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An Uncertainty Principle like Hardy’s Theorem for
Nilpotent Lie Group G
CHET RAJ BHATTA
Central Department of Mathematics
Tribhuvan University, Kirtipur
Email: crbhatta@yahoo.com

Abstract
Let f: X— @ be measurable and for all x, y € R and if
(i) [f(x)| < C exp(-amx’)

(i) [F)|<Cexp(-bry’)
where C, a, b > 0. If ab > 1 then £ = 0 ae. If ab = 1 then f(x) = C exp (-

amx?). 1o o < 1 then there exist infinitely many linearly independent function

satisfying (i) and (ii).
In this paper we extend an uncertainty principle due to Cowling and Price to
threadlike nilpotent Lie groups Gy,

Keywords and Phrases:Uncertainty principle, nilpotent Lie group, Fourier
transform, Hilbert Schmidt norm.
2000 mathematics subject classification: Primary 22E25; secondary 43A30.

Introduction

A classical theorem of Hardy [6] on Fourier transform pairs says that a non-zero
function £ on the real line R and its Fourier transform f can not both be very
rapidly decreasing. More precisely, let the Fourier transform be defined by,

()= [f(x) exp (-2mixy) dx, ye R
|

The following is a generalization of this theorem due to Cowling and Price [3].
Theorem (Cowling and Price): Let £:1— € be measurable and
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(1) lea ffrey < oo

(i) fles %IL‘W:) <o '

Where a, b > 0, ey(x) = exp (knx”) and 1 < min (p, q) <e=. [fab > 1, then =0 a.e.
If ab < 1, then there exist infinitely many linearly independent functions satisfying
(1) and (ii)

An analogue of the Cowling-Price theorem has been proved in [3] for Eucledian
space the Heisenberg group H, and the Eucledian motion group of the plane.

Main Results

Theorem: let £:G, — @ be a measurable function such that [f(x)| < C exp(-an
|Ix|")for some ¢, a > 0 and all x € G, then the function h(€) = ||me (Dllus is
bounded.

Proof:
il [[me(B)|Pus = L, Fi ... (n—1) fE. t. g3, 1), gui(, 1), 5)° dt ds

< J' X1, ... Xaot, $)] [€25151] (€272 dx;dxs ... dxn
mr-l

<C I exp(—art(x|2+ X sz) | exp (2mi &;x;) |exp(2mix2)| dx;...dX,
oﬁni—l

s 2, 2
< constant exp(-ams’) _[ lexp (—am(x,” — al Eixy)| lexp (—a)t{xf =4 1txg]|dx| dxs
-.)t!

s _ 2 a | 5 .
J' [exp(haﬂt[xz - %1 E_,li dx = I lexp(—am(x + iy)” - "N Ei(x +iy)| dx
By the change of contour x — x + iy
I y 2 .
= [ expRe (-am((x +iy)” - 5 Eix + iy)) dx
= g 251Y I e_)q:;(-~a1'l:(x2 — %) dx

=¢™(y - 3¥") [ exp(-amx)dx

< const. € &,y - *;—yz)

1a
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N
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Taking infimum over y, we have
¢ B P , g i
I lexp(-am(x” -3 i§ix)| dx < const e Tsup. (&1: y .—_% yz)

= const e znﬁ 1/2d

= const € e fa

lme(B)lis < const (i exp (- /a))"
Thus h is bounded.

The sharpness of the constant

Let Gy be the low dimensional nilpotent Lie groups for ab < 1, let 0 (a, lfb), but
it works for Gy, using lemms 2.1, 2.2 in [7]

For xe Gg, let f{x) = exp(—oumt 1‘|x||2)
We know that,

2
\I7E+, Ex(D)][Pus = lﬁl)hi %1236, -U',‘%'E_I"’" &, ) dudv

Foru,ve ’ER-

512315'(5_.1,“,2 3 +E_\3, V)= I x4 R b +42) iy 6y 2 u-2mix3 (63 *“m{“%ludxtdx s

—-emZ‘.;(c <X | )(gl)g(e—cmcz ) (u) F(e -um:g?-) €3+ (172) & L (A)
= () (e ) () Fe ) (D)
where F(e“™1%) (£,) is the Fourier transform of the function g(x) = ¢ ~<m2 at €y
Now, F(e"™1%) (&) = const e “™1 i

And -‘7?(3_“'“2 )u) = const™2/*
P 1 v
So, |F12:f(&;. H‘EE-+ Es, V)|

— const, e-HE1 D gbmgli e (e 233 3 )[

2¢,)

< const. e7™1

2o (—vm?.}lu ..mw2 J‘I —Zimx333 x?tx3 |dX3
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- mE 2V= fepmpdVe v (= py ] 1942
=const. e o1 e YT g o3 Jle SR3OS e
x

= const. e 1P "l MI g (fntkgd)s
BB (D) Pias < comst & ' 2E1 e [t 2 gy gy

.
= const. [B[e 2¥612 + B ... (B)
.f o SR | |Inky, &5 (ﬁ-ll-fis dg; &

<const [ e?® V& 830 e, g,

e I
< oo since b 3 0
Thus there is a non zero function satisfying the condition (i) and (ii) of theorem
2417 forab<1.
Since [f(x)] = exp (—amx’) < exp (- anx’) for q=2.
In case the condition (ii) is replaced by
[l €0 e (Dl s 0B <oo
which is really the condition used in the proof of q = 2, the things are more
simpler.
Write the equation (A) as
o o k2
:9123 f(&l L 2 E,;l o g}, v)

= const ¢ e('"mﬁ.l'?’lfq | %) o ) &3 +.tiz:z;1:-rgzr§1-:}3

i - b e e, L
e 2y (g = const &1 ! e [ gr2on g 2wetiy <183 020 gy gy

= const. [E[" e(~2x§13).fa Iﬁ_ i [uz'ﬂ-fﬁsé—.la’z u22§l ) iy

T <zmbE.? R, S
[ €751 il lime, 5 (Dl g 91 dEs
Sl .[w b1y ? e2mdle e (B +(12) WP g dE, d&;

o Bt o
Applying £; — &, ~3

e T U - ™
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e B D AP 2
= const: L!’ 2Mib— V) £ (2mrYa o -dnic §3. du d&; d&s

< oo

Forg>2orl<g<2andab< 1.
J‘_m: odbmie 2+ 8% Eylime, £, (ﬂ_"g{ . &, dt; )
[P B S Ul B
_ .[m-? G- 1 2 +857) 6,92 iz, g < oo for 1 < q <2

and for g > 2 considering the case [£;| > 1 we obtain integral in (i) is finite.
Theorem: Let a and b be positive real numbers and 1 < min (p. q) < ee. Suppose
that

fe L' (Gn) n L? (Gn) satisfies the following conditions:

M [, 5 P dx <o

(i) [,

If1 <q<2andab 2'_% then f=0a.e.

al[ P (2 ”75-5 (!)H?{S dé oo

Proof: Let p be such thaf%+‘é.‘= 1. Clearly p> 2 and g < p by Lemma 2.2 [7] we have

llesyr + aipyt glli = L? eng1 + won (1) |§ (&1)| d&;
= [, .. [Eil @b i ) [ime (DI 0y dEs ... dEa
Define the function u and v in X" by
u(®) = es (&) &1 N'ql “nﬁ (-'ﬂ.'”l-'{&l‘;.- and
V() = exqp (&1) &1]'" [Ime (Dilns
Then,
[ @F e = en € il line Bllpg d& <o

and

[, MEPE = [ e (@) Billns Dlyg o




6]

= [0 B &l e Ol I DIfg € (p>a)

<K [ o & el Imz (Dl >

So using Holders inequality we have

Py
llewit + g p &l < [ully [IV]]p < ==
1 2 I 2

By gy L 2 Q9 _2. 2,  __
Smcezh(1+p]22 (l+ ) 2'a q=1

q P

The Cowling price theorem shows that g =0 and hence f=0 a.c.
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A Topological Criterion for Starlikeness,
Piecewise Convex and Piecewise a - Convex Functions

CHINTA MANI POKHREL
Nepal Engineering College

Abstract: In [3] C.N. Genther, St Ruscheweyh and L. C. Salinas introduced the
concept of quasi - simple curve and have given a eriterion for it. In this article we
shall use the concept of quasi - simple curves to establish a topological criterion

for starlike, piecewise convex and piecewise ¢ - convex functions.

1. Introduction

Definition 1.1 Let C denote the entire complx plan. A positively oriented close
curve ¥ is siad to be quasi - simple if it is the positively oriented boundary of a
simply connected domain. An arc is said be a quasi - simple if it is a subarc of a
quasi- simple curve. For any closed curve or arc y: [a b] — C, let Sy: = {y(1) : a
<1< b}, beits support in C.

Definition 1.2 Let y be a positively oriented closed curve and @y be any point in
the complex plane C. We say that ay is attainable with respect to 7y from = if there

exist simply connected domain G such that 0 € 4G, the function f{z) = 2* + @ is

univalent in G, and there exists a closed curve ¥ such that Spc Gandf (v (1) =

Y); e [0 2],
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In a More descriptive language we can say that @y is attainnable with respect to y
from <o if there exists a curve connecting @y with e which does not intersect the
curve (it may, however, touch ).

Let Ay denote the set of all attainable points with respect to y from e=. Clearly 4y is
the union of the closure of some of the connected components of S, the
complement of §,, including the unbounded component plus possibly certain
segment of S, Let Dy is the simply connected domain bounded by the quasi -
simple curve . Then A4y = D¢ and in particular

Yis quasi - simple => S, € 4, (1)

Definition 1.3 An oriented closed curve y: [0 27] — C is said to be in the class
C if it has the following properties :

C, : yis piecewise smooth.

C; : yis locally quasi - simple i.e. for each r € [ 0 27] there exists &(/) > 0 such
that the arc v, := y/[t — € t+ €] is quasi - simple.

Cy: forevery 1 € [ 0 27) let G, be a simply connected domain which has ¥, in its
(positively oriented) boundary. Then there exists an open neighbourhood U of z, =
1) for which (UuU G) U Ay = .

C, : the function fi= _clit'r:, arg ¥(7),1 € R satisfies Rt+2m)- A =2n,t R

2. Statement and Proof of the Main Result
Theorem 2.1'
Let f be a function holomorphic in the closed unit disk D, except possibly at a

finite number of points in @D, and continuous throughout D, normalized by

1 this theorem has been proved in [ 1], but here we have givena completely different and very short proof, as
compared to the proof given in [ 1]. by using the concept of quasi — simple curves introduced and defined in [3]

AR AR 0

“y R
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A0)= 0,1'(0)= 1. Let fbe locally univalent on D, f(z) # 0 on dD, the curve y(6)
=f(%e and

Re[l +Ej‘gj_>_09naD )

except on the set M= {z€ dD: ["(z) =0 or f is not holomorphic at z}.

Let the values of 8 with ¢?c M be &, @, 6 ..., 6,1, 6, where < 6 < b < ...
< 0., < 6 = @ + 2x Furthermore, let for any such point ¢'%, if we measure the
argument of the tangent to the curve {f(¢®) : 0 < < 2rt} from a point f(e'”) where
< 8;and 8 closeto 0 there exist k; € N, &, f € [0 @) such that

im . arg [ie® ' (€')] = arg £ (') + 27K + &4 (3)
—0)

lim arg [ie‘af’(efﬁ).-] =arg f('N + Qak;+ VNz—f3 (4)
0—0;

then /'is starlike.

Proof: Since the curve ¥(0) = fle) € C we first show that each arc
¥, = f(e9), § < @< G-, is quasi -simple and the points / (¢'?) are attainable with
respect to y from e which guarantees the univalence of the function fon D [3]

[f ./ has no element then we are back in the classical case and the function fis in
fact convex and hence starlike so nothing has to be proved. Now suppose that #
has at least one element. It is casily seen that the quasi - simple property of the arc
¥ can not be destroyed by a negative loop, since this would mean that arg of the
tangent at , decreases over a certain interval but this has been ruled out by (2).
The other way to destroy the quasi - simple property, namely a positive loop, can
not occur either as one can readily verifies by using the construction in [3] that
maps the situation on to D preserving the loops (and their orientation). So we see
that any positive loop on one of 7 would increase the total tangent rotation by 27,
but there are no negative loops available to compensate for that. Since ye C and
hence condition Cy limits this total rotation to the minimal value of 27, so there is
no room for positive loops, and the y; must be quasi - simple.

—
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To show that the points f{e'?) are attainable with respect to ¥ = f{e') from the o
we first note that (3) and (4) implies that there exists o > 0 such that arg
/(") increases on the intervals [6:1— 6. @) and [6, 6+ &) forj=0,1,2, ..., n
See [1] for detail. And we already have shown that there is no rooms for loops so
it is clear that the straight line emanating from the point f/(¢'%) goes to = without
intersecting the curve . Hence the point f (¢'%) are attainable with respect to b
from the . Therefore the curve ¥ = fle) is quasi — simple and hence [3] the
function fis univalent.

To show that f'is starlike it remains to show that age /(%) is increasing and the
total change in argument of f (¢'%) as 0 varies form 0 to 27is 27 The last assertion
is clear because / (0) = 0, fis univalent on D and f has no zeros on dD, so by
argument principle Aq-.4 f{e') = 2m.

To show that arg /(¢'%) is increasing it suffices to show that it is increasing on &,
6]. We know already that arg f(¢'%) is increasing on [, & + ) and on [6, - &, 6]
for some &> 0. Hence it remains to show that arg /' (em) is increasing on [&) + o,
& - ). But if are _)‘(em) is strictly decreasing on certain interval of [& + &, 8 - 9
then either there should be at least one loop (positive) on yor arguments of the
tangent should decrease over certain subinterval of =_;"(e"9), &< @< 6. But
both possibilities are ruled out so are fle'®) is increasing for & < @< 6 and hence
on whole  This completes the proof.

3. Topological Criterion For Piecewise Convex And Piecewise
o-Convex Functions

Definition 3.1 A quasi — simple curve yin C is said to be n — piecewise convex
curve if there are n points zx = (f) on Sywith t; <t < ... <1, <ty = {1 + 27 such
that the function

N % _
A= lim, arg§(D
is increasing on Sy = ([, tx1]). In other words the quasi — simple curve yis n —

piecewise convex if
/ L}
Re [I +~sz. Jzo

|

p—
e &

R

Defin
sadd
n-DOs

=t U
‘1

o - Y
0 g -

Cune

Proof
theore
and th
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is increasing on Sy = Y([#: tx1]) and the corresponding normalized univalent
function / which maps the unit disk £ conformally on to the su:nply connected

domain D, is called the n-piecewise convex function.

Definition 3.2 Let y be a quasi — simple curve in C and @ & Sy. Then the curve v is
said to be n piecewise @ - convex (0 < a < 1) curve if there are
n-points z; =YWy on Sywith i <6 < .o th <lp1 = b + 2 such that

(1 - ) arg(1(t - an) + A1)
is increasing on Sy = Y[, fx+1]), where
pn)=lim arg ¥(1)

and the corresponding normalized univalent function f which maps the unit disk
D conformally on to the simply connected domain D, is called the

n - piecewise @ - convex function.

Theorem 3.1 Let / be a function holomorphic in D, except possibly at a finite

number of points on 91, and continuous throughout D, with the normalization
£0) =0, f' (0) = 1. Suppose fis locally univalent on D, fiz) # 0 on dD, and the
curve () =/ (') € C. Let

={ze dD :f" (z) = 0 or fis not holomorphic at z}.

and the values of & such that ¢? € M be &, 6, ..., 6.1, 6, where
6 < 6 <...< 6y < 6= 6+ 21 Then the curve Y= fle'’) is n-piecewise convex
curve and the function fis n-piecewise convex function if

Re[l+gfﬂ]zﬁonaD\M. 3)
Proof: Since the curve Y@ ) = f (¢ ) € C. Therefore from [3], to prove the
theorem it suffices to show that each arc 7y = f(e“), g < @< @+ is quasi-simple
and the points z; = fle'?) are attainable with respect to y from .




——ﬁ
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Suppose A has n elements. If 7 = 1 then the result 1s obvious. Now suppose n > 1.
From (5) it is clear that neither any single arc Y nor any arc of the form (y, U y),
the union of any two arcs y; and Y» with j # & can offer a negative loop otherwise

the function A1) is strictly decreasing on certain subinterval of either Y oor i a=d
which contradicts the condition (5). Hence there is no room for negative loop on &<
the whole curve y at all. The other possibility to destroy the quasi-simple property R

of the arc 7y, is by forming a positive loop on it. But any positive loop on v would
increase the total tangent rotation by 27 but there are no negative loop available
to compensate for that. As y & C, so the condition Cy limits this total rotation to
the minimal value of 27 Therefore there is no room for a positive loop on the arc

Y- Hence eacharc y,, k= 1,2, ... »n are quasi - simple. pra—
] 5 e ) ) _ g
It remains to show that the points f{¢'%) are attainable with respect to y from the oo, —
But by using the more or less same arguments we can prove it. We already know o §
that there is no room for negative loop on whole ¥ so the only possibility to - -
destroy the attainable property of the points fle'*) is by a positive loop formed on o
an arc of the form (% U ), the union of any two arcs Y« and ¥y, with j # k. But e o
again any positive loop on (y; U %) would also increase the total tangent rotation Py
by 27z, but there are no negative loop available to compensate for that. And since 7y =
€ C so the condition Cy again limits this total rotation to the minimal value of 27 -
Therefore there is no room for a positive loop on the arc (y; w ), with j # & too: « .
Therefore the points f{e &), for k=1, 2, ..., n are all attainable with respect the -
' curve y from e=. Hence by definition y is a n-piecewise convex curve and the - 1
function fis n-piecewise convex function. oo
By using more or less same techniques and arguments one can easily proved the . |
following theore -piecewise .
ollowing theorem on n-piecewise - Bait
_ ) n e A
Theorem 3.2 Let / be a function holomorphic in D, except possibly at a finite e
number of points on 9D, and continuous throughout D, with the normalization 5 e
f0) =0, /" (0) = 1. Suppose fis locally univalent on I, f{z) # 0 on dD, the curve S

WO =/l e C. Let
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M= {z e dD : f (z) = 0 or fis not holomorphic at z}.

and the values of @ such that ¢ € M be 6, 6, ..., 61, 6, where
&< 6 <... 6., < 0,= 6+ 2z Then the curve 7:j(e"-e) is n-piecewise a-convex

curve and the function fis n-piecewise g-convex function if

(1-a)Re [I +f_zfgj + o Re (l +£féj >0ondD\ A (6)

Proof: Since the curve Y(@) = fle'”y € C. Therefore from [3], to prove the
theorem it suffices to show that each arc ;= e, g < 6< 6., is quasi - simple
and the points z; = f(-e’?‘f) are attainable with respect to y from o, Suppose M has n
clement. If # = 1 then the result is obvious. Now suppose n > 1. From (6) it is
clear that neither any single arc Y, nor any arc of the form (y; W 7)), the union of
any two arcs Y, and ¥, with j # k can offer a negative loop otherwise the function
k(1) is strictly decreasing on certain subinterval of either y; or ¥ which contradicts
the condition (6). Hence there is no room for negative loop on the whole curve y
at all. The other possibility to destroy the g-s property of the arc is by forming a
positive loop on it. But any positive loop on Y would increase the total tangent
rotation by 27, but there are no negative loop available to compensate for that.
And condition Cs limits this total rotation to the minimal value of 27 Therefore
there is no room for a positive loop on the arc ;. Hence each arc ¥, k=1,2, ..., n
are

q-s.

It remains to show that the points f° _(e"'g") are attainable with respect to v from the
s, But by using the more or less same arguments we can prove it. We already
know that there is no room for negative loop on whole 7y so the only possibility to
destroy the attainable property of the points £("®) is by a positive loop formed on
an arc of the form (% W %), the union of any two ares ¥ and ¥, with j # k. But
again any positive loop on (y# W ) would also increase the total tangent rotation
by 27 but there are no negative loop available to compensate for ‘that . And
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condition Cy again limits ﬂ:‘is-._tow’:mtaﬁ@n to the mlmmal value of 2z Th‘er:éfore

there is no room for 4 posistive Joop on the arc (y U 7, with 7 2 k to0. Therefore

the points fle'®), for 4 - L2, . nare all altainable with respect the curve ¥ from

. Hence by definition y is 5 n-piecewise @-convex curve and the ﬁamtim; f'is n-
piecewise & convex function,
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Five Layered Temperature Distribution in Human
Dermal Part

D. B. GURUNG
Department of Natural Sciences (Mathematics)
School of Science, Kathmiandu University
and
SARASWATI ACHARYA
Department of Natural Sciences (Mathematics)
School of Science, Kathmandu University

Abstract: The paper discusses finite element method approach to study one-
dimensional steady state temperature distribution in the five layers of dermal part
- Stratum Corneum, Stratum Germinativum, Papillary Region, Reticular Region
and Subcutaneous Tissue. The physical and physiological parameters in each
layer that affect the heat regulation in human body is taken as a function of
position dependent. The Joss of heat from the outer surface of body to the
environment is taken due to convection, radiation and sweat evaporation. The
CAS software MATLAB has been used to compute the numerical results. The
numerical results so obtained have been exhibited graphically.

Key words: Human dermal part, Bio heat equation, FEM

2000 AMS subject classification: 92C35

1. INTRODUCTION

The skin is a complicated structure with many functions. If any one of the
structres in the skin is not working properly, a rash or abnormal sensation is the
result. Skin form the largest organ of the body accounting for about 14-16
percentage of an adult person’s weight. The transport of heat in living tissue is a
complex process involving multiple phenomenological mechanisms including
conduction, convection, radiation, metabolism, evaporation and phase change
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The temperature regulation in human body occurs due to several mechanisms.
These are blood flow, temperature of incoming arterial blood and heat exchange
with environment [6]. The various physiological and physical functions performed
by the body require energy, which must be supplied by ingested food materials.
The body temperature is determined by the balanced between heat produced and
“heat lost by our body. The skin plays the vital role in thermal balance of our body
in addition to its protective activity. The body loses heat mainly through skin to its
surrounding by radiation, conduction and evaporation. Thus, the body temperature
maintains constant level under normal physiological and atmospheric conditions.
Any abnormality arising in its condition disturbs the thermal balance. Body
temperature is the result of equilibrium between heat production and heat loss.
Blood circulation is the major sources of heat transfer inside the body. The body’s
ability to regulate temperature is critical to sustaining life. Death is the ultimate
result if the body temperature strays to far from the normal range. Human’s low
critical temperature is about 27°C and in fact if our temperature raises much above
42°C death occurs. So the temperature of structures below the skin and
subcutaneous tissue should be maintaining 37°C. The maintenance of body
temperature is a dynamic system. If heat loss is greater than heat production then
the core temperature drops. Likewise if heat loss is less than heat production then
the core temperature rises. A drop or rise in core temperature is equally
dangerous, so body temperatures are kept constant. If heat gain does not equal
heat loss, the extra heat is stored or lost from the body which affects the
temperature distribution in the body. The core temperature in humans is kept
relatively constant in an environment with temperatures ranging from values
below the lower critical temperatures. This implies that despite large variations in
ambient temperature heat production balances heat loss, resulting in a stable core
temperature. The situation is deal when heat loss and heat production occur at the
same rate.

The model consist five elements as five layers of dermal part with six nodes as
nodal points of interface temperatures (Figure 1). The shape function for
temperatures in the layers has been considered as a linear function of depth. The
thickness of layers has been measured perpendicularly from the outer skin surface
towards body core. The outer surface of the skin is assumed to expose to the

environment and the loss of heat from the skin surface is considered due to

e
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convection, radiation and sweat evaporation. The nude human subject is assumed
1o expose to an environment temperature less than 37'C resulting loss of heat

from human body.

2. Mathematical Model
The heat transfer through dermal part is due to conduction in tissue, blood

perfusion and metabolic heat generation. The rate of change of tissue temperature
T is given by the partial differential equation [10]

(1) p-_c%%f=div(Kgde)+M(Tn—T)+S

The differential equation (1) in one dimensional steady state case reduces to
2

(2) K%+M(T;~T)+S:O

where T ("C) denotes the temperature of tissue element at any time t at a distance

of x measured perpendicularly into the tissue element from the skin surface, and

p = Tissue density (g/cm’)

c = Tissue specific heat (cal/g®C)

K = Tissue thermal conductivity (cal/cm —min °C)
M = mycp(cal/em’ — min°C)

my = Blood mass flow rate (g/cm® -min)

ep = Blood specific heat (cal/g°C)

Ty = Arterial blood temperature (°C)

§ = Metabolic heat generation rate (cal/cm’ — min)

The loss of heat from the skin surface due to convection, radiation and
evaporation is considered. So the mixed boundary condition is
oT

ax Skin surface

(3) =W(T=T_)+LE

where, h = Combined heat transfer coefficient due to convection and radiation

T = Surrounding temperature
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L = Latent heat of evaporation
E = Rate of sweat evaporation

The inner body core temperature Ty, is assumed to be 37°C. So, the initial
boundary condition is

(4) T =Ty=37C

where L is the total thickness of skin considered.

The thickness of stratum corneum, stratum germinativum, papillary region,
reticular region and subcutaneous tissue have been considered as 1, I — 1j, I — I,
l¢ — Iy, Is — Iy respectively and Tg, Ty, T> Ts, Ts and Ts = T, are the nodal
temperatures at a distances x =0, x =1, x =L, x =5, x = lsand x = Is. Tﬁ), i=1,
2, 3, 4, 5 be the temperature function in the layers stratum cormeum, stratum
germinativum, papillary region, reticular region and subcutaneous tissue
respectively (Figure 1).

To
® F |
A l T T } Stratum Comeum
b »— 2 N S
Is i ‘ T . tratum Germinativum
[ . i A )
2 iy _ T } Papillary Region
B J Iy .
Is . 4) Reticular Region
¥ ‘:r 4 T
A
Ts §A } Subcutaneous Tissue
¥ E ] : .

Body core temperature = Ty,

Figure 1: Schematic diagram of five layers of dermal part with nodal points

The anatomical structure of human dermal part makes it reasonable to consider M

and S zero in stratum corneum. In the model, the thermal conductivity in dermal

_*_-_——ﬁ'——-
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part is considered as constant varying in each layer. All the assumptions for
parameters in the layers of dermal part can be summed up as:
Stratum Corneum: (0 <x <))

N
Stratum Germinativum: (1; <x <)

LTi=iT, T,—-T,
+ X
=1y Ih— 1

T®=

Tn 2) : 0; K - K'(Z]; M= M (2) = 0; S (2) _ [ J]::—IILI_) 8

Papillary Region: (I, <x <I;)

.I3T2 —_12_ T3 T:-T;
1248 By

T® =

B — . kB af= .'('3]:_.'}"_]2. . (3)_ X—.[])
T,9=Ty K=K% M=M (14__1. S (—h—h .

Reticular Region: (15 <x <l)

LT LTy Ty-Ta
PR T

T_W =

T,9=Ty K=K% M=M®= [ ]‘4:11’2) g S0 (Ll‘j

Subcutaneous Tissue: (1, <x <ls)

IsTy — 14Ts J Ts-T, 4
Is — 14 Is— 14

T9=Ty; K=KOM=MW=m; §=59=

T® =

Equation (1) has been used by Perl [11] and Cooper and Trezek [2] to study the
solution of some simple problems assuming all the parameters as constant

throughout the dermal region. Saxena [14] considered the equation (1) to find
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analytic solution for temperature in the layers of dermal part by taking various

values of parameters.

The equation (1) has been used by Saxena et al. [15 ] to study the general
formulation for temperature distribution in the natural three layers of human
dermal part. Patterson [9] made the experimental study for the measurement of
temperature profiles in human skin. Agrawal et al. [1] used FEM technique using
equation (1) to construct thermal distribution models in dermal layers of elliptic
shaped of human limbs involving metastasis of tumor. Gurung et al. [4] used FEM
approach to study the temperature distribution pattern in the three layers of dermal
part considering the quadratic shape function. Khanday and Saxena [7] used
equation (1) for the estimation of cold effect in dermal regions. Gurung and
Saxena [5] used equation (1) to construct an unsteady state mathematical model

for temperature distribution in human dermal part under cooling.

3. Solution of the Problem
In the figure 1 the total thickness of skin considered is I = Is and skin thickness is
assumed to measure perpendicularly from skin surface towards body core with

interface thickness of the layers as 1y, Iy, Iz, 1yand Is.

The boundary condition (4) is automatically incorporated during  the
computational process of variational integral of the equation (2). So we need only
to incorporate the variational integral form of boundary condition (3) in the
variational integral form of equation (2). Therefore the variational integral form of
equation (2) together with the boundary condition (3)is 3,8, 12].

il T : L)
(5) I =%L [K (ﬁ M (T~ T)’ - ZS'T] dx + %h (Ts=Te)’ +LET,

(1)

i

Eval
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The term without integral sign is employed only for Stratum Corneum.

We write | separately for the five layers — I for stratum corneum, I, for stratum

germinativam, Is for papillary region, Iy for reticular region and Is for

subcutaneous tissue. Then r
5
(6) = £ K I
i=1
where,

1 (Y & - g B
m 173, J [K‘” [7‘,(—-)] MR =T -25“’1“’} dx+5h (T,—T)' + LET,

Ll oy —
B) L=5 & + M@ T” T¢ )) 28T | 4x
2 " dx

l5 N2
© L=3] [Km [-‘%’] + MO (T, _TOP 25‘%‘-"] ax

dT(“-t 2 .
(10) 173 o j +MITH =T - 23‘4"1*‘"] dx

MIH
—_
1
A
=
bl T,

(1) Is= ___. I [K(Sl [dT‘ ,] 4y M.{f"i (Tﬂ-(ﬁ_‘l B T(S})Z B zsl_S}TvLS'I').]dx

Fvaluating the integrals (7) to (11) with the help of the assumptions for
parameters considered in the layers, we get the following system of equations

[, = Ay + BT, + DiTy + E{Ti* + FiTeT)

Iy = Az + BoT) + CoTy 4 DT/ + EoTo? + FaTiTy

I = As + BaTz + CsT + DiTo” + BTy + FsToTs

[y =g+ By TsH CaTy - DyTs2+ BT + B 5Ty
ls= As + BsTat+ CsTs + DsT4® + EsTs* + FsTyTs
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where Ai, B, Dy, E;, F;, 1 <i< 5 and Cj, 2 <j < 5 are all constants depending upon
the values of physical and physiological parameters of dermal part and are defined
in Appendix.

Now as a next step of finite element method, we differentiate T with regard to the
nodal temperatures T,, T,, T, Tz, and Ty Since Ts = T, (the body core
temperature), we get

2D, T, + F Ty =—B;

FiTo + 2(Ei + D) T; + FoTo = — B,

FoT) + 2(E; + D3) Ty = — C; — B; — F5T;

FsT5+ 2(E3+ Dy) Ty + F4Ty =~ Ci—- By

F4Ts + 2(Es + Ds) Ty=— Cy— Bs — F5Ts

The above system of equations in matrix form can be expressed as

(12) PT=W
where,
2D, K, 0 0 0
F, AEHD;) F, 0 0
P=[0 Fy 2(E; + Ds) F3 0 :
0 0 F3 2(E; + Dy) Fy
0 0 0 Fy 2(E4 +Ds)
;—To—- =3 B] i
T =82
) Tz o] (M Cg = Bﬁg
T (e e
Ty —C4—Bs—ETs
L~ 5 |
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4. Numerical Results and Discussion

In the system of equations (12), the unknown variables are the nodal values T,
Ty, T, T;_,: and T4 The temperature distribution profiles in the layers of dermal
part rely on these nodal values. To determine these nodal values, we consider the
thicknesses of interfaces of layers as given in Table - 1. The values of M, S, and E

at different atmospheric temperatures are considered as shown in Table - 2. The

other physical and physiological parameters considered as [3, 4]

K= 0.030cal/cm — min °C
K= 0.030cal/em — min °C -
Ks=0.045¢cal/em — min °C
K4= 0.045cal/em — min °C
Ks = 0.06cal/cm — min °C
h = 0.009cal/cm” ~ min °C
L = 579cal/g
Table -1: Thicknesses of interface of layers considered [15]

Sets | lj{em) l5(cm) l3(em) ly(cm) l5(cm)
I 0.05 0.10 0.20 0.35 0.5
I 0.05 0.10 0.25 0.40 0.90

Table - 2: Parameter values at different atmospheric temperatures [15]

Atm. Temp. S (callem®— | M=mycp (callem’™ | £ (x 107)
(20 min) — min’c) 'gm%cm2 — min
15 0.0357 0.003 0
23 0.018 0.018 0, 0.48
33 0.018 0.0315 0.48, 0.96
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Using the above numerical values in e
distribution in the layers of derma

: pm'ta'ﬂmaimd rsasshownm figure 2 and figm‘e
3. The numeral put on the curves in each graph indicate the followings:

(i) T.=23°C,E=0
(i) T.=15C,E=0
(i) T.=33C, E=048 x 107
(iv) T.=23°C,E =048 x 10
(v) T.=33C,E=096x 107

i — =

36

Tissue Temperature T( °C)

@
—

0 005 01 015 02 025 03 035 04 045 05
Distance x(cm.)
Figure 2: Temperature profiles for Set — I of dermal Tayers
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Tissue Temperature T( °C)

o 01 02 03 04 05 06 07 08 09
Distance x(cm.)
Figure 3: Temperature profiles for Set — 11 of dermal layers

From, the figure 2 and figure 3, we find that the tissue temperature at To= 15°C is
less than that at T.= 23°C at same evaporation rate E = 0. This is due to the high
rate of blood mass flow at T = 23°C than T.= 15°C. Same reason we can‘diéailss-‘ ;

for the tissue temperature at T.. = 33°C and T. = 23°C having the same

evaporation rate E = 0.48% 107, Also, we can observe that at T, = 23Cand E=
0.48 % 107 the tissue temperature is higher than at T.= 33°C and E = 0.96% 107
- even though blood mass flow rate is higher in the case of T = 33°C than T..=
23°C. So at this temperature evaporation rate has more effect in tissue
temperature. Thus sweat evaporation rate E has major effect in temperature

distribution. Tf E increases under same atmospheric temperature, the tissue

temperature decreases and vice versa.
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The thickness of dermal layers has the significance effect in temperature profiles.
Figures 2 and 3 reveal that the tissue temperatures are lower in case of thicker
dermal layer. This is due to less loss of heat from the skin surface compared to

thinner dermal layer.

The results are comparable with those obtained by [15] who considered only three
layers epidermis, dermis and subcutaneous tissue. The differences of the results
whatsoever may be due to the extension up to five layers of dermal part — Stratum
Corneum, Stratum Germinativum, Papillary Region, Reticular Region and
Subcutaneous Tissue. This model gives better profiles for temperature distribution
in dermal layers. This is because the model has incorporated more feasible layers
and has taken significant biophysical parameters. The information regarding
distribution trend is useful in many studies concerning physiology, biomedical

and allied sciences.
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properties of locally

Abstract: The aim of this paper is to display some of the new
p) and L(X,E,M,A.p)

convex space valued function spaces ¢,(X . E,M.A,p).c(X, E.M,A,
as a generalization of well known sequence spaces.and function spaces.

Keywords and Phrases: Orlicz function, seminorm, locally convex topological
vector space.

1. Prerequisites:
We begin with recalling some of the basic definitions that are used in this paper.

A subset A of a linear space over the field C of complex numbers is called convex
if X%, €4, a+p=1a20, B =20 implies a.x, + X, € Aand balanced if

xe A loj<1 implies ax€ A.

A real valued function f: 4 — R defined on a convex set A in a linear space is
caid to be convex if for any two poinis X, %€ A the inequality
flax, + pfx)= af(x)+ P flx), a+f=1 0<a. <1 is satisfied. A
Sfunetion M :[0,00) = [0,00) is called an Orlicz if it is continuous, non decreasing
and convex with ~ M(0)=0,M(x)>0 for x> 0 and M(x)—>e as x—>o If
M takes only finite values, then we write M < oo, (seef1,2]). A seminorm p on a
linear space X is a functionp: X — R + such that
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plax)=|ajp(x) and p(x, +x,) £ p(x))+ p(x,) for all x.x,€ X and scalara.

A topological vector space (TVS) is a linear space X which has a topology 7" such
that the algebza:c operations of addition and scalar multiplication in X are
continuous. It is called locally convex if there exists a local base B whose
members are convex sets and Hausdorff if the underlying topology 7 1s
separated .The gauge or Minkowski functional of a set U in a vector space X is a
x— pu(x) from X into the extended set R™ u{e=}of non negative real numbers

defined as :
pu(x)=inf{p>0:xe pUj.
In a vector space X, the gauge of an absorbing and convex set is a seminorm (see

[3.5,6]).

2. Notations and Terminology:
Let M be the Orlicz function. X be an arbitrary set (not necessarily countable)

and #(X) be the collection of all finite subsets of X. Let (E, 7 ) be a Hausdorff
locally convex topological vector space (lc TVS) over the field of complex
number C. Let U(E) denote the fundamental system of balanced, convex and
absorbing neighbourhoods of zero vector 6.
pu will denote gauge or Minkowski functional of Ue€u(E). Thus,
D= {Pu :'UIE_"('E)'} is the collection of all continuous seminorms generating the
topology 7 of E (see [4,5.6,7]).
We shall write p,q for the functions on X — R" and

l(X,R")={p: X = R™ such thatsup, p(x)<es}.

Further we write A , p for the functions on X— € — {0} and the collection of
all such functions wﬂ] be denoted by s(X,C —{0}).We shall also frequently use the
notations: .

. pix) _
Hx)= ﬁ H(x)=sup, p(x), L=max{l,H}and for scalar o,
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But when the function p(x) and q(x) occur, then to distinguish H, we use the
notations H(p) and H(q) respectively.

3. The Classes ¢y(X.E,M.,A,p), (X, E,M A, p). |(X.E,M, A, p)

We introduce the following classes of lc TVS E valued function spaces:
() c(X,E.M A p)={p: X = E:
there exists p >0 such that for given € >0 and
pue D , there exists J € F(X) satistying

e 20
M[[pnm(l_) 9(x))] }\. i g o 58 KNI
P ;
(i) (X, E,M A, p)={9: X — E:there exists p>0 andle E, such that
for given € >0 and pve D, there exists J € F(X)
satisfying

- A Bl )) — 17
M’[lpﬂw(l)ﬁ(l)) il ]< e, for each xe X \J},and
p !
(i) (X, E.M, A, p)=1{¢: X — E :there exists p>0 such that for
given pre D, there exists J e #(X) satisfying

- M(-[p““‘("’j("’))]m ] Soo, for each x€ X )T},

Further, when 4:X — C—{0}is a function such that A(x)=1for all x€ X,
then ¢,(X,E.M,A, p)will be denoted by co(X,E,M, p)and when p: X > R'is
a function such that p(x)=1 forall x& X, then ¢ (X,E, M, 4, p) will be denoted
by cy (X E.M ). Similarly, we  define  ¢(XE M p)
AX.E,M,A),1(X,E.M,p)and I_(X,E,M,A).

4. Main Results:

In the present paper, we study the containment of the classes
co(X,E,M A, p),e(X,E,M, A, p) and 1_(X,E,M,A,p) in terms of different p
and A so that such a class is contained in or equal to another class of same kind.
Throughout the paper, proofs of the results of ¢(X,E,M,4,p) and
| (X.E.M,A, p)are analogous to those of ¢,(X,E, M, A, p) and hence are omitted.
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Theorem 4.1 : If pe [_(X.R") then for any A, jte s(X,C—1{0}),
a) e X,E.M A, p)c ¢, (X, E,M,u,p) if and only if liminf,_ 1(x) >0
b)  l(X,E,M A p)C l(X,E,M,u, p) if and only if liminf, ¢(x) > 0.

Proof: We prove the result for ¢,(X,E,M,A, p) only. For sufficiency, assume
that lim inf, ¢(x)>0. Then 3 a constant m >0 such that for all but finitely
many x€ X, we have
mu(o)]™ <A@
Let ¢ecy(X.E;M A, p),€>0and poe D. Then for all but finitely many
x e X and for some p; > 0, we have
1 x) b x ) 17
M[[p«(z(x)ﬂxm } e
P

Let us choose p such that p; < mp. Since M is non decreasing, we have

M[ [ pe(p(x) ¢(x)) #t'—ﬂ] _ M[ [i(ﬂ(-«\’)lp{,(ﬂl))]pmJ

P P

= M( (A PPN J

- M‘( [pu(A(x) pC)T" ] =
P -

for all but finitely many x € X. Since py € D is an arbitrary. So it clearly shows

that — gec,(X,E.M.A.P).  This  proves that ¢ (X,E M, 4,p)

c C{J(X’ E’Mg-ﬂl p)'

For necessity, suppose that ¢ (X, E,M,A, p)< c,(X,E,M, i, p) but lim infy ¢(x)
= (.
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Then we can find a sequence (x) in X such that

plagd <.'#(.xk )1;:(.1‘ }‘

vk 21, [t < }( e, k|Ay)

Now, choose ue E and pye D such that py(u)=1 and define ¢: X —>E by
#(x) = (Ax)) Py for x = xi, k= 1,2,3,..
= (), otherwise.

Then for each pue D and each k=21, we have

N A plxe  —11 plak pliae) l_ plany
j{tpmm)mmn * ] . M[[peu ) } s o 22T
P P P

H(P)
< -lk— M(M} for some finite subset of X.
P

This shows that g€ ¢ (X, E,M ,A, p). But for each k=1, wehave

M(MM} M([PI-LU(x;)J(A(n))" k—”:"wwm]

p p
M[
kp

plac) : 1
-[pf(u)]’""“‘] > M[‘._]
P

H(x:)
A( X

which is independent of k. This shows thatpe c (X, E. M. i, p). a contradiction.

This completes the proof.
Theorem 4.2 : Letpel . (X,R'). Then for any A, L€ s(X ,C—{0}),

a) o (X,E.M,u,p)cey(X, E.M, A, p)if and only if lim supst(x) <o,

b)  I(X,EM,u,p)c (X, E.M, A, p)if and only if lim supyt(x) <oo.
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Proof : a) For sufficiency, assume that /im sup.t(xj<ee. Then 3 a constant L >

) such that

)" <L ie.,

for all but finitely many xe X.

!l(x)! Flibal] ” L La(x)lmxl'

If g€ ¢, (X,E,M, . p), then analogous to the proof of the Theorem 4.1, we can

show that ge ¢ (X, E,M A, p).

For necessity, suppose that ¢, (X, E,M. u, p) < ¢ (X, E, M, A, p) but

lim supy t(x)=c=. Then 3 a sequence (x;) in X such that for each k21,
]z(x‘. )[’m" > k ie ]ﬁ(x,)

plagl

i) < klﬂ(xt)

Choose ue £ and pie D with pi(u)=1, define ¢:x — E by

Px) =(u(x) k""" for x=xi, k=123.... and

= 0, otherwise.

Then as in Theorem 4.1 a), we can show that g< ¢,(X,E.M,u. p), but
pe c (X, E M A, p), acontradiction. This completes the proof.
On combining Theorems 4.1 and 4.2, we have

Theorem 4.3: Let pel (X,R").Then forany A, ue s(X,C—{0}),
@) ey(X.E.M A, p)= ¢(X.E.M,u.p)

iffand only if 0<lim inf 1(x)<limsup, /(x) <.
b) I<(X,E,M, A, p) = I-(X.E,M,u,p)

if and only if 0<liminf_t(x)<limsup, #(x) < oo,
Corollary 4.4 : If pe | (X,R") and A€ s(X,C—{0}). Then

i) (X, E.M. A p) e, (X,E.M,p) ifand only if lim inf; |A(x)"" > 0.

o (X.E

- {X. I

a) c
P cl
Proof :a)

comstant mm

st o= ¢y

j![

But M isn

:

holds for al

Analogous
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e X EM.p) ce (X.E.M.Ap) ifand only if lim supx |,3,(r)|M %
i) c AX.E.M.A.p) =ec, (X, E.M,p) if and onlyif

0 < lim infc ‘Ai(-\‘)rm < lim sup, H(x)"m! S

Proof: If we consider A: X — C— {0} such thar A(x)=1, for each x,
in Theorers 4.1, 4.2 and 4.3, we obtain the results 1), ii) and iii) respectively.
Theorem 4.3 and Corollary 4.4 equally hold for /_ (X, E, M, A, p).

Theorem4.5: If pel (X.R").q: X — R" and Ae s(X,C- {0}) then

a) c,(X,E.M A, p) € ¢ (X, E.M,A.q) ifand only :f!zm infy qi .
p(x)

b) (X, E.M.Ap)c c(X,E,M.Aq) ifand only if lim inf; qi ))
plx

q(x)

Proof :a) For sufficiency, assume that lim inf, =
plx

A2 50. Then 3 a positive

q(x)

constant m such that ) >m i.e g(x)>m p(x) forall but finitely many x& X.
plx

Let pecy(X.E.M. A, p)and p, €D. Then for some £ >0, we have

M[ [P (A ST ] N

)

But M is non decreasing and

M[“" (CCIT/C)) J < M{[pv(/ux) L03)) ] s

P P
holds for all but finitely many x€& X. This implies that ge ¢, (X, E,M A.q) .

Analogous to the Theorem 4.1, necessity of the theorem follows.

—— | i___E——_—E-
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Corresponding theorem for the function space /- (X, E,M, 4, p) ,we have:
Theorem 4.6 :
If gel_(X,R"),p: X = R" and Ae s(X,C—{0}), then

(x)
[(X,E,M,A,q) € 1-(X,E,M,A,p) ifand only if lim inf, qi )50,
P
Next two Theorems 4.7 and 4.8 follow on the lines of theorem 4.2 a).

Theorem4.7: Let p: X - R'.qel (X,R") and Ae s(X,C—{0}),then
@) ¢ (X,E\M,A,q) c(X,E,M, A, p) ifand only if limsup, -q-((f?i <o
PLx

B e(X,E,M,,q) ce(X,E\M,A,p) ifandenlyif limsup, I%) <o

pix)

Theorem4.8: Let g: X - R, pel_(X,R") and A€ s(X,C—{0}),then
B EM, 2. p) SIAXIE M, 2,5} i andionty if limsup, % Biony
plx
On combining Theorems 4.7 and 4.8, one can easily obtain

Theorem.4.9: If p.qe I (X,R")andAe s(X,C—{0}),then the relations
a) cy(X,E,M A, p) =c (X, E.M,A.q)
b) e(X,E,M,A, p) = (X, E,M,A,q)
¢) I(X,E,M,A,p) = I-(X,E,M,A,q)

hold if and only if
(x)\
0 <lim inf , L7 < lim sup , 2 < oo,
p(x) - px)

Corollary 4.10:  Assume that pe |_(X.R" Yand Ae s(X,C—{0}),then

i) cy(X,E.M . A) ce, (X,E,M, A, p) ifand only if lim inf. p(x)>0;

ON

N olX, ]

w C;| ' -"‘o E

Proof foll

by the fun

Corollary

Theorem 4.11

(X,

i)

Proof of the t

Theorem 4.12

=X, |

i)

Proof follows

In the follow

contained in

4 11 hold.
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i) (X, E,M A, p) ¢ (X.E,M,A) ifand only if lim supx px) < oo;
i) (X, E,M, A, p) =co (X, E,M,A) ifand only if
0 <lim inf,_ p(x) < lim sup, p(x) < ee.

Proof follows easily if we take p(x) =1 for all x and the function q is replaced

by the function p in the Theorems 4.7 , 4.8 and 4.9.

Corollary 4.10 equally holds for ¢(X,E,M,A,p) and (X ,E.M, A, p).
Theorem 4.11 : 1f A, pe s(X,C—{0}), pe I.(X,R") and q: X - R", then

co(X,E,M A, p) € co(X,E,M,u,q) if and only if

i) liminf_#(x)>0 and ii) liminf, 9(x) >0,
p(x)

Proof of the theorem follows immediately from the Theorems 4.1 a) and 4.5.

Theorem 4.12 : 1f A, pe s(X,C—{0}), pe [ (X.R")and q¢: X — R", then

I(X,E.M,A,p) Cl(X,E,M,u.q) if and only if

i) liminf, ¢(x)>0 and ii) limsup, ___qix_) < e
plx

Proof follows from the Theorems 4.1 b) and 4.8.

In the following example, we show that ¢,(X,E,M,A,p) may strictly be
contained in ¢,(X.E.M,u,q) although the conditions (i) and (ii) of Theorem

4.11 hold.
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i) (X, E.M,A, p) ccy (X, E.M, A) if and only if lim supy p(x) < os;
i) ¢y(X,E,M,A,p) =c,(X,E, M ,A) ifand only if
0<lim inf, p(x) < lim sup, p(x) < e=.

Proof follows easily if we take p(x) =1 for all x and the function q is replaced

by the function p in the Theorems 4.7, 4.8 and 4.9.

Corollary 4.10 equally holds for ¢(X ,E,M A, p) and l(X.E,M.A,p).
Theorem 4.11 : If A, pe s(X,C—{0}), pe L (X, R") and q: X — R', then

co( X E M, A, p) € ¢y(X,E,M,u,q) if and only if

i) liminf, #(x) >0 and ii) liminf, 9(x) >0.
p(x)

Proof of the theorem follows immediately from the Theorems 4.1 a) and 4.5.

Theorem 4.12 : If A, pe s(X,C—1{0}). pe [ (X,R")and q: X =R, then

(X EM,A,p) Cl(X,E,M,pt.q) if and only if

q—(:ﬂ<oq
p(x)

i) liminf_1(x) >0 and ii) limsup,
Proof follows from the Theorems 4.1 b) and 4.8.

In the following example, we show that c,(X,E,M,A,p) may strictly be
contained in ¢, (X, E.M, i, q) although the conditions (i) and (ii) of Theorem

4.11 hold.
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Example:4.13 Let X be any set and (xy) be a sequence of distinct points of X.
Consider ue E and p, € D such that py(u)=1 and define ¢: X — E by

)=k u, if x=x0k=123... and

=0, otherwise.

Further, if x = x;, we define po)=k", if k is odd integer, p(x)=k~, if k is even

integer,

qfxe) =k for all values of k. A(xi)= 3", w(xi)=2" forall values of k; and

p(x) =%,.q(x) =1,A(x) =3, p(x) = 2 otherwise. Then for x = x; and k=1, we

have
P L KRE
{(xe) = M = 37 =—if k is odd int ger;
u(x,) 2 2"
3 pre A &
ix,)= 27 = ‘5 yif k is even integer and t(x) = |3a'2r_l"o-a.‘henvise.

Thus, lim inf, t(x)>1, i.e; condition (i) of theorem 4.11 is satisfied. Further,

=) =1, if k is an odd integer, :'q'(x-f)i =k,if k is an even integer and
plx) plx)

4(¥) _ 5 otherwise.
px)

Therefore lim inf; =1>0, i.e; condition (ii) of theorem 4.11 is also

)
2(x)

satisfied.

Now, for any pve D,

M[_[m(ﬁ(n)#(m))l“’” J = M[m-{z*k—'uﬂ”-‘ ]f: M( % ;_liw(w')'lf”] < i M[:za[_;;, w)]} k21,

P P

L

»

’ .
EEY P2 FF AP

b

2
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e
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and M [_[p L,(y(x).?{x))]}: 0, if x#x, for any k=1, shows that
p _

e c,(X,E,M,u,q) .But for k an even integer,

' " TdE:d ¥ 3 St k27 g
" [p‘_(/?.(x.tlgl?(xk)] ““] B M[[p..,(w; fuy]" ] I M[%J > M(112p)

implies  that pecy(X,E,M, A, p). Thus, the containment of
o (X, E.M, A, p)in ¢ (X, E,M, it,q) is strict inspite of the fact that (i) and (ii) of

the theorem 4.11 are satisfied.
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Favorable and Unfavorable Steady States of the Flow in
a Natural Circulation Steam Generator with Many Pipes

KEDAR NATH UPRETY
Central Department of Mathematics
Kirtipur Campus
Tribhuvan University, Kathmandu, Nepal.

Abstract: A natural circulation steam generator consisting of a network of
keated pipes is considered and the steady state behavior of the flow is studied.
The model is focused ona geometry consisting of three pipes connecting a drum
at the top and a ¢collector at the bottom. The flow in the pipes is modeled by the
one dimensional Euler equations with source terms describing the impact of
heating, gravity, and friction. The equations describing the drum and the collector
provide necessary boundary conditions for the pipe flow. The equation of state is
represented by a surface in pressure, density, and temperature space depending
upon the complex properties of water. This model is analyzed with three phases:
the liquid, the wet steam and the steam phase for the favorable and unfavorable
steady state solutions. Dimensional analysis and asymptotic methods are used as
the important tools in the computation of stationary solutions.

Key words: Asymptotic methods, dimensional analysis, Euler equations, scaling
and phases.

A natural circulation steam generator is a complicated network of pipes, as in
figure. The generator consists of a drum at the top and a collector at the bottom,
connected by a number of pipes. Water flows downwards in one of the pipes from
the drum to the collector and water flows upwards from the collector to the drum
in many pipes. The size of the drum is very big in comparison to the size of the
collector. The drum is divided into an upper part filled with steam and a lower
part filled with liquid water. The drum is connected to a feed water inlet and also
there is a steam outlet connected to the drum. When the pipes leading upwards
are heated externally, circulation starts and due to the circulation the whole
system is heated. Then the fluid in the heated part of the network becomes a
mixture of water and steam, called wet steam. Thus we have liquid, wet steam,
and steam phases. Steam collected in the drum is taken out from the steam outlet
i a controlled way such that the pressure in the drum is kept constant. The
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volume of the steam taken out is replaced by feed water such that the water level
in the drum is kept constant. Thus, the volume of water in the drum is always
constant. There exist phase change in the system due to the decrease or increase of
temperature.

In this mathematical model the flow in the pipe is governed by:

The continuity equation or law of conservation of mass.

The law of conservation of momentum.

The law of conservation of energy.

The equation of state of the fluid giving the dependence of the fluid
density on pressure and temperature.

s b B

The pressure in the drum is given and assumed independent of position and time.
The temperature in the drum is dependent of time and independent of position.
There is conservation of mass and energy in the drum. While the specific
enthalpy of water in the drum is smaller than the specific enthalpy of saturated
water the steam chamber is empty. Due to the loss of pressure there is no
momentum conservation in the drum and collector, only mass and energy are
conserved. Pressure as well as enthalpy in the drum and collector provide
boundary conditions for the flow in the pipes.

Constitutive relations are represented by a surface in pressure, temperature, and
density space, depending on the complex properties of liquid, wet steam, and
steam. The constitutive relation also holds in the collector. Afier presenting and
scaling the model, we approximate the steady state solution explicitly for three
pipes considering the simple systems. We consider three straight vertical pipes
Joining the drum and the collector as described by the given figure. In the first
pipe (without heating) water flows downwards. In the second and third pipe
having a constant heating per length, water flows upwards. We assume the first
pipe and the collector are in the liquid phase, and the drum in the wet steam phase.
The second and third pipe has a phase change from liquid to wet steam.. We show
the multiple steady state solution exists for the system described by three pipes as
long as the heating is small enough.

e o f
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1. Derivation of the Model in the Pipe
The pipe flow is modeled by the stationary one-dimensional Euler equations:

Conservation of mass

(1)
Conservation of momentum
(2)
Conservation of energy
m (3)

In the above equations p(x), u(x), T(x), and p(x) are the density, velocity,
temperature, and pressure of the fluid at the point x. Here x € ( 0, 1/2 ) represents
the unheated and x € ( 1/2, 1) the heated pipe. The terms on the right hand sides
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of (2) and (3) represent the force and work done due to gravity and friction, as

well as the heat Q added to the system. The terms pc, T and pu’/2 are the

densities of internal encrgy and kinetic energy of the fluid. The term u p is the
work done due to pressure k'and o are the coefficient of friction and the angle
between the pipe and the horizontal,

L.1. Equation of State

The equation of state is represented by a surface in pressure density, and
temperature space, consisting of three regions or phases: Liquid water, wet steam,
and steam. We use the following assumptions:

¢ Steam is an ideal gas:

p = pRT |
(4)
where R is the gas constant.
» Liquid water has constant density:
P = Py (5)

The approximation of the pressure-temperature relation for wet steam i
p=b(T~T,)° =p(T) : ©

where T, is the freezing temperature of water.
Now the above mentioned surface consists of the following three parts
representing the three different phases.

Liquid water phase
P =py;p 2max = {p(T),p,RT } (7

“ Wet steam phase

e T
p=p1); 2 < p<p, (®)

¢ Steam phase
p= pRT ; < min { p,,, 22 ®

RT

I T B
‘ l L
—

£ g
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1.2. Conditions in the Drum

In a steady state we expect the drum to be filled with wet steam. Thus, the
temperature Ty in the drum can be computed from the given pressure py by the
equation of state py = p(Tq4). A time dependent model taking into account the
possibility of cold water in the drum can be found in [2].

1.3 Boundary Conditions of Pressure and Enthalpy at the Drum and the
Collector
Pressure loses at the end of the pipes are neglected. thus, we have

p(0) =p(1) = pa, p (§+) i p(%ﬂ-

Also we assume that the enthalpy h = C,T + p/p is prescribed at these ends
where the flow enters a pipe. For the collector these conditions together with the
mass and energy conservation lead to continuity of the variables p,u, T and p at
the point x = 1/2.

Since we will study for the solutions with u > 0 (downward flow in the unheated
pipe and upward flow in the heated pipe), we have the boundary conditions

CyT + P = Colg -+ P4 at the drum.
Plx=0 Pw

2. Approximations of Multiple Steady States for a System with
three Pipes:

The modeled equation and approximation of steady state for a system with two

pipes is explained in detail in [3]. Here a system with three pipes, all of them

straight and vertical, is considered. Pipe 1 is unheated and oriented downward and

identified it with the interval ( 0, 1 ). The subscripts will denote the number of

pipe for the quantities held in the system. Thus

a=-%, Q=0 in(?3).

Pipes 2 and 3 are oriented upward, have the same amount of heating and are both
identified with the interval (i-, 1) . Therefore

ay YE g , Q2 3=1 in (1/2, 1) holds.



qe

he

ind
am,

(4)

(6)

parts

(7)

(8)

(9)

[45] FAVORABLE AND UNFAVORABLE STEADY STATES OF THE FLOW IN....

1.2. Conditions in the Drum

In a steady state we expect the drum to be filled with wet steam. Thus, the
temperature Ty in the drum can be computed from the given pressure pg by the
equation of state py = p(Tq). A time dependent model taking into acecount the
possibility of cold water in the drum can be found in [2].

1.3 Boundary Conditions of Pressure and Enthalpy at the Drum and the
Collector
Pressure loses at the end of the pipes are neglected. thus, we have

p(0)=p(1)=pa.p (§+) - p(§~)-

Also we assume that the enthalpy h = C,T + p/p is prescribed at these ends
where the flow enters a pipe. For the collector these conditions together with the
mass and energy conservation lead to continuity of the variables p,u, T and p at
the point x = 1/2.

Since we will study for the solutions with u > 0 (downward flow in the unheated
pipe and upward flow in the heated pipe), we have the boundary conditions

CyT + e Coly + P4 4t the drum.
Ple=o Pw

2. Approximations of Multiple Steady States for a System with
three Pipes:

The modeled equation and approximation of steady state for a system with two

pipes is explained in detail in [3]. Here a system with three pipes, all of them

straight and vertical, is considered. Pipe 1 is unheated and oriented downward and

identified it with the interval ( 0, 1 ). The subscripts will denote the number of

pipe for the quantities held in the system. Thus

a=-%,0=0 in(3).

Pipes 2 and 3 are oriented upward, have the same amount of heating and are both
identified with the interval (»;*, 1) . Therefore
@ 3=7%, @ 3=1 in (1/2, 1) holds.
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The steady states equations described in [3] are
dm

o

dp . m?

T —p sina — ke -p—

ar | d (1) _¢Q :
wtu()=n (10)

hold for my , py, py and T, in (0, i)' and form ;, pi, piand T; ,i=2, 3 in
(1/2,1).

We assume that the cross section areas of the three pipes to be equal. Then mass
conservation, energy conservation and the pressure condition at the collector
become, as explained in [ 2 |
my = my =} LSS
my (‘Tl +e€ ﬂ) =m; (?‘2 +€ B—z-) +my (Tg +€ Eg)

P Pz P3

P = Pr2=pP3 .,
atx=1/2.

At the drum we have the pressure conditions
P1(0) = p,(1) = p3(1) = py

Note that the assumptions, pipes 2 and pipes 3 are indistinguishable. This
symmetry property will be used in the following :

2.1 A Favorable Steady State

We look for a solution with downward flow in the unheated pipe and identical
upward flows in the heated pipes. With the flow being in the liquid phase close to
the collector and mass conservation, energy conservation at the collector becomes
in the limit e — 0

(my+ my)Ty=m Tr+ ms T at x=1/2.
Also, by m; , ms > 0, we have from the enthalpy boundary conditions T> (1/2 ) =

T3 (1/2), and therefore
T, =T; =T; atx =1/2.

BTl FAVORAF
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The solutions in pipes 2 and 3 are the same as that in pipe 2 and also the solution
i pipe 1 is the same except the fact that the mass flux should be multiplied by 2,
because pipe | now feeds the upwards flow of two identical pipes, is explained in

[3]

As a measure of the quality of the computed flow we compute the amount m, of

steam produced per time. Mass conservation and energy conservation in the drum

are described by

m2+ my — m1+mf—m5=0
Pz . Py

mz(Tz'f‘E—‘) _+m3(T3+Ep)

P2d =y 3

o my (Tl +e -g—:)xzo + mphe —myTy =0

Where my is the amount of feed water per time, and hy and yT,; are the
enthalpies of feed water and steam leaving the drum, respectively. By the mass
conservation in the collector, the first equation gives my = ms . Then from the
second equation  my is computed, assuming hy < yTy which is perfectly
reasonable, because as the enthalpy of feed waler in the drum increases the drum
contains steam. Using the results described in [ 3 ],

m=4(pg+1-1x)/k ,p=kem?/2 . the approximated density,
p1(0) = p,(1) = p3(1) =pgandmy, =mz; =m  we get
my(yTy — hy) = —24 (11)

2.2 Two Unfavorable Steady States

Here will be shown that under certain assumptions solutions with downward flow
m one of the heated pipes exist. We shall construct a solution with downward
flow in pipes 1 and 3, i.e., m; > 0 and m; < 0, and upward flow in pipe 2, i.e., my >
0. Then of course an additional solution can be constructed by interchanging pipes
2 and 3 using the symmetry mentioned above.

We look for a solution with pipes 1 and 3 and the collector in the liquid phase and
with a phase change from liquid to we steam in pipe 2.

Pipe 1: Since pipe 1 is in the liquid phase we have

p(x)=1 forxe€[0,1/2]
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with e — 0 the momentum and energy equations reduce to
dp o dT o )

dx ' dx

and the boundary conditions imply

Pi(x) = pa +x, Ty(x) = Ty forx €[1,1/2]

Pipe 3: Since the pipe 3 is also in the liquid phase we have
. _I
@ =1, xe[3,1]

and the momentum and energy equations

dp dr
y d

1
dx m

Continuity at x = i implies
pa(x)= pa+1- x T3(x) = Ty + (x—1)/my forx € [1/2,1].

However it is necessary to check that solution remains in the liquid phase,
i.e.,

ps = p(T3)

holds. It is easily verified that
Pat 1—x = ﬁ“(Td-I- —) forx € [—1-, '1]

holds if ms is large enough. This will be seen later.

/l’i‘pe 2, liquid phase: With the above results, mass and energy conservation in the
sctor are
m1 =my;+ my
) . 1
myTy = m,T, (5) + my (Ta =

2?}1.3

Implying T(1/2)=Ty+ 1/2m;.
This leads to
P2(X) =1, pa(x) = py+ 1 —x, To(x) =Ty + x/m; , for x E[ xu]
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Pipe 2, Wet steam phase: Following the procedure of the preceding section,
m; =4 (pg+ 1— Xp)/k . pz = em3 /2 (12)

and x, must satisfy the equation
. = kxp as Ly o
i(xo) = 7 (Ta +——-—2(pd+1_xo)) + xg—1— pg=20
Clearly,

h'(xp) > 0, forx, € G 1)

m(1) = 7 (Ta+ -Z%d)—ppn

hold. However for the second condition for existence of a solution
1 k 1
w(z)=p(r o) —pg =5 <0

we need the assumption that k is small enough. Since the dimensional parameter
k is proportional to the square of the strength of the heating . this can be
mterpreted as a small heating assumption. This k and approximation of steady
state is explained in section [ 3 ].

For small enough k we have completely determined a solution up to the fact that
we only know the value of my —mg = m; , but not the separata values of my

and my .

An additional equation can be derived by considering certain higher order terms in
the asymiptotic treatment for small . If the O(e ) friction terms are included in the
computations for pipes 1 and 3, we obtain

p(x) = py+x(1—kemi) for x€ (0,1/2)
py(x) = pa+ (1 —x) (1 —kem3) for x€ (1/2,1)

The pressure condition py (1/2) = ps (1/2) at the collector (which is trivially
satisfied if only the leading order terms are included ) leads to mé =m} and,

thus,
my =—my = My/2
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But by equation (12) we have
2%" <my < (2pg + D /k

This shows that the largeness of —m, which was required for the validity of the
solution in pipe 3, can again be guaranteed if k is small enough.

Finally , we again compute the steam production. As above. we again obtain the
equation  for my. However, now the phase point is the zero of function g
explained equation in [ 3 . By the obvious relation g < h in (1/2, 1), the phase
change point x, for the present solution is smaller than in the preceding
subsection. Therefore, by equation (11) , also the steam production is smaller.
This result explains why we called the solution from the preceding subsection
section 2.1 favorable compared to the two solutions of this subsection.

These computed approximations are qualitatively as the numerical solution of [1]
and the multiple stationary solutions for more complex geometries have been
foundin[ 2 ].
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Abstract: This paper attempts to apply a Markov chain model to study
mntergenerational occupational mobility distribution among the residents of Palpa
and Rupandehi districts. Markov chain model was found to be the appropriate
model to describe the distribution of intergenerational occupational mobility. The
attraction of sons was more toward non-manual and non-agricultural occupations
as compared to their fathers. Indeed, intergenerational occupational mobility was
found moderately high for both the generations. Findings may help planners and
policy-makers in designing proper policies especially in integrated rural
development program.

1. Introduction
The dynamic structure of social phenomena is linked with the movement of the

people across social, economic or occupational categories. In this line several
studies on occupational mobility have been carried out by scholars [1,2,3.4,5.6,7].
Models for mobility involved probabilistic terms which are useful for the future
prediction and also for assessing the likely error of these predictions [8]. The need
of the measurement of social mobility was first realized in connection with the
empirical research [3]. Prais [6] was probably the first researcher to apply Markov
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chain theory to social mobility followed by the measurement of occupational
mobility based on the semi-Markov process [9].

Most of the mobility measures are developed based on the elements of transition
matrix, which may be recognized by the transition probability matrix. A number
of researchers have been studied the intergenerational occupational mobility in
different societies and communities [1,2,5,7,10,11]. Markov chains or mixtures of
Markov chains, like mover-stayer model, have been commonly used in social
sciences to study various forms of dynamic behavior of human being including
occupational mobility [1.2,4.5.12].

This paper attempts to apply a Markov chain model to study the distribution of
. intergenerational occupational mobility among the residents of Palpa and
Rupandehi districts. In brief, Markov chain model is given below.

2. Markov Chain Model

Markov chain model developed by Sampson [12] is applied to study the inter-

generational occupational mobility pattern. Let Q, = (pj) be a k x k unrestricted

transition matrix, where pj is the probability that a process is in state j (j=1,2.3 . .

k), the existing period, given that it was in state i(i=1,2,3 . . k) in the initial

period, and k is the occupational group, hence forth known as state of a Markov

chain. The class of restricted transition matrices is given as:

Q=6 +(1-8)vp* :

or py = 95, +(1-6 )p[. (1)

[ i £

where, 1 is the identity matrix, and §j is the kronecker delta, v be the k x 1
vector of ones, and p*=(p;*) be a 1x k vector of probabilities, such that p*v=1,
and 6=diag(0;) be an k x k diagonal matrix with 0<8<1. (1- 0;) represents to the
probability that a son would look for a different occupation that of his father and
8; is the probability that a son would look for the same occupation that of his
father.

Now, pre-multiplying equation (1) by p, we have,

p*=p(1-0)/p(1-0)v,

T+l pa
=In
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or  p*=p1-6)/ X pc(1-8) )
On substituting equation (2) into equation (1), we get

L (1-0)p(1-0)
p(l- @)

(1-0,)(1-9,)p,
i’Pj 3)
Zpk(l_ek)

Let p=(p;) be the equilibrium distribution of Q, so that, pQ = p. In general, p*# p,

Q=0

or p, :Hi&ij +

except for the condition that all the values of 8;’s are identical.
On solving equation (1) by using pQ=p, we get the equilibrium distribution as
given below,
p=p*(1—0)"/px(1-6)"v,
or p,=p,*(1-0.)"1 p, *(1-0,)" (4)

The occupation of sons will have the probability p* of being in occupational
cﬁtegory i. which is independent of occupational category i. Furthermore, p and v
be the two eigen vectors, which are associated with the eigen values 1 to the left
and v to the right respectively. It was also shown that the remaining eigen values
are the root of the function f (A)= p*(® -AI)'v. where A is the scalar quantity
having only one eigen value lying between 0 and 0;,; when 9,< 8, < <6,
The right and left eigen vectors corresponding to the eigen values A are treated as

p*(A1-0)" and (A1-8)" (I-6)v respectively.

Two parameters 6 and p* are to be estimated by maximum likelihood (ML)

method. In a Markov chain model, let N be the independent realization of length

T+1 period for t=0, 1, 2, ..., T, and log-likelihood function is given by
[=2nIn(pij) (5)
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where nj; is the number of lransitions in the s
father’s occupational state i to the son’s oce
estimates are given as,

ample from state i to a state j (ie. it
upational state j). The unrestricted ML

B (6) e e
It is observed that. -
=2 B=Ymand n=Y =30 -3 s
where n,

is the number of the oceurrence of i for the initial period of state and

#, is the number of the occurrences of i for the existing period of state.

So the 1xk probability vector is p=(n/n) and p = (fi/n)satisfies the following v 1
equation, PERia1s)

P=p Qu ) Tl |- E
where Q, - (py)) is the unrestricted ML transition matrix. G ——
Similarly, restricted ML estimates are obtained by substituting equation (1) in e
equation (5), and we obtain the restricted log-likelihood function as given below, A

1= 2 { i In[O+(1-0))p* 1+ (i | M) M)y - ng)in1-6;)) (8)

Maximizing equation (8) with respect to 6; and p* and some simplification was

made by Aryal [1,2]. we get,
a, Zk pa.b,G, 0)
I+Zkﬁkakbk

=0~ Ga, +

a, (9) =5 [1 '1-(29,}5', = P, = ﬁf )"‘ {-ﬁ(f = 9)‘" H_J:I'al‘ld

Table 1 shc

» e firs

b (00=(1-0, ), —p,0, J[p(1-0)]. ~ eobability
=xrauons

Once we obtain@ , j’ is casily estimated by the equation Markov ch
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ﬁx:1ﬁ(-—ﬂi}ﬁ—éj (10)

3. Application
The model is tested with the real sets of data from a sample survey of Palpa and

Rupandehi districts. A total of 811 fiouseholds were surveyed. The information on
occupation was collected from each household. This paper deals with a sample of
777 fathers and sons of the first two generations and 303 fathers (sons) and sons
(grandsons) of last two generations. The occupational categories are noted as:
I=Agricultural Laborer (Land less), 2=Non- Agricultural Laborer, 3=Agriculturist
(landowner), 4=Contractual workers and Workers in Abroad, 5=Business/Trade
and houschold industry, and 6=Professional, Administrative and Govt./Pvi.
Service. The details of data and measurements of variables are found in Aryal

[13,14,15]

[55]

Table 1: Estimated transition probability matrix (first two generations)

Occupational Son

categories 1 2 3 4 5 6
| | 3482 1696 1071  .1339 0893  .1518
5 | 2209 4138 0690 0690 0920  .1264

Father 3 |ose2 0366 3190 1638  .1228 2716
4 | 0364 0182 1636 4000 1273 1818
s | 038 0000 .1538 0000 4231  .3846
6 |.0000 0303 3333 0606 2121 3636

Table 1 shows the occupational distribution of sons by occupation of their fathers
in the first two generations (from father to son). The estimated transition
probability matrices are also shown in the respective table for the first two
generations. The occupational categories 1 to 6 represent the different states of a
Markov chain model under consideration and the mobility either forward or
backward is of one step (father and son).
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Table 2: Estimated transition probability matrix (last two generation)

Son

1 3 3 4 5 6

1 2826 .1087 .1522 2174 0217 2174

2 1905 3810 .0476 2619 0000 .1190

- Father 3 0400 0400 2800 2000 .1200 .3200
4 0750 .0250 1750 4750 0750 .1750

5 .0000  .0000 .1333 0333 5333  .3000

6 0000 0889 1111 0889 .0889 .6222

Table 2 presents the occupational distribution of the last two generations (from
sons to grandsons). The estimated transitional probability matrices are also
displayed in this table for the last two generations.

Table 3: Estimated parameters (first two generations)

Occupational 0 p* p
categories
1 2601 1158 1250
2 3801 0527 0680
3 1850 1599 1567
4 2634 1803 1955
5 3159 1523 1778
6 0231 .3390 2770
-2logL.(Null) 1227.086
-2logL(Model) 1225.783
Model(LR) chi-square 2.61
Degrees of freedom 16
Critical values(5% level) 26.30

The estimated values of parameters 6 and p* are given in Tables 3 and 4 for both
the successive generations. An estimate of © explains that the son follow the same
occupation under taken by his father whereas p* shows the chance of getting an

sHRAEP £8K7

|§
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occupation different from his father's occupation. However, when 0;’s are
identical, the estimated value of parameter p* gives a state of equilibrium. This is
considered as the persistence class of Markov chains [1,2,5] whereas when O;'s are
equal to zero, the process exhibits an inter-temporal independence [1,5].

Thus, 6; determines the extent to which state i (the initial structure) influences the
next period of state i.e. the existing structure. Similarly, when 0=0, then the initial
state has no influence on the existing period of state. Moreover, when 08=1, and
obviously, pi=1, then i becomes an absorbing state of Markov chain, the process
in that state remains there forever, i.e. immobile [1,2].

Table 4: Estimated parameters (last two generations)

Occupational 0 p* p
categories

1 2358 0661 {0560
2 3510 0502 0501
3 JA211 1930 1432
4 3032 .2642 2474
5 4991 0731 0950
6 4330 3553 4089

-2logL(Null) 459.10

-2logl.{Model) 423.65

Model chi-square 70.80

Degrees of freedom 15

Critical values (5% level) 25.00

Thus, a person in the occupational category of agricultural laborer, for example,
has had an estimate (1-0.2601) =0.7399 probability of getting a different
occupation of son from his father whereas the son has a chance of 0.0527 of
Joining an oceupation in non- agricultural laborer (Table 3). Similarly, a person in
the occupational category non- agricultural laborer, has had an estimate (1-
3510)=. 6490 probability of getting a different occupation than that of his father
whereas the son has a chance of .3553 of joining an occupation in professional,
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administrative and government and private service for the last two generations
(Table 4) and so on. For the other elements of the estimates, a similar
interpretation can be given.

The observed log-likelihood (Lg), is -1227.086 and expected log-likelihood (L),
is -1225.783 (Table 3). Thus, the likelihood ratio (LR) test statistic for Ho.
Q=0+(1-0)vp* is -2(Lg- L,)=2.61 at the 16 degrees of freedom which is accepted
as the tabulated ”(16) = 26.30 at the 5% level of significance for the first type of
data set i.e. first two generations (fathers to sons). An insignificant value of chi-
square suggests that the Markov chain model fitted the data very well. But from
Table 7.4, the likelihood ratio (LR) test statistic for Hy : Q=0+(1-8)vp* is =70.80
at the 15 degrees of freedom and comparing with z”(15) = 25 (at the 5% level),
the null hypothesis is rejected for the second set of the data i.e. the last two
generations (sons to grandsons).

The main diagonal elements of the transition probability matrix show the
inheritance (son’s occupation is same as that of their father’s) occupational
situations among the six occupational categories for both the generations (Tables
| and 2). Occupational inheritance was considerably similar (3482, 4138, .3190,
4000, 4231 and .3636) but low in nature among all the occupational categories
(Table 1) whereas occupational inheritance was fluctuating in behavior (.2826,
3810, 2800, 4750, .5333 and .6222) among the six occupational categories
(Table 2). Occupational inheritance was low for the first three occupational
categories i.e. agricultural laborer, non-agricultural laborer and agriculturist
(landowner) whereas it was high for the last three occupational categories i.c.
professional, administrative & government and private services; contractual
workers and workers abroad for the last two generations.

It is found that the attraction of sons was more toward the non-manual and non-
agricultural occupations and they were highly mobile towards these occupational
categories. It may be due to changed occupational status of the rural people
because of many influencing factors such as spread of education, industrial
development, constant land resources for cultivation, rise of the population,
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climatic conditions, rural-urban migration, dissolution of the households and
government policies. Moderate amount of mobility also occurred towards the
manual and agricultural occupations. This may be due to some specific
characteristics of individual who need for joining non-manual and non-
agricultural occupations.

4. Conclusions

Markov chain model has been applied to describe the distribution of
intergenerational occupational mobility among the residents of Palpa and
Rupandehi districts. It was found that the attraction of sons was more toward the
non-manual and non-agricultural occupations. The intergenerational occupational
mobility was found moderately high for both the generations. Findings may have
a number of policy implications particularly for the developing countries, like
Nepal. This may also help the planners and policy makers in designing policies
such as integrated rural development program, etc. to be adopted for specific
region.
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Abstract: In this paper we have proved fixed point theorem for continuous
contraction mapping in dislocated quasi D-metric space. Also we obtain a
common fixed point theorem for pairs of mappings and four mappings in

dislocated D-metric space.

Keywords: dislocated quasi D-metric, fixed point.

1 Introduction:

B.E. Rhoades [1] established various definitions of contractive mappings. In 1992
Banach proved fixed point theorem for contraction mapping in complete metric
space. In 1992 , Dhage [2] introduced a generalized metric space or D-metric
space, and proved the existence of unique fixed point of a self map satisfying a
contractive condition. Rhoades [3] generalized Dhage’s contractive condition and

obtained some fixed point theorems.
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In 2005 F.M. Zeyada, G.H. Hassan, M.A. Ahmed [6] established various
definitions of dislocated quasi metric space. A Isufati [11] proved some fixed
point theorems for a single and a pairs of mappings in dislocated metric space.

In this paper we proved fixed point theorem for continuous contraction mapping
in dislocated quasi D-metric space and also proved common fixed point theorems
for pairs of mappings and four mappings in dislocated quasi D-metrics space.

2 Preliminaries:

Definition 2.1 Let X be a non-empty set and let D:Xx Xx X— [0,0¢) be a
function satisfying following conditions

(i) D(x,y,z)=0 &x=y=2z |

(i) D(x,y,2) <D(x.y.a) ¥ D(x,a,2) + D(a,y,z) V x.y.z,ae X.

Then D is called a dislocated quasi D-metric on X. If D satisfies

D(x,y,z) = D(y,z.x) = D(z,x,y) then it is called dislocated D-metric.

Definition 2.2 A sequence {x, }in dislocated quasi D-metric space (X.D) is called
Cauchy sequences if for given £ >0, Inge N such that ¥V m,n =ng
= D(XmXnX) < £ (0r) D(XgXmeX) < €1.e min{ D(Xm,Xp,X), D(XnXm,X)} <E.

Definition 2.3 A sequence {x, }in dislocated quasi D-converges to x

lim D(x,,x,,x)=0= lim D(x,,x,,x)=0

In this case x is called a dislocated quasi-limit of {x,} and we write
X, XX, X

Lemma 2.4 Dislocated quasi-limit in a dislocated quasi D-metric space are
unique.

Definition 2.5 A dislocated quasi D-metric space (X,D) is called complete if
every Cauchy’s sequence In it is a dislocated quasi D-convergent.
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Example 2.6 [5]

Let X = 1/2" : ne N} Define D:XxXxX—[0.0) as follows
2 Oif x=y=2z

XY.Z) = .
i) min{max {x,y},max{y,x},max {z,x}}otherwise

Define T:X—X as Tx = x/2 for all xe X.
Then X is a complete bounded dislocated quasi D-metric space

Definition: Let (X, Dy) and (Y, D3) be dislocated quasi D-metric spaces and let
f:X —Y be a function. Then [ is continuous to xg € X, if for each sequence
Ix,} which is dj-q D-convergent t0 Xo the sequence {f(x,)} dz-q D-convergent to
["(Xn] in Y.

Definition 2.8 Let (X.D) be a dislocated quasi D-metric space. A mapping
T:X—X is called contraction if 3 0 <<l such that D(Tx,Ty.Tz) <AD(x.y.z)
Vix,yze X

Proposition 2.9 Every convergent sequence in a dislocated quasi D-metric space
is “bi” Cauchy. converse of proposition may not be true.

Lemma 2.10 Let (X,D) be a dislocated quasi D-metric space. If F:X—X s a
contraction function, then {j (.\-“)} is a D-Cauchy’s sequence for each x; € X

3 Main Results:
Theorem 3.1 Let (X.D) be a complete dislocated quasi D-metric space and let

1"+ X—X be a continuous mapping satisfying the follows condition
14 D(x,Tx.z
——(—'—]]D(y, Ty, Tz) + BD(x,y,2)
1+ D(x,»,2)
for allx,ye X,a>0,p>0,a+ p <1.ThenT hasunique fixed point.

Proof: Let {x,} be a sequence in X, defined as follows.

D(Ix, Iy, 1z) < C{

Letx,e X
T(x0) = X1, (TX1) = X2 5 cvevevnnnn o TR = RiFlon v coos
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Consider

D:('xn X pu1s X )=D(Tx Ix,,1x,,)
: 0{1 +D(%,y T,y %)

L 14 D(x,0%,.%,,)

< Uk R s DA o X, X5 %,42) + PD(x,_,x,, X,

n=1?

:‘D (x,,Tx,, Tx,15) +(xn=|_3xﬂ" Xpar)

Therefore,
D(--xlmxml 93"-‘7_5.&2 ) = "lifg_a'g(xn—1 3 Xy s Xy )
D(x-u_l s x:ﬂ-l'! Xav2 ): = Z‘D(xu—} !xn.’ Xt )

where A = I—é— withQ < A < 1.Similarly, we will showthat
=

D.(xn—l ? xn ) In_H' ) S w(xﬂ-—z » x.n-l ’x&l -)

andso  D(x,,%,,,%,,,) S D(x, ,,%,.,X,)

In this way we have

D(xn y x'g'q.] I» 'tm-z ) SflnD(.rZ y x; - xO )

Since 0 <) < 1, as X"—0 as n—c0. Thus {x.,,} is dislocated quasi D-sequence in

the complete dislocated quasi D-metric space X. Thus :{x‘,_'} is dislocated quasi D-

converges to some ty. Since T is continuous,
wehaveT(t;) =limT'(x,) = limx,,, =1,.
i —bom H—yos

Thus T(tg) = to. Thus T has a fixed point.

Uniqueness: Let x be a fixed point of T. Then by given condition, we have
D(x,x,x) = D(Tx,Tx,Tx)
1+ D(x,Tx,x) | i iy _

< ﬂ[m}l)(l’, Tx, 7&') i ﬁD(A’,x_, X)
D(x,x,x) = D(Tx,Tx,Tx,) <(a+B)D(x,x,X)
Which gives D(x,x,x) = 0, since 0 <(a+B) < | and D(x,x,x) =0.
Thus D(x,x,x) = 0, if x is fixed point of T.
Letx,ye X be fixed pointof T.Thatis,Tx = x,Ty = y.

Wh
and

Th
Let

for

Pre
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Then by condition D(x.y,z) = D(Tx.Ty,Tz) <pD(x.y.z)
Which gives D(x.y.z) = 0, since 0 <P < 1 and D(x.y.2) >(). Similarly D(y.,x,z) = 0,

and hence x =y = Z.
Thus T has unique fixed point.

Theorem 3.2 Let (X,d) be a complete dislocated D-metric space.
Let S.T : X—X be D-continuous mapping satisfying:

D(Sx.Ty,2)<h max| D(x, y,z),D(x.Sx, z),D(y. Ty.2)}

for all x,ye X and 0 <h<1.Then S and T have common fixed point.

Proof: Let x¢& X . Define the sequence X, by

X=8(X0), X2= T(X1)ereeerinsenes % =S(Xn1)s Xt = L(Xn)seeeeeeens
Consider

D(Xn, Xp#ts Xa1) = D(Sxu-1,TXnXn11)

< h max {D{X“_l a-‘-usxsn | )1 D(xn-] ’xn‘an )’D(‘tu'xnﬂ ’an)}
< J’I{""-)(xu—l 5x.-1’xu+l )}

Similarly

.D(X“.j, Xhns xn-rl)S h { D('XH—Z ’xn—l ? xn )}

and $0 D(xg Xar1Xnt1) A IDE, 20 %012 X,)}
In this way we have

D(Xey Xty Xaet) S {D(x5. %1, %)}

Since 0 < h < 1, as h"—0 as n—oo. Thus {x,} is a cauchy sequence in a
Complete dislocated D-metric space X. There exists a point ue X

such that x,— U

Therefore the subsequences {Sx, .} —u and {Tx,} —u. Since S and T are

continuous functions. So we have Su=u and Tu = u.
Uniqueness of common fixed point: Let u,v be a common

Then

fixed point of S and G.
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D(u,v,v) = D(Su, Tv, v)
Sh max{D(u,v,v), D(u,u,v), D(v,v,v)

Replacing v. by u, we get D(u,u,u) <h D(u,u,u). Since 0 < h < 1, we have
D(u,u,u) = 0. Similarly we have D (v.v,v)=0andsou=v,
Hence the proof is completed.

Theorem 3.3 Let (X, D) be a complete dislocated D-metric space. Let A, B, S, T:

X —X be D-continuous mappings satisfying:
D(8x, Ty, z) <h max{D(Sx, Ty. z), D(Sx, Ax, z), D(Ty, By, z)}
for all x,ye X and 0 < h < 1. Then A, B, S. T have common fixed point.

Proof: Suppose xpis an arbitrary point of X. Define the sequence {y,} by
Yan= AX24=TxXap+1
Yan41 = BXans 1=Sxan2
Consider
D(¥an, Yans1:¥2041) = D(AX20,BX20: 1,y 2041
< h max { D(Sxzn,TXans1,¥2001), D(Sx24,AX20,¥20¢1), D(TXane1,
sznﬂ,yznﬂ)i !
=hmax { D(yau1.¥20:¥2001)s D(Y2n1.y20.y2001), D(yau, yane1.¥2041) }
<h D(Yan-1.Y20Y2051)
Similarly

D(y2n.1.¥20,¥2041) <h D(Y2n.2,¥30-15Y20)

and 50 D(yan, Yanet,Yaue1) <h® D(Yano:yan1.y2n)

In this way we have

D(¥20, Y20¢1,Y2041) <h" (y2,¥1,0)

Since 0 < h < 1, as h"—eo. Thus {¥a} 18 Cauchy sequence in a complete dislocated
D-metric space X.

There exists a point ue X such that {ya}—u.

Therefore the subsequences { Axa, I—=u, { Bxogiyt—u, { Sxanal—u and {

Txani J—u.
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So we have Au=u, Bu=u, Su=u, and Tu=u.

Uniqueness of common fixed point :
Let u and v be a common fixed point of A, B. S, T. Then
D(u,u,v) <h max {D(Su,Tu,v), D(Su,Au,v), D(Tu,Bu.v)}

<h D(u.u,v)

Replacing v by u, we get D(u,u,u) <hD(u.u.u).
Since 0 < h < 1, we have D(u,u,u) = 0. Similarly we have D(v,v,v) =0 and sou=v.
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Abstract: This investigation deals with the finite queuing system with vacation
and server breakdowns in which customers arrive in the system in Poisson fashion
at rate A, during vacation, faster rated during active service and slower

rate A, = 0during the breakdown. Customers are served exponentially with the
rate 2. Server breakdowns at rate b and it immediately repaired exponentially

with the rater. We derive the explicit formulas for queue length distribution,
average queue length, average number of customers in the system, average
waiting times for a customer in queue and in the system. Numerical illustrations
have been cited to show the model proposed is practically sound.

Keywords: Queue, Vacation, Breakdown, Poisson, Exponential.

1. Introduction

The queuing system with vacations and server breakdowns in infinite capacity
system can be found in several research papers [1, 2, 3, 4, 5] but from the practical
view point such infinite system may not always be the case .In many real life
situations the finite capacity system plays the vital role such as in optimized
manufacturing systems, maintenance activities and telecommunication network
centers where the multi-task employees are to be deployed so it is worthwhile to
mention some significant work done on the line. Ibe et al. [6] made the petri net
analysis of finite-population vacation queuing systems. Lee [7] developed
M/G/1/N queue with the provision of vacation time and limited service discipline.
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Zhang et al. [8] analyzed M/M/I/N queue with balking, reneging and server
vacations and obtained the various measures of effectiveness. From the practical
view point the arrival of customers in heterogeneous rates is of paramount
importance and very few journals can be found in the case. Some of the authors
who contributed their efforts are [9, 10].Recently Lam et al. [11] employed
geometric process model for M/M/1 queueing system with a repairable service
station. Wang et al.[12] made the maximum entropy analysis of the M*/M/1
queueing system under the consideration of multiple vacations and server
breakdowns. Jain and Agrawal [13] proposed optimal policy for bulk queue with
multiple types of server breakdown and made the comparisons with model
without vacations. Chen et al.[14] studied a retrial queue with general retrial
times, a modified vacation policy and server breakdowns and obtained some
analytical results for the system size distribution as well as some other
performance measures of the system.Khalaf and Alenezy [15] studied the batch
arrival queueing system $M{[X]}$ / $GS / $1% in which the server has the option
to take a vacation after any service .completion, when the server finished any
period of vacation it does not start serving in the system and there is a period of
delay time before starting the service and obtained steady state results in explicit
and closed form in terms of the probability generating functions for the number of
customers in the queue, the average number of customers, and the average waiting
time in the queue.

In this paper under the vacation policy, server completely stops serving customers
during a vacation and starts serving the customer whenever there is at least one
customer in the queue. Once service starts, there can be interruption due to server
breakdown and it is sent to repair facility. As soon as repair process completes,
the server starts (o serve to the same earlier customer to whom the service was
interrupted. Vacation starts at ratev if the system is empty. Also the server takes
another vacation, if upon his arrival to the system, finds the system empty.
Customers arrive in the system in Poisson fashion at rate A, during vacation, faster

rate )”L_, during active service and slower rate 4, =0during the breakdown.
Customers are served exponentially with the rate 2. Server breakdowns at rate b
and it immediately repaired exponentially with the rate . We derive the explicit

formulas for queue length distribution, average queue length, average number of
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customers in the system, average waiting times for a customer in queue and in the
system. Numerical illustrations have been cited to show the model proposed is

practically sound.

2. Mathematical Model and Analysis
The states for the model are as follows:

(0, i) is the state in which there are i customers in the queue and the server is on

vacation, 0<i< N . Its probability is p(0, 7).

(a)(L i) is the state in which there are / customers in the system during active

service, 1 <i < N. lts probability is p(1, 7).

(b) (2.i) is the state in which there are 7 customers in the system during

repair process, | <i < N Its probability is p(2, 7).
The generating function for the queue length distribution is
F(z)= Fy(2)+ F (2)+ F,(2),

Where the partial generating functions are:
N
Fy(2)=2 p(0: )z,
=0
3
Fy(2)= ), pll. i)z,
i=l

N

Fi(z)=), P2z

=l

The balance equations for the queue length distribution are:
2y p(0,0)= 2 p(i, 1),

(Jy +0) p(0.1) = A, p(0,i=1), 1<i<N,

v p(0, N) =4, p(0, N =1),

(A, +u+b) p(1.1)=vp(0. 1)+ p(,2)+rp(2,1),
(&, +p+b) p(L, i) =4, p,i=D) +op(0,)+upli+D)+rp2.0), 25i<N,

(1)
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(u+b) p(LN)=2, p(LN =1)+v p(0,N)+r p(2,N),
(4, +r)p2,1)=bp(,1),

(A, +r)p2,i)=bp(l,i)+Ap(2,i-1), 2<i<N,

r p(2, N) = b p(l, N)+ 4, p(2, N~ 1).
Equation (2) gives

D Ao
(1, 1) =22 p(0, 0).
p(,1) Juz:'( )

From equation (4), we have

p(0, N) =‘%p(0, N-1).
Substituting (11) into (8), we obtain
Ah 1 b b, _
2,1)=——p(L )= 0, 0).
PO =7 p(b ) == p(0,0)
From equation (3), we get

P(O, i) =P P(09 i"'l),

Where Py = L

For 1<i< N recursively

p(0, i) = p, p(0,0)
Now

N
Fy(2)= Z p(0. i)z’
=

= p(0,0)+ p(0, 1) 2+ p(0,2) 2* +...+ p(0, N=1)z"" + p(0, N)z"

Using (12) and (14), we have

1-(&2)" A

2l = ) Mo Nt N[ oy
Fy(2) {1_ TR }pco, 0)

A+v

Y
(®)
()
(10)

(11)

(12)

(13)

(14)

(15)

FINITE C

Multiplying

N

or, A7

=]

Nl
4,2 plli
i=l
u
£ 5y
2 (2)

Using equatic
Luvp£_

Z

v {_l — (2 z)"
1=(p, 2)

Elpa,x




(7)
(8)
(9)

10)

11)
{12)

13)

114)

#(15)
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Multiplying equation (6) by z'and sum for i=2,3,...,.N-1

M-l _
(A, +p+b)Y p(l, iz =

=2

. ¢ & ¢ » ] = - r & » i
A pLi=)zZ'+0Y p(0.i)z' + pY p(li+1)z' +r) p(2,i)z
=2 =2 =2 i=2

N N
A, zy p(li)z' =&, p(l, N=1)z" +0 p(0, i)' —v p(0, N)z"
i=l =0
N
—0{p(0,0)+ p(0,1) z} + fz p(l, i)z -—-'i—[{p(l, Dz + p(l, 2)2%)
i=l :

‘“’i p(2, 1)z —r p(2, N) 2" —r p(2.1)z

=}

or, ﬂfﬁp(l, i)z +(u+b)F (z)—(u+b) p(l, N)z" —(A, +u+b)p(l,)z=

=l

A zNZ-:' p(, )z =4, p(l, N=1)z" +vF,(z) -vp(0, N)z" —v{ p(0,0)+ p(0,1)z} +

£ F (@) -E£{p,Dz+ p(1,2)2*} +r F.(z)—r p(2, N)z" —r p(2,1)z
2N Z

Using equation (7), we have
{ﬂ-%—b-—ﬁ—ﬂf(z—l)}Ff(z) = ()o; +u+b)p(l,1)z+
z
4 {1—(pu_z)” Ay v

+—, z" =1-p, z¢ p(0, 0)—
I—(p, 2) 'DPB o }

AL,z + p(,2)2} +r F.(2) 7 p2. ). (16)
Z
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Now, we find F,(z)in terms of F,(z), then using equation (16) we find
F, () Multiply equation (9) by z'and sum for i=2,3,...,N -1, we obtain
=1

A3 pi)z +rF(2)—=rp2 N)z¥ —(4 +r)p2. )z =bF,(z)=bp(l, N) M-
=l

N-l
bp)z+ 4, 2y p(2,0)2 A, p(, N=1)z"
i=1

Using equations (8) and (10), we have

e B g
O Gy 1 P

Substituting the equation (17) into (16) and simplification gives

- N~ " — 1 .'N . -
_EZDOC) gy (4, +p+b) pl, 1)-z-+v{——] @o2)” | Ay s s —1—,9{,;} p(0,0)—

WA =) v
Elpt.0z+p0.2)7} —rp@. D=, (18)
Where Q(z) = 4, 4, z* (A4 A + A, r+bA, +uA)z+ulr+4,). (19)

In order for the queue length distribution to exist, the R.H.S. of equation (18) must
vanish when z=1.

(A +r—4 z) A
o(z)(1-p, 2)
Where ®(z)=z" +z""+..+2°. (21)

For A >0, discriminant A of the quadratic expression (19) satisfies

[(1-p))2 =z =D{z+ p) ()} | PO.0). (20)

F.(z)=

A=A, A +A r+bA +uA)Y —44, 4 ur+a,)

o, A2ABE @AY KA Xr 2N N p =2 A+ 2y Ay
or, AZATP (A, A +A r=4 w?>0.

FIN

So the ¢

In orde
equatio
positive
and Q’{ |
ur> A

Now (.
Q)=
Thus, if
greater |

Substitu

F(:

F(z)==

From eq

0,

Now ass

H(r-

Substitu

uir:

Forz=1




<)

)

k)
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So the equation Q(z) =0 has two distinct real roots Z, and Z,.

In order for the steady-state queue length distribution to exist, both roots of the

equation Q(z)=0 must be greater than 1. Since in 0O(z), the coefficient of Zis

positive, the two roots of Q(z)=0 will be greater than 1 iff oM =0

and Q'(1)< 0. Since Q(1) = ur— 4 _b—A, r, we assume that

pr>A b+ r (22)
Now (22) implies that > A, . so if (22) holds. then

QW) =4 (A, —w)=A4 b=, r<\.

Thus, if we assume that (22) holds, then the roots Z) and Z> of Q(z)=0 will be

greater than 1.
Substituting equations (15), (17) and (20) into (1), we get

F(z)=Fy(2)+ F (2) + F(2)

(1-p)=" -
(=D{z+p) A=)}

]_ = v :v-z,\"
{ 1—()8; )} +ﬁp JLQ(:)“_”"'E”(’@- *"“fﬂﬁb)ﬂ{

F(z)= ‘ p(0,0). 53,

A=) (1-p,2)

From equation (23) and the normalizing condition / (I)=1, we obtain
(ur—A b=, r)(-p,)

_ 24
(ﬂ!’—/l!b—/lr r)+(b+f')’ll“_p{f) ( )

Now assuming A >0 the equation O(z) =0 becomes

p(r+/1_‘){%——l-J{l_—-l—]=0.
TN | AR (25)

Substituting o= 1/Z; and B=1/Z,, the roots of equation (25), we obtain
ﬂ{r+ll)(l—az)(l—ﬁz):0. (26)

Forz=1,
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u(r+Ad)(1-a)(1-p)=0. 27
Then from (24) |

ur=Ab=A,r+b+ri0-p)

Using it in equation (23), we obtain
(1-a)1-B)(1-p,) .
F(z)= R(: } 3 T 29
O an =g -p,9 =

I-py2)" a2 | o 0
{I'—'(poz) "+I-~pu Q) =py2)+ (A, +r—z A +b) A,

-p)z" -
=Dz + g ©(2)]

R(z)= ; B
@) Hr—=A b=A, r+(b+r)4 (1-pf)

(30)
This reduces to R (1) =1.

In case when there is no customer admitted in the queue during a repair process,
A, =0. Then the equation (19) takes the form

O(z)=pur(1-p, 2), (1)
,1 f

:
p, =—<I.
"

Where
Substituting equation (31) into equation (23), we get

i N VN L= p:’ )2! =
{%f;o’—z’) : ﬁ-—;}wu —p, -+ B4 [:z_ e st @(_).}J

F(z)= P
ur(l=p, 2)(1-p, 2)

Hur(l=p,)(1-p,) '
i . | 33
p(0,0) Ur(l=p)+ A4 (b+r)(1-p;) w

|n=] =-
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(1-p,)(1-p,)

And F(z) = R(z) : . (34)
(1-p,2)(1-p,2)
Where
{l_(puz)lv_;.p:l.?h} 4 z)+ 2 [“—,ﬂ;}\')z:—
T YR S .ar“"p;‘J[l_pu*;.""(r"'h}‘{y . N
1-(p;2) I=pg, [(z=D{z , B(z)
Ry A [e-ifzraie@}]  (35)

Hr—A b—A, r+(b+r)i (1-p])

Equations (32) and (35) are the queue length distribution for A4, >0 and 4 =0
H respectively.

If A4, =0 the expression (23) becomes the necessary and sufficient condition for

the queue length distribution to exist and it gives the utilization factor for the
M/M/1 queue which is independent of service rates and breakdown.

For A, >0, using (33) into (32), we obtain

N_N

(g 2)" P2

I {l_(poz) I=p,
F(z)=

(-py )z -
(z—l){z +p) d)(:-}}
X

}Q(z)(l—pn )+ (A +r—zA +b)/io[

(1-az)(1-f2) (I-p,2)

(I-a)(1- ) (1-p,)
wur—=Ab=A, r+@r+b)i,(1-p))’

H The average queue length L, can be obtained by computing F'(1)

L= .a ol g B =P
I~a 1-8 1-p, pr=Ab=A,r+A(b+r)(1-p))

A (4 —u=b)+ Ao+ r=4 (1= )} =4, { o lur=3-4 (36)

The average number of customer in the system L_can also be obtained as

A
L =& ey
uoop
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Average wailing times per customer in the queue and the system are respectively:

4,

e P W
A A % (3

And W, =L, +i . N
For A, =0, using (35) into (34), we have Sy

N | (1-py)z" =
{ o }ur(l‘p;-*J(I‘P"“”*“’+"M‘LZH1;{Z+P"’¢(ZJJ

1=(py2) 1=p,

F -
v (I—p,2) (1-p,2)

(1=p)0-p,)
ur—Ab—A, r+b+r) A=)

Then the average queue length is
Nl

Bt -
By N TATE i-p, 10r(1-2/)

L = -+ . : .
Yol=p, 1-p, ,u-r(l—pf)+ﬂp'(.b+r)(I—ﬂf)
and the average number of customers in the system L is
A
do A
ioou

Average wailing times in the queue and in the system are respectively:

(37)

L=L,+

L g
w,==1t =L el =L, el
A, ey

3. Special Cases
If N —>oo, that is, when the system capacity is infinite then the results worked out

here coincide with the results obtained by Gray et al. [2].
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4, Numerical results and concluding remarks
We provide the numerical results for various performance indices using equations

(37) to the equations involving L ., W, MATLAB software has been used to

develop the computer program. For the computation purpose, we fix different
system parameters as follows:

Table 1: Average queue length
N=25, A4,=1, A=l v=1,r=3,b=2

ut

Table 3: Average queue length
N=25, 4, =1, 4,=2, A=1,v=1, b=2

=T u="17.5 U=3
‘th L.l? L‘( ['d.
2 1.5000 1.4439 1.3988
3 1.7667 1.6509 1.5641
4 23452 2.0588 1.8667
5 4.0833 3.0693 25238
6 19.1667 7.2667 4.5000

Table 2: Average queue length
N=25, 4, =1, 4,22, 4=1,v=1, r=3

b=1 b=1.5 b=2
M L, L, L,
3 4.1667 5.8333 9.1667
4 201333 2.4444 2.8333
5 1.6667 1.8167 1.9881
6 1.4667 1.5619 1.6667
7 1.3571 1.4259 1.5000
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E=3 k=3.5 r=4
H Lq. L_w Lsr
3 9.1667 6.8810 5.7500
4 2.8333 2.5810 2.4167
5 1.9881 1.8761 1.8000
6 1.6667 1.5976 1.5500
7 1.5000 1.4508 1.4167
For A4=0,
Table 4: Average queue length
N=25, 4,=1,v=1,r=3, b=2
u=1 H=7.5 u=38
%4 L, L, L,
2 1.3500 1.3171 1.2899
3 1.5147 1.4505 1.4000
4 1.8333 1.6912 1.5882
5 2.5909 2.2000 1.9524
6 5.3750. 3.6316 2.8182
Table 5: Average queue length
N=25, 4,=1, 4,=2,v=1, r=3
b=1 b=1.5 b=2
i Lq q wa
3 2.7143 2.8000 2.8750
4 1.8000 1.8571 1.9091
5 1.5128 1.5556 1.5952
6 1.3750 1.4091 1.4412
ol 1.2947 1.3231 1.3500

Table 6: Average queue length
N=25, 4,=1, 1,=2,v=1, b=2
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r=3 r=3.5 r=4
H L, Lﬂf L,
3 2.8750 2.8333 2.8000
4 1.9091 1.8800 1.8571
5 1.5952 1.5729 1.5556
6 1.4412 1.4231 1.4091
s 1.3500 1.3348 1.3231
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Figure 1: Average queue length (L, ) by varying zand A
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Figure 2: Average queue length (L, ) by varying b and 4
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Figure 3: Average queue length (L, ) by varying rand 4

For A=0,
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Af
Figure 4: Average queue length (L, ) by varying g and 4,

35
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Figure 5: Average queue length (L, ) by varying band u
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Figure 6: Average queue length (L,) by varying rand u

Figure 1 displays the correlation between average queue length (L,) vs. fast
arrival rate ( A;) by varying the service rates (#). We also observe that the
average queue length (L, ) increases with the fast arrival rate (A,) whereas it
decreases by increasing the service rates (4 ), which seems to be realistic. Figure
2 exhibits the average queue length (L) by varying service rate (4) and
breakdown rate (b). It is seen that L, decreases with the increase of service rale

(#) and L, increases with breakdown rate (b). Figure 3 demonstrates the average

queue length (Z,) decreases with the increase of service rate ( A) and repair rate
(r) that shows the real behavior too.

Figures 4, 5, 6 give the comparison of average queue length ( L,) when no arrival
during breakdown (i.e. 4, =0) with the figures 1, 2, 3 the average queue length
(L,) when there may arrival during breakdown (i.e. A; >0). This comparison
shows the average queue length (L)) in latter figures increases or decreases
gradually than in former cases.

We obtained various performance measures of a queue such as average queue
length, average number of customer in the system, average waiting time for a
customer in queue and a single server finite capacity queuing system with the

4]

[5]
(6]

(7]

(8]
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provision of vacations and server breakdowns. The correlation between average
queue length and the various parameters gives the applications of proposed model
in real life situations. The imposition of various arrival rates to the system may
have the applicability in the real life queueing system in which arrival rates can be
varied so as to reduce queue length sufficiently. Proposed model may have
potential applications in the telecommunication systems, systems, machining
systems, and similar other situations.

Acknowledgement: Second author is thankful to University Grant
Commission (UGC), Nepal for providing the financial assistance for the
preparation of this paper.
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Abstract: The bottleneck product rate variation problem minimizes the maximum
variation in the rate at which different models are produced. The problem has
mathematically interesting base model with theoretical value and real world
applications. In this paper, cyclic sequence to the problem has been shown to be
optimal. Cyclic sequence reduces the time complexity.

Keywords: Product rate variation problem:; sequencing problem; nonlinear
integer programming

1. Introduction

The product rate variation problem (PRVP) minimizes the variation in the rate at
which different models of a common base product are produced on the assembly
lines [6]. The problem minimizes both the earliness and the tardiness penalties
that respond to the customer demands for a variety of models without holding
large inventories or incurring large shortages. This is a problem of finding a
sequence of different models distributed as evenly as possible on the assembly
lines with the assumption of negligible switch-over cost and unit processing time
for each copy of each model.

The problem has been formulated as a non-linear integer programming with the
objective of minimizing the deviation between the actual and the ideal production
under the assumption that the system has sufficient capacity with negligible
changeover costs from one model to another and each model is produced in a unit
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time [9, 10]. The problem has mathematically interesting base model with
theoretical value and real world applications, see [2].

The problem has been extensively studied and solved in pseudo-polynomial time.
The bottleneck PRVP ie. the problem with the objective of minimizing the
maximum deviation between the actual and the ideal production has been solved
in O(DlogD) time [11, 3, 4] . Solution with pseudo-polynomial time may be
expensive since this time depends on the size of the demands. Existence of cyclic
sequences substantially reduces the time.

In this paper, cyclic sequence of the bottleneck product rate variation problem
with a general objective is shown to be optimal.

The plan of the paper is as follows. Section 2 reviews the mathematical model.
Section 3 describes the solution procedure. Section 4 shows that the cyclic
sequence is optimal. The last section concludes the paper.

2. Mathematical Models
Given d,€ N demand for a model i, i=1...,n, N being the set of positive

. . < . d .

integers, with total demand D =Zd , and demand ratio r, ='—b‘-_, let the time
=i . :

horizon be partitioned into D equal units and each product is produced in a unit

time. There will be k& complete units of various products during the first £,

k=1..,D time units. Let x, be the quantity of product i produced during the

time units 1 through k. Consider f,, i=1...,n, unimodal symmetric convex

function with minimum 0 at (.

The mathematical model of the bottleneck PRVP [7, 8] is

(1) min max f;(x, —kr,)
subject to
(1.1) > % =k k=1,..,D

i=l

Constr
k. Cor
units i
deman
exactly
consid

integet

For a

mnteger

The ea
a time
can be

A V-
within

¥, ={(
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OPTIMALITY OF THE CYCLIC SEQUENCE ON BOTTLENECK PRODUCT RATE [89]

(1.2) Fcr-iy S X i=leams k=20
(1.3) X S5dyz x) =0 i=lin
(1.4) x, =0, integer

Constraint (1.1). shows the cum ulative production during the time units 1 through
k . Constraint (1.2) ensures that the total production of every product over & time
units is a non-decreasing function of k . Constraint (1.3) guarantees that the
demands for each product are met exactly. Constraint (1.2) and (1.4) ensure that
exactly one unit of a product is scheduled during one time unit. In this paper, we
consider a general objective function f;(x, —kr)=|x, —kr|", m being a positive

integer.

2. Solution procedure

The perfect matching with a bisection search, appeared in [11] for the bottleneck
product rate variation problem with absolute-deviation objective, can also be
applied for the Problem with necessary modifications.

m

The method relies on the level curves f,(k)=|j—kn|", j=0)l...4d,
i=0l,...nk=1..D and the bottleneck (bound) B>0. The time horizon is

assumed to be continuous though is partitioned into D equal time-buckets i.e.
7T=[1,D] . A model (i, /) is sequenced in a time-bucket k& [1,D] such that the

level curves do not exceed B. This introduces the earliest sequencing time
E, (i, j) and the latest sequencing time L, (i, j) for (i, /), forall i, /.

For a given B, E, (i,j)and L,(i,j), i=0l..n;j=1...d, are the unique
integers E, (i, /) =|£ | and L,_(i, ) :|_f-'_§£+1_], [5].

The earliest sequencing time £, (i, /) and the latest sequencing time L, (i, /) form
a time window T, =[E, (i, /), L, (i, /)] within which (i, /)i =0,1,...mj=1,...d,,
can be sequenced with the level curves not exceeding the bottleneck.

A V,—convex bipartite graph G = (V.V,,E)is constructed sequencing (i.)
within 7,, where ¥, ={l,...,D} stands for the set of sequencing models,
V,={( j)|i=0],...n;j=1,...d,} the set of (i,j) and E={(k,(i,j)) | ke T_}.

S |
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The earliest due date (EDD) algorithm that matches each k€ ¥, to the unmatched
(i,/) with the smallest L, (i, /) and (k.(i,j))e E finds a perfect matching. The
algorithm stops if no such (i, /) exists [11]. The perfect matching is order-
preserving. An order-preserving perfect matching in G is analogous to a feasible
solution to the Problem [11].

A perfect matching in G exists if and only if |N(K)[2 K| where
N(K)={(i, j): (i, j)e V,,Tke Kst.(k,(i, /) e E} and K is either an interval in ¥,
or the neighborhood of an interval in ¥,, [1]. This is the Hall’s theorem for the

existence of a perfect matching that yields a feasible solution to the problem.
Existence of a perfect matching depends on B. A perfect matching exists if 3
satisfies the inequalities in the following theorem. This is a certificate for the
existence of a feasible solution.

Theorem 1 [5] Problem F, has a feasible solution if and only if, for all
ky k€ V) with k <k, and'[Em(i,j),Lm(i,j)_]r‘i[ki,kz-]:tgﬂ-_, B satisfies the inequalities
X o+ 4B ik, =1 4B 2~k +100d 3" ik, =3B |-k, + 9B <k, —k, 41

A feasible solution with a minimum B is optimal. The minimum B can be
obtained using a bisection search that runs between the lower and upper

bottlenecks. The lower and upper bottlenecks for the problem are (1-r, )" and

(1=4)", respectively. |

Theorem 2 [5] 4 bisection search in the interval[(1-r, )" ,(1-5)" | determines
the minimum B in O(logD) time.

The time complexity to yield an optimal sequence using the bisection search is
O(DlogD) since E(i,j) and Ly,(i)) can be calculated in O(D).

3. Optimality of Cyclic Sequence

The time complexity can substantially be reduced when cyclic sequence exists.
When u=ged(d,.....d;) > 1 , cyclic sequence consisting of u subsequences with
the same length exists. Furthermore, cyclic sequence is optimal.

Lemma 1 If jth copy of a model i, i = 1,..., n, is not sequenced within
[Em(iJ).Lu(ij)] , the level curves exceed B.
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Proof:
Suppose that‘j”' copy of a model i,1=1,

. | 2-%E
=k< [T

k< B _ if ¥R

L

If ,_'_JI is an integer, k = E(1,))
=B <j-kr

::) B < |J_k?;‘ln

Further, suppose that Ly(i,j) <k.
—ay I__;--!+¥(R = |J < k

f

is not an integer.

[91]

..., N, be sequenced such that k < E(i.).

R oo : ;
= f—'—}’£+l< koif %—£+] 1S not an integer.

f=|4 r;'qf

If
— B < (k-Dri(j-1)
> B< [(J=1)=(k-1)r,

+1is an integer, k= Ly (i) .

‘.-n

Theorem 3
consisting

If u= ged(d,

...y dy) > 1, a cyclic sequence to the problem,

of u repetition of optimal subsequence, exists and is optimal.

Proof:

For a feasible solution, j™ copy of of model I, I = 1, ..., n, must be sequenced
within [E (1)), Lu(ij))L, =1, ...,n:j=1, ..., d;

Otherwise, the level curves exceed B.

Let u= ged(dy, ..., dy) = 1 be a factor of d; and D.
We write. d; =uv; , D=uy, v= Z;:J v, and rj- 2,1

We have, Ep(1i(e-1)vi+1)

e ]
fi

. ,e=1,...,u
= ‘[’c~1)1’+"—i‘?—"§‘
=(e-1)v+ "—:’—E-|

> (e-1)vsince B < 1.
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Further, L,(i.ev))

= el‘~}+"'f— e L (i'
= I_ +]J _ Lm(i
it

=__|-_ev+."’rT‘l+]__I

o The lir
=evt l_f‘g‘—'--#l _I imply
sev. order a
Thus, (e-1)v An opt
< Enfi, (e-1)vi+1) sequen
= Ln(iy(e-1)vit1)
< Eafi, ev; ) Coroll
< L, evi) optma
< ev.
This implies that « copies (e<1)v; + 1, ..., ev; of model Li=1,...,n occupy M_
positions in ' moded |
[(e-1)v+1,ev]. -y

This shows that the sequence consists of u periods.

So, cyclic sequence is periodic. Each period is a subsequence of the sequence. "-ﬂ
Now, we show that each period consists of the same models in the same order

=z
The ¢ penod of copies of model i, i=1, ..., nis labeled as (e-lvi+fe=1,..., .
u; f=1, = (& -
O o T e = (x,. -
For Eu(i, j), En(i, evitf)
. ‘w 78 ’
4. Con
’(r—lji 4= @r_ | The bo
,u—m +f-4E [_W polynon
L
= En(i(e-1)vi+ ) + v ' = fm
=Eu(i,+ev,forf=1,..,v; I= 1, . n YOO 5
For Lin(i, j), Lu(i.evit ) The exis
= tvﬁf-lﬁ—@'_
- l_ 1_, problem
l-a—'ljv[-r{-H’f— ey, v_’ area for

= n—lJv!:{._-Hﬁr. = IJ+ V




OPTIMALITY OF THE CYCLIC SEQUENCE ON BOTTLENECK PRODUCT RATE  [93]

= La(i(e-1)vi+ ) + v

SLiEhrev, forf=1, ..., wiyi=1, .., n

The linear relations Ey(i.evit f) = En (i,f) + ev and Ly(ievit ) = Ly (1,f) + ev
imply that each period consists of + units of models and all units in thev isame
order after sequencing the v units in the eth period.

An optimal subsequence can be determined for the first period. Then an optimal
sequence consisting of « repetitions of this subsequence exists.

Corollary 1 The optimal bottlenecks of a subsequence and of its sequence are
optimal.

Proof: Assume that a subsequence consists of D’ copies with demands d, for
modeli,i=1,...,n

such that )" d, and uD’=D

We can write, (x, —kr, )"
= (X, oy — (@D +k)p)" for 0@ <uand 1<k"< D’

= (d, +x,—6d, —kT,)"
=~ (xi'#' =\ k’ri )m

4. Conclusion

The bottleneck product rate variation problem can be solved in pseudo-
polynomial t1me The complexity would be expensive for large size instances of
the problem So, it is natural to seek the cyclic sequence that is optimal. The
cyclic sequence to the problem if exists is optimal.

The existence of optimal cyclic sequence for the bottleneck product rate variation
problem with significant setup time and arbitrary processing time would be an
area for future research.
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Abstract: The minimal spaces of irreducible sequences in shop scheduling
problems have been investigated since last 20 years. However, the question
if there exist a polynomial time algorithm for the decision whether a
given sequence is irreducible is unsolved. Neither the computational
complexity status of this decision problem (DP) is known.

Recently, one polynomial heuristic and one enumeration algorithm have
been presented to solve the problem.with makespan objective. Under some
restrictions the proposed exact algorithm reduces to the polynomial time
algorithm. However, one of the crucial issues that remains to be solved is
to justify the validity of the proposed conditions. We review the solution
approaches of this problem and highlight the recent results. Various
alternatives of its modeling in terms of H-comparability graphs are
presented.

Keywords:  scheduling/sequencing  theory,  H-comparability  graph,
mathematical modeling, reducibility/immeducibility, complexity analysis.

1. Introduction

We consider the nonpreemptive scheduling problems, open shop (OSP) and
job shop (JSP) with regular objective y and no additional constraints,
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respectively, denoted by O| yand J|y, in the usual modeling scheme
a|B|y. A jobi with i€ /={l...,n} hasto be processed on a machine j
with je J={l,..,m} for the positive processing time. Each machine can
process at most one job and each job can be processed on at most one
machine at a time. All processing orders are arbitrarily in the OSP, whereas
the machine orders are given in advance in a JSP. Flow shop is a special case
of the JSP where all jobs have the identical machine orders. A sequence is
an acyclic combination of all machine orders and all job orders. A schedule is
the corresponding time table. A sequence is optimal if it yields a schedule
with minimum objective value among all others.

Let OLJ = IxJ and PIJ c OlJ. The numerical data release time r = [r],
due date d = [d;], weight w = [w;] and processing time p = [py], with i
e Iandje J, are contained inNp € Np. Let C=[cy] be the matrix of
completion times ¢;, a schedule. Given a sequence and the numerical date,
we obtain the associated semiactive schedule (each operation is started as
early as possible for given processing orders) in polynomial time. For a
regular objectivey, that & Y(Cy, ... , C)) <Y(Du, ..., D,) whenever C; <D; for
all iel, one can restrict the investigation to semiactive schedules for the
optimality.

A DP is in the class P if there exists a deterministic polynomial time
algorithm solving it. A DP is in NP if there exists a nondeterministic
polynomial time algorithm solving it. The co-NP class contains the DPs
whose complements are in NP. A DP is NP - complete if it belongs to P,
then NP = P holds. A DP in NP which is neither polynomial solvable nor
NP-complete is NP-incomplete. An optimization problem whose DP is NP -
complete is NP-hard. We refer to [7] for a systematic analysis.

The problems O|Cp for m =3, F3 || Cyparand J2||Coer are NP-hard , [8, 10].

A set of sequences is a solution space if it contains an optimal element for
arbitrary numerical inputs. A solution space is potentially (universally)
optimal if it contains an optimal sequence (solution) for arbitrary numerical
data, for example, the set of all semiactive schedules. An important issue is
the question of determination whether there exists such a (unique) minimal
set, whose existence seems unlikely, in general, [6].
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The idea of such spaces is very applicable when the processing times are
erroneous, difficult to find out in advance or simply unknown, for instance,
in  manufacturing and service industries, satellite communications,
examination scheduling and teacher class assignments, [2].

A sequence 4 is reducible to B, we write B < 4, if C,ue(B) < Cliax(B) for
all P. Tt is strongly reducible, denoted by B <A, if B < 4 butnot 4 < B. They
are similar, denoted by 4 ~ B if B< 4 and A < B. A sequence is irreducible
if there exists no other non-similar sequence to which it can be reduced.

A sequence A4 is general-reducible to B, writtenas B <, 4. if C,(B) < C,(4)
holds for all jobs i and all possible numerical data y,. A sequence A is r-
reducible to B, denoted by B £, 4, if Cpux(B) < Coux(B) for all P = [p;;] and
all r = [ry]. Generalizations of similarity and irreducibility relations are
done likewise.

We review the open questions: Does there exist a polynomial time algorithm
for the decision whether a given sequence is irreducible? What is the
complexity status of this DP? Some interesting open problems are stated in at
the end.

A complete conclusion of these problems are awaited. We shortly sketch the
mathematical modeling, the solution strategies and the structures of the sets
of all solutions, and then the set of irreducible sequences. The complexity
status is reviewed very shortly.

2. Mathematical Modeling

2.1 Basic Terminology

A comparability graph (CG) is an undirected graph G = (¥, E) that has a
transitive orientation G = (¥, £”). It is prime if uniquely orientable. A
Hamming graph K, x K,,, denoted by G, restricted on PLJ c OlJ is H-
graph. A CG = (P1J, E) which contains an H-graph is H-CG. For any (MO,
JO), define the shop graph Gy 0= (PLJ, Eyoy0). An acyclic shop graph is
a sequence graph. For each sequence graph Guoso we can describe the
sequence (M O, JO) by a special matrix 4 = [a;], where a;; = rank(o;;).
such that for each integer a;; > 1 there exists a; -1 in row i or in column J
or in both. An arc from (04, ox) exists ifand only if i =k orj=/ and a; <
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ay hold. There is a one-to-one correspondence between the sets of all
sequences and all sequence graphs. A sequence graph G4 = (PLJ, E), is an
acyclic orientation of the H-graph G ;.

For the sequence A, we denote the transitive orientation of the G, and its

symmetric closure by G and [G7 ], respectively. Let Eqa) and Ega)
represent the sets of all regular edges (edges in Gyy) and diagonal edges,
respectively. Here, for the given sequence the symmetric closure
[GY]=(O11,G +(G) ") =(OILE, , VE,; ) is the underline
undirected graph where G~!denotes the reversed graph of ¢ with all arcs in
reversed direction.

For two edges ab, cd in G = (¥, E) aI'-relation abT'ed is defined if and
only if either a = ¢, bd ¢ Eorb=d, ac¢ E or ab = ed. The transitive
relation T"  decompose the set of all edges into equivalent ICs in the CG,
The set of all these classes of the sequence A is denoted by
(G D=y 7 s 17} - A graph is a CG if and only if there is no
implication class (IC) containing both an arc and its reverse.

Two edges ab, cd in G, are in ['s-relation denoted by abI'xcd, if and only
if abT'ed in G';. Two edges e, e’ in Ea) are connected by a I'x path if
there exist e= eg, €, ..., €m: €m+) = ¢ from E,ay such thate T'a e; T'a
¢3...em Tae’ which defines the transitive closure T on E ). The extended
sequence ICs (SICs) are the minimal sets containing all transitive edges of
the corresponding classes. The relation I partitions £, into equivalent
SICs. The set of all SICs of the sequence A is denoted by
PG = (B s Bes B s B} -

Given G = (V, E). we define the I -graph Gr=(E, ') with an edge ¢e>
in I if and only if ¢,Te; in G. For a given sequence 4, from the I'-graph
Gr = (Eqay + Eyas), I') with contraction of edges in I'-relation, we define the
factor graph Gy a. The vertex set Gy(v) contains an arc v in E; or the
extended SICs in P4 and P An undirected edge eje> belongs to Ggeg) if

and only if there exists a I" -relation between nodes or set of nodes ¢, and
{3115
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— d be the H-CG to the given sequence

Let (OLJ, Exa) + Egn) with | E 4
=P +.+P+R" £ wP o The

Ae S[J, P_.1 = E'Pf' PJ‘-; ﬂlld E*‘i-"]
= (V. Ex) is defined as follows. The set of nodes

consequence graph Ggwv)
"' from the vertex set Vg are

is Vg ©EjuytPy +Pp-Two edges ¢’ and e
connected by an un directed edge of color [ € {1, ..., d} when the removal
of g in By forms a I’ _relation between ¢’ and e’ or between the SICs they

represent, respectively, ie., Ey= (e withcolori:eTe"in[Gy1—¢,. € € By

The set Gg; represents the subgraph of Gk with :'th color such that Gk =

Gxq + ...+ Gka-

= 1:1.55\3. }:_:-."\,1] is

For a given set M c Eyny, the reduction graph Grum(A) _
-‘.‘u{ur‘cd from M

defined by inserting into Gr all edges from Gj which are
and deleting the nodes which represent edges in M as GgulA) (r g

+ Wee MGre — M-

The consequence graph

informs which SICs are merged by the removal of € € E,(5). The reduction

graph informs about the deletion of nodes from G and addition of edges
between the remaining nodes in Gy which induce

between SICs.

The removal of an edge result new ["-relations.

2.2 Alternate Formulations

Given a A in SIJ for the O[|Cumax W€ reformulate different versions of the
DP: Does there exist a polynomial time algorithm for the decision whether a
given sequence Is itreducible?  The irreducibility and reducibility are
complement DPs. Reducing 1s the constructive optimization problem to the

reducibility.
Irreducibility 1 Is the sequence A irreducible?

Reducidpmiy )1 Does Here Sl A Sk B « SIJ such that B<A?

Reducing: Find a sequence 5, if it exists, such that B <4.

A path w, with vertex set Hwy)in G, (equivalently, in A) is maximal if

there is no path w:‘ in 4 with Fiwy) < ¥ wff). The setWy of all maximal




[100] TANKA NATH DHAMALA

paths contains the longest path. A sequence A is reducible to B if and only
if for all maximal paths wg in B, there exists a maximal path w4 in 4 such
that V(wg) <V (wa) holds. If B < 4, then there exists wypin W with
Viwg) <V(wa) for some Wi in wy - HOWever, this test is exponential.

Theorem 1 [3] Let 4, B € S1J be on the same OIJ for O||C max- Then
4 is reducible, strongly reducible or similar to B if and only if
Gt cG4Gy c GGy = G’ respectively.

Since Theorem 1 can be tested in time O(nzm_z ), it yields an answer in
polynomial time to the question of irreducibility, reducibility or similarity
between two given sequences. For a reducible sequence. the reducibility can
be proved with nondeterministic polynomial time. As this is constructive,
such a procedure answers not only to the reducibility but also to the
problem reducing. The problem reducibility is in NP and the problem
irreducibility is in co-NP. Furthermore, if there exists a NP -test for
irreducibility, then this problem is either polynomially solvable or NP -
incomplete, as far as P= NP holds, [1].

The irreducible sequences are the minimal elements of the half-order <
on H-CG [G"] containing H-graph G /., for given A in SIJ. The DPs for the
O||Cmax can be reformulated as the question of the existence of an H-CG
G as follows.

Irreducibility 2 Is there no H-CG G with G, € G [GY]?
Reducibility 2 Does there exist an H-CG G with G, € G <[G}]?

The reducibility concerns the reduction of a sequence through the reversion of a
IC in its transitive closure. One of the most fundamental properties states that a

sequence 4 whose H-CG [G%] is not prime is either reducible or is similar to
an irreducible sequence B with B #4 and B #A' [11].

A sequence can be obtained from every transitive orientation of an H-CG. 1f
the H-CG G has a sequence orientation G’ . then G = G, is the H-CG to a
sequence A in SIJ. A TeT, is a sequence orientation if every

diag

orien
and |
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diagonal edges in T is transitive. If Gy of [GY] is not a sequence
orientation, then some diagonal edges of [G}] are not in the orientation G ,
and B < A.

One may reduce the given sequence by reversing an [C. One method to
reverse the ICs is the deletion of a single diagonal edge. Deletion of an edge

from a transitive reduction can be done easily. However, if [G] can be
transitively oriented such that neither e nor e ! are transitive edges, then
the edge é can be deleted and [G}] - é isa CG whose sequence orientation

reduces A4 strongly.

As transitive orientation of an H-CG can be found in polynomial time
and the number of diagonal edges for an n xm OSP is of order O(nr2 mg), it
can be tested in polynomial time whether a give sequence can be strongly
reduced by deleting a diagonal edge.

Thus. A in SIJ can be strongly reduced to B in S7J, in polynomial time,
which cannot be further reduced by reversing an arbitrary 1C. The H-CG
[B"] is then either prime or there exist similar sequences to B other than B
I The set of all such reducible sequences cannot be obtained in polynomial

time as the recombination of all ICs is of size O(Qk ) for k ICs and every
edge may represent an IC in the worst case. The reversion of only ICs and
their recombination does not generate the sequence space.

Not every recombination of the SICs of a sequence 4 is acyclic, and it yields
a sequence B if it is acyclic. The set of all recombination of the SICs is
sufficient. Therefore, taking SICs as basis for the space of sequences, we
reformulate

Irreducibility 3 Is every produced feasible recombination of the SICs is
similar to A7

Reducibility 3 Does there exist a feasible recombination of the SICs of 4
missing at least one diagonal edge?

A removable set with respect to a given sequence A is a set of undirected
diagonal edges M < Eqa). The set M isafeasible if [GY] -M is an H-CG,
and it is feasibly extendable if there exists a feasible removable set M* of
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diagonal edges of [G]] such that M < M*. The set M is infeasible if it is
not feasibly extendable.

A removable set which is not feasible may not be necessarily infeasible. A
removable set can be feasible and, in addition, feasibly extendable, too.
Removal of only one edge may not yield a strongly reduced sequence. But
removal of more than two edges simultaneously may reduce the sequence.

Irreducibility 4 Is every removable set M < Eyy, in [G] infeasible?

Reducibility 4 Does there exist a feasibly extendable removable set M ¢
Egnyin [GF]?

In any [G7], the ICs which consist exclusively of diagonal edges can be
deleted and the reduction through the reversion of a group of ICs can be
done in polynomial time. A sequence is normal if it cannot be reduced in
cither of these ways. We restrict the space of sequences into the class of
normal sequences [1].

For a reduction of a normal sequence by the reversion of a SIC Pj against
the SIC P2 from the same IC, all T -paths between them which contains at
least one diagonal edge have to be cut keeping the comparability property. For
feasibility of the set M each such path has to be broken, for disconnection in
[GY] - M.

3. Results and Discussions

We review the classical results with respect to the minimization of the maximum
completion times and some general regular objectives. Moreover, the recent
results based on the amazing roles of diagonal stable edges are also presented.

3.1 Classical Results

A criterion in terms of free machines to eliminate a large number of non-
optimal sequences is given for J [n = 2|Cmax Different sequence
decompositions for the JSP are given. For fow shop, it is sufficient to
examine those sequences in which the job orders for the last two and the first
two' machines, respectively, are the same. The set of all irreducible
sequences for O2(|Cmax is presented, where each element containg only one
SIC. See, [6] for the references.
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The dominance relation is formulated as a mixed integer programming
f sequences is computed for small formats, see [1].
Among seven classes of all 3 x 3 irreducible sequences only three are
unavoidable such that these together with their reverses form unique minimal
set containing at least one optimal sequence. For O3n = 2|/Cmax - the
minimal cardinality of two distinct potentially optimal sets is 3. Reducibility
can be tested without computing the transitive closures under —some

and unavoidable set ¢

sufficient conditions, [3, 9].

The irreducible sequences for the OSP on an operation set with spanning
tree structure are studied, [5]. A necessary and sufficient condition can be
tested in polynomial time on tree-like operation sets, Sec [1]. To test
whether a given sequence can be strongly reduced to another sequence by
deleting an operation and reinserting it as a sink or a source, it has to be
ensured that at least one path is destroyed in the former and no new path is
created in the latter. This can be done in O(r12 m2) time and space, given an
n ¥ m sequence, [3].

An enumeration algorithm computes all irreducible sequences constructing
inclusion minimal CGs by successively inserting diagonal arcs mto (G4, [4].
Each sequence in such a set is similar to exactly one sequence in this class,
namely its reverse one. This algorithm constructs graphs G such that G =

[G] for some sequence A.

An enumeration algorithm is presented in [3]. There a set of nonisomorphic
is computed and, thereafter tested for irreducibility. One
fficient. The ratio between the number of
ing problem

sequences
sequence per isomorphic class 1s su
irreducible sequences and all sequences decreases with grow
size. Note that the concept of sequences isomorphisms plays a central role
in determining the class of irreducible sequences. A test whether two given

sequences are isomorphic can be performed in polynomial time [6].

A generalized decomposition on irreducibility is introduced in [6]. This
investigates the properties of irreducibility on the sequences of larger sizes

based on smaller sizes.
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3.2 Conflict Resolution
The factor, consequence and reduction graphs help to recognize a feasible

removable set. They decide a possibility of a transitive orientation of [G}]
- M, if M is going be feasible. Otherwise, the question is how a none
feasible but feasibly extendable set M can be expanded or prove that the
set M is not only none feasible but is infeasible. The diagonal edges in the
irreducible sequences must not be removed. The problem of merging two ICs
occurs when an edge play a role of conflict.

If there exists a path W cVpmfrom a P; in Frmto its reversion P~ in
Vam we call it a conflict in Grm(A). The number !/ =0 of the diagonal
edges in the inclusion-minimal path W is its order. A conflict is direct if
| = 0. Every conflict in Gry reflects a T-path in [GY] - M from P; to its
reversion P~'. For the feasible extension of M all these conflicts must be
dissolved and every one of these I'-paths must be broken. A I'-path between
two edges will only be destroyed when at least one edge from this path is
removed.

A diagonal edge is stable if it is in every irreducible sequence of 4. A
diagonal edge is trivial-stable if it is in an extended SIC. A stable diagonal
edge which is not in an extended SIC is non-trivial-stable. If all edges in

[G"] are trivial-stable, then the irreducibility of a sequence is decidable in
polynomial time. A diagonal edge e€ E "(A) is magic-stable with respect to

M if it does not lead to a direct conflict in Grme+ , with M + e C M*.
through a series of conflicts of order 1.

It has not been found any sequence which contains a magic-stable edge. If

one could prove that there exists no magic-stable edges, then the problem
of irreducibility is polynomially solvable. Therefore, one of the main issues in
irreducibility is to decide the existence or non-existence of magic-stable
edges.

Two algorithms are proposed in [1]. They base on the characteristics of the
diagoral edges of the associated H-CG. A number of open problems are
posed. A key role lies on the diagonal edges while resolving the conflicts.
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3.3 Regular Objectives
The concept of irreducibility for arbitrary numerical input data and some
additional regular objective functions y can be found in [11].

Theorem 2 [11] Let 4, B € SIJ, and let the set v;(A) of operations
contains the predecessors of an operation of the job i. Then it holds

B< A (GE1S[G)]) AW (B) v (A),Viel).

Along with a number of results in terms of the CGs and precedence
relations between operations, the relations between the general-reducibility
and r-reducibility are established.

Theorem 3 [11] For any sequences 4, B in S/J, it holds B < 4 if and
3
only if B' 5 A7 holds.

4. Conclusions

In this paper, we consider the open problem: does there exist a
polynomial time algorithm for the decision whether a given sequence is
irreducible? Then we review all mathematical formulations and all solution
approaches of the OSP and JSP.

Following questions are of main interest subject of our due course.

How can be the concept of conflict resolution on makespan for other regular
objectives or other shop environments, like the job shop, generalized? The
extensions are likely though not considered yel.

It is still necessary to improve the achieved complexity results of the
irreducibility. The enumeration algorithm recently presented is expected to be
polynomial if the set of diagonal magic stable edges is empty. However, this
result seems to be quite challenging.

Likewise, a development of neighborhood structure of irreducible sequences is
an emerging problem. Because of the small class of irreducible sequences in
comparison to the space of all sequences, a research on this smaller class has been
motivated.

Acknowledgements: The author would like to thank German Academic
Exchange Service (DAAD) for the support of research visit at University of
Magdeburg, Germany (May-June, 2010).
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Abstract: This paper tries to fit Weibull distribution to describe the distribution of
the duration of Post-partum amenorrhea of rural Nepal. Weibull distribution was
found well fitted to the data of Nepal for describing the distribution of PPA. The
duration of PPA period estimated using the retrospective and current status
reporting data gave the modal value to be about 8 months. The amount of over or
under-reporting of PPA period was found to be about 6 days. Average expected waiting
time for returning menstruation at delivery was found to be 8.47 and 8.59 months for
current and retrospective reporting data respectively.

1 Introduction

Post-partum amenorrhea (PPA) refers to the period after a pregnancy during which
conception does not oceur i.e. the period of infecundable (sterility) immediately
following the termination of pregnancy in a live birth or a stillbirth or an abortion
[1, 2]. It is considered as the temporary infecundable period where attainment of
first menstruation after delivery is treated as the termination of PPA. Davis and
Blake [3] proposed a list of eleven key variables as intermediate variables that
directly affect natural fertility. These intermediate variables were divided into
three categories as intercourse, conception, and gestation. In a society where
contraception use rate is very low, PPA plays a vital role in controlling fertility by
lengthening the inter-birth interval [4.5.6]. It can be considered as the most
powerful fertility inhibiting effect among other variables [1,7,8].

PPA distribution is complex in nature [9,10,11]. Talwar [12] suggested a
triangular distribution as an approximation of the duration of PPA. Barret [13]
used modified Pascal distribution, which was generalized by Potter and Kobrin
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[10, 14]. They also proposed a mixture of geometric and negative binomial
distribution in order to describe the bimodality of PPA duration. Lesthaeghe and
Page [15] applied logit model for describing the duration of PPA. Ford and Kim
[11] reviewed a number of models and finally used a mixture of two type I
-extreme value distribution to describe the pattern of amenorrhea period. Biswas
[16] proposed a mixture of two gamma distributions and following Singh and
Bahaduri [17], suggested a mixture of type I1I distribution for this purpose.

Several researchers have discussed the major problems for applying various
distributions, and most of them may be found in Ford and Kim [11] and Biswas
[16]. Rahman [18] fitted a modified exponential curve to describe the pattern of
PPA considering several marriage cohorts of Bangladeshi mothers. Sinha [19]
proposed an inflated type I extreme value distribution to describe the pattern of
PPA for Indian mothers. Islam [20] applied type I extreme value, inflated type 1
extreme value distributions and modified exponential curve for describing the
duration of PPA by using national data of Bangladeshi mothers. Type | extreme
value distribution and modified exponential curve has been found to be good
approximation for the PPA duration of Bangladeshi mothers. But these studies do
not take into account problems regarding estimation of the parameters and test of
the goodness of fit of the used models. Modified exponential curve is
deterministic in nature and was discussed by Islam [20]. To check suitability of
these distributions, researchers have taken cumulative proportions of PPA
distribution. Moreover, testing of goodness of fit and suitability of the distribution
by such methods leads to close approximation of observed and expected
distributions in most cases and was discussed by Aryal [2]. Due to these
limitations, this paper tries to fit Weibull distribution to describe the patterns of the
duration of PPA for Nepalese mothers. In brief; the distribution is given below.

2 Weibull Distribution

Weibull distribution has been proposed to describe the distribution of PPA for
Nepalese data. In brief, the model is given below.

Let X denote the length of amenorrhea period. We assume that X has a Weibull
distribution whose density function is given by
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f0)=Ba {(x-§)/ " exp-{(x-&)/ o] (1)
and cumulative probability distribution function by
F(x)=1-exp|-{(x-¢&)/aV] @)

where & and B are the scale and location parameters of the Weibull distribution

respectively.

The parameters are estimated by using the method of least squares. On
simplification of equation (2) and by taking double log on both of its sides, we get

mg{log{ — (I)H:ﬁlogu—éu)%ﬂlogcx 3

This 1s a linear function and can be re-written in the form of
Y=A+BX forp>0, (4)

where, }’=lng{|og{ H A=—flogaand X = flog(x-¢&,).

1= F(x)
A and [ can easily be estimated from equation (4). If we assume &,=0, then

other parameters can be easily obtained by using the least square principle.

For§,=0 and a =1, the validity of the standard Weibull distribution may be
found in literature [21]. We have assumed that &, =0 for the approximation of the

duration of PPA for Nepalese mothers.

3 Construction of Amenorrheic Life-table
Aryal [2] constructed amenorrheic life-table through model specification for the
Nepalese data. The components of the life table are given below.

Let M, be the proportion of mothers who terminated their amenorrheic periods at t
months or less. Let S, be the proportion of surviving (not terminating amenorrheic
period) at t months (S;= 1-M,). If I, 1$ the cohort of the life table, then 1=1,*S, and
the probability of terminating amenorrheic period between t and t+1 months is
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given as:

™M, -M,) (5)

q, = (I—MI)

Other remaining components of the amenorrheic life-table such as L, (person-
months returned amenorrheie period by the cohort at exact t month), T; (total
person-months terminating amenorrheic period by the cohort after exact t months)
and e (average number of months expected to return menstruation at exact t
months) are defined and computed by the usual process followed in construction
of a life-table [2, 22, 23].

4 Application

Data are taken from a sample survey entitled *Demographic Survey on Fertility
and Mobility (DSFM) A Study of Palpa and Rupandehi Districts of Western rural
Nepal’. A total of 811 households were surveyed. A sample of 1019 ever-married
women of reproductive age were interviewed. A total of 642 mothers provided
information on the duration of PPA for their last child birth (current status
reporting) who had given at least one birth in the last 7 years preceding the survey
date. About 85 per cent (544 mothers) reported that their menstruation had
resumed and the rest (98 mothers) were still amenorrheic at the date of interview.
A total of 481 mothers provided information on the duration of PPA for their last
but one child birth (retrospective reporting). Finally, 544 mothers provided the
current status reporting data of PPA period while 481 mothers provided the
retrospective reporting data of PPA period.
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Figure | Observed and expected distribution of PPA for current status data
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Table 1: Observed and expected distribution of PPA for current status reporting data

PPA (in months)  Observed number of Expected number of
mothers mothers
00-01 18 17.03
01-03 58 69.18
03-06 144 128.15
06-09 104 115.98
09-12 105 86.71
12-15 50 57.71
15-18 33 34.08
18-21 13 18.72
21-24 12 9.54
24-27 5.03
27-30 3}~ 2.33
30-33 2 1.03
Total 544 544.00
7? 12.41
d.f. 6
Parameters o =9.4150
B=1.5369
&=0

Kivos ey =12.59
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The observed distribution of PPA duration showed bimodality at 3-6 months and
9-12 months for both the current and retrospective data sets (Figures 1 and 2). In

applying Weibull distribution, we have assumed &, =0 with the implication that

the minimum value of the duration of PPA (in months) is almost equal to zero

and that menstruation may return at the time of delivery [2].

Figure 1 is indicative of the closeness between observed and expected
distribution of PPA provided by the Weibull distribution for the current status

data. Similarly, Figure 1 shows the closeness between observed and expected

distribution of PPA for retrospective data. The chi-square statistic at 5 per cent
level of significance indicates that the proposed Weibull distribution fits

reasonably well to the data of Nepal.

Figure 2 Observed and expected distribution of PPA for retrospective status data
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Table 2: Observed and expected distribution of PPA for retrospective status data

PPA (in month)  Observed number of Expected number of mothers

mothers
00-01 15 ' 14.42
01-03 56 59.43
03-06 114 111.68
06-09 93 102.39
09-12 97 77.37
12-15 45 51.43
15-18 24 30.94
18-21 17 1771
21-24 13 . 8.79
24-27 4 422
27-30 2 } 1.91
30-33 1 0.81
Total 481 481.00
7? 10.38
d.f. 6
Parameters 0.=9.5476
[(=1.5478
& =0

Z fllJ_US 26} =12'59

The estimated values of parameters and chi-square value along with degrees of
freedom provided by Weibull distribution are presented in Tables 1 and 2. The
graph shows a peak at 6-9 months, which may be considered as the modal class
of the distribution of PPA. Mode values of the PPA were 8.05 and 8.24 months
{or current and retrospective status data respectively. The difference of mode
values obtained from the data of current and retrospective status provides the
amount of time due to memory lapse in reporting the PPA period. The amount of
time due to memory lapse in reporting the data was about 6 days. The over-
reporting tendency of the PPA duration has been observed in the retrospective
reporting data whereas under-reporting tendency has been observed in the current
status reporting data [1], though, the extent of over or under-reporting of PPA
period was very small and insignificant.
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Table 3 Amenorrheic life-table (current status reporting data)
PPA in months M, S I, 4 L, T, 5

0 0.0000 100000 100000000 0.0314 9843.18 8474957 847
1 0.0314  0.9686 9686.3580  0.0588 9401.57 7490639 7.73
2 0.0883 0917 9116.7895  0.0769  R76646 6550481 7.19
3 0.1584  0:8416 84161373  0.0914 8031.4]1 35673835 6.74
4 0.2353  0.7647 T646.6848  0.1040 724922 4870694 637
5 0.3148  0.6852 68517638  0.1151 645747  41457.71  6.05
6 03937 0.6063 6063.1681  0.1252  S683.61 3500025 5.77
7 04696 05304  5304.0570  0.1345 494735 29316.64 553
8 0.5409  0.4591 4590.6457  0.1432  4262.06 2436928 531
9 0.6067 03933 39334714 01513 363597 2010723 5.1
10 0.6662 03338 33384681  0.1589  3073.19 1647126 493
11 0.7192 02808 2807.9201  0.1662  2574.61 1339806 4.77
12 0.7659  0.2341 23413090  0.0731 213868 1082345 4.62
13 0.8064  0.1936 19360570  0.1797 1762.11 8684.76 449
14 08412  0.1588 15881615  0.1860 144044 692265 436
15 0.8707  0.1293 12927245 01921  1168.55 548221  4.24
16 0.8956  0.1044 1044.3787  0.1980 941.00  4313.66 4.13
17 0.9162  0.0838 837.6197 02036 75234 337266 4.03
18 09333  0.0667 667.0527  (.2091 597.31 262032 3.93
19 0.9472 0.0528 5275678 02144 47101 2023.01  3.83
20 0,958  0.0414 4144531 02196 168.96 1552.00 3.74
21 0.9677 0.0323 3234597 02245 287.14 1183.05  3.66
22 09749  0.025] 250.8281  0.2294  222.06 895.90 357
23 0.9807  0.0193 1932872 0.2341 170.66 67385 349
24 0.9852  0.0148 148.0323  0.2387 130.36 503.19 340
25 0.9887  0.0113 112.6908  (1.2432 98.99 372.82 331
26 0.9915 00085 B5.2802  0.2476 74.72 273.84 321
27 09936  0.0064 64.1626  0.2519 56.08 199.12  3.10
28 0.9952  0.0048 479991  0.256] 41.85 143.04 298
29 09964  0.0036 357063 0.2602 31.06 10118 283
30 (,9974  0.0026 264152 (,2642 2293 70.12 265
31 09981 0.0019 19.4357  0.2682 16.83 4720 243
32 0.9986  0.0014 42238 02720 12.29 3037 2.14
33 0.9990  0.0010 103548  0.2758 8.93 1808 1.75
34 0.9993  0.0007 74990  0.2795 6.45 915 1.22
15 09995  0.0005 54030  0:2831 2.70 270 0.50

Tables 3 and 4 show the amenorrheic life-table constructed for the Nepalese mothers
for both the current as well as retrospective data sets respectively. These life-tables give
the average expected waiting time to return to menstruation after some specified
months of amenorrheic state t. Figures in column 2 (M,) are based on the proportion of
mothers who returned to amenorrheic period afier ending the pregnancy or delivery, as
estimated by using the Weibull distribution, at a particular months t. The expected time
to return to menstruation among Nepalese mothers on ending the pregnancy or delivery
was 8.47 months for the current status data and 8.59 months for the retrospective data.
For mothers who did not return to menstruation after delivery until 3, 6, 12, 24 and 30
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months, the waiting times were 6.74, 5.77, 4.60, 3.40 and 2.60 months respectively.
About 40, 77 and 93 per cent of the mothers returned to menstruation before 6, 12 and
18 months respectively.

Amenorrheic life-table provides additional information on the duration of PPA
and also provides trends on expected waiting time to return to menstruation after
delivery or some specified duration of amenorrheic state at any t months.
Amenorrheic life-table may be used to identify the duration of PPA period for any
population if PPA distribution of any other population is known.

Table 4 Amenorrheic life-table (retrospective status reporting data)

PPA in months M, 5, 1, s Ly T &

0 0.0000 1.0000 10000.0000 0.0200 9850.13 85876.03 §.59

1 0.0300 0.9700 9700.2698 020569 9424.49 7602590 7.84

2 0.0851 0.9149 9148.7068 0.0747 8806.82 66601.41 728
3 0.1535 0.8465 8464.9427 0.0892 8087.23 57794.58 6.83

4 0.2290 0.7710 7709.5142 0.1018 7317.28 49707.35 6.45
5 0.3075 016925 69250418 0.1129 6534.11 42390.08 6.12

6 0.3857 (.6143 6143, 1860 0.1230 5765.26 35855.96 5.84
7 0.4613 0.5387 5387.3286 0.1324 5030.72 30090.70 5.59

8 0.5326 0.4674 4674,1194 0.1411 434438 2505998 5.36

9 0.5985 04015 4014.6389 (0.1493 3715.02 20715.60 5.16
0.6585 03415 3415.3990 0.1570 314732 17000.58 4.98

0.7121 0.2879 2879.2432 0.1643 2642.70 13853.26 4.8]

(.7594 0.2406 24061602 01713 2200008 11210.56 4.66

0.8006 (11994 1994.0063 0.1780 1816.57 901048 4,52

0.8361 0:1639 1639.1324 0.1844 1488.02 719391 4,39

0.8663 0.1337 1336.9128 0.1905 1209.54 5705.88 4.27

(.8918 0.1082 1082.1766 0.1965 075.86 4496 34 4.15

0.9130 0.0870 869.5490 0.2022 TR1.63 352048 4.05

0.9306 0.0694 693.7092 0.2078 621.64 2738.85 3.95

0.9450 0.0550 549.5760 0.2132 491.00 211721 3.85

20 0.9568 0.0432 432.4325 0.2184 385.22 1626.20 3.76
21 09662 00338 338.0002 0.2234 300.24 124098 3.67
22 0.9738 0.0262 2624744 (0.2284 232.50 940.75 358
23 0.9797 0.0203 202.5290 (.2332 178.91 T08.25 3.50
24 0.9845 0.0155 155.3004 0.2379 136.83 529.33 3.41
25 0,0882 00118 1183574 0.2425 104.01 392.50 3.32
26 (.9910 0.0090 89.6610 0:2469 78.59 288.49 3.22
27 0.9932 (L0068 67.5218 0.2513 59.04 209.90 R
28 (19949 0.0051 50.5545 0.2556 44.09 150.86 298
29 (1:9962 0.003% 37.6350 0.2597 3275 106.77 2.54
30 0.9972 0,0028 27.8599 02638 24,18 74.02 2,66
31 0.9979 0.0021 20,5097 0.2678 17:76 49.84 243
32 0.9985 0.0015 i5.0165 0.2718 12:98 32.07 2.14
33 ().9989 0.0011 10.9355 (1.2756 9.43 19.10 1.75
34 0.99%2 (L0008 7.9214 0.2794 6,81 9.67 1.22
35 (.9994 0.0006 5.7081 0.2831 2.85 2.85 0.50
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5 Conclusions

Weibull distribution was found well fitted to the data of Nepal for describing the
distribution of PPA. The duration of PPA period estimated using the
retrospective and current status reporting data gave the modal value to be about 8
months. The amount of over or under-reporting of PPA period was found to be
about 6 days. Average expected waiting time for returning menstruation at
delivery was found to be 8.47 and 8.59 months for current and retrospective
reporting data respectively.
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