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Magnetohydrodynamic Boundary Layer along

" 
iotorr" Wall in the presence of Transverse

Magnetic Fiel-d R.c. *roucihary

.{bstrac t

T h e m o m e n l r r m a n < l t h e k i n e t i c e n e r g y i n t e g r a l e - q u a t i o n s h a v e b e e n

derived for the two dirnensional laminri- io.otpt.ssibl-e boundary layers

along porous walts 
";;-;i;ie 

of sma11 eLectrical conductivity in the

p.""!t".  of transverse magnetic f ield'

The equations have been numerically solved with.tne aid of a fanily

of velocity profites to study the hydromagnetic boundary layer along a

seni- inf ini te Porous f lat Plate'

l .  Introduction

Rossor,r [7] studied by the rnethocl of series expansion the flor'r of

an electr ical ly conducting f luid pa:! a f lat plate in the presence of

rransverse r"grrut i .* i i . iAi 

- l l . f ."y" 

ta] considerecl the.f low of an eLec-

t r t c a l l y c o n d u c t i n g f l u l d p a s t a - s e r u i - i n f i n i t e p l a t e i n a n a l i g n e d r n a g -

netic f ield . .a ouialred a"solut lon by an approximation method. Re-

girer t6] investigated the f low of a a conductlng f luld over a porous

flat plate in the ft""to"t of a uniform magnetic f ield'

Igllsch [3] investlgated the non-conducting boundary layer with

suction along a semi-infinite porous flat plate and found that the

as)Erprotic stare suction profi ie was reachld after a distance given by

n"'-+ = i .  u.n. neaa [2] gave in.dimensionLess forms the momentum and

rhe kinetic errergy-irrtegiai 
"q,ruttons 

for two dimensional" boundary lay-

ers with suctlon of non-conducting flui<ls and suggested a nethod based

on the jol-nt use of the two'

In the presedt paPer, fol lowlng M'R' l lead [2] '  the momenlum and

the kinetic energy integral equations for two dimensional MHD boundary

layers along porou"-;; i i "  have been derived for the f low of a fLuld of

ssal l  electr i"ur cJrrarci ivrty in the presence of transverse magnetic

f iel<i.  The equati ."" t"".  blen used wittr  ata of a fanl ly of velocity

prof iles to study irow tte MHD bounclary layer develops from the leading

eige of a seni*inf inl te porous f lat plate to the asymptotlc state pro-

f i le shich is reached afier a certain distance dependlne upon the rate

of suctlon and the strength of the magnetlc f ieLd'

Z. : tooentulo Integral Equation

L'lth x as the coordinate aLong the wal1 and y the coordinate per'

pendicular to it, tt. iwo climensional boundary layer equation [5] for

t h e s t e a d y l a n j - n a r f l o r , r o f a v i s c o u s i n c o m p r e s s i b l e . f l u t d o f e l e c t r i c a l
conducrlvi ty 6rover a-foto.r" waLl in the piesenc. 9f_."o.external ly 

ap-

plied traosverse t.gr,"ii" field of unj-forrn strength Ho is



3

f 
*n".. uo is the free

o  , ) u .  n  g 2
T \TT/ y=o; /\= T
v e

j _ ,  rn  =  (+) r .T

R] = g &-, we have. Y ? U

( 4 )  h , $ ,  =  # r t - e + H ) / \ + ) - n { . o t
The momentr:m integral equation Ln dimensionLess form becomes

( s )  t S =  4 r t  -  ( 2 + H ) n + ) - r i d t * t
(Ix ir

3. Kl-netic Energv Integral Equation

Addins 
t 

(* . 
*, 

to the left hand slde of equation (1) rnulti-

pryhg through by u, ustng v = Vs - 
I:* 

ut and integrating wl"th

rctPect to y from y = 0 to y =<ro, We get

. 2
(5 )  f  , 5 ,  = '#  r ro  -  sAHe +  ) -  z  d  to t

Ybcre oo

€ - h (1'-4)dy; energy loss thlckness,

) . ,  o
(ff) '  d(v/0) ; dissipation lntegral

u = stream velocity,

L =

) =

dU
ffir

r  I I =
6)t-E*

lons

t

are

e1d

.oto

o

! r f r#,'
d

c
B€- 

i 
t"

lb varlatlon of

a dimensLonless parameter.

He is given by

F = t u < € , = H $ f - g $ S
$bstltut{ng f.t $$ and $; 

frorn equations (4) and (6) the kinetic

caergy lntegral equation i.n dfurensionless forrn is



+ I - znfrr*1

0 , v = v" equation (1) gives

-A+Z  ) - n f r t *

"n?.- I
4. Well  Conparibi l i ry condir ion

A t t h e w a l l w h e r e y = 0 : u =

(8)

where

m =

l-

I r

i r  I
l i ' o -

7a:f lJ,c

IL

o( S<\l r

$ r r1e r

lor
:.r:r J!
I r r c d

b€..rt

5. Farni ly of Velocity ProflLes

The one parameter farni ly of velocity prof i les given by I1. Schl icht-
ing [9] may be used for the approximate calculation of MIID boundary
layers along porous walls in the presence of transverse nagnetic f le1d.

Th6 velocl-ty prof i le ls

+ ,#,,=o

( e )  $ = r r r J ) + K 1 2 ( n ) ,  1 = S a ]  
f l 1 ,

where

F 1  ( 1 )

F2  (Y1)

, ,  (r l)

a n d  6 ( * , 4 ,  l )  r "

For an infini.te porous flar plare 
3# 

= O, U(x) = Uo, and the solution

of equatlon (L) under condltions (3) gives the asynptotic I'Iagnetohydro-
dyndmic suctLon velocity profile

=  r  - . - 1
-  F l  s r . , - l p , 0  s | < 3

=  F t -  1 '  
1 > ,  

t

the local boundary Layer thickness.

(10)

where

r!- = r - .-t rtf-;.+r.i- ;){
u o = ' - '

FW
nn= 

V p 
-' the Hartmann number

I

t

I

(
I
I
I
I
I
a
I



aDd

v a

r=  + ,
v

with R6 I 0 and for only negative values of A when

this asymptotic profll-e I1 = $ 
= Z and the asymptotlc

can be written as

1 = +

0)

I r  i s

I t  X  I
seen that an as)ruptot ic prof i le exists for al l  values of

Rn - o. For
pro f l le  (10)

_ J _
5*S  = 1 - e

uo

cht-

l d .

The aslmptotic profile (l-0) is represented by the Parameter K = 0

of Schl lchit ingrs prof i les (9) for which 
# 

= 1 when K = 0' The

Elasius profi le at the leacl ing edge is given by K = - 1'

F o r t h i s s y s t e m o f v e l o c i t y p r o f i l e s t h e v a r i a t i o n s o f t h e b o u n -
cary layer parameters g/$ 

, H,-EL , L ,  D against the profi le parameter

I are shown ln Table 1.

TabLe 1

toradary l,ayer Characterlstics for Various Values of the ?arameter K

of, the Schtr ightingte Profi les (eqn'9)

H es/6

o

Eo-

{ . 0

-o.2
-o.3
- l  -A

a - >

-?- 6
J J - ;

{ . t
-o .9
- t  . 0
- 1 . i

- 1  . 1
- l  - r
- t  . 5
- 1 . 6

0 .5000
0 .4931
0 .4857
o . 4 7  7  9
0 . 4 6 9 6
0.4608

0 .4515
0 .4418
0 . 4 3 1 6
0 . 6 2 0 9
0.5098
0 .3981
0 . 3 8 5 9
0 . 3 7  l 5
0 .3605
0 .1470
0 . 3 3 3 0

2 . 0 0 0 0
2 .0462
2 .  0960
2.L490
2.2Q62
2 .2679

2 .3345
2 .4062
2 .4839
2 .5685
2 .6600
2 .7  608
2 .87Ls
2 .0909
3.L238
3 .27L3
3 .4359

L . 6 6 6 6
L .557  2
L .6474
L .637L
L . 5 2 6 5
1 .6 r -55

1 .6043
L .5924
L . s 7  9 9
L .557L
L .s532
t .5396
L .5251
1 . 5 0 8 9
L .492 r
L . 4 7  4 5
1 . 4 5 s 8

0 .5000
0 .4696
0 .4394
0 .4096
0 .380L
0 .351 -0
0 . 3 2 2 4
0 .2944
0 .267L
0 .2405
0.2L45
0 .1894
0.L652
0 . L 4 2 L
0 .1201
0 . 0 9 9 0
0 . 0 7 9 1

0 .  2500
0.2392
0.2289
0.2L94
0 .2105
0.202L
0 .  1943
0 .1871 -
0. t_804
o . L 7  4 2
0 . 1 6 8 s
0.  l -631
0 .  1581
0 . 1 5 2 5
0 . r_491
0 . t449
0 .  1405



-L .7  0 .3185
-1 .8  0 .3042
- l_.  9 0.2882
- 2 . 0 0  0 . 2 7 2 4
-2 .099  0 .2562

(Separati.on)

3 . 6 2 0 6
3 ,8204
4 . 0 6 3 8
4.3325
4 .64L3

6

1 . 4 3 5 8
L .4L36
1 . 3 9 0 1
1 . 3 6 3 8
1 .3353

0 .0605
0 .0432
0 .0273
0 .0128
0.  0000

0.13  69
0.1331
0 . 1 2 8 9
o.1248
0.L204

The compati-bility condition (8) takes the forn

( 1 r 1  ( r + r )  ( e / 6 ) 2 +  
{ t * C r - - p l r

6. Serni-Inf inite Porous Flat Plate

It ls proposed t.o lnvestigate the MHD
along the initiaL length of a semi--infinite

Presence of transvegse magnetic f ie1d.

For a semi-inf inite f lat plate we have

2-  fut*  - r [= 0

bouodary layer with suction
porous f lat plate in the

".ott 
- znfrt*t

i + r

/ \=#
and

v 0
) = +  = 1 * r z  f " i  r , l h e r e % = 5  , / t ? t -.  

,  
. .  P  u o  U y

The momentum integral equation (5), the kinetic energy integral
equation (7) and the waLl compatibiJ- i ty condit ion (11) take the forms.

= 2(L*%ro% -  n  no l t * ;

1 .  e .

(12 )

(13 )

U (x) = Uo, f  ree str eai:  v -r .rc i ty,

f  = 1

d t *

1

T [2D - ri (L + is. 'r, l i  - H

-9.9- = o
4x

2
RMr*) + v

cx

l u
* ar€

d F =

and

(14) (K + 1) @/6)2 + (1 + 0.4764K) 
* O.*.  

-  
{ .o 

= o

At the leadlng edge ft- = 0) the momentum phlckness parameter
t* = 0. Therefore, for al l  values of f" and ( t fre conpatibi l i ty
condLtion (14) gives K = r 1.

h(

i,!

(r2)
:a*l

s.ld,

: t  .
h3
ctrrl

l :6  )

I
a r
lrfr

: -  !

I
t d
3!rI

rN8. I

fr.

( : 5 )

S..
:r



L = 0.2L45

H€ = L '5532

H =  2 .6600

D  =  0 . 1 6 8 5

e/A = 0.41-00 I
: t ion
:he

..\s rhe kineric energy integral equation (13) has a singularity at

rle leadirrg edge (- = O)-where t* = 0r the momentum integral equation

(12) only h"" bu"rl solved by Runge-Kutta arethod [8] over a short dis-

:aace from the Leading edge with the satisfact lon of the compatibl l i ty

ccui iclon (14). At a few subsequent steps the momentum and the kine-

:lc energy iltegraL equations (12) ana (13) have been integrated by

nrage-Kuiia nethod [8i. Integrations further down-stream have been

carried on by Adamls method [1] using a quadrature formula'

,1t-* dH"

The asym.ptotic state is reached *hgn 5 = 0 and 
# 

= 0'

frorn Table 1

0

0 . 5 0 0

0 . 2 5 0

(12) we get the asyroptot lc state value of t* glven

1 . e .  v h e n  K

rrr L I
)

U  =  2 . 0 0 0

( l 5 ) fron Table I

Itren from equation

2 Z

1 1 6 )  $ z
;s t s + 4 R M

ror dif ferent f ixed va].ues.f d and vs calculat ions have been

rdc s.-ep-by-step with the aid of tal5le I  t i l - l  the asymptotic state

rr lcs 3i"." Uy Lquation ( l-5) are approxlmately reachecl '

3esu l ts

l* results of calculat ions have been shown by curves in f lgures

: a i d t . T h e f o l l o w i n g t a b l - e i l l u s t r a t e s t h e e f f e c t o f s u c t l o n a n d
3n3syerse Dagnetic ilEra oo the MHD boundary layer over a serni-infi-

3 l tc  ?orous  f la t  P la te .

a l

rns .

rl
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Table 2

Magnetic Suction

parameter Parameter

Point where AsymPtotic

asynptotic value of

state is t* as

approximate- 
A

1-y reached calculateri

Asyoptotic val-ue

of t f  as esti-

mated from equation

(16)

1
I

t*

t*
A

xAt
s

-r? t*
A

0

l_

l.

- L . 0

0 . 0

-l_" 0

4 . 0 0

2 . 4 0

t . L 2

o.2280

0,2430

0.0899

0 . 2 5 0

0 . 2 5 0

0 . 0 9 5

The curves ln Figure 1 il-l-ustrate how the

from zero thlckness at the leading edge to the

at a certaln dlstance from the J-eadi-ng edge.

boundary layer develoPs

asymptotic state value

.t5

.21

t- r o.25

a*q 'w')

Rt"9

f*^

t , ,
t'

.r6

.08

La

:21  t t? . ,

I ll rtr

l. l xalr

i  5 l  Pr l

I6l  tcr:

t.2 1.6 Z.O

v4
F t6URE. I

t z2.4

MAGNITOH.I|DRODYXAMIC !(IJNDARY LAYER ;T-ON6 A SEMI' INPINITE

POROTJS PLAT Pt ATe N THE PRESENCE qF TRANlVentE m^GNsrlc FIELD.- 
ventrrrol l-oP f aEA|NST f Fon OFrenENT VALUeSoF RiANDtt '6.



value
esti-

equation

leveloPs

a value

1
tk

t r l

t2)

t 3 l

I4 l

t 51

t6 l

l l c u R e ' ?

MAGNETOHYDRODYNAMIC BOUNDARY LAYER.ALON6 A SCMI- INFINITE
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A higher order theory of rnterfacial periodic
Ii laves affected by Surface Tansion

Abetract Madan Pathak & S.R.p, Sinha 
t

o f  n  t h e  B . V . blem

The solution of the non-lr-near probLe'r of flnding surface tension
effected periodic progressive waves of fioite anplituie on the lnter*
face of tro honogeneous liquids is obtained up to the first three ap-
pro.h-tlons- The notion is two-dimensional irrotational and the
Itg.tde are unbounded on elther sr.de of the i.nterface. sorne physlcal
Propcrt les of the solut j"on are also discussed.

I^otroduction

The lnfinl-teslmal higher order theory is obtained here for two-
lrrencl.nal perlodlc progressive riraves on the interface of two hono-
t rdrs liquids of inflnite wtdth. The motlon is supposed to be irro-
trtlooal and the rnterfaclaL waves are caused by the cornbined action
of gravlty and surface tension. rt is found that the sorution has
r f .qular i t les for the wave-lengrhs, 

\= Jtr ,)o,  1D = z, i ,  . . . ) ,  where
^\"orr"-"ponfs 1o the minimum iar,re of cL, as obtained in the linear
tbory, by the formula,

^z _ 
Pz-Ft 

e) 2rf T
v2+(1 2rr 1?2+\7 |

b -Gf- t  notar ions ( [5] ,  pp.  373- .374) .

It ls noted tt lt tr,= @. )o ls the bifurcatLon point of the solu*
3l- i.o the second order term_s-are includecl, and the elevatt;; ta 

--

-;rrrton according.S: l 5.f 
fo . rrence i;.-; i€.ir, rhe waves

dDlt e pr.rely capillary itte 
"f,iracrer, 

and f"rf>G;', rhey have a
lnr 3rrlty like narure.

Lec_thG eve prof ile I wlth spaee perloa I Ue progressJ.ng without
I of foru with constant velocity c horlzontall-y fion the rlght to

3 dtrectlon. Let us have a coordlnate frame oxy with ox-loi"-
rlcb the horlzontal ltne of separation of the r-iqutds whir-e at

.:t^dlrected_opposite to that of the progressi.ng waves. The
DGa s{s OY r-s taken vertical-J.y upwards. Let the elements

Lttl ylth the upper J_iquid be denoted by the subscript 1 and

:11.:h: 
lower liquig by 2. rn parricuiar, rhe density-or the

ll+rd ts taken as pi ind thar ot trr. rower tf Po,-:--i.; 
""r thrt the motion sta?ts from rest, so that thlt.ois ,."t ,itr,

b ([l at atr infinlte distance from the wave_profLIe. The

:-.lr:ll1::_i" 
.1i". 

1.1", -h1: equarion y = 
't 

(x * ct) and
tbe velocity potentLat ot ttre flow of tir. 

"p!., "nd-i.o;;;
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A hlgher order theory of Interfacial Periodic
llaves affected by Surface Tansion

Madan Pathak & S.R.P. SinhaAbetract

The solut ion of the non-l inear probJ-eu of f inding surface tension

affected perl-odic progressive waves of f ini te ampl- i tude on the inter-
' face of two honogeneous l iquids is obtained up to the f irst three ap-
proximations. The rnotj.on is tvrc-dimensional irrotational and the
l iquids are unbounded on either side of the interface. Some physical
p roper t i -es  o f  the  so lu t ion  are  a lso  d iscussed.

Introduction

The l-nfinitesimal higher order theory is obtained here for two-
dimensional periodic progressive waves on the interface of two homo-
geneous l iquids of inf inl"te wldth. The motion is supposed to be i .rro-
tational and the interfacial r^raves are caused by the combined actl-on
of gravity and surface tension. I t  ls found that the solut j .on has
s ingu la r i t ies  fo r  the  wave- lengrhs ,  I=  J t f . ^o , (  l ,  =  2 ,3 ,  . . . ) ,  where

)ocorresponds to the minimum value of c2, as"obtained l-n the l inear
theory, by the formuLa,

^ P^_r
z  L  I  s l  2 i f T

r2+?1 2rT (F2+?r,S S

i n  usua l  no ta t ions  ( [5 ] ,  pp .  373" .374) .

I t  is notecl that tr= A. )o is the bifurcation point of the solu-
tlon when the secon<i orcier terms are included, and the elevation )4

depression according as l S JZ )0 . Hence for ) <{Z }0, the wavis
exhlbit  a pureJ-y capi l lary Like character, and forl>.12.)0, they have a

pure gravity l ike nature.

Formulation of n the B.V.-problem

Let the wave profi le I  with space period I be progressing without
change of forrn with constant velocity c horizontal ly fron the r lght to
the left  direct ion. Let us have a coordinate frarne OXY with 0X coin-
clding r.r i th the horizontal l- ine of separation of the l iquids while at
rest and directed opposite to that of the progressing waves. The
coordinate axis 0Y is taken vert ical- ly upwards. Let the elements
associated with the upper l iquid be denoted by the subscript 1 and
those r.r i th the lower l- iquid by 2. In part i"cular, the density of the
upper l iquid is taken as l i l  and that of the lower by P2 Let us
suppose that the motion starts from rest, so that there is rest with
regard to OXY at an inf inite distance from the wave-profi1e. The
interfacial prof l le, in thi.s case, has equatj-on Y = r? (X + ct) and
therefore the velocity potentLal of the f low of the upler and lower
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liquid wil l  be l ike 01 (X+ct, Y ) and 02 (x+ct, Y ).  The motion wil l

then be steady with regard to a frame of reference oxy noving with the

r^rave profi le and wil l  be determined by 01 (x,y), 02 (x,y) and y= f i(x);

x=X"l-ct,  y= Y. I , tre take the ox- axis coi-ncident wit i l  the OX- axis

passing through a crest of the wave.

The wave rnotion wil l  be <ieternined frori  the fol lowing B.V.-problem:

To de tern ine  p1  (x ,y ) ,  92  ( * ,y ) ,  t i ( x )  and c  sa t is fy ing  the  Lap lacers

eguation,

)
(1) 'Q'% = O in t ire region above t l te l ine 1'

q

.V'gZ = 0 in t ire region below the l ine l .

and lhe boun<lary conditions,

n

rf {E
f  r d
p d
*U
t r I
r -  L l

m

b tr- alrc

f n
[  

' *

(2) I

L'1"

t S * " i  -

, * * . , -

u l L = 0
a v

?w)
- - v
A V

f o r r = t

f o r  y  =  t - ^ 1

f o r  y  = -  - 9

(3 )

(4 )

(s)

)o' t  )o'
i . a € = - € = u

d x  d y

a:=& = o
D x  D v

"<? r )# -
e, a#, + L/z (P2ql,-rrrit *

+ ,r  (?z -Pr l  
1= r .

where
!

T is the constant surface teaston at Ehe interface I and g is the

accelerat ion <lue to grav-i ty. l t '  0Z and \ are suPPosed to be peri-ot i ic

of x of a given period ) aoa tL G*re velbcity c is to be determineu

in terms of )

Approxfmate solution of t

we shal l  derermine the solut loo of the B.v.-problen (L)*(5) by

perturbation method, supposing t ire nttoo to be of perturbation from

ihe state of rest. Fol lowing Stole'c rethod, ree write

n

{=,*, ' * 4,',



I
. tire

, ( x ) ;
I

rcblem:

t t s

r r Y = l i

l 0e

periociic

lrrnineut

(5) by
ro from

, ; : ' = , : : ' = o

the second apprort imation we f i-nd the fol lowing B.V.-problenr:

vtoft) = o in y 2z o and €o[') - o in v so

."'C"= ,l:r' . r{i], tt" - <ofl) * .rrl,l')

= r; i '  .  r*)r.  '1t"- ,ot! . '  *"r, ,?j" ror v =

,rt" * " " '

. o r ( ' )  *  . . . . .

(3 )
t l  +  . . . . .

and o'g[t '= o j-n y 40.

, f o r y = 0

+  e  (?z -  P r ,  , l ( t )=  t t l : ' ,  r o r  v=e

f o r y = 1 - c {

f o r y = - 6 4 ;

f o r y = 4 e 4 ,

f o r y = - ' x

t -

t r

1 =

v2of1) = o in

""Tj" ='{}' =

13

+ c? oft) * e?

+  e 2 o [ 2 ) *  e

) *  t 1 Q ) * e t

v  Z o

0lt  
)

zy

el t ) )
IX

0

( .  .0

8 . 0

e .

(1 )

I

( 1 )

2

r l

11'
t

T

. ,
t .  c ,  *  t '  c ^  +  . . . . .

L Z

( i )  ( i )  ( i )
63  3? :e : : :ne  0 i '  ,  9 ;  '  \ -  

' and  
c i  a f  te r  subs t i tu t j -ng  the  ser i -es

:  : :  : . - . "  t .9 . lp roUlem (1) - - ' (5 ) ,  and equat ing  the  coef  f  i c ien ts  o f  l i ke

'*Er - ' j  L. 6 is a stral-1 parameter of qual i tat ive nature of ampli-

: r3 .  ta re  length .  In  fac t ,  we sha l l  ge t  a  se t  o f  B .V. -p rob le rns  fo r

:: , .  sj .€sslve approxirnations of the unknown functions and the constant

: " i :  cire f  i rst approximation we get '

( , . , .o (P2 ,;:' -

,ll' = ,li' =
\

ln

(8)

0'1)

0t|)

o!2) = o' r y

,t3, = o
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I

For the

boundary

(e)

L4

".(ro::)- rrrll ') + e ez-rr, ,itt ' -' l i: '

-  - cl <(ro[])-(r0l?) - co ,errt i)"-e' o{}r ' f ' )

-r\?, @::)'z* otI" - r cpll)z* rll",l ror v = 6.

t.hird approxiiilation we get the follonring equations and the

condlt i-ons:

v?plt)= o in y'2,0 , g2oj" = o 1n y (o ,

"41"- ,{i'= ,{}} 'lt" * , r:?-{"' * ,{i} {"
- co{})* ",.r lj')- to{} {1)* ,f;'* "r, 11" ror v = e

"" ju'- ,;:,' = rlil1t". irrli)r.'lt"'* er;i lt"

-  (oj l ' *  " ' i , i j ' )  
-  @;! I , {"  *  o[ f , )*  "r1{})  " ' ,  

= o

.o (?z0r:) - e, oll) ) + e (z- ,r, ,ltt'- t l,::'= ;-t tt*'l.{lf

,i?*.{", * ,t? ,i

. i r l?* .  , l t " ' *  p

,l?^', - r, col|.'f')

) - r, ojl)r

@jl. {')* ojl\ * o

to13. It"* ,li'r * ol

(2 )  .
+ 02y  ) t

o{})r } r

0

( 3 )
9 .

.,i.x

i i )
Q - ' ' .  .

. I

l -  : -  i : l r r

?.r i..€ I .

( r  c)

f ind  tha t
= o  

" 3

The unkn
f ron  (8 ) .  Th
mined when th
present belor,r
the calculat i

01(x, r )

(11)

t rb ,v)  =

ire

)

. . , . ( 1 ) . ( 2 )  r- colt2l0r* t l * Z

- P, { ,l}} 'r"'

tr i

I? 'i',t,
* o{l)r r- "rrr, <ol| ,ft '  *

"2 Gz 0;:

rr, {ojl)
- P, lrfl'

ll' ,,jl] {"
|)to{}}. ,f').

f o r y =



1 5

( 3 )
0 . -rr

r l l )  .
It

la t i r  f  l rst

Pcr lo<i ) '

(r0)

f ind that
= o  

" 3

d;'
ol;'

approximation

f o r Y = 1 ' ' < '

f o r Y = - q o

we f ind the following periodic sol-ution r"iith

z r l L ,

(r)
01

(1 )
0;

,,(r)
I

"3

F 
. .-nt sin kx

F "kt. "r' 
k*

1
f ' c o s K x

T . k

m -
graph ls

for

(z-\)  c

@ ' n '
a hyperbola with oneRe

)
1"1, ). ) -
is mlnimum

T

.tw

of  i t s  asympto tes .

. sin2kx

s i n 3 k x  +  " '  ' " '

sin2kx

3ot.  

"rr ,3oy) 
+.."

2'll
' Io

The unknowns ln the second approxination can now be obtained

from (8). The unknowns in the third approxlnraEion can also be deter-

nined when they are known in the first and second approximations. We

present below the f inal solut ion without presenting any detai. ls of

the calculat ion.

01(x,v) = 6. 
in'  

t-kY' 
" i"k* 

+ e2' t [2) '  
"-Zkv

(11) 
+ e3. aj:) .-3kY

or*,il = - E. in . "ot. ":'* 
* t ,[" . "'ot .

+ tu. <*{'). '.1'Y. sinicx * tnj3) . 
"





L7

- 2 ( L s ? 2 + f l ) 1  + rc7 ?2+ P) - (8 P2- ri) I

("2-r Qs(3)).  #l+ 
. . .

("2-r .  q j3)1.# 1 . . . .

.'!Iz:!rI
(Pr+ P1)

( 4ks
t -a-'

ad

-  (2 )  cos
oz = -a-

Properties of the wave motj-on

The e leva t ion  
r l t  and  the  depress lon  

'E '  o f  the  wave pro f i le

above and below the ox- axis are given by

(12 ) /=  t l ( " ) l  =€ " !  +  e?  f i - t zu l
I  ' x = o  

3 ( 1  2 s+  e  l t _ a - _

( 1 3 ) - r = - 4 c * ) l  =  t . i - e .  G - ' ' z n l
r x= ?T/k 

N

* e r l * _ +

Frorn (12) we easL1Y

2TX.

Tt =
, z T f a < . 2  , k s  I '-  ( T /  t y - /

* 1Zff l '  .  r2(5s -tr ' -{ t-  T-("2-k oj3)>.t;";r*. . .(14)

From (11) and (L4) we obtain'

= (T). e.ff . ,?X' l-,u= -'ro,

* r T r ' r l - 3 * 3 f r * z

coskx *

ks 1.

f  
-T )

' l r

- 
f1) 

cos2kx;

u u" 
(3)2 coskx

.rJ ? 
--i*

c o J K

(;

2



^  ,ks  7 .2  cos i (x
t o - - z - ) '  

k -

Next we f ind the posit ion of a
in  the  s ta te  o f  res t  were  (xo ,  Io ) .

For yo) 0, they are glverr by

1.  q"  (3)  cos3Lx
.= -  ) .  - - 7 -  I  r  . . .- o K

time t whose coordinates

.3  3ks
+ t 6 : - Z +

par t i c le  a t e :

EO

f.i

Jrr
ft

:tl
,11

x ( t )  =  xo

= c
a

y ( r )  =  yo

- ' kv^
+  C .  i :  

- " .  
s i n  k  ( x o  +

k

a  1 1 , - -
z  c  

- L L J a  
s

. i - c o t . e  - * a . "

" :  
t '

. 2kv^- " ' o .  

" i . ,  
2k  ( xo  *  co t )  

i  
+  . . .

I

^_Kyo

+ - 9 . f ;  . c o s k ( x o * c o t )

2 s -2kv^
+  L .  ; .  .  c o s  2 k  ( x o  *  c o t )  +  . . .

d

Cb.
to t

t r l

I2land fo r  yo  (  0  i .e . ,  fo r  the  par t i c les  o f  the  lower  l iqu id ,

x ( t )  =  x o  - .kYo

K

t o "

ekY
F k (xo + cot)

2kv^- " .  
c o s  2 k  ( x o  +  c o t )  +  . . .

s i n k ( x o * c o t )

"2kYo 
* ci  -  

i l  " 'uto. 
s in2l  (xo + cot)  +.. .+ 8 ,

€,.

s .

2
E

t 3 l

l ,4 l

l 5 l

l 6 l

y ( t )  =  yo  + c o s

.  , i - ; )  "
We find that t .he inclusion of second order teru in t ire expressions for
x and y anounts to a kinematlcal mass dri f t  with velocity

-2kv^ 2kv^
c o .  €  

' " ,  ( y o 2 0 )  o r  c o .  e  
' o ,  ( ! o 4  0 )  i n  t h e  d i r e c t i o n  o f  t i r e

progressive interfacial waves. The mass transporE vani.shes as yo.tao
for part icles of the upper l- iquid and as yo-r.-.)o for those of Ehe
lower l i .quid.

After slnple computations we f lnd that the coeff icient of t2 in
the expansion (f2) of ' I  I  is given by

I  A  ( P 2 - ? r )

2r-EGr
' t  fo^

( 1 2 - 2  
X ) r

Hather

Trl-{ l

Inst i l

T . U .

Depart

Bihar

!tuzaff
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sirere lo ts the value of I for whicir cj isjlinirnum. We find t.hat upto
t.:e s seiond appror{ut ion, .X{-6- when\4JZ trc. This tueans that the
effect of hluslou of higher order terms is to lor.rer the through and
to broedco aod lorer the crest. This happens in the case of pure capi.l-
l r ry  wat  ( l2 l ;  t5 l  ,  pp .  653-667) .  But  fo r t r l {Z  lo th is  e f fec t  i s

Jrrtt tb. rGeerae ad ls similar to that in the case 6f pure gravity
TVC'.

?or )- Vt ^. there shoul-<l be a rerlersal- of curvature at the
:l .ddle of a f lat port ion of the waves. Proceeding on the l ines of
9l l too (151) one may see the possibi l- i ty of such a reversal.

the authors are very much grateful- to Prof. D.R. Bajracharya,
CbaLrran, l lathematics Instruct i .on Committee, Kirt lpur Campus, Trlbhuvan.
tlolversl.ty, Nepal-, for klnd help durlng the preparat.ion of this paper.
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1.  In t roduc t ion

Invariant Submanj-f olds of f (3, -1) -

Structure Manifolds

by K.K.  Dube

Let Vm be an m-dimensional Ce' Ri.emannian rnanifold imbedded in

an n-dimensional Cs Riemannian manifold Mn, where n < n; the inbedding

being denoted by p : V --> M. Let B be the napping induced by 0, that

is, B=dp:T(V) *- ' .+t(M), where T(V) an<i T(M) are tangent bundles of V

and M respecti-vely. On putt ing T(V,M) as the set of al l  nul l  vectors

tangent to 0(V), we have l2l ,  k T(V) - jT(V,M) to be an isomorphism.

The set of al l  vectors normal- to 0(v) forms a vector bundle N(V'M)

over 0(V) which is cal led the normal bundle of V. The vector bundle

induced by 0 frorn N(V,M) is denoted by I i(V). We denote by

C:N(V)-+ i{(V,t{) the natural isoi,rorphisn.

Let us now introduce the folJ-owing notat ions:

Le t  f l ICv> be  the  space o f  a l l  C€ tensor  f ie lds  o f  the  type
' , ,  S '  

-

(r,s), that l-s of contravariant order r and covariant order s, asso-

c ia tec l  w i th  T(V) .  U : (V)  i s  the  space o f  a l l  d i f fe ren t iab le  func t ions

defined on Vm. An elErnent of t t l (V) is a vector f ield on Vm. An

.r.r.o. of qr:(v) is a vecror i?.ta normal to Vm.

Let f  andj be vector f ields defined along 0(V) and tangenti-,31-_

to  0 (v ) .  Le t  fandY b"  the  loca1 ex tens ions  o f  X  and Y.  ^Then [X ,Y]

i-s a vector f ield tangential to Mn and i ts restr ict ion [f ,ql /0(V) to

0(V) fs deterrnined independently frorn the choice of these 1ocal exten-

sions f and ?. Therefore, we can define Ix,E Uy

(1.1) tx,E = t i ,Yl  /0(v)  .

Since B is an l-scinorphi"srn,

( 1 . 2 )  [ H ( , B Y ]  =  B l x , Y l ,

ho lds  fo r  a l l  x ,  v  €  :11(v ) .

let d be the Riemannian metric tensor of Mn and rne define g and

g* on Vm and N(V) respectively as fol lows:

g(x1, x2) = d(H(r,  Bx2)o0

( l - .3 )  and

g* (N1 ,  N2 )  =  e (cN l ,  c t l 2 ) ,

( 1

I

rh

(r

Su<
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for al l  \ i ,  - i2 C "J 
l (v) t t 'd 

- t{1 '  N2 € i l  iCvl  
'

It caa be easily verlf ied that g is a Rienannian metfic'tensor in Vm

rfrich is called tn"-iJ"""a metiic -t-ensor 
of Vm and g* is a tensor

r ierd der inrry  ao ; ; " ; ;d ; ; ; - i "  Nd; . '  i ie . rensor-s*  is  ca1led the

lA,*"a rerr ic  of  N(V) '

- L€t V be the Rienannian conno<ion determined by G ln Mn' then

V bduces a connexion V i" 0(v) aetrned by [3]:

? r u = ( f r - Y ) / o ( v ) '

nhcre f aod T are. arbitrary 9: 
vect:I f ields deflned

taogential to g(V)'--it"t" 
-taking 

account of (1 '1)' r 'se

Vuu-  Vyx= t r 'Y l '

( 1 . 4 )

( r .5 )

( r . 6 ) L ! ? t  7 2 , , 9 9 ! r  - T z ,

I denotes the identltY

the following relatlons

rn this paper we strall assume-tlrat M1-i:." t'I-t '! ': ' t)-structure

nanifold *ttt 
"tt""l;t; ';;;";; 

?ot tvfe (1'1) ' Let'l and fr be the

complementary distributions "otr."porriti ig'to 
lttt projection operations

i--l"a fr' resPectivelY, where

along 0(V) and

have

( a ' )  T T =  T 7 = 7
D  * + 2

( c )  f ' =  L r  =

( d )  ? 2 6 = ?  T 2

Such a manifold Mn alwaYs admits a

"l i i " i i ."  
the fol lowl-ng relat ions:

operator. These proJection oPerators satisfy

[ 4 ]  :

- -  - ; !

,  
( b ) f  m = m r = u

^  7 x  = i T  =  o .= U s U l u - F ' -

Riemannlan metric saY G which

( 1 . 7 )

and

(i) the distributlon? and fr are?-orthogonal'

(ii) e(r,v) =EG i,  iYl + G(f i ,  Y),

(iii) G(r, i Y) = E€ T, T 2 i) '



G ( f  x ,

ror al l  i ,  Y e Tlc. l .

z . Invariant-submanlfo1ds in f  (3, -1)-structure, ' ,anifo1d

Let Vm be a C4, m-dimensional manifold, i :rbedded as a submanifold
in  a  C*  f (3 , -1 ) -s t ruc tu re  man i fo ld  l ln  w i rh  ( i ,1 )  s t rucrure  tensor '1 .
vm is defined to be an invariant submanifold of Mn if the tangent space
Te(o(V)) of p1y; is invariant by rhe l inear mapping ? at each point p
ol 0(V). Throughout this paper we shal1 assurne Vm to be an invariant
submanifold of l" fr ,  so that, ior X ( 

T}(U), we irave;

( 2  . 1 ) isx = sxo, for some xo ( Tl<ul.

Thus we de f ine  a  (1 ,1 )  tensor  f ie ld

f  X(v)--rX(V) by fx=f,o.

From (2 .1)  we ob ta in

( 2 . 2 )  ? < n x ) = B f ( x ) .

f in Vm, that is a mapping

iet T and N be the llijenhuis tensor of Mn and Vm determineci by the
(1 ,1)  tensor  f ie ld  ?  and f  respec t lve ly .

Tiroerem 2.1. The Nijerrhuis tensor f{ and N of }{n anci Vm respectively
are  re la ted  as  fo l lows:

(2 .3)  f r  (sx,  BY) = s111v,"1.

P-roo€: By means of (1 .2) arrd (2.2) we get

fr(sx,sy) = [fBX, ?Bv] ". fl [sx, i sv] - F Ii nx, Byl + f " 1D{, By1,

= 16rx, Bfyl  -  f l l rx,  Bfy]  -  F [nrx,  By] + f  
2 

[Bx, By],

-  ( r - * -  2
=  E { t r x r  f Y l  - f  [ X ,  f y ]  - f  [ f x ,  y ]  +  f "  [ x ,  y ]  

l ,

=  B N ( X ,  y ) .

Cases: For any invariant submanifold V in an f(3,-1)-structure mani-
fold l{ ,  rae consider the folLowing two cases:

( i)  The distr ibution f i  j -" .re.r.r, tangential to 0(V), that is, to any
vector f ield of the type in= X where X is a vector f ield tangential
to 0(V). We sha11 show that in this case V is necessari ly odd-
dimensional.

: c i d
o f a

S inc t

L ,  we

by v i

( 2  . 4 )

Conse,

ca11er

fold t

I

( 2 . s )

fo r  an

Theorer

( 2 . 6 )

f n *  v  \

P r o o f .

t h e  d i s

which i

Theorern

struc tul



( i i )  The c i i s t r ibu t io . t i i  l "  a lways  tangent i -a l  to  0 (V) .

:e :  us  f i rs t  cons ider  the  case I .

The <iistribution fi i" tt"n"t tangential to the invagiant submani-

:oLc i  0 (V) ,  jmp l ies  tha t  any  vec tor  f ie l< l  o f  ther type f r I  i s  independent

o f  any  vec tor  f ie ld  o f  t l l e  same f rame BX,  X  ET ' (V) .

App ly ing  T  rc  Q.2) ,  we ob ta in

2  . - 2
B f - X = f  B X .

S ince  vec tor  f ie lds  o f  the  tYPe BX '

T, we get

?
Bf-X = BX,

by  v i r tue  o f  (1 .7 )c ,  wh ich  i rnP l ies

?
( 2 . 4 )  f - X = X .

consequently (1,1) tensor f ield f  in V is almost product structure,

cal1ed the induced almost product structure on the invariant submani-

f o l d  V .

Le t  us  de f i .ne  a  tensor  f ie ld  Fo f  type  (1  ,2 )  in  M as  fo l lows:

( 2 . s ) g(f, ?) = frci,, il F d \

tm r,, G i ) - f r t i " ? 1 .

. 1
X € :I (V) are in the distribution

- o

- v -
Y

+ v -
X

for  any vector  f ie lds x,  Y € JtC">.

Thgorem 2.2. Tine (1,2) teirsor f iel<l 3. i" f i t te: l i  in - '1 is given by

(2.6) 3(rx,  sv) =' i (ul ,  BY) = ts i{(x,  Y)

for x,Y e t lCul
Proof .  Since arry-vector f  ield tangential to g(V) 

i=^T?f 
contai-necr in the

the distr i i . rut j-on i i '  no" have theref ore, for any X € Ti(V)

fi (sx) = o'

wlr ich  in  v iew o t  (2 .3 )  and (2 .5 )  y ie lds

3 (sx, BY) =fr13x, BY) = 3111;, 
"r.

Theorem 2.3. An j-nvarlant subraanifold V is j-rr ibeddetr in an f (3,-1)-

; f f i" . .  
"r"nitora, 

such that, the distr ibutio.t  f f  is never tangentlal



to 0(V) is an almost product manifold with induced almost product

structure f.  I f  the f(3r-1)-structure is nornal, the invariant sub-
rnanifold j-s almost product manifold, consequently the dinension of V
i s  o d d .

Proof: The proof fol l-ows easi ly by means of the theorem (2.2) and the
e q u a t i o n  ( 2 . 4 ) .

Now we consider the Case II .

The distribution il is always tangerit.ial to the invariant submani--
fo ld  0 (V) ,  imp l ies  tha t

( 2 . 7 )  f r B X = B x o ,  x €  { l < v l ,

where Xo is some vector f ield in V.

Now we clef ine (J-,1) tensor f ield m i-n V such that mX = Xo.

Then (2.7) can be wrj-t ten as

( 2 . 8 )  f i s x = s n x .

Also, we can define a (L, l-) tensor fLeLdL on V by

( 2 . 8 )  L s x  =  B L x .

Thus (1,1) tensor f ieLd L Ln V is welL defined, since in M the fo11ow-
ing relatlon holds

ra:

Lr

( 2 . 1

( : . 8

i.lesr

!€oti

This

which

( 2 . t 2 )

Hence

o n  V .

( 2 . 1 3  )

a lso  h

L

Z + r = i ,

where I Ls an identl ty.

Theorern 2.4. The (1,1) tensor f iel-d n
(2 .9 )  sa t is fy  the  fo l low ing :

( 2 . 1 0 )  L + m = I , L m = m L = 0 ,

Proof: We have

and L 7n V defined by (2.8) and

2 2
L  = L , m  = m ,

L + i  = ' i .

operating the above rel-at,ion wirh BX(X e T:(v)), we obrain

( 2 . 1 1 )  L B x + f r B X = i B x

Thus by  v i r tue  o f  (2 .8 ) ,  (2 .9 )  a r ld  (2 .1 -J - ) ,  we ge t
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B ' X + h X = B I X '

rrblch y'elds'

Z x + I n x = x

o r  L + m = I '

Now operat  f i tg lZd 
= f f  T=0 by BX'  x€ { t "Wl  

ancl  us iog

( 2 . 2 ) f . o r x € { r t v ) '

(2 .g ) ,  we ob ta in

B  Z m X  =  0 '

whlch shows that zm = 0' 

r ar^- -i? = T 'a' 
=fi and the equatlons

Now bY means of the rel-ation 
t/ = q ' -

Cz.sl"l ia f?'9)' we obtaln

t - I ' t 2 = t '

rhese relatlons.show 
that-li ' i:)J':i; 'f; ' 

rhus Z and n are coople-

t'"ii ltt-ntojectlon 
oPerators Lrr Yr 6

L = f Z  
a n d  m = L - f 2 '

(2.8)  and

Thls Proves the theorem'

Now we trave ln view of

s t 3 x = F 3 D ( ,

,  = i  Bx ,

= BfX'

which Ylelds [11 '

1 -

Q . L z )  t r - 1 = o '

llence r acrs .::^::r,,1';.1);:?;:f;Jt.l: 

called induced r-structure

on V. The Riemann

(2.13) g(x '  Y) = g(fx '  fY) + g(d( '  Y)

a lso  ho lds  fo r  V '

Let V be an oPerator ln V defined bY
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On N-Ri_ng

lilirmesh Kumar

In this paper, our purpose i .s to define a nerr type of algebraic
structure. We sha1l cal l  i t  N-Ring.

An N-ring is a mathematlcal system (R, O , *) consist ing of a
non-empty set R and two binary operations g and * defined on ii. such
tliat

ancl

b, c anci

0,  r ' )  
.

such that

L'e sa\.

1 , . : .  ( .

( :

( :

(4

(s

Ev:
t i v i t y  ;
ensures

liomonorp

Let
chen f i

Now,
r ings .  I

Lemna 1:

Pr"S!:

We st

We sha11 p

Thus, by m:

(1 )  (R,  O)  iq  a  B"mono id ,  i .e . ,  ( ,R ,  O)  i s  a  g roupo id
( a )  O  ( b , 9 c )  =  ( c )  0  ( b O a )

(2)  (Rr  * )  i s  a  g roupo id

( 3 )  ( a  *  b )  0  ( c  r c  d )  =  ( a  O  c ) ' t  ( b  O d )  f o r  a l l  a ,
d € R. We consider the fol lowing e<arrp1e.

Exarnple 1 : We consider the set

a =  t t l t a n d q a r enon zero posit ive integers

O and *  on  R as  fo l lows:We define two binary operations

Pl  ^  P2 P1p2

q1 12 9t9Z

and pl p, Pt92

91 92 91P2

Q, obv ious ly ,  sa t is f ies  pos tuJ-a tes  (1 ) ,  (2 )  anc i  (3 )  So,  (Q,

is an N-Ring.

i,{-ring with zero elenrent: If there exists an elment 0 € R

a O 0 = a = 0 O a , f o r a 1 - 1  a ( R
,ill

rre say that (R, {E, *) is an N-ring with zero element.

tt*r-fg._wlll_j4Sntity: If there exists an element 1 e R such that

l * a = a * 1 = a f o r a 1 l a e R
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ne say that (R, O, *) is an hl-r ing with identi ty '

i i .B. (1) In example (1), 1/1 = 1 is the zero element of (Q' O' *) '

(2) The ir ienti ty eLement is also 1l1- = L'

(3) The zero element as wel-l as the ldentity e1ement of an

N-ring, i f  l t  elr ists, is unique'

(4) In case of N*rings a I O = 0 is not necessari ly true' but

(a * 0) O (0 * a) = az always holds good'

(5) An N-ring (R, O, *) with zero element is a ring if the

elernents'of R are idenpotent' * ls associatlve in R and every

element of R has a unique inverse under O'

E v i d e n t l y t h e l n c l u s l o n o f z e r o e l e m e n L l n R e n s u r e s t h e c o t r m u t a -
rlvlty and aisoctativity of O and idempotency together wlth axiom (3)

ensures that the dlstrLbutlve lar,qs hoLd good'

Eomomorphisrn of N-Rings

Let  (R,  O,  * )  and (S,  Ot '  * r )  be two N-r ings and f  :  R€S'

then f is said to be a homomorphlsrn lff

f ( a o b ) = f ( a ) o ' f ( b ) f o r a l l  a , b  €  R

f (a  *  b )  =  f ( a )  * r  f  ( b )  f o r  a l l  a ,  b  €  R

N o w r w e s h a l l p r o v e , s o m e r e s u l t s r e l a t i n g t o h o m o m o r p h l g n o f N -
rings. iefore pro.rirrg these results, we prove the foJ-J.owlng Lemrnas:

Leoma 1: For any two elements a, b of an N-rinB (R, o, :t), (na) *(nb)

= n(a * b) for everY lnteger n ) 0'

Proof: we prove this resu].t by nathernatical lnduction. For n=2,

the result ls obviouslY true'

We suppose that the result is true for n=r, i 'e'

(ra) r ' (rb) = r(a * b)

We shal1 prove that the resul-t holds for n=r * L

[ ( r+] - )a l  *  [ ( r+ l )b]  = [ ra *  rb]  g [a *  b]  bv ax lon (3)  " " '

= (a+1) (a x b)

Thus, by nathematLcal lnduction the. result is true for all vaLues of n'

t -

I

I

. l

r l

i ,

!--rf
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Lemma 2: Under the condition of lernma 1,

n ( a O b ) = n a O n b

This can also be proved by mathematical induction.

Theorem 1: Let (Rr. O, rr) be an N-ring. Then the cornplex

" M =  { r r a ' l  a  e  R a n d n i s a f i x e d p o s i t i v e i n t e g e r f

forms an N-ring urider the operations O and *. Consequently the

napping a --' na is a homomorphism

Proof: (L) For al l-  na, nb ( nM

n a O n b = n ( a O b ) € n M

A l s o ,  n a  O  l n b  o n c ]  =  n  [ a  o  ( b  O  c ) ]  =  ( n c )  o  [ ( n b )  o  ( n a ) ]

So, (nM, O) ls a B-monoid.

(2) For alL na, nb € nM

(na) ' t  (nb) = n(a * b) € nM

So, (nM, *) is a groupoid

(3)  [ (na)  i t  (nb) l  o  [ (nc)  *  (nd) ]

=  n  [ ( a * b )  o  ( c * d ) ]  =  [ n ( a  o  c ) ]  *  [ n ( b  O  d ) ]

=  [ ( n a )  g  ( n c ) ]  *  [ ( n b )  s  ( n d ) ]

Thus, (r${, O, *) Ls an l{-r ing.

We now consider,the rnaPPlng

0 z a €  R - - 9 n a  € n M

It is easy to see that

0 ( a  O  b )  =  n ( a  O  b )  =  n a  o  n b  =  0 ( a )  O  p ( b )

ano,

0 ( a  *  b )  =  n ( a  *  b )  =  0 ( a )  *  0 ( b )

This cornpJ-etes the proof of the theorem.

Theorem 2 :  Le t  (R,  O,  * )  and (S ,  Ot ,  * t )  be  any  two N- r ings  and f

ana-g61wo homomorphisns fron R.*S, then f O g is al-so a homo-

morphlsm where f O g is defined. bY

( f  O  g )  x  =  f ( x )  O '  g ( x )  f o r ' a 1 1  x  €  R

Er

Ft
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Proof: For anY x, Y € R

( f  o g l  ( x o Y )

= ( f ( x o v ) o ' e ( x o v ) = t f ( x ) o ' r ( ( v ) l o ' [ e ( x ) o ' e ( v ) ]

= t f  0 e l  ( x ) o ' t f  o e l  ( Y )

Further '

( f  O  e )  ( x  *  Y )  =  f ( x  *  Y )  O ' ' g ( x  *  Y )

=  t f  ( x )  * ' f  ( Y ) l  o '  [ g ( x )  * ' g ( Y ) ]

=  t f ( x )  o ' e ( x ) l  * '  [ f ( Y )  o ' b ( Y ) ]

= t r  O e l  (x) : t '  [ f  O g]  (Y)

Theoren 3: The set F of all endomorphlsms of an N-rlng (R' O' *) ls

#"ffi.oi""*!oiry, it i" an N-iing lf * ls symetric ln R'

Pro€: For al-L x, Y € R and for all f '  g e F

( f  o e )  ( x o Y )

=  f ( x  o  y )  O  g (x  O  v )  =  t f ( x )  o  f ( v ) l  O  tg (x )  o  e (v ) l

=  [ t o g ]  ( x ) o l f  o e l  ( v )

Also,

t f  o e l  ( x  *  Y )  =  [ f ( x  *  Y ) ]  O  [ g ( x  *  Y ) ]

= t f ( x ) f f ( y ) ] o [ e ( x ) * g ( y ) ] = t f ( x ) o g ( x ) ] * t f ( v ) * g ( y ) ]

=  t r o e l  ( x ) * [ f  o g ]  ( v )

I t u r , a y b e v e r i f i e d t h a t t h e s e t o f a l l e n d o m o r p h i s m s l s a B - m o n o l d .

We, now, clef i-ne the other operation in R as follows:

( f  *  e )  (x )  =  f (x )  *  g (x )  fo r  a l l  x  €  R

EvldentlY, (F, *) ls a grouPoid'

Further, for any f1, f2, f3, f4 € F and for al l  x € R

[ ( f r  o  f 2 )  0  ( f 3  *  f + ) ]  ( x )  =  ( f ,  *  f 2 ) x  o  ( f 3  *  f 4 )  x

= [ f1 (x )  *  f z (x ) ]  O t f3 (x )  *  t4 (x ) l



[ f r (x )  o  f r (x ) ]  *  l t z (x )  o  f4 (x )J-  
[ I l \ x /  v  r 3 \ ^ . ,  I  

^  l ! 2 \ ^ , ,  u  ! 4 \ A /

= ( f l  O f3 )  (x )  *  ( fz  e  f4  (x )

=  t ( f l  o  f 3 )  x  ( f 2  o  f 4 ) J  ( x )

So,  (F ,  O,  * )  i s  an  N- r ing .

This completes the proof of the theorem.

l{ow, we define tsub-N-ring' of an N-ring.

Definit ion: Let (R, o, *) be an N-ring and s € R be a non ernpty sub-

set of R. I f  the system (S, {E, *) is i tself  an N-ring, then (S, O' *)

is said to be a sub-N-ring of the N-ring (R, O, *).

Exarnple 1: We have seen that (Q, O, x) is an N-ring. Consider'  now,

the set

Q*  =14 
|  p  and q  are  non zero  pos i t i ve  in tegers  l

'  
c t -  

'

I iv idently Q* is a subset of Q. I t  may be easi ly veri f ied that

(Q*, O, *) is a sub-l ' l -r ing of the l{-r ing (Q, O' *).

ExampLe 2: I f  Z is the set of integers, then (2, *,  -),  where * and -

;G'ffiary addition and subtraction of i-ntegers, is an N-ring. Also

7*, the set of even integer includlng 0, forn an N-rlng under * and -.

Consequently (Z*, *,  -) is a sub-N-rLng of the N-ring (2, +, -) '

Now we enumerate a theorem whlch glves a set of necessary and

suffl-clent condition for a non-empty subset s to be a sub-N-ring of

an N-ring.

Theorem 4: Let R be an N-ring and S :: R. Then, S is a sub-N-rlng

. f  R  i f f

( 1 )  a , b € S : = ) a 0 b € S

( 2 )  a , b € t - - i a * b e S .

The proof is imrnedi-ate.

Everl, N-ring R (without zero elernent) has one obvious sub-N-ring'

namely, the set R i tself .  Thts sub-l{-r ing is usually referred as

tr ivials sub-N-ring of R; al l  other sub-N-rings ( i f  any o<ist) are

cal led non tr ivial.

Now we def ine r l ' {- idealt of an N-ring'

Defini. t ion: A sub-i{-r ing K of the-l , l -r ing R is said to be a left  N-

ideaaot n i t  r  € R and k ( K irnply r * k € K'

N-

De
trd

Tht
N*r
N-j



Ie a similar manner, we nay define r ight N-ideal. When r € R
: : ' . . :  i  € K i , r n p l y b o t h r * k a n d  k *  r  €  K ,  t h e n K i s  s a i d  t o b e a t w o -
s : ied  N- idea l .

Lrample 1: Consider the iet

R =  
{  

(n ,  C)  
i  

n  
" "a  

q  a re  non-zero  pos i t i ve  in tegers  I

We define the two binary operations O and * in R as fol lows:

( n 1 ,  o 1 )  
g  ( p 2 ,  o 2 )  =  ( t 1 n 2 ,  9 1 9 2 )

and (P t ,  q t )  o  (p2 ,  l )  =  G112,  q1p2)

L ,v ident ly ,  (R ,  O,  * )  i s  an  l . i - r ing .

We,  now,  cons ider  the  se t

K =  
I  

(2p ,  q )  
|  

n  
" "0  

q  a re  non-zero  pos i t i ve  in tegers  l

The system (K, O, *) is a r ight N-idea1 of the i i -r ing (R, 0, *) as
fo r  a l l  (2p ,  q )  €  K  and ( r ,  s )  €  R imp ly

( 2 p ,  q )  *  ( r ,  s )  =  ( 2 p s ,  q r )  €  K

Further, i f  we consider the set

u +  -  \  t n  ^  r  |  )K^ =  
I  \ zp ,  zq)  

|  n  ano q  are  non-zero  pos i t i ve  in tegers  i

then (K*, {E, fr) is a two sided N-ideal as

( r ,  s ) '  *  ( 2 p ,  2 q , )  =  ( 2 r q ,  2 s p )  (  K t r

and (2p ,  2q)  , t  ( r ,  s )  =  (2ps ,  2qr )  €  K*  fo r  every  ( r ,  s )  e  R.

Taking stock of rheorem 4, our current definit ion of a two sided
N-ideal may be reformulated as fol lows:

Def ini-t ion: Let K be a non-enpty subset of an lV-r ing R.
two side.I-N-icleal i f f

( 1 )  a , b € , K i m p l y a O b € K

(2) r  € R, k € K impl-y both 1 : !  [  61d f t  f<

Theq_rjq:_ Let lf i I be an arbirrary collection of
N-.ring R, where i ranges over sone index set. Then
Itl-ideal of R.

Then K is a

r € K

lV-ideal of t i re

0 ict is also an



The proof is imediate.

Theorem 6: If U and V are any two N-ideals of the N-ring R. Let

d

U { 0 V = l " e . , J r € u , v € v }

then U O V is an N-ideal i f  r  O r = r for everv r ( R.

Proof: For any u, O vr and u. O v" € U O V- I L L L

( u 1  O v 1 ) O ( u r O v 2 )

-  ( u 1  O u 2 ) 0 ( v r O v 2 )  € u O v

A 1 s o ,  f o r  e v e r y  r  €  R a n d  u  O v  €  U  O V

a *  ( u O v )

=  ( r 0 r )  *  ( u O v )  =  ( r  * u )  O  ( r  *  v )  €  U  9 V

SimLlarly, (u O v) * r € U O V

.So, 
U t0 V is an N-ideal of R.

This completes the proof of the theorem.
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Pythagoras and his Theorem

Girard Tarr

The name fythagoras means dif ferent things to dif ferent people,

fo r  he  has  been known as t t . . .  the  ph i losopher ,  the  as t ronomer ,  the

nathematician, . . . ,  lhe saint, the prophet, the performer of miracles,

the magician, and the charlatan." [1] Most people, however, rernember

h im as  t t . . .  the  f i rs t  gen ius  and founder  o f  GreekMathemat ics" t  [2 ]

Pythagoras was born in Tyre on the island of Sarnos around 570 B.C.

fle livld or S"ro" witir his fanily for about eighteen years. Ile then

moyed to Lesbos to live vith his uncle. L,trile in Lesbos he studied wlth

Ferekid and after two years he moved on to Miletus where he stuilied

physics and matherratics under Anaksimander and Thales. The latter,

being near ninety years of age, directed Pythagoras to Egypt where' in

547 8.C., he entered t ire priest caste and studi-ed under Sonchls. I l ls

studies in tgypt came to an abrupt dnd ln 526 B.C. when the priests

rrere captured by the Persian King lbmbis and PythaSoras was sent as a

captive to Babylon. At this t i rne, nabylon was the,center of world

cotunerce and so also the crossroads of intel lectual act ivi ty '  I lefe

Pythagoras trad the opportunity to learn from the Bactrians, the Indians,

t ire Jtns, and the Chinese. He was freed after nine years of captivi ty

lu Babylon and returned to Samos. Pythagoras moved around for a few

years iooking for students and f inal ly sett led in croton around 510

b.C. In Croton, Pythagoras found people eager to l isten as he spoke

of hlgh morals an<i the condernnation of luxury. A factlon of hls fo1-

lowers in Croton became known as the Pythagcireans.

The Pythagoreans were a cult ist,  pol l- t ical1-y conservatlve group.

They Were vegeiari"ans, and much of ,their work sought to find the rela-

tionshlps letweep mathematLcs and the real world around them. Thelr

motto was 
t 'Ai l ,1s Number.tt  The symbol of the Pythagoreans was the

star pentagon whose dlagonals have been shown to lntersect each other

in the ratlo of the gol-den section. (It is not known lf the Pythago-

reans real lzed thls relat lonship).

Much of what has been credj.ted to Pythagoras was actually due

to hls foll-owers, the Pythagoreans. They recognlzed the relatlonshLp

between numbers and mrslc in that tones that are harmonlous (to the

rrrestern ear) are created by integral dlvlsLons of a vlbrating strlng.

They reallzed some Lf not all of the regular solLds and found construc-

t ions for then. The Pythagoreans studled Proport lons, such as the

proport lons that relate the arl thnetlc, geometric, and harmonic means.

ifoi exanpte: for any two non-zero numbers, a and b: a is to their

arLttmetlc mean a8 their harnonic mean is to b). The Pythagoreans

preceded .copernicus wlth the heliocentric (sun-centered) view of our

solar system. The Pythagorean deflnitlon of the rlght angle ls related

to the real world in that it was defined as the angle formed by the

intersectlon of vertlcal (in 1in6 with the pu1l of gravity) and horl-
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zontal- (the horizon). Pythagoras is even said to have coj-ned the words
ttphi losophy--the love of wisdomtt and 

I 'mathenatics--that 
which is learnedrtt

to  descr ibe  h is  in te l lec tua l  ac t i v i t ies .

The school of Pythagoras reached i . ts peak around 490 B.C. I t  was
durinB this time that Hypasos, a former student who had been expelled,
came to power in the denocratic party. Hypasos had the school dissolved
and Pythagoras r^las exiled to Tarentum. After fourteen years in Tarentum,
the democratic party came into porrer there and again Pythagoras r^ras
forced to move. I le then went to } letapontus where the process repeated
itself  yet agaln. This t i .me, he narrowly.escaped rrr i th his l i fe only to
die a short t ime later. Pythagoras was well  over ninety years of age
at the t lne of his death.

In speaking of Pythagoras and hls philosophy, rhe Journal_ of the
Royal Society of Canada says: 

Itlle 
was the Nerrton, the Galil_eo, perhaps

the Edison and Marconi of his Epoch, .  .  .  ,  but he comitted none of his
views to r^Tri t ing and forbid his fol lowers to do so, insist ing that
they l isten and hold their tongues.rr [3]

Of al l  the discoveries and conjectures made by Pythagoras, the
one that is most important and the orre for which he is most often re-
membered is the theorem that bears his name. I t  states that in a rLght-
angLed tr iangle, the square on the longest side (the hypotenuse) is
equal to the sum of the squares on the two shorter sides (the legs).
This theorem has also been known as The Forty-seventh proposition of
Eucl id (froin Eucl idrs book The El-ernent9, th" Carpenterts Theorem, and
The l{ectatomb Propositlon. 

-frE-IEIIE-is 
due to ihe clairn thar pyrha-

goras sacrl f iced one hundred oxen upon discovery of the theoren. Thts
claim contradlcts the fact that Pythagoras \{as a vegetarian due to his
belief Ln transrni.gratl-on of the soul .

It is not known whether Pythagoras discovered the theorem on his
own or learned of it in his studles, but he is alleged to have been
the f trst to denori.strate (prove) the theorem (540 B.C.). That dernon-
strat j-on ( i f  i t  ever existed) has been lost but pythagoras is nonethe-
less credited with taking the proposit lon from empir ical fact to rnathe-
matical theorem. Propert ies of these special (r ight) tr iangles were
certalnly knor,m long before Pythagorasrs tine. The Babylonians knew
about  t tbu i lders t  

t r iangLes"  by  2000 B.C.  The th ree ,  four ,  f i ve  r igh t
triangle was knor.rn to Tschou-Gun in China around l-100 B.C. and aLso
to the Eg)ptians long before Pythagoras studied there. Whether any

of these early peoples generalJ"zed from these special cases to the
theorem is not known.

The theorem of Pythagoras was probably the most important dis-
covery in al l  of early mathematics. Proving the Pythagorean Theorem

is a chal lenge that has been accepted by many people over the past two
thousand years, rangine from accomplished and famous mathernaticians,
to pol i t ical f igures, to school chi ldren. There was even a t ime when
an original proof of the theorem was requi-red to obtaj-n a masterrs

d e g  r e
i : :e..-

.,

4

analyt

is tha
of  e1e
would
and po

these I

.)r

o r o o f  s
un ique

Bhaskar

Proof  (0

area of .

c2=4 [  ( I i

c2=2ab +

.2=^2 *  b

(Note :  *  B
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degree fo Dthenatics' [4] As many and varied as these proofs are'

i tEy 
"ff  

fal l  into one of four categories: [5] '

1. Algebraic: Those based upon l inear relat ionships' '

2 . G e o m e t r i c : t h o s e b a s e d u p o n c o m p a r i s o n o f a r e a s .

3. Quaternionic: those based upon vector operations'

4. Dynamic: those based uPon mass and velocity '

One night ponder the question: trttrhy are there no trigonometrict

analyt ic, oi ." i"rr l , ,"  ptoof" of the Pythagorean Theorem?" The reason

is that these more roodero areas of r,ralnernitics are based on the truths

of elenentaty pt"o"-g"ot"tty' Without the Pythagorean Theorem there

would be no trtgononltryof the right triangle no analytic geometryt

and possibly, no calculus. So trying to prtve the theoresr by any of

these nethods would require using the theorem'

On Ehe followlng Pages there can be found several intriguing

proofs of the pyttt"git""i, th"ot"to' 
. 
They hdve been chosen for thelr

unique value, whethlr lt be mathernatical' historical or intrinsic'

Bhaskarars One Word Proof

i
lt'

BehoId !

Proof (Obvious to Bhaskara):

area of large squar e = area of four triangles * area of sma1l square

c2=4  l ( l i  2 )ab l  +  (a -b )2

c 2 = 2 a b + ^ 2 - 2 u b + b 2

"2=^2 
* b2

(Note:* Bhaskara was a famous Indlan mathematician who wrote "Lilavatit')



Eucll"d I s

,
l/

Proof :  D F E

1. Draw CF perpendicul_ar tp DE rhrough C.
2. Rectarrgle ADFG = 2 triangl_es ADG.
3. Trt ADG = trL ADc (same base and height) (in area measure).
4.  Tr i  ADC = t r l  ABH (rotat ion through 90") .
5. Tri IIAB = rri HAC (same base and height) (ln area measure).
6. 2 tri HAC = square on AC.

7. lec ADFG = 
"q".19 

on I-C witfr area measure lE.2 (",rb"ar.,rtion tn 76 2).
8.  Slml lar ly ,  rec GFEB = f r .z

?. 996 ADEI^= rec^A.DFG f rec GFEB (in area measure).
l-0. ABz = Nz + F.'z.

President Garfteldrs proof [8]

1.  cons t ruc t  t r i  ArAc t  =  t r lABC by  90o ro ta t ion  and para l le l  sh l f t .
2. Measure of Angle AtABr = 90. (by rotat ion)
3. I-F Br.
4 .  T rapezo id  CCtA tB  =  t r i  ABq  +  t r i  A |AC?  +  t r i  AArBr .
s .  L /2  (a  +  b )  (a  +  b )  =  L /2  ab  +  L /2  ab  +  L /2  c2 .
6 .  a z + 2 a b + b z = 2 a b * c 2 .
7 .  ^ 2 q 6 2 = s 2 .

(Note: James A. GarfieLd qras the 20th president of the united states
of America. He lived from 1831-j.gg1).

Leonardo c

Proo f :

Figure 2 is

The area of .

Figure 3 is :
and rejoi-nin1

So Figure 3 ;

Figure 4 has

Figure 3 = Fi

Therefore c2

(

T,I
I
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Leonardo da  V inc i ' s  Proo f  [9 ]

P r o o f :
q - D

,

Figure 2 ls the top port lon of Figure 1 with the <tr iagonala recnovecl.

I l re  a rea  o f  F igure  2  Ls  a2  +  b2  +  L /2  ab  +  L /2  ab ,  as  i . s  seen in  F igure  1 .

Figure 3 is formed fron f igure 2 by rernoving quad. DEFG, f l ipping i t  over,
and rejol"ning i t  with quad. DCAG.

So tr ' igure 3 aLso has area ,2 + b2 + I/2 ab + I/2 ab,

F i g u r e  4  h a s  a r e a  c 2  + t / Z  a b  + L / 2  a b ,  a s  s e e n  1 n  F i g u r e  l .

r igure  3  =  F ig r r r .  4 ,  to  
"2  

+  I /2  ab  +  l /2  ab  =  a2  +  b2  +  : r i2  ab  +  I i2  ab .

There fore  
"2  

=  ^2  +  b2 .



Proof Using Ptolemyrs Theorexn (By El isha Scott Loonis) t lOl

Ptolernyt s Ttreorern: If  ABCD is any quadralaterai

then (B'c) x (AD) + (A.s) x u-c

inscr iber l  in  -a  c i r l ce ,

) = ( . r c ) x ( s o )

Socr

Proof I

.rn2 =

.\c2 -
Theref

A-qtr Co

Proof :

FN-, E,
tri BHA
PIIF have
(= L/4 s
(ER + FR
But,  t r i
rD + 1,/4
rlD 

"+ 
l/4

AHZ + HB.

Note:  Th:
whe
of

P r o o f :

I f  quad.  ABCD is  a  rec tang le ,  then t r i  A6C is  i  rc .  t r iang le .

By  Pto lenyrs  theorem;  (AB x  CD)  +  (BC x : \ .D)  = . . ,u  x  BD.

Since ABCD is a rectangle, AB = CDr BC = -{Lr, Anc.\C = BD.

So by substi tut ion, ,q. i l2 + tsC2 = AC2.

> \



Socrateal

Proof :

4t

Proof (for Isosceles Right Triangles) [11]

3
a\

L
t ,

AB2 = trl 1 * trl 2. BC2 = trl 3 + trl 4'
' i iz 

= tri 1 * tri 2-+ tr1^3 + tri- 4'

Therefore, AC2 = ABz + BCz'

Ann Condltrs Proof (Sixteen Year ol-d School Glrl '  1938) t12l

Proof :

pft, ffi-, and fr all bLsect thelr respectlve squares lnto.equal rectangles'

trt BIIA = trL EHF, so EF = AB = AC' Since PIi = PA' trlrs PAC' HPE' and

PIIF have equal bases. Therefore, trl EHP (= L/4 sq' HD): trl ?IIF
-(= 

t/tr sq. IfG) = !fl,3FR. Therefore, tri HPE + tri PIIF : trl PltF =

(ER + FR = AC):  rn." i i t " te fore,  L/4 '  sq '  I ID + 'L/4 sq '  HG: t r l  PHF = AC: FR'

iii,'.rl ?tC-(= 1l; il: AK): iri 
"g-= 

AC : FR' rhererore' t/4 sc"

IID + L/4 sq. HG: rlA-"'q. Ai( = tri PHE: trl PHF' Therefore' 1/4 sq'

no^* i7+^"n. ug = 1/4 sq' AK' so sq' HD + sq' IIG = sq' AK' Therefore'

AIIZ + HBZ = LBL.

Note: Thls proof ls slgnlflcant because lt ls the only one ever devised

w h e r e a l l o f t h e - a u x l " l l . a t y l i n e s a f e e m l t t e d f r o m t h e m i . d p o i - n t

of the hYPotenuse.



Proof  o f  t l

S ta tement :

4 2

Liebni-zrs Indireet Proof [13]

Proof :

' P r o o f :

suppose Ha2 + HB2 : AB2. Then HA2 = ts'.- HB2 
"o 

HA2 = (AB + HB) (AB - HB).construct EF and ET each equal to A-E-and form smicircle cArE.C_onstruct IT and F and construct BD- perpenlicular to AE.liow HE = AB t HB a+d HC = AB - HB.
HE x HC = AB2 - HB2 = ItA2, wnfcn is onJ_y true when r.riangles.
AHC and EHA are similar.

Therefore angl-e cAH = angle aEII and so IIC:IIA = IiA:HE; since /I{AC = /8,rhen /cAH = 
-IEAH. -Thereiore /uau + 71arn = 90o and /cAH + /EAH = 90".ThereFore /r[c = go'. so e-"or""td#wtth Ar. Theiefore znac is

lnscribed in a sernicircle and is a rt. angle. so /AHB t";]. i . lrretu.
Therefore trl AHB is a rt. tr iangle. By rEversin;;;;";;0" 6i 'J)2-l ' ,02.

Thabltrs Generalization of the pythagorean Theorem [14]

PLace Br and cr  such that  angJ"es ABIB and ACrc both equar angle A.Therefore r r i 's  ABC, 
l lBA,  1"d CrAC are s imi lar  t r iangles.

So BC:BA = AB:BBi  or  ABzr= (BC (BB')  Therefore,  eS2 + tC2
And AC:CC! = BC:AC or ACz = (BC) (c6i) = rc 1fi; '*;r;-
91u.:1y., when angle A is a rt. angle,'s' 

";G;ft;ffit 
,.

rn which case, BBr * CCr = BC and"AB2 * eczl-s^;

Proof :

Let tr i  Roc

Const ruc t  r i

Since tr i  KI

S ince  d2  =  a

S o  d  =  c .

Therefore tr

Therefore anl

Since angle 1

Therefore tr i



Proof  o f  the  Converse  o f

43

the Pythagorean Theorern [15]

Sta t€ment : I f  a tr iangle is such that the sum of the squares on the

two shorter legs equals the square on the longest 1eg, then

the tr iangle is a r ight tr iangle.

Proof :

Le t  t r i  ROC be such tha t  
"2  

=  u2  *  b2 .

Construct r ight tr iangle I(ET with legs

Since t r i  KET is  a  r t .  t r iang le ,  d2  =  a

s ince  d2  =  ^2  +  b2  =  
"2  

===1 a2  =  c2 ,

S o  d  =  c .

Therefore tr i  Roc ! '  tr i  KET (by SSS).

Therefore angle C = angle T.

Since angle T is a r ight angle, angle C

Therefore tr i  ROC is a r ight tr iangle.

of Length a and b.

2  +  b 2 .

is a r ight ang1e.



lJot only have proofs of the pythagorean Theorern lnterested rnany
people, but rnethods for f inding integral lengths for the sides of r ight
tr iangles have also been considered. Below are f ive such dif ferent
bu t  re la ted  methods :

1. R.u1e of Pythagoras:

,

3 .

P l a t o f s  R u l e :

Eucl id I  s Rul-e:

4 . Rule  o f  Maseres :

q Dicksonts  Ru le :

) ^
Let n be odd; then n, (n'- l) /2, and. (nz+7)12

are three such numbers. (F;<arnple n=5, 3i: l
a a

_ 1.  nf*1-  L L t  - ; - -  =  A J , r .
L

Let  m be any  mul t ip le  o f  4 ;  then ^ ,  ^2 /4  -  1 ,  and
mz/4 + 1 are three such numbers.

Let x and y be any two even or ocid numbers, such
that x and y contain no conmon factor greater than
2., and xy is a square. The $f (x-y) /2, and.
G +  V) lZ  a re  th ree  such numbers .

Let m and n be any t\ . /o even or odci numbers, m
greater  Lhan n ,  1^2  +  n2) l2n  an  in teger .  Then
nz,  (n tz  -  nz ) /2n ,  and (nz  +  nz1  /2n  are  th ree
such numbers.

Let m and n be any two relat ively prime integers,
one even and the other odd, m greater than n, and
2mn a square. The m * V2ilfr, n-+V'Eifi. and
m *  n  +VhE are  th ree  such numbers . [16 ]

I

I

t 1 l

I2l

t 3 l

t4l

The reader is invited to try to f ind yet other proofs of the
Theorern and other neans for generating pythagorian t,r ipJ-ets.
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GLOSSARY OI' MATHEMATICAL TERMS
(Proposed)

(D)

Data tt$ff{', srfigT, q{ans Delere otel, eers-9, s+{ Tt

Decagon {!ft$sf Delta e€T

Decagran F+ftffq Denand qTT

Decanetre e-d"fn?{ Demography q{fqqf

Deceleration fiFqTUT Demonstrate f<f6 tfi, fiFqUT Tt

Decigran VRfffq Denonstration T<{F[, ftquf

Decile EYITfi Denominator EiT

Declmal C{FfOq Denslty EFIFI

Declmalise S{FfGf if,loT Tt Dependency gTfrfq?fT,

Declmeter gfrrn"-f Dependent 3TfYfi, JSE+

DecrlrBtion cfifil Depend 
RH S, 

.rTTrRq ET, 
.FtO-

' " S \ 5

D€coilfdse f{.ffr Tt Derang€oent f+f{otf, 
-{!-€q

Decohpf{r&.ion frqdT DerivaElon qecffd

Decte'ase E|.fl, nfV gX Derlvatlve JtFF:f , =g-eqf{ 
51tr

DeCreasing Efqftq DertveT€CA.Tt, fd'qT Tt

Deduce f{tfm Tt Derlved nFq=, frt-fi-d

Deducrion ffftr{ Descend .ffit€ur, ttfrd

peductf,le farPrq Descendlng f{fffi

Deducrive fl?|:If{fr Describe Sof{ Tt, TT{T Tt, ffffuf frt

Derine cft'YT1iTT f+:,qFfqTfm Design rTTT, F{rEJ
t f i '  s

Definire "fi-Fqf,, ffifr Desisnate qfTTq tfX, UWffoT frX

Definitlon ffit{fsm Derereinanr qTTfu-ffi, figtTfi, qffieftr

Defl-aLion gqFcFTfd Determinate qfffqfi, Cftfk-A

Deflection qtFlfi[, fqtrlTqT Determine frqt{U.f Tt

Deforn f{tf, Ti Dererxoining t++ifuntrO

Deformarlon frFq({T, fqGqq-lul Devetopable ffiq

Degree ffi, trfl- Deviance f++O, f+affcar

qt rrqr+dt fr0fro, frffgr rcTe,r qqrrrrcr, rfrTrT nqr tcrdi firsrur
sfrfrfi Sgm- rwr n-qrT rf,tcfit ET r

I

I



Deviare f+qffc eT

Deviarion frWT

Diagonal frfiut

Dlasraa ftrf+d; cTtq

Dl-ameter 
'Affg

Dianetrical-ly qT{kT:

Dt-chotonize .f,ntq-fuf

DichoroDoua Gqfffif

DLfference flt=TfrT, .x<r{

Dlfferenr f{qq" frfr;1; .nTqt=I

Differenrrable $-frOfre. g<ffuTq.
T+r{l"rq

Dlf ferenriabrtrty .{qqofTq-f,T, g:<fT-

TUT4TT
Dlffelenrial tFFftFI, Sffrd

DtfferenEiare.f,€|tr{ Tt

Dlfferentiated gTtrftiT: frtF (

Dlfferentiarlon SFRFI

Dlffuee f{firT Tt; t<v(T g

Dlffueloo flfS{UI

Dlatt qoT

Drhcdral ffi

DireogloD Jfqfq; qfrqfC; qfff(

Dlnartoral .ffqffrf

Dr-fhtrh E{; rre gx

Dtrt!&h{'rg fTSqTf; flQ'ft

Dbore GII.[; T'q gE

Dlpol"ar Alsfr; gqTff

Dtlect I({IFTJ fOqt

Dtuected frtrk

Directloo fi!|T

Direcrional fifffm

Directly . TedSTeT: ; fr?ff{fftf.B

Dl-rector (cl-rcle) 
flEffff: (?(l 

,

Direcrrlx f{fifmT

Disc Tli qu@; 
@

Dlscharge fi-(4l-{ul; CTguT

D lscont lnu iry .f,qTifeq

Discontinuous Jfqtf{

Discrere 3FT; g1${g

Discrintnanr fqtW; Tffiffi

Dlscriminatlng frfi61ffi

Dlsjoinr fffifi

Dlsplace freTffiC Tt

Dlsplaceoent frFfFfi ; Ifff1.1qfT{

Dlsprove Eft-6 Tt

DLsproved Cft-6

Dlsslnll"ar -ntf,(|; .t{TqFq

Diselpatlon fqftC; frftTUT

DiseLpatlve .f,[{fr

otstance 
ffr

Dietlnct fl; .mt;

Distinctton f{nf€' ffTtrf ; frRf\-{f

DlstLngut eh €qqfq; ffigfAt

Dlsrriburion frtrisT; ?tftqrf?

Dlstrlbut ive ffiffuT?no

Dlurnal fffi

Div. (Divergence) .XIIVTUT

Dlverse .ICW gd

Dlversent {C$ffr



nivide {TT Tt

Divided frlfffi-f,

Dlvidend {Tt; Ofb+

Divisibiliry TTTFZIdT

Divtsible GVf_q; qp_q

Divislon fSErfrH; rffT

Divl.sor qTffr

Dodecagon 
ATSTITC

Dod ecahed ron 6TE{fq:=frMf

Donain gfi

Dot fr3.

Double qtqf

Doublet g-rffr; 
ft.f

Downa'ard {Cttgi

orag T6f

Draw 3J1ffi

Drarrrlns 
tiCffqtr; qT0S

DroP ?qrr, trrq; qtqr; f{a
Dual- ffi. f,ttr

Dualtty tAqf; ilqilf

Dunmy 
Tf; f{Y{d

Dupllcate ff,frfr; EgdT; trtr
DupJ.Lcation frynT

Dyad 
ffiif

Dyadlc aztfrq

DynamI-c ffi-q; rftqq; TftT

Dynamlcal TfiF1q{

Dynamlcs rfffrtrf,11

Dyne gyqa

48

(E)

Eccenrric sf+--.

Eccentriciry gt++, g"+:TdT

Echelon qiqff-fr

Ecllpse IrEUT

Erfecr JftrT, Flrr, qfrurrq

Effecrive IrtITTf,T-fr, SE{ffr

Efftctency GTitT, FtXul?f

Efflux Tf€gT{, firfrq

Efforr yqTq, Flfil.e

Eight JTA

Elapse qfililST

Elastic 6a,.F<TT, 9--qT6q

Elastlcity difF', JlFqf?xffff

Eleoent 66,

Elenentary g-1-1fEffi; 9r1-q-frS

El-evate 36Tg-d, 3aqfqf

Elevated FFI, SATI

Elevatlon TaTT, FIQIIT

neven eTT

Elininanr fi-rcr c,-6

ELlninatlon dtCTt, ffitq{ q

Ellipse f. Td, gfrq

Ellrpsoid Cltgfq, EfrRqTEg

Ellipsoldat fiq-ffiq

ELliprical n+fdftrniq

Elllpric slq-fdrfiiT

Elonsate .ffqd g(qfd-d

Elonsared .fTzfd; f{tr{

El(

Elt

E1u

Enp

Enp

Enc-

End

Ener

Ent i

Entr,

Enuor

Enuur

Enume

EDrne

hune

Enunc

Envelt

Envelc

Epicen

Epicyc

Epsilo

Equal

Equa l l r

Es:aLly

F4iar€

F+a! to

Eguaicr

Equa tor I

Equtangu
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Elongation .n1qftq-{uT, trf6{rrf

Elucl-date liCWqTt

Elucldation 1cTqfiTTur

Enpirieal .{qTf+f, yqtTtrg

turpty ttTft, ffi, g=<

Enclose 
d

End f<; fiqT

Energy lfqt

Entlf,e ff, qq;F gTfe

Entropy e-TTtr, .ntFl-fi

Enumerabl"e To[frq, Tu'ffTTftftn

Enumerate WTTTTT

Enr:merated CiTFm

Enumeratlon TUTT, qffrfuf;T

Emunerator flr{TfTT; TUTfi

Enunclation g.fdTf

Envelope q=t3;Tti, CTE€{

Envelopfng q=TTgtfft, qT+tT?ffi

Epicentre .TftrFg.

Epicyclold SfET{fi-S

Epsllon 1rCfi1f{ (6)

Equal 
trg, IISTTT, ?l-{Tq'T

Equallty qqTfiIT

Equally Eg(T xfu; nr*fr

Equare sfitilTt, ggtrt

Equation qnl.tF{ur

Equator f4cgon 1g1; fm tCf

Equarorial ft{frq, EF

EquLangular qr1z5tnrfq

EquiconJugate qff

Equidlstant S{gftt

Equilateral qqHqT-{,TT; ST{fS

Equilibrant S=WT

Equilibriun F:Sf{

Equlpotenrlal {cqf{Erq

Equlvalent I|tI6tT, SFgr {FISqT

E e  g t

Error fi, Tdf

Essentlal ST{!(; CT{fqT

Esrlmate .f,!qT;l-'ft

Estlnoated .n-{qTt{d

Esrlrnat{on .'TTUTT; .f{qT{

nta {{r  ( f  )

Evaluare Fe+Fffirq; 
qFr {flTet

Evaluation 
:14IQo{T, 

qrTTqo$T

Even qr1i fi{

Everywhere gfi1

Evol"ute ffig

Evolutlon frqqT

ncact zlr{f{i rffffiS; qqTilq

b<arnpl-e $CTA(UT

E:rcentle SfEIS'q

b<ercLse gqffi; geclFfdt-

ft.haust fYT${, nffi

Existence trfFilR

u<rt f4g;qsT; f{tq

ecpand gff{rf[; fftKf$t

Er<panded gtTTft(; frI<ffm



E:<pansion ITITI, f+ftf|-{

Expectation Fg{TYIT

ExpecLed FqTfifd

Explicit qtr-; FTGE

Exponent qT(; qT(Tqoq

Exponential qffrq

kpress C@

E:<pression ffil-fr

h<tend affrf3-{, f{Kr{.ft

Extenslon f{W1-1

Exterlor +fga1P' Tf€'Ttf

E{ternat qT(q

E:<ternally qTgqd1

Extrena TFtrtTT, sTqqFi

EnremltLes STTff; STqf{A

(F)

Factor 
TOT;fGTlig

Focrorial wTTguerq; quqfurfl

tr'ac tor isatlon KU-g,JUrT

Factorise qu-gTUTT 
"ft; WTl({U-C

Fal-lacy teqfqfs

Farnily W; qftSTT

Fathom trS, fqq

Freld f|tr

Fif rh frqt

Flgure qqofl, ff{

Fil-rer Wt+l; W1.+t; firff1

Final gfqq; rfft-@t

Finite ffifrq; Sfrq

rive Tl'{

Fixe<l firtr-1, trtfrgfit, frfYqq

Flat |rgf, T;-fft

5 0

Flow ErET, 5lEtTQ;

Fluctuation q--{d, fil{O:T

Fluid (ffi

Fluidiry ifWil

r'lu:c 9lo-fr; .TfiqfQ'

Focal 1Tfiq

tr'oci TTfrtF

Focus 1ffi, ffilft=1

Fold 
WT, H, TflrcT

tr'dLlowins aarl; ffift-C

tr'oor 
F-g

tr'orce ErO

tr'orced EF'IKFF; qaffi

Foru Fg

tr'ornula (f{

Formul-ate felTqT; {f}'ilTt

Forr,rard gTifT, JlpI

tr'our TfT

Iraction ftq

Ti l'ractlonal ftry1-qq

Frame etST

tr'ree ffi1=I, 3f

Frequency $ftfr, SftSTTfrT; S'F|Fq

Frlction Ef"tuf

Frlctional qiBhTg$

I'ront q1q:{, glfrlT:T,

tr'rontier fiff; frff<

IuLcrm .ITOIq

Funcrion tF?; qiO:I

Functlonal F-d-fiq

tr'undamentaL 
{s, f6l$, 

qtff{




