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A Characterlzation of the -Fenily of Porre' Hirslbutlons
Through Structural Setup

T . S . K , ' M o o t h a t h u

Sr.mary

The fbni ly of,powen distr ibutions is defined. The random variablee

auch as Lognormal, Pardtor. Gama and Beta belong to this farnily. When

the conditional" ilid,tpi"butioniof X given lT has a certain structural set-

up, X and Y are eho!iln to belong to the fanily of power distributions. The

corollbries of this oain result characterizes the Lognormal, Pareto, Gamr

and Beta distr ibutions.

Key Words: Family of Power distr ibutions; Lognormal, Pareto ( in-

cluding discrete Pareto and inverse Pareto), Ganrna and Beta (of f i tst

and second kind) didtr ibutions; condit ional deneity.

1. Introduction

In general the marginal distributions of X and Y cannot be deter-

nined by knowing the coirdit ional distr ibution of X given Z = U(X,Y) '
where U(x,y) is a Borel.  measurable function of (xry). Pati l  and Seshadri
(1964) considered U(X,Y) = X + Y ( i .e. Z = X+Y) and showed that the mar-

ginaL distributions of the independent random variables X and Y (either

both discrete or both continuous) are deternined ryhen the condit ional

d i s t r i l r , r t i o n o f  X  g i v e n Z  - X + Y h a s  a  c e r t a i n  s t i u c t u r a l  s e t u P .  W e

consider the case u(x,Y) = XY (i .e. 2 = Kl).  In what fol lows i t  is

shown that the two non-negative independent continuous random variables

X and Y belong to the fani ly of power distr ibutionsr to be defined now,

when the condit ional density of X given I(Y, c(x,z) has a certain struc-

tural setup. '

Definit ioni I f  a randod variable X has the probabil . i ty function

n(*) =$,"iilJl,l" x €A, b )0, o et> ( 1 .  1 )

gher e A is a'subset of the set of posit ive real numbers, and b is the

nornaLizing factor, that is,

b-l = f,,..,*1 *'
(

rtrere lo denotes the integral or sr:mation depending upon X is continuous

or diScreter and -frr ib- go-ne parameter s$ace' which ig a non-eupty subset

of the set of reaL numbers, thep'{l(x), 0 e' r-} is said to be a famitry

of povter distributions.
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A randorn variable X (or i ts distr ibutioo) i t  rei l  tc Llq to the

fanily of power distributions nhen the probtbiliq t-til of I bclongs

to some faqi ly of power distr ibutions.

Since, when X lelongs to a family of poct dir lr iht i i l  log I be-

Longs to a r l inear exponential fani ly of distr ibaticr '  Obsl. i  .ad

Pederzol i  (1977), the family of poner distr ibotiocr q r le |c e-d

as r log-Linear exponential fani ly of distr ibutiolrt- '

Among the continuous random variables tbc L,o6nrl. ?rrto, inverse

Pare to  ( i f  X  i s  Pare to ,  l /X  i s  ca l led  inverce  Perc to ) .  ! -  d  l c ta  o f

f irst and sec.ond kind belong to the fani ly of Frcr dirtc: l- iot.  For,

the density functions fy fZ, f3, f4, f ,  aod f,  of tbr tdc reriables

respectivel"y are given by,

t r (x) = (*2 12 -zn; l
2 - r

e x p  - ( 2 q ' )  ^  
{ 1 4  r - t J '

- O  < a  < c 0 ;  r .  e  >  a

= b exp l -eor) - ,  
( tog x)2] ro,  ,  7o

where 6l-;>0 is f ixed but arbitrapy, g - rr n-2 - t ,

b  = { 2  r o - 2  
" * p  L (  r -  +  r ) 2 1 } - ' ,  - 6 0  < o < o .

f r (x )  =  .  na  
- (a+1) ,  

x  > -k  yo ,  a :>o

= !  x9 ,  x  y -k  >0 ,  e  <-1

where k is f ixed, but arbitrary, e =-(a+1) eod

b = - ( e * r ; 1 - ( o + r )

f r ( x )  =  
"  

k t  * t - 1  o < x < k - 1 ;  a ,  k 7 o

= b * 0 ,  o 4 x g k - l ,  e > . - l

where k is  f ixed,  but  arb i t rar l ,  O = a- l  and b ' ( l .O)  r ( l ' )

f . ( x ) = b e . . u x e , x 2 o ,  e > - L

where m 7 o is f ixed but arbitrary aod b - r(e'l) (Fl)-t

fr(x) = pCo,et]- l  
"P-1 

11-;;e-1, o < r S l ;  r.  r > c

=  b ( t - x ) q - l  
" o , o 4 x - < 1 ,  

e > - l

( l . 2 )

( l . 1 )

( r . { )

( l . 5 )

( l . 6 )

sberr

nbere

e---I

POr'er

vhere

belon

to cp:
t ion

2 .  I

l
I and

( i )

( i i )

( i i i )

ctrere

T
tevera

Iheore
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nbere { is fixed but arbitrar}, 9 = p-,L and U = 
[{e+f; q)]-1

fu(x) = p<e,el]-I  (r+*;-(n*e) *n-1 , x, p, e )0

= t(r+x)-(e+q+L) xe, * 
? 

o, e > -1 (1.7)

l b e r e q i s f i x e d , b u t a r b i t r a r y a n d e ' = p - r ; l = L r ( e * r , e ) ] . 1

Reimann zeta (which is aleo known ae discrete pareto) variate is
erauple of the discrete random variable that belongs to the fanily of
poner distr ibutions. For i te probabil i ty function p(x) ie given by

p(x )  =  
[ i  ; , " * r ) l  

- 1  
*  

- (a+ l ) r  
x  =  1 ,  2 , .  . . .

L r = L  J  a > O

=  b ' * 0 ,  o  ( - 1 ,  x  =  1 ,  2 ,  . . . (1; B)

where o = -(a+1) ana u =ff 

"rl-t

since there are not nany faniliar digcrete randon variables !ftAch
belong to the family of power distributions, lre restrict our atte{tiodi
to cantinuoug random variables, and eetablieh the following chsracteriza-
t ion theorem.

2. A Characterizatiort Theorem.

Let the following assunptions be oade about the random variables
X and Y.,

(i) X and Y are non-negative independent continuoue random variables.

(ii) The, density funcrioos f(x) and g(y) of X and y do not vauish at
un i ty .

( i i i )  The condit ional density function of x given xy, denoted by c(xrz)
is such that

rtrere u(.) ia an arbitrary non-negative function,

The folLowiog theorem can now be eetabliehed to chiracterize
aeveral faniLies of power distr ibutiona.

Theorem: Under the aseumptions (i) - (iii)

f (x )  =  f (1 )  u (x )  xe
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where O is an arbitrary constant and f(1) a suitable nonalizer nhich
makes f(x) a denpity function,

g(y )  =  c (1)  t (y )  ye  where

. k ( y )  =  u ( y )  c ( 1 , y )  l y  c ( y , y )

'and 
g(1) is the corresponding nornal izer for g(y). Furtbcr i f

( i v )  B = { x : u ( x ) > o J =  
f v : t ( r ) > o }  

a n d

c ( y , y )  c ( l , y ) ,  y  € B

then X and Y are  ident i f i ca l l v  d is t r ibu ted .

Broof: We hive

_  f ( x )  e ( y )c (x ,  xy)

f - r
w h e r e  r ( z )  =  

J x  

-

Hence

f ( xy )  e (1 )
f ( x )  e ( y )

S e t t i r i ! x = 1 i n ( 2 . 3 )

x r (xy)

f  ( x )  g ( z / x )dx .

f ( x )  e ( y )  =  x  r ( x y )  c ( x , x y )

Put  y .=  I  in  (2 .1 )  and change x  to  xy  to  ob t r ia

f (xy )  g (1)  =  xy  r (xy )  c (xy ,xy)

Thus

y  c (xy ,  xy )

c (x ,  xy )

y ie lds

f ( v ) e ( 1 )  _  y c ( y , y )
f ( 1 )  g ( v )  c ( 1 , y )

F rom (2 .3 ) .and  (2 .4 )  i t  i s  c l ea r  t ha t

( 2 .  1 )

( 2 . 2 )

(2 .  3 )

( 2 . 4 )

( 2 . 5 )
rhe

coI

T

fr
cl
z

tc

o f
utl

t i

Co

Thr

f ( x y )  f ( 1 )  -  c ( x y , x v )  c ( l , Y )
f ( x )  f ( V )  c ( x , x y )  c ( y , y l

and by  assunpt ion  ( i i i ) ,

f ( x v )  f ( 1 ) .  _  u ( r y )
f ( x )  f ( y )  u ( x )  u ( y )



)

::re transformation d(x) = 
RifrG' 

reduces

equat ion  @(xy)  =  0 (x )  0 (y )  whose so lu t ion  is

(2.5) to a Cauchy functional

ro fot some constant 8. Thus

f(x) a density function. And

f (x)

: ( l )  b e i n g  a

f . r o a ' . 2 . 4 )

t  (v)

shere  k (y )  =
'  g ( Y ) .

f ( r )  u ( x )  x o ,

suitable normalizer that makes

c (1 )  k (Y )  Ye

u(y)  c (1 ,y ) /y  c (y ,y )  and g(1)  i s  the  cor respond ing  normal izer

'urther 
under the assumption ( iv),  we have

k ( V )  =  u ( y ) ,  y e B  a n d t h e r e q u i r e m e n t

r  = Jut<* l  u* = 
tefv) 'dy y ie lds

f ( x )  =  e ( x ) ,  x € 8 .

Thus  X and Y are  ident ica l l y  d is t r ibu ted .

Not ice  tha t  once the  func t ion  c (x ,z )  i s  spec i f ied  the  dorna in  o f  the

f u n c t i o n s  u ( x )  a n d  k ( y )  -  t h e  s e t s  { x :  u ( x ) )  O } a n d  1 y . :  k ( r ) >  0 }  -

can  be  de termined s in te  the  t rans format ion  f rom (x ,z )  to  (x ,y )  where

z  =  xy ,  i s  one- to -one.

The Bera  d is t r ibu t ion ,  w i th  dens i ty  func t ion  (1 .6 )  though be longs

Eo the family of power distr ibutions, does not come under the perview

of the above theorem, since i ts density function vanishes at unity. In

what fol lows the random variables X and Y are assumed to satisfy :rssump-

r i o n s  ( i )  a n d  ( i i ) .

Coro l la ry  1 :  Le t

c ( x , z ) l  =  c o n s t  '

Then

- )

* - t . * p  E ( 2  6 - 2 )  ( 1 o g  x  - l  - o e  , )  
) n ' x ,  

z  7 0 '

u(x)  =  exp

k(y) = exp

2
ruhere 

5 
= 2

comnon density

- l

r  , ^  z ,
|  - \z  a- ,  )
L I

- 1

f-tz c-r'l

?

( l o g x )  J ,  x > 0

( r o e v )  ] ;  v 7 o

q-. . .  Thus X and Y are identical ly distr ibuted and the

func t ion  f ( . )  i s  g iven  bY



f (x) = f (1) exp l-tz c-r2>

9orollary 2: Let

c (x ,z )  =  
fx  roe  ( " /k ) ]  

-1 ,

Then

u ( x )  =  l ,  x > . k

t ( y ) = I , y z .  I

Thus f  (x)  = f  (1-)  xe,  x2-k

A

g ( y )  =  g ( t )  y " ,  y  > - 1

6

-1

(1og r)

Thus x and Y are disrr ibuted ( identical ly rben t .  l )  r .  ?trcto.

2 0

] t , t > o , - n c  
< o g fhrs

fsnct

Coro l la ry  3 :  Le t

c(x ,z )  =  
F  to ,  ( t / z ) ] - l  ,

k S x < z c O , o a L S l .  r l l

e  < - 1

O  < z  < x  ( k
z  +  L ,  k > - l

k  ) - 1 ,  e  > - f

Corol

vhere

fhen

l

l

Ttrus l
the cr

,

thrs

t

I

thrr X

Then

u ( x )  =  1 ,  O  < x  € k

k ( y )  =  1 '  o < . Y € 1

Thus

f  ( x )  =  f  ( 1 )  xo ,  o  <x  < . k

g (y )  =  g (1 )  ve ,  o<  v  <  L

Thus X and Y are distr ibuted ( identical ly when k '  f)  el iarcrrc Pareto'

Corol lary 4: Let

c (x ,z )  =  
{x  

e r (z )  exp  
fn (x+z / - ) ] }  

'  x ,  z ,  r7o

d

where s' (z) = 
[ ;t ern f-t(x+"/x)-l 

dx
' +

Then

u ( r )  =  e x p  f - o ( x * r [ ,  t > o

k(y) = exp f-n(r+l) l  ,  y lo

Corol l

C

fbeo

U

k
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ihus x and Y are identical ly distr ibuted as Ganrma and the cormon density
func t ion  f ( . )  i s  g iven  by ,  a f te r  some ad jus tments ,

f ( x )  = f ( 1 ) u * * 9 ,  x l O ,  e > - 1

Coro l la ry  5 :  Le t

c(x,z) = 
F "r,"r l-1 "n-1 [r**l  

(r+z/x;]-(m+n) ,

x ,  z ,  m ,  n  > 0 .

shere

sr(z) =
f< r+x) { t*, /*)]- 

('*') 
a*l. -1 ur-l

x z

Then

u(x)

k (y)

[+xy-(n+n) ,  x  ]o

1-1*y.1-(r*") t y )o

Thus x and Y are identicaLly distributed as Bera (of second kind) and
the common densi ty  funct ion f ( . )  is  g iven by,

f ( x )  =  f ( 1 )  ( l +x ) - (m+n)  *e ,  x  >o  ;  e  <m+n- r

Coro l l a r y  6 :  Le t

c ( x , z ) ' =  m  e x p  
f r ( r - x ) ] ,  x  > , 2  7 o ;  m  ) 0 ,

Then

u ( x )  = e x p f n ( 1 - x ) 1 ,  x 2 0

- l

k ( y )  =  v  
'  

,  0  4 y  _ < 1

Thus

f (x) = f (1) exp (-urx) xe,

g (y )  =  g (1 )  ys - l ,  o  <_y

Thus X is distributed as Ganma

x > 0
e  > o

< 1

and Y is  d is t r ibu ted  as  inverse  Pare to .
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Childhood Mortality Estimation for Hilly Region of Nepal

Mrs. Ganga Shrestha

The present paper deals with estimating the chi ldhood mortal i ty on
rbe basis of the information on total number of chi ldren ever born and
children surviving for dif ferent age groups of mothers. The estimation
is based on the data from Nepal Fert i l i ty survey which was conducted in
tbe international 1eve1 in the year 1976 fron Apri l  to June.

Iotroduct ion

The nain objective of the world Fert i l i ty survey was to study human
fert i l i ty and the factors which affect i t  in as many countr ies of the
sor ld  as  are  w i l l i ng  to  par t i c ipa te .  rn  add i t ion  to  the  d iv is ion  o f
r-epal into four development regions, the country is divided into three
geographic areas, the mountains, the hi l ls and the Terai.  The mountains
range in alt i tude fron-lboooft.  ro 29028 tt .  including 352 of rhe roral
land Srea and 1OZ of the total populat ion of the counlry.

The hi l l  region range irr alEitude from above l0OO ft.  to about
16000 ft .  incl,uding Kathmandu val1ey and pokhara. This area includes
447 of. the total area and includes more than 522 of the total popula-
t ion .  The Tera i  a rea  range f ro r r 'about  2OO f t .  to  1000 f t .  above sea
level and includes about l /5th of the total land area and l i t t le over
377 of the total populat ion.

Our study is based on the data for Hi l l  tegion only.

I t  . is a well  knowtr fact that the 1eve1 of infant mortal i ty and
childhood nortal- i ty depends on the proport ion of chi ldren surviving
to the mothers:of dif ferent age groups. .Thus the census reports in
rrhich data on surviving children are included often contain cotrments
that variat ions within.the enr:merated populat ion in proport ions surviv-
ing  can be  cons idered is .s11 index  o f  d i f fe ren t ia l  mo i ta l_ i ty .

w i l l i an  Brass  has  grea t ly  inc reased the  use fu lness  o f  da ta  o f ' th is
sort by developing a method of t tanslat ing proport ions surviving and
proport ions dead anong the chi ldren ever born to wonen in dif ferent age
groups into conventional measure of mortal i ty. His technique makes i i
possible under certain circumstances to estimate the pr.oport ion of
c h i l d r e n  w h o  s u r v i v e  t o  a g e  1 , 2 , 3 , 5 1 1 0 1 1 5 r 2 O ,  . . .  e t c .  f r o m  t h e  p r o p o r -
t ion as surviving anong chi ldren ever born to women of age groups 15-19,
2 0 - 2 4 ,  2 5 - 2 9 ,  . . .  6 0 - 6 4 ,

Appl i cat ion

The data from World Fert i l i ty Survey, Nepal for hi l l  region was
used tq compute the proport ion of chiLdren dying to mothers of the
above age-groups as descrihed in Table 1.



Age
group

Propop-
tion. ever'
married

N O ever

4arried

Tota I No

o f rtomen

Chi ldreo
ever boru
(CEB)

LAI ldraa

rgrr ir

ia3

rioPor-

t ioo
dyiog

CEB
P i

15-19
20-24
25-29
30-34
3s-39

6269
9397
9823
988

361
583
582
429

575 .85
620.41
592.49
434.2L

lo5
835

r 628
t745
r845
2202
l6m

9 l
6 7 !

l 2 7 t
r , '
-' 6
l 5 ; 3
1 l  t l

t  l 13
1966
2l6t
22{5
26tO
!t56
275t

.1823
1 .  3459
2 . 7  4 7 7
4 .0188

10

Table I
Ch i 1 dho od Uolffi l-ity g s t ira t i@

Source:- Data from BraLl 7L25L78 Jbt O715.

It has been seen that the proportion detd for r jir.ll rjr 3roup of
Dother (D1) depends on the length of tire eiocc th clilas.. sc born
and nay be equated to the probabiLity of dyio3 brtql firtl dJ rme
age r denoted by q(r),  r  wi l l  depend on the dif fcrero btrro tbe ages
of nother at the time of the survey and thoec.s -icl t|l clildren eere
born that is on holr earl .y the chi ld beerint 3r.rt . .  l r  r i l l  etro be af-
fected by the way fertility changes vith agc of a' d tb gtttern of
qortelity in childhood. Since the effect of tbctr rrt rJritiery only
the estination ie based on some knorrledge of tbr loc.rtrcr ct th. ferti-
l i ty dietr ibution. This was done by the or.-r icr l  cr lcrbtrc of the
valuee of r for a f ixed standard pattern of rrtr i i ty d r rdcl fert i-
lity distribution of a sinple for:n ntricb vericd -lt rrtl rtr ren age
of child bearing. It can be assumed thst cb. prctcttt4rr s( clildren dy-
ing before their first birthday is close to rbr trct<ri.c rloi ong
thoee ever born to women in the age group lll9. tb fecctia dying
before their.second birth day close to tbc prerti^r a.- -f t.he
'children 

ever born to uomen 2O-24, rhe progorria Cyrl tr{re rbeir
third birth day close to the proportion dcd q cI clilas.. der
born to wonen 25-29, the proport ion dyiog betce 3Llr t i tr l  Dirtb close
to the proportibn dead amng the childreo clct boc rc rqi XFJ4, be-
fore. the tenth birth day to' the proport ioo &d q th Ai ldrco ever
born to women 35-39 and ao on.

To comput q(r) that ig the proportioc of clil4tc ln rlirc gho

die by age r, the proportioo of childreo dcJ Di E3. rltitlied by
their corresponding urltiplying f^ctorr rrbrc Di r. lre It

_ CBB-CS
t i  ' - F

The,reeult is preeeatcd in fable II .  L o.-t  t  . . l .ct tbc r ight
series of the mrltiplyint frcCorr bt etc arq tr -iril l(r) fron
the observed Di an egtirtc of tbe locrtio o{ rrr11 bi.a ir needed.

t! th
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I I

- -  : : : i s  case the  ra t io  P2/P3 is  cons idered a  su i tab le  cho ice  o f  a  loca-
::  :  parameter, where P2 and P3 are the mean chi ldren ever born in the
:iL groups 20-24 and' 25-29 respectively, since p1 the mean chi ldren ever
: : : : .  in  the  age group 15-19 is  supposed to  be  sens i t i ve  to  age repor t ing
! : : - - :s  a t  the  s ta r t  o f  ch i ld  bear ing  and a lso  sample  f l -uc tua t ion  due to
i -< :-elat ively small  number of births to women in that age group. p2/p3
- s  : a r E i c u l a r l y  s a t i s f a c t o r y  f o r  t h e  e s r i m a t e s  o f  q ( 2 ) ,  S ( 3 )  a n d  q ( 5 ) . -
1 . : : . :e  Ehe nu l t ip ly ing  fac to rs  a re  se lec ted  cor respond ing  to  p2 /p3  wh ich
. i s  . 4 9 O  i n  t h i s  c a s e .

Tab le  I I
Estination of Childh65d'EEaliry Nepal LrrS 1976

.^.3.
i : c u P

:  t - 1 9

Mul t iply-
ing fact-
o r

K

Propor-

t ion

dying
D .

1

E s t

AG)-
KD.

imated

fYTfl-
I  log i t

|  
( t - q ( r ) )

Y s  ( r ) * Gradrrated

Y ( r ) q ( r )

'  
_ ' )  t ,

: _  ) Q

-  ) - 5 9

o . 9 7 7
1 .  1 0 1
o . 9 9 4
1  .002
1 . 0 1 1
0 .  988
0 . 9 8 6

1333
1964
2L68
2246
2650
2856
2763

1302
1984
2L55
2250
2679
2822
2724

9496
6982
6420
6184
5027
4668
49L2

8670
7L52
6552
6015
5498
5131
4551

8861
7 183
6519
5925
) J ) 4

4948
4306

L 4 ) J

L92L
2r35
2342
2553
27 lO
297L

' 1 " -g iE  o f  the  genera l  s tandard  l i fe  tab le .

It  has been found that the probabil i ty of dying from birth to age
: :e  i s  es t imated  as  .1333 tha t  i s  the  in fan t  mor ta l i t y  i s  133 p i r  thou-
sand which seems to be quite smaller than what i t  should be. Usually
: :  deve lop ing  count r ies  i t  has  been supposed tha t  the  es t imates  o f  q ( r )
:erived in this nay may be affected by sone errors. rt  seems that chi l-
:ren who die very young may be oinit ted from the records, also the absence
. ' :  the chi ldren of mother who died in chi ld birth nay be missed from
:eport ing and thus wil l  lower the rates since these births have a small-er
:hance of surviving. .  Such graduation also helps in reducing sanpling
( r ro rs  when the  da ta  a re  f rom smal l  surveys .

In the graduation method f irst of al1 the q(r) values are transfer-
:ed  to  log i t  va lues  g iven by

Y ( x )  =  I / 2  1 o e  
q ( x ). - ---€I=-(EJ

i : r  the logit  nodel system

Y(x) = o(,* 
I  

y" (x)
t -

' ;hich is assumed to be l inear. Here y"(x) is the logit  taken'fron the
srandard l i fe table and.{ and p are coistants. The average of the three



T 2

estimated logits in ege group 20-24, 25-29, 3o-34 and rhe correspondingaverage of the. 'same three l0gits fron the srandard .-r l ; ; ;  vere computed.A lso  the  average o f  the  l0g i i s  o t  t i t "  racer  th ree  age groups  fo r  thees t imated and s tandard_va l ies  r . r . - "o r i r ra .a .  These- "a iuer  r . . "  respec_

;:::':#;l3u'i,oi, if if3',;i::j] j;lli,:* : soiol 
-=,il'ili"'"."," 

oc and p
. 6 5 4 2  = * +  . 6 5 7 3 P

.486e =  qa  .so6o l

which were obtained as

4 = - . 0 7 2 6 , p = t . r c s a

The graduated  log i t  i s  ob ta ined by che re la t ion

1-q"  ( t )log i t  l -q  ( r ) +  l o g

n .
L L J  . 6 r a s s ,  W i I l i a m ,

presented  in
W e s t  C e n t r e .
2 ,  1 9 7 8 .

and the  graduated  q( r )  i s  g iven  by

q(r) = __:___f-......._
I + .2 logi1 T:6Gt-

The graduated  es t imates  are  a lso  presented  in  tac le  :u :ber  I I .  ?heg r a d u a r e d  v a l u e  o f  q ( 1 )  i . e .  . i a s i  s . " -  t o  b e  b e t r e r  c h a : :  r h e  e s t i m a t e dq ( 1 )  w h i c h  i s  ' 1 3 3 3 ' ^ - 1 1  r h e  N e p a l  F e r r i l i t y  s u r v e v  R e p c r c  r h e  l n f a n td e a t h s  i n  t h e  v e a r s  2 o 2 8 , 2 o 2 g  a ; e  z o i o  r ' a ' a i v i a i n g  i i . - i i . " . o . . r  n u m b e ro f  l i ve  b i r rhs  dur ing  thar  per iod  r . "  rs i - -p " r - ; ; ; ; . ' : .a ' " r . i .n  , ,  cons ideredto  be  smar - r  than our  ac tua l  in fan t  mor ta r i i y .  r r r .  i . i " . ,  
-a r ta r i ry  

f romDemographic sampre survey L976 i-s 52.79. per: thousanJ i .r-. . i r"r,  r iepar and136 '10  per  thousand fo r  iu ra l  uepr i - " r , i " r ,  seem ro  be  s t i l l  sna l le r  andmore  unre l iab le  than the  fo rmer  one.

T h e  e s c i m a t e  o f  q ( I )  o b t a i n e d  i n  t h i s  s t u d y  c r a v : - . :  b e  r e l i a b l eb e c a u s e  o f  r h e  a i f f i c u l r y  
" r  

i . " . a i " g  f e r r i r i c y  a r  t h e  S e 6 i r n i n g  o f  r e -produc . ion  prec ise lv  and the  
" "d i i ; ;  

i l uc tuar ions  :  rc :  s l t  I  . r , rmbers .T h e  e s t i m a r e  m a y  b e  m o r e  r e p r e s e n t a t i v e  i f - q ( 2 )  * " r - ; ; - . . ; : : c i e r e d  a s  q ( 1 )w h i c h  a r e  . 1 9 8 4  a s  e s t i m a t e d  r r " f , : " - . n a - . 1 9 2 1  a s  r h €  e r a c u ; r e c  v a l u e  s o

:;;j":l; i;':il: :ff.:j::1."i,1-;;"-;; rsa p"."ri.;.;:.';:. igi-p", ""
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On q Distributional poison Transform

Bhanu Chandra Bajracharya

:  -  Abs t rac t

A complex inversion formula is obtained for the poison Transforme:c is extended to general ized functions interpreting convergence in: :e  neak  d is t r ibu t iona l  sense.

l : : t  roduc t  ion

.  
L .e t  f (y )  be long to  L  in  ( -n (  y (  R)  fo r  every  pos i r i ve  R and besuch that the integral 

- "

. G

r i . . I )  F ( x )  =  1  (  r) = -T 
J ---;--.2 r(Y) dv

- ;  I  *  (x-y)-

: cnve rges  fo r  I  r r .  
"  

l <  l .

" r  
r " l l : r l l "ers ion 

operator  for  (1.1)  as def ined by pol - lard,  n,  [zJ is

(  l .  2)  T.  (F (x)  )  = (L l " tD)  $(*)  *  (costD)r(x)

shere

n. is defined bY 
*

A i / " ^

( 1 . 3 )  F ( x )  =  - #  
J  

u - z  f r l x + u ;  +  F ( x - u )  -  2  r ( x [  d u .
o

PolJard, H. [2] has shor,m rhat

l i r n  T , - ( F ( x ) )  =  f ( x ) .
t---rl- 

-

The purpose of 
' the 

present paper is to f ind out a comprex inversionfornu la  fo r  (1 .1 )  and to  ex tend i t ^ to  g" r r . ra r ized  func t ions  in  the  weakd i s t r i b u t i o n a l  s e n s e .

2. Notation and Terminology

R denotes  the  rea l  one-d imens iona l  Euc l idean space.  A  func t ionis  sa id  to  be  smooth  i f  i t s  aer iva t ives  o f  a l '  o rders  a re .cont inuousar  a l l  po in ts  o f  i t s  domain .  (  f  I  0  )denotes  the  number  ass igned tosome etement 0 in a cerrain t". t i .rg ?unction .p;;"; ;- ;-rnlrnu". of thedua l  space.  D is  the  space o f  smooth  func t ions  on  R hav ing  compacts u p p o r t .  D t  i s  t h e  d u a l  s B a c e  o f  D .
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Test ing Funct ion Space Hn.ot .

An inf initely dif ferentiable complex valued
o v e r  I ( - € , € )  s a t i s f y i n g  t h e  r e l a t i o n

, y '_  @{ i )  =  
t /  @)  =  " lo -  ^ \ , t  

*  y2) / i? ' . . ' '  : "  g ( r . ) \ .  -o
n  

' n ,  
o (  

-  &  < ' Y <

b e l o n g s  a o  
" r r r ^ t o .  

a n y  f i x e d  n  w h e r e  n  a s s u m e s  t h e  i . a - ; e s  i , i , : , 3 ,  . . . . .

and  d1 !  1 .  /o  i "  a  nor rn  and hence the  co l lecc io :  i :  s i - : : - : . . :=s

i s  s e p a r a t i n g  f 4 ,  p .  q .  T h e  t o p o l o g y  o f  H _  i s  i . , : . i . : : : e :  : r . r h e  c o 1 -

lec t ion  o f  sen i -nor r "  
I  Z ,  ] i  A  , "q . r " r , " "n ' { r " r j ,  u - r :s  <a : . .  g r ,€Hr , ,o (

i s  s a i d  t o  c o n v e r g e  t r  
4 , " o i J . n "  

l i n i t  0  f .  1 . ;  , :  f  -  , . _ -  6 )
- - + . 0 3 s  L / - o o  f o r  e a c h  n  =  O , I r 2 ,  . . . . .  A  s e : : . . : : .  l G , ! - i s  s a i d

to  be  a  Cauchy  sequence i t  {n@v-  0 ) - - - ->  11  as  v  : : :  r  : . : : .  ie : :  co

inf inity independently of each other.

Lema 3.1.

- 
Fg.. arLy J.1! 1 and for any

rm.x= c )

o $ ) =  I  1  =
7t 1 + (x_y)2

Proof  :  " '

{n,n{a)

, - t  ;  r . .  . . , , . . -  I  
1.  x - v  ,

I ' l :  - '

.

f u n c t i o n  6 ( f ' )  d e f i n e d

c o m p l e x  x  s u . : .  : i r :  ' l  : a  r  [  <  : .  ( R e . x =  a . ,

be lonqs  :  - -  :-  : . .  t

%

t

:tr

= - oo."io.* lo*r2rat2 yt ot e ,.. I

= -  
"" . t i t  - l<-r l "  n!  1r*y2; 

1/2 
, ' -

!  l ^ t 1

- t

-|i

l: a1

l ; t

. - : J

l - F

r f : : :.  
- ! . r

? -

: : l g . C : e S  t h e

. : l

. l

J

whieh is bognded for al l  values of r
proof. cif the Lerma.

Lema 3 .2

'  For  an  arb i t ra ry  e le lenr  f ( t )€

: - - :  r  <

E -  r b r . t  _ -
- . -
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F ( x ) =  ( t t r l
\ ( r r ,  x  ,  )

lor :ny x in the complex plane for which I frn. x I  q f ,  then for
t .  O r l 1 2 ,  . . . . .

r(k)(*) = *<.1, <ara,J"{* 
;#}>

l l re proof of this lemra fol lows frorn Bajracbarya, s.C. [ tJ.

.-  Complex Inversion Formula

I f  F ( x )  a n a  ? ( x ) ,  d e f i n e d  b y  ( l . l )  a n d  ( 1 . 3 ) ,  c o n v e r g e ,  r h e n

: io ._1  fz - r  {v<"* i r )  
+  F(x - i t ) }  +  (2 iD) -1  

{  
i ' ( x+ i t )  -  F<" - : . r l } .=  r (x )

rrb€re x is a real variable.

? roo f :

S  ioce

. f 1
F(x)  =+J 

; ;7  
f (y)  dy,

- d

z-1 f {x+i t )  + r(x- i t f  = (2-r , - t f?-- t  - ,  } r , r ,  o,
J  [1+ (x -y+ i t ) -  1+ (x - i t - y ) '  J

(..r) = r\-r i. . t-. '.; ,"-. ',
F; l  

r (Y)dY

A l s o  s i n c e

r + 2(x-y)2 - 2r2 * (*-y)4 + 2r2 1x-y)2 * ,4

= 
f< r+ t ) ' *  t * - r l ' ]  t  1 r - t )2  *  ( * - y )21  ,

setc ing  l+ t  =  a ,  l - t  =  b  and x -y  =  z  in



We have

^b*"2

7T7;,7;7
where  A, rBrCrD are  cons tan ts  to  be  de termined '

There fore ,

.2  *  ^b  =  
"3  

(o*c )  *  ,2  (B*D)  +  z (Ab2 *  c^2)  *  (Bb2 *  D"2)

Equat ing  the  coef f i c ien ts  o f  l i ke  te rms '

(4 .2 )  A+c=o

( 4 . 3 )  B + D = l

( 4 . 4 )  A b 2  +  c a 2  =  o

( 4 . 5 )  B b 2  *  D a 2  =  a b

Solving the above four equations se have,

A = c = o a n d B = + ,  D - +

1 8

Az+B Cz + D= -n---j - -a---1.
e  + Z  D  + Z

f  r ( x + i t )  +  r ( r - i t U
-Q 

-1

.  f r  r - -  '  I

= ( r x ) - l  l l  - t - t  . .  _ 1 "  1 F ( y l a : '
J  L ( t - r ) '  .  ( r - y ) -  1 l . c ) '  r  ( x - t ' ) - J

Ub !!.o

lFl :rltt

/ (.-t
\  l -

( t - : .

t -  D i r

i*Lfcr

I '

:s€ aa :

/ l-r-t

\-

l:sf :

f ( r

b rr4
l}!rc:ac
l-:.t B

l*,

I
\

Nex t ,  us ing  Po l l a rd ,  t . - jU

&
- r ' ,

F(x) - + t -r - (x-vl-- r(v) dv
A  

)  L I  . k _ ) . J -

Thus,

2-l

( 4 .  6 )

and a

(2 iD)

( 4 . 7 )

proceas r i t i ler to the aborre case se obtain

-1 
ff( ' . i t l  -  l t ' - i . lJ

o f  ( 4 . 6 )  . ! d  ( 6 . 7 )

fr<x+it) 
+r(r- i t)) + (2iD)-1 

f?'(x+it)

dy

Now in view

I- -r
1 i n  [ 2  

-

r-)1--

-e<--r.lf
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_  r  ( _  r - t
7r J i*f[; 

r(Y) dY' as t->1-
- o <

-) f  (x) as t-_)1_ which has been shown by pol lard, n. Al
) .

l : . c c r e m  5 . 1

I f  f (y)€ to,*  and F(x)  be the poisson r ransform of  f (y)
: - - :  aD arb i t rary e lemenr 0e)  e D(I ) ,  we have

(Et {r,**r.) 
+ F(x-it) 

} 
* ,rror-i f i<**it l - ?<"-i. l 

}]
-) (tvl , o{il) as rJ 1-

? : - - c f  :  S i n c e

./
F ( x )  =  ( f ( y ) ,

\

: :e  theorem wi1 i .  be
e : e  j u s t i f i e d .

, / t -  -a  (

< 1 2 ' J r ( x + i t )\ -

r ,  5 .  1 )

, then

( 5 . 2 )

, O(x>

1 t \
x  r * k - y ) 2 /  

'

proved i f  the steps in the fol lowing nanipulat ions

* r(*-it) l + (2io)-1 
{ ?r**it l - ?<--r.l}] ,,-)

, / l  r= 
((. ' , '*  ,-r*;) ,r ,")

= ("'' (+ a#*F)'a.->
-+ 

(tv) , ,rtr) as r --> r- .

: : f f . i : l t l ; . i i t : :T; 'ns- 
justirv the relation (s.1). rhe equali ty or

similar ..  z","" i i"""hl" i l t i ! ;1,(5'2) 
is justi f ied by a process very

Now, to complete the proof, i t  suff ices tothow that

1  t  
* ,  o { * l )  - - ) o ( y )  a s  t r r -\  zt  (r- t )2 + (x-y)-  /



There fore ,

(r*yz) +/2ynoi" 
[1+ *fu,0.*)

=1t*yz)q2tn 
f(-o-," {+ afuJ,

Integration by parts leads to

2 , d - / 2  ^ f  / 1  1 - t  - n - . ' \  
I

(1+y-)  '  
LG e#F,ono<*)  

-o"otv l

2,4- /2 
"  

f  ] .  f *  1  -  ' t  
, ,nD rr l - \ \  , r ,  -  DI  

I
= 1t+vz) *'' v' 

L-l6fif,;; 
(o" o(*)) dx - o'otrl

2,  e/2 r ,  f *
( s . 3 )  = ( t + t ' )  

' - t "  
{  

t u - t  
,  

( 0 " ( * ) - o t ( r - ) ) a *
r r  

_J 11- t ;z  *  (* -y)"

where 0n(x) 3 pn 611) and

q<!

f

1  
|  

r = - .  
_ d *  = 1

T r  J  ( r - t ) ' + ( x - Y ) z

The r ight n."u lru" of (.3) tends- to zetoas t-t1- which has alreadv

been si lown in Bajrachatya, B.C. f1'J.

This courpletes the proof of the theorem.
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A Characterization of Hypodivergen'bg MG{sure

parvinder Kaur

Sr-cary

. 
The hypodivergence measure between two discrete distr ibution is:-raccerized in this paper with the help of a functional inequali ty.

:  -  Introduction

=  
L e t  P r r =  ( P l ' P 2 ' ,  

" "  P n )  Q  =  ( 9 1 , q 2 ,  . . .  e o ) r  p i r g i  7 . o  v i t h

f  
o t  =  

X  n ,  =  1  be  two f in i re  d isc re te  p robab i r i t y  d is t r ibur ions .
: . -  

-  
i = l  

r

l :e:r the directed divergence defined by Kullback (1959) b"tr."r,  tro: : s : r i b u t i o n s p a n d Q i s

I r ,  (P r rP2 ,  . . . ,  p r r i  g1 re2 r  . . .  9 r , )  =  
$  

r ,  t " ,  
+

r:ere the convention fol lowed is that whenever a q. = b the
::-8 Pi = o and that o log 9 = o. This convention however,
t e r v  . a p p e a l i n g .

( 1 . 1 )

correspond-

is not always

(  1 . 2 )

( 1 .  3 )

- 
C":1-o.Fereeri f tJ. tras defined a hypodivergence measure betweenruo probab i l i t y  d is t r ibu t ions  p  and Q as

n

i  t t  +  Ap. )  los  ++ ]P i
i = t  

- 1  -  I  +  ) q . .

. t  
^ ( p : Q )

1
L

x

\  )  o ,  o  _ <  J ; ( p : Q )  
5  r o g  ( 1  +  a ;

-  
The above hypod ivergence measure  (1 .2 )  reduces  to  (1 .1 )  as

A -+q while for f  ini te i t  perrnits to o.r"r"or" the dif f  iculty ince f in ing  (1 .1 )  tha t  (1 . r )  i s  a l r inea  o" ty  f ; ; - ; : t ; :  
- i l ; " ,  

rhe  con_
' ;enc ion  fo l lowed in  de f in ing  (1 .1 )  i s  to ta l l y  removed in  de f in ing  (1 .2 ) .

.  -T l "  
above quant i t y  (1 .2 )  i s  charac ter ized  in  rhe  nexr  sec t ion  w i th:he  he lp  o f  the  func t iona l  inequa l i t y

i , t  +  A r r )  f  r ( p i )  -  r ( q i )  J  ) .  o

ir
I

I
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2. Charaeteriaatign
-

Xhecrrw: If a function Ila(P:Q) satisfiea

A ,  :  H^  (n r ,p r ,  . . .  po i  i 1 t92 ,  . . .  
\ )  

-

I

the follain3 poatulates

ll

X tr*tnr) / t(nr) -  r(qi)  J
l - l

oA r :  H 2 ,  ( n 1 ' n 2 . . : ,  p o ' , 9 1 r 9 2 r  . . .  i n ) ) z

and

A 3  r  H 2  ( 1 r  o i '  o ,  I )  -  l o g  ( 1  + ^ )

than

I t  
;  

( 1 1 , n 2 '  . . . ,  p r r i  9 1 , 9 2  . . . ,  q )  -  J 1 O : ( D

1 - q /  l o A ? r

l=  h  
1t  + An1)  r4 - ' ;  '  \7o

Bef,ore proving the theoreo re abell firrt fid tb robtioo of the

fuaetlonal inequality (1.3) in tbe follcil lr.

Leriun: Every solution of fuatiorf i4rficy 0.!) ir differentable

eveqy where in (Or1) and the rolutioor rrc airl )y

t ( x ) = i t o t ( 1  + } )

where a is any conataot.

Proof ,of .tema: Let r. firtt rhc tlrt f it EGe irreaeing in

Tb,L7

In the inequali.uy (1.3) t.Li.t p3 - 13'p4 - i1, ... tt - 
\r 

ue have

(1 + \pr) 6terl - t( l . f  + ( l  + Ae) Btq.r l  - thru>zo (2i1)

wi th  p. ,  ,  p2-  r i ,  +  l ,< f

or

1* I p',

t td f,r(ni) - r(r.) J, tr6r) - r QrrT>o

IntircUaoging p, eod lt d pZ d f, io (2.2)' r !c

( 2 . 2 )
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t +  A 9 ,
t r ( a  \  -  r ( n r )  J  *  [  r ( g z )  -  r ( v ) J > - o

1 + ) 9 2  
h  r \ 4 1 /

Adding (2.2)  ar 'd  (2.3)  we have

1 *  A p t  1 +  l 9 t

" t t r i  
. i r ;  f r$) - fk lJ>o

\ ow  l e t  91 )  p1 ,  qZ<P2

so that

1+  APr  1+  Aq t
. / _

1* An2 -  1+ A92

imply ing f  ( r r )  - (  f  (sr )  for  Pr  (  qr

which shows that f is monotone increasing in [b, lJ

\ow in order to prove that f is differentiable every

us prove that  at  a l l  those points p € (O,1)  at  which

(1  +Ap)  t l i l  =  a7o

h o l d s

Since f  i s  monotone increas ing  in  (0 r1) ,  i t  i s  d i f fe ren t iab le

almost every where in (0,1) (cf.  Natanson L964, p'  2lI) '  The inequa-

l i t y  (2 .1 )  nay  be  wr i t ten  as

1r  + lp r )  t  r b t )  -  r (q r )  J  > -  { r+Ap)  E t (a r )  -  r (p )  J  Q '6 )

purr ing 9t  = p l  + 6,  __e2 
= pZ -  6 ,  5)o in  (2.6)  and d iv id ing both

s ides by S,  ve have

( r *  rp r )  , f  
(p ' )  -  f  (p '+  5 )  

J  > -  { t *  \ v )  [
r ( p r - 5 ) - r ( P z ) ,

5
( 2 . 7 )

w i t h o  < 6 < l r ( . 1 - n ,

Let pl and p, be the Points where f

6 --+ o in (2.7) and using symmetrY

( l + A p ;  t t ( p )  =  
"

d i f f e ren t i ab l e .  Tak ing

p.  and p^,  I " Ie geE- l  z

( 2 .  3 )

( 2 , 4 )

where  in  (O,1)  le t

f  i s  d i f f ren t iab le

( 2 . 5 )

( 2 . 8 )

1 S

1 n
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, i

l

ti
I

Again takin8 pf 
I  p in (2.7). and supposing that f  is dif ferentiable

at p2 and.raking S"p 6-t O, rre get

(r  + 1n; o* r(p) < "

24

rrhere a is some constant.

S ince  f  i s  monotone increas ing  in  (O, l ) ,  f ,  (p )>-O g iv iog  a> o .

_-  Nor , le t  p  be  an  arb i t ra ry  po in t  and le t  D* ,  D- ,  D+,  L  be  the  four
D in i -der iva t ives  a t  p .  te t  l ] .6e  a  po in t  a t  wh ich  i  i "  a i r fe .en t iab le .

.  , I " ^ . ( 2 . 7 )  n i t h  p 2 = p t  w e  o b t a i n  o n  t a k i n g  I n f  t + O ,  f r o n  ( 2 . 7 )
a n d ( 2 . 8 )  '  o  ' - '

a (  (1 + Ap) D:- f  (p) (2 .e )

(2 .10 )

(2. t2)

(2 .11 )  and

(2 .13 )

I_1nf*  
p l  = 91 + 5,  p2 = i2  -  6,  6>0 in (2.6) ,  ve have on d iv is ion

Dy

f  (q1+  6  )_ f  ( q . ' )  
.  f ( e r ) - f  ( t r _  6 )  .(1+ , \ (qr+ $>E '  

E 
' '  

J  )  (1  + A(a2 -  5) )  E '_4,

(2.  r1)

with o < 5< e2( 1-c,

Now assuming f to be dif ferentiable at q, and taking 92 - p, 
{

then tak ing  sup 5  - t  O,  (2 .11)  g ives

( 1  + t r P ) D - f ( P ) ( . a

Lastly, taking er - p and f to be differentiable at q, io
taking Inf 5 -)-O

( r  +  ; o ;  o *  t ( P ) . 7  a

Hence fo r  an  arb i t ra ry  p  e (0 ,1 )  we have f ron  (2 .9 ) ,  (2 .1O) ,  (2 .12)  and( 2 . L 3 )  t h a t

D _  f = D  f - D + f = D +  f

Therefore, f is differentiable every vtrere in (O,l) tnd ye have

r,(p) = 
;h_

giving

r (p)  = 
*  tor  (1  +,11n1 e.V>
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fhis conpletes the proof of lemma.

Proof of theorem

Using  pos tu la tes  A,  and A,

E l ( p r  r  p 2 , . . . p n ;  q 1 , 9 2 . . . 9 r r )  =  
! , r * ^ 0 . ,

Froo '  (2 .14)  and (2 .15)

f ,  
2 . ( P l '  P 2 r . . . P r r i  j 1 t g 2 , . . . 9 . r )

l l s ing  pos tu la te  Ar r  we ge t

a = l

Eance

l A ( P l '  P 2 . . .  r P r r i  9 1 , 9 2 . . . 9 r r )

!his proves the theorem.

( 1 + A p . )
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l ; e p  .  M a t h .  S c .  R e p .
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6 ,  N o .  1  &  2  ( 1 9 8 1 ) ,  2 7 - 3 2

Hydromagnetic Pulsating FIow of Visco-Elastic Fluid
.Between Two Parillel Porous Surfaces

Y . R .  S t h a p i t

r - : s : r a c t

The exact solut ion is obtained for unsteady f lor,r of an incompressible

. :s : . . -e las t i c  (Rev l in -Er icksen urode l )  conduct ing  f lu id  be tween two non-

.  - : . :ucE ing  para l1e1 porous  sur faces  w i th  osc i l la t ing  pressure  grad ien t

- - . : ime vhen there  is  un i fo rm suc t ion  and in jec t ion  on  bo th  the  sur faces

- : .  the  presqnce o f  un i fo r rn  t ransver 'se  magnet ic  f ie1d .

In t roduc t ion

The exac t  so lu t ion  fo r  uns teady  f low o f  an  incompress ib le  v iscous

: - : rd  be tween two para11e1 sur faces  w i th  osc i l la t ing  pressure  grad ien t

. : . : ime has  been ob ta ined i rL .n | .  The exac t  so iu t ion  fo r  uns teady  f low

. :  an  incompress ib le  v iscous  conduct ing  f lu id  be tween tvo  non-conduct ing

: - : :a11e1 sur faces  w i th  osc i l la t ing  pressure  grad ien t  in  t ine  has  been

: :a ined by  the  au thor  [3J  in  the  presence o f  un i fo rm t ransverse  magnet ic

: :e ld ,  Th is  ana lys is  has  been ex tended by  the  au thor  [4J  to  v isco-

. . . : s t i c  (Rev l in -Er icksen mode l )  f1u id .  The exac t  so lu t ion  fo r  unsEeady

: . - - ' ;  o f  an  incompress ib le  v iscous  conduct ing  f lu id  be tween two non-

. : . cuc t ing  para1 le l  porous  sur faces  w i th  osc i l . Ia t ing  pressure  grad ien t

: : . : ime has  a lso  been ob ta ined by  the  au thor  f5J  when there  is  an  equa l

- : . i :o rm suc t ion  and in jec t ion  on  bo th  the  sur faces  in  the  presence o f

- : . : :o rm t ransverse  magnet ic  f ie ld .  In  the  present  no te '  we ex tend the

: : . . : l vs is  fu r ther  to  v isco-e las t i c  (Rev l in -Er icksen rnode l )  f lu id .

Le t  u  be  the  component  o f  ve loc i ty  in  the  d i rec t ion  o f  x -ax is '  A
- . i : reE j .c  f ie ld  o f  un i fo rm s t rength  Ho is  app l ied  in  the  d i rec t ion  o f

, - . : x is  taken perpend icu la r  to  bo th  the  non-conduct ing  para l |e l  porous

s- : : -aces  wh ich  are  p laced a t  y  =  + . .  The f lu id  be ing  i t r jec ted  th rough

: : .e  sur face  y  =  -  a  and is  be ing  iucked th rough the  sur iace  {  
=  a  w i th

- : . : :o rm ve loc i ty  V .  The induced magnet ic  f ie ld  may be  neg le i ted  assuming

: : . . : :  lhe  conduct iv i t y  o f  the  f lu id  to  be  very  smal l .  A11 the  Parameters

: :e  independent  o f  x  except  the  pressure  s ince  the  sur faces  are  in f in i te .

: : .€  p ressure  grad ien t  i s  assumed to  osc i l la te  in  t i rne  in  the  d i rec t ion

:  x -ax is .  The on ly  non-zero  component  o f .ve loc i ty  w i l l  be  u(y , t ) .  The

i : ;e rn ing  equat ion  descr ib ing  the  f low o f  an  incompress ib le  v isco-e las t i c

;:Sucting i t ,r id i . t  the presence of uniform transverse magnetic f ield is

-  d  o2 , ,
?  "o "

)i * r,ig = - l
) t  a y  r

a a
\ Z  \  '

*  * ,3 .u5 , * .  u#,
o y  d y
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where  ,  i s  the  k inemat ic  v iscos i ty ,  F  the  L ine la r ic  v isco-e las t i c i t y ,  p

the  pressure ,  F  the-J" " . iay  o f  the  f lu id ,  o r  rhe  e lecr r i ca l  cooduct iv i t y

i l  ; ;  = AeHo (constant) rhe componenr of elecrrc.aSneric induction.

The boundary condit ions are

( 2 )  u ( a , t )  = u ( - a ' t )  = O ,  t > O '

Ls h tu the pressure gradient and the non-zerc ccGg3:e::t  of velocity

are assumed to be .of the form

(3) 
* 

= *. /?* exP(int)/

and

(4)  u (y , t )  =  ne  fs (Y)  exP( in t )J '

where P* is a constant, which rePresents the Eagnituie cf pressure gra-

d ien t  osc i l la t ion .

Subst i tu t ing  (3 )  and (4 ) ' in  (1 )  ne  ge t

, 3 2 e
( s )  A X +  +  ( 1  +  f t n ' >  * -  ^ *  -  ( n  *  k 2 ) ' ' ; ,

'  - '  
d y '  d Y '

. 2  i n  n B o 2
w h e r e  k  = i ,  ^ = - - ,

The corresponding boundarY

(6 ) w ( a , t )  =  w ( - a , t )  =  0 ,  t  > O '

since (5) is the dif ferential equation of order lhree anc rre have only

tro to.rrr i . ty condit ions, therefore we solve the equation regarding [4 as.

smal l .  Th is  i s  cons is ten t  w i th  the  der iva t ion  o f  Rev l in -Er icksen cons t i -

tu t i ve  equat ion  where  on ly  sma1 l  va lues  o f  p  i s  con tecp le ted '  Thus  we

set

( 7 )  r = t o  + / 3 w I * O ( P ' ) .

subs t i tu t ing  (7 )  in  (5 )  and equat ing  the  coef f i c ien ts  o f  d i f fe ren t  Po l te rs

o f B , w e g e t

d2, dr
( u /  - j -  f * -  t ,

dvz 
oY

and

The

( ra

( u

:h€

' 7

l.c!

:.tr

ah

: l

(e) d w, GW,

_ a - \ + -
- z  c v
dy

^ =  l .
condit ions are

+ k2)'o = 
?"

'  
r3 - .

t - *

( n + k z ) w ,  = - ^ - + -
I ' J

oy

. ?
o s

o
- .
dy-
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The corresponding boundary gonditions for wo and w, are

( 1 O )  w - ( a , t )  =  w - ( - a , t )  =  O , )
o  -  o  '  ' l

f  t > o .
( 1 1 )  w r ( a , t )  = w r ( - a , t )  =  0  J

The solut ion of (8) subject ro the condit ion ( lO) is

(L2)

(1Q

where

'o(v) = 
;;;5f,.r,oat#3 "h Bv#P- "n rrJ - y',

Substi tut ing the value of wo(l) in (9) we get

u t * ,  d t l  
,  . . 2 , .  i  P *

7 
;;i 

- (n+rz)'l = 
l';,6 

- 
""p(ry) 

(M eh.By + N sh By),

ch E) sh (€) sn <$) sh E)m = -8 
ffi t h =fr-a-, N = -h 

;fr-F" * g 
;6-E;1,

,  =+ *  k2B2* *  *  z*szrrr  = r2r+ + * \n3.

The solut ion of (L3) subjecr re rhe condit ion (11) is

w r ( y ) =  a  

t *  

u  
- e x p 1 A { )  

{ < r u " r , B y + N s h B y ) y'  
2 fv (n+k ' )s  

-  z  t

- .qr€f-fe sh By + * # crr ry)!

) i s

y )  *  [ j " r ( r ) ]  . *p  ( i " t ) )

= * (Tfu; E*,5,{,*+ ch Bv - #P sE Bv)-

sh By)y - (IEl-:g sh By + q*# ch ay)a]

Thus the solut ion for

( 1 4 )  u ( y , t )  =  R e

u ( y r t

( ["" '

.4  <*  bh By + N

- ,l .*, {int).

where B = l++ m + k2.
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I t  is evident from the above result that the velocity osci l lates sith
the same f,requency as the pressure gradient but that a phase lag, vhich
depends oh y exists. Thus the motion of the f luid shich is adjaceot to
the boundaries wil l  have a t ime wise phase shif t  relat ive to the Dtioo
near the centre l ine of the boundaries. The ampli tude of the mtion near
the boundaries wil l  di f fer fro4 that near the centre l ine aod in order
to satisfy this condit ion, the anpli tude wilL st i l l  approach zero a8 the
boundaries are approached.

F o r  , \ # 0 ,  A = o a n d n * o  w e g e r

u(v,r) = -"< 
,*p1 6., <9{## ch By - #P sh B+ - y'op1r".1),

which is the solut ion for hydromagnetic plusating f low of viscoug incon-'pressible 
f l .uid between paral lel porous surfaces /57.

For tr = O, A= O and n I 0 we ger

P  - 1 -

u(y,t) = Re 1--L =- f W)l 
- 

I .*n (int) ,
\ fv(rn+k') 

- 
chy'(r*t' j.

which is'the solution for hydromagnetic pulsating flow of viscoua in-
conpressible fluid between para1lel surfaces hJ.

For X # O, /3# o and m = O lre get

'P* 
l&r<4>f%"rnfr,75r-u(Y ' t )= * " (# .  e  r c , r y -+az ra  4  -

srt$)

;ffiffi "hG 
* ul)y - 17 

"*p 
(int) 

),

which ls t l ie solut ion for the pulsating f low of viscoua inc4reatible
f luid between paral lel porous surfaces

F o r  \ = O ,  B = O  a n d m = O  w e g e t

P
u(y,r) = Re f-j- q** - 1) exp (intV,

fvk'.

which is the solut ion for the pulsating f low of viscous incoqresaible
f luid between paral lel surfaces 4J.
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on the Gr.owth of a Function Anarytiq in the unit Disc

A. Nautiyal and A.K. Mishra

L e r f ( z ) = V  A -
Z_anz 

- -  
be analyt ic  in  the uni t  d isc D = 

{ ,  
,  l r l (  lJ ,

Ao = 0 and 
t^ i \= '  

is  a s t r ic t ry  increasing sequence of  natura l  nun-'  
n=1

bers such rhat  no e lement  of  the sequence 
i " "1- .  is  zero.  Set

n=-t

H ( r )  =  r . *  \ t t r l \ ,  l - r ( r )  =  u a x '  J  t "  r  J "  t
l z l = r  o r _ o  L '  

t t  
f

and

.  
A n lr / ( r ) = r . * t ^ r r : A ( r ) =  l " r , l  r  

I .

H(r) '  l r(r) and v(r) are ca11ed, respectively, the maximum modurus, themaximum term and the rank of the maximum tern ot t(z) for \z\ = r.  I tis known ([fl) tttat,

( 1 )  1 o g  . t r ( r )  =  1 o g , A r ( r o )  +  
t i  t v < . 1 / t )  d t ,  r o l t  1 r  ,

o -

if  A(r) and e/(r) are unbounded functions of r.

Le t  f (z )  be  ana ly t i c  in  D r r i th  M( r )  _+ocas  r  {  l .  Ser

F(e) sup
= l in

Xq) 41i'f

where logrx = logx and. log 'x  = log( logn_rx)  for  q>2,  I f  f (q)  < oc
'  and  f  ( e - r )  =  € ,  9 -  j  ? ,3 , . . . ,  t hen  t ( i )  i l " , sa id  t o  be  o f  i ndex  q .Further f(s) 

"na ,\(q) are _called, respectively, q_oraei aodlower q-order  of  f (z)  (see BJ\ .

A coefficient characterlgation of 
- f(q) -was recently obtained byKapopr and Gopat (p., The_or.eT U). rurttrer, ' i f F(q) >>-o] tn"r, tf,"yhave atso obtainad a coefficieri l characterisation .i i<qi i?il i l ::.",

8) tor those functions wtich-..airiy-at. condirion
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los  ,  r / ( r )
(2) N (q) + tr(q) = l in inf 

-q-r 
.

r l I  _ 1 o g  ( l _ r )

Her'e A(q) = 1 i f  9. = 2, otherwise A(q) = O. I t  is Lnogo f l ,J that there
exist functions analyt ic in D having index 2 sith f  (2) > o and for which
(2)  does  no t  ho ld  fo r  q  =  2 .

In the present note ne prove.

Theoremi Let f(z) be analyt ic in D, having ioder j ,  j  723, q-"rder f(q)
( > o) and lower q-orgg ,\(q). TLen,

).(q) = l in inf 
logo-, rJ(r)

r -t I :Tos-ffi '

Our  theorem shows tha t ,  fo r  q ; , .3 ,  the  above cood i t ion  (2 )  in
Theorems 2 ahd 3 ot fz] is redundant.

Proof of the theoreq. I t  is knonn f2, Lema f that

fo'

1oi
inr

(sl

a

(3) \(q) = lin inf
r + 1

Now,  s ince  P(C)  )  o ,

log  /e ( r )  (  log

using (L) we have

l " ( ro )  +  r / ( r )1og( r / ro )

( .  k  , ( r )

k is a constant. This easily gives that

r-l l
Iodi
I.q
uDl

log- ,&(r) log__, y'(r)

(4) 
l'5f TfrlEil *l'Tl'

On the other hand, again by (1), we have

r , , , (r)  ((1-r)12) < i lG) Loe f(r+( l-r)  l4 lr |

1 * (L-r) 12

< ) ,  
( t ( t ) / t )  d t

{  1og A(r t (1-r )  /2)
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loe ' - r ,L /  ( r )  (  Loe. '  ,u( r+(1-r ) /2)  + loen-r(2/ (1-r ) )

for all r sufficientLy near to 1. Now,
log (1 / (1 - r ) )  n r  - 1og (1 - ( r+ ( l - r )  l 2 ) )  as
inequality by -1og(1-r) and passing to

a+(L-r )  /2  t  1  as r  { .1  ancl
r + 1. Thus, dividing the above
limits we get

loBoA(r)

TGTI-'
(5) Lim inf

r - + 1

Proof of the

( tin int
r - t 1

6l

tl

G]

theorem is  conp l -e te  in  v iew o f  (3 ) ,  (4 )  and (5 ) .
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The Distribution of Population Growth Rate in Nepal

Dr. Mrigendra La11 Singh

1. Background

The populat ion of Nepal which was 5.6 ni l l ions in 1911 and which
had rena ined v i r tua l l y  cons tan t  dur ing  the  per iod  o f  1911-1930,  s ta r ted
to show the growth trend on1"y after 1930. The annual" growth rate which
was on ly  l .32*  dur ing  1930-1941 has  inc reased to  2 .L7 . * *  by  1971-1981.
Th is  has  resu l ted  in  a  popu la t ion  o f  14 .1  n i l l i ons  fo r  Nepa l  in  1981.

Though the recent observed rate is explosive*** and is t ikely to
< ioub le  Nepa l ts  popu la t ion  in  nex t  3O years ,  ye t ,  i t  i s  fa r  beh ind  the
expected  ra te  o f  2 .47 .  fo r  deve lop ing  count r ies  dur ing  1980-1985;  recorded

ra te  o f  2 .47"  i t  Ind ia  fo r  1981 and 2 .57  i t  Nepa l  as  ind ica ted  bv  mid- te rm
c e n s u s  t a k e n  i n  1 9 7 6 .

Due to this fact, many demographers in Nepal are doubting the authen-
t ici ty of the rate. But their doubts have yet not been substanciated or

r e b u E e d .

A review of intercensus growth rates so far observed in Nepal shows
tha t ,  s ince  1930,  i t  has  been increas ing  s lowly  and s tead ly .  A lso ,  i t
shbvs that the reported rate for 1981 is the second highest next only
' to  those (2 .22)  fo r  1941-1952/54 .  The growth  ra tes  repor ted  fo r  the
per iods  pr io r  to  1961 are  no t  o f  in t r ins ic  va lues ,  fo r  they  have no t  been
adjusted to equal census periods.

The populat ion grovth rates of Nepal adjusted to equal census periods

are shown in Table 1,

Tabl-e 1
(Adjusted Populat ion growth ratei6Gl- on equal census

I  91  1-1  981 )

per iods  Nepa1,

Tn 7"

Per iod Gronth rate Pr ior Growth rate

r9r t -r92 I
L92t-L93r
r931-194r

1951-1 96 I
196L-L971
1971 -1981

2 . O 3
2 , O 7
2.LO+

o . 3 5
0 .  3 5
0 .  3 5

Source :  S ingh,  M.L . ,  t tPopu la t ion  Dynamics  o f  Nepa l t  Ph .D.  thes is ,
Tribhuvan University, L978, p. 22.

+Press  repor t  re leased by  CBS.

@al  popu la t ion  f igures  fo r  1930 and 1941.
** Figures obtained from press report released by CBS.
** *Bogue has  c lass i f ied  the  popu la t ion  by  d i f fe ren t  ca tegor ies  o f  g rowth

rates. According to him, a populat ion with growth rate of 27. and

h igher  i . s  exp los ive .  See Bogue,  D.J . ,  'P r inc ip les  o f  Demography '

John l l i l l ey  and Sons,  New York ,  1959,  p .  36 .



3 8

The table clearly shows that the present grosth rate of 2.12 is highest

o f  a l l  in te rcensus  growth  ra tes .

In this context, some few relevant questions arise. They are:

a .  Whether  the  present  repor ted  ra te  o f  2 .17  is  reasonab le  o r  no t?

b. What is maximum growth rate tha-- is possible for \epal?

c .  What  a re  the  conf idence l in i t s  o f  the  var ia t ion  o f  popu la t ion

growth rate in Nepal?

Though theoretical ly i t  can be proved that grourh rate can have

va lue  as  h igh  as  1OZ,  bu t  in  p rac t ice ,  a .popu la t ion  s i th  g ros th  ra te  aS

high as 42 is hardly knor^m.2 Keeping in view of above fact, atteupts are

urade in this paper to answer above questions.

For  th is ,  popu la t ion  growth  ra te  mat r ix  i .e .  r -oa t r i x  i s  f i r s t  con-

s t ruc ted  and f rom the  mat r ix  so  cons t ruc ted ,  con f ident ia l  I io i t s  fo r

growth rate trt  are estimated ar,rd accordingly anseers are obca.ined.

2. r-matrix and probabil i t ies of growth rates

In  case o f  a  c losed popu la t ion ,  the  growth  ra te  ' r '  i s  es t imated

as the dif ferences between the CBR tbt and CDR 'd' .  Dr.re to invariancy

of  Age s t ruc tu re  o f  Nepa l ts  popu la t ion ,  the  popu la t ion  o f  Sepa l  can  be

cons idered a  c losed one.  There fore ,  ignor ing  the  e f fec ts  o f  o ig ra t ion ,

the growth rate is est imated as r= b-d.

Since tbt and tdt are non-negative numbers, the tr iair.a values of
rb r  and rd t  tha t  can  be  expec ted  are  zero ts .  On the  assrEpt ion  tha t  rb l

i s  never  less  than rd r  fo r  Nepa lese  popu la t ion ,  the  r in inu  va lue  o f  t r f

becomes zero .  The popu la t ion  w i th  above va lues  o f  v i ta l  ra tes  is  the

s ta t ionary  popuLat ion .  There fore ,  keep ing  in  v iev  o f  e r is t ing  h igh  IMR
(140 per thousand) in Nepal, the minimum values for 'b'  and 

'd'  
are taken

as 15* per thousand. 0f course the maximum possible values for them are

50 per thousand.**

The r-matrix, where, r= b-d is constructed for 50 > b > 15 ;
5 0 > d > - 1 5  b y  d i v i d i n g  t h e  r a n g e  o f  v a r i a t i o n  o f  v a l u e s  o f  ' b '  a n d  ' d '

into equal- class intervals of width. The natr ix so ccoslructed is shown

in  Tab le  2 .

* Due to high proport ion of young populat ion (4ol in the age group o-14

years in Nepal),  . i t  may be argued that the CDR ra-r go dorn as lov as'

47., But at present, due to high FMR, such a drastic fal l  is oot ex-

pec ted .

**CBR'and CDR higher than 5O lead a populat ion stose l i fc crp€ctancy is

less than 20 ydars and such populat ion ult inately tcrr ioetes.

j

I

I
I
I

t

I

I

a
D
?
ll

I

l l

dr

Th

No



ttypo tttEiil-r -natr ix )

Death rate in thousand Birth rate in thousand

J ) 30 25 20 1 550 45 40

50

40
3 5
30
2 5
20
1 5

o
5 0

1 0 5 0
1 5 1 0 5 0
2 0 1 5 1 0 5 0
2 5 2 0  1 5 . 1 0 5 0

o
5

10
1 5
20

30
35

o
5

10
1 5
20
25
30

The matrix shows the maximum possible value of tr t  in Nepal, when

:he  popu la t ion  is  c losed,  as  35  per  thousand o t  3 .52 .

Assuming tha t  b ,  d  and ' r  take  the  d isc re te  va lues  as  spec i f ied  in

the  tab le ,  i i  i s  found tha t  there  are  e igh t  s ta tes  a t  r ' rh ich  r r r  becomes

zero  i .e .  the  popu la t ion  a t ta ins  the  s ta t ionary  charac ter .  There fore ,

i t  can  be  deduced tha t  the  probab i l i t y  o f  ' r '  becoming 07 .  i .e .  P( r=02)

equa ls  (o  O.22.  A lso  by  us ing  o ther  sample  po in ts  o f  the  mat r ix ,  i t  can

be showr t  tha t  P( r=x)  decreases  as  x  inc reases .  In  fac t ,  i t  i s  found tha t

p( r=2 .58)  equa ls  ro  0 .O83 and P( r=32)  equa ls  to  O.O277" .  The above f ind-

ings  show tha t  the  probab i l i t ies  o f  ge t t ing  h igher  va lues  o f  r r '  i s  very

smaI1 ,

3 .  D is t r ibu t ion  func t ion  fo r  ' r r

One o f  the  s ta t i s t i ca l  too l  to  express  the  charac ter  o f  a

is  the  d is t r ibu t ion  func t ion .  There fore ,  the  d is t r ibu t ion  fo r

derived in the fol lowing waY:

I .e t  u  =  upper  l im i t  o f  tb t  and rd r  i .e .  50  per  thousand

v =  lower  l im i t  o f  tb t  and td t  i .e .  15  per  thousand

u-v*3 = U' where h = rsidth of the class interval

k = number of class intervals.

Parameter
t r t  i s

Then P (r) values

f (hx) =

. ' .  f ( r )

a re  es t imated  as :

(t-x)

F - '
,54

zk

w h e r e  x = O ,  I ,  2  , . , , . 7

Now hk= u-v = 50-15 = 35



J t< . r  a '=#

= 3 5
k+1

f(r) becomes distr ibution function

1 q
i . e . # = 1 o r k = 3 4

K+I

40

O  < . r  ( 3 5

(35-r) dr

O  < r  < 3 5

r r =  o r h r 2 h r . . . ,  k h

0 < r . < 3 5

Th

( r )

i.r Jt 
(r) a' - r

f ( r )  = 2,  q35-r1,

35-

u-v
T = =  

r

p(R=hx) = ffi ,

2 (hk-hx)= 
6fG_Ti)_

. . .  { (R=r )m,
Let k -fog, keePing kh = 35'

then probabil i ty that R assrnes values in an interval of soal l  length h

around r, is

r  /ec -1)  Lf * ( r ) h = i - f f i h

-  2(35-r)= - ,
(3s)  -

An alternative derivation of f(r) is given below, which does not l ini t

t t"-.r"fu" of k to 34, and which pakes for nearly contiouous'

( 2 )

Di

s i
fu
ta

From the matrix shown above,

Addit ions tg be made to'explain the f.acts shown in



The P( r )  i s  found as  P( r )

4 I

w h e r e ,  x = o r 1 1 2 r . . . . .

k=8

= (k-x)

ak

E ( r )  =  r  P ( r )

= o .# .  s .E*  +  ro .#  +  . . . . .  , t . *

= 11.666 per  thousand or  L.L67. ,

n ( r2 ;=  t 2P ( t )

= t ' . 1 *  ro2 .  
,$  

+  . . .  .  t t ' . *

= 233.33

. ' .  v a r ( r ) =  u ( r 2 )  - E t t l t  =  9 7 . 2 2 3

", = * \tr var6 
= 9.86 Per thousand

Distr ibut ion funct ion oi  1r '

\t- ltsuppose f = k where 
;+; ilffiil:il ;:i:: :l i f I
h = -t^l idth of the class interval

k = Number of class intervals

(k_x)
T h e n f ( h x ) = + - -

4k

k-:

s o t h a t f ( r ) =  I  =  f ' ( t l l t - I l
tk hk(k+l)

S ince ,  in  rea l i t y ,  b ,  d  and r  a recont inuousvar iabLe,  the  probab i l i t y

function derived above is special case where b and d were supposed to

take  on ly  descre te  va lues  such as  5Or45 e tc .

Nord extending to the continuous case,

2  (35- r )
f ( r )  =  

f f i  ,  o  - ( rS35'  hk = v-u = 35

,  ( 3 5
. ' .  f ( r )  = #  \  ( l s - ' )  a '

J f ,  \K? I , '  J  
O
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'  2  r -  . j s  , . 2 ,  r s l= iFfu [-{rsr)-i 
- (Z ) -; ]

2 . 6 L 2 . 5  3 5
35(k+1) k+l

Now f(r) becomes. distribution function only if f(r) - f

. 3 5
- = l

K + I

4 .

def i

o . l 8

* f
r e l u

. ' .  k + l  =  3 5  o r  k = 3 4

(Note that: in descrete case as.shoon

. ' .  The d is t r ibu t ion  func t ion  o f

t

f ( r )  = ' -  (35-r )  dr
35'

in the natr ix l .-8) .

t r t  i s  found as

O g r g 3 5

r
. ' .  U ( r )  =  \  r  d t  =  1 t . 6 6  p e r ' t h o u s a n d  =  1 . 1 6

J

V a r ( r )  -  n ( r 2 )  -  e ( r ) 2  -  9 7 . 3 2 .

The vaLues of E(r) and Var(r) est imated were found ro bc cuctly the
Bame as in case of the discrete caee.

The expresision (2) is derived distr ibution'funcrioo or 
' r '  

for Nepal.

This function is used to f ind the E(r) and Var(r)

r
M e a n  ( r )  =  n ( r )  =  

\ r  d r  O  (  r (  3 5  ( ! )
)

^ r35
= 

# '  )  
"  

r (35- r )  d r  =  1 ' t66 t

The result shows that mean vaLue of the grovth rarc ia fcati  is L.L77".

Similarly by using the relat ion,

t  f  . c
s(r - )  =  

J  r - f ( r )  dr  ( { )

and
t - ,

Var(r) = E(r') - [nG)J' and ,. = * y@;1|) (t)

the standerd error of estination of meao is egtitrtcd er !.t6 per
thousqnd i .e. O.987".

: c l
; 3  I
rI
i l l
III
q
{
hl

i

I

&I

[t]
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4 . Confidence l imits for

ror simplici ty the confidence Liuri ts

de f ined as :

E ( r )  +  s *- r

. ' .  The l in i t s  fo r  the  var ia t ion  o f

for the variat ion of rrt  are

( 6 )

rrf  are obtained as 2.157 and,

0 .  1 8 2  .

A glance at the values of the growth xate rrr est imated3 and observed
so far in Nepal shows that except for two or three values, most of the
values l ie within the l imits found above.

5 .  Conc lus ion

Since the reported populat ion growth rate of Nepal ior 1981 ie found
to be uppermost l imit of the confidence' l imits found in the present study,
ic is concluded that there is no ground to suspect the vaLidity of pre-

sent value. As regards maximum possible value of tr t ,  i t  is found that

7 in 10 chances (687.), the observed value of populat ion growth rate is
l ike1y to f luctuate between 0.182 and 2.L57.. The conclusions are how-
ever not concl"usive, for, once the magnitude of nigrat ion comes to vital
role in Nepalts populat ion phenomenon, the picture wilL be entireLy dif-
fe ren t .
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A Type of Semi-ring

Prahlad Singh & N.S. Yadav

Introduction

Th is  paper  inves t iga tes  a  genera l i za t ion  o f  a  r ing ,  to  be  ca11ed

R-semi-r ing and explores certain propert ies thereof.

1 .  D e f i n i t i o n s

An R-seni-r ing is a systetn R l^t i th two operations, mult ipl icat ion

and cormutative addit ion (+) r^r i th the fol lowing propert ies:

( i )  ( a + b ) + c  = a + ( b + c ) ,  a , b , c €  R  ;

( i i )  a ( b + c )  =  a b + a c ,  a , b , c  g  R  I

( i i i )  There exists an element O (zero) in R such that

Q + 4 = 6 r  s @ R

and (iv) 0a = O, a e R.

If  nult ipl icat ion is comutative, R is cotrmutative and i f  i t  is

associat ive, R is an associat ive R-semi-r ing. I f  there is an element

1 in R such that la = al = 4; 4 e R' then R is an R-serni-r ing with

un i ty  1 .

Hereinafter we shal l  use siroply semi-r ing for R-semi-r ing.

2. Theoren

Every abel ian semi-group

of some semi-r ing.

Proof

G with identi ty is the addit ive semi-group

We can presuppose that the

add i t i ve ly .  I f  a ,b  € .  G,  le t  us

of a semi-r ing are satisf ied is

ously comutat ive-associat ive.

It  can be seen that in the semi-r ing R defined here, a? = O and

ab =  -ba ,  a ,b  €  R.  I f  R  does  no t  cons is t  o f ' zero  a lone,  then R is  a

semi-ring without Lnity.

3.  Def in i t ions

Regular element: An element a in

regular if there exists an element x €

semi-group operation of G is writ ten

def ine  ab  =  O.  That  a l l  the  proper t ies

evident. Th' is zero-seuri-r ing is obvi-

an associat ive semi-r ing R is

R s u c h t h a t a x a = a .

t

I
I
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A non-empty subset S of R wil l
o f  S  is  regu la r .

4. Theorem

be ca l led  regu la r  i f  each e lement

rf R be (associat ive) regurar, then for each non-zero erement a € R,there exists an idempotent b sucir i tat aR = bR. conversely, i f  R be asso-
:1=:: ":ah 

unity such that for each non-zero elemenr a of R rhere is anldempotent b such that aR = bR, then R is regular.

e--r?or,: '  Let R be regular and a a non-zero element of R. Then there ex-ists 
.an 

element x of R such that a x a = a. Since (ax) (ax) = (axa)x = ax,i t  fol lows that ax is an idernpotent. 
--"!e \g^/ t '  

,

We shal l  now show that (ax) R = aR.

Let  (ax) r  €  (ax)R.  Hence axr  =  a (x r )  €  aR.  I f  a r  €  aR,  then axar  €aR.

But ,  ' (ax )  (a r )  €  axR.

Conversely, let a be any non_?ero element of R and let b be anidempotent such that aR = bR.

Thus b  =  ax  fo r  some x  €R.

S i n c e  a  € b R ,  a  =  b y  f o r  s o m e  y  € R .

Now a = by = b2y = b(by) = ba and hence axa = (ax)a = ba = a.

5 .  Def in i t ion

An element b of a semi-r ing R is cal led nirpotenr i f  and onry i f  thereex is ts  a  pos i t i ve  in teger  n  such tha t  b r .  =  O.  A  subser  B(  e  R)  i s  ca l ledn i l  i f  every  e lement  o i  R  is  n i lpo ten t .

6. Tbeoren

An (associat ive) regurar semi-r ing with unity contains no non-zero
n i l  subset  B  such tha t  BR c  B .

Proof

Let be be a non-zero element of B with BR g B.
4, there exists an idempotent c such that cR = bR.
some x  in  R,  tha t  i s rc  €  B ,  a  cont rad ic t ion .

7 .  Def in i t ion

rf a and b are non-zero elements of a seni-r ing R with ab = o orba = O, then a and b are cal led zero divisors of R.

Then, by Theorem
H e n c e c = b x f o r
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Let R be (associat ive) regular with unity with
If  the addit ive structure of R is that of a group,
elements of R form a mult ipl icat ive group.

Proof

8 . Theorem

Depantment of Mathematics
Ranchi University
Ranchi (Bihar)

INDIA

no zero-c1v lsors .
then the non-zero

R . L . S .  Y a d a v  C o l l e t e
Ranchi (Bihar)

INDIA

Let a be a non-zero element of R. Then there exists an eLement
x € R s u c h t h a t  a x a = a r ' i . e .  a ( x a - l )  = O ;  b u t  a  * 0 .  H e n c e x a =  1 .

S i ro i la r l y  xyx  =  x  fo r  some y  6R i .e .  yx  =  1 .  Now,  ax  =  (yx ) (ax)
=  y (xa)x  =  yk  =  1 ;  tha t  i s  a  has  a  mul t ip l i ca t i ve  inverse  x .

Remark

If R is commutative. then i t  is a f ield.
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on ce.rtain sets in Pasch Geometric Modulcs of Dlmcnrior

Three
Nath Bhattarai

The concept of a Pasch Geometry is given in [ti 
": {! 

and thag of

'geomerric 
module in tZJ,- Geometric moduies over geometric Sfields give

rise to project ive t iJ"". .  rn this short paper'  w9 prove two basic pro-

posit igns on rhe 
".r i i i " i i .y 

of certain r, tL.Lt" which are technicaL in

provirrL results on geometri t  nodules of dimension three'

Suppose V is a geometric module overa geometric Sfield A' the di-

mension of V over A being 3 t2J. Since A* = A - 
{,0} acss on V' we

cons ider  the  ggomet ry  V IO*  [21 .  For  v  €V,  i  denotes  the  e lement  o f  V IA* .

dince v*= 1+v, we have V*= i .  A1so, ler ( i ,  ?, fr)e. ay/trrt .  Then 3 o(r

f t69+ 'such tha t  (v ,  o t -v ,  l zw)  e '  a r '  Suppose lzw *  o '  Then pw e  Sp(v)

-+ Aw = l lv for some le i \ ,  {* o. So f i  = i .  I tence VIA* as a geometry

is project ive tLJ. Since dinov is 3, i t  is easy to see that dinV/o* is

also 3. So V/4* corresponds naturatl ,y to a project ive space of project ive

dimensidn two i .e. a project ive plane'

In this paper V wil l  be a geometric module over a geometric Sfield A

nith dinension V equal to 3.

1 .1  Def in i t ion

( i )  F o r  1 , 6 4 * ,  1 e t  C a  =  
[  F z  ( A , f , p  )  e  o o ]  '

( i i )  For v1' v, € V, t l ,  t2 independent'  and A€ A:l '  we set

L o 1  ( v 1 ,  v r )  =  
{ u :  

u  € v '  ( u ' v 1 '  o l u r )  g  A v  
}  

'

Note that t '  
*(v,vr) 

* A- We f ix the elenents vrr v2r and mite L* for

Ll,(t l , t2) i  ^ro;. For any set s'  card(S) wil l  denote the cardinal i ty

oi th,e set S.

1 .2  Propos i t ion

(i) card (c o() = card(c l5) +r/,4 € A't '

(ii) card (c4) Sicard (L*) rf l- e A*'
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(i) I{e note that 4 e. c* if and onlv if ( J. ,4+, | ) e. AO if and

on l y  i f  (  l t ,  o f  p ' t - t / )  ea t  i . e .  n t - / / ec  / z  '  Now the

associat ion f  < '+ l t r - ' . ' /  is  c lear ly  a b i ject ive rnapping.

( i i )  Choose  uo  €  V  such  tha t  (uo r  v1 ,  Lv r )  e  au .  , " ,  1 /e  c4 ,

{* o. Then

( /  ,  4+, y' ) a oo =9 {r, f ,{ 'y ') € oe -*{.r,  ,uf ,a- ' /v,)

€ a ,  so (vr ,  o(  v2,  uo)  ,  (v1,  v t+,  { '  y '  vr )  € a y

=+ a u €v such that  (u,v '  sLv2) ,  (u,  d. - t lv l ,u f , )  e  au.

N o t e  t h a t  !  e L / .  T h u s  g i v e  4 e  c l ,  ' l ' +  o , 3  u € L  s u c h  t h a t

(", f,hl,"f , at.

Note  tha t  s i nce  v r ,uo  a re  i ndependen t ,  uo  I  u .  L " rA ( l )  =  
[ u€ t ' * :

( u ,  o f t l v r , { )  =  ou

s o  A ( / )  I  n u t l  s e r .  t e t  @ ( o ) . =  [ " 0 ]  .  s u p p o s e  u  e 6 ( l r )  n  O ( { ) .

Then (u,  f t l " r , . { l  , .G,  dJ ' {2 
" r ,  

. 'p  € 4, .  S ince vr ,uo are indepen-

dent, we g.t lr ' t i  = o<.-'/, i .". (, = {r. Thus,

At  C^ - t  Set  of  subsets of  L*

is a map such that O( /L) and 0( y'r) ^t" disjoint tot 11 * y'r '  clearlv

th is  def ines,  us ing ax iom of  choice,  an in ject ive napping f ron C 4 to L^ '

1 .3  P ropos i t i on

Card  (L4 )  = .  Ca rd .  ( LB )  +  4 ,8  €  A* ,

Proof

Le t  v3  € .V* ,  v34 l  Sp (v t , v r ) .  No te  t ha t  such  v ,  ex i s t s ,

is greater than 2. Let \tO 6 V such that (wO, vr, A/' v]) e

wo €sn(vr ,vr ) ,  s ince otherwise A^vfand hence v,  would be

as / ' *  o ,  /3*  o.  we def  ine a maP

d .  r .  / r r  ,u2)  L/ l  + t  
^  

(vr ,vr )t ( " 0 )  -  
h  " ! '

since dimV

A v .  N o t e

i n  S p ( v r , v r )

a s  f o -

( v , , u ,
I

i . " .  l
(srufr

A-  
tvo)

-

u : t ?  t

i :  Sp(

: . 1

a.1 : i  .

a
" l

t t f

ry
- 5

1 ' r

I

r ! r r

L/  ( t r

turd, (

Crrd G

lclrrt

I

rnd oo

sharp

then C

trl B

t u B



a
I

I

i 5 1

as foLlows:  Let  !  eLB so that  (u,v1 ,  $vr)  e a 'u,  Then (vr ,wo rAd-t t?,

( v ' u r  
Q" )  

=  au  =93  s  €  v  such  tha t  ( s , f , ,wo ) ,  ( s ,  Bv *ho (  v r )eau

i . g .  P - t .  eL * ( v r , v r ) .  we  se t  O{ ro ) ( " )  :  A - t "  €  Lu (v ' v r )  whe re

(s,ufrwo) € av. 
v

O{'o) i, well defined: suppose a1,so P-lt g Ln(vr,vr) such that (t,uif,r41

€ Av.  Then s, t  €  Sp(u,w6) A sp(v,vr) .  Note u f ,  sp(vr ,v3) ,  other-

wise since urv2 are independent, v, would be in Sp(urvr) = Sp(vr'vr).

So.Sp(u,w.)  A Sp(v 'vr )  has d inension at  most  one.  So 3 5€A* wi th

t = 5 s. But then ( $ s,tir"wo), (r,tT wo) eau. But urwo are indepen-

d e n t , s o 5 = 1 a n d t = s .

, , r0,  t "  one-one:1" t  (01w0)(ur)  = O{ro)( tz)  = F-1"  so that  l ' }= ls  €

L (v 'vr )  and (s,uf ,wo),  (s ,uf iwo)  e.a. .  The 1x €V such that  (x ,u 'up,

1*,wo,wf,) e A. so s = Vwo, 4ea. rc l+ o, then lwo ar,d so wn would

be in Sp(ur ,vr )  €Sp(vr ,vr ) ,  a  contradic t ion.  So Y= o i .e .  x  = o and so

u l  =  t 2 '

tn,r. 0(ro) is an injection from L 
^ 

irtEo l,o4 (vr,'v3). Note that

since v, $.sp(vrrvr), the s)metry inplies there ie an injection from

L*(vrrvr) to Lh . So by Bernstein-Schoder theorem, Card(L71) =

gaad (L4(v2,v3)) .  Taking / -  =h,  card(L* )  = card(L,  (vr ,vr ) )  =

Card(Lp). This conpletes the proof.

Remark

I f  A is sharp ( i .e. natural ly a skewfiel-d), then

a n d  o n l y  i f  C l  = t 0 l  .  A l s o ,  i f  C l  ;  
l O | ,  t h e n  A  i s

sharp and hence Card(tr1 ) = 1 V'(€A. Conversely, i f

then c, = 
{o} so v is sharp.

c,. = {o }Vg1 ir
snarp, so v ,.s

Card(Lr)  = 1,

rLl

tzj

Bhat ta ra i ,  l l .N . ,
S f i e L d s ,  J .
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A Class of Genereting Functions

R.M. Shrestha

Abstract

A new cLass of generating functions of the form

(r-t)-a uf t-+Jtl 'xtr-t)-hJ = 
f ,1,'t*> t"

is used tb obtain known and nelil generating functions'

1..  Introduction

Varioue extensions of the generating function I3J

- 1  
_ ,

(r .1) 1r- t)-r  , t ,  tS)I t  P; -4x(1:t)  7

d  
i ;  1 , p ;  x )  t n= 

F 
rF, 

(-n'n+l'T

where

(1.2)  
,F,  

( -n,n+l r \S;  l ,P i  x)  = Ro(x)

is the Rice PolYnomiaL t4J'

Brafoanrs extension of (1'1) is of

(1.3)  ( r - t ) - l  pFs f ( "p) ;  
(bq) ;  -  4xt

*z
n=O

p*2Fq*z f-n 'n+l '  
(an);  l ' l t  (bg);  t  to '

the forn /17

<t-t>'zJ

where (a-) stands for the sequence of parameters.alta2t" ' t

P

Further ertensions in' the forms

eaJ

(1.4) (r-t)-' sf..4xr (t-o'z J, = 
X 

8o(*) t''
n=O

a .
v

and

(1.s) 

' 
(r-t)-1 EfF&tr2t)n x(r-t)-9 = 

X 
eo,t(x) tn'

6

L
tt=O
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where

( 1 . 6 ) i.
n=O

*-

L4
n=o

Ir(x) =

(1 .7 )  B r r ( x )  =

and

(1 .8 )  B r , , r ( * )

and

(2.2) efrr(") =

" r r * '

( -n)n( l+n)n 
-  _.k-Gf,t-:- ok ̂  '

= H  , o r { z ^ ) 2 ^ g k ,

were furnished by Fasenmeyer N ana Shrestha I5J respectively'

-  In the preserft  paper'  we give an elementary extension covering al l

;h. $;;;";;;i;;"'and inaicate how we obtain knorm and new generating

fuhction6. Since our method of proof is classical '  we just give a short

outl ine of the Proof.

2 ,  Ma in  resu l t

I f

(2 .  1 )  n (x )
n

, r *  t

&
\-= 2 ^ a
n=0

then

( 2 .  3 )

W 
(-n)*(*),r(*.")* 

1 f,<z,,2^ gk,
-+^ 

-T'o1;;.l

(1-t ; -d nf(-aro2t)n x(r- t)-2Y = f
n=O

ss(x) tn,

where m is a non-zero posit ive integer'

P r o o f . U s e ( 2 . 1 ) i n t h e l e f t ' - s i d e o f ( 2 . 3 ) a n d s i n p l i f y w i t h t h e h e l p o f

.= tt/il €f 
u

.(2.4) )* X. A(n-nlr,k) = f- f ot"'nl '

"-O 
k=0- k=O n=O

{2.s) (, i), (.*t} = (a)r*r, ,

(2.6) ( ')rk = '* (*)o ,#r* (@, )o , m )o , kTzo

and

( 2 .

to

(r-

I
a .
rir

! .

( 3 .

and

( 3 .

den

"ing
of.

shf



5 5

and

(2 ,7 )  (=o )k  =  ( -1 )k  n !  / ( n - k ) l

to find

(1-t) 
- 4uf(-+r2t)' 

x (r-t) 
-2Y

= i
k=0

c3= x
n=O

0 3 k ( n ,

&  ,  2 . . m k  k

r  
( - 4 n t /  

% "=-bF%k-

€ 
(-ar2)h (o(+2rnk)r, an k n+mk\ -

ft. n:

9l (-r,)*" (ot)- (d+n)rt 
r,^ ,2m rk

5 f fan fQn) - ' "xJ" t

ef, (x) tn.

In  par t i cu la r ,  wheno(=  L ,  we ar r i ve  a t  the  resu l t  (1 '6 )  due to

Shresrha f5t.  Resu!.ts due ro Sister Celine fol lows from (1.6) by takit€

m = 1. The other results due to Rice and Brafmann may be obtained

sini lar ly.

3. Applications

As a f, i rst appl icat ion of (2.3), we derive the fol lowing generating

function f-6J

" e f '  
( 2 \ )  T ( t + t )  l - .

( 3 .1 )  L  -#R ; ( x ) . n  =  11 - t )  '  
, r l  t ^ ' " r -  ; 1 - l , z \

n = o  
n r  t  ' ^  

L  c  ( l - t ) - J

f^
n=O

where ,Fr*{ A,a; "t 
- 

tr) 
= 

# rt,

and

(3.2) nf,(x) = 
,Fr*(*n.n+2A ,  

aiA+1, c;  -x)

denotes the hypergeouretr ic polynonial appearing as-coeff icients appear-

; ing in the expansloo Of the'confluent hypergeometric function-in series

offBqssel.-functioirs" Further prop'ert ies of R*(x) can be found in

shrestha f6J.

4xt .
(  A r a i  c ;  -  - - 3 )  t

.  ( 1 - t )  
-



In order to obtain

,  t . - , r

(3.3) nfr *-7 =
(1 - t ) '

56

(3.1) ,  we take t r t  = 1,  d= 2 and

, F l r ( A t  a i  c i  -  o * t  
u )

(1- t )  -

i n  ( 2 . 3 ) .

As a second exanple, we have the following interesting generating

f,unction

(3.4) (1-t)  
dnrn 

f{"0);  (bq);  1-4n2t)n x(t- t )-hJ

= g p+2m+,Fq+2n 
["];;:;, il;c(+n),*, 

,.0,, 

{ 
t

where A(n;a) stands for the sequence of parameters

a a+1, arr-f

; ' ? '  
. . .  '  3 ,  

n  b e i n g  a  p o s i t i v e  i n t e g e r .

Thie resuLt is obtained fron (2.3) by taking

(3.s) I t (u) = 
nro 

f(ao)t  (bs) i  uJ
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An lteration of the Mk,m-Transform

S . R .  P a n t

Abstract

In this paper ne deal with the i terat ion of the weLl-known {- --
K t I

Transform. As StieLtjes Transform is obtained by the f irst i terat ion

of the Laplace Transform, by i terat ing i ts general isat ion, we expect a
general ised Stielt jes Transfo:m.

1 .  In t roduc t ion

If the deternining function of th-e.Laplace Toansforrr

(r .1) r(s) = i '  "-r .  o(x) dt
t

is i tseLf the Laplace Transform of

i s ,  i f

f

0 ( t )  =  
)  " - " t  

c ( (x )  dx  ,
o

fn
r t s l  =  

|  
s f f a " ,

is known as the Stiel"t jes Transform f4J. In this note, we shal l
the f irst i terat ion of the 

\,r-Transform

(n

( t ;4 )  t t s )  =  
I  " -  

As t  ( . t ) - t - l  
\ , r ( " . )  0 ( t )  d t ,

o 
. t r

vhere A is a real posit ive parameter greater than l ,  k & n may be real

or complel and 2n * -L, -2, -3, . . .  .  This. transform nas given by the

author f37. This transform is st i l1 true fbr \  -  
|  when

1s+k-m-l  6(t) l  e L(o,s)

I t  reduces to (1.1) for ) , ,= 312 and k + t  = l .

2.  I te ra t ion

tn dhis section we obtain the general isat ion of the Stielt jes

transform by i terat ion of the 
\, ;Transforn.

( s > o )

another function, say c((x), that

( 1 . 2 )

then

( 1 . 3 )

which
obtain



I

) 6

I f

&

O ( r )  =  

[  " -  

\ r x t  
( x t ; - n ' - 1  

\ , , r .  
( x t )  o (  ( t )  d t ,

6

C
r ( s )  =  \  f t ^ *  l ) s  +  1  \ '  +  l ) t - l

b

" -Asx 
(sx; -m- i  

\ , ,  
( " " )  o(x)  ax

Theorem.

f ( s )  =( 2 . L )

where

( 2 . 2 )

then

( 2 .  3 )

[ - r , * - t - ; ,m t - k ' - ]  , 2m+1  lE2 
t 2m+1; 2,, *r,; nr#T-xw' nD*EE\'t'<'la'

I
provided that

a) 2m and 2mt are not negative integers,

b )  t r ,  X > }  ,  s ) o
c )  ( ( t )  =  o ( t { ) ,  &  )  o ,  f o r  t  - *  o

- { r
=  o ( e  " ) , l >  o ,  f o r  t  - 1  o 6 ,

and F, standing ior the hypergeometric function of two variables.

P r o o f .  0 n  s u b s t i t u t i n g  f r o m  ( 2 . 2 )  h  ( 2 . I ) ,  n e  g e r

r (s)  = 
"- ' - l  J  "-  

\sx *- t - l  o4- -(r*)  {  t  " -  

'x t1*. ;T ' - l \ , , r ,  
{* . )' o  k r m  t 6

a ( t )  a t  ]  a x

= s-n-l 
i ++- f "-(As+ 

rt)x *-n-n'-t nn,],,,.) \,,,r(t) dx,

provided that.. the change of order of integration is pernissible.

Now, evaluating the inner integral with the help of the result f37
*
(

(2 .4 )  
I  " -P t  

.e - l  t1 , r - l (a t )  
\ , ,n , - l (b r )  

d t

Pr

ut

t - i

sir
c{

! {

Cr

^,

tzl

B]

t4l

Hathe
Kir t i
Tribt
Kathn
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* -r --**r l-q+m+mt rm-krmr-kr a h I= 
"\'' fp+l(a+u)J 

-q-m-m'T(q+n+n') 
r, \ .; 

".rb,*ifo;6rlL  2 m , 2 m t  t  
J

prov ided tha t  (q  *  m*  mr)  >0  ,  (p t  la  I  lb )  >  O,

we arr ive at the required result.

As regards the val idity of the change of order of integration, the

t- integral and the x-integral are absolutely convergent under the condi-

t ions stated in the theorem. Moreover the result ing integral is also

convergent under the same condit ions. Hence the change of order of in-

tegra t ion  is  permiss ib le .

C o r o l l a r y .  I f  ) r =  X  =  3 / 2 ,  a n d  k  =  m + l  ,  k t  =  m t  + 1 . ,  t h e  F ,  i n  ( 2 . 3 )

reduces to

o  - 2 ( s + t )  v  t t . _ .  t  7 = t- 2  
s + 2 t  1 ^ 0 " ^ '  ' s + 2 t

l lence (2.3) reduces to the well-known Stielt jes transform obtained

b y  t h e  i t e r a t i o n  o f  ( 1 . 1 ) .

t3l

t4l
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Ihtegra'ls Involving Generallsed Struve'r Funetlon

Abstract-

The object of

Struvels function

Stiuvef.s function.

L. Introduction

Struvefs funct ion uo@l of  order  t is  def ined bv [ t ]

^, j  . ' , ,  (1
(1.1)  nuQ) =-J{ . *3 ' } ;  ;  

\ '  
, t - . t r ' - l  s in  z t  d t

= -iftffis-y1.' 
flo"o"'?t 

sin(z cos o) de' Re(v+l)7 6

= i 
,=t!=tL?::::JE, ror ali'values or v .

r j ; *  
T ( r + 3 / 2 )  T ( r I  + r + 3 l z ) '

In the yeat L962, Bhownick defined the generalised Struvers function

u j<") by the fornrLa f?J

B.N.  Kanth

the present paper is to give a nelt generalisation of

.aa-"i.f".t" .ot" integrals involving the generalised

o ) ,

ntobtz)

X >  o .

( 1 . 2 )  n l r , r = ; # ,  ( \ >
r=u

tile now consider a nert generalisation of Struvers function

defined by

r  r ,  =  ,  - . r  . ,  - v + 2 r + l  
,  k  7 0 ,(1.3)  

"1 j<, )=LFi fu
z. rr"rr";"."r..fl."'.:"";:;:""'

we now expreso the general ised Struvers function as

volving another general i ied Struvers function and also as

imrolving general-ised hypergeornetr ic f unction'

(2.r) u|)*,r"1 = 
#{l-,r"t '*t)(2-^)e

cos
2f+Le

integrale iri-
integrals

n^j<rl (z ein\) de;

l{,li

:-
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(:J+1) (2-))e 
cos2f 

*ie 
nlkt, .i.,\ e) de

-L)t 2
V+ f+1+2r+1 T ( t +  \ r + 3 / 2 )  T (  f  + 1 )

2 T ( . ' 2 +  > r +  f  + 5 / 2 )kr+

Proof. We have

f+ l  . l x
z -  l -

2r t^1  7* t1  )o

a

t
r=O

\ l z

= 

"r i i l r(z) 
,  which is the required result '

The tern by term integration in the above simpli f icat ion is just i f ied

because of the fact that the series is uniformly convergenE in

o  < e  € l n - ,  a n d  t h i s  i n f i n i t e  s e r i e s  i s  m u l t i p l i e d  b y  a n  a b s o l u t e l y

integrabl.e function, and then integrated term by term

In part icular, i f  k = 1, we get the known result due to Bhownick f2l.

Two o the i  in te res t ing  resu l ts  der ivab te  f ron  (2 '1 )  a re

(z .z)  n \ l t " l  =  o=1u'* '  ( l *  r r , ' l - l ^e 
"o"2 ' .  

, ) in  (z  s inro)  d0
) ' /  -  '  

2 - - ,  T  1 v + l )  
J o  2

where  Re( r /+3 /2 ) )  O ,

and

( 2 . 3 ) " } o , * , u , = * [ ' * . ' * ' , ( 2 - ^ ) G - * 2 ) f n j , k { , * \ ) a * ,

where  Re( rJ  +3 /2 )  2  o ,  Re (  P+L )  >  o .

The resul t  fo l lows f rom (2.1-)  by tak ine v= -L and replac i lg  f  + 
I  b f  .- r . r ' ;  

and the resul t  iZ.g i  fo i fo ts  s imi lar ly  by put t ing s in I  = x  in  (2 '1) '

Known resuLts can be.obtained by specia.l lsing the parameters in these

resul ts .

Rep resen ta t i on  I I .  Fo r  Re (v+3 /2 )>O,  k  and  \a re  pos i t i ve  i n tege rs '
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\  r ,  T , / 3 /2k )  Gdv* l( 2 . 4 )  H l * ( z ) = f f i

oF1+k- l  ( - ,  * ,  . . . , !# ,+  .  k , " ' '  {  *

Proof .  Using T(a+t) = (9t T(a) and

(.),r = 
"k 

tfi)u ,*ru ,#ru , m ) o,

i n  ( 1 . 3 ) ,  v e  a r r i v e  a t

It is easy to show *at [+J

( 1 )
/ ^  / \  t

3/2k)- r

I ( t - r )312k-2.

k 2 r o ,

r3:,t,"

( 2 . 7 )  n  
] < r )  

=

.!d

( . ' . 6 )  u  
, r ( z )

(2.5) n\k<"1 = 
{#+J6rT rFk*^(1;  

3/2k,  " ' ,  (3+2k-2)/2k '

v + 3 / 2 ,  ) / + 3 / 2 + \ - 1  - r 2  
, .

x  ^  
- ; F ' '

4 \ R

T (3 /2k )

1$ /2k -1 )

=+i#rffi,

T  ( 3 / 2 k )  ^  t r= 
T-dfu 

B (r+l', 3/2k-L)

= T! :4r=I) , .  [  
'  

, ,  ( r_r) t / rk-2 dr.
T (J /  zK- t ,  Jo

The, requ i red  resu l r  fo l lows on  us ing  (2 .6 )  in  (2 .5 )  and in tegra t ing

term. by term.

Two part icular cases of special interest are as fol lows:

f,ttr-.1-l or.r(-r$,...,#, 
-+)u,

f  
'  

<r- .>- l  orr(- ;  #t  . -z2t l4)  dt ,
' o  o - ^

T (r+1) T (312!:!)

f-(-jl2k+r)

( l r )  u * 1

T-clT.r+372
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to be new. The f irst result is obtained fton (2'4)

Ehe second fol lows fron (2.7) by taking A 
= 1'
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GLOSSARY OF MATHEMATICAL TERMS
(Proposed)

(N)

Naive {fTO, .X{frq Non-algebraic qfrffq

Naturale{fUrefrfff+grTft-ftTf, Norn {i, {Ffft'

Nausht 
{:q Normal JfWO, efEq$x{, iqf*T

Nautical TTf+d, g€TfT, qgfr Nonmatizarion qfrgfi,qfrTuT

n-dimension q{-gT€tjq Notation gifu

Nebula i$f, {tefffqf Nought {:q, WTTT, SFqT tr6fr

Negative 1}+fgq, fi-"tqff+ Nult {;?

Negater f{"h{S Number d1d,qT, TIUTTT

Negation ff.tq 
Numerable tfUTTT q?"t-q

Neighbourhood{rrf{rzf, qfi.rdr 
Xil","],f;*T 

f{=€

Neprune tpgl, VOof Numerical S{FqT-grfS,'StaqI?qT

Nest iR
Nurnerieally d1gfdgfi

(o)

Object 914

Neutral traPlf g-qTf|?r

Nil 
trq

Nilpotent 
$rqt1fdT

Nine fi

Ninefold

Ninery afr

Nineteen FIT5$

Nineteenth 3;nTfiIt

Ninetieth =fd.nt

Ninth T.ft

rtgrr

oblate ge-fri qr.tat qtnt, gESr,
oblique kt, +*, tqf, T.+-rf 

-'

oblong qTzAffiTT

observarion f{pgtrT, fnlqfuf

obtuse gf{i6

occurrence Efflf

octason $RFfituT, .fEL{q

octagonal fWiftfq, .f€Xfiq

' Nonason ltEituf , ltTq octahedrat" 3;E t6iFflg

;t-nqTf|-- r{: rq=T-rsn-qEgdr.qq**l 
- 
;rT"i;iliqrarl-- 

-

, fttrrTuT qfrfiTA Sgr wrr f,qTT 'rfryst €t I

I
t

*i



octahedron .I-€STFr

octant .fET{IFF

octuple JTAFT

odd fr-Tt{, f{Cf{

omega gff i1, (-)

one q{

open g@T, f:+gn

operand €qfd

operate {fa-qf

operation df*-qf

operational {ffrqfefq

operative {SftT

operator SSTTfi

opposite ffilfl

Opposition ft3ft

Optimal €rgil{

Optimizatio" qq6fiq-5o1

optirnizing qqilf15P1

0ptirnun E€illT

Or6i1 ffiT

orbital cf+AO

order ?iIr trtft, eTf,,

0rdered;fi--ft(

ordinal T-qg;qq

ord inar il-y qTETTTuffqT

ordinary {TT{TTuT, {TTqTq

ffis

6 6

- ! . .a
u r d l n a t e  q r l  l c

Orientability gf{ffiTk{T

0r ientab le JTTTefalS{Tq

origin Tof{=, 
-oT1.T

original TO, 
gTTfi{S

l - : -

Orthocentre Oqq4-

orthocentri" Oqt-ffq

orthogonat d{-+tturu, dt'f'fi

orthogonalitv dqqifrrqtlr, dTfTfriTT

orthogonalization OtffitPf

orthogonallv Off+t-q

orthonormal j?i?ffi 
, cttt{€

oscillate qtOT TX

oscillating qtofqqTn

oscillation qtd;I

Osci l lator Stfda

0sci11"atory qttr{, Stef{T

oscillogram gfffitlTq

osculating qT{iltfT

Osculation .tTY&611, JT{dsEfT

0scslatory 

"qqff
osmotic qTfqTufT

outer qTRq

oval i91611

ovaloid $6S-{-fq

0verlap .nft-qffcf, , 
gfHqTTl



overstabil ity .{fife{Tff€

overstairs Cftg6

(P )

Pair VtCf, 3n-f

Pairecr gflTd, gffdd

yar.rj.ng 
3d{.11

Parwise STfd:

Parabola Tf..foq, JrdEY

Parabolic rri-{ftqfr , $T{f,lq

67

Parrition f+TfdH

Path rlel

Partern g-ffisq

Pedal gf+ff', ffi

Pendulum qiTtfr

Penetrare itFl

Pentagon f{,{$|

Per g-fr

Per cent y-fflq

Percentage gftflifdT

Percentil-e tltRFffi

Perrecr :yi 
lfnTuf

Perihelion S[[(I1T

Perineter qf,fqfq

n

Period qTirffiT$, q-{ft

Periodic.fffiff

TT(rfiTiF'P er iod ica L gT{f,f

Permanent lgTqT

Permanence elT{iF

Permiable qTfl:Eq

Permute frTqq TT

Permutation tr-Filq

Perpendicular dq

Perpendicularity 5cq61

Perpendicularly dtffi, .a{FEq

Perpetual {ltltt, flTYeFf

frltqrTTq

hSffi

qqT:TT:T{

Parallelogram {|T[T:IF{T {fldb

Paraboloid ttfst€f$

Parabcroidar tff qtef€dT

Paracompact -fl.{{AT

Paradox

Para l lax

Para l1e1

ParallelopipedWTTFttT

Parameter T[Trm

ParaEetric g]=TTTt-{

Parametrix 9TiTTS$

Parenthesis qTTtfitE. ( )

Part .d'$, €rr€, TTrt

Partial gTftffi

Partially *t-d:

Particl"e ifi'UT

Parricul"ar frint, ffifg

t ,



Perturbation qit{

Perturbed EI"q

Perturbing qTtTfifft

Phase ffif, f}uff+

Phi .nnf t +l

Physical qtfrfr

Physics qff}fiflTTa

P i  q rq  (n )

Piece (fr-[, Ru€

Pirch ftlg

Pivot ${T€, giT

Plane {Flel0

Planet T-6e

PLanetary Tfrq

PLus rEFf

Point fr:q

Pointwise f+trt:

Polar flfiq

Pole W

Population qT$(a|l

Position €lF, nFlff

Positive lFlTelTfi', Wf

Positivity EITfiT

Postulate gfttfi(

68

i  a a  i

Predecessor X*lifT, Eflf

Predicted gf[tr

Prediction IfftJfr-

Prefix Tf*"

Press {T9, {Tg d'lTg1, EqTSI

Pressure gTg, qTEt

Price Tfl

Prinary gTemffi

.?rime 
grTTEq, Td

Primitive tlTfq, C1.

Principal" F, T{4

Principle ft-6f<

Probability Trftrtrot, tl'ETTTqTT

Probable +n-q

Problem {IT(ZIT

Process TI;FT

Produce SeTfi tl-d

Product SelT(q, WTTST

Progression idT

Projected Tftfta, 9Etftfd

Projectile gftfr

Projection WTquf, gqtq

proof grITUT, SqEIfr

Proper Sfu

Proportion qTflqTfr

I

Polynomial ggrfif, qgtf(Tq Project Tlftt|:t d

"Power 
qFf, qTqS, qTq(T



Proport ional ilqf{TffrS

Propor r ional ity tl{fJtff fiftfi'Af

Proportionais gqmTtfiftr

Proposition QJQ

Prove gqTfrl-f, Tt

Psi srg ( T)

euu {ffficf, qfffiqt1

69

Pu11ey fififr

Pulsaring TffrTT

Pure $6

rush {Ti tiftsrd

Pyranid fTtFtE


