA ) dm dn dl

2mif 27y . 2mid ) ™o 52
f f f msinA nsinA_ [sinA etanA(B A )ei(C1092m+51092n+wl0921)

l l log?l
etcmA( 0g*mHogin-+log™) dm dn dl

Putting,
logm=A=m=et = dm=et dA
logn=B=n=¢eP = dn=¢"dB

logl=C=1=e=dl = e dC

- {3DF7‘MT (ei[C log? m+¢€ log? n+1 log? l]>} (57 7, 5)

) 52 2mif 2miy 2mid
= et ﬁ 77+ f f f AysinA (eB)sinA (e¢) sinA

[<C+ taZA) 2+<E+ tanA) B+ (w+ tcmA)CQ] dA dB dC

v
_ eﬂ(ﬁz)ﬂ +6%) fooeiGA+iXA2dA fooeiHB+iYB2dB fooeiLC—i-iZCQdC

[e.e] o0 o0

where,

27 27y 2md T T
~ sinA’ sin A’ sin A’ C+tanA’ é—’_tanA’

s
tan A
. {3DF?”MT<€Z'[< log? m+¢ log? n+v log? l]) }(,8,7,5)
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e
(B24~2+62 o . - . . )
—etan A ) ezGA+zXA2 dA ezHB+zY32 dB ezLA—l—zZA2 dC

oo o o
. 2 2 2 2
(7”')3/2 mt (B2+4~2462) ,ZZ tanA{ ﬁ + 7 + 0 }
- etan A eSinZA T4+ (tanA w4+ Etan A w4 Ptan A
vXYZ

=

3DErMT (ez‘[c (logm)2+¢ (logn)*+4) (logl)Q}) }( B3,7,9)

32 M —im? { B2 72 62 }

- 2 2 2

_ (i) etanA(ﬁ o )esinAcosA 7r+(tanA+7r+§tanA+7r+1/JtanA '
vXYZ

4  Applications

Application 4.1. Let us Consider the Mboctara PDE’s

Opyth(z,y,t) + h(x,y,t) = 0. (4.1)
Using the proposed transform, we have

2T

(—1) (SinA —1)HA(5_1) (—1) ( omid

T 1) Haly 1) (-1) (32 1) Ha - 1)

sin A

+ A(z,w,0) =0

5 = (2 0) (222 (2550 -0, -7

sin A sin A sin A

Az, y,t) = —FrMTl{ [(M _ 1) (2”” _ 1) (27”"5 - 1)]

[HA(ﬁ — 1), Haly — 1), Ha(6 — 1)] }

Application 4.2. Let us consider the Mboctara PDE’s

Oyth(z,y,t) + Wz, y,t) = 1. (4.2)

Using the proposed transform, we have
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20
sin A

28
sin A

2y

(<) (552 =1 HA(B=1) (=1) (57 = 1) Haly=1) (1) (53 = 1) HA(G = 1)

sin A
+ Bz, w,B) = (i tanA)3/2e=mitanA(5*+77+6%)

(¢ tcmA)3/26—m‘ tanA(B2+~2+62)

or, h(z,w, V) =

(G2 q) (270 1) (270 1)) [Ba(8 — 1), Haly — 1), Ha(6 — 1)]

sin A sin A sin A

(¢ tanA)3/2€—m'tanA(52+72+52)

h(z,y,t)= FrMT~1

sin A sin A sin A

Discussion

The Mellin transform is applicable in different branches of science and engineering for
analyzing the algorithms of any system because it is a scale co-variant transform. Since
fractional Mellion transform is a generalization of Mellin transform, it is applicable to con-
trol the range of rotation and scaling of any signal system. Three dimensional fractional
Mellin transform can split the signal into fractional form signals, so its analysis can be
more accurate and comfortable than a compact one in the extraction and separation of the
image of any system. The present work generalizes the current state of knowledge in our
topic because this work is wrathful in more general as in three-dimensional scenarios. The
work of three-dimensional fractional Mellin transform and its applications is a novel work
in the field of integral transform due to it aids generalized tools with three dimensional
to solve more complicated problems. The results represent pioneer importance previously

untouched in the field of extension fractionally for the Mellin transform.

Conclusion

Finally, in this paper, we have generalized the three dimensional fractional Mellin
transform in the distributional sense and proved its analytic theorem, boundedness theorem,
inversion theorem, and uniqueness theorem. Also, we have given propositions of 3-DFrMT,
which can also be applied with advantages to solve the different types of problems in any
signal processing system, especially in a navigational system as a co-relator to control

moments in any specific three-dimensional space.
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