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A Jacobi Polynemial Integral

R.M. Shrestha®

The modified moments of the distribution de(x) = (1=x)? < log(1/x)
on [0,1 ] with respect to the shifted Jacobi polynomials, are explicitly
evaluated.

1. Introduction
As recently as 1979, Blue [1] proved that
- Ln?
— = ] .
(1.1) [0 P_(2x - 1) log(l/x) dx = =otls , for m Zn1

This formila has been generalised by Gautschi [3] in the form

(1.2) flx'{ log(l/x) P (2x = 1) dx Ky-1, n=0,1,4,3,...
0

, A=m £n, >0 an integer,

n=m (ml)z (n-m-1)!
=1) (n+m + 1)

n n
& i 5 Gt W
otherwise,
when /= 0, t.he- result (1.1) follows from (L.Z).
Further extension of the above formula to an integral invelving
Jacobi polynomial is given in the following section. Our method of

proof is similar to that of Gautschi.

2. A Jacobi. Folynomial Ingegral

Theorem. Let the modified moments of the distribution
d o-(x) = (1-x)? x*™ 1og(1/x)

on [0,1] with respect to the shifted Jacobi polynomial

2P iy = pL®P) (1)

*The author is at present a Humboldt Tellow.
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be defined by

(2.1) 9 («,a,b) = fl A=)* x*1og(1/x) e, @0y dx, 510, am0
0 F L P
Then . 2

(-1)7m .(m;l._..(nzu:ll_.(a:;ali, o~

En +m o+ )7 n bm(n,m;ﬂ,sm integer

(2.2) Yy (<,a,b)=
(), fr-sa* s} T b4l -k
A+ 1 LT % n}k-l K+ T +
a n
= 1 - "—'-—--1
where S0~ Oxay t=i «K*ntkel ® On E T D

Proof. We note thate

1
@ Viletsapy = 8D (T gt log (135) B8 ) 44
)~

- ymEhel) o {f (1-£)3 (1+t;(106(1+t3 () ae
Vsn =1 !

1 d 'ﬂ‘*“’l
2.4 -£)R , (a,b) =2 A+1) Patn+1 ) pit=bi1
(2.4) f_l (-6)% @re)'e (@b) (40 Wﬁm‘(a )

Differentiate {2,4) with respect to o bo Find

1
(2.5) f -6% @+t 5<10g (141 BSD) ey g,
-1

= 22 L0001) Narns 1) et

n!l"(v(ﬁb-ml)[l(awemir-m Llog 2+ FEAL) + pi-bi1)

= F’(ﬂ'-b-n-l-l) - ';l*(a-!-o('l-n'-!-z)J

with
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I
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with (&) = 0'(x) /P (x) the logarithmic derivative of the gamma func—
tion, Using (2.4) and (2.5) in (2.3), we arrive at (2.2) by virtue of
the difference equations M (x+l) = x M(x) and $(x+l) =Y(x) + 1/x, to-
gether with the fact that for any integer r 20

—g—%:%%‘;-—? (—l)r_1 r! as E£—> 0.

In particular, if we put a = 0 and b = 0, we arrive at (1.2). An
interesting particular case of (2.2) involving Gegenbauer polynamnial
Cg(x), may be obtained by putting a = b=V =i,

Repeated differentiation of (2.5) yields the valwe of the following
integral:

1

k
v, k(d.a.b) = go (1-=x)* xd[.log(lix)'] sz_a’h)*(x) dx.
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Hydromagnetic Pulsating Flow Between Parallel Surfaces |

Y.R. Sthapit |

The present note seeks an exact solution for unsteady flow of viscous
conducting fluid between two parallel surfaces with oscillating pressure
gradient in time in the presence of uniform transverse magnetic field.

in time., The velocity will be in the direction of X-axis only and will
also oscillate in time. That is the only non-zero component of velocity
will be u(y,t), Since the motion is affected by a transverse magnetic
field of uniform strength H, perpendicular to the surfaces, the governing
equation describing the fluid flow is

5 2, 2% ohHu
(1) u_.l_E,.y_E_-__.E_'O__’
ﬁ F dx ayz F

where the notations have their usual meanings,
The boundary conditions are
(2) u(a,t) = ul-a,t) = 0, t >0.

The pressure—gradient is assumed to oscillate in time such that dp/ ax
will be taken to be of the form

%E = Px cos nt,

where Py is a constant, which represents the magnitude of pressure-
gradient oseillations.

Assume that the pressure gradient and tne velocity may be of the

form
(3) %5 = Re [p, exp(int)] ,
(4) uy;) = Re [w(y) exp(ine)] .

Substituting (3) und (4) in (1) we obtain the following non-hemogeneous
differential equation

2 P

d“w 2 x
(5) — - @kTw = =

dyz FD
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2
where m = o_hez% and kz =i
(24 ' v
The general solution of (5) is
2.4 2.4 P
(6) wly) = A ch (u+k™)“y+B sh (@w+k )y -~ ——7 3

folm+ek )

where A and B are constants of integration. Applying the boundary
conditions (2) we get
P
A= = 7T B0
f‘P(wk ) eh (m+k®)*a

Thus the solution for w(y) is

Px ch (mHicd)ly 1
PP@k?)  ch (k) ia

w(y) =

Hence the expression for the velocity in the fluid becomes

Py ch (m+k2) by
fv(m"'kz) ch (m*kz)lia

uly,t) = Re - 1] exp(int) | .

For m = 0, we get

u(y,t) = Re r—-k- tCh'ky - 17 exp(int)

: vy ch(in/V)y )
* Ke ( e I S ch(m[ma] exp(int)

which is the solution for the flow of viscous incompressible non-comduct=
ing f£luid between two parallel surfaces with oscillating pressure-gradient
in vime ( [1] , pp. 237).

Referencen

1 Currie, I.G,, Fundamental mechanics of f£luids, McGraw-Hill, Inc.,
1974.

Mathematics Instruction Committee
Tribhuvan University
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Kathmandu, Nepal.
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A Class of 'ﬁyperseomerric Polynomials
Geeta Bhakta Joshi
1. Introductiom

A number of formulas involving differential operators were furnished
by Carlitz [1] quite recently. Two of them are

a.1) @) = i(n) ni .8 p™®
5=0

and

Wy o™ = (0+1) " ¥ .....:............(xnm)%n ;

where p = d/dx. s

Shrestha [5] using (1.2) considered the exponential differential
operators

my P
oG ]

and introduced a set of polynomials

(1.3)  Bybsmip) = I Vi R

This set (x:m:p) is & gene:alisa_tion of the Gould-Hopper polynomials
(3] defined by

-nP
(1.4) gn(x;p) =e x®,

1n the present paper, we intend tO study some properties of the
special case Hy (rms 2) =8, ﬂi(at).
L

The set of pulynomials of our interest is given by

-[p (lﬂ))m.]z <

(1.5) (x) = e

€n,m

where m and n are non-negative integers,

- Vi mq2k
i.e. .Bu’mu) = Z_ 1 ktzgxn) g xn'

or,
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[a/2]) (-1)Katym*Len=2k
=0« Le-211™

1.8 gy a0 =

2. Nature of the Generalised Hypergeometric Polynomial

Replacing x by —x in equation (1.6), we have

(2.1) B'u‘m('-’x). i (-1)ng_u',m(x)‘

This shows that gp o (x) is an even function of x for even n and an odd
function of x for odd n.

If n is an even function of x for even n, it follows from relation
(1.6) that

g (=x) = T (—ljk.[(zn}:]m*'lxzn—zk-
Zn,m ‘f{.:ﬁ‘ = [(zn_Zk) !]w]-

and consequently

ke 20 1
(2.2) 82n,m () (—51{-3-—1— S

gimilarly, replacing n by 2n+l,

2.3 Spe @ = O

Now differentiating the reldtion (1.6) w.r.t. x, we get

L(a=1)/2] ,_, k¥l o 0L (g k)xn2k=1
@4 gl w= 2 (G el Dl e
’ k=0 k! (n-2k)!
In' particular,
' -1)/2
g]‘:’l,m&} = (1) Gasel 2!0(11:)“1 .

3. Generating Functions

We shall now obtain a generating function of the hypergeometric
polynomial, X

[%3;] (-1 YK (pymt 1xn—2k

e TR RS

DI S

I

W



Inﬁ{a:‘tli

i.e.
89, o (x) .n
e B . Bp '\ ¢
3.2 G T e T (o S G S b e e T i
(3.2) exp( ) ofu (31 s13%t) WE '(‘_11;!)'”1'
4., Hypergeciietric Form
The generalised hypergeometric polynomial may be expressed in the

simple hypergeometric form. From (1.6), we héva

+1 2k m+tl -2k
2 e ]"’“E 2 e O
) = x % (1) x ‘;] A .

@.1) z,
L
. . Ny
s A _n-ntl -0+l '
= zi e e E[T, ----- ."'"—_1 ;

i ' ' gl
. ! = T ity
R e

=3

5. Operation with D(ID)EJ' =] e

Operating both sides of the equation (1.6) with D(xD)" once, we get

] nzk

R
G.1) [acw)“Jan,,,(x) - [_’ucm)“‘JWE £U_6,

k! [(n-2k) 'Tm"l

= g+l (=1 M1y BT
[ g L4 [_(n-‘zk-a) ']m*l
i.e,

5.2 [D60) gy n00) = 0" g LG
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Repeated application of the operator s times, we have

(n! )m-!‘l
[@n—s;;iagi-'

(5.3)  [DE)T]® g ) =

6. Pure Recurrence Relation

Consider the polynomial

By (X

_n n —n+l -+l
A' reey .&’ STILENA. » 2 3
(6.1) gy oG =x" B i+l
; =(s=)
oy e |
n/ i m+1 n~-zk
(6.2) gn,m(‘} =3 ) (ol m+1

=0 k! [cn—zk) ]

To obtain a pure recurrence relation, we euploy Sister Celine's teehni-

que [4]

( )
6.3) Now put ')\ (x) = (n')m+1 :
Then

o3 _13k,
(6.4) N () = ZT CL T
k:

=2k

S P € (k,n)
k']In—-Zk)‘]m-I g S

Thus

(6.5 =My G)

[ - -]
Z G-2™ € (k, n)
=0

(-
©.6) ) = Z; & € (k,n)

2
(6.7) x A_,&) =
and
(= =3
(6.8) )\n_-s(x)

2™ =tk

S ™
F-o

€ (k,n)

e )

Pt

(s

(6.
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We shall investigate whether the series (6.4) to (6.8) do have some
linear relation of the form
6.9) A G0 + Ax A,y () + (B ¥ CxDI A, _,(x) + Dx N, 36) =0

in which the cbnatmtjs;“*i-'c'ﬁnil are determined in the following way

(6.10) > €(kn) +4 Q2 cn—.._z&)?’-‘*le (k,n) + B » -k€(k,n) +
2 € ca gy PRy MO

e (0-20™ (21 € leym) + 9> ~k(a=20™ € Geym) = 0
_ ;2

This gives

61 1+ AGE20™1 Bk + c20™ @)™ 20T = 0

The identity (6.11) yields

& metyptLy B=2/n,
c=0 & b= 2a™1,

hence the polynomial }n(x) satisfies the relation

(6.12) o™ ) = x) @) ¢ TR 6+ A () =0 .
8.

o)
(@)™

But from (6.3) Ay (x) =
iience the polynomials g, ,(x) satisfy the recurrence relation,

613 gy n00 - ex®™lg ) 16+ 207 @D Bgeg a )
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7. Integral Involving gn n(%)

We start evaluating the integral

=]
(7.1) e (e_tzl:ng (x) de = 1T (say)
@™y ) -
put 2 = gy, .. 2t dt=¢dy

&x =1/ , dt = 4 dy/2JEy
The equation (7.1) can be written as the Laplace trausform

L= e"“ygw)nf). gu'mw) % dy

1
()™ LT

3

o Bn,m
Bubstituting the value of —=

e from the relation (1.6) and changing
(nl)

the order of integration which is obviously valid, we have

23 -k
o L[ﬂ/ 1 k.).ln_ _s}r(sly)ﬁ.fi 2. 4y
N k! L(n-zk)'}*“*l VEy
[n/23 Lyk z
= --l— ( ﬂ -“y l:l-k,"i d-y
T Eo k! [(a-2k) =]‘“*1 f

o

By the relation of gamma funection [2],
L= =]
| --‘y a-1 - , -8 - )
g.2) | P ay = [@ £, iERe(®) >0
b Re{a) >0
Therefore, for Re(#) > 0, Re(n-k-}) > 0, we get

B4l
1 B2 ke 2 "
{0 « w20

I= r(n-k»,;):g_\'l"'“'*
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¢
@g k i)uf—k xn:-?.k (o3, x.ﬁ\‘rlg-')
k'f(n—zk) o L2y TP i
This gives a new set of polynomials defined by

) et Do o

(7.3) By a0 =
BR =0 k! [(n-zk)']“‘“

An interesting result of this set is

-]
by = e ~t2 .n
R T [e S B
_ 5

where the integral on the right is the Laplace transformation of gn n(x)
This may be written in the form

In/2] m-l-l -
1 2l

@, = z [-n
@.5)  Bpak) = P Ty

This polynaminl has an interesting hypergmetnc representation,
possesses generating function, and a three term recurrence relation, We
now quote them without proof:

(a) Hypergeometric form: T a & gl Lo .
(;) x 2,,-'.-, 2* T,-... -Iigﬂﬂ)z
(7.6) Bn’m(x) —--'-"( .)m-rl 2t 21 =
1 i+a g

(b) Generating function:

L =]
: o '
7.7 P ) 0= sehd g Xt
ﬁ'zo = wt 155 asly ThE

(¢) Pure recurrence relation:

(n-1)
n P2 ;M

7.8) By a0 - i%"i—)— x B p00 +

(x) =0
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known result for Legendre Polynomials may be ohtained from the above
results by putting m = 0 and replacing x by 2x.

Thanks are due to my teacher Dr. Ram Man Shrestha for his kind help
in the preparation of this paper.
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Horizontal Lift of E)\-— Structure in Cotangent Bundle
| 4% Introduction
Upsdhyaya and Gupta [2]) defined Fy —structure. Awasthi and Gupta
[1] studied certain theorems on complete 1lift of _ﬁfx-qmg‘tu;é_i;:__s ‘the
tangent bundle. In this paper, we have considered horizontal lift of
'L -structure in the cotangent bundle and studied some of its properties.
Let M be an n-dimensional differentiable manifold of class c. . IE

there exists a (1,1) tensor field F on M of class ™ satisfying [,@‘[] such
that

a.n =%
Abeing & non zero complex number,
iet us take
D s= G, e=1- @’
where I is an identity operator. Then we have (2]
(1.3) s+t=7T1,st=ts=0,
s2=gand ti=1¢
Thus we have two distributions 5 and T in M given by (1.3}, corres-
ponding to the projection operaters s and t respectively. When the rank
of ¥ is constant and equal to r eyerywhere, then § ie r—dimensional and
T is (n-r) dimensional,
Such a structure is called an F - structure of rank T AN
We have the relations
(1.4) Fs= sF=F ,Ft = tF =0,
25 = ¥s and Fét = tF2 = 0

where F acts on § as a W- structure opeator and on T as a null operator.
We can prove that ?l - structure of maximal rank is a T— structure.

*at present working on an assignment in Lucknow University under Faculty
Improvement Programme.
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2. Horizontal 1ift of Fy —structure in cotangent bumndle

Let J:_ (M) be the set of tensor fields of class €~ and of the type
(r,s) in M and let T(M) be the cotangent bundle over M. Let F €J} (M)
and F have local components F? in a coordinate neighbourhood U of M. Then
the Horizontal 1ift FH of F will have the components of the form Fg de-
fined in [3] with respect to induced coordinates in T*(pM). Here lﬂji are

the components of & in M and Pji = Ppa r";i

h
¥ 0
¥oe

7
B . a a
Gafn * Thafi g

Theorem (2.1)

Let F GVJi ), then the horizontal lift o of F is an B -structure
in T*(M) iff so is F. Thus F is of the rank r iff FH ig of rank 2r.

Prook
since PHgH + cHpl = (g + eR)E for 7 = 6, (FD? = @HE
(2.2)  Simitarly (7 = B = \H
which shows that FI has a structure in T*#(M) similar to that of F in M.

Let F be an Fn =—structure of rank r in M, then the horizontal lift
st of s and tH of T are complementary projection tensors in T#(M). Thus
two complementary distributions S and TH exist in T*(M) determined by
sB and t" respectively. R

3. Integrability conditions of FA —structure in cotangent bundle

Let F be an Fa -structure of rank r in M, then in viey of (1.2),
the Nijenhuis tensor N of ¥ is given by [3]

(3.1) NQE,Y) = [FX,FY] - F[FX,¥] - F[X,PY] + Ws[X,¥]

For any x,t-qum} and T € J{ (M), we have [37]

(3.2) P = el O, ¥ =[x ] 4 YRG,D)
and (@+7)" = X0 4 ¥
From (1.4) and (3.2), we obtain

(3.3) o S S TS L

(=

|

S
3,

(3.

-
- |



| in M.
Wl 1ift
Thus
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,le

—
1.2),
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Theores (3.1)

The horizontsl léi.l"ﬂ'::"'ﬁﬁ: of a distribution T in M is integrable i
is so in a locally flat manifold M.
Proof

—_—

Distribution T is integrable in M iff [3]
(3.4) s [tx,t¥] =0 for X,Y € Jﬁ o)
Taking horizontal 1lift of both the sides, we get

0.5 (@) s° el B - YR (6X,t1) =0
here s = T - t% is the projection temsor complementary to et
Sisce R(X,Y) = 0 if ¥ is a locally flat manifold, then from
3.5)(a), we get
G5 e o8 el =0,
(3.4) and (3.5)(b) are equivalent equations. Hence, the result follows.
Theorem (3.2)

For any X,¥ € JI;OQ), let the distribution T be integrable in M i.e.,
%(tX,tY) = 0, then for M being locally flat, the distribution TH is inte-
grable in T*(M) if ¥o(cHyH, ciyH) = 0,

Proof

Let Hn-be the Nijenhuis tensor of FB in T*(M) of ¥ in M. THen, we
have

e v = (e iy - P ] - et e o'
or
6.6 ot = e - el - ST 4 @ Txad

+ Yiﬁﬂ'x,u}r-ﬂn"‘r R(FX,Y) = PRyR@,PY)

+ EHS YREY)

On putting tX ana tY for X and ¥ respectively in (3.6) and using the
fact that M is loclly flat, we obtain
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ey meh, Jiyy - Crex, Feel” - pireex, v
_ phpex, penyt ¢ @ (ex, o]
which in view of (1.4) and (3.5) (b) yields
wiet, e =0
This proves the theoremn.

Theoren (3.3)

1

For any X,YEJO(E), let the distribution S be integrable in M f.Buy
EN(X,Y) = 0, then for M being locally flat, the distribution sH js inte-
grable in T*(M) iff t (E2;1) = 0.

Proof
In consequence of (3.2), (3.3) and (3.6, we obtain
T Fiyh
- ciex vyt + £ YR (FX,FY)
- §errx,FY1p o+ CHYREXFD

Using the fact that M is lotally flat and the distribution S is integrable
in M, we obtain

Mt et = 0
This proves the theorem.

When the distribution § is integrable, then ¥ operates on each inte-
gral manifold of g as a T -structure operator ¥ such as FuXy = FX1, where
Xy is an arbitrary vector field tangent to the integral man 'old of S.

When both the distribution S and the T-structure Fy induced from ¥
on each integral manifold of § are integrable, the T -structure is said
to be partially integrable.

Theorem (3.4)
For any X,Y¥ EJE;(N), let the Fy -—structure be partially integrable

in M i.e. N_(sX,sY) =0, then the Fy —structure ig partially integrable
in Te(M) iff NE(sHXH, fly = 0, M being locally flat.

Proof

From (3.6), we have

1

|5

th
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integrable

ich inte-~
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I o s .y e L o
+ [FE2[sx, sY]? + YR@PSK,F6Y) - B YR(FSK,sY)
- PR(sX,FeT) + (FHPYR(sX,sY)

Due to H being locally flat, the above equation reduces to
wi(gByH ghiyH) = Fsx FsY - F FaX,¥ — F X,FsY + F2 eX,s¥

Since the F, —structure is partially integrable, we obrain
Wi Syl - fueex,en} T =0

which proves the theorem.

Theores (3.5)

For any x,te.!i{'m, let the ¥y —structure be p_ax't'.iailjr-ihce_grable
.e. §(sX,sY) = 0, then the Fy —structure is integrable in T* (M)
# yH#) = 0, M being locally flat.

¥

i %

From (3.1), we have
sfoct vl - e iy - P, 1R P, wi
+ (3%f v

This reduces to
W, v8) = ENeL DR + YROK,FY) - FYROX,Y) - FYRE,FD)
+ HE YR,
In 2 locally flat M, we get
siod v = (roguyt -0
since the F, - structure is partially integrable in M.
Theorem (3.6)

Let F be an Fy -structure in M, N the Nijenhuis tensor of F and T
the torsion of F and F2, then

r"vy”“‘n

. . ok
is an F, —structure in T (M)

Xor1 "
FX = 2T

where 1‘--—-2——
rx+1
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Proof
Since FHHH = pigh
H_
AND YP X Y By

on adding, we get

@ s ye) = @t 4 Y By)
On multiplication with (F% +YP), we get
@ eyp)? xh = f e ey syee'” +vey)
Using (YS)EM = Y(sF) = (y8)F®
and (YS) (YI) ='0, we obtain
@yt = M4 Yo + ey
Similarly

.(FH. +YP)3X!:I = (FH)J Xh- +Yc1,xFZ ™ Y]:‘FXE + PF,ZX)

@.8) @ aved - 2Pt eyt
provided
(3.9)  Y(E? +YRyF + B 2) = N (YR

(3.8) shows that CEH + YP) admits ?L-struc_ture.

For any X GJ},(M), (3.9) is equivalent to
20L,EDY) ¢ BEA, D) ¢ PEX,FY) = MRy = NPE, V)

‘ ' 2
or  B(K,¥) + R(X,EYY) + BEEK,Y) + BELEY) = (%+ 1) P(L,Y)

In view of egquation (8.10) of Chapter VIIL of [3] s We get

@N - 20 (K1) = (X + 1) BGK,Y)

. ; e e EN-ZT
which gives that P is eguivalent to .

< ¥ 1

hence, the theorem follows:

- pet
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Corocllary 1
1 %,Y,2€M and X, ¥, ZheT o0

we have

5.10) {IyRe,DZH [YR(LD) O YRE,0, R

Frooi
Since

we have

- - RO, YD) ¢ VRO, ZEK) +YR(EXT. Y

0,1 = [, Y]+ YREGD)

e o o U 13 [YRGD, 20T+ YR, Y,2)

Taking the

ir cyclic sum on X,Y,Z and using the fact that

[[‘x.x],z] + [['f.z] .x] + [[_z,x],t] =0

we get

oan Totd.2" [[Y“.zuj.x'“] + [[zﬁ.xﬁj,r“j

[YR&,0,2"] +[YR(EZ),K] R0, 1]

YRR YO YRAGAD + YRUZALYD

1f the horizontal lift to X,%,Z in contangent bundle follows Jacobi
{dentity, we obtain, (3.10). hence, the result follows.

The suthors are grateful to Sri M.K. Jain, Principal for his en~
couragesent.
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Certain Binomial Identities and A Differential Operator
D.P. Shukla
1. Introduction

Making use of the operator Ty = x (ktxD) where k is a constant
ssrlier mitral (4] obtained the generating relations

Lpd
-]

(1.1) Z =3 Igﬂ -{"‘bf-@)}: = xP(1-xt) 401 [I:x;i:'

=9
(.2 :_L: = Taop {XE@E = x0T Qat)®f [x(lexe)]
where £(x) admits a formal power series in x.
witzsl [5,67 also proved that

= S A I R
B9 S 51 Tatjwen $210F - A £ [xae ]

where = xr(1+2)", n being constant and

e n 4 \ .a b
e 3 Sl fawudol - G20 o)

where B¢ at(1+ #)™ 1 2 and m Being constant and f(x) admits a formal
power series in x.

Sesides these results Mittal ['77] proved that
S aepyk/a atdifa
t n : B et 1+
@.s) ; 5T sl £} ug £ [xarey 2]

wta
where ¥ = ax“t(1+8) ® | & and m being constant.

Putting a=U in (1.5) we immediately get

@ Z Ll $200% = e ™ £ [xa-atn 2]

where Ty, = x°(k+xd), O = :-;, a and k are constants and
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- b n_n
T DO =abEnat B,

Putting a=1 above we get corresponding results for T; operator and

wn S ot g $t3 = jareH P e [—X 7
g ()1 b ' 1+ Gte) L/

—x4eyiy~d R S0 o (1
¥ =Gy s fl-(x"t 1[4]

Sould [ 1,2,3 Tin a series of papers considered convolution identities
dand Mittal ta] recently generalized the Jensen's formula and kngelberpg
identities. We [10]also generalized Gould [ 1 Jconvolution identities.

In this paper we propose to derive some new identities by direct
applications of the operator Formula €1.1) to (1.7). Our identity (2.8)
is a genmeralization of kngelberg identity and Mittal 8,5,3 identity.

2. Certain Identities

We now proceed to derive following identities
n_ [ blatk-1\ [e/atn-k-1 ( (b"-c).l'ad-n-l)

k=0 \ le n—k n

n e-1\ [ib/a ~b/a*e )
€2.2) Z _:,,k( )( - ) ( )
=0 ° n—k ; k n
(2.3) i (b{a-}n—k—l c‘+2k—1\ =) Zn ( —c) (--h/a+n—-].i-j¢—'!.)
&=5 n—k - k=0 & n-k/ <
Zn .:+k—1) (b)am-kﬂ—-l )
+ 4 ;
=0 k A=k/2 ',

==
_"-\._' bed-1 ) ( (c+b){a-1+(mla+l)k) K ook
n,k=o. N\ O Lo k

(2.1)

2.4)

B L R 4 . A
-2

where 5= at(l+ iﬂ)waﬂ'

o~
¥
-
uh
"

-

(¥

Egsating ¢

1
bE-1).

how coosid

il.12)



i :r.ti.ea-
zelberg
x.ﬁiea /i

direct..

ity (2. 8)
ﬂlatry".

z—i)

. Shukla: Certain Binomial...

D.P
e (cﬂr-l} (aw@:—m” eeybe
Z ; etk o (17 -
=, n k LA
shere ¥ = t(1+ 59‘)-'“1
aebek-1 (b—cmvkﬂ)l (a*zb*cm—t)
g k ek J N o /
. bic-l a+b '\ a =a=2b-c+n
é = iy
- (a-—u (b+1)k ) (ﬁid-l* w)ak )
e 13 ; nek
T ated=14 (b+1) (n*1) \
TS n o+l '

a—mzk-x) (an u.n—-zk) ben+ Zk=k (ﬁ*ﬂ{-&'zn—?._k
kel ’f{. S

(a#bt‘i.fa‘ﬁn).
ys
= éﬁ k o = tt n
€2.10) g o ot @] g £ 1 $soi
Putting £(x) = g(x) = 1 in (£.10) and using (1.6) we have
= ok B y-tbred/a
(2.11) E £ {1} ; 5 b 413 = e A

Bquating the coefficients of a"t™®" on both sides of (2.11) we get
{i.l).

Proof. We consider

Mow consider

k
512 2 5ot JTp fEeo}x
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== n -1
o X o /
K== o—————————— T c .(x)+x_g (x)
& B! (fegy @+l)n cvmnel T8 f

=0

Putting £(x) = g(x) = 1, m=-1 in (2.

.13) g&‘ (_l)kx,.. -—ak

12) and using (1.6) and (1.4), we get

oo
-n .n-1
i > Bk 13 |

= (1+t)-(b}a—c)

Equating the coefficients of t™ on both sides of (2.13) after little

simplification we get (2.2).

Next consider

2n t® -an -n _m
(2.14) x Ex a aTb

k=o

ke 2k

0! . g(x)

f(x)

n=o

Putting £(x) = g(x) = 1 in (2.14) and using (1.6) and (1.7), we get

Zn t" -an -n .n _5]_“-_ 2k
(2.15) - X o a aTb 1 o G T 1
2 2. 4= 2 .ye
= fi-=x¢ [(l+(x t) + (1-(x"t) ]
o=
(b/a)
“la Tt ek Gt

(b/a) (el e (-1)k

RS

n, k=0

Equating the coefficients of xM:™
we get (2.3),

Consider the repeated operation
—ak k

— :
%

k=zo

(2.16)

using (1,5) and in (2.16) we get

b 15 St 1
amehe L ™t d—n §x j?

s k!

in (2,15) after little sinplification

n

.1

a3

2.:)

waizng |
= (2.3

.1)

tgeatin
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==
xoeet E £ o H xh}
T e 22 wr £ Ten i

= ek k b
IR e i - '
= (1+t) g T almkec L% H

1-(m/a)

where H= at (1+ Z’-)mfaﬂ

12.17) reduces to (2.4) after a little simplification. Again consider
the repeated operation

o= k ( n o e
{2.18) g E"E x-b-k Ti—mk*-]; % . -E? Tl T:_n ;:xb}}_
Using (1.2) and (1.4) in (2.18), we get
[— -1
k P n_-n
r b
> etk ILZ R ;}
{2.19) : b g DAY
Jbte-1 {1+ EH)
(1+r) —-—-—-—-—u—-——IW. T3
where 17 = :{um"’*l,
which after simplification reduces to (2.5).

Consider the repeated operation
-

k: <] n 1
2.20) g ‘r;_' z-b-g. 'l.': {Z - ﬁT = ‘.I!_!:"-: {XBE}
* =0 N

using (1.1) and the property 'Ig s_xb} g -&b 'fc*b fl} of the operator
in (2.20), we get

= k bk (& aen ...
2.21) Ex gk g S TR ixb-}? PR
;‘, .

T
l‘.l.i'a n.

Equating the coefficients of t* in (2.21) we easily get (2.6),
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Now consider the repeated operation

o=
. e
(2,22) k§=o_ D fr xS a_kﬂgz (D" =3 ¢_n ‘{xbf}

using (1.2) and the property of the operator used in (2.21), we get
k

— L bk k 35 b
(2.23) ; G0 a_m{z_ D G T, {x 3}

= (1_t)a+2b+c—1
Equating the coefficients of t™ in (2.23) we easily get (2.7).

Considering

= n — fe=1
(2.26) ; 55 Thebn 1£00F k.Z BT % Tarlvmk iag(x)ﬂg‘(x)}
(2]

Putting gx) = 1, £(x) = xd in (2.24) and using (1.3), (1.4) and after
little adjustment, we get

(2.25) ; Tb+l:|n gxat} Z e T:.1-!-1+|:|1: ﬂ' * "‘?‘}

| armyt %
1-b g

Equating the coefficients of t 0" in (2.25) we easily get (2.8) which is
a generalization of Mittal 8,5

Following the method of Mitral 7 we get the operator formula

- -]
B — et
(2.26) g LAk, g; £ 2 Thane ff(’xﬁ%

o ¥
“e 2. FX Tk EZ & K Topnnl {f(")}}

n=o
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Putting fix) = ¥* in (2.26) and equating the coefficients of t® on
Soth sides of (2.26), we get after little simplification (2.9), which

_ b? far = O peduces to Mittal 8,5,3 .
B2 ¢
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Comparison of Some Sampling Schemes Under Superpopulation structure
A.V. Kharshikar

i. Introduction

In the theory of sampling from finite populations there has always
Seen search for an appropriate sampling design and an appropriate esti-
sater of the population total, which takes into account prior knowledge
if there is any. The elegant unified approach introduced by Godambe [2]
sut the use of sufficiency and likelihood principles put forth by Basu[l]
Seve helped in developing a logical and compact treatment, The two esti-
sates which are most often distussed in the literature are the Horvitz-
Thempson estimator [3] and estimator based on sample mean.

Here in this note we make comparison of some sampling schemes, using
the above mentioned estimators and some other estimators, under a super=
pegulation structure,

We have a population U = §1,2,.,..N}of distinct and distinguish-
ahle elements and with i®P element there is associated value of y-charac-
teristic (the characteristic under study) to be denoted by yj, i = 1,2...,
8. We regard yj, ¥2s..-s ¥y 2§ observations on ¥, Y¥j,..., Yy whic T
#re independent random variables with E( Y;) = e¢; H and var (T3) =eqio,
i€ i€ K, where (i) Y¥;, Y5,..., | are almost surely non-negative ran-
éom variables (ii) ¢y, €y,..s, Cy are known positive constants with

¢; = o and each ¢j <1l. (iii) A and 0~2 are unknown parameters. We
1 denote the parameter space {(&1 rz-)}l!(}t {ga, 0c o cecby .
®e wish to make a guess about nj , Which is Y; on the basis of a
pample, which is obtained through a sampling design. A sample s is a
pen-empty subset of U and a sampling design p is a function from §, the
class of all non-empty subsets of U to [:o,l] with Zs p(s) = 1. The

single and double inclusion probabilities corresponding to p are defined

&3
me) =S ple), rei<n
R
;=2 p), 1£i,j<N
5€i, sS€]j

in this note we shall consider only those sampling designs p for
which each T; is positive and ﬁl,ﬂi'_(p) = n, The number of elements
i= » is called size of s and is denoted by n(s). Average sample size
for = sampling design p is = n(s)p(s), which is also equal to Si;ﬂch).

4 se=pling design p is called a fixed size sampling design with size n
if als) # n ==>p(s) = 0. An estimator based on sample § is a function
of 5 and only those Yi"s with i in S. A sampling scheme is a pair of

» sampling design and an estimator. Now we define four estimators which
are considered in Section 2:
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-2 ;1
(s Y- 2
where TT'-"s are the single inclusion probabilities of the sampling design
of the scheme. This is the welknown Horvitz—Thompson estimator.,
X.
Pty (B D= > ——
2 2 - = Cq
L &s 1

X,

= s N e

e A i%—s bt

s .

: igs ©

and '24 £, (5, ¥) =n —ﬁ;
P& s

T-& ig'a rativ estimator.

Z. Comparison of some sampling schemes

Let us consider the sampling schemes tpy> T1)s (9_,2_, T3), (py, T3)
nd (py, T;) where py, pp, py and P, are saupling designs with W,-_(p“_))-o,
€ic N, 1 € o< €4 and average size n. We may note here that

B(Ty) = B (Tp) = B (T3) =& (T,) = np

. L L G s
2 ey 2 i : D= :
var (Iy) -o- 2 7 + E %\‘..(p ) =Witpr) Wip; ) S SR
T Niley) 'H i, ] =t PR % ilpq) ”j(pl)

2 2
var (‘132) = no— + )4 "I’(P-'z)

where YAp,) = 1,23' § M@0 - W6y Ty}
*

var (T,) = nu?"*' o é(p3)

_ - 7 '. L

2
var (T;) = ne- ic( Py )
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G v e

where cp)-a{ — n}

g CE =
i&s 4

\e 11 the sampling schemes are unbiased, we shall compare chese
sehemes by comparing the variances. Writing '\3‘( P\,E_ 2y for var (Te)
we shall use the following terms: -

3% b‘.‘.'.‘!‘) is said to be at least as good as ,‘(p_!, TF)
R S v, ) , a2y for all (f, et e a-.
i) (g, T end % Tp) are said to be equally good
,i e %) Vel o o) for all (},0)€ &
GO g, 7Y is said to be preferable to (p, T\‘) if for all
ps e Q. S .g-z.) < p-@g ,J) and there exists

at lesst ome point in Q. at which strict inegquality holds.

The following lemma is useful -wﬁilg comparing the above -scﬁwas.

Semma

For sny sempling design p with average size o
G ) o with equality iff p is a fixed size design;
(£5) @ ) 3o with equality iEE P i3 Fixed size design;

(585) the R x N mavrix (ﬂ'ﬁ (¥ - My lT; (p)') is positive semidefinite;

c%
Liv) Z —ﬁ.—(;? 2 n, equality holding iff ¢y = "i(p)' for all i;
1 -

@ @ > 1
) = var ['n. (S}] and hence we have i) tu_r—

Peosf. We note that Y(p

ther since n(S) is an almost surely positive random wariable, E;'lz-s'j‘ 2

——  with equality iff n(S) has one point distribution. Thie gives

1
£ a(s)
- {ii) Next define :’.i(S) = if i€ S and 0 pthetﬁisg 1l eish Then
‘#he wariance-covariance matrix of the random vector G_xl(fﬂ) , X9(8), vves
i) i (M@ - e T (p)) and hence (;.ii)- vritiog i = Wited+ 45 -

SN _ 4
ha y = i-—-l'-- =S5 ‘p) #2 === > n
and poting that '5: d; = o we get = ':i ») *Z:._“:ﬁ;) Son

which gives us (iv) Lastly we note that




,—:i—
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2 2
i%‘s ‘i ’ _‘;: ©i n
?(p}-E ——-————-—n?-E s =
i GF, o) n(s) T (5)* (s

SE {n-“&;} > 1, and hence (v).
Result 1

If pp, Pys p3 and p; are all fixed size designs then

@) (y, T;) is at least as good as (g, Ty), Gy, Ty) and (p,, T,)
are equally good iff &= 4 (p.l) for all i,

(ii) (py, ’1'2) and (pg, I3) are equally good.

(iii) (pyy Tz) is at least as good as (04, T4).

Resulg 2
Suppose p), p, and P3 are not fixed size designs. Then
(i) given that ci = Mipy) for all i, (b1, T1) is preferahle te (pys T3)

whenever L]f{'p.l_) < U(p,); (P2, Tp) is preferable to (py, T,) when-
ever Yp1) S 4p ;f aéd.they s equally good whanevz%.l{lk

Yipy) 2
TG w2

GV, (p,ef) < vy ¢ f . 0%)-vhenever

A
Piy)
VZ{,AI, _0-2) > \?3 (r.. c"z) whenever __"t‘_g_ —Ef and

9 (p3) ,42

Yy 2
V¢ ﬂ-z -~ rz ey : ,,
2(’-\. 1=V, (}-\. ) wheneverﬁ.'pﬂ) =

Proofs of results 1 and 2 follow immediately with the use of the
lemma,

P1)=Y(p,).

1] a
{17 -
1] =~
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On Compatibility of Order with Some Algebras

Dr. Yuri A. Selivanov

f. A partially ordered algebra is an algebraic system where composition
Laws and relation of order are defined on the same set, say A, and the
weder is compatible [ 7] with all the composition laws. Starting with a
§iven algebra and applying well-known methods we can find necessary and
wefficient conditions to make this algebra partially ordered, see [61-(8].

In the problem section of [6] there is the following problem: to find
wecessary and sufficient conditions for a given partially ordered set A
5% make it s partially ordered algebra with the given order. In other
wesda: bow to define a composition law starting with a given partially
wedered set A so as to make this set a partially ordered algebra. In the
gewasst article this problem is solved in terms of properties of the group
wf seder morphisms of a given partially ordered set A.

4. lLet us recall some definitions.

Let &4 & A" be two given non-empty partially ordered (p.o.) sets with
ihe srders € & <, correspondingly. The mapping o<: A —= A* is called
= isctonic mapping if a —>al & b —»bl (a, b€ a; al, ble Al) and
a%, b=l <, b,

We shall say that the isotomic mapping

1) ¢~ is an o-morphism, if Imod < al;

2) & - is an o-endomorphism if o<: A —> A & Imod < A3

3) & - is an o-epimorphism if Im of= A :

&) o~ is an o-isomorphism if o¢& J o "L - are o-epimorphisms.

5) = is an o-automorphism if «: A —> A &< is o-isomorphism.

s cases [1] - 3] we can say about injective and bijective o-morphi-
Wms that mesns injective and bijective mappings but one-sided isotomic. If
Wi ae>als s € b€=dal 2 b, theno( is called a dual isomorphism.

I this article we shall comsider partially ordered sets with arbi-

ty elements and shall study only the properties of the order, therefore
‘wn shall consider p.o. set, say M, as a model 2= <M, <) .

We shall say that the algebra (f = <M, 2% ) , where M is the main

¢ A F is the set of all composition laws on M, is compatible (one-sided

le) with the model jy= <M,&) if the algebraic system(z =<M,= <>
& partially ordered algebra (one-sided ordered algebra). When we say,
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that the model 7% = < M, £> is compatible with the algebra ff=<M ,2>
it means that they have the common main set M and that the model can be
transformed into p.o. algebra & =< ¥ ,3 ‘5>. Let
' _ by the e
By an o-morphism of a p.o. algebra & = & ,%,%) vill mean the o-
morphism of the model =< M ,-$>, which i§ not, in general, a mor- (1) a.b
phisms of the algebra & M ’2 %

Thi
A group G(M) of one-to-one mappings of the set M into itself if called ordered
transitive group if each element of the set M can be transformed into any
other element of M using an element of G(M). If Yx, yvexd fecm The
such that fx=y, the group G(M) is called a simply transitive group. of the p
ax <a-y
3. Let M, & be a model in which the group G, (M) of all o—automor- group in
phisms is tramsitive. It is easy to prove the following properties of this T Ty
model: 1.e5 a
1. Each element of M belongs to some infinite chain of M. i? ?_:’:d
2. There are no maximal and minimal elements in M,
The
3. An element x € M is called g point of bifurcation inM if m*‘“:E
4 a,b€Msuch that xca&x<b (x3a&x>b)butalld
(a & b are non—comparable). Cor. If
Either there are no points of bifurcation in M or each element L
of M is a point of bifurcation. i,
4, It m has no points of bifurcation, then-M is a union of all its Proof:
maximal chains. and e is
5. It M has no points of bifurcation then all the maximal chains of ° 11': ’”dh;
M are o—isomorphic, in other words G,(M) is imprimitive group S E =
and all the maximal chains of M are the systems of imprimitivity =2
| of*Go M), | Lt
4, Let M= M,", <> be any p.o. groupoid. It is clear that the T R.}
families of translations §Ry} = §Re: M —>M: x —>xa} & {La} tioned o
= il.a: M —» M: x ——> ax § are the Families of o-endomorphisms of the also is
model M= <M, i) . ese families generate subsemigroups BOR(H) Really,
& B.L(M) of the semigroup B,(M) of all o—endomorphisms of the model = L
<-‘M, < . It is evident that So(}!) is a semigroup with identity so f (ab)
E, becaufe the identity mapping E of the set M is o—automorphism of is a hom
{u-, _‘i> . £: pet =
Let us correspond to any element a & M to the o-endomorphism
Ly € #,(). This correspondence is a single valued and therefore we (2)
have made mapping, say f; Nt —> B,(M). The mapping £ is an ormorphism;
in fact the partial order in M naturally induces a partial order in So,
BoM): Ty =Ty (T, T, € B,M) ifr T) x €Ty xV x €M. So, we have satisfie
aSh==>La=XLp i.e.FxEMY; Ly x=ax <bx = Ly x and therefore
ash fa=<fb, i.e. f is an o-morphism {H,&) —= B,01). On
such tha
On the other hand, let there exist a mapping £: ¥-=> #,(M) so that Using th
to each element a €M corresponds a unique element (o-endomorphism) is compa

Ta € B,M). a p.o. s
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Let us define on M a binary composition law (), say multiplication,

by the equality:

(1) a.b= Ta'b'fh.'ﬂcb i€ M.

his definition trassforms the model M= <M, & into left-
ordered groupoid by = a

The fact that T, is an o—endomorphism of My implies the uniqueness
of the product and left monotonic law; so we get x Sy =BT x < T,y ive.
ax <a+y ¥a M. But as it was shown earlier go() is a p.o. semi-
group in which the order is induced by the order on M; therefore

Ty X Tp == Tyx < Tpx ¥—x ¢ M and so £ is an o-morphism M—> ()
i.e.t asSb -? fa = 1‘6"-5 Ty = £b, Tax < Ty 4- X EM =5 ax < bxix
€M and so <u, -, <> is also a right ordered groupoid and therefore

it is a p.o. groupoid. All the above discussion implies the following:

Theorem 1. The model We= M, < is compatible with the groupoid
ek = Z*ll', +> iff there exists o-morphism f£: Mt —> Bo(M).

Cor. If a-morphlm f: ht—> (M) is such that Imf contains the identity
mapping E then p.o. groupoid <M, ¢, &> has a left identity e.
1f, moreover, Ty € Imf ==p Tze = a, then e is jdentity.

Proof: E & Imf —)39 € M such that fe = E == ‘f_x CMex =Ex=x
and e is a left identity. If N T, CInf: Tge= a =pa-e=a ¥a &M and
e is identity. Let us show the uniqueness of e, In fact, 1t Ae'é& M
such that fe' = E & Tge' = a ¥ T, € Inf, then Te =e'& Tee' = e

=3 e'=e,

. Let now byt = <M, -, 2> bea p.o. semigroup, then the families
i' Ra_} & {Lﬁ form subsemigroups of -q(‘l_al). In this case the men—
tioned o-morphism £ is not only the morphism of the model '<,'M, 3) but

also is a homomorphism of the semigroup <M, -> into semigroup = 5(M).

Really, let fa = Ly as before, then f(ab) = Lap, but Lgp x = (ab) x = a(bx)

o L. @px) = (Lgo Lp) X, i.e: Lab = Lgo Lp, bt Ly = fa & Ly = £b,

so £(ab) = fa o £b, it shows that §La} is a semigroup and moreover it

is a homomorphic image of the semigroup p¥ = &, punder the o-morphism

£1y¢* —> $o(M). The equality Lgo Lp = La.p can be written in another
form '

(2 Ly o Ly = Ligp
So, Imf = $§L,%{ is a subsemigroup of the semigroup $o(4) which
satisfies the condifion {2).

On the other hand, let £ be o-morphism b= <M, €D —> o)
such that Imf = §T,3 is a semigroup satisfying the condition (2).
Using the definition (1) we shall get a semigroup nex = <M, >, which
is compatible with the model Wt=<M, &> , so NMx =M, &> s
a p.o, semigroup. To prove it we.need to check only the associativity
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of multiplication (). In fact, 'f-‘.a,b.c & M we have as(b-c) = To(@Tpe)
= (I3 0 Ty)e= 'IT-ah ¢ = (@p)s C= (asb)ec. This implies

Theorem 2, Model We=< M, 2> is compatible with a semigroup
Wk = Z M, - S:i.ff- there exists’ o-morphism £: m—> EQ(M) such that
Imf is a subsemigroup of 390&) satisfying the condition (2)=

Note: The semigroup $,(M) of any model <M,£7 contains the identi~
cal mapping E. it medns that there always exists a-morphism
iz (:!!, £S5 =3 E which satisfies the condition (z). Asilﬂ
js a subgroup of go(M) we can say ‘that using the definition
(1) any model < M, < can be transformed into {dempotent P.0.
semigroup. But im general case (if £ # i) this method gives

general result,

5, Let now mE = <M, -_,\ s < > be primitive p.o. quasigroup.

The family of translations i-l.a} of p.o. quasigroup ek is a family

of o-automorphisms of the model M, =D . 1t should be mentioned

that the given family is simply transitive om M, and therefore the
mapping £: a -5 T, of m* —_— { Lyt is a one-to-one mMapping. As be=
fore GQ(M) is a group of all o-automorphisms of the model ¥e. This
group 1s srdered by the induced order i.e. 81 = 82 (31, g2 € G, (M)

iff g-l(x)'.é_- gz(x) ¥-x ¢ M. Under ‘these conditions we have: a b ==L,
ALy i.e. a £b = ax &bx¥yxEM Let mow Lgx & Lk for some element
x of M, then ax & Dbx =>a<b=PLy=1Lp The mapping £ which is deg
fined above (f: a —=>1L,) is an o—isomorphism and o-automorphisms Ly €& glg '5
satisfy the condition:

(*) Tt Lgx &1lyx for some element x &M, then Lg 2 Lp.

On the other hand, let there exist o-injection £: g —» G4(M) such
that Imf is simply transitive om M, and satisfies the condition (*). So,
we have: YoaeMF! fas 1,6 Inf i.e. the mapping £: M &> Inf is an
o~isomorphism. '

Let ug define the multiplication (o) on M using (1) i.e.
aob = Iab\t-a,b-.-'é- M, where T, = fa € Imf.
Consider the equations

3) _aox = b

(4) yoa = bu

: The equation (3) ao¥ = Tax = % has a unpique solution in M because
Ty is:a substitution of M.

The equation (4) yoa = Tya = b has also unique solution in'M, because
Imf is simply transitive om M, i.e. ¥ &b ex J! Ty € mf: Tya = b.

quasi
trans

loop
grou

reas
More
grov

ord
this

is
be

6.
to
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and cameﬂﬁ@i',nn'

laws for inequalities:
e. Ty is g—automo t‘p\ﬂm-

o 8 b= TLes Tbzxns xob, i. .
Then a< b =¥ T3 Th» i.e, Ix& Tpx 2 aox £ box pecause £
.-,;.f-n_:.-. . T

© is an isouworp

b) sox § box = Tax SIpx = 1, Ty (condition
fore £ 1(Ta) S f-l(Ty) s asb as £ is an o-isgmorphism _
M<4-> Imf, Then xoa £ %0b = Tea & Tyb = Ty L (0x) & 1,k (Tyb)

=aghbasTx omorphisn of the model = LM, &>

Applying propoes

(%)) and there=

ftion 1 from L7] ve have proved
Theoren 3. Model we= L, £ is compatible with a primitive
quasigroup wer = <My s\ | > iff the group Go(M) contains & simply
of o—automorphisms which is o-isonorphic to V(.
out the L — B isotop¥ grom [1]

Theoren 4. Model ML= £ M, & is compatible with a primitive
‘loop m‘_l*'!. 7 M, SN )';iff it is compatible with & primitive quasi=
group we* = My SNl
Taking into consideration some geometrical applications there is @
reason to stndy one-sided quasigroups ‘and loops with one-sided jorders
Moreover, if quasigroup js laft, them it should be ri.gh;-—or;&ared and
if quasigroup is right,tnen it i For such kind of quasi=
groups Theoren 3 implies.
 Theorem 3. wodel M= <M, <> is compatible with a right left—
ordered '_qﬁss-:s"- roup > = {_M,_-.;, .’} iff there exist the mapping £ of
this model into the group Gg (M) -
1t should be .mem:'i.one"d, that the q‘ua.sis—raup )7’('
pext theorem doesn't suppose tO be primitive.

Ih Model W= u, & is compatible with a quasigroup
et = S Mas iff there exist o-morphism £ W —2 Go 3} such that JImf
is a simply transitive on M and moreover the narrowing of £ on Imf ghould
be bijective o-morphism,

<'N, o+ Sfrom the

sgrem 6.

6.9 1In this gection we shall find necessary and sufficient conditions

to make the model =M, & partially ordered group.

Congidering the p.0. ErOUP m* = <M -, &> we can say that

family of g‘u:‘anékétii;onn -iI;a} of a group pp* forms 2 subgroup of

G 01D where Go M) is 2 & oup of all 'erhiﬂms of the model N, &}.
isfy the conditions (2) and '

Moreover these. translations sat

the

() gl = Ll
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Condition (2) is a corollary of the associativity and condition

(5) means that the inverse mapping of the translation in the group is c53

also a translation, Corresponding to any element a & M the translation

Ly from Go(M) we get o-injection f: Jy* —» G,(M) such that the narrow-

ing of £ on Imf is an o-isomorphism p* £ Imf = §L-a'} . Let us G‘l]

mention that the group {Lg} is a simply transitive group on M,

On the other hand, let the group G,(M) of the model <M,%< > bhe [7] Y.
transitive, and let £: WL —>6,(M) be o-injection such that Imf is a
simply transitive subgroup of Go(M) which is o-isomorphic to W= M, ey
and satisfies the condition (2). Using definition (1) as before, we shall E3J

transform the model <M, £ into p.o. group. So the following theorem
is period. (

Theorem 7. Model W= <-M,..‘_-> is compatible with a group pg#* =
<M,.> if the group G, (M) of o-automorphisms of the model M contains
simply transitive subgroup o—isomorphic to Wy, which satisfies the con-
dition (2).

From the above consideration it follows that the transitivity of
the group Gy(M) is very important for the definition of group and quasi-
group composition laws which are compatible with a given order on M.

So if the group of o-automorphisms of the model <M, <> is intran-
sitive, then this model can't be transformed into p.o. group or p.o. qua-
sigroup with the given order on M, The totally ordered sets and the sets
with a minimum condition are the examples of such kind of the models,

Let V = i(-n,o); (0,0); (n,0); (o,n) } , where n is a natural num-
ber, Let us define the order on V by the following way: (a,b) £ (c,d)
iff agc & b<1, Then the model <V,<> has intransitive group
Go(V) as a pair (o0,0) is a point of bifuraction of V.

It is knowyn that there exist such models <M, <> which induce
only trivial order on G,(M). These models can't also be transformed
into p.o. quasigroup or p.o. group in the mentioned sense. The examples
of such models can be found.[2]- [57 .
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A Theorem on a Generalised Laplace Tranafsgrm*

G.B. Thapa

Tis Introduction

The Laplace transform is defined by the relation[5].

oo

€LY f(s) = J e %F g4 de, (Re (s) >0).

Various generalisations of the Laplace transform.are known. The
generalisation which is comsidered here is [37] .

[==1

(1.2)  £(s) = f ei8t (gp) i My o (st) B(¢) dt,
4]
where (%) is one of Whittaker's confluent hypergeometric functions.

The par‘m!l'gtéts k,m may be real or complex with (Zm # - 1, - 2, ...). The
transform (1.2) reduces to (1.1) when k = m + } by virtue of the rela-
tion 4 .

Mt i ,m (x) = eThx

For brevity, (1.2) will be written in the form

(1.3) frm (8) =M (B(D)).

2. Theorem
Suppose
(i:f G(t) = o(e?) (t—>0), (g > -1);
(ii) 6(t) = o(cP) (t—>co);

then the integrals
(2.1) g(s) = re“* (sty™74 W p(st) e7%® =3/2 g(1/e) ar,
o ]

and

(2.2) £ (s) = M (G(r))

=4 (k+3m), § Guk)
' *An extract from Degree Thesis, 1978.
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exist for all s, Re(s) > 0, provided that k + m + } + p £ 0; moreover
for Re(s) > 0, and k —m < §.

(2.3) g(s) = i (v3),

[(1-2k+2m)

where H(s) is the Laplace transform of

»

2m—2k 2
YU ey, k) G774

Procf. In order to establish the convergence of (2.1), it suffices to
show that for some R > d » 0 the two integralys,

d
I = g Ieht )™} ¥ (0 £ % m3/2 g1/0) I dt,

I, anl et2€ sty We (st 2607 | ae

are finite.
The asymptotic behaviour at the wk,m_ funetion ‘is given by [4, p 61].

2.4 W =0 «™h @0,
(2.5) W o) =0 @GR (x e,

The hypothesis (ii) and (2.4) imply the existence of a d >0, and
4 congtant K; such that for Re(s) > 0.

d :
f |48 )" w sty TR/ 600 ) | at
e .
d
& x et B@ (T kw3 g
é
This shows that I} is finite if ktm+i+p < 0.

The hypbthesis (i) and (2.5) imply the existence of a R >d> 0,
and a constant K, such that for Re(s) > 0.

since q >

The
a simila
that will

(2.6)

(2.7)

To i
obtain

for t > |
gives fo
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¥
| f C ™ W (8 € k3L gar) | de

< %, sl o f: o

of the inte.gral (2.2‘} can be shown BY following
haviour of the Mi.m = function

the asymptutm beha
taken into account is given by [._4‘] .

3 The convergence
¢ g simil prncednte.
that will have to be
(2.6) My m @)= D(x
@7 Vet = 06D x —>0)-

jation [ 2¢D), 5. 20(11)] is used to

elx) (x —><=),

To proceed further, the re

obtain
W m(st) = | et Joim @D (@+k+l) f -
(L=t 2m)
617,
B @
% Yu—k Loy 2/(8t) My (o), “m‘k) @ oy

substitution of this value of uﬁ,"ﬁlﬁgt_) in (2.1)

0, anﬂk-mc'.l

) = ¢ o [ -bk-3/2 [( ay gkl
'f’_fl—ﬁv’h} J e

for t » 0, km < &
gives for ‘Rel(s) >

2 2 : .
(8 =) dy] et dt
x e J(8t) M| (kedm) § @K bt 3‘-] G(1/t) dt

s o
r(l-ékﬂn) r VE oy ay ) e i(f.ér.) %

» &2 -nﬂi D,y 5 c@/e) & A/e)
gm /5y 2m -2k
(“ £_| (e+3m) 4 (K & o

\ = Fa-zem)




o ——————————eee

48 Nep. Math, S, Rep., Vol, 5, No..1, 1980

This implies the result. The change in the order of integration is
obviously possible by virtue of the preceding arguments,
Comparison wit

- -
-

Example 1, Suppose

“ipe g(s)
(2.8) G(t) = e HA:}' ((gl:) (Re(@); 0).

It is clear that this function satisfies hypotheses (i), (Ei) 8F the for Re(s) >0,
theorem. Now, the use of the relation [2 (I1), 20.3 (55)7 gives
Example 7. Sup

' me} k=1
2.9 N BT
( : ) 8(s) \-(i‘k"m)rﬂ—k-m) x e
41 Lk, 2:m X3k Clearly, hypothe
X Gl‘2 (ga function, The q
Lm,g—m,3/2+r+k, 3/2- Vi
for Ia-rg(l/s)l < 3V, \p» <i. The use of the relation [ 2(11), £
| '40.3(43)’] gives. , - E =4 (k+3m) , §
! (31249 ) [(3/2-p) =1 for p & ~k-m-|,
I (2-10) f‘i fk+3m),-§(ﬂ':"k) (s) =) L— r(z__;\) g x
I p+
H(VE) = 4

W =
- .

X 3F, (=k-m, 3/2 +p » 3/2 =P ;5 meka1, 2=\ =s/p )

for Re(s) > 0, |V| <33,
for p< m=k-{ p<
] Suppose further that

@11 g f=o, N= 3/2-msk = 1-2m, (2.13) ( eist
o

S0 that the formula L2(), 4.23 (12)] may be applicable to find the

Laplace transform of (2.10). Then by use of the formula [1(1), 5.6 pHl

(55)], and the identity (1(I), 5.31 7. : = & C

(2.12)  u( vay = Lu-2ksy) o3l

5™ F(2ney) 13 C‘g )

i)
O:l'”’, :5"”

(2.9) under the assumption (2.11) takes the form

for Re(s) 20, ko
for k-q e Now,

I wish to eXpre
Shrestha ywhe hava pea,
paper,

ol =T 31 9
0 s )
r(zltﬂ'l) 13 PS 0,§+v 'i__» . ' ‘
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tﬁ:_‘ .*q . N Sty =—r o -
Gomparison with (2.12) finally yields

for Re(s) » 0, km < ks |arg /)< 32, and W) € b

Example 2. Suppose

ey =& | l@p=Ds
clearly, hypotheses (i) and (3i) of the theorem are savisfied by this
m:iﬁ;.-- w’fg!-l! use of the relation [ &, 3.6.27) gives
ctor1) Fckm—ip) TO#mT) p-l

£y e, @0 & T T plewr)) fakep)

for p £ —k-m—}. Hence
~ I g.n-.u-wm-rtw-km
HOVE) = T k) Tkew)

mn—-‘Zk-Zp'_'_ll__ %

X B‘f““'-*-"’?*l

the theorem

-
- &

I for p\<'-t_§-1::-'-{.', ps ~kwe i Finally, by use of

2. 13)

: == 31 (1+m—k) T(2m 2k-2p-1) X
T (r-kem*«s-)'r(ﬁék-p) T(1—2k+2m)
* gmtlrptl

| ’ _ .
for Re(s) > 0, km< b, PP -1, p < —k-u-i, p<uk-i.

ress my indebtedness to Dr. s.R. Pant, and to Dr. R.M.

| I wish to exp _.
Bh’fﬂliha who have been so kind and .hgk-‘;f,ui in the prepara i G this

paper.
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