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Abstract

We introduce three dimensional fractional Mellin transform and establish analytic theo-

rem, boundedness theorem, inversion theorem and uniqueness theorem for three dimen-

sional fractional Mellin transform. We present propositions of 3-dimensional fractional

Mellin transform. We give some applications of 3-dimensional fractional Mellin trans-

form for solving PDE’s.
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1 Introduction

In modern era, the work of integral transform is very important in the daily life [1- 3]. In the

present scenario, the fractional integral transform has been widely used in signal processing,

image reconstruction, pattern recognition, and many more fields [4, 5]. Mellin transform is

derived from a complex Fourier transform [1] called scale covariant transform [6,7]. Mellin
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transform has many applications, such as algorithms, correlators, navigation, vowel recogni-

tion, cryptographic scheme quantum calculus, radar classification of ships, electromagnetic,

stress distribution, agriculture, medical stream, statistics, probability, signal processing, op-

tics, and pattern recognition [8, 9]. Akay and Boudreause [7] have introduced the fractional

Mellin transform to generalize the scale covariant transform. In connection with fractional

order, the fractional Fourier transform was given by Namias [6], which was dependent on

continuous parameters. The applications of fractional Mellin transform have been given in

controlling the range of rotation and scaling of the signal system [2, 10,], whereas the frac-

tional Fourier transform is only restricted to object recognition in the signal system [8,10-15].

So, the fractional Mellin transform is an essential aspect for analysis of the control system,

stability of electrical networks, and many more in Science and Engineering. Sharma and

Deshmukh [8] have given applications of two-dimensional fractional Mellin transform. To

solve some kind of third-order differential equations is a challenging task [11]. In this con-

text, we present propositions that extend the Mellin transform to a fractional form. We

also explore the concept of 3-DFrMT to solve certain third- order homogeneous Mboctara

PDE’s. This work represents an original scientific contribution and introduces new findings

in the field.

2 3-DFrMT

Definition 2.1. 3DFrMT with parameter Λ of h(z, w,f) denoted by 3DFrMT {h(z, w,f)}
and it is defined by

3DFrMT{h(z, w,f)} = HΛ(β, γ, δ) =

∫ ∞
0

∫ ∞
0

∫ ∞
0

h(z, w,f) KΛ(z, w,f, β, γ, δ) dz dw df

(2.1)

where, the kernal

KΛ(z, w,f, β, γ, δ)

= z

2πiβ

sin Λ
−1
w

2πiγ

sin Λ
−1

f
2πiδ

sin Λ
−1
e
πi

[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(δ2+log2f)

]

for, 0 < Λ ≤ π

2
.

Now we give the analytic theorem in 3DFrMT.
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Theorem 2.2. Let h ∈ E∗(Rn) and its FrMT be defined by (5), then HΛ(χ, ζ, ρ) is

analytic on Cn if the $, τ, κ supp h ⊂ S$, Sτ and Sκ, where

S$ = {z : z ∈ Rn, |z| ≤ $,$ > 0},

Sτ = {w : w ∈ Rn, |w| ≤ τ, τ > 0},

Sκ = {f : f ∈ Rn, |f| ≤ κ, κ > 0}.

MoreoverHΛ(χ, ζ, ρ) is differentiable andDχ
β D

ζ
γ D

ρ
δ HΛ(β, γ, δ)=< h(z, w,f, β, γ, δ) >

.

Proof. Let

β: (β1, β2,−−−βj ,−−−βn) ∈ Cn,

γ: (γ1, γ2,−−−γj −−− γn) ∈ Cn,

δ: (δ1, δ2,−−−δj ,−−−δn) ∈ Cn.

We first prove that

∂

∂βj

∂

∂γj

∂

∂δj
HΛ(β, γ, δ) = < h(z, w,f),

∂

∂βj

∂

∂γj

∂

∂δj
KΛ(z, w,f, β, γ, δ) >.

For fixed βj 6= 0, choose two concentric circles C1, C2 with centre at σ and radius R1,

R2 respectively such that 0 < R1 < R2 < |βj |. Let ∆βi,j be a complex increment satisfying

0 < |βj | < R1.

Again for fixed γj 6= 0. Again choose two concentric circles C3, C4 with centre at η and

radius R3, R4 respectively such that 0 < R3 < R4 < |γj |. Let ∆γi,j be a complex increment

satisfying 0 < |γj | < R3.

Also for fixed δj 6= 0, choose two concentric circles C5, C6 with centre at ι and radius

R5, R6 respectively such that 0 < R5 < R6 < |δj |. Let ∆δi,j be a complex increment
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satisfying 0 < |∆δj | < R5.

Consider
HΛ|(βj + ∆βj), γj , δj | −HΛ|βj , γj , δj |

∆βj

HΛ|(βj , (γj + ∆γj), δj | −HΛ|βj , γj , δj |
∆γj

HΛ|βj , γj , (δj + ∆δj)| −HΛ|βj , γj , δj |
∆δj

− < h(z, w,f)
∂

∂βj

∂

∂γj

∂

∂δj
KΛ(z, w,f, β, γ, δ) >

=< h(z, w,f),Υ∆βj∆γj∆δj (z, w,=) > (2.2)

KΛ(z, w,f, βj , γj , δj).

We have,

Dχ
zD

ζ
wD

ρ
f KΛ(z, w,f, β, γ, δ)

= Dχ
zD

ζ
wD

ρ
f

[
z

2πiβ

sin Λ
−1
w

2πiγ

sin Λ
−1

f
2πiδ

sin Λ
−1
e
πi

[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(δ2+log2f)

]]

=

χ∑
A=0

A∑
U=0

ζ∑
B=0

B∑
R=0

ρ∑
M=0

M∑
L=0

(χ
A

)(ζ
B

)(ρ
M

)
E(β) Ω(γ) T (δ) A! B! M ! z−χ+U w−ζ+R f−ρ+L

( 2πi

tan Λ

)A−U( 2πi

tan Λ

)B−R( 2πi

tan Λ

)M−L
(log z)A−U (logw)B−R (logf)M−L CU (z) CR(w)

CL(f) KΛ(z, w,f, β, γ, δ),

where, E(β), Ω(γ) and T (δ) is a polynomials in β, γ, δ.

Since z, w,f ∈ Rn and fixed χ, ζ, ρ and Λ are ranging from 0 to
π

2
,

Dχ
z D

ζ
w D

ρ
f KΛ(z, w,f, β, γ, δ) is analytic inside and on C ′′ , C ′′1 and C ′′2 , we have by

Cauchy’s integral formula

Dχ
z D

ζ
wD

ρ
f Υ∆βj∆γj∆δj (z, w,f)

=
1

8π3i3
Dχ
zD

ζ
wD

ρ
f

∫
C′′

∫
C′′

1

∫
C′′

2

KΛ(z, w,f, β̃, γ̃, δ̃)

[
1

∆βj

( 1

X − βj −∆βj
− 1

X − βj

)
−

1

(X − βj)2

]
[

1

∆γj

( 1

Y − γj −∆γj
− 1

Y − γj

)
− 1

(Y − γj)2

][
1

∆δj

( 1

Z − δj −∆δj
− 1

Z − δj

)
− 1

(Z − δj)2

]
dX dY dZ

where,
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β̃ = β1, β2,−−−βj−1, X, βj+1,−−−, βn,

γ̃ = γ1, γ2,−−−γj−1, Y, γj+1,−−−, γn,

δ̃ = δ1, δ2,−−−δj−1, Z, δj+1,−−−δn

=
∆βj∆γj∆δj
−8π3i

∫
C′′

∫
C′′

1

∫
C′′

2

T (z, w,f, β̃, γ̃, δ̃)
(X − βj −∆βj)(X − βj)2(Y − γj −∆γj)(Y − γj)2

(Z − δj −∆δj)(Z − δj)2

dX dY dZ

But for all X ∈ C ′′, Y ∈ C ′′1 and Z ∈ C ′′2 and z,w and f restricted to a compact

subset of Rn, 0 < Λ ≤ π

2
, T (z, w,f, β, γ, δ) = Dχ

z D
ζ
w D

ρ
f K(z, w,f, β, γ, δ) is bounded by

a constant G.

Moreover |X−βj−∆βj | > R2−R1 > 0 and |X−βj | = R2 , |Y −γj−∆γj | > R4−R3 > 0

and

|Y − γj | = R4 , |Z − δj −∆δj | > R6 −R5 > 0 and |Z − δj | = R6.

Therefore we have,

∣∣∣Dχ
z D

ζ
wD

ρ
f Υ∆βj∆γj∆δj (z, w,f)

∣∣∣
≤ |∆βj | |∆γj | | ∆δj |

8π3i

∫
c′′

∫
c′′1

∫
c′′2

G

(R2 −R1)R2
2 (R4 −R3)R2

4(R6 −R5)R2
6

|dX| |dY | |dZ|

≤ |∆βj | |∆γj ||∆δj | G
(R2 −R1)R2 (R4 −R3)R4 (R6 −R5)R6

Thus, as |∆βj | → 0, |∆γj | → 0 and |∆δj | → 0, Dχ
z D

ζ
w Dρ

f Υ∆βj∆γj∆δj (z, w,f) → 0

uniformly on the compact subset of Rn. Thus Υβj ,γj ,δj (z, w,f) converges in E(Rn) to zero.

Since h ∈ (E∗), therefore (6) is → 0. Thus HΛ(β, γ, δ) is differentiable with respect to

βj , γj and δj . But this is true for all i, j= 1,2,- - -,n. Therefore, HΛ(β, γ, δ) is analytic on

Cn and

Dχ
β D

ζ
γ D

ρ
δ HΛ(β, γ, δ) =< h(z, w,f, β, γ, δ), Dχ

β D
ζ
γ D

ρ
δ KΛ(z, w,f, β, γ, δ) > .
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Now we give boundedness theorem in 3DFrMT.

Theorem 2.3. Let h(z, w,f) ∈ E∗(Rn) and its FrMT be defined by (2.3). Let supp h

⊂ s$∪ sτ ∪ sκ, where S$ = {z : z ∈ Rn, |z| ≤ $,$ > 0}, Sτ = {w : w ∈ Rn, |w| ≤ τ, τ > 0}
and

Sκ = {f : f ∈ Rn, |f| ≤ κ, κ > 0}, then for all β, γ, δ ∈ Cn for each Ξ > 0, there exist a

constant C2 > 0 and a positive integer ψ, σ, ξ ∈ I+ such that for 0 < Λ ≤ π

2
, where I+

is the set of positive integer.

|HΛ(β, γ, δ)|

≤ C2 max
χ6ψ
ζ6σ
ρ6ξ

CΛ C
?
Λ C

??
Λ

[
log($ + Ξ1)

]A−U[
log($ + Ξ2)

]B−R[
log($ + Ξ3)

]M−L

CU ($ + Ξ1) CR(τ + Ξ2) CL(κ+ Ξ3) ($ + Ξ1)

π

sin Λ

[
2(IAβ)+cosΛ(IA(log($+Ξ1))

]
+U−χ−1

(τ + Ξ2)

π

sin Λ

[
2(IBγ)+cosΛ(IB(log(τ+Ξ2))

]
+R−ζ−1

(κ+ Ξ3)

π

sin Λ

[
2(IM δ)+cosΛ(IM (log(κ+Ξ3))

]
+L−ρ−1

.

Proof. By the Boundedness property of the generalized function, there exit a constant

C2 and a positive integer ψ, σ and ξ, such that

∣∣∣HΛ(β, γ, δ)
∣∣∣ ≤ ∣∣∣ < h(z, w,f),KΛ,},=(z, w,f, β, γ, δ) >

∣∣∣
≤ C2 max

χ6ψ
ζ6σ
ρ6ξ

sup
z∈Rn

w∈Rn

f∈Rn

∣∣∣Dχ
z D

ζ
w D

ρ
f KΛ(z, w,f, β, γ, δ)

∣∣∣

≤ C2 max
χ6ψ
ζ6σ
ρ6ξ

sup
z∈Rn

w∈Rn

f∈Rn

∣∣∣∣∣
χ∑

A=0

A∑
U=0

ζ∑
B=0

B∑
R=0

ρ∑
M=0

M∑
L=0

(
χ

A

)(
ζ

B

)(
ρ

M

)
v(β) Ω(γ) n(δ) A! B! M !

z

2πiβ

sin Λ
−1−χ+U

w

2πiγ

sin Λ
−1−ζ+R

f
2πiδ

sin Λ
−1−ρ+L

(
2πi

tan Λ

)A−U(
2πi

tan Λ

)B−R(
2πi

tan Λ

)M−L∣∣∣∣∣
(log z)A−U (log w)B−R (log f)M−L CU (z)CR(w) CL(f)

e
πi

[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(δ2+log2f)

]
≤ C2 max

χ6ψ
ζ6σ
ρ6ξ

CΛ C
?
Λ C

??
Λ ($ + Ξ1)

2π(IAβ)

sin Λ
+U−χ−1

(τ + Ξ2)

2π(IBγ)

sin Λ
+R−ζ−1

(κ+ Ξ3)

2π(IMδ)

sin Λ
+L−ρ−1

[log($ + Ξ1)]A−U [log(τ + Ξ2)]B−R [log(κ+ Ξ3)]M−L

CU ($ + Ξ1) CR(τ + Ξ2) CL(κ+ Ξ3)($ + Ξ1)

π

tan Λ
($+Ξ1)

(τ + Ξ2)

π

tan Λ
(τ+Ξ2)

(κ+ Ξ3)

π

tan Λ
(κ+Ξ3)
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where, CΛ =

χ∑
A=0

A∑
U=0

(χ
A

)
A! R(β)

( 2πi

tan Λ

)A−U
e

π(IAβ
2)

sin Λ

C?Λ =

ζ∑
B=0

B∑
R=0

(ζ
B

)
B! ~(γ)

( 2πi

tanΛ

)B−R
e

π(IBγ
2)

sinΛ

C??Λ =

ρ∑
M=0

M∑
L=0

(ρ
M

)
M ! T (δ)

( 2πi

tanΛ

)M−L
e

π(IMδ
2)

sinΛ

≤ C2 max
χ6ψ
ζ6σ
ρ6ξ

CΛ C
?
Λ C

??
Λ

[
log($ + Ξ1)

]A−U[
log($ + Ξ2)

]B−R [
log($ + Ξ3)

]M−L
CU ($ + Ξ1)

CR(τ + Ξ2) CL(κ+ Ξ3) ($ + Ξ1)

π

sinΛ

[
2(IAβ)+cosΛ(IA(log($+Ξ1))

]
+U−χ−1

(τ + Ξ2)

π

sinΛ

[
2(IBγ)+cosΛ(IB(log(τ+Ξ2))

]
+R−ζ−1

(κ+ Ξ3)

π

sinΛ

[
2(IM δ)+cosΛ(IM (log(κ+Ξ3))

]
+L−ρ−1

.

Now we give inversion theorem in 3DFrMT.

Theorem 2.4. We can find the function h(z, w,f) using the inversion formula of

3DFrMT

h(z, w,f) =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
HΛ(β, γ, δ) K̃Λ(z, w,f, β, γ, δ) dβ dγ dδ,

where,

K̃Λ(z, w,f, β, γ, δ)

=
( −i

sin3 Λ

)
z

−2πiβ

sin Λ w

−2πiγ

sin Λ f
−2πiδ

sin Λ e
−πi
[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(δ2+log2f)

]
.

Proof. We have

3DFrMT{h(z, w,f)} = HΛ(β, γ, δ) =

∫
∞

0

∫
∞

0

∫
∞

0
h(z, w,f) KΛ(z, w,f, β, γ, δ) dz dw df

=

∫
∞

0

∫
∞

0

∫
∞

0
h(z, w,f) z

2πiβ

sin Λ
−1

w

2πiγ

sin Λ
−1

f
2πiδ

sin Λ
−1
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e
πi

[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(δ2+log2f)

]
dz dw df.

∴ e

−πiβ2

tan Λ e

−πiγ2

tan Λ e

−πiδ2

tan Λ HΛ(β, γ, δ)

=

∫
∞

0

∫
∞

0

∫
∞

0
h(z, w,f) z

2πiβ

sin Λ
−1

w

2πiγ

sin Λ
−1

f
2πiδ

sinΛ
−1
e
πi

[ log2z

tan Λ
+
log2w

tan Λ
+
log2f
tan Λ

]
dz dw df

=

∫
∞

0

∫
∞

0

∫
∞

0
g(z, w,f) z

2πiβ

sin Λ
−1

w

2πiγ

sin Λ
−1

f
2πiδ

sin Λ
−1
dz dw df,

where,

g(z, w,f) = h(z, w,f) e
πi

[ log2z

tan Λ
+
log2w

tan Λ
+
log2f
tan Λ

]

= M{g(z, w,f)} (τ) (Ω) (Ψ),

where, τ =
(2πiβ

sin Λ

)
, Ω =

(2πiγ

sin Λ

)
, Ψ =

( 2πiδ

sin Λ

)
.

Using inverse Mellin transform

g(z, w,f) =
1

8π3

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

G(τ,Ω,Ψ) z−τ w−Ωf−Ψdτ dΩ dΨ,

where,

G(τ,Ω,Ψ) = e

−πiβ2

tanΛ e

−πiγ2

tanΛ e

−πiδ2

tanΛ HΛ

(τsinΛ

2πi
,
ΩsinΛ

2πi
,
ΨsinΛ

2πi

)

∴ h(z, w,f) e
πi

[ log2z

tan Λ
+
log2w

tan Λ
+
log2f
tan Λ

]
=

1

8π3

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

G(τ,Ω,Ψ) z−τ w−Ω f−Ψdτ dΩ dΨ

∴ h(z, w,f) =
1

8π3

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
e

−πiβ2

tan Λ e

−πiγ2

tan Λ e

−πiδ2

tan Λ HΛ,},=(β, γ, δ) z
−

2πiβ

sin Λ w
−

2πiγ

sin Λ
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f
−2πiδ

sin Λ
( 2πi

sin Λ

) ( 2πi

sin Λ

) ( 2πi

sin Λ

)
e
−πi
[ log2z

tan Λ
+
log2w

tan Λ
+
log2f
tan Λ

]
dβ dγ dδ

h(z, w,f) =

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
HΛ(β, γ, δ) K̃Λ(z, w,f, β, γ, δ) dβ dγ dδ

where,

K̃Λ(z, w,f, β, γ, δ)

=
( −i

sin3 Λ

)
z

−2πiβ

sin Λ w

−2πiγ

sin Λ f
−2πiδ

sin Λ e
−πi
[ 1

tan Λ
(β2+log2z)+

1

tan Λ
(γ2+log2w)+

1

tan Λ
(γ2+log2f)

]
.

Now we give uniqueness theorem in 3DFrMT.

Theorem 2.5. If HΛ(β, γ, δ) = 3DFrMT {h(z, w,f)}, GΛ(β, γ, δ) = 3DFrMT

{g(z, w,f)},
QΛ(β, γ, δ) =3DFrMT {q(z, w,f)} for, 0 < Λ ≤ π

2
and supp h ⊂ S$, supp g ⊂ Sτ ,

supp q ⊂ Sκ, where

S$ = {z : z ∈ Rn, |z| ≤ $,$ > 0},

Sτ = {w : w ∈ Rn, |w| ≤ τ, τ > 0},

Sκ = {f : f ∈ Rn, |f| ≤ κ, κ > 0}.

If, HΛ(β, γ, δ) = GΛ(β, γ, δ) = QΛ(β, γ, δ) then h = g = q in the sense of equality in E∗.

Proof. By inversion theorem

h− g − q

= lim
M→∞

1

2π

∫ M

−M
K̃Λ(z, w,f, β, γ, δ)

[
HΛ(β, γ, δ)−GΛ(β, γ, δ)−QΛ(β, γ, δ)

]
dβ dγ dδ

= 0.

3 Some Propositions

Example 3.1. Show that
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{3DFrMT (1)} (β, γ, δ) = (i tanΛ)3/2e−πitanΛ(β2+γ2+δ2)

Proof. We have {3DFrMT (1)}(β, γ, δ)

=

∫
∞

0

∫
∞

0

∫
∞

0
(1) z

2πiβ

sinΛ
−1
w

2πiγ

sinΛ
−1

f
2πiδ

sinΛ
−1
e

πi

tanΛ
(β2+γ2+δ2+log2z+log2w+log2f)

dz dw df

putting,

log z = $ =⇒ z = e$ =⇒ dz = eωd$

log w = ν =⇒ w = eν =⇒ dw = eνdν

log f = ψ =⇒ f = eψ =⇒ df = eψdψ

∴ {3DFRMT (1)} (β, γ, δ)

=

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
(e$)

2πiβ

sinΛ
−1

(eν)

2πiγ

sin Λ
−1

(eΨ)

2πiδ

sin Λ
−1
e

πi

tan Λ
(β2+γ2+δ2+$2+ν2+Ψ2)

e$eνeΨ d$ dν dΨ

where, X =
2π

sinΛ
, Y =

π

tanΛ

= e

πi

tanΛ
(β2+γ2+δ2)

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
eiX(β$+γν+δΨ) eiY ($2+ν2+Ψ2) d$ dν dΨ

=
(πi
Y

)3/2

e
i

{ π

tan Λ
−
X2

4Y

}
(β2+γ2+δ2)

= (i tan Λ)3/2e−πi tan Λ(β2+γ2+δ2).

Example 3.2. Show that

{
3DFrMT

(
ei[ζ (log m)2+ξ (log n)2+ψ (log l)2]

)}
(β, γ, δ)

=
(πi)3/2

√
XY Z

e

πi

tan Λ
(β2+γ2+δ2)

e

−iπ2

sin Λ cos Λ

{ β2

π + ζ tan Λ
+

γ2

π + ξ tan Λ
+

δ2

π + ψ tan Λ

}

Proof. We have
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{
3DFrMT

(
ei [ζ log2m+ξ log2 n+ψ log2 l]

)}
(β, γ, δ)

=

∫
∞

0

∫
∞

0

∫
∞

0

[
ei [ζ log2m+ξ log2 n+ψ log2 l]

]
m

2πiβ

sin Λ
−1
n

2πiγ

sin Λ
−1
l

2πiδ

sin Λ
−1

e

πi

tan Λ
(β2+γ2+δ2+log2m+log2 n+log2 l)

dm dn dl

=

∫
∞

0

∫
∞

0

∫
∞

0
m

2πiβ

sinΛ
−1
n

2πiγ

sinΛ
−1
l

2πiδ

sinΛ
−1
e

πi

tanΛ
(β2+γ2+δ2)

ei(ζ log
2m+ξ log2n+ψ log2l)

e

πi

tanΛ
(log2m+log2n+log2l)

dm dn dl

Putting,

log m = A ⇒ m = eA ⇒ dm = eA dA

log n = B ⇒ n = eB ⇒ dn = eB dB

log l = C ⇒ l = ec ⇒ dl = ec dC

∴
{

3DFrMT
(
ei[ζ log2m+ξ log2 n+ψ log2 l]

)}
(β, γ, δ)

= e

πi

tanΛ
(β2+γ2+δ2)

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
(eA)

2πiβ

sinΛ (eB)

2πiγ

sinΛ (eC)

2πiδ

sinΛ

e
i

[(
ζ+

π

tanΛ

)
A2+

(
ξ+

π

tanΛ

)
B2+

(
ψ+

π

tanΛ

)
C2

]
dA dB dC

= e

πi

tan Λ
(β2+γ2+δ2)

∫
∞

−∞
eiGA+iXA2

dA

∫
∞

−∞
eiHB+iY B2

dB

∫
∞

−∞
eiLC+iZC2

dC

where,

G =
2πβ

sin Λ
, H =

2πγ

sin Λ
, L =

2πδ

sin Λ
, X = ζ +

π

tan Λ
, Y = ξ +

π

tan Λ
, Z = ψ +

π

tan Λ

∴
{

3DFrMT
(
ei[ζ log2m+ξ log2 n+ψ log2 l]

)}
(β, γ, δ)
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= e

πi

tan Λ
(β2+γ2+δ2)

∫
∞

−∞
eiGA+iXA2

dA

∫
∞

−∞
eiHB+iY B2

dB

∫
∞

−∞
eiLA+iZA2

dC

=
(πi)3/2

√
XY Z

e

πi

tan Λ
(β2+γ2+δ2)

e

−iπ2

sin2Λ
tan Λ

{ β2

π + ζ tan Λ
+

γ2

π + ξ tan Λ
+

δ2

π + ψ tan Λ

}

∴
{

3DFrMT
(
ei[ζ (logm)2+ξ (logn)2+ψ (logl)2]

)}
(β, γ, δ)

=
(πi)3/2

√
XY Z

e

πi

tan Λ
(β2+γ2+δ2)

e

−iπ2

sin Λ cos Λ

{ β2

π + ζ tan Λ
+

γ2

π + ξ tan Λ
+

δ2

π + ψ tan Λ

}
.

4 Applications

Application 4.1. Let us Consider the Mboctara PDE’s

∂xyt}(x, y, t) + }(x, y, t) = 0. (4.1)

Using the proposed transform, we have

(−1)
(2πiβ

sin Λ
− 1
)
HΛ(β− 1) (−1)

(2πiγ

sin Λ
− 1
)
HΛ(γ− 1) (−1)

( 2πiδ

sin Λ
− 1
)
HΛ(δ− 1)

+ }(z, w,f) = 0

or, }(z, w,f) =
(2πiβ

sin Λ
−1
)
HΛ

(2πiγ

sin Λ
−1
)
HΛ

( 2πiδ

sin Λ
−1
)[
HΛ(β−1), HΛ(γ−1)HΛ(δ−1)

]

}(x, y, t) = −FrMT−1

{[(2πiβ

sin Λ
− 1
)(2πiγ

sin Λ
− 1
)( 2πiδ

sin Λ
− 1
)]

[
HΛ(β − 1), HΛ(γ − 1), HΛ(δ − 1)

]}
.

Application 4.2. Let us consider the Mboctara PDE’s

∂xyt}(x, y, t) + }(x, y, t) = 1. (4.2)

Using the proposed transform, we have
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(−1)
(2πiβ

sin Λ
− 1
)
HΛ(β− 1) (−1)

(2πiγ

sin Λ
− 1
)
HΛ(γ− 1) (−1)

( 2πiδ

sin Λ
− 1
)
HΛ(δ− 1)

+ }(z, w,f) = (i tanΛ)3/2e−πi tanΛ(β2+γ2+δ2)

or, }(z, w,f) =
(i tanΛ)3/2e−πi tanΛ(β2+γ2+δ2)[(2πiβ

sin Λ
− 1
)(2πiγ

sin Λ
− 1
)( 2πiδ

sin Λ
− 1
)][

HΛ(β − 1), HΛ(γ − 1), HΛ(δ − 1)
]

}(x, y, t)= FrMT−1

 (i tanΛ)3/2e−πi tanΛ(β2+γ2+δ2)[(2πiβ

sin Λ
− 1
)(2πiγ

sin Λ
− 1
)( 2πiδ

sin Λ
− 1
)][

HΛ(β − 1), HΛ(γ − 1), HΛ(δ − 1)
]
.

Discussion

The Mellin transform is applicable in different branches of science and engineering for

analyzing the algorithms of any system because it is a scale co-variant transform. Since

fractional Mellion transform is a generalization of Mellin transform, it is applicable to con-

trol the range of rotation and scaling of any signal system. Three dimensional fractional

Mellin transform can split the signal into fractional form signals, so its analysis can be

more accurate and comfortable than a compact one in the extraction and separation of the

image of any system. The present work generalizes the current state of knowledge in our

topic because this work is wrathful in more general as in three-dimensional scenarios. The

work of three-dimensional fractional Mellin transform and its applications is a novel work

in the field of integral transform due to it aids generalized tools with three dimensional

to solve more complicated problems. The results represent pioneer importance previously

untouched in the field of extension fractionally for the Mellin transform.

Conclusion

Finally, in this paper, we have generalized the three dimensional fractional Mellin

transform in the distributional sense and proved its analytic theorem, boundedness theorem,

inversion theorem, and uniqueness theorem. Also, we have given propositions of 3-DFrMT,

which can also be applied with advantages to solve the different types of problems in any

signal processing system, especially in a navigational system as a co-relator to control

moments in any specific three-dimensional space.

References

[1] L. Debnath and D. Bhatta, Integral transform and their Applications, London, Boca

Raton, CRC Press, Taylor and Francis, New York, 2007.

42



S. K. Panda, A. K. Sinha, A. Kilicman Three Dimensional Fractional Mellin ...

[2] A. Kilicman and M. Omran, Note on fractional Mellin transform and applications,

Springer Plus, Vol. 5, pp 1-8, 2016.

[3] A.H. Zemanian, Distribution theory transform and analysis, Mcgraw-Hill, New-York,

1965.

[4] T. Alieva and B. Martin, On fractional of Fourier transform moments. IEEE signal

processing letters, Vol. 7, 2011.

[5] T. Alieva and B. Martin, Wigner distribution and fractional Fourier transform for

2-dimensional systematic beams, JUSA A, Vol. 17, pp 2319-2323, 2000.

[6] V. Namias, The fractional order Fourier transform and its applications to quantum

mechanics, J. Inst. Math. Appl, Vol. 25, pp 241-245, 1988.

[7] O. Akay and G.F. Boudreause, Fractional Mellin transform: An extension of fractional

frequency concept for scale, 8 th D.S.P. workshop, 1988.

[8] V.D. Sharma, Application of two dimensional fractional Mellin transform, International

journal of scientific and innovative Mathematical research, Vol. 2, pp 794-799, 2014.

[9] P.L. Butzer and S. Jansche, A direct approach to the Mellin transform, J Fourier Anal

Appl, Vol. 3, pp 325-376, 1997.

[10] V.D. Sharma and P.B. Deshmukh, Generalized two dimensional fractional Mellin

Transform, Second international conference on emerging trends in engineering and

technology, 2009.

[11] A. Atangana, A note on triple Laplace transform and its applications to some kind

of third order differential equation, Abstract and Applied Analysis, Vol. 2013, pp 10,

2013.

[12] Shyamsunder and D. Gangwar, Impact of Fractional Order on Reaction Rates: Solu-

tions to Kinetic Equations with Incom- plete N-Function, Computational Methods for

Differential Equations, DOI:10.22034/cmde.2025.61995.2704, 2025.

[13] S. Bhatter, N. Shyamsunder, S. D. Purohit and D. L. Suthar, A study of incomplete

I-functions relating to certain fractional integral operators, Applied Mathematics in

Science and Engineering, Vol. 31, pp 1-13, 2023.

[14] S. Bhatter, N. Shyamsunder, K. Jangid, S. D. Purohit, Determining glucose supply

in blood using the incomplete I- function, Partial Differential Equations in Applied

Mathematics, Vol. 10, pp 100729, 2024.

43



The Nepali Math. Sc. Report Year: 2025, Volume: 42, No: 1

[15] S. Bhatter, N. Shyamsunder, S. D. Purohit, Srivastava-Luo-Raina M -transform in-

volving the incomplete I-functions, Computational Methods for Differential Equations,

Vol. 12, pp. 159-172, 2024.

44


	 Introduction 
	 3-DFrMT 
	 Some Propositions 
	 Applications

