
:
I
I
I

TIIE f,EPAII
MATHEIUIATICAL SGIEIICES

BEPORT

TSTITUTE G IOIEilGE
EAI'T |rfFI

TtrTIIUYAI IIYERtITY
TNTPUR 

'

TEPAl
r r^ : '

VOTUME 5 rr0 2
t

J U LV I98lI



Iaatructlons to Cootrlbutors

I'The llepall l{ath€ratlcal Sclenccs Beport" wlll gubllsb the ori.glnal
reeearch papdre, ebort rctcs aod suncy ertlcles ln dlfferent branchee
of llatbotica rnl lLtber.tlc.l Sclcar.

Cootrlhrtora rrc rcArlrd to lttlt trc coplcs of tbe oanrscrlpts :
to tb€ Chlcf Edltor. lhurrrlptr rbrld b. Lo Ea3f fth .ad typed ln
doubLc 8DrG. tt tcat of tb. prpcr rbanfd bc prcccdcd by a brlef
abstrtct. i

lcfcrccr rhcfd b. lbt.d rc tb. rod of thr grper t.u rlpbabe-
lfarl e6{ss' rd eh rcfcrcc b to b. ernqd ta tb. foll,ovLng for:l:

l. Hcly', 1., teblcr of lotejrel tnarforrr, 9ol . II,
t6nr E{rr, tl9tl

2. StoLr,,G.G-, d'thc cffet of tb taterad frtctlm oo tb€ rct1oo 
I

of p-erilcr, ftur. Chb. ltlt. sc., g (lt'l), E-I06. 

I

AIL OruIerrlots lErDIr uls .mAL

ffinD ll rB lo lB crunr, rrffi^?rcs

Ixslrrcrr(; ocIIltB, tlrDvlr ultxBsrtr,

rlrmrut, ltill..



TIIE TEPAII
TIATHEMATICAT SGIEilCES

BEPORT

/ ' t

t '

iv'

Edl.tortal Boqrd

D.R. BaJracharya
(Chlef Edltor)

I

I

I
I

G. Feeoan

S.K. Shreetha

ll 8. Slngh

I

K.Fc

R.!t.

B . S .

IilSTITUTE OI TGIETGE
DEAT'S OFFIGE

TNBIUYAil UTIYERSITY

TNT|PUR
ilEPAT



5 1

55

63

6 9

75

87

l .

2 .

3.

Bydromagnetic p0l.sating FLow of Visco-
Blastic Fluid Between trro parall-eL surfaces

Plow_of Walters Liquid Br Through Contracting
and Expanding Cyl.inder

- Y.R. Sthapir

-  R .P.  cupta

Convergence and Inversion of an Integral
Transform
- S.N. Rajbhandari

_Generallied Logaritlmic Mean of an Entire
Dir ichlet Series
- Satendra Kumar Vaish

J

I

I

t

I
!

I,
t
l

I
I

6 .

t .

5 .

Glossary

On Geometric Nearf iet-ds.

Some Deterministic population Models and
Ult inate Populat ion Size for NeoaL
-  H .L .  S ingh

- llm Nath Bhattarai



Nep .  Ha th .  Sc .  Rep .
Yo l .  5 ,  No .  2  ( I 98O) ,  5 t -S4

Hydromagnetic Pulsating Flow of visco-Elastic Fluid
Between two Parallel Surfaces

Sthapi t

lbatract

fba eract solut ion for unsteady f low of an incompressible visco_
clert ic (Revl io-Ericksen model) conducting fruid between two pararrel
rsfrccr uith osci l lat ing pressure gradient in t ime is obtained in the
tra3aoce of uniform transverse magnetic f ield.

l  -  Iotroduction

lbc eract solut ion- for unsteady f10w of an incompressible viscous
flr id betveen two paralrel surfaces with osci l lat ing pressure gradientir tir has been obf111.d,i" [11.. rg" analysis r"J ieen 

""i"iiJi^ii-.r,"-:t 
[l] !:r rhe case ot' unite-ady f 1ow of an incompressibre viscouscc-criug f luid between rwo non-conducting paral le1 ."; ; ; ; ; ;  in the

ttttsrDcc of rmiform tran_sverse magnetic fiefi. In the pi""""a note, we
lRId rbc analysis further to visco-elast ic (Revl in_;r i ;k;; ;  model)t l r id .

:-  lqutions and Solut ion

Lt u be rhe component of veiocity in the direct ion of x_axis. A-!*t ic f ield of uniform srrengrh Ho is appl ied in rhe ai iect ion of
Trr ir  t tco perpendicular to.both t i le surfaces which are placed at y=!a.Llro' r3oeric field nay be neglecfed by assuming rhe 

"o'a."ti.rity'oF-t lr  f l r id to be very small .-  A1l the parameters are independent of *
=:x 

tLr prccsure since rhe plates are inf ini te. r i"-pr"""ure gradientrr c-d to osci l late in t ime in the direct ion of x-axLs. The onlyrrr-r8o cqe6"oa of velocity will be u(y,t). The gorr"rrriog equation--r iDi{ tbc f log of an incompressibre conducting visco-elast ic f luidr. rL tctr.rc of uniforn tr"o".r"r"" magnetic r i" ia l i1- i"--

c )  * .  -  i 3 i . , + .a$  < rT r  + ,  
- '

rb r  ?  i r  tbc  L inm^t ic  v iscos i ty ,  p ,  the  k inemat ic  v isco_e las t ic i t y ,
?: !b F..-rr. ,  f  ,  the density ir i  i r ,"  f luid, 0.,  rhe electr icat conduc_

:ff!: 
lo . 

,."Ho (constant), the compon"rrt-oi 
"f""tro_r.ineric 

in_

Dr Hrn toditious are

c!) r ( t , t )  - u ( - a , r )  = 9 ,

r il ftl rlc prcrsure gradient
tnr ItFr{ to bc of the forn

r  > 0 .

and the non-zero component of velocity
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(3) B* = *" F* ."n(i".1

and

(4 )  u (y , t )  =  Re E(y)  exp( in t ) ]  ,

where P* is a constant, which rePresents the magnitude of pressure gra-

dient oici l lat ion. Substi tut iog (3) and (4) in (L) we get the fol lowing

non-homogeneous dif ferential equation

? P
(s) * - r' w(y) = --* ,

dy'  (1 +pk')

where

s2

The corresponding boundary conditions are

(6 )  w (e , t )  =  1g ( - s , ! )  =  0 ,  t  >O .

The solutiotr of (5) subject to the boundary conditions (6) is

w(y)  =-- t -  -  
[ : **  

-  t ] ,
/rf(n + 6_; r,\

where chO Btands for cogh9.'

Thus the solut ion for u(y,t) is

u(y,t) = *" /---t*- lch sv 
I

\rq,<' * n21 lch sa

For p= o, m # o, we get

which is the solution obtained in f.fltor hydronagnetic pulsating flow

between twg non-conducting parall-el surfaces.

For  m =  o ,  p*  o ,  ve  ge t

= # , k 2 = $ . o a  ^ = +

"*n(i".)) 
.

'] 
"*tt')'t< i .  t2 j -1.

da
xrl

E

d
I
J

J

I
I
a
I
I

I

t

l

I
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t- b tb rolution for the frow of non-conducting visco-er.astic fluid
b r prra'el surfaces vith oscill"ti"g pi""3"i.-er"ii.". in tine.

b a . O , f - o , s e g e t

3 L t rolution for the flow of viecous inconpressible non-conduct-
h r.H. Lnea tvo paralrer surraces witr, osciiilii;;-;;;.ffi"-ll]1"-

f. riD (!., ,n. zlt)

lbt*-t

L -lor is thankful to therefereefor his fruitful comenr.

rc,'t) - *(r# 
t:** 

- t] ",,P(i"t))

-*(#F- 
#:1"*ot i" ' ) ,

brr

!l hdr, I.G., Frmdamentalmechanics of f luids, McGralr l t i l l ,  Inc.,lttr.

$f trrr, r.s.
rt3.

end Er ickson,  J .L . ,  Rat .  Mech.  Ana lys is ,  4  (1955) ,

$t l5 i t ,  r .1 . ,  Nep.  Math. S c i .  R e p . ,  ! ,  N o .  1  ( 1 9 8 0 ) ,  5 .

h.icr Inatruction Comittee
H'Cr of Science
ffrtff Caos
Dlbr lhivereity
b-, fcpal.
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3- of Walters I
t+ndmg cyrina"iquid 

B' Through contracting and

ffrr*t

! Gupta

#*t*A 
.:. 

:1ff :ff"xi:" ff r"dri" ir.,","- :." .,r t a i ned ro r*gtn*,?::=i1.."."'.ruhr;y#j#i,",:,i,'rr"ir:HF.**+:+;':+i,ili*T:,ffi #i!T#i*d;inijH,,'"' j',T;t'*:+iitli+i?:T-l*"''Ti'ii*+,i+"
S-*1.:il'JH.qg"""l,'r,'il"*u"i,t'"J:"ffi ii"t;;H
-,, -, d;; ;;. j Ti."tlf, ;::: "; ""li:,i"$ 

;r! i,,fiJi" ff" ";:f -*llr*cti_ 
- -"!rEdse on accounr 

"il;;;iJr"ii.:

I

I
I
l

**$t;:l**;s*l *gfffii*i$':.,"":,ffi ;"r'1*tr*i#iii,,:"+ffi i;1"...""n.""

,a'*fu ;,1:t+t*i***r;j}j1ffi "i",;i".,:",1,.,;,
**r"i:stirurive equation 

fz] ror lralrers l iquid B, with shorr
' i t  '  -  P 8 ik  *  r r lo" ru - ,  * "  

$

:" i  
-  l{v. l*viFna , lois the l imi

::ji';:..:::..';-"' 
;il"T:."', -. .?; :i:"Ji" ;:'1"

I 
'.T'.. n*..r.,-#'1,," 

"j.';"*i,lT::"1".:: rive or
# - 

+. r '01,. - or, yf _ o* yj
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Formulation of the Problem

In cylindrical polai co-ordinates (r, O, z) with z - axis along the

axis of ihe cylinder it 
""o 

be shown that the flow of walters liquid Bt

with short memories, satisfies the foltoving equations of continuity and

motion

( 1 )  4 * ] * Q ! = o ,
a r r e z

(2)  #.  #.  e=i* . " [ * .+3+.*  5
."Ft, .+3:.*-i].

..*t+- +J.* L ** ?
# . , c . * 1 ,

(3)  H.#. ,e= - ! r * .# .+g - - . [Sf r* .

.+*] .*{* * . ,* ,-
- i  , .T - ,*,1 *.*.;u*.
* , ( t ' * - .  t * l  .  , *1,

lrta. 
r Er' )r' J

where u is  the radia l  veloci ty ,  w the axia l  veloci ty  and t ransverse

veloci ty  is  assrmed zero.

The contract ion veloci ty  is  funct ion of  t ime only as radius of  the

cyl inder var ies wi th t ime aod is  equal  to 
$g 

= a '  where 
tat  is  radius

of  the cyl inder at  t ine t  = o.

Now, the boundary condi t ions,  are,

( r = i , w = o a t r = a ( t ) ,
( 4 )  

t "  
=  

" , * =  "  
a t  r  = o '  w =  o  a t  z =  o  a n d u  i s  l e f t  f r e e '
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h prceeat case, the vel-ocity components (u,w) satisfying the equa-
tit of coociouity can be taken as

(t)

&" .  t .  !  and  f  -  =?€
I ' - - - - 1  b r t

tor, dif ferentiat ing (3) with respect to r and putt ing 
*.= ",

- i{  (5) in i t  and integrating ir  wirh respect to 
! ,  

we get fol lowing
l i f fcrcotial equation for f

(6) f,$ qh.,+ ,ifi, r,* r-ot-f . iH. 6 .i,.1.
.&.ifr,ri.f +dr -kt;f . oft1i,4,tfi,

ifitifi ,4t- yrigtr. r g',+. i+^,+H,l1 = ",
c bcing constant of integration and d-= ai/tt , K = Ko/az.

The above equation is to be solved under foLlowing transformed
tqrndary conditions

(  ! = o -  r ] l -  = o a r  r l = o ,
\  o f  

v '  
" f  

' ' t

( 7 ) f "
l r , ' r
l . r = - ^ ' t = o a t  

l t = 1 '
L r

Sirilar Solutions With Respect to Space and Tine

On assrning 6(= constant and ftr t  = o, the solut ion so obtained

rt i l l  incorporates the nonlinear characterist ic of the probl-en. Here
n obtain a series solut ion for small  vaLues of d, which is seen to be
t paralleter representing wal1 Reynol-ds number, by letting

( 8 )  r ( r t )  =  0 ( r l ( } l )  *  L 2 t 2 ( I )  +  . . . . .  +  4 n  f n ( ? )  +  . . . . .  ,

(e) . )
c  =  

0 ( c ,  +  o L t c n  *  . . . .  +  o ( t c  +' l z - n
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_ 
And as l" [ f l  separating coeff icients of dif ferent polrers of ( ,  rre ger

(10) ,* q+ . i,} ,t#,, = ", ,.1, t,:r q,t,.# \.t .ta qt,.+ q+,,ilr,-
itjiq 

- 
," 

-:b# qd'r^-'-.#. ,.1 . ,;,,1, 1..&.i+,i-{. +# i',,ri 'i+,,U,1= 
"; ,(tz1 

t', + ,'r\). t ,r # ,':,r, ;4 ,i'+, l- . - t .
+ 'r2rl ttrr,(' - 

& ,'rrn, i + i.$ ,.r+,i - r1 .
. ' fi ,,r,\ & ,rrr,,, ; iTf f :. &ji+,* ,rrr,,, -

t*fi& r,,,nr1 . ,4r',,,,r,& ,i*, = ",
"""Olli"ilr"e 

equacions are to be sotved under following boundary

(  13)
f l- 1

I
f l- 1

=  o ,rl
(14)  t  +=.  =

\
I t = o = f I
L I I n

=  o  a r  t t =  o ,

=  o  a t  
1 =  i ;

a t  
1 =  

o ,

a t , | [ -  1 .

for t1272

from (1O) to (12) under boundary

=  - 1 ,

f t
n

T

_The integrat.ion of equations
condit ions (13) and (14) gives
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+1)

l .

( r t )

Ior cbe

( : , 6 )

f t

f z

f 3

- (-rtf * 414 ) .

- ( irt, .;.'\. - *\, . *r') . *(ilL #\o . rr,l),

' C *3#l' * #t - #',,u . *r' - h,f . +to).

. -K

***, (- Wl, .  f f i (  Hru . 3.,r),
tttr

c , = 1 6 , c ^ = - * ( 1 - K ) a n d
L Z J

veloc

u
u

I'

" 

= * [t-o.o'1'> 
* al-

* * # t n - # ' r ' .

208 157111 -. 2599 ..2

" 3 = - T 3 5 ' _ i 3 5 - - I ( + l - t \ .

i ty components are calculated as fol lows:

3 , -? .- <dt - *hf) - t" (i)

= 
E-r* 13) * *(- r*1. irt - t'r' . *'rt, " * €lt-

- $rf + 1or1) .*'{ - *3#1. #T'- #n'* +q- #.'

" la55tltt) * * q#l . ffff-11t . #rtt - !#,t'- *l',

* € *' n tl:r| 'n.2ffi\t - #',t .*ft,]] ,

and

|rt '  
- ,\o * tnu .

zor] * * '  {- #3. #t -
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- # *,0 . #\' - #l' . hol'o . '. (# -'?it't'. ?to-

- #tu *** ' (  W.r t rZ ' .n ,  _#to

2zil 
", 

the mean flov velocity and ur the radial velo-

at the wall .

for u and w fron equations (5) and (15) in (2) and its

respect to"1 eives the following expression for the

1rz) 
';b= 

ft- ot'! *'8- +\'.3\4- +*.t'r-*<T t- !r"o>

- *t(- f t- ,, 1o) l . ̂ '{,- #t* #'to- i33.ru.

. *f-fo r'or - *(-'i33"f. #t- ffif.

. ffi1') - *' n 1tr?t. ry* "311o 1.',

- f *' (#t - #.',1] []J 
-',

rbcre p- is the vaLue of p at the centre line '\= o' Taking \= I

aboc eiuation yields the pressure difference bdtween the wal1 and

centrG line.

(rg) 
tt --o" 

=

f t l .z ' E  
o * .  * ' { - i E - 1 0 1 . s 3 3 3 3 K  +  3 3 . 2 s  1 2 }  *

dt { -  #  
-  878.6051 K + 83.53202 x2 -

60.31333 *|] 
La] 

-' 
.

. frr') . yru)I

where rr' (zrt) =

eity of the f luid

Substi tut ion
integration with
pres sure.

the
the

l l , iu
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Tab le  1

5't

t'

f)il

Is
I

b-

1-:r cr;:ession for shearing stress at the wall  for elast ico-viscous

5. : . : i  - : i . i c  B '  cor respond ing  to  equat ion  (18)  in f {  can  be  g iven as

3 _ ,2 . .2 
)2, )u ),  r?. r  .  3 - : - -  f d l l  -  k t * *  " 3 + " ' f f i - - # . ; , f J

: ; 2 2  
t ? r '  - - t d f d r  

) t t  r  =  a

' r2 -  r  \2  +. n,"_, - k [- ,"fr- ,i,ft q,
a ? ^ e ?.2+-_ f t l  . * r i r $ l r , = r
I  )12 a'( '1'  

?, l ' ,- ' | '

= t t l  *  42 ( -z+ 8K + z t+ 'sxz)  *  * '  ( -  *  
-

-  14.364975K + 2911.35O2K2 -  412.3333K3)f  .

i ; c :  l ' : s i ons

lar ie I  shows var iat ion of  shear ing stress wi th respect  to o(  at

1 .  I  i o r  d i f f e ren t  va l ues  o f  K ,

rr :  la : le 2 shows var iat ion of  pressure di f ference bet l teen the wal l '

l:.: : €:-.! er I ine of the cYlinder .

b

hu.

I
K  =  0 . 0 1 K  =  O . 1 K  =  O . 2 5

F
>

-0 .  5

-o .  4

-o .2

o .00

n l

u . z

U . J

0 . 4

- 4 . 4s84855

-3.496102

-2 .568065

-r.675364

-0.  819008

o .00

0.  780657

r.52196

2.2229057

2.8824902

3.4997rO5

-7.04336

-4 .718198

-3 .O1236

-r .7 6477 48

-o .814347

o .oo

0 .839350

r .8647  7

3 .23736

5 .  118198

7.668356

-L7.05607

- 1 3 . 9 3 1 6 0

-  6 .89297

-  2 . 9 1 0 8 3

-  0 .819008

0 .oo

o.986822

3 .03333

7.L68s99

]-4.42168

25.82L64
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TabIe 2

S . N o . K = 0 . O K  =  O . O l K  =  O . 1 K  =  O . 2 5

I .

2 .

3 .

4 .

5 .

6 .

7 .

R

o

10.

1 1 .

-o .5  2 .oLo546

-o .4  1 .603639

-o.3 t .200286

-o.2 0.7993439

-0.1 0.3996402

0 .00  0 .00

o .1  -0 .000751

o .2  -0 .803788

o.3 - I .2LO284

o.4 - r .62L4t5

0 .5  -2 .03836

2 .8540611

2.OO3023

L.3459389

o.8289677

o.4022685

o .00

-0 .0089735

-o.9146083

-1 .5386303

-2.3455855

-3.3893207

1 0 . 4 3 5 8 2 1

5.6022963

2.6656877

I.ro22594

o.58827 62

0 . o o

-o .5863031

- 1 .  8 9 4 3 6 9 8

-4 .447936

-8.7 707379

- 1 5 . 3 8 6 5 1 1

23.tLI787

tL.66029L

4.9L7584

L.589446

0 . 6 0 1 6 5 5 8

o.oo
-o.8497 48
-3.46L8064

- 9 . 1 3 0 3 9 4 1

-L9.L4973L

-34.8L4037

IE is  seen rhar both for  conrract ing (e1<.0) and expanding (o(>O)
pipe,  the numerical  value of  shear ing stress increases on account of
eLast ic i ty  and same holds for  var iat ion of  pressure di f ference between
the wal l  and the centre l ine.

lA,cl<nelvl edgement

Sincere thanks are due to Dr.  S.  Datta for  h is k ind guidance.
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Convergence & Inversion of an Integral Transform

S.N. Rajbhandar i
:  -  l : r r oduc r i on

t  : r . tegral  of  the forn

, R

: - :  ( ^  
" - " E  

( " t f  r , ( 4 ( " t )  d  o ( ( t )  ,
J 6

(r\
- r rc  L ' - ' ( s t )  i s  the  genera l i sed  Laguer re  po lynomia l f f l  aer inea

( 4  
*  

( - r ) k  ( r  * A ) r ,  1 " t ; k
r l ' i )  L ' - (s t )  =  

}6 .  

- -T : -G:k 'T l i l ;A [ ,  ne  ( ' t * )  ) -  1

ad al l ;  is a function of bounded variat ion in 0 ( t  -< R for any
pcr i t i ve  R,  i s  known to  ex is t  fo r  a  g iven va lue  o f  s  =  o '+ . iT  .
acr define an improper integral by

F
( l . l )  f ( s )  =  (  

" - " t  
( " . f  l ( F ) ( . . )  d  4 ( t )

b

= rirn 
, [R .-". ("t)] r.-(]) ("t) d ,r (r).*_*_ Jo 

_n

i e  par t i cu la r ,  i f  d . ( t )  i s  abso lu te ly  cont inuous ,

r t
, : . : )  l . ( r )  =  \ - _  6 ( u )  d u ,

Jo

then (1 .3 )  reduces  to  the  fo rm

. F

r l . 5 )  f ( s )  =  
L  

. - " t  ( r r ) A  r , ( t s ) ( " t )  0 ( t )  d t .
{

i r e  sha l l  r e f e r  t o  ( 1 .3 )  o r  ( 1 .5 ) ,  as  a  gene ra l i sed  Lague r re  t r ans fo rm

e :c  f o r  b rev i t y ,  ca l l  i t  t t .  l , (A ) -  t r ans fo rm .  r t .  l , (& ) -  t r ans fo rm

reduces  co .Ehe ' c l ass i ca l  Lap lace  t r ans fo rm  f4 l
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r o
( 1 . 6 )  r ( s i  = \  

" - ' tt

v h e n n = 0 o 1 .

Two useful L(!)- t""rr"rorns lrl are as follovs:

[  
" - " t  

( r . )A r Ie)( r t )  tb-A'1 d.  = T(A-b+n+l)  T(b)

J6 "  n3q 
'

Re(a)  >-1,  Re (b)7 o

t *

\ "-"t <rttAr,j!)(st) e-t rf)t.l a.
rO

- ] ' { l . i*; ' { : l{  P( A'o) ( i#), Re(r) 7 -1, Re(s+l) ) 0'

2. !o""""g"""9.

We ahall now ehow that the integral trangforo defined by (1.3) is

convergent under certain conditions; and then see the nature of the

region of convergence of the integral transform.

Theoren. Convergence of.

r o  - s  t

[  " 
iot<r^.)/^rf)(sot) a 41.; ,  Re <Ar> -L

J o o

-oa

,+ Convergence ot f  
"-"t  

t" . lAl jA)(st) d e((t),  for Re(s) ) Re(so)
J o n

To prove this we need the following lema:

Lema. u.b. lt '  
"-"ot 

(ro.)A rjD.t"otl d d((r) 
[< 

M

( 2 ; L )  
o  5 u ' < o c [ o

( O  < b  S u < € Q '  R e ( 1 9 ) - 1 )

.f 
f- 

t"t (,t)Ar,jf)t,.1 <r o((t)

S c . ' R e p . ,  V o l .  5 ,  N o .  2  ( 1 9 8 0 )

d  d( ( t )  '
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6 x l(s/aolAllr.,,<sr"or ll=t ; "-b(-- 
%r
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t F7 oa Re(rr)) -1

(s= o- + i'F ,

o t ( t ) ,  O < b S u ( o 6

Re ('tr) ) -f

s  = c ' +  i
o o

t )
o

tlr-- Lt ur

o-t ,  p (r)

define p (t) ty

= 
fr" "-"ot 

1ro.;A 
*k 

u

tl L ir a nou-negative integ.er less than n.

lb ,  i t  i s  obv iouC tha t  (2 .1 ) ' inp l ies

(2 .  ! )

Icp

u . b .

o  (u  < . co  lP ( t )  \

[ 
* 

"-"t 
("t)& r,-(]) ("t) d d. (r)

J r  n

-  , j " r<" l ro l  <r l "o f  
IR " - (s-so) t  

a  &( t )

= , j ' (s/so) (s/sof p<n> "-(s-so)R

*(s-so) 
t,  "-(s-so)t 

pG) .r] .

Since (2.3) inpl ies the boundedness of ptn), the integrated port ion
vanishes as R --7c< . Moreover,

rF',
( 2 - 4 )  

|  " - t t  
( " t ) a  t  

( o ) ( " t )  
d  o ( ( t )

J O

-  ( *  - ( " - "  ) t
=  ( s - s o )  ( s / s o ) l  1 ( A ) 1 " / " o )  

J o  "  

' o  o o "  

F ( t )  a t
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is convergent. Butprovided that the integral

,  (€  
- (s -so) t

l l o "  "  P ( t )
,  . -b( t -  

no)

q E  I  < r ' t  
-

I  {  
f  - d o

(o, > -o)

Ihe conclusion of the' lema is thus evident'

As tegards the theorem, it is now obvious if rre take b = 0'

As an imrediate consequence.of the above theorent we rury derive the

following conclusion. Since convergence of tft" lp- traosforn at a

point s=s^ inplies its convergence at all poiots for shich f 2 eo '

/^ll "
rhe ljry- transform may be convergent for all values of s' or for none

of them or for some only. In the last case, there exists a numbera'" r'

1A
such that the Llt"- transform is convergent for n 2-c and divergent

or osci lLatory for d 2*c. The number a-. is cal led the abscissa

o f c o n v e r g e n c e ; a n d i g d e t e r n i n e s a r i g h t - h a l f p l a n e . T h i s r i g h t . h a l f

plane is the region of convergence of the r'iD- transform' The first

two cases correspond to the values a'c = - € and n" = * € resPec-

t i v e l y . F u r t h e r n o r e , t h e t h e o r e m i s t r u e i f t h e c o D y e r g e n c e i s r e p l . a c e d

by absolute convergencer and ther6fore se can think of an abscissa of

absolute'convergence da.

3. Inversion

For,a corrpl"ete theory of integral- transform' it is always necesgary

to consider the inversion problem. lle shall noe see how the 
"1*) 

-
B

transforrn nay be inverted with the help of Mellin transform. TherMellin

transforn and its inversion form'rla are defioed by

(3 .  1 ) f ( s )  = r3-1 o( t )  d t ,

where s is a comPlex variable, and

', a "*'-(3 .2)  0( t )  =  
Z+ \ " - . *  

t - "  f  ( t )  d . .

rnversioh formula for the ti/') - transform'

r
f i  ; ; j
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tr olteil the inversion formula we shall consider (2.5) rather than
(l- l t-  

,bt us u. l t iply both sides of (1.5) by s-k and integrare from o
L - r icb respect to s. Thus, i f  we write

f -( t - ! )  s(L)  = 
I  " -n  

f (s)  ds

d erctc the convergence of the integraLs concerned and the validity
ef thc change of the order of integration, we have

r&  1a

c(k)  = 
l^  " -k  

a,  \_  " - t t  
( " t )&r , ( ! ) ( " t )  0( t )  d t'o Jo

btegrating the inner inregraL nith rhe help of a knovrn result p;a6.t

( l)J, we get

since the integral on the r ight side is rhe Mell in transform of 0(t),
ee Euiy apply Mell ints inversion formula (3.2; go obtain 0(t) in terrns
of g(k) and hence in terus of f(s). Thus

n ,  1 c + i o  1 . ( k )  r - k(3'4) 0G) = 
ft-).-i,, F(;*rfr+A-1.6 e(k) dk ' t 70

shere c (k=c+i  w) is  so chosen that

a F

( i )  \  . * - t  O( t )  d t  converges  absoture ly
J o

f c 6

( i i )  
I  . - *  f ( t )  d t  conve rges  abso lu re t y
) O

and ( i i i )  0( t )  is  of  bounded var iar ion in the neighbourhood of  rhe

po in f  E  =  t o .

ao t.F
= 

I  tk-r  61ty at \  e-Y yA-k r ju)<v) ov
J 6 1 O - n

c(k) =:r$,i$ul:.*t d(r) at .Re(,&-1a+1) 7 6
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[ ' r  -
t : :  -  f t .  l 6 p .
! .  t : .  I  ( 1 9 8 0 ) ,  6 9 - 7 4

c.'*:eralized Logarithmic Mean bf an Entire Dirichlet
:er:es

Satendra Kumar Vaish

.  . l c e r : : c r  a  D i r i c h l e t  s e r i e s  f  ( s )  =  F

r,.. ) \:, ,, >;,';"::"i:;'"iltr,"l;:'"::*": J: ;:";"::i,
: i l r a ! : r . € i  i c r  a r l  f i n i t e  s ,  and  hence  i t  de f i nes  an  en t i r e  f unc t i on .
: t r  l - : :  , ^ r ce r  p  ( o  <p  ( *  )  o f  f ( s )  i s  de f i ned  f l ,  p .  3g ]  as  t he  l im i t
rqt  : : : t  - - i  ( log 1og M(c) ) /a,  as d-- taor.  r r i th
^ < ;? : '  

" . ?  I  l r ( c r +  i t ) j  : -  a o  <  t .  -  !

a ' .  
. ? i . e - I oga r i t hm ic  nean  L  o f  an  en t i r e  f unc t i on  f ( s )  i s  de f i ned

l : -  ; -  l 3 J  a s  :

: . :  L ( c )  =  1 i t

T->F

A l s o ,  f o r  t ; O ,  w e
t : a : :  o f  f  ( s ) :

: . : )  L . ( o )  =  l i m
o _

I--'>e

and

( 2 . 2 )  l i m  
s u P

o'-+o inf

r,rhere d (e5 satisf ies

los  I  r<a *

r  the fo l lowi

L ( o )  
=  c  

^ < .

" P . | r $ = d ' o ( d : ( c ( o o

the fo l lowing two condi t ions:

I
i t r  l f a t

)

ng general ized logar i thrnic

* {I-;
conside

I  ( t '  
" 6 *2r ele Jo )-r 
- los 

lt(" 
* it) 

| ax dt

Our aim in this paper is to study some of the grorrth propert ies of
I (<r) and L,(c) relat ive to an auxir iary function. Various consEanrs
have been defined and a number of rer.at ions involving these consrants
ia'e been obtained. rn theorem 3, we establ ish that i f  ei ther L(cr) or
L5(a) is asynptotic ao *.6o aGa), then the other is also asymptotic to
lhe same function, only K, the constant d,

and p . ,  d i f fe rs .  

r ry  K '  tne  cons tan t  depend ing  on  ta t  and '  o r  tc t

: .  L e t  u s  s e t ,  f o r O (  p  ( o o ,

. suD 
L5(c) 

a
/ ^  r \  n .\ : .  r , ,  I l m

< / - r o o r o r  l % ( . f =  t ' o < b < a < o o  '
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(i)  0(x) )o is continuous for * >Jo ,

a n d . ,
( i i )  $ ( i l  *@(x) ,  as  x  +  E ,  fo r  every  cor is tan t  (zo .

Nov, we prove:

Theorem 1 .  The cons tan ts  a ,b ,c ,d  as  de f ined by  (2 .1 )  and (2 .2 )
- , -

satisfy the fol lowing rel-at ions:

( 2 . 3 )

( 2 . 4 )

(2 .  s)

and

( 2 . 6 )

^ t + p l E  ^ p l i
a > - - -" " [ng* f f i '

b >.i-+ ,

' = t  h '

r < 
a t<p * s) "5/1--p 

avtl .-  
l ( p  +  5 ;  s " 9

Proof .  F rom (1 .1 )  and (1 .2 ) ,  we have

_ s  - c
' (2 .7 )  l , r (o )  =  

" - "  

-  
\  . t *  L (x )  dx .
J o

Let h >0. Then, for any C ) 0 and a2 o.ot

L5 (c+p=#  
T t

,  { r  += 
",,".5 [ J"

'f-.ffi r,

I

I

I

. t* L(x) dx

a  * E l

|  
.  

I t  l " t*  
L(x) dx

tno J6- 
)

" (P+ 

5)x 
o(ex)dx +

' j
t .  I...r!!Ul
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'  t(a)

l(c + Il
e P '

oa

. 4 _ .  d - q  f  * e * t - t o ( * ) u * * - ! . G 2 - _
.e .r(c + $ J;. ,y,* Eo,

b, bt, lm 5 fZ, p. S+J ,

a

i ,r'-t o(u) du x 
,FQ-G)

b B ,

tcr cvery positive ^, ,"U so rre get

L.(c+*,> f..t# ##+L(d) t#-]
tberefore,

t t t ' : 5 ,  
, + {

!(e + p ,,"-, 
- 
"n I;c"d'o("', 

- 
G;FF 

- 
sJ'oA FF-J 

'

rrhere A denotes a constant not necessarily the sane at each occurrence.
Eence,  rak ing  L in i ts  and us ing  (2 .1 )  ana 

' (2 .2 ) , , "  
g " i

I(2'8) 
"t\ t*a.: t'-ft']

and 
r(2 ' s )  o ' , 51 . *F6 .  t , ' - du ,  l .e  
[  

( P + U e -  ' '  '  

" - " '  )

I t  can be seen after a long caLculat ion
hand side expressions in (Z.g) and (2.9)

f ' l(2.10) r'={roe 
t+*tt 

,

"6* 
d*

that the maxima of the right-
occur at

" j_r

{"u'. 
}-"',} '
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( 2 . 1 1 )  h  =  0 '

respecrively. substi tut ing these values of h from (2.10) and (2.11)

; .n  i z .g )  r r r i  (z .g ) ,  respe" i i ve ly ,  we ge t  (2 .3 )  and (2 '4 ) '  Aga in ,

l
end tt
then

(2 . t6 )

where

I

Taking

r.r<"'*f,r.i.j+i"(o+Dx 
o(ex)dx * r.<t* l l  

*i 
'6* a*

e 5 ( d + ; )  

' a

=f,.ffi i; xP+6-1 @(x)dx.##{""*t "-}

o,  L*  
(c+e)  0(q " t t l : ' . t+  L(o + n. ,  J$ l ' -  t  1=F.Jffi) P+5 ? t-;r,a-l 

'

and so we have

(2,12)

and

(2 .  13 )

It can al.so be seen that the minima of the right-hand side expressions

in  (2 .12)  and (2 .13)  occur  a t

( 2 . I 4 )  h  =  o ,

and

( 2 . 1 5 )  h = l o e ! ,

respectively. Substi tut ing these values of h from (2.14) and (2'L5)

in  (Z . fz )  . "a  (Z . rS) ,  respec t ive ly ,  we ge t  (2 ' .5 )  and (2 '6 ) '  Th is

proves the theorem 1.

-!

(

l

L(e) a

I
Suppos
fron (

I

I
I
I

-
T

,T

I

:I
I
I

, I
!

I

I
I



Satendra Kumar Vaish 73

T,heoren 2.  I f  L(e)  and L5(er)  are,  respect ively,  the logar i thnic 
.

qnd the general ized logar i thmic means of  f (s)  of  Ri t t -  order p(O<9<o),

then

r  d  
L , ( e )  L5 (c / )  

-  1  c(2'16) 
GE : lt3- 

inr 16- 1tS- 
sup rrh< do;'

where  c  and d  are  g iven by  (2 .2 ) .

Proo f .  F rom (2 .1 )  and (2 .2 ) ,  we have,  fo r  any  e  )o  and d ld^ t

b-e -Ls@) z a * e
; T a < r G ) - = a - = a '

Tak ing  l i n i t s  and  us i ng  (2 .4 )  and  (2 .3 ) ,  r de  ge t

r ..r l, .(a) t, a(c)

;-,* :t3- 
t" # Ji* "'P #;**

C o r b L l a r y .  t r f c = d

(9+$ t 
5(a) a* r,1o1.

Theorem 3. I t  L2,@) aa 
"Pn 

AGn), rhen

L(e) =a(p+6) e9('  OGd) and conversely.

P r o o f .  f r o m  ( 2 . 4 )  a n < l  ( 2 . 5 ) ,  i f  c  =  d ,  t h e n .  =  b  = * .
9 = .

Suppose now a = b.  We shal l  show that  c = d.  I f  O <- ' l t< l ,  we have

f r o n  ( 2 . 7 ) .

^ne6o '  L@)1  f * t  
" ' *  

L ( x )  dx
u ) n

f.n"t* 
L(x) dx - 

i "t" 
L(x) dx

e6(d+l[) Lr(o+1) - 
"6or.r(c).

c
)
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Vc

I .

of
sir
g i :

lir
ua1
cq
dir
dit
E

-
il
fr
.t

rtr
I

td

rtt
FI
d.l
L
&l
lq
E

atl

t
l|

a
tp,

d

Thetefote

, nr(d) < 4

e a .

I{ence

: 5 " " " "P f f i 3a f s+n 'n l l '

where It is a constant. Since Tis 
arbitrary and so naking a-|O'

lye find that

lin .'p :5% ( a (9 + 5'1'
o.--o 

"Pn 
OGn) 

i

I  - . -  ( / - - . t \  1
By considering { "et 

r,5{.r) -  
"6(t 

-  5) 
t ' . {o - 

1) 
|  

t"a

t )
proceeding as above, rte get

lin 116 -@--)- a (9 + 6).

e+  e ' "  0 (e- )

and hence

L(o) ^, a (9 + 5) J-6(f)
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Some Deterministic Population Models and Ultimate

Population Size for Nepal

M.L. Singhx

1 . Background

One of the nain probleos in any population studies is the formation

of  a rmodel t  which can be ef fect ively used to Predict  the populat ion

sizes at  d i f ferent  t ine per iods and to determine the ul t imacy of  such

size.  Populat ion s ize of  a cormtry is  expected to tend to a f in i te

l in i t  because i t  is  checked ei ther by Mal thusts posi t ive checks such as

wars, famines etc. or by preventive checks such as the usage of contra-

cept ives and socia l  upl i f tnents of  the populat ion.  In demographic stu-

dies,  populat ion gror th rates and subsequent ly the populat ion s izes at

di f ferent  t i re per iods are predicted f i rs t  by project ing the fer t i l i ty ,

Drral i ty  aad oigrat ion rates in keeping v iew of  expected socio-economic

developcnts.  Theoret ical ly ,  populat ion models based on above demogra-

phic var iables can be easi ly  constructed+, but  in pract ice i t  is  not  so '

because the degree of  migrat ion and the levels of  socio-economic devel-

oPreDtS are very hard to measure.

A popular  mathemat ical  tool  to study rPopulat ion phenomenont is  the

stable-populat ion model  where a constra int  that  the populat ion concerned

must be a c losed one is  imposed. In case of  Nepal  whose almost  a l l

southern boarder rn ' i th India is  open, i t  is  hardly p lausib le to make the

assr lmpt ion that  i ts  populat ion is  c losed one.  Even in the case the

populat ion is  considered c losed one,  the present avai lable demographic

data which are great ly  inf luenced by mis-statements of  the Ages and

Under-enumerat ionfSlhardly makes i t  possib le to use the model  for

deternin ing the populat ion t rend of  Nepal .  ALso,  though at  present

Nepal  has ser ies of  est imates of  CBR, CDR (most ly made by using U.Nrs

rnodel  l i fe tables) ,  the project ions of  these rates wi thout  rnaking any

assessment of  the socia l  developments would be only a guess work.

*R..der 
and Chairman of

Campus, Kathmandu.

'Populat ion 
s ize at  t ime

whe re ,  P ( t )

P  ( o )

B a n d D

M a n d m

the  S ta t i s t i c s  I ns t r uc t i on  Connn i t t ee ,  T .C .

f t '  i s  measu red  as  P ( t )  =  P (o )  +  (B -D )  +  (M- rn ) ,

=  Es t ima tes  o f  t he  popu la t i on  s i ze  a t  t ime  ?E '

=  Popu la t i on  s i ze  r eco rded  a t  base  pe r i od  ' o t

= Number of  b i r ths and deaths recorded between 'ot  and t t t

= Number of  In-migrat ion and out-migrat ion recorded between
t o t  a n d  t t t
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Therefore, in ihis paper, sinple populat ion models based on the

rel-at ionships between the populat ion size and the t ime period ftr ,

which do not need to deal with the complexity of problems of measuring,
tCorrect valuest of the denographic variables are workout on the basis

of the popuLation sizes observed at dif ferent censuses so far taken in

Nepa l .

2. Cegsus Populat ion Sizes

Though there is evidence that Nepalts populat ion had been counted

as a part of census since ancient t ime, the f irst populat ion f igure

whose off icial record is avai lable is that counted in 1911. From 1911

to 1971, so far seven censuses have been taken in Nepal; of which last

three are considered modern censuses' The populat ion sizes of Nepal

as recorded at various censuses are:

Tabl,e t
(Populat ion off i [?f,  1911-1971)

I n  l O t o o o t s

Populat ion

5 5 . 5 8
55.73
55.32
62.83
82.56
94 .  13

115 .  55

.  Populat ion size P(t) r t
f t r  i . e .  P ( t )  =  f  ( t )  .

t ic ' t '  is defined as a function of t

Census

19L  L
L920
1930
L94L
1952-54
1961
L97L

Source: Census reports of CBS, Kathmandu, Nepal.

Singtr fO] has pointed out that the census dates in Nepal are not

uniforo. Therefore, the populat ion sizes reported in the censuses have

to be adjueted co the same date preferably the nid-year which turns to

be lst Agsiu according to Nepalese calendar. Also the census years

are to be sdjusted to equal intervals of 10 years so that the conpari-
goos of the poFrlat io r izes at dif ferent t ime points wil l  be greatly

s inp l i f ied .

3. l{odels llo.rted Out

ime
( 1 )

'Three possibi l i t ies of f( t)  are considered for the present study and

tr4ro are discussed iD the prei€nt section.
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i) SinPle ligeaq growtlr nodel:- 
-

popuLation-Glzes recorded at base year

ir l i t  att" populat ion at t ime tt t  (( ,T)

77

If onlv two infornations about
tOt and last Year 

tTt are to be

is est imated as

(2)
P ( r )  = P ( 0 )  + k . t

where,
P(t) = Expected populat ion size at t ime tt '

k = a constant equal to r 'P(O)

= Annual growth rate = 
W

0n the other haqd, if all the infornations about the population sizes

r e c o r d e d a t t i m e s t , s b e t w e e n 0 a n d T a r e t o b e u s e d , P ( t ) . i s e g t i m a t e d
as

p ( r )  = f  * t r . . . . . . . . .

rfiere Candt are eatinated by fittiug P(t) = 
" 

* 
!t 

+ e to the given

""i-or 
population a"i.,-i" being the error of fitting)'

Cmacieoo of (2) and (2'1) shows that a and b are the estimateg

ot f(o)-and k resPectivelY.

Also the rel-ationship (2.1) ehowe that

P(t) -> +€as t 4'  +-aod P(t) --t  i*"s t-> +-ao

These linite are unreasonabLe for a population with linited reaourceg

neirher rendg to --. ; ; ; ; ;  -oobecausl i t  wi l l  be checked by either

ili;il; positive checks or modern Preventive checks'

", 
.nltl"n .:l ;lt" 

model' the growth

P ( r )  =  P ( o ) .  e r d t  ' " " "  ( 3 )

o r  P ( t )  =  P ( o )  ( L l r ) t  " '  
( 3 ' 1 )

The relationship is also called 1og linear' In above modeL' only two

observations of the pip"f" i i"" sizls are to-be ut i l ised to estioate

the annual growth 
""["-ot 

the population' In case' where inore t'han two

observations are to be considered, the model

P ( t )  =  f "  f , ' ( 3 , 2 )

( 2 . 1 )
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nhe re ,6ana f ,  a re  es t im , t ed  by  f i t r i ng  r he  re l a t i onsh ip  ( 3 .2 )  t o  t he
given set  of  populat ion data,  is  used.

The relat ionship (3.2)  shows that

P ( t )  + . + q o a s  t  - > +  e o a n d  P ( t )  - > - - a s  t  - > -  q o

As discussed above, these l imi ts are contrary to Mal thusrs proposi t ion

that  the populat ion wi l l  be ul t inated checked by posi t ive checks as
v i ces .

Appl icat ion to Nepalrs data:  Though the l in i rs shown by the model .s
discussed are unreasonable to descr ibe the ul t in. te populat ion growth
phenomenon, i t  is  assurned that  the rcdels are good Eo project  the popu-
lat ion .s izes of  Nepal  for  shoi t  t ime per iods say 5 to 10 years of  t ime.

Under above assumpt ions,  the Dodels f ic ted to Nepalrs data (Table

1 )  g i ves  t he  f o l l ow ing  resu l t s :

I n  1O ,OOOi  s

P o p u l a t i o n  d a t a  I 9 l I - i 9 7 Popu la t ion  da ta  1930-1971

vlodel P  ( r ) R 2 P ( r ) R2

,1near

lxponential

4 5 .

4 9 .

1426+0.9725t

- .  o . o l 2 i r
l { .e

5 3 . 9 1 :

86.967

5 0 .  5 4 8 + 1 . 4 7 3 3 t

- ^  - .  0 . o 1 8 3 E
) J .  ) r e

96.9L2

98.922

The abov'e resul ts shog that  the coef f ic ient  of  determinat ion Rz which

is of ten used iu regressioo edels to deternine the lack of  f i ts  have

increased in the case vhere the populat ion data of  Nepal  f ron 1.911 to

L92O are deleted as against  the case where al l  data through 1911 to 1971

a re  used .

In the f i rs t  case the populat ion data used are the census populat ion

f igures through 193O co 1971 and in the second case the f igures are

those  t h rough  l 91 l  t o  l 97 l  (Tab le  1 ) .  Thus  f o r  Nepa l - ' s  ca i e  t hJchbos -

i ng  o f  193O ra rhe r  t han  f r d  l g l l  g i ves  t he  re l i ab l e  f i t r i ng  o f  t he
populat ion oodels.  Also in above resul t  Rz for  exponent ia l  models are

found to be greater  chan R2 for  l inear nodel  in boih cases,  one is  l ikely
to conclude that  foroer is  becter  than later  for  populat ion project ions

of  Nepal .  However,  ic  is  ro be lLoted that  the compar isons of  modeLs

cannot be made on the basis of  R2 unless the dependent var iabl-es in both
rnodels are converted into sare scale.

In such s i tuat ion,  the coopar isons are nade by using the technique
given in Appl ied Econonetr ic  fA] .  In Ehis technique sum of  square of

errors for  both models are est iGated by convert ing the dependent var i -
ables of  both nodels by weight ing the value of  P(t )  in the l inear model
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by ics geometr ic  nean'  The model  which.gives minimum sun of  square of

errors rather t l is tance funct ion is  considered best  one'

As for  i l lustrat ion, .  using populat ion data of  Table 1 '  for  Nepalrs

case,  i t  is  found that

.l 1

1 o g "  G  =  =  l o g " P ( i )  =  
i ' 6 2 ' : - L  

=  8 ' 6 7 2 8  " " " " ' ( 4 )

where' G = Geometric mean of the populatioo sizes

P(i) = PoPulation size at t ime ( i)

s o t h a t  G = 7 1 3 5 ' 6 3 '

. t r P ^ 1
Defining P as 

e; 
u ts 

i ;  
denoting the sum of squares of errors of l inear

model before and after transforming of P to c f uv 
Ftl 

t* f,t' 
'""nt"-

tively and sum of squares of exponential- nodel by X"t" it is found

that

62  =  1 t .ao t  *  to -4)2 ;  X . '=  
6048 x  to4  and * ' '  

=  0 '0668

s o  t h a t  X : '  
=  

" '  
* ' =  

1 ' 1 8  '

si . ," . f t2 > !"11, i t  is concluded that loel inear nodel i 'e '  exponen-

rial model is a"rrrr i i i r i"u. i f" i" . tr" siropte"t inear model in describing

i i"-poplrr"t ion growth trend of Nepa1'

4. Ult imate PoDulation Size

The rnodels discussed above leads the populat ion size of Nepal utt i-

nately to inf ini ty t""t t i f"g-l t  t t" i t  f i t i^ts discussed in the previous

sectioos. Therefore these Dodels 
"t"-oot-" '" ful 

to est imate the f ini te

ult imate populat ion si '"-ot-f l"ptf '  The t ' f t i t t t"  populat ion size nay be

attained in rwo ,.y":-- i '  the ?irst , .y.,  ia is at lained by drastical ly

reducing the preseni r"tiiiitv-ttlt 
"""tt 

that the repl'acement index Ro

begomes zero by iot"""it'"-t'se of the contraceptive methods' In the

second a htay' ,ot 
"iiltti"-ti'"-i" 

attaiied in ttre course of natural

phenomenon of the ;;;;;;;"1: - The rnodel to be used in the first wav

is that of Nathan *:;;i;;" ti 1 

"--rrt" 

modeL to be used in the second

wav is the logist ic ' toatf i t 'Jre t f 'e populat ion size P(t) is l inked to

thl t ine 
,r,  by irpi" l"e-.h; i""t t i" t ioo that popu'at ion grovth rate

diminishes in the piopoit io" to the populat ion size attained'

Appl- icat ion of these models to-estimate the ult imate populat ion

sire for Nepal are i l lustrated herein:
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i) Nathan Keyfi tze's nodel: The nodel suggested by hin is as

fo l lows:

e  b e o  ( R - 1 )- o  o  o - - -
F-= , f f i  . . . . . : .  . . .  ( 5 )

O = Estinate of ult imate populat ion size
-o

P = Present PoPulat ibn size

b = Present crude birth rate

.o: = Present expectat ion of l i fe at birth

lt 
= Female mean age at child bearing period

Ro = RepLacement index

Annuaf grortth rate'

Using the present off icial ly recogaised dographic values for Nepal

i . . .  .0  =  45  years ,  r  =  2 .097,  v=  27 '5  years '  b  =  43  Per  thousand '

Ro - 1.778 and P(1975) = 13.20 ni l l ions, the estimate of uLtinate

populai ion size for Nepal is found to be 17'4o ni l l ions'

i i )  Losist ic nodel: The logist ic rdel [ t l  i "  given as

p(t)=; fu

where, P(t) = Populat ion size at t ime rtr

L - Ultinate PoPulatioo size

r 'PoPulat ion grovth rate

B - Tbe value of ttt for shich P becomes L/2

An atteupt to fit (6) to the PoPulation data through 1911 to 1'971

.ehown in Table I .o"ii 
"oi 

gucceed'* so ignoring the -first. 
tno popula-

i i i "  eig"t." i .e. of 1911 and 1920 in Table 1, the model (5) is f i t ted

a6

*Growth 
rate rrt is found to be negative, vhich is contrary to present

growth trend of NePdl.

where,

I

I

(6 )

This. s '
i f  pre
popuLa
(s) .

. T

expone

Jr
The

rre gel

where

Now f

throu
give

The v

I

,l:
l ' i

i t
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166.66 ni l l ions*P(r) = 
, 

-n:-.2-DtSTi:86
l + e

This. shows the uLtimate populat ion size of Nepal wi l l  be 166.66 rni lLions'

iitp..""".r";-";;;k; .i"'oot applied ro_rhe presenr gronth rare of the

popifttiorr. This value. is aboui nine times more than that estimated by

(s) .

. The efficiency of the nodel is compared vith that 'of linear and

exponential models in Section 6.

8 1

( 6 . 1 )

The fitting of the nodel is shown as below:

Rewriting the rel-ation (6) as

-:x 1
+ e  - E -

- 
i- l

- L  =  1 - " - "
, P .  L

1= 
T:,

I

B = ; l

( 6 . 2 )
I4re get

where,

Y i = " + b x .

v ,- L

n-1

x
o

ros. tf - r)

*, =t-r, s = 1:"-t and b = e-r

Now fi t t ing (6.2) to.the inverted populat ion f igures shown in lable

through f95O to 1971, we 8et b = o'8o and a = o'00L2' These values

give r = 0.223 and L = L66.65.

The value of B is est imated as

( 6 . 3 )

n-1* T

= # x 1 5 ' o r . + = L 5 ' 4 6 '
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5 .

Giving di f ferent  values for  
' t t  in  (6 '1)  the expected populat ion

, i r .  l l 'a i?rerent  t ine per iods are found as shown below:

Table 2
'f f i  NePaL under logist ic model)

(Populat ion ProJecE:.o

tn ni l l ions

va'rc PoPulat ion:::=

l 93L
t94l
195L
1961

) .  r .+
6 . 3 7
7  . 8 9
9 . 7  4

12 .O0

1 8 . 0 3
2 L . 9 4
2 6 . 5 4
3 1 . 9 0

222r
2237

t60.25
t6r .25

The graph of the logist ic model f i t ted to Nepalrs data is shown rn

Figure I.

6 .

How good is the given determi"i : t i :  model f i t ted to a given set

of data i !  checked by any of the fol lowing tests'

a .  Tes t  o f  lack  oJ  f i t

b. Test of randomness of error varlaEe

c. test oi norrnal i tY ^2
d. Test by determination coeff icient K '

In this Paper three populat ion models viz'  l inear'  exponential

and Logist ic models based on regression analysis and one based on

dernographic p.t"*"ttli-t'i'-, rlyii't'' s modeL are dealt' 0f these

models, only last at i '* i" i t  provide the ult imacy of the populat ion

s ize .  However '  . " " t ta l "g - t "  b t " ' " " "  and Hauser f l I ,  - t t ' i " ' t :  
be  no ted

rhat rhere does not ' . ; i ; ;"-;";- fof"r"t io" theor] wl ich i".  invariant '

The populat ion moaets t i t t ta io- t i ' r is paper may therefore be assumed

to be workabr" oorv' ir- i ; ; ; ;" t  pop"lai io" trend of Nepal continues in

future also.
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Since,  as di .scussed in Sect ion 1 of  the paper,  the main object ive
o f  t he  pape r  i s  t o  dea l  w i t h  node l s  o f  t he  f o rm  P ( t )  =  f ( t ) ,  t he  t es t
of  goodness of  f i ts  of  the l inear,  exponent ia l  and logist ic  models are
deal t  in th is sect ion

Also s ince al l  above models are based on regression,  the lack of
f i ts  of  these models are usual ly  to be tested by Rz or  F- tests.  But  _
the appl icat ion of  these tests depend on the context  and s i tuat ion.  R2
or F-tests are appl icable only i f  same nodel  is  appl ied to d i f ferent
sets of  data.  In case of  d i f ferent  models l r i th d i f ferent  scales of
dependent var iable appl ied to the same set  of  data,  as is  the case of
the rnodels f i t ted in the paper,  there is  a pract ical  d i f f icul ty  of
est imat ing comparable Rz and F-values.

In Sect ion 3,  i t  was al ready suggested that  in such s icuar ion the
comparisons are to be nade by conparing the sum of squares of error of
the models af ter  convert ing the dependent var iables of  the models to the
same scale.  Since i t  is  not  easy to convert  the dependent var iabLe of
logist ics model  to the same scale as that  of  l inear and exponent ia l
models,  an al ternat ive test ,  which is  easi ly  understood and convenient
i n  app l i ca t i on  i s  t o  be  sea rched .  A1so ,  s i nce  t he  bas i c  c r i t e r i a  o f
the cornparison of the modeLs are based on the minimum values of sum of
squa res  o f  e r ro r s  i . e .

_  ( o - .  -  e . . ) '

9 ( o ,  -  

" , . ) 2 .  
x 2  v a l u e s  w h i c h  i s  u s u a l l v  d e f i n e d  . ,  S ' - " i  

t l
1  IJ  G{ . i j

appea rs  t o  be  p l uas ib l e ,  f o r  X2  - - t  O  as  
I ( . ,  

-  

" , . ) 2  
- t  o .

In v iew of  above facts,  X2 values are est imated on the basis of
observed populat ion s izes and expected populat ion s izes of  Nepal-

according to l inear,  exponent ia l  and logist ic  rnodels.  The est i rnated

values are l - ,068,  O.3647 and O.75 for  l inear,  exponent ia l  and logist ic
mode l s  r espec t i ve l y .

The  d i s t ance  f unc t i on  i . e .  sum o f  squa res  o f  e r ro r s ,  X9 .  
-  

" * r ) 2I  1 J
of  these models are found to be 6048x1O4 for  l inear model ,  0.O568 for

exponent ia l  model  and 28.44 f .or  logist ic  model .  Compar ison of  these

values wi th corresponding values of  X2 shows that  heighest  d istance

funct ion has heighest  X2 value and lowest  d istance funct ion has lowest
t t

X- value.  Therefore use of  X'  values is  qui te consonance wi th theore-
t ical  requirement for  the val id i ty  of  the compar isons.

In keeping v iew of  x2 values esr imated,  i t  appears that  exponen-
t ia l  model  is  best  one to project  the populat ion growth t rend of  the
country.  Logist ic  nodel  appears to be second best  one and l inear
model  is . the l rorFt  one.  But  i f  we consider the Limi ts of  exponen-
t ia l  rnodel  d iscussed in Sect ion 3,  we f ind a snag that  i t  is  not  sui t -

ab le  f o r

to inf in i

Therefore

ing short

long-time
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On Geometric Nearfields

Hom Nath Bhattarai

Abstract

We have given the def in i t ion of  a Pasch geometry and i ts  concePt '

i "  [d.  ner!  we def ine a geometr ic  nearf ie ld and develop some struc-

irtJ if,.otv for it. We poiit out that the incidence group and the near-

f ie ld of  f -S1 are part icular  cases of  geometr ic  nearf ie lds '

1.  Prel iminarY

De f i n i t i on  ( 1 .1 ) :  Le t  (A ,  aA ,  e )  be  a  geome t t y  [ 2 ]  and  
' l

a  monoid r t i th ident i ty  e l -ement '1 '  We say T acts on A i f  {gT'

a € A € ' / . a e A s u b j e c t t o :

( i )  ^ / r . t , / r .a)  = ( / ,  " / r ) .^  ( i i )  'y ' ' "  = 
"  

and l 'a  = ' '  {eT '

a  eA  and  ( i i i )  ( a ,b , c l  i  ao  =+ .  (  " / " , ' / b , " / c )  e  Ao  fo r  / g r '

Suppose fu f ther  tha t  f  i s  a  g roup.  For  a l '  a rQ A '  le t  a ,  ea ,  L f

Ar/elsuch that a, = l /ar '  fhsn F/is an equival-ence relat ion' Let A/T.

denore  the  se t  o f  equ ivaLence c l -asses '  Le t  ( la i l ,  ga l  '  [a r1 )  e  ANf

if  and only i f  \ar, " lra2, ' f  
,ar) 

€Ao for some {f 12 eT '  Then

ir can be easi ly checked that (A7n, aA7r, [e] ) is a geometrv'  In

par t i cu la r ,  i f  V  i s  a  vec tor  space over  a  f ie ld  F '  then F*  =  F  -  tO l

acts on v and the geometry (V7p*, Av7F,t,  {0} ) eives the structure e

o f  the  c lass ica l  p ro jec t i ve  space '

Def in i t ion  (1 .2 ) :  Suppose A is  a  geomet r ic  r ing  and V is  an  abe l ian

geometry. Then V is cal l€d a geometric module over A i f  A acts on V as
I

i n ( 1 . 1 )  s u b j e c t t o :  ( a ) o l . t = " ' o v = o u , v € V ,  a E A  
t b )  

( l ' P  ' {

)  A , v c  v ; = )  
f / ' ,  e r , ,  

y ' " >  * 1 u  ( c )  ( l v ,  P " , . V " )  e  a  '

v  +  o :+  (1 ,  p , {  )  e  ao  (d )  ( l r ' ,  / rv ,  w)e \  ==> ,  =  / rv  fo r

"or" 
,(, G A. Note that if A is sharp and cherefore a ring' then geo-

metr ic  rnodules over A correspond.natural ly  to r ing modules over A'

Let  A be a geometr ic  sf ie ld and V a geometr ic  A-nodule '  Let

l t  
j |  lo .  As I t  acts on Ar A/r  is  natural ly  a geometr ic  sf ie ld '  Also '
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since f acts on v, 
v/f 

is a geometry. For a( 6 A,

J " o / f  , i e v / f  , l e t  i . l = F " .  T h i s n a k e s

tric Ar, - module.

r , e t i e L / f  .  F o r
'/y 

into a geome-

Def iJ r i t ion  (1 .3 ) :  Le t  A ,  B  be  geomerr ies .  A  map f :  A  __)B is
ca1led a geometry homomorphism if  f  (eO) = er, (ar, a2, a3) e Al ==7

( f ( a r ) ,  f ( a r ) ,  f ( a r )  € A r a n d  1 r ( a r ) ,  f ( a r ) ,  b ) e a B = = ) t = r ( . r )

for some a, € A. A bi ject ive homomorphism is an isonoiphisn. AIl  the
isonorphism theorems similar to those of group theory hold for geome-
tr ies f3J . A geometric r ing \omomorphisn is defined,obviously.

Let Vr^be a geonetric Ar-rnodule and V, and Ar-module. Then a pair
of maps (f, i ) :  (v '  A1) -t  (v2, L2) is a semi-isonorphism if  ?: Ar_lA,
is an isom6rphism of geometric r ings, f  :  Vr_)V, is an isomorphism of
geomet r ies  and f  (  c1v)  =  ?<r t ) r ( . r l  {  leA,  v  €  V .  rn  par t i curar ,  i f/(
AL = A2 = A and f is identi ty on A, then f is an isomorphisrn of geome_

t r ic  modu les .

(t ,  ?): (vl  ,  Al) -) (v2, Ar) be a semi-isomorphisn were A'
A ,  a re  geomet r ic  s f ie lds .  Ler  P1e{  ana lZ  =  r (  t r>  e  t5 .  Def ine
(r(r) '  rG)'  (vr/  

?r '  
Ar/rr ' -  tu, i7r,  or irr l  lv i<t l( ; i  = rct

and ( r (? )  (A)  =  FG)  * ,  ev t ,  leA l  .  r r  can  be  shoun rha t  (T( f ) ,  T ( f ) )
is a seni- isomorphism. Thus, in part icular, i f  V is a vector space over
a skew f ield A, every seni l inear transformation of v induces a geometric

automorphism of u/o* and hence a cor- l ineation of the project ive 
"p.".sl .

Let V be a geometric module over geometric sf ield A. For X gV,

let sp(x) denote the geometric submodure of v generated by x. Then pro-
pos i t ions  2 .2  and 2 .3  o f  lZ )  a re  eas i l y  seen to  be  r rue  when (x )  i s
replaced by Sp(x) and subgeometry by geometric submodule. Using these
it can be shown easi ly that sp(x) satisf ies the axioms of formar depen-
aence theory f6] Therefore i ts consequences hold in V. So every such
V contains a basis over A and the dimension formulas hold. In part i_
cular, i f  v '  v2 are independent in V, then Sp(vl,  

"Z) 
= 

t 
u: { unique

4y dz € A such that (u, lLul lrv) eAul.

2, Geo

Def

(a ,  AA,

(A*, .  )

and (ar,

then i t  :

aT ar) |

geometrir

W e (

a geometl

R*4  A*  i

'3^) € a
m u l t i p l i <

L e t

d e f i r e  a ,

fo l  louiog

Prop

ph i s r  o f

.r*orr

retr ic  ne

f i e l ds  an

tr ic  near

I{e c,

geometric

nearf ie ldr

@ , d ) :
modules, r

We st

be given I

Theor

respect ive

' .t-
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2, Geonetf ic 'Nearf ield

Definit ion (2.1): A nearf ield is defined in [a] or [S] '  we cal l

(a, AA, .) a geometric nearfiel-d if (+, AA, o) is an abelian geometry'

(A*, .)  is a group with unit  eLement'1 such that a'o = 0'a = 0T a €A,

a n d  ( a r ,  
" 2 ,  " 3 )  

e A A ,  
" 6 a = = | ( a . a . ,  

a . a z , a . a r ) Q A '  r f  A i p  s h a r p

then i t  is natural ly a nearf ield. I f  A is a geometric nearf ield and (ar '

a2, a3) € Aa: a € A ==)("1..,  ar.a, ar.a) e aA, then note that A is a

geometric sf ietd. We write ab for a.b in A.

We call (A, R) a noroal pair of geoletric nearfields if (i) A is

a geometric nearf ield ( i i )  R is a geometric subnearf ield of A with

R t 4  A *  ( i i i )  ( r r ,  1 2 ,  1 3 )  4  A ,  a  € A '  1 1 '  , 2 ,  
" 3  

4 R  = *  ( r r a r  r 2 a r

,3d  ea .  Fron  ( i i i )  R  is  a  geomet r ic  s f ie ld  and fo r  r4  R,  a€  A '  the

nultipLication ra makes A into a geometric R-module'

Let (A, R) be a normal pair of geometric nearf ields' For 0 # a € A'

define al: A ---? A by ar(x) = ax and 6r: n --;R by 41(r) = ttt-l ' The

fo.Llowing can be easilY checked.

Proposit ion (2=1)l tar, 6r):  (e, n) -t  (A, R) is a semi-ieomor-

phisn of geometric R-noduLes.

Nov' let A be a geometric nearf ieLd, Fa a'r '  Then A/p is a geo-

netiic nearfield. Also if (A, R) is a normal- pair of geometric near-

f ields and ftAn*, fAn*, then (A/p , R/P ) is a normal pair of geome-

t r i c  near f ieLds .

lle call @ : (Ar, R1) - (A2, R2) an isornorphism of normal pair of

geometric nearfields it 0 ; A1 -+ A, is an isonorphism of geometric

nearf ields with o(Rr) = Rr. So i f  0 denotes 0 restr icted to Rl '  then

@, l) z (At; Rr) -- (Az, Rr) is a^semi-isoroorphisn of geometric

modu les ,  s ince  0( ra )  -  0 ( r )  0 (a)  =  AG)  AG)  fo r  r  €  R '  a  C At '

we state the foLlowing theorem the proof of which is too long to

be given here. 
$ee 

Ptr.o. thesis by H.N. Bhattarai,  u0, Eugene, uSA]l '

Theoren (2.1)-:  Let Vrr V, be vector spaces over skewfields Ftr F,

respec t ive ly ,  d r \ -  v r7  3 .  Le t  f  ,  
e  11 ,  f  , ln5  

such tha t
- 1
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@' 6t $Ll  
f  r  "r7 f ' r )  

- l  (vz/ 
f rr 'Fz/rrr)  

t"  a semi-

isomorphism of  geometr i .c  modules.  Then, there exists a semi- l inear

t ransformat ion - (  l r ,  f r ) ,  tv . , ,  Fr)  -+ (v2,  F2)  such thar  Qt f r l  =  f ,

and ( r (P) ,  r<0 l l  =  in ,  b . '  
r .

Now let  ( f1,  Kl)  and (F '  Kr)  be normal  pairs of  nearf ie lds.  Let

[ ', a 11 ritt ' fi€Ft and i'r: rf i.r' Prer1. rhen (Fr, 
( r, 

Ktl 
gr),

(FZ/ 
f  Z 

KZ/ 
fZ) 

are normal pairs of geometric nearf ields. Suppose a1-so

utk ,  t t  )  3 r  d in* rF2?3,  Then

Theorem (2.2):- There exists an isomorphisn of normal pairs of geo-

met r ic  near f ie lds  6  z (Fr ,  
f1 ,  

K t /  
f . r )  

-  (F2 l  
p2  

r r1  
p )  

i f  and  on ty  i f

there exists an isomorphisn g: f t  t  F, of nearf ields wich S(Kr) = K,

a n a g ( f ' r )  =  f z .

-  Pr .go f  :  I f  g  ex is rs  as  s ta red ,  de f ine  A :  F t /  
f  , -  

r r /  
f  ,b t  

OG)

= m. Then as in (1.3), 0 is welL defined and is an isomorphism of

geomet r ic  near f ie lds .  S ince  g(Kr )  =  KZ,6(KI l  
f l  

=  *Z /  
l r r )  

.oU 0  is  an

isomorphism of normalpair of geometric nearf ields.

converselv '  t" t  t^t  1rt7 
Fr 

Kr/  
f r)  

--- t  (rz/  
pr '*r / rr)  o" to

isonorphisrn.  Then i f  6 'denotes 0 rest r icred to Kl /  p , ,  then @, 6) ,

(Ft /  
p t ,  

r r7 
pr)  

-s  (vz/  
( r ,  

* r /  
f r )  

t "  a lso a s"mi- i "otorphism of

geometr ic  modules.  So by theorem (2.1)  stated above there exists semi-

l inear  t ransfornat ion ( f ,  f ) ,  { r r ,  Kr)  {  (F2,  K2)  wi t r r t (9r)  = p2,

(T ( f ) ,  T (? ) )  =  (A ,A ) .  Le r  e t ,  e2  be  i den t i t i es  o f  F f ,  F l  r espec r i ve l y ,

so that  Er ,  E2 are those of  F l / , ' . ,  
" rU 

, r /  
? ,  

respecr ive ly .  So 0(6r)

=6 ,  i . e .  tG r l  = . ; r .  so  t he re  
" i i " . "  

1  ,  i ,  w i rh  f  ( e ' )  =  / e , .  oe f i ne

E:Fr  l ,  r by  g (x )  =  J - t r< *1 .  rhen  e6* j  =  J - r r< l * l  =  i - t ?A>r<* . ,
=(-ri<t> y'.-J -lt<*l 

= GUqeG) vhere Q(41 = ,l-rf <.r) / is clearry an
isornorphism of skewfield K, onro Kr. So (g, f i :  (Fr, 4r) -+- (FZ, K2)

is a,semi-isomorphism with g(er) = er. For x €F1, EGt =n-tf f i I  = re-f,

s o T

= r ,
s o g

g(x ) r

i .  e .

l ine:

s ince

indel

g(*)r

of mu

f i e l c

Re fe r

[rl

lsl

[6I

Mather
Kirt i '
Tribhr

[z]

F]

[a]

,ii I
!

___ I
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so r( f )  = r(e) = 0.  For . {e 0r,  ?<a = J- t i<al  €-?r,  t "p<t l

= ?2. For e(g Krg rr ,  B(rr)  = e(e.er) =GQ'Oet"r)  =td)"2 =?( 'c l '

"o !  
i "  the  res t r i c t ion  o f  g  to  K1 '

Let o f x € Fr. rhen{v * o in 
Tr, EGil - OGif = 0(-x)0(y) =

e(x)g(y) = E61;i;t, so there exists '/, e ft, with g(xv) = {ret")'s(vl

i ." .  1goxl)tv) = Jr(e(x)ors)(v). . thrrs-"11 1"1:t: l t l t  " '"-two 
semi-

l inear rr 'ansformatioo" * i t i  (goxt)(v) = 
{n(et*)roe)fv)j  v 4Ft ' .  so

" i r r " "  
ah  Er27 3 ,  i t  can  be  shown eas i l v  t i t t  J ,  

= f l  +  y ( i 'e ' - /  i s

independent'of y) f1J. rn part icular, (BOxr)("r) g(x) = 1g(x)et) =

g{x)1 so t l  = f .  Thus we get g(xy) = g(x)e(r) '  Hence g is a hornomorphism

of mult ipl icat ion. Therefore, t  t  l , f  ?EZ 
is an isomorphism of near-

f ietds \r i th s(Kl) =rg(Kr) ana e'(( ' r)  
= ?t pt l  = P2'

The structure of a geometric nearf ield (A, R) wilL aPpear later '
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GLOSSARY OF MATHE!{ATICAL TERMS

Jacobian Fqmtfrfi

.roint f$tF-

.t,rmp Sltl[r of-ft, n6

Kernel .Iqfptr, ?fd}, fr{O

KiLoneter futfre-t, (ffiJT

Kinemarics 
{g Tfd fril.:f

Kinetic Tfrq, ffC p-t

Kinetics CF Tfr f{fl1-1

Ihown flf([, qTETrfEfT

Kurrosis rFgfiIT, 
$T 

gffit

(r)

Lanina qeo, gTqT

Laplacian dTSTfr{n

Larent fqfu, Tq, gf\-
OTqTTOTT

Lateral. TIg4, t1fgf,Fq, Tff{-
f f f f '

Lattice eTfhf gTilfi

Larus rectum TTfY-dutr, tds t{fr

Least {:ltlr[, .ftt|.{q, e[[eTq

L.C.M. (Leasc cormon nultiple)

dgetq, IrE{Trradl

L.U.B. (Least Upoer Bound) Tff i+q .rfr=E
Left qfqT, qTq

(Proposed)
(r)

Length O"ifft

Leptokurtic Sr{ Ft

Leptokurtosis gTiF gfiT

Juxtaposition {tFTfqr rrffrc{T Leveler (rrRldfi
. 

Level II!RI_g, lK{
(K) 

Lever fir-{f

i

I

L
I
I

Lexi co graphica 1 ly sT{rfr-qrdsT{

Lie-argebra f,t fiqfqdT

Lie-group dT VgO

r,ight 4T|

Like e(t, {rs[, S@, \I!TT;r

Linit fiq1, {1qfrq

Liniting frlT:<, (Tiq)

Limiting fristion flq EfutUT

Local ly

Locus

Linit-point {lfr-ga, TA frT

line fg1, tlVf

Linear tfrfr, tqf+fT, gtqffi

Lineaority q{EITTf,T, tfrtrflT

Linearly g+qmtTi, tfr{i-(

Litre ff,fi

Lobe Jt[, ffB*f

l,ocal-€1Tfi4

Localized lPlT:Ttltf , \E?fT{tzfgfr

l, Tqr{Tq Fsqr, er{Tqc:er-{fl

fc-A3r

qT wqr+f,t fr.fr., +Tffigt sEx{T ErqrEqn,

tlrror*sft-fd$ dgr ov+r ilmt rft{r} E? r
TfrTf, qqT tqTt'T ftmror
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Logarlrhn (loe) dgrrt TTr

Logaritruic 
UTfuf+lq

Logic ffi

Margirial 
ftqr:<t, gTfsFq

Mark 3fifi', f+€, fwnr

uass faFITT, Ifqfr

Match gto, gT€T

Matching gffi

Materiat qTr{, qttffi, FaITcTTT

Mathematical TfrTdTq

Mathenatics Tnrftr

Mauix .ITEXE, ffffr

Marter fal, rlffq

Haxina grTqTT, gFts

rdarioality iffftilfCf

ltaxinizatio" gfrFf,frT.{UT

Haximn TG[5, W, .Xfqtrilq

Measurability ftmf

Measure rlTg

Measureoent :lTg, gTTf

Measuring TT{T, T1q6

Mechanicat qffrtr

Mechanics zEff*ffT, Tfft*"t

Median rftzl, qTfEzmT, 
frfFqT

dTtff.
{q

Mer

Mer

Mel

Mel

Mer

Mer

Mesr

Meti

Met€

liete

Meth

Metr

ltetr:

Micr<

Middl

Mile

Mi1l. i

Mil l i r

Mi1.1i(

Minina

Minlna

Minimu

Minor

Minue

Minute

Miesi le

Logical iffi S,Id

Lognormal ugTurd gTqTEIT:{t

Long fl{, F Egr, oT.It

Longirude tgfg, tVf=ft

fr

Longitudinal ilf!-nq, CTA={

Loop 9111, gi-qT, 
Eg

Lottery ;Ffr1jf, g-fil{fr

Lunar qq'

(lr)

Magnetic 
Fmq

Ma g nEt o dynaui c e 
$cTf,,-- Tfr fr

Hajoranr qTfll6dt 
frf (gr;l

tlalf unc t ion Tdft-qrgT{q+T)

Manifold Sgg€, qgFq

l{auy-one tf$€rF

uap Tfrfra, rftsT{
t{appins Ffilft*rf , gfrCr-fr{

Margin fiTI, STfT

iMagnetofluiddynanics$rd6-re^ 
Manin TETfrtRrl

ldagnetosphere 
$rffi {Ed 

TTilfi 
Mean {t?iFt, qr*r, qtqq

Magnetostatic ftq 3TT+lq yggrs rlEqt[{EiF

Magtretostaticsftry 
3r{r+fi ueanvalue TaHTT

llajor 
$itrI, 9${l Measurable tl, rrv=<lrq

L
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I

Medirm rffqq, qEFt

ueet Sf\r .f{Sft

Mernber {[EiFl

uerge flil4 T{ Tr S{

Meridian [€feTK,

Meromorphic ffi

Mesokurtic 1rqd.$t

Metaphysical .Ifr qtfr+tq

Meteorite 96ffi{g

!.reter fref, lrrq.F

Method tTfr, frfr

Metric Tfrs, tF

Metrizat ion EtT{{Irf ,

Microwave Efq ilftl

MiddlefrT$t, H

Mile fiai .xTTrfit$

Mir.r.ilitre frfrtt?!-f

Mixed fhflFT, frT

Mode ttc, rgu-t

Model {Ifif, gTb

Modified FilIrffTfl, cTqftEffn

Modular TfilGtTfr, Tfqf{

Module 5ft6Etfr, qrqlu

Modulo Vttff

ModuLus ll.ftff{

Moment Ctgut, ffuf

Monentum dtl

r.roney SfT

llonotone (.[,.FEg

rrf+"|tF.i('.rMosr 
-alTrrf, 

frffi
t'
I

s
Motion Tff, qTft

Move TO

ttovement Tfr, dqtr{

Movins tf'fSqTT

!ftrl-tinoniaL {gt[{t

Uultinormal qg9[f$TITT=q

uultiple TUTq, zfgpT, Tg'Jtr1q

Mult ipl icat" 
fq

Multiplication 
{o11

Mult ipL icat ive $ITTFftr

uir.rimeter frfrtr{{ u"{ (l.) AF qfuror*t {rET

Million fif UTg M"lti-Ji'""Hofl*orrotd) TRfrq

Minimal.f,ttffi, =31ffi, Efirf!6 Mulrir.inear Tg g{cffi, Ulffi)

Minlnax q"qTfrS

Mininrn frqf,q, .felflq, ?Tidq

Midor tsrtrrTTfUrfi, og, 
IHT

Minus TIrf, 
E[gTg

Minute fiTE, WT (frf{e)

MiesiLe gftquTftA
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Mul,tiplicator 
{UTiF

Multiplicity it'g{CfT, 
{qT$il

Multiplier 
{Uffi

MultinLr g1

Multivariate T€ET

Mutual qTTpqfffrf g;q|-:q

iutuaLty r1-5qIR

E

t

t

I

:i;:.k.
,aniford * 

" 
hq

uauroe liEf 
' -:i. 

i

Map Tfirft{, rnFFlFr 
-- 

t
l{appine TfilftesT, fnltA 

'

Margin frTfr g$lt H .


