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A Jacobi PolYnomial Integral

R.M. Shresthaf,.4
\ l.J

h

The nodif ied moments of the distr ibution d o'(x) = (t-x)a { Loel/x)

on forl- l  with ,""p""i  to the shif ted Jacobi polynomials'  are expl ici t ly

evaluated.

1. Introduction

As recently as 1979, Blue [1] proved that

I  ( - ' t n
(1.r.) J- e'tz* - 1) loe(Ux) <lx = 

;i;ifi ' for t 77-L'

0

This fornula has been generaLised by Gautschi [:] in the form

,1
(1  . 2 )  f -  x1  rog ( r / x )  Po (2x  -  1 )  d r  4> -1 - '  n  =  0 ' 1 ' 2 ' 3 " "

v
I

/  , - r r . *  
(n ! )2  (n - * : r ) :  

.  i=  m 1n,  m > .o  a r r  in teger ,

[ ( - i )  f f i ' - '
)

/ ..r". r-l-* * r t --*=rl fte--
t;A l,i; i - 

fo )<.r.r. 'Iffi,r tl jt '<+L+k'

otherwise.

Wtert /-  0, the result (1 .1) fol lows from (1 '2) '

Further ortension of the above formula to an integral involving

.l."oti-poiy"oriar is-tiven in the following section. Our method of

proof ii sinilar to that of Gautschi'

2. A Jaiobi Polynomial Integral

Theorem. Let the nodified moments of the distribution

d a- (x )  =  ( l - r )a  xd  1og(1 /x )

on [O,t]  with respect to the shif ted Jacobi PolynorniaL

t j" 'o) *(x) = tf ' 'o)(2x-1)

tThe author is at Present a Lhrmboldt Fel low'

l i l



(1-<)a xdlog(1/x)  r r r ( . ,b)*1* ;  dx,4_1,n,a=o,

L r 2 1 3 r . . .

/ - , t t 4  .
M r . , f  ( n f l - ) t  / ^ r - \ t-G;;-;-iij'iit*., 

"(- b.,m ( n, m 270, an inteser

* f*, - sa + ,") 
I[ 

{-:-!;_to:_E_,

where ss=o, s.= 
F; #; i_, sn= 

t k+_*ftr
Proof. We note chat

(23) v,,(o/,a,b) = -2-((+a+1, 
{f ,r-.r".tr*.f ros(!l!) ,,f.,0)(t) at

= -2-(t+a+1u:-" 
It 'r t '-tr' (r+tf ,oo,r*.) 

{",u)(t) at

- Los 2 
f], ,r-.r' cr*tfrj",bl 611 arj

ffi1";:lrr.j'.,T.tne 
racobi runst'ion or degree u . rr is werr. known

t2.4) Il, ,,_.,u (r+tfp,.(a,o)(.) u. = ,=fii*:*l#frA=*i#ii!ru-.

Differentiate (z.q with respec t to a,to f ind

. L
(2'5) 

/_, 
, t-.r" ( l+tt 'roe(r+.) , j . ,r)(r) at

= t:.T;lf-I#i#i.#*$,1*112 
sr.e 2 + y(<+t)+ ,n(_b+l)

= P(r(-u-t*r ) - pG+eGn+2)J

2 Nep. Mathr

be defined by

( 2 . L )  D n ( , { , a , b )  =

Then

(2 -2)  
l l r r (o ( ,a ,b )=

S " .  n . p . ,  V o L .  5 ,  N o .  l ,  1 9 g O

t
-1)  n(

with
t ion .
the d:
gether
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illtere

c;(x) ,
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with f (x) = t"'(x) / F (x) 
-:hg 

lgq"Iittmic derivative of the gamma func-

t ion.  us ine (2.a i ' . " i  i j 's l  in  ( t '3) '  w9 ar1 i19 .at - (2 '2)  
bv v i r tue of

the differerr". 
"q,r.. ions 

p(x+r; = *'fr(") and -p(x+l) 
=p(x) + 1/x' to-

e;ih.i with the fact that for any itteger r 2z o

P(-.*i  I  -+ (-r)r-1 r! as €*+ o.
lft-Gr+e )

In  par t i cu la r ,  i f  we pu t  
1 - :9  

t "d  b  =  O '  we ar r i ve  a t  (L '2 ) '  An

inreresting p.rii.,}* 
"""1 

ot 
: 
(2.2) involving Gegenbauer polynornial

; t i ; t ;-m;y be obtained bv putt ing a = b =u - l '

R e p e a t e d d i f f e r e n t i a t i o n o f ( 2 . 5 ) y i e l d s t h e v a ] , u e o f t h e f o l l o w i n g
' 

integral: 
.l

r)  .  Qx,a,t ;  = fr  (1-*)a *dfrog(r/*) l  
k 

pG'b)*6; 4v'
u r l r k ' '  '  ' o
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Hydromagnetic pulsating Flow Between paral lel Surfaces

y .R.  S thap i t

The present note seeks an exact sorution for unsteady frow of viscousconducting f ruid between rwo paralrer 
-su;;; ; ;"^;. ;"""" i iL.r* 

pressuregradient in t ime in the p.""""""-oi ' rr iro* transverse magnetic f ierd.

Consider the f l
rween rwo,o,_.o,,a,,jlldrr::. iili'l:ff :::: :Jiff.:;"";i*$rff 

;t:tl l.-and consider the pressure-gradient 
in the direct ion oi x-axis to osdi lratein tine' The velocitv riri-i.-i"-.n. Ji.*tion ot *:.*i"T'ry and wi'lalso osciltate in tinl. rr,.i i"--.i.l i iwitl be u(y,t).---si,,". the notion r. 

"i?]"l!ll;': ;S:$:::".il;:fi:.t
:il:lr:l ;::::iil#';ffi.1,h;;if-i:;i* ro tire .,,,r."""1 the governing

(r )  += -  t+ .  r4  -  e  1 , "2 \o2ud E  ? z x .  _  
> 7 _  T  

,

where the notations have their usual neanings.

The boundary conditions are

(2) u ( a r t )  =  u ( - a r t )  =  0 ,  t  > o .

;lir';:"::;:J::';:Trt:n:";::;o 
to oscillate in tine such that )p/ )x

)p

; ;  
= p* cos nt,

lliii"lt .':"iri:lijint, 
r'hich represents the magnitude or pressu{e-

fo.,  
Attrr" that the pressure gradient and tne velocity may be of the

(3) 
$ 

= *" fp* .*p(ir,t)l ,

(4) u(y,t) = ne [w(r) exp(int)]

Substi tut ing (3) 
"nd 

(4) ir ,  (1) we obtain
dif ferential equation

(s) LT - t *t2y, =
dv-

the f ollowing non-homogeneous

P
I
r D '
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_  2 , , 2
.  G A e  n o  

. z
where m and k

t -

The general solut ion of (5) is

(6) w(y) = A ch (n+k2)|9r rn (n+t<2;*" - -3--7:

fu(m+k )

where A and B are constants of integration. Applying the boundary

condit ions (2) we get

Vol .  5,  No.  1,  198O

in

v

Thus the solution for w(y) is

w(y) = 
t* 

, I 
ch (n+k1)?Y - 1] .

f)7(n+kz) ch (n+k')za

H.ence the 
"o.p.."iioo 

for the velocity in the fluid becomes

u(y,r) = *" (--'"--t "l' 
(t!?3 - rl *pti".)

\ 
FVC*I') ch (n+k4) 13 

I

For m = 0, we get

u(y,t) = -" /.t* tPil# - rl .*p(r,,t))
\ r  

-  
/

.* (lft g' ##Hl *pri".)

which is the soLution for the f low of viscous incompressible non-conduct-

ing fluid betdeen two parallel surfaces with oscilLating pressure-gradient

in t ine t [r ]  ,  pp. 237)

Px
r  B  =  0 .A =

3l1rrt2) ctr (rn+t2)fa
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Tii: il'l;.'i' ctiBox'-'o
A Class of EYPergeorietric

PolYnomia1s

Geeta Bhakta Joshi

i .  rntroduction ..  1 ^^^+^t-^fs nere furnished

A number of formulas involving differential operators ri

bv carLitz [r] 
quite-i"it"iry' 

Two of them are

@,o)n = 
tCI 3l *" oo*"

rduct-
radient

E . r

m .m . (:o+n)bn ,
(xD+ l ) " ( :O+2)  ' . . : ' '  .

(1.2) considerecl the exponential itiff erential

fo t*o)t l P
e L -

and iqtroduced a set of polynornials

(1.3) \(x:n;l) 
= tF(ro)DJ 

P 
*n'

This set Hn(i:n:n) is a generaliea-tion of the GouLd-Iiopper polynomials

[3] defineo oY

(1 .4) eo(x;e) 
= ttP 

"o'

In the present ?lP"t' 
weinteod to 3tudy sone ProPerties 

of the

.p."i l i  "a"e'uo(x:n:2) 

= 8o,t(x)'

The se! of oolynomials of our interest ie given by

(1 .5) Bo,r(x) 
= 

"-Lo(to)u2 
*o'

where m and n are non-negative integers'

Bo,,(") = 
t 

EUb-$xl3I *"'

(1 .1 )

and
m- I I

(r -2) (D ('o)")

nhere D = d/dx'

shrestha [s] usins

oPerators

i .  e .

o r r
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["] :J 1-r1t(n! )n+1*n-2k
(r..6) Bo,,(x) = 

b 
-;;-ii;fililil1 '

2 .

Replacing x by -x in equation (1'6) '  we have

(2 .1)  Br r , r ( -x )  
=  1 -1)ngn, t (x )  '

This shows that gr.rm(x) is an even function of x for even

function of x for odd n'

lf n is an even function of x for even nt it follows

(1 .6)  tha t

82,,,,(_x) = # r4ffi3#;1#;1

and consequentlY

(2.2) 82,,,,(o) = 
"t+{i4 

rll;'*r

sirnilarlY, rePlacing n bY 2n+1'

(2.3)  g2r ,* t , r (o)  = o.

Now di f ferent ia t ing the re lSt ion (1 '6)  w' r ' t '  x '  \ te

1 . Lg:l,rrzt,-lrlllldf.lJl::9li-1l:1
el,,tx) = 

h- 
'-=----;;e_riji '.t

n and an odd

from relat ion

o

(

( 2 . 4 )

In part.icular,

1  , ^ .
8 i , t@'

=  ( - 1 ) ( n - 1 ) / 2 2 : n ( , t ! ) t '

geE

the hyPergeometric
We shal,l- now obtain a generating function of

polynonial,

t f l l  ( -1)k(n:;m+1*n-2k
(3.1) 8,,,,(x) = 

h. 1;-tA:;;lJo*-

h.l



! odal" i J

latioti 
i

Now rnultiplying

O o ,

u.

(r
-k=0

) ( F -rli:)
;4  1 !  (n ! ) -

L .  e .

(3 .2 ) "*p(-.2) oF,G;1,........,r;xt) = 
. * 

tt:;i l itr,

4. hlrpergedretrig Forn ' "r' 
,. :.: 

- I

. l - l

The generalised hypergeometric folynonial: day be expressed irt the

simple hJtrergeonetric forn. Fron (.1 .6)', we have
. i

(4.1) gn,a(x) - .t$3 6-1yr[c1lnf i1 tt:]tlyoln+'1,r2krn+l *-2k
t- 2_ ---:----ETl----:-------

IFO

or;

(4.21 Bo,r(r) - ro 
zr*fo

5. operation vitn 6r(lr)0}

Operating both eides of the

n n -n+1 -n+1. 
-l

i t .  . . . . , -  , , -2- ' , . .  .  . . - - - - ;  
, r *1  ,  I-(:-)' I" l

I' J

equatioa (1 .6) wittr D(xD)In once, we get

(5.1) fo(xu)nJso,,(r) = 1"c*rff tI*#f#l,t

",.rlpl 
t:D1-Ke=u{lllrIll:l- 

f-D r: f{n-zr-r):]m*1

i .  e .

(5. z1 [o 1xo;nJgr,r1xl
m+Ia rl 8o-1 ,r(x'l 

'
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Repeated application of the operator s tinres, we have

(5.3) [o("o)']" e ,-', = j:llll:o=-"t")
;n,m(x'' = 

tt":"1Lf-;;i--- 
'

6. Pure Recurrence Relation

consider the polynonial- 

r n n -n+1 -n+' l

|  
-  

2" " '1-  i ' - -T""" ' - -Z-t  I
(6.1) Brr,r(x) = *' 2**2Fs 

| ,1111,,, I

| 

-\T--/ 

|
L  - '  - l

::' t*I ,_r*$D'ikl_1l(6.2) e,, , ,(*)=S;;1;; ] ; i fpt i

To obtain a pure recurrence reLation, we errploy Sister Cel-ineds techni-
que [4]

(6.3) Nov pur tr-t*l = h"9 .' ' .  
(n!)rr

Then

(6.4) ).-c*l- i 
(-l)kxn-2k ee -

" n '  a ; ' e ; f t t = h € ( t ' n )
Ttrus

(6.5) *tr,-rc*i = 
E 

(n-2k)'+1€(r,,,)

(6.6) \,,-.r{*) = 
t 

-k€(k,n)

2" 
= t  1n-zk;n+l1n-2k-r) t*1€(k,n)(6.21 x-\rr_r(x) 

F.

and

(6.8) trr,-rt") = i -k(n-2k)n+l€ (k,n)
k=O

It

(6

rb

I

I

(

Lt

( l

her

( 6 .

hrt

hen

( 6 .
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i j i l r :  a . i  . . ; , . i  .1" '  , ' , . ' '  
' '  rq' : : : '  ' " : : : ' '  

. : i . t . :  J: : i  i

Te shau investig4t.e lrllcthar the series (6.4) to (6.8) do ha\re sooe

l inear  reLat ion .o f  the  fo rn  
. . r r :  * . .  . -  i

(6.9) lrrt=) + A:<ln-t(x) + (B * c*2) Irr-2{*},* o*\-s(x) = o

. : .

iu nhich the constailtg AIB'C'D are deteruined. in the following way

'  :  a : ;  . '

lbia gives

(6.n) I + a(n-2k)*1- lk'n ilojztld*l (n-zk-l)n*t- Dklo-2k)t*r = o

tte idcotitt (6.11) yields 
:

a - - U a d l  ,  B = 2  a ,

G - o  &  D = Z / # * 1 .

hence the polyocial )ott) satisfies the reLation

(6.12)  o*1)o( . )  - : |o- r ( r )  + 2nnlo-r ( r )  + k lo-r {* )  -  o .

&r t  f rm (e. r )  \ ( r ,  
' *  ,

t n : ,  
I

Eense the polynoials gorr(r) satisfy the recurrence rel'ation'

(6.13) odl8o,r(") - 
ry41q-1,n(x) 

*'r"&*L1n-11t+1go-2,r(*)

* z#*1(o-1)t+l (o-2)t*1*go-3,nG) ' o.

- - -  
' , '

' i  

a') '

11

(6 .10)  i  e  ( t ,n)  *  l i  ( r , -2k)n+1€(k,n)  .  t f  -k€(k,n)  +
ffi. Ea Fo'

GF

I
k-O

oo

(n-zk)n+1(n-zk-rlo'f 1 
€ (k,n) * Dt -k(n;2k)n+l€ (k,n) = 0

k=0
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7. Integral Involving gn.r(x)

We start evaluating the integral

f - ^
| . - t ' .or r , . r (x)  dt  = r  (saY)( 7 . 1 )  

; ! F ; ' J F  
t  

- r \ s . v /

p u t  t 2  =  / y ,  . : .  2 t  d t  =  f l  d Y

& x = L l  ,  d r =  A a V t Z l / E

The equation (7.1) can be writ ten as the Laplace transform

r
t = -+tT; 

['-dv"6,"'v2 Bo,'(/i) & 
u,

(n!)n*ry'Fi 
I,

substiruting rhe vatue ., 9l'*19 , from the relation (1.6) and changing
(n! )n'r

the order of integration which is obviously validr we have

, = +t+4 -(-r)kvlo-k-,. f-"",,n,t 
' 

* u,t 
.ffi' f,fi kl Bn=2k) !Jn+l )o 

uiiY

l : r  F

= 4tgl -l:u1{-l-3-" (.'d,r"-n-1 dv .
{1- 6 t: ftr,-zt) !l'*1 

|

By the reLation of gama func:ion [2J,

7
(7 .2) [ .-lvr"-r ay = 

l-t") 
/*a , ir Re (t) ) o

l o  
I  R e ( a )  ) o

Therefore, for Re(6) ) 0, Re(n-k-l) ) o, we get

r = + K -q+*' ;-r,,-t*1y3r'-l
{ r k=o r: ft''-zrl NGI 

| -
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rg -l:if-liltl *n-2k (.'. x=Sr
f=o. t: f(n-zr<):Jn*r

This gives a new set of polynonials-defined by

Ig?l gU- 
(i)"*__ 

. xn-zk(7.3) ro,r(*) = 
n! 

" 
t;iloft

An interesting result of this set is

t

(7.4) Po,r(x) = '- '?---- I 
"-t2 

ttgo,r dt,
(rrl)t*VT )o

l h e r e t h e i n t e g r a l . o n t h e r i g h t i s ' t h e L e p l a c e t r a n s f , o r r o a t i o n o f E n , p ( x )

This may be written in the forn

- fn/21 ,,  1n+1 'Zk

(7.s) Po,,(x) = 
*; E +,Hf-' -

Thie polyncoial has an interesting hypergeometr-ic representation'

poaaessea generating ioo"iio", ard a tirel- teim recurrence relation' I{e

nov quote theo witbout Proof:

(a) Eypergeometric foro: 
n l-- l,^...,- ;, +,.. 

-n+1- I

(7.6) po,r(r)-# zrrfr  |  

-z '"" ' t -2 '- ' . "  '  
l+f l

tu;, 
J 

I
L  

l + n ;  
l

(b) Geoerating function:

+ - (x) rn ' (1+r2)-t *,f*t 
il.l(7.7> 

h 
Pn,m(x) t -  '  ( r+t  ,  -  

rot l r , . . . l ;  ; ;J

(c) Pure qecurrence relation:

(7.8) Po,r(x) - gniU 
x Po-1,r(x)

. (n-1)
n

Po-2rr(x) = o



known resur_t for Legendre porynomials may be-obtainec from the above

;;i.;-6 puttins n = o and replacing x bv 2x'

Thanks are due to my teacher Dr' Ram Man Shrestha for his kind he1'p

in the PreParation of this Paper'
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Eorizontal Lif t of IX-'structure in Gotangent 'Bundle

S.C. Gupta & A.K. Agralsal*

t. Inttoduction

upadbyaya and Gupra fz] aetinea F1 -structure. Awasthi and Gupta

Ifl cfii"f, ierrain tireor-emi' on conpleib Lif t of Ftr- -structure in the

t-g".t bundle. In this paper, we have considered'horizontal l-ift of

FI;4." re in the cotairgent-bundle and studied some of its properties'

Let il be an *d'imensional differentiable rnanifold of cl-ass i-. If

ih-re exists a (1,1) tensor field F ot lt-oi class f satisfying lfl1 """t'

f - rtr
IDGi.q . [on zero complor nudbert

let ur rrle

t ,

n . 2 )  I  -  ( F / I ) - ,  t  =  I  -  ( F D J -

rt:rc I it an identity operator. Then I're have [2J

( f . 3 )  t + t ' I , s t = t s = 0 ,

a2 - . and t2 - t

ttra * bave tF &iStributions s and T in M given by (1.3)' correa-

pooding to the projection oPerators s and t respectively' - When the rank

if f ir .onrteot aod eqqal Lo r eyerywtrere, then S is r-dineneional and

T is (D-r) direngiooal.

Such a strugture ie called an F - structut€ of rank r 2

IJe bave tbe relatioas

( 1 . 4 )  F e '  s F  -  F  ,  F t  '  t F  -  O r

,2" - )Zs 8nd f+ o tF2 = 0

ctere F acts on S as a T- srructure oPeator and on T as a nul1 operator'

lle can prove that FI - structure of naximaL ranlc ie a ?I- structure'

rAt 
present rorking on an aseigrment in Lucknow University under Fbculty

Inlrrovenerrt Progratnme.
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2. Ilorizontal lift of tr\ -structure in cotangent bundle

tet Jl  (M) be the set of tensor f ields of class d'and of the,type

(r,s) in M"and tret T(M) be the cotangent bundle over M. Let F €Jt (M)

and F have local cornpqnents Fl in a coordinate neighbourhood U of M. Then

the horizontal lift i'H of r *i11 hr.r" the componenis of the form F$.ae-

f ined in [3] with respe-c-t to induced coordinates in T*(M). Here l- ! '1 "t"
the components of! in M and I3i = n" I-Ji

Iheorem (2.1)

Let F (Ji (M), then the horizontal l i f t  tr 'H of F is an F^ -structure

in T*(M) i f i  sb is-r.  Thus F is of the rank r i f f  FI i  is of rbnk 2r.

Prciof

since rkH * chH = (Fc + cl')H for r = G, 1rH12 = lpzyE

(2.2) sini lar ly (r 'H)3 = (r3)H = 
)2r"

which shows that FH has a structure in 1't(14) siroi lar ' to that of F in M.

Let F be an F.r -structure of rank r in M, then the horizontal l i f t

sH of s and tH of Q are conplemengary pr-o-ject ion tensors in T*(M). Thus

two comptementary distr ibutions Sd and TH exist in T*(M) deternined by

sH and tH respectively.

3. Integrabi l i ty 'condit ions of F; -structure in cotangent bundle

Let F be an Fa -structure of rqnk r in M, then in view of (L.2),

the Nijenhuis tens5i N of F is given by [3]

(3.r) N(x,Y) = [rx,rr] 
- r[r'x,v] - r[x,r'v] + azs[x,v]

For any x,Y €Jl(M) ancl r € Jl(M), we have f3]

(3.2) FkI l  -  (rx1[ ,  txH, vHJ = gx,YlH +tn(x,Y)

and (x+Y)H = xH * YH

Fron (1 .4 )  and (3 .2 ) ,  we ob ta in

(3 .3 )  FHIH =  ( r t ;H  =  s

/  F h  . , \

ti ' 

[- 

';r* 
* r-r,"r? ,; 

/

rb

l l

ar,

( 3

, .  ] ,

t^

S i,r

r . l .

: . 5  .

, . 3 .

:-I

. \  \ t

Br.

lro

( 3 .

iaY

- | j .

- "  I

h'- r
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rbeoren (3.r)

The horizontal l i f t  TH of a distr ibution T in M is integrable

ir so io a local lY f lat manifold M'

Proof

Dietr ibution T is integrabte in M if f  f3J

( 3 . 4 )  s f t x , t Y l  = o  f o r x , Y e  l l  C u l

Taking horizontal l i f t  of both the sides' we get

(3 .5 )  (a )  ,E  1 . \H,  r i t f  ]  
-  YR ( tx , tY)  =  o

rAerc rb ' I - tH is the projection tensor complementary to tfl'

S i rc .R( I ,Y)  'o  i f  Y  i s  a  loca l l y  f la t  man i fo ld '  then f rom

( 3 . 5 )  ( a )  ,  s €  B e t

( 3 . 5 ) ( b )  . B  1 r \ H ,  . \ H 1 =  o .

(3.a) end (3.5)(b) are equivalent equations. I{ence, the result fol lows.

fheoreo (3.2)

For  any  x ,y  €  J : (M) ,  le r  rhe  d is t r lbu t ion  T  be  in tegrab le  inM i .e . ,

S( rX , ry )  -  O,  rhen f | i ' i 'U . i "g - io . " i f y  f ia t ,  the  d is t r ibu t ion  T I I  i s  in te -

gt.t i"  in r*(v) iJ \h(tt \H, guYH; = 6-

Proof

Let NH be che liijenhuis tensor of FH in Tx(M) of I in M' Then' we

have

.;H1xH,ru) - [rH,xH,r\H] - rHgr\",""] - rftxh,r\H: * 1rH;26xH,vH1

(3.5) uH(xh,tu) = grx,rYlH - r!rx,v1H - r!x,rv1H * (rh)tx^v1"

y R(FX,FY)-F" Y *(r*,") - rHYnlx,rv;

on purrr,ns rx ano .; ,:: l'":.-i-:l]r"".r"e1v in (3.6) and using the

fac i  tha t  M is  loc l lY  f la t ,  we ob ta in

L 7

i f f  TtVDE

I iilr
!1. Then

Lu.-
F1 ' .  a re

J 1

structure
),

i n  M.

a l  l i f t

. Thus

ed by

:
, t  

, \
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(3.7) NH(tVl, .HvHl = 1r*' rtvlE - rHlrtx' tvlH

- FH1tx, rtYln * trH;z qtx,tvlH

which in view of (1.4) and (3'5) (b) yields

NH(tlxIl, .nYH) = O

This Proves the theorero'

theoren (3.3)

:;", t6rl tu), let the <l istr ibution s be integrable in M i 'e"

.* (x,;;- =-o',["' -'slft**ni1*|l::i:ru;;" 
;; a i stritu t ion -sH is inte-

et"ti" io 1*(ll) iff

Proof

In  consequence o f  (3 '2 ) '  (3 '3 )  and (3 '6 ) '  we ob ta in

'th* GH'tu) 
= f;l; r"-.r.\^.'*,'"'
= 

[ t [ rx,rv] ]u 
+ IHYR(FX'FY)

U s i o g t h e f a c t t h a t M i s l o c a l l y f l a t a n d t h e < l i s t r i . b u t i o n S i s i n t e g r a b l e
in M, w9 obtain

.H uH(xH,yH) = o

This Proves the theorem'

When the ttistribution S is integrable, th:n-I^:P::*:' o" eaph inte-

e r a L m a n i f o r . a o r s - a s a 7 - s t r u c t u t t o p " t t i o t F s u c h " l F o x ' = F x l ' w h e r e
i1 is an arbitr"tv il"tot field tange;[;;" iitegral nan-ifol-d of s'

Wheo both the 'listribuli:t-:^t-i1 
the ?f-structure F1 induced fron F

on each integral t"iii"ra of s are t"tl'itot"l-;; r^ -strueture is saicl

i. i"-P"ttiall-Y integrabl'e'

theorem (3.4)

For anv .4,t egf orl , l::-'l:lt 
-::'.;:::ff.t:"T::l?:llroil:t;::li'

in u i .e.  u,  (s l ,sY)-= 0r- then tne t I

in T*(M) irt rl'CsffH, ;f{YI{t-: 0' M 6eing locallv f Lat'

Proof

Tron (3'6), we have

)J

15(r

5i-

+.,

L

rt'i

i . r t
itl

lrr

r t l

rh

l*,
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xB("\u, 
""yH1 

= flsx, rsvlH - FHlFsx,YlE - rHlx,r"v1H

1 frH121rx,sY]H + Yn(Fsxrrsvl - l 'HYn(F"x,"v)

-  r \n(sx,rsv) + (rH)2YR(sx,sY)

DJe to .-!  being local ly f1at, the above equationtredrrces to

$ B ( s t k H , " h y h ;  =  F s x , F s y  -  F  F s { , f  -  F  x r F s Y  +  F '  s X r s Y

Sioce the F^ -structure is part ial ly integrable, we obtain

NH(6ryH, sHYH) = {Ntsx,"v)} 
H = o

lhicb proves the theoreco.

rLarcr (3.5)

integrable
in T* (M)

r rc  (3 .1 ) ,  re  bave

Por  eny  x ,Y€J : (M) ,  ie t  the  F ;  -s t ruc tu re  be  par t ia l l y

in t t  i .c. xiax,sl) I  O, th.t t  the T1 -structure is integrable

it f  L{g8,rB) - o, H being local ly f  lat.

Prof

l l  i . e .  r

-e inte-

integrable

ach inte-

tr1, where
l o f  S .

rd from F

r is said

egrable
tegrable

incegrable in M.

the Nijenhuis tensor of tr' and T

xE(xB,rE) - gr\E,r\"1 - 
"tlt**", ""J 

- ,*8", r\Hl

* ( )2")H fxE,yHl

x E G E , f ) -  { x t x , r l 1 E - o

srnce the F;,. -

fheoren (3.6)

Let I be an Ftr -structure in M, N

the torsion of F alid F2, then

Fh. y I+-3I
) ' *  1

F N - 2 7
I = --t--

X * t

Tb.is reduces to

uElxH,lH; - 
lntx,r l lu

In a local ly  f lat  H,  Ye get

structure is PartialtrY

is an F^ -structure in f*(u)

+ tn(FX,FY) 
- r\n(rx,v) - r\n(x,r'v)

+ 1121Hyn(x,y)
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Proof

since P&H = r&H

AND YP xH = YPx

on adding,  we get

1ph *YrlxE = tr\n + f Px)

0n nutrt ipl icat ion with (rH +Yp), ne get

(rH *yr;z xH = rH (r\H +yr*) *Yp(r\H +tPx)

usine (Ys)rR = Y(sr) = (ys)rc

and (YS)  (YT)  = '0 ,  we ob ta in

(ru *yp)ku = (FH)2 * YGxe * yprx)

Sirni lar ly

1rn +tey3xF = (i'H)3 xH *!1rrr2 + yprxF + pr2x)

(3.8) (pH + Yp)3xH = )r2(ro +tr)xH

provided

(3.9) y(pxF2 +yprxF * prtr) = 12qyr1xH

(3.8) shows that (FH +{P) adnits } ' ; .-structure.

! 'or any x €. l lCul ,  (3.9) is equivaLent to

P(x,F2Y) + P(rk,Y)  + P(Fx,FY) = Ihx 
= 12r(x,Y)

or  P(x,Y)  + R(X,F2Y) + P1F2x, t )  + P(FX,FY) = t f -  l - )  P(x,Y)

In view of equation (8.10) of Chapter VIII of f3] , te get

(FN -  2T)  (X,Y)  = (X *  r )  P(x,Y)

which gives that P is equivalerra ao lx:1-T'. hence, the theorem
' X + 1

f  ol- lows:

Csro ! I er

? a  1

r brr

t ! - - r  f l

ttc{

fir

r b c

I
t-.f tl

1l
- arnl

o-u )  [

U r l
idrat iry,

t L r
cqra13.tI

f t ^nft

[2] r?dr

I

[lI ttoo,
t

9cprrt-cat
Sehr Jein (

I.j ib.b.d I

ht
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S.C.  GuPta  & A 'K '

Corol lary I

Agraval: Horizontal Lif t  of" '

l f  x ,Y ,z€ l ' l  and  xh '  Yh '  zH€t* {M)

Ye trave

(3 . ro ) [Lvn rx,, zE1= 
T,.l.ii,:l;X.tl]1,

Proof

+ YR(Lz,xl,Yt

lrli4, thcir cYcl ic

f[r,r],21 
*

r  fo l lows:

sirr"" fxu,v\ 
= fx,Yfi + fR(x'Y)

c beve

{[xh,t '!,zEl 
= [[x,v]'z]u 

*[Yn(x'Y)'zFJ + YR([x'YJ'z)

sum on XrYrZ and using the fact that

[[r,z],xJ 
*lv,*7,v] = o

;.:; [r'",,1,,".] 
* 1tf'#t,o J . tt'*'*''*J

-ftn(x,y),zEf * LYR(Y,Z),xH1 
*1Yxqz'x1'tH1

+[yntfx,r],z)l+ YR([Y,zJ'x) + YR(F'xI 'Y)

u rhe borizonrar rirr ro x,v',2-11 
::::?:t;:ir::Yt" 

rollows
I f  the lnrr ' rculdr  -  

resul t  fo l lows.

ia.otlry,-"" obtain' (3'ro) ' hence' tne

The autbors are grateful to Sri l'l'K' Jain' Principal

coarrag€oent.
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Certain Binornial Identi t ies and A Differential Operator

D.P.  Shuk la

l.  lntroductioo

lteliry use of the operator Tk = x (k+xD) where k is a constant

G.rl ierhit tal [4] obtained the generating relat ions

G

L
nro

s
r-
./
oao

*crc f (r) adrits a formal power

l i t tr l  [S,e] also proved that

( r . l )

( l . 2 )

$ tl., [*bt6"1] = *b(1-*t)-a-b-11 tpi;1

$ rl-, {*btc"r} = 
fx{r+xt)] (l+xs;9i1, fx(l+xt)]

ser ies in  x .

6 - n

..3) 
= $rt -r;*"*r{*b{G)i = **|*"#:11 , [*.r*o,]

nhcrc t*- rt( l+tE)n, n being constaut and

(r.4) i * tl*"., [ar{*)*"tt*)} 
= -G:9): r [x(l+rr)]t f f i n : a

nberetB. at( l+8)t*1, a and m being constant and f(x) adnits a formal
porrer series in x.

lccides these results Mittal f7] proved that

( r . 5 )
6 o 

- (t+t|1k/a '  '

F S .l$o*r. {rcx)} = 
;:Ti;- 

r L*(t+w)Lt")

ntere ig - grag(l+F)Tu, 
" 

and n being constant.

Putt iog nrtr in (1 .5) we imediately get

(r.6) i l-\Llt<*l? = (1,-rolt)-k'", L*(r-"*'t)-l l" l l
? " n : 4

nbcre.Tl - ra(k+xU), ,  = 3;, 
a and k are constants and
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"rl 
l"ol = *b+an 

"" 
(blk),,

Putt ing a=l  above we get  corresponding resul ts for  T1 operator  and

g rii(1.7) 
E iriil ti" {r c*>} = i (l+(*:t;i;-u t t;;;i;;Zz 7

+ l ( r - (x2 t ) i ) -o  t  [ - - - i - t t t l .
1 - ( x ' 1 ; r r  

a  -

could f L,213 1in a series of papers considered convolut ion identi t ies
and Mittal Ig] r_ecently general ized the Jensenrs formula and Lngelberg
identi t ies. W. [ lOf also general ized could I I  J convolut ion ideni i f ies.

In this paper rire propose to derive some new identities by direct
app l i ca t ions  o f  the  opera tor  fo rmula  (1 .1 )  to  ( f .7 ) .  o r r r  i6 " ta 'ay  (2 .8 )
is a general izat ion of Eng,elberg identi ty and Mittal 815,3 identi ty.

'2. 
Certain Identi t ies

(2 .  1 )

( 2 . 2 )

( 2 . 3 )

( 2 . 4 )

We now proceed to derive fol lowing identi t ies

i lur*t-f /"r.."-n-r) _ ($+c)/a+n-l )
tu \ - i \ n-k / \ " /

* ("'::;*1 (".;:-'J =, ;# ( ;") (""::Ji'-)
tr ;ft(:-:)f':") = t":.")

+!#( " - :  ) t ' - : - " ; , ' )

E 
(.:-' 

) ( 
t"."'";'*1'r"*r)k)

.k an+k

= s:sill1-19:sfllllli
t  - 4 1 z (

where tl3 = at(1+ zrzyn/a+l

l>' l

, ' (

r . - t

i ; -  |

i . : ' : !  -  l

. .  : ;

h : : : 1  |  |

: i f,{:::| l  t

- - 1 . , -

l *  c : - r t d

I

a



rnd

t l

ati t ies

;elberg
r i f i e s .

direct
r i t y  (2 .8 )

Sent i t y .

a

- a
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tr (".:-')f.*:"') .n+k = rH0:::-1sn::::1

ui:ere Lo - t( l+ p)-*1

* (".i*')('-"":- 
')= (".^;"."-')

-  
( ' : : ' ) [ ' : )  

=  ( - 1 , '  ( - " - ' : - * " )

+ a /a-1+(t+11L ) /u"r-r.ru*rl"- i '  )-.n a+bk \ r. / L n-k I

n+I  I  
a+{- t+(u+r)  (n+r)  

\'  
...<.b- (b.l)" 

\ n+t ,)

* ('-".2r'-r)('. 
"1"-'-) 

- (':l-) (-":T-)

= 
(*': '.")

Or-t )

l z /

i J : ! i : : g  :  ( r )  -  g ( r )  =  I  i n  ( z . f o )  an i l  us i ng  (1 .6 )  we  have

. - . : J )  Z : :  " t f  { r r * > i  Z
* i l a ' b

GO

I l - r ^ k + n  \

;: .T" le tx) J

@

n=o

i - - r i )  
t r  i ;  "rb { ' }  -  : l  "r l  

l1J = {r-axa.1-(b*") /"

f . i ua t i ng  rhe  coe f f i c i en t s  o f  an t \ an  on  bo th  s i des  o f  ( 2 .11 )  v t e  ge t

, _ . : ) .

-rrrr cons ider

€b

ck
TT

(-r)k 
"- 'k  "-k "r f  

[ rc" l ]*
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x f

, ; ; '=

ao

z
K=O

tk -2k

n=o Eff: 
^"

-

ct-tl
- l

OLI

3rlr

(.-rt

-r.

rfict

C-ia

(r-D,

gi1 (

i t  ( :- t

(ra)

hetiq

= tr7L-"2t)-b/" [(r*1*z.rl 
c 

* (r-(*r.){-"J

= r +_ 
(b/a)

= I 
#; 

;i-# (c)1 (xzs;n+k/2

- r  + 
(b/a)rr(c)1(x2t1t*k/21-rr t=, 

,G 
-k:----------

i:T:lTr:le.coeff 
icients of *2tt' io (2.Ls) af ter little sirnplification

Consider the repeated operation

( 2 . 1 6 )  F { : " {  n , k  5 F t .\-'--l 
G 

- 
kI- 

"lont*" i A iT "-" tl-" {"0} I

using (1.5) and in (2.L6) lre ger

l*.r

L,  . .1980

{ cg(x)+xgl(x)}

usr-ng

gt

s
z-
n=o

= ( t+3 ; - (b /a -c )

Equating the coeff iciente of tn on borh sides of (2.13) after l i t t l -e
sinpl i f icat ion we eet (2.2).

Next coneider

Math .  Sc .  Rep. ,  VoI .  5 ,  No.

_- !o x-n *n-1*';i 
A;;$;lfi 

rc+mn+l

e(x)  =  1 ,  n=-1  in  (2 .12)  and

(-r)k 
il *-ak 

"-k "rr { 1 }

( 1 . 6 )  a n d  ( 1 . 4 ) ,  w e  g e t

-nL  - n - n - I  <  )
; T "  

r c - n + l  l c I

tk zk
T

(2k) :  c

and  (1 .7 ) ,  we

Putting

( 2 .  1 3 )

(2 .L4)

k=o

Putting f (x) =

(2 .1s)
k=o

*2n 
tn 

*-an
k :

g(x) = 1 in

t- 
"tl

(2 .14)  and

f.(x)

n=o

us ing  (1 .6 )

e (x)

get

=t" ii *-"o 
"* .rf I
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6

Grrl F -*t -k e t' *-' r[-o [ "b]G 
"{- aLnu+c 4} ;T

= 1r.*t)b*d-t f =-*1 .,.,. 
t*bl

A 
--ET-- 

a'mk+c

= s:P::511$lrl:i1i:s:-a:i1
1:(n/a)

frc D- at (1+ t | lmla+t

Gl.17) reduces to (2.4) after a l i t t le sinpl i f icat ion. Again consider

t rcaeated operatiou

g  r k  .  (  ^  . n  . - )(2.u) 
E fr "-o-n'l+t*r te ii *-"'l-" t"oi I

UriC (1.2) and (1.4) in (2.18), ne get

5
L-o

$'*-*,1**, l* 
eF rl-,, l"'t1

(2.re)
o /r+r\b+c-r 

(r1-r-).tlb*l
\ r '  s /  

] . * ! . ? )

iac l  -  t(1+tl)#l,

rbicb after sirplijicstion reduces to (2.5).

Gorider the repeated operation

e  r k  + - * - k f 3 . "(2.n, 
tr F'**tXi= h=-"'1. [""3J

.ri-g (1.1) and the propertyrB l*b? 
= *b t"*6 fr! of the operator

i !  (2.20), se get

(z.zr1 E *#,: t; *i,1" f rl? = o-.)"-"-.b
f+.t ing the coeff icients of t t  i rr  (2.21) we eaeily get (2.6);
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Now consider the repeated operation

CE

ri- r tk -b-k _k I g- , ,,n rnx-1 -n(2.22) 2_ (-r)^ gr x " ^ r"-1+L5 > (-1) t; :=-- r"-, '
k=o 

- 
f n=o

using (1-.2) and the property of the operator used in (2.2L)'

+ . k tk -b-k -k t + , ,'n t1 ---tr ',r
( 2 . 2 3 )

k=o

= 11-s;a+2b+c-1

Eguating the coeff icients of tn in (2'23) ve easi ly gex (2'7) '

Considering

,ecr_  n  _  p - t  L_r  .  )

(2.24) 
f i; til*u" [tt"l] A ii " tX.i*n lag(x)+ag'(x)l

Put t ing  g(x )  =  1 ,  f1x1  =  *d  Ln  (2 '24)  and us ing  ( r '3 ) '  (1 '4 )  and a f te r

l- i t t le adjustmentr rte get

(2.25) 
* $r i l t "  {r ' I =

k=o
$ - t[l*n { "1** 

*# }

- Cr*.r)t*bl *a
1-b?'

Equating th.e coefficients of to*o io (2.25) we easily get (2.8) which is

a general izat ion of Mittal 8,5

{ r i }
rre get

{ r } }

I, r-tt 
]

:l -* rl*,,*r {t(,.)}}

7 we get the

;} "* 
r$*o*r

-n 
"f*, f iL n=o

Following the method of Mittal operator formula

(2.26) z
K=O

#'n' : l*
c9

- t &
z_  ; r x
k=o

- n r
'a+b+1

- t

6

- t'^= 2_ -'r," l f  c )?

[ t ,
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1r r : : i1  f ( r )  -  f i  io  (2 .26)  and equat ing  the  coef f i c ien ts . .o f  tn  on

r.. . !  r idcr oi (2.26) ,  rrc get af ter l i t t le simpli f  icat ion (2.9) ,  which

:s r  .  0  rcduces  co  ! { i t ta l  8 r5r3
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Cqarieon of Some Sanpling - Schemes Under SuperpopuLation strueture

A.V. Kharshikar

l. Iltroduction

In rbe tbeory of sanpling from finite populations there has alvalQ

ln rcerch for an.ppropii"tE sanpling desigir and an appropriate esti-

rltor of tbe populati-n lotal, wtrich takes into account prior kywled'g.

il tlcrc is any. the _elegant unified approach introduced bf Godanbe lJJ,

d th- uee of sufficiincy and likelihoocl. principl.es put forth by Basu[l1

bc h.lped in developing a logical and c6npact treatment. The two esti-

rtca tthich are moat of ten disCussed in the literature are the llorvitz-

Dqron ssgima3sl f3] and estim:rtor based on sample nean.

Eere in this note we nake comparison of some sampling schemes, using

tb rbove Eentioned estimators and some other estirnators, under a super-

lqrhtion structure.

b bave a poErlat iog, g = 
I 1'2, . ,  . ,N ] of diet inct and i l ist inguish-

llc clelents and-with ith-elenLnt there is associated value of y'charac-

tr ir t ic (the cbaracteriet ic under study) to be denoted by yi '  i  = Lr2... ,

l .  I c  regard  y1 t  !2 t . . . ,  yN as  observa t ions  on  T1 '  Y-2 , . . . r ,__YN th i . l  
Z

re i .deoendent ranAom vari ibles with E( Y.l)  = c;A and var ( Yi) = ci-fr. i.dep€Ddent v"ri,i 'btres with E( v1)-= c1l't^ .and var _!"i)-: :i:f,
I c  i (  f , ,  n h e r e  ( i )  Y l ,  Y 2 r . . . r lmost' su'rely non:nedative ran-t l f  f (  i r  Unefe  ( l )  I l r  l2 r . . . r  N  a le  a lmosE surery  lp r -uc tsaLr

b rrr irbles ( i i )  cl ,  arr. . l ,  cu are- 'knowa posiaive constants with

f o. - n rnd each c..-< 1] (iii)-'k ard az are unknown parapeters.f e. - n ed each c;-<. t l ( i i i)- 'k and
l5[1 6^te the oaianeter sDace 

/ 
{ ( k

are unknewn parEleters. I{e

n< u  t  oo ,  o<  az<*  l  t "  taEtr a-." ;h; p#"';;;' ;;;.; 
' '$(F 

n\ | o< ;1(eo, dcqz<-! uy rr.
b r irb to nake a guess about n! I  6hich ie E'4 Y; on the basis of ab rirb to nake a guess aboui n/ I 6tti"t ie ntl Yi on the baJis of a

rqrlc, nhich is obtained throulh a sampling design. A sample s is a
qty subset of U and a sampLing delign p is a function from t, the

cbr of all non-empty subsets of U to fo'lJ with 
+ 

p(s) = f. the

ri5,le and double inclueion probabilities corresPondi:ng to p are def ined

at

F ; t e )  = {  p ( s ) ,
-  

s € i

1 4 , ( p ) = 5  p ( s ) ,
.s€i, s C j

Ia this note we shalt consider only those sampling designs p for

*ich each TFg is positive and 4 
f[Cpl = 

". 
The number of elenents

ir r  is cal led size of-s-and is d6noted by n(s). Average sampLe size

tor e aanpling design p is 
f ,n(s)n(s), 

which is also equal to a t l i (n).

f t4ling design p is called a fixed size sampling design with size n

U o(s) I  n ==)p(s) = o. An estimator based on sampLe S is a function

d S r-t only those yr'ts with i in S. A sanpling scheme is a pair of

r rqling deeign and in estimator; Now we define four estimators which

re concidered io Section 2:

r < i < N

l . s  i , j  S N
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T r  =  t , ( S ,  Y )  =

I

, where TFi' s are the
of the sc6eme. This

T Z = t Z ( s , ! =

T 3 = t 3 ( s , I ) =

and T,. = t , .  (s, y) =
+ +

S c .  R e p . ,  V o l .  5 ,  N o .  L ,  1 9 8 0

\ r t

-/ _:
i?" lTi

single inclusion probabil i t ies of the sanpling design
is the welknown liorvitz-Thompson estimator.

--1--"-L------
ri({1) 

f(r1)

j

I

Y

t :i-
i e s  c i

n(s) i 'E"

S- v.
i € s  

- 1

n -

i 4  s

T4 is a rat io est imator.

2. C.ompdrigcjn of Sone sdnipling schemes

.Let us consider the sanpling schemes (n1, T1), (pp, T2), (ng, T3)

ii I'1' -:oi -:'"f -P; lft H"llE.'t J:'":"'fii T:";::l:*.H;l#,n"., ""'
n(rr) = a (r2) = s (rs) = E (r4) = nf

,  ^ . 2
var (r1) o-25_fiirrl .lt {ftr(n1) -tri(r1)rrlqr)?

var (rr) = .,# * 
12 

y<r2l

'h.'" Y(p,2) = A I o' ig,lrl - rriKe;) q(r,,r) ?I r J

var (T3) = ^&* rz 0$3)

where 0(p:) = 
" 

r 
[;f5- 

- t?

var (ro) = ni 
1", no ,

Y .

t-

-I
r d

(i,

o a t

fii,

a

fiiI)

1

t-

I

(r"}

lii, I

( i r r)  r

t( tui  :
i

.l

h ) l

tl-a -

h . i

I

r=;
r  ( i l l

t* rrt

ryn)

-

-.r al

LJ,
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2 - tt?t-:i---"1.rrrc l.(n4) - 
" 2 i:t-"liz " i

As all the sampling schemes are u-nbiased' rye' sha|'l cornpare these

-br by comparing the variances' wtiti"g fur.(f ' P) tot var (TJ

r rbefl use the following terns:

ti) et, l) is said to be at least as good as tn^U' tpl

.  ? .  
a V - t l , - t ) f o r a l l  

( 1 , a 2 ) 1 O - '
r !  t ^ ( | ' o - - )  t  

, ,  ,

tii) (a*, Ta) and te', rU) are said to be equally good

?.  t - , r . - i l , , J )  
rc ,  a t l  (y ,F lea

u  \ r 4 ( l , d )  
r  |  

' f ' -

t i : : .  QJ,  11)  is-said to be preferabl -e to (ng ' .  te ' r ] t  t : t - t t t

(l,o1e rL u*( 1,r, c2) ! 
"ell ' ." ' ' ,  

'11 there exists

et  leas t  one po in t  ? l 'C-  a t  wh ich  
" t i i6 t  

inequa l i t y  ho lds '

fbc fol looing lema is useful while conparing the above schemes'

|-a

9-' :  l :y sapl ing design P vith average size n

t i )  Y t ; r  )  o  s i th  equa l i t y  i f f  p  i s  a  f i xed  s ize  des ign ;

( i i )  |  .P)  )  o  v i th  equa l i t y  i t f  p  i s  a  f i xed  s ize  des ign ;

iai) rbe s x s rnatr ix ( t t l3 tnl -  i l i  (n) f i -3 ( l) /)  is posit ive semidef ini te;

?
- c i

, i r .  Z -  G7-  > /  n ,  equa l i t y  ho ld ing  i f f  c i  =  
\ te )  

fo r  a1L i ;

i  
r r i l P

i r , '  f  - t a l  2 z  l .

ir,rcf . li€ noce that V(p) 
= 

""t [" 
(S)] and hence we have (i) '.,, Fur-

: ! ,  3 ioce  n(S)  i s  an  a lmost  sure ly  pos i t i ve  random var iab le '  t ; iE t> '

:  
,  vi lh equali ty i f f  n(s) has one loint distr ibution' This gives

1 : ( S ) 1 ? : . N . T h a n

. t - i i i ,  ser t  def ine x i (s)  = i f  i  e  s  and o otherwise '  t , : , t : ) : . '  to t "
u ( i i )  Ser t  de f ine  x i (S)  =  1 t  a  s  D ar rq  u

!b .  T . r iance-co . ra r ia " le  mat r ix  o f  the  random vec tor ( (x t (s ) '  x2(s )  '  " "
fr-, \

;t;i 

^;' 

a;; to, - n-rtnr 13 tn) and hence^ (iii) ' writing 

-t ;, 
[*'.

rd ooring chat a u, = o 'e e"E |-fl1; 
= 

f 
:nl .inibi '

t fi-i (e) i

- i c5  g i ves  , r s  ( i v )  Las t l y  we  no te  t ha t

(PJ3 ' T3)
rFi(pp) >o,
E
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,  c . 4 " 1  ^  C 5  2

f"ror = r),is-:- 1-;-- n | = r t it_.":__^ _L_?
t ( i ? "  

" i ) '  
I  (  n ( s )  d  ( s ) 2  n ( s )  f

> t f;b] > 1, and hence (v).

( i )

Resulr  I

Result 2

If p[, pl2t pB 
"* n/4 are all fixed size designs then

(g2, T2) is ar Leasr as good as (p/1 , T1), (q2, T2) and (ryi,
are equally Bood i f f  c, = 

I  
(U1) for al l  i .

(d2, tr) and (g", T3) are equal-ly good.

(p12, Tr) is at least as good as (p,4, T4).

rr)

(ii)

(ii i)

Suppose p1r p2 and p3 are not f ixed size designd. Then
(i) given that c; = 

Trlt l l  
for.atl i , (p,1 , T1) is preferabte:l:l"til, JI 9' *f,.ii* ; . $ ;.:i, . r. ril;j* ljff jh,

(ii) v2 { p, 12) < tg (/ , r2)-rh.rr..r., 
,-TH . _rt

v2(1, r-2) ) vg (1,-') whenever 
,i#i , 

;; 
and

!r(lr, -2) = v3 (1, d) whenever rY9 = -€: d
a  t p : )  

) ^ ,

I
lx ir

t o  , (P r ,  T r )
T1 ) w6en--

Y(pr)= f(n2).

, .*" l toot" 
of results I  and 2 fol low fmediately with the use of the

l t l  r

[:t q

lrl I

u - t
h

hrf
hj
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b Cqati.bility of Ordet with'Soub Al.geBras

rt A so as.3o makc:.this set a,parlial{y ortlered ailgebra,. Ia the

llt sticle this problem is sotved in te:ms of .ptoperties of the group

* Drphisos of a gf.irel'pattielly ordered set A.'

f . fr cr recall sone detinitionb'j

l. A prtially ordered algebra is an algebraic system where cmpoqition

fF d relation of order are defined on the same aet, say A, and the

-- b eqatibfe [Z] wittr all the oomposition laws. Starting with a

fr- d3ct'ra and applying well-knotn nethods we can f ind necessarl Enq _
Sttlt cooditions t":.rAt:. this a\tpabtb pattially ordered, 

9ee [e1-[81':

- 
lr rlr problen secLibn of f6J there is the foLLowing probleo: to find

Frft rod euff icieadcondttitlus'fot a giten partially ordereal bet A

L-i i t  e part ial ly 'ci i"&lted'dtg6bri 'wit i ' the giv€o oti"r.  rn'other

-r b to def i.ne a conpoeition law starting with a given partially

#
d i

rD$

,3 I- l I ar be two given non-empty partially ordered (p.o.) sets with

3 - --41 r C2 correapon-dinSly. The napping o(, * 
-'? Ar ie called

)l_t=!:iryr*:it a -)at & b --t'br (a, b€Ai a.t, br€ Ar) and

t-fr 
rt)rr-i2-b:-

I -ff .ry that the igot@ic rnapping

U..a- lt an oaorphio, it Iny' C' el;

Q/- ig an o-endonorphien if 1z A ->A & In

! ll - ie aa o-epimo4hiui lf 'rno/- al ;

a){- Lr an o-ie@rphiso tt att 1 of 
't - ate o-epinbrphi'sms.

trd-' ir an o-autoolyhiso tr +1 z o ? o &d ie o-ibonorphlsm.

L celer El 
- [s] we can 8ay about injeciive and biJective o'aorphi-

Lt,rpr injective aod_bijectirwe rnappings but one-sided isotoic. If
fa+Ar I a €1 

'b€=)ar 
4bL', rhendis called a dual isonorphisn.

D 3filr ertlcte re shal1 conslder lartially otdered gets tlith arbi*
f!dctr od gbU'etudy only the ptopertiee of the ^order, iherefore

lll crrtdcr p.o. 8et, aay M, ae a inodel 2= <Mr < ) . 
'

: i+t rar-tbrt tle algebr.a.AL-= <vlf fif rat that the algebra 67, - (u,2) , nr*ibre M is the nain
al It tb rt of all copositiof lawe'on lt,'is coophtible (one-sided

fur) rith the del l7t- _(M,3) if the algebraic systeo@=(urt,->

FtLfft otdered algebra (one-siheal ordered algebra). tiltiente say,



38 Nep.  Math .  Sc .  Rep. .  Vo l '  5 ,  No '  1 ;  1980

rhar the model 172
it means that they have the coti-on main set i'{ and that the model can be /

transformed into p.o. algebra e 
= < i{  'Z ,<).

By  an  oaorph isn  o f  a  p .o .  a lgebra  6 /=  <  uL ,1)  w i l l  mean the  o-

norph ism o f  the  mode l  l f t=<  M,<>,  wh ich  i6  no t ,  in  genera l  ,  a  mor -

p h i s n s  o f  t h e  a l g e b r a  1 M  , 2 )  
.  '

A group G(M) of one-to-one mappings of the set M into i tself  i f  cal led

transitive group if each element of the set M can be transformed into any

other  e lement  o f  Mus i rg  an  e lement  o f  G(M) .  t f  lL * ,  y€MI  f  €G(M)

such that fx=y, the group G(M) is cal led a simpLy transit ive grouP.

3. Let (N1,6) be a model in which the group Go(M) of al l  o utomor-
phisns is transitive. It is easy to prove the following properties of this

nodel:

1. Each element of M belongs to some inf inite chain of M.

2. There are no ma:Kimal and mininal elernents in M.

3. An elenent x ( M is caLled a point of bifurcation in M if

3  a , b  (  M  q u c h  t h a t  x € a  &  x ( b  ( x  ) .  a  &  x > ,  b )  b u t  a l l  b

(a & b are non-comparable).

Either there are no points of bifurcation in M or each elenent

of M is a point of bifurcation.

4. I t  m has no points of bifurcation, then'M is a union of al l  i ts

rnaximal chains"

5. It M has no points of bifurcation then all the naximal chains of

M are o-isonorphic, in other rrcrds Go(M) is inprimitive group

and all the rnaxioal chaius of M are the systeros of imprinitivity

of Go (M) .
*

4.  Le t  f f i  =  (M, ' ,  (  )  -be  any :  p - .o .  g roupo id .  I t  j . s  c lear  tha t  the

f a m i l i e s  o f  t r a n s l a t i . ; " '  { R , 3  =  
- f  

n " r - u  - )  M :  *  - } x a  
}  a  I l r i

= f  L": M -> M: x - l  r* l ' " i" ' tne fai ir ies of o-endomorphlsms of-t l ie

' .h; i 'y i i= 
'<i l ;  

a> 
'  

.-  Crr"".-t . t i l i "" senerate subsernigioups 6oRtu)

& $oL(M) ol the iemigroup So(t"t) ot all o-endomorphisrob of the model

(u, S> It  is evident that 6o(l l)  is a semigroup with identi ty

E,-becau6e the identi ty napping E of-the set M is o-automorPhism of

{ " ,  { )  .

Let us correspond to any element a ( M to the o-endomorphisn

L" ( S"(M). This correspondence is a single valued and therefore we

have nade napping, say f;  m -> ,o(u). The napping f is an oaorphisn;

in fact the part ial  order in M natural ly induces a. part ial  order in

' o ( u ) :  T 1  4 t 2  ( T 1  ,  T 2  €  $ o { u )  i r t  T l  x  3 T 2  x Y x  € M .  s o ,  w e  h a v e

a  < b  = 9 t . 4 r , 6  i . e . * x  € t " t ;  L a  x  =  a x  ( b x  =  
! U  x  a n d  t h e r e f o r e

.  < r  = )  f a d f b ,  i . e .  f  i s  a n  o a o r p h i s o  ( l t , S )  - - >  F o ( M ) .

on the other hand, let there exist a Mpping f: )?t--1 $o(M) so that

to each elernent a.G M corresponds b unique element (o-endonorphisn)

T ^  €  S o ( M ) .

The
of the p

a x  < a . y
group in
r r {  rz
i . e . :  a

€ M  a n d

i t i s a

The
fi7x-z'

L e t

by the e

( 1 )  a . b

r n a

ordered

Cor .  I f
maP

Proof :

and e is
e is ide
such tha
= ) e r  =

Let

t  n . )
tioned o

a lso  is
Rea l1y ,
= L

so f (ab)

is a hom
f z Y n x  -

form

(2)

S o ,
sa t is f  ie

0n

such tha
Using th

is conpa
a  p . o .  s
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Let us define on M a binary composit ion 1aw ( ') '  say mult ipl icat ion'

by the equali tY:

( 1 )  a . b  =  T " b  f  a , b  €  M .

This def inition trans{orms the rnodel )?? = 
<'' 4 ) ittto tttt-

ota"t.J-gtorrpoia (u,

The fact that Ta is an o-endomorphism of ltl inplies 'the uniqueness

of the product and tEft monoronic law; so we geC x *y ==)Tax €T.y i .e'

;  a;. ;  V a Qt! l .  But as i t  was shovrn earl ier $o(M) is a p'o'  semi-

gt",i ii, whichlthe order.is induced by thei order on M; therefore

T1r{ T2 ==} Tu< <r;;-ifi-g ll 
"ta-"o 

f is an'oaorphisn W---> o(M)

i . e . :  a  < b  = - P f "  = ' T " d  T b - =  f b ,  t u x - € r t T  # . x 4 1 ' t : ?  i : *  
€  b ' x V x

'i=r'.lU*". 
(tU,-., +! is also a right oidered groupoid and rherefore

it is a p.o. groupofr! Xi ttt 
-.Uo"."aiscussion 

imp-iies the following:

Theorem l.  The nodeL l4t= (Mrc) is compatible ruith the groupoid

y2*,ffi ii] .n t" exists i,*oty't'i* tzYtt'*7 so(M)'

Cor. lf o+orphism fz 'tzl o(M) is such that Imf contains the identity
-  

napp ing  E then p .o .  e to"p5 i .a '  (u ,  ' ,9>  h" " . "  
1? l : - iden t i t v  

e '

I f ,  moreover ,  Ts  @ r - t  ==)T .e  =  dr  then e  is  rdent rEy '

p r o o f :  g ( r m r  = = ) 1 . € 1 1  s u c l r . t h a t  f e = E = = >  { " G M  e x =  E ' x =  x

and e is a left  identi ty. t f  ' t tTa € Inf :  T.9 =-t 
:?-t ' :  

= 
" 

V" 4M and

e is  iden t i t y .  Le t  us  show the  t ' i i qo" " t " "  i f  t '  In  fac t '  r t  i l e r€M

s u c h t h a t  f e ' = E &  T " e r  =  
" * T a e r s f ,  

t h e n t " e  ' i  e r  &  T " e ' =  e

= = \  g t  =  g .

Let  r low '^x  =  (u , ' r2 . )  be  a  p 'o '  sern ig roup '  then the  fami l ies

I *J-*-i' l j) tgti 
",,bs"*igro-t'ps 

ot ^(M)' rn this case the nen-

tioned o-rnorphr-sm t is not only the totpn!*'or the model .1u'>'> ,*t
also is a hornomorphisn of tne setigro"p'(lt, ') 

- inta- 
semigroup . o(lt) '  .

Real ly ,  le t  fa  = 
" ;  " t  

i . to t " ,  t t . i  r t tu l -= L. i ,  but  
la l  

x-= (ab)  x  = a(bx)

-----"1. (L6x) = tt ; ;  Lb) x, i . . .  l , .uJ leo i ! :9::^l l :- i 'o Lb = rb'

so f(ab) = fa o fb'  i t  shows that tr ,af is a semigroup and moreciver i t

is a hornomorphic i-nage of the'"t igto"p'; t^a*-= ( l ' r l ; )""a9r the.oaoYqhisrn

fzlr1* -? SoGtl.  The equali ty iao Lb = La.b can be writ ten in another

form

(2) L" o L6 = Lf,ab

So, Imf = 
{""} is -a. 

subsenigroup of the semigroup $o(I"t) whictr

satisf ies ttre coiraidion (2).

0n the'other trand, let f  be o-torphism 'n= 1u'<)-.--) $.gSM)

,"" i ,  i i* . '^ iJ-;--f{ i  
' is 

a senigroup satisfving the.condi,t ion (2) '

using the detinit ioft ' (r) we shal i  g-e-t a seni lroip- lrc* =,(, l t ' ' ) '  which

is  conpat ible with ' .nJ' i . i . r - ix= { l r ,12 . l  . ""-  Tt*. : (  
l l '  ' ,a7 

.  i "

a p.o. seroigroup. io ptot" i t  t t 'otei t6 check only the associat ivi ty
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or nultiplicbtion (.). * ft"'; t l::ll.f." ffi*'Hri;:t,'" 
= t'(r6c)

: t i .- .- i i j .  = rr.b t = 1t ' t) '  6 = (a'Dl

Theorem 2. Model bt : <M' 1Z-.:: 
compatible with a semigroup

X,rx @, itr tt'Ir" exisls o+orpirisn i: lotr'-) 6o(M) 'such 
tbat

rnf is a subsemrgr"' in"t=^i"i*) 
satisfying the condition (2)'

Note: rhe sernigroup $e(M) or 
"iI T"1:1 

<M!1> :'?l::t:: 
the identi-

i; < Y.i,*2,,--3 
t 
rliii"":'::r 

'";;' 
ii,..-" " i"g the,d ef ini t ibn

is a subgrou'
(1) anv toa"i Zu'"d)' "i" l:^ti 'a""fornea 

into idempotent p'o'

semigroup' i"t ii-g6""ra1 case ?ii-i-* rl this method gives

general- result '

5. Ler no* r,n* =.<y, 
"\;/r i2 :: :lxil:::nn';^;-1:'ljlli;t

:1".*i:1":i":'#:i?'il':GitSll"+.t,"i."*,:::i'i'::;:l:':ffi 
'

;ki'llt':t:;5T:'1""d ill3 .'1""*i:' 
t' " one-to-one'napping' As be-

r "ti, c. tur i : :.rffffi1"t-J:::'.:'l:i:t,;* ;:"61"1, trr,lli:,,-gto"p 
Y"."."utt:1-.,0i 

i e u. uqder ttres!'"t"iiti '"3 r|-t'av;: ^ 1b ==/ La
"irr  LrG)€ az(x)_' ,  

ax 4.bx t*e".  

="I i^ ' i . r -"+ 
*191 for some elernent

i*;'i' :;"1 .|T;; =>:? ; ti::f,ig#:tu-*lt'.':'$i:*"0; i" 1". 1
?ii-.il-iuo". (f : a --)La) is an o-r'so'

satisfY the condit ion'

(*) I t  L"x (L6x for some eleoent r CII '  then Lt4L6'

On the other hand' let ther-e,erist o-injection' f : 
ry-+ 

G^(M) such

that f  ip sirnpryit t i ' i t i t"  
od l ' { ' ' t ; ;  I t t i ' " t i" t  the condit ioi  (*) '  so'

we have: \ ta €u i  :  t"  =- T"€ -t  i ' t l  i i t  t"ppt"e f:  M 4-) lmf is an

o-isomorPhism'

Let u3'define the nult ipl icat ion 
(o) on 1'I  using (L) i 'e '

aob = Tab * 
",b 

Q M, where Ta = fa 4 rnf '

Considei the equations

( 3 )  
, a o x = b

(4) Yoa 
= b'

The equation (3) aox = Tax = b has a unique solution in M because

T" is a substicution of M'

The equation (4) 
-yoa 

= 
l ' ' " ,=^o.hps 

aLs-o t 'Ligt:  solut ion in M' because

r is sinirv .'1")i"'i"'o" ifi'"' fi;';-aon f f r' ermr: r'a = b'

tl

laws f

quasi
trans

we st

loop
groul

reas
More

i f q
grou

orde
thir

nen

n

be

6 . c

to

f u
Go
Mot

(5
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4l

,.r" I:t"H'"1":l;:l'::t 

the soootonv of nultiplicatio.n 
and cancellation

'*"':"'}=l?*trr3;':'?:":'3:'i;'J==::.ztffi 
"'*1i*''

u, ?:i":-:'"#',i#kri * -i#* ;:i[qi:[HiE;"]"
u(* tr

kf'f ;'*':l'il"';i::l'[9]'H 
il"' p'o'"a

**::ffi i#r;,T.:,:lj;*i::$'j*ll:iil*'l':-#'$-
Applying Ttreoren 3 and Theorem about the t - P isolopy frorn 11]

we shall get

l::Lffi=liliTi',*i,r{''f 
e:il:'ff 1'Jli#:"'?'i"Hil'li"'-

;r #i#hH*f[q* *{*'.tt*''f 4H**it*r:'
;1.$:'ffi'"::'""i 

-frr i;''

?;1'Jm"#jg*3"[':'''t'il":H::"j?J':1""J;"1tu';':;
It should be oentioned' :P:^'::f"tiil::o"n 

lr?= (M")fron the

oot ii"-oi"t doesritt suPPose to be P

, s,.m4'Ilffi fl 
tii'*#.'; *"'*$lTf f :l #?:k" "

i" iiJ""ii;a oaorphism 
ient conditions

h",.l: :*"'fi :i';'t :'i fr ti'"i"}:"':i if :;:X i":: ::"'

,*,#lio?:'"1x":1?"lr't'#'^?ry+n11ry;1*rl*"'*::":xe'.'
#t'*.:HLi lT)": i'? t:;:' 

n" 
"?" "il','il 

-ll"a'i t i o" " 
( z )

(5) l;1 = l'-r



Conil i t ion (2) is a corol lary of the associat ivi ty and condit ion
(5) rneans that the inverse napping of the translation in the group is
also a translat ion. corresponding to any element a 6 M the translat ion
L4 from co(M) ve get o-inject ion f:  ln* -> c.(M) such r.hat the narrow-
ing of f on Imf is an o-isomorphism ffi* <) fnf = { f."} . Ler us
nention that the group It . ]  is a simply transit ive gi6up on t ' t .

0n  the  o ther  hand, - le r  the  group Go(M)  o f  rhe  mode l  (u ,h7  be
transit ive, and let t t  t f t-) .co(U) be o-inject ion such that Inf is a
sirnply transit ive subgroup of G6(M) which is o-isomorphic toYVt= 1V,*7,
and satisf ies the condit ion (2). using def. ini t ion (1) as before, we-shall
transform the model <M, <> into p.o. group. so the fol lowing rheoren
is  per iod .

Theorero 7. Model ht= (t"t ,  _<) is cornparible wi-th a group ft* =
(u,Tff i  group Go(M) oio-",rfororphisms of the moder Dlconrains

sinply transit ive subgroup o-isomorphic to ht, which satisf ies the con-
d i t ion  (2 ) .

From the above consideration i t  fol lows Ehat the transit ivi ty of
the group Go(u) is very important for the definit ion of group and quasi-
group composit ion laws which are compatible r,r i th a given order on M.

^ So if the group of o-automorphisms of the model (U, _.) is intran-
sit ive, then this modeL canrt be transforrned into p.o'.  gionp or p.o. qua-
sigroup with the giverr order on M. The total ly ordered sets and the sets
with a minimum condition are the 6lenp1es of such kind of the models.

L e t  v  =  
I  

( - n , o ) ;  ( o , o ) ;  ( n , o ) ;  ( o , . )  
] ,  w h e r e  n  i s  a  n a r u r a l  i l m -

ber. Let us define the order on V by the.fol lowing !ray: (a,b) ( (crd)
i f f  a g! c & b S 1. Then rhe rnodel (V, *2 has intransit ive group
Go(V)  as  a  pa i r  (o ro)  i s  a  po in t_o f  b i fu rac t ion  o f  V .

It  is known that there exist such nodels 11,t,32 which induce
only tr ivial order bn Go(M). These models canrt also be transforrned
into p,.o. qu.asigroup or p.o.._ grgup,in the mentioned sense. The examples
of such nodels can be found.[2] - t51 .
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1. Introduction

A Theorem on a Generalised Laplace Tranaf$rm*

G.B.  Thapa

The Laplace transforu is defined by the relation f5J.

f*
( 1 . 1 )  f ( s )  =  

|  e - s t  4 { t )  a t ,  ( R e  ( s )  )  0 ) .

d

Various generalisations of the Laplace transform.are-known. The
general isat ion which is considered here is t3] .

f*
(1.2)  f  (s)  = 

J  
. - i " t  (s t )4- l  M1, ,  (s t )  0( t )  d t ,

o

where \ -(x) is one of Whittakerts confl-ueri t  hypergeometric functions.
The pari i ih6ters k,m nay be real or complex with (2m * - L, - 2, . . .) .  The
trensform (1.2) reduces to (1.1) vhen k = n + I by virtue of the rela-
t ion 4

%+l ,n  
(x )  =  s - lx  *d l  '

For brevity, (1.2; wi l l  be wrirten in rhe forn

( 1 . 3 )  f k , ,  { " )  =  u  ( 0 ( t ) ) .

2. Theorero

Suppose

( t ]  G ( t )  =  s ( s e ;  ( t - t o ) ,  ( q  ) : 1 ) ;

(ii) c (r) = 0 (tP) (t-)c-) ;

then the integraLs

r
(2.1) s,(s) = 

_l  "r" .  
(styn- l  wk,r(" t)  , - ,km, -3l t  

c(t /E) dt,

and 

o

(2 '2)  t . l ( t *gr) ,  
i (n-r )  

(s)  = u (c( t ) )

aAn extract fron Degree Thesis, 1978.
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(2.7) M1,t(x) = glxo+l) (x  '4  o)"

To proceed furttFr' ttr'e relatio" fZtr) ' 5'2o(11)f is used

^t-k+n n| (rn+k+l) f ^l= t

" m + i . - z s c

G'B' ThaPa: A Theorem on" '

1 .lst {"t)*} llo,r("t) r'..k1',-3lz 
q(rt) |

r - r k+n-l (" t-.{2 dt'

wk,n(st) =
f(r-zt+zn)

dt
r *

J*

since q 2 
-1-, this-shows that l' is finite'

The codversence of the integrat'li;1"'ii""?'

^ ";-i;r*?i""1:'::. :H;"fie,|'lll.lil o"'**
ttrat ditt have to ot

(2.6) Mn,r(x) 
= gq:r-k elx) 

(x --)@)'

shown bY following

rhe M1.r - functron

uv LaJ- '

obtain x

:

I

)

x yr-k-l "-yzl 
(8r) M-tr 6<+3n),1cr.r.> 

(ti) dr

for E /-0,-li.,1l; lll"l*Y;tr 

of th's value of I'1''(st) in (2'1)

gives for  Re(sJ )  
u '  aus ' -  -  

.€ 1P

s(s) = '^ #-r-*%i l"-"'-'n-"' 
t J e{Ev 

"n-k-t 
^

x "-vz 
l{.er) u-tr1r<+3n) i(rn-k) 

gil av] G(l/t) dt

r & t

-s2m f -r=, 
"2'-2k 

dy J .-lttr;l x^
=T.C:zt;6t J 

- o

.vz.- l(n-k)-l  .- .n-k) c{l l  oolt l  d (1/t)

X (h) M-;qt*rn), i t '

- - "h= . (- 
"{', 

,2m-2k t-;cr*rr),1(ro-k) c}-l ut'

- 
r (l-2k+zoJ d
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This i :rpl ies rhe resul j ;__.r-1" 
:bF" 

*^^.1: order of inregrarion is
obvrously possible by virtue of ; ; :-pr-. .edr_ng arguments.
Exanple 1. Suppose

( 2 ' 8 )  c ( t )  =  ' - l F t  
" t r , ,  

( e . )  ( n e 6 p , >  o ) .
I t ^ i s  c lear  tha t  th is  func t ion  sa t is f iesrheorem. Now, rhe ,,s" of ;h;';;i;;iilTrrffii:.i;lr,il;rj,Ji":j .n"

(2.s) B(s) = -srae-k{-
I ti-t+n)f-(l-1-rj ^

A rF, (t-kt, 3/2 +)> , 3/2 -D; m-k+l, ?-) ; -s/p )for Re(s) 2 o, I  t>l  < s/2.

Suppose further that

f ..,

f l
Co'mparison lrit

I (s)

for  Re(s)  2 q,

Exanple 2. Sup,

c ( t )  =

Clearlyr hypothe
tunction. The u

f-J (t*gr), i

for p { -k*-j.

It( !G) = {

for p q. m-k-j ,  p (

/*
( 2 . 1 3 )  I  ^  l " r' ) c

_ 4P*Lr,

for Re(s) 
) o, kro <

;$:::,ffl..i"iloi.";

- r t i /  I  t * t ' z
, 
te'  l r^,r^,r,r-;- ] . : ,^ .r  .  )

:s:.lfiij"iilJ"' s Tt/2, rDr <r. 
": 

::: :,:':",:,i.onp(rr),

(2.10) t-l{o*r,;,1(m-k) (") = 
ry#i-,frl g_r x

f .

t f

(2.11)  k+n+l=o,
)= 3/2a+tc = 1-2rn,

,ilif: Ili,iiffi '"",Tijif 
, Ts,iiil i"i 3; :n:,i:*jr ?, tii:(:)f , and the ident

(2.12) H( ,6) = &.&=!g) ;L | | o \

"a f tzn+t)  
" t :  (  €s lo ,1* ,  , * r )

for kro < 1." Now, (2.9) under the assumption (2.I})takes 
the forn

8(s) = 
R# ' i, '(e" 

1.,,.1 ,;-u ) .

the
5 . 6

t 3

3 a
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fl

I

!'-=-i

I
comparison tdith (2'12) finaL!! yieLds

e (s )= "# *  
H (G)

for Re(s) 2 o' ka { :zn 
[arg(Us)la 

3[f; ' lz '  ana \Df 
< I""

FxanPle 2' SuPPose

c ( t ) = t P  b ) - r ) '

clear'v, n'H::T::" 
"f 

'l#i"f :ll.t'rli"ltliTul;:"'"t 
isr ied bv this

runction' rn 

(p*rj'!!!*-l:p)'41:59 '-p-r
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