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L.4 Factor Geometry: Let S be a.subgeometry of a geooetry A. For a,
b  €  A r -  l e t  a ^ b  i f  a n d  o n l y  i f  T  

" 1 ,  
r 2 . i  s ,  x ( :  A  w i r h  1 a ,  s 1 ,  x + ) ,

(*,  bl s2) a: A . Then i t_ is easi l !  see_n that.+ is an equivalence
r - e l a t l o n .  

- F g r . " ( - A ,  
r e r - [ u l r =  [ r l :  l b 4 A / - b , " ]  .  L e t A / / S , =

I  L ? ] 1 " _ € _ - 4  f . .  
r h e l  l e l  = . s .  L e r  Z \ t / / s  = . .  

) (  f a 1 ' 1 ,  [ a 2 l ,  [ a s ] ) :

, !  i i  f : i l i l  , ' i .= . r ,2 ,3 wi th  (x1,  x2,  x3)  €-z \ l j .  i i "o-  < i i ts , -s f i . t t r>
rs a geomeLry cal led the factor geometry of A by 

-S.

1 .5  
.  

ExanSles :  (1 )  Le t  G be  a  g roup.  Le t  (a ,b ,c )  €  dc  i f  a r r i  on ly
if  abc = lC- Then (GrIc, Ac) is a. sharp geonerry uhich is abel ian i f
and only i f  G is abel ian group. Suppose A is a sharp gcc-etry. For
arb <i A, define a.b = cq where c is the unique eleneot such that
(a ,b ,c )  ( '  e r  .  Then (A . . )  i s  a  g roup.

(2) Lec g be a group., H be a subgroup of G. Then the elcrents in the
f.actor_geomexry G/-/_tt  are the doubLe cosers 

i  
Uen: S 6 c 

i  
.  Gl lg is

sharpif and only if Il is normal in G.

1.9 
Ggometric Ring +nd Sfield: Suppose (A,o, zf;) i r  e gccretry and

A is  a lso  a  mono id  w i th  14  such tha t  a .o  =  o .a  -  o  t .  r :A .  Then A is
c a l l e d  a g e o m e t r i c  r i n g  i f . ( a y e  a 2 t  a 3 )  € 4 ,  a  i  L )  ( u y ,  a a 2 ,
aa3) ( l i  ,  (a1a, a2a, a3a) C- A : Tie geonecric r iag e i t  ial led
geometric sf ield (or skew f ield) i f  A* = ar.[o] ir  e jrcrp and a
geometric f ield i f  A* is an abelian group. A gecrr ic r iry A whobe
geometry is sharp is natural,ly a ring.

2. The Prime Geonetric Subsfield

- 
Let A be a geometric Sfield. Then i t  can bc ctr i ly scco that the

intersection of aay fani ly of geornetr ic subsficldr ir  r io a geometric
Sf ield. The intersection of al l  the ge@etric grbrf, ictd ir  also a
geometric sf ield, str ich se cal l  the prime georcrr ic rbc{icld.

Let A be- a georetr ic sf ield and R irs pri-  jctr ic grbsf ieLd.
L e t A  ( A )  =  

l a l a  ( - A ,  u - r a t r t  A i  .  T h r r t ( . t )  i t t b c c e n t r e
of the group Art. The purpose of this piper ir ro Fc. tbrt iJ R # A,
then Rg.S(A) i .e. R is a geoetr ic f ield coatr ird ir  tbc centre of A.

fn [ 1l , we have tbc follosing theorcr:

2.L Theorem: (Brauer{artru-&ra) Let A bc I l.atri. jf ield and B
be a geometric subsfield of A. Tben B I l', F- .l. .-t, l<j ? (A).

From the above theorem, it ir clear rh.t rll r! d grac is that if
R is prime geometric subafield, t  I  A, tba Fg 1.. h bcgio with a
ser ies  o f  resuLts .

Let A be a geometry aDd I: A. AD i!Gcr..<ti.c o( rll subgeonetries
of A containing X is also a anbloetrr of A. r l ic l  r  Ccote bv /d)

2.2 pro
tct (;t;
ed by ir
lbea, (:

ftoof : !
A l$ ,  r r l

for el l  r
-

ct r 
"q.

( r1 ,  12 ,

& (r, 11

a'Etrt.

l.l ttoq
t.ra.F

Itrcof : Il
f f i , r l
rbc  S€
ir f ir itc,
arrrt.

L.. t.-

(i) 

r

( i i )  i
I

fb. (i) f.

l-.r A
t l-.rrc.
1-tric !
r-ig13 34

3-t

t-l ll:
, l l s l ' r

ff iFi
l r r t r r

f"-:
F o .  l .
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2.2 Proposit ion: Let A-be an abglian^&eometxy an{-let x e At )
ter ( ; [ -=Tt (x)r  = {y:  (r ;  *c1, 3e21 GA, **- t  = x or f t  1= I 'zf
and by l"a" i tgi , . let  (x);  = 

- f  
z:  (" ,  y l ,  yz)4A ,  !1t  !2 4 (x)"-1] .

then, (x) =rr{o (x)".

Proof :  Si-nce {x) is a subgemetry, e Q (x) so (r)o A- (")

]  x,rs e <*> herlcg (x)1 a 1"7 Now,'by, induction (x)o 4' {x)

for all n. Th,rs 
nlo 

(*)r, I 1"7 Therefore, it suff ices to ehow

Ghet o[o {*)o is a subgeometry. Note that (x) i  €(x)5 for i  < j '  Let

G1, 12, s) e A , xl ,  x2 4 ,rUo ,")r,-  Then' xl  '  x2 
S(x)n 

for gome m'

So (q, x1, x2) G A =+ t c (x)n+l g po C"ln. thus o!6 (x)o is a sub-

3coetrY.

2.1 Proposit ion: Let A be an abeLian geometry. ,  Let x €; ' f  '

b. tr=-Tq s 4x, s is finire 
f 

. rhen 1x\ = u.g

lroof : It suff ices to show that U,'8i" 
" 

subgeome.try . \

,  x 1  ,  x 2 )  ( 1  4 , ,  x 1  ,  x 2  6 :  U J .  T h e n  x 1  4  ( 9 >  
. ,  * ' z C  < ' T )

- . r ;  s  + ' i ,  i ' c  x ,  s ,  t ' a r 9 ' f i n i t e ,  t h e n , . e .  
* c  

< s  U T ) : -  B u t  s - r , T

ir finite, 
"o 

{s U T> e .9. Thus e e v.). Hence U6 is a sub-

aaEry.

l . t .  Lera: Let A be abelian geometry. Then:

( i )  (x1 ,  s1 ,  t1 ) ,  (x2 ,  
"z t  

tZ ) ,  (x1 ,  x2r  x3- )  d  d  ===)  
J  s3 ,  t3  < :  A

".tEh 
tf i" t  tr1 ,  t i ,  r3')  ,  I t1 ,  t i ,  t l )  ,  1.3, t3 r x3) c A

( i i )  I f  Sr ,  Sr  a re  subgeomet r ies ,  then {S f  U St ' )  =  f  s2a1!11

(a ,  l l ,  i2 )  e :  A  fo r  some s1  ( '  51 ,  s2  c  52  
J

t lr t  ( i )  fol lows easi ly and ( i i )  can be.proved easi ly by using ( i)  '

Lct A be a geometric Sfiel<l,  x+!A. Let I-denote the subgroup of

4 3ceted by i* together with 0. Let [xl  d'enote the.smallest

lrtri. Sf ield geneiared by x. The proof of the foll"owing lerma is

rLi lrr  .o 2.2.

L! Lcre: Let X : A, So =. . ,X.o , -Si-= i .$i- l ' : ,  def ined inductively

-  i -o -F  2 ,  . . . . .  Then l  Lx ' . i= igo  s i - .

t -a la:  Let  S= A, where A is  a geometr ic  Sf  ie ld '  Then aSa- l : '  S

a I lTi i"r 1S1 * -!  A*.

h l :  L G  r .  A * .  W e  f i r s t  s h o w . t h a t  i f . 4 = .  A ,  w i t h  a x a - I :  X :  ! h t t ,
- E f  . - r = ( i i  B y  ( 2 . 3 ) ,  (  X , '  = ,  !  i ' - T ,  ,  _ T ' - T ,  r  i s . . f  i n i t e  f  .

-  r  r y  a ta r re  x  f  i n i t e .  I nduc t  on  i x i ,  t he  ca rd l na l l - t v  o I  - } l .  I I

ly
l i f
t

r"
i
l

he

ic
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*  = f * l  ,  rhen by (2.2) , ( * )=I ,  , * r " .  Ler  y  ( :  ( " )  .  rhen y e(* ) i .

, ,  ,=r, rhen qy,x61 ,*gz1 4 A. ; .  ( .y.-1, (axa-l1€t, 1.r.-1;e2; d'4.

s o a y a - 1  €  ( " ) .  t t  L *  1 ,  ( y ,  z \ ,  z 2 )  e  a ,  s L , z 2 € ( x ) i - r .

so ("y.-1, ^r1 ^-1 , 
"{2"-11 

e ,a . By induction, aya-l € a(x)1a-1<(x).

Now, i f  x  =  
f  \1 r  x2 t .  . ,  * r r i ,  then  (x )=  (Gr , . .  *o - r )  U  ( " t ) )

so  by  (2 .4  i i ) ,  (y ,  21 ,  z2)€  Z \  ,  z1  €  ( . *1  ,  . . . ,  xn- l ) ,  z2€( i r )

so (aya-l, aqla-l, an-2a-l) e A, . By induc5[on aala-l; az2a-L e (").

rhus, a 1x) 
"-1 

S. {x) " Now, [s ]  = 
i9o si.  so = (s) ,  so

asoa-l € [s] . suppose asia-l < ['s ] . Then clearlr as-1s-l < [sl'

so from above asialq-l  = .  (s- i  
)  "-L 

4.- '  s .  Eeoce [s] ' trra*.

2.7 Theoren: Let A be a geouetrie Sfield aod R be the prime geouetric

s u b s f f f f i f  R # A ,  t h e n R i s  ( A ) .

Proof: I{e note that B: hl ,  the geometric gubsfield generated by 1.

f f i -6  a - l  .1 .  
"  

=14 l t f  U t  lema 2 .5 ,  we hsve R*z :  A t .  so  by  2 .1 ,

R  i e  ( A ) .
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Connections: in the Tangent Bundle T (M")

R.S.  i f i sh ra  and i .? .  Sr ivas tava

l .  Abs t rac t

rn Ehe present paper, we have deternrined Lnterrnediate t ir t  17r

"" 
f tXl l-ot .  tot" ioo i ."" l inear connection \ton i ' In and some propert ies

Y i t b w ' .

l .  IacroducEion

Tbe ind ices  a '  b '  c ,  i ,  j ,  . . .  have range in  (1 , " " t )  wh i le  in -

oices A, B, c, : \  i  h ,  i ,  . .  .  h".t" range in (1, '  "n,n+l, " '2n) $te put

i-:-i-;: 

-i--"ri..i 
o.r"r r"p".tecl indices is-always irnplied. !'or the

Ltetions and def ini t ions wu usually fol low [31.

Let l{n be a C - nanifold of dimensions n' T(Mn) is i ts tangent-

hrdle of dimensions 2n. Let V be the field of n planes tang'ent to the

;;; ;  . i  i tu"l  .  t t i ,  is an inregrable verr ical disrr ibution. A tor;

rioo - free linear 
"Ji""iai""-oo 

ili a"tu"tines unique1y in T(Mn) an n-

dircosional horizontal distribution l' complementary to V' The pair

(i,v) aefines an almost product structure in T(i'tn) and turns it into an

ebct product rnanif old.

T h e h o r i c z o n t a l d i s t r i b u t i o n t l i s s p a n n e d b y n - i n d e p e n d e n t v e c t o r

l i c l d s  [ z , s l .

n. = -)1- - r:h -a"j - 
t i  

-rj 
;;r

Frn = 
[rn 

tt

T-oe vertical distribution V is spanned by the n-independent vector

t i c l d r .  \
.r- = !:--

0 . r )  - i  
i r j

-c @^ t - 
iD:, 

r i l |consti tute a frame on td) wir icn is cal led

deor"6,fr"r" oi ' r( ir .) .  Components of tensors and geometrical objects

riti rcspett to the frame are called frane components'
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The coframe dual to t l-re adapted frame are

I l J .  o r i

where

( r . 3 )

and

oj = a*j

T  ;  - 1  i
( 1 . 4 )  u r  =  d y J  +  i  

i -  
d x -
','

,The non*holomomic object  Cl / .  of  tne adapteo f rarne are def  ined by

r '  . .  - ' l  ^ ) )
( r . ) )  [ r )  ,  r r i i  I  

=  ' . t -  
^1 ,  

u ,  ,

and non-vanishing conponents of which are f31.

h h - h - - k
- ; r . 3 i =  i i :  = - R 3 i t Y  ,

\ r .  o . ,

- a l . = -  - < r h  -  -  h

J f  i j  l j i  '

where i.lii1 being components of the curvaEure tensor rt of a totsion-free

l inear Eonnect ion $ on i '1" .

whose conrponents

The frarne cor,rpbnents of the curvature tensor ? of $ are given by

, - L  / = ,  -  F t  .  F ) J  F f  ? >  F v  _  o c '  F ,(1.8) itc.) 
la 

= D.lrl.- Drf.l. tlarci ll,u - 
51 lr;.. 

- t.. 
\ lo-A

.  The condi t ions of  paral le l ism for  h and V wi th respect  to a l inear con-

nec t i on  Q  on  T ( l ' t n )  a re  [ 1 ,2 ] .

r,et S be an arbitrary linear connection on 1(i'ln)

are f;i The frame components of S are defined bv

(1.7) i;l = (D) t"o^ I . f.t t;"t/- ) 
"i',

where 
'i =[rnr, 

:l 
and 4 = 

[;i .i I
L - tn  FnLi  L ' '  ' l

( l

*t

: irl

t al.

d

s
l t ,



s]

! i  is path parallel fff f.T

I t  is  paral le l  a long V i f f

is para1le1 iff 
[ l

is  path paral le l  i f f

( r . e )

( I . I o )

D ' ; i  -

l 1

Ias rre irave

?h { :h
l t - +  l " = ' u t

J l  
' T J

l-.:: = o '. J I

a h  h
= l1 ' ,  - \ i * -  =  o ,

J I  l r

. w n

- I
t  - .

J r -

- l t
*  i : .  = 0 ,

rJ

*-lr
1 . .  =  u '
' J 1

ly
V is paral le l  a long I i  i f f

A = ,  =  0 1  A = ,  =

J T .  J T

7D  ^ t "  ghg  f a rag' )F

tensor of type (1,2)

The frame components

= o ,

N-LI

|  .  t '
rJ

v is  para l le l  i f f  t l  =  o.
A r

tere al l  paral le l isras are wi th respect  to S and

cooponents of Q .

Now, we wi l l  consider A- ' tensor and t i - tensof ,

associated wi th the l inear connect ion V on' i ( t tn) .

of  nnich are

^ h  ^ h
4 , .  -  

V .  4 . .

J t -  
'  

J l

- h  h
l - . : ,  A . * -  =  o'  

J r  J r
r-free

pnents

l

" l )r/.t
lr con-

:
' v h  h

l-3 i' 
A5'i

:-E h
I  - ' ,  A ; . -' J T  

J r

' r {  
= r )  A  = ' tv t  -  I

t r  1 1

;  - ;  n
R = - l - F . =- - =  t . -  ,  " 7 .

J !  l J  J t

,:-h n
I  " ' D . ; -

J 1  J 1

-
n

J 1

l - j i '

r e . r r a  ( l . I ) .  .  i - e !  ?  U .  
"

r oC  B  i t s  assoc ia ted  6 -Eenso r .

€ t  3,  I i  is  paral le l  a long 1, / ,

T  . r e  pa t r r  pa ra l l e l .

IT

J 1

Lo rs i on  f r ee  l i nea r  co r rnecL ion  i n  I ( : i " )

L^ i i th respect  co the l inear connect ion

V is paral le l  a long h an<i  both h ant i

r y i l
t (  i -  +
2  \  |  ? i

r  1 t

! r"l

f =  r ) ,
1-J
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I,ema (f .2). Let Q Ue a torsipn free l inear connection in T(Mn)

and A i ts associated A tensor. ! i l i th respect to the Linear connection

V - ,t, bo!,h H and V are paral1el .

2. CompleEe l i f t  of a l inear connection

Let V be a linear connection in Mn. In [3f we f ind gc on T(l'tn;,

namely the cornplete lift of g. The components of gc are

( 2 . r )

where g - (gij) is the Rieruannian metric on l'In

o t  g *  a re

The frame components

f 
'-T

l o  e i i i
\ 2 . 2 )  |  

-  
i

l g ; i  o  l

Let r]c be the conplete
of \Z-. Then we nave

lif t of \7 and f 
t be the frai,re coroponents,  ) , {

I

(2.3) 
' i" i .  

= i- l  si i  -h k '-h -h
'  j i  '  j i ,  l j i = - ' ' . j t o t '  l : ; = l : r .

ki th help of  ( - .3)  and ( !a8),  we obEain t r re possib ly nonzero f rame com-

ponents of  the curvature R of  V" are

- h h f r a n - ' n n
R . , . .  =  R . . . ,  R . . .  =  y  t r  I t  ,  l l  -  =  t i , . . r

k j i  k j i '  k j i  ' a  k j i '  k j i  k J r

^ ' f r h [ h
i t , . . i .  =  L , . , ,  K - . .  =  i " (  . .

K J r  k j i '  k j i  k j i

( .  . 4 )

we have

Propos j . t i on  ( . . 1 ) .  Le t  vc  be  t ne  conp leEe  l i f t

tors ion i ree l inear connect ion ; r  in .4t t .  Then (T( i ' In) ,

f  l a t  i f f  ( , . { n ,  V  )  i s  l oca l l y  f  l a t .

Further,  r4re coupute the f rat ' re components of  i f
nonzero f rame cotnponents are

, _ ,  , n .
on^ru i  ,  o r  a
. . ; - )  i s  loca l l y

n .  I E s  p o s s i b l y

vi l l  = vR
{  t (J l  4

( . . 5 )  
€  i . -

\ ' . ,  K .  , .  =  v . .'L Kl 1 ^

1t --"-fr  a .-h

kj i' 
\,{,drc3 

i 
= Y fo t"O ttkj 

i 
'

- [  
" ^ h  

h
t ' n t t =  v l o n r , '  =  o ^ o r , ,

n l

i r l

I

r t - l

r : -
: a -

r.! -.I

$(l

-

r . l - l

rl-4,

s:r

crtS
..'t

:€l

t -

r
*l

rf-ll
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I

ue bave

,.,#itf,##' 
(r('ut')'v") sy,.aaetric itt d' V )

l o ca l IY

3 . i ro. i "ot t . l  l i f  t  of  t  l i t " " t

ln [3] the comPonents of Vtt htt'" been found

i i - o , i l r = o , t l = ' '  F . ?fi-} = u 'frl
) ,

and tileY are

h

,l = )[l - '.i,r v
Jr-J 1

( 3 . r )  -
_ h

t.il =

l lso, computing i ts frame components' rqe f ind i ts possi l ly nonzero'

f rae corrPonents as

+ i  *h  ; i  { -h

t r . ; )  q l  =  f , r '  [ t  
=  \  j t

i i rh'oerp -of , (3 . ri--i?x,lt 
;il,xi tiifT-'5.n"ii's:,*nzero 

f rame com'

1ooents of the curva

6.3) il,, = *l:i ,'4:; = *l:,

..or vlli3i = Y,r*l:i ' ol*l3r =

"  
. - 1  - - o  , i - "

i : ]  ,  i ; ; =  i ; t ' \ J i = " '
' J r  J r  J -

w , R .  . ,' A  K l r

I

tlv

Fxn '  ue  have 

or izon ta l  l i f t  on 'T(Mn) '  o l - '

,..1""i.19i:13. l);"j:l"y;ti"'fl.n"ttt" cr r,"l"i, : "J is iocalrv
torsio--o f..e-l inear 

:;ff i ;;;; irr Oro, V ) is locallv f lat (resp'

1113  ( r esP ,  l oca t rY  I

locr l lY sY, l r i le t r lc ] '  
. ,

r Iy

r- Loternediate l i f  t  V- of V

!iou, we consrruct from s' a l inearr:":?1#;-.uo"ot B associated

."'" ;;;:; 1"."1:l:^:i: ::::?;;;'Hlil;; ;;.;;-components are

::;, t:i:"liu"iixl"":l; 
;::H';;;;;;;'" 

f rame-components ar e

r  . - h  k
1 r . r )  B , r = -  t r  R i i t Y
-  

J r
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Again, we get the possibly nonzero frame coraponents of tire linear con-.
nect ion l rc + jJ  as

r r r r F h  - h  g h  , - h  k  = f r  - _ h\ c . z J  l r r =  l r r ,  i . . = - l R : ; , - y ,' j i  j L '  , J l  J r A  l : ' i  
= l j t '

Then we have

,rr ,Proppsi t ign-(4.1) .  
Let  v l  = v"  + B be the l inear connect ion on

ru ' r , .  r nen  w r tn  r espec t  t o  V ' ,  h  i s  pa ra l l e l  a l ong  V ,  V  i s  pa ra l l e l
a long h and I I  and V are path paralLel .  

-

By conpar ing rhe equat ions (4.2)  and (1.9) ,  we not ice rhar V is
paral le l  in (T(Mn),  vr) ,  but  t r  is  not  paral le l  .  t I  wi l l  be paral le l
i f  V  i s  l oca11y  f l a t .

Again the- possibly nonzero frrme components of the A_tensor A
assoc ra ted  ! t 1 t h  v r  a re

(4.3) AT, = - 'i.l k
r r  J i k  Y

The linear connection VI- ll, has possibly nonzero frame comporrents

3 h  - h .  : h  h
' j t =  ' j t '  i : r  =  

[ t

tsut this is exactly ghs srrns as in (3.2).

Propos i t ion  (4 .2 ) .  We have VI  =  VH *  e .

Now, we shal l  cal,culate the curvature tensor i-ot VI. I ts possi_
bly nonzero frame coruponents are

?h - nh *E - r --3 -.- .)h
" k j i  \ j i '  " t j i  

=  a  Y  V 4  \ 5 1 '

Thus, we have

. .Proposit ign 
(4.3) .  Ler VI t" an-inrerrneci iate . l i f  r  gn T ( l"In) of a

torsion-free l inear connection $ on i I ' .  rhen (r(un), 
vr) is rocarly

f la t  i f f  (Mn,V )  i s  loca l l y  f la i .

as

( 4 . 4 )

(4 .  s )
. * E h . - [ i h
*u j l  =  *o i r ' ' [o t i  =  -  u tu ,  =  i  * ro ,

I

crr
4 i

- l : j' r 1

i : '
( l

:L=.,

,"
:1 .  i

I : l  {o r

l :1 ! . r

I t :  t €

Iril|E-

h'rra I
I rerur i , .

h ; r -
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Purthermore, the possibiy ,rorr".to ftdhe components of Vk tt'

"lil,, 
= ortr, =1u-1,, : i r^v,(va ul,, ,

"1i,,- 
= vr ol:r, 

":ull, 
= i o.r *?o: , ,

dlo = v. *h
t r j i  .,{ kj i

tllo'

Proposi t ion (4.4) .  ( rC) ,  Vr)  i "  locaLlv 
"yo ' l t t t i "  

i r t

Cf , VTs roEafl y-symetr ic .
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.The Skin Ftiction on Infinite Cylinders Parallel to"

Their Lengths in Waltars Liqnrd B'
R.P. Gupta & 8.1{. Gaur

In the Preselt PaPer' we Propose to study the three dineasl'onal

unidlrectLonal notion of 
"t""tito-viscous 

Walters Liquid B' [4] geo-

erated by the forced motioa of an infinite cylinder-paralle1 to its

length. It Ls supposed ttrat the cylinder and the fluld are at rest

fniitalty and the Lylinder is glven a velocity tJ, nhich reoaiae steady

thereafter.

Wl-th this choLce the equatlon of motion assttmes the foru

(1)  '#=* i  t ' i i t  -T*r r , * : ,

vhere ); and fj are vLscous and elastl-c parameters' respectively and

w t h e v e l o c i t y p a r a l l e l t o t h e g e n e t a t o r s o f t h e c y l i n d e r . T h e e q u a .
iron (1) rs tL 6e solved under followi-ng bouadary conditions

whe

rad

zet

at

(6)

sL

for
lrg

and

the

(7)

elar

0(r,
nan l

for
slgr

Car:
sior

(8)

G) tr = or everywhere in the fluid at t = o, r = a'

(2)
(b) w = Hr a constant on the boundary of the cylinder for a1L

t > o .

As kf rs a snall quantlty-(cf- Beard & I'telcers [2])' we solve equa-

tton (1) for snall,altes of l! ty substituting e = wo + k$ w1 ln it

and neglectl.ng squares of kf,, thus we obEain,

(3)

(4)

: F = ; ! t l # r ,
.-! 

= l- j- (r- 
orl) 

- L- .:2 (r-b).' t  
r  - r  

' -  r  '  
r  t . r  

-  .  r

The solution of equatioo (3) has been given by Batchelor [1] '

utillslng the analogy tl'ttt ttt. corresponding heat conduction-problem

discussel earlier by- Carslaw and Jaeger [3] ' our aim is to investigate

the rnodLfications by the elastic Parameter'

The solution of equation (3) as given in Carslaw and Jaeger is

, ) , . 1  - r , 2  r ,  Jo ( k r )Yo (ka )  - Jo ( ka )vo (k r ) ,  
gE

( 5 )  w o = W + { !  . - ^ '  
- : ' - " ' ' -  i - r

o



63

where r is the radial measure from the axis of cylinder, a is the

r a d i u s o f t h e c y l i n d e r J o a n d Y o a r e t h e B e s s e l ' s | s f u n c t i o n s o f o r d e r

ze to .

The solution

a t t = o a n d w l =

of equation

o a t r = a ,

a.f

(r.r"=tbt
)o

(4) under conditions sl = o everywhere

E  ) o ,  i s

. J

l -
(kr)Yo(ka) - Jo(ka)Yo (kr)

( 6 )  w 1  = - 2 l t { t

col(ft/a2)

JozGa) + Yoz(ka)
I 'un '

Calculation of Skln Frictlon

I t i s w o r t h d l s c u s s i o n o f t h e e l a s t l c e f f e c t o n t h e f r i c t l - o n a l

force oa the unit area of the cyllnder due to the forced motion of the

ltquid. contrtbutlon of viscou" fot." calculated by Batchelor [l] rs

oo

[ -u4'
l e

L-m
dk
F '

4
= - t

ll"
6z (ka) + Yo 2(to)

and, the eorresponding elastic frictional force on the unl-t area of

the cylinder I.s calculated here and comes to be

DO

(7) c1(rtl"2) -,+ r'* - $3r = # l:#*b,- 
dk.

o

If lre fol!.ow the anal.ysis of carslalr and Jaeger to calculate the

elastic part of the skin frictlon for sa1l values of tlne, a term of

O(f)-3/2 rf.ll appear rilrl-ch shows that the elastic forces are the domi-

nant foices, thlrefore, in thl-s caaer that analysls l-s.not applLcable

for small tLmea, since the Perturbed elastlc part should not be nore

slgnlficant than the lnLtl'aL vl'scous part.

Now ne w111 find the skln frictLon for large values of tlme'

Carrying out the analysis exactly as In [3], we flnd followlng expres-

s1on'foi the skin friitton on the unLt area of the cylintler,

( 8 )  . c = G o + d c r ,

where the viscous Part Co ae glven by Batchelor is

t z l
c ^ = Z  I - i - - .  r - + . . . 1

" log4T - 2{ (1og4r - 2{)'
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and the elastic Part obtaioed here is

L  t  - - - +  - - - t - - - - + . . . 1

" 

= 
'r*rf:rlg';;;;;;.1 

(1oe4t - z'h'

The followiog table for C/Co 
:l::: ltt 

the skln frictLon lncreaaes

o n a c c o u n t o t t r a " t i ' l ; ; ; ; ; t i ' e - e f t e " t ; ; t ; ; ; " " I J l t h i n c r e a s i n s t l s e '

- * - n r  x | = 0 . 4  x i = o ' OLOG T

I
2
3
4
)
6
I

tt

9
10

1.23160
I  .1397 0
t- . 048 20
1 .00580
r.. 00160
1.00045
1.0001.3
1 .00004
1. 00002
1.000n0

1 .39710
L.?7 940
t .M964
1.01168
r..00320
1 .00090
1.00024
1.00007
1.00002
1.00001

1.53 160
L.2L922
L .07446
1.017 50
1.004,80
1.00135
1.0004r
1.00011
1.00004
1.00001

I l l

tzj

t3l
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Gn the Minimum of the (C, ) Gruph of the

Djspersion Curve
.eI 2 i fT. 2lTh
(=*+ -;i-, En --i-.

z i l  y A  / '

M .P .  S inha  and  S .R 'P '  S i nha

Abstract

An analysis of the (",1)- equation 

" 

= ai*. ?ff '  tn 3*! n""

been presented here.  I t  has been found that  i ts  graph'has a s ingle

minimum if and only if n > JTG. The (c, ) curve has been traced

and  i t s -pos i t i on  r l l a t i ve ' t o  t ha t r f o r  t he  l i qu i d  o f  i n f i n i t e  dep th  has

been indicated.

Introduct ion

The (c,  \ ) -  re lat ion in the propagat ion of  twot imensional  pro-

gressive p. i iodi"  waves on the f ree surface of  a heavy homogeneous

l iquid of  constant  depth h is  g iven by

o) "' = (i..h . ef,fr-r .n 2#
where T denotes the surface tension at the free surface and p the den-

sity of the l iqui<l.  For a l iquid of ini f ini te depth ( i 'e '  h/1 -->q)

the above relat ion reduces to the simple forrn,

(2) .t = ,?* . ,ftf,.

Neo. l"Iath. Sc . R'eP.

v o i .  4 ,  N o .  2  ( 1 9 7 9 ) ,  6 5 - 7 2

" 2 =

(cr )

o f  c  i s  (ae ' t /P l

the dispersion curve

However,  in v iew of

hope that  there is  a

minimum whenever h

as against  J Gt lz je)

and 515 I  in several

t  i on .

1 .  Asy r rp to tes  o f  t he  ( c , . ) . )  -  g raph  o f  (C ) :

The  ( c , , t  ) -  g raph  o f ' (C )  i s  syanne t r i c  abou t  t he  o r i g i n '  Bu t  as  we  a re

interested in the po" i t i . , r "  vaiue of  c and r  we shal l  t race i t  in  the

posi t ive-quadrant  of  the (c,  
"  

)  
- ,  p lane'

This s inple case has been discussed in detai l  in  the Lambrs l iydrodyna-

i l ;  i t; ' l-zoi-l . rt has been found that t-he curve (G1) has a single

"*tt"i"'t' 
which is a minimum' at I = 2".\- ttW and the minimum value

Because of the 6"t* gir3J;! in the right hand side

(C) may not  have a minimum for  every value of  h '

tne fact  that  i t  has minimum for  h - - )os,  one may

c r i t i ca l  va l ue  o f  h ,  say  h " ,  such  t ha t  ( c )  h1 : -1 ,  
.

h ^ .  We  have  f ound  i n  t h i s  a r t i c l e  t ha t  hc=  ' / ( 3T / f e )

c l o t " d  i n  t he  Encyc lopaed ia  o f  phys i cs  I  1 ,  pp '  633

.onne"t iorr"  v/ i thout  g iv ing any detai ls  of  calcula-

(c)
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Fron (1) rre find that thG curve (c) has aeymptotes ), = o aod c = Vs-h-
Aceordingly, the eurve (C) will have the following trc poseible' graphs;

't\ ilt \--
6# - t67

-+r 
I rA

o @ o f u z

In the tirst caee the curve is aspptotic to c = r,@ trm below, nhere-

as in the second from above. In the first poseibility the curve ril1

attain an odd mmber of extremrm values, shereas iu the gecond it tdll

have either no etrtref,16 or has aa eyen nrnber of ther before being tanr

gent to c = GF at iaf inity. Te, therefore, infer tbst if (c) hag a

iiocte ertremn it mrs.t be mininn, ard also in thia case, it rill

cro-ss the line c = yS'to attain the niuimn before proceeding to aeet

it again asym:ptotically. If the iurve (C) has eitber no extremlo or

an even number of then, it does not eroas 
" 

= figh-

(C) has a single ertrenrn and it

ir h) lr["r.
We ehall show in the folloring that

croases the line c = Bh if and onIY

2. Cgodition for a single extr€mn of (C):

The curve can be sritten as

(1 ) '
. 2 - g G . t ' r . o | .

where t - 
# a d a

Since the physical quaatitiea iwolved 'gt be positive, ne nay,rdiscuss

the extrenum value df c2 inatead of c. For an eltretturn value c' re

must have

# = 
3 L$2- nzr+ - 6)* "2y-1 """r,21!; 

= o.
;

It is obvious that ao er(treurn point shoul'd satisfy the inequality

*2 7 
"2 

and is given by the transcedental equation

(3)  ( *2  *  
"2 r l ( t2  

-  
"2 ,  

=  sh(2h lx ) / (2h lx ) .

The above equation 
"E-.." 

to be intractable for the quantitative oeter-

mination of the roots. Horever, ee rlay look for their e:ristence quali-

tatively by graphic methods.



67

The extrem:m points ld"ill be points of intetsection of the two curves;

(4)

(s)

* 2 * a Z

" = 7 ; t

y= sh(2Vx)  |  (zh lx )

(cr)

(cz)

We note that the curve (C1 ) is symetrical about the y-axis and has

asymptote Y 
= t ,  x  = + a.  Also,  s ince

#= #w and uit = o"' ("2*3'2)/ ("-^')3 ,

. d v -
y td 

H 
decrease monotonical ly in the interval a <x <+& '

The curve (C2) is slmetricaL about the y-axis and wholly lies in the

upper ha1f, j  7 o, ot t t"  (x,y)-plane. Also, since

d v 1
dx 2h # = * . h + '

dv
y decreases ."d ;i 

increages in the interval 0 < x < + oo '

iloreover (Cr) is asynptotic to y = 1 and r = O' From these, it will

oo. U. aiiticuft ro iirfer that 1C1) anil (C2) can have one of the fol-

lowing two Eodes of intersection:

.i 3| ttu ?* - ?5 and

The situation gi'ien in the F1S- 4 ie rut"e'l out if and only if the curve

(C1) falls belJw the curve (C2) for a big value of x, in which case

itrire siff.be a single interslcti.on point. For this we srite the asyop-

totic expansions of (C1) aad (c2), for a great x, as follows:

Y = r + + . + .(c)

9e.+
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. t 2  ) h4
. . L L L

Y = r + - ; t - - ; f  . . .

3x- 15x'

From here we note qhat, for a great x, y(c2)7r(" ')rh"r.r"t  h2 = 3^2.

Also for h2 = 3a2, ! 'e easi ly f  ind that yG,D <y <.f )  
for a big value

o f  x .

Thus the curve (C) has a single extremrm if  and only i f  h ) aV5 i .e.
ra4

h> V; :  .  on  the  bas is  o f  the  ana lys is  pu t  fo rward  in  { t ,  Eh is  ex-
rlr

tremum will be the miniroum of (C). One may verify once again by gra-
phic -method that the curve (C) crosses its aslmptote c = VE'fr' whenever
l: . lJQT/PE). In this case the curve (C) wil l  have the fol lowing -

rough sketch,

The
Lanbrs  I
tus the
M. I,ie al
( x = 0 ,

therefor
it !ril1
c = GI-.
denote t
c-axis.
the curv
show tha
has the I
than 1@-
curve (C.
show that
suff icier
curve (Cl

has no re

The curve
y = a .  M

Al so

Moreover,

we have

It then fc
of interse
point of (
neet (A2)

teg .s

3. Posi t ion of  the curve (C) re lat ive to that  for  a l i
depth

id of inf ini te

draw

In order
Lhe curve

Eo have a comparacive picture i t  wi l l  be necessary to
(C) on the background of the curves

t
c  =  g ( x  +

z

. 2 .- - )
x '

(c l)

(G2)

(c:)

= g x

2 a 2
c  =  c ; _

where (G1 ) is the dispersion-relat ion for periodic progressive waves
on a liquid of infinite depth under the combined effect of gravity and
surface tension; (GZ) and (G3) are the relat ion for purely gravity and
purely capi l lsry waves respectively.
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Ihe curve (G1) has been drawa and discussed in detail in the

Lambts I iydrodynanics 12, 1267'7. I t  is asyrnptot ic to the c axis and

has the minimum at x = a, and cEin =VZaE'. Let us denote this point 6y

M. We also note that the curve (G1) meets the curve (C1) only at

(x = O, c =tD), where both the curves are asymPtotic to the-c axis. l t  is,

iherefore, eviilent that the curve (C) will always be below (G1) lest

i t  wi l l  aiain intersect with (Gt ) before being asymptotic to the l ine

c = GE'. The curves (cz) and (d3) intersect at (x = 4r c = y'ga). We

denot! rhis point by A. We find-that the line AM is parallel to the

c-axis. Let us denote the points of intersection of the l ine AM with

the curve (C) and the line . =.fiE' by L and B respectively' I'le shall

shon that the curve (C) is always above the line c = tlga, whenver, it

has the ninimun. In other rrords, the minimum vaLue of c is greater

than 1@. We have already noted iu { 2 itrat the rnininum point of the

.nr.r" iC) lies on the right hand side- of the line AM. In order to

show that the curve (C) ilways lies above the line . = tf6, it will be

sufficient to prove that the line has no real intersection rtith the

curve (C). For this, we show that the equation

* * i :  = a c o t h ( h / x )

has no real root whenever ln2a{7. For Ehis we trace the curves

y * a c o t h ( h / x )

- a 2
a n d  y = x ? ; -

The curve (A1) is as)mptotic to y = (a/h)x and meets the faxis at

y = a. Moreover, we find that

(A1)

(Az)

Also

h 2 a t l T  = = t

h 7 at|5 ==|

( a / h ) < ( L /  J 5 ) < I .

a cth (h/x) <. a cth (f3).

. . .  a n d  t h  ( 1 . 7 3 )  =  0 . 9 3 9 0 6  . . .  rMoreover ,  s ince  6  =  L .732O5 . . .

we have 1 > rh (r/5) Z 0.e39o6.

It then follows that whenever h 2 a r/5, the y-coordinate of the point

of intersection of the curve (42) wittr the ordinate through the loslest

point  of  (ec)  is  less than 1.064-8 a.  Thus the curve (A1) wi l l  never

neet (A2) ai shown in the figure below:-

fg.6
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Next towards tracing (C) on the background of (Gf)' (GZ) and (G3) we

find that
h ) a  V 5 : + / E [ ' > V T A > V . c

and, therefore, ihe as)mptote c =VEfr'of (C) c.annot be below the point

A, the point of intersection of (G2) aod (fu). This, in fact, is ob-

.rio,r" 
"io"" 

the lowesi point of (CI tras been already shown to be above At

In view of the fact that the curve (C) always remains between the curves

(ct) ana (G2), ve nay distinguish the three cases accordirg as the point
g 

-( ir t .r"."[ io" 
poit i  of the 1ine" .  =VFand Ail)  l ies belov M lthe

i"r"" i-p. i" t  ot tc1)), ar l t  or above u i .e. according as ( i)  aV5<h(2a,

(ii) h = 2a arrd (iii) h 2a respectively. The minimum of (c) lies on

the right hand side of the line AI'l and is betrteen A and B'

We now present below the curve-tracing of (C), (Gt) ' (GZ) and (G3)

roughly in the above three cases.

la.z $s.8 *g.9.
I t  is  to be noted that  the point  L ( the intersect ion point  of  the l ine

AM with the curve (c))  is  belon the point  B ( the point  of  intersect ion

of  AM with the l ine c = VetD in the case ( i i )  and ( i i i )  as shown in

the f igures 8 and 9.  But  in the case ( i )  the point  L may fa l I  bet l teen

B and M or may even be at B. In fact, rre can show that L will be above

B  fo r ,  xo  2 i n /a  )  VSand  w i l l  co i nc i de  w i t h  B  f o r  h /a  =_xo '  whe re  xo

denotes the posi t ive real  root  of  the equat ion,  th xc= x/2.-  That  the

equat ion th x.= x/2 t ras a posi t ive real  root-*q 
"9cl  

that  y '3 1xo {2

is evident fron the following graph acconpanied with some elementary

analysis;

*g-1o

From the abo'
th

showing that

Thus we find
lT <.-t^la <:

point L wil l
very part icu.

Conclusion

We have
plane has a r
of the curve
thanVSf,@.
depth of the
the critical
value of h" C

f 
= 0.998 gm/

It is now cle
periodic wave
will be two v
with l .  for
one of the va

)r, is the pos

x +

By graphic rne
>r, which is 1
The other roo

In the case q
equation (C) r
the surface tr

X2) of the r
gravity.

I t  is also inr
wave approxim:
liquid of conr
surface t'ensic
in this case I

References

I{ Flugge, s
Flui
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Fron the above graph ne note that-xo < 2. Also x )VT for

rhV-t>o.grgoo . . .  > 'El2 (=0.866o2 app.),
showing thstv5 iies to the left of xo.

Tlurs we find tbat in Fig. 7, the point L is above B so long as-iT 
<W" <xo and L coiaciiles with B if h/a =-ro' For h/a )xn th9.

p"i"Ji'.ifi i.."i" alvays below B. The Fig' 7 has been drawn in this

very particular cage.

Conclusion

We have fourrd above that the dispersion curve (C) in the (9'l )-

plane has a single titi-tt if and onfy ir }-7\tfrl@ i'e' the minimum

ot tL curve exists if and only if the depth of the water is greater

tL;./T@. i.e. the minimrm of the c,trve exists if and only if 'the

deprh of the vater is greater than V3tt-7p[. This depth is usually called

th! critical depth for the sriatence of'minimrn and denoted by hc. The

value of hc 0.4i2 
"t .  "pp. 

for water at 2Oo C, T = 72'8 dynes/cm'

P 
= O.Sgg guy'cd and g - 981 cn"/seca.

It is now clear from the Fig. 5, that there will be no progressive

periodic rave for 
" 

("r, the least-value of c in the graph (C)' There

lj.ill be rwo values of lTor each e in c, /EE, Uoth of then coinciding

riitt fr for c - cr. Also we ehall havi-onl! one.finitt fo,t " 
-1E6''

one of ihe val.uee 6f becomee infinite and the finite A <An' Thie

)r ie the poeitive root of the equation

,

"  
*  *  o  h  c t h  ( t r / x ) ,  @  =  7 t z [ ,  ^ 2  =  r l g l . ) .

By graphic nethod one can thow that this'equation ha9 one finite root

{;hih-is leeg or greater rhan a according ae h.272a or aJ5< fr(Za.
' 

TEe other root x - is in the direction of the line y - r'

In the case cm 4c 111f' the amaller of the roots (say X1) of the

equation (C) toiresponds-to waves which are prominently affected by

tlie surface tension'. On the other handr the greater of the roots (say

12) of the equation (C) gives waves which are mainly caused by

gravity.

. It is also intereatiog to note that the second order infinitesinal

*..r- 
"ppto*ination 

of progreesive petiodic waves on the surface of a

liquid of conetant aepttr I under the conblneq_effect of gravity and

"".T"".-.;i;i;;-i" 
o.iid 

"o 
lorg as h>V5r-/6- t. i1r PP. 6591 ,

in ttis caee the diaperaion curve (c)'witl have the ninintrn point.

Referencee

Iil Ftugge, S., Encyclopaedia of phyaics, Springer Verlag, Vol' LK'
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LifeTable Fstimation for Males and Females of

Nepal Based on Two Succceaive Censuses
Ganga Shr€stha

lntroduction

Life tables are nainly used to measure the 1evel of mortal i ty of

the population involved. ifru most important advantage of this method

foruea"oring mortal i ty i9 that i t  does not ref lect the effects of the

age distr ibution of an:actual populat ion and do not require the adop-

t ion of a srandard populat ion ioi 
".""pt"ble 

conparisons of leve1s of

nortal i ty in dif ferent populat ions.

T h i s p r e s e n t P a p e r d e a l s w i t h e s t i ' m a t i n g n o r t a l i t y a n d . c o n s t r u c t -

ing. l i fe t tbl." toi rnates and females of Nepal based on 1961-& 1971

ceisus data. This is an indirect method of estimating mortality and

de.riving the trife tabl-e functions by using Logit I'lodel system developed

tV-Sr."!  tZ] .  Due ro the lack of data regarding mortal i ty and vital

i igir ir"r i . i  d"r.  in Nepat ir  is not possible ro use a direcr nerhod

f or estimating roortalitY.

In the logit nethod systen the relationship

I (x) = ,-/, + 
f 

t" (x)

is assuned to be linear.

TJere ,/ & Bate the csns'tants and Y"(x) the logits taken fron the

g.""t.f 
"t5"a.oa 

life table and Y(x) the logits of (1-11)' 1* being

the survivors to e:<act age x. The survivors to exact age x being

then esti,Bated bY the equation

1 = --+-- "tx 

1.'.2Y 
(x)

un the basis of these l* values the l-ife table functiolls ltere cmputed.

Applicatioa

The childhood mortality rf,rs estiflated from the data of ldorld Ferti-

lity survey Baternity history. - 
The, childhood nortality for the year

Lg6L-Lg7l r.as estimaled by taking the average of the estimate of l'961-

L965 a& L966-L971.

Ioterceosal childhood mortal-ity f,ron IIFS naternity hi-story' Nepaf f6J'

Lg6r-L965 t966-L97L t96L-L97r

z c o  f f i  
- f f i -  f f i -

31o .2754 .2489 '262L

sq) .3o9o .2742 '29L6
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From the estimate of 59o-i.e. the probability of children at birth dy_
iF 

ut age-5,-the probabiliry of.Lildreo serving by age 5 vas conp'ted.
Then'a typical rife rabre characrerized by rhis iroi"uiiiiy'-lf s.rrrriv.-
iog was selected which in this case ie the normal survivorlhip function
of the life rabre with the radise taken as one. The varue .r-ri5'ii.iil
that is the n'ober of children surviving betseen 

"g. 
s 

"J 
i6 rres ,.k.ofrom Brass-one parmeter nodel life tabre, revel 3E, ..rii"i-a lioberaft 3corresponding to the vaLue of 15 (.7Og4).

Table No. 1

5 year age distribution of males & fmolee of Nepal fron 1961 & 1971
cenauaes & their 1O year survivorship ratios f4]'

Age
grouP

Males r pm^
ryol L9IL survi-

Census Census vorship
rat ios

ryol LglL Survivor-
Ceneue Cenus ehip ratios

I o-4
I s-e
| 10-14

| 15-1e

l20-24
25-29
30-34
35-39
40-44
45-49
50-54
55-59
60-64
65-59
7O & over

loot,azz Tgo,sg|
588,870 885r8ol
564,869 7o3,o23 L.062
4o8,723 547,493 .795
366,436 466,o22 .825
387,061 456,297 1.116
336,486 385,696 1.053
298,423 386,381 .998
222,049 3ol ,g9g .gg8
L94,LO7 245,52L,  .923
170,861 2O4,3o4 .92o
113,4o5 1"32,983 .685
ro3,176 139,441 .g1O

5r,443 7r,427 .630
68,303 101,218 .454

680,467 843,5L2
670,960 857,452
498,795 594,L92 .873
4oL,867 499,966 .745
424,9o4 n)3,653 1.o10
428,974 473,9n 1.179
37 2,@2 425,7o5 1.OO2
287,8@ 358,4o7 .g35
zfi,297 3o7,463 .825
191,820 2L5,577 .749
L86,375 196,53o .785
113,897 L24,716 .650
L28,9O7 155,789 .836
55,781 77,336 .626
83,457 110,493 .4L2

The last three numbers that is the n'nber of persone in the age group'
6-641 55-69 & 7o & over of 1961 census were cumurated to get the n'm-
ber of mares surviving in the age group 60 & over ."a tt i"'totar value
was divided by the number of rnales-in ih" ag. group 70 & over in the
1971 ceneus to obtain the laet survivorship-."iio.' ri.-""r.-r.s done
in case of famales.

The five year eurvivorship ratios from the ten year survivorship ratios
nere computed by the relation

5px= ( topx_t*rop*+r) i

where x stands for aoy five year age group and x-l for the one before it

The 5F1g values for adult age groups rrere computed by the relation

T]
1 :

c(

r (

Th

8e

In
&

Exi

agl

E
l t r .

Ei,
t:,:
Ei:
Ili:
167 .
pver

Ave:

The
the
hoo<
s is t



5 L x + 5 5 L x 5 P *

The starting vaLue of 5L5 -was taken from Brass one Pareeter oodel

l i fe table.

The survival.s at exact age irl; that is, betveen age x & x+5 rtere

c@puted and the logits of 1-l; deooted by Y(x) were c@Puteil by the

relat ioo

v C x )  =  l t

The cmputation of five year survivorehips and their logits are Pre-
sented in the following table:

TabLe No. 2

Intercensal'survivorships for maLes & females fron 1961 & 1971 cenauaee

& their logits.

E:ract
age

Y€

5P* 5Lr {f Y(;) 5ax 5Lr la Yi(x)

t . 5
12.5
L7  .5
22.5
27  .5
, 2 . 5
, 7  . 5
42.5
t7  . 5
, 2 . 5
5 7  . 5
62.5
67 .5  &
-vpr

.  y)uo J .4y .  oyd - . . r l ' . t

.8998 3.345 .669 - .352

.9795 3.O10 .@2 - .207

L.O42 2.950 .590 - .182

1.0125 3.O75 .515 - .234

.9730 3.110 .622 - .249

. 9 2 7 2  3 . O 2 5 . 6 0 5  - . 2 1 :

. 9 3 2 8  2 . 8 0 5 . 5 6 1  - . 1 2 3

.8910 2.6n .524 - .048

.8631 2.335 .467 . .05.6

.8452 2.015 .403 . .L9.6

.73L3 1.700 .340 .33"2
L.245 .249 .552

.ugu  J .4v  . ovu  - . 4Ly

. 9 3 L 4  3 . 1 3 5 . 6 2 7  - . 2 @

1.0446 2.920 .s84 - .179

L.0425 3.050 .610 - .224

.9564 3.180 ,  .636 - .279

.9110 3.040 .508 - .2L?

.8866 2.77o .554 : .108

.8757 2.455 .49L .018

.8452 2.15o .430 .141

.8s86  1 .820  .364  .279

.8505 1.560 .3L2 .395

.7L26 L.325 .265 .510
.945  .189  .728

' . > l  L
- .533
- .489
- .418
*.348
- .283
- .216
- .146
- .066

.o28

.143

.287

.470

Aver - . 0

The values of .d & rz nere computed by solving the tllo linear equations,

the lst equation corisisting the valuee of Y(x) and Yr(x) from the child-

hood age group given in the first row of table No. 2 and the other con-

sisting the averages of Yfx) and Y"-x) io the latter age grouPs.

The equations f.or males are as follows:

-.O38 = '2< - .131 (3

- .419 = , ; t  -  .57L P

1:lx
1x

MaLes Foirales

age
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Solving these tr iro we have J-= .O75 & f"= .866 similarly for fenales,
we have

.067 = .y'  -  .w (7

- . 4 L 9  =  . /  -  . 5 7 L  P

Solv ing  these two,  we have, {=  .zLZ & 
F= 

f  . fOS.

After cooputing the values of Y(x) for nales & femeles by the
equation.

Y(x) = ,/: + 
( Ys(x) and then 1" by rhe equarion

', = --1---
1*u2Y(x)

the life table functions were computed for nales and fmales and a{e
presented in tables 3 & 4.

.Table 
No. 3

Abridged f-ife tabLe for males of Nepal

I

J

[ :

age

in
years

JUTIII.l'OrS

at exact

age x

1x

Proportion
dying
between
a g e x &
x+n

n9x

Number
dying
between
a g e x b
n+n

od*

Persons

living

betrreen

a g e x &

X+II

oL*

Persons
I iving
in this
age &
subsequent
age Tx

Average

remaining

l i fe t ime

o
e2(

0
L
5

10
15
20
25
30
35
40
45
50
55
60
55
70
75
80
85
90
95 .

loo000
79439
70926
6%44
67695
65434
52555
59763
570L3
54110
50894
47173
42697
37 430
31028
23gLO
L6227
9085
3788
1004
139

.20551

.LO7L7

.o2654

.o]-g54

.o3340

.o4400

.o4464

.04602

.on92

.o5994

.o73L2

.a9489

.L2336

.L7LA4

.2294L

.32L33

.440L4

.58305

.73496

.86156

2056L
8513 .4
1882.3
L349.L
226 t .O
2879.O
2792.4
27 50.2
2903.1
32' j_6.2
372L.3
4476.2
5267.L
&o2.a
7118  .1
7683.o
7L42 .L
5297 .O
2784.o
855.O

85601
300730
349925
34L847
332822
31997 2
305795
29L940
277807
2625LO
245L67
224675
2AO3L7
L7LL45
L37345
100342

63280
32182
11980

2857

4058245
397 2638
3671908
332L983
2980136
26473L4
2327342
202L547
L729@7
1451800
1189290
944L23
7L9448
519131
347986
zLO641
LLO299

470L9
L4837

2857

40 .58
50.oo
5r.7V
48 .1 r
44.O2
40.45
37.20
33.82
30 .33
26.83
23.36
20.o1,
16 .85
13 .86
LT.2I
8 .80
6 . 7 9
5 . L 7
3 . 9 1
2 . 8 4
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Tab le  No.  4

Abridged l i fe Table for fenales of Nepal

Survivors
at exact

age x

1x o

%

1

5
10
1 5

Age in
years

20
25
30
35
40
45
50
55
60
o )

7 5
80
85

81638
7L204
68805
57039
64L47
60401
56762
53186
49438
4534L
40681
35254
29150
22237
15319
8890
4024
L26 I

225
18

,L278L
.03370
.o2567
.04314
.05840
.o6025
.o5300
.o7047
.o8288
.to278
.13341
.1731s
.237L6
.31111
.41968
.54736
,68664
.82158
.92000

ro434.L
2399.5
L7 66.2
2892.O
3746.L
3 5 3 9 . 1
357 6.O
3748 .0
4097 .4
4660.L
5427.2
6104.2
69t3.2
6918 .1
6429.O
4866.O
27 63 .O
1036.0

207.O

305684
350022
339610
327965
311370
292907
'27 4870
256560
236947
215055
189837
161010
L28467
93890
60522
32285
132L2
3715

v'

3594535
3288851
2938829
2s992L9
227L254
1959884
L666977
L392Lo7
rL35547
898600
683545
493708
332698
20423I
110341
49819
L7 534
4322

@7

erage

remaining
l i fe t ine

44.O3
46  .18
4 2 . 7 L
38.77
35 .40
32.44
29.36
2 6 . t 7
22.96.
19 .81
16 .80
14.00
11  .41

9.1"8
7 . 2 0
5 .60
4 . 3 5
3 . 4 2
'2.59

90
95

From the Demographic sample survey 1975 the expectation of life at birth

for males is a:.+ & for iemales is 41.1 each being higher than that

estimated in this case. These estimates se€m to be quite reasonable

since in Lg6L-:Ig7L the expectation of life should have been smaller than

that in 1975, because of eome improvements in the rnedical faci l i t ies.
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An Invariance Property of the L. A. \lL S. T. for

Testing the Hypothesis of nc Second frcr Inter-

action in a Three-way Contingency Table

( r . 1 )

where

(1.2)

(1 .3  )

B.N. Nagnur

Sumary

Based on the general theory of- local ly asynPtq,t ical ly most str ingent

test (L.A.M.S.T., Bhat and Nagnur [4],  t t"gttrt  171 proposed a new class

of tests for testing the hypothesis of no second order interactLon in a

three-way contlncency tabl-e. In thLs note' an invariance property of

thl-s class of tests Is eetabliehed, The tests proposed by Goodman [5]
and the teste based on the t '"  - I? stat l-st i .cs do not Possess the Ln-

varlance property discussed in thi6 note.

1. L.A.M.S.T. Si lat lst lc for Testlng a Non-l j-near Hwothesl-s*

Let p(x ; 9) be the probablllty density function of a randorn vari-

able X which ls known except for the parameters g = (0r, 92, . . . . ,  €o).

Suppose that we are interested in testing the hypothesis Hf : {n(9)"= 0,

I  =  1 , . . .1  f ,  ( r  (s ) ,  where  i i (9 )  fs  a  func t ion  o f  p .  When th 'e  func t lons

l.i(Q) are Linear ln p, the hfiotheeie H. can be stated as Ho1 : Hg = 0'

wtldre It  is an r x a matrix. tet Ln(a, 9) denote the l ikel ihood function

of n independent observatlons on X, vhere-I = (xl-r. . . ,  xn). Assuuring that
that the rank of the matrlx I I  is r,  the L.A.M.S.T. cr i terLon for test ing

ILt ls given by Bhat and Nagnur [4J.

zn = g; 1u'v!1u;-1 1 ,

r" =# 
"'uf,f e ,

r )1og L (x,e)

Y e r = - - # -  , i = 1 , . . o ; s

( r .4)  ?4.  =  1fer ,  . . ,  d  n" ) '
and

,  ,  ) 2  l og  L - ( x ,  9 )  t
( 1 . 5 )  v ^ = s E  ( - : - - - - -  s = - - - .  I-  - g  n  \  d e i d 0 j  /

We assume that  V6 ls  posi t ive def in i te and p(x;  p)  sat is f ies certa in

regularlty condifioJrs. When n ls large, the test criterion Z1 has an

asimptot tc x2 dist r ib, t t ion wi th r  degree of  f reedom (d"f )  under Ho1.

The L.A.M.S.T.  cr i ter lon for  testLng I lo can be obtaianed using the

der ivat lon s iml lar  to that  of  Zn.  l lagnur [6] .  The der ivat ion needs

assumpt ions regarding { ' (0)  whfch are used by Wald [9]  in der iv ing a

test  of  Ho based on thd inaximurn l ikel ihood est imate of  .9.  The L.A.M.S.T.

cr i ter ion for  test ing Ho is g lven by



(1 .6 )

wbere

and

(1 .7  )

zl = ll ,U"st "",-t Jl '
Substitu

we have

( 2 . 2 )

and

(2 .3 )  v (

The invr

( 2 . 4 )  V

A1eo,  s

rre get

(2  .5 )

where f

Uslng (

( 2 . 6 )

where

4=-h" "  "g tEc  '

t  ) 4 ^ ( e ) \  {  =  1 , . . . ,  r ,
H  I  =  t - - # l- g  \ D g J  ,  

J = t , . . . , D .

I,lhen n is large, the crlteriorrs rra" an asymPtotr"fi allJrbutton

rfafr t d.f . uniler ffo. ,€l t.y i#olve e1 and to carry out the test'

rile can substitute 
"ty 

ff6t n conslstent estimate of 91-vhich is con-

sLstent nith llo. ll"6""i [7]-deaLt wtth a hypothesle whlclr 
* 

the'form

of 1og-Line"t cottt"3i" ro if"-p"r1net:Is oi a multlnooial dlstributlon

and obtaiaed the LAMST test cr].terlon pzn'

2. L.A.M.S.T. Stat lst l 'c as a' lapted to test the Uvpothesls of no Sec-

ond 0rder Interectl-on

' 2 x  
2 x  2  c o n t i n g e n c y  t a b l e :  L e t  o i i k  i , j , k  =  1 r 2 ,  b 9  E h e  P r o b a - -

ffiir i".tii" iltn ror, j-th colunn an<i
bi l i ty that an obser'

k-th layer of a ttrree-way 
"ot'tittgtocy 

table' I'le assume that 91i1 70

and f ,g r ; r .  =  1 .  so '  ^ -12  *  ' *1  cont ingency  tab le '  the  hypothEs is  o f

,ro 
"".ottd' irder 

interaction is t t" i l . l tn,

Hr.o, A1 = a2,where as = 
+lffiil, 

k = r,2'

Goodman [5] consldered two other forns of 
.HlO 

i ' : ' : .11p-:-t :9.3; 
l : :O,

l-J-- 
-H:O 

, 1/A, = 17A, and obtalned asJmptotLc'test 9r

tesEing H1g, H2g 
""u' 

;3;: 61"-I""t" glven by'Goodnan depend on the cell

frequencies t.e.,  tr ,e-iXiestr lcted r" i tr t-  l ikel lhood estinate-of e111.

Ihese tests can also be obtained by using the general nethod of testlng

due to Walat [9]. The three test statlstics for testlog E1g, B2g 
1nd

I{3g are dLfferent.- r l"g""t-tZl obtained a L'A'M'S'T' for test lns H20'

We, n9w, ( ler lve a r.A.fr.S.f.  for testtng the hypothesle H4g: f(Af)

=-i tr t i ! ,  where f r ; ; ; igie valued dl. i ferentiable functlon of A1 aod

show tf,ai the test is independent of f'

L€t rurr. be the observed frequency of the tjk-th cel1 and n -2trt3k'

rhe l lkel i f ,dSd function ot In131] 
rs

Z 1r:r
(2.1) Lr, (t, 9) = const. TT e{

r , j , t ' r  
l lk  '

where x = (n1L1, t2zL, ..., nzzz), 9.= (t:t, QzzL, ..., Q2z2)
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substitutbg for Qrrr= (1 - (€ttt + 92zL+ "' 
+ 9212)' from (2'L)'

we have

(z.z) 6nrro = 
.if" 

- 
*:: 

iJk = 1-11,221"" 212

I '*';.** -+; ''i; \
i \

(2.3) ve= f i

t t
\ ul;; *; h . i;;; I

The l"nverse of Vg, te

/rrr,,.- 
nrrr, - ettl ezzt" - trr szrz 

\
t l

t z .+ rv t ' - f  
I

pru nr, ' Lztz etLz " ezL2(14"') 

f\

Also, sLnce 840, h (91u, 922L""' e2l2) = 1141) - f (42) - 0'

rte get

(2.5) He'-  (6t# - ' ;*r , ,Ht 
'# 

"" ;#l

d f  , *  -  ! r 2 .
w h e r e f O ' ) Z - n  ' E - - ' ! '

uetng (2.?), (2.4) anil (2'5)' the teet crltetlonSf; r"dtt""" to

* 
(f1At 9r - f 2a, e2)z

(2.6) u;-"Hdrt'.'6yE
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(2.7) cL = 1lk , 
n22k t12k t21k

-- wl1k 
' 

%* 
- 

-tr- 
- 

6-r1k

and

( 2 . 8 )  * , u = - 1 - + * - * 5 * 5^ eUk e1zt ' stzt szlt

When II4g ls true, r.le have, fL = fZ and 41 = 42 and heace the ejxPres-

sion in (2-6) reduces to

- *  G 1 -  e ) 2
\2.>) 4n = 

ilrl-F I

which l-s independent of f. It is interesting to oote that the teat
cr{terLon (2.9) is same as the L.A.U.S.T. cr l terLoa for test ing ts26.

It cen be verLfLed that the test criterton (2.9) also satlsfies

the requLremente of symetry, i.e., tnvariance under relabelling of

Ehe categories.

3. Equlvalenee of the }Iirr -Xf statLstic and the Test statistic based

on the Unrestr ict€d m.l-.ers

Goodnan 15] obtalned sone test crlterla, which are based on the

unrestr lcted m.l.ets of the ceL1 probabil i t les, for teatJng the hypo-

thesis of no eecond order interactlon in a three-way contl-ngency table.

Tn a 2 x 2 x 2 contlngency table, for testlng

(3.1-) HzO: 
-E 

tt tn log e131 - 0 lr1r. = 1 for ( i1k) = LLI,22L,L22,

i j k  
'  2L2 ,

=-1 for (i.jt) = t3L,,rrt,rrr,

the statistic given by Goodrnan is

(3.2) 
"' 

= ,ri 1r5k log 'r5r)2 , 
,A *" 

,

where  n ; ;p  i s  the  observed ce l l  f requenc ies .  The tesE s ta r isc ic  YZ

can be 6Biainea by using the generai method of test ing due to wafd L91.

Angther t.est statistic which can be useil for testing E2g is the

r'" -Xi statistic r+hich is given by

t , A )
( 3 3 )  ' X i =  

E  ( n r j k - n e 1 5 1 ) - / ' i j k ,-  
i l k
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I"t" 
4rO's are the esrimares of gijkts which ninimise

ilt ("i jr. - n e1i1)'/nij l  subject ro tlro. The statisric *r, n 
" "r,aslnptot ic Xz distr ibution with one degree-of freedo'r,  under l i2g. Forthe purpose of computing ei j t ,  we can use l inearise.i  form of hroNeyman fa] , wtrictr i" gi.r"i'ily

(3'4) Hz6 t 
.I 

lr:r Lo9 n1.i1 + E riir. l i ie = ol jk i jk 
rJK rrjk

The nin -If ."tir.tes 6131 are obtaLned by rnlntnlsLng

(3's) = 
,?n 

t"rro * oe131)2 /'rJr + t ^ 
Fo 

lrJk roe orro

n e - . -- 
in 

ttrn 
T* + 2nf(E orjr-l),

where 2\ and 2n! are the Lagrang{an nultipliers. The estlnatingequarlons for '6111 are glven by

- (or3t - 
"6111) /or3t + 1r5t /or5r * 

f 
= o,

i . e . ,

(3 '6) -  (or i t  -  
4jr . )  + tr3r * l . r ,n = o for alr .  ( i ,k)

srnce 

r[ 
l t j t  = 0, sumning the eguattons in (3.6) for al l  ( t jk),  we

eet,1?--9. Therefore, b'13L r,r"t  sat isfy rhe equation

( 3 ' 7 )  t t J k  -  t 6 r j t  = ' \ . l r , r

Fron (3.3) and (3.7)r lre have

(3'8) x'i = ^t iru l/'rjr

A.Lso, from (3.4) and (3.7), we have

( 3 . 9 )  -  \ -  1 . . "  
t e " '

ito 
":n Ert 

= 
,lr. 

li:r los 'iik = \ -z l/'rjt
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fion (3.2) and (3.9), we have

Y2 = ^' 
Fn 

l/nr,k

which ls equal to Xl .

Si.rnLlarly we can establl-sh the equivaleoce of the t\do teat ata-

tistics for testing rinr-"ia ig3' Frrrther we can extend the results to

other three-t"y 
"oo.rHfency 

ti61es' A general result concerned with

the equality of the W.ia t."" and the orn - 
{ test statistlcs ls

established rot 
" 

tn-]t"y-"o"tittgt"cy table bt Bhapkar I3l '

The author is thankful to Prof. B'R' Bhat for hl-s helpful suggestions'
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On The Teaching of lvtatheuratical $ymbols
George I. ?eeoan

Durlng my tour of duty as a mathematics specialist Ln Nepal fron
1975 to L977, Dr. Pren Kasaju, Onkar Nath pant, Achyut Uan pradhan,
Sushll Krmar Shrestha, and I conducted a research study on the use of
Devnagrl and Hlndu-Arabic numerals ln the Lower secondary schooJ.s. The
results of thls study were reported in [3]. In general, lt was found
that students experienced dlfflcultles ln utl1lzing the two sets of
synbols whlch are taught in thelr mathematlcs classes. some of these
difflcultles resulted from the likenesses of certaln slnbols in the tr^ro
sets. 0thers probably resulted from lnadequate enphasls and reinforce-
ment fir the teachlng of them.

These symboLlc or notational- dlffLculties are not new. They have
exlsted in nath€rnatics for many centuries, and no doubt rrll continue
to s(ist. In our present day, with the prevalence of cooputers, ne!,
types of diffl-cultles have arisen. Synbols are part of nathgm.gLr.
They help to construct rt6 Language in the nrittlo, repres€o.tational
forn. For thls reagon, mth@atica is gmetlmes referred to as a eyu-
bolic system. rt ls lmportant for teachers of mathenatlcs to recognlze
the problems which orist and, in thelr teaching, to combat then in a
satisfactory rray. The purpose of thls artLcle Ls to dl-ecuss several
approaches which a teacher night use to strengtheD hls or her efforts
in thls dLrection.

Let me begin by citlng some special cases, so ttrat the reader knorrs
precisely what I arn talklng ahout. First, errery teacher of mrtheoatlca
has encountered dlfflcuLtLes l-n the teachlng of place value and lack of
underetandlng on the part of students.

What Ls the mean{ng of the tt5rr in tr4r257?tr

tlhat Le the nane fot 32,57,649?

And go ea. Thl-s ls otre t]rpe of probleo. rn al-gebra claeges, it is the
perennial problem of shlftlng froo numbers to varLablee aDd algebraic
orpressLons - the neanlrrg of x, the confusion of x irlth Ox (nothtne is
Ln front of x, so Lt must be 0!),  the confuelon of 2r2 rrt t tr  (2x)2, and
the value of 5x for x - 7 being 57, rather than l-ts real value of 5
tiuee 7 or 35. These are typlcal dLffLcultLes wirlch arLee.

Second, there are dLsagreements over the use of syrm.bols - when to
lntroduce then, how to lntroduce theo, and how nrch ueage to permlt
for pedagogl.cal soundness. For exanple, some teachera oUlect to the
use of the eyubols for greater than (2 and less than (<) in the primary
claeseg. They feel that the eynbole ate confue{ng and rneaaingless,
whlle the ideae thgselves are intuitlvely clear. IJhatever probleme
arlae do so because of the synbole, not because of the .onc{t". If
eyubols mr6t be uaed why not use GT and LT? The same argunlnte apply

for oth
brought
a retre

Th
mlnds o
whlch b:
2 4  =  ? t
As a rer
the mor(

Are the
llow shor
prlor kn
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Lieve ili
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f o r o t h e r s y u b o l e . T h e t r e n d t o t h e t t n e w m a t h e m a t l . c s ' l i n t h e 1 9 5 0 | s
brought vith lt an orcesslve use of symbols' Nov le are experienclng

a retreochment wf-th a better balance lir Preselrtation and use of symbole'

T h l r d , t h e r e i s c o n f u s i o n o v e r t h e u s e o f n r r l t l p l e - ^ f o r m s l . n t h e

mlnds of many teachers and students. Agaln it was tire 'rnew mathenaticstt

w h l c h b r o u g h t a b o u t t h i s d e v e l o p o e n t ' H o r l z o n t a l f o r n s ' s u c h a e 3 7 *
24=? ' ! ' - i th the i rsentence- l i kes t f ,u . t t rebecanemrchmorepreva len t .
As a result, arguments arose on the respectlve teachlng of these versus

Itt..ot. tradrtlonal vertical forms, as typified ln

27'  
+ 2 4

Are the bar "-]t in the second and the rr=rr 11 the f lrst the ame or not?

How should these forms be tatrght conceptually? Slnce chLldren have no

piioi t<rrotfedge of tlre use of nathenatlcal synbols' it ls uP to the

teachers to decl-de the anslters to these questiona' -Some 
teachers be-

if.. di"ti""tlons should be emphasl"zed, others f eel-. that l-t l-s not lm-

portant.

tr'ourth, the cmputer has brought.lrlth 1t new problens and new

needs for expliclt .'Jfog. For eninple, vhat does L2+L2x 24 + 6

"q""ir--ry 
tir. BODMAi ioi., ,nr"n ls-cmonly raught Ln the Nepalese

curricufu.m, the an$€r ls 60. Eowever, some calculators are programed

to do the oPeratlons tn the order l-n rthich they apPear' In-thls caee

the anslter ls 96. Wh"a 
".t 

we to teach the chlldren? Should rre conti-

nue to teach a noouai-type rule, or should ne discuss dlfferent alter-

natlves? These questroo" 
"re 

difftcult to ana!'ter' There may be no

rsriversal anawers 
"fo.. 

pt".tLces change' As a'.tth other things' mathe-

,.ii."i-"yrUols evolve over the years. Iltrat 1s an anawer 1n one year

may not be the 6ane the n€t<t Year.

These exaryles show the nature of the problems' t"l 
Y: 

dl-Bcuse

severaL things 
-teachers 

cao do to teach nathenatical symbolisn more

ef f ectlliely.

Symbola, fotms, and rneaninga are the operatlve Parametera' Ag

any readLng or languale teacher knows, all ihree muet be dealt with

for the chlldren ao liro Proper understanding' In uathematl'cs' the

situatlon is conpounied because teachers and children alLke must con-

iend wlth nultlple forms, nultlple syn-bols, and mlltiple meaninge'

p""iaio,'" of spUofe-"-.i 
"ot 

Ue frxia because of com'tative and asso-

c l a t i v e l a w s w h l c h p r e v a l . l . T e a c h e r s m r s t c o n t l n u a l l y d i s c u s s a n d e o -
o h a s l z e t h e l d e a s a n d c o n c e p t s r t h e o b J e c t s o r m o d e l s w h l c h r e p r e s e n t
iirlrl-Inl',-il"-""J 

"."abu1ary-whlch 
nane them and whtch ease oraL

and written comuntcatioo, .n; the synbole which help to ahorten presenta-

tlons and reveal atructure.

Whst are symbols? Three characterLstLcs are uzually given for a

synbol to be valid. TheY are:
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(1) A symbol must be representative. It is an event rthich stands fot

another event.. Ior exary16, ttlet x be ... tt is a colmon occur-

rence ln algebra.

(2) A synbol must be freely created. That ls, the chol-ce ls somewhat

arbitrary. There'i's no reason vhy any synbol need stand for any

par tLcuLar  event .  For  exaup le ,  x*2  =  5  and t+2= 5  are  the

same sentence. The use of the x or the t is arbltrary. Any letter

wilL do.

(3) A sym.boL nust be transnitted by culture. That ls, sym.bols are

taught and learned and then passed dolrn.

As teachers introduce symboJ-s, they must convey to the students

the idea that sym.bols are vehicles for the cotrcePtlon of obJects. They

are not thq objects. To percelve a thing ls not the same thtrng as being

aware of its presence. For o<ampJ-e, how often do students 
I'see'r s;Ebo1s,

but not Itperce{vett then? The s1m.bols are seetr but lt is as 1f they are

not there in any subetantive !tay, as perhaps specks of dlrt on the page.

Thus the perception of a symbol. is a great cleal mre than the seeing of

it. As teachers qf nathenatLcs, we must asslst students io developi.ng

the ablJ-ity to percelve eynboJ.s, to understand them, and to have feeL-

lng for then.

What ls a sylrbolic system? Usually four characterlstics are given.

They are:

(1) Synbols must have the ability to be applied to a variety of sltua-

tiong. Tor exanple, the synbol tt2" stands for tttwonesstt and re-

presenta any set of lwo obJects. It can be applied to a varl-ety

of si tuatlons.

Mathenatical synbols do not stand alone but are orgaril'zed into

systerns which are governed by expliclt laws and rules.

These rules provide thls partlcular system with the abllity to

generate increasingly more general and more powerful statslents.

They also deflne gtatqrents which are pernissl-ble vithla a system.
(Frequently it ls thls accunulation of generaLity and power, along

rslth greater preci$ion, which confound our students).

In short, the first three conditions say that there is a vocabulary

and a set of conbln-atorfal rules which a1low one to operate on the

vocabulary elements.

There ls the property of nult iple expression. This property makes

tt posslble' to construct a dict ionary and to transLate from one

form to another as weLl as from one synbolic system to another,

once,the ruLes of translat ion are known.

!

I

t
I

(2)

(3)

(4)
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lf one views mathernatics-as,a.synbolic system, aloag with language,
and other dlsciprrnes, then the dlscussions fur the variois d{sclprines
are not distlnct. A11 talk about the same thlrrg - vocabulary, synra:.,
1nd 

tfe property of nultiple exprebsion, These thlnga are transmltted
by culture; they are taught and rearned. clearly thE issues i.nvorved
are both cultural and pedagogical. The specific'symbollc ."tl.,riti""
are,affected by the educat-r.onal system and_by individuar. learning. Nochild j.s ever born with a knowledge of his/her *"i.iy;" p"iaf..rf",
synbols. That nust al.ways be kepi tn nind.

As teachers we bannot ignore.these facts. The dif f icult ies wfl lnot go away by wishing. Teachers of nathematics must'rug"rJ thernselves
as teachers of symboJ-ic- systens, as teachers of languagel it arr"y r"il
to do this, the difficulties wi-11_ sinply continue, unrlsolvea. If theydo it, then the l-evel of mathematr.cal'literacy can be raised substan-
tiall-y.

Let us look at the practical sl-de. To say that teachers must do
a certain thing is one thing. To deal wtth thl practlcalities is an_other. There are no easy answers. Awareness of the probr.em musE comef irst.  Repeti t l .on and reLnforc@ent-are vital.

- Some oramples of strategles which can be used to help children
read mathenatics lnclud. rro"ibulrry e:rercr.ses, given stngiy or in natch-lng form,classificatron exercises lo show reratlonship" Iri"g 

"""r,thlngs as geometrlc notions, argebraic notions, arithnetic .rltior,",
and conblnations of these, .s *":..r as exercises on deflnLtions. someof these ldeas have arready been incorporated r.n bookr.ets prepared bythe mathenatics speciaLr.sts at the coc-mtc for use in prinliy and Lower
seconilary level workshops. They should be incorporated into the currl-culum materials thenrseLves to get wtder exposure.

To determine the magnitude_of the problem local ly, one night engage
ln_a research project of the fol lowing sort.  Make a l ist of nathemati-_
cal synboJ-s which are-cormonly taught in the curriculurn thiougtr cr.ass 7.classify them as to whether sludenls are to have mastered then or slmprybeen exposed to them._-Choose only those in the t'r""t."r;r 

""i"goay. 
I.fo,

test the students of class 7 to sie what percent actualiy have masteredthem. which symbols are known by 90"r of. Lhe students, riri"i'uy Be-go"r,
which by 70-80%, and so on? which synbols are lcnown to less than 502of the students? The-resrrr"ts wi 'L probably be surprisrng.--rn. rnagni-tude of the probl€rn wir"l becorne 

"pp"r"nt. 
sureLy lrrrs nis some bearlng

on the performance of students orr-ior"t secondary *mr*iroou.

some Amerlcan educators dld this type of experiment r.n some Ameri-can schools i .n grades 7 and B. Their resuLts are reportea.f. ,  tZ].  I lereis a summary of thern.

90-L00"1 famil- iar i ty! *,  - ,  x, $, +, 7.,  q

8Q-90% fanl- l lar i ty ,  )-,  V, I I ,  ' , - , ,  
as in 

19, 
'1'  

."  io + !,  
2

as  in  42

I



,
90

7O-SOZ fan{l iar l ty, * 

"c 
lo *5, . .  as la 2.46, r,  o as Ln 90", =, }

60-70Z faolliatity! aa h'4, , " for {nchea, l, 
3 

"s 
l.n 13

Synbols such as

A , l  l '  (  ) , 4 ,  t l  . * ;  0 , u , T , ' - ,  l f  , * , F ,

I  l ,  Z , t r ' ,  I  l ,  c , 3  ,  €  ,  ( i ,  . ' . ,  =

and others were known by lees than 502 of the atudelrts tested. ltotice
that all geometry synbols were Ln thLs category.

lihat rpuld the altuatlon be anoag Nepalese ch1ldreo? Of couree,.
the eynbola.would bedtffereot gLnc€Ra. and p. rpuld reglace $ od C,
respectlveLy, rrhlle the Devaagrl numerale rruld replace the Elndu-
Arablc nrmerslg. &rt would the resul"te differ? Certa{nly thl.a rculct
be useful.infonnatloo for any teacher to have. Ooce lt ie avallabLe,
approprlate cotrectlve deasurea can be taken.

Studles such,ag this ehov that tea.rherg nrst mrk barder to teach
synboLe, thel.r oeanlnge, and thelr relationships. By vtalng tathela-
tics aB the eynboltc syst€m whtch tt le aDd by rmderetandlrg rbe rature
and cbaracterLetlce of such a systeo, teachera can help trrselvea to
do a better Job. llany of the problene vlU be placed Ln a proller con-

!er<t. tlauy of them caa then be solved. tor exqle, atot7 or nrd
problene have caueed dtffl.cultteg for aLl teachere. In tbe contert se
are dl.scuselng they can then be vl.ened as probleae tn rrhlch a etudeot
must transfer frou one sy€ten to another. The recogol.tlon of thte alone
nay help to leail to eolutlone,of the pedagogl.cal Ledlea trolved.

Next, we ehouLal [entloo the need for a conelstent vocahrlaty of
uathemattcal (ana acftntftc) temlnology. Wtth the requlted uae of
Nepalt language La the clasaro@g came to need for vocalrrlary. pre-

vloualy, Englteh ter:ma were most often ueed. The editors of tht'e Jour-
na1 heve choeen to uae Lt aB a yehl.cle for the developrent of srch a
vocabulary. That Le a comendable thtng ladeed. Ag it le co4leted
and put lnto practl.ce l,n the preparatl,on of currlcu&m raterLala, the
entlte nathematl.ce programe should be enhanced.

Floally, let ue cment on the hietory of nath€matical synbollo.
Ife have remarked eevefal tlnes that chl.ldren have no prerloue horledge
of eym.bole and theLr uges. These are thlngs rtrtch are acqul.red. Enoe
Ledge of the hLstory of math€matl.cal notation can be invaluable to the
teachlrg of the subJect of mathematLcs. For thl.e, one ehould conanlt
the deflaLtfve and axcellent $orks of Florian CaJorl ctted tn [l].
HLe etudy constLtutes a ml'rror of paet and prdaent cordltlons la rathe-
Datlcs whlch bear on-our preselrt notatl.onal probleme. xmsledge of
the succeseee and fallures of the past can contri-hrte to tbe eolutlou
of the problene of today.
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thfu.k how vrtal a clasgroom srtuatlon muld becorne sere a teacher
fanlllar rlth

- the struggLes involved in the evoLurlon of the numerals to obtaln
the forms rre now u'e, and hov the computer threatena theae once
again.

- the struggles lnvolved in the derrelopmeat of the decrnar" systqr
of numeratLon, through the BabyLonians, phoenl-cians, Hebrews,
Greeks, Arabs, Romans, llndus, and othirs, and nory ihe present
trend torsard rnternationar"r.zatr.on of the netric systeo.

- the de'elopment of the operational slgns * and - and therr ulti-
, mate fhalization Ln the latter part of the 15th century A.D.

Lo Gernany, not too mony years ago!
a

- 
.the Btruggles 

_for the developnent of other synbols such as the''tlmestt 
sign (x) l.rr the lTth century, zero, and othere at all

.levels of difficulty.

Knowledge of these th{lgs and other of an historical nature courd
breathe llfe into a claegroom_and ssgtd go a long nay toward solvlng
sone of the probJ.eos ne have diecussed. 

-The 
greiter-oners perapectrve,

the better lt ie to achieve solutr.ons to problems. I{hat is needed are
a serlea of articles, perhaps Jolnt ones by hlstorrans and math€uati-
clana' shlch roultl dlscuea the hLetory of natheoatics and eymbols ln
Nepa1.

Some Lt€ms are quite interestfug. For e:rampLe, CaJorl nentLona

9lrlt l,' 195L, there were nlne dtfferent usee for rh; de;tual point
("). fn partl.cuJ.ar, Anerican and Buropean uaea are reversed. To an
American 2.5 neans 2 x 5 = L0, while 2.5 means Zf,.r. to European, 2.5
means 2 x 5 = 10, and 2.5 neans zf6. sinirarry, tHe'gr;; ; ' i io.o,,
connotes division. whil ,e in-Nepar-rt  refers to nurt ipr i . . t iorr.  cajorialso points out that over time mathmaticians have t!""-*t.ury i.r*eff icient in deveropment of notat ion and symbors. First,  they canrtagree. second, if they do agree, they donit adhere io-ai.-"*r"emenr.

Eaey or quick eolutfung to eymboltc ald notatlonal problens do
not exLst. The approaches rerve dr.gcueeed nay help, bnrt rrot conpletely.
Nerrerthelee-el tl:y are rorth a t!y. The more koowiiitgeable the teacher
Le-phllosophl.cally, hlstorically, and practically, thl more easily and
effectlvely can the atudenta be taught. Thte ts-what rre Dust alr gtrlve
for Lf the level of matheoatlcal llteracy LB to be raLeed..

I

I l l

I2l

Ref irdlnces

CaJorl., FlorLan, 'A
Volunee I

aod 2, open ciiFl

Kane, Robertr-@ttcg, Anerlcan Book
Cmpany, L974.



r.;"L,,i

:,. ;;J*' ,;
:i1'.;: . I

:$ry1,1

'cdj":"u.

t  r i r l  g v I

' )  . i r \  . . ,

- r):. rlrllrdt ;
l :r Lt , f'-s}.f ,
'  '  , f t i :  l  ' ' - t (*  , : :

g."g: q

Gauea rJ

c.c.lt. I

; f : i ;r:r 1c {i s.t

:rJiT . 
. i:,.|.:rJ

,1 .:r*a;fl

:r i:riqitgrif.i

\'.l.irY;:i

;t#'
i,;.,llilli,l. 

' '

tr';ir,,.ii.f:1.., \
it,,^', ..,tt-

;,;;t:



cauge {TT{ \i 
GraPhic l}llr f+faq

Gauss rTTS 
Graphical 

'r'i{r 
Tn f-'iii

t 

--- 

- -:. Graphicallv 
"t\ITf{f]".l 

{{'qt'('
I  c .c.M. q€(q \ l r {TqEl f ,s  

vr .v! ! !ve--J

I e.nerar 1TT{T:q 
Gravitation rR"'eqT'{GTUT

Generalequat ioni {TqT:e]( i r { t . r , - { r iTGravi tat ionar i ; i^g1q.st '1 ,$. - f { rq

GI,OSSARY

Garactic .{TSTQI'fsqrfTq, f,TTTqudTq

Galaxy JTdT{l {gqrtT ' 1ST1 qrrw

Gallon T-q16{

Galois f ield r?T€T qT4

Galois grouP raT€T TQE

Game tq

camma (y') q1q1

Gauche f+offCd"f, ++b

Generalisation {I1q1EfYq' $lf

Generalise qTq i;dT{TuT 
'T{

deneralitY (TrlT4-dT
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OF MATHM'IATICAL TbRMS

(Proposed)

(c)

Glisette fffft,

Google ( qo loo 
) s{-YliT{fuTf,

Grade ft-I, KT, AgfT

Gradient ATS, gqUT(T

Graduation 'ffifeqOl

Gramre 11q

craph rJl{i, ilqff{d

cravity Tt.C4

Gross q-5, qqT, qTii ESI

Group q1E

cenerare {<.r rqi, f{.i TTt,. grgTq-'i Grouping \rtfa'i'TuT

e"rr"t"ti$tine g"11q ldT, 
',i=qrg? Gvration fr"toil' qn-# LiuT

Generaring t'r,"J$Tgqniq rh-dl Gyroscope tuicii-i

Genera tor  9q1,1r r ' J tq lq f
cyrostat tlui\itVffi

Geodesic yrfbrdTri, q+r-rifuTd'rq 
(h)

Geodesy TI1'RTTA, TqgrTfolf, 
half 31T'iT

ceomerry ;qlfrifd, fqili'ftira 
barr'ronic {iiqT{-r' 

QTT-'i{'i

clide fqqquT, fs-q51 
l€rrilonics 'l-u'rT l-{t'f

_ _ _ _ _ _ _ j _ _  
- - - - - - - - - :
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lravrsine Jildh1_rqT

Il.c.F. qE\q qqlqqfd
rd

Heighr gElttT

tielicoid Vffu 6,n661,
9

Ileliocentri" 
Hffi

trelix -4ugfq5:fi

Heptagen ifqT{q

hessian tRIqT

heterogeneous fr91f,1q,

ueuristi-c fff i :qtq

hexasen .TET{,'s-fqqtqT

hexagonal -T-{!yf.l,rfT, rfq+tqfTe

histogram JITqd f{i

Iiistoriogram STtfd fr{

ltodograph etql ,Xfq-, +ITfq

hollow (It'.i" I ,

tibmocyclic qqq-f{-{l

homogeneous ;iMTdTq, t|rt, ifqqTdTq

Ilomographic qr1-€kq, t{T'dd'f

homograph tn(fTifT

homologous qgT{Tq, i1qff. itq'qff

homomorphic iFl(,fT, Wg

hdmomorphism (n( qtlT, {IT(.T{I

homothetic {tr 
--,*l-Rqn, 

t[Ilf{xld-iq

I
I
IqFfrrq
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Horizon fisTtfq

horizontal -qtt1{, 
ftf f*fiq

Ilorograph qT{ftq

turndredweighr (tuiq+E

Hydraulic g.q qTfrf,, rF STnff,

hydrodynarnic fft r;fr{

hydrodynanic s gg-rffi-fffi;-1

hydrokinetic qq1fiP$lq

Hydromechanics f-q qTfAfi

llydrometer E"{-r{:IFT qlqfi

hydrostatic W€ltftr

hydrostatic s f.T-fFlft -ffiTn

hyperbola gfrytfttq

hyperbolic gfrqi-ffifqq

Hyperboloid gfrT5qd-.5

hypercompl er JfilrlftqYl

hyperplane Jfdiffim

hyperspace gTTqqtTYI

hypersphere TtOtdi

hypocycloid J<l.{Tdtq

hypotenuse irTf

hypothesis qfr+ sT{T, gT"fS-f,FIT

hypothetical qfll{-q,q{Teqs, gTqsfiqfl

heq.o

t
0

hol omorphic i{iiA J,F.r'O{T?i, 11-.iit6l t - Hypergeone tr ic qfrifq tm{
cll ci4

holonornons(r!? tE-ci=T, qdlqfl=a hvperharmonic gfr{ilqffr



(r)
I

IdemPotent qEIfTq

I rdentical tirRq' tl-€{l
T

rdentically (l-{ qrFA

' rdentity qrI('rq61 , 
qTSgq

rl1ogica1 q-d frog, .iifgq<I

Inage frcg, gfilfilft{

' rnaginarv fffFKT, sT-C.{frs

rrobedding J=<t(, Jt-'<I'firff

rrmediate tK-q4"TO, S4-qffi

Inpact i{tgJ

Irnpinge AEffi{ qTt

rrnplicit iiiif{'fro, g< : fd{-d

rmpressed .ii{Tf;t1

Improper Jfdft(

rmpulse .{Tfi[

Impulsive $TFfr

Inaccut'ate rfddt JI{G

Incentre -f'f,; qt.rfr

lnch Zq

t
0
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Incompressible .fifrqq

Inconsistent qlqqtqfr{, Sfi(

Increasing q-qi, +iffl

lncreament dgft, Eft

rnclefinite .ifrfrffi

rndependent €tlE[' TET'fli{

rndererninat. cfiqfffA, $frffu

Index 9Tf,T€$

rndicator fSlA+

Indirect $gfeqqT, tffl-qf

lnduction JITTTEFT

rnelastic JtfHfttqTq{, S9{eqTftz'lt{

rnequalitv .n{Iqf,T' Ft.tq

rnertia .fifts{fireg , ?FlTf.eifileq

rnextensibLe SfrKT?i, JfffiTEt

Inf,erence Jruftfr

Inf inite Jf1f,, .trff<

Inf initesi:ral .nF{ul, .tr{<{fl

rnf inity JFT<ttT, .lfYflf,T

tnf lat ion Fsafr , Tqtldfs-{uT

lnitial 3tTfq, 3lTtfm

rnner ffff, J<{

rnseparabl e gfr{I--4, $gE'ftr{ufTq

rnstability ifeTAT

tnclined 1(, tt-+{T

Inclination T-{Tq, lfr

tncluded $qTfi'cd, {iqTqfrlf,

tncomensurable $q-Liq' ige-fi-'2f

tncomensurability 
q{rq{dr, jgFqflTlnstalment f+'wr

rncomplete iXUf, iIrlXUi 
lnstanceflTR



rnstantaneous irqrTfUftrr (TtSTffi rnverst Tftffit1, G-otq

rnreser WfrsqtolT, 5urft;rumTegrnverserv 
rfrotTa; eet a+i$

Integrabil ity qqT6{lqdT

rntegrable SrITffi{Tq

rntegraL WTWqIF{T, 
qf+ff

rnresrand(IqTqfi trft€t, qqTq'Ftr

Integrate qqTEffi{ 
"rt

Integrating (tctT?"mT' SqTfifi T{

Integration $qTEFFT

lntegra tor s {rtTTffi{-Q(i

Interest qTq

tnrerior $=<l-fgq, .n<{t'tt

Internal ST:dftq

rnternall"y T=<iftffiT X.th

Interpolation ft{gF, g:<*H

rnrersect ,fd-4E tt1

Interated E{i.';l(

rnrerarion g{(,fqa

lntersecting gftQfr

Inrersection TmtE, q'AT1' 
€;F-T

IntervaL .s<{TO, .n-ff{

rnto IUTT ( ), guft

.A-.r)-
lntrinsrc l.|ul I

Intuitive d<FS-fl, i, H4EXi-d', FT3i-<

rnvariable .ifl . qft{fi{q

tnvariant tr{dti1}1.q, frYq1

rnversion ffutfl3.Tuf

Invertible g.fut5q

Invisible gglq

Involute ;fFC}<C

rnvolution qT11f,TU1 , 
gT(fh-gT

Irrational JfSTfl, ffii fqi.-q

Irreducible S${+TUTT<

Irresolvable lqugfTq, "{qqThq

rrreversible ggeqgdf, .nfrqT"q

Isocline (fiid tqT

rsogonal Tet {tgfTq tqt, qq qlFT{

rrrotational,{tfuffiq, fi1qe?i

I
T

"ttqr
Isomorphic g1? l qf 

,

IsomorPhisn 
-dqlqflT,

rsosceles SqfAqTg,

lsotropY gqfq:=66T,

{{qFfr

$;c{t9{T

{qfaTq

qqf{+-(T

I
I




