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A Characterization of the Family of Power Distrilmtions
Through Structural Setup

T,S.K. Moothathu
Summary

The family of power distributioms is defined. The random variables
such as Lognormal, Pareto, Gamma and Beta belong to this family. When
the conditional distribution of X given XY has a certain structural set-
up, X and Y are shown to belong to the family of power distributions. The
corollaries of this main result characterizes the Lognormal, Pareto, Gamma
and Beta distributions.

Key Words: Family of Power distributions; Lognormal, Pareto (in-
cluding discrete Pareto and inverse Pareto), Gamma and Beta (of first
and second kind) distributions; conditional demsity.

1. Introduction

In general the marginal distributions of X and Y cannot be deter-
mined by knowing the conditional distribution of X given Z = U(X,Y),
where U(x,y) is a Borel measurable functiom of (x,y). Patil and Seshadri
(1964) considered U(X,¥Y) = X + ¥ (i.e. Z = X+Y) and showed that the mar-—
ginal distribut:.ous of the independent random variables X and ¥ (either
both discrete or both continuous) are determined when the conditional
distribution of X given Z = X + Y has a certain structural setup. We
consider the case U(X,Y) = XY (i.e. Z = XY). In what follows it is
shown that the two non-negative independent continuous random variables
X and Y belong to the family of power distributions, to be defined now,
when the conditional density of X given XY, c(x,z) has a certain struc-
tural setup.

Defi_.ni-’__ﬁian; If a random variable X has the i)robabilitjg_ function

bu{x]x.faerA b >0, 8 € £~ e
px) {u Rt eh x 530 (1.1)

whe:e A is a subset of the set of positive real numbers, and b is the
normalizing factor, that is,

bl o= j; utx)

where SA denotes the integral or summation depending u'};on X is continuous
or discrete, and <~ is some parameter space, which is a non-empty subset
of the set of real numbers, then' {p(x), 8 e -D'-'} is said to be a family
of power distributions.
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A random variable X (or its distribution) is said to belesg to the wher
family of power distributions when the probabilizy fumctiss of ¥ belongs
to some Eannly of power distributions.

S:’;m:e, when X pelonga to a family of power &istribsticss leg X be-
longs to a 'linear exponential family of distribuciess’ (Mechal and
Pederzoli (1977), the family of power distributices may alse be nsmed

as 'log-linear exponential family of distributiocss.” where

the continuous random variables the Logssesal, FParets, inverse
| Pare:a (if X is Pareto, 1/X is called inverse Farets), Cmsmms sad Bets of examg
first and second kind belong to the family of power disszidefissas. For, power

the deus:.t:y functions f‘l' £2. f3, fé, is and té of these readaw variables:
respectively are _grven by,

fl(-::.'l" B :'(iza"zﬁ“')-; exp -(2 6'2)-1 (iog rﬂz ~

< cD; x, 00

= b exp [-(2 e (log x)2]x°. x50 {1.2) et
-y
where g—>0 is fixed but arbitrary, 8 =pm o~ = 1,
: : : | belon
'b.-{:!ﬁﬂrz exp [ﬁ.:ac-“*-r)z]} » B <. s
i cion
£, =a kX @, x k>0, azo 2.
=b x, xpk >0, 8<-1 0.3 1
3 . X and
where k is fixed, but arbitrary, 6 ==-{a+l) and
=0 . (1)
b=—(g+ K@D
(ii)
‘ £00 =ak®*x* 1 0<x<k ' a k>0
. - (iii)
=bx, 0O<x<k , 8 > -1 f1.4)
where k is fixed, but arbitrary, 8 = a-1 and b = (1« WS
£, =b e ™ x, x>0, 8> -1 (.5 where
where w> 0 is Fixed but arbitrary and b = =" ) ({0 - -
() = \'—}'(p.q}]-l L1t o chip.8¢ Theore

= ba-091® 0cx<1, 631 (1.6) f
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where q is fixed but arbitrary, 8 = p~1 and b = {gtéflg:.qil'l
£ = [Be,0)] 7 (0”@ Py g g 50
= b @ 8 450, 8> a.n
where q is fixad,' but arbitrary and BI =p-l; b = [B(9+1 q)] =
Reimann zeta (which is also lcnm as discrete Pareto) variate is an

example of the discrete random variable that belongs to the family of
power distributions. For its probability function p(x) is given by

= =1  =fad)
P(x) = [FZI ;r-f&*.l')} X - )’ :;é: 250 00

=bx, 0<-1, x=1, 2, ... (1.3)

where 8 = —(a+1) and b -i[rg r_ﬁ]_l

Since there are not many familiar discrete random variables which
belong to the family of power distributions, we restrict our attentiof
to continuous random variables, and establish the following characteriza-
tion theorem.

2. A Characterization Theorem

Let the following assumptions be made about the random variables
X and Y. )

(i) X and Y are non-negative independent continuous random variables.

(ii) The density functions £(x) and g(y) of X and Y do not vanish at
unity.

(iii) The conditional density function of X given XY, denoted by c(x,z)
is such that

uxy)

is of the form
u(x) uly)

where u(.) is an atbxtrary non-negative function.

The following theorem can now be established to characterize
several families of power distributions.

Theorem: Under the asaumptions (i) - (m)

Fx) = £(1) u(x) ::







u =3 reduces (2.5) to a Cauchy functional

e solution is x° for some constant 8. Thus

The transformation 0(x) =3 5-;1'1_'

equation ﬁfﬂ?) s 9(3) ﬁf!’) Whﬂs

£01) wix) %2,

£(x)

£(1) being a suitable normalizer that makes f(x) a demsity function. And
from '2.4) -

£(y)

where k(y) = u(y) c(1,y)/y ely,y) and g(1) is the corresponding normalizer
oF gy ' '

21 k(y) y°

‘urther under the assumption (iv), we have

k(y) = uly), y€B and the requirement

L = Lﬁ('x-) dx = i&;_s.(y-) dy yields
f(‘k_) = gx), =x€ B.
Thus X and Y are identically distributed.

Notice that cnce the functionm c(x,z) is specified the domain of the
functions u(x) and k(y) - the sets {x : u(x)> 0%and {y : k(y)> 0} -
can be determined since the transformation from (x,z) to (x,y) where
z = %y, is one-to-one. L '

The Beta distribution, with density function (1.6) though belongs
to the family of power distributions, does not come under the perview
of the above theorem, since its density function vanishes at unity. In
what follows the random variables X and Y are assumed to satisfy assump=
tions (i) and (ii).

Corollary 1: Let

. =1 2
c(x,2)] = const, x t ‘exp 'E‘EZ 'o-'z). (log x -} -og 2)

Qe 2 50,

Then

=1 2
u(x) = exp [-.{'z rlz) (log %) _];, x >0

=1 2
. . 2 .
k(y) =exp [~2677) (logy) ]5 y>0
2 2
where o--L =20 « ']:hug, X and Y are ident'-i'c&lij distributed and the

common density funcrion £(.) is given by







.?- ;

Thus X and Y are identically diacdbutn& as Gamma and the common density

function £(.) is given by, after some adgusmmm,

B = @) e ™2, x>0, 8 >-1
Corollary 5: Let
et6,2) = [x 5,0)] ™ L [em (1ez/m] @),
X, z, m, n >0.

where o
5,(@) = J‘ A [ Qe | ax
h "0

Then

s = AT o

Ko = @B 50

Thus X and Y are identically distributed as Beta (of second kind) and
the common density function £(.) is given by,

£ = £() (0”@ 48 4 S0 8 < men1
Corollary 6: Let

c(x,2) = mexp [m(1-0)], x zz>0; m>0,
Then

ux) = exp [m(l-x)], x >0

Ky) =y " ,0cy <1
Thus

£(x) = £(1) exp (~m%) x°, x >0
! o 8-1 8>0

Thus X is distributed as Gamma and Y is distributed as inverse Pareto.
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Childhood Mortality Estimation for Hilly Region of Nepal

Mrs. Ganga Shrestha

The present paper deals with estimating the childhood mortality on
the basis of the information on total number of children ever born and
children surviving for different age groups of mothers. The estimation
is based on the data from Nepal Fertility Survey which was conducted in
the international level in the year 1976 from April to June.

Introduction

The main objective of the World Fertility Survey was to study human
fertility and the factors which affect it in as many countries of the
world as are willing to participate. In addition to the division of
Nepal inte four development regions, the country is divided into three
geographic areas, the mountains, the hills and the Terai. The mountains
range in altitude from 16000 ft. to 29028 ft. including 35% of the total
land area and 10% of the total pepulation of the country.

The hill region range in altitude from above 1000 ft. to about
16000 ft. including Kathmandu Valley and Pokhara. This area includes
44% of the total area and includes more than 52% of the total popula-
tion. The Terai area range from about 200 ft. to 1000 ft. ahove sea
level and includes about 1/5th of the total land area and little over
372 of the total population.

Our study is based on the data for Hill xepion only.

It is a well known fact that the level of infant mortality and
childhood mortality depends on the proportion of children surviving
to the mothers of different age groups. Thus the census reports in
which data on surviving children are included often contain comments
that variations within the enumerated population in proportions surviv—
ing can be considered as an index of differential mortality.

Willian Brass has greatly increased the usefulness of data of 'this
sort by developing a method of translating proportions surviving and
proportions dead among the children ever born to women in different age
groups into conventional measure of mortality. His technique makes it
possible under certain circumstances to estimate the proportion of
children who survive to age 1,2,3,5,10,15,20, ... etc. from the propor-
tion as surviving among children ever born to women of age groups 15-19,
20-24, 25-29, ... 60-64.

Application

The data from World Fertility Survey, Nepal for hill region was
used to compute the proportion of children dying to mothers of the
above age-groups as described in Table 1.
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Table 1
Childhood Mortality Estimation
Age [Propor- |No. ever |Total No. | Childres | Childres | Fropor- | Mean
group | tion ever |married |of women |ever borm | swrvie- | ticsm CEB
married (CES) ing dying. | P4

15-19 | .6269 361 575.85 105 b -1333 .1823
20-24 | .9397 583 620. 41 835 671 ~1963  [1.3459
25-29 | .9823 582 592.49 1628 127s 2168 |2.7477
30-34 | .988 429 436,21 1745 553 L2246 |4.0188
35-39 1843 1358 - 2650

2202 1573 - 2856

1600 (38 «2763

Source:- Data from Brall 7125178 Jot 0715,

It has been seen that the proportion dead for & gives #g* group of
mother (Dj) depends on the length of time simce the childres were
and may be equated to the probability of dyisg betwess Bizth aid
age r denoted by q(r), r will depend on the differesces betwess the ages
of mother 4t the time of the survey and those at which the ohildren were
born that is on how early the child bearing starts. Ir will slsc be af-
fected by the way fertility changes with age of womss sed the pattern of
mortality in childhood. Since the effect of these are subsidiary only
‘the estimation is based on some knowledge of the lecation of the ferti-
lity distribution. This was done by the numerical calewistion of the
values of r for a fixed standard pattern of mortalits ssd & medel ferti-
lity distribution of a simple form which waried saly wifh the mean age
of child bearing. It can be assumed that the pregpertios of children dy-
ing before their first blrthday is close to the peoportisn desd asong
those ever born to women in the age group 15-1%, the pragustiom dying
before their.second birth day close to the progestios fesd sscog the
‘children ever born to women 20-24, the proportics ¢yiag befere their
third birth day close to the proportion desd sseemg the chlldsen ever
born to women 25-29, the proportion dying befors sheir £ifh Birth close
to the proportion dead among the children ewer bosn o =34, be-
fore the tenth birth day to’the proporticn desd smomg the #hildren ever
born te women 35-39 and so on.

~ To comput q(r) that is the proportiom of childéses Sors alive who
die by age r, the proportion of children dead Dy wers maisiplied by
their corresponding multiplying f-ctors where By is glwes by

Di'

CEB-CS
CEB
The result is presented in Table II. erder te palect the right

is
series of the multiplying factors by age grosp fer Sesiwisg gfir) from
the observed D; an estimate of the locatiom of ¢8I1# Searisg is needed.
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Ie this case the ratio Py/P3 is considered a suitable choice of a loca-
tion parameter, where Py and P3 are the mean children ever born in the
age groups 20-24 and 25-29 respectively, since Py the mean children ever
bers in the age group 15-19 is supposed to be sensitive to age reporting
#rrors at the start of child bearing and also sample fluctuation due to
“h relatively small number of births to women in that age group. Py/Pg
‘s particularly satisfactory for the estimates of q(2), q(3) and q(5).
Hence the multiplying factors are selected corresponding to P3/P; which
was .490 in this case.

Table 11
Estimation of Childhood Mortality Nepal WFS 1976
Multiply- | Eropor— Estimated Y (r)* __Graduated
oup | ing fact- | tion qf®) | ¥ : Y(r) q(r)
5-19 [ or dying KD, |logit
K D, bl (-qx))

i

1519 | 0.977 1333 1302 | .9496 - 8670 .8861 | .1453
20-24 | 1.101 1964 .1984 | .6982 7152 L7183 | 1921
25-29 | 0.994 .2168 .2155 [ .6420 .6552 .6519 | .2135
30-34 | 1.002 2246 2250 | .6184 .6015 5925 | .2342
35-39 | 1.011 -2650 -2679 | .5027 . 5498 .5354 | .2553
L0-44 | 0.988 .2856 .2822 | 4668 . 5131 L4948 | .2710
45-59 | 0.986 +2763 2724 | L4912 4551 4306 | .2971

*Logit of the general standard life table.

It has been found that the probability of dying from birth to age
one is estimated as .1333 that is the infant mortality is 133 per thou—
sand which seems to be quite smaller than what it should be. Usually
in developing countries it has been supposed that the estimates of q(r)
derived in this way may be affected by some errors. It seems that chil-
dren who die very young may be omitted from the records, also the absence
of the children of mother who died in child birth may be missed from
reporting and thus will lower the rates since these births have a smaller
chance of surviving. Such graduation also helps in reducing sampling
errors when the data are from small surveys.

In the graduation method first of all the q(r) values are transfer-
red to logit values given by

¥(x) = 1/2 103!%
In the logit model system
Y(x) = o + F Y. (%)

which is assumed to be linear. Here Y. (x) is the logit taken’ from the
standard life table andq/ and P-_aré constants., The average of the three




B3P
4869 =L+ 5060
i which were obtained as
%= ~.0726, B = 1.1058

The graduated logit is obtained by the relation
H"l logit 1-q(x) = & log  1-q_(r)

I| | and the graduated q(r) is given by

i

1 §
it 1-q(r)

| {157

graduated estimates are also presented in table number IT, The
raduated value of q(1) -€. .1453 seem to be better than the estimated

| q(1) which is .1333, In e Nepal Fertility Survey Repor: the infant

, - deaths in the years 2028, 2029 and 2030 and dividing by the total number

|l of live births during that petiod was 152 per thoussnd which is considered

' to be small than our actual infant gortality, The infant mortality from

illl'S Demographic sample survey 1976 is 52. 79 per’ thousand for urban Nepal and

I 136.10 per thousand for rur. Nepal which seem to be still smaller and
more unreliable than the former one..

' The estimate of q(1) obtained in this study may not be relisble
because of the difficulty of locating fertility at the begimming of re-
production precisely and the sampling Fluctuations from small numbers.,
The estimate may be more representative if q(2) may he considered as q(1)

. which are ,1984 as estimated value and +1921 as the praduated value so
that the infanr mortality will come as 198 per thousand and 192 per
thousand in the two cases,
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On a Distributional Poison Transform

Bhanu Chandra Bajracharya
1. Abstract

A complex inversion formula is obtained for the Poison Transform
snd is extended to generalized functions interprating convergence in
the weak distributional sense.

introduction
—— O LOT]

Let f£(y) belong to L in (-R< y< R) for every positive R and be
such that the integral
=

(1.1) F(x) = = S ——I——Z—f(y) dy
~m L+ (x=y)

converges for lIm.xl( 1.

The inversion operator for (1.1) as defined by Pollard, H. [27 is
a5 follows:

(1.2) T, (F(x) = (f-’lg‘—nn F(x) + (costD)r(x)

A, is defined by
)

{1.3) ?’(x) = - -ﬁ,l——- S n_z ﬁ’(x-ﬁu) * F(x~u) = 2 Fx)7 du.
o

Pollard, H. [2} has shown that

lim Tt (F(x)) = £(x).
—>l-

The purpose of the present paper is to find out a complex inversion
formula for (1.1) and to extend it to generalized functions in the weak
distributional sense,

Z. Notation and Terminology

R denotes the real one-dimensional Euclidean space. A function
is said to be smooth if its derivatives of all orders are continuous
at all points of its domain. < £, @ > denotes the number assigned to
some element @ in a certain testing function space by a member of the
dual space. 1D is the space of smooth functions on R having compact
support., D' is the dual space of D,
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‘which is bounded for all values of ¥ for o € 1. This sespletes the

16

i | T ga_éb_l
‘An infinitel -diffamtiﬁhie complex valued function @(y) defined
- o6 , 0 ) satis ',2 the relation

o, W = 7{ L@

'siec.ycaal(l 2 R y ‘.(")\“-’-"“

ongs to lin“tfar ‘any fixed n where n assumes the values 0,1,2,3, .....
and .L‘« 1. 9/, is a norm and hence the collection of semi-morms

is separating {&. p. g? The &apolagy of H _ is gemerated by the col~
lacﬁ;en of semi-norms %*}fﬂu} ey B saquence {ﬂ} whn:n esch ' EH =
is said to converge in H_ ”t‘?: the limit @ in 8_ xl’ 7, to -®
-——-}rﬁas Y —oa £or exch n RO apen B sequc-cc {p' 1s said
to be a Cauchy sequence if ‘f (0, = G)—> 0 as + sad A Sech tend to
infinity independently of eay:h other.

L 3.0

For any of < 1 and for any complex x such that Jim.x | <1, (Re.x= e,
Im.x= T ) -

95 = — — — belongs to # .
° " 3% (x-v) = a, %
sup
B ”"“""(Jl*rz) 42 0 p® e | |

up - ia 3 (a=l) srctea ---—
-0 fﬁ‘fm‘vnn ol ey =42 & 6‘ } |
L

1 /2 =
érabﬂ.qu(%—} \yx‘

proof of the lemma.
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o= (e, = 1:;‘)_2' >

(k) ¥ . DO 1 1
W = e, Rl {-—— >
4 F P

The proof of this lemma follows from Bajracharya, B.C. [A7.

%. Complex Inversion Formula

If F(x) and F(x), defined by (1.1) and (1.3), converge, then
“‘e—l [z—l {E‘(.x_-!-i.t). + F(ie.-i.t)'-} + (211)’)_1{ Flx+it) - ?(x-it}}J'. f(x)

where x is & real variable.

Proof :
Since =]
1i 1 e
B(x) =—= | ——— ¥{y) dy,
i _ I*Cx-'y)z
—ot
. =
Il+(-x-y+i.=) I+ (x-it-y)
o0 et -
=1 '1"1!2 + (%= )2
12Gey)” = 265 & (et 4 2ttixey T

— P

2 4

1+ Z'fx-y)_z - 2ET (x'.-y)(" + 2-1:2 (-x-y)'z + t

= fam?s ep®Y { an? s e’
serting I+t = a, 1-t = b and x=y = z in
: _ 1-t2 4 (x-:r_.)z !
{umz +eep®} { a0+ e’

Alsc since l
]




wihwe g,ﬁ,.@‘;/ﬁ are comstants to be determined.
m@ae«
g'z;.s,g-; a?b = 53‘ @‘!ﬂ} - z_;‘z (B%n) + z(A.bz + 831) + {Bbz - lh_z}

Equating the coefficients of like terms,

(4.2) AtC=o
(4.3) BaD=1
.4) whsca’ =0
(4.5) Bb% + Da’ = ab

Solving the sbove four equations we have,
1+t < =t
A“G’O ﬂn‘d- B = "'2_‘ £y D T

“'rhf.u‘fs.

L frisio + w

(4.6) = (2x) I [ * ]f(y) dy
o - u—ﬂ’ e
Next, using Pollard, B. OF

and a process similar to the above case we obtain

@nt [Pasio) - Pe-in ]

%) = awﬂf[ 1 =t % - — fm dy
tl-t) + (x-y) )2 + x-y)

Now in view of (4.6) asd (4.7) __
. 17 {rosio) s reein} + @™ { Foeio - ?{x-it)}}

1 Fig
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—> £(x) as t31- which has been shown by Pollard, H. /3]

¥ £G)E M, , and F(x) be the Poisson transtorn of £(y), then
f9% =0 arbitrary element $(x) € D(1), we have

(EI {reeio + F{x-—:.:)} * (ainai"-i--f Flxrit) - Pla-ie) 'ﬂ ; ﬁl'ﬁl_!:?:
Froof: Since _

ios theorem will be proved if the steps in the following manipulations
‘ave justified.
g = ot —1ox ) ; wc’>

\ (? ~N f{l - _t)'z oz (’x_y)z /

— (e, sm}) as t = 1= .

Some simple caleulations justify the relation (5.1). The equality of
relation (5.1) to .the relation (5.2) is justified by a process very
similar to Zemanian [3, p. 237]

Now, to complete the proof, it suffices to-show that




Therefore, 20

sy 2 4 o0 [(\_s Lie L ww) - mﬂ
Y NT @02 ¢ ep)?

2#2 n N =y ;__-3. I =t > i _
[ A -0« (x—y)z} v

*!2 ﬂ- ik 1 -t n
ash K= —— , D7 m)> =B, 0y
{- <W a0 + Gen? y \

= a2 “[ f L el ee) éx -0 m{l
1-0% + Gy

Integration by parts leads to

: 2, okf2 ﬂ ',.:“ —
(5:3) (1" ) J 1‘ E 3 @ x) - 0°(y)) dx
N (:wt; + (x=y)
where #"(x) 207 90 and
ea
1 j’ 1-t : :
|
™ Ze (1-£)" + (x-y)°

‘The right hand side of (.3) tends to zero as t—»- which has already

been shown im Bajracharya, B.C. [,

This completes the proof of the theorem.

I wish to express my gratitude to Dr. R.P. Manandhar for his help
in the preparatmn of this paper.

The author is also thankful to the Institute of Science, T.U. for
the award of Ph.D. Research fellowship.
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A Characterization of Hypodivergence Medsure

Parvinder Kaur

Smmary

The Bypodivergence measure between two discrete distribution is
(“Waracterized in this paper with the help of a functional inequality.
i Introduction

a | _ _ :
-E'pi = Z 9 = 1 be two finite discrete probability distriburions.
: i=1] — :

Then the directed divergence defined by Kullback (1959) between two
discributions P and Q is '

| e B e |
Ta PpsPye voos s 01505, <0 q) = g i

where the convention followed is that whenever a a5 =0 the correspond-
dag P; = 0 and that o i_ﬁgj-g-'-i' o. This cauvéntion'ﬁomgr; is not always
wery appealing,

Carlo Fereeri [17 'h"a’lij defined a hypodivergence measure between
two probability distributions P and Q as

X>0, 0gJ,(P:0) < log (1 + N)
The .abqve-__ﬁgqud_i‘?@g&nge measure (1.2) reduces to (1.1) as
A —»w while for finite it permits to overcome the difficulty in
defining (1,1) that (1.1) is defined only for 4;™>o. Thus, the con-
vention followed in defining (1.1) is totally removed in defining (1.2).

The above quantity (1.2) is;charae-teriizex_i in the next section with
‘the help of the functional inequality

n - — . —
z_ 1+ Ap i) f f{pi) =0 ff@i ) :?‘ B (1.3}

1=




k1 t H A uﬁpl,p!, R pﬁ; gI,-i;:z, siets qn)' =

unction H 5 (P:Q) satisfies the following postulates

= 3
T, e ang Lo = £a)od

*2 LS B"_ "fi*mif'-'_‘l'z ks ?n.’ Gya9p0 <o+ qn) > o

and
Ay : Hy (y 05 0, 1) = 1og (1 + A)
H a t?f}_’pg! vy pn; 5q.13q2 ey )= JA"*Q’
T IQA"
1 - i
I :E_‘:(l ¥ J\Fi) log -.I—’-r‘—! s RO
Before proving the theorem we shall first fimd the solution of the
functional inequality (1.3) in the following lemme.
Lemma: Every solution of functiomal imeguality (1.3) is differentable
every where in (0,1) and the soluticns are gives &y
£(x) = -% log (1 + Ax)
where a is any constant.
: Let us first show that f is meootese iscreasing in

In the inequality (1.3) takiog py = 95, P, = 9., --- B = 9. we have
@+ X)) By - £, + 0+ Ap)) Blpp - flg,T>0 2D

withp) +p)=q; *+ g, <1

or

Interchanging p, and q, and p, and g, in (2.2), we get




I*A'q-l' Sy ‘j [£(q.) - £.)]=0 2
Adding (2.2) and (2.3) we have
+Ap,  +Xe, -

l;- —h _ll. _|"|\'-."'-}.-:5....1.- [ s
e, T¥xq, Lk ﬂq&’?o
Now 1et 43>y, 93 < Py
‘sa that

1+ M’l i*'k‘.l_j_
implying £(p,) < £(q,) for p; < a; (2.4)
which shows that £ is monotone increasing in [0, UJ
us prove that at all those points p € (0,1) at which f is diffrentiable

@ +ap) P = a0 (2.5)
holds

Since £ is monotone increasing in (0,1), it isdifimnthbh
almost every where in (0,1) (cf. Natamson 1964, p. 211). The inequa-
lity (2.1) may be written as

(@ +Ap) LGy - £la) T > (*Apy) L) - E)T (2.6
Putting q, = P, * 8, 4y =P, = &, 6>0 in (2.6) and dividing both
sides by 8, we have

- _Ep,) - £(py*8) _ Elp, - 8) - £lpy)
(2.7)

with o < §< P, <1-p;
Let p, and p, be the points where £ is differentiable. Taking,
€ —» o in (2.7) and using symmetry in p, and p,, ve get

arhp £0) = a 8




where a is some constant.
Since £ is monotone inereasi

Now let p be an arbitrary point and let D', D7, Dy, I be the four
Dipi-derivatives at p. Let p) be a point at which f is differentiable.

ng in (0,1), £'(p)> 0 giving a 3 o.

LA+ AR EG) o

Again taking py = p in (2.7) and supposing that f is differentisble
3t by and taking Sup 8—> 0, we get

In (2.7) with p, = p, ve cbtain on taking Inf § —3 0, from (2.7)

A+ AR D R < o 0

‘@Gﬁi‘ﬂs ) e SQ‘Pz" :§2}I - &, £§>0 in (2.6) » we have on division
'ﬁ?; £l L A

.- . - £(a,)~£(a,~ &)
1+ Ao+ §NC -7 > (+ Alay -6 L 2 2 g

(2.11)
Vit O <8< 0, 1,
Now assuming £ to be differentiable at q; and taking 9, = P :
then taking sup § —» 0, (2.11) gives
(L+AP) D £(p) < a (2.12)

Lastly, taking q; = p and £ to be differentiable st 9, in (2.11) and
taking Inf § —'0

@+ AR D, £()>a (2:13)

Hence for an arbitrary p € (0,1) we have from (2.9), (2.10), (2.12) and
(2.13) that

DL £=D E=D'f=p, £

Therefore, £ is differentiable every where in (0,1) snd we have




This completes the proof of lemma.
Froof of theorem

Using postulates AI and By

' (2.15)

Froe (2.14) and (2.15)
n o O o e X N E g A.p'.i. I
B ,‘(Pln Pz;-pn. ::q.i_!::c_]-z_,'.' . .qn) = i}-; {lla-Apﬁ 3 log W (2.16)

Using postulate Aj, we get

a=1

Bence
a_ 1+ Ap

2, (1+Ap.) log ——— = J , (P:Q)

‘* (Fl ’ Pz- - ap.n_;' q’l’qﬁ" "qn} = '—-i's

This proves the theorem.
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Hydromagnetic Pulsating Flow of Visco-Elastic Fluid
‘Between Two Parallel Porous Surfaces
¥.R. Sthapit
Abstract

The exact solution is obtained for unsteady flow of an incompressible
wisco-elastic (Revlin-Ericksen model) conducting fluid between two non—
conducting parallel porous surfaces with oscillating pressure gradient
in time when there is uniform suction and injection on both the surfaces
in the presence of uniform transverse magnetic field.

1. Introduction

The exact solution for unsteady flow of an incompressible viscous
fluid between two parallel surfaces with oscillating pressure gradient
in time has been cbtained in [17. The exact solution for unsteady flow
of an incompressible viscous conducting fluid between two non-conducting
parallel surfaces with oscillating pressure gradient in time has been
obtained by the author /3] in the presence of uniform transverse magnetic
field. This analysis has been extended by the author [4] to visco-
elastic (Revlin-Ericksen model) fluid. The exact solution for unsteady
flow of an incompressible viscous conducting fluid between two non-
conducting parallel porous surfaces with osecillating pressure gradient
is time has also been obtained by the author [5] when there is an equal
wniform suction and injection on both the surfaces in the presence of
wniform transverse magnetic field. In the present nmote, we extend the
snalysis further to visco-elastic (Revlin-Ericksen model) fluid.

i. Formulation of the Problem and Its Solution

Let u be the component of velocity in the direction of x-axis. A
magnetic field of uniform strength Hy is applied in the direction of
y-axis taken perpendicular to both the non-conducting parallel porous
surfaces which are placed at y = + a. The fluid being injected through
the surface y = - a and is being sucked through the surtace y = a with
eniform velocity V. The induced magnetic field may be neglected assuming
that the conductivity of the fluid to be very small. All the parameters
sre independent of x except the pressure since the surfaces are infinite.
The pressure gradient is assumed to oscillate in time in the direction
of x-axis. The only non-zero componment of velocity will be u(y,t). The
governing equation describing the flow of an incompressible visco-elastic
conducting fluid in the presence of uniform transverse magnetic field dis

-

. 2 ~ 2
) u gdu__13p,, % 43" 2u,  duy oy
Crfiud v ay ? ax_-r..y;ai 5 +_p. 5 '(.3.!: i 'VAQ- ? }_Sau

-
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yhere ¥ is th kanmtia viscosity, /@ the kinematic visco-elasticity, p
the pressure, P the density of the fluid, o~ the electrical conductivity
and By = Al (constant) the component of electromagnmetic induction.

undary conditions are
(2) u(a,t) = u(-a,t) =0, t>0.

. [1] the pressure gradient and the non-zero component of wvelocity
are assmhed to be of the form

(3  Lerep

(%) uly,t) = Re [(y) exp(int)],

where P, is a constant, which represents the magnitade of pressure gra—
'dient oscillation.

Substituting (3) and (4) ‘in (1) we pet

| 4
(s) @x—§+(1+pkg A'i"—(-i-k)v--;%
- oB 2
uherek = S u--—_’%’.—’ A,%.

The corresponding boundary conditions are

(6) w(a,t) = w(-a,t) =0, t>0.

Since (5) is the d1f£atentu1 ‘equation of order three and we have only
two boundary conditions, therefore we solve the equation regarding £ as
small. This is consistent w the derivation of RewlimEricksen consti=
tutive equation where unly small values of /3 is contespleted. Thus we
set

@ e+ s 0D,
Substituting (7) in (5) and equating the coefficients of different powers
of 5, we get
g &2 do ,.
I(aa T e oy 2 )= .-P_x_
:i?— X-—-'dy (m + k)w Fv
and
2 : 23 2
dw dw, dw d'w
(9) 't X 1 0 2
dj’z dy ek dy's
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The corresponding boundary conditions for w_ and w, are

il

(11) w(a,t) = -.mf_{:-z,_t): =0 .

The solution of (8) subject to the condition (10) is

éxp@g?) ::(;) ¢h By ::(B: sh B\y} 57

H(mz)

Substituting the value of w_(y) in (9) we get
2 § .
d ¥ éwl b Px . D " .
e Bt o (i? }‘"1 =—X = exp@D) (M ch By + N sh By),
dy” Far(m+®) i

ch @9 s @ ) an QY
here e o et Sy Wi b ThBa % ShBa

2
B E'al*kﬁ +2‘&+2th2& k.\3"33 2B,

The solution o‘f' (13) subject to the condition (11) is

B

X
2 Pui)B

- mach Bz -shl!a
—amﬁshhy S UL O

Thus the solution for u(y,t) is

w ) = s m@{a { (M ch By + N sh By)y

(18)  uly,e) = Re <{“of¥> + B0k exp (ine)y

ch(2d) sh (L)

" a”'<m @) e @D { e 0w - G

+ -2’% (M ch By + N sh By)y - (u:—‘;—k sh By + N—“h— ch By)a}

" 3




30

It is evident from the above result that the velocity oscillstes with
the same frequeucy 4s the pressuce gradient but that a phase lag, which
depends on y exists. Thus the motion of the fluid which is adjacent to
the boundaries will have a time wise phase shift relative to the motion
near the centre line of the boundavies. The amplitude of the motion near
the boundaries will differ from that near the centre line and in order
to satisfy this condition, the amplitude will still approach zerc as the
boundaries are approached.

For A#£0, A=0andm#0 we ‘get

Ay ch( ) sh(’\—)
[exo ¢ 2){ h Ba Bs T

sh 57} = ]exv(mt» »

which is the solution for hydromagnetic plusating flow of viscous incom-
‘pressible fluid between parallel porous surfaces [5].

uly,t) ==Re< - ( k)
v

For N=0, A=0and m # 0 we get

P
" X chJ(llN' )y 1f exp (int) > ,
< Pyv@n®) © e imeka ] >

which is the golution for hydromagnetic pulsating flow of viscous in-
compressible fluid between parallel surfaces [3].

uly,t) =

For AN #0, #0and m=0 we get

ch(d2)
uly,t) = Re<——-2—[xp (: ){—i—___—z——cu/_.b.+ K )y -

sh(2%) %z
2 X < .
e Y T e,
A

which is the solution for the pulsating flow of viscous incompressible
fluid between parallel porous surfaces

For X=0, A=0and m=0 we get

B
u(y,t) = Re Ef:kz (%12':_121 - 1) exp (int)7,

which is the solution for the pulsating flow of viscous incompressible
fluid between parallel surfaces [17.
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On the Growth of a Function Analytic in the Unit Disc

A, Nautiyal and A.K. Mishra

==
M T [
Let f(z) = n; a 2 = be analytic in the unit dise D = {z : \zl< 1},
A, = 0 and {}.n\“‘ . is a strietly increasing sequence of natural num—
n= .
bers such that no element of the séquence {a 2‘”
n

n=]

M(r) =max \f(2)\, A(r) = max {\a“\ rl\"}

\zl=r n=o0

is zero. Set

and

V(r) = max {)‘n T M(r) = lanl r'\n} -

M(r), A(r) and V(r) are called, respectively, the maximum modulus, the
maximum term and the rank of the maximum term of f(z) for \zl=1r. It
is known (/37) that,

(1) log A(r) = log Mz ) + S: (J(e)/t) de, r <ral,
Q

if A(r) and 1/(r) are unbounded functions of r.

Let f(z) be analytic in D with M(r) —>ocas r —» 1. Set

f(Q) - Tia sup log. M(x)

A Hlinf =log (1-1)

’ where log;x = logx and lngqx = log(logq_lx) for q =2, If Plg) < oc

rand F(q-1) =oa, g = 2,3,,.., then £(z) is said to be of index i
Further F£(q) and )\(q) are called, respectively, gq-order and
lower q-order of f(z) (see [2]).

, A coefficient characterisation of F(q) was recently obtained by
Kapoor and Gopal ([2, Theorem 17). Further, if P(q) > o, then they
have also obtainéd a coefficient characterisation of A(q) (£2, Theorem
27) for those functions which satisfy the condition
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. _ _ log _, V(r)
(2) N + Aq) = lim inf —F— .
r—>»1 -log (i-r)

Here A(q) = 1 if q = 2, otherwise A\ (q) = 0. It is known [1] that there
exist functions analytie in D having indéx 2 with P(2) » o and for which
(2) does not hold for q = 2.

In the present note we prove.

Theorem: Let £(z) be analytic in D, having index g, § >3, g-order Plq)
3'7 o) and lot lower g-order A(q). Then, .

log 1 W (r)

A(q) = 1im inf g=l
)\ r»1 =log (-r) °

Our theorem shows that, for ¢ > 3, the above comdition (2) in
Theorems 2 ahd 3 of [27 is redundant,

Proof of the theorem. It is known /2, Lemma 1J that

log A (r)

=Pl

Now, since f(q) > o, using (1) we have
log Aa(r) < log Mafr ) + ﬂ-(t)lcg(r!ro)
< k ()
k is a constant. This easily gives that

log Au(x) log _, ¥(x)

(4) lim inf — — < lim inf ——3——
=91 log (1-r) r-31 log (l-r)

On the other hand, again By (1), we have
V(r) ((1-r)/2) & Y(&) log Lr+(-1)/2)/c]

r+ (l-v)/2
< 5 (v () /) de

< log A(x+(1-1)/2)

or




log,_; W (5) & log, A(r+(1=F)/2) + log_, (2/(1-r)) |

|
for all r sufficiently near to 1. Now, r+(1-r)/2 —>1 as r —# 1 and |r
log(1/(1-r)) ~ =log(1-(r+(1-r)/2)) as r —» 1. Thus, dividing the above |
inequality by -log(l-r) and passing to limits we get

log Au(r) i
“Tog(T-D)

Proof of the theorem is complete in view of (3), (4) and (5).
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The Distribution of Population Growth Rate in Nepal

Dr. Mrigendra Lall Singh

1 5 Background

The population of Nepal which was 5.6 millions in 1911 and which
had remained virtually constant during the period of 1911-1930, started
to show the growth trend only after 1930. The annual growth rate which
was only 1.3%I% during 1930~1941 has increased to 2.1%Z** by 1971-1981.
This has resulted in a population of 14.1 millions for Nepal in 1981.

Though the recent observed rate is explosive*** and is likely to
double Nepal's population in next 30 years, yet, it is far behind the
expected rate of 2.4% for developing countries during 1980-1985; recorded
rate of 2.4% in India for 1981 and 2.5% in Nepal as indicated by mid-term
census taken in 1976.

Due to this fact, many demographers in Nepal are doubting the authen-
ticity of the rate. But their doubts have yet not been substanciated or
rebuted,

A review of intercensus growth rates so far observed in Nepal shows
that, since 1930, it has been increasing slowly and steadly. Also, it
shows that the reported rate for 1981 is the second highest next only
‘to those (2.27) for 1941-1952/54. The growth rates reported for the
periods prior to 1961 are not of intrinsic values, for they have not been
adjusted to equal census periods. :

The population growth rates of Nepal adjusted to equal census periods
are shown in Table 1.

Table 1

(Adjusted Population growth rates based on equal census periods Nepal,

' 1911~1981)

In %

Period Growth rate Prior Growth rate
1911-1921 0.35 1951~-1961 2.03
1921-1931 0.35 1961-1971 2,07
1931-1941 0.35 1971-1981 2.10%

Source: Singh, M.L., "Population Dynamics of Nepal' Ph.D. thesis,
Tribhuvan University, 1978, p. 22,
+Press report released by CBS.

* Estimated from Nepal population figures for 1930 and 1941.

#*% Figures obtained from press report released by CBS.

***Bogue has clasgified the population by different categories of growth
rates. According to him, a population with growth rate of 2% and
higher is explosive. See Bogue, D.J., 'Principles of Demography'
John Willey and Sons, New York, 1969, p. 36.
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The table clearly shows that the present growth rate of 2.1T is highest
of all intercensus growth rates.

In this context, some few relevant questions arise. They are:
a. Whether the present reported rate of 2.1% is reasonsble or not?
b. What is maximum growth rate tha:t is possible for Nepal?

¢. What are the confidence limits of the variatiom of population
growth rate in Nepal?

Though theoretically it can be proved that growth rate can have
value as high as 10%, but in practice, a population with growth rate ag
high as 4% is hardly known.2 Keeping in view of zbove fact, attempts are
made in this paper to answer above questions.

For this, population growth rate matrix i.e. r-matrix is first con-
structed and from the matrix so constructed, confidential limits for
growth rate 'r' are estimated and accordingly answers are obtained.

2. r~matrix and probabilities of growth rates

et

In case of a closed population, the growth rate "r' is estimated
ds the differences between the CBR 'b' and CDR 'd'. Due to invariancy
of Age structure of Nepal's population, the population of Nepal can be
considered a closed one. Therefore, ignoring the effects of migration,
the growth rate is estimated as r= b-d.

Since 'b' and 'd' are non-negative numbers, the minimum wvalues of
'b' and 'd' that can be expected are zero's. On the assumption that 'b'
is never less than 'd' for Nepalese population, the minipum value of 'r'
‘becomes zero. The population with above values of wital rates is the
statiopary population. Therefore, keeping in view of existing high IMR
(140 per thousand) in Nepal, the minimum values for "B’ and 'é' are taken
as 15% per thousand. Of course the maximum possible walues for them are
50 per thousand.**

The r-matrix, where, r= b-d is constructed for 50 = & =15 ;
50 = d =15 by dividing the range of variation of walues of '5' and '@’
into equal ¢lass intervals of width. The matrix so constructed is shown
in Table 2.

* Due to high proportion of young population (40T in the age group 0-14
years in Nepal), it may be argued that the CDR may go down as low as”
4%. But at present, due to high FMR, such a drastic fall is not ex-
pected.

*%CBR and CDR higher than 50 lead a population whose life expectancy is
less than 20 years and such population ultimately terminates,

e e

Th

Ne
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Table 2
(A hypothetical r-matrix)

Di'-lﬁfli rate in thousand Birth rate in thousand _

50 45 40 35 30 25 20 15
50 0
45 5
40 : 10
35 15
30 20
25 25
20 30

(8
o 5 0
15 @mg & 0
20 15 10 5 0
25 20 15 10 5

BLB8GBwo

0

The mtrix :‘a_s_hw'a the maximum possible value of 'r' in Nepal, when
the population is closed, as 35 per thousand or 3.5%.

Assuming that b, d and'r take the discrete values as specified in
the table, it is found that there are eight states at which 'r' becomes
zero i.e. the population attains the stationary character. Therefore,
it can be deduced that the probability of 'r' becoming 0% i.e. P(r=0%)
equals to 0.22. Also by using other sample points of the matrix, it can
be shown that P(r=x) decreases as % increases. In fact, it is found that
P(r=2.5%) equals to 0.083 and P(r=3%) equals to 0.027Z. The above find-
ings show that the probabilities of getting higher values of 'r' is very
small. .

3. Distribution function for 'r'

‘One of the statistical tool to express the character of a parameter
is the distribution function. Therefore, the distribution for 'r' is
derived in the following way:

Let u = upper limit of 'b' and 'd' i.e. 50 per thousand

v = lower limit of 'b' and 'd' i.e. 15 per thousand
Z=L = k, where h = width of the class interval
k = number of class intervals.

Then P(r) values are estimated as:
ihes =)
v g Wk Tk Bk(k+1)

where x=0, 1, 2 .....7




_2(35-1)

e f(o) = 75 (kA1) O<r £35
- i 2
Siie Slf(r) dr ‘—W (35-r) dr
- k+1
£(r) becomes distribution function if f(z) dr = 1
.35 y
ie. T3 1 or k=34
S ) = L5 (651, 0<r <35
35
u-y
g hk
P(R=hx) = %%E% , o b o G
_ 2(hk-hx)
Hk (k+1)

- 2 (hk~1)
2 B(REE) oD

Let k —¥oqg , keeping kh = 35,

=0 h,2h, .00, kit

Th

@

then probability that R assumes values in an interval of small length h

around r, is

_ 2(35-1)
£00) b = 55y B

= * 0'5..._1"..‘..-35

(35)

An alternative derivation of f'(r) is given below, which does not limit
the value of k to 34, and which makes for nearly continuous.

Additions to be made to 'explain the facts shown in my paper

Estimation of E(r) and Var(r) in descrete case

From the matrix shown above,
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(k=x)

‘The P(r) is found as P(r) = a where, x=0,1,2,.....

k=8
.S. E(r) = r B(r)

0 —fg-* 5.2%"‘ loy-i'g‘ Ry at 35.—2—%
= 11.666 per thousand or 1.16%.

£(cD)= t2(x)
=5? ‘_a'+ 10° .?g & srned o 352?§

= 233.33

. Var(= EGD) -EGY = 97.223

— = 9.86 per thousand

+= Maximum value of b or d
U= Himmmn value of b or d

h = Width of the class interval
k = Number of class intervals

Since, in reality, b, d and r are continuous variable, the probability
function derived above is special case where b and d were supposed to

‘take only descrete values such as 50,45 etc.

Now extending to the continuous case,

), 0&r =35, hk = V=U = 35

3%
§ oo
0
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2
35 r°. 35
[(35:)0-&2-) o]

_2.612.5 _ 35
35(k+1) k+L

Now £(r) becomes distribution function only if f(r) = 1

35 _
i._e.- m 1

T4 k+l = 35 or k=34
(Note that: in descrete case as.shown in the matrix k=8).

.. The distribution function of 'r' is found as

£(r) =% (35-1) ar 0<r <35
35’

L E(r) = 5 r d¢ = 11.66 per thousand = 1.16

Var(r) = E(r2) - E(r)2 = 97.32.

‘The values of E(r) and Var(r) estimated were found to be exactly the

same as in case of the discrete case.

The expression (2) is derived distribution functiom or 'r’ for Nepal.

This function is used to find the E(r) and Var(r)

Mean (f)-E(r)=Srdr 0<r<35 (5
a 35
= S r(35-r) dr = 1.1862
35 )

The result shows that mean value of the growth rate i= Nepal is 1.17Z.

8imilarly by using the relation,

E'.(rz) = Srzf-(-r) dr “

‘and

Var(r) = E(tz) - Zﬁ(tl}z and s = + viariz) 9

the standard error of estimation of mean is estimated ss 5 86 per

def]

0.18

so f
valw

-y



Confidence limits for 'r'

Tor simplicity the confidence limits for the variation of 'r' are
defined as:

ﬁl‘é.(r) t 8% (6)

.", The limits for the variation of 'r' are obtained as 2.15% and
0.18%.

A glance at the values of the growth rate 'r' estimaqa63 ‘and observed
so far in Nepal shows that except for two or three values, most of the
values lie within the limits found above.

5. Conclusion

Since the reported population growth rate of He-pal for 1981 ig found
to be uppermost limit of the confidence limits found in the present study,
it is concluded that there is mo ground to suspect the validity of pre-
sent value. As regards maximum possible value of 'r', it is found that
7 in 10 chances (68%), the observed value of population growth rate is
likely to fluctuate between 0.18% and 2.15%Z. The conclusions are how-
ever not conclusive, for, once the magnitude of migration comes to vital
role in Nepal's population phenumennn, the picture will be entirely dif-
ferent.
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A Type of Semi-ring

Prahlad Singh & N.S. Yadav
Introduction

This paper investigates a generalization of a rins, to be called
R-semi-ring and explores certain properties thereof.

1. Definitions

An R—sm—r:mg is a system R with two operations, multiplication
and commutative addition (+) with the following properties:

(i) (a+b)+c =at(b+c), a,b,cER ;
(ii) a(b+c) = abtac , a,b,c€R ;
(iii) There exists an element O (zero) in R such that
Ota = a, a€R
and (iv) 0a =0, a € R.
if mult:.plimian is commutative, R is commutative and if it is

associative, R is an associative '&-sami-—rfing. 1f there is an element
1 in R such that la =al = a, a € R, then R is an R-semi-xring with

unity 1.
Hereinafter we shall use simply semi-ring for R-semi-ring.
2, Theorem

~ Every abelian semi-group G with id_enti."ty is the additive semi-group
‘of some semi-ring. '

Proof

We can presuppose that the semi-group aperation of € is written
additively. If a,b € G, let us define ab = 0, That all the properties
of a semi-ring nre satisfied is evident. This zero-semi-ring is obvi-
ously Icomntat:wev-asaneiative

It can be seen that in the semi-ring R defined here, a = 0 and
ab = -ba, a,b € R. 1If R does not consist of zero alonme, then R is a
semi-ring without Gnity.




46

_ A non-empty subset S of R will be called regular if each element
of S is regular,

4.  Theorem

If R be (associative) regular, then for each non-zero element a € R,
there exists an idem;:_-o_t_ent b such that aR = hR. Conversely, if R be asso—
ciative with unity such that for each non-zero element a of R there is an
idempotent b such that aR = bR, then R is regular.
Proof:- Let R be regular and a a non-zero element of R. Then there ex-
ists an element x of R such that 2 x a = a. Since (ax) (ax) = (axa)x = ax,
it follows that ax is an idempotent, .

We shall now show that (ax) R = aR.
Let (ax)r € (ax)R. Hence axr = a(xr) € aR. If ar & aR, then axar € aR.
But, ‘(ax) (ar) € axRr.

Conversely, let a be any non-zero element of R and let b be an
idempotent such that aR = bR,

Thus b = ax for some x € R.
Since a € bR, a = by for some ¥ € R.
Now a'= by = bzy = b(by) = ba and hence axa = (ax)a = ba = a,
5. Definition

An element b of a semi-ring R is called nilpotent if and only if there
exists a positive integer n such that b® = 0.” A subset B( € R) is called
nil if every element of R is nilpotent.
6. Theorem

An (associative) regular semi-ring with unity contains no non-zero
nil subset B such that BR =B

Proof

_Let be be a non-zero element of B with BR< B. Then, by Theorem
4, there exists an idempotent c such that cR = bR. Hence ¢ = bx for
some X in R, that is,c € B, a contradiction.
7. Definition

If a and b are non-zero elements of a semi-ring R with ab = 0 or
ba = 0, then a and b are called zero divisors of R.




8. Theorem

_ Let R be (associative) regular with unity with no zero-divisors.
If the additive structure of R is that of a group, then the non-zero
elements of R form a.mmltzgiicatxva group.

Proof

Let a be a non-zero eimmt of R, Then there exists an element
% € R such that axa = a, i.e. a(xa-1) =0; but a # 0. Hence xa = 1.

Similarly xyx = x for some y € R i.e. yx = 1. Now, ax = (yx)(ax)
= y(xa)x = y% = 1; that is a has a multiplicative inverse x.

If R is commutative, then it is a field.
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On Certain Sets in Pasch Geom etric Motlules of Dimension
Three
Hiom Nath Bhattarai

The concept of a Pasch Geometry is given in ] or [3] and that of
geometric module in [2]. Geometric modules over geometric Sfields give
rise to projective spaces. In this short paper, we prove two basic pro-
positigns on the cardinality of certain subsets which are technical in

proving results on geometric modules of dimension three. .

Suppose V is a geometric module over a geometric Sfield A, the di- ,
mension of V over A being 3 [2]. Since A* = A - 0% acts on V, we
consider the geometry V/,* [2]. For v €V, v denotes the element of V/A*,
§ince v*= f’v,__. we have v"= V. Also, let (v, ¥, W€ 'b‘vi‘l'*' Then 3 &,

A EA% such that (v, &£V, AW € A,. Suppose Aw # 0. Then puw & Sp(v)
=3 Aw = ¥v for some _"iﬁé'_.-_i. Y#0. Sow=¥. Hence VJA% as a geometry
is projective [1]. Since dima\" is 3, it is easy to see that dimV/,, is
also 3. So V/ AR corresponds naturally to a projective space of projective
dimension two i.e. a projective plane.

Tn this paper V will be a geometric module over a geometric Sfield A
with dimension V equal to 3.

1.1 Definition
(i) For o €A%, let € 4 ?*-'{:ﬂ'z (&, L™ R) & Aa’ﬁ 8

(ii) For v, v, eV, vy v, independent, and A€ A%, we set

Ly (v.l, v-z}. = iu' u Eev, ('u,-vl, 9_(.1:_2‘).5 b-v} ;

Note that L  (v,,v,) # @. We fix the elements v,, Vo, and write L for
L.L'(-"’j_ Vo) ¥ K EA%, For any set §, card(s) will denote the cardinality
= g = 3
of the set S.
1.2 Propesition
(i) Card (Ca) = Card(CA) Mo, € A%,

| (i) Card (€ )& Card (L) M & € A%,




Proof

(i) We note that o eC, if and only if (L ¥ ) € A, if and
only if (2, 2% ;a'.("'/) €4, ie. ALY EC A . Now the
association 'Y(-—P,%a&“"?”.is clearly a bijective mapping.

(ii) Choose g € V such that (uc, vys vz) = éav. Let Y€ Ce s

Y# 0. Then
( J--s ﬂd'! 7,) = AA _9-'(1.1*“‘-'7‘) C== A'A l%(vl,v;#,.-d_")’ﬂﬁ
ca, So (vl. hVys “o)’ vy vl*", J_""le) ea,

=3 J u €V such that (u,vys oLy, (u, UL“'le,uS"”} ea,.

Note that u €L, . Thus give Y€ Cy, T#0,3 véEL such that
(u, 7 o
U £Yvya95) 4.

Note that since V)l are independent, Uy # u. Let 9(7) = {u €L,

(u, oL V)00 €Dy

So B(7) # null set. Let @(0) = iuoﬂ . Suppose u € @( ‘/1) N @ ‘/2).
Then (u, 6‘-"1‘;’\?1-,“;),. (u, ,1_11/2 Vi ug) € A . Since v, sy, are indepen—
dent, we get L% = at'“"r'z_ ie. 7= 7, Thus,

o Cﬂ( —> Set of subsets of L,

is a map such that @( 1/1) and @( ‘/2) are disjoint for '}/l Ea ‘7’2. Clearly

this defines, using axiom of choice, an injective mapping from C , to L .

1.3 Proposition
Card (L‘) =, Card (Lﬂ.) &4,{56 A%,

Proof

Let vy € A v3¢ S'p(vl,vz). Note that such vy exists, since dimV
is greater than 2. Let w, € V such that (w;, v, Ao v’gJ € A . DNote
Y E Sp(vl,vz)-, since otherwise ﬁl.v_;fand hence v, would be in Sp(vl,\az)

as £ # 0, B# 0. We define a map

R AU R S (Vv

i |
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as follows: Let u el, so that (u,v;, AV,) € A . Then (vy.Wy, AL v
(vystts ﬂvz) € a, =37 s € V such that (s,u™, 5 Ys (s, }sz, RL V. )G‘A
e pTleen, (vpvy). Ve set 8 (u) = A B s e Lty eu) whsrs
(s uﬁv o) € Ay i

ﬁ,mc). is well defined: Suppose also n‘it & L&(‘?'Z"'Sj' anch LHEP ft._ii'.‘.%)
€ Ay Then s,t € Splu,u, )N Sp(vz.vg) Note u g Sp(v,,v,), other-

wise since u,v, are mdepe:ndent, 3 would be in Sp(u,v ) = Sp(vl,v2)

So_Sp(u,w, ynN Sp(vz.va) has dimension at most one. So 3 & € A* with

t= §s. Bul: then ( § s,u "'0)' (s,u™, w o) €&
dent, so & =1 and t = s.

v But “".rq are indepen—

G{ o) is one-one: Let (ﬁ )(n )= G )(“2) ﬂ-ls so that [ (2
L ("z"'a) and' (a.nl,w) (s,uz,wﬁ) G:A . The 3% €V such that (x,u ,u“-‘)

(x,wo,w YEA. Sos = -"i’wo, Je€Aa. £ 740, then "fwe and so w, would
be in Sp(ul,u )C-.Sp(vl,v ), a contradiction. So ‘f- 0 i.e. x =0 and so

uy = Uy

Thus @< } is an injection from L A into L, (vz.vs) Note that
since vi & Sp(vz,v ), the symmetry implies there is an injection from
L ‘L(va,\ra) toLp . So by Bernstein-Schoder theorem, Card(L,) =
Card {L&(vz,va}). Taking & =3 ca:d(!a.‘ ) = Card(k_( (vz,vs))
Card(L,). This completes the proof.

Remark

If A is sharp (i.e. naturally a skewfield), them Cy = 30 }viA if
and only if < -{0; . Also, if 8 = 2_0} , then A is shsrp, so V ds

sharp and hence Card(L ) = 1 ‘Vv.(éA. Conversely, if Card(L,) =1,
then € =%0% so V is sharp.
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A Class of Generating Functions
R.M. Shrestha

Abstract

A new class of generating functions of the form

~a a2y ~2m v a n
(-0 Bl Caa’0® x0T = 1 a0
is used to obtain known and new generating functions.

1. Introduction
Various extensions of the generating function [3]

@y e e [ty py ~4x(1=t)" 7

oo _ =

= T 4F, (mntl, S L X €

n=0
where
(1.2) ¥ (-n,n+1,"8; 1,p3 X) = 'Rn'(x-)-

is the Rice polyromial [47.
Brafman's extension of (1.1) is of the form oy

P2 S o ot _-2
(1.3) (1-t) prq. (nP_). (bq}. Gzt (1-t) ]

o=

: y {} - s ' - 3 n
L E p+‘2rq_.,2 [""n,ﬂt_ﬁl. (ap)) i!ls (bq)) §7 L 3
where (aP) stands for the sequence of parameters 8,850 00y 80
Further extensions in, the forms

) ol
L&) -0 B[t 02T 2. 8@
= =0

and
o o,
W5 | G it Ea-0"T Yoe 0t
=0 = :
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where
oo

@6 B = Y. s 2",
n=0

= (-n), (1+n)
(1.7) g, ) = Z "‘({i k! . " +,

n=0

and
[nfm] (-n) . (1+n)
: mk mk Zm <k
1.8) g _(x) = E? a, [om)™ o ,
n,m ) ilsz ! k

were furnished by Fasenmeyer [2] and Shrestha [5] respectively.

<« ,In the present paper, we give an elementary extension covering all
the above extensions and indicate how we obtain known and new generating
functions. Since our method of proof is classical, we just give a short
outline of the proof. :

Z. Main result
1f
s
n
(2.1) H(x) E a X ;
n=0

and

Lon/ul (-n)mk(d)n(ai'm)mk
(o()zmk n!

ak [(2:&)201 K’k.

(2.2) g::m(x). = 2

then
o

2.3 -0 “#f-taio)™ T fe Z g % () ",
n=0 ¥

where m is a non-zero positive integer.

Proof. Use (2.1) in the left-side of (2.3) and simplify with the help of

=5, [n/ R
e L ST Awwen = D X, A@K) ,
n=0 k=0 k=0 n=0

£2.5) (a‘)m (am;l = (‘]mn »

2.6 (g =a™ @&, ED o E=L sm0, k30

anc
(2,
to

(1-

fun

(3.



@1  Gw, = D al /@, Oskgn,
to find
(1-t)~ ‘na—amz:)"‘ x(1-£)" 227

=2, (~4m’e)™

&

a, xk
& +Zmk

(1=t)

dl e
i (Cha) ™ (20l By ke omc

= —T —_— % b
n=0 LS
Bl () . (o) (Km) "
. Smil mk "'n mk 8 Tioay 22 %

My P B

o (x) t".

In particular, when & = 1, we arrive at the result (1.6) due to
Shrestha [5]. Results due to Sister Celine follows from (1.6) by taking
m = 1. The other results due to Rice and Brafmann may be obtained
similarly.

3. Applications

. As a first application of (2.3), we derive the following generating
function ﬁ? . :

3.1) 2 — W = a0 [h K —(""t—z\l
N )

n=0 o
mta 2F1‘( Aa:ai Bl -—4-’5!:—1 = _T‘.TIET ZFI (A,a3 €5 = .ﬁxt ) ) .
(1-0) ' o

and
@) *, % ok ARG
3.2) B.n{x) - 3?2 (-nyn+2 A, aj A+, e x)

denotes the hypergeometric polynomial appearing as coefficients appear—
dng in the expansion of the confluent hypergeometric function in series
of Bessel functions. Further properties of R*(x) can be found in

Shrestha [6]. E S
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In order to obtain (3.1), we take m = 1, ol= 2 and’

(3.3 BL-EE_ 7 - p¥(A, a5 c; - —XE
e L a-n?

in (2.3).

As a second example, we have the following interesting generating
function

r B =) “d [ e i - - 2 m - -zﬂ
(3.4) (1-e)" " ¥, Rap), (bq), (=to )™ xQ-t) "7
o2 a(m;-n), A(m;«+n),o, (ap)

T A
e e L PRI ®) '

n
x| t

where A(m;a) stands for the sequence of parameters

ST ey s S 1, m being a positive integer.

This result is obtained from (2.3) by taking
. H F 1 b s .
(3.5) W = F, [(ap) () w/
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An Tteration of the Mk,m-Transform
S5.R. Pant

Abstract

In this paper we deal with the iteration of the well-known M !ﬂ:—
. ' : . - N : L
Transform. As Stieltjes Transform is obtained by the first iteration
of the Laplace Transform, by iterating its generalisation, we expect a
generalised Stieltjes Transform.
1. Introduction

If the determining function of the Laplace Toansform
oo

1.1 #Gs) "{, g at (s >0)

is itself the Laplace Transform of another function, say oA(x), that
is, if ]

Xt

(1.2) @) = § e ox) dax ,

then

L) gy

@ e = | S8

o—yp oy

which is known as the Stieltjes Transform [4]. In this note, we shall
obtain the first iteration of the Miz mvfl’msfnm
o L,
o

o, . =Ast . . =il e A _
(1.4) f(s) L e (st) Hk_»ﬁ(s't)' #(t) de,
where A is a real positive parameter greater than i, k & m may be real
‘or complex and 2m # -1, =2, =3, ... . This transform was given by the
author [3]. This transform is still true for \ = } when

Ve ool e Lo,on)

It reduces to (1.1) for A= 3/2 and k + m = }.
‘2. Iterationm

In this section we obtain the generalisation of the Stieltjes
transform by iteration of the Hk m-"l‘ran#f.at‘m-
2 »
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Theorem. If

oc

2.1y %isy = i o ASK ey Rl M (s) @) dx

where -

(2.2)  @(s) = _L e M any™ o, 0 L e,
then o0

(2.3)  £(s) = i, LA+ Ds + (X + Dyt

1 ,m"."k-.!_ ,m'-k"'i",'-hrl»l . _l
.F:'z . H G D 5+_( TFE (ARt &(t.)dt
2m#l, 2m' +10 AR+ s l

provided that

a) 2m and 2m' are not negative integers,
b) kn A‘)& ] 3>0
e) A(t) =0("), m>0, for t w0

=0(e ﬂ)‘. Y>>0, for t —>oa,

and T, standing for the hypergeometric function of two variables.

Proof. On substituting from (2.2) in (2.1), we get
=]

O B e e R

& (t) dt} dx
o<

oo :
- T ol(t) dt =( N8+ NiE)x =—m-m'-1
s i CE L e ® Hk.m(sx) "k‘.m‘(':) dx,

provided that the change of order of integration is permissible.

Now, evaluating the inner integral with the help of the result [3]
o

(2.4) S;, e PE 4L *&;m-i(“)' -Mk_..m._!(bt) dt

o)
37
0y
Mathe
Kires

Trib}
Kathn
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grmim' ,m-k,m' -k b

oama ey TR ey e | e D
-amb [p+i(a+b)] '\"(q*-mm—) 3_’2.' o : Z@" p+I(a®h) 'p+l (a}h}.

provided that (g + m+ m') >0 , (p+ fa + ib) > 0O,
‘we arrive at the required result.

As regards the validity of the change of order of integration, the
t-integral and the x-integral are absolutely convergent under the condi-
tions stated in the theorem. Morecver the resulting integral is also
convergent under the same conditions. Hence the change of order of in-
tegration is permissible.

Corollary. If X= X' =3/2, and k = m#{, k' = m' +}, the .-1"-2 in (2.3)
reduces to ' :

_2(s + t) S S
L e T LI R By o A

Hence (2.3) reduces to the well-known Stieltjes transform obtained
by the iteration of (1.1).
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- Integrals Involving Generalised Struve’s Function

B.N. Kanth
Abstract

The object of the present paper is to give 2 new generalisation of

Struve's function and evaluate some integrals involving the generalised
Struve's function.

1. Introduction

Struve's function H_,(2) of order v is defined by nj

€151 H p(z'} = S . ('II.-'-tig).‘)-i sin zt dt

(]

e .
sin” '@ sin(z cos 8) d8, Re(¥+})> 0

= , for all 'values of V.
In the year 1962, Bhowmick defined the generalised Struve's function
H ,’,‘(z) by the formula [27

o e 1_},'1.2.,”.,‘,1.

(1'2) “‘I}(z) ] r-zo: T-T"' t

We now consider a new generalisation of Struve's function H*;k('z)
defined by
o Ty VA2rHL

a.m e - , k>0, X7 0.

2. Finite Integral Representations

We now express the generalised Struve's function as integrals in= -
volving another generalised Struve's function and also as integrals
involving generalised ':]iyperg'em:ric function.

:iﬂ' n vy ) {
L s;tn(wl)_-('z ‘-‘-’e eosz‘ﬂu'ﬁ =H“'-I: (z) (= siif‘ﬁ)_ de.

Ak Pl

@D 55, -

z
257 (pe1)
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Proof. We have

ix g
s_in(‘kl') (2 })B cns_zfﬂe Ht'}k(z sin“\e) de

fel
z EO

27v(pe1)

P+l ir . 29, . .r ; V2r+]l
__z L L CHD@NG  2P41, SE () (2 sin’8)

£ |

2°°T P AY) r=0

Vi Pal+2r+1

(P+1) T (kr+3/2) V(¥ + 2r+3/2)

iMe 3B

; L e T3/ + Ar+3/2) T £+1)
T( P+1) T (kr+3/2) T (w4 Ar+3/2) 2 T( v+ Ar+ F+5/2)
=H Ask (z) , which is the required rTesult
e LT 2 q .

The term by term integration in the above simplification is justified
because of the fact that the series is uniformly convergent in

0 6 <}~ , and this infinite series is multiplied by an absolutely
integrable function, and then integrated term by term

In particular, if k = 1, we get the known result due to Bhowmick 25
Two other interesting results derivable from (2.1) are

Vi i -
(2.2) MK = —.7_]”——§ sin’ P cos
2 T(+h) 0

where Re(3/+3/2) > 0,

v
2Vg H};k (z sin™8) d8

and

=ik
27 ()

@ 1), @ -

1 ;
S L LAHDIE=X) 2 :,k(zxg\) -

where Re(+43/2) > 0, Re(P+1) > O.

The result follows from (2.1) by taking = -{ and replacing £+ } by

W ; and the result (2.3) follows similarly by putting sin 8 = x in €2.1).
Known results can be‘obtained by specialising the parameters in these
results.

Representation II. For Re(¥+3/2) >0, k and \ are positive integers,

Tlkr+3/2) © (v +Xr+3/2) g8

1)~ . AR
-%—1) 2 (jz) S sinz{wxrﬂ)e coszfﬂ'a de




3/2k-2

J-S {1-t)

5 32k=2 w 3w 3+2X-2 -2t
DFA"'E."]J X=s Zki".)"_ﬁ”_ x *K”"' ,“" ‘—f—}':_", A g‘kk)dt

Proof. Using T(atk) = © T(a) and
@, = @, Eh L &L Lmvo, k30,

in (1.3), we arrive at

Lk Yo Y+l

(2.5) H (z) == TETEIE) 1"!&.&“' 32K, +..y (3+2k-2)/2k ,
v3la , ved/zeA-l | 2t
» X 4}?&1"
It is easy to show that o
2.6) enr L DO | VD V(201
' (77%) ' 1) © Y (3/2k+r
T(3/2k) g
W B (r+1 3‘!2‘& 1)
1
T (3/2k) i T o322
= SO 3 t (l-t) dt.
The required result follows on using (2.8) in (2.5) and integrating
term by term. :
Two particular cases of special interest are as follwa.
Ma) = ey p 2RSS 22N =
(2.7 H((2) = - L (=e) * B =y e

xnd

o E”T*'l ~22e/4) at,

2.8) l:lv(z) = —
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These results seem to be mew. The first result is obtained from (2.4)
by taking k=1, and the second follows from (2.7) by taking A = 1.
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GLOSSARY OF MATHEMATICAL TERMS

Naive §{0, -]TﬁTq
Naturalwmh’w,m
Naught §[=Z.'|

Nautical FTTHH, S&THT, aﬁf’r
n-dimension TT-B TR
Nebula ﬁ'?ﬂ" frerfET
Negative TTTew®, TstgTefs
Negater fystgs

Negation sty

Neighbourhood T, @wiwET
Neptune w, geaT

Nest ':'r!ﬁ

Neutral @z, ISTHIT

Nil 7=

Nilpotent g:qq’rcﬁ-

Nine =ﬂ‘

Ninefold FTAT

Ninety H‘ﬂ

Nineteen 9—1T18%

Nineteenth I=JT84T

Ninetieth Tﬂ'ﬂ

Ninth 9T

Nonagon q*‘ﬁ'UT qT"F’l

——— SR S i e S e

(Proposed)

(N)

Non-algebraic &1 forg

Norm ’T‘f, OT%

Normal JTHOd, ovaey, TMTH A
Nonmalization ¥4 feamyuT
Notation T

Nought =4, MUTHT, #@E@T 9afd
Null =4

Number H¥4T, FUTAT
Numerable UTAT AT7Y
Numeral 3%  dEqT TH=8

Numerator 9]
Numerical HwEQT-ToF, HEATTHR
Nmericallymjw

(0)

Object Tﬂ'@':[,

Oblate YaAT{ =ATT YA, @T,
Oblique EE? qa, ﬁ‘tﬁ" W

Oblong JTAATHT L

Observation 'fimqu,'r, ﬁ'ﬁ"!,‘TUT
Obtuse JTEF

Occurrence €ZAT

Octagon .TEETTUT, I
Octagonal M?fﬂTq. I‘E’ﬁm
Octahedral I FTo® 14

i

ﬁfmmﬁﬁk#ﬂm*WTWTwm’rﬁl



Octahedron ¥FST oH
Octant JSCTIH

Ocruple J[TE‘T{T

odd fastH, fa9TC
Omega JTEFI’T, (&)
One T

open ¥woT, Taqd
Operand FFFTET

Operate d{=h 4T
Operation ¥ 4T
Operational ¥ gToHH
operative HHFTIT
Operator HHTIF
opposite Tauiia
Opposition ﬁ'ﬁﬁ[
Optimal ToCdH
Optimization TSy THF (0T
Optimizing Ta 10T
Optimum TSEAH

orbit §5T

Orbital Jﬁ%ﬁ

Order W, F1fc, ©Td, gﬁ'

Ordeted?\ﬁ"ﬁ'ﬂ’ .
Ordinal FHYTH

Ordinarily §TIT{UTIEAT
Ordinary HTHTIUT, THT=A

b6

Ordinate H1T&

Orientability STafa—aadTadT
Orientable aTYTa=ga+T4d
Origin gﬁﬁﬁ;, $5TH

Original 99, WT{To9F
Orthocentre BHF—=

Orthocentric B a4 3 14

Orthogonal E‘faﬁﬁ'TUTa' g1 fa®
Orthogonality §aw] TUTTET, T TawdT
Orthogonalization @F (ARIFIUT
Orthogonally GAREER!

Orthonormal 11995, &1 Ta%
oscillate E197 ’l:f

Oscillating IS TaET
Oscillation Z1H9

Oscillator T7ToH

Oscillatory Ii1H, T
Oscillogram oA TITH
Osculating JTIHSTT

Osculation FTYFSTH, ITIGOSIT

Osculatory TqIfT

Osmotic GTTHIUTT

OQuter ‘qrgt[

oval JETHTT

Ovaloid Xed=h 19

overlap gfa=afTed, ATT=ATH

——
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Overstability yfereyTfiey
Overstairs Jfﬁg‘aﬁ

(P)
Pair r!‘ﬁgT,. 4T
Paired 'ﬂ_fa"qﬂ, ﬂﬂfﬁﬂ
Pairing A
Parwise J7od
Parabola H{HGY, JTTU
Parabolic Y{I T4, Jﬁiﬁ'ﬁ
Paraboloid XTFTEATUG
Paraboloidal ﬁTra'?F:rTTeﬁ'
Paracompact &"Iff@ﬂ
paradox TaUTETHTH
Parallax ﬂﬂiﬁﬁl
Parallel ¥HTAT—I{
Parallelogram HHTAT=I{ ‘T(;’i:l:ﬂ
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Partition TI9T9H
Path T

Pattern JTa&d
Pedal UTE®H, 9TE
Pendulum FI1OF
Penetrate a‘EF-[
Pentagon q‘fﬂﬁ

Per wfH
FPer cent F”aik_‘l

Percentage Wicgaar r
Percentile J[GOHH
Perfect EUTP, q[:“qu T
Perihelion J9Y ' {
Perimeter TT{HTYH
"
Period JATAq@TO, JFaTH
Periodic ATHH]

Parallelopiped§HTAT=IT STgH OFPeriodical ITaeT

Parameter W90}

Parametric YTHT T
Parametrix HIHTO®
Parenthesis Wm ( )
Part iﬂ, w§og, 4917
Partial ITTVH

Partially K Ein M

Particle FUT

Particular WT, Tafoss

Permanent WJTAT

Permanence TTATTH
Permiable WTTTH

Permute 20 H44d ’Ii
Permutation 2P 994
perpendicular ®F
Perpendicularity @FacT
Perpendicularly Ef'ﬁﬁ, I
Perpetual ¥wa, AT
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Phase FT, FIOTTH
i WTE (@)
Physical 91w
Physics HYTFaTE
Pi 9T® (%)
Piece THT, WUE
pitch TUg

Planet Y&

Planetary T€T4

Plus 99

Point ﬁ‘-ﬁ

Pointwise Ta=g¥:

Polar g!ﬁ'q

Pole ¢

Polynomial €U, AGTETA
Population FTHEAT
Position ®ITH, Tegfa
Positive GATTH®, 97
Positivity FTAT
Postulate ATHETT

‘Prediction WIITE

Prime JHT, T
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Predecessor AT, TAT
Predicted WTIWH

Prefix Em?rﬁ{

Press WTY, 9T BITIY, FATIY
Pressure 9T4, 3TH

Price Hod

Primary WTHTHF

Primitive TS, 379
Principal T9, T4
Principle THaT=
Probability WTTUFAT, =TT
Probable HHTS

Problem HHEAT

Process 9D H

Produce JcATSA q‘i‘

Product 3ITHTEA, ’IUT'I'W
Progression @71

Project WETU 7|=I

Projected WTGTT, R G
Projectile %119
Projection WST9OT, W519
Proof WHTUT, I99fd
Proper 919G
Proportion W




Pulley THTAT
Pulsating TUGHTH
Pure ¥4

Push FST, YPOTE
Pyramid ﬁ'tﬁs

Proportional §HTIT
Proportionality §HT
Proportionate W’

Proposition §TEY




