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Magnetohydrodynamic Boundary Layer along
4 Porous Wall in the presence of Tramsverse
Magnetic Field

Abstract

R.C. Choudhary

The momentum and the kinetic emergy inmtegral equations have been
derived for the two dimensional laminar incompressible boundary layers
along porous walls of a £iuid of small electrical conductivity in the
presence of tramsverse magnetic field.

The equations have been aumerically solved with tne aid of 2 family
of velocity profiles to study the hydromagnetic boundary layer along a
semi-infinite porous flat plate.

1. Introduction

Rossow [7] studied by the method of series expansion the flow of
an electrically conducting fluid past a flat plate in the presence of
transverse magnetic field. Meksyn [4] considered the flow of an elec-
trically conducting fluid past a semi-infinite plate in an aligned mag-
netic field and obtained a solution by an approximation method. Re-
girer [6] investigated the flow of a a conducting fluid over a porous
flat plate in the presence of a uniform magnetic field.

Iglisch [3] investigated the mon~conducting boundary layer with
suction along a semi-infinite porous flat plate and found that the
aagmptotic state suction profile was reached after a distance given by
?g % =14, M.R, Head [2] gave in dimensionless forms the momentum and
the kinetic energy integral equations for two dimensional boundary lay-
ers with suction of hon-conducting fluids and suggested a method based
on the joint use of the two.

In the present paper, following M.R, Head [2], the momenttm and
the kinetic energy integral equations for two dimensional MHD boundary
layers along porous walls have been derived for the flow of a fluld of
—a1l electrical conductivity in the presence of transverse magnetic

| field. The equations have been used with aid of a family of velocity
grofiles to study how the MiD boundary layer develops from the leading
edge of a semi-infinite porous flat plate to the asymptotic state pro-
fiie which is reached after a certain distance dependine upon the rate
of suction and the strength of the magnetic field.

2. “ementum Integral Equation

|

I

1 With x as the coordinate along the wall and y the coordinate per-
pendicular to it, the two dimensional boundary layer equation [5] for

‘ the steady laminar flow of a viscous incompressible fluid of electrical
conductivity g-over a porous wall in the presence of an externally ap-

‘ plisd transverse magnetic field of uniform strength K, is









- It is seen that an asymptotic profile exists for all values of
i( S % 0) with Ry # 0 and for or‘ﬂ:y 'nag_i_a.t'i\'rfa yalues of A when

= 0. For this asymptotic profile H = -éi = 2 and the asymptotic
profile (10) can be written as

The asymptotic profile (10) is represented by the parameter K =0
of Schlichiting's profiles (9) for which -§ =1 when K= 0. The
Blasius profile at the leading edge is given by K = - 1.

For this system of velocity profiles the Va.ﬁations of the boun—
dary layer parameters 6/§ , H, Hy , 1 , D against the profile parameter
X are shown in Table 1. ' |

Table 1

Soundary Layer Characteristics for Various Values of the Parameter K
‘of the Schlighting's Profiles (eqn.9)

= 8/g i H, {, - Ju.D

0.0  0.5000 2.0000 1.6666 0.5000 0.2500
-2.1 0.4931 2.0462 1.6572 0.4696 0.2392
~0.2  0.4857 2.0960 1.6474% 0.4394 0.2289
0.3 0.4779 2.1490 1.6371 0.4096 0.2194
0.4  0.4696 2.2062 1.6265 0.3801 0.2105
~0.5  0.4608 2.2679 1.6155 0.3510 0.2021
~0.%  0.4515 2.3345 1.6043 0.3224 0.1943
0.7  0.4418 2.4062 1.5924 0.2944 0.1871
0.8 0.4316 2.4839 1.5799 0.2671 0.1804
0.9  0.4209 2.5685 1.5671 0.2405 0.1742
-1.0 0.4098 2.6600 1.5532 0.2145 0.1685
-1.X  0.3%81 2.7608 1.5396 0.1894 0.1631
-1.2  0.3859 2,8715 1.5251 0.1652 0.1581
~1.3 0373 2.0909 1.5089 0.1421 0.1525
-3.4  0.3605 3.1238 1.4921 0.1201 0.1491
-1.5  0.3470 3.2713 1.4745 0.0990 0.1449
-1.6 0.3330 3.4359 1.4558 0.0791. 0.1405
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L = 0.2145
H = 1.,5532
H = 2.6600

D =  0.1685

L1}

8/s 0.4100 ©  from Table 1

As the kinetic energy integral equation (13) has a singularity at
the leading edge (X = 0) where t¥* = 0, the momentum integral equation
(12) only has been solved by Runge-Kutta method [8] over a short dis-
tance from the leading edge with the satisfaction of the compatibility
cendition (14). At a few subsequent steps the momentum and the kine-
tic esergy integral equatioms (12) and (13) have been integrated by
#unge-Kutta method [8]. Integrations further down-stream have been
carried on by Adam's method [1] using a quadrature formula.

dH

The asymptotic state is reached when %éﬁ = 0 and E§§ =0
{.2. when K = 0
and () = 0,500
{(15) b = 0.250 from Table 1

H = 2,000

Then from equation (12) we get the asymptotic state value of t* given

by
_ 2.
g ) /va + z..afl
t*" =
)

For different fixed values uf-Rﬁ and V. calculations have been
made step-by-step with the aid of Table 1 tf11 the asymptotic state
valees given by equation (15) are approximately reached.

(16)

Basults

the results of calculations have been shown by curves in figures
| a=d 2. The following table illustrates the effect of suction and
transverse magnetic field on the MHD boundary layer over a semi-infi-
aite porous flat plate.
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| A higher order theory of Interfacial Periodic
Waves affected by Surface Tansion

Abatract Madan Pathak & S.R.P. Sinha

The solution of the non-linear problew of finding surface tension
affected periodic progressive waves of finite amplitude on the inter-—
face of two homogeneous liquids is obtained up to the first three ap-
proximations. The motion is two-dimensional irrotational and the

J 1fouids are unbounded on either side of the interface. Some physical
' properties of the solution are also discussed.

:

introduction

The infinitesimal higher order theory is obtained here for two- '
disensional periodic progressive waves on the interface of two homo-

genecus liquids of infinite width. The motion is supposed to be irro- %
fational and the interfacial waves are caused by the combined action
of gravity and surface tension. It is found that the solution has
#isgularities for the wave-lengths, \= \ﬁx)\o,( V=23, ...), where I
&borrespcm:ls to the minimum value of c2, as obtained in the linear |
theory, by the formula,

c

88 usual notatioms ([5]1, pp. 373-374).

It is noted that A= J2Z. M, is the bifurcation point of the solu- .
Sie% whes the second order terms are included, and the elevation 2 ,
Sepression according as A §\ﬁ:), . Hence for » <VZ Ay, the waves
(#xRIbir & purely capillary 1ike character, and for \>{2., they have a
pure gravity like nattire.

Fersslation of n the B.V.-problem |

L#t the wave profile [ with space period ) be progressing without
@f form with constant velocity ¢ horizontally from the Tight to
iefy direction. Let us Have a coordinate frame 0XY with OX coin-
with cthe horizontal line of separation of the liquids while at
#nd Sirected opposite to that of the progressing waves. The
imate sxis OY is taken vertically upwards., Let the elements
Lafed with the upper liquid be denoted by the subseript 1 and
with the lower liquid by 2. 1In particular, the density of the
iiguid is taken as [, and that of the lower by By . Let us
that the motion starts from rest, so that there is rest with
: &9 OXY at an infinite distance from the wave-profile. The
Sstexfacial profile, in this case, has equation ¥ = W (X + ct) and
¢re the velocity potential of the flow of the upper and lower
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A higher order theory of Interfacial Periodic
Waves affected by Surface Tansion

Abstract Madan Pathak & S.R.P. Sinha

The solution of the non—linear problem of finding surface tension
affected periodic progressive waves of finite amplitude on the inter-
face of two homogeneous liquids is obtained up to the first three ap-
proximations. The motion is two-dimensional irrotational and the
liquids are unbounded on either side of the interface. Some physical
properties of the solution are also discussed.

Introduction

The infinitesimal higher order theory is obtained here for two-
dimensional periodic progressive waves on the interface of two homo-
geneous liquids of dnfinite width. The notion is supposed to be irro-
tational and the interfacial waves are caused by the combined action
of gravity and surface tension. It is found that the solution has
singularities for the wave-lengths, N= VUM, ( V= 2,3, ...), where

corresponds to the minimum value of c2, as obtained in the linear
theory, by the formula,

b-F
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in usual notations ([5], pp. 373-374).

It is woted that A= VZ. A, is the bifurcation point of the solu-
tion when the second order terms are included, and the elevation 2
depression according as A §- )o . Hence for K <V2 Ny, the waves
exhibit a purely capillary like character, and for L)ﬁ.?\n, they have a
pure gravity like nature.

Tormulation of n the B.V.-problem

Let the wave profile { with space period X be progressing without

change of form with constant velocity ¢ horizontally from the right to

the left direction. Let us have a coordinate frame OXY with 0X coin-
ciding with the horizental line of separation of the liquids while at
rest and directed opposite to that of the progressing waves. The
coordinate axis OY is taken vertically upwards. Let the elements
associated with the upper liquid be denoted by the subscript 1 and
those with the lower liquid by 2. In particular, the density of the
upper liquid is taken as f; and that of the lower by Py, . Let us
suppose that the motion starts from rest, so that there is rest with
regard to OXY at an infinite distance frow the wave-profile. The
interfacial profile, in this case, has equation Y = N & + et) and
therefore the velocity potential of the flow of the upper and lower
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H - E,el + E 0 + £ 01 + o
the
s .1.55‘1’+en(2’+ga’+.....
' “)
1 ( ) 3
1 'E r[ 2 +é'3']()+ootlo
pblem:
3 | & = g, + E.:cl+62c2+
@ @ @
wnd devernine §; |, 0y and ¢y after substituting the series
s &) fa the l.?.-‘problem (1)-—(5), and equating the coefficients of like
powers of £. & is a small parameter of qualitative nature of ampli-
Dede/waye length. In fact, we shall get a set of B.V.-problems for
i%% seccessive approximations of the unknown functions and the constant
%. I= the first approximation we get,
vzn‘” in ¥y 20 and 2ﬂ§ ) 0 in y £0.
]
(1) (1) (1) e
co'?x ﬂly ozy , for y =0
(1) (1) @ . ®
7) ('Pz Pl !31.2 ) +g .(92 - ?l) Y‘ = '1‘\1“ , for y=0
1] I
B](_x) = ﬁ]&y) 0 for y = + &0
Ll d
ﬁgx} = ﬁéy) 0 for y = -
|

In the second approximation we find the following B.V.-problem:

vzﬂlm 0 dn y 2> 0 and wﬂ(2)=0 in y &0
be (2)_ (2) (1) (1) (1) @)
eriodic ¥, =y *lhy M - W ved N,
B (1)
®) 8@ 11 e 0P ey rory =0
(2) @ _ 4
B b = hyy KRR
ﬂﬁ) ﬁé:) =0 for y = - 0@
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et 1D kg 6, 0 11(2) ) qu) ' BS\ |
w = ay 00 05 2Dy~ e, (6, ;a(l) ¢, agj‘) r. o .
156, « flsz ,,éi)z Dy o Bry } SErly =10 iz she tirs

For the third approximation we get the following equations and the
boundary conditions:

=0 my 30, wzaé”mo in y €0,

G _(3) s @) Wy @ Q) (10)
Saly = P1p= '] R e + By N
1 2 1) (1 2
- 624 1@ 68 s 504 epq® soe 3 -0
G 3) _ ) @), 1, D D2 (2 (1) \
Coy =92y =Py * 3Py N T Py | " TIat i
A=0. ¢
1) (1 |
- ({aj_x)+cl)q (mgyi;{ )+¢:~§j:')+ 2).} foty=0 B
2 (1)
© e, 7 02 -6 0 s -0 Y - 1,
@ Wy () @)
= ol g%yx yl ’Z nZyyx 1 E’Z;.rx n ,'('
.2) (1) (1), 2y (@ ~ The unkr
-F lﬁ(l) 3 ﬂ . +p n ¢l from (8). Tk
' . g Lyx 1 A = ! f mined when th
J 1 2 present below
- eyl O 5+ 9y =y O R ) the caleulats
1 1
- ¢ (Fy 0( hea f, a( : 9, (x,y)
(L) ( (2) @ . @) (1) (2)
= Wz%”zx (ﬂZyx r( Ryl F ﬂZY @ 2yy y ) } (11)
(), () (1) (2) @y, @y () (2)
SR Ul O s Ul WO S el Cinel RS owol &
]. 5} 1x 1y yy' ] } ﬂz(X,y) :

for y = 0



for y = + X

() 3) B _
'h’ !;., = 0 for y = — 99

In the first approximation we find the following periodic solution with I
period A= 2W/, : |

1 : e :
ﬁ; ; = :—Eﬂ.:e Ky sin kx
”2(1) _ _En N .éky. S }
ao) : .
YI('J')' = % + cos kx :
2 ok BBy g 3
2 PrrfL  (fptf) K |

We E:Ln;l tha& (ca, ») - graph is a hyperbola with one of its asymptotes.
A= is minimum for

- A
P Poo T o 8 ff“z.—-{’-l)-

(ﬂojmin = W -

The unknowns in the second approximation can now be obtained
from (8). The unknowns in the third approximation can also be deter-
mined when they are known in the first and second approximations. We
present below the final solution without presenting any details of
the calculation.

By = €. 22 e, smmie + €2 357, 7P, sinzix -
D e _
+ g, Q;_ e 3ky. sindlor 4 =ec oo
._ : IRy kg , i
9,0,y) = - &, %‘2 < &Y, stukx 4+ £ -n,?). em". sin2kx
0= i. @1(3) y sinkx + ugs). 'Sky. gindky) + csr o









]
"




19

wiere M, is the value of \ for which -
the s mna approximation, X <=8 ’whefﬁtd
effect of inclusion of higher order terms is

ts brosden snd lower the crest. This ham}a&s in I:ha case of _‘purJe capil—.

lery saves ([2); (5], pp. 653-667). But for N> [Z A, this effect is
Jost the reverse and issimﬂ.as to that in the case of pure gravity
w=ves.

For hﬂ\ﬁ' X, there shndlﬁ’he a reversal of curvature at the
=iddle of a flat portion of the waves. Proceeding on the limes of
Wilton (161) one may seé the possibﬂm:y of such a reversal.

The suthors are very 'mich ‘grateful to Prof. D.R. Bajracharya,
Chairman, Mathematics Instructi ittee, Kirtipur Campus, Tribhuvan
University, Nepal, fur ki‘nﬂ. heusp dnr__ g the prapara:ieu of this paper.
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i Invariant Submanifolds of f(3,-1)-
' Structure Manifolds

¥ by K.K. Dube
1, Introduction

| Let VM be an m-dimensional ¢ Riemannian manifold imbedded in
an n-dimensional C™ Riemanunian manifold MP, where m < n; the imbedding
being denoted by § : V. —= M. Let B be the mapping induced by ), that

is, B=dP:T(V) —=T (M), where T(V) and T(M) are tangent bundles of V ;
and M respectively. On putting T(V,M) as the set of all null vectors

tangent to P(V), we have [2], B: T(V) —>T(V,M) to be an isomorphism. 4
The set of all vectors normal to P(V) forms a vector bundle N(V,M) ¢

over Q(V) which is called the normal bundle of V. The vector bundle
induced by P from N(V,M) is demoted by N(V). We denote by
CEN(V)—> N(V,M) the natural isoworphism. ¢

Let us now introduce the following notations:

Let “J%(V) be the space of all ¢ tensor fields of the type -
(r,s), that is of contravariant order r and covariant order s, asso- o
ciated with T(V). ur(V) is the space of all differentiable functions -
defined on V®., An elemenl: of "j’l (V) is a vector field on VB, in

element of % (V) is a vector field normal to V¥. | a
Let X and Y be yector fields defined along f(V) and tangential

to P(V). Let X and ¥ be the local extensions of X and ¥, JThen X, ¥ 1

is a vector field tangential to M? and its restriction IY Y1/0() to th

@(V) is determined independently from the choice of these local exten-
sions ¥ and ¥. Therefore, we can define [X,Y] by

(.1) [X,¥] = [X,Y1/6(V).
(1
Since B is an isomorphism,
(1.2) [BX,BY] = B[X,Y],
1 Sue
holds for all X, ¥ & 'jO(V). St

Let E be the Riemannian metric tensor of M? and we define g and
g% on V™ and N(V) respectively as follows:

g(&;, X;) = C(BX;, BX;)of

(1.3) and

gt "(le. Nz) = E(GN‘I, CNZ)’
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It can be easily wyerified that g is a Riemannian metric tensor {n V"
hich fs called the induced metric temsor of Y™ and g* is a temsor
field defining an inner product in N(V). The tensor g* is called the
toduced metric of H(V).

-t e-' pe the Riemannian connexion determined by 6 in M®, then
 isduces a comnexion W/ in P(V) defined by [31:

~ = = '

(1.4) X
ghere L and Y are arbitrary 0™ vector fields defined along Pv) and
tangent to P(V). Thus ‘taking account of (1.1), we have

(1.5) & 7. &% T-EI.
VT Y

In this paper we shall assume that ¥ is a ¢ §(3,-1)-structure
manifold with structure tensor T of type (1,1). Let T and ¥ be the
complementary distributions corresponding to the projection operations

T and & respectively, where

ket AN g A AR e

I denotes the identity operator. These projection operators satisfy
the following relations [4]:

@ Tr=1%-%, mEF=TE=0
@.7) @ & =TT
and @ Flasatl-0,l®=%1=0

Such a manifold M® always admits a Riemannian metric say € which
satisfies the following relations:
(i) the :dis_l;iib’u_tiunt and N are T-orthogonal,

1) BT - CEX, TH +CEY. s

@i 8&, ED -EEL TP D,




ey

- -~

(iv) G(E X, ) = CE
s
for all X; Y& 'j' 1),
S

2.  Invariant submanifolds in £(3,-1)-structure wanifeld

Let V™ be a €™, m-dimensional manifold, imbedded as a submanifold

in a C™ f(3,-1)=structure manifold MR with (1 1) structure tensor T.
AL defined Eo be an invariant submanifold of M® if the tangent space
(0(V)) of P(V) is invariant by the linear mapping T at each point p
og By . Throughout this paper we shall assume V™ to be an invariant

submanifold of MY, so that, for X € "J' (V), we have;

(2.1) EBX = BX?, for some X° € 'jzf.v).

Thus we define a (1,1) tensor - $1eld £ in V", that is a mapping
EHEW) — (V) by £X=XO.
From (2.1) we obtain

(2.2) T (BX) = BE(X).

Let N and N be the Nijenhuis temsor of M™ and V" determined by the

(1,1) tensor field T and £ respectively,
Thoerem 2.1. The Nijenhuis tensor W and N of M? and V¥ respectively
are related as follows:

(2.3) N (BX, BY) = BN(X,Y).
Proof: By means of (1.2) and (2.2) we get

N(ex,BY) = (8, TBy] - £ (X, T BY) - ¥ (T mx, BY) + & ° [Bx, BY],
=Tﬁﬂi, BfY] - £ [BX, BEY] - F [BEX, BY] + T ¢ [BX, BY],
= B§[fX, £Y] - £ [X, £Y] - £ [£X, Y] + 2= [X, Y] f .

= BN(X, Y).

Cases: For any invariant submanifold V in an f (3,-1)-structure mani-
fold M, we consider the following two cases:

() The distribution M is never tangential to P(V), that is, to any
vector field of the type @ X where ¥ is a vector field tangential
to 0(V). We shall show that in this case V is necessarily odd—

dimensional .,

(it

fold
of a

Sincq
T, we

by vi

(2.4)
Conse

calle;
fold °

(2.5)

for an

Theore:
(2.6)
for X,?

Proof.
the dis

which i

Theorem

Strue tu

B —
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(11) The distribution N is always tangential to Q(V).

Let us first consider the case’

on T is never tangential to the invariant submani-
lies that any vector field of the type i X is independent
r field of the same frame BX, xé.ﬁ"jifﬁ" i

Applying T to (2.2), we obrain

b x= 0w | 1

since vector fields of the type BX, X € 7] () are in the distribution ’
T, we get Ll

BEZX = BX,
by virtue of (1.7)e, which implies

(2.4) £2X =X,

Consequently (1,1) temsor field f in V is aluost product structure, 1
g“'llﬁi the induced almost product structure on the invariant submani- |
old V. '

Let us define a tensor field S of type (1,2) in M as follows:
@5 FRD-TE D+ % &D- G GH- T 1. |
for any vector £ields X, ¥ € T 00.

=1

Theorem 2.2. The (1,2) tensor field § definmed iu Xt is given by
2.6) Tosx, By) = W(ox, BY) = BE, ¥) :
for X,¥ € JoW)

Proof. Since auy_vector field tangential to P(V) is uot contained in the
the distribution 7, ve have therefore, for any X € J5(V)

which in view of (2.3) and '(2.5) yields
§ (Bx, BY) - N(BX, BY) = BN(X, ¥).

Theorem 2.3. An invariant subnanifold V is iubedded in an £(3,-1)=
structure manifold, such that, the distribution ¥ is never tangential







3 2 _ .
of () and vsio (2.8) and
(2.9), we obtain

B Lux =0,
which shows that Lm = 0.

Yow by means of ‘the relation '11 =7,m 2 _ % and the equations

(2.8) and (2.9), we obtain
2. F,n =m

¢ (2.10) holds in V. Thus L and m are comple-

These relations show tha
given by

mentary projection operators in Vs
gagt et o B35 £,
This proves the theoren.
Sow we have in view of (2.2) for X € -Jz(v-;;,
s x -T2 m,
=T K,
- BEX,
which yields [1].
@iy £-£=0

Hence f acts as on £(3,-1)-structure of v,
on ¥V, The Riemannian metric given by [41.

called induced f-structure

@213 & vy = g(EX, £Y) + gmx, ¥)
also holds for V.

Let 7 be an operator in V defined by
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we say that (X, §, *) is an N-ring with identity.
w8, (1) 1In example (1), 1/1 = 1 is the zevo element of (Q, ® *).
2) The identity element is also 1/1 = 1.

(3) The zero element as well as the identity element of an
N-ring, if it exists, is unique.

(4) 1In case of N-rings a * 0 = 0 is not necessarily true, but
(a * 0) ® (0 * a) = a2 always holds good.

(5) An N-ring (R, @, *) with zero element is a ring if the
elements of R are idempotent, * is associative in R and every
element of R has a unique inverse under 9.

Evidently the inclusion I_'qf' zero element in R ensures the commuta--
tivity and associativity of ® and idempotency together with axiom (3)
ensures that the distributive laws hold good.

Homomorphism of N-Rings

Let (R, 9, *) and (S, @', *') be two N-rings and £ : R—2> 5,
then [ is said to be a homomorphism iff '

f(a @ b) = £(a) @' £(b) for all a, b € R
€(a * b) = £(a) *' £(b) for all a, b € R

Now, we shall prove some results relating to homomorpliism of N=
rings. Before proving these results, we prove the following lemmas:

Lemma 1: For any two elements a, b of an N-ring (R, @, %), (na) *(ub)
= n(a * b) for every integer n > 0.

Proof: We prove this result by mathematical induction. For n=2,
the result is obviously true.

We suppose that the result is true for n=r, i.e.
(ra) * (rb) = r(a * b)

We shall prove that the result holds for n=r + 1

= (r+l) (a * b)

Thus, by mathematical induction the result is true for all values of n.
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Proof: For any %, y € R
(f8g) x9y)
S (Fx 8 y) @ gx 8 y) = [EG) 8 £((] 8" [8C) 8 g
= [f@gl )8 (&gl (y)
Further,
(F8g) (x*y) =fx*y) & glx * y)
= [E&) *'E(] 8 [g(x) *'e()]
- [£x) @ g@)] *' [£(y) @' g(¥)]
= [fegl G* [£fesg]l (¥

Theorem 3: The set F of all endomorphisms of an N-ring (R, 9, *) is
Tlosed and consequently, it is an N-ring if * is symmetric in R.

Proof: For all X, ¥ € R and for all £, g € F
(f 8g) (x9y)
- fxey) Bgkxey) = [£&x) 8 L] €[k @ g(y)]
= [fogl &)@ [£es] (¥
Also,
[fogl (x*y) =[f&*y)] dlek* 1
- [EG) & E(] @ [gG) * g(] = [£(x) @ (] * [£(y) * ()]
= [fegl = *[Feg]l O

1t may be ver-iiigd that the set of all endomorphisms is a B-monoid.
We, now, define the other operation in R as follows:

(% g) (=)= £(x)* g(x) for all x € R

Evidently, (F, %) is a groupoid.

Further, for amy £, £y fq, £; € F and for all x € R
[(g) * £5) @ (£3 * £5)] &) = (£ * £5)x @ (£5 * £4) %

= [ ) * £ 8 [£3G) * £,()]







In & lar manner, we may define right N-ideal.

and k € K :
Example 1: Consider the ‘set

R = $(p, a) | pand q are non-zero positive in

-egers }
We define the two binary -agmtibﬁsl?: and * in R as failpws:
lpyy 1) @ (py5 4p) = (pypys 479y

sl Gy ) * (b 4) = By G2y
Evidently, (R, #, *) is an N-ring.

We, now, consider the set

K= § (2, @) | pand qare non-zero positive integers }

The system (K, @, *) is a right H-ideai of the k-ring (R, ®, *) as
for all (2p, q) G‘ K and (¢, s) € R imply

(@p, @) * (r, 8) = (2ps, qr) € K
Further, if we consider the set

K* = § @p, 20) | p and g are non-zero positive integers }
then (K*, @, *) is a two sided N-ideal as
(z, s)'* (2p, 2q) = (2rq, 25p) € K*

~and (2p, 2q) * (r, s) = (2ps, 2qr) € K* for every (r, s) e R.

Taking s_i_:oek af Mam 4, our current definition of a two sided

Definition: Let K be a nmon-empty subset of an N-ring R. Then K is a

two sided N-ideal iff
@) re?R ke Kimply both r * kand k* r & K

Iheorem 5: Let 3K;} be an ‘arbitrary collection of N-ideal of the
N-ring B, _wﬁate i ranges over some index set. Then (1K is also an

g.‘b&khi'*kanﬁk*r € K, thmxismﬁmﬁeaw






‘Nep. Math. Sc. Rep.
Vol. &, Ho. 1 (1979), 35-435

Pythagoras and his Theorem

Girard Tarr

 The name Fyrhagoras means different tiings to different people,
for he has been knowm as "... the philosopher, the astronomer, the
mathematician, ..., the saint, the prophet, the performer of miracles,
the magician, and the charlatan." [1] Most people, however, remember
him as "... the first genius and founder of Greek Mathematics." [2]

 PBythagoras was born in Tyre on the island of Samos around 570 B.C.
He lived on Samos with his family for about eighteen years. He thien
moyed to Leshos to live with his uncle., While in Lesbos he studied with
Ferekid and after two years he moved on to Miletus where he studied
physics and mathematics under Anaksimander and Thales. The latter,
being near ninety years of age, directed Pythagoras to Egypt where, in
547 B.C., he enterad the priest caste and studied under Sonchis. His
studies in Egypt came te an abrupt end in 526 B.C. when the priests
were captured by the Persian King Kambis and Pythagoras was sent as a
captive ta Babylon. At this time, Babylon was the ceater of world
commerce and so also the crossroads of intellectual activity. Here
Pythagoras had the opportunity to learn from the Bactrians, the Indians,
the Jews, and the Chinese. He was freed after nine years of captivity
in Babylon and returned to Samos. Pythagoras moved around for a few
years looking for students and finally settled in Croton around 510
B.C. In Croton, Pythagoras found people eager to listen as he spoke
of high morals and the condemmation of luxury. A faction of his fol-
Jowers in Croton became known as tle Pythagoreans.

The Pythagoreans were a cultist, politically comservative group.
They were vegetarians, and much of their work sought to find the rela-
tionships between mathematics and the real world around them. Their
motto was "All is Number." The symbol of the Pythagoreans was the
star pentagon whose diagonals have been shown to intersect each other
in the ratio of the golden section. (It is not known if the Pythago-
reans realized this relationship).

Much of what has been credited to Pythagoras was actually due
to his followers, the Pythagoreans. They recognized the relationship
between numbers and music in that tomes that are harmonious (to the
western ear) are created by integral divisions of a vibrating string.
They realized some if not all of the regular solids and found construc-
tions for them. The Pythagoreans studied proportions, such as the
proportions that relate the arithmetic, geometric, and harmonic means,
(For example: for any two non-zero numbers, a and b: a is to their
arithmetic mean as their harmonic mean is to b). The Pythagoreans
preceded Copernicus with the heliocentric (sun-centered) view of our
solar system. The Pythagorean definition of the right angle is related
to the real world in that it was defined as the angle formed by the
intersection of vertical (in 1iné with the pull of gravity) and hori-
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i zontal (the horizon). Pythagoras is even said to have coined the words degre
"philosophy—-the love of wisdom" and "mathematics—-that which is learned," they

to deseribe his intellectual activities.

The school of Fythagoras reached its peak around 490 B.C. It was
during this time that Hypasos, a former student who had been expelled, ;
came to power in the democratic party. Hypasos had the school dissolved |
and Pythagoras was exiled to Tarentum. After Fourteen years in Tarentum, K
the democratic party came into power there and again Pythagoras was
forced to move. He then went to Metapontus where the process repeated 4
itself yet again., This time, he narrowly.escaped with his life only to
die a short time later. Pythagoras was well over ninety years of age 0
at the time of his death. analyt
: _ is tha
In speaking of Pythagoras and his philosophy, the Journal of the of ele
Royal Soclety of Canada says: "He was the Newton, the Galileo, perhaps would
the Edison and Marconi of his Epoch,..., but he committed none of his and po
views to writing and forbid his followers to do so, insisting that these ;
: they listen and hold their tomgues.'" [3]

Of all the discoveries and conjectures made by Pythagoras, the proofs
one that is most important and the one for which he is most often rTe- i unique
membered is the theorem that bears his name. It states that in a right-
angled triangle, the square on the longest side (the hypotenuse) is Bhaska;
equal to the sum of the squares on the two shorter sides (the legs).
This theorem has also been known as The Forty-seventh Proposition of
Euclid (from Euclid's book The Elements), The Carpenter's Theorem, and
The Hectatomb Proposition. The latter is due to the claim that Pytha-
goras sacrificed one hundred oxen upon discovery of the theorem. This
claim contradfcts the fact that Pythagoras was a vegetarian due ta his
belief in transmigration of the soul,

It is not known whether Pythagoras discovered the theorem on his
own or learned of it in his studies, but he is alleged to have been
the first to demonstrate (prove) the theorem (540 B.C.). That demon-
stration (if it ever existed) has been lost but Pythagoras is nonethe=

- less credited with taking the proposition from empirical fact to mathe-
matical theorem. Properties of these special (right) triangles were
certainly known long before Pythagoras's time. The Babylonians knew
about "builders' triangles" by 2000 B.C. The three, four, five right
triangle was known to Tschou-Gun in China around 1100 B.C. and also
to the Egyptians long before Pythagoras studied there. Whether any

I of these early peoples generalized from these special cdses to the
theorem is not known.

Proof (0
area of .

C2=4 [ (1,

2
The theorem of Pythagoras was probably the most fmportant dis— ¢ =2ab +
cavery in all of early mathematies. Froving the Pyrhagorean Theorem 2 2
is a challenge that has been accepted by many people over the past two IR
thousand years, rangine from accomplished and famous mathematicians,
to political figures, to school children. There was even a time when
an original proof of the theorem was required to obtain a master's

(Note:- B




iematics. [4] As many and varied as these proofs are,

to one of four categories: [5].

1. Algebrafc: Those based upon linear relationships. ]
2. (Geometric: those based upon comparison of areas.

3. (Quaternionic: those based upon vector operations.

4, Dynamic: those based upon mass and veloeity.

One might ponder the question: "Why are there no ‘trigonometric,

analytic, or calculus proofs of the Pythagorean Theoren?" The reason
{s that these more modern areas of uather .

of slementary plane geometry. Without the Pythagorean Theorem there

would be no trigonometryof the right triangle noamalytic geometry,
and possibly, no caleulus. So trying to prove the theorem by any of
these methods would require using the ‘theorem.

on the following pages there can be found several intriguing
proofs of the Pythagorean theorem. ‘They have been chosen for their
unigque value, whether it be wmathematical, historical or imtrinsic.

Bhaskara's One Word Proof

Ly /

Behold!

Proof (Obvious to Bhaskara):
area of large square = area of four triamgles + area of small square

2 (W] + @b
e2o2ab + a%-2ab + b7

gl 4 42

(Note:- Bhaskara was a famous Indian mathematician who wrote "Lilavati')

. I

atics are based on the truths

e
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Euclid's Proof [7]

Proof: D ek

1. Draw CF perpendicular to DE through C.

2. Rectangle ADFG = 2 triangles ADG.

3. Tri ADG = tri ADC (same base and height) (in area measure). )
4. Tri ADC = trdi ABH (rotation through 90°). |
5. Tri HAB = tri HAC (same base and height) (in area measure).

6. 2 tri HAC = square on AC. 3

7. Rec ADFG = aquara_on-AE_y}th area measure AC.” (substitutiom in # 2).

8. Similarly, rec GFEB = BC. o |
9. Eﬂi ADEB = rec ADFG + rec GFEB (in area measure).

10. AB% = AUZ + W2,

President Garfield's Proof [8]

c b

Construct tri A'AC' = tri ABC by 90° rotation and parallel shift. |
Measure of Angle A'AB' = 90° (by rotation).

Aret TC.

Trapezoid CC'A'B = tri ABC + tri A'AC' + trdi AA'B'. l
1/2 (@ +b) (a +b) = 1/2 ab + 1/2 ab + 1/2 c2,

al 4 2ab + b2 = 2ab + c2, |
aZ + b2 = 2,

SNan i e o

(Note: James A. Garfield was the 20th President of the United States
of America, 'He lived from 1831-1881).

Leonardo ¢

-

Proof :
Figure 2 1

The area of

Figure 3 dg
and rejoinin

80 Figure 3 :
Figure 4 has
Figure 3 = gy

Therefore c2



Therefore ¢

Leonardo da Vinci's Proof [9]

51-’0. @

Figure 2 is the top portion of Figure 1 with the diag shaldl anoved.

Proof:

The area of Figure 2 is a2 + b% + 1/2 ab + 1/2 ab, as is seen in Figure 1.

Figure 3 is formed from figure 2 by removing quad. DEFG, flipping it over,
and rejoining it with quad. DCAG. ;
So Figure 3 also has area a” + b + 1/2 ab + 1/2 ab.

Figure 4 has avea c® + 1/2 ab + 1/2 ab, as seen in Figure 1.

Figure 3 = Figure 4, 50 cz + 112 e 3 32 . bz_;} 9 Ak 2 8B
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Socrates' Proof (for Isosceles Right Triangles) [11]

Proof: ——
AB® = tri 1 + tri 2, BC = tri 3.+ eri 4.
ac2 = tri 1 + tri 2 4 tri 3 + txi 4.
Therefore, ac? = Ap2 + BGZ.

Ann Condit's Proof (Sixteen Year Old School Girl, 1938) [12]

L

Proof:

PN, PM, and PL all bisect their respective squares into equal rectangles,
tri BHA = tri ENF, so EF = AB = AC. Since PH = PA, tri's PAC, HPE, and
PHF have equal bases. Therefore, tri EHP (= 1/4 sq. HD): tri PHF

(= 1/4 sq. HG) = ER;FR. Therefore, tri HPE + tri PHF : trd PHF =

(ER + FR = AC): FR. Therefore, 1/4 sq. HD +1/4 sq. BG: tri PHF = AC: FR.
But, tri PAC (= 1/4 sq. AK): tri PHE = AC ; FR. Therefore, 1/4 sq.

HD + 1/4 sq. HG: 1/4 sq. AK = tri PHE: tri PHF, Therefore, 1/4 =q.

WD + 1/4 sq. G = 1/4 sq. AK. So sq. HD + sq. HG = sq. AK. Therefore,
l\ﬂg'i'@z n;;&\_ﬁa., B ; d

Note: This proaf is significant because it is the only one ever devised
where all of {ary lines are emitted from the midpoint

of the hypotenuse,
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Liebniz's Indirect Proof [13]

- Proof:

. 2
i ABz. Then HAz = ﬁﬂz - HB so HAZ = (AB + HB) (AB - HE).

Construct BE and BC each equal to AB and form semicircle CA'E,
Construct AE and AC and construct BD perpendicular to AE.

Now HE = AB + HB and HC = AB - HB.

HE x HC = ABZ - gp2 = HAZ, which is only true when triangles.
AHC and EHA are similar.

Suppose Ha® + HBZ

Therefore angle CAH = angle AEH and so HC:HA = HA:HE; since JHAC = /E,
then /CAH = /EAH. Therefore JEAH + /AEH = 90° and {CAH + /EAH = 90°,
Therefore /FAC = 90°. So A coincides with A', Therefore /EAC is
inscribed in a semicircle and is a rt. angle. So /AHB is a rt, anﬁle.
Therefore tri AHB is a rt. triangle. By reversing the steps h? = aZ 4+ p2,

Thabit's Generalization of the Pythagorean Theorem [14]

Proof:

g
Place B' and C' such that angles AB'B and AC'C both equal angle A.
Therefore tri's ABC, B'BA, and C'AC are similar tria les,

So BC:BA = AB:BB' or ABZ = (BC (BB')  Therefore, AB2 + AC2

And AC:CC' = BC:AC or AC? = (BC) (CC') = BC (BB' + 0c)

Clearly, when angle A is a rt. angle, B' coincides with g',

In which case, BR' 4+ cC' = B1C and ﬁBi + Ac2 = B2,

Proof of ¢

Statement :

P

R

Proof:
Let tri RoC

Construct ]

Since tri KI
Since d2 = a
Sod=e.

Therefore tr
Therefore an
Since angle °

Therefore tr:
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Proof of the Gonverse of the Pythagorean Theorem [15]

Statement; If a triangle is such that the sum of the squares on the
two shorter legs equals the square on ‘the longest leg, then
‘the triangle is a right triangle.

Proof:

Let tri ROC be such that c? = a2 + b2,

Construct right triangle KET with legs of length a and b.
Since tri KET is a rt. triangle, d% = 32 + 5-'2_..

Since a2 = a2 4p? -2 =Bt = o2,

Sod =c,

Therefore tri ROC ¥ tri KET (by SS5).

Therefore angle C = angle T.

Since angle T is a right angle, angle C is a right angle.

Therefore tri ROC is a right triangle.
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