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1 .  In t roduc t ion

0n Methods of Generating Bandom hrmutations

Jerrol-d Gro6sman

rt is desired in many situatlons to shuff le a set of objects - to
randomize their order. rn card games, for example, the,deck of cards
is put into a random order before being dlstr ibuted to the pJ.ayers, so
that each person has an equal chance of recel-ving every possible combi-
nation of cards. rn the united states a few years ago, the birthdates
of young men r4rere randomly ordered to determine the sequence in which
the men would be conscripted into the army. physical pro"e""es can often
be simulated on a computer, and again the abi l i ty to randomly order a set
nay be required.

To put our discussLon Lnto concrete terms, let us suppose that we
have a set of cards numbered 1,2r3r.. . ,N arranged l-n numerical ord.er in
a row. We are seeking a process (cal led a shuff le) by which the cards
are put into a posslbly) dif ferent order, or permutatlon. The process
must i.nvolve some random chol-ces, for we snrely want-T6--impose ihe re-
quirement:

condit lon 1. The probabiJ-i ty that card s ends up in poslt ion t

a f t e r  t h e  s h u f f L e  i s  c o m p l e t e a  f . s  
r t ,  

f o r  a l l  l 3 s e  N ,  l + t = N .

A momentrs ref lect ion, however, shows thls condit lon to be inadequate
for  most  purposes .  Us ing  on ly  the  N cyc l l c  permuta t lons  (1 r2r . . . - rN) ,
( 2 , 3 , . . . , N , 1 ) , . . . ,  ( N , 1 , 2 , . . . , N - 1 )  c o u l d  s a t l . s { y  i t .  f n s t e a d  w e  s h a l L
impose the stronger requirement:

condlt lon 2. Each dlst lnct permutatlon is equally l ikel-y to resul-t
lio'-Er'E-ffirrre.

our problem, then, ls to f ind eff lclent al-go'r i thms for shuff les satisfy-
ing condit lon 2. we sha1l dlscuss several such algori thms in this paper,
as well  as an interest. lng variant which fai ls both condlt lons.

Ngte that condltLon 2 irnpl ies condit lon 1. rndeed, slnce there are
N! dist inct permutatlons of whl-ch exactly (n-r) t  have card s in posit lon

t, the probabil l t les in condit lon l-  are al l  
(Nl=f) t  -  1.

N !  N .

2. The Algorithms Whlch tfork

Before we can describe any a1-gorithms, we need a randomlzatl-on
device. For our purposes l t  is.enough to have a way of choosing an
in teger  f ro rn  the  se t  I1 ,2 , . . . ,M i  in  such a  way tha t  the  probab i l i t y

of choosing inreger i  is 
+ 

for al l  1 - I  = M. physlcal devlces could
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be used (".3.- . spinning wheel divided into M sectlons or an electronic

clock thaT?apidly counied fron 1 to M repeatedly), wlth a consultation

of the device for each 
ttrandom numbertt needed. On a computer varlous

arithmetlc algorithms, while not txuly random number generatorst seem to

work reasonabiy.well .  To generate a rando-m integer frorn 1to J"00' for

example. one could take a llven lo-diglt number, square lt' retaln the

iiiF ;;;.;th 2oth dtgi.ts oi the-answer as the next lo-digit number to be

used, and iake the llth and 12th digits of the ansrter' ilus one, as the

deslred random integer. We sha11 assume that sone raodomizatlon device

is available and prJceed to dlscuss the algortthns for shuffllng the N

cards.

Algorithrn I [L]. Nurnber the pe-routatlons from I to N! ' Choose a

random number i  f .ot the set t1,2," 'Nt! 
and put the cards l-nto

the order numbered 1.

condltlon 2 is automatlcaLly satisfied. unfortunately, for N at

all large, N! is much too large I n'mber to deal with, so thls algorlthrn'

while theoretically sound, ls lmpractlcal'

A l g o r t t h r n l l . S e t u p a n e w r o l ' f o r t h e c a r d s ' s u c c e s s l v e l y ' f o r

L  =  LrZ , . . . ,Nr  choose,a  random number  11  f rom the  se t  t - t t ' ' : " 'N-1

+ 1 | - a n d p 1 ' t - t t ' . r 1 t h 1 " . ' " " t c a r d r e m a l . n i n g l n t h e o r i g l n a l r o w

lnto' the 1th poel-tlon ln the nert rort.

T o s e e t h a t t h l s a l g o r l t h n s a t l s f i e s C o n d l t i o n 2 , c o n s i d e r t h e

sequence (r1rr2r.. .rrN) of randon humbers chosen durl-ng the algorl thn.

irr,.e r < ,i'<-n_r i i, there are N! poeslble aequencea, each equall-y

l i k e l y .  r f - t w o  e u c h  s e q u e n c . s ,  ( r 1 , r 1 , . . . , r N )  a t t a , ( t r l , t z t . : " ' , r N t )

dif fer, let J be the f i ;6t suUscrff t  ior wUfi i tr  t l  
t_t i ' .  

-Then 
the cards

in position j of the two resultlng permutatlons alffei. Thus there ls

a one-to-one correspondence between Permutations and sequences (tl.rr2,

. . . , t N )  w l t h  1 ' . L 9  N - i  +  i '  s o  C o n d i t l o n  2  h o l d s '

T h i s a l g o r i t h r n l s r e a s o n a b l y e a s y t o l - m p ] . e m e n t . T h e n a l n d r a w b a c k s

are the need for a second row for inserting the new Permutation and the

need to search for the rlth largest remalning card at each stage'

A lgor i th rn  I I I  [2 ,3 ] .  Success lve ly  fo r  i  = .L ,21" "N '  choose a

r""d.t 
""tber 

i1 fto. the set lL,2r" 
"N-1 

+ 1 1 and interchange

the cards ln poit t ion 1 and posit lon k = N - r l  + 1' (Note that

k > i. If k = i, then the interchange for that value of l leaves

the card ln Poslt lon I f ixed')

The proof of condltlon 2 ls slnl-l-ar to the proof for Algorlthm II

and 1S leit to the reader. Note the improvenent over Algorithn II in

el.lninating the tlto drawbacks.

3. An Aleorithn Which Falls

Suppose, ln Algorlthm III, ne allowed the lnterchange at step 1

not only between the cards ln posit in 1 and posit lon k where i  = k < N,
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but between the cards in posltion I and posltlon k rohere 1 +k < N' lle

then get the sinPl-er

Algortthn IV [1]' Suecessively for i = ! '2" "1N' 
choose a random

number tr 
"o'i-ii" 

;;; lt'Z"-" lii 

-""a 
ioitt"tt"oge the cards in

fositlon^l and Posltlon 11'

De Balblne [1] gives the-fol-lowlng simple Proof'*that Algorithn IV

fails to satlsfy co"trtroo 2 for u z 3] Thlre are NN posslble sequences

(r1, rq, . . . , tN) ,  t t ; ; - ; ; ; tch yLelds lne ot  the N!  posslb le pernutat ions '

rf-rh6 permuratlo;^'.;; io-u. .q,r"uv"iit.iy, then ihe same number c of

sequences tr". r '" i i ! l"t '-pttt"["troo'^i^i l i ' iui 
='NN' 

-But 
for N 2 3' N!

contains a prlme rllt"i-ar'"tlnct fron'aio"" r" N (nanely a prtroe factor

of N - 1), so Nt r;-;;; t-art'r"ot or wN' Thus the Permutatlons cannot

be equallY llkelY'

rn the renalnder of thls paper, we show that Algorithn rv also falls

condltlon 1. rt"'il"tiie""" {-"fr".a"i"-tttf .*oof 
aie tvplcal of those

encounteredlndiscreteprobabl l l tycomputat ions.

flfEORSM. the erobahllltY that card s ends gg ln poeltion t after

an Algorithn IV shuffle ls

fr rtu; :ru-t * (t{-:5s-111f 9 z \ t

I 11N--JyN-t * d-f* ls-I - (N-: 
l)N+s-t-l, lf s a t'

N  
. .  N

In particular lf we take s = N' t = 1' then the probablllty is

f r t t l : 1 ) N - 1  # 1  i r N  - : 3 .

To prove the theorem' we flrst Prove a

LEMMA. Suppose t - 1 lnter-changeg 
have beer-r gompleted and ri ls

eleql ro be gisin rffiE_-- d6-u.'triiirytr4 i}l.n*g 
currentrv

in posltion i ;;ds g-.i" p"ttt"" t - 
* 

for eacn 3'

Proof: We proceed by baclcrards lnductLon on i' The stateoent ls

oarry r rue for  r  l tu l * -e""" t "  ia  r " - t t " .  for  1*1-"" 'N '  Tf  i  =  l '

then for the card 
"t"ttotft-fn 

posltion i to end up in position j'

e i ther  r r  = J  . "d; ; ; ; ; : : " t11 " t t -a i f ferent  
f ron j '  or  r '  =  Z wi th i  *  1

= L =N-and tr*l, '1l i;;- ' , '" it airttt"it- i-to^ u' 
"and 

thei the induction

ripo.t""i" 
"ppti6"' 

i ttS-itou"bil itv is therefore



(r <r-Jvtr-i * 
A*, 

,*, ,\r,z-i-l (1N) - I

If J > 1, a l-engthy but slnilar

Proof of the theorem: If s 7 t, then card s ends up in posltion t if

a* atnt*erchange puts card s into posLtlon t (Probabilrty 
fr) 

anrl

r t+l , . . . , tN . t"  dl f ferent from t (probabl l l t {  
: :E-Ir-- t ) ,  

ot  i f  r1r. . . r

t"_I .r. dlfferent froo s (probablltt 
- 

) and then card s ends

up ln posit loa t (probabil i tyiby the l-enma). I f  sg t,  then card s

ends  up  in  poe l t lon  t  l f  r r , . . . , f s_ l  a re  d i f fe ren t  f rom s  (p robab i l i t y

tL#l "-1) 
"od 

theo card s ends up ln position t (probabllrty 
fr 

ty

the l-ema), or lf one or nore of tl, . . . , rs_l are equal to s (probablllty

1 - 1N 
-- 

\ "-tl .ou th" tth interlhange puts card s into posltlon

t_(probab_11ity 
i) 

aad rr+1,...,rN are dLfferent from t (probabll lty

,N - 1. N-t.
\--T-/ ) ' 
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analy

j

t
T-
L=T+L

tl*l tU* )tr-J +tt-'

sis shows that the probabllitY is

<$r rtufiz-i-l(1N)

+ (r - ,t#r t-L-\ r-Lp <I--l>N-: r

;.r,t", 
Itfrl <ufin-j + (u-:-!" )Z-l-t,1"rt = 

* '
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Heat Transftr From a

ia Gentre in ia Sh,u

Abstract

Fluid Source at

with slip

Yoga Ratna SthaPit

Spherc Widt a

lhihm- Stream

The effect of velocity sllp and teryerature junP on the heat trans-

fer from a sphere with a fluld source at lts centfe which is placed in

a slow uniform stream of viscous ineonpressLbl-e fluid is investigated

at smal-l Reynolds number and Prandtl number of order unity. An exPres-

sion for the average Nusselt number ls calculated up to the term of

order Re. I t  Ls found that the velocity sl ip does not affect the Nusselt

number to thls order where as the teDPerature juup affects it.

1. Introduction

Acrlvos and Taylor [2] has considered the problem of heat transfer

from a sphere assumlng that the velocity fteld to be glven by stokes

flow [10] and uslng the method of l-nner and outer e:<panslons the solution

i.i 
"r"fi 

Peclet iumber Pe whlch ls the product of Prandtl number or and

the Reynolds number Re has been obtained. An e:<pressLon for the average

Nussel-t number N as a functlon of Pecl-et number Pe has also been calcu-

lated. This work has been extended by Rlnmer [6],  [7] uslng the veloclty

f ield obtained by Proudman and Pearson [5].  Recentl-y; the author [9] has

studied the probiem of heat transfer from a sphere wlth a f luld source

at its ."rrtrl which ls placed Ln a sLow unlform stream uslng the velocity

f ield obtalned by Datta [4] for stokes f low past a sphere'wlth a source

at i ts centre, and concluded that the effect of the source Ls to reduce

the average Nusselt number. TayJ-or [ ]-11 has studled the effect of velo-

city sllp and teoperature jump on the heat transfer from a sphere in a

low Reynllds number sl1p flow using the veloclty fteld obtalned by Basset

[3] ani found that the velocity sl tp does not affect the average Nusselt

number to the first approxfuratlon of snaLl Peclet nr:mber where as the

temperature Junp affect.

The purpose of. the present analysis is to study the effect of vel-o-

clty s1lp and temp.raturl jump on the heat transfer from a sphere wlth

a fluid source at its centre which is placed in a sl-ow uniform stream'

the velocity fleld for whlch 1s taken as that obtained by the author

[8] for Stoles f low wlth sl ip past a sphere wlth a source at i ts centre'

The method of solut ion is sinl l-ar to that glven by the author [9]

therefore some of the detai ls of the solut ion nethod w111 be onitted

since they are given in detall l"n aforementioned paPer. The results

obtained in this anaLysis are, however, dlf ferent since they incorporate

both the Effects of veloclty sl ip and tenPerature JumP'
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2. 
,Fornulation 

of the Problent

Consider the uniform flow U of a viscous incoupresslble fluid of

kinematic viscosity U past a sphere of radius a with a f luid source of

strength Q at i ts centre. Let vr '  ve, vd denote,the velocity comPonents

in the spherlcal Polar coordlnate systen-(r,  e, d) with the axis along

the direction of uniforrn stream. since the flow is axisynrmetrlc, the

circumferentlal component vd vanishes identlcal-1y and v1, v" ar_e those

obtained by the author [8].' The ternperature fl,eld is governed by the

equation

2 t  .  d t o  d a * r
( 1 )  y v - t  =  d ( v r i * + t "  = )

o r  r o o

with boundary condit lons [11]

r *

d!,, = ,\(t* - t ) at r* = a, (over the surface)

J t '  
s

* J r
ti--) too as r --+ @, (far away froo the sphere)

where )\ ts the parameter deternlning the effect of the teoPerature JumP.

As tn [9], lntroduotng the fol-lowing non-diroenslonal quantities

*  . _
r = ar,  t  = ( t '  -  aoo)/( t"-  too),

2 t
v r =  Q l a z r ' +  u  

[ u ( r )  
+  1 ]  c o s e ,  v .  =  U f v ( r )  -  l J s i n e ,

w-here ts - tOO is the teryerature difference between the surface and the

flutd fir awiy frOn the sphere, the above equation reduces to

(3 )  o1 .  =  qRe l (u  +  l ) t * -  , "  -  1 ) (1  - i ' r+ , .?3 : '

w h e r e w i t h f = c o s c ,

- 2  : - l , - 2 ! - . , . 1 J i  " l '{  = i f  ( ' - d ' - J . 7 ; t t ( 1  - t - ' 4 t '

and s = Q/!a ls the Parameter deternl 'ning the effect of the source'

Ilere us and v as obtalned by the author [8] for no surface lnjectlon

are given by

( . )

d
3h

-

(t)

(3)

!r-
rr

-
r f a

la
t -
t
r!

(rD

t-



(4) [ "  

=  
3 l ' 2 t r  

+

L " = - \ t 4 . 2 (

55

, l r ) " ' " l t  -  
"z ;o( t l t )  

-  tz  + s"216!+ z t l t3  '

1 * s/r)e-s 
l t  * t2n4(t lo - 4t2 + s"2l l  ]+ n/t3'

o = - $ ( 2 r + 1 ) ,

n = 
f t . tz 

-  z(L +")"-"  -  ls2no(")  + r{<o -  6s *  s"2)"-"-6"2n0(s)-  6 j

c  =  (  1+  
" )e . "  

-  1+  ' z iz  *  r "2  ( t  -  
" - " ) ' ,

oo 
sx '

[ .  d x
E-(s) = I ?-r l l x

l"

and f 1s the sllp coefflclent' In terms of non-dlnenslonal variabres

ii" i."ia"ty 
"ooatttons 

(2) reduce to

at r  =  1 ,

(s)

Now as rn [9] we solve equatlon (3) with the 
Pydfy 

condltlon at

the surface in the ii"ti-itgiit '- 11 
ti" l"t"t regaon' we lntroduce nerd'^\

var lables by sett lng f  
= atRt and r(  i  ' i i -=l t t ' i l ;  we thus get from t:r '

(6) vlr = r(u + 1) i3rp- (v - 1)(1 -i2) 
,Sr 

.##'
r

where 4 r" rhe same operator-a"-1"^1') but--wi-tl 
: ::?:""tu 

bv 9 ' and

u and v hre arso 
"*pr."!.a 

in terms .i- p . I{e -then 
solve equati<in (6)

for T wtth tte uoun"aaii"Ioolltroo ^Y^?"I tttv ttot the sphere (i 'e' '  '

T ---) 0 as p----)"";:-'r"ittttt tt'"-t"tllologondeternined 
constants an

the innet and outei'"ot"troo" are to ilI'l"iEttined from the matching

requireurent [21

(7)  t ( r  - ->oo,  
{  )  =  T(9-- -+o '  l ) '

3. lGthod of Solutlon

We assume as ln [9] that the lnoer and outer e)cPanslons are repre-

sented resPectiveLY bY
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( s )  t ( r , t  )  =  t o ( r ,  { )  +  a n e  t r ( r ,  ! )  +  . .

( 9 )  T ( P , t )  = r R e  T o  ( e , t )  +  ( a n e ) '  r r r r , t )  *  . . .

Substi tut ing the expansion (8) in (3) a4d the expansion (9) in (6), the

terms independent of qRe give the foLldwing'differentLal equations

z n J t o(10) Vl.o = -, 
i

and 

t

" J T " d T -(11) oito = t#+ (r -t ' )pAf.

The reguired solution of (10) and (11) satisfying the relevant conditions

) t -
{ -s= . } { to  -  1)  and ro(oo,  i  )  = o,

(L2) or

to(r ---: *, t) 
= rRe To( P--+ 0, t )

are respectively

(13) to = (1 - .-as/rr l(r 
fe-G)

and

(r+1 ,. = 
aa-u._," ,fP(l 

-t),

where € 
= (1 - *t.

Now substltutLng the inner expansion (8) fn (3), the terms l-inear Ln ORe

show that a1 satisfies the following lnhomogeneous equatlon

(1s) v3., 
?#= eft frr*+ ;n2"-slr + 4rs Er(s/r)-
I

- t2 * s"2lo l+ zB/r3l\ ,

Eollowing [9],  the part icular solut ion of the above equatlon is

-os/r 
Bd" ,r.-6/t( 1 6 )  r -  =  ( < u - . r ) € - p + c . ( r + a ^ ) e  + - -\ ! v /  ' 1 p  

\ "  " 1 ' . s  2 '  
' l ' s  

2 '  ( " - c  _  1 ) ' 8 *

tr- lrt

"r- t'fa

lerc

I

b! rl

31u I

hcr t

( lD

tla 3l

(rt)

i
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. * l # - rz- l-  s r ,e-(1 
+9s/r

-)r - 
ter{ aB i l

-,{r*,,ft.1)"-o'/'
2 -celr

ur(e/r) - #" ?- 
rr(s/r)

,'5 * ror' + rstr+ i)q - 
? F*(SP'> * fr€ 

- 
? ur(cslr)-'--;T-

. (# , -*? "-vetx3.*.fr. b'{,"Lr .-*/ 'r)t,

clnc\ '  38 l .T ' - f f i r ' '

the integrals occurrLng have been evaluated by lntegratlng by parts and

the recurrence relatlon [1]

rrr*r(x) = ! ["-* - x Eo(x)l

have also been used above. The unknown constant C1 ln equatton (16) ls

glven by the equatlon

,&ro -
.  .  d r  ; ( t rn  -  t ) l= t  =  o '

Eence the general solution of equatlon (15) Is

(17)  t l  =  81 1;a lx  -  . -G) + t lp '

From the natchlng requirement

( 1 8 )  t o ( r - - r 6 , i )  + c R e  t r ( r + @ , t )  = ( R e  T o ( ? - + 0 , 1 ) '
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we flnd that

B t = - 1  s s
'  ( t  -  pe-cs)2'

Therefore the lnner expansLon Ls

(1e) a = ao +6Re t l

= # + s * t 5 # + t r ; i .

.Nusselt Number

The e:gresslon for the average Nusselt number ln non-dlmenslonal
varlable ls glven by

(20) | i [ = - , 3 i , , = ,  d tI'
- 1

^ - t r s z
=  2 6 s  e ' -  , ,  r  s c - R e  r _

( L - Q " - ^ ) -  2 G - e " - * ) -

Thls result shows. that to order Re the velocl-ty slip does not affect the
average Nusselt number. When there is no temperature juq i.e., when

.p ;1or  , \ - -oo ,  th ls  resu l t  agrees  w i th . tha t  ob ta in ;d  by  the  au thor
t9]. when the aource is abgieht (s = 0) the above expression reduce to

n = p*ri rr + -| cn a|;r.

ThLs agrees wlth the flrst two terms of the result obtal-ned by Taylor [J-J_].
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Greep' Transitions Around a 
'Gircrdar 

]lole in an

lnfinite Plate
Suresh liulsurkar

&
V.Y. Rajopadhey

Abstract

Sethrs transition theory ts applled to study the creep phenomenon

around a circul-ar hole in an lnfinite pl-ate under various conditions.

The assr:mptions about the creep laws is not necessary and the results

obtained include the classical- results as a special case. The reason

for the results to be more general than the classlcal ones stems from

the fact that the incompressibillty of the materl.als in creep is not

assumed.

1. Introduction

The creep deforrnations around a circular hole in an infinite plate

has been a subject of extensive study by various research workers

[]-r3r4r5l.  In general,  the method consists of assurning some creep law

and then deriving the creep stresses from lt. Naturall-yr there are dlf-

ferent sol-utions, dependlng upon the creep 1aw, given for the same prob-

1em. Here we take'the transition theory approach (deve1-oped by Seth

[6])to the above-mentioned problems. Neither, rre assume the creep law

nor the inconrpressibtllty of the materlals Ln creep. This is usuaL with

the tr4nsition approach to the creep phenomenon. Our results lnclude

the effect of conpresslbll-ity and as a special case reduce to the classl-

cal results derived from the creep 1aw trlth von Mlses rule as given by

N a d a i  [ 4 ] .

2. Transit lon 9ol-nts

ConsLder an lnfinl-te plate of constant thlckness wlth a circular

hole of radius a. We sha11 consider the plate under uniform tension dr

uniform pressure at the hole. We assume that the pl-ate Ls thick enough

to consider it as a problen in three dlnensions. Let the pl-ate be at

some constant teEperature and in a steady-state creep condltions. We

can treat the problen as one of plane straln. Take the centre of the

clrcular hole as origln and z-axls as the axls of the hole assumed to

be nornal- to the plate. The dispLacenents ln cylindrical coordinates

(r,a,z) can be taken, due to the symetry in the problem, as

( 2 . 1 )  u = r ( 1  - P ) ,  V = o r

where e 
= p(r) .

w =  o  r

The generallsed strains, from equation (2.1), are [7]

( t

nt

( 2 .

rl

( 2 . {

*

( 2 . :



1
m

n

1
m

n

6t

{ ,  -  ( 'p '*  g)"} ' ,

m

{ r  -p ' )  ,

= e  = e  = 0 ,
oz ro"a"  

=  
" t ,

where (= # .

( 2 . 2 )

( 2 . 4 )

where

( 2 . 5 )

( 2 . 3 )  t r j =  t r A 6 i , * r f " r ,

wlth usual conventlons.

%6 stresses, from equatlons

The stress-straln relatlons are

A1l.

r  = ) A * 4 { r -
tt 

,tt 
L

r" .  = 
)o* *  

(1.-  
6 ln)

T " r =  l a  '

= f  = f  = 0 ,
e2 xz

A = *  r l t  -  k  r ' ' * f ) " 1 ' +  ( t  -  e " ) '  l

the equations of equLlibrlun are satisfled identlcally, except

) r  r  - r
I _ r r ,  r r  o o - n

J r  
'  r

are gLven by

(r

( 2 . 2 )  a n d  ( 2 . 3 ) ,

r . ' *  ( ) "1 '  ,

i

I
I

)



o.tt'

I

D {- t

,o1r+r1*'$"'
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(3 .2)  los  (R2/A, )  =  -  c  los  r  +  (2 -c )  loc  l  1 - (1  - f " ) t l ,

as P -J -1, phere Ao is a constant of lntegration'

stnce p--+ ( 0./t) ttt"o P + -L, equatlon (3'1) gtves

2-c

where.Ao and Bo are constents.

T h e e q u a t l o n ( 3 . 3 ) l e v e r y g e n e r a l l n c h a r a c t e r . T h l s f o r n . c a n b e
used to descrlbe 

"if 
ti-r. etages of .t".p provided we take product of

too-"""ft forms tZl. ffowev.tl t" shaLl- restrict ourselves to a partlcular

c a s e g i v e n b y r l . T h e r e a s o n l s t h a t t h e r e s u l t l . n g e q u a t l o n s h a v e a
coupact aPPearance. Therefore, the equatlon (3'3) for 11 glves

(3 .  3 )
"" 

- ,r, = Ao r-c {r-tr-n"t-")t }

( 3 . 4 ) T -T  =4 t -2n+c (n -1 )
co rr

w h e r e A l s a G o n s t a n t .

Further, the equatlons (2.5) and (3'4) glve

(3 .  s ) rrr =:zmhTt t 
'2n*c(n-1) *' '

where B ls a conatant of lntegratlon'

Lt can be ehown, by followlng the nethod glven ln [2] ' that the

atress-atraln rate t"Uttott for the transitlon functlon \ 
ts

t ,_ _  r

( 3 . 6 )
0 r J = k ( T e c - t " r ) o

$ifii*1,'illoi"'1il!n:.::::'lJi::"::'l i:"::::,':.::Ti"i"1li'ti rllT"
creep Lndex. 

'

4. Ilole under Uniforo Pressure

W e . f l r s t c o n s l d e r t h e . g l t u a t i o n w h e r e t h e h o l e l s u n d e r u n i f o r n
pressure p. The boundary condLtLons for thls are

tl:



r = p (n_1) (1_c) (a/r)2n-c(n-1) ,zz

where we have used equatlons (2.4)and (3.4). These are transLtional
stresses in creep and take lnto account the coopresstbtllty effect
because pf the presence of c. Now the classical- results can be obtained
by lettlng c --) 0. They are

( 4 . 1 )

dary

( 4 . 2 )

(4 .  3 )

(s .1 )

6 4 .

T  = - p  a t  x = z t
tt

T _ - - =  0  a t  r = b  w h e : : e b - J o o .rr

The stress Tr, Blven by equation (3.5) subjected to the above boun-
conditlons givee

Tr '  =  -  p  l a l x )2n -c (n -1 ) ,

Tr. = p t(zn-l) 
-c(n-l) 

| {"/ry2t-"("-r1 ,

T r . = - p ( a l : - ) z n ,

T". = p (2n-1) (a/r)2o ,

T . r=  p  (n -1)  (^ / t>2n

Plate gnder Unlform Tension

Now we consider the plate to be under all ror:nd unLform tensLon
The boundary condltions in this case are

T a r = 0  a t  t = € t r

T r r = T o a t  r = b w h e n b - + o o

rtf t

to
31r

I

ar

t r l

) .

To

l t l

ltl

l.:

ltl

lol

The stress Tr" given by equation (3.5) which satisfles the above
boundary condLtions leads to

r  = T I  r - ( " / t )2t -c(n-1)  
I

r r  o  (  l '

1Z

t
LI

I
l - t



Ed

65

Tr"  =  To t  { (zo- r ) - " (n - r ) f  
(a / r )2n-c (n-1)  +  1 l  ,

r r "= . ro  f f i  t \ (zn-z ) -c ( r , - r ) | { . / r )2n-c (n-1)  +  2 l  ,

af te r  reca l l ing  equat ions  (2 .4 )  and (3 '4 ) '

T h e s e a r e a g a i n t h e t r a n s i t i o n a l s t r e s s e s i n c r e e p a n d a c c o u n t

for the compressibi l i ty effect in creep through c' The classical results'

gi"u" Uy Nadal [4],  can be obtained by lett ing c ---)0'  Hence' we get

r - - -  =  r^  I  l - (ah)2ni  ,
r r  o {

Tr.  = To 
l (zn-r )  

(^ l r )2o '  +  1 1,

ar ,  =  To l t r , - r> G/r )2n *  1 i  .

shoul-d be noted that the creep index is the inverse of our strain

index n. The stress concentrat ion at the hole can be easi ly

( 5  . 2 )

( 5 . 3 )

I t

measure
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( 2 .  1 )

where 
ft is a complex number not equal- to zero. Then M is equipped wlth

0 r  - s t ruc tu re  [ 1 ] .

, , 
Ltl gl o:- the components of 0 atna point A in the coordinate nelgh-

bourhood Ul Then the complete LitE \Y.qi 0 i" also a tensor field of
type (1, 1) in T*(M) whose compon".tt" !- fr itt n-l(u) are given by [3],

0n Problems Relatlng the Horizontal and Gunplete
lifts of fA- Srrucrurc

1. Prellminaries

, "ll. 
0A -structure has been defined and studled by Upadhyay and Gupta

in [ l l .  The purpose of the present paper is to obtain tert" lr ,  resurts
on horizontal and coqlete l i f ts of 0n-structure.

Let M be a dtfferentiable nanifold of dif ferentlabi l t ty class c@
and of dimension n and 1et T*(M) denote i ts cotangent bundte. Then
Tt (M) is also a dif ferentiable nanifold of c1ass"i6 ana or dimension
2n [21. Throughout this paper, ere use the fol lowing notat ions and con-
ventions:

i f)  
The nap /f :  f*1y; ---> M is the project ion nap of T*(M) onto M.

( 1 1 )  S u f f i x e s  a ,  b ,  c r  . . .  i  h ,  i ,  J ,  . . .  t a k e  t h e  v a l u e s  1  t o  n  a n d
i=  i+n  d tc .  Suf f i xes  A,  B ,  C,  t  . . .  e tc .  take  the  va lues  1  to  2n .

( l i i ) ,  
l : (M) de-nores the set of rensor f ields of cLass c@ and of type

( r '  s )  in  M.  s in i la r l y  
x : (T* (M))  denotes  the  cor respond lng  s l l

o f  tensor  f ie lds  in  T* (M) . .o

(tv) vector f lel-ds Ln M are denoted by X, y, z . . .  etc. The Lie product
of x and Y ls denoted by [x, y] and the Lle derlvative with i .spe.t
to X and L".

I l r l . l " -a  po ln r - in  M,  tT - l (a )  i s  the  f ib re  over  A .  Any  po ln r
P Q 6-r(tr) is an ordered 

1..1. 
(a, p4) where p is l-form in M and p6 is

the value of p at A. Let u be a cooi i lnate neighbourhood ln M such
that A 6 u. Then u induces a coordinate neighbourhood n-l(u) in T*(M)
a n d  P  €  n - l ( u ) .

2. Complete lift of 0u -E_!-ru9!lll9

Let 0 be a tensor f ield of type (1, 1) and of cr-ass c@ in M such
tha t ,

0 4 -  r ' r ' = 0 ,

-bn

alr,
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Tnr= oor ,  f rnr  =  o  ,

( 2 . 2 )

f rE ,=n"  ,3+-S, ,  oEr=o 'n  ,
where (*1, *2, ..., xn) are the coordlnates of A relatLve to tI and po

has the components (p1, p2, ..., prr). Therefore, we have,

/ r " ,  ' \
( 2 . 3 )  o c = { i l A r ) =  I  

-  
\

I  l t

\ 
n" , Dr. g"n - En o"r) o'n 

I

o \
I

l x
"n/

a \

,t rJ

D '  =  J l )

i.n consequence of

(0c)2 = (n'

\ , .

x {" '

\ n .

zo', n^

+ 20l '  pt

ot,. -

{

\

i
x  . _

12.3), we have,

{  ) r g " n -  ) n o " r )

) .  o t . >
r _ J

on,- oi,

( ) :

where

Thus,

o f t

( 2 . 4 ) (oc)Z = T orEt"

oi. oi .
n 1

) ti o"nl +

J t :  otr l



!

{
I

(r

ti

bn  d " ,  )  ,

where,

(2.5) z D Ir o'nl 4sI 1 b, o"n -

If we noru put,

(z.G) 
h, 

9sE z<or, v^ D tr o"nl +

then in view of (2.6),  the equat ion (2.4

/

/r",
( 2 . 7 )  ( o c ) z  = T o " T " " =  

I
I

\h,

( o c ) 4  =  T o " t " " T r o T o "

l''n"" 
' 

\ (
t l l
\*, 

o'n ot, 
/ \

o f r

( 2 .8 )  ( 0c )4  =  t  o "T " "T  

"
/ gn, o', oin Ql
[ ,  

J

I
\ 

r.n. oiu ok, + t-. 
, 

otn oi ,

We now prove the following theorem:

gtn n. E t j  gtr l) ,

) takes the form,

, t ,  r \

ur rrr)
er

(L

i r

(r-l

Thus, we have,

t t r
tr

a \

f r " .  
)  ,

6jn ou,

L . .
J L

7 D- E

t \
l
1

I
oL. oj .  ok.  oL.  

' l

n  a  1  K /- t

{ .  - . '  -  - l
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Theorem (2.1)

In order that the couplete llft 0C of a tensor field g having 04
-structure ln Mnay have the same structure in T?k(M)r it ls necessary

and sufficlent that,

h: oin ou, * ,Jr oto oJ, = 
f"nr.( 2 . e )

Proof

Thus,

On conslderlng the structure gLven by (2.1), we have

0 4 -  y ' o ' = 0 ,

o E r

(2.10) 6n , It 
J 

gi 
n 0n, = 

F' 
on, 9' ,

By vlrtue of (2.10), the equatlon (2.8) becones'

(2 .11)  (0e)4  =  To" 'T t "T"16. ,o r=

l l  l r  r  \

(t 
on, o" 

)

\ " n ,  
o J o o n ,  * r j l o t n o i ,  

f ' f n r t , / .

L€t us nolt assurne that the conditlon (2.9) ls also gatlsfled'

f ron (2.11) ,  we have'

(oc)4 = t o" o" 
" 

0", oo, =

[r, on,o,, , 
\.  l t  

-  
r'  

|  . ) +  t  I

\  n 'u '  t '  "n ' ' '  /
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' 7 0

which, bY virtue o1 (2'7) Yields'

T  o " 6 ' " T " o T o r =  
f '  6  o 1 6 ' ,  

.

Thus the tensor treld 0C in T*(M) satisfles'

(oc)a - 
Y2{oc>2 

= o '

The necessary part can be proved ln a stralght forward D:rnner'

T:heoren (2.2)

In order that the corylete ttrt 0C of a teosor. fl-erf O-llll*f

-structure ln M oay have the sane atructure io T*(U) it ls necessary'

and sufflcient that'

l lr l-Jor.krv^ 11r- oanl * |Lnglutkrp, E Ii otrl *

+ [Ln|ir|tre, b t" 0trl + 0rn0jr0", rt ;12 0t"l =

=  Az  (0 t7e "  31 t  0 "n l  +  g th  P .  b  1z  0 " .1 )  '
t '

Proof

From theoreu (2.1), lt follrys that the corylete Uft 0C of the-

tensor fleld 0 tfttt-i!]"'it'"t''"t-1n-M w111 have the same atructure in

i*?lll ir and oolv 11t12.9) ls satlsfled'

Ttre conditlea (2.9) ln vlew of (2'5) can be expressed as'

{Ft :  
n" t '  t i ,ahl  + oin Pt }  t :  otr t  I  0 'o0o"*

lgtr. n, ; ts 0rrl + 0"j Pt d te ot"l I 

"n 

0J, =

= 
f lstLr^ 11t o"ol + gth P" b tz oat l  i

-rrr 1

! . E

3t
rrr-

(L r)

- . 4

br

I
6e
d O t

H

tr

CLT}

G I



u', ,to ouL ,^

otn oi ,, o" L n,

7 \

31i o"nl  *  o l t  o iookrv.-  )  t :  otr l

a t"  gt j l  *  gtn girotr  t ,  a tz orsl  =

= 
f 'ot . rn^ 

a1t  o"nl  *  y2 o 'nn^ )  1z o". l  ,

which proves the theorem.

3. Nlienhuls Tensor of the comlete lift of 04

Since 0 ls a (1, 1) tensor field with 01 -structure in M' the

Nljeohuls tensor of 0 is given by [3],

(3.1) lr0,, (x>r) = IDx, Wi - 0 [0x, v] - 0 lx, W) + 02 lx, vl -

Now, we prove the following theorem:

Theoren (3.1)

The NiJenhuis tensor of the coryJ-ete llft of 04 vanishes if the Lie

derlvatlves of the tensor fLeLd 02 wtth respect to X and Y are both zero

and 0 adnlts n-structure on M.

Proof

the Nijenhuls tensor of (04)c is glven by,

(xcJc) = [(04)cxc, (ga)Qc](3 .2>

In view of (3.1)

*(oo)t,  
(oo).

- $4>c [(04)cxc, yc] - (04)c [xc,toalcvct +

+ @4)c(04)c [xc, vc] ,

rhlch by virtue of (2.1) becomes,



b-fr

( 3 . 3 )

72

,-c, Yc) = t(F2 02>cxc, tp2 o2ltct -

"(oo)t,(04)t 
'^ '

- ( r' 02)c l(y20')"*',"t1 - '1""" 1"t' t ; 
'o'lt"tt

+ ,l^' ,'r", t ,'r" ["t, "t] 
,

*(00).,,r0r. t"t' 
"5 

= 
Staltco'l'*t' 

(o')%tl -

0\" (orrcxc, ycl - $2)" t*c, (02)tcl *

+ $2)c(02)c [xc, 
"t lJ 

.

knov that ( t21, P. 243)

02)cxc = 1g2x)c + {r,*02)v.

But lte

( 3 . 4 )

Ttrerefore, by vlrtue of (3'4), the equatlon (3'3) becomes'

(3.s) o(00).,,04rc(xc,rc) - 
;^a I 

tco'"1t, (otr)cl *

Let the
1 .  e .

+ t(rt02)v,(otlcl + [(02x)c,<102)v] +

+ ttr*t2)v,tn02)vl - $2)c 1162x)c' 
"cl 

-

- oz)c ttr,*g2)v,rc I - @2)c txc,($h)cl 
-

(02)c [xc,Grg2yvl 
+

Lie derlvatlves of

"{' 
= :-1c2 -

@2)c(02)c lxc,vcl| .

92 ,attn resPect to X ancl Y be both

0 ,
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rse have, from (3.5),

( 3 . 6 ) ,(00)r,,r+rc(xc,vc) = 
l ',0 l t 

(02x)c, (02v)cJ

- @2>c t(g2x)cvcl - (02)c [xc,(02v)c]

* i(z)c(oz)t [*t, 
"tr ] 

.

We also know that for arbitrary vector f lelds X, Y in U (t21, p. 238)'

r r e .
(3 .7)  [x" ,  Y" ]  =  1x,  Y l "  .

By vlrtue of (3.7) the equatlon (3.6) becones'

( 3 .  8 ) N .4.,.r _-4. ,(xc, Yc) = y( \to'", 
ozYlc -

(0 ' )" ,  (0")  '

- $2)c [02x, y]c - (02)c [x, o2v] 
c +

+ (02)c(02)c [x, 
"r t  I  

.

Further, ft g ls a ff -structure on M, then [1] '

, 2
(3.e) 0- = 

l^- 
, ,

nhere I denotes the rmlt tensor fleltl. Thus we havet

N ,"  .  . txc,  yc) = 
Ft{ l* ,  

Ylc -  [x,Y]c -  [x,Y]c + tx, t lcr l  ,
\ , t ,  , " , ( 0 t ) t

Thls proves ihe fheorer," 

= o '

Theorc  r  (3 .2 )

The Nljenhuis tensor of the corpl,rte ltft of 04 ts eq,ral to the

coqlete l i , ' t  of the NiJenhuls tensot of 02 nulttplted by 
/t4 

i f '
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( r )  \9 '  
= 

\02 
= o,

(3 .9 )  aad

where,

(3.10)

( r i )  [ x , Y I c  =  o ,  d v = 0 ,

g v  E g E  L  ^  g Z + L  ,  g 2 - r  9 4
[$'x,Y] [x,t 'Y] [x,Y]

Proof. lle have

/u . o(x,y) 
,t c = [t2x,r\lc - 1gz 1g27,t11c

I  o ' ,0 '  
t

- 02rx,9\l)c + (t4tx,Yl)c ,

which, Ln vis of (3-4) Ylelds'

(3.11) (oor,rrr",", )t 
= (2x,9\1t - 

I 
(g2)cl02x;'-lc -

. 
-(" 

ror*,"rr')" I 
- 

I 
(tz)ctx't\lc -

-(" 
6,a\f' ) 

u i 
+ i roart lx,ytc -,",*,",t^,u 

i '

But rre knon that ([2], p. 253),

(3.L2> (02)c(02>c = 0\c *  (Nrz,rz)v .

Ifrus the equatlon (3.11) by virtue of (3.12) becomes,

(3.13) (uor,rr.(*,t l)c = ro2x,02v"rc - (Q2)ct02x,ylc -
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- o\" t*,otr1t + oz)c(|z)c [x,y]c - ,ilr,rrru [","]'

* ( ,  o  o 2  +  L  , - 0 2 ' r ' -  - - r o ) u  '\- lgzx,vl lx,$"Yl [x,Y] 
'

whlch wlth the help of (3.8) and (3'l!)becomes,

(3.14) 
f  

,"rr ,rrrx,Y))c = ,(00).,(Oo).(* ,"  )

' '4 'N 
,  , )v  [x ,v ]c  *? v  .-  f  r t  
o . ' r -

r t  [ x ,y ]C =  0  andf  
v  =  0  ,  the  equat ion  (3 '14)

reduces tot

N
(o*) ' , ,r+rc(xc'vc) 

= 
fo " r, ,rr 'x 'Y)c 

'

which provea the theorem.

4. I{oflzontal l, l ft of 0p -"tt""t"te

Let us Prove the followlng theorem

Theoren (4.1)

Let 0 be a (Lrl),,tensor fleld admitttng 0p -structure ln !l '  then

the horlzontal l-lft 6H ot 0 al-so adoits the sahe structure In the

cotangent bundle T*(M).

Proof

For  0 and f  such that  g,  V eJ l tu l ,  we have [4] '

(4 . r )  oE Y"  +  Y" f  =  $ l+  \YDH '

Taklng the partlcul-ar case when 0 antl 1t' 
are ldentical' we get'
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(4.2) (o\ '  = (o')"

sl-miJ-ar1y, givlng values 02 at'd 03 to Y 
ln (4'1)' we get'

(oH)3 = (03)H(4 .  3 )

and,

tr.rt
a t
td
ld

- -H-4 = (04)H resPect lve lY '
(4 .4 )  (0 " )

Slnce 0 adnlts 04 -structure in M' hence 0 satisfies'

0 4  _  
f o z = o .

Thus the euqation (4'4) becooes'

(oB)4 = , l^' ,'r' ,

whlch agaln, ln view of (4'2) becooes'

( oH)4  -  t  
( oB )2=o

Thus the hotlzontal tfft 0E of 0 also adnlts 0n -structure ln the

cotangent bundLe'1*(M)'
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A Fomal Sofrrtim of Oaftup,h Integral Equatiom

A.N. liehra

and

Gopi AhuJa

1". IntroductLon

Recently saxena and sethl [4, p. 516] have obtained a solutlon of
trlple lntegral- equations by applying the technlque used by cooke [1],
Erdelyl [3] and Sneddon [5].

In thls note by using Saxena aad sethfs operators and foLLowlng the
technlque glven by cooke [2], ve have obtained a solutlon of the follow-
lng quadruple integral. equations:

oo
l 8( 1 . 1 )  
l t ' .  ( c o s h x ) t l  + r ( + ) 1  Y f f l a |

! 
_,r+il

f r ( x ) , 0 ( x ( a .

( L . 2 ) ( c o s h  x )  Y ( + )  d f  =  e r ( x ) ,  a  ( x  ( b

( 1 . 3 ) ( c o s h x )  t l  + E ( l ) l  y < | l a $

=  f r ( x ) ,  b  (  x  (  c

oo
r P

(1 .4 )  |  P ' , . - - . s  ( cosh  x )  V ( | , )  d | ,  =  o  ,  c  ( x  (  oo  r
)  

- z + t 6  r - T -

o f t l

where frs and gts are known functlons and p is an unknown functlon.

The nethod ls purely formal and no condLttons are gLven under
lnversion of order of lntegratl,ons.

2. I(nown Results

The followLng knovn results w111 be used Ln our propoaed work.
know that Saxena and Sethl [4, p. 514],

i'3-*, m-.1

$- l t

(!-.t

c- /t

oo

[ " e
J 

^- t+ig

o '
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(2.3) KP (r)

(2.1) , P <rl = --=+- -= ff ( L - e )  6

79

(cosh x -  coshp( ,- t  

-Prt  
d )aot ,

n " ( ( 1  '

f ,  
s rn t r  ( r r ) l<a  -F+rV l  y tL  +  p  -  iV) r (x )  x

*'..\*t, (cosh x) sinh x dx'

( 2 . 2 )

( 2 . 6 )

( 2 . 7 )

(2 .8 )

* P  ( o
f  P - ,
|  (cosho( -  cosh x)  

'  
t ( '1 .  )d,A ,= -TQ-+ 

eT i

n e p (

1  d  f  ( c o s h x - c o s h d  f - * *-re +eT d* L

l  s i n h o {  f ( o . ) d o (  ,  R " e < - \

?-t ?o . 
-t - (,.

( 2 . 4 )  K  1 1 1  = - - a - . 4  |  
( c o s h l - c o s h x )  ' X

f ( L - P  )  a "  ) *

(2.s) ,! rr, -

X  s i n h o (  t ( 4 > d a (  ,  n e  p  (  L

\ ^ 9 e

ffi) 

' 
(srnh z)P 

I 
t,o( ) cos (o1 x)d,ot

@

r t l r  - D  (
( ; l '  ( s lnh  z1- t -  |  r< l  )  s ln  ( .Ax)de1
\ l l r  

6

@
r B

J 
r< Y ) Pl+ry (cosh x)dy'

o

B
r: (r) =

P
rn (r) -

- t
o

tn' (f)

@= f
o
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As ls well known that the operators

f - )  f r  / o \ P
\ " /  

: r )  and 
\a l t ( ' ( r )

denote the orLginal ones where the new ltmlts are a to x and a to b
respectlvely.

(2.e)  ,  P ' t rP <r l t  = , f ,  t r l .

(z.r-0) *P tr"p (r) I = tf t i fP, -F+iu; pc-,+ F-rv )"ron(Try)ro/) l

(2 .11)  
{ , t !  

( r ) r  =  rP  ro

(2.12) ,r-t rrf,  (r)r = , j  rr l

( 2 . 1 3 )  * p - t  r r l l l , ,  r ( t - g + r , ,  )  f k + e - i t  ) s l n h ( I r r ) r ( v ) h

= rP tr l
s

_ sin iT(L + P )sinh _x _

1(cosh x - cosh al\ 
-P

(2 .16 )  ( : )  *d '  ( " )  ' . u , "

(2.14) , f  
- t  

rr€ (r)r  = , !  <r l

The operator t P 

":rra " 

P.r" glven by

(2. 's) (:) ,P-' ("; 'n" =

tEra
0-l l  r

Nl- !,)

& n

h

nr.l

r h l

h h

hr

/

\

f
e

(
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f

- stn II(L + P )sinh x (

T r ( c o s h x - c o s h ; F - - E  )
v t  

e

(costr  s -  cosh a)L 
-P 

t(s)as
(cosh s - cosh x) 

'

provided that  x  >d >/ f  )e and x (d (e Z- f  respect lve l .y .

3. Solution of the Quadruple Integral EquatLons

Let  us suppose that  I t ,  I l ,  Iq  and 16 denote the ln tervals  (0(  x  (a) ,
(a  ( x  <b ) ,  ( b  ( "  ?c ) -and - ( c  ( x ' ( . oo )  respec t l ve l y  and  wr i t e

aoy functlon f (x) f,or x lJ 0 as

f  =  f l  +  f 2 +  f . 3 +  t 4

rPPu
(1 .3)

(3 .1 )

(3 .2 )

(3 .3 )

bt

(3 .4 )

gral  equat lons (1.1) ,  (1.2) ,

s(x)  = ,P1or* l |

Sere 0(x) fs goue unknown functlon.

Dco f rom (3.3) ,  (3.4)  anal  (2.L4) ,  we have

B o )
tf(x) = rt | 0tx) ]

368tltute this value of $(x) fn (3.1) and ,r""'(2.U), lre get

[ r t * l ;  
x  €  r r

r*t") = 
{
L o , "  l r r , ! = L , 2 , 3 , 4

catlon of (2.7) on the quadruple lnte
and (1.4)  y le ld

r f  t  t t  + r(x)}V t* l t  = r(x)

5e, l r  + ;(x)!  tyr* l r  = i (x)

rnPtg<*l l  = e(x)



t

-  s in lT(L + P)sinh x -  (  ("o"t  
"  

-  
"o"n 

a)t  
-P 

t(")a"- 
=-:-6- ) 

'
T l ( c o s h x - c o s h d ) '  

'  

"

prov lded that  x  >d.>/ f  )e and x ( .d ( "  4f  respect lve l .y .

3. Solution of the Quadruple Integral Equatlons

Let us suppose that 11 1 I71 T7 and I4 denote the lntervals (0 ( x ( a),
(a (  x  < b) ,  (b 1x 7 c)-and-(c (x ' ( .oo)  respect ive ly  and wr l te

any functton f(x) for x )7O as

f  =  f l  +  f . Z +  f l *  t 4

gra l  equat lons (1.1)  ,  (L.2) ,

iere 0(x) ls eone unknown function.

ltben from (3.3), (3.4) anal (2.14), we have

B o )
t f ( x ) = t r  l O t x ) J

substltute thls value of $(x) ln (3.1) anat,r""'(2.11-), lre get

,r(-) = 
{
t

Appllcatton of (2.7)
(1.3)  and (1.4)  y ie ld

B .
(3.1) r; t  t l  +

B
(3 .2)  tp t  I  11 +

L
(3.3) rpr I V(x) I

lat

(3.4) e(x) = rF

f ( x ) ;  x  (  I ,

o t x l r r , ! = L , 2 , 3 , 4

on the quadruple lnte

r ( x ) ] g ( x ) l  =  r ( x )

; t * t |  g(x)J  = ?(x)

= g(x)

{o <*r}
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a 9 0
r t0 ( * )  *  

J  o (v )K(x ,v )dv  =  f (x )
o

9 9 e
( s l n h  z ) \  

)  
t (

o

bars over r and f
( s l n c e % = O ) 0 a

lnlt  of yj lntegral

ot $Lt rre get

c-l e.
I\ fr(x) - 

I

t,
P  ) cos (  P r )e l1 * r y  ( cosh  x )dP .

also exlsts. Now eval-uating
= 0, whilst El, fL and f3 are
ln (3.5) ls cl Evaluatl ig

0(y)Kt(x,y)dy ,

f . \  b
r(x,y) =[:o)

lar e:cpresslon wlth
on 14, we flnd that

Hence the upper 1
on I, and solvlng f

/ x  \
or(x) = 

[ . /

rr(x'I) ls equal to

(3 .8)  
f r  <" r r , t  " )2P f  

r (y  )  cos(  px)coe(Pr)ay
o

Equatlon (3.4) when evaluated on lrr Bives

/ u \  o  / " \  o
E 2 =  

[ _  /  
r t  ( o z ) .  

[ r /  
r \  ( o r ) ,

which on solving for 0r, ytelds

/ b \  ; '  l x  " \  e
(3 .e )  02  =  

\_ /  
r \  (e )  +  

\ ,  
"  

)  
L ' (03) .

Finally evaluatlng (3.5) with bars over r and f on Irr we

( ' ) r e ( , , ) +  f ' )  f < s .  / " \  o
\ o /  

.  
\ " . /  

) +  
\ r /  

r ' ( o g ) +

+  |  o < l l * < * , y ) d y = f g .
o

(3.  s)

where

( 3 . 6 )

A slni
(3.  s)
known.
(3 .  s )

( 3 . 7 )

where

t|t

'ttt

tu

||I

flnd that
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Soving it for 0r, we Bet
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( *  a \
- \ o  

" J
( 3 . 1 0 ) o 3 =

u\

" )

r.\
\ u /

c
- )

o

-1

rQ (i3) ,Qcorl (: t(<orl-

P(y)Kr(x,y)dl  '

s h e r e  

\  , - - t  - r  o g

(3 .1r . )  r r (x , r )  =  ( f , )  (s tnh, ,P ( ; )  
"  

t ; (  
l '  )  cos(  ! 'v )  x

x rft*rv (cosh x) dv

Thus (3.7), (3.9) and (3.10) are three equatlons for three unknown

functlons 0L, AZ and 43.
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The Gharacteristic Geometrical Property 0f

Order linear 0dinary Differcntial Equations

The equation

Firct

S.R.P.  S inha

(1 ) + P y = q  ,

where P and Q are contlnuous functions of x ln the segroent (x1'x2) of

the x- axls, ls calLed a 11near ordinary dlfferential equatlon of flrst
order. The sol-ution of thls equation nay be found for any Yl( Y <Y2.
In partLculaf, the donain of the solutlon nay be the whole of the xoy-
p l a n e  ( - o o < x  < + o o ,  - @ < y  ( + o ) .  T h e  i n t e g r a l  c u r v e  o f  ( 1 )

through (xo,yo) ls glven by,

-gI_
dx

(2 )
Jra" $roa*o f fra"

y e  - y o e  =  
J  

e  Q . d x
xo

It should be noted that the solutlon nay be Put ln the general forot

( 3 )  Y  =  c . 0 ( x )  +  ] f ' ( x )

where C ls an arbitrary conatant.

The integral curves of (1) ln (- oo 1x 1+ oo' - o 1y 4. * oo) have

an lnterestlng geometrlcal- property. The tangents to the lntegral curveg

at  polnts of  a LLne:<= k (constant)  rneet  at  a Point  (X (k) '  Y(k)) :

Proof

The tangent to the lntegral curve of (1) at (k'y) ls glven by,

Y - y = 
lO<tl 

- y. P(k) ! (x-x)

1 . e . ,  y  +  k  Q ( k )  -  x .  Q ( k )  -  y  
l P ( k ) .  

x  -  1  -  k .  P ( k ) l  =  o

This ls satlsf ied by

x = k . F #  ,  Y = , for all y.

This property may be understood from the followlng figure.

a(k)
P(k)
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It is to be noted that when P(k)=o' X = t = @' and the tangents are

all Parallel '

lhis geometrLcal Prop::tl t"':o?'":::T:"::: 
:i; :i::t"Ti::"t:::::

orarnary dlfferential- equatLon' rn ri

dlf f e-rentlal equatlon'

( 4 )  *  
= r ( x ' Y )

wlth F and Frn contl"nuous ln the whole of the xoy- plane' ls llnear lf

the tangents'to the integral curves at-afi pofnt" 
-of 

t llne' :<=kt are

concurrent. rot, it'^t^i"ie"it to the'i"ttgtlr curve of (4) at (k'y) is

glven bY
' - Y - y  = F ( k , Y )  ( X - k )

If it passes through a point (x (k)' Y(k))for all y'- then

-  !  = Fy'(x-k)

1
t ,  =  - F

ThJ.s, on integration' glves

1 . e . ,

F (k,Y) = - 

"d:; 

+ Q(k) '

where Q(k) ls an arbltrary function of k'

thue (4) ls reduced to

*  +  m k . t  
=  Q ( x )

Substitutlng P(x)= # 
ln the above equatlon we

g + P(x) 'Y = Q(x)
dx

N.B.: (1) rf P(x) has no zero in - 
90 <x < + oo' then the above

geooetrrc;i 
"i"t""t'"trzatlon 

w111 hold in the segnent

which ls llnear'

get
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c 'ut f { i } l  <  y  ( ,ub t f f i } i

(1i) one can verlfy that the fanily (3) has the same geometrlcal
property as thar of (1).

t l l

t2l
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A Survey of llrdered loops Il

Yuri A. Selivanov

4. A partlal order Ff is carled an extension of the partlar. order

: 
t l tF tt. If P c Pi, P1 is called a proper extenslon of p, otherwlse

{t }s rmproper extensl-on. rf the partlal order p has no proper extenslons
It is called a maxlmal partial order.

-rr,ppsrtionJ 
tr]- r-f 'p1 & p) are rwo dlfferent partlal orders of p.o.

J-oop {_such ttrat f lf l  t2=" .od-f1flU2=e, *tere N2 is negaiive
cone of,the-s'econd parEial ordei, tfren p1p2 defines a farttalorder p' whlch is an extension of the frisl and the setond
partLal orders.

n9111-y, from Lenma l, it follows that p,= plpr is an lnvariant
groupold,  because e.€ p l  U_"_9 tZ =9 pr> p1,  prJ f r2 ana e € p ' . - - - io ,
we have to sholu that x,y € pr- &-rry=s -J ilr=.. i"t * € py T € p2
and :ry=e, then x € N2, but p10 n2=L ===g x=e and y=x=e.

Lema 3. If a € 
9, 

. ,, 1,_ " 
y' S:(n"e), then Ss(R.e) deflnes some par-

tial order oo O/ . ,

The condlrl.on 
" ;l S{n 

") 
and invarlance of the groupoLd S(R"e)

inply the follortng p'roperiles of Se(Rae) , 
-

t )  e  €  s " (n "e ) ;

2 )  Se .Se  =  Se ;

3) :ry=e (x,y € s.(Rae)) =ol :y=.;

4)  Se,  ( : rJr )  = (Sex) . I  = x . (S" f )  V x,y  € Q.

so, all the condltlons of the Theorem 1 are satlsfied and se(Rae)
can be considered as a positlve cone of some partlal order on 0L . '

Theorem 2. rf the partial order p at p.o. Loop 0l- has the property:-for
some eLenent a € Q, afie etthet pn S(Rae) =-0 or ph S(iqre)
= p, then corresponderit ly elthet p,= plgtfL{"1 

"r-p;=p.3<n".1deflnes partlal order p, whlch is an extenElon of p.

" ,.-liitll:,_11_Pn 
s(R.e)-= 0-then .-y' s1n".y =:1 e y' s{n;le) and so

re(Ka_^er.detlnes a partial order on Q sattsfying propbsitidn 5 and
P, = PSe(Rire) defines an extension of partfaf 6rier'p on Q.

Theorem 3. The partial order p of p.o. Loop 0[ ls 4 rna:(fmnl partial.
order iff for any element a € Q(af/e)

-rh1s survey Ls ln contLnuatlon of ttA aurvey of the ordered loops rrt
whlch appeared in the prevlous issue.of this Journal.

I r
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(1)  p f l  s (R"e)  I  I  6  ( i i )  rn  s<n l l  *  o .

Let P be a maxlnal partLaL order on Q and aEQ, af l  e. I f  PnS(Rae)

= 0 
-? there exlsts a proper extension pt=PSe(Rire) contrary to the

naxLoality of P.

And conversely, let some Paitial order P satisfy the conditions

(f) & (if) of the Theotem, theo P is a maxinal partial order. Really,

if there exlsts an extenslon P' then there exists at least one element

a€ Q (a  *  e )  such tha t  eL ther  Pns(Rae)  =  0  o r .P0s(Rf le )  =  f , ,  bu t  then

a is comparable with e and so either Pt=P.Se(R;re) = P or Pt= PS"(R"e)=P

and P ls a maximal partial order.

Thls theorem can also be stated in the followLng way:

Theorem 3a. The partlal order P of p.o. Lgop 4 has no ProPer extensions

Lff any other part lal  order P'on Q satlsf les the condlt ion:

P0 N' contalns at least one element a * e.

Def. An element a € Q ts caLled a generalized periodic element ls

s(R"e)fl r(R.e) # 0.

Thts inplles that the loop whose elements are generallzed perlodlc

doesn!t allow any non-trlvlal partial order.

If for some partlal order P of p.o. Loop 0[. a1]- the elements non-

conparable with e are general-lzed periodic then P is a maxlmal partlal

order .

Let {S} be the set of groupolds ln Q such that:

1 )  e € s * s  € { s } ;  t l )  a L L  t h e S €  [ s ] a r e  l n v a r i a n t  l n Q ;

f l i )  tV=e (x,y  € s)  - t  x=y=e +s 6 ls ]  .

It is clear that any of these groupolds deflnes on Q some partial

order. But the set t S! ls a partlally ordered set with resPect to

incluslon. But the uirf,in of any chaln of groupoids S € [S] also satis-

fles the condltLons 1) i lrl) and moreover lt ls an upper bound of thls

chaln. So by the Kuratowsky-Sornrs Theorem any groupold with propertles

1) i lfi) ls Lncl-uded in some maxLmal groupoids with the same ProPertles.

So, any part lal  order of p.o. loops can be extended to a maximal

one. Surely any total order on Q is a maxlmal order.

5. In this sectLon' we shall find the necessary and sufflcl-ent

conditlons for the partial order to be extended to the total order.

Prot

condLtior

that for

1)

2)

Fron (1)

r*e s!{n",

Let

(s*

col lect ir

The defit

s ( \

s ( \

From leu

s(R,
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Lemma 4. If the partial- order P of p.o. loop cz-.satisfles the con-

dltion: (*) for every finite cbllectlon of elements al'a2'

:.:: A ,iro=tit1i'-ti,tl"HT;:1" " 
choose signs €1'82'

- e r E -

P  l ' l  s ( R a ' e ) , . . . r  R "  " e )  =  P

- 
then for any erement a ln O 

"t.n]t 
P'se(Ree) or r 's.(nlIe)

deflnes partial order P' on Q whlch e15o 6atlsfled the
'condltLon (*) .

Proof. Suppose that nelther P'Se(Rae) nor P'Ss(R'.e) satisfles the

condl t lon (* ) ,  then there ex ls t  e lements ?! ta l t . . . ,an & b1b2r. . . rb,  such

that for any cholce of slgns €f & li they satisfy:

r.) Ps: (Rae) 0 s(R:*,..., nft") # o

2) PS" (R.e) n s(nu1e,...,*ff"1,, O

Fron (1) lt follows that there exlsts an element ps* (where P € P'

s*€s!(n"e)), such thar ps:t e s<n11.,..., *j;.r.

t 1  e -
Let (S(R.e, *" i",  . '*{"rt

(sr t (R.e)  ;  T*(R.e)) ,  (s(R"e)  ;
8 e  B l r  .  . .  e 8 n

co l - l ec t l on "  (1 ,€11 . . . ,  
€ r ) ,  

( - i )

fhe definttlon of palrs LnplLes:

e1 T
S(Rae ,  * . i . , . . . , n "1e )  )  S (R"e )  &

6r €_ El €_
s (R .e ,  * " rb r .  . . ,R " - t " )  =  s (R" re , . . . ,R " r r t " )

From lemra 2 tf fol-lows that

€, 6-
S (R .e ,  * . r t " r . . . ,  * . r r t " )  >  T * (R"e ) .

E 1  g '

T (R.e,  * . i "  . . ,  Ra 'e)) ,

T(R"e)) be the pairs generated by the

o (l) resnectively.

(r)

( I I )

( I I I )

i
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(r r )  tmpl ies ps*  € S(R"e,  * "1t . , . . . ,  
L t t " r .

I N

Moreover, s* € S*(R.e) J *;1. € T*(R"e) and so from (rrl)

- r g r F
i t  fo l lows n" le e s(R"e,  * . ;  . . . ,n" ] "u) .  so groupoid

c I _1t-
S(R.e, *.rt .r . . .rR"ot.) contains el-enents ps* and i";".  .

Proposit ion 3 and definit ion of pairs inply.

n"|(n"ol  = n"| tn"*r)  = u n"|e = p e s{n," ,  d1. , . . . ,o o l

So, r+e have:

E - €
p  n  s ( R a e ,  * r . t " , . . . ,  R .  

n e )  
f  0 .

I N

Similarly for 2) we can get

-1 ?t Tl-

P n s(Ra-e, *0i" , . . . ,  \ r " ' . )  + g

But  in  rh r -s  case p0s  (R€e,  *1 t . , . . . ,  *1 t " ,  *1 t " , . . . ,
o o1 or, '1

f o r  a n y  c h o i c e  o f  s l g n s  E i :  ,  t l i  ( 1 = 1 , . . . , n i j = l , .  . . , m )

dict ion with the condit ions of-Lemrra:

So, we have the fol" lowing alternative: for any f ini te col lect ion

o f  e L e u r e n t s  a f r . . . ,  a n  ( #  e )  (  Q  l t  l s  p o s s i b l " e  t o  c h o o s e  s i - g n s  E 1 , . . . ,

E' such that either

-r c' €-
( i )  P  0  S (R ] re ,  * " r t . , . . . ,  R " r r t . )  =  0 ,

then we put p'= PS! (n".)

or (t i) P 0 s(n"e, *11.,.. . ,  at ' . ,  
= ,

o1 on

E-
ntrre) '

)l

qme) # 0

rnl"n is contra-

then we put pt= PSe (Rae).

I f  both (1) and (11)ho1o, we can take either of them to define P'

To couplete the proof we need to show that P' defines a part ial

order on Q. From the condit ion (*) i t  foJ-lows that neither S(R"e) nor
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s* (R^e) contains identity. Let, for instance, P'= PSe(Rae), then

ifn-"5-lf.""iia-.ottt"ftt any negatlve element, because of (1)'So Lerma 3

l;i i ;" that P'= PS.(R"e) defines some partial order gn. Q' because from

Itr! contlrtroqr (*) iE rSrtows that -+b € Q, P'fl s(Rbce) = @, so either

b e P' or Rf,re f P' artd the lerma Ls proved'

Theorem 4. The partial- order P of p.?. f 'o:P 4 2?:.\" 
extended to the

total order iff tt satllfies the ionditton (*) of Leuma 4'

NecessLty. If P can be extended to the total order L, choose €., such

-c, {
R - e L .

a!- E t f t ' A

T h e n  s - ( R " 1 € 1 . . . 1  n ] o . )  =  s * ( n " r . , . . . ,  
{ " " )  

I  L ,  s o-  
a l -  -  a n  . 1  

n

C . E r . r -
p  n  s (n . l " , . . . ,  R ] t " )  c  L  n  s (n  

re , . . . ,  n " te )  =  0 .
"l 

oo o1 -n

SufficLencv. Yet us consider the set {-px} of.all,the-Partial orders

;iT-"p E; which are the extensions qf pirtial otS:t,P and satisfv

it" 
"o"aifron 

(*). Let L be a maxlmal el-ement of lp4i ' then L exists

i"". .t the end of sectlon 4 of thts artfcte). Fron Lenrma 4 l-t follows

;;; 7-.-€ Q either i-S.(n e) or L S"(Rfle) deflnes a. partlal- order

P'  € ip ; i .  So f rom the maxlmal i ty  of  i l  l t  fo lLows that  P 'g L '  But  P '

l" ; 
"l;;;r 

extenslon of L so, L € P' + P' = L. It means that either

a € L or R-le € L and L ls a total order'
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A Classrcom Experienc€ in the Discwery Method

George F. Feenan

Quite often one reads about teachlng mathematics by the discovery

method. This rnethod is. time consumLng and requlres a l-ot of skil1 on

the part of the teacher. It also requlres a cooperatlve questLoning

att i tude on the part of the students in t ire class. They must play aLong'

so to speak. Consequentll, it ls a uethod that is talked about a lot'

but that ls used on1-y infrequently.

In this paper, we will glve an account of a classroom e:<perlence

in the dl,scovery method. The scene ls a class in vector geonetry. The

topic under discusslon is translations on the number line and couposi-

t ions of these motions.

Let To(x) = x * a, for x an arbitrary lnteger and a a f ixed

i n t e g e r .  t d t t 6 C x )  = x + b  b e a s e c o n d  s u c h f u n c t l o n ,  f o r b  a  f i x e d

Lnteger different from a. For thls exercise, supPose that a and b are

posLtlve lntegers. Then T" and T5 are translations of the number llne

t o  t h e r l g h t .  F o r e x a m p l e ,  L f a  i  2 ,  t h e n T 2 ( x )  = x * 2  a d d s  2 t ' o a t r y

number. Hence lt translates the numbet Line 2 unlts to the rlght.

The coutpositlon of T. and T6r denoted by T6 o T" and defined by

T6 o  T .  (x )  =  T6[T . (x ) ]  y te lde

TOIT. (x ) l  =  TO(x  *  a )  =  x  +  (a  +  b )

Thus composltlon corresponds to addttlon of the lntegers a and b. It

ls easy to show that the translations [Tal are In a one-to-one corres-

pondence wlth the integers i. | .and that the set of translations forms

a conmutatlve group under composltlon. The ldentlty transl-ation ls

(tn(x) = *, aod thl lnverse of a translat ion T" is T-. slnce T-"[T"(x)l

= i  =  Ta lT_" (x )1 .

Since T" and T6 correspond to translations of the number llne by

amounts a and1, resfectlvely, applicatlons of Ta, T6, T6, o Ta, and

so on, can be Pictured lntultively as juups on the 1-ine by the resPectlve

amounts. For example,

Tb  o  T .  o  T .  o  Tb  o  T "  o  TO o  fO  ( x )  =  x+  3a*4b .

If ne start at x, rre end at x * 3a * 4b after maklng 3 jurys of size a

and 4 juups of slze b. Thus, in partlcular, lf we start at 0, we end

at  3a *  4b.

C- l . r

I
llr r
arttr
r 5
EI IIl3

H

l d r r

t.lt-t
Lt"-L
fra.l||l

P

frol (a

2  , 6 , 1 2  ,
It aleo
g lncc ,
of the

T

a r e 2 u

obta l *

of tb. ,

Csr  l . l
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W i t h t h l s b a c k g r o u n d a s t u d e n t a s k e d w h l c h p o l n t s o n t h e n u m b e r

line could be reachel for a particul_ar pal-r of values a-and b, with

d l . f f e r e n t c o m b l n a t i o n s a n d w i t h a n o n - n e g a t i v e n u m b e r o f u s e s o f e a c h .

I,Ie decided to assume that a and b are relatively prime' for lf a and b

are not relatively prime, an unlimited nudber of values cannot be reached.

Another student sugiested that we start with values of a and b which are

I unit  apart.  Ttrai is, b = a * 1. So we dicl this and constructed the

ioLlowini table of .rrrtb.." which could or couLd not be expressed as com-

binationJ of a and b of the form xa * yb, with x and y non-negative

in tegers .

From this i.t was conjectured that for any trro numbers a and a * 1'

from (a - 1)a on any nu,nbei could be reached' This was guessed since

2 , 6 , L 2 ,  a n d  2 0 . r "  i r )  ( z ) ,  ( 2 )  ( 3 ) ,  ( 3 )  ( 4 ) ,  a n d  ( 4 )  ( 5 )  r e s p e c t i v e l v '

I t  also appeared that- the number of nonattainable numbers was t(a - l)a

since, in the various cases' these numbers are l- '3 '6'  and 10' just half

o f  the  l i rn i t ing  va lues  o f  2 ,6 ,12  and 20 '

The students then suggested that we.t1y again wlth numbers which

are 2 units apart '  so that b -- a * 2'  We took thls suggestlon and

obtained the fol lowing table' Nole that both numbers are odd because

of the condit ion of relat ive prineness'

C a s e  2 .

b = a + 2

Nurnbers not

expressible as

x a * I b

Numbers exPressible

a s x a * y b

1
I 3 None A11

.'

5

5 L 1 2  r 4  , 7 3 r 5 r a n y  n o .  )  8

7 L  1 2  1 3 ,  4 , 6 , 8 , 9 , 1 1 - ,  1 3 ,

16  ,  18 ,  23

5  , 7  , L O , L 2  r L 4  , L 5  , L 7  , L 9  , 2 0 ,
2l,22,any no. z' 24

9 L  J , 3  J r  J , 5 '  8 ,  1 0 ,  1 1 ,  1 2 ,
l -3 ,15  , '17  ,L9  ,20 ,22 ,24 ,
26 ,29  ,31 ,  33 ,  38 ,4A,47

7  , 9  , L 4  , 1 6  , 1 8 ,  2 L  r Z 3 , Z 5  ,  Z  t  ,
2 8  ,  3 0 ,  3 2  , 3 4  , 3 5  , 3 6  , 3 7  , 3 9  ,

4L ,42  ,43  ,44  ,45  ,46  ,
any no.  > 48

Case l-.

a b = a + 1

Numbers not

e:cpressible as

x a * y b

Numbers expresslble

a s  x a * Y b

2 3 1 any no. z 2

3 4 L . 2 . 5 3 r4 ,any  no .  z  6

4 5 L , 2 , 3 , 6 , 7 , r L 4 , 5 , 8 r 9 r l 0 , a n Y  n o .  z  1 2

5 6 L , 2 , 3  1 4 , 7 , 8  1 9 ,  1 3 ,  1 4 ,  1 9 5 ,  5 ,  10 ,  1 l - ,  L2  rLs  116 ,  17 ,  18 '

anv no. Z 20
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since 8 = (2) (4) 1 ?1 1 ̂\),{uk."#:J*::' rl1]9"'i:?in;I-qii;
"o "".llt"iJi, :31 lli.il i :"i:i'lt,'lx ::iy :i ;:;-t l"i;'ii' -^ii:"
"0"",111":#.=t)'"i 

t.'i il t" -.11-ol:,,il1 ::ff: i""ti" i r) (a - 1)'

the nudber of non-'ea:11::":H*'""#'

:n;"tH;'"ittitt 
io tt't prevlous case'

tefn slml-tar Lu L'v r- 
,_1^ af .ases ifr whlch

rhe srudenrs then ::?9:"::1,:1":.':":rtyo'='lY!' . | {it';t"'"'
.o" ".Ti.?!"*:*"rll!i ll?H:$#ili#*;";.: ?;Ji.s 

'Ei''e 'ne
.t" ,,,,J.i"-::':-:":;: Ht:"u.:t%ll ;J;; were as rollows:

number ls even ano

",.n 
.,[I::":#;"';::'"i::;:ilt,'"'-:r, 

" 
l ri{o'= 

I'i' t+r' rhe
on' anv lunuer-111t#r"-i.""ris rs L(
number of nonattaanaers {- a4ce 1. the fon

I

'"1;';;;";;#s'i"ii,:'-:il:'li=ii"ii-':.t:::tjiifi-

;;*i*t;**ll',;.;;;;5ff#'dr: 
k"*"i a"r" "''v

Let arb be two relatlvely prime positlve lntegers' Then

1. Aov.l".::tl ::1Tr:,,.""l'. ; :l:';.1: ::l-n,:y;:'i:1;il'

z. ;:','#;s;":ll,; 3.";'""#L'iT,:Tl":: ; :l:';"ll ;:ll
cannot he extr

3. ;:r,..:;::"'""a :n1::.:?*"1,o' "*'"::'9-': 
the roro xa *-vb'

Ioii' -* tX"i i, i;:":?T:'?i'J:'#5'"1':#J'll 
ll";"'"1 ;J

it l-"t*-ot the numbers'

of cour s e' once these I :""1 :: -:' :' ";:' T:"';Xi ;t :j:t 
ji"fj-t::'

::.:*1"."':i!i*l*,itlp;'.t**'*;:':i,$l*:":':H"'1'"'
'"'at^ttt' The Pro

l

ffib-ers tttPressible

a s  x a * Y b

2ratY no' 2 4

4 . 7  . 8 , t ! , L ? ,  1 4 ,  1 5 ' , 1 6 '

any no. Z 18

-Lumbers 
not

expressible ae

x a * v b

1 r 3

L , z r i , 5 , 6 , 9 r  1 0 r  1 3  t

L7

a 6 = a * 3

2 5

4 7

Fron (a - r) -!? 
* 2j
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To cloee, weiclte one lpre poeolble appllcatlon of thege regults

other than the geoDetrlc one already coneldered.- one $gttt 
thlnk of

" 
g"* betng pliyed'.by.One peraon. After dach play, the player recelvee

etfner a or b pointer: and hte beore accuutrlatuee from play to play' The

questlon aeked would be to ftnd thoee acorea whlch are,attalneble.

' I

Oakland UnLversl.tY
RocheEter' lllchlgan'
usA.



yw'Tfqil rnlt'lq {r6Emfr

GLOSSARY OF MAIIIE}'IATICAL TERUS

(ProPjsed)

ti

Balsce: flTTE; if-tr(t{

rallr 4fri ltOr; fiae

BalLl8tLc: YfStfi-f 
'

(B)

Ballisrr.ca : 9:e'1v "rtrm, 
grcTfqcfr

Band: qTqg, Tfr, S{€

B8r: €ufr, Eig

BarosraPh: zil3q"ilTE, f€Tf'€

Baloueter: sr-g{rg qTqs

BaronetrLc: Afg+fV ffff

Ba8e:fl6, qTqTT

Ba8lc: 50, .XTqffT(

Basts: gTqr{

Bead: qT{T

Besr! {fiffr, frq

Beat: lqiqT

Belt: q(fiT

gend: qtg

Bera: frET

B1: fr

Br.amsl: n$rfdff, 1f+{

Blasr XEItIE, 3ffYTfr

Btsoed: .TfYfi

Drarralr f;-ffrfq, ;-.ftf

'l-Brcmtcurv: f*+a qrtrtc, grtrq*f

Blconcave : lTrF{Ttf(IS

Brconer fylr6tuT, 
-fkftq$

lilconvex: 3T4tiS

gtenatsl: fiFs|t

Blfocal: 
'tr-:ITFfq

Etrwcarer. fr-v1ffic 5, Ergtt gl

(c)

c.lculare:.tluTTr Tt, frsrs rft

caleulated: tfufTf tlftFtt

(+Xcri.l!tto!1 {oTTT

CslerlstPr: rIoTrF

calculstt 
ilVjlt ffi{: rFFf

BLfurcatlon: fr 9fT${

Bl.laterali fr ' ff i fq

Blllnear: ft-qf:fi

Bluto!r ,{1q

Binary: fi;rIUT, ft-T'f;

Bloo.te; fi-qTd

BlnoDlal: fr-Va, 
-|-6-ffrq

Blnorulr g:lr{ffsfi, fegu .ifrcm

Biplanar: ft {Tifs, ftqq-fdl-q

Dlquaitratlc : q 

"fl 

qffl -fl q,

Bleect: rtqfB TrqT Tt

BLsectlon: 11qft' {|{{

Biaector: qqfr TfE{

alvarlater fd4f

rlmk: TIfdT, ft{t

Block: gqo-g

Eo5;.: TTdt[

Body: fqug

mrder: ft-jfFtr, frTr

Bou.r! qfr6rg, sfqt€

Bomalsry: frqf, Eq

Douded: qflffFfd

Bracee: €[iTtS

Brsbt: tfit€

Broch: YT([T

Breadth; qtgTu

Bulr: qffqTuT, gTzrff;r

luoy: 414, ETT

BuoyfDcy3 Sl'{ flFtrf' EFffiil

cflorle: fl|-fifr, ge{qo

cbncel3 qfztr, f6rf+, {Ttq Tt

cancellatlm3 KTtq, qfrFqFT

Canontcal: frFfi

capaclty: lTltIT

Cardi

Cardl

carrl

Caac€

Cse:

Cate!

Cata6

Cater

Cater

cel.r

C.ot :

C6t(

aeta

: G : :

- G ? l

'.-.t

- r

Cdr

Catr

Catl

Catl

Catl

Caatr

Chrtr

Cbrnr

6rq

Cbsrr

Char

Chol

Chor

Chro

Ctph

Clrc

Clrc

Circ

Clrc

+ -*t"fi fiof?o, fif{gr q6ffi ql-rqtT' Tfirrer nrrr ?rrr'rfr' f,iilrr

.fifrfu,1g"'"*t oqn riw*+"f, r



cardlnal: a-r€Tdr'tg(

cardtod: ETq-fg

Carrled: flq, gffi

Casode: YtlTiI

case: firffr

caregory: At, Biu6

catastrophe: f{qfl, .tTqfi

catenaty3 fifff;, Tru5"f

Cetenoldr TdgdTS

Celeetlal: q"fmtrq .

cent3 {liT

c6ntesnlals Vffftff

centestnal! ttrrff'$fO

Centil.: lltff$

c€nrtgrade: t+?e, fltTTf;o

centlgrao: t+lTfq

centrair Etc, ffif

cmtrel iFT

Ceatrifugal: .llgffif

cetrtrlpetel ! . $fqih:fr

cenrrode: ii':tFFl

centrold: qft-t ?

century! f|itl-df

chslnettes |gqffdFt.f

chnce! {qTfr(fT, mtl

chanse! qff'f{F

ch.ractert.tlc! ilrlTfur.F

ctrart: ?Td

cholce: fETf,, qlte

clord! fiftfT

chrono-giraphs STC tfff

Clphsr! T<

Clrcle: {q

clrcu!'t: qfftFl

Glrculant: qrfiT, 
Em

clrcular: $fd|-t; {f,fq

crrJuktlonr qf,F{6{,. ;lf|T

Clrcuoference ! gftfi .

ClrcMcribed: qrun

Clseold: fiNrffq

ctuar qti, 
"Ml

claaglcal r ffffrffi , tflTf{fqt{

claselftcstLm: qff6P1

clssstfted: gltgti.

classlfy! q"ftWT Tt

Closeals q< -

Closure! 6fq1

cluster:tqT, $.tqgtfi

Coalesce: ffr{fuf, E-t

co-exlsl: qgfffrTq 
.

Co-cfficlcnt: WTff;o

cofactbr: ifFgoT1 q(Ig

Cogredleot! qEl(qf;<ffi

Coh.slve: {RFfd

Colnctdetces {tflTT

colollde! flF|-dft, €gnlg{

colnc{d€nt: dtrFlt

collcct: SqoT6'ft, Lqfl't

Co1l€ctlon3 VEolRt

col11n€ai! IFItfrq, (f{t$F

collltrearlry! Sqt$df

Co111s1o!3 a;fi-f

co1m3 Idq, qifr

columntae: €rrrtrsTT, gqqoffi

Co,lbloatloa: {Tq

cooence: S(rftr. 
snlfft

con EG*rt! CTFT T EFTIiT

co@laureble: 
q{q- Trfqqfr

Conn: {IT!F-T, gTqT=T

codtrarlve: ffintrrrfr, f4qtff

co@ure3 ffit{I'Tt

corpact:lt8T, 6tq, qq{
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codpactnesa : (ltIT{T,'8tTFFI,

Coqanlon: VFR

Coryare: WTTT T

Co4arlson: 
$frTf

corpass: S:Et1TII, GVngqq; aa

Coqatlb l1lty : TfCo?ff,ilf

corylle: IIgorFO:f tft, q'-qt

CoDplLatlon: Vgqffi.{

coqleoent3 q|fq{u1

conplemnrery: fifd$F

Conplete: {uf

Coupletl.on: gSTdI

cmplexr Sfq, trfff

. conponent: .f,(oT, Sfm

cornpostrei {fffq, fg!5:,

conpogltlo!: cite, T{.rr, Ifqfi

coopomdr Tfli'nffi,

coqre:s3 dtRg;T, {qTq

Conpreaslon: Iffiq{

coqreaslbtllty3 €ftTtrf

coqresstble: IlfT{q

conpressor: dfigfi

corputarton: trFF TTf

corp!4te: .fnf,fuFff,ft

concaves JFfif6, fitTT, S(TTI

cmcavlty: Sli[fiiTT, g\fTTdT

concentrtc: qrt':ffqr sffiq

Cmcept: qffltTT

Cmcurrence3 VqoT$I

concurreacy ! SqoTTfi Fr{f

corcurrentr fqofnilT

Concycllq: qiFifffq

Cotdensat{on3 qq;f{

condtttan3 qffr, nFffr

Condittonal: qqfa

cone: tFttT, S{oE

conftgurarlon3 df,Rffr,' STfff{

confluence: Sftr{ff{, iIqoTq

conftuenr: qft's, gqotfft

cmfocatl tjlTf\

Conforoable: frq-F4}, qTffi

Cmfoundlng: FEogil, Sq03F

consruence: f+\o:f$fCf , g$€a!|iffiT

congruent : V+tqorfW, g{fEofr

Conlc: {J'lEoiFtT

Conlcel: fn-Eo{-frq

ConLcold: {fqo+W

conlcs: Yffqo{'q-TFfa

ConJugate: fqrrft

conjunctloa3 SqlilFf,

comect3 TfEq:q Tt, qt{t

Comectlon: q:EEf€T

conolds ssqE{fr, wgq

ConsecutLve: fi"TFltT

consequence: gfluTfq, $T

Conaequent: T[CC, $d{dt

Conaervatlve : qfl-{qffi

Coiaervetlon: qff1lfof

coraerve: ffmffW Q

cmslareocy 3 IITTI-I-FI, SffFffif

coslarents qq?qti,, Itdffff

Coosrarr: fit, fiFnT?

Cmatltrenr3 q8t', TEif'

Conetralned: ff6q

cmatructr TfiT Tt

ConstructLo!! T+fT

Contaet: ag$

conrents3 .I-<qIg

cmrlguous3 fF{fi'c, d6{1, ffd"-€n-

cmtlnsency 3 €fT{,ffiT, qTv€oTfflT

conrtouatim : f+{:tfT{T, Vtrtrflf

ContLnue Tqtfd gl
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contlnued: .fr"qTfiT . 
couot"ble : WTflq, Tu'l-{Tqtrq

J +

Contiaulty: 
.1 1<tv, rt ttTFZl Counterclockrlse: q-fqfiffr

contlnuouc: fr1_<ft, irffi, 'Xf+fW= couple: $4, 
tf#lt4

Contour: .ffroffq, qFfF Coverlance: V€{ftrT

contrsct: gT, n'|-gft'{ covariant: {f€Eff

coatrsction: glqre, Wo{tT{, ftT6{ coverlatlon: gqRqtuf

coDtravarlmt:9ft-{T Cryer: .}TIITUTT azFS'iT

control: f{qquT coYerege:'qfq

cotrverge:. CftgC gtr Coverlng: @Tfr

cmvergence: gfY(r{uT, {FfETfi covers: {'t{S

conversenr: Sf{tffft, qq{f+f crltlca!-3 fu!fff'?F' gTf}<ffi

gonverse: futq, ffifi crore: {'tTB

convereely: f{dtTd cube: q:[

' conwrston: qt*qA:q Cublc:tFT, S:TTffiF

convex: tsi6 Cublcal: q"fTii-fTr TflT'ffS

Convolution: .ITET{ Cublt: ETilr €1(T

coordlnate: ffqYITqoF Curolattve: !4I

coryrtue: q€-gll|-frq curl: $-i(lO

Coro11ary:'S9-!t4 c\trvatute: {AiTT

correct: lfg 
Cune: tfiF-

corrected! {Vtftfd Curved:{fi1q, qff

correctloa: $C 
cusP: SrfqtnEl

corretari@: qQ-{fEq+f Cuepldal: ifi-dT4

cofreepmdace: q]ffiT, {tETffdf cut: IFZTq

correspondlsgr qor|ift IIET ffr Cvcllr: {iF-

co8 (coahe): lf'{l' (imTFfst ffrFqf Fc) cycuc: Tfitq

coeecant; rfitiitE ciclica!: +fi'TF[iF

coeet: ifi'tte, 1I@ ctcucsuYsTfitq(

cosms: ;fEqTUB CYclold: T5F-T

Got: itZ Cllbiter: V;[

cotangent: it'tCTfi-? ciltritrlcals tCtffff

Coternhus: qWqgf{t ctllndrotd! tff{TT

comt: tflrlrlT Tt" Ta
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