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Abstract

Let X be a real reﬂex‘ivg Banach space and G,, G two nonempty, open and bounded
subsets of X such that 0€ G, and G, c G,. LetT: X > D(T) > 2% be a positively

homogencous  maximal monotone operator of degreea € (0,1], C.x 2D(0) »
X"bounded demicontinuous of type (5)), and G:X 5 D(G) = 2% of class (P) as

Introduction—Preliminaries

Let Xbe a real reflexive Banach space with norm -] with the dual space X*. The norm
of the space X* will also be denoted by |l and will be understood from the context.
The symbol B, (x) denotes the open ball of radius & with center at x. We denote by

(x*,x) the value of the functionalx® € x* ~at xEX" Iffx,} is a sequence in X, we
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denote its strong convergence to X, in X by x,, = x; and its weak convergence in X by
X, = Xp. An operator T: X 2 D(T) - Y, with Y another Banach space, is said to be
“bounded™ if it maps bounded subsets of the domain D(T) onto bounded subsets of Y.
The operator 7 is said to be “compact” if it maps bounded subsets of D(T) onto
relatively compact subsets in Y. It is called “demicontinuous”™ if it is strong-weak
continuous on (7). The symbols R and R denote (—w0,=0) and [0,20) respectively. The
normalized duality mapping J: X D D(J) = 2*" is defined by

Jx= {XeXx :(x"x)=|x[?>, |Ix’|l=x]}}, x€X.
The Hahn-Banach theorem ensures that D(J)=X and therefore J: X — 2%".

By a well-known renorming theorem due to Trojanski [ 8] one can always renorm a
reflexive Banach space X with an equivalent norm so that both X and X* are locally
uniformly convex (therefore strictly convex). Henceforth we assume that X is a locally
uniformly convex reflexive Banach space. In this setting, the normalized duality
mapping J is single-valued homeomorphism from X onto X* and satisfies

Jo)=aw/(x), (wx)ER xX.

For a multi-valued operator T from X to X* we writeT: X 2 D(T) — 2¥°, where
D(T) = {x € X : Tx # Q}is the effective domain of 7. We denote by Gr(T) the graph
of T,ie, Gr(T) = {(x,y):x € D(T),y € Tx}.

Definition 1." An operator T:X 2 D(T) = 2% is said to be monotone if for every
x,y € D(T)and everyu € Tx, v € Tywe have_

{u=v,x—y)=0.

A monotone operator T is said to be maximal monotone if Gr(T) is maximal in X X X*
when X X X* is partially ordered by inclusion.

For a reflexive Banach space X, it is well known that a monotone operator T is maximal
if and only ifR(T + /) = X" for all A€(0.) (equivalelntly for some 4>0). If T is
maximal monotone, then the operatorT, = (T~'+¢/~*)™': X = X"is bounded,
demicontinuous, maximal monotone and such thatT,x — T®x ast —» 0*for every
xED(T), where Tx denotes the elémenty” € Tx of minimum norm, i.e.||Tx| =
inf{lly*|l:¥* € Tx}. In our setting, this infimum is always attained andD.(T{“}) =
D(T).Also.T,x € T/, xwheref, = I — t] 7T, : X — Xandsatisfieslim,_; J,x = xfor

allx € coD(T)where coA denotes the convex hull of the set A, In addition, x€D(T) and
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Lo >0 imply Iimt_,tn Tox = Ttox. The operators T..Jy were introduced by Brézis,
Crandall and Pazy in [8]. For their basic properties, we refer the reader to [1] as well as
Pascali and Shurlan [14, pp. 128-130). :

Definition 2. Jer . x > D(C) - X* be bounded and demicontinuous. We say that C is
of type (S.) if for cvery sequence {x,} < D(C) With X, = x, in X and '

limsup (Cx,, ,x, — X)) <0,
=
we have x,, — x, in X,

The following lemma about maximal monotone operators can be found in Zeidler [19,
P- 915] and will be needed for the main result in Section 2.

Lemma A. Let 7.y 5 D(T) - 2% pe maximal monotone. Then the following are
true:

@ {x,}c D), w2 X and Tx, 3 y, — Yo imply x4 € D(T) and Yo € Tx,.

) {x,}c D(T), 2, = x, and Tx, 3 y, - y, imply x, € D(T) and y, € Tx,.

Lemma 1. Assume thay the operators T: X > D(T) = 2% and s: ¥ > D(8) = 2% 4re
maximal monotone, with 0 EDITIND(S) and OES(0)NT(0). Assume, further, thar T+Sis
maximal monotone and that there is g Sequence {t,} c (0, @)such thart, | 0, and a
sequence {x,} < D(S) such that x, = x, € X and T Xn + wy = Yo €EX* where
Wy € Sx,.. Then the Jollowing statements holg frue:
(i) the inequality
(T, o, + wy, x, — Xp) < 0(1)
is impossible;
@) if '
(T, 2 + wit, x, — x5y =0 (@)
thenx, € D(T + S)andy; € (T + §)xg,

The existence of nonzero solutions in Section 2 will be established by utilizing the
topological degree theories developed by Browder [7] and Skrypnik [17]. This theory
generalizes and extends similar results of the author and [1] for ¢ = | and G = 0 and has
applications in elliptic and parabolic boundary valye problems involving p—Laplacian,
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For additional information and applications on various degree theories related to the
subject of this paper, the reader is referred to the author and Kartsatos [2] Kartsatos and
Lin [10] and Kartsatos and Skrypnik [12]. (11]. For information on various concepts
and ideas of Nonlinear Analysis used herein, the reader is referred to Barbu (4],
Browder [5], Pascali and Sburlan [14], Simons [15], Skrypnik [16], [17], and Zeidler

[19].

Existence of Nonzero Solutions of Tx + Cx + 6x 3 0

Hu and Papageorgiou (9] generalized the degree theory of Browder [6] to the mappings
of the formT + C + G, where T is maximal monotone, C bounded demicontinuous of
type (S +] and G belongs to class (P) to be made precise helow. In this section, an

existence of nonzero solutions of Tx + Cx + Gx 3 Ohas been established when T is &
positively homogeneous maximal monotone Operator as defined below.

Definition 3. An operator T X 2D(T)— 2X" iy said to be positively homogeneous of
degree a>0 if, for a fixed 020, X € D(T)implies tx € D(T) forall t € Ry and T(tx) =
%1%,

Definition 4. An operator G:X 2 D(G) = 2% is said to belong to class (P) if it maps
bounded sets 10 relatively compact sets, for every X e D(G),G(x) is closed and convex
subsets of X* and G(-) is upper-semicontinuous (usc), i.e., for every closed setF € X7,
the setG—(F) = {x € D(G):GX)NEF + @} is closed in X

An important fact about a compact-set valued usc operator G is that it is closed.
Furthermore, for every sequence {[xn ¥} © Gr(G) such.that x, = X € D(G), the
sequence {yy} has a cluster point in G {x):

The following lemma, which plays an important role in the proof of the existence

theorem of this section, shows that the Yosida approximants of a positively
homogenéous maxi mal monotone operator are not so unless a=1.

Lemma 2. Let T: X > D(T) = 2% is maximal monotone and positively homogeneous
of degree a€(0,1]. Then, for each t>0, the Yosida approximant Tt satisfies

T.(sx) = ST a1 (x) for all (s,x) € (0,+x) X X. (3)

Proof. Let
y="Ty(sx) = (T*+ t 7Y (sx),
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: lhz fort,s > 0, x € X. The positive homogeneity of the duality mapping J implies
- :
=pts _ = .
14]. yETt y+sx)=T (3' (‘ ;f Ty + x))
dler :
; : t
_ =s?T (—-_s-j“y+x-)'
L AN
=seT (_sw- (=) +x).
This is equivalent to ' )
g ' .y /Y
g r i PO a=dp=1 2
of xeT (s_"‘) L8 (s*“)"
an ‘ and therefore _ _ -
= Y= ST G ) e = SO i (3),
] This completes the proof.
"j We next prove the existence of nonzero solutions of the operator inclusion Tx + Cx +
i ‘ Gx 3 0 with an application of the Browder and Skrypnik degree theories. This extends
and generalizes the results by the author and Kartsatos (cf. [1], Theorem 6, p.1246, for
. a=1 and G=0) to multivalued 7 with a€(0,1) and G#0. The result in this paper is new
P | for a€(0,1) and therefore applies to partial differential equations involving p~Laplacian
= with p€(1,2].
Theorem 1. Assume that Gy, G, © X are open, bounded with0 € G, and G, c Gy Let
T-X 2 D(T) - 2% be maximal monotone, and positively homogeneous of degree
b #€(0.11,C : G; — X" bounded, demicontinuous and of type (S,) and G Gy = 2% of
class (P). Moreover, assume the following:
(HI)There exists vy € X* \ {0} such thatAvy & Tx + Cx + Gxfor any
] (4,x) € Ry x (D(T) N 8G,y); _ _
¥ (H2)0 € Tx + Cx + Gx + Afor any (4, %) € R, x (D(T) n 9G.).

Then the inclusion Tx + Cx + Gx 3 0 has a nonzero solution x € D(T) N (G1\ Gy).

ProofWe consider the equation ,
Tx+Cx+Gx30
and then the associated equation

Tex+Cx+g.x=0. (4)
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Here, £>0 and QE- : G, -» X* is an approximate continuous Cellinaselection (cf. [9], p.
236, Lemma 6, [3]) satisfying

gex € G(B:(x) N Gy) + B(0)
for all x € G, andg.(G,) cto G(G,).

We show that equation (4) has a solution x, for all sufficiently small r and &. To this
end, we first show that there exist o > 0, ty > 0 and g5 > 0 such that the equation

Tex + Cx + g.x = 174(5)
has no solution in G, forevery T = 7, t € (0,f;] and € € (0, &].
Assuming the contrary, let {z,} € (0,), {t;} < (0,), {£,} € (0,), and {x,} <
G, besuchthatt, » =, t, 10, £ 0 and

Ty, Xn + Cxp + ge, Xn = Ty Vg (6)

We may assume thatg, x, > g"€X ‘in view of the properties of G. Then
[T, %all = o because ||z, w5l = w0 and {Cx, } is bounded. Thus, from (6), we get

Te, Xn Cxy G, Xn Tn¥g '
+ il . )
(Tetall " MTepull ™ ITeall  NI7exal

From (3), we obtain
Torx X5

v O
ozl =\

1
ITtﬂxn“a

(a-1)/a

whered,, = HTtﬂx,l I

It clear that A, —0 for a€(0,1) and A, =1 for a = 1. Then (7) implies

1— Cxy e, %n < Tallvoll <1+ | Cxn Gen®n I
ezl Trexallll ~ 17e,2all el [Teualll
Thus,
vl P 1
— 3 {sp'that : 9
T I e R T A o
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Xn

sl

We have u, = 0.By (7), (8) and (9), we obtain Ty ; up = h with h = vg/|lvgll.
Therefore,
lim (T, Uns Un) = (R, 0) = 0.

Sincet, A, — 0, by (ii) of Lemma with §=0 we obtain, 0D(T) and k= T(0). Since
T10)=0, this is a contradiction to [|k]| = 1. .

Fin t € (0, t,),£ € (0, &) and consider the homotopy mapping
H,(s,x,t,e) =Fex+ Cx + gex—stov, SE[0,1], x€ G;. (10)

For every s€[0,1] the operatorx = Cx — stovg is demicontinuous and bounded on Gy.
in order 1o see that it is of type (S,), assume that {x,} € G, is such that
X, — X5 € X and

limsup{Cx, — SToVa, Xn — Xo) < 0.

=0
Thus implies

limsup(Cx,, X, — %) <0,

n—om

which by the (S,)-property of C, implies X, = Xg € G,. Before we consider the
Skrypnik  degree of this homotopy on the setG,, we show that the
equationH, (s, x, t,€) = 0 has no solution on 96, for all sufficiently small t € (0 to],
£ € (0,5] and all s€[0,1]. To this end, assume the contrary and let {x,} < dG,,
[t} < (0,t5]. {s,} € [0,1] and {&,} = (0,&)] such thatt, 4 0, s, = 5o for some
s, € [0,1],, { 0 and i

Ty, Xn +Cxp + Ge Xn = SpToVg-
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We may assume that x, = X € X. Since {€x,} is bounded, we may assume that

From
(Ttnxm X = %)+ (Cxp, Xp — xp) + (g-e,-,xn-r Xy —Xo) = (SnToVos Xn — x'u:},-
we obtain

limsupl{Te, X Xn = %o) + (€, Xn = Xo)] = 0. (11)

n—m
Let us assume that

limsup(€xy, Xn — Xo) > 0. (12)

-

Then there exists a subsequence of{x, }, which we again denote by {x,}, such that
lim(Cxp, X = %o) =4.> 0. (13)
for some constant ¢>0. By (11) and (13, we obtain
lim (T, %, X = o) = =4 < 0.

Applying (i) of Lemma with §=0, we obtain a contradiction., Therefore, (12) is false,
and we now only have :
limsup{Cxy, Xn— Xo) < 0.
n—ow

" Since C is of type (5,), we havex, = Xo € aG;. Since C is also demicontinuous, we
obtain Cx,, = Cx,. This implies

Tp Xu = —Cxo—g" + SoToVp-
Applying (ii) of Lemma with §=0, we obtainxo € D(T) 019G, and
Txg+ Cxg + GXo 3 SaToVos

which leads to a contradiction to our hypothesis (H1). Thus. we may now chooset, and
g, further so that we also have that H,(s,x,t,€) = Ohas no solutionx € aG, for any

Cxn—ys €X' and g, xn =g € X*. Then we have Ty, X, = —¥5—g +SoTo%0-

T
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£ €(01], £ € (0,&)] and anys € [0,.1]. It is clear that the mapping Hy(s,x,t,£) is an
admissible homotopy for Skrypnik's degree and the Skrypnik degree ds(Hy (s,
(£.€).6,0) well-defined and is constant for all .s€[0,1] and for all t € (0,t,],
¢ € (0,5 Consequently, the Browder's degree generalized by Hu and Papageorgiou
191, dyp,is well-defined and satisfies

dyp(T + C + G —74v5,64,0) = dg(T, + C + g, — Tovg, Gy, 0) (14)
forallt € (0,¢t], £ € (0,5)

Assume that dg(H,(1,,ty,&),G;,0) # 0 for some sufficiently small QIE (0,t,] and
and £, € (0,&]. Then the equation

Teyx +Cx + ge,x = 1005

s a solution in the set Gy. However, this contradicts our choice of the number Tgin
131 Consequently. by homotepy invariance property of the degree mapping,

di(T! +C+ ge" GI' U) = dS(HII(QJ's'tyE],); Gp B) ='.0; te (0 fa]; EE {0, Sg'].
We next consider the homophony mapping

Hys.x.t.e) =s(Tex+ Cx+ gx)+ (1—-95)x, (s,x)€[0,1]%xG,. (15)
We Bt show that there exist t; € (0,¢o]). & € (0,&] such that the equation
M ls.x.t.£) =0 has no solutien on 8G, for any s€[0,1], t € (0t,], and any € €
0., ] Let us assume the contrary. Then there exist sequencest,, € (0, t;]. &, € (0,&],

% £10.1] andx, € 4G, such that t, 10, s, > 5, for some s,€[0,1]. &, L0,
X =X EX.Cxy =Y, €X', 9., X, > g" EX", Jxp = Zg € X"and

SalTe Xn €2y + 9., %) # (1= 5,)/2, = 0, (16)

Note that 5, = 0 is impossible because J(0) = 0 and J is injective, and therefore we may
assume that s, > 0 forall n. If 5, = 0, then

(T + ) = = (== 1) G ) = (i ) —e0(17)

n
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Because {||x,|[} is bounded below away from zero. Since (T, X, x,) = 0and
{(Cx,, xn)} is bounded, we see that (17) is impossible. Thus, s, € (0, 1], and then (16)
implies ;

' 1
Tt =% ="~ (-~1) %

Also, from (16),
i
(Tt Xn + Cxp, Xy — Xg) = — (S_n-_ 1 ) (Ge,Xn + 1 %n, Xn — Xg)
1
= ”'(S__ 1 ) (2 — J %0, Xn — Xg) +{ e, Xn + ] X0, X — %p)]

f-(i—l)(y Xn F X0, X0 — Xp) (18)
Sn Epin A0+ 4n ol

IA

by the monotonicity of the duality mapping J. Sinces, € (0,1], g, X, — g'and
X, = Xp, we see from (18) that

limsup{qy, = (T;, X, + Cxp, X — Xo)} < 0.

n-+aa

Let -
limsup(Cx,, x, — x) > 0. (19)

n—o

Then, for some subsequence of {1} denoted by {n} again, we have

,!i_‘rg(an, Xp—Xg)=q>0. (20)

From
(T XniXn — Xg) = Gn — (Cxtn X5 — %)

we see that

limsup(T}, Xn, Xn = Xo) < limsupg,, + lim [— (Cxp, X, — Xo)] < —q < 0.
n—=owo

n—m Ti—vony

- Using (i) of Lemma , we conclude that (19) is impossible. Thus, (19) holds with “<" in
place of “>". Since C is of type (5,), we have x, = x, € 9G,. This implies Cx, =

Cxq, JXn = Jxg = 25, and

Sipc

wT X

Fezem
I <
X =
<, g
of 7.3
s g,
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T ;
Ty xn = —Cxg—g" — ,—B— i3 ) Jxo:

Since x, — X,
lim (Tt %p, Xy — %) = 0.

Using (1) of Lemma, we have that x, € D(T) and
1
—Cxq—g' —(;——l)jxo € Txy.
8y a property of the selection e, Xn (cf. [9] p. 238), we have g" € G(xp). Thls 1mphes
Txo + Cxy+ Gxg+ 1, ).}x-(, 30, x, € D(T) N3G,
S0 J/ %0

Thus we arrived at a contradiction to our hypothesis (H2). For the sake of convenience,
we assume that ¢y and g, are sufficiently small so that we may take t; = t; and
£ =g

It s therefore clear that the mapping H,(s,x,t, &) is an admissible homotopy for
Skrypuik’s degree, and so the Skrypnik degree, ds(H,(s,,t, £), G, 0), is well-defined
and comstant for all 5 €(0, 1], t € (0, to] and & € (0, &]. By the homotopy invariance of
e degree mapping, for allt € (0,ty], € € (0,&], we have

‘S{”! (1-°4 L, 8)! GZ: 0) = dS(Tt ¢+ Ye GZJ 0) = dS(H 2:(0»’»‘."—-- E)-- ﬂz: 0) — dSUJ 62: 0)
=1.

Thas, forall ¢ € (0,t], £ € (0,&,] , we have

ds(T, + C + g,, Gy, 0) # dg(T, + € + g,. G, 0).

From the excision property of the Skrypnik degree, which is an easy consequence of its
finite-dimensional appriximations, we obtain a solution x;, € G, \ Gyof Tpx + Cx +
2,x =0 for every t € (0,t,] and every ¢ € (0,&,]. We pick t, € (0,t;] ande, €
(0.5,] besuchthatt, 10, g, L0 andlet x, € G; \ G,be the corresponding solutions
of Tx+Cx+g.x=0,ie Tpx, +Cx, +g£nxn = 0.We may assume that Xn = Xg
and g, x, > g" €EX".

if
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limsup(Cx,, + e Xy X —Xg)> 0;
n—om

then we obtain a contradiction from (/) of Lemma . Consequently

limsup(Cx,, + Ge, Xn, Xp—Xp) <0,
Ti—og

and hence

limsup(Cx,, x, —x,) <0.

n-+o

By the (5 )-property of C, we obtain Xn = X € Gy \ Gp. ThenCx, - Cx, and

Ty %n = —Cxq — g". Using this in (ii) of Lemma A, we get xy € D(T) and Ty Xn — |
—Cxq—g* € Tx,. By a property of the selection Ge, Xy (cf. [9], p. 238), we have
9" € G(x), and therefore Tx, + Cx, + Gxy 2 0. We also have

%0 €GN G; = (6;\ G;) UA(G; \ Gy) < (G, \ 6,) U 3G, U 3G,

But, by conditions (H1) and (H2), x5 & 9G; U G,. Thus. Xg € D(T) N (G, \ G3)-and
the proof is complete. : '

Application

We consider the space X = WP () with the integer m>1, the number PE(1,20), and
the domain © < R¥with smooth boundary, We let Ny denote the number of all multi-
indices @ = (ay, ..., ay) such thatje| = a; + -+ ay < m. For,§ = (fa)|m|sm € RN,
we have a representation & = (), where n = (Ma)jajem-1 ERM, ¢ = (€2)iaj=m €
RY2 andN; + N, = N,. We let

$0) = OWigiam, 1) = O Wigan-r, ) = (D) gy,

where
N 3
/0 @
Tl —
¥ uﬁn(ax;-)
=1

Also, let g= p/(p-1).

1
I
I
;

We now consider the partial differential operator in divergence form
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SOLVABILITY OF PERTURBED MAXIMAL E)PER-A?;GR- INCLUSIONS [13]
@@ = ) (DDA, (xul),...D"u(x),  xen
la|sm

The coefficients 4,: Q X RNo - R .arc assumed to be Carathéodory functions, i.e., each
#.0x.8) is measurable in x for fixed £ € RM and continuous in & for almost all x € Q.
We consider the following conditions: -

800 There exist p€(1,0), ¢; > 0 and k, € L9(£2) such that
A, ) < l§IP + k(). x€Q, EeR™, |al<m
(A2} The Leray-Lions Condition

Z [Ae(x, ’?J{;) —A(xm, (G, — $2,) >0,

|lai=m

is satisfied forevery x € Q,n € RM,{,,{, € RM:2with §; # {,.

(A3} The momotonicity condition

Z [Ae(x, &1) — Ag(x,82)] (€1, — &2,) 2 0

lalsm
is satisfied for every every x € 0,§,,&, € RY,

(A4]  There existeveryc, > 0, x; € L*(Q)such that

Z A(x,8)Ee 2 EIP —i3(x), x€Q, &€ R,
lalsm
i an operatorT: W"*(Q) —» W~™9(Q)is given by

(Tu,v) = f Z Ag(x,E(u))D%, u,v € Wy P(Q),

a lalsm

then conditions (A1), (A3) imply that it is bounded, continuous and monotone (cf.
eg Kittla [13, pp. 25-26), Pascali and Sburlan [14, pp. 274-275]. Since it is
continuous, it is maximal monotone. Similarly, condition (A1), with 4 replaced by
8 implies that the operator C: W7 (Q) - W~"™4(Q) defined by
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(Cu,v) = f z B (x,&(w))D%v, u,veE W{,m'p(ﬂ),
n]a]sm- ’

is a bounded continuous mapping. We also know that conditions (A1), (42) and

(A4), with B in place of A everywhere, imply that the operator C is of type (S ) ek,

Kittila [13, p. 27]).

We also consider a multifunctionH: Q x R — 2Bsuch that

(A5) H(x,7) = [¢p(x,7), Y(x,r)]is measurable in x and u.s.c. in r,where

¢, : Q@ x RY — R are measurable functions;

(46) |H(x,7)| = max[|p(x,7)], [@(x,7)|] < alx) + c,|r|a.e.on 2 x R and
a(-) € L), ¢, > 0.

“Define G: WP () - 2% "7 by
Gu= {'h EW™™4(Q) : 3w € L7 (Q)such that w(x) € H(x.u(x))and(h, v)
= f w(x) v(x)for all v € W,"7 (ﬂ)].
0

It is well-known that G is u.s.c and compact with closed and convex values (cf. [9}.
p.254), and therefore is of ¢lass (P). We can now state the following theorem.

Theorem 2. Assume that the operators T, C and G defined as above with T(0)=0,
C(0)=0. Assume, further, that the rest of the conditions of Theorem | are satisfied for
two balls Gy = B,(0) and G, = B,(0), where 0 < q < r.Then the Dirichlet boundary
value problem

(Aw)(x) + (Bu)(x) + (Hu)(x) 3.0 , XEQ,
(PD*u)(x) =0, x€dq, la| <m—1,

has a “"weak™ nonzero solution u € B,(0) \ Bq (0) © W,™P(Q),which satisfies the _
equation Tu + Cu + Gu 3 0.

As noted earilier, the author and Kartsatos [1] have established similar results for densely
defined operators 7 and C in the context of the degree theories by Kartsatos and Skrypnik
[11]. In the light of recent degree theories for more general combinations of operators, such
as ones in [2], the results of the paper may be extended. However, for the triplet T + € + G

im The
degree

(1]

2]

3]
4]

nLg

ra
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i Theorem 1, the existence of nonzero solutions when the homogeneity condition for
cegree a>1 (p>2 for p-Laplacian) still remains open.
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The purpose of this paper is to study some fixed point theorems of asymptotic
famfeactions in metric space.
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1. Introduction
Aavmsonc fixed point theory deals with conditions describing a behavior of iterates of
& mwpeng In 1922, S. Banach [17] established a contraction mapping theorem in
st spece. In 1930, R. Caccioppoli {16] introduced the concept of asymptotic
Somtraction based on Banach Contraction Principle. In 1962, E. Rakotch [6] probably
s e fiest for the extension of milder form of Banach Contraction Principle for the
Lommsenen constant. In 1962, D. W. Boyd and J. S. Wong[4] obtained a more general
wemdsen In 1986 M. R Taskovic [13] established some fixed point theorems on
Spiegpeal space In 2003, WA Kirk {23] introduced an asymptotic version of Boyd -
W ey Cesemaction. Since then, many extensions of weaker forms including fixed point
Hemremms bave been established. _ _
e peopesse of this paper is to present a brief survey work on some fixed point results
#f aspmpaetic contraction in metric space. :

2 Preliminaries

S, we start with the following défirfitions.
Delinition 1. [13] A metric space (X, d) satisfies the condition of TCS- convergence iff
20 X and F NI T x) >0 as n—> o implies that {T"x}, . has a convergent

b
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Definition 2. /73] The set O, (x)={ x,Tx,T ’X,...} is called the orbit of x.
Definition 3. [13] A function f:X 5 R is T-orbitally lower semicontinuous at the
point p iff for all sequences | X, Ypen Such that x, — p implies thar
S (p) < liminf, . f(x,) :
Definition 4. /13] A mapping T : X — X is said to be orbitally continuous ifé&xeX
are such that & is a cluster point of O then T(&) is acluster point of T(0y(x)).
Definition 5. /23] Let (X, d) be a metric space. A mapping T: X — X is said to be
asymplotic contraction if,
d(T"x.T"y) < ¢, (d(x,)) forall x,ye X where
¢, :[0,%) > [0,0) and ¢, > ged(1)
uniformly on the range of d , where @ is the class of functions.
Definition 6. [15] A function T : X = X on a metric space (X, d)is called an
asymptotic contraction if for each b >0 there exists amoduti 5" (0,b] > (0,1) and
B°:(0,61x(0,%0) — N and the following hold : )
1. there exists a sequence of functions ¢, : (0,%0) — (0,00 such that for all
x,ye X, forall £>0 and for all n e N.we have
b2d(x,y)2&—>d(T"x,T"y) < ¢, (£)d(x,y)
2. foreach,0</<b the function 4’ := #(l,.) is a modulus of uniform
convergence for ¢, on[l, b}, i.e.,
Ve>0 Vsellb] VmnxBleN4,$-p6)e),
3. defining ¢:=lim__g, , then for each £ >0 we have that n"(£)>0 and
#(s)+n"(e)<s foreach s e[e,b],
where there is no ambiguity, superscript b_from the moduli 77, B" are removed.

Definition 7. [18] A function ¢ from [0,) into itself is called an L-function if
$(0)=0, §(s) > 0 for s.€(0,0), and for every s < (0,) there exists & > 0 such that
#)<s forall te[s,s+65).

Definition 8. [19] Let (X, d) be a metric space. Then, a mapping T on X is said to be an
“asymplotic contraction of Meir-Keeler wpe (ACMK, for short) if there exists a sequence
A9} of functions from [0,0) into itself satisfying the following:
L limsup,¢,(£) <& forall & s 0.
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2. for each &£ >0, there exists & >0 and v.e N such that ¢, <& forall
re(e,e+4d],and
Ld(T"x,I"y)<¢,(d(x,y)) forall neN and x,y e X with x# y.

Definition 9. /20] Let (X, d) be a metric space. Then, a mapping T on X is said to be an
wsympiotic contraction of final type (ACF, for short) if the following hold:

- Aimy__supllim,_, supd(T"x,T"y:d(x,y)) <8} =0,
for each & >0 there exists 6 > 0 such that forall x,y e X with
s<d(x,y)<g&+0,there exists v€ N such that d(T"x,7"y) < .
for x,ye X, with x # y there exits v €N such that d(7"x,T" y) < d(x, y).
for xe X and &> 0, there exists > 0 and v € N such that
e<d(T"x,T'x) <&+ implies d(T* oT'x,T" oT'x) < ¢ forall i, jeN.

N

L

Definition 10. /5] Let ® be the class of functions ¢ :[0,00) — [0,0) with the
properties
(1) ¢ 1s the Lebesque - integrable on each interval [0, a) with @> 0, and
li:)£¢{!) > () for each &> 0.

Let (X, d) be a metric space. Then, a mapping T on X is said to be an asymptotic
comtraction of integral Meir - Keeler type (ACIMK, for short) if there exists a sequence
¢ | of functions from [0,00) into itself satisfying the following,

1. limsup, ,.¢.(¢)<¢ forall £>0,
2. foreach £>0 thereexistsa 4 >0 and s € N such that ¢, (1) < ¢ forall
tele.e+45],and

3. ,[,m yydi< g, (J: “"W(t)dr) forall neN and x,ye X with
x# )y where e .

3 Main Theorems

n 1962, E. Rakotch obtained the following theorem.
Theorem 1. [6] Let X be a complete metric space and suppose T:X — X satisfies
AT T(y) Sald(x,y))d(x,p) for each x,yeX where a:[0,0)—>[0,1) is
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monotonically decreasing then T has a unique fixed point x. ang {T"x} converges 1o
X, foreach x e X . B
In 1969, D.W. Boyd and J., Wong established a more general result on contraction

-mappiﬂgz theorem in metric space which is as follows.

ATCT')Sa,53) forall n>m(x,y) )

and for all x,yeX where d:XxX SR It X d(x,Tx) is a T-orbitally
continuous and d(a,b) = () implies @ =4 then T has a unique fixed point £e ¥ and
T"x— & foreach xe X. -

As a localization of condition (2) of above theorem. we have the following thearem.
Theorem 4. [13] Let ?‘-"j'é:_elcz_-mgzpp_'r'ng'ofrapo!ogfca! space X:= (X d) into itself, where
X satisfies the condition of TCS- convergence. Suppose that there exisis a sequence of
‘nonnegative real finctions {a,(x, Wlon such that @ (x,Tx) 50 and a positive
integer m(x) such that

_ AT"x,T""y) < e, (x, Tx) Jorall  n>m(x)
and forevery xe X whete d: X x X - RY.If x> d(x,Tx) is a T-orbitally lower

S eontious of 1 s orbially continuous and (a,b)= 0 mplics a5, e T has

p =

§ A

b l'-__. *J |I| ‘ .'

3

i
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version of Banach’s contraction principle attributed to Cacciopoli [16] whose result
ssserts that if X is a complete metric space then the Picard iterates of a mapping
7 X — X converges to the unique fixed point of T provided for each n=1 there
exits a constant ¢, such that, ]

d(T"x,T"y)<ec,d(x,y) x,yeX with z:-:,, <oo, (3)
' o=

Theorem 5. [23] Let (X, d) be a complete metric space and suppose T : XX isan
asymptotic contraction for which the mappings @, in (1) are continuous. Assume also
that some orbit of T is bounded. Then T has a unique fixed point z € X and moreover
the picard sequence {T"x},_. converges to z for some x€ X
In 2004, J. Jachymski and I. Jozwik [10] extended and gave a constructive proof of
Kirk. They obtained a complete characterisation of asymptotic contraction on a
compact metric space. As a by-product, they have established a separation theorem for
unper semicontinuous functions satisfying some limit conditions with suitable example.
Theorem 6. [10] Asume that (X.d) is complete metric space and T is a continuous
selfmap of X. Then, the following statements are equivalent:

1. T is an asymptotic contraction;

2. thecore Y =N, T"(X) is a sigleton;

3. Tis an asymptotic ¢, contraction, where ¢,(f):=0 forall /e R

4. T is a Banach contraction under some metric equivalent to d.
_1n 2004, Y-Z Chen proved the theorem of Kirk under weaker assumptions without the
use of ultrafilter methods. Kirk’s paper assumes the continuity for ¢ and all 4,, but
Chen assumes the upper semicontinuity of ¢ and one of the ¢,"s which is weaker and
easier to check.

Theorem 7. [24] Suppose that (X, d) is a complete metric space and suppose
T:X > X such that,

d(T"x,T"y) < ¢,(d(x,y)) forallx,ye X whereg, :[0,:c) = [0,00),
and ¢, — ¢ uniformly on ahy bounded interval [0, b]. Suppose that ¢ is an
uppersemicontinuous and ¢(£) <¢ for ¢>0. Furthermore, suppose there exists a
positive integer n, such that ¢:n. is uppersemicontinuous and {#ﬁ" (0)=0. If there exists
x, € X which has a bounded orbit O(x;)= {x;.Tx;. T X,....} then T has a unique
fixed point x, € X such that

lim_ T'x=x, VxelX.

n=%w
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In 2004, P. Gerhardy [15] using techniques from proof mining, developed a

variant of the notion «of asymptotic contraction and established a quantitative version of
the corresponding fixed point theorem. Using techniques from proof mining as

developed in [22, 21], he first derived a suitable generalization of the notion of
asymptotic contractivity and subsequently established an elementary proof of Kirk’s
fixed point theorem providing an explicit rate of convergence (to the unique fixed
point) for sequences {7"x} .
In detail, he has shown that

. the rate of convergence only depends on the starting point x via a bound on the
iteration sequence {7"x} .
2. the rate of convergence only depends on the function 7 via suitable moduli
expressing its asymptotic contractivity, and
3. only the continuity of 7" is necessaryto prove the existence-of a unique fixed
point, while the convergence to such a fixed point can be proved without the
continuity of T

Theorem 8. [15] Let (X, d) be a metric space, let T be an asymprotic contracjon and
let b>0 and n, B are given. Assume that T has a un ique fixed point z. Then for every
£>0 and every x,e X s.. {x,} is bounded by b and d(x,.z)<bn 3 an m<M
St A
d(x,,z) <&, where
, g (8)—lg(b) - (o (£)e
M, ..~ k[ (BN 1@), - 5_nlE)e
(o) 2 4
lg (1"2—)

Theorem 9. [15] Let (X, d) be a complete metric space, let T be a continuous
asymplotic contraction and let b>0 and N, B be given. If for some x, & X the
sequence {x,} is bounded by b then T has a unique fived point = , {x,} converges to
z and for every &> 0 there exists an m< M s.t. d( X,22) S &, where M is as in above
Theorem
In 2006, T. Suzuki [19] introduced the notion of asymptotic contraction of Meir-Keeler
type and established a fixed point theorem for such contractions which is generalization
of fixed point theorems of Meir-Keleer [1] and Kirk [23]. Also, T. Suzuki has used the
characterization of Meir- Keeler contraction proved by Lim [18].

Theorem 10. [19] Let (X. d) be a complete metric space. Let T be an ACMK on X.
Assume that T* is continuous for some k €N . Then, there exists a unique fixed-point
z € X. Moreover, we havelim,T"x = z forall xe' X
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s 2007 T. Suzuki introduced a more generalized notion of asymptotic contraction of
Sl type (ACF for short) and established fixed point theorems for such contractions.
Theorem 11. /20] Let T be an ACMK on a metric space (X, d). Then, T is an ACF.
Thewrem 12. /20 Let (X, d) be a complete metric space and let T be an ACF on X.
Aumwme than the following holds

W we X and lim T"u=v, then 3¢ eN such that T'v=v.
Then. there exists a unique fixed point ze X of T. Moreover, we have [im,T"x =z
Bl for overy x e X
Thwewerm 13. [20] Let (X, d) be a complete metric space and let T be an ACF on-X.
D that T s continuous for some ¢ € N. Then, there exists a unique fixed point
20 X of T Moreover lim,T"x =z holds for every x € X.

Ia 2007, M. Arav, F. E: Castillo Santos, S. Reich, and A. J. Zaslavski provided
Weliness condition for the iterates of an asymptotic contraction on a complete metric

e X o converge 1o its unique fixed point uniformly on each bounded subset of X.
1%y sproved the theorem of Chen [24] and established more general result.

Theweem 14. /2] Let x, € X be a fixed point of T : X — X . Assume that

J x)<4,(d(x,x,)) VxeX and all natural numbers n, where
4 10.x)—>[0.x) and ¢, —>¢ uniformly on any bounded interval [0. b]. Suppose that
# = a= uppersemicontinuous and ¢(¢) <t for £>0 then lim, T "x = x,, uniformly
o= each bounded subset of X. .

Theorem 15, Lot T: X = X such that
d(T"x,T"y) < 4, (dfx »)

Sr 2! r.yeX and all the natural numbers n, where ¢, :[0,00) —[0,0) and
\e. .. # =¢. uniformly on any bounded interval [0, b]. Suppose that ¢ is
sepersermcontinuous and that ¢(z) <t for all 7> 0. Furthermore, suppose that there
enats 2 positive integer n, such that ¢, is uppersemicontinuous and ¢, (0)=0. If
Shere exists v, € X at which it has a bounded orbit, then T has a unique fixed point
s & X and lim... T"x = x,, uniformly on each bounded subset of X.

s 20071 D. Arandelovic [9] established a fixed point theorem of Kirk’s type unifying
wnd generalizing the results of Jachymski and Jozwik [10] W.A. Kirk [23], and Chen

B}
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Theorem 16. /9] Let (X,d) be a complete metric space, T : X — X continuous
Sfunction and (§,) sequence of functions such that ¢, :[0,%) —[0,5¢) and for each
x,yeX '

d(T"'x,T'y) < ¢,(d(x, )).

Assume also that there exists uppersemicontinuous function ¢:[0,%) — [0,00) such
that for any >0, we have ¢(r) < r,w(0)=0 and ¢f —> i uniformly on any bounded
interval [0, b]. If one of the following conditions is satisfied:

1. there exists x € X' such that the orbit of T at x is bounded; or

2. lim,_ . (1—¢(1))> 0, or:

3. .Hm-,%ifg <1

then T has a umique fixed point y e X' and all sequences of Picard iterates

defined by T converges to y, uniformly on each bounded subset of X.
In 2007, the results established by E. M. Briseid [7] are based on the analysis of Kirk’s
fixed point theorem for asymptotic contractions given by Gerhardy. He had proved
fixed point theorems on asymptotic contractions which give an explicit rate of
convergence to the fixed point for any sequence {7"x} without assuming that T is
nonexpansive. This amounts to a fully effective version of Kirk’s theorem on
asymptotic contractions with an elementary proof. The rate of convergence depends on
the space, the mapping and the starting point through a bound on the iteration sequence
and some moduli for the mapping appearing as parameters, but is otherwise fully
uniform. A weaker result is guaranteed by novel application of the logical metatheorem
due to Kohlenbach [22] in the case where function is also non expansive through a rate
of proximity. As a by product of the uniformity feature of the analysis, he also obtained
characterization of asymptotic contractions in the sense of Kirk on nonempty, bounded,
complete metric spaces, obtaining that they are €xactly the mappings for which every
Picard iteration sequence converges to the same point with a rate of convergence which
is uniform in the starting point.

In 2007, K.P.R. Sastry, G.V.R. Babu, S. Ismail and M. Balaiah [11] established a fixed
point theorem with hypothesis slightly different from that of Chen [[24], Theorem 2.2].

In 2011, B. D. Rauhani and J. Love [3] introduced the weaker condition
liminf, ,,d(x,7°x)=0 for some x in X, and proved that this condition implies the
existence of a fixed point and the convergence of the Picard iterates to this fixed point.

Theorem 19. Let (X, d) be a complete metric space. Let T:X — X such that
d(T"x,T"y) < ¢ (d(x.y)) for all x,ye X where @, :[0,0)—>[0,0) and ¢, >y
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wssemis on any bounded interval [0, b]. Suppose that ¢ is uppersemicontinuous and
St for 1> 0 and assume that there is a positive integer n” such that ¢k, is

sepwrsemicontinuous and ¢, (0)=0. If liminf, , d(x,T"x)=0, then T has a u&ique

Bowd pownt x € X ,and we havelim, , . T"y=x forall yeX.

in 2012, E. C.anzoneri and P. Vetro introduced the notion of asymptotic
Sasiracton of integral Meir-Keeler type on a metric space and proved a theorem which
ires existence and uniqueness of fixed points for such contractions.

Thenrem 20. [5] Let (X, d) be a complete metric space and T be an ACIMK on X.
Bowwme that TV is continuous Jfor some meN. Then there exists a unique fixed point
Lo X Moreover, we have lim,_ T"x=z forall xe X.

Wesmark: On the basis of the above thedrems, we can observe that weaker forms of
“imimsctive conditions for the existence and uniqueness of fixed point are rapidly being
seveoned. The condition of mappings to be continuous is necessary for the existence
o8 Sxed pomnt but not for the convergence to such a fixed point. The rate of
weswergence depends upon the space, mapping and the starting point through a bound
om Beration sequence. The notion of asymptotic contraction has been developed
Sowards Boyd- Wong type and Meir -Keeler type conditions with suitable applications
= mfe of convergence.
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Abstract _

The global regularity problem concerning three dimensional Boussinesq equations
semans 2n outstanding open problem in fluid dynamics. The regularity of the weak
wlution for three dimensional Boussinesq equations is studied in this paper. We prove

ot if I:ll a,u,(s) || ‘:ds<m, then the solution to three dimensional Boussinesq

sguations can be extended in [0,7+€).

Mathematics Subject Classification: 35Q35, 35B35, 35B65, 76D03.
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1. Introduction

The study of fluid dynamics is of great interest from both the mathematical as well as
e physical point of view. A number of mathematical models have been proposed to
describe the natural phenomena like atmospheric & oceanic flows, geophysical flows,
s electrically conducting flows. Boussinesq system of equations is widely used to
model large scale atmospheric & oceanic flows such as tornadoes, cyclones, and
hurricanes. It describes the dynamics of fluid under the influence of gravitational
force. This system is one of the well known models that describe the geophysical
flows as well as other astrophysical situations where the stratification of the medium
and the rotation of the earth plays a dominant role.
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The paper is concerned with a regularity criterion for the weak solution to the three
dimensional Boussinesq equations. The three dimensional Boussinesq equations can
be written as:

Qu+ (V)= UAu—~Vp + 6;‘
9,0+ wuV)8=KAB,

V. u=0,

w(x,0)=u,(x), 8(x,0)=6,(x),

(1.1)
where xe R, 1>0, u=(u.u,u,)is the velocity field, @=0(x¢)the scalar

temperature, p(x.r)the pressure, t>0is the kinematic viscosity, k>0the thermal

diffusivity, and e, =(0.0,1)” . For simplicity, we consider =k =1,

When 8=0 in (1.1). then this system reduces to the Navier-Stokes Equations. The
global regularrty or finite time singularity for the three-dimensional Nav:er—S‘tokﬂs.
equations is the most challenging open problem.

In fluid dynamics [22]. In fact, this is one mullion dollar prize problem announced by
Clay Mathematics Institute [14]. Various efforts have been made by mathematicians,
physicists, and engineers, but the mystery is still there. For two dimensional Boussinesq
equations with full dissipation and thermal diffusion, the global (in time) regularity
have been established. There are numerous papers regarding the global regularity of
two-dimensional boussinesq Equations ([3. 7,9, 10, 11, 12, 13, 15, 17, 18,20, 21] and
references therein). However, the global regulanty issue for three dimensional
Boussineq Equations is an outstanding open problem. There have been numerous:
papers related to 3D Navier-Strokes equations about the regularity criterion. Recently
Cao and Titi found the regularity criteria in terms the one component of the velocity:
gradient [8]. The natural question is the extension of this result to the 3D Boussinesq
equations. With this motivation, we study the regulanty issues of the three dimensional
Boussisesq Equations.

For three dimensional Boussinesq Equations, Ishimura and Morimoto [19] proved the
following Bale-Kato-Majda type regulanty critenon.

Vue L'(0.T;L)
In [23], the authors proved the regulanty cntenon for weak solution to l:he D
Boussinesq equations. Mm precisely the solution 10 1.1 can be exfended beyond t=T

provided that [ 1u. | £, %-»%sn-d az3.
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Is s paper, we follow the method of Cao and Titi [8]. They proved the regularity
crseria for 3D Navier-Stokes equations. Here we apply their results to 3D Boussinesq
sgwanons and prove the same regularity condition. In fact, this is a simple observation
o s result. Since the Boussinesq Equations have the thermal diffusivity, which is
Sesent i Navier-Stokes equations. In order to apply the result in [8] for 3D boussinesq

we need to bound the terms involving thermal diffusivity. More precisely,
we peowe the following theorem. '

Theoreml.l Ler(u,,6,)e H "R, V. u, =0. Let(u,0) be the weak solution to the
0 MHD eguations. Let T >0, if :
; _
O=[ l1dus()ll ds <o,

(1.2)

whewa>3 1<f<oo md9.+igﬁﬂ
a f 2a
e (. 8) can be extended to the time interval [0,T+€) for some €>0.

scalar

L Preliminary
Uhesughout this paper, the following notations will be used.
* (15 a harmless constant which may have different values in different
;Pivery pe [l II_LF or ||. ||, denotes the norm in the Lebesgue Space
L.

!
d.f =a—f.33f :_a__]f__ i=1,23and j=12,3.
X dx,0x;

* ¥ u=(0u0,u,0) and Vu=0]u+du
Defimition 2.1 (1" space). For 1< p<eo, [7(R") is the space of functions such that

L
Jue T dx)Pif 1< p<es,

iIx] 2= IFHH,={(IR
|essSup_. |u| (x,T), if p=oo,

s frmate,
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Definition 2.2 (Sobolev Space). Let @ c R? be an open set, for integer k>0 and
1< p>oo. The Saboiev space W*" (Q) consists of the function [ € L' () that have weak
derivatives D“ f e L'(Q) of all orders |a'| < k. The norm is defined as

1.
N Wperi” P : = -
|l o= (Z‘M“” Pt H-""m-)) i sp< -
| 7 - | maKMﬂ [I Def ”L'(ﬂ] if p=ce
When p=2 we write w?-zz H

Definition 2.3 (H" —norm) For any ke R, the H* —norm is equivalenily defined as
. . 2]~ 2
1S lge= [ (4] | F &) @

Deﬁnmon 2.4 (Weak Solution). A pair (1,8) is called a weak solution of (1.1) with
' u'e (R*),6,€ L' "L (R*) Vau, =0 for T >0 provided that (u. 6) satisfies
(1) w6y COTE®R)NLOT:H' (R), 0 L(0.T; L N L (R) with
V=0 inthe sense of distribution.
(2) wand @satisfy equation (1.1) in the sense of distribution.
(3) the energy inequality

@B +[ 1V, @I deliu i +[, [, 6 eidxde
ll RZGIS +j° Ve |2 dr<||6, | forall t<T .

We would like to recall some lemmas (see [8] and [6] for details)

Lemma 2.5. For every 2 < r < 3, we have the following inequalitics

j Jprwasscioy IifIL’ nwuluamu SR e
jx,wm«:uw LI w2, mr, na.fn:nazf ¢ @2)
[ orwdx<Clioh 171k nwnznamr nafmua FE. @Y
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o _ _ 3a-2
We will apply the first inequality for r = :
In order to prove the main theorem, we need the global L*-bound. More precisely, we prove
the following lemma.
Lemma 2.6. Let (u, @) be a smooth solution of (1.1) then
18| LF |8, || p. forany pe [l =] (2.4)
el +2[ IVulE <Uluy I 16, TF @5
forany £>0. '
Proof. Multiplying the second equation of (1.1) by 9]8| . integrating in space and
integrating by parts, we obtain

6@ 1 +ptp=n[ 1V 6l6] * ()2 dr =16,

Since, L, (u.V)H.6|i9|2”'2-d.f =0 by divergence free condition. We immediately get
61,26 ll,  tel0.T], pe (L)

At p =coby maximum principle || 8(¢) L. <l 6, |L..

To prove the second inequality, multiplying the first equation by «, integrating in space.

we obtain

d , 2 .
%E_”ulg-i-“ﬁe][, <l &1Ll wll,

<16 Ik +1lulp)
‘Therefore, by Gronwall's inequality we obtain the desired bound,
lulf +[ IValg ds< K(@).
3. Proof of the Theorem
It is well known that there exists a umque Jocal strong solution to 3D Boussinesq

equanons For (u,,6,)e H mth V.un 0, the week solution is the same as the

stroug solution in short interval (0.T). If we can find a priori uniform H'- bound in
(0,T) for the strong solution with the regularity condition of our main theorem then
the solution be extended by a standard process. Thus the main theorem is reduced
to establish the uniform H'- bound for such strong solution.

Proof, Multiplying the first equation of (1.1) by —A,u and the second equation of
(1.1) by —A, 0 and integrating with respect to space variable yields.
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%‘j‘;m VulE +1V,815)+01V,9, 1§ +1V, VOl =

[ . Ak'dx—[0 e; . Audx
+ [. 18 80dx =1 +1+1
The following bound for (/) can be found in [8].
Ao
I, = J'(u.V)uﬁﬁudx £ 5 ZL‘ 01,0 u,0,u,dx

A= 0=l
3 2

o Z Z L_, 1004,0,4, 9,14, + 014,014,016, +9,14,0,9 0, Jdlx

k=l 4=1

2 2
= ZZL, [9,4,0,1,0 1, +0,u;9,u,0,u, |dx+ -[3’" [9,1,0,u0 u; + 0 u.04.9 u, | dx +

k=l o=l

e
Z Z I ® [aiﬂsa:_‘ut'a"‘u *]dx

k= =1
=l +1,+1,
Clearly
|!u

2
5= i):jg,[a#,aluta,.u,} +0,u,0,1,0,u, Jdx

k=l i=l a

= Ia’ (@) + (5u,)" +((9,,)* + (B )1) (91, +9,u, )dx
< [ Ju |99 0|Vl dx

In above inequality we apply divergence free conditiondu, +0,u, =—0yu;.
Collecting all inequalities, we obtain

+|I,,| < CL:I""S”V?W“V"'J"

1,<C[ |V 9u]|9]dx
Since .@>3, s0 2< 30: 2 -3 We can use (2.1) with $= bes|. £ = |Vl =[V, V.|

a-2

and r= and Holder's inequality, we obtain

201y “ (@-2) a a

/

I
=3

oo JL R e O
< C IR B 15 Va3V [+ Ve

< [lug [ (1B 10 11V 12211 @,V 72| 9,V 2| VV e

Fr

J: can

2]
j_'- and
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s =~ _- 1 2
SC|19u Il 11 Ve lhe110,Vu ! +Z||VVﬁu|I;

(=3

We can bound I and /5 in the following way.
L,=[0e;8u=-[V,09,u<IV,0[5 +|V,ulf

From @equation we get
= J-i] [(u.V}ﬁ_]Ahﬁd_!' - _Z ZJ. a:“;a ;69; &

3 2 1.2
- ZZJ‘ilaiuig d.6+ Z ZL O,u 6,0

1=l k] =]l k=1
S| NNVl N VG 1L +1 @1l Il V|- VV, 81|
3 2. I 2 ] i )
SCIIV, Al +ClIVull: F IVl +21IVV,8 1 -
Combining shove estimates we get
I d i 2 - 2| 2. 7
EZL” V.a,“ |E +] V ;,g ”_v |+ [l V;.V“ ”1 +| V;.vg”g

& =2 &

< CYl 3 17 Vu i (19,Vu | +C (I V, 015 +V 1)
Integrating and applying Holder's inequality

[Vl +19,008 ]+ [ (1v,Vul? +7,7005)

2a o _a_
SV 2 17,818 4 [ 119, 1221 Vu u_?} INEY ||,)
s

Multiply the first equation of 1.1 by —Aw and the second equation by —~A# and
integration by parts, X (£)=l|Vu(t){] +I|V&|Eand ¥ (r)=)| Au |} + || A@ |, we obtain

1d
EE X()+Y(@)= L! u.Vu.Amdr—L, E?e‘.Audx-!-J‘R! uVE.ABdx

=J, +J, %

Ji can be bounded as (see [8]),
(=1 2

1 1 sae-l) o
IJ.I SCIVulblIVeiEV,Vu Ll Au i +C [l (L2 (1056 12 Va [ +€ll Au 15
J>and Iy can be bonded as:
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L SClIVulg +(6]F
|| = J. u0,68,0dx = - Iw 9,u,0,60,0 =La d,u,68,9,0
SOl = || Ve [l AGIL< C 1| Vi |} +€|| ABIE< C || Vue | + ¥ir)

- Combining all above inequalities, we obtain

Sl | o S
22 XO+Y@ SVl VulfE +C s 1= |9, 157 Vi +

CUIVuls +I V) +C (| Vu | +e Y(1).

S X OV QS IV, Vi BV, Va3 +C13 0 1350 Vi +C0 Va2 +) V82

Integrating
X))+ I;;Y(r.m'

; ! 1 T : 1
S LNVl Ve 311, ) A dis+C [ )3t 137 1V s+ € Vi, 2 4 V8 2
=R +R,+R,

The rest of the calculation is exactly the same as in the paper of Cao and Titi (see [8]).
The difference here is the term involving #. which we have shown in J . and J;. Finally

we get (detail see [8]).
Pt ) ) : r Sa
X(0)+ [ Y()ds < C(| Vi, |2+ V8, 16 +C, 9 127 (| Vu | ds
Let ﬂzL‘g. Clearly ' satisfies the condition of the main theorem. Thus
-3

[ 119y, [10ds < implies X (1) < ea. Thus (u,8)can be extended smoothly beyond 7> 0.
This completes the proof. '
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Abstract

The aim of this paper is to introduce and study anew classS(X. (Y, lI.11'), D, v, w)
"of normed space Y- valued functions using Orlicz function®as a generalization of
some of the wellknown sequence spaces and function spaces. Besides the investigation
of linear space structures of the class S (X, (¥, Il. Il ), ®, ¥, w, M), our primarily
interest is to explore the conditions pertaining the containment relation of the class §
(X, (Y, ll. Il )@, v u)in terms of different yanduso that such a class of functions is
contained in or equal to another class of similar nature.

Key words:Orlicz Function, Orlicz Sequence Space. Solid Space
- 2010 AMS Subject Classification:Primary — 46 A 45, Secondary —46 B 15
1. Introduction

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function ® 1o construct the

sequence space £g of scalars (x;) such that,

= gl
le=Nx=() €@ : X ® =, | <e=for some > 0.
_ k=1 "

The space £ with the norm
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Il =in'({ >0 § CI)(LE,_L]) < 1 }
| k

= |
becomes a Banach space which is called an Orlicz-sequence space.The spaceleis
closely related to the space £ywhich is an Orlicz sequence space with
_ DW=A 1<
We recall [8] that an Otlicz function is a function @ : [ 0.0) — [ 0e) which is
continuous, non decreasing and convex with
@ (0) =0, ® (x) > 0 for x>0, and P (x) oo as x—» oo,

An Orlicz function ®can be represented in the following integral form

X
B (x) = [ q() dr

where ¢. known as the kernel of @, is ri ght-differentiable fort 20, g(0)= 0, g(t)
> 0 for 1> 0, q is non decreasing, and ¢(f) —eo as 1 — oo (see, Krasnosel'skii and
Rutickii. [8]). Note that an Orlicz function is always unbounded.

An Orlicz function @ is said 10 satisfy Az - condition for all values of f, if there exists &
constantK> 0 such that
d (21) <K @ (1) . for all 2 0.
The As-condition is equivalent to the satisfaction of ineguality
&( Li) <K L P(1)
for all values of 7 for which L > 1. (see. Krasnosel'ski and Rutickii, [8]).
A simple example of an Orliez function which satisfies the A; - condition for all
' valties of r1s
D ()y=altl(@a>1) since ® (2n)=a2*1e* =2°® ().

Subsequently, Basariv and Altundag [1], Bhardwaj and Bala [2]. Chen [3] . Ghosh
and Srivastava [4]. Kamthan and Gupta (5]. Khan [6], Kolk [7], Parashar and
Choudhary [ 18], Rao and Subremanina {19),Rao and Ren [20], Savas and Patterson
[21], Srivastava and Pahari [22,23.24], and many othershave been introduced and
studied the algebraic and topological properties of various sequence spaces using
Orlicz function as a generalization of seve | well known sequence Spaces.

' Corresponding to the definition on vector valued sequences, se¢ [5] , we now introduce
the following definitions on normed space valued function spaces.




Some Topological Properties of Certain Normed Space Valued Function Space
Defined by Orlicz Function[39]

Let (Y. Il .l ) be a normed space and S(Y) ={ ¢ : X — ¥} with topology 3 . ThenS(Y) is
called solid ifoe S(Y) and scalars ax), xe X such that la(x) < 1 , xe X implies
ox) 0(x) € S(Y).

2. The Classes S (X, (Y,ll. 1), ®,v,u) and S (X, (Y, Il. Il ), D, v, u, M) of
Normed Space Valued Functions

Let X be an arbitrary non empty set (not necessarily countable) and 7 (X) be the

collection of all finite subsets of X directed by inclusion relation. Let (¥, Il LIl ) be a
normed space over the field of complex number C. Let u and v be any functions on
X—R". thhe set of positive real numbers, and

foo (X, R™) = { u: X—R" such that supe(x) <es}.

Further, we write y, it for functions on X—C \ (0], and the collection of all such
functions will be denoted by s(X.C \ {0}). For ue f. (X, R") ,we denote M = max {1,
SUp; H(x) .

We now iﬁrroduce the following new class of Banach space ¥ — valued functions using

Orliczfunction &

SX, (Y, I1.11), D, v, u, M) = {06 : X = Y: for some r> 0,
wiz M

sup 1]y (x) o) | \ -
XE'Xq}'\ r )<C‘F } {(2:1)

]

andits  subclass

S XN, P, 7.0, M)y={0:X— Y: forevery >0,
Tnes | \

sup (1 y(x)olx) |
xe X r J

< oo | {(2.2)

Besides studying the classes (2.1) and (2.2) , we also deal the following class of
normed space - ¥ valued functions

SX, (Y 1.0, D, v, u)={6: X — Y: for some r> (),

sup (1Y (0 60 I

xe. X “\ r ){ - }. (2.3)

Further when y: X—C\ {0} is a function such that ¥(x) = 1 for all x, then S (X, (Y, [I. Il -
)., v, ) will be denoted by S (X, (Y, Il I )@, u) and when « : X—R" is a function
such that w{x) = 1 for all x. then
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SO Y D, y, u) will be denoted by § (X (Y, (. 1P, 7

Actually, these classes are the generalizations of the familiar seguence and function
spaces,.s-tudied in Pahar [10,11,12, 13,14,15,16,17}, Srivastava and Pahari [22,23,24]
and Tiwari ef al. [25] using norm.

3. Main Results
In this section, we shall investigate some cesults that characterize the linear Space
structure of § (X. (Y, A1), @, % M) of normed spaceY _valued functions . Beside this,
we shall explore the conditions in terms of different w and Y s0 that a class S (X, (Y. .
), @, v w) 18 contained in or equal to another similar class and thereby derive the
conditions of their equality.
As far as the linear space structure of the class over the field C of complex numbers is
concerned,we t’hroughom.ia;ke pointwise operations i.c..for functions 0, W and scalar
o, (0 + ) (x) =0(x) + W(x)
and
(o) (x) = 00(x), x & X.
Moreover, we shall denote the zero element of this space by 8 by which we shall mean
the function

9 :a—>Y suchthat 8(x)= 9, forall xeX.

We shall also frequently use the notations

M = supa(x) and for scalar o, A (0] = max (1, lod).
But when the functions u(x) and v(x) occur. then to distinguish M we use the notations
Miu) and M(v) respectively.
Theorem 3.1:S(X. (Y. 1.1 @Y, & M) forms a linear space over the field complex
numbersC with respect to the pointwise vector operations.

Proof: Suppose 0,y € S(X. (Y. (11, @, Y, M), r>0and 712> () are associated
with ¢ and ¥ respectively and o, BeC. Then
sup @[ I y.(x) 0(x) jente ) e

xe X ry /
' ()l M
amil) Q(,M () W) | )4 .
xe X rs i

We now choose r suchthat 2 A o] <r and 2 A (B} & r. For such r ,using
non decreasing and convex properties of @ we have '
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sup d’_( Iy (x) (00(x) + By (x)) 1]""‘””-’ j

Some Topological Properties of Certain ! Nor

xe X r

- sup f[ (x) o0 () 1] + 1] 7 (x) P! (x)! "ﬂ)
~x€ X
E sup I' l f{‘) O‘-O(\)l] u[uh\-f .,,{‘) E‘[E"‘) H uI.U!M\
= xe X \ r J
s M 'B-“H 1] .
x:”;f —'L—- [ (x) @lx) I s +*-—r |y () wix) I""'“}
sup | A [(11 Hix : ,l_LB_L = X
$ex® 5 Iy (x) 0x) | bW g = Ly 00 W |l -”*’J
“‘qj ’/ u(.\l.“-f I ot 3 M f\
< == |
e X \2 1“?{:}0{\)!] |IH'1\,H!1| |
L osup Ly (5 0lx) ll""lm\\ Lsup (Y0 wix) Iy
S X\ r g 2ve .\'q)'. - o

Tﬁis implies that a0 + Bye S (X, (¥, N1 @,y u)and s0 8 (X, ( Yo I, @, Y. w M)

forms a linear space over C .

Theorem 3.2: 1f ® catisfies the A; -condition then

SX, (YD D WM = SIX ORI P uM).

Proof:It suffices to show that SX. (Y. 01 DY uM) is a subspace of

S (YA, @ W M) . since the reverse Inc lusion is always true.

" Let oe S (X, (Y, 1. ), d) ‘f w M), >0 be associaled with 0 then we have

su Iy ;0{ | |y (x) ofx} !

4 ( () o0 I «: oo and hence ¢ xolx) | <00,
xXe x r )
Letus conmdt_r an arbitrary 7> 0.

If #< ry, then bynon decreasing property

&l JM‘ (i) o) L'"‘“W)

f

alsyM
of &, we have

o fijﬁﬁ‘ﬁllﬂ—f\ sup MMJ<

and hence P \ xE ‘( o

shows thatoe S (X, (Y. 1. 1), @.¥. uM).
On the other hand, if r>r1, then put s :—:? 1. Since P satisfies A _condition. There

exists a constant K> () such that
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Therefore, .
sup 5 Iy Sx!j._( !“uu)!u} B sup (EI (x) o) “uu! ) ~
XE Xq{ - n K-"rixe X‘b r <N

and so 0€ S (X LD, 2 w.M).
Corollary 3.3 1§ @ satisfies the A, -condition. then S(X. (Y.l A1), @, wM):
forms a lineal space over G
PrOOf: The proof immediately follows from {he consequence of Theorems 3.1. 32

Theorem 341 S X Y, @, U M)is solid.
proof:Let 0€ S (X AR @,y u M y, r>0be aqsectamd with 0 .Then we have

up .
xe X /
Now, if we take 9::3531‘3 tx(x) Y sueh that let(x)! < 1, then
sup Q(H (x) Y (x) 00X u"“’*’"‘). sup  (lodx) o
xe X J <x€- X ¢.
L Sup
=xe X
This shows that coe SX, (y, I, @y, M) and‘hcncc S(X (v, s &, v, uM )is
solid.

In the forthcoming Theorems, W shall deal with the clas$ s (Y. 1y, .Y u) to
investigatle the conditions in terms of different # and Y SO that it is contained in OF
equal 1o another class of similar nature.
Theorem 350fv: R, ue b (X R")and YES (‘X O\ 0)). then
S(X.(Y, DR A =S, (Y 1), @Y v)
if 1imsuPx,(x) <o

Proof: Assume that lim sup.%(% 2o, Then there exists 2 constam 4> 0 such that

w(x) <d w(x)

e
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for all but finitely many x€ X .
Now, if 6§ (X, (Y. Il 1), @y, u) , r >0 is associated with ¢ then we have
sup _( 1ly(x) ofx e
xt—:f&'d{ I )C: : ]@o,
This shows that there exists some positive real number 1| satisfying

(p( ]] ,(x) d)gx)-l]ur‘xi )S(b{nr] ,

r
for all but finitely many xe X. Since P is non decreasing, therefore
: Il () 000 "<
Since v(x) <d u(x)and soif || v (x) olx) I|< 1, then obviously
, Iy @) o) I < 1:
and on the other hand if 1] y(x) 6(x) I|> 1, then
() 600 1 < 1170 6 I <’
Therefore
7y (x) 000 1 "< max (A’ »
for all but finitely many xe X. This shows that for all but fimitely many x€ X,
d,[ Iy (x) ci(x) uﬁj s‘i{ max (1 ,n‘b] ,

r

and therefore

sup q{ |y (x) Q,.SXI jj }(_m.

xeX
This completes the proof.
Theorem 3.6:1f v :X—R", ue (- (X, R) ,yes (X, C\{0}) and

SO Y1), @,y w) eSKX, (Y, I D). 2.7, V),
then lim SUPS, ()<
Proof: Assume that §(X, (Y, 1. 1), @, v, ) S (X, ( Y, 1), Dy, V)
but lim sup,i%% — oo, Ther there exists a sequence (x;) of distinct points in X such that

foreach k=1,
v () >kulx). (3.3)
Now. taking ye ¥ such that I| y [ =1, we define & : X—=Y by
5 & {(Y(x;))" 2"y for x = x, k2 1, and —_—
0, otherwise. _
Let = 0 .Then we have
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) u"’( {7y () di_(xo l[“‘“)

swq,[ 12"y 11"““"]
k=1 r }

= 3"‘-!?(.1{ iyl M}J
k=l r

_5¢r ALy )

This shows that GGS(X (Y. 0. 01). P, v, ) but in view of (3.3) and (3.4) .we have
l/ !1!;;)("(\1) lﬁ}]
; sup 12 \
k=1 r
sup r‘ 2%

T b U e

and hence 0eS (X, (Y. 1. Il ), .y, v), acontradiction. This completes the
proof: After combining the Theorems 3.5 and 3.6, we get:

Theorem 3.7:If v : XK, ue f.. (X, R") and ¥ s (X, OV{0}), then
ST, 1), @, o) S (Y1), @, 7. v)
if and only if lim sup,%cm
Theorem 3.8: If i : X—3R", ve £, (X. R) and ye s(X. €\ {0})). thén
SO (Y, 1LY, @, Y, ) SR (Y.L 1), D, s )
if I‘:m-_inf.;f(T]f 0.

Proof:Assume that lim inf‘% 0. Then there exists a constant m> 0 such that
v(x) > m u(x) for all but finitely many xe X .
LetoeS (X, (Y.l 1), @.7.v),r >0 isassociated with ¢ . Then we have

sup 4{ Iy (x) 00 1" ]: )
xeX r e

_Hence we can find some positive real number 1 satisfying

q{ Ly -gx)'fd:(x)j e )@( IH

for all but finitely many xe X. Since P is non decreasing, we have
| y(x) o(x) || ""'<n.
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Since v(x) >mu(x) and soif || y{x) 0(x) [|= 1, then
II T(I) Q(I) ” iR ” Y(I)¢(X) ”ur..:lfm. ST] lr.’m.
But on the other hand if 1] y(x) 0(x) || < 1, then obviously ||y (x) 6(x) """ < 1.
Therefore
(0 o(x) || ““< max (1.n"™),
for all but finitely many xe X. This shows that for all but finitely many xe X,
{ Ny o) ™Y [ max (10" ))
:1)!\ I(],-(] }S¢‘\ {r1_‘] !)'
and therefore
sup q’( Iy (x) o(x) I \cm
xeX | r J
This follows that 0e S (X. ( Y. Il . I}, &, v, «) and hence
| S (Y. 0., oy vy cSX (Y1) Dy, w).
This completes the proof.

Theorem 3.9: If u :X—=R",vef. (X, R").ves(X, O\ {0})and

| ' SO ), Dy v) SSX, (Y1), Dy, w),
’ then lim infngig 0.
u(x)

Proof:Assume that S(X, (Y, . 1), @, v, v)<SX, (Y. . 11), D, v, u)
holds but lim inf_.%: (.Then there exists a sequence (x;) of distinct points in X

such that fork> 1,
kv(xg) <ulxy). (3.5)
Now, taking yve ¥ with || v [| = 1. define 0 :X— Y by
_ vy 2™y, forx =, k2 1, and
.8, otherwise.
Let r> 0. Then we have

sigp q,( Ly@oe@ ™Y _ sup [ 1y0w) o) ||"“’"’]
r

reX J T k10 r

: mpihﬂ |y 1 “‘W

[ 24 [ I| v |.Mfl4] \
ﬁ@k ” )

X (3.6)
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This implies that 0e S(X, (Y, Il . 11 ), &, ¥, v).
But on the other hand, in view of (3.5) and (3.6) ,we get

| sup (I y(x) ¢p.; nw*) sup ( 11y ) 0 I *]
' xeX cbk k21 ¥

" sup (p( Z_M-x*.ul'i#ki Iy ” ui-xki]
k21 r

s Sup 28

St

shows that o S (X, (¥, Il 1), b, v, w), a contradiction. This completes the proof.

After combining the Theorems 3.8 and 3.9, we get:
Theorem 3.10: If i : X—>R", ve £, (X, R”) and ye s(X, C\ {0}), then
! SO (YL 1), @, 3, v) €S (Y01 1Y, @, %, )

if and only if lim mf;-(%) 0.
After combining the Theorems 3.7 and 3.10, it follows that:
Theorem 3.11: If i, v € £.. (X, R*) and ye s (X, €\ {0}), then
SO Y0 J.<'P-v W=SX. (Y. . 1)Doyv)

] if and only if 0 < lim inf, vE ;_ lim sup‘;{(‘ i
I Theorem 3.12:If ue /.. (X, R") and ye s(X, C\ {0}). then

(i) SO (YN 0), D7) S, (Y, 0. 01), v w)
‘ if and only if lim sup.u(x) <ee;

(i) SO (Y. 0. 0). D,y w) S Y. 1), D, )

if and only if lim inf, w(x) > 0; and
| (i) SO Y0, D,y w)y=S(X, (Y, 1. 10); D, vy
| . ifand onlyif 0<lim infu(x) < lim supu(x) <.
Proof:If we consider « : X —R" such that u(x) =1 for all xe X and v is replaced by win

‘ ) Theorems 3.7,3.9 and 3.10), the assertions (i), (ii) and (iii) follows.

Theorem 3.13:If ue L. (X, R"). then for any V. pe s (X, O\ {0}),

S, (U0, D, v w)cSX (Y Y, D, 1, u)

Y|
o) > ().

if liminf,
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ulx)
‘X)) . i
1) > (). Then there exists m> 0 such that

Proof: Assume that lim inf, 1)

m I ("9 1y of'®
for all but finitely many xe X. Let 05 (X, ( Y. 0, @, 7, u), r>0 is associated
with ¢ ,so that

sup q)( Iy () o) || i ] .

xeX "\ ri

Let us choose  such that ri<m r. Then for such r .using non decreasing

property of @, we have
r o w o050 #fx) L&_)_I_‘___]"r:
4;{ | p(x) @ ()] ] =¢( ()l 1l ox) | ]
3 r
\ mr r J

and therefore

sup @[ | p(x) 0 (x) | i ] s

xeX r
This shows that 9 S (X, ( Y, L. 1), P, i, 1) and hence
SCCY L), B,y w) S O (Y, I, D, W, ).
This completes the proof.

Theorem 3.14:If ue £.. (X, R7), then for any Y. BES (X, A {0}]) and
SOX, (Y, ), @,y w) S, (Y, 1), ®, 1, u,

i)
then liminf, M’ > ().
pix)
Proof:Assume that S (X, (Y. 1. 11), P, v, w) S X, (Y, N 00), @, w)
- (\’ uix)
but Tim inf, ULL(:"} — 0. Then there exists a sequence (x;) in X of distinct points such
that for each k= 1, we have

kty G0l ' g 3.7y

We now choose _vé ¥ such that || y | =1 and define 0 : X — ¥ by
o [ a)) ly, for x = xi, k21, and
0(X) = g, otherwise. (3.8)
Let r>0. Then we have

sup q;[_ll' () 9Cx) u"’”} m%[imm olxe) u“""")

xeX r ~ k21 r
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sup ¢{1|2 I ""*’f”_]
> e

- Q(A- [y rfff‘""] ] ,

This clearly shows that 0e S (X, ( ¥, Il . Il ), &, ¥, u).
But on the other hand .in view of (3.7) and (3.8) .we have

e %Mmmﬂ] _ sup @f I () o) "™
F \

xeX Y =3 r J
(1] W )
o O ey L
sup (kO

> =—= = oo
_ 1By J==
This shows that 6e S (X, (¥, Il . [1), &, M, ), a contradiction. This completes the proof.
After combining the Theorems 3.13 and 3.14, we get:

Theorem 3.15:1f ue ¢.. (X, RY), then for any ¥, pe s (X, O\ {oh.

SV, I 0), Dy, w) cSOX, (Y. 0l by w)
utxy

if and only if lim inf, >0.

X
H(x)
Theorem 3.16: If yues (X. O\ {0}), u, ve /.. (X, R*), then

SXCY L)@y, w) cSX, (V1L 1), @, W, v)
if and only if i
Y@
W) > 0.
Proof: Proof easily follows from Theorems 3.7 and 3.15. .

X (i) lim sup;‘éﬁ.}cm; and (ii) lim inf,

Theorem 3.17: Let ue (.. (X, R*). Then for any v, e s(X, C\ {0}),
SCX (Y, @, 1, ) €SEX (V0L 01), @, Yo u)

M wx)
Hlx)

Proof:Assume that lim sup,

<oo,

if lim sup,

ufx) E
HL{(:% <eo. Then there exists a positive constant  such

that fy ()F"“<d I ()Y for all but finitely many e X.
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Let 0eS (X, (Y, Il [1), @, i, ), ry >0 is associated with ¢ . Then
sup ¢( I () 0 (x) 1Y ]‘(m

e X 81
Let us choose r> 0 such that d r,<r. then for such r ,using non decreasing property of
£  we have
o Lo I }@(1 ot © (xw““’)
X r | r
@[d )Y 0 (x) I[“"’)

r

[ i qlr)
s@[],ﬁ.(x!.@.ix) I ]

n

o Sup (1_-'
and therefore e k

This shows that 0e S (X, ( ¥, 1. 1), P, ¥, u) and hence
S YN, @, p, @) cSX, (YL, @, vy, w).
This completes the proof.
Theorem 3.18: Let ue £.. (X, R"). Then for any ¥y, pe s(X, C\ {0}),
SO Y1), D,y w) SO (YL D), D, , ),

uix)
m <ca,

then lim sup;x )

Proof: Assume that

SOV 1), @, w) S X (Y, L), D,y w)

( uix)
but  lim sup, “:[ ( l} = o0, Then we can find a sequence (x;) of distinct points in X

such that for each &= 1,
by Cel Pk I el (3.9)
We now choose ye ¥ such that || y I| = 1 and define ¢ : X—=Y by
6 () = {gf(::;i,r‘i; :':r K=Ky k_ 1, and( 3.10)
Let r> 0. Then we have '
i Q{M] = :;f; :ll HOx) 0Cx) ||“Wj

xeX r r

- e sof 1251,

itley)
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This clearly shows that o€ S (X, (Y, Il | ), ®, p.. u). Butin view of (3.9) and (3.10)
.we have

supaq,(ﬂ{ y (x) 0(x) 1“2 ] (e m(xgn [ “‘J
XX r kzl /
¥ () | wtxp) nixg)
oyl
- suqu M(xe)
T k2l r
5 SUp o iJ =

Z i1 £

implies that 0¢ S (X, ( ¥, Il || ), @, v, «). This leads to a contradiction and

completes the proof.
When the Theorems 3.17 and 3.18 are combined, we get

Theorem 3.19: Let ue £, (X. R7). Then for any 7y, pes(X, Q\ {0})),
S AY ), @, w) SX, (Y, 1), D)y, )

ulx)
if and only if lim sup; % <oo,

After combining the Theorems 3.16 and 3.18, we get
Theorem 3.20:1f ue (.. (X, R") and v, e s(X, O\ {0}), then
S (Y N, @y, w)=SX, (Y. 1. 1), 1, w)

ulr) (o)
b3 | S . '
if and only if 0 < lim inf, 5—) < lim sup; 1(x) <ea,
Corollary 3.21: Let ue (., (X, R") and ye (X, C\ {0}). Then
(i) S (Y 00, D, v, w) eSX, (Y 1), D, a)

if and only if ling inf, O™ 0;
(i) SX.CY D). @ uye SX, (Y. 0), D, v, u)

if and only if lim sup, | (x)“"<co; and
(iti) SO @ ) =S (VI ), D, Yow)

ifand only if 0 <lim inf, |y (0)"¥< lim sup, 'y (x)l"“<oo.
Proof: By considering the function y on X such that H(x) = 1 for all xe X in Theorems
3.15 and 3.19 and 3.20, one can easily obtain the assertions (i), (ii) and (iii)
respectively.
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Abstract
_ In this paper, we briefly discuss the theory of weights and then define Ay and Ay
weight functions. Finally we explore two different ways 1o show a function is an A,

weight function.

Introduction

The theory of weights play an important role in various fields such as extrapolation
theory, vector-valued inequalities and estimates for certain class of non linear
differential equation. Moreover, they are very useful in the study of boundary value
problems for Laplace's equation in Lipschitz domains. In 1970, Muckenhoupt
characterized positive functions w for which the Hardy-Littlewood maximal operator
M maps LP(R", w(x)dx) to tself. Muckenhoupt's characterization actually gave the
better understanding of theory of weighted inequalities which then led to the
introduction of A, class and consequently the development of weighted inequalities.
Before we explore two different ways 10 show a function is and A, weight, some
definitions are in order.

Definition: A locally integrable function on R" that takes values in the interval (0,20)
almost everywhere is called a weight. So by definition a weight function can be zero or
infinity only on a set whose Lebesgue measure 1§ Zero.

We use the notation w(E) = I - w(x)dx to denote the w-measure of the set E and we
reserve the notation L°(R",w) or LP(w) for the weighted LP spaces. We note that w(E)<
« for all sets E contained in some ball since the weights are locally integrable
functions.

Definition: The uncentered Hardy-Littlewood maximal operators on R" over balls B is
defined as




7
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- -
M(f)(x) = sup Avg|f| = sup T j FG)ldy-
xeB B xeR IBI B

Similarly the uncentered Hardy-Littlewood maximal operators on R" over cubes Q 18
defined as

. 15
M. = supAvelfl =sup = | IFOIay.
veQ @ xe0 1@l Jg

In each of the definition above, the suprema are taken over all balls B and cubes Q

containing the point x. H-L maximal functions are widely used in Harmonic Analysis.
For the details about the H-L maximal operators, see [21:
Definition: A positive measure dit i called doubling measure if for some positi\'té
constant €< @, _

w(2B) < Cp(B)
for all balls B. This means that the size of a ball with certain radius can be controlled by
the ball of half of the given radius.’
Definition: A function w(x)20 is called an A, weight if there is a constant C;>0 such
that !

M(w)(x)< € w(x)

where M(w) is uncentered Hardy;ljnleﬁood Maximal function given by

- i _
MG = 5up oo L w(t)dt.

If wis an A, weight, then the quantity (which is finite) given by

. = | h
[wls, =  sup (TQ—IL 1W(t-)'ld_t) \I-W'ii\L,,(Q)

Q cubes inR™
is called the A characteristic constant of w.

Definition: Let | <p<®. A weight w is said to be of class A, if [w]a, is finite where
[Wla, is defined as

p-1

wr Y s
Dlas = e s (1@1 L, "“’(""“") (IQI L el d")
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We remark that in the above definition of A; and A, one can also use set of all balls in
R” instead of all cubes in R". Readers are suggested to read [1] for motivation,
properties of Ay weights and much more about the A, wclghts

Consider the followl ng function:

l 1 i 1
og—, X| <—
u(x) = 9 [x] | e
: (8 otherwise.
We introduce two different ways to show that the above function is an A; weight

function.
'slo, 1)

First approach: Set Vi = , where [s(0,1)] is the surface area of the unit ball. Let

B, ={x €R" |x| <¢€)}. Then

1 |
log ( )dx = lim log( ) dx
fs(m/e] x| €0 Jg(0.1/€)\8, x|

‘ . = limeq J"“log (%) "~ driB(0,1/e)\B, |

— (log(e) + 1)\
< 2v,.
. 1\\"* ;
Note that supg (log (—;)) = [Ju™ll=a,,y < 1. Let Ty = {B(xy, R): |x4| = 3R}
and Ty i= {B(%g, R): |%,) < 3R). For all the balls in T; we have 2R < |xy| = R < |x] <
Jxp) + R. In the case ~ < 2R, we have u=1 and so [u],. < 1. Note that

(ﬁfﬂ u(x)dx) [ ooy = (%Iﬂﬂﬂz'ru(x)dx) e emane, 0
* (ﬁ J-'B\.B:m u(x)dx) “u'-.llh-' (B\By/e)"

For 2R <§ < |xg| + R, we have BNB, , # ¢ and B\B,,, # ¢. In this case we have,

= 1
('IBT[ anmu(x)dx)]|H'1||L"'(an8;;,) = (TB_IL u(x)dx)llu'llhf'wl,_,; < 2v,

and

1/e

1 -
?f s u(x)dx ||-u_1“f.m(8.\31fej S 1.
I | B\B,/s



——;

r
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Thus we have, [u]4, <1+ 2vy,
In the case, |xg| + R < -z— one has BNBy/, # ¢ and B\B, ;. = ¢ and so

[ 1 L= {11 - .
(Tg“] L “(x}dX) (1] ey = (@i L _mu(:r)d-x) [ g,y < 2V
Putting all together, we get

j ¢
— \ i) -_1
(IBIL “(")d") ey = 1.4 245
for all balls in T.

For the balls in T> we have. 0 < |x| < |x,| + R < 4R. Using the same calculation as
above, one gets for% < |xgl + R,

(,B[f u(x)dx) ™ pegmy < 1+ 2vy
and (mf u()dx) [ lymgsy < 1+ 2
for [xg] + R < i-. In the case, - = 1g [xg| — R we :ger.-.[u]ﬂl- < 1. Thus,

1
. - -
(—-] - L u(x)dx) ] gy < 1+ 2
for all balls in Ta. Thus, u € A;.

Second approach: We need to show that there exists M>0 such that

First, we assume that B(xg, R) is such that |xo] > 3R. Let's say this is of type L
Case 1: |xg] < — Then < — . We have.

2 [xol < 1| = R < [x] < x| + R <ilxl<s,  vxEB.
Thus,
1 :
1<In II]+ <u(x)<In m, Vx € B.
Hence,
L[ u@)dx <in——<In—
(8| -8 =" agl=R = 7 2jxg]

Moreover we have,
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In < 2u(x), Vvx €B.

2ixy | 4ix n] ol xgl#R T
v
Therefore,  — [ u(x)dx < M ess.infy, Zu(x).

Case 2: |xo| > —. Th:,n x| = [xg] =R 22 |x0| Thus.
1<ul) < (1116)“116
Su(x) <max{1,In— ) =In—
1 16 o 16
= u(x)dx < ln? S Mess.inf  gu(x),M = ln?.

Therefore (1) holds when B is of type 1.

Secondly consider the case B is such that B(x,, R) is such that |x,| < 3R. Let's call this

is of type IL In this case one has, 8(x,, R) < B(0,5R). Note that.
0<a=[fulx)-1dx= [ [u(x)-1ldx <.

Case 1: 5R > E We have

u(x)de =1+ —j [u(x) — 1]dx

18] J, 8]
<1+ ey
Thus, (1) is satisfied with M = 1 + ” a
Case 2: 5R < <> Wehave
—-f u(x)dx < — -rmu spy W)dx =1 .

Let x = 5Ry. We have,

=]
VaR™ Jpa 1 5R1 |

=:_,,Iam_::(ln +In— )dy
=S“(]I‘t*5—’—?+b)

where b = fscu % In— dy Since In =r 7 ®©as R— 0, there exists ¢>0 such that
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o | 1

<< N — —]

b < clnSR, VR < ==

Here we have used the fact that 1 < In é, VR < é Therefore,

1 - g e 1
— | ux)dx</<5"(1+)In—=<5"(1+c)ln—, Vx € B(xyR).
5], 1dx <) <A+ Ongg <5 A+ OIngy (20, )

Thus (1) holds for M = 5™ (1 + ¢). So in all possible cases, we have shown that the
given function satisfies the criteria to be an A, weight function.
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Abstract

In this paper, the product rate variation problem is considered which arises as a
sequencing problem in mixed-model just-in-time production systems. In particular, we
establish a relationship between the assignment and the perfect matching approaches.
During the past decades, this problem has been extensively investigated. Several
heuristics and an exact pseudo-polynomial assignment method by Kubiak (1993) with a
complexity of O(D*) have been given for the total product rate variation case, where D
" is the total demand for zll models of the product and an exact pseudo-polynomial
perfect matching by Steiner and Yeomans (1993) with a complexity of O(DlogD) for
its bottleneck case. In this paper, we propose a relationship between the two
approaches.

Key words: Product rate vanation problem, Sequencing, Non-linear integer
programming problem

Introduction

One of the most important problems for the effective utilization of the mixed-model
just-in-time production systems consists in sequencing different models with keeping
the rate of usage of all parts used by the assembly lines as constant as possible. This
problem is known as the mixed-model just-in-time sequencing problem (abbreviated as
MMIITSP). The problem of minimizing the variations in the rate at which different
models are produced on the line is called the product rate variation problem
(abbreviated as PRVP). The latter problem is the single-level case of MMIITSP. The
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problem of minimizing the total deviations between the actual cumilative productions
from the ideal one is called the total PRVP (abbreviated as TPRVP), and the problem of
minimizing the maximum deviation is called the bottleneck PRVP (abbreviated as
BPRVP), see Kubiak [7]. PRVP has been widely investigated in the literature since it
has a model with a strong mathematical base and wide real-world applications [2. 3, 4,
5, 7. 12]. Both TPRVP and BPRVP have been solved with pseudo-polynomial
complexity solution procedures. The solution procedure for the TPRVP is the
assignment approach with 0(D?) time, see Kubiak [7] and that for the BPRVP is the
perfect matching with a bisection search approach with 0(DlogD), sec Steiner and
Yeomans [ 10].

In this paper, we prpose a relationship between the assignment and the perfect matehing
with a bisection search approaches which shows that any feasible sequence obtained by
the assignment method is feasible if and only if all the copies are assigned at ime units
within their sequencing time windows. However, this is not true for optimality.

The remainder of the paper is as follows. In Section 2 we present the mathematical
modeling of the product rate variation problem. In Section 3, we describe the level
curve, the bounds and the ideal position in which both the assignment and the perfect
matching approaches are based on. In section 4, we describe the proposed relation
between the two approaches. The last section concludes the paper.

Mathematical Modeling

Let D be the total demand of n different models with d; copies of model i,i =
1,2,....,n, where n 22 and D = | ", d,. The time horizon is partitioned into D
equal time units under the assumption that each copy of a model i,i = 1,...,n, has
equal processing time. A copy of a model is produced in a time unit k,k = 1, csiDy
means that the copy of the model is produced during the time period from k — 1 to k.
Letr; = ‘:)! be the demand rate. Let %y, and kr; be the actual and the ideal cumulative
productions, respectively, of model i produced during the time units 1 through k. An
inventory holds if x;, — kr; > 0, and a shortage incurs if kr; — xy > 0. We assign the
same cost for both inventory and shortage. Miltenburg (1989) [10] and Kubiak and
Sethi (1991, 1994) [8. 9] gave an integer programming formulation for PRVP as
follows with m being a positive integer:

minimize max [F, = |xa — kril™]
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minimize [Gy, = XP-i X, |xi — kny|™]

subject to .
Yie1 X =k, o =3,2:...0

Xik-1) < Xk. ¢ = 1,2,....mk = 2,3,...,D
Xip :dl'xt’u =0, £ = ‘],2,‘..,?‘1

X = Ointeger i = 1,2,... .m0k = 1,2, 000D

Level Curve, Bounds and Ideal Position

There exist nD deviations between the actual and the ideal cumulative productions of D
copies of n models. The value of the actual cumulative production X, i =
1,2,...n; k = 1,2,....D, is sequence-dependent integer from {0,1,...,d,}.
However, the value of the ideal cumulative production kri. i = 1,2,..., n k=
1,2,...,D. is sequence-independent rational number. Let j be the number of copies of
a model and (i, /) be the j** copy of model i,i = 1,2,...,n. The actual cumulative
productionxy, ¢ = 1,2,....m k = 1,2,....D, has nD values with x; € {jlj =
0,1,2,...;d;; t = 1,2,...,n}. There exist at most n + D different values of x for
PRVP. Hence, one can replace x, by j with j = 0,1,...,d;; i = 1,2,...,n in the
level curve of the objective value of the function of PRVP The level curve for copy
(L) of the objective function of PRVP 1s defined as

T =l=knl™. = 1,20 = 0,1,...,4.

A perfect matching of copies and time units relies on the level curves and the bound
B > 0 of the function £, of BPRVP that are drawn over the planning horizon. The
points at which the bound intersects the level curves are useful to find the sequencing
times. A copy (i, /) is sequenced @ a tme unit k € {1,..., D} such that the level curve
does not exceed the bound B. An upper bound on the absolute deviation objective
function |xp — kr;| for BPRVP is UB", = 1, see Steiner and Yeomans (1993) [10],
and a better one has been given as UB, = 1 — =, see Brauner and Crama (2004) [1].
Since the points, where the bound UB, = 1 intersects the level curves of BPRVP with
the objective function [x; — kr|™ for different values of m, are the same, the bound
UB;{ =1 is also an upper bound for BPRVP with the objective function |x; — kr;|™

for all values of m. However, the upper bounds corresponding to UB, = 1 — 5 are
different for BPRVP with the objective functions |xy, — kr;|™ for different values of
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m. An upper bound on the largest value of the objective function [x — ke |™ of
BPRVP has been established as

UBy=(1-2)",
Dhamala et al. (2010) [3] and Khadka (2012) [6).

The lower bound LB, = 1 —n,,, on the absolute deviation objective function
[%3 — kr;| for BPRVP has been established by Steiner and Yeomans (1993) [10]. and it
has been modified as

LBy = (1 — Ve J™,

for this problem with the objective function |xy, — k7;|™ (Dhamala et al. (2010) [3] and
Khadka (2012) [6]. The earliest and the latest sequencing times are determined hy the
level curve and a suitably chosen bound. The selection of an upper bound always yields
the sequencing times that give nse to a feasible solution. A feasible solution
corresponding to the lower bound is optimal.

The assignment approach is based on the assignment cost on the level curve f™ i
i=1,..,n;j= 0.1,..,d; and the position at which (i, /), denoting the copy j of
model i, is sequenced. The level curves are drawn on the interval [0, D]. The ideal
position of (¢, j) denoted Z; j 15 obtained from the unique intersection point’satisfying

o= Mgy t=Leanij= 1,..d,

The ideal position is the unique integer near to the unique intersection point defined to
be Z;; = l%] When copy (i: j) is sequenced at the time unit Zy,. copy (L))
contributes only the unavoidable cost

inf{lf —kn™i=1,.,n;j= 1,...d;]
to the total cost.

Relationship Between the Assignment and the Perfect Matching Approches

Acopy (L,j). & = 1,..,m; j = 1,...,d;, is sequenced at the ideal position Zy; unless
another copy competes for the same position in the assignment method. In the
competition, one copy is sequenced at that time unit whereas other competing copies
have to be sequenced in the neighboring unassigned time units. The ideal position is the
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unique integer obtained from the intersection point of the level curves f”‘i)i and
fmi(;‘_n ol = BBy i =y sty

Similarly, the earliest sequencing time E, (i, j) and the latest sequencing time L, (i, /)
of copy (i, ) are obtained from the intersection points of ithe level curves f'"u. and
fmi(j—l) with the bound B, respectively. Both the feasibility and the optimality occur
only if each copy (i,j) is sequenced within the time window Ty jym/ i = 1,..,1; j =
1,...4d;.

With this situation, one may be interested in finding a relationship between the ideal
position and the sequencing time window. We can prove that the ideal position of each
copy (Lj), ¢ = 1,...,n; j = 1,...,d;, lies within the corresponding sequencing time
window.

Lemma 1 Let Z,; be the ideal position and
Tyt = Loom; j = 1, ..., 4,
be the sequencing time window for copy (i,j). Then the ideal position lies in the
sequencing time window. i.e., we have
Zi; € Tejym:

Proof:

For any copy (1, j). we have
i Eiﬂm —L’i_f}m-
i.e., inequality

. ;-m\fS'l . I1 4 i-1'Ve
holds. '
Since one can take B = UB,,, i.e.,

B= (1-2m,

we obtain

" -’f'*s’l < [y Wy

2r; Zr

{z; 1] < IE (1—{3)-1+ 1J

2r, Zr, 2r;
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Hence,
| Zij € Tgjym
holds for all i,j with i = 1,..,n; j = 1,..,d,

If two or more copies compete for a time unit k. it is clear that the time unit k is in the
sequencing time window of all the copies.

Lemma 2 If two copies (i,7) and (i,j") with (i, j) # (i",j*) compete for a time unit
ke, then _

Ttiypym O T jrym # @
Proof: If two copies (i,j) and (i*,j*) with (i,j) # (i",J") compete for a time unit k,

we have
[z;‘—z] = [2;‘—1]
2r; 2rT;

{?r[' € Tipm 3““‘[ l € Tarj*ym

Since

we obviously have
Tijym N T joym # @

Assume that TP ., with p bei.ng. a positive integer, is the sequencing time window for
copy (i.f).i = 1,...n; j =1,..,d,. such that p copies includin> ({,j) compete for
the same time unit.

Lemma 3 If | > 2 (I integer) copies compete for a time unit k € {1, ..., D}, there exist
at least l — 1 unassigned time units unthm their sequencing time wmdnws

U T Gijym -

Proof: Suppose that | copies, [ = 2 (l integer), compete for a time unit k,k =
1.0 ;
Then

k € ﬂ'rﬂwm € [1,D].

p=1

Since there exist exactly D time units for D copies, exactly one copy can be sequenced
at one time unit. Assume that copy (i*,/) among [ copies competing for time unit k
can be sequenced at this time unit. There remain | — 1 copies competing for time unit k
that have to be assigned to other [ — 1 time units. Suppose that there exist only [ — 2
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unassigned time units within he interva] |J! 17P(; sm-  Then there exists 2 copy
(@) with PAal = competing for time unit k to be Sequenced at time unit k* ¢
U P26 i5m- The leve curve of the objective function for Copy (™, /**) exceeds the

bound which necessarily leads o infeasibility. Hence, there eXist at least [ — 1
unassigned time ypiys within the interva] Uper TP,

Proof: Let s pe a feasible S€quence obtajned by the assignment method, Feasibility is
assured only if the level curye f ”‘” of the objective function of PRVP does not exceed
the bound for each copy @/ = L..mj = oo,y Thi

5 i only possible if each
copy (i,/),i = Limy j=1, .. +d,. is assigned a1 a time unit k with k ¢ Te.nm.

Corrversely. consider an assignment thay cach copy (L)) i = Lonj= | S
assigns to a time unit & such thar g €Tt ym- The leve] curve f’"‘.j of the objectiye

function of PRVP does not exceed the bound g for all copies (i, ), i = 7 [

wily o=
L5 ond Hence, the corresponding Sequence s is feasiple.

PRVpP with maximum value 0.7 and total]. value 11.8 IIowcvcr. 3 ~—.4 =3=4-—9

1-4-3_4_3 obtained the assignment method is optimal for the total PRVP with
maximum valye 0.8 and the total vajye 114,

Concluding Remarks

N problem hag been extensively studied with heuristics and an
€xact assignmeny method for its toga] PRVP case and an exact perfeet matching method
for its bottleneck PRVP case. The perfect matching approach does not optimally solye
the total PRVP case. However, we have established through a relationship between the
tWo procedures that feas; bility holds by the both approaches.

A study on the relarionship between the WO approaches for the batchjng case of the
would be ap | nteresting area 1o work for further research
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