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Abstrect

Irr x be a rear reflexive^B-a1ach ,p* una G1_,G2 twononempry, open and boundedsubsets of x such 
1fat,0 

e c2 ani q; 
?, 

r*!,y =r;?ij,l z!. aea positivety
Iff"t"Tfft#ffT"t 

'onoton" 6;* .or_ degre#.'qo,r;, c:x = D(c)_+
ntr duced by Hu"r#d;i,l:,;, if ;;:j'n*"*J*iji*solutions for Tx + c: + ci Joislotu"J-uy ut'izing rhe ;;;,";, and Skrypnik degreetheories. The resurt in rhis g"n"*"""*iri"r.una ex-rends ;t,"ti; resurts of the authorand Kartsatos [r] for 

" 
= i ina'd'-;;; rru, 

"pfiiJ*, ir,''"niptic and paraboricboundary value probrerr in^ruingp-ifriu"i"n with pe(r,21. 
elliPtic and parabolic

Introduction-preliminaries

I.et X be a real reflexivc Banach.space with norm ll.ll with the dual space X.. The normof the space x* will also u".a.nil"Jit'ii::q *o .^,iir u*""JJ*od from the context.The symbol B'(x) denotes the open uatt"or radius ; ;il;;; ar x. we denote by(x',xl the varue of the tun"titJiri l*i-" u, x€x,. rt{xn} is a sequence in x we

r
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DHRUBA R. ADHIKARI

denote its strong convergence to xo in X by xn+ ro dnd its weak convergence in X by
xn'xo. An operator T:X = D(T) -+ f, with Ianother Banach space, is said to be
"bounded" if it maps bounded subsets of the domain D(7) onto bounded subsets of Y.
The operator I is said to be 'bompact" if it maps bounded subsets of D(?) onto
relitively compact subsets.in I. It is called 'temicontinuous" if it is strong-weak
continuous on D(T). The.Symbols R and R*denote (-o,*) and [0,o) respectively. The
normalized dualitlr rnappingJ:X ) DU) :> 2x' is defined by

Jx = {x* e X* z (x*,xl = llxllz, l lx t f l  = l lx l l ] ,  xEX.

The Hahn-Banach theorem ensures that D(O=X and therefore J: X -+ 2x" .

By a well-known renorming theorem due to Trojanski [l8] one can always renorrn a
reflexive Banach spacO X wrth an equivalent nonn'so'that both X and X* are locally.
uniformly convex (thercfore sfiictly convex). Henceforth we assume that X is a locally
uniformly convex reflexive Banach space. kr this seiting, the normalized duality
mapping ,l is single-valued homeomorphism from X onto X* and satisfies

J(uu)=al (1)' (c.r)€R*d.

For a multi-valued operator ? from X to X* we writel: X = D(T) - 2x', where
D(T) = {x e X z Tx # @}is the effective domain of ?. We denote by G{D the graph
of I, i.e., GrQ) = {(x,y):x e D(T),y eTx}.

a

Definition l.'An operator T:X = DQ) +2x' is said to be monatone if for every
x,y e D(T)and everyt E Tx, v e Tywe have .

(u -..u,x -y) > 0.

A morwtone operator T is said to be maximal monotone tf Crg) is maximal in X x X*
when X )1 X' is partialty ordcred by inelusion

For a reflexive Banach space X, it is'wgll known that a monotone operator lis maximal
if and only ifR(T * 7J) = 11' for all ,le(O,o; (equivalelntly for some ,b0). If I is
rnaximal monotone, then the operator?tr, = (f-r * t1-t1-t : X + X*is bounded,
demicontinuous, maxirnal monotone and such thatTrx - 7{0}r ast + 0+for every
xep(n, where T{o}x denotes the el0nrenty* € Tx of minimum norm, i.e.,llr{0}rll =

inf{lly-ll:,y. e fr}.In our sefting, this infimum is always attained andD(?{o}) :

D(?")./tlso;Trx e TJrxvthercJt = I - q-7Tt : X -r Xandsatisfieslirnl- s Jrx = xfor
allx e c.oA(flwhere coA denotes the convex hull of the set A. In addition, x€D(Z) and

r a l
LLI



SOLVAB ILITY OF PERTURBED MAXIMAL OPERATOR INCLUS IONS t3]
ro ) 0 imply lim'- t;!tx*= Ttox. The operato rs Tr,J, were inffoduced by Brdzis,Ff:"1ikJffiiliiilf",'X*l'" 0."0"*'*, *'.11*i*. reader to.rrr as werr as

Definition 2' i'et c: x > D(c) + x* be bounded and demicontinuous. we say that C is
of type (S*) tffo, every sequence {xn} . iicl with xn ^ xo in X and

il:?:T:ttzed 
dualitv mapping -/ is known ro be bounded maximar monotone and of

JT, !l' :"":' l:, i "# ffi i:: t ni: ilxi #:il, r,x,r'":i:lT * " be ro u nd i n zni arc r y; w,

,TI-" 
A' I€r T:x = D(T) + zx. be nraximar monorone. Then the forowing are(i) {xni c n@,!! -+ x6 and 

T*n. !1 - l4mpty xo e De) and yo e Txn.(ii) txn] c D(T),xn - x6 &rd rr,, = ,^ - ,oin prv 
", 

i ,irl and yo e r*1.

*,i,Hn:lnf 
is essentiallv due to Br6zis, crandarr andpazy[8], and a proof of

I-emha r. Assume thlt.tle operators r,r 
7^2!n,:j:" and S:X: D(.r) - 2x. are

maximat monorone' *ur 0.,ijirliiiil il orironr,rior.i'#rr*", 
further, that r+s ismaximat monotone 

"( 
,ko, ;;r:r"*;";Tilr:::{tl 

: 
(,,w)such rhattn ! 0, and a::':^;:^,;;:.:,?;:lP::;,::::;;,:::|,*,;;i-,,' j:il,r^'oLx.,r**

(i) the ineqiatity

w,e have xn --s xs in X.

is impossible:
( i i )  t f

"Tj:o 
(Cxn,xn*xo) s o,

[!(Ttnx, * w], xn- xo) < 0 (1)

I

I! \(Tt^x^ * w),xn* /o) = 0
rhenxo e De *s)andyj e (z +.s)ro.

(2)

The exisrence of nonzero sorutions in section 2 w.l.be estabrished by ut'izins the
topotogicar degree rheories.9.""rop.a"olt-*0". 

f7f 
""d;;;;nik Ir7]. This theorv

generatizes and exrends simjtar ;ffi o"l,n"" uurrlo, ilii; #,i"= I and G = 0 and has
applications in eriptic una puruooti.;;ffi;.y uutu" p-ui*, T*oruing p_Lapracian.
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Foraddit ional informationandappl icat ionsonvariousdegr_eetheoriesrelatedtothe

subjectofthispaper''ft"'""a"tf'rete19!'totft"'"tft"t":Okift:ts[2]Kartsatosand
Lin [10] uno ru't'uto'";;:-k'yp;ik ti2l'-tiit' rot information on various concepts

and ideas ot Nontin"a''.;"ivJii ",; 
n"'i"t"] ;;^;;; is referred to Barbu [4]'

Browder [5], pascari loa suoirun t141, sim;;; iif1,^ir"vpnik [16]' [17]' and zeidrer

t t  e l .

Existence of Nonzero Solutions of Tr + cx + Gx = o

Hu and Papageorgiou [9] generalized:Tjegree theorv 
"l?::1"' 

[6] to the mappings-

of the formT + C + G' where 1t' y3'I1T;i*ono'onl' 
C bounded demicontinuou's or

type (s*) and G b";;;;^;"-"1ass (Pi. u"^.uJ. precise below' In this sectlon' an

exis tenceofnonzerosolut ionsofTx*Cx*Gxf0hasbeene's tabi ishedwhenl isa
positively t o'nog"n"out maximal monotone operator as defined below'

De f in i t i on3 .Anopera to rT :X=D(2 :2x - i ssa id tobepos i t i ve l l homogeneouso f
degree a>0 if, fo, "'1:.;:;',;i,'. 

.-it6im;t,e;;;"e D(r) ior attt € R+ andr(tx) =

tqTx'

De f in i t i on4 'Anopera to rG :X=D(G) : ' * ' i s sa id tobe long tuc lass (P ) i f i tmaps
bounded sets to 

"t'*''i ' ii 
i"*"" i.'i ' 7oi*'i . t D(Q'G(x\ is closed and convex

subsets of X. andc(') '; *!p::-'-'yi:onii'uiu"f"cf 
i)'' 7or every c'losed setF c X. '

the sefi-(Fl = VL'niCit'c(x) 
o F + @\ is closed inx'

An impor tan t fac tabou tacompac t . se tva lueduscopera to rG is tha t i t i sc losed .
Fufthermore, for every sequence 

V:iiiZ?titl-i"tn'that 

x'" -sxE D(G)' the

sequence {y"} has a cluster polnt ln Lr \r1 '

Thefo l low ing lemma,wh ichp lays .an impor tan t .y le in th 'eproo fo f theex is tence

theorem of this 

'r"Jii"", 
,nows tr,at the Yosida approximants of a positively

homogeneout tu*il'iJ"'onotone operator arc not so unless a=1'

Lemma2. I 'e t r :X=DQ) .?* - ismax imalmonofuneandpos i t i ve lyhomogeneous

of degree lae(O,ll' fhe'' f"' 'o'n t>0' th-e iosida approximantT'satisfies

Tr(sx) = 5af ,ro-r ( x) for aII (s 'x) € (0' +oo) x X' 
(3)

Proof. l-et
y = Tr(sx) 

-- (T-t * t J-L)-L(sx)'



SOLVABILITY OF PERTURBED MAXIMAL OPERATOR INCLUSIONS t5]

fort, s > 0, x.eX. The positive homogeneity of the duality mapping/ implies
r the
tand
tpts
r[1],
Sler

and therefore

This is equivalent to

x e r-1 (#) . t sa-\4 (L),

y = s" (T-7 + 1'x'-LJ-I)-Lr =sa?nrro_, (x).

This completes the proof.

We next prove the existence of nonzero solutions of the operator inclusion Tx * Cx *
6r.3 0 with an application of the Browder and Skrypnik d"g."" theories. This extends
and generalizes the results by the author and Kartsatos (cf. [l], Theorem 6, p.1246, for
a=l and G=0) to multivalued z with a€(0,1) and G*0. The result in this paper is new
for a€(0' I ) and therefore applies to partial differential equations involving p-Laplacian
rrth p€( 1,21.

Tbcorem l- Assume that Gr,G, c x are open, bounded withl E G2 ande c Gr. Let
T: x = D(T) --+ 2x' be maximal monotone, and positivery homogeneous of degree
a€(0,1),C ' 6. 

--+ X*bounded, demicontinuous and of type (S*)-and Grfi -)r. of
cbss (P). Moreover, assume thefollowing:

(HI )There exists ufi € x. \ {0} such thatrv[ €"Tx + cx * Gxfor riny
( A , x ) e R + x ( D ( I )  n l G r ) ;

r H 2 ) O Q T x  * C x * G x * T J f o r a n y ( A , x )  e  R *  x  ( D ( T )  n A G ) .

Then the inclusionTx * cx * Gx ) 0 has a nonzero sorution x e D(D n(Gr \ 6z).

Proof,We consider the equation

and then the associated equation 
Tx * cx * Gx z 0

T t x * C x * g r x : 0 . (4)
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Here, e>0 and gr, Gt - X* is an approximate continuous Cellinaselectibn (cf. [9], p.

236, Lemma6; t3l) satisfYing

hex€G(B , (x )nA)+Bs(0 )

forall x e-q andg,(6) ced G(d).

We show that equation (4) has a solution xs,rfot all sufficiently small r and e' To this

end, we first show that there eiist ro ) 0, f6 ) 0 and es ) 0 such that the equation

T r x * C x * g r x = r u 6 ( 5 )

has no solution in Grforevery r 2ts, t € (0,t0] and e € (0,e0]'

Assuming the contrary, let {rr,} c(0,*;, {tn} c (0,--), {e,r} c (0,*), and {rr,} c

G1 be such that rn -+ Q, tn L 0, e J 0 and

Trnxn * Cxn I genxn: Tnv6' (6)

We may assunrc thatgrnxn+ g* EX*in view of the properties of G. Then

llfr"r"ll 
-+ o because llr"uill -r o and {Cxn} is bounded. Thus, from (6), we get

. Ttnxn 
- 

C'n 
- ,Trnxn., = ,r'nui ,, .

ll7,Jr"il 
-llr,"'Jl ' 

llr,"r"ll 
- 

llr'"t"ll

Frori.r (3), we obtain

Ttoxn ,: T- . /- t l

ii r*li'='r'tnL,\il r;#/,

wherel,, = 11rr"r^ll( 
a-L)/a 

.

It clear that ?tn-*0 for ae(0,1) and l.n=l for a = l' Then (?) implies

Thus,

' - llrh.ffiil = ffi ='. llffi .fffr|l

#il 
-r 1 so on*ffi - ffi "' n -' oo'
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SOLVABILITY OF PERTURB ED MAXIMAL OPERATOR INCLUS IONS [7]

lrt 
xn

wt l  -  
1 '

llr'**"lla

\l'e have u,, - 0.By (7), (8) and (9), we obtain Ttn^n'q -+ h with h = u['/llv('ll'

Therefore,
' 
,\im(Th).^un,unl 

= (h, 01 = 6.

Slncet,.,l', --+ 0 , by (jj) of l,emma with S=0 we obtain, O€D(D and h = I(0). Since

110r=0. this is a contradiction to llhll : 1.

Fir t € (0, rol, e € (0, eo] and consider the homotopy mapping

H . - ( s , x , t , e ) : T r x * C x *  g r x - s r : s v $ ,  s  e  [ 0 ' 1 ] '  x  e G ; '  ( 1 0 )

For every s€[0,1] the operato rx v+ Cx - stovfi is demicontinuous and bounded on 6'

In order to see that it is of type (5*), assume that {xrr} c 6t is such that

r , . - x o e X a n d

Iimsup(Cxr, - sreufi, xr, - x6) < 0'

Thr.  impl ies

limsup(Cxn, xn - ro) S 0,

uhrch by the (S*)-property of C, implies xn+ xo e@. Before we consider the

Skrlpnik degree of this homotopy on the setGr, we show that the

cquaiionar(r,"r,t,11= 0 has no solution on dGl for all sufficiently small t € (0 t0],

e € (0,e6] and all s€[0,1]. To this end, assume the contrall ana let {x',i cdG1,,

{t^} c CO,tr], {s,,} c [0,1] and {e,,} c (0,e0] such that6,, J 0, s,, -+ so for some

s o € [ 0 , 1 ] . e , ,  I 0  a n d

Trnx,-* Cxn* grnxn- sntovfi.

[o this

fon



t8l DHRUBA R. ADHIKARI

Applyrng (ii) of Lrmma

is bounded, we may assume that

have Trnx,.- -Yd - g* + ssrsui'We may assume that x,-- ro € X' Sin39 {Cx"}

Cxn-y ieX.  and grnxn-  g*  eX* '  Then we

From

\Trnxn, xn'- xol * (Cxn, xa - xol * (grnxn' xn - xol = (s"rsui'

we obtain

limsup[(Ts"z',

[.et us assume that

x,.- xol * \Cxn, rr, 
- rs)] = 0' (11)

limsup(Crr, ,xn -.xsl ) 0. (12)

Then there exists a subsequence of{xr,}, which we again denote by tr"}, such that

Iim(Cxr,, xn- xol = q-) 0'

for some constant q>0. By (11) and (13, we obtain

(13)

jr-1g(fr"x", xn- xol = -q 10'

Applyrng (i) of.I-emma with s=0, we obtain a contradiction'.Ttrcrcfore' (12) is false'

and we now onlY have

limsuP(Cx,r, xn- xo) S 0'

' 
Sin"" C is of type (S*), we have4, a xo E dG'' Since C is also demicontinuous' we

obtain Cxn - Cxs' This imPlies

Trn  n - -Cxo -g* *so tou i '

with S=0, we obtainxo e DQ) o dGt and

Txs* Cxs* Gxo)  sorouf i ,

which leads to a contradiction to our hypothesis (Hl). Thus, we may now choose^to and

g}ffiil 'h" ;;;il'luu" tt'at 
'Ii'7''*'t'E) 

= 0has no solutionr e acr for any

3 € (

ei
.r,r)
c € l
t9Lt

a

br

E
dt
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SOLVABILITY OF FERTURBED MAXIMAL OPERATOR INCLUSIONS t9]

, 
S (0lo-1, e e (0,e0] and anys € [0,.1]. It is clear that the mapping Hr(s,x,f,e) is an

dmissible homotopy for skrypnik's, degree and the strypnit _oeg'i9e ar(Hr(s,.
't,e),G1,0)well-defined and is constant for all .s€[0,1] uno ro.'-itt tato,r"t,

: S 
(0,ss]. Consequently, the Browder's'degree generalized by Hu and Papageorgiou

[91. ds",is well-defined and satisfies

dnp(T + c + G - tovf i , i r ;o)  = i ls( f t*  c *  g,- tov[ ,Gr,0)

brdl t € (0,tsf, e e (0, eo].

Assunr that dr(Hr(r,',t1,t1),Gr,0) +0 for some sufficiently small t, e (0,t0] and
d e, e (0, eol. Then the equation

Trrx I  Cx * grrx:  rovi

b a solution in the set 61. However, this contradicts our choice of the number roin
(5).Consequently, by homotopy invariance property of the degree mapping,

4(I ,  + C t  g,Gr,0) :  d.s(HL(0,. , t1,81),G1,0) = 0, f  € (0 ts] ,e € (0,e0].

Wc rrt consider the homophony mapping

l l2 (s ,x , t ,e )=  s (Trx*  Cx*grx ) *  ( I -s )Jx ,  (s ,x )  e  [0 ,1 ]  x@.  (1S)

uc firsr show that there exist t1 € (0,f6], e1 e (0,e0] such that the equation
H2(s.x,t,e) = 0 has no solution on 0G2 for any s€[0,1], t e (0 tr], and any e e
(Qetl- lrr us itssume the contrary. Then there exist sequencesfn e (0, f;], e,, € (0, e1],
1 C [ O . U  a n d r " e A G 2  s u c h  t h a t  t n l O ,  s n + s .  f o r  s o m e  s s € [ 0 , 1 ] ,  e r r J 0 ,
!r -ro C X,Cl'- y; e k', grnxn - g* e X*, Jxn ^ zfi e.Xtand

(14)

false,

and

any

we

g.(I..4. + Cxn * gr^xn)+ (1 - sn)Jxn = g. (16)

l{a thd s' = 0 is impossible because ,f(0) = 0 and .I is injective, and therefore we may
that s, ) 0 for all z. If s,. + 0, then

(Tt_x-* Cxn,x,.l -
r I  \- 
lq 

- L 
)Ux"'x"l 

- (9enxn,x,") '+ -o(17)
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Because {llx"ll} is bounded below away from zero. Since (Tr"xr,,xr.) ) Oand

{(Cx",x)} is bounded, we see that (17) is impossible. Thus, s0 € (0,1], and then (16)
implies

Ttnxn^ -y ; -g . - ( f  - r ) " ;

(18)

Sim

Btr

rb
lrG I

! L -

ri
ry
d o
ta

&

h,

hl
b(

l,Ft
rd
-tt
d1
t

Also, from (16),
'  / 1  r

\Tt ,xr . , *Cxn,xn-xol  = - l ; -  7  
) \gu^x"*Jxn,  

x , - -xo l

1 1  \- [ -  -  7  ] lUx " -Jxo ,  xn -xo l  * (g rnxn*Jxs ,x^ -xo ) ]
\Jn /

= - (r+ - t 
) t eenxn * Jxo,xn- xsl,

by the monotonicity of the duality mapping "/. Sincess € (0,1], genxn+ g*and

xv' xs, we see from (18) that

limsup{qn t= (Ttnxn* Cxn,xn - x6)} S 0.

Irt
tipln(cxn,xn-xJ ) o.

Then, for some subsequence of {ni dehoted by lnl again, we have

;;19(Cxn,xn 
-ro) = q > o.

From

{Trnxn,xn* rd) : qn - (Cxn, xn - xsl

(1e)

(20)

we see that

liX5up(Tr,x,, ,xn - xol < lirns:pqn * 
lgxt- 

(Cxn,xn - ro)l < -q < 0.

Using (i) of lemma, we conclude that'(19) is impossible. Thus, (19) holds with "!" in
place of ')". Since C is of type (.9*), we have xn + xo e |Gr. This implies Cxn ̂

Cxs, Ittn --> Jxo = 26, and



0 and
(16)

'and
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T t n x n - - C x - o - 9 .

fur. -r 19,

f;g(Tt,xn,xn- 
xol= Q'

lrF (ir) of kmma, we have th at xo e D(T) and

-cxo'-s- - (+ - r)tr, €rxs.
\ J o t

!yrpoperty of the selection grnxn (cf. [9] p. 238), we have g' e G(xs). This implies

T x 6 *  C x 6 *  G x s * x o e D ( T ) n A G z .

Tb w anived at a contradiction to our hypothesis (H2). For the sake of convenience,
ttG EmE that to and es are sufficiently small so that we may take fr = to and
q=  fo -

I i fuGfore clear that the mapping H2(s,x,t,e) is an admissible homotopy for
$ypft'r &gee, and so the Skypnik degree, dt(Hr(s,.,t,e),G2,0), is well-defined
dmbralls€[0, 1], t  e (0,ts] ands e (0,e0].Bythehomotopyinvarianceof
t-ttE nsF,ping, for allt e (0, f0], e € (0, es], we have

l1(Q(1;3 , t), Gz,O) = ds(T, + C + g 6, G2,0) = ds(Hz (0 ;, 4 a), Gr, 0) = dsj, Gz, 0)
- 7 .

fb, fudl t € (0, fo], e e (0, ao] , we have

ds(Tt+ C + {!6,G1,0) + ds(Tt+ C + guG2,0).

Roo fu excision property of the Skrypnik degree, which is an easy consequence of its
hitdimnsional appriximations, we obtain a solution 4,, € G1 \ 62of Trx * Cx *

t {=0forevery t€(0, t0 ]  and every €e(0,e6] .  We p ick tn€(0, t6 ]  ander ,€
(Oeol be such that t, t 0, e' J 0 and let x,. e 61 \ G2be the conesponding solutions
d Trr * Cx * gex = 0, i.e. Trnxn *.Cxn * grnxn: 0.We may assume that xn' xs

d gurn + g' E x'.

r

r L  \- t " . - t ) l xo '

( * - ' ) / ,0  '  o ,

ln
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Iimzup(Cxr, * grnxn, xn - xg, > 0,

then we obtain a contradiction from (j) of Lemma : consequently

li11zup(cx" * grnxn, xn - xol I o,
and hence

l imzup(Cxr , ,  xn_ro)S0.

By the (^l*)-propert y of C, we obtain x, - xo 
SA;\tr. ThenCxcn;, Cro and

Ttnxi j *cxo - g*-using this in (di) of Lemma e, *e get xo q De) and rrnxn ̂-Cxo-g* eTxo. By a property of the selection gr,rl 6f. [9J, p. 23g), we haveg*  eG(xo ) ,and the re fo reTxs*  Cro+Gxs)0 .WeuLohuu . :  
"  ^  

.  
- " .  . -  " - '

ro . 41fr = (6r,\ Gz) u.A(GLq Gr) c (G, \ Gr) u kGr u [Gz.

But, by conditions (Ht) and {:rn4, *o e aGLv tGr.Thus, x6 e De)n (Gr \ G2).and,ttre proof is complete. 
L - z'

. '

Application

We consider the space 
! 

= W{'o@) with the integer m>1, thenumberpe(l,oo), andthe domain Q c Rilwith s*ooih boundary. we let ivo o"noi" the number of all multi-indices d = (qr,...,o,u) such that[al = L, +... * uu( m. For,f, = (fo)1o1=_ € Rilo,we have a represenrarion f - (4, fl, wheri q = (n)jn'j=__, . R",, 
'iz'7t=5,:,:^;

Rx, and/Vr * N2 - /Vo. We let

, 1@) = (Dou)ort=^, nt(u) : (Dou)@t=^-r, ((u) = (Dou)ttot=^,
w h e r e ' - | - | - l ' l ^ . ' \ - - l

N
'Jl d \"'D o i l = l  l f : lu 4- 
+=l\*l

AIso,let q= p/@11).

we now consider the partiar differcntiar operator in divergence form
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(Au)(x): 
I 

(t)tatptat4o(x,i(x),...,D*u(x)), n e o.
l q l sm

Tbc ccfficients lo: f) x RNo --+ R arg assumed to be carath6odory functions, i.e., each
f.(r,O is nreasurable in x for fixed { e Rwo and continuous in { for almost all x e f).
Uc cosider the following conditions:

(Af ) There existp"€(l,o), c, ) 0 and rc, e Ls(n).such that

lAo(x,f) < c1l{lp'r + rcr(x), x e n, { € Rwo,

(l|,21 The Leray-Lions Condition

I  V,t*,q,() - Ao(x,4,h))(h"- (r,) > o ,
lal=m

is satisfied for every x e {l,l € RNr, h,h € RNzwith (t + h.

(Alt Thc momotonicity condition

/ [e"{x,€) - Ao@,h)](€u- fz") > o
lal=m

is satisfied for every every.r € O, {r, {z € RNo,

Wl There exist every c, ) 0, rcz € l1(O)such that

\-r

L 
O"(r,{)q"> czl{lp - rcz(x), x e A, { e Rwo.

lolsm

lf an operatorT:W{'e (A) -+ W-^,q (O)is given by

(Tu,vl - f L o"(r,{(u))Dqv, i,v e w{'P(n),
tnrfr^

tben conditions [241), [,a3) imply that it is bounded, continuous and monotone [cf.
eg. Kinifa [13, pp. 25-26), Pascali and sburlan [14, pp. 274-275]. Since it is
continuous, it is maximal monotone. similarly, condition (,41), with.4 replaced by
8. implies that the operaror C : W{'p (n) --+ W-m,q (e) defined by

l a l  < m .

) .and



tl4l DHRUBA R. ADHIKART

(cu,vl= f  f  Bo(x,{(u))Dav, 1t,uew{,o(n),
'n 

6€^

is a bounded continuous mapping. we also know that conditions [,41), [A2) and

[,44J, with B in place of A everywhere, imply that the operator C is of type [S*J fct

Kittila lI3,p.27l).

We also consider a multifunctionH: Q x RN' -+ 2Rsuch that

(15) H(x,r) = l|(x,r), !t(x,r)]is measurable in x and u.s.c. in r,where

Q,tlt:Q x RNr -+ R are measurable functions; ,

(A6) lH(x,r) l  = maxfid(x ,r) l , l{(x,r) lJ < a(x) + c2lr la.e. on O x RNr and
a(.) € Ls(Q), cr) 0.

"Define C:W{'e (n) -+ 2w-n'e(o16,

(
Gu= lhew-^ 's(o)  

,  :  w E Lq (o)suchthatw(x)  e  H(x,u(x) )and(h,u)
' t f

= 
Jn*{r1v(x)for 

altv eW{,t(o)}

It is well-known that G is u.s.c and cornpaot with closed and convex values (cf. t9j,
p.254), and therefore is of qlass (P). We can now state (he following theorem.

Theorem 2. Assume thnt the operators T, c and G defined as above with r(0)=0,
C(0)=0. Assume, further, that the rest of the conditions of Theorem I are satisfiedfor
two balls Gr: Br(0) andG2 = Bn(O), where 0 ( q < r.Thenthe Dirichletboundary
value problem

(Au)(x) + (Bu)(x) + (Hu)(x)3 0, x € o,
(Dau)(x)  = g,  

.  x  e  0A,  la l  <m- 7,

has a Lweak" nonzero solutionu e Br(0) \ bq(0) c w{,p (o),which satisfies the
e q u a t i o n T u * C u * G u > 0 .

As noted earilier, the author and Kartsatos [] have established r,*,". results for densely
defined operators T and C in the context of the degree theories by Kartsatos and Skrypnik
I I 1 ]. In the light of recent degree theories for more general combinations of operatbrs, such
as ones in [2], the results of the paper may be extended. However, for rhe triplet ? + c + G

tn The

dcgree

IU

I2l

nu

F}
t{}

t5l-

[6]

w
pt

lrl

ttt

tul
I
I
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[cf.

tet,
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in Theorem 1, the ,exiqlence of nonzero solugons when the,homogeneity condition for
dgee o>l (p>2 for p-L.aplacian) still remains open.
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lbrc
lb prpose of this paper is to study some fixed point theorems of asymptotic

-firx in metric space.

blics subject classification: 47H10, 54H25.

Qtrrls Asymptotic contraction, cornmon fixed point, iterates, rateof convergence.

allqlrction
Ffrcdpointtheorydea1swithconditionsdescribingabehaviorofiteratesof
f fi; ln 1922, S. Banach [17] established a contraction mapping theorem in

" - F- ln 1930, R. Caccioppoli.[6] introduced the concept of asymptotic

-fb bod on Banach Contraction Principle. In 1962, E. Rakotch [6] probably

It fu frr the extension of milder form of Banach Contraction Principle for the

f rcorsnL|n|962 'D.w.BoydandJ.S.Wong[4]obta inedamoregenera1
;fh, h 1966. M. R. Taskovic [13] established some fixed point theorems on

||ilrF- Itr 2003, W.A Kirk [23] introduced an asymptotic version of Boyd -

EtFr.<im Sirrce then, many extensions of weaker forms including fixed point

bhbsrcsablished.
--dtb papcr is to present a brief survey work on some fixed point results

-ft;l-duioinmetricspace.

LFhrner

ts ll rrh fu bllowiirg adftntions.

brf- IItl A ab spe (X, d) satisfies the condition of TCS- convergence i/f :
Lf -lJ(f+I*tt)+0 as n-+@ implies that {T'x!,.* has aconvergent

-
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Definition 2. tt3l rhe setor(x): {x,Tx,Tzx,...) is cailed the orbit of x.
Definition 3- F 3l Afunction f : X -+ R is T-orbitally lower semicontinuous at the
point p tfffor all sequences { x,},.* such that x, ) p implies that

: 
f(p)sliminf,--.f(x,J, ,. ,ll :. : .

Definition 4. tl3l A mapping T : X -+ X is said to be orbitally continuous if (,x e X
are such that s is a cruster potnt of or' then T(f) is a cruster point of r(o7e)).
Definition s. t23l Let (x d) be a metric space. A mapping T: x -+ x is said to be
asymptotic co ntraction if,

d(T' x,T' y) 3 fi,(d(x, y)) for all x, y e X where

O,: [0,oo) -+ [0,m) and 0, -+ 0e <D (l)

uniformly on the range of d , where @ is the class of functions.
Definition 6. il51 A.function T: x + x on a rhetric space (x, d)is carted an
asymptotic contraction iffor each b> 0 there exists a.moduti r7b :(0,b1-+ (0,1) and
Bb :(0,blx(0,o) -+ N and thefollowing hold :

1- there exists a sequenie of functions {,:(O,oo)-+ (0,rc) such fhat for alr
x , !€X, for  a l l  e)0 andfor  a l l ,  neN,wehave

b 2 d(x, Y) ) e -+ d(T' x,T' y) 3 Q,@).d(x, y)
2. foreach.0 <t<b thefunction p! ::'pb(t,.) isamodurusof uniform

convergence for Q, on[], b], i.e.,

Va>0 vse[/,6] yni,n2 fi@Qf;$r:d,6)lse), uno
3. defining Q:=lim,*Q,,thenforeach e>0 wehavethat rybG)>0 and

{(s)+qb(e)<s for each s e [a,D],
where there is no arnbiguity, superscript 6 from the moduli eo , Fu are removed.

Definition 7- [lsJ Afunction Q from l},m) iito itsetf is cailed an L{unction f
0(0):0, 0$)> 0 for s e (0,o), andfor every .se (0"m) there exists 6 >0 such that
0Q)<s foral l  re[s,s+d]

Definition s: tlgl Lel (x,-d) be a metric space. Then, a mapping T onx is said to be an
asymptotic ionttraction of Meir-Keeler type (ACMK, r shi\ iytnu, i**ti ; ;;q;;;;"
{O,l offunttionsfrom [0,a) into itself satisfying tiuToUo*ing,

l. Iimsup,id,@)<e forall e)0,

L J

I

t J

'n

L

L
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l. tor each e > 0, there exists d > 0

t  e le  ,e  +d ] ,  and

) d(T'x,T'y) < d,(d(x,y)) for all

and v.e N such that Q" < e for all

n  e  N  a n d  x , y e X  w i t h x * y .

Ilcfinition 9. [20] Let (x, d) be a metric space. Then, o mapping T on x is said to be an
,s-,ntptotic contraction of final type (ACF, for short) if thefollowing hold.-

I limo-*sup{lim,-*supd(T'x,T'y: d(x,y)) < d} - 0,

I  foreach e>0 thereexists d>0 sucl i thatfor al l  x,y e X with

e  <d(x ,y )<e+6, thereex is ts  ye  N such tha t  d (T"x ,T 'y )<s .

i lor x, y€ X, with x * y ,there exits y e N such that d(T'x,T" y)< d(x,y).
j  t o r  x e X  a n d e > 0 ,  t h e r e e x i s t s  d > 0  a n d  y e N  s u c h t h a t

c < d ( T ' x , T ' x ) . e  - d  i m p l i e s  d ( 7 "  o T i x , T "  
" T i x ) ( e  f o r a l l  i , 7 e  N .

Dcfinition 10. [5] Let Q be the class of.functions Q: [0, oo) -+ [0, o) with the

Sr,,perlies

ri| / is the Lebesque - integrable on each interval [0, a) with a> 0,and

, . t ,  l . '  O{t)> 0 for each e > 0.

lc lX. d) be a metric space. Then, a mapping T on X is said to be an asymptotic
.-ontraction of integral Meir - Keeler type (ACIMK, for short) if there exists a sequence
:r. i of functions from f0,co) into itself satisfuing the following,

I  l imsup,--d,(e)<s foral l  e>0,

I  fo reach e>0 there-ex is tsa  d>0 and se  N suchtha t  Q,Q)<a fo ra l l

t  e f e , e + d ] , a n d

p d ( T n x , T n  y \  e d l x . ; l

3.  
J0 

'V( t )d t .d , (Jo ' ry( t )d t )  
fora l l  ne N and x,yeX wirh

.t = -r' where V eY .

-r  \ la in Theorems

.: .961. E. Rakotch obtained the following theorem.

fheorem l. [6J Let X be a complete metric space and suppose T: X -+ X satisfies
srI ' t r  l . r t .v))  <a(d(x, 'y))d(*,y) for each x,yeX where a:10,o) -+i0,1) zs
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::;:::::i:;*'* 
then r has a uniquefaed point x* and {r,xl converges to

*,J3",i;,?.y;iHia*;;.ynmr1j'A:ffi ,T're*."ra're,,',.,..,rra.,i.,
Theorem z-t4l 

!", & d) beaeompretemetricspace. 
Let T:x_+x beafunctionsatisfying d(rx,ry) < Qd6, y111 irX."n ,, ; ; i;;;; Q:p,*1__+ [0, oo) iuch thatQG)<t for atl t>a and 6 ,, uppur"*icontinuous 

from the right,.then T has aunique'fixed point x* for each x e X and {T'xl iorr"rg", to x, for each x e x .In this theorem, it is assumed that /' [b,*) - [0,-; tr'"00".**continuous from theright(i.e r, { r20 

.> 
limsup,-_0?i)<dtD.

In 1986, M.'R. Taskovii established the fotowing resurts in toporogicar space.
Theorem 3' tI3t 

*,!.,! !"::yoing of topotogicar space x:= (x, d) into itserf.wherex satisfies thL condrtron of TCs-'coirJrg"n"". suppor" tnoi n"o exbts a sequence of
:::;"7':;,;; : :;:::,ns 

{ a' (x' v)}.-*'"; ;;;;' 
"iii, rt -+ 0 and i pos itive

d(7, x,T, yj < q,(x, y) -forall n > m(x, y) 
e)and for al l  x,yex where d:Xx"lR *- 

l f  ,-d1r,Tr.) is a T_orbital ly

;1T'l?'J#";?;, 
impries o = b,rhen r has a unique nxed point { e x and,

As a localization of condition (2) of above theorenr, we have the forowing theorem.

I!,":;:#,0;r!::!,:;;,1,e ylyaynins of topotogicar space x:= (x, d) into itsetf where

:::#*;;j:jj"i:{,7'; ttr;,;,:::;:; ; x,,:r; :;;:: " itr #
, ^.*" 

d(Tnx,T'*ty)3a,(x,Tx) 
forall n> m(x)

and for every xex wh'ere d:xxx-+Ri.-If rr+ ot),ol is a T-orbiralry rowersemicont inuousorTisorb i ta l lycont inuousandd(a,b)=0impl iesa=b, thenThas

at least one fixed point in X.

In 2003, w.A. Kirk obtained a resurt which is asymptotic version of the Boyd andwong'The concept or uryrptot" *"#Jr,"ns is sugge.r.a ff one of the earriesr
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rcrsron of Banach's contraction principle attributed to Cacciopoli t16] whose result

6s€rrs that if X is a complete metric space then the Picard iterates of a mapping

T.X -+X conveiges to the unique fixed point of T provided for each n21 there

s\its a constant c, such that,

d(T 'x ,T 'y )<cd(x ,y )  x ,yeX w i th  i r , ' * .  (3 )

Theorem 5. t23l Let (X, d) be a complete metric space and suppose T : X -+ X is on

6-,'mptotic contractionfor which the mappings Q, in (l) are continuous. Assume also

thol some orbit of T is bounded. Then T has a unique fixed point z e X and moreover

rhe picard sequence {T'*}i=, converges to z for some x e X .

in 2004, J. Jachymski and I. Jozwik [0] extended and gave a constructive proof of

Krrk. They obtained a complete characterisation of asymptotic contraction on a

compact metric space. As a by-product, they have established a separation'theorem for
'.;coer semicontinuous functions satisfying some iimit conditions with suitable example.

Theorem 6. fl01 Asume that (X,d) is complete metric space and T is a continuous

,elfmap of X. Then, thefollowing statements are equivalent:

l. T is an asymptotic contraction;

2. the core I' '.= A,.NT" (X ) is a sigleton;

3. T is an asymptotic Qo contraction, where do|) r:0 for all I e R

4. T is a Banach contraction under some metric equivalent to d.

lr 1004, Y-Z Chen proved the theorem of Kirk under weaker assumptions without the

;se of ultrafilter methods. Kirk's paper assumes the continuity for Q and all Q,,but

('hen assumes the upper semicontinuity of Q and one of the Q,' s which is weaker and

easier to check.

Theorem 7. [24J Suppose that (X, d) is a complete metric space and suppose

T: X --> X such that,

d(T'x,T'y) < d,(d(x,y)) for all x,y e X where Q, :10,oo) -+ [0,co),

and Q, -+ 0 uniformly on any bounded interval [0, b]. Suppose that A is an

;cpersemicontinuous and QQ) < t for t > 0 . Furthermore, suppose there exists a

positive integer n* such that Q,_ is uppersemicontinuous and Q,_(0) 
: 0 . If there exists

r. e X which has a bounded orbit

t-rxed point x. e X such that

O(x):  \xo,Txo,Tzxo,. . . |  then T has a unique

l imn-nT" x:  x* Yx e X .

I
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ln2004;P. Grerhardy.[r5] using techniques from proof mining, developed a
yriant of the notion of asymptotic contraction and establisheO a quantitative version of
tle 

:one.sp.onding 
fixed point theorem. Using techniques from proof mining as

developed in 122, 2ll, he first derived a suitable generalization of th".notioi of
asymptotic contractivity and subsequently established an elementary proof of Kirk,s
fixed point theorem providing an explicit rate of convergence (to-ttre unique fixed
point) for sequences {T'x) .

In detail, he has shown that ,

l. the rate of convergence only depends on the starting point x via a bound on the
iteration sequence {T'*I ,

2. therate of convergence only depends on the function Z via suitable moduli
' ' expressing its asymptotic contfactivity, ahd

3. only the continuity of i' is necessaryto prove the.existence.of a unique fixed

. poin!, whiie the convergence to such a n*ea poini can be proved without the
continuitv of f

Ih.:.r.y 
s. 

{rrl !", 
(x, d) be a mzetric spricr, ut r be an dsymptotic contrac4joi and

Iet b > 0 and r7, p are given. Assume that T has a unique fixed point z. Then /or every
e > 0  a n d e v e r y  x o e X  s . t .  { x , l  i s b o u n d e d b y b a n d  d ( x , , 2 ) < b y n j . o n  m < M
.r. t

d(x^,2) ( e, where

M(rt, f ,e,b) =' tr.f 1@--!.-3/.' -11, t, : prf$l. 5 : 
qG-)'e

Is(I-Yl 2 '  
4

z

Theorem 9. []5J Let (x, d) be a complete metric space, Iet T be ci.continuous
asymptotic contraction and let b>0 and.ry, f be given. Iffor some xoeX the

sequence {x,} is boundedby b thenThas auniquefixedpoint z, {r,) converges to
z andfor every a> 0 there exists an m< M s.t. d(x.,2) < e, where M is as in above
Theorem
In2006; T. Suzuki U9l introduced the notion of asymptotic contraction of Meir-Keeler
type and established a fxed point thebrem for such contractions which is generalization l
of fixed point theorems of Meir-Keleer [] and Kirk [23]. Also, T. Suzuki has used the
charactenzation bf Meir- Keeler contraction proved Uy fim tf gj

Theorem 10. tlgl Let (x, d) be a complete metric space. Let T be an ACMK on x.
Assume that Tk is continuous .for some fr e N . Then, there exists a unique fixed-point
z e X . Moreover, we have lim,Tn x: z for all x e'X .

t
I
I

T



ASTUDY ON FIXED POINT THEOREMS OF ASYMPTOTIC CONTRACTIONS [23]

b !m7. T. Suzuki introduced a more generalized notion of asymptotic. contraction of

hl qpc (ACF,for short) and e.stablished fixed point thqorems fgr suchconfracligns

tbcr ll. [20J Let T be anACMK on a metric space (X, d)' Then, T ii an ACF.

lbcr 12. t20l Let (X, d) be a complete metric space and let T be an ACF on X.

b fu thefollowing holds

{ t e X and lim,T'u: u, then ll e N such that Tuv = v.

fb' kc cxists a unique fixed point z e X of T. Moreover, we have lim,T"x:b

Sbcru l ' re  ; - .

fbc 13. t20l Let (X, d) be a complete metic space and let T be an ACF on'X.

* fu T' b continuous for some / e N. Then; there exists a unique.fixed point

se f dT- Itoreover limnT'x: z holds for every x e X.

fu 2007, M. Arav, F. E: Castillo Santos, S. Reich, and A. J.Zaslavski provided

ft cqrdition for ihe iterates of an asymptotic,contraction on a complete metric

p:l X !o converge to its unique fixed.point uniformly on each bounded subset of X.

lly qloved the theorem of Chen [24] and estabjished more general result,'

tbcr 11. l2l  Let x*eX beaf ixedpointof T:X -+X.Assumethat

dlT' x.x.) t fi,(d(x,x.)) V.r e X and ali natural numbers n, where

f, :[Or) -r [0,co) and Q, 
-+ 

/ uniformlf on any bounded interval [0, b]. Suppose that

) Sa r4persemicontinuous and QQ)</ for />0 then.limn--Tox:x-, uniformly

rd bounded subse: c; \.

fkla 15. Let T: X -+ X such that

d(T' x,T' y) < {)(d(t, y))

- rll x.r'eX and all the natural numbers n, where Q,:10,a)-+[0'm) and

3-). 
-- 

l. uniformly on any bounded interval [0, b]. Suppose that 0 is

1l+rcmicsntinuous and that OQ) <r for all / > 0 . Furtherrnore, suppose that there

Gr5, r pooitive integer n. such that Q,- is uppersanicontinuous and $,.(0) 
- 0. tt

bc crists .ro e X at which it has a bounded orbit, then T has a unique fixed point

A € ,f and 116,-- ?" 
n 
x - x*, uniformly on each bounded subset of X.

b i@7- l. D. Arandelovic [9] established a fixed point theorem of Kirk's type unifying

d g3rrralizing the results of Jachymski and Jozwik [10], W.A. Kirk [23], and Chen

txl
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.Theorem L6. [9J Let (X,d) be a complete metric space,.T : X -) X continuous

function and (Q) sequence of functions such that Q, :10,e) -+ [0, oo) and for each

x , y e x

d (T i x,T t y) < d,(d (x, y)).

Assume also that there exists uppersemicontinuous function Q:f},m) +[0,oo) such

that for trty r > 0, we have 0?) < r,V(0): 0 and d, + V uniformly on any bounded

interval [0, b]. If one of the following conditions is satisfied:
1. there exists x e X such thatthe orbit ofT at x is bounded: or

2. lim,-*(t -0@) ) 0, or;

3. ti*,-*Oqt) .l
t

. then T has a unique fixcd point y e X and all sequences of Picard iterates

defined by T converges to y, uniformly on each bounded subset of X.

7n 2007, the results established by E. M. Briseid [7] are based on the analysis of Kirk's

fixed point theorem for asymptotic conhactions given by Gerhardy. He had proved

fixed point theorems on asymptotic contractions which give an explicit rate of

convergence to the fixed point for any sequence {2".r} without assuming that T is

nonexpansive. This amounts to a fully effective version of Kirk's theorem on

asymptotic contractions with an elementary proof. The rate of convergence depends on

the space, the mapping and the starting point through a bound on the iteration sequence

and some moduli for the mapping appearing as parameters, but is otherwise fully

uniform. A weaker result is guaranteed by nowl application of the logical metatheorem

due to Kohlenbach [22] n the case where function is also non expansive through a rate

of proximity. As a by product of the uniformity feature of the analysis, he also obtained

characterization of asymptotic contractions in the sense of Kirk on nonempty, bounded,

complete metric spaoes, obtaining that they re txactly the mappings for which every

Picard iteration sequ€nce sonverges to the same point with a rate of convergence which
is uniform in the starting point.

In2007,ICP.R Sastry, G.V.R. Babu, S. Ismail and M. Balaiah [11] established a fixed
point theorern with hypottresis slightly different from that of Chen [[24], TheoremZ.2l.

In 2011, B. D. Rauhani and J. Love [3] introduced the weaker condition

Iiminf,--d(x,T'x)=0 for some .r in X, and proved that this condition implies the

existence of a fixed point and the convergence of the Picard iterates to this fxed point.

Theorem 19. Let (X, d) be a complete metric space. Let T: X -+ X such that

d(T'x,T'y)<d,(d(x,y))  for al l  x,yeX where ( , :10,m)-+10,rc) and Q,-+ry

t

;,

t
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ASTUDY ON FrXED pOrNT THEOREMS OF ASYMPTOTTC CONTRACTIONS [25]

r*;rr,h on ony bounded interval t0, bl. Suppose that Q is uppersemicontinuous and

ttl'I for t>A ond assume that there is a positive integer n* such that Q,- is

rlrtnrtantcontinuous and Q,*(0):0 If liminf,-*d(x,T'x):0, then T has a unique

fuli Vtrnt x e X ,and we havelim,-*Tn y: x for all y e X.

in 2012, E. C.anzoneri and P. Vetro introduced the notion of asymptotic
itrrt?-r:ron of integral Meir-Keeler type on a metric space and proved a theorem which
cr-r6 c.\rstence and uniqueness of fxed points for such contractions.

tLrrm 20. tsl Let (X, d) be a complete metric space and T be an ACIMK on X.

l,r.: c rhrzr Tr' is con.tinuous for some lrt e N . Then there exists a unique fixed point

; + .1. .ltore'over, we have litnn--T'x: z .fur oll x e X.

lrr';t' On the basis of the above thecirems, we can observe that weaker forms of
irr!-c:!re conditions for the existence and uniqueness of fixed point are rapidly being
{Frr-r-:eti The condition of mappings to be continuous is necessary for the existence
oc irec :oint but not for the convergence to such a fixed point. The rate of
iLrlcgencc depcnds upon the space, mapping and the starting point through a bound
cc ::e:rtlon sequellce. The notion of asymptotic contraction has been developed
bsr--cs Ro.vd- Wong type and Mt:ir -Keeler type conditions with suitable applications
t =c o: convergence.
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fbrc
fb dobal regularity problem concerning three dimensional Boussinesq equations

- rn outstanding open problem in fluid dynamics. The regularity of the weak

ifuj for three dimensional Boussinesq equations is studied in this paper. We prove
' f

- il 
f,ttd,,ttslll4"ds<m, 

then the solution to three dimensional Boussinesq

+inscan be extended in [0,T+e).

Sarics Subject Classification: 35Q35, 35835, 35865, 76D03.

It rrds and phrases; . 3D Boussinesq equations, global, regularity.

L Introduction

Tb sudy of fluid dynamics is of great interest from both the mathematical as well as

rb physical point of view. A number of mathematical models. have been ploposed to

Gcribc the natural phenomena like atmospheric & oceanic flows, geophysical flows,

rd electrically conducting flows. Boussinesq system of equations is widely used to

Ddcl large scale atmospheric & oceanic flows such as tornadoes, cyclones, and

hrricanes. It describes the dynamics of fluid under the influence of gravitational

brce. This system is one of the well known models that describe the geophysical

flora as well as other astrophysical situations where the stratification of the medium

rd the rotation of the earth plays a dominant role.
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The paper is concerned with a regularity criterion for the weak solution todhe. three
dimensional Boussinesq equations. The three dimensional Boussinesq equations can
be written as:

( l - 1 )

where x€ IR3, t>0, u=(u,ur,ur)is the velocity f ield, 0=0(x,t)the scalar

temperature, p(x,t)the pressure, lt>Ois the kinernatic viscosity, ft>Othe thermal

diffusivity, and { = (0.0,1)r . For simplicity, we consider lt = k =1,.

When 0=0 in (1.1), then this sysrcm reduces to the Navier-Stokes Equations. The
global regularity or finite time singularity for the tfu€edimensional Navier-Stokes
equations is the most challenging open problem.

In fluid dynamics l22l.Infact, this is one millio doltar prize problem announced by
Clay Mathematics Institute [a]. Various efforts have been made by mathematicians,
physicists, and engineers, but the mystery is sti[ tlse- For two dimensional Boussinesq
equations with full dissipation and tbml difrrsbo" rhc global (in time) regularity
have been established- Therc are nnrrFfir't Fpcrs regarding the global regularity of
two-dimensional boussinesq Equatim (13,7.9. 10, I I, 12, 13, 15,17,18,20,21j and
references therein). However, the glotel rcgphrlty issrc for three dimensional
Boussineq Equations is an ornrrnfingqca @lem- Therc have been numerous
papers related to 3D Navier-Stm&cropitr &u dE regularity criterion. Recently
Cao and Titi found ne rquhrityqitlb i:rr rb one component of the velocity
gradient t8l. The natrral qpctrb b fu crrrim of this result to the 3D Boussinesq
equations. Wift &is molurif G dt ft tcA&rity issues of the three dimensional
Boussisesq Equatim.

For three Airmtmri nrt1ft'r, l$imra and Morimoto [19] proved the
following Bale-Kaotleih typ q$y ctirin.

vue tJ(O,T;fl

In [23], the authors Forrcd b qtiy crirdon for weak solution to the 3D
Boussinesq equations. Mce puidyt frin to l.l can be exfended beyond't=T

provided tt.t lr ' i l u,ll l,were 
|$ttn 

a>3.

la,u 
+ (u.Y)u - pLu -v p + be,,

)d,e+9.v10= 
KL?,

J V . z = 0 ,

fu (r, 0) = uo(x), 0(x,O) : Oo(x),
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b ti3 Fper, we follow the method of Cao and Titi t8l. They proved the regularity

fr for 3D Navier-Stokes equations. Here we apply their results to 3D Boussinesq

#ors and prove the same regularity condition. In fact, this is a simple observation
j}i rcsllt- Since the Boussinesq Equations have the thermal diffusivity,'which is

1! L )iavier-Stokes equations. In order to apply the result in [8] for 3D boussinesq

*e need to bound the terms involving thermal diffusivity. More precisely,
!ffip t following theorem.

thrr1l Let(uo,g) e H'(R3),y. Ltu=0. Let(u,')be the weak solutionto the

quations. LetT >0,if

o=f  t f  3 ,u , (s )  l lP ,ds<* ,
(r.2)

3 2 a + 3
> l  t <B<*  and ; -Vs  

z ;

EOanbe extendedto the time interval [0,2+e) for sorne e>0.

afrffnery

Efm this paper, the following notations will be used.

o C is a harmless constant which may have different values in different

s.
. For cvery p e [1, oo] , 11 . llro ot ll . | 1,, denotes the norm in the lrbesgue Space

E.

. d; =!,a?,f  =  ̂ d '{  .  i=L,2,3and j  =1,2,3.
d4 oxictx j

,rD Yrr=(0,u,drn,0) and Y ru=d?p+d?rru.

Eb Zl (LP space). For I < p S *, Lo (R" ) is the space of functions such that

l-.

( L

| (l .lu6,r f ar); if r1 p 1-.,
lrl rr= llr lf = J \Jn

["s"sup_*. lrl{",r), if p =*,

three
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Definition 2.2 (Sobolev Space). kt elc IRd &e an open set, for integer k.> 0 and

13 p 2 -. The Sobolev space W 
k'o 

7C.) consists of the function f e U (A) that have, weak

derivatives n" i . U @) of all orders l"l= n.The norm is defined as

I I

l /s  lD" f l t j , * , ) ;  i f  r1  p1* ,
l l " f  l l  * * , , " ,= { \z : la l< t " -  

r  t tLP(dL\ l  - r

I

| 
-u*,a=n ll D" f l lr-,n, if p=* 

:

When p =2 we write Wk'z = Hk .

Deftnition 23 (Hk - norm) For any k e IR, the Hk - norm is equivalently defined

l l , f t l"-=J ,(r*lf l) ' l i<etl '  a6

Definition2.4(Weaksolution).Apatr (u,0) iscalledaweak..solutionof (l.l)with

ao e f (R') ,.00e IJ nf (R3) Y.uo=0 for T >0 providedthat(u,O)satisfies

( I  )  (u,  0) e I |  (0,7; r  ( lR3 ) n I ]  (0,T ;  H'  (Rt )) ,  0 e I l  (0,7 ; l  n r-  (R. '? )  )  with '

Y .u. = 0 in the sense of distribution.

(2) u and 0 satisfy equation ( 1.1) in the sense of distribution.

(3) the energy inequality

|u(t) l f  +j ; l l  v,(r) l l l  dr<l luou; * j ,  j - ,  eTdxdr

l l0( t )18+j r f f  v  e( r ) lE dr l l l Io l f .  forat t  t<7.  .

We would like to recall some lemmas (see [8] and [6] for details)

Lemma 2.5. For every 2 < r <3,we have the following inequalities

r-L r-2 I  . l  I

[n ofvir<cllQtf I r n;l lwll, l lo',Qll l l la,/ l l t lQ,f l l : Q.L)

r - t , - ; = r r

l o,o f va*.= c n o rf r f tL; u v ll,ll d,Q lll, l l a, / l tr l l a, f w

r-l r-2 ,* I t

l^.Qf va* < c ll olv tt f ll,; ltv tl ,lla,Q tt1 ll a,/ n;lta,r n:
, N J  -

(2.2)

{2-3)
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We will apply the first inequality for , -3a-2 .
d

In order to prove the main theorem, we need the global L2-bound. More precisely, we prove

the following lemma.

Lemrna 2.6. Let (u,0) be a smooth solution of ( I .l ) then

U 0 ll U <ll eo ll p, for any p e [1, oo] (2.4)

l lulg +zlollvrll l <fl uo l[ +lleouD'1 Q.s)

forany f  )0.

Proof. Multiplying the second equation of (l.l) Ay elel'o-', integrating in space and

we obtain

integrating by parts, we obtain 
p_z

l le@l l l  +pe-r l j . t tv  7 le l '  (c) l l l  dr  =|eoi l 'o

Since, 
!*^{u.v)e.elill'"-'dr= 

0by divergence free condition. we immediately get

'  l l0( t )  l l r< l ldo l lo  te f l ,T l ,pe [1 , - )

At p - -by maximum principle l lB(t) lL<l ldo lL.

To prove the second inequality, multiplying the first equation by u, integrating in space,

|*uuB 
+nvutE <uer,uutL

< ( ldo l l i  +ttut| l

.Therefore, by Gronwall's inequality we 

"obtain 

the desired bound,

'1 , 16 +1., tl v ulfi ds < K(t).

3. ProofoftheTheorem

It is well known that there exists a unique Jocal strong solution to 3D Boussinesq

equations..For (u;,O)e I/rwith Yio-0, the week solution is the same as the

strong solution in short interval Q,D.lt we can find a priori uniform F11- bound in

(0,7) for the strong solution with the regularity condition of our main theorem then

the solution be extended by a standard process. Thus the main theorem is reduced

to establish the unifbrm F11- bound for such strong solution.

Proof. Multiplying the first equation of (l.l) by -L'ru and the second equation of

(1.1) by -A,^0 and integrating with respect to space variable yields.
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1 /"1

iho,v  ou l |  + l lY,7 t f  l+ t t lY  oY, lE + l lY,v  01f ;1=

lru.v>" . th"dx- [ o 7, . a^oud,

* I@ 
..v)o . Loodx = /, + lz+ 13

The following bound for(Ir) can be found in [8].

t, = 
! {u.Y)u.Loudx= I il-, d,u d,uod,uodx

? 7 

l ' l=l i=l

= I tl., ld,udruo},uo +d,urdruod,uo 44,urdruod,uofdx
&=l i=l

2  2 -

= i i l-, fd,u d,u od,u r + d,u rd ru od,u ol dx +fo, [E,u, d, r.a,u, + d,u d,u rd,urldx +
t=l  i=l

a )

I I I-. fd,urd ru rd,u of d x
l=l i=l

= / t ,  *  In+  IB
qbarlY

lr,,l + lr,, | < cfo, lr, I lv v ̂ ullv ulax

t, = 
* *!,ld,ud,urd,ur 

+ d,ud,ud,u,Px

= 
lu, t {E,,r., ) 

3 + ld rur)3 + ( td,r, )' + (?ru, )2 ) (d,u, + d ru r)dx

< fo,lr,llvv ^ullvulax
In above inequality we apply divergence free conditiondrur+drur=-d.pt'

Collecting all inequalities, we obtain

I,< cJ ,lr'llvv oullvlax

Since, a > 3, so r.T< 3. we can use (2.1) with Q =Vrl, f =lv ul,v= lvrv,, I

and r =y2and Holder's inequality, we obtain
d

z(a-t) =+ l!u), , o -L-

It SCllurtrr*. tt d,url*- ' l lvult3"-z)l ld'rYull j '"-t ' l ldrYul$3"-2)llvY oull
d a - Z a l

tC l lu , l l i l lE ,u ,  tL  l lv " lb ' l lE ,vz lY '  * * l lvv  ou l$  .

\t

Fn

Cor

t:
2 d ,

Intel

Multi

integ

l d

2 d t

t can

i r I
t2 and
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< c l l  E,r, l7l l lv u lF 1a,v, t1l * ) l lvv,u l l l

We can bound Iz and, Isin the following way. 
-

t, = 
! e7,l,ru = -[v ^e.y ,u <llv ,0 lE + lly ,,u lf.

From dequation we get
I t

r, = J , [{r.v )o)A^hedx = -; Lt .,d *u,a ,fi *e

= 
**f, 

diou,or-r. 
*E [,,d ou,aioe

<ll 0 l l  r l l  Y Y o u l l s l l  Y,, 0 lL + l l e l l  ̂l l  Y nu l l L, l l  v v he l l L.

<.c l lv h0ll ;  +c l lv orlf t  *| l loo,ulfu *i l lvv heli  .

Combining above estimates we get

1 d -

t  
" l lY  

ou l |  + l lY  o7 l f  ]+ ;1  Y  ,Yu l$  + l l v  nv  7 l f

<cl ld,u, tWrUort t t1 l ld,va 19,  +c( i l ty  o l l f  +v nul f )
Integrating and appiying Holder's inequality

[ l l  v,u l f  +l lv,erB].J. (rr Y oY ulf+ l l  v,ve l l i  )

<1v,ao tf  +l lv,019 +c(f"t ta,u,t#to,$) ( j ;rro, , i l r :"
\ " "  )

Multiply the first equation of l.l by -A,u and the second equation by -Ad and

integrationbyparts, X(r)=llVu(t)lE+llV0lf andY(t)=llAulf +lLellr ' ,weobtain

L !- x ol + y (t\ = | . u.Y u.Ludx - | . fue".Nd.x + | . u.v 0.L0dx
2 dt JR' JRi '  JR'

=  J r + J r + J ,

/1 can be bounded as (see,[8J), 
r

l.r,l sC llY oul;llvulgllv,vul;lA" ttt
Jz and J3 canbe bonded as :

4(a-l) 2a

IC ll r, lL"-' ll d ru, llt-' llV u lfi + ell Lu lfi
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I t , l  < c l l  vulE +i leg

ll,l = 
[up,frindx = -J;,drud,fro0=!*,d*r,e,a,o

Slal l"" l lvulbl l rci l r<Cllvu l f  +. l l  ne$sCllVul[2 ,e r1r;
. Combining all above inequalities, we obtain

l d  1  4 @ - t )  . 2 a

zi 
x Al + y (t) slly ou lbllv " U; *c ll r, lha llE,r, lFf, I vr l[2 -

c( l lvul f  +yvelb+cl lvulS +e r( r ) .
l d  I  :  2 o

t;X(t)+Y(r) 
< c;lv,uliiivull.lllV,Vz ll,ll vulf, +Cltd,q lfil;vrl?: +cC vr l.: +l vsl[2

Integrating

x1t1+['t1tyt

r t l l
<cjrf f  vnul[r l lvuEttv^vul l l l tugas+c[ ' l ld,ur l f t i lv, . t f  ds+C(.,v,6,. ,+ tveo$

= R ' + & + & .

The rest of the calculation is exactly the same as in the paper of c-ao and riti (see Isl).
The difference here is the term involving d, which *e tra"e shown in./1, and fr. finaffy
we get (detail see [8]).

x 1t1 + [ rv 1t1 ds < C ql v uo lf + ll v eo g +c !' a,,4 WZ ll v u lf ds

L€t B= 
4o=. 

clearly p satisfies rhe condition of the main theorem. Thusd - 3

l.tta,r, lfds <u implies x (t) < -. Thus (u,0)canbeextended smoothly beyond r> 0.
This completes the proof.
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Abstract

The aim of this paper is to introduce and study a new ciasss(X, (f, l l . l l ), @,'t, u)

of normed space Y- valucd functions using Orlicz functionQas a generalization of

some of the wellknown sequence spaces and function spaces. Besides the investigation

of linear space structures of the class S (X, (Y, ll . ll ), Q, y, u, It4), otn primarily

interest is to explore the conditions pertaining the containment relation of the class S

(X, (Y, ll . ll ),O , T, u) in terms of different landaso that such a class of functions is

contained in or equal to another class of similar nature.

Key words:Orl icz Funct ion. Orl icz Scquence Space. Sol id Space
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1. Introduction

Lindenstrauss and Tzafin [9] used the idea of Orlicz function O to construct the

sequence space /6 of scalars (xr) such thaf

I
l . q= f x= (x1 )e { r )

t
The space 16 with the norm

i *'E ) .- ,o, ,o,n" .t o1
t Z - t  

\ r '  
)



[38]

{  *  / r * . r \  I'  t o l  - s l <  t  Il l x l l o= in f l r>0 :  a  - \  r  /  |
I  l c = i  J

becomes a Banach space which is called an orlicz-sequence space'The space/eis

closely related to the space l;which is an Orlicz sequence space with

'  O  @ ) = f  : l 3 P < * '

We recall [8] that an Orlicz function is. a function O

continuous, non decreasing and convex wrtn

O (0) = 0, @ (x) > b for i> 0' and o ("r) -+- as -r-) @'

An Orlicz function Ocan be represented in;he following integral form

o (x) = IO qQ) at

where q, known as the kemel of O' is right-differentiable for r

> 0 for > 0, qis non decreasing, and q(r) -+oo aS 1-,;"" (See,

Rutickii, [8]). Note that an Orlicz function is always unbounded'
r\ulrwNr' Lvrl '  ^ '--- 

condit ion for al l  values of ' '

An Orlicz function @ is said to satisfy A2 - t

constantK> 0 such that

A QD <I( O (t) , for all r2 0'

The Az-condition is equivalent to the satisfaction of inequality

o( Lt) 3K La(t)

fo ra l l va luesof t fo rwh ichL>1 ' (see 'Krasnose l ' sk i iandRut ick i i ' t8 ] ) .

A s i m p l e e x a m p l e o f a n o r l i o z f u n c t i o n w h i c h s a t i s f i e s t h e A z - c o n d i t i o n f o r a l l

vahies of r is

O  ( / )  = a l r  l o ( a >  1 ) '  s i n c e  O ( 2 t ) = a 2 o l t l "  = 2 " O ( t ) '

Subsequent ly,BasarivandAltundag[1] 'BhardwajandBala[2] 'Chen[3] 'Ghosh

and Srivastava [4], Kamthan and Gupta [5], Khan [6], Kolk [7], Parashar and

Choudhary[18],RaoandSubremanina.[19],Raoa.ndRent20' ] ,savasandPatterson

[21] , Srivastava and Pahari 122'23'241'unj *uny othershave been introduced and

studiedthealgebraicandtopologicalpropertiesofvariousSequencespacesusing

orlicz function as a generali zationof several well known sequence spaces'

Conespondingtothedef ini t iononVectorvaluedsequences,see[5],wenowintroduce

the foliowing definitions on normed space valued function spaces'

: [ 0,o) -; [ O,cc) which is

> 0, q(0) = 0, q(t)

Krasnosel'skii and

if there exists a

NARAYAN PRASAD PAHARI



Some Topological Properties of Certain Normed Space Valued Function Space

Defined by Orlicz Function[39]

I-et(Y,ll.l l) be a normed space and S(Y) ={ Q: X + I} with topology 5 . ThenS(I1) is

called solid if|e S(Y) and scalars a(x), xe X such that lc(x) | S 1 , xe X implies

ct(.r) 0(x) € S(11.

2. The Claises S (X, ( f , l l .  l l  ) ,  O, y,  z) and S (X, (y,  l l .  l l  ) ,  Q,^{,u,  M) of

Normed Space Valued Functions

Let X be an arbitrary non empty set (not necessarily countable) and f (E be the

collection of all finite subsets of X directed b1 inclusion relation. Let (Y, ll .l l ) be a

normed space over the field of complex number C. L.et u and l be any functions on

X-+R*, tfte set of positive real numbers, and

(* (X, R.) = {  u .  X--;R'such that sup.rr( .r)<e}.

Furlher,  we wri te y,  p for funct ions on .X+C \ i0).  and thc col lect ion of al l  such

f u n c t i o n s w i l l b e d e n o t e d b y s ( X , C \ { 0 } l . F o r r r e  r . ( - Y , R - )  . \ \ ' e d e n o t e  M  = m a x { 1 ,

sr,rp, a(x) ).

We now introduce the foliorving new class of Banach space' l '- valued functions using

Orliczfunction Q:

.S (X, (f, l l .l l ), O, \, u, fuf) = {O : X -+ )': for strriic t.> 0.

s u D  (  l l v  ( x \ o ( . r )  I l ' ' ' ' ! t ,

, . x @ \ - T , t * ,  
; l  l t

and its subclass

S (X, (y,  l l . l l  ) ,  O, y,  u,  lut)  = {o: X -+ } ' :  fcrr  ercry 'r> 0.

t )  ) \

Bcsides studying the classes (2. I ) and (2.2 ) . n c also de al the following class of

normed space - f valued functions

S (X, (y,  l l . l l  ) ,  O, T, u) = {o :  X -+ X: for some > 0,

suD ( l l  v tx l  o(.r)  l l " ' ' '  \
.  x . to i .  ) . * j .  

(2 .3 )

Furtherwhen y:X-+C \  {O} ' is afunct ion such that{x) = I  foral l "r , then S(X (y,  l l . l l

),O, y, a) will be denoted by .S (X, (y, ll. l l ),A, u) and when u: X-+R* is a function

such that u(x) = I for all x, thcn

suD /  l l  v  r . r l  o( . t )  i ' " '  '  r /  \

, .  X O [ - -  ,  ) t *  
|
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S (X, (f, ll .ll ),O, T, 4) will be denoted by S (X' (Y' ll '

A6tually, these classes are the generalizations ofthe

rn"*t, tr"Uied in Pahari [10'11'12'13 '14'15'16'17]'

unA fl*uti et at' l25l using norm'

|; #Tl.j:I: shall investisare some resutrs thar characterize the linear space

structureofS(X,(y, l l ' l l ) '6'Y'ur ' lu[)ofnormedspaceY-valuedfunctions'Besidethis'

we shall explore tr,e coniition, io ,"r*, of oim"r"nt a and 1so that a class s (x' (r' ll '

| l ) , o ,T ,a ) i scon ta ined ino requa l toano the rs im i l a rc lassand the rebyder i ve the

l l ),i0,1)-

familiar sa{uence and function

Srivastava and Pahari W'23'24)

conditions of their equalitY'

n*T'flfi L:Hily,t*"to,, o r the cr as s *": T ::]t" : ';::T'ililHi'
:i,.,T;il5i'li'11iJrT,l;;" r*;;;; "n"".i"i'] 

e 'ror runctions o' v and scarar

(0 + V) (x) ={(x) + tY(x)

(s,0)(x)=cr9(x)' xeX'

Moreover,weshalldenotethezeroelernentortt,i,spaceby.0bywhichweshallmean

cf,,

and

I
I

the functton

0 :2.-+f such that 0(x) = 0' for all x eX'

We shall also frequently use the notations

' 
M= 'op'u(t) and for scalar o' A [a] = max (l' lal)' 

r -r^+j^*r

Butwhenthefunctionsa(x)andv(x)occur,thentodist inguishMweusethenotauons

M(n)'and M(v) resPectivelY'

Theorem 3-1:S(X, (y, ll 'lt )' @' T' a' M) forms a

numbersC with respect to the pointwise vector

Proof: Suppose q, V € S (X' (y' ll ' ll )' O' y' u'ItI)' 11> 0 and r2> O are associated

*t* O 
"JV 

respectively and.g'' peC' Then
'rrp 

I 
tlt(t) o(t) ll '(')'").."

xe X*\  11 )

We nowchoose r suchthat 2 nAlaf< r

non decreasing and convex properties of @

linear sPace over the field comPlex

operationS.

and 2rzA tF l  
(  r '  Forsuch r '  us lng

we have

I
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.K.(w)
i1,rl1 i rtvt l oo i'lrt * rtr t'l sv("1 ttt ty)

,^ 
- 

)!o**i'"-ttttu:l 
. *j19* )

. 
rrrl 

*,*|Y ll y (.r) o(x) trlut,'r u . ryli 1t-r) ,ptt) tl"'*""1

:i;d 4F tlv(x) o(x) llrrtrvrl.+ iiY(.r) v(;) ll"r^v'ral

, :**'r*l i  
v (-r) o(x) If ' trvrrr * 

*""'( 
r) v(r) 

l '" ::)

, i:i +"ar*ryll:) . l.:? .i -L"1--)' -

This implies that oo + Frir'S (X' (y' l l ' i l )' O' Y' rr)and so 5 (X' (Y' ll D.a,v, u,M)

forms a linear sPace sver C '

Theorem 3.2: Il '<P -sarisfies the A2 <ondition' thcn

S (X, (y,  l l ' l l  ) '  O'  1 '  t r ' iv[ ' l  = (  rX'  (  ]"  "  ; :  r '  @' T'  a '&0'

Proof:It sr-rffices to show that 5 (X' t)" :' O' 7' u'M) is a subspace of

S (X, (f, l l. l l )' @' ̂ t ' u'M) ' since the revene incltrsion is always true'

' 
Let Qe S (X, (y, ll ' l l )' O' ̂ t ' u'M)' p 0 be ir\\ociated with o 

"then 
we have

, rp a(t l  
y t* l  ot" t  t l ' l l ' i  

i  
]  

""0 
hence @, 

Y (  t )  o l r )  l l " ' ' " "  ' ' * '

xe X* \  r

[-et us consider an arbitrary r'> 0'

If r3 11, then by non decreasing ptop::{ oi O;

,1u: tr / l f  1 /  i l  Y (.r) O(x) l i ' ( t) /M )/  l lY ( r )o ( r )  r r  ' <O t tT  
t*r. r \  /  \

tuP ,( ll Y (x) o(x

and hence ,= 
'X 

a\- 11
sup ̂ (  l lY(x) o(x) l l ' ' ' ) /^t \  .  

t l t {

l =  . .  x o r

.  ,  ' , r ( , r ) /M\
f ll y (x) q(x) rl l<""

) - '

shows thatde S (X, (y, ll ' ll ), O' y' u'M)'

r , .Since O satisfies A2 -condition' There

On the other hand, if r>rt' then put s = 
? 

I

exists a constant K> 0 such that

w'e have
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t42]l

*;;ll'.,;rJ;: 
.*::::":*n s (x' (v' r rr) Q'Y u'vr)'

forrns a linear spdce over C'

Proof: The proof immediately 
follows from the consequence 

of Theorems 3.|,3.2.

rheorem 3.4: , o, ,r, rr 'u )' o' -.1:?':;:::"r*"d with Q 'rhen we have

lroottt-"t Qe S (X' (y' ll'll) 'a^'\'u'y"':7;U;;ry.*

jjo*'\,-

Now,r;;:ffif't{
; :xa( : '  i1 t  .qr""  ieJ:r ,6,1, , ,  M) is

This shows that oQe S(X' (y' ll 'll)' O' \' u' M ) and'hence ':v

sorid. 
:- 

""."**r, 
we shau deal with the ciass, 

" 
j $;\l'l ;:I"1": i] :1

h the forthcoming 
Theorerns' *11:t1, 

differbnt u and T sr

investi gate the clnditio"t ii- 
tT:. 

:-: 
or t rwr ""'

equal to another class of similar nature'

Theorem '''*'l,.t 
x-R*' ue/-(X'Rl 

and 1e ' (X' C\t0l)' then

S(X,(y' ll ' ll)' 
Q'1' n) cJ(X' ( 

y' ll ' ll)' O' Y' t)

Therefore, . , rr,(.r)/M \ r tup ^( 
'tl"Y (x) q:

'*, 

,( 
ll r (x) 0(r) ll""' 

' 

) 
s K' ;".'x 

*( r

x e  X  
- \  ' r

I) lf(')'").*,

,14<_.
if lim suP{'(r) - 

d>0 such that

proof: Assume,n", rr.i"n'fi'- 
t::"-*ere exists a constant

v(x) <du(x)
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for all but finitelY manY xe X '

*"* tt'O.s(X,i y, tl . tt), Q,y, u), r >0 is associated with $'then we have

sup -( ll Y ('r) 0(i) ll '( ' i ) ----__,_o,\___7r<_

This shows that there tixists some positive real number q satisfying

for all but finitely many xe X' Since @ is non decreasing' therefore

- ll 1(x) o(x) Il'(')<rl

Since v(x) <d u(x)and so if ll 1(x) Q(x) ll< 1' then obviously

ll Y (x) Q(x) llxrt ' t;

and on the other hand if ll y ('r) 0(x) ll> 1' then

lly(x) q(x) ll'(') < lly(x) 0(x) l1/'t'r aa'

Therefore
l lY(x) Q(x) l lu(r)= *u* (1,q: ) '

foral lbutf initelymanyxeX.. lhisshowsthatforal lbutf initelymanyxeX,

,o( tl y (x) 0(x) ll"(') ).-/ max ( l,lo ) 
) ,* \  r  l - - \  r  )

and therefore

,.i*(m@#|ry)'-
This comPletes the Proof'

Theorem 3.6:If v :X+ft', ue L (X,Ro)' ye s (X' C\{ 0 } ) and

S(X( v, l l  '  l l  ) ;Q,T, ' )  cS(X' (  f '  l l  '  l l  ) '  @' % v) '

then lim sulffi"''

Proof: Assume that s (x, ( y' ll ' ll )' o' 1' u) cs (x' ( r' ll ' ll )' o' 1' v)

but lim sup,H = oo. Then there exists a sequence (xr) of distinct points in X such that

f o r e a c h k 2  l ,

v (xp) >ku{xP)' 
(3'3)

Now, takingye Y such that lly ll= 1' wP define Q: X+l/by

J(r{"ol)-t |''u"o'y, for x = x1" k2 | ' and ( 3.4)
x11 = 

].0, otherwise.

l-nt r> 0 .Then we have



{441 NARAYAN PRASAD PAHARI

,K.(*'#tf) =;9.(ry-#rtr)

This shows that 6e,s (x, ( r, ll . ll ), o, x a) but in view of (3.3) and (3.4) ,we have

,rp 
a(l lY(.r) 

o(x) l l ' ( ' )) 
:up. 

( ' ' ( t*)tu(rp '  l lv l l ( '*))

xeX*1 
--;* 

) 
= 

t >ror----r.-,1

'i,'!-,*(I)= *
and hence 0c s (x, ( y, ll . ll ), o, y, v), a'contradiction. This completes the

proof: After combining the Theorems 3.5 and 3'6t we get:

Theorem 3.7 :If v : X-)R* , ue [- (X, ft*) and Ye s (X, C\{ 0 }), then

S(X( y, l l  .  I l  ) ,  O' y, u) cS(X,( r,  l l  '  l l ) '  @,1' v)

v&\
if and only if lim suP,ff;<*.

Theorem 3.8: If u : X-+,R+, ve L (X'R*) and ye s(X, C\ { 0 } )' thdn

,S(X, ( y, ll ._ll), O, Y, v) cS(& ( y' ll ' ll ), @, y, u)

if l imi"ffio.

Proof:Assume that lim inf,$ 0 .Then there exists a constant r> 0 such that'u\x)

v(x) > m a(x) for all but finitely many x e X

LetOeS (X, (Y , l l .  l l ) ,  O,  T ,v ) , r  >0  is  assoc ia ted  w i th  Q '  Then we have

snp ,*( ll Y (x) 0(-r) ll"(') ) -^^
rc k a[ ____;_ 

.j<_ 
.

Hence we can find some poSitive real numberq satisfying

( i lvtx\o(x) l l ' '( ')\ -(n )o[-- -?-ro[;r,

for all but finitely many re X. Since O is non decreasing, we have

llY(x) o(.r) ll "' '(q.
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Since v(x)>mu(x) and so if l ly(x) Q(;r) l l) 1, then

li y (.r) g(,r) ll ut'r .' ll y (x) ri(-r) tl'(')/' gr/-.

But on the other hand if ll y (x) O(x) ll < 1, then obviously ll y (x) Q(x) ll"'"' < 1.

Therefore

l ly(x) o(-r)  l l ' ( . ' )< max ( l , r l "^) ,

for all but finitely many xe X. This shows that for all but finitely many xe X,

.( 
ll y (r) o(r) ll "''' \../gq_t tl 

t) \
- \  

r  ) - - \  r  ) '

and therefore

sap 
*/ 

ll y (x) o(x) ll 't ') \._.

.r€/\ \ r )
'fhis 

follows that oe S (X, ( f, ll . ll ), <D, y, n) and hence

S(X,  (  y ,  l l .  l l  ) .  O.y .  v )  cS (X , (  Y . l l .  l l  ) .  <D.  y .  a ) .

lhis completes the proof.

Theorem 3.9: I f  u:X-+R',  ve ( .*(X, R-) ,  y€s(X, C\ {0})  and

.S(X, (Y , l l .  l l ) ,  O,  y ,  v )  cS(X,  (  y ,  l l .  l l ) ,  (D ,  y ,  a ) ,

then rim inffi O.

Proof:Assume that S (X, ( f, ll . ll ), Q, % u) c.S (X, ( f, tt . ll ), @, y, z)

.  -v (x )
holds but lim inL-X = O.Then there exists a sequence (,rr) of distinct points in X 

'

such that for/<) 1.

kv(x) <u(xp).

Now, taking .ye I/ with ll v ll = I, define o :X-+ Y by

xk = {(Y(t*)f' 2"^"Y' forx = x1' k) l ' and- 
i0, otherwise.

Let r> 0. Then we have

#i.o(-'+.'ry', = i!1,-[**+"tf )
-'?^(W\

(3.5)

(3.6)

( zA I ll v llM(")l \
(6i - |- - \  

r  ) '
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This implies that Qe,S(X, (f, ll . ll ), (D, % v).

But on the other hand, in view of (3.5) and (3.6) ,we get

sup -( 2u(xk)tv(xk) rl y rl 
't*o')

= t > t o l  -  
,  

* )

suD ( 2r\
>r > rol l  )= 

* '

shows that ge ,S (X, ( f, ll . Il ), @, % a), a contradiction. This completes the proof.

After combining the Theorems 3.8 and 3.9, we get:

Theorem 3.1.0: If u : X-+R*, ve L (X,R') and ye s(X, C\ {0 i), then

,S(X, ( f, l l . l l ), O, y, u) cS(X, ( f, l l . l l),Q,y, u)

if and only if lim inf-ffi O.

After combining the Theorems 3.7 and 3.10, it follows that:

Theorem 3.11: I f  u,v el-(X, R*) 
1nd 

ye s (X, C\ i0)) ,  then

S(X,  (  y ,  l l .  l l  ) ,  @,  y ,  u )=S(X.  (  y ,  l l .  l l  ) ,  O,y .  u )

v(x) .. v(x)

. 
if and only if 0 < lim inf-;Uf lim sup*-,rr<-.

Theorem 3.12:If ue !.* (X, R') and ye s(X, C\ {0}), then

( i )  s (X ,  (  r ,  l l .  l l  ) ,  o ,y )  cs (X,  (  Y , t t . t t ) ,Q,y ,  u )

if and only if lim sup,a(.r) <-;

(ii) s(X, ( r, l l . l l ), O, t a) cS(X,( v, ll . l l ), o, y)

if and only if lim inf, u(x) > 0; and

(iii) S(X, ( y, ll . ll ), O, y, u) =.5(X, ( y, tt . ll ), <D, y)

. if and only if 0 < lim inf,u(x) < lim sup,a(x) (-.

Prootlf weconsidera: X --**such that u(x)= I forall xe Xand v is replacedby uin

Theorems 3.7,3.9 and 3.10, the assertions (i), (ii) and (iii) follows.

Theorem 3.13:If ue (.* (X, R*), then for any y, lre s (X, C\ t 0 )),

jJ?.(-n"#d3 = iY,*t*t{gd)

s(X, ( v, ll . ll), o, T, a) cS(X ( r, ll . ll)', @, p, a)

.  ^  lY( r )1" t "if limt"t,lffi'l > o.
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I n, r'*\ I 
u(r)

Proof: Assume that lim t*'lffil > 0' Then there exists m> 0 such that

m l1t (x)lu(*)< | 1 (x)l'(')

for all but finitely many re x' I-et Qe 's (X' ( y' ll ' ll )' o' \' u)' rt> 0 is associated

'.'"'(*#ry)*
I.rt us choose r such that r(mr. Then for such r ,using non decreastng

property of @, we have

*f 
ll P (x) q.(x) tl't" 

''1

^ \  r  , )
=.(n*tryte)
. -r rry!)u-Qgl]111) ..flU@A@-U'" ).

< Atr*-;- 
, 

= *( 
11 /

- suP o( 
ll ti (x) Q (x) ll 

'(.r) 
.-.

and therefore xe'x*[ , )

This shows that $e S (X, ( y, ll ' Il ), @, p, r'r) and hence

S(X,  (  y ,  l l '  l l  ) ,  @,% a)  cS(X '  (  f '  l l '  l l  ) '  O '  p '  z ) '

This comPletes the Proof'

Theorem 3.14:If ue l*(x,R*), then for any T' pe s (x' c\ {0}) and

s(x, ( r, ll . ll ), o, y, u) cs(x'( r' ll ' ll)' o' lL ' u) '

l1-(I)1",.,r0.
then lim inf' 

I Utrl t

Proof:Assume that s (x, ( r, ll ' ll )' o' % a) cs (X' ( r' ll ' ll)' Q'' p' r)

but lim inf.lffil"'' = 0. Then there exisrs a sequence (xr) in X of distinct points such

that for each &> 1, we have

kly(xr)l'('t)s tp(r.u)i('* (3"1)

we now choose ye I'such that ll y ll =l and define I : X + rby

A,..\ - {tttt*)f'y' 
for'r = xr" k2 t' uno( 

u.*)q (x) = 
10, otherwise.

with Q ,so that

l-et r> 0. Then we have

,K.['
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sup -(lb)ll'Gp\= t>r*\-7)

<6(atulf9)- ' \  
r  ) '

This clearly shows that ge.g (X, ( y,ll . ll ), <D, i n).
But on the other hand ,in view of (3.7) and (3.g) ,we have

suD ( n Ir(*) 6(*) ll''''l _ *p_[_J_f<r-rcfaU,*)
* . x o [ -  r  ) - k > t ^ \  r  )

y_,-(+l ffi I 
u"*',t 

r,r,n*, )
,i?,*G)=-

This shows that Qe s (x, ( y,ll . ll ), o, F, u), acontradiction. This completes the proof.
After combining the Theorems 3.13 and 3.14, we ger:

Theorem 3.15:If ne l* (X, R\, then for any T, p€ s (X, C\ {0}),

S(X, ( f, ll . ll), O, "y, u) c.S(X, ( y, ll. ll), <D, p, a)

ifand only if ri* i"r.fffil^'r..

Theorem 3.16: If y,pe r (X, C\ {0}), u, ve L (X, R+), then

S(X, (Y, l l .  l l ) ,@,7 ,  a )  c .S(X,  (y , l l . l l ) ,  @,  p ,  v )
if and only if

. .  v( ,r)  lvrr) lu( ' )(r) lrmsup,-xco"; and (ii) l im*tlffi l >0.

Proof: Proof easily follows from Theorerns 3.7 and l- 15. i .

Theorem 3.17:I*t ue L(X, R+). Then for any T, p€r(X, C\ {0}),

.S(X, ( f ,  l l .  l l ) ,  O, p, z) c,S(X (y, l l . l l ) ,  e, y, u)

ir lim'"0,1ffi1""'.-.

Proof:Assume that lim r"o,lffil"''.-. Then there exisrs a positive constanr d such

that ly 1x)1"(')<d llr (r)f(') for all but finitely many xe X.

t48l
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l,et qe .t (X, ( f, ll . ll ), @, p, u), rr) 0 is associated with Q . Then

',1. *!l_n_8r914_UJ1 )._
x e A \ r t /

Let us choose r> 0 such that d rfr, then for such r ,using non decreasing property of

O we have

of-llr@-q-@-{: )..(IJrolJt{!-Jf1 )* \ r ) = * \ r )

(d I|.r (x)l "(') l l o (x) ll"('))
< Q - ,- - \  

r  )

Al u G\ o (x) ll"(') \
l u r -  t- ^ \  

1 1  )

suo (ll v tx\ o (x) ll '( ' l \
and therefore 

xe'Xo\----;- j.-.

This shows that oe S (X, ( y, Il . ll ), O, % a) and hence

S (X, ( v, ll . l l), @, p, a) c,S (X, ( y, ll . l l), @, y, a).

This completes thc proof.

Theorem 3.18: Let ue k (X, R*). Then for any y, pe s(X, C\ {0}),

S(X, (  f ,  l l  .  I l ) , .O, p, a) cS(X, (  f .  l l .  l l  ) '  @' y,  a),

rhen rim s 
lY (') | 

' ' ' '

,P- l t , ( r ) l  <m.

Proof:Assumc that

S  ( X ,  (  f ,  l l .  l l ) ,  @ ,  p ,  a )  c S  ( X ,  ( Y , l l  . l l ) , 4 , y '  u )

l v ( x ) 1 " ' ' )
but lim sup, llXl = -.Then we can find a sequence (-rt) of distinct points in X^ - l p ( x ) l

such that for each k> L,

ly 1ro1l""o'>k lp 1xp;lut'o' (3.9)

We now choose ye Y such that ll y ll = I and define o : X-+Y by

I(p(ro))-'y, for r = x1, k> l, and,
e (x) = lil;;;#""

Ir,t r> 0. Then we have

sup -( rl p@S14t| ) -',0.n(UWa-AEd-111')
,r.xo[--;- ) 

-_ 
o.r*t , ,

_ sup - (rl n llu''o') - - (a ltl v tlM(')] )_ 
k>lo[*_; )=*\_*_i_ )



NARAYAN PRASAD PAHARIt50l

This clearly shows that Qes (X, (Y,ll .l l ), @, p, a). But in view of (3.9) and (3.10)
.we have

f lY@l 
','0, 

r n r,,'0,)=i11*[*,  j

implies that Qe S (X ( f, ll . ll ), O; y, a). This leads to a conrradiction and
completes the proof.

When the Theorems 3.17 and 3.18 are combined, we get

Theorem 3.19: Let ue(.*(X, R*). Then for any y, pe s(X, C\ {0}),

S(X, ( f, l l. l l ), O, p, z) c,S(X, ( y, ll . l l), @, y, a)

if and onty if tim r"o,lffil''''.-.

After combining the Theorems 3.16 and 3.18, we get

Theorem 3.20:If uel*(X,R*) and y, p€s(X C\ {0}), then

S(X, (Y, l l  .  l l  ) ,  O, T, u) =^t(X, (  y,  l l  .  l l  ) , (p,  p,  a)

i f  and only i f  0 < l im i"f, lg+1 " ' ' . , ,*,uo.lI9i ' ' ' ' . ; .- t p (x ) t  ^ ^ l t r . ( x ) l

Corollary 3.21: I-et ue Q (X,R') and ye s(X, C\ {0}). Ihen

S(X, ( y, ll . ll ), O, y, u) c.S(X, ( y, tt . ll ), O, a) 
'

if and only if l iry inf.ly(-r)|"(")> 0;

S(X, (  f ,  l l .  l l  ) .  O, a) c S(X, (  y,  l l .  l l ) ,Q,y, u)

if and only if lim sup, I y (.r)1"('')<-; and

.S(X, ( f, ll. ll ), O. u) = S(X, ( f, ll . ll ), O, y, a)

if and only if 0 < lim inf, I y (x)1"(*)< lim sup, l:y (x)l,r',<-.

Proof: By considering the function p on X such that F(x) = I for all xe X in Theorems
3.15 and 3.19 and 3.20, one can easily obtain rhe. assertions (i), (ii) and (iii)
respectively

t l t .

I2l.
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t4l.
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ftffilt"rer, we briefly discuss the theory of weights and, then define 41 and Ap

weight functions. ninuiii*"-"^ptor. t*o different *-uy. to show a function is an A1

weight function.

tff:Tffj;T 
*.igtt, plav an important role in 

"ui"ut l:l^9s 
such as extrapolation

theory, vector-valued in-equalities and estimates for' certain class of non linear

d i f fe ren t ia lequat ion .Moreouer , theyareveryusefu l in the-s tudyofboundaryva lue
p r o b l e m s f o r L a p l a c e , s e q u a t i o n i n L i p s c h i t z d o m a i n s . I n | 9 1 0 ' M u c k e n h o u p t

ilu;;; p"r'i,i". tunJtion, * for wirich the Hardy-Littlewood maximal operator

M maps Lp(Rn, *r*io*j ," itself. Muckegt""frr chaiacterization actually gave the

better understanding lf ,i,.oru of weighted inequalities wtrich then led to the

introduction of Ao ctass and consequently the deveiopment of weighted inequalities'

B e f o r e w e e x p l o r e t w o d i f f e r e n t w a v s t o s h o w a f u n c t i o n i s a n d A l w e i g h t , s o m e
definitions are in order'

Def in i t ion :A loca l l y in tegrab le func t iononRnthat takesva iues in the in te rva l (0 ,m)

almost everywhere i. ;;Ifi a weight. So by definition a weight function can be zero ot

infinity only on a set whose lrbesgue measure is zero'

W e u s e t h e n o t a t i o n w ( f ; : l r w ( x ) d ' x t o d e n o t e t h e w - m e a s u r e o f t h e s e t E a n d w e

reserve the notation;n1f,n,w) or Lp(w) for the weighted Lp spaces' We note that w(E)<

co for all sets g .o1tuin"i in some bali since" the weights are locally integrable

functions.

Definition: The uncentered Hardy-Littlewood maximal operators on Rn over balls B is

defined as
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1  [  , " ,
u(f)(x) = 'lieyslf | = 

"tB 

trJ" lf 
(v)ldv'

- x € B B

Simitar lytheuncenteredHardy-Li t t lewoodmaximaloperatorsonRnovercubesQis

defined as

M,(f)(x)= *t 
Avsl/l = 

::t tl, va)tdv'
:

na are taken over all balls B and cubes Q
In each of the definition above' the zuprel 

n ff-,noni" Analysis.
;;"r"il; in" point -' n-l *"-imal.functions are widely used it

For the details about the H-L maximal operators' see [2]:

Definition: A positive measure dp is called doubling measure if for some

ts4l

positive

constant C< co,
p(28) < cP(B)

:ans that ,h. $X;i;;'i#h certain radius can be controlled by

the balt of half of the given radius"

Definition: A function w(x)20 is called an A1 weight if there is a constant Cr>0 such

M@)(x)S Cr w(x)

where M(w) is uncentered Hardy-Littlewood Maximal function given by

M(w)(x) = 
lt3 i^[,w$)dt'

If w is an A1 weight, then the quantity (which is finite) givdn by

lwra, = 
Q c.jalslnn, (a ,|; r 

wro rar) | r,-' r l,-,0,

is called the Ar characteristic constant of w'

Definition: kt I < p < @. A weight w is said to be of class Ao if [w]oo is finite where

[w]ao is defined as

lwToo = o*ill,.",(#trw{x)rax) (frl wat#a')'
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We remark that in the above definition bf Ar and Ao one can also use set of all balls in
Rn instead of all cubes in Rn. Readers a,re suggested to read [1] for motivation,
properties of Ao weights and much more about the An weights.
Consider the following function:

( t 7

u(x) : I '"n  ̂ '  
lxl < 

e
[  1,  otherwise.

We introduce two different ways to show that the above function is an 41 weight
function.

First approach: Set vr, = EYI, where ls(0,1) | is the surface area of rhe unit ball. lrt

Br:  {x € Rn: lx l  < e}.  Then

Irro,r,n'"n (h)o'

= limu-s I!'" n,s(:)'"-' dr)B(0,r/e)\41

= 
# Qog(e) + r) l l (0, r /  e) l

= 
,*t* 

(log(e) * 1)v,,

1 2un.

Note that supa,/ .  ( t" t ( ; ))- '  -  
l l ,  

- t  t l t .@',")< 1. l r t  Tr: :  {B(xs,R):  lx6l  > 3Ri

and T2 ;= {B (16, R): lt6l < 3R}. For all the bails in T1 we have 2R S l.rol - R < lzl <

lrol + R. In the 
"ur" 

_1 I 2R, we have u=l and so [u]n. S 1. Note that

/ a  \  /

(# L " c'l ax) nu- rl L-ia; : (#, I 
" 
n r,, 

"u(l 
dx) llu- L ll r rs n s, t "t

* (fr Lr",, 
"u(fldx)l 

lu-l I lr '(a\a,r").

1

<: < lxol * R, we have Bllr811" + Q and B\8r7" + Q.In this case we have,

I  u @ ) a ' ) 1 1 , - '  
l t  r  \

lBnB,1" /  
l l rsna'1"1= ( . t  J" , ,  

""" 'o ' ) l lu- ' l l re ' r")  

12vn

For 2R

(:

UBI

and

:','\["r,r,.)\a. 8(#i *

(frL",,"'(,.',o}llu-1111-1aqr,r") s r.
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Thus we have, lu]o,s L + Zvn'

In the case, lxo | + R <:one has BfrBq" * Q and B\Brtu: @ and so

/ 1 r  \  / t  r  \

(Fi J" 
uQ) dx 

) 
l lu-' l l,*(B) : 

IFT J 
",, "u'*' 

o' 
) 

1"-' l l,-(",r") 1 2v n'

Putting all together, we get

/ 1 r  \ ,
(eTJ"  u?)ax)  l lu -1 l l r ' (B)  s  1 - r  Zvn

for all balls in Tr.
For the balls in Tz we have,-O S lrl < lxol + R < 4R. Using the same calculation as

above, one gets for 1 < lxol + R,

([,[, u1rlax) llu-'llr.*1ay S r*Zvn

and (fi], 
"faax) ilu-rlL-1r1 ( :ll-2v,

for lx6l + R < 1. In the 
"ur",1 

( lxol - R we'geL [uft, '31' Thus,

/ 1 r  \

(a J, 
uQ)ax 

) 
l lu- ' l l , - ," ,  3 1 * Zvn

for all balls in T2. Thus, u e 41.

Second approach: We need to show that there exists M>0 such that

f i l , "61ax 
< M ess. ihf'." u(x), vB c Rn (1)'

Firsr, we assume that B(xo, R) is such that lxo | > 3R. Let's say this is of type I.

Case l: lxol 3 f. rn"n .1. w" huu",

. ' ; t * r t (  
l x o l - R  <  l x l  <  l x o l  + R  <  

i W A = 2 ,  v x  e  B '

r < rnffi < u(x) 5 rnf;, Yx e B'

fii" ugla" < rnffi < ln-l .

Thus,

Hence,

Moreover we have,
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t"* = tn* +rn2 < zrn 
fr = rtn 

oh 
< zu(x), yx E B.

Therefore, 
fi,[" "14ax 

< M ess. inf,.6 zu(x).

Case 2: lxol > A. Th"n lxl > lxol - R > 
I l"ol. ttur,

r < u(x) ( max (t,'" T) 
: ,n 

f.
[, 

"1r1ax 
< lnf < M ess. inf,n" u(x), M : tnT.

Therefore ( I ) holds when B is of type I.
Secondly consider rhe case B is such that B(xo, R) is such that lxol < 3R. Let's call this
is of type IL In this case one has, B(xs, R) c B(0,5R). \ote that,

0 < a : :  [ " , [utr .)  
-  l ]dx :  [B(o1/e, lu(x) -  I ]d.x < *.

Case 1: 5R >

Thus, (1) is satisfied with M

Case 2: 5R < : We have

I-et x = 5Ry. We have,

r 1 7
wnere, ,= Ja(o,r)  lnD

I f
u ( x ) d x = 1 * l l l J ,

< 1 + # "

= 1 * ( s " ) " c .
vr

: 
we have

1 [

lBl  l , [u(x) - l ]dx

< 1 + ( t " ) " o .
vn

1[, u@)at = *l",o,r^, u(x)dx

7 r 1
' : 

*" 1r(0.,) 
ln 

5Rrvr 
(SR)ndY

=;Jrro.,r (rnl +t"fr)o
:  s" (rn] + r)

dy. Since lnl z oc as R=* 0, there exists

- :  J.

v

c>0 such that
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b < c lrifr, vR .;

Here we have used the fact that 1 < ln {, oR a 
;. 

Therefore,

hf, 
u@)dx < J

The I
Vol. i

. 1
5 n ( 1  + c ) I n r , Yx € B(xs,R).

Thus (1) holds for M = 5n (1 + c). So in all possible cases, we have shown thatthe

given function satisfies the criteria to be an A1 weight function.

REFERENCES

t1l Loukas Grafakos, Modern Fourier Analysis, Second Edition, Springer 2009.

l2l R. Ba-nelos and C. N. Moore, Probabilistic Behavior of Harmonic Functions,

Birkhauser Verlag, 199 I

t r n t r

L
< 5 " ( 1 * c ) l n * <

A I

Abstr:

In this
sequen(
establis
Durfhg
heuristir
compler

' 
is the t,
perfect I
its boftl
approacl

Key w(
programl

Introdu

One of tl
jusrin+ir

the rate c
problem i
MMJITSI
models a
(abbreviat



The Nepali Math. Sc. Report
Vo l .  33 .  No.  1  &  2 .2014

A Relationship between the Assignment and the Perfect Matching
Approaches for the Product Rate Variation Problem with a

General Objective

SHREE RAM KHADKA

Central Department Mathematics,

Institute of Science and Tchnology,

Tribhuvan Uni versity, 'Kathmandu. \epal

shreeramkhadka@ srnai l.con

P .O .Box ,  l 3  143

Abstract

In this paper, the product rate variation problem is considered which arises as a

sequencing problem in mixed-model just-in-time production systems. In particular, we

establish a relationship between the assignment and the perfect matching approaches.

During the past decades. this problem has been extensively investigated. Several

heuristics and an exact pseudo-polvnomial assignment method by Kubiak (1993) with a

complexity of O(D3) have Lren siven forthe total product rate variation case, where D

is the total demand for all models of the product and an exact pseudo-polynomial

perfect matching by Steiner rnd Yeomans ( I 993) with a complexity of O (Dlog D) for

its bonleneck case. In this paper. \\e propose a relationship between the two

approaches.

Key words: Product rate r anation problem, Sequencing, Non-linear integer
programming problem

Introduction

One of the most important problems for the effective utilization of the mixed-model
just-in-time production systems consists in sequencing different models with keeping

the rate of usage of all parts used bv the assembly lines as constant as possible. This
problem is known as the mixed-modeljust-in-time sequencing problem (abbreviated as

MMJITSP). The problem of minimizing the variations in the rate at which different

models are produced on the line is called the product rate variation problem
(abbreviated as PRVP). The latter problem is the single-level case of MMJITSP. The
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problem of minimizing the total devl1l91s between the actual cumirlative productions

from the ideal one is citteA the total PRVP (abbreviated as TPRVP), and the problem of

minimizing the maximum deviation is called the bottleneck PRVP (abbreviated as

BPRVP), Iee Kubiak t7l. PRVP has been widely investigated in the literature since it

has a model with a strong mathematical base and wide real-world applications [2' 3'.4'

5,7, lzf. Both rpRVF ano BpRVp have been solved with pseudo-polynomial

complexity' solution procedure_s. The solution procedure for 
- 
the TPRVP is the

absignment approach *itft O1ltl time, see Kubiak I7i 3n1![aj 
for the BPRVP is the

perfict matching with a bisection search approach with O(Dlo gD), sec Steiner and

Yeomans Ii0].

In this paper, we prpose a relationship between the assignment and the perfect matching

with a bisection search approaches *tti.tl shows that any feasible sequence obtained by

rhe assignment method iiieasible if and only if all the copies are^ assigned at time units

within tlheir sequencing time windows. Ilowever, this is not true for optimality'

The remainder of the paper is as follows. In Section 2 t" pr"s"nt the mathematical

modeling of the product-rate variation problem.- In Section 3, we describe the level

curve, the bounds unJ ,f," ideal position in which both.the assignment and the perfect

*"u,fti"g approaches are bpsed'^on. In section 4, we describe the proposcd rclation

between the two approaches. The last section concludes the paper'

Mathematical Modeling

:tet D be the rotal demand of n differenr models with di copies of modgl [, i :

L,Z,. . . ,n,  where n >2 and D =.I l l rd; '  The t ime horizon. is part i t ioned into- D

"quul 
ti*" units under the assumption-that each copy of a model t,i = 7,""n, has

equal pro.essing time. A copy of a model is produced in a time unit k, k = 1, ' ' ' , D,

means that the copy of the model is produced during the time period from k - ! to k'

;;;: = o;a"theiemand rate. Let xiy and kri be the actual and the ideal cumulative

production"s, respectively, of model i produced during the time units 1 through k' An

inventory holds if ,,u _" k,, > 0, and a shortage incurs if krt- 
. ̂ .xtrc 

> 0. We assign the

same cost for both inu"ntory and shorrage. Miltenburg (1989) [10] and Kubiak-and

Sethi (1991 , lgg4) t8, 9l iave an integer programming formulation for PRVP as

follows with m being a positive tll"f,Hr" 
max [fl,, = rxu, - krir f
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minirnize LG^: L|=r|.T=rlrix - krl^f

subiect to

LT=rx i* :  k ,

hQ<-t)  S r i t ,  i  -

XiD = di, xio : 0,

x* )- 0. integer i :

k :  i , 2 , . . . , D

7 , 2 , . . . , n ;  k  :  2 , 3 , . . . , D

i  :  7 , 2 , . . .  , n

7 , 2 , . . . , n ;  k  :  1 , 2 , . . . , D

Level Curve. Bounds and Ideal Position

There exist nD deviations between the actual and the ideal cumulative productions of D
copies of n models. The value of the actual cumulative production x1p, i -

7 , 2 , . . . , r \  k  :  1 , 2 , . . . , D .  i s  s e q u e n c e - d e p e n d e n t  i n t e g e r  f r o m  { 0 , 1 , . . . , d i } .
However.  the value of the ideal cumulat ive product ion k4. i  :  i . ,2, . . . ,n;  k :

7,2,.. ., D. is sequence-independent rational number. I-et j be the number of copies of
a model and ( i ,7) be the,t ' f r  cop) of model i , i  :  1,2,. . . ,n.  The actual cumulat ive
p r o d u c t i o n r i t ,  i  =  7 , 2 , . . . , n :  k  =  L , 2 , . . . , D ,  h a s  n D  v a l u e s  w i t h  x ; 1  e  U l j  =

0 ,7 ,2 , . . . ,d i  i  =  1 ,2 , . . . ,n1 .  There  ex is t  a t  most  n  *  D d i f fe ren t  va lues  o f  x ;p  fo r
PRVP.  Hence,  one can rep lace  r r t  b t  i  w i th  j  :  0 , r , . . . , [ r t  i  :  7 ,2 , . . . ,n ,  in  the
level curve of the objective value of the function of PRVP. The level curve for copy
(i,7) of the objective funcrron ot PR\ P rs dellned as

f r j^  = lJ  -  kr ,o '  . t  = j  :  0 , r , . . . , d i

A perfect matching of copies anC trnr units relies on the level curves and the bound
B > 0 of the function F- of BPRVP that are dra'*'n over the planning horizon. The
points at which the bound intc'rsects ihe level cunes are useful to find the sequencing
t imes. A copy ( i ,7) is sequenccd. l i  d lunc unir  f t  € {7,. . . ,D} such that the level curve
does not exceed the bound B. An upper bound on the absolute deviation objective
funct ion lx* -  kr i l  for BPRVP i :  IJB' .- :  1.  see Sreiner and Yeomans (1993) [10],
and a betterone has been given es IJB-. - 1 - o, see Braunerand Crama (2004) I.ll.
Since the points, where the bound UB-- = 1 intersects the level curves of BPRVP with
the objective function lxilr- kr,l- for different values of m, are the same, the bound
U81= 1 is also an upper bound for BPRVP with the objective function lxip 

- kril
for all values of m. However. rhe upper bounds corresponding to UBt: 7 - 

| are
different for BPRVP with the objective functions lxip * kril* for different values of

'd



t62) SHREE RAM KHADKA

m. An upper bound on' the largest value of the objective function lxiu - kr;l of
BPRVP has been established as

uB^: (t  -  
*)- ,

Dhamala et al. (2010) [3] and Khalka (Z0IZ) {61 .

The iower bound LB1 = 1 - r^oron the absolute deviation objective function
lxi1, - kril for BPRVP has been established by.steiner and yeomans (1993) [10], and it
has been modified as

LB^ = (1 - r^or)7, 
.

for this problem with the objective funcrion lxix - /r4lm (Dhamala er al. (2010) [3] and
Khadka (2012) [6]. The earliest and the latest sequencing times are derermined'by the
level curve and a suitably chosen bound. The selection ofan upper bound always yields
the sequencing times' that give rise to a feasible solution. A feasible soiution
corresponding to the lower bound is optirnal.

The assignment approach is based on the assignment cost on the level curve f^ r,,
i = 7, ... ,n i j = 0,7, ... , di and the position at which (i, j), denoting the copy i of
model i, is sequenced. The level curves are drawn on the interval [0, D]. The ideal
position of (i,i) denoted Zi1 is obtained from the unique intersection poinCsatisfying

.  
f ^ r j =  f ^ r ( j - r ) , i = L , - . ' - , n i i =  7 , . ' . , d i .

The ideal position is the unique integer near to the unique intersection point defined to

be Zii = 
ffl. 

Wh* copy (i; j) is sequenced ar rhe time unit Zi1, copy (i., j)

contributes only the unavoidable cost

tn f  { l j  -  k  , l^ , i .  =  ! ,  . . . ,n ;  j  =  1,  . . . ,d i }
to the total cost.

Relationship Between the Assignment and the perfect Matching Approches

A copy ( i , j ) ,  i  -  1; . . .  ,n;  j  = 7,. . . ,di . ,  is sequenced at the ideal posi t ion Zi ;  unless
another copy competes for the same position in the assignment method. In the
competition, one copy is sequenced at that time unit whereas other competing copies
have to be sequenced in the neighboring unapsigned time units. The ideal pirsition iJthe



A Rerationship between 
$:*;il:T;;t1tJffi:";!;:Jlt; 

'#,f0,:o;in"' ror the Product Rate

unique integer obtained from the intersection poin, of ,f,. 
.l.u"l .u.u" s fm, and

f^ r7-r)  ,  i  
:  7,  " '  ,n;  i  :  1,  ' . ' ,  dr

Sirnilarly, the earliest sequencing time E^(i,j) and the latest sequencing time L^(t,j)
of copy (i,i) are obtained from the intersection points of ithe level curves f^r, and'

f^ qi-r; with the bound B, respectively. Both the feasibility and the optimality occur

only if each copy (i,j) is sequenced within the rime window T(r,j)^,i" = 7,...,ni j =

7 ,  " ' , d t .

With this situation, one may be interested in finding a relationship between the ideal
position and the sequencing time window. We can prove that the ideal position of each
copy (i,7), t = 7, ...,ni j : 1, ..., d;, lies within the corresponding sequencing time
window.

Lemma I I-et Z,,be the ideal position and

T ( r , j ) ^ , i  =  1 , . . . , n ; i  : 7 , . . . , d t

be the sequencing time window for copy (i,7). Then the ideal position lies in the
sequencing time window. i.e.. we have

Zii € T6;.5m.

Proof:

For any copy (i,l). we have

i.e., inequality

holds.

Since one can take B = UBn.i.e-.

we obtain

E(r.D^ < L1i,1'sm,

ffl s [r+'=#]

B =  ( 7 _ * l ^ ,

which yields rhe inequarity 
ll:t?l = [t * 

l:+l:a]

.i.e.. wehave 
[T.t*31 = l;+ 1qL]+ 1l

ff+r#l = fo.J =LT.,--LL:+\
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Hence,

zi1 € T6;1m

holds for all i, j with i" = L, ... ,n; j = 1, ... , di.

If two or more copies compete for a time unit k, it is clear that the time unit k is in the

sequencing time window of all the copies.

Lemma 2 If two copies (r,i) and (i',j-) with (i, j) + (i.,j-) compete for a time unit

k. then

T(,, i )^f iTg,;1^ * A '

Proof: If two copies (t, j) and (r.,j.) with (i,,p) + (f , j') compete for a time unit k,

we have

lTl:f#l
Since

ffil . r$,j)^*o |.++l € r(r,i.t^
we obviously have

T(t, i )^oTg, i 'p * 0 .

Assume thatTp 6,i1^with p beinf a positive integer, is the sequencing time window for

copy ( i , j ) , i  = ! , . . . ,n;  j  -  1, . . . ,d1, such that p copies inclu$inr ( i ,7) compete for

the same time unit.

Lemma3If  ,  > 2 ( l  integer) copies compete forat ime unit  k e {1,. . . ,D}, thereexist
at least I - 1 unassigned time units within their sequencing time windows

I lr',,,,,^ .
\J

Proof: Suppose that I copier, t >oi,'11integer), compete for a time unit k,k =

7 , . . . , D .
Then

I
/^\

L  e  l  l T q r i . i ) ^ c l I , D l .
| | \'''/
P _ L

Since there exist exactly D time units for D copies, exactly one copy can be sequenced

at one time unit. Assume that copy (i..,j.) among I copies competing for time unit k

can be sequenced at this time unit. There remain I - 1 copies competing for time unit k

that have to be assigned to other I - 1 time units. Suppose that.there exist only | - 2

u l
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