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On Methods of Generating Random Permutations

J
1. Introduction errold Grossman

It is desired in many situations to shuffle a set of objects - to
randomize their order. In card games, for example, the deck of cards
is put into a random order before being distributed to the players, so
that each person has an equal chance of receiving every possible combi-
nation of cards. In the United States a few years ago, the birthdates
of young men were randomly ordered to determine the sequence in which 1
the men would be conscripted into the army. Physical processes can often
be simulated on a computer, and again the ability to randomly order a set
may be required.

To put our discussion into concrete terms, let us suppose that we
have a set of cards numbered 1,2,3,...,N arranged in numerical order in
a row. We are seeking a process (called a shuffle) by which the cards
are put into a possibly) different order, or permutation. The process
must involve some random choices, for we surely want to impose the re-
quirement:

Condition 1. The probability that card s ends up in position t

after the shuffle is completed is : for all 1 £s £ N, 1 <t<N.

ﬁ:
A moment's reflection, however, shows this condition to be inadequate
for most purposes. Using only the N cyclic permutations (1,2,...,N),
(2,3,...,N,1),...,(N,1,2,...,N-1) could satisfy it. Instead we shall
impose the stronger requirement:

Condition 2. Each distinct permutation is equally likely to result
from the shuffle.

Our problem, then, is to find efficient algorithms for shuffles satisfy-
ing Condition 2. We shall discuss several such algorithms in this paper,
. as well as an interesting variant which fails both conditions.

Note that Condition 2 implies Condition 1. 1Indeed, since there are
N! distinet permutations of which exactly (N-1)! have card s in position

- 1
t, the probabilities in Condition 1 are all jyﬁ%l4-= %u

2. The Algorithms Which Work

Before we can describe any algorithms, we need a randomization
device. For our purposes it is enough to have a way of choosing an
integer from the set §1,2,...,M}{ in such a way that the probability

of choosing integer i is % for all 1 =i = M. Physical devices could
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be used (e.g. a spinning wheel divided into M sections or am electronic
clock that rapidly counted from 1 to M repeatedly), with a consultation
of the device for each "random number" needed. On a computer various
arithmetic algorithms, while not truly random number generators, seem Lo
work reasonably well. To generate a randof integer from 1 to 100, for
example, one could take a given 10-digit number, square it, retain the
1180 through 20th digits of the answer as the mext 10-digit number to be
used, and take the 11tN and 12®% digits of the answer, plus one, as the
desired random integer. We shall assume that some randomization device
is available and proceed to discuss the algorithms for shuffling the N
cards.

Algorithm I [1]. Number the permutations from 1 to N!, Choose a
random number i from the set {1,2,...N!} and put the cards into
the order numbered 1.

Condition 2 is automatically satisfied. Unfortunately, for N at
all large, N! is much too large a number to deal with, so this algorithm,
while theoretically sound, is impractical.

Algorithm II. Set up & new row for the cards. Successively, for
i=1,2,...,N, choose a random number rj from the set {]42,...,N—i
+ 12 and put the rith largest card remaining in the original row
into the 1ith position in the new row.

To see that this algorithm satisfies Condition 2, consider the
sequence (ri,r2,...,ry) of random numbers chosen during the algorithm.
Since 1 £ ry < N-1 + 1, there are N! possible sequences, each equally
likely. If two such sequences, (r{,T2s-++,Iy) and (rl',rz',...,ru'}
differ, let j be the first subscript for which r # r;'. Then the cards
in position j of the two resulting permutations fer. Thus there is
a one-to-one correspondence between permutations and sequences (rl,rz,
....tN) with 1< r; €< N-i + 1, so Condition 2 holds.

This algorithm is reasonably easy to implement. The main drawbacks
are the need for a second row for inserting the new permutation and the
need to search for the rith largest remaining card at each stage.

Algorithm ITI [2,3]. Successively for i = 1,2,...,N, choose a
random number ry from the set {1,2,...,N-1 + 1% and interchange
the cards in position i and position k = N - ry + 1. (Note that
k> i. If k = i, then the interchange for that value of i leaves
the card in position i fixed.)

The proof of Condition 2 is similar to the proof for Algorithm II
and is left to the reader. Note the improvement over Algorithm IL in
eliminating the two drawbacks.

3. An Algorithm Which Fails

Suppose, in Algorithm III, we allowed the interchange at step i
not only between the cards in positin i and position k where 1 = k = N,
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bhut between the cards in position 1 and position k where 1 =k < N. We
then get the simpler.

Algorithm IV [1]1. Successively for i = 1,2,...,N, choose a random
number ry from the set {1,2,...,&} ‘and interchange the cards in
position i and position ry.

pe Balbine [1] gives the following simple proof that Algorithm IV
fails to satisfy Condition 2 for N = 3. There are e possible sequences
(rl,rz,...,rN), each of which yields one of the N! possible permutations.
1f the permutations are to be equally likely, then the same number C of
sequences must yield each permutation, with CH! = §¥, But for N = 3, N!
contains a prime factor distinct from those in N (namely a prime factor
of N - 1), so N! is not a divisor of NV, Thus the permutations cannot
be equally likely.

In the remainder of this paper, we ghow that Algorithm IV also fails
Condition 1. The techniques involved in the proof are typical of those
encountered in discrete probability computations.

THEOREM. The probability that card s ends up in position t after
an Algorithm 1V shuffle is

1 ,.8-1N-t
N

N - %
+ (“—Eflas 4 if s >t

1 N = 1Nt N -1s1 _ N=10Ns-t=l "
L h 60 ) ] if s

E.

In particular if we take s = N, t = 1, then the probability is

'g——-—u_l)ﬂ—la!% if N 2

n N 3.

I\

To prove the theorem, we first prove a

LEMMA. Suppose i - 1 interchanges have been completed and ry is
about to be chosen. Then the probability that the card currently

in position i ends up in position j is 1 for each j.
N

Proof: We proceed by backwards induction om i. The statement is
clearly true for i = N. Assume it is true for s capite L= S
then for the card currently in position i to end up in position ¥y
either ry = § and Tigys---sTN are different from j, or Ty = 7 with 1 + 1
= 1 =Nand ryqs.--r¥7-y 3r€ different from ¢, and then the induction
hypothesis applies. The probability is therefore
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dy, @ LyT=t gy

i, N - 1.N- 1
fﬁ) ( = ) + ~ = =) =5 -

If j > 1, a lengthy but similar analysis shows that the probability is

3
N - l N-j N - 1,1-i-1,1
d & EHM . GrdEs
1%'14-1 B
ra- &L &y AL

N

Ly rody (B =18 N-lz—i—ll 1
@ R ¢ T o e R =5 -

ZZ3+1N N N N N

Proof of the theorem: If s > t, then card s ends up in position t 4

the tth interchange puts card s into position t (probability —0 and

N
T r,, are different from t (probahility ol 1N Y, or if r

TR oens N 1
. are different from s (probability (

_1) and then card slendﬂ
up in position t (probability :] by the lennna). If s< t, then card s
ends up in position t if r,,...,r__; are different from s (probability
(E—ﬁ—;) 8-1) and then card s ends up in position t (probability % by

the lemma), or if one or more of Try,..., T _, are equal to s (probability

1- (N — 1) ) and the tth interchange puts card s into position
t (prubability ) and T__.,...,T, are different from t (probability
N - 1. N-t t+l N
= N Ty
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Heat Transfer From a Sphere With a Fluid Source at
its Centre in ‘@ Slow Uniform Stream With SIiP

Yoga Ratna Sthapit
Abstract

The effect of velocity slip and temperature jump on the heat trans-
fer from a sphere with a fluid scurce at its centre which is placed in
a slow uniform stream of viscous incompressible fluid is investigated
at small Reynolds number and Prandtl number of order unity. An expres-
sion for the average Nusselt number is calculated up to the term of
order Re. It is found that the velocity slip does not affect the Nusselt
number to this order where as the temperature jump affects it.

1. Introduction

Acrivos and Taylor [2] has considered the problem of heat transfer
from a sphere assuming that the velocity field to be given by Stokes
flow [10] and using the method of inner and outer expansions the solution
for small Peclet number Pe which is the product of Prandtl number o and
the Reynolds number Re has been obtained. An expression for the average
Nusselt number N as a function of Peclet number Pe has also been calcu-
lated. This work has been extended by Rimmer [6], [7] using the velocity
field obtained by Proudman and Pearson [5]. Recently, the author [9] has
studied the problem of heat transfer from a sphere with a fluid source
at its centre which is placed in a slow uniform stream using the veloeity
field obtained by Datta [4] for Stokes flow past a sphere with a source
at its centre, and concluded that the effect of the source is to reduce
the average Nusselt number. Taylor [11] has studied the effect of velo-
city slip and temperature jump on the heat transfer from a sphere in a
low Reynolds number slip flow using the velocity field obtained by Basset
[3] and found that the velocity slip does not affect the average Nusselt
number to the first approximation of small Peclet number where as the
temperature jump affect.

The purpose of the present analysis is to study the effect of velo-
city slip and temperature jump on the heat transfer from a sphere with
a fluid source at its centre which is placed in a slow uniform stream,
the velocity field for which is taken as that obtained by the author
[8] for Stokes flow with slip past a sphere with a source at its centre.

The method of solution is similar to that given by the author [9]
therefore some of thie details of the solution method will be omitted
since they are given in detail in aforementioned paper. The results
obtained in this analysis are, however, different since they incorporate
both the effects of velocity slip and temperature jump.
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2. TFormulation of the Problem

Consider the uniform flow U of a viscous incompressible fluid of
kinematic viscosity ) past a sphere of radius a with a fluid source of
strength Q at its centre. Let V., Vg, Vg4 denote the velocity components
in the spherical polar coordinate system (r, e, ¢) with the axis along
the direction of uniform stream. Since the flow is axisymmetric, the
circumferential component vg vanishes identically and v., vg are those
obtained by the author [8]. The temperature field is governed by the
equation

* *

- :
(rn y ot = o (v, g—t—* + v, é—i— )
T r de

with boundary conditions [11]

e * x
== N = ts) at r = a, (over the surface)
r
(2) * *
t—>t, ar —>00, (far away from the sphere)

where A is the parameter determining the effect of the temperature Jump .

As in [9], dntroducing the following non-dimensional quantities
x % .
= gy, = E = tm)!'(ts-— to)s
=Q/ 2# = (r) +1 = U 1{si
v, = Q/a’x" + ‘iu r }cose, T Jvir) - {sine,

where tg - tog is the temperature difference between the surface and the
fluid far away from the sphere, the above equation reduces to

@ Fr= orellu+ DISE- (v—l)(l-qz%l sesdt
r

where with &‘- = cose ,

2 19 .29 19 2. 0 s
< ‘='r—2a?(r a—r)"'t—z-a—%i(l-Q)g'%E

and s = Q/Va 1is the parameter determining the effect of the source.
Here us and v as obtained by the author [8] for no surface injection
are given by

(5)

iF

(&)

sET7ECR

in
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u =‘g% irz(l + s/r)e-s}r —-sth(sfr) - r2 + Sszfﬁ §+-231r3,
(4) -
v, == % ff&rz(l +afere 2E + szEz‘(s/r) 4t +5s0/3%+ B/, |
-
where |
383 |
A= - qo¢ (2f + 1), .
B = %,3[2 - 201+ 8)e © - 332E4(s) + £3(6 - 65 + 532)3-3—6521?.4(3)- 64 :

c=n:1+ss)e""-1+32i2+fs2 (1-e )
o sX

e dx
En(s) 5 <
1
and £ is the slip coefficient. In terms of non-dimensional variables
the boundary conditions (2) reduce to

g—§= Me - 1) at r=1,
(3)

t—>0 as r —> 0O.

Now as in [9] we solve equation (3) with the boundary condition at
the surface in the inner region. In the outer region, We introduce new
variables by setting f=orRe and T(P,q) = t(r,4); we thus get from (3)-

T E————

2
sg Re b

& v§T=t(u+1)i3—Tf-,-(v—1)(1-q2) I’%%H s B_Tf;,

where vg i{s the same operator as in (3) but with r replaced by f, and

u and v are also expressed in terms of f . We then solve equation (6)

for T with the boundary condition at far away from the sphere (i.e.,

T—>0as p—>00). Further the remaining undetermined constants in

the inner and outer solutions are to be determined from the matching

requirement [21 \

(N t(r —> 00, ﬁ) = T(p—>0, §)- |

33 Method of Solution

We assume as in [9]) that the imnmer and outer expansions are repre-
sented respectively by



56
(8) :(r,{) = _co_(r,Q) + o Re tl(r,g) Foan e
(9) T(p,4) =oRe T, (£, 84) + (TR T,(p,4) + ...

Substituting the expansion (8) in (3) aEd the expansion (9) in (6), the
terms independent of oRe give the following differential equations
10 v = =

r o r2 or
and

oT 2 aT

11 Vor =&y cady o
‘The required solution of (10) and (11) satisfying the relevant conditions

ot
— = X(t - 1) and T (00, &) =0,
(12) or 0 e éi

to(r — 00, 2;) = gRe TO(P—)VO,«!")

are respectively

o - -os/r, -os
(13) =5 (1-e )/ (1 -pe )
and
" SHPa-8)
R S LN
(1 -ge )
where €= (l—%.
Now substituting the inner expansion (8) in (3), the terms linear in ORe
show that ty satisfies the following inhomogeneous equation
(15) 2: os 9%1 os e—ﬁ/.r 2A ¢ 2 -gfr
V1 -8 — = . [1+~—{r e + 4rs E_(s/r)-
282 -08 2 3 5
r“Or (e -1 r s

— £+ 85 16 §+ 211;'1'3]5 -

Following [9], the particular solution of the above equation is

-os/t .
r r \ e __8es r
(16) r‘lp - ((H - cl) (E - %) * Cl(; a %) & (e—o‘s [Bo's

where

M

the int
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A & @ + 90 + 2how 1Z 1, s 1 o L ¥oys/e
£t T - ZevtIE x
165> 48¢°s -
- 2 -ss/r
10"2 + 150+ 6 T 1 —as/rc s e !
+( Y7+ —3 e E,(s/r) - 5= —g— E,(s/7v)
%4 VIR 1 489 ¢ 1
5
- ,u’ = 100" + 150+ 5){ u') E ((l+cr}s) 4 5 (3.: -5 E (es/r)
4
240
2 2 : 2
o' + 10 T -os/r B 6 3 s l rsfr
+ r - ) e + = + = ]
“Z8as - § e ta T z )4
where
M = —208 1 LA --2c|;i + oz - 240~ 12 u§+10|r+150'+6 1n(146)
T ) 480° 2

1 3B
_cnt)-i-'———a'f;

24 204 s

the integrals occurring have been evaluated by integrating by parts and
the recurrence relation [1]

By ® =2 [ - x E (0]

have also been used above. The unknown constant C; in equation (16) is
given by the equation

dt.
[ar A(t -l)]Fl_

1p

Hence the general solution of equation (15) is

-os/T -gs
(17) ty = Bl (e -e )+ r.lp

From the matching requirement

(18) to(r—roo,c‘z-) + aRe tltr—roo,q) = gRe To(f~—?0,$),
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we find that

e
a- pe—a's)Z

o
]
I
M=

Therefore the inner expansion is

(19) t = tu + 0Re t

1

~-rg/fr
,.].:'_e__,{.m[ + ]

o (8% = e—d!ifr) .
1 - ge—o’s z e Pe—u‘s)2 1p

Nusselt Number

The expression for the average Nusselt number in non-dimensional
variable is given by

+1
- Jt
(20) T S OF ‘r =1 O
-1
_ 20 e 1+ su?'Re

sl DE
(1-ge ™) 2(1 -pe ™)

This result shows that to order Re the velocity slip does not affect the
average Nusselt number. When there is no temperature jump i.e., when

=1 or A—> 00, this result agrees with that obtained by the author
[9]. When the source is absent (s = D) the above expression reduce to

=gl esome,

This agrees with the first two terms of the result obtained by Taylor [11]
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Creep Transitions Around a "Circular Hole in an

Infinite Plate
Suresh Hulsurkar
&
V.Y. Rajopadhey
Abstract

Seth's transition theory is applied to study the creep phenomenon
around a circular hole in an infinite plate under various conditionms.
The assumptions about the creep laws is not necessary and the results
obtained include the classical results as a special case. The reason
for the results to be more general than the classical ones stems from
the fact that the incompressibility of the materials in creep is not
assumed.

1= Introduction

The creep deformations around a circular hole in an infinite plate
has been a subject of extensive study by various research workers
[1,3,4,5]. 1In general, the method consists of assuming some creep law
and then deriving the creep stresses from it. Naturally, there are dif-
ferent solutions, depending upon the creep law, given for the same prob-
lem. Here we take the transition theory approach (develeoped by Seth
[6]1)to the above-mentioned problems. Neither, we assume the creep law
nor the incompressibility of the materials in creep. This is usual with
the transgition approach to the creep phenomenon. Our results include

the effect of compressibility and as a special case reduce to the classi-

cal results derived from the creep law with von Mises rule as given by
Nadai [4].

2% Transition Points

Consider an infinite plate of constant thickness with a circular
hole of radius a. We shall consider the plate under uniform tension or
uniform pressure at the hole. We assume that the plate is thick enough
to consider it as a problem in three dimensions. Let the plate be at
some constant temperature and in a steady-state creep conditions. We
can treat the problem as one of plane strain. Take the centre of the
circular hole as origin and z-axis as the axis of the hole assumed to
be normal to the plate. The displacements in cylindrical coordinates
(r,e,2z) can be taken, due to the symmetry in the problem, as

(2.1) u-r('l-P), wo= O we=o,
where P = P(r).

The generalised strains, from equation (2.1), are [7]

(2.

wi



where @'= -g—rp .
The stress—strain relations are

(2.3) T ?\Aiij + 2f‘°13 ,

with usual conventions.

The stresses, from equations (2.2) and (2.3), are given by

R R LT 2
Too = N+ 2 1 - @“)m,

(2.4) :

= MA ,

b i
ZZ

T =T =T =0,
e ez TZ

where

1 { ny" a "
A=;;[{1-(rp+p) ¢ +a-gH 1.
All the equations of equilibrium are satisfied identically, except

(2.5) aTl::l: Ttr - Tea =




62

which, after using the stresses from equation (2.4), reduces to

m—1 n-1

m-1 1 L " 1
{l-(r@'+€)“} (r@-l-@)“l (rp+28)+ (-0y-g" ¢

: m |
- S gt} ~a-gHM =0,

where ¢ = 2}-! /(

L
Putting ¢ E‘E;

m-1 .
(2.6) B+ B51-pR (D" § %% + P § 1- " (4D }

A+ZH).

= &P in the above equation, we get

1

nm— 5 n'm nm
FR-0@-p - —S [f-pe)TE -0-4) 1=0

g’

This shows that the transition points of [ are

P

=-1,P=‘im.

We are interested in the transition point P = - 1.
transition points lead to plastic stresses.

< Transition Function

The appropriate transition function is Rp given by

(3-1} R, =T

2 a8 Trr

2 = n =
-:ﬁ;‘m—e“) - §1- fe"t 1,

The other

1
after using equation (2.4) and the substitution T e = (3 B.

Logarithamic differentiation of equation (3.1) leads to

d log R,
d log p B

which gives

m-1
d log r __m(2-c) B"(1- €

T T logp m m
é - "y - (-0

L

m—1

+

(3.2)

as P -

£3.3)

vhere

T

$iTed

-
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m
(3.2) log (szAn) =~ ¢ log r + (2-¢) log { 1-(1 - Fn) f,

as P —> -1, where A, is a constant of integration.
Since é-——# ( P,Ir) when P —> -1, equation (3.1) gives
2-c

T
==} =T
(3.3) L S §1-(1-Bor ™ [

where A, and B, are constants.

The equation (3.3) is very gemeral in character. This form can be
used to describe all the stages of creep provided we take product of
two such forms [7]. However, we shall restrict ourselves to a particular
case given by m=l. The reason is that the resulting equations have a
compact appearance. Therefore, the equation (3.3) for w=1 gives

(3.4) g o =g Zote(n=1)
ee rr -

where A is a constant.

Further, the equations (2.5) and (3.4) give

A ~2n+c (n-1) +B
b ]

(3.5) Trr = “2ntc(n-1) £

where B is a constant of integration.

1t can be shown, by following the method given in [2], that the
stress-strain rate relation for the tramsition function R, is

1y
(3.6) D = n !
Eij . (Teo Trr) Tij
where éﬁd is the Cauchy strain rate with respect to some suitable flow

parameteT, Tjj is the stress deviator, k is creep constant and (1/n) is
creep index.

4. Hole under Unifoym Pressure

We first consider the situation where the hole is under uniform
pressure p. The boundary conditions for this are



Tn_=-p ac r=a,

(4.1)

I‘rrz O at r=b where b —>00.

The stress T_. given by equation (3.5) subjected to the above boun-
dary conditions gives

T_=-p (e
(4.2) T, = Pi@-D -ck-D} O i ’
T, = p (1) (-e) (a/n) oD

where we have used equations (2.4) and (3.4). These are transitional
stresses in creep and take into account the compressibility effect
because of the presence of c¢c. WNow the classical results can be obtained
by letting ¢ —> 0. They are

T = =p (@,

§ =
(4.3) 2= "p (Zn—l)(afr)zn .
2n
T = p (@-1)(a/1) .
ZZ

5. Plate under Uniform Tension

Now we consider the plate to be under all round uniform tension
Ty - The boundary conditions in this case are

Tn_=0at r=a,

(5.1)

'I‘n_aToat r =b when b —>00 .

The stress Ty, given by equation (3.5) which satisfies the above
boundary conditions leads to

. 2n-c(n-1)
T TO 2 1 (a!r) S »

(3

fo

i3

)
Y

is

i

]

| &
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2n-c(n-1)

L b & (3 (2n-1)-c(n-1) } (a/x) +1] ,

(5.2) _ .
Tzz: = "1'.0 (%E%) E‘%‘{Zn—-z)'—ctn'—lj }Ital'r)zn“'c’(n-l) +2] ,

after recalling equations (2.4) and (3.4).

These are again the transitional stresses in creep and account
for the compressibility effect in creep through c. The classical results,
given by Nadai [4), can be obtained by letting ¢ —> 0. Hence, we get

T, =T, 31-(@/x) f

1, =1, §Ga-D G/ + 11,

T, =1, {@D (ale)™ +1}.

It should be noted that the creep index is the inverse of our strain
measure index n. The stress concentration at the hole can be easily

found. SaFarentbs
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On  Problems Relating the Horizontal and Complete
Lifts of g/M — Structure -
.C. Gupta

and

fies Preliminaries Ram Nivas

The fu ~structure has been defined and studied by Upadhyay and Gupta
in [1]. The purpose of the present paper is to obtain certain results
on horizontal and complete 1ifts of B‘A -structure,

Let M be a differentiable manifold of differentiability class C°°
and of dimension n and let T*(M) denote its cotangent bundle. Then
T* (M) is also a differentiable manifold of class C°° and of dimension
2n [2]. Throughout this paper, we use the following notatiors and con-
ventions:

() The map JYV: T*(M) —> M is the projection map of T*(M) onto M.

(11) Suffixes a, b, ¢, «.. ; h, 1, §, ... take the values 1 to n and
i= i4n ete. Suffixes A, B, C, D ... etc. take the values 1 to 2n.

(1ii) '];(M) denotes the set of tensor fields of class C°° and of type
(r, s) in M. Similarly 'J:(T*(B)) denotes the corresponding set
of tensor fields in T*(M).

(iv) Vector fields in M are denoted by X, Y, Z ... etc. The Lie product
of X and Y is denoted by [X, Y] and the Lie derivative with respect
to X and I‘R

If A 15 a point in M, 7['_1(.&) ig the fibre over A. Any point
P € in~1(A) is an ordered pair (A, p,) where p is 1-form in M and Py is
the value of p at A. Let U be a coordinate neighbourhood in M such
that A € U. Then U induces a coordinate neighbourheod n"l(U) in T*(M)
and P € ri~M(U).

2 Complete 1ift of ﬂ,,,_—-strucl:ure

Let @ be a tensor field of type (1, 1) and of class C°° in M such
that,

(2.1) §i = ,.3 p -0,

where [ is a complex number not equal to zero. Then M is equipped with

#, —structure [1].

’&
Let #% be the components of @ at a point A in the coordinate neigh-

bourhood U, Then the complete lift El‘c of § is also a tensor field of

type (1, 1) in T*(M) whose components ‘ﬁ'g in n"l(U) are given by [3],

¢

{

by

)
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(2.2)

where (x', x%, ..., ¥") are the coordinates of A relative to U and p,
has the components -{'_pi_,;_ Pgs =++s Pyle Therefore, we have,

© o ah

(2.3) o)

where ai = é )'3 xi .

Thus, in consequence of (2.3), we have,

or,

29 4 % ol .ﬂ_ah]_ i
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where,

: a def . a a
(2.5  20[10%) £ (D, 0% - D 4% ).

If we now put,
(2.6) th === 2(9

a i £
auwh]+ahp B[jﬂi]).

t

then in view of (2.6), the equation (2.4) takes the form,

h i
0", ol 0
@n @5 =T T8, -
1y
Ty Pn ¥y

Thus, we have,

€4 _ ~A =B ~C
™) QBBCDD .

o, wij 0 o o~ 0
i 43 k 7
b Py s Lsz s A
or,
Ck o~A =B ~C =D _
(2.8) @ =T FE T T, -
h A K
wiﬁjﬂjkﬂz 0
1 K 1 4 £ .3 & b
Lo P 0+, 0l 0 o', o', 0y 01y

We neow prove the following theorem:

o4

|

¥

[ 4
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Theorem (2.1)

In order that the complete lift Bc' of a tensor field P having ”',u
-structure in M may have the same structure in T*(M), it is necessary
and sufficient that,
| = ok i 2

2.9] 4+ L. =
(2.9) Lyy ﬂjkﬁz szﬂ_hnji ,ALhz_
Proof

On considering the structure given by (2.1), we have

o — Fz-:ﬂ_zao;
or,

U B [ 2 2 h r
(2.10) °i”j'9-k°z = p )

By virtue of (2.10), the equation (2.8) becomes,

, 4C\4 _ oA 2B oC =D _

(2.11) @ =TT
& h ox
- i gk S 2 e
th"kﬁ; +Lj30h$i M o, 0.

Let us now assume that the condition (2.9) is also satisfied. Thus,
from (2.11), we have,

mc)é _ B'AB:. ﬁ‘Bc gﬁn EDE &

2 h

AT
0", 0%, 0
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which, by virtue of (2.7) yields,
~A =B =C 7D 2 =A ZF
P79 P p? g }"a'ra'r..
Thus the tensor field ﬁc in T*(M) satisfies,

@%* - ,fwc)z - s

The necessary part can be proved in a straight forward manner.

Theorem (2.2)

In order that the complete lift Hc of a tensor field @ having ‘P
—structure in M may have the same structure in T*#(M) it is necessary

and sufficient that,

ot ol gk o B et w0t e B0

|

1 .3 48 T i .3 48
9 00 0% p, Dl O 1+, 00 0 dL e )=

- fE @, DI+ 0 e, DL .0 -

Proof

From theorem (2.1), it follows that the complete lift Bc of the
tensor field @ with %“_-struntuxa in M will have the same structure in
T%(M) if and only if (2.9) is satisfied. ’

The condition (2.9) in view of (2.6) can be expressed as,
. g 3 a i t j gk
' 0, DELOIHO, P D0 e 0+

45 T s o i j =
§9% o, BIsle-ﬂjprB[.zaB]} o,

- 49t e, DL+ 05 e, BT 01 %




U N O B

e, DI O]

~ Fz’tJ* v, o1t g_‘-'-'h]_ + }.2 &gh. P, o l‘t] s

S!:nnei!sa(l,l)mmrf:l&ldwml

Nijenhuis tensor of § is given by [3],

(3.1)

Ny g (61 = (%, 9V = 9 (9%, Y] - § [x, 9] + 9" [X, VI .

Now, we prove the following theorem:

Theorem (3.1)

The Nijenhuis tensor of the comple t
deﬂuﬁmafthetmrfiﬂdlzmthmumxmdinmbothmm
and P admits JY -structure on M.

In view of (3.1) the Nijenhuis temsor of (8°)C is given by,

%5y

(3.2)

P e R (e S )
(’ ) L@ )Hc

- @HC 10H%E, 6 - 0hC

+ @%0h¢ oY,

which by virtue of (2.1) becomes,

L oH%% +

R AR AT TS T LA

"-utzuctu:e din M, the

E



72

| N e e O8O = (2 O, (ut eHEC -
@"C, %" . a

R (DO, - ¢ F'zﬁz)c- [xc(ﬁﬁ“e“}

+ (SO 0H° 1 Y
0T,

| G N, ae G- ntEeHEC @HSC -
@ C, wH° P { |

@ (#DOE, 1 - 81 1, D% +
+ @ o, 3.
But we know that ([2], p. 243)
G %= @0+ aph’.
Therefore, by virtue of (3.4), the equation (3.3) becomes,

(3.5 N xSy = S 1S 0% +
' %%, @H° M3 '

¢ 1 gH Y. @0 + 10705, 1y0%"
+ tayhY, ayth" - 0H° (0%0°, 1 -

- @H® [('Lx'ﬂ-z)v',rc]_. w0 oS!

L C il aygty¥l + @0 Tl
Let the Lie derivatives of § with respect to X and Y be both
‘zero i.e.

Lxﬂ- = L!Q o,
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we have, from (3.5),

(3.6) N , .
w@h®, @hHC

@°,x% = 1‘*4{ (*0°, 0%

- @dC 10*0%% - 0H° 1, @

+ .{ai'“")"“('@’)“ x4
We also know that for arbitrary vector fields X, Y in M (1215 ns 238).,
(3.7) i, ¥4 = x, 1% .

By virtue of (3.7) the equation (3.6) becomes,

(3.8) b 050 = g St ot -

o e
@h", @
_ @A w1t - oA x, 07 s
+ @%H° x, 1° 2.

Further, if @ is a [T -structure on M, then i1,

_ 2
'PI'

where 1 denotes the unit tensor field. Thus we have,

(3.9) o?

¢

C C

N ‘ ) = [xl Y] £ [le] = [X,Y] + [x)YI
\.'F' / l : | (m ) f‘. {

4
§

= 0 .
This proves *he theorer.
Theorc: (3.2]

The Nijenhuis temsor of the complate lift of Eé' is equal to the
complete li’t of the Nijenhuis tensor of #2 multiplied by }-.f' L 29
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- @At o+ 0% - @y " (x,v1°

az+ 2= ﬁ&)

+(L L 9 -
( 92,7 (x,0%Y] (X,Y]

which with the help of (3.8) and (3.10) becomes,

(3.14) ’f*mnz_ e‘2(:t,'sr))‘: =N 4¢ 1%

0%, whH°

_ )‘4(“92 wz)v xy®+x V.

v

1f (%,Y1% = 0 and ¥ = 0 , the equation (3.14)

reduces to,

N (XC,YC) = &(N (X,Y)c s
@S, "° F g2

which proves the theorem.

4, Horizontal lift of § ,.L —-structure

Let us prove the following theorem.

Theorem (4.1)

Let @ be a (1,1) tensor field admitting @) -structure in M, then
the horizontal 1ift ¢° of @ also admits the saﬁe structure in the
cotangent bundle T*(M).

Proof

For @ and ¥ such that §, ¥ € D100, we have [4],

R T (L 2 1

Taking the particular case when p and y are identical, we get,
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(4.2) @H = @ . &l 1

Similarly, giving values {dz and 93 to Y in (4.1), we get,

(4.3) o = @
e
and, L
ke
s,
(4.4) (ﬂﬂ)l" = (ﬁk)H respectively.

Since @ admits ﬁﬂ_- _structure in M, hence § satisfies,

ﬂa - FE 52 =0 .

Thus the eugation (4.4) becomes,
Gl R

which again, in view of (4.2) becomes,
@Ht - o dht -0

Thus the horizontal lift _QB’ of § also admits ﬂP‘ —structure in the
cotangent bundle T*(M) .
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A Formal Solution of Qadruple Integral Equations
A.N. Mehra
and
Gopi Ahuja
1. Introduction

Recently Saxena and Sethi [4, p. 516] have obtained a solution of
triple integral equations by applying the technique used by Cooke [1],
Erdelyi [3] and Sneddon [5].

In this note by using Saxena and Seth's operators and following the

technique given by Cooke [2], we have obtained a solution of the follow-
ing quadruple integral equations:

o0
(1.1) j Pp (cosh x) [1 + = (ﬁ.)] b (ﬁ)d;
J

= fl(x); 0'( X <a‘

: 00
(1.2) J P—i-l-i# (cosh x) \r(g) d§ = gz(x), a<x<hb
o

eo
(1.3) I Pf‘ﬁiﬁ- (cosh x) [1 + f(ﬁ.)] w(q.)dl;,
Q

-f3(x), bh<x &

0o
(1.4) [ Pgs-!-iﬁ, (cosh x) \P(%) d? =0, ¢ Cx<O0 >
o

where £'s and g's are known functions and \ is an unknown function.

The method is purely formal and no conditions are given under
inversion of order of integrations.

‘2. Known Results

The following known results will be used in our proposed work. We
know that Saxena and Sethi [4, p. 514],

2.4

.5

(A 3



@2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

{2.8)
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- R -
| 1 (cosh x - cosh¥ ) £(X )dat
O =5 l |

KE (£) = TG 1+ : : ;T (coshd = cosh x) flet )ak

s oox e-%
D=TEre) & )

X siphot £(0¢)det , Reg-%

-1
2 (= o1
VG- ax

Xsinho f(l)dol, ReB< X

jp (cosh - cosh x) %
x

[ 3 o0
T, (£) = (,‘zil (sinh ?-.')'P [ E(eA ) cos (o x)dX

2

Tf (£ = (%r (sinh "=>~P oj £( X ) sin (K x)dk
o0

TPP (E) = f £CV) Pg&-l-i)' (cosh x)d¥

o}
=1
e

@m
Tp- () = f 121_ sinh (_“'»)P(!g -'ﬁ-uv ) r(’k:+ p- iV)E(x) X
o

x P"&HV (cosh x) sinh x dx.
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As is well known that the operators

(x) IF(E) and (h)xp(f)

denote the original ones where the new limits are a to x and a to b
respectively.

(2.9) 1 e '[Tf (£)] = T'PP (£).

@10 kPl @1 =18 (L0 -pav) nes posv)sumnaHon)

(2.11) :r: [Ts (£)] = IF (£)

s
= ¢
(2.12) 1€ [Tlf ©1 = 1 (8)

~1 . _
1 _ :
(2.13) P ['rg {-‘-r FPE&-pg+1iy) P+ - i» )sinh (T
- e
Tg (£)
et g e
(2.14) 'rp (% (D)1 =1, (£)

The operator I.P and Mpare given by

(2.15) (x> 7 (f) Leey - (x _ f) 8@
\d e d e

sin M+ B )sinir x p f (cosh d - cosh Bf's:-@ f(s)ds ,

fieosk x = coshid) ® "(cosh x - cosh s)

e

(2.16) (:) xPﬂ C) xf o - (i :) wf e
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i
5 (cosh s - cosh d)!s -e f(s)ds

_sin WG+ @)sinhx
Tr(cosh x - cosh d)*

k]

(cosh s - cosh x)
e

provided that x >d > f De and x {d £ e £ f respectively.

3. Solution of the Quadruple Integral Equations

Let us suppose that I;, I, I3 and I, denote the intervals (0 < x £ a),
(a <x<b), (b <x ¢c) and (c <x <00) respectively and write
any function f(x) for x » 0 as

f=f tE, HE +E

4
where _
£(x); x € I,
£, = |
0; x ¢ I, i=1,2,3,4
Application of (2.7) on the quadruple integral equations (1.1), (1.2),
{1.3) and (1.4) yield

(3.1) -.r:'s [P+ @Yy @1 = £
o lihrim) 4w - Em
O IR

Let i
G0 g =10 e}

‘where §(x) is some unknown function.

Then from (3.3), (3.4) and (2. Iﬁ) , we have
4o =18 § o}

Substitute this value of W(x) in (3.1) and use '(2-.11}”-, we get




:
_sin W+ @)sinh x f (cosh s - cosh ) P t()as
Ti(cosh! %= coahi@)E fhodtye Sycnen g

provided that x >d > f >e and x < d L e < f respectively.

3.  Solution of the Quadruple Integral Equations

Let us suppose that I, I, I3 and I, denote the intervals (0 € x £ a),
(a ¢x <b), (b £x <e) and (c <x £00) respectively and write
any function £(x) for x 30 as

£l R L

1
where _

£(x); x € I,

£ = §
L0 x ¢ 1, 1=1,2,3,4

Application of (2.7) on the quadruple integral equations (1.1), (1.2),
(1.3) and (1.4) yield

(3.1 'xs [+ @}y @] = £G)
(3.2) Tf T3+ 'é:c;o} Y] = B

3.3 'rf (Y] = g(x)

Let

€3.4) g0 = 10§00}

where §(x) is some unknown function.

Then from (3.3), (3.4) and (2.14), we have

GG = ::rf %ﬁ.‘ P}

Substitute this value of W(x) in (3.1) and use (2.11), we get
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(3.5) 1“ p(x) + T Bly)R(x,y)dy = £(x)

where

o e

x5
(3.6) K(x,y) =(§r) (sinh z)P I r( ¥V )eos( VY)?%);
s]

A similar expression with bars over r and f also exists.
(3.5) on I;, we find that (since g, = 0) @
known. Hence the upper limit of y—inr.egrai in (3.5) is c.
(3.5) on I, and solving for ﬂ we get

_ x e'l c
(3.7) P (x) = ( N £ - !; BEK, (x,5)dy ,
o

where Kl(x,y) is equal to

(3.8) 1'2i' (sinh z)"z'e T (Y ) cos( Y x)cos( Y y)dy .

Equation (3.4) when evaluated on IZ’ gives

(D P, + (:) 1€y,

which on solving for 92. yields

-1
b x c
(3.9) 0, = IP (g,) + ( ) LP(G ).
- () R (1) e,

(cosh x)dy .

] Now evaluating
= 0, whilst g,, f; and f4 are
Evaluating

Finally evaluating (3.5) with bars over r and f on Ly, we find that

C) 1€ g + C) ifoo,) + (:) oy +

- I PPK(x,y)dy = }"3.

Q I




5 XAy

ting
3 are *

a3

Soving it for @,, we get

(3.10)

where

-1

/x\ . [ x a) _ [ x b\ _
9, = (b) L (£5) - (b o) .'Le-@]_). S5 (_b a) :.&:az;-a

- s,y
o

. e\ .l @
(311 Kylxy) = ( %) (stnn )0 C) £ [ 2») cosCyym X
o ] o}

K-_rg'ﬁw (cosh ) @Y .

Thus (3.7), (3.9) and (3.10) are three equations for three unknown
imc_tj:tnﬁs_'--ﬁl, qiz and 0,.

(1]

(2]

(3]

[4]

(51
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The Characteristic Geometrical Property of First
Order Linear Ordinary Differential  Equations

S.R.P. Sinha
The equation

1) i y=Q ,

where P and Q are continuous functions of x in the segment (xy,%5) of
the x- axis, is called a linear ordinary differential equation of first
order. The solution of this equation may be found for any y1< ¥ <¥j.
In particular, the domain of the solution may be the whole o% the xoy-
plane (- 00 € x <+ 00, - 00 £y <+ 00). The integral curve of (1)
through (x,,y,) is given by,

Ide SPodxo x Ide
(2) y e -y, e = e Q.dx

%o

It should be noted that the solution may be put in the general form,
(3) y = C. @ (x) + F'(x)
where C is an arbitrary constant.

The integral curves of (1) in (- 00 < x <+ 00, - co <y < + 00) have

an interesting geometrical property. The tangents to the integral curves

at points of a line x= k (constant) meet at a point (X (k), Y(k)):
Proof
The tangent to the integral curve of (1) at (k,y) is given by,
Y-y= Q) -y, POF (%x)
fies, Y4+ kQk) - X Q) -y §P(). X-1-k P} =0

This is satisfied by

X Q(k) for all y.

e _
P=k+sm0 ° Pl °

This property may be understood from the following figure.




85.

It is to Bg noted that when P(k)=0, X = ¥ = 00, and the tangents are
all parallel.

This geometrical property is characteristic of a first order limear
ordinary differential equation. In fact, we can show that a first order
differential equation,

: conr:inuous in the whole of the Xoy- plane, is linear if
s at all points of a line, x=k, are

with F and Fy
al curve of (4) at (k,y) is

the tangents to the 4integral curve
concurrent. For, the tangent to the integr

given by
Y-y =F (ky) (K

1f it passes through a point (% (k), Y(k))£for all y, then

-1= F_.(Xk
ok )

o
i.e., ¥ y - Tk

This, on integration, gives

F Y = - g T .

where Q(k) is an ‘arbitrary function of K.

Thus (4) is reduced to

dy 1 - 0
e -+ X% y Q(x)
which is linear. Substituting P(x)= i_(;;:; in the above equation we

g-et .

%}'i + P(.y = Q=

N.B.: (i) If P(x) has no zero in - 00 <x <+ 00, then the above
geometrical characterization will hold in the segment

— -
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A Survey of Ordered Loops II
Yuri A, Selivanov

4. A partial order Py is called an extension of the partial order
PifPEP;. IfPC Py, P1 is called a proper extension of P, otherwise
P; is improper extension. If the partial order P has no proper extensions
it is called a maximal partial order.

“Propsition 5 [1]. If Py & Py are two different partial orders of p.o.
loop & such that P\ Iy=e and P1M Ny=e, where N, is negative
cone of the second partial order, then PPy defines a partial

order P’ which is an extension of the first and the second

‘partial orders.

Really, from Lemma 1, it follows that P'= P3P, is an invariant
groupoid, because e € Py & e € Py =3 P'>P;, P'> Py and e € P’. So,
we have to show that x,y € P’ & xy=e =3 x=y=e. Let x € P1, YEP,
and xy=e, then x € Ny, but Pjfl Ny=e == x=e and y=x=e.

Leima 3. If a€Q, a#e, e ﬂ S(Rge), then Sg(Rye) defines some par-
tial order on 0f .

~ The condition e f s_(nag"j and invariance of the groupoid S(Rge)
imply the following properties of Sa(R,e):
1) e € 5.(Rge);
2)  Su*Sg = S
3)  xy=e (x,y € Sg(Rae)) =3 x=y=e;

4)  Ser(xy) = (Sx).y = x.(Suy) ¥ %,y € Q.

S0, all the conditions of the Theorem 1 are satisfied and Se(R,e)
can be considered as a positive cone of some partial order on g -

Theorem 2. 1If the partial order P at p.o. loop & has the property:, for
some element a € 0, aj/.e either Pl S(Rze) = @ or PN S(R7"e)
= @, then correspondently either P'= P-S(R7le) or P'=P-S(Rze)
defines partial order P’ which is an extension of P.

Really, if P S(Rge) = # then e ¢ S(Rze) => e ¢ S(R3le) and so
-saﬂgle) defines a partial order on Q satisfying proposition 5 and
Pr = PS, (R_;le) defines an extension of partial order P on Q.

Theorem 3. The partial order P of p.o. loop @ is a maximal partial
' order iff for any element a € Q(a//e)

*This survey is in continuation of "A survey of the ordered loops 1"
which appeared in the previous issue of this journal,
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(@) PNS(Rue) # P & (31) PN s(a;la) # 0.

Let P be a maximal partial order on Q and a€Q, af/e. if PN S(Rze)
= ) = there exists a proper extension P'=PS.(Rz“e) contrary to the
maximality of P.

And conversely, let some partial order P satisfy the conditions
(i) & (1i1) of the Theorem, then P is a maximal partial order. Really,
if there exists an extension P’ then there exists at least one element
a € Q (a # e) such that either PN S(Rze) = @ or PnS(R;le) = @, but then
a is comparable with e and so either P'=P-SE(R;1E) =P or P'= PS (Rye)=P
and P is a maximal partial order.

This theorem can also be stated in the following way:
Theorem 3a. The partial order P of p.o. loop & has no proper extensions
iff any other partial order P'on Q satisfies the condition:
PN W' contains at least one element a # e.

Def. An element a € § is called a generalized periodic element is
S(Rge)l T(Rye) # .

This implies that the loop whose elements are generalized periodic
doesn't allow any non-trivial partial order.

1f for some partial order P of p.o. loop Of all the elements non-
comparable with e are generalized periodic then P is a maximal partial
order.

Let {8} be the set of groupoids im Q such that:

i) e€s¥seE 513} 3 11) all the S€ iS} are invariant in Q;
i11) xy=e (x,y € 5) = x=y=e ¥ 8 € ‘{S} .

It is clear that any of these groupoids defines on Q some partial
order. But the set §{S} is a partially ordered set with respect to
inclusion. But the union of any chain of groupoids S € §S3% also satis-
fies the conditions i) = iii) and moreover it is an upper bound of this
chain. So by the Kuratowsky-Zorn's Theorem any groupoid with properties
i) < 1ii1) is included in some maximal groupoids with the same properties.

So, any partial order of p.o. loops can be extended to a maximal
one. Surely any total order on Q is a maximal order.

5. In this section, we shall find the necessary and sufficient
conditions for the partial order to be extended to the total order.

.
Pro:
condicion
that for
1)
2)
From (1)
s*GS:(Ra|
Let
(s*
collecti
The defis
S(Ri
S(R
From lem

S(R
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Lemma 4. If the partial order P of p.o. loop O/ satisfies the con-

dition: (%) for every finite collection of elements aj,ap,
ity a‘n e Q (31*2) it is possible to choose signs 'Elsazs
wery &y (€ =1 or - 1) such that
& _
P ﬂ S{Ra lé).-o-, RaenE] = ﬁ
n

then for any element a in Q either P- Se{n-ae) or P- Se_(Rgle)
defines partial order P’ on Q which also satigfied the
‘condition (¥*).

Proof. Suppose that neither P-S,(Rge) nor P+Sg(R.e) satisfies the
condition (%), then there exist elements a1,d9,...;85 & bybg,...,b, such
that for any choice of signs & &.113 they satisfy:

1)  PSy (Rge) N smﬁ% R::'le) 0
2) PS; (Rge) N S('R;lia,.. -»R;:me) 40

From (1) it follows that there exists an element ps* (where p € P,
€ &,
1

ﬁsz(ﬁae}), such that ps¥ € .S{Rale,..., Ran.e).

5 Eqn : 2y En
Let (.S(Bae, R-aie. S04 ,Rane); G (Rge, Rale. aaraly Rgne)) .

(5*(Rge); T*(Rze)), (S(Rge); T(Rze)) be the pairs generated by the

_8, Bl,...,ian a a
) (7)) & ()) respectively.

collections !
{l,el‘, vewy en y

The definition of pairs implies:

m, & € _

:s-(.lla.e, Rale,...,llgﬁe) > S(Raa) & (1)
€ & E '

S ('F-‘ae" R %,. o Te) > S'(Ra]’e, .. .,.n'atne) (11)
i ¢ n 1 n

From lemma 2 if follows that
ot & &
S(R e, nal--e.--.. -Rat;-e) S TH(R.e). (111)



..S.'('Ri{a-, kﬁl ""!:a,_!:.__,,-._-;in e) contains elements ps* and R v P

Proposition 3 and definition of pa

90.
UD tholdes et € Blge: B, eei B, Vo).

Moreover, sk € S*(k a} = R ie € T*m e) and so from (IIT)

e fotiows Ble € 5(h,e, B, o018, 700, S0 growpors
| -1E,

n.'.

rs imply.
<3

. _._r-ll T | ) £ £
Ren(ps®) = R_J(R4p) = b n #¢ = PCS(Re, R S R::e} -
S0, we have:

Ay
N s(r, “ % SIE )
? s 2 I ’-so, R _: -
e, R’l {y a e_ _
Similarly for 2) we can get _
R T
P BIR “ey B “€yun.s R ) #

E

But in this case PNS (RS, R e,..., R e, R e,..., ) £ 0
Ra : 81 au R'bl Rb 2

m

for any choice of signs Ei, (1—1, veynsj=1l,...,m) which is contra-

diction with the conaitions

So, we have the following alternative: for any finite collection
of elements aj,..., a, (# e) € Q it is possible to choose Signs Ej,...,

E, such that either

€ €
S ey £ =t S
(i) P n S(R e, R Eyrnny R ‘E) - :ﬂ',
' ks oy 2

‘then we put p'= PS¥ (R.e)

or (ii) rﬂs(ae.ah]h... . na“)=ﬁ

then we put p’= PS_ (R e).
If both (1) and (ii)hold, we can take either of them to define P’.

~ To complete the proof we need to show that P’ defines a pa.rtial
order on Q. From hhe condition (%) it follows that neither S(B.an nor
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§* (Rye) contains identity. Let, for instance, P'= PSc(Rge), then
'S(Rge) doesn't contain any negative element, because of (i).So Lemma 3
implies that P'= PS,(Rye) defines some partial order om Q, because from
the mditio& (%) it follows that b € Q, P' ) S(Ry%e) = @, so either
b € P’ or Rye ¢ P’ and the lemma is proved.

Theorem 4. The partial order P of p.o. loop @ can be extended to the
total order iff it satisfies the condition (*) of Lemma 4.

Necessity. If P can be extended to the total order L, choose & . 8uch

_E
==1
R“i e L.
_ E, & & &
Then § (R J?B-,. Foir Re.naj)_ = §%(R l.e,. S ) €1, so
1 % 1 a |
& £ & &
PN SR "e,..., R."e)< L N S(R Ye,ien; R.T6) = 0.
2 & =1 %n

Sufficiency. Yet us consider the set 3§ 1”“} of all the partial orders
of loop @ , which are the extensions of partial order P and satisfy
the condition (¥). Let L be a maximal element of $ P4} , then L exists
(see at the end of section 4 of this article). From Lemma 4 it follows
that ¥ a € Q either L Sa(Rge) or L Se.(R;Ie) defines a partial order

P’ € {Py}. So from the maximality of L it follows that P'< L. But P’
is a proper_extension of L so, L= P/ = P’ = L. It means that either
aeLor Rjle ¢ L and L is a total order.
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A Classroom Experience in the Discovery Method

George F. Feeman

Quite often one reads about teaching mathematics by the discovery
method. This method is time consuming and requires a lot of skill on
the part of the teacher. It also requires a cooperative questioning
attitude on the part of the students in tie class. They must play along,
so to speak, Consequently, it is a method that is talked about a lot,
but that is used only infrequently.

In this paper, we will give an account of a classroom experience
in the discovery method. The scene is a class in vector geometry. The
topic under discussion is translations on the number line and composi-
tions of these motions.

Let Ta(x) = x + a , for x an arbitrary integer and a a fixed
integer. Let Tp(x) = x + b be a second such function, for b a fixed
integer different from a. For this exercise, suppose that a and b are
positive integers. Then T, and Ty, are translations of the number line
to the right. For example, if a = 2, then Ty(x) = x + 2 adds 2 to any
nunber. Hence it translates the number line 2 units to the right.

The composition of T, and Ty, denoted by Ty, o T, and defined by
Ty, © Ta (x) = Tb[Ta(x)] yields

Tb[Ta(x)] = Tb(x +a)=x+ (a+b)

Thus composition corresponds to addition of the integers a and b. It

is easy to show that the translations jT,% are in a one-to-one corres-
pondence with the integers ja } .and that the set of translations forms
a commutative group under composition. The identity translatioen is
(Tg(x) = x, and the inverse of a translation T, is T, since T_,[T,(x)]
= x = T[T ()].

Since T, and T}, correspond to translations of the number line by
amounts a and b, respectively, applications of T,, Ty, T, o T4, and
so on, can be pictured intuitively as jumps on the line Ey the respective
amounts. For example,

Tb o Ta o 'Ia o Tb [} Ta o Tb o Tb (x) = x + 3a + 4b.

if we start at x, we end at x + 3a + 4b after making 3 jumps of size a
and 4 jumps of size b. Thus, in particular, if we start at 0, we end
at 3a + 4b.

tisat Lo

ixteges

Casz 1.

F
from (a
2,6,12,
It also
since,
of the

-
i

o9 ®
“wnirw
™"
G
-
. g

5

?




93
With this background a student asked which points on the number
line could be reached for a particular pair of values a and b, with
‘different combinations and with a non-negative number of uses of each.
We decided to assume that a and b are relatively prime, for if a and b
are not relatively prime, an unlimited number of values cannot be reached.
Another student supgested that we start with values of a and b which are
1 unit apart. That is, b =a + 1. Sowe did this and constructed the
following table of numbers which could or could not be expressed as com-
binations of a and b of the form xa + yb, with x and y non-negative
integers.

£ape s Numbers not Numbers expressible
a | b=a+ 1| expressible as as xa + yb
xa + yb '
2 3 1 any no. = 2
3 4 1,2,5 3,4,any no. 2 6
4 5 1,2,3,6,7,11 4,5,8,9,10,any no. =12
5 6 1,2,3,4,7,8,9,13,14,19 | 5,6,10,11,12,15,16,17,18,
any no. = 20

From this it was conjectured that for any Ewo numbers a and a + 1,
from (a - 1)a on any number could be reached. This was guessed since
2,6,12, and 20 are (1) (2), (2) (3), (3) (4), and (4) (5) respectively.
It also appeared that the number of nonattainable numbers was %(a - 1l)a
since, in the various cases, these numbers are 1,3,6, and 10, just half
of the limiting values of 2,6,12 and 20.

The students then suggested that we try again with numbers which
are 2 units apart, so that b = a + 2. We took this suggestion and
obtained the following table. Note that both numbers are odd because
of the condition of relative primeness.

Case 2. IR
i Numbers not _
b=a+2 expressible as Ntm‘b_eri e:p_ressible
xa + ¥Yb a8 Xa b4
None A1l
1,2,4,7 3,5,any no. = 8

1':_.'2"3 3, "“'::6!89 9,11, 13, 3, ?!10"121 14"15'3'17 s 19,20,
16,18,23 21,22,any no. = 24

ity 4,5, 6, ;3,10.,-1_1,_12-, 7,9,14,16,18, 21,23,25,27,
lall-sll? :1;_9!_?0"221 24, 28,30,32, 34,35,36,37 ,39,
26,29 ,31,33,38 , 40,47 41,42, 43,44,45,46,

any no. = 48
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since 8 = (2) (4), 24 = (4) (6), and 48 = (6) (8), the ¢class again
observed that from (a + 1) (a - 1) on, any number can be reached. Again
the nunber of nun-reachable numbers turned out tO be %(a + 1) (a - 1),
a pattern gimilar to the previous case.

The students then suggested that we try a couple of cases in which
the numbers were three units apart, so that b =a * 3. This time one
pumber is even and one is odd. Our results were as follows:

Numbers expressible
as xa + ¥yb

Numbers not
expressible as
xa + yb

1,2,3,5,6,9,10,13,
17

ﬁ,?,B,ll,lZ,lh,15,16,
any no. = 18

With these cases our previous results continued. From (a - 1 (atF 2)
on, any number can be reached, since 18 = (3) (6) and 4 = (1) (4). The
number of nonattainable results is (a - 1) (a + 2).

The students then noticed that {fb=a+t 1 as in Case 1, the form
(a - 1) (a) is actually (& - Ty = 1). In Case 2, (a - 1 (a + 1) is
equal to (a - b = 1), since p=a+2 In gase 3, (a - (a + 2)
equals (a - 1) (b - 1), since b = a + 3. Thus, they conjectured, the
patterns in all three cases are the same. From the observed data, they
then conjectured the following results.

Let a,b be two relatively prime positive {ntegers. Then

1. Any natural number N = (a- A th= 1) can be expressed as a
combination xa + yb, where X and y are non-negative integers.

2. There are K(a - DO - 1) numbers less than (a - D - 1) which
cannot be expressed i{n the form %2 + yb, where ¥ and y are non=
negative integers.

3, The greatest aumber which cannot be expressed in the form xa + yb,
where x and ¥ are non-negative integers, i8 (a - 1) (-1 - 1
= ab - (a + b); that is, the difference between the product and
the sum of the numbers.

O0f course, once these results are conjectu:ed, it still remains
to prove them for all possible pairs a, b. We invite the reader to
attempt this, utilizing an argument on 1attice points in the first
quadrant. The proofs will be provided in a subsequent article.

-




a game being p person. After each play, the player receiv
either a or b his score accumulates from play to play. The

points, and his score accum
question asked would be to find those scores which are attainable.
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GLOSSARY OF MATHEMATICAL TERMS
(Propused)

Balance: 114, ’Tﬁfﬂ
gall: I TIOT, TOUR
Ballistic: HTSTTEW

Ballisties: 13"‘*", 1‘1“'1'[31, B W

Band: ETTUE, WET, WIE
Bar: EUET, Bi%

Barograph: JTIEATH, BT
Barometer: FTOATH FTHW
Barometrie: FTEATH HTAET
Bage: T, STATT

Basics ‘E-T. m

Basdd: STITT

Bead: ETAT

Beam: TEL{T, ¥79

Beat: =51

Belr: AWET

Bend: HTE

Beta: HYET

i

Blannusl: TEATTETE, W‘f
Blas: Eﬂ“. st
Piased: IO

Biaxial: TE~X15Td, &-35T

Sidcentenary: TE-TF ATTSIH, JORAAST

Biconcave: TRITATS
Bicone: 'ﬂ.’ﬂm, Tﬁliﬁ
Biconvex: TTATTG
Biennial: TETEIT
Bifocal: TR-7TTHA

Bifurcata: TE-ATTHA T TEETE T

Caleulate: MUTAT T, TROT 7]
Caleutated: TOTAT TITERT

= o

Calculator: TOTH

Calculus: T 0y T T

B furention: T FTIH
Bilateeal: T TIETA
Bildnear: TE-UTHT

Billion: S7H

Binweyr tr-moT, T
Binode: TH-1TH

Binomtal: TH-7%, TE-TETA
Binormal: THASTAT, Taqld Bl
Biplanar: T WAE, ToeEmo 4
Biquadratic: FEATATCT
Blseer: WHTE 9T9H ’Ti
Bissction: T TH 797
Bidector: WHTH AT
Bivariate: THIT

Blank: ATHT, Tt

Block: WHUS

Hoho:  TEE

Body: TUUS

Border: TRTTT, HTHT

Bound: TTIHE, m
Boundary: HTHT, T

Bounded: WTTHTIHI

Braces: ﬁ:m
Bracker: § 1795

Branch: WTHT

Breadth: FT&TY

Bulk: TTLATOT, ST

Buoy: ¥T9, @

Buoyancyt 0T TeT, EEal

Calorie: FATHLT, TR0
Cancels ¥TZ, T, AT T
Cancellation: FTH, THeaTT
Canonical: Tt

Coapacity: T

@ yardt TroPro, FTTYGT TEpfY re, AR TR AETT

ARrR fgge wET T Tt &1

Cardi

Carrd
Casce
Case:
Cates

Catas

Cates
Calas
Cent:
Camts
Ce=t
Camz!
Camx

lamsz

Cest:
Cent:
Cent

Cent

Ciph
Circ

bire
Cire
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\Compactnesst FEFHHT, 'zr'lmq,
Companion: TEAL
Compare: FFHATTY
t:aguimn:@ﬁ
Compass: F=ITH, PRITTTH 74
Compatdbilicy: TEOTHOT
Compile: WZoWHT Ty, FPEL
Compilation: TEQHHT
Complement: FT fCITOT
Conplenentary: FYTEITH
Complete: ?JT
Completion: YT
Complex: {THTy, HOH
| Compouent: FZOT, AT
Composite: fwa, dTer,
Compositiont WATS, (AT, #9eT
Compound:  ITFIF,
comprass: H¥TET, AT
cnnpmésion: T
Compressibility: WTHgEAT
Compressible: HTHgd
Compressor: HYTES
Computation: JTFTOTAT
Compute: JTFTOTATTY
Concave: 0@, I9TT, IATAT
Concavity: FHAOGT, SWIAa1
Concentric: ¥Hv—414, TH=Td
Concept: HT{UTT
Concurrence: HWEOTHA
Concurrancy: '-Hﬁo"m'l’
Concurrant: HEOTTHT
Concyelic: TR T4
Condensation: HETT
Gondition: 38, TEyfd
Conditional: T
Cone: 14, WROE

Configuration: UTwerfa, FHTHIG
Confluance: m, TI'Q'Q’N
Confluent: IEF, TEOTAF
Confocal: TATTH

Conformable: WATHT, THTG=ATHT
Confounding: @n;ﬁ‘, ﬁa?‘ﬁ
Congruence: TATEOTIHAT, HHGOTTAT
Congruent: F91go7THq, Fago'lT
Conde: TTFOTT

Condeal: FTZ0FETY

Conicoid: m‘?gam

Conics: FTGOHI-TTUTH

Canjugate: 7T
Conjunction: TATHF

Connect: FTEa=4 7, ATEY
Counection: HHa=]

Conodd: ’eleggq?r, TIQB?;'IT
Consecutive: FHTIG
Consequence: YT{OTTH, Tio
Consequent: TIY%, Sjﬂ?ﬁ
Conservative: T IoTH
Conservation: TITeTUT
Conserve: TTTTRTUT T
Consistency: ATH=A%d, HATIGAT
Conaistent: HH—®, UAT3T
Constant: ST, TEriTH
Constitusnt: GZ%, T[HF
Constrained: THo@

Construct: THAT T
Construction: 191

Contsct: TN

Contents: J—’Tﬂﬁ

Contiguovs: WTAwe, TUoed, Aot
Contingency: HTHFeal, JTHgOTAAT
Continuation: TAT=ITAT, HRET
Contiave FITT T




Continuad: T

Continuity: TT=0d, WTTEA
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Continuous: =T, @, SFf=r=

Contour: TTTUTTR, T4
Contract: Frl, THHTEY
Contraction: FEATAL, Fgowi=, TogeT

Contravariant:TRET

Control: =T

Converge:. arﬁqt{ ﬁ
Convergence: JFTITTOT, THATAT
Convergent: FTIATLT, AHATHY
ponverse: TEYH, T
Conversely: THRFTHE
Converston: SIRREIY

Convax: 370

Convolution: JTET]

Coordinate: ﬁ(‘.‘m‘ﬁ oF

Corollary: TH-T2
Correct: {Q
Corrected: TWTTRRT
Correction: T4

Correlation: F=-T=A-4

Correspondence: FLeWIT, AT AT
Correspondtag: WEOTH, WEITHT

Cos (Cosine): 9, (WATEAwT ETHT= ¥9)

Comecant: THRIT

Coser: m. W

Cosmos: TS
Cot: BT

Cotangent: FreT=40e
Coterndnus: TETAGTAT
Count: TOTAT MY, T4




