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Summability of Legendre Series by Uniform Lower
Triangular .Matrix Method

BINOD PRASAD DHAKAL
Butwal Multiple Campus

Tribhuvan Universiry (Nepal)
E-mail: binod_dhakal 2004@y ahoo.com

Abstract: In this paper a new theorem on the uniform matrix summability of
Legendre series has been established. This theorem is generalization of previously
known all theorems of this direction.

Key words: Matrix Summability, Legendre series, orthogonal polynomial,
monotonic function.

Subject classification: 40C05, 42C10.

1. Definitions

The Legendre series associated with the Lebesgue- integrable function of f (x) in
the interval Cl, 1) is given by

f (x)=)  a"  P"(x)  (1)

I;
where dn =(n + i) | f(t) p" (t) dt

- l

and the Legendre polynomials Pn(x), which are orthogonal in the interval
are defined by the generating function

t @

= >Pn(x )  2 " .
l . ^ ) H

(2)

(-1 , 1)

(3)
) Ll

|  -  ZXZ+ Z-  n=0

- r - * l
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Let T = (an.k) be an infinite triangular matrix satisfying the Silverman- Ttieplitz

[4] conditions of, regularity'i"e'

-3-

t=0

& n , n = 0  '  f o r k > ' n

and

i lu , l'M, a finite constant'
L  l * " , u | - '
k=0

Let iu* 
(x) be infinite series defined in a ( x < b'

m=0

Write

s
S, (x )  = )u " (x ) '

v=0

If there exist a function S(x) such that

n

iu,,n 
(sn1x;-s1x))=o(1) as n'-) oo

k=0

Uniformly in set E in which S(x) is bounded' then the series

summable by matrix means (T) uniformly in set E to sum S(x)'

We use the following notations'

+ sin(k + 1) t
N " ( t )= *  u " .n -  

. i n i -

V(t) =V(0, t; = f{tos(e - t )}- f (cos 0)

, t
f r  -  . l  '

Y(t;= l l\1l(u)l ou
i,

(4) 
.

Iu,(x) is
m=0

l

I

I

1

I

t

I

?

I

r

I

I

fl

a2. Introduction

rripathi [5], Prasad & rripathi [2] and Prasao 
[:1nt".:-Y':*::"":::,'-tff:'iJ

ilffitffil"J;''ability methods as *'et as uniform Norlund summabilitv
^r  -^ . , ,1r  thqn fhose

;:,#.'# 
"i:**r 

of this paper is to obtain a more general result than those
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SUMMABILITY OF LEGENDRE SERIES. . .

of Tripathi [5], Prasad & Tripathi [2] aq4 Prasad. [3] so that their results come out
as particular cases.

Tripathi [5] proved the following theorem on Norlund summability of T egs16r=
series:

Theorem 1: If
t / \

I l r l x tu ) - f (x ) ldu=o l+ lu rn* - ,  (s )
o  

'  " '  
[ P " /

then Legendre series (l) is summable (N,pn) to f(x) at an internal point x of the
interval (-i+ e , 1- e ), e > 0, where {po}is. a real non negative and monotonic non

increasing sequence such that Pn---+oo as n tends to infinite.

Prasad [3] generalized above theorerh for uniform Ndrlund summability in the

following form:

Theorem 2: If cr(t)denotes a function of t, c'1t) and-f ultimately increase

steadily with t,
t " .  (  

t \

Jlr lxtu)- f(x) ldu=ol ^_ |  (6)
o [cx(P')]

uniformly in a set E defined in the interval (-1, 1), in which f(x) is bounded as

t-+*0 then the series (1) is summablE (N, pn) uniformly in E to the sum f(x),

wheie {p"}is real non negative and monotonic non increasing sequence such that
Pn--oo as n-r o, provided that

logn =O(cr(P"))as n--' @ holds.

Main theoreml.

I lv(u)lA" (") (A.r,r)
I f  |  _  du=o l  -+ las t ->+O,  (7 ), i  u  t y e )
uniformly in set E defined in the interval Cl, l), 0<11<1, then the Legendre

series (1) is summable by triangular matrix method (T) uniformly in E to the sum

f (x) which is bounded in E, where 'y(t) is positive monotonic increasing function

of t provided t(n) + € as n--+ oo and T = (a".n ) be an infinite lower triangular
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matrix such that the element (an, r) be positive, monotonic

u
I

k  3 t ,  A" , "  =J(an ,n-u)  du ,  fo r0  <u  S n  and An,n  =1  Vn.

0

Lemmas:

Following lemmas are required for the proof of the theorem.

Lemma 1: The condition (7) implies that

| \
v(t)=Jlv(u)l du=o[ + | as t -++0. (8)

o [yH )

Prof. We have

t4l

Since

o(t) =

non decreasins with

l5l

Pro

lv(u)1e", ,,, , Io",gl)
OU =Or

u  [ y (+ ) )
therefore

| | lv(u)lA" r,.r
I lV(u)le" rrl du = I 

"""' u du
J  |  ,  .  ' t  n , \ ; ,

o " o u

=of,o",(*)l ."ffu]
I v t i ) J  t t v 9 )

It o",gl)
=ol ----- - |

I T(+) ./

=[uo(u)]i + io(u)du
0

",tlt i
0

l .
t o u
J
0

Lemn

0 <a.

I
I
t;

where

Lcrnma

t eumr

ilrl. (rf =

Proof. S

,N, ( r )=

- (

= (

= (

I  Irr" lA".(+) du > A
0

We get

i ,l.r]Jlv(ul at='
' (il+)J

Lemma 2:I-et N.1ry=i 
". . .$$,,h*

lN"1tl=O(n) uniformly in 0 <t<{

lv(u)l ou.

(e)
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, - .  . . ,  l +  s i n r k+1 ) t l
l^"(t)l=lA u",* 

,*; I

=i u- , 
(k + l) lsin t l

?u 
-"'* 

lsin il

( (n+1) 
I  u" ,u
k=0

- (n  + 1)A" , "

= o(n).

Lemma 3: If ( an,f be non negative and non decreasing with k 3r, then for
0 <a < b <oo, 0 <t 3u and for any n,

l b  I

lI u".u e'*'l =o(A",.)
l k=a  I

where t = Integral part of + =[.t] .

Lemma 3 may be proved by the following technique of Lemma 4.1 in Lal [1].
Lemma 4: Let N"(t) be given as in Lemma 2 and using lemma 3, we have

/ t  \

Iw" 1t;l= ol + | uniformly in f < t < 11. (l t)
[ t  )

Proof. Since,sinf > *,0 < t < q < n therefore,,T S n, we have

t "

lN"r,)=li u" -s$#[l' " "' 
l7=o sini I

= of1) lt,,,,.iu- . ",,u*,,,1\ t / l  f i d " "  I

= "[i)1t"" - ..' ll""l
= of4*l

\ t  )
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3. Proof of the Theorem

Following Prasad & Tripathi [2], the k 
th partial sum of tegendre series (1) is

given by

So(x)-f(x) =;ffi 
{

l-- i 
f{cos(o-t)}-f(cos0) sin(k + l)t

- r - -  , \  J  s in fsin I
Jsin(O-t) dt + o(1)

uniformly in E.

where

0 s n < 6 < 1 ,  x = c o S 0 ,  y = s i n 0 ,  0 < 0 < r c '  0 - n = t '  0 < Q < l r e t c '

Now,

a

Iu",o (so1x;-r1x;)
k=0

[r' 
I ot'l +otrl uniformlY in set E'= ol l lvt t l l lN"(,)  

l

= ofipr,l I lN" (r) | *l . "iil\,(t) 
| lN" 1ty I at.l + o 1r) unirormrv in set E.

r 0  I  L i  I
: t, I 12 + o (1), say. Q2)

In order to prove the theorem, we have to show that under our assumption

11: o (1) and 12: o (1) as n --+ o, uniformly in set E.

Now considering 11, we have

[ *
r, = ol iMrrl I lN" 1t; I at I

l b  I
_!

=-+i r{cos1e- t)}-f(cose) sin(k + 1) t
th/slnu 7,

= o1nlJly1tl l dt
0

= o(n) (v(+)

( r  )- n l - l

Iv(n)/
: o (1) as n --+ oo, uniformly in set E.

$i.4e-ty iu",*
sin(k+l)t 

dt + o(1)
smik=0

T

4

t-

t .

L

,.

[-

t a r
b t

(1 3)
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Again, for 12, we have

h t
I, = ol Jlrt,l I lN" 1t; I ot I

L * l

= oii lvrtrl a" ' o,l
t 1  r  I
L ; J

f e " "  )_ol ____i_r: I
\ v(n) ,/
( r )
[y(n) /

: o (l) as n ---+ o, uniformly in set E.

Collecting (12) - (14), we get

I: o (1) as n --) oo, uniformly in set E.

This completes the proof of the theorem.

4. Applications

I. Particular cases are

l. If a 
".u 

=*t and y(t)=6x(P,,1) Vt, result
P"

particular case of main theorem.

2. If a"u=Q:-n *0y1,;=j$dvr, result of prasad & Tripathi [2]e" 
' \-/ 

t l ,(t) q,,,

becomes the particular case of main theorem.

3. If a".n=P:-u and y1t;=-fu-y1, result of Tripathi t5l becomes the
Pn tp t , t

particular case of main theorem.

II. Following corollary can be derived easily from our theorem.
Let a sequence {p"},be defined as p(u), monotonic decreasing and strictly positive
for u )0;

(r4)

of Prasad [3] becomes the
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= p(n) .

If

l lvtolPt*) . / p- )
I  |  ,  \  / r  \u /  

du  =o l  _ : r_ :  l ,  0<n< l
{ u [v(n)i;

uniformly in set E defined in the interval (-1, l), then the I-egendre series (1)

summable by Norlund method uniformly in E to the sum f (x), where 1(t)

positive monotonic increasing function of t provided y(n) -+ oo as n---+ o .
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Wiener Tauberian Theorem
for Locally Compact Abelian Group

CHET RAJ BHATTA
Central Department of Mathematics
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Abstract:

If X : 9i*, then X is locally compact abelian group under multiplication. Our aim

is to prove uniform v'ersion of the wiener Tuberian Theorem for 9l* under new

product.

Key words: Winer-Tuberian Theerem, Locally compact abelian group,

Translation invariant subspace.

1. lntroduction

Wiener in his attempt to characterize rigorously the spectral analysis of a white

light signal Qe L-(91) had to introduce Tuberian arguments, an interesting

description of which can be found in Wieners classical work ([4], [5], [6])

The illustration is

Theorem 1.1:

Let f e L'(9i) have a non vanishing Fourier transform iand,S e L-(9t). Assume

t l i m r
that 

J*lxf(x)l 
dx < * and 

"_r- 

f*QO(): rJ*(v)df where * denotes the

convolution then for each ge L'(9t) 
r'!*r* 0(x) : rf s(y) dv.



t l0 l CHET RAJ BHATTA l r  l l

Theo

Let C

exists

rhat t

a . g ( j

f o r a e

Remat

lf .X =

rbc Lel

g o v

r|err'ron

rcmg ti

t : ,

r r r  , { I

*fit *!

hr  l r

h*

t l  t l

f, drc

The general Tauberian theorem proved by N. Weiner [6] says that if g e L'(S)is a

uniqueness function in the sense that its Fourier transform g vanishes nowhere on

gl (and thus the closed translation invariant subspace generated by g is L'(91) and

Q e L-(gr) is suchthatg * 0G) -+A 0(o) (A is acomplex number) as x -)-then

for every f e Lr19i;, f * Q (x) + e i(o) as x -) oo'

We may take the uniqueness function g as

(i) g(x): exp.(-a lxl) where 6x i5 *ve constant then

^ o\1/2 0,
s(y):GJ eT?

(ii) For cr > 0,let gu be the fiinction on fr defined by g"(x): (t -$ €t-"'"1 (x)

Then,

r .  |  1 '
I  s ln ;0y  I

0"(y): (2n)-''' 
"l+- | 

r"t v A,and g.(o) = (Zn)-tz a

L r u v  )

2. Uniform Version

Let G be a locally compact group with left Haar measure p and A be the modular

func t i ononG.  Fo rx  e  Gand f  e  Lp (G) ,  l  spsoo , l e t * f  and  f *be the le f tand

right translates of f. Let Qr : G -+ L- (G) be defined by 0(x) 
: f*, x e G,

f e L - ( G ) . W e d e n o t e b y S r a n d S * , t h e u n i t b a l l s o f l - r ( G ) a n d L - ( G )

respectively. Let Y be the set of all bounded continuous function on G.

Define U : {g : G -+ 0 lg is measurable tunction such that (*)- t Sr and for

u  . , r I ,  a  *  E :0  +  a :  0 ) .

In this paper we are going to prove uniforrfi version of weiner Tayberian theorem

for X : gl- under multiplication and new convolution product as used in the

technique of following theorem.
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Theorem 2.1:

Let G be a separable locally cornpact group. For I( c LriG;, suppose that there

exists ho e Sr such that lh(t)l < lh" (t)l forall h e &(and t e G. Leta c S- be such

that the family {0,: a e n} is right uniformly equicontinuous. If g e U and

a * g(x) -+ 0 as x -) € uniformly fora e rrthen h * a(x) -+ 0 as x -+ € uniformly

forae uandhe 8( .

Remark 2.2:

If X : 9t*, then X is locally compact abelian group under multiplication, let p be

the Lebesgue measure on X. For g e trlX) and y e L-(X), the product given by

l .
g O V(x) :; J*e{V*) V(t) dtr(t) is not a convolution product but the uniform

version of the Wiener Tauberian theorem can be proved for this product also

using the techniques of theorem 2.1. However we need to prove the followings:

I
(i) l l g* ll ' :;l lell ' nor x e X and g e L'(X)

(i i)

(i ii)

(iv)

Proo

(i) : 
.|* l*- (v)ldp(v) : 

l* letv*) ldp (v)

: f*trr,lt$

: I ltril,

r(g o

v 8 O

l le o

f:

l l  e- l l '

V ) : g o v V

/ l \

V= [ t ] sovvV

vll- < lielh llvll-

(ii) ,(e o vXx) : g o v(yx) =* 
l"*[t.)ry (t) dp(t)
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(iii) (ve O VXx)

CHET RAJ BHATTA

| 
" 

/t'\:;J"s[Jv(t 'Y)YdP(t')

I . /t'\:i 
J* s[Jv v (t') dtt(t')

= (g o vVXx)

1 "  / t \=;J*'s|'.*J rP(t) dp (t)

:* 
l"r(9 v(t) dp(t)

t t3 l

Proof:

Assumin

there exir

Let us de

Sn(r

We shall r

lfs"ll

Therefore

I-et x, y e

lS"(x.

Since x ->

€ > 0 : 1 6 > 0

lbcrefore, S,

llcace, Sn is r

By Ascot's n

fimion s poi

Fqc-ach x e l

s (r)
a \ x / -

d rhcrefore S

= i I*, (|) '6)i oun,

: 
* 1., (l) r,rvl (t') dp(t')

:* '  

" 
rrYrY(x)

(iv) 1e o v1-=#0" r* o v(x)t =#0" 
l* J. - (i) *al orrr,)l

= .."1J-uftf r*r,l | ry < lelr lvl-.
Let dp(x) be the usual Lebesgue measure on X.

Main Result:

Theorem 2.3:

Let X be locally compact abelian group under multiplication. For gt c. Lt1x1,

suppose that there exist hoe Sr such that lh(t)l < lh"(r)l for all h e 8( and t e G. Let

a c S- be such that the family {0v : V e r.r} is uniformly equicontinuous from

Xto L-(X):r f  ge u andi i* [ j )v(0 dp(t)  -+ 0 as x -+ oouni formly fory ina

l ,  / t \
tnen iJ*n[f y(t) dp(t) -+ 0 as x -+ € uniformly for h in 8( and,ry in n.
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Assuming to the contrary. Then there must exists 6'> 0 such that for each n > 0
there exist xn e X with xn )n, hn € le aiayn € asatisf,iing,lhnO r;rn)(xn) > 8,.

. Let us define the sequerrce of functions,on.X by

Sn(x): (h" O V"L, (x) = (hn O y")(xxn), ne .At.

we shall show that it is bounded and equicontinuous on X. 
i I

lls"ll- = llGn O rpn)xnll- = llhn O V-ll-S llh"llllV"ll* < lltr"l;V"ll-s 1. /

Therefore {Sn}n e .,f is bounded.

Let x, y e X, then ,'

lS"(x) - S"(y)l : l(h" O VJ"n (x) _ (h" O V") _" (y)l

- l(hn O V")*(x") - (h" O %)v(xJl

: l(hn O (VJ*(xJ - 0" O V")y) (xJl

s llhlhllv")-- (V")yll-< llh"ltrll(v")x - (vJvll*.

Since x + \rx is uniformly equicoritinuous on X to L-(x), ry e u so givengr \z\ r t t  \Y E e

t  
I  

€>0f  6>0suchtha t fo r . l x -y l<6and\ r€  r rwehave,  l l r y *_Vy l l_<€.

Therefore, S"(x) - S"(y)l < e for lx - yl < 6.

Hence, Sn is equicontinuous.

By Ascol's Theorem, there exists a subsequence (s"r) converging to a continuous

function s pointwise.

F o r e a c h x e  X a n d t e  X .

/ t \  / + \

t"o [.*,,J * r[.*.,J'k + oo

and therefor" t* (|)e(t) = r(-f*frl as k -+ oo.
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since lSno [f ertlr : 
lt* (i)lrxor < e(t)l.

Thus by Lebesgue dominated convergence theorem,

[r- (*)e(odp(t) - t, (l)ertlala), k -+ 'o

: x(s O g) (x)

Now,

I t- (i) e(t)dp(t) : 
t n"u o v*) (h" )e(tlopt

= ltrl n*(fr)**(u)e(t) dp(u)dp(t)

: [*;[ h*(u)v^, ($)ear (t* )ou,u, uuu,

= 
I, |hno(u)rynl (T)ru,op(u) dp(O,

= [# n*("{ .|. r (-"- J*-(odp(t)] 
dp(u)

= .|- n"n(,,Xe o v"n) (9 0u,",

: 
J Eu,-1,r;apiu;

where Fn^(u): (s O *"J (9 h"n(u).

since we know, (g o vxt) -+ 0 as t -+"" uniformly for ry in n we have for given

t> 0 there exists A : l(g O VXt)l < € for every t ) A and y in re

Therefore,

leov*r(91 ="'(9=o

l l5 l

Thus fo

as k -+,

But ll(e

fFr,(u)l=

Thus agr

since g e

Bur 0: lr

Thus, we

l r
; t

[Jniformll

Thbcoml

u l  A . t r
The(

l2l H. r
Co14

t3f J.L. I

t l  i I . u
25E.

ttl N. w

t6l \'. r
Camt

Dove
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Thus for fixed x anr 
/x'' u\

I u, (g O V"r) [ _ ] 
-+ 0 and k -+-, and therefore F1,"(u) -+ 0

a s k - ) * .

But ll(g O V*)ll- < llellrllv"kll- < I and therefore

| - /xn"u) | | /x., u\ I
lFr.-(u)l= l tso\r"*)(.fJh"u(u)l < 

l tsov^-)[-_ Jl lh"u(u)l<1h,u(u)l<lh,(u)|.

Thus again applying Lebesgue dominated convergence theorem s o g(x) : 0,
s i n c e g e  U , s : 0 .

lim tim
But u: ls(l)l : k-+- 

snr.(1)l : 
t_r-l 

h"n O y"u)(x"o)1.

Thus, we obtain a contradiction. Therefore

l r  / t \
i J" h(*Jvft)dtt(t) -+ o as x -) €

Uniformly for h in 3( andry in n

This completes the proof.

rh
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Abstract: The aim of the present paper is to Study weakly symmetric and weakly

Ricci symmetric an LP-Sasakian manifolds and proved that if weakly symmetric

Lp-Sasakian manifold satisfies r1-parallel Ricci condition then the scalar curvature

of the manifolds is equal to rank of Q. If weakly symmetric an LP-Sasakian

manifolds satisfies Ricci tensor of coddazi type then the manifolds is

R-Harmonic, further we have obtained the necessary condition for weakly

symmetric an LP-Sasakian manifolds has Cyclic Ricci is that vanishing the

l-forms cr + F + 6 for all the vector field,X, Y'andZ'

Mathematical subj ect classification (2QQ0): 5 3 C50, 5 3 C I 5, 53C25, 5 3 83 0'

Key words: coddazi type Ricci tensor,'R-harrnonic manifold, cyclicRicci tensor,

r1-parallel Ricci tensor, and Quasi Einstein manifold'

1. Introduction

K. Matsumoto 1989, Introduced the notion of Lorentzian Para-Sasakian manifold

(M"g) (n>_2)Mihai and Rosca [2] define same notion independently. This type of

manifolds is also discussed in [3]. A non-flat Riemannian manifolds if called

weakly symmetric if there exist l-form cL B, 6 and o such that the relation'

(1.1) (vxRXY, Z,lJ,v): a(x)R(Y,Z,U,V) + BG)R(X,2, U', V) + r(Z)R(Y',

X, U, V) ... S(U)R(Y , Z,X, V) + o(V)R(Y , Z, U' V)

Holds for all vector fields X, Y:2...€ (Mn, g) (t4lt5l)
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Where R is the curvature tensor of the manifold (M', g) of type (0,4)

A weakly symmetric manifolds is said to be proper if cr : F : y: 6 : o = 0 is not
the case.

A Riernannian manifolds is called weakly Ricci symmetric if there exist i-form p,
p and v such that the relation

(t .2) (VxSXY, Z) : p(X)S(Y , Z) + p(y)S(X, Z) + v(Z)S(X, y)

Hold for vector fields A, y and z where s is .the Ricci tensor of type (0, 2) of the
manifold.

A weakly Ricci symmetric manifolds is said to be proper i f  p: p: v:0 is not
the cases.

Let  [e1] ,  r :1 ,2,3,4. . . ,  n  be an or thonarmar bas is  of  the tangent  space at  apoint
of the manifolds.

Putt ing Y: V: e1 in (1.1) and taking summation over i ,  I  < i< n, we get

(l 3) (vxsxz, U) : o(X)S (2, u) + B1Z)S(X, u) + 6(u)s (2, x) + B(R(x, z)u)
+ 61R(X, U)Z)

L. Tamassy and r. Q. Binh (t41, t5l) introduced the notion of weakly symmetric
and weakly Ricci symmetric, Sasakian manifolds. M. Kon [6], u. c. De, T. e.
Binh and A'A Shaikh [7] obtained the necessary condition for the compatibility of
several k-Contact structure with rveak symmetric and weak Ricci symmetric and
provided they do not reduce to conman local symmetric and pseudo Ricci
symmetric respectively. In this paper we study Lp-sasakian manifblds with
u'eakly symmetric and weakly Ricci symmetric tensor, eua$ Einstein, cyclic
Ricci tensor and Ricci tensor of Codaggi type.

2. Prel iminaries

Le-t (Mn, g) be n-dimensional. Differentiable manifolds rvith a tensor filed f of
tlpe (1, 1), a contravariant vector field (, a covariant vector field 11 and a
[-orentzian metric g of type (0, 2) which satisfying

, 1 .  l )  O ' :  t  + q  @ 6

, 1 .  t )  n E :  _ l

I  l7 ]

I

I
I
I

I
I
I

{



t l8l onnuwA ftnhArNlirilO tuNri;Vibiv

, r .  i , , . . i . ,  . . .  i ,  , . . . : " 1 : ' r : : : , : i . a , r j . l r t r ; ; . . ' l i , . . ; . : t i , i / i ' . : : r j ' l l l

(2. 3\ s(OX,'0Y)'= gCX;11 + rl(Dilm

( 2 . 4 ) ' ' i ( X , € ) = q ( X ) ; i  " :  
: :  1 " ' " : ' : :  : :  

:

It is called Lorentzian Para-Sasakian manifolds briefly (LP-Sasakian manifold)

arid ttr! shucture (0;;r1, (, g) is'crilled a:I-orentzianiara-cohtact strucnue. An LP-

Contact manifolds is called LP-Sdsakian manifold if it satisfuing.

(2.5) - (vxo)ff) = spr;9€ +469x + 21CX)n(D E 
'

Whdit' :Vr rdetioted 
"tfr'e'rdlieietofir'61;:.6v11iani 

:'Aifferei*itin lwith ' iespdct' tb

Lorentzifir g metric of typti (0, 2). 
' : ': r' " i

In'al-P-sasaldan manifofds'the followiTrg relirti'onshold (tllt2l). 
i

(2 .6 )  (a )0€=0.  O)n(Qx)=0 (c ) rank(0)=q-  I
' . ,  '  . . '  ' , : .

(2:7) 1vi€:0x 
'

(2.8) nG(6, x)Y= B(x, Y) - nff)n(x)
, - i l . :  ' ' i .  i . .  !  , j  : : . i  r : a i i  i : r  : l  I  i  " ;

(2.s) RG, x) q= X + n(D q
) , , . . ; . - 1 ' , ' : ' .  . . t l ;  . ' -  ,  ,

(2.10) S(X, 6) = (n - 1) n(X)

(2.1l) R(X, Y)[: Itff)x q(X)Y
-  

' . '  ' ' .  . . , ' . . , : : : t ,

(?,12) S(0X,0Y) =,S(Xo,)Oij (n'.1 l)q(x)q(y) :: , , ,

For any vector fleld')q i&'mt Z where R*(X , Y)Z is the Riemannian curvaturb

Eil$Of. '  ' , .  ,
' . i  r .  , . 4 : i

L g f h m a l 2 . l :  

'  i ,  i r  : " i " ' i i  ; ;  i ' r  ' : r  ' '  
" f  i ' i

In a Lorentzian Para-Sasakian manifolds if ( be a killing vector fields then we get'

(a)  LqS:0

(b) Lqr: 0, where L denoted Li-derivation

. , . ;  . i r

3. Weakly symmetric and w€akly Ricci symmbfflc LP'" ' ' :

'Sasakian rnanifotde with'Vtq$) {Z,'U} = 0 i

Theorem 11: 
*;rr.j
F':c ' '' ' 'mmetric LP-Sasakian manifolds (Mn, g)If weakly symmetric and weffiy Ricci sy

n > 3 satisfies the condition then the sum ofthe l-form o+ p + 6 are equal to the

sum of the 1-form p 
St 

v over the killing vector field ('

I

(

I



l lel 0n wreriy sYMrr,rsrRrc :ellO 
. . .

con;19Sr the,mglifolg-s,,0ni g) is.vqaklJ lyrnmqtric, Then, forrn.(f ,3),puttilg
X: € and using (2.1O), 'we g€t ,

(3.1) (vqs) (z,u) = c(()S(Z, u) + (n * l)[p{z)q(U) + s(r/)n(z)] + p(p(, z)u)
6GG, u)z)

'  ' ' . :  

I  
'  i . ' .  i , .  

, i . , , , : ,  . r  :  
j  

, t . _  l i ; ;  ,  ,

From (2.1-a), we get , , ,, , ,

(3.2) (VeS) (Z,U) = -S(Vz€, U) - S(2, Vuq,)

U s i n g ( L D : i n . ( 3 . 2 ) , w e , g e t : l . ] . . ; . ' , : . . , l . . 1 ' . , ' . ' . : . . ' : -

( 3 . 3 ) . , ( V x $ @ , U ) : = S ( 0 Z ; U ) + S ( Z , , . 0 t D , . :

Also from (2.1l) we have

,S(04U)-ng(QZ,,U)-e($2,.U),and ,r : l

S(2, 0U) = ng(Z, OU) - g(2, (lU)

Using this result in (3.3), we get

(3.4) (VqS) (Z,tJ)'=0
. . , .

Fr.om (l 2) We get

(3.s) (Vqs) (z,U): p(€)S(Z, u) + p(z)sc, U) + v(U)S((, Z)
l , i

Also from (3.1) we get

(3.6) (VeS) (z,IJ): a(()S(Z, U) + p(z)S(€, U) + 6(U)S(6, z) + BG([, U)z)U)
+ 6(R(, U)Z) i : :

From (3.4),'(3:5) and (3:6), we get

(3.7) a(()s(Z, u) + p(z)s(€, u) + E(u)S((, z) + p(R(€, rJ)z)u)+ S1p((, u)z)
: p(6)S(2, 1q + p(Z)S(6, U) + v(rr)S(g Z)

Putting Z: rJ : € in (3.7), we get

0(q) + FO + s(O: p(€) + p(q) + v(q)

\\'e get the result as required.

* - - . _ * t
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4. Weakly Symmetric Quasi-Einstein an LP'Sasakian :
Manifolds

Definition 4.1 A non-flat LP-Sasakian manifold is called Quasi-Einstein manifold

if its Ricci tensor S of type (0,2) satisfies the condition

(4.1) S(X, Y) : ag(X, Y) + bA(X)A(Y)

Where a, b are scalar and b l0 and A is non-zero l-form such that A(X): g(X, U)

for every X and U is urrit vcctor fields.

Theorem 4.10:

There exist no weakly symmetric Quasi Einstein LP-Sasakian manifolds if

pa+ 2ap+ 286 + 2bA(L)U + 2bA(M)U - bllull' is not everywhere zero.

Proof:

We consider a weakly symmetric manifold is a Quasi Eirtstein LP-Sasakian

manifold (M^, g)

Then from (1.3), we get

(4.2) (VxS) (Z,U): a(X)S(X, Y) + 0(Y)S(X, Y) + 6(Z)S(X, Y) + BG(X'Y)Z)

+ 6(R(X, Z)Y)

Where g(X, L): p(X) and g(X, M):6(X)

From (4.1) we get

(4.3) ( V xs) (Y, z) : b[ v XAXY) A(z) + (v xA)(z)A(Y)]

Then from (4.2) and (4.3), we get

(4.4) cr(X)S(X, Y) + Bff)S(X, Y) + 6(Z)S(X, Y) + B(R(X,Y)Z) + 6(R(X, Z)Y)

: b[(vxAXY)A(z) + (V1A)(Z)A(Y)]

Putting Y : Z: e1 in (4.4) and taking summation I < i < n, we get.

(4.s) r(X) + 2S(X, L) + 2S(X, M):2b i (o*Oxrr)A(er)
i : 1

Using (4.1) in (4.5), we get

[ ] t l

(4.6)

The ri1

Irlhere

parallel

r.e get

({-7) .

Tbcn frc

Rc

\ti

t, W(
n-l

ftftio

nrfoh

t t  l t  t \

tLrrcr

lgr rcns

hrf:

Uc sr:osr

lnn tnsr

fr53r r T

th3 : t:
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(4.6) ro(X) + 2lag(X,L) + bA(X)A(L)l + 2[Ag(X, M) + bA(X)A(M)] :2b i
i = l

' (vxAXer)A(er) '

' 
The right hand side of equation (4.6) can be written as follows

n

I X(A(er) - A(Vxe1)lA(e1)
i :  r

Where- {.r} ,b. the orthonormal bases at Tu(M), u e M let us translate these
parallel ftom u in any diiection then (Vxe1): 0 using this fact in above relation,

we get

' n  
n

(4.7)' 2bf,X(A.(e';)A(er):2bZg(VaU,er)g(er,U) - 2bg(VaU, U) = bXg(U, U)
i : l  i=l

: bxllul12

Then from (4.6) and (4.7) we get

Ra + 2crp + 2p6 + 2bA(L)U + 2bA(M)U - blllJll,
!

We get the result as required.

5. weakly Ricci-symmetric and LP-sasakian Manifords with
q-Parallel Ricci tensor.

Definition 5.1: The Ricci tensor of weakly Ricci symmetric Lp-Sasakian

manifolds is called r'1-parallel if it satisfies.

(5.1) (VxS) (OX, QY):0, for all vector field X, y andZ.

Theorem 5.1: If weakly Ricci symm'etric LP-Sasakian manifolds has q-parallel

Ricci tensor then the scalar curvature r of the manifolds is equal to rank (Q).

Proof:

We consider weakly Ricci symmetric LP-Sasakian manifolds with q-parallel

Ricci tensor. Then from (1.2) we get

(s.2) (VxS) (X, Y) = M(X)S(QX, QZ) + p(QY)S(X, QZ) + v(Qy)S(X, Qy)

Using (2.12) in (5.2) we get

[2r]
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Con

satisl

a + f

Theo

Codd

hool

W e s

Coddr

(6.7)

Frm,

Uc gc

(5.r; (VXSX$Y, qZ): M(X)S(Y, z)+ (n- l)q(Y)n(Z) + M(QY)S(X,0Y)
'  - . .  : r ,  .  :  '  . : .  1 i \ r i  . r . r r . ; . " r  f i : ' , . : : ' 1 . : . i  i  i . ,  : , , . t : .  ,  l , l : ; i :  i , t l - . i . ,

Ftom (5.1) and (5.3), we get. :

(5.4) M(X)[S(Y, Z) + (n- l)rt($q(Z)] + p(QY)S(X, qZ\ + v(SZ)S{x,r0Y)

Putting 7:lin(5.a) and using (2.6-b) and (2.10), we get.' l

r : n - l : r a n k ( f )  
i  j : i . . .  , .  , ; .  . , , . , , .  f

iWe get the result as required.

6. Weakly Symmetric an LP-Sasakian Manifolds with Cyclic
; Ricci Tenio. 

| ., , . ' ,. :, ' ' '

Theorem 6.1: The necessary condition for LP-Sasakian manifolds has Cyclic

Ricci tensor if vanishing the sirm of l-form o + P + 6 for all vector fields S, Y and

z.

Proof:

From (1.3), we get, 
,:, :

(6.1) (VxS) U,Z): crQqs(Y,z)+ p(\')S(X, Z) + 6(Z)S(Y, X) + p(R(X, Y)Z)

+ {R(X, Y)Z)

Nowealtin$'tnOrl,ufrc pffinffitiorrof;eiilranicin (6:1) in X,,Y,ZCnU,aUairi$ttrend

we get.

(6,2) (VxS) (Y, Z),+,(Vv$\"(x; Z\+ (Vzs)^'(xi Y} = S(X, ![e(X]'+iF(tr]'#
6(x;1 + S(x, zXo(Y) + p(Y) + 6(Y)J;+ s(Y; x) W(z} + F(Q +,qz}],+

P(R(x, Y)Z) + p(R(Y, z)x'y + PE({, x)1.) t 6(R(& z)Y) +p(Rry, x)Z)
+ 6(R(2, *)X)

Using (2.8) in equation (6.2), we get i

(6.3) (VxS) (Y,z) + (VyS) (X,Z) + (VzS) (X, Y) = S(X, YXa(X) + p{*),1

6(x)l + S(X, Z)[a(Y) + p(Y) + E(\')] + s(Y, X) laQ)+ P(Z) + 6(2)l
: ' : "  : ' r . ' i  I ' l l  . ' i  

' : '  ;  ' . :  
t  :  :  l r

From (6.3) it follows that r : , :. .: , ,,:

(6.4) (VxS) (Y,z) + (VvS) (X, Z) + (VrS) 6,Y) = 0 . i i

I fvanish ing the sum of  l - form a+ F+ 6 fora l l  vector  f ie lds X,  Y andZ. . ,  :

l

I
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Corollary 6.1: If weakly symmetric KlP-Sasakian manifold (!.lifn, g), n > 3

satisfies the Cyclic Ricci tensor condition then the vanishing the sum of l-form

cr + B + 6 over the killing vector fields(.

Theorem 6.2: If weakly symmetric LP-Sasakian manifolds has Ricci tensor of

Coddazzi type then the manifolds is R-Harmonic. (that is symrnetric)

Proof:

We suppose weakly Ricci symmetric LP-sasakian manifold has RJcci tensor of

Coddazzi type that is LP Sasakian manifolds with the condition (6.7)

(6.7) (VxS) (Y,Z): (VvS) (X,Z) + (VxS) (X, y)

From equation (6.7) and equation (6.4), we get (VxS) (Y,Z) = 0

We get the result as required.

_ 1 .

t .
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ABSTRACT: We give brief literature review and mathematical models of multi-level

just-in-time sequencing problem with a view of cross-docking approach for supply chain

logistics. Describing the cross-docking operations' we have proposed a rtew mathematical

model for the cross-docking supply chain logistics to minimize the operation time of

inbound and outbound trucks as truck sequencing problem. We state a proposition as the

synthesis of the production and logistics problems.

1. Introduction
Integration of overall production processes within and among companies is the most

recent fundamental trend in the domain of production management. A synchronized view

of these processes includes all traditional areas of supplier-buyer relationships coping

with the production of goods and their distribution as well, in particular production and

logrstics. Just-in-time (JIT) production is one of the most commonly used technologies

due to its noticeable characteristics in operating rvith very low work-in-progress inventory



125l MATHEIVIATICAL MODEL OF CROSS.DOCKING OPERATION

and often with iow finished goods inventory. JIT production systern elfpg is a pull
production system where products are assembled just before they are sold; subassemblies
are made just before the products are assernbled and the components are fabricated just
before the subassemblies are made. The JITPS is a management philosophy of continuous
improvement including three sequeniial components: people involvement --+ totai quality
control "-+ JIT flow; jointly called productivity triad [18]. Sequenced delivery of the
materials and products throughout overall supply chain of manufacturing companies is
tlre ultinrate realization of JIT principles- zero inventories, zero defects, zero waste. ln an
rdeal ,IIT production environment, parts should be delivered to the workstatjons at the
exact time they are needed and in the exact quantity required. Reduced inventory,
improved quality, shorter lead times, lower production costs and increased productivity
are sorrle of the benefits of JITPS. T'he fwo types of JIT sequencing problems are studied
in the l iterature: single-level [7] and multi- level [9, l6]. The single-level problem is to
rriinimize the variations in the product rates at which different products are produced on
tlre production line, called product rate variation (PRV) problem. The multi-level problem
is to mininrize the variations in demand rates for outputs of supplying processes, called
output rate variation (ORV) problem.

Supply cirain logistics is the task of integrating organizational units along a supply chain
and coordinating rnaterials, informatioir and financial flows to fulfill the final customer
demands with tire aim of improving conrpetitiveness of,the manufacturing company as a
u'holc. This is best visualized by the house of supply chain management and logistics

f l9]. To realize the best quality production and tirnely distribution for the customer in a
rapidly changing technical environtnent, it is essential to create a cross-docki'g
t'nvironment throughout tlte whole supply chain system that is capable to ad6ress the
drversified demands. Crcss-docking is the movement of products directly fiorn the
receiving dock to the shipping dock with minimum dwell t ime in between. By arranging
i'rr immecliate cross-docking of incoming lrroducts, retailers are able to reduce to a
nlinimutn in-transit t ime for iheir incoming products. Moreover, cross-docking is a
i,rgistics technique used in the retail and trucking industries with operations seeking tc_r
;t love materials from inbound locations to outbound iocations as quickly as possible.
l it l ivever, cross-docking operations require good information systems and close
'\ I lcl lroll ization ol'ali inbound and outbound shipments. The mutuai coordination aniong
.:ll 'ite inciependent finns (vrz., raw-material suppliers, manufacturers, distributors and
-i'i.rilers) is the crux to attain the flexibility required to enable them in the progressive
:': lnrovel]. lent of logistics processes in response oirapidly changing market con<jit ions.
' ' l : t 

rest ofl the paper is planneci as ibllows: Section 2 gives brief l i terature survey of
.',',/).! as the CRV and tlre PRIz problerns together rvith the suppil, chain logistics, which

, .r '  icscribr:s i i ie cross-clocking operations in rnulti- level production and distribution.
\ ''ir'ron I Prescnts the ORV problem formulation. Sections 4 and -5 provide the model
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description rnd the model formulation of cross-docking supply chain logistics

respectively. Firnlly, Section 6 concludes the paper'

2. Brief Llerature Reviews

.2.1 Just&"time Production Systems

The single-level ./1I sequencing problem aims to minimize the maximum deviation and

the total deviation between the actual and ideal productions; i.e., it deals only with the

production lcvel. The PRII problem is studied providing a polynomial time solution

terms of aseignment formulation [7, 8]. A recent survey of PRV problem with

approach of discrete apportionment can be found in [18' 20]' Another review on

..quen"ing ryproaches for mixed-m odel JITPS can be found in [a]' An efficient frontier

is establishod fm the sum deviation J/I sequencing problem via apportionment in [3]'

The single-levex problem is extended into the multi-level flz, l4f, which deals with

several levels such as raw materials ---+components -+subassembly --final product

--+distribution ccnters -'retailers --+customers [19]. Most of the discrete manufacturing

systems are multi-level in nature, characterized by the condition where several parts are

used to prodtrce a particular part at a higher level, terminating at the last level yielding the

final product with direct consumer utility. The sequence of products on the final assembly

line impacts gr€atly on inventory levels of parts used directly for assembly and other parts

in the system" Recently, the problem of determining an appropriate product sequence has

attracted a lot of attentions. The ORV problem is proved NP-hard, even in special cases

[7 ,g ] .However , thedynamicprogrammingso lu t ion isproposed in [9 '13 ] 'TheORV

iroblem wi$ pegging assumption is effectively solved in n6l, which reduced the

problem into the weighted PRIIproblem. Modiffing the solution techniques used for the

unweighted single-level problem, the pegged multi-level problem may be solved to

optimum in time which is polynomial in the total product demand and the weighted

factors.

The JIT production logistics forms a specific part of the supply chain, which deals with

the planning and conhol of materials and information flows throughout the production

and distribution supply chains of manufacturing companies with the mission to get the

right materials to the right place at the right time in perfect quality at the lowest possible

"*t, 
15, l8l. The./1I logistics is performed to optimize some sort of given performance

measures, spch as to minimize total operating costs' transportation costS, operating time

and to satiss a given set of constraints. It is the true realization of JIT production and

delivery systems: a management philosophy which uses a set of integrated activities to

achieve manufacturing flexibility with minimum shortages and inventories' As its pull

nature, the JIIPS starts a supplying process only when a consuming process demands the

supplying process. The role of information logistics in supply chain production process is

Uri"ny studied in il71. The extended scenario of the supply chain network in multi-level

JITPS is shown in terms of inbound logistics and outbound logistics [19]'
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2.2 Cross-DockingOperations

As a dynamic JIT distribution centre, cross-docking has been widely applied in both

manufacturing systems and logistics, since cross-docking operation (CDO) favors the

timely distribution of freight and a better synchronization with the demand to provide the

improved customer service. For instance, perishable products reach the narketplace faster

preserving quality and freshness. CDO is considered as the best method to reduce

inventory and to improve responsiveness of various customer deman*. It is a process

where products are received in a distribution center occasjonally mcrged with other

products going to the same destination, then shipped at the earliest opportunity. A cross-

docking supply chain logistics (CDSCL) system is a material handling and distribution

concept in which the products move directly from the receiving dock to the shipping dock

without being stored in a warehouse or distribution center [19] (also seo Fig. 2.1 below) .

Buffa [2] showed that logistics cost could be reduced by integrating the inbound and

outbound vehicles in the distribution system. A framework for understanding and

designing cross-docking systems is provided in [21] discussing thc techniques that can

improve the overall efficiency of the logistics.and distribution operations. Only few

research papers deal with the short-term scheduling problems arising'from the daily

operations of cross-docking terminals. Material handling inside the crsss-dock tenninal

for a given truck schedule is considered in [ 1]. The advantages of CDO include minimal

inventory, low',handling costs, low space requirement, centralized processing and low

transportation costs.

tLJLJt t (-)(Jt  i l . iL"Lt tL\ \
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Fig. 2.1 Operational Scenario at Cross-Docking Center (CDC)

Once a set of inbound and outbound trucks is docked, jobs consisting of products to be

handled have to be assigned to resources, i.e., workers and means of conveyance like

fork-lifts. in such a way that efficient unloading, sorting and loading operations render

Fossible. It is modeled as a machine scheduling problern and proposed a meta-heuristic

suited for its solution [0]. A specific truck scheduling problem is covered at a parcel hub
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and solved by a simulation-based optimization approach [11]. A special kind of cross-

dock terrninal with a conveyor belt system is treated in [22] where the transportation of

goods within the dock is nodeled as a detailed scheduling problem providing a priority

rule based start heuristic. Boysen et al. [1] treated a stylized one inbound door serves one

outbound door setting in order to generate fundamental insights to the underlying real-

world problem structuqe. Exact handling times for inbound trailers depend on the exact

packing of goods and the sequence in which they can be obtained, whereas those for

outbound trail,ers have to account for load stability and the sequence in which customers

are served. Fdithermore, the determination of transportation times between doors results

,, to a complex o[timization problem in itself. Thus, handling times used in a detailed truck

scheduling model are merely estimated average times and often bound to heavy

inaccuracies. Under such prerequisites, detailed models may lead to more misleading or

even infeasible plans when compared to aggregate models. So individual handling times

for products are merged to service slots to which inbound and outbound trucks are

assigned. A slot comprises the time required for completely unloading an inbound truck

and completely loading an outbound truck respectively. Handling times in between dock

doors are considered by a delay which covers the time span until incoming products are

available at an outbound door. By a simultaneous scheduling of inbound and outbound

trucks, incoming flows of products are harmonized with outbound flows, so that a JIT

supply of products, and thus, a reduced turnover time is enabled'

3. The ORVProblem Formulation
Assume that the mixed-model multi-level JITPS consist of I levels of manufacturing

operations, indexed by I =1r2, ,...rL with the first product level 1. The number of

different part types and the demand of item i in level l are denoted by rl' and d,;

respectively, wherei = L,2,. ,,fi1. The number of total units of item i at level I

t r l

requiredtoproduceoneunitofproductpisdenotedbY lr lp suchthat 0,,  = 
, , |=, t , , rdr, is

the dependent demand for item i at level / determined by the final product demands

d o p P = 1 , 2 , . . . , n ,  a n d  J * 1 , 3 , " ' , l  N o t e  t h a t  t , o = 1  i f  I * p a n d  0 i f  o t h e r w i s e '

denotes the total demand at level i, and the ratio r:' = L gives the

demand rate for i tem Iof level isuchthat 
f  f ,  =l  at  each level i  = l 'J," ' , i "  I t  is

noteworthy that the model of the ORV problem is assumed to be non-preemptive- once

commenced production of a product at lgvel I must be completed prior to switch into

another. This creates the concept of various stages or cycles in the production system.

. n l
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The production schedule at level I consists of $1 stages in total and at each stage a single

unit of an end-product can be processed. An item is said to be in stage
l. j t - t, l. ,. , 0:.], if i" units of product have been produced at level I and there will be

i: complete units of various products t at level I during the first i time units.

Let .'r .;; be the necessary quantity of iterr ; produced at level j during the time units i

through t and -r'1; : 
'f 

*,,* be the cumulative quantity of item r produced at level ;

during the same time units such that -i*: I x,rr = k. Due to tlie pull nature of the

JITPS, the particular combination of the highest level products produced during the i

time units (the.t-r; values) determines the necessary cumulative production at every

other level. Thus, the required cumulative production for item i at level r' with I -" l

through i time units is given by ,,,*=f,,,r*r,*. For a unimodal convex penalty

P=l

tunction F,,i=1,2,...,n, with minimum 0 at 0, the maximum and the sum deviation

nrulti-level -ZI sequencing (i.e.,ORV) problems in mixed-model systerns are formulated

to minimize the objectives 2,,,o, and 2,,0, as the followings [6, 12]:

z ̂  * = mifl rTldx F, (x,* - ! rrr,t)
i , t , l i

. 3 '  
L  t t t

2,,, =minf I I F,(x,,* - !r*r,r)
t=l /=t r=l

.ubject to

t t t

' t , r i  -  
l , , , r r , , r ^ ,  i  = 1 , 2 , . . . , f l t ;  I  = 1 , 2 , ' . . , L ;  k

P = l

n l

. v , *  = l  * , , * ,  I  =  2 , 3 , . . . ,  L ;  k  = 1 , 2 , . . . , D ,
r = l

Y , o  = f  x p t k  =  k ,  k  =  l ,  2 , . . . ,  D l

x r l p 2  x p t , k - 1  ,  P  = 1 , 2 , . . . , t x i  k  = I , 2 , . " , D ,

x p t o ,  =  d  t ' t i  x p r c  =  0 ,  P  =  l ,  2 r ' . . , f t t

I u o  ) 0  e  Z * , i = 1 , 2 , . . . , n t | \ = 1 , 2 , . . . L ; k = 1 , 2 , . . . ,  D ,  ( 8 )

. ̂ c trb.;ective functions (1) and (2) minimize the maximum and sum deviation measures
-r.ncctively. The constraint (3) ensures that the necessary cumulative production ofpart I

( l )

(2)

=  1 , 2 , . . .  D t  ( 3 )

(4)

(5)

(6)

(1)
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at level / by the end of time unit ft,is determined explicitly by the quantity of products

prJr.uA ui t"uut .l: Constraints'(4) and (5) show the total cumulative production of level

/ and level 1 respeotively during the tirne slots I through k' constraint (6) ensures that the

total production of enrery product over ft tiurE units is a non-decreasing function of lc'

Constraint (7) guarantees that the demands for each product are met exactly' Constraints

(5), (6), (8) jointly ensure that exactly one unit of a product is scheduled during one time

unit in the product level. The particular cases of the oRIt objectives (1) and (2) are

studied in the literahre as the absolute and the squared deviation objectives in both

maximum and sum doviation cases as follows:

(e)

(10)

( l  l )

Zk =min fif&X lr* 
-tnr,l

i , l , t

2".- --min fnax (r* - Y*ruf
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'Being 
NP-hard in nature, there is no eflicient algoriftm for the above general ORV

objectives with the assigned constraints therewittr- The only published algorithm for

scheduling mixed-rnodet mutti-tevet "//I production systems is the goal-chasing method

(GcM),developod and used by Toyota to schedule automobilg.final assembly lines [15]'

This algorithm considers only two levels- final assembly and sub-assemblies' we refer

flz, lsf, for the oxtensive study of GCM and extended GCM.We consider the cross-

docks in between each lwel so that the operation time is minimized and inventory level is

reduced.

4. The CDSGI llodel DescriPtion

Tlne cDscLproblern is considered as truck sequencing problem (RSP) over here' The

notational convention is described as follows: Let 1 and O be the sets of inbound and

outbound trucks at the single receiving door and the single shipping door respectively of

the cross-docking terminal. Each inbound truck is loaded with units of different

products p € P. Suppose a(lp & the number of units of product type p arriving in an

inboundtruckaandbg'bethenumberofproducttweptobeloadedontooutbound

truck F. All product units are completely unloaded within a. service slot / to which the

respective inbound truck is assigned, so that all handling operations (e'g', docking'
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unloading and undocking) required to process the truck are executed within this time

span, e.g., an hour or two. Moreover. all inbound trucks are assumed to be available for

processing at the beginning of the planning horizon, so that a static problem with identical

arrival dates of inbound trucks is considered. The assumption of equally long serwice

tirnes can be seen as a reasorlable approximation of reality, whenever vehicle capacities

and the nurnber of products per vehicle do not strongly differ. As tlailers are typically of a

standardized size and cross-docking aims at moving only full truck loads, tlris prernise is

fulfilled whenever all processed products are of comparable size (e.g. mail distribution

centers) or all truck loads resernble a representative average truck load (e.g., rotational

deliveries of special promotional offers to all stores of a retail chain).

Once unloaded, the delivered products have to undergo several subsequent operations

before they are available tbr being loaded onto the outbound trucks at the shipping door.

These operations include recording of any product unit in the infornation system,

examining the product correctltess and quality, collecting, sorting, rearranging and

packing to recombine products frorn different inbound trucks to forrn the load of a certain

outbound truck. Finally, the products have to be transported to the shipping door, where

they wait in an intermediate buffer of sufficient size until they are needed. This variety of

tasks frorn recording to transporting is assumed to last a fixed movement time nr

irrespective of the truck load actually processed. Then, all products arriving in a slot I are

available for loading at the shipping dock not before slot I + nt if the movement process

can be started for any unloaded unit imrnediately, e.g. when applying a conveyor belt

s),steln. [f the movement starts not before the cornplete inbound truck has been unloaded

completely (e.g., a worker stacks all units behind the receiving door before tnoving them),

the units are first available at slot t * rn -l 1. However, the displacement m or m t 1,

respectively, can be ignored (set to zero) when modeling and solving the problem,

i.ecause after having detemrined a solution, an appropriate re-indexing of slots outbound

rrucks are assigned to allow the exact determination of the outbound schedule. Similarly

:!, constant unloading times, it is assumed that the movement time m is independent of the

.nhound truck and the loaded products, because handling full truck loads, which may

.ris'ays consist of almost the sarne number of product units, should take very sirnilar

::nres. This assumption is realistic especially within an aggregated medium-term

..:hc'duling approach.

i he set O of outbound trucks is to be loaded at the shipping door for each ,il t 'J with a

:.ieJetennined number of units i-r':.of the different products pe P. Also, it is assurned

:l:.rr all handling operations per truck are completed within a single slot. An outbound
':-;k can be assigned to a slot I not before enough stock has accumulated in the

:::cr-niediate buffer to serve all demanded product units of the truck. As only lemporary

.",'k is allowed (or desired) within a cross dock, it is assumed that ternporary stock is

:^::.lr befbre the first inbound truck an"ives and is emptied out again after the last
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outbound truck was served. Thus, within our model the following equality holds:

Iuelfiep *I$robgo.Vp €P. The simplifuing assumptions applied to our base model

are described in Il] '

5. The CDSCI Model Formulation

We set the following notations to formulate the CDSCL problem:

l: set of inbound trucks (indexed by a); 0 : set of outbound trucks (indexed by B)

P: set of products (indexed by p); I: total number of time slots (indexed by t)

o"u: quantity of p aniving in truck c; b6o = quantity of p to be loaded in truck p

xa: l,if inbound truck ais assigned to lP: l,if outbound truckBis assigned to

slot / slot I

(13)

(14)

(1s)

(16)

(17)

(18 )

(1e)

(20)
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As a direct result of the simplising assumptions in [1], the inbound and outbound

schedule can be readily derived by the sequence of inbound and outbound trucks' so that

the problem reduces to ZR,SP. The objective is to sequence the trucks in such a way that

the operation time is minimized which comprises the time span starting from the first slot

to which an inbound truck is assigned and lasts until the final slot in which an outbound

truck is processed. In our model, the time slots (t/ of operations of inbound and outbound

trucks are considered equal. with the above notations, we formulate the IRSP problem to

minimize the operation time as follows:

Minimize
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I
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The objective (13) rninimizes the maxirnum of the absolute differences of operation times

of outbound trucks f and inbound trucks a. The constraint ( 14) ensures that each inbound

truck is processed in exactly one slot, whbreas (15) enforces that in each slot at most one

inbound truck can be assigned. In analogy, these two conditions hold true for outbound

trucks by constraints (16) and (17). Constraints (18) ensure that an outbound truck can

only be assigned to a slot I whenever all required products are available (delivered by

preceding inbound trucks yet not consumed by preceding outbound trucks) to satisfy the

dernand for product units of each type p. So the available stock accumulated by all

inbound trucks assigned to slots t : l, 2,. . . , I has to exceed the total demand for product

units of outbound trucks scheduled up to the actual slot I (recall that it will actually be slot

t + m or even I * m * I when realizing the schedule). The constraints (19) and (20)

represent the binary variables for inbound and outbound trucks respectively.

On providing the left shifting property, Boysen et al. [] established the following

proposition:

Proposition 1: The TRSP is.l/P-hard in the strong sense.

The overall IRSP problem is decomposed into two sub-problems [1], namely inbound

and outbound ZRS?s, written as IBD-TRSP and OBD-TRSP respectively. It is divided

into sub-problems by fixing a particular inbound (outbound) sequence and then finding

the optimal outbound (inbound) sequence respectively. A comparison of IBD-TRSP and

OBD-TRSP reveals that their mathematical structures are identical. As a consequence,

any algorithm for OBD-TRSP can be used to solve IBD-TRSP and vice versa. In fact,

IBD-TRSP can be seen as a reverted OBD-TRSP, in the sense that the solution of an

:nstance of IBD-TRSP with an algorithm designed for OBD-TRSP requires the following

:  I  t3pS:

l. Revert the given outbound sequence and set it as the rnodified inbound sequence.

Consider the set of inbound trucks 1 to be scheduled as the modified set of

outbound trucks O.

2. Solve OBD-TR.SP with the modified input data.

3. T'he reverted optirnal outbound sequence constitutes the optimal inbound

sequence for the original IBD-TRSP instance.

. e\act dynamic programming approach is introduced and a heuristic starting procedure

lrr)lrosed to solve the identified sub-problerns [1]. The algorithmic descriptions are

:rited to OBD-TRSP, as they are directly transferable to IBD-TRSP. We conjecture that

! rnulti-level JIT production problem and the cross-docking supply chain logistics

'i'riern are counterpafts of each others. In this regard, we propose the following

,;rcisition to inlegrate ORV and CDSCL p'.,blems:

t1)

t 5 \

t6)

l 7 )

l e )

20)
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proposition 2: The solution of the ORV problem is balanced if and only if the solution of

the CDSCL problem is balanced.

6. Conclusion
We have proposed a mathematical model for minirnization of operation time in terms of

absolute differences of operation times of inbound and outbound trucks. our model is

slightly different comparing with the model of Boysen et al. [l] that considers the

operation time of outbound trucks only. The CDSCL problem is the multi-level

distribution problem. In this paper, we have considered the ORV model and the logistics

model only. The proper coordination between multi-level production lines and

distribution lines plays an important role to balance the overall supply chain management

of the manufacturing companies. The simultaneous study of multi-level -//7 production

and CDSCL problem will be our due course.
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Abstract: Every .F/-comparability graph contains a Hamming graph as spanning subgraph'

Any acyclic orientation of an F/-comparability graph contains an acyclic orientation of the

spanning Hamming graph, which has an interpretation in scheduling theory. We investigate the

neighborhood of //-comparability graphs in the family of graph classes. We find a class of H-

gruphr, which can also be transitively oriented. In the most cases the neighborhood classes

are identified as proper superclasses or proper subclasses of the class of H -comparability

graphs.

Keywords: Hamming graphs, comparability graphs, graph inclusions'

1. Introduction
An undirected graph G : (V, E) is called a comparability graph if there exists a

transitive orientation of its edges, i.e., if the arcs (zv) and (vw) are contained in the

orientation then the arc (uw) must be contained in it. The transitive orientation is

denoted by D:(V, A). Cornparability graphs are perfect graphs. A graph G :(V, E_lis

calied priq*t if for each of its indu.ed subgraphs G-, the chromatic number of G' is

equal iothe clique numberof G*. ThechromaticnumberX(G) of a graph G:(V,E)is

the smallest number of colors that can be assigned to the vertices in V in such a way

that any pair of adjacent vertices receive two distinct colors. The clique number a(G)

of G isdLfined as the largest number of pairwise adjacent vertices in tr/.

By assignment of a positive integral weight w(v) to each*vertex v of the graph G,

this can be extendld: for ea.il induced subgraph G" of a .vertex weighted

comparability graph G, the weighted chromatic number Xweight(G-) is equal to the

weighted clique number Xweight(G-). The weighted chromatic number Xweight(G) is

the smallest number of colorJ for a weight coloring of the given graph, where to each

vertex v a set of colorsF(v) of cardinality w(v) is assigned with F(v) nF(w):Q for
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.]7] NEIGHBORHOOD CLASSES OF H-COMPARABILITY GRAPHS

all adjacent veftices v and w. The weighted clique number aweight is equal to the
u eight of a maximum weighted clique in the considered graph.

Vertex weighted comparability graphs are super-perfect graphs, i.e. the interval
chromatic number xint (G) is equal to the weighted clique number coweight(G). An
Interval Coloring of G is an assignment of each vertex v to an open inierval Iy of
ic'n$th w(v) such that the intervals corresponding to adjacent vertices are disjoint. The
rumber of colors needed for an interval coloring is the length of I ur lv l. The Interval
Chromatic Number xint(G) is the minimum number of colors needed for an interval
.'oloring of G. The calculation of all introduced chromatic numbers and clique
:umbers belongs to NP-hard. However, there exist polynomial algorithms for the
:omparability graphs.

l: this paper, properties of vertex weighted Hamming graphs and the l7-cornparability
:nphs with a Hamming graph as a spanning subgraph are of interest. They have an
:rerpretation in scheduling theory. Especially, we investigate the embidding of
i{-comparability graphs in the family of graph classes.

i he paper is organized as follows. Section 2 describes some basic properties of
-"rnparability graphs. Section 3 is devoted to the study of graph class inilusions with-rspect to the H -comparability graphs. The paper closes with an overview on the
,rtained results and concluding remarks.

2. Comparabi l i tyGraphs

"' 
''asic introduction into graph classes, especially, into comparability graphs is given by' 
i-sl. If there exists a transitive orientation of a given graph G,- then the reverse

-:entation is transitive, too. We call a comparability graph unique orientable if only^ :: these orientations of G are transitive. Note that each induced subgraph of a
- ::iparability graph is also transitive orientable. There are two distinct appioaihes for

r \rrientation of a comparability graph. Both can be used to decide if a siven
--.,ph is transitive orientable.
- - I flrst approach is based upon color classes or implication classes. In this context

-' :nderstand each edge {ab} of G as two arcs (ab) and, (Da). Then the transitive
. ''rreS f* and I-*7 of the following relations f an<i l4 are equivalence relations on

; ic't of undirected or directed edges of the comparability graph G : (v, E),
- . :cJt iveiy.

v {ab}, {bct e E: {ab}r {bc}*fi;i i ; i i: i Ir*,* u}

s a
the
, i s

) i s
1S

) i s
vay
(G)

L/ ,

Lted

tire
\  : ^
, ,  IS

ach

for

.  . .r i .  t lre edges {ab}, tbcl form a v-shape,if  lab}l{bc} and {ab} + lbc} is val id.
'' ,r:ientation of one edge forces the orientation of the second one. The generated
- ..:.cnce classes are denoted as color classes.
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If we interpret each edge {c&} as the set of the two arcs (ab) and (ba), tl.re transitive

closure of the following relation gives the equivalence classes, called irnplication

classes:

Y(ab), (cd) e E: (ab) la @A <-+

If 1C is an implication class of a graph generated by the arc (ab), then the

implication class IC-' is generated by the reverse arc (ba). The ,set of edges is split

into the implication classes ICt, .  .  . ,  ICr, ICI' ,  .  .  . ,  rc; '  and any transit ive

orientation has to contain exactly one of each pair ICk,ICk-t , k: I, . . . , r. There

exists an O(n2) time algorithm for the orientation of a comparability graph by means

of these classes ll0l. Clearly, if {ab} and {bcl form a V-shape, (ab) and (cb) belong to

the same implication class.

The second approach is a dual one and uses the modular decomposition of a

comparability graph. The rnodular decomposition generates an acyclic orientation of

G, which is also transitive, if the graph G is a comparability graph, see 12, 7l for

details.
An orientation D : (V, A) of a graph G =(V, E) is called pseudo-transitive if (ab) and

(bc) in D implies that either (ac) or (ca) is contained in it, i.e. it is allowed that D

contains triangles, which are not transitively oriented.

Gl Gz G:,t

Figure 1: The non-comparability graph G1 and the comparability graphs G2 and G3

In Figure l, Gl has an odd closed walk (41256314), where no pair of vertices at

distance 2apart on the walk are adjacent. Therefore, G1 is not a comparability graph.

The graphs G2 and G3 are cornparability graphs. The color classes are demonstrated

for graph G2 and for graph G3 a transitive orientation together with two implication

classes are given.

The transitive closure of an acyclic oriented graph G is the smallest transitive

oriented graph which contains G. The transitive reduction of a graph G is the smallest

subgraph of G whose transitive closure is equal to the transitive closure of G. The

synrrnetric closure of a directed graph G is generated fiom G by adding all arcs (ab)

wlrere (ba) e E(G),i.e. this graph is undirected. From any given undirected graph G

a comparability graph can be easill,' constructed: calculate an acyclic orientation of G

f (ab): 
(cd) or I

1 u : . n { b d } e E o r i
l . b : d n  { a c }  e  E  )

i g l
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and detemine the transitive closure of this orientation. Obviously, the symmetric
closure of the obtained graph is a comparability graph.

-=,---;---\^
( 1 r  ) + ( i 2 ) * ( 1 3 )
\./ v \--l

+ t +
(21)+12' r1*(23)
-\ \-'l 

lv---__,/
:he

'oi i t

f a

of

for

ere

. i t i ve

: l  lest

The
-  (ab)

r h G

o f G

Figure 2: From an acyclic orientation of K2 x K3 to the H_comparability graph

We define the rank matrix RK = lrkil of the corresponding sequence graph (acyclic
orientation of the Hamrning graph K,, x K,,), where the entry rkq:l..un, thai a path
from a source to operation (ij) with maximal number of operations has / operations.

We denote a simple graph as H-graph, if it contains a Knx Km ds spanning subgraph.
An H -graph flG is usually drawn into the plane as n row-cliques of size m
connected to ru column-cliques of size n together with diagonal edges. Therefore,
E(HG) : E(K,, * K,,) v En holds, where Ep is the set of all diagonal edges. An H-
cornparubility graph is an f/-graph which can be transitively oriented.

The comparability graphs are widely applied to solve a decision problem in open shop
problem. A number of properties have been invented and a number of aleorithms have
been proposed from past, see [1, 3] for recent results.

3. Graph Class Inclusions

Inclusions of graph classes are investigated in the following. We recommend to
rr u'wteo.infonnatik.uni-rostock.delisgci for Information System on Graph Class
Inclusions (ISGCD for an overview. Here, the H-graphs and H-comparability graphs are
:rainll' focused. The family of graph classes directly connected with comparability
:raphs is specified to the fbmily of H-X-graph classes, where X denotes a special
rroperty. We classify each considered H-X-graph class as a proper superclass or a
rroper subclass of the class of H-comparability graphs or we show that the both classes
-r:.' identical [6].

3.1 Superclasses of the H-Gomparabil i ty Graphs

i ir sltow that an H-X-graph class is a proper superclass of the class of H-comparabilty
::.rphs it is sufficient to construct a graph which is an H-X-graph but not a
, ' :nparabil i ty.

;s at

:rph.
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a. A graph G belongs to the class of co-comparabititlt w comparability graphs if one of

the graphs G or its complement G is transitively orientable. All l{amming graphs

Kz x K^with m > 2 arc non-comparability graphs but their complement graphs Kz,nr a;te

bipartite and therefore transitively orientable. Consequently, all Hamming graphs

Kz x K* with m > 2 are H-co-comparability, and the class of H-co-comparability w

comparability graphs is a proper superclass of the class of H-comparability graphs'

b. A graph G is called ffi-free if it does not contain any graphEWs as its induced

subgraph,Figure3. .TheHamminggraphK2xK3mustbeB%-freeasthegraphEW3

contains more than the number of vertices of the former' Since the graph K2 x 1(3 is not

a comparability graph, the class of H-BWJ-free graphs is a proper superclass of the

class of H-comparabilitY graPhs.

c. A vertex weighted graph G is called super-perfect if for every non-negative integral

weights the interval chromatic number is equal to the weight of a maximal weighted

c l i que .A l lHamminggraphsKnxKzandKzXK,na resuper -pe r fec t .Because they

cannot be transitively oriented except fot Kz x Kz, the class of H-super-perfect graphs is

a proper superclass of the class of H-comparability graphs'

d. A graph G is called alternately orientable if there exists an orientation of G in which

no chordal free cycle of length k > 4 contains a directed path fu. By definition, a

deletion of one or more edges in any minimal H-comparability graphs yields a non-

comparability graPh.

BWs

9 J

Figure 3: The graPhs BW3 and BI'lt j

tn Figure 4, the graph HG is a minimal H-comparability graph because the Hamming

gruph can be uniquely oriented by one sequence implication class, described by the rank

matrix RK. Therefore, the graph HG - {b, g} is not transitively orientable, but there

exists an alternating orientation (see Figure 4). Thus, the class of Fl-alternately

orientable graphs is a proper superclass of the class of H-comparability graphs'
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" ' ' -6*

. f "

9 " - h .-"' i

HCI Dtt<:-!r,.gl

Figure 4: The graph HG and an alternating orientation of the HG - {b, g} .

e. A graph G is a Pa-comparability graph if there exists an orientation of G in which no
induced path Pa contains a directed path P3. We did not find a direct relationship
between H-Pa-comparability graphs and H-comparability graphs. Therefore, we define a
new class of graphs which are both H-alternately orientable graphs and H-pq-
comparability graphs and show that this class is a superclass of H -comparability
graphs.

f. A graph G is called AO-Pa-graph if there exists an acyclic orientation D with the
tbllowing propefties.

. 1. There is no induced chordal free cycle of length fr >4 which contains a
directed path fu.

2. There is no induced path p4 which contains a directed path fu.

The graph is denoted by H-Ao-Pa-graph, if it contains a Hamming graph as spanning
subgraph. Note that each induced subgraph of H-Ao-p+-graphs is an Ao-p+-graph, too.
If a graph G contains an induced chordal free cycle of odd length k >s,then it cannot
be an H-AO-Pa-gtaph since each orientation of such a cycle contains a directed path fu.
On the other side, each chordal free cycle of even length ft >6 is made up of induced
adjacent paths Pa. Therefore, it is sufficient to consider only induced chordal free cycles
,-rf length 4 and paths Pa.

\\'e define the relation f,d on the set of edges E of a given graph as follows.

Ihe transitive closure 9l* of this relation is an equivalence relation partitioning the set
rrl' edges into disjoint equivalence clas,es. An E*-equivalence class is trivial if it
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contains only one edge, otherwise, it is non-trivial. Any non-trivial E*-equivalence

class contains at least three edges which belong either to an induced path P4 or to an

induced chordal free cycle C+. If an edge belongs neither to an induced path P4 nor to a

chordal free cycle Ca, it itself forms an equivalence class. The orientation of one edge in

an equivalence class again forces the orientation of all other edges in this class.

In the following we consider the class of H-AO-Pq-graphs with 2m vertices which

contain the Hamrning graph Kz x K,n as a subgraph and show that all tliese graphs can

be transitively oriented. In the Hamming graph K2 x K,n ea;ch induced path Pa as well as

any induced chordal free cycle C+ contain exactly two vertices from each of the both

row cliques RCr and RCz.

Lemma lLet HG = (V, D: K2x K^w Eo be an H-AO-Pa-graph and D: (V, A)be an

AO:P. +.orientation of HG. If both arcs (a, D) and (0, c) belon g to A and one of the edges

{a, bI or {b, c} belongs to a non-trivial E*-equivalence class of HG, then la, c\ e

E(r{G).

Froof; Let HG = (V, E): K2 x K,, u) Eo be an H-AO-Pa-graph and D : (V, A) be an

AO-Pq -orientation of HG. Let et : {a, b\ and e2: {b, c\ be edges in HG wtth (a, b),

(b, c) e A(D), and let er be in a non-trivial E*-equivalence class. Then, there existS

either an induced path Pa that contains the edge er but not the edge e2, or a chordal free

cycle Ca which contains er but not e2. The proof requires the following distinction of

cases.

Case l: The vertices a, b and c are contained in the same row clique. Then {4, c} e

E(HG).

Case 2: Not all vertices a, b, c are contained in the same row clique. Suppose that a, b

e RCr and c e RCz . Assume that {c, c} is not an edge inHG.

Case 2.1: The edge e1 belongs to an induced path Pa.

Case 2.1.1: The vertices a, b, u andv with z, v e RCz induce the path Pq: (u,v, a, b) in

.FIG. Then the edges {r, al , \u, bl and {v, bl are not edges of HG, see Figure -5. Since

{v, bl e EQIfl holds and by assumption {c, cl e E(HG) is satisfied, the vertices a, b, c

and v induce a chordal free cycle C+ in HG. This cycle contains a directed path P3 in the

orientation D which contradicts that D is an alternating orientation. Thus, \a, c| e E(H

G) is valid.

Case 2.1.22 The vertices a, b, r, v with u, v E RC2 induce the path Pq = (a, b, u, v) in

HG. This implies that {a, ul, {a, v), {b, v\ e E(HG). Assume that {a, c\ e E(HG).

Then the vertices a, b, c, v induce a path Pq in HG, Figure 6. This implies that in the

orientation D the path Pa : (a, b, 6, 1,) cont&ins the directed path Pr : (a, b, c)

{-rl
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a" cl e E(I
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{b L} The
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contradicting to the precondition. So, the assumption is false and it holds
,a. c| e E(HG).

RCt
./' (l

/ "

I
a

a .
l t '

\  t t l
. \ l

/ 1
I \

\ ;

r r  P 1  :  ( t L , l , . 0 .  / ) )

RC,

Pa : (cL, b. u. r ')

non-cxistcnt

cdges

:h

t n

as
,th

an

JES

€

RC,

u)il-existelit

edges

an
L \

) t s
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Figure 5: Example for Case 2. l . l

R.Ct

\3 r -  *

\
\

L
\ _ \

\

\- ,)V -/ (

Figure 6: Example for case 2.1.2

('ase2.2: The edge e' belongs to an induced chordal free cycle cq: (a, b, u, v).Then
: ttl, lb, v| e E(HG) holds, see Figure 7. with {a, c} e E(HG),the verrices a, b, c, t,

' Juce a chordal free cycle Cq : (a, b, c, v) which contains a clirected path pr in the
' cntation D' Then D is not an AO-Pa-orientation, in contradiction to the precondition.
' crefore, it also holds {a, c} e E(HG) in this case.

( rse 3: Not all vertices a, b, and c are contained in the same row clique. Suppose that a
.-lC; and b, c e RC2. Assume again that la, cj is not an edge in 11G.

t rrre '3.1: The edge el  belongs to an induced path pa: 
et,  a,  b,  v) with u e RCr and

RC:. Since {2, b} and la, cl do not belong to the set of edges of HG, as illustrated
- i :gure 8, the vertices a, b, c and u induce a chordal fiee cycle cq ({u, c} e E(HG)) or

- "' Pa ({u, cl e E(HG)). But then the cycle Cq 4 (a, b, c, t) or the path pq: (a, b, c, u)
:.rins the directed path \ : (n, b, c) in the orientation D, a contradiction to the

'-- , .ndi t ion. 
Therefore, {a,  c ' }  e E(HG) holds.l n

; i l \

- 1 . ^
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RCr

RCz

r . - r  Ca , :  (a ,b , r t , u )

non-existeni

edges

IL

Figure 7: ExamPle fot Case2.2

RCr

Figure 8: ExamPle for Case 3'l

Case 3.2: The edge er belongs to an induced chordal free cycle Cq = (a' b' u' v) with

v e R C t a n d u e R C z . B y a s s u m p t i o n { a , u \ , { b ' ' \ a n d { a ' c \ a r e n o t i n E ( H G ) ' s e e

Figure 9. If the edge {v, c} is contained in E(IIG\,the vertices a, b, c, v induce a chordal

free cycle Ca,.If {v, ri do., not belong to E(HG), the vertices v, a, b, c induce a path Pr'

Both cases contradici the condition that D is an AO-Pa-orientation of HG' Thus the

assumption is false and {a, c} e E holds'

RC,

/ " o \ t

,
a

a
a

\ /
\ /
, \

/ \

\= r)

Figure 9: ExamPle for case 3'2

The proof is completed, as in all cases {a, c\ e E(G) is valid'

LetEl,' . ., Ev'be the Ef,-equivalence classes of Fl-graph HG: Kzx K*|) Ep,and

T be the union of all trivial E*-equivalence classes. Note that T exactly contains th

edges which belong neither to an induced path Pa nor to a chordal free cycle ca' \

.we investigate all edges in z by the relation f. To be sure that we are only in I

denote this relation uy rr. If {a, b\lr {b, c} is valid, then not all of the vertices a' h

c c a n b e i n t h e s a m e r o w c l i q u e o f H G b e c a u s e t h e n { a , c | e E ( H G ) h (

ft
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Furthermore, there exists a vertex x in VQ{G) such that the vertices a, b, c, x induce a
-'r'cle of length four in HG.we assume that {a b} e E(HG) holds. Then the cycle (a, b,
.. -r) has no chord. So, the edges {a, b} and, {b, 

"} 
belongs to one non-trivial

E.-equivalence class, a contradiction to the fact that these edges are trivial
E.-equivalence classes, i.e. {x, b} e E$IO is valid.

I he transitive closure f*p of the relation f7 on the set Z induces a partition of I into
Jisjoint f*7--equivalence classes. Each class with cardinality one is denoted by
I- -tt'ivial- The other one are denoted by f Tnon-trivial. For any H-graph HG with 2nt
,. crtices and the set Z above described, the following holds.

I-emma 2 Let Ti be a f.pequivalence class in the H-graph HG witlt more than one
rdge. Then all edges in T;have a common end vertex.

Proof. LetTi be a f*7- equivalence class in the H-graph HGwithmore than one edge.
\ssume that the two edges {o, bl, {c, d} e I.do not have a common end vertex. Since
,r.  b)1.7{c, d} holds, there exists a sequence {a, b}:  e*te*2..  . ,  q*o: {" ,  d} of  edges
:: f where every two successive edges are in f7 relation. Furthermore, there exist three

- ' lgc-s e;*,  e* i*1, e* i*2 with i  e f l ,2,  . . . ,  k*2) such that e* i  and e*i .2.do not meet at a
- )nrrnon end vertex. W.l.o.g., let it be e"1: {u, v}, €*i*t : {r, w} and, e* 42: {w, ;r}. Now
.i c have to consider two cases.

('ase l: It holds u, x e RCl andv, w e RC2,then in particular, {u, x} e E(Hc).Because
^' assumption {u, w} and {v, x} e E(HG) the vertices u, v, w, x form a chordal free
- . ;le ca. So, the edges {4, v} , {v, wl and {w, 

"} 
belong to a non-trivial E*-equivalence

- .rss rvhich contradictions to {a, v}, {v, w}, {w, x} e T.

( rse 2: It holds u, v e RC1 and w, x e RC2as shown in Figure 10.rf {u, x} e E(HG),
'-'rertices 

u, v, w, x induce a path pqin IrG.rf lu, xl e E(HG),the vertices u, v, w, x'-:'Jce a chordal fiee cycle cq.rnboth cases the edges {u, v}, {r, -} and {w, -r} belong
.1 non-trivial E*-equivalence class which is a contradiction to the choice of {u, vI.
' ,  i  and lw, x\ .

-.s the assumption is false and all edges fiom Tihave a common vertex. l r

-  1 ' 1  l , , q , . i l 1  7

il( )ll-a'Iist(,i.rt

cr lgcs

Figure 10: An example for Case 2 in the proof of Lemma 2
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If we apply the frrelation to the edges of Z; with the common vertex a, all edges {x, a}

of Zi has to be oriented either from x to a or from a to x. Norv we are able to formulate

and to prove the following theorem.

Theorem I If HG : (V, n : Kz * K, u Ep is an H-AO-P+-graph, then HG is a

comparabili4, gt'aph.

Proof. Let HG: (V, E): Kz x K,n\-) Eo be an H -Ao-Pa-$raph and let E1, . . . , EL be

E*-equivalence classes from HG. We construct a pseudo-transitive orientation

D: (V, A) of HG: the non-trivial E*-equivalence classes are oriented as in an AO-P+-

orientation through fixing of a direction of an edge in each class. The set I of trivial

E*-equivalence classes of HG are partitioned in f.7-equivalence classes. The edges of

each non-trivial l*7-equivalence classes form a star and are oriented according to the

frrelation by fixing an arbitrary arc. All remaining edges {u, v} build trivial

fpequivalenoe classes, they get either the orientation (4, 
"; 

or (v, u). The conditions

{a, b}, {b, c} e E and {a, c} e E implies that either both edges belong to the same non-

trivial E*-equivalence class or they belong to a non-trivial fa'equivalence class. In both

cases either (a, b),(c, b) e A or (b, a),(b, c) e A is satisfied by Lemrna 1, Lemma 2 and

the construction of D. Since the condition (a, b), (b, c) e I implies eitlier (a, c) ot (c' a)

in A(D),the orientation D is pseudo-transitive. Therefore, also a transitive orientation of

l1G exists, and hence, HG is an H-comparability graph. t'

A generalization of Lemma 1 does not remain true if we consider the H-AO-P4-graphs

which contain the Hammilg graph K, x Ku, as their subgraphs. Figure 1l illustrates an

AO-Pa-graph Gpq : (vpq, Era) which is not a comparability graph. An AO-P+-

orientation is representedby Dpa: (Vpq, Apq).

I

--te.

rrt*l

ftu .-r

rf  r :

ri l f l

r \ l

i " , - r l

r f l f

t : :

" rrrTs

. 
"&lliil

I J

i l , r  n

l * i

rtlf .

Let HG : (V, E) be an

properties.

1.  V (HG):  Vpqw

Figure I 1: The graph Gpa and the orientation Dpa

H-graph on the Hamming graph K3 x Ka with the following

lv l ,  vZ, v3, Ir .1, l '5 |  ,
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The vertices in Vpq induced the graph Gpa illustrated in Figure 11,

For al l  x e V\{vi}, i  :  7, .  .  . ,  5, {v,, x} e E(I{G).

Figure 12: An H-AO-Pa-comparability graph which is not an H-comparability graph.

Then the graph HG (see Figure 12) is an H-AO-Pa-graph as there exists an AO-Pq-

orientation of it. The edges of the vertex set Vpa, which build an induced subgraph form

theonlynon-tr ivialE*-equivalenceclass of HG. TheorientationD:(V,A) havetheset

of arcs A: {(r,, x) l.r e N(v;) and y*vi,j < i} v Apa.

n'here Apq is the arc set of the orientation of D pq as illustrated in Figure I 1 . Clearly, D is

an AO-P+-orientation as it satisfies the required properties. But the graph HG is not an

H-comparability graph since the induced subgraph with respect to the vertices in Vp+ is

not transitive orientable.

So. the class of H -AO-P4-graphs is a proper superclass of the class of H-

;omparability graphs It is shown that the class of H-P4-comparability graphs and the

class of H-comparability graphs are not identical.

3.2 Subclasses of the H-Comparability Graphs

\\'e investigate the relationship of the H-comparability graphs and the subclasses.

r A graph is called bisplit if its set of vertices V canbe partitioned into V1, V2, V3where

i- is a stable set ,S and V2, V3 rnduce! a complete bipartite graph. In any H-bisplit graph

onl1,' one vertex from each row-clique or column-clique can be contained in Vt, Vz, Vz.
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Therefore,.all H-graphs which contain the Hamming graphs Ku x K. with n > 3 or m> 3

are not bisplit. Thus, the class of H-bisplit graphs is a proper subclass of the H-

comparability graphs.

b. A graph G : (Y, E) is a circular-arc graph if there exists a family of circular arcs

{A,l v e Z} behind a cycle such that u, y e V are connected by an edge if and only if

Ao A A, * (D. The graph G : (V, E) in Figure 13 is an H-comparability graph. A

transitive orientation of G is shown in Figure 14. For the vertices b, c, d,f and g, which

induce the graph G': (V,E') in Figure 13, there does not exist a family of circular arcs

{A"1, e V'} withthe property that {u, v} e E'whenever Au ̂  A,, * <D in Figure 14. The

location of the circular arc A1clarifres that the graph G'is not a circular-arc graph. Thus

the class of H-circular-arc graphs is a proper subclass of the class of H-comparability

graphs.

c. A graph is weak chordal if G and its complement G does not contain any induced

cycle of length k > 5. Consider oDC€ lllof€, the graph in Figure 13. It is an H-

comparability graph but not a weak chordal graph because the subgraph G" induced by

the vertices e, b, e, f g and i is a chordal free cycle of length 6. Consequently, the class

of H-weak chordal graphs is a proper subclass of the class of H-comparability graphs.

G

Figure 13: An H-comparability graph G and the induced subgraphs G' and G"

4,,

Aa

Figure'14: A transitive orientation of G and a family of circular arcs to G - {f}
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d. We investigate the class of circular permutation graphs. Consider a graph G : (V, E)
with n vertices and let fr: (u n,) be a permutation of the vertices l, . . . , n. Now
r v e d r a w a b i p a r t i t e g r a p h w i t h t h e v e r t i c e s l , 2 , . . . , n a n d f r : ( T \ , . . . , T ; r ) o n t w o

concentric circles, both vertex sets in clockwise direction and try to connect the vertex i
witlr the vertex r;i , i: L, . . . , n,by a line between both circles in such way that the edge
{i. n;} crosses the edge fi, ry} if and only if {ni,ril is an edge in G. It is possible, that
such a representation does not exists. But if it exists, we call it circular permutation
diagram. A graph G : (V, ,O) is called a circular permutation graph if there exists a
permutation r : (TEr, rE2t . . , 7rn) of its vertices such that the corresponding circular
permutation diagram exists.

To show that the class of H-circular permutation graphs is not identical to the class of
H-comparability graphs, we use Lemma 3 of [9] and Lemma 4 of [g], respectively. Here
the graph switch (G, ,) of a graph G : (v, E"; is obtained by connecting v to all vertices
-r e zw(v) and deletingall {v,y} withy e N(u). The switch (G, I/) for a set v,c vis
the union of the graphs switch (G, z) with z e Ir'. Furthermore, a graph G with n vertices
is called a permutation graph if there exists a labeling vt, vz, .. . , vn of the vertices of G
a n d a p e r m u t a t i o n n : ( n , . r E z , . . . , n n )  o f t h e n u m b e r s  1 , 2 , . . . , n  s u c h t h a t v ; a n d y ;
are joined by an edge in G if and only if (i - j) (nlt - n;') < 0, where n-rp is the integei
s'hich 7r maps zconto /c.

Lemma3 Letv e Ein G: (v, .o). Thegraph G is a circularpermutation graph if and
only if G is a comparability graph and the switch (G lr lvyy is a permutation graph.

Lemma 4 A graph G is a permutation graph if and only if both G and the complement

G are comparability graphs.

Consider the H-comparability graph G = (V, E) in Figure 13. Assume that G is a circular
permutation graph. Then by Theorem 3 the graph switch(G N (a) is a permutation

graph. This is false, because the graph switch (G, N(a)): G and the graph G in Figure

I 5 are not transitively orientable. If the vertices in G would be oriented by means of the
relation f, the edges {a, h}, {a,-f ), {a, i}, {d, i\, {e, i), {e, g\, {f, g} belongs to one

I--equivalence class. Then a result is the path pz : (a, f g) with {", S} e E(G),
Figu:e 15. So, the class of H-circular permutation graphs is a proper subclass of the
.'lass of H-comparability graphs.
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t h i s h i

G Pa'rtial orieutatiou

Figure 15: The complement G of G from Figure 13 and a partial orientatiott

e. We consider the partial orders and their comparability graphs' Let P : (X' i be a

posetof  d imensionL.rn.graphG =(x,E)wi th  { r . r ,  v \  e  E <+ei ther  u<voru>vinP

is called a comparabitlty graptr of ft-dimensional poset P. The orientation 
3f 

G.with

A : {(u, v) | u, v e Vwith a < v in P } is transitive' A graph G : (V' E) is called a

comparability graph of circular order if there exists a family C : \C'i |'t e V) of the

cycles in the plane such that the vertices vi, vi e v ate adiacent if and only if c"; is

contained in C,r'or C,; is contained in C,;'

It is an open question whether the class of H -comparability graphs of circular orders

and the H-comparability graphs of 4-dimensional, respectively, 3-dimensional posets

are proper lower classes lf tn" class of H-comparability graphs' Recall [11] that the

determination of the dimension of a given partial order is a NP-complete problem for

dim(P) > 3. Therefore, the connection between partial ordered sets and the

comparability graphs, especially, the H-comparability graphs is interesting but seems

difficult.

In the following the lower classes of the comparability graphs of circular orders' of 4-

dimensional, respectively, 3-dimensional posets on the basis of H-comparability graphs

are considered to estabiish the border between the H-comparability graphs and their

relatives. The classes of the chordal comparability graphs, the co-interval graphs and the

permutation graphs belong to this class'

f. A graph G is chordal if it does not contain a chordal free cycle of length k 24' If a

grupt, is comparability as well as chordal, it is called chordal comparability graph' The

Hamming graph K2 r K2 is a comparability graph but not a chordal' Following that the

class of /y'-chordal comparability graphs is a proper subclass of tlie class of 11-

comparability graPhs.
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g. A graph is called co-interval graph if its complement is an interval graph, where a

graph is an interval graph if there exists a set of real intervals U,, I v e n such that the

vertices u, v e V are adjacent if and only if /,,n 1,,+@. see [4]for a proof.

Lemma 5 A graph is an interval graph if and only if itdoes not contain any chordal free

cycle of length k )4 and its complement G is transitively orientable.

The H-comparability graph G in Figure 16 is not a co-interval graph, because the

complement G contains a chordal free cycle C4 : (a, g, b, h) and, therefore, is not an

interval graph by Lemma 5. Therefore, the class of H-co-interval graphs is a proper

subclass of the class of H-comparability graphs.

Figurel6: An H-comparability graph that is not co-interval graph

h. Recall, a graph G with n vertices is called a permutation graph if there exists a

labeling vt,v2,. .  .  ,  vn of the vert ices of G and a permutation n: (n1, Tt2z. .  . ,  zr,) of the

numbers l, 2, . . . , n such that v; and v; are joined by an edge in G if and only if

(t - /X7rtt - n;') < 0, where np*r is the integer which fi maps onto ft. Because the H-

comparability graph in Figure 11 is not a permutation graph, the class of H-permutation

uraphs is a proper subclass of the H-comparability graphs.

4. Conclusions

.-\ll contained superclasses of the class of H-comparability graphs are proper

\uperclasses. Moreover, it is shown, that all H-AO-P4 graphs which contain the

Ilamming graph K2 x K. as spanning subgraph, are H-comparability graphs. Most of

::tr' considered subclasses are proper subclasses. But the relationship between H-

-'..mparability graphs of circular order and 4-dimensional, respectively, 3-dimensional

l,)sets and H-comparability graphs could not be clarified. There are some open

:.:estions in this connection of graph classes for further research.

. :r..se investigations are important not only from graph theoretical viewpoints but

.. .,r lrom practical viewpoi.ts since the cornparability graphs have quite important
- .rs in solving the ciassical shop scheduling problems.

rcknolvledgements: The second author thanks for the DAAD suppotl to his research visit at
'. ersity of Magdeburg, Germany (October-Novemller, 2006).
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Mathematical Model of Slider Bearing

KEDAR NATH UPRETY
Central Department of Mathematics,
Kirtipur Campus, Kathmandu, Nepal

Abstract: To reduce tear and wear of machinery lubrication is essential. Lubricants form
a layer befween two surfaces preventing direct contact and reduce friction between
moving parts and hence reduce wear. The choice of lubricant is important for a given
application. In this model the lubrication of the slider bearing is studied. A simple slider
bearing has two plates of given profile separated by a gap between the plates is filled with
the lubricant. One of the plates is fixed and other is moving horizontally. Due to the
viscosity of the lubricant, motion of the plate's results in work done on the lubricant
increasing the temperature. This study will be helpful in finding the condition under
which the safe operation of the bearing is ensured. That is, in finding the condition under
which the temperature of the lubricant is lower than the ignition temperature. When the
t'ariable viscosity is considered the case becomes complicated. Further investigations are
necessary.

Key words: Navier-Stokes Equations, dimensional analysis, scaling, load.

1. Slider Bearing with Parallel Plates
The incompressible Navier- Stokes equation is

:ility
18.

s and
: .  160-

1982)

rblem.

* + u V u  - f  *  r , A u * i P : 0

V . u  : 0

( l )

(2)

uhere (1) represents the conservation of momentum. u = {u,u'} be a vector, p is

Pressure and p is the density, l' is kinematic viscosity. The body force / is usually
absent and other parameters remain constant.
I-et ir(-t , ; , f) and x'(x,;.rJ be the components of velocity of the f luids in
rorizontal and vertical directions, respectively then by (1) and (2)

du du  du  ' ^  
d t t  r  C :  i .  o?  u \_ - r - u * + ! 1 ' * + _ : : I  + _ l

d f  d r  6 ;  o d r  \ , i r ;  d : ? I
(3)
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#*,#*u '# . iX:  " (#.*)
f * a i * * 6  i
i r  dz

By imposing the boundary conditions .
{ r : , w ) =  { 0 , 0 J * f  :  =  0 i

(t l .n') = ("uo,0) sf; :  tr

i15l

(4)

(s)

Top plate VelocitY uo -

rtcte p t

Uidr the c

rd from (

Foo 151,,

ILc bound

hc the p

fngraring

h4rating

{m integ

tt cr at

tti the bo

3c 6n-

{n nom

Bottom Plate L

Bearing with Parallel Plates

Here, ilo is the typical horizontal velocity of the plate and I is the typical

separation between the plates which is shown as in figure. Let the following

parameters for bearing used are :

i .  *  Sc l l l ,  I  e  Spn t ,up  =  I t n / sec ,  p  =  Lx  105 i r ' 9m-3 '$  =  1  x  10 - im : l sec

To non- dimensionalizethe equations parameters are scaled as

x *  . f l  , : =  3 l  , t l  =  f i t t - , v r ' = i r  € L t p ,  r  =  i l r l u p ' p  = F p

From (3) and (4), we get
,'h.uo* 

Iddu- * 
weui d' + 1 I E : r, (? 2 *++:l (6)

T a i - - l a i '  I  d 2 ' p L o *  
" \ l r  d * 2  l z d z z j

; u i ,  a ' ; r . ; e u i  d u -  - : : r . i  a f , + i l d f

L ' 7 l - - - ' - ' T " T E  p L d i

_ ,, f,.uo 
d: ir, 

* :1r. *Il (7)t' 
I It a.*, 

- 
12 AZz )

Multiplying (6) bV land (7) bV----; Bnd setting, e =: is typically 1x104 ' P is

undecided scaling factor for the pressure. Eliminating the terms which have small

coefficients as compared to 1. from (6)

P sF vL d3i l

redt 
* F*u*

Here, F is chosen such that
P l:L

Pa-t> I - uF
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(8)

P

F

(1 )

(s)

6p

ds--

0

pu u6l .
:  - { , .

uu* L
_ "  F

where $ ; ptt

With the choice of P, we get from (6)

gg: { '1 l
d.r. ai: 

(9)

and from (7)
l p t

;  . . . i

" d tr r  * S

From (5), we obtain

E + { : o
dJf aE

The boundary condition forl and for ff

rT = 0 at; = 0 and l l  = 1 atf :  1

SF: 0 at f : 0 and frt : 0 at"' : 1,

Since the pressure p is independent of : then from equation (10)

s : o
d f

Integrating, F: fri"t) with the boundary conditions;

P : 0  a t  F : 0

f  : 0 a t  . i : 1

Integrating first we obtain,
doi.il _- Z *  C ,

di-

Again integrating,

dci.i l  1z
i ?  : ; i . :_  4  c12+ c2

where c, and c. are constants.

Withtheboundarycondit ion f i  * 0 at? = 0andi? * I atE*

- 0

A T

a;

(10)

( 1 1 )

(r2)

(7)

. P i s

srnall

We get,
-  r d o

C : : U  a I l 0 C 1  : l - - -
2 d x
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#:-*i{f,*-4
#*-*t(*)*-4

r , f f=- t?- ;J#*- ,
Where c, is constant of integration with the boundary conditions;

ff :  0 at i  :0 and != 1, wehave

cs=Landc* = -*#

df3

Integrating we get,
de
- : C ' t
d x

" "  
0 = c a i * c t

with the boundary conditions on 0 begin zero, we must have that p x 6'

Here, it is shown that the pressure is zero, the bearing with parallel plates can

support no load. Therefore,it is not helpful in physical problem' But this problem

acts as a clue for the further work'

2. Slider Bearing with Non'parallel Plates

When a bearing with parallel plates cannot support the load, Slider bearing with

non-parallel Plates is studied.

t57l

Imposing th

From (12) v

Thus.

al

. .  d c
Lrenotlng -- 

d' i

drF

Az

=

d ! { l- =
ai

lntegrating w

t r - -

By imposing

w

w

rC get ca F

.tgnin,

u : -

0 - -
E" rG] .

9 l  .
1 a

fhis can be sir

and

Velocity uo -

Bearing with non-Parsllel Phtes

We assume that the bottom plate is flat and the top plate is given by : = lr('x)'

Other parameters remain the same as bearing with parallel plates'

We scale the above equations (3), (4) and (5) with

x : F L , z : 2 i ,  t t :  u t r y  w :  f r  €  t t p ' h t x )  :  I f t  f ' f ]

_ L
t * i ; , p = p p

l l s

We obtain the non-dimensional equations, (9), (10) and (11)
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Imposing the boundary conditions

From (12) we get,

. i l = 0 n t - i = 0
tt : X. at ,= : ft-ii)

o : * . 0 + r : 0 + c .  . r c : = o

and  t : f rT+c1 [ ( { )

cr *,* -ifff i lrr
Thus.

r r : S | : r - l t r l  * :
d ' ' L :  : J  E

Denoting 
ff by 0'{.?}. Now from equation

u o - - u n  - - g f l : : : : f l c t * i l
d i  d i '  a r L \  :  / e * . ' j i J

r-- ;,0_#ll +o " (o ) - : *o ' ( r )+==  |
[  

:  i d r -  , .  
)

u * - _ [ a - u n -  ,  i s l  ; * l  " : , , ,
d r  t ,  

o ( r ) - ; ; o ( u ) - # J

Integrating we get,

[ r r ,  - l ; - l  : " t i  ; z : r - ]
t r / r-"  -  -  l l : -  -  

?j  0"(r)  -  
r ;6,  

( . i )  -  
**f  *  . ,

[ L u  
. r I  \ . 1  

i d . .  _ . . * ^ l

(  l 3 )

(14)

By imposing the boundary condition,

f f * 0 c r - l s 0

w : 0 r r t ; = [ ( - " 1 - )

w e g e t  6 t  = 0  .

Again,

0  -  - | t f aL1  - [ : : r . i i ] jO  f  i l - {$ rdFnr - r  n - : r ' . r cq  ,  , . '"  t \  6  ' t  - t -  ' " . ' -  . t  d r ' L ' ( r J - . h - u . ' J  + U

0 = - [-{ l l0 ' ,( . t)  -  E""do'r. t)  -  . : i i l
I  l ?  

-  
4  c i * . ' " /  l d r - J

F l i t t l  - -  l T , ' r : i , . r i ior ,  +0" ( r )  + t - t r r *o , ( r )  + l * :  o
rnl, .un i. ri-plifi.d u, 

n dr- i dr
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0' ( f1*

0'( l)=#-+E-$
i l c l f  + k r ) r ' { & ' * + f r n } s

Integrating we get,
6k. k,f,

o(x)=ffi-ff i- ' :
The constants of integration rr and 12 are determined by boundary conditions on 0

which are at 0 u 0 at f = 0 and f = l.

r n * r i - - 6

r r  +4t  *  -13

o( r ) : * *#+( -2 )
6  -  a  - t  

'
: ; ; - f f i - o

zi - z*z 2i(1-t): q, *,1" 
: 

61p-.
?r(l-r)' ' P=oTF

which is positive for x € (0' 1)

Hence, pressure is developed inside the fluid and the bearing supports a load

given by the integral of pressure between the limits S = 0 and "t: I

Hence,
1 1 ? f ( t - i ) , -

l o a d 0 =  |  :
rt fiTrycx

l s * d : 6 i n ( ? ) * a

tsel

Substitutin6

expression r

Having det

dissipation

temperafure

Where p an

nqglected be

Now, from e

Itfp rp lE i+

, ( 5 - t- 
Vr3 

' 
d.r

where co is tl

that the plate

critical temp

scaling as be1

Here d is tl

boundary con

Scaling and r

simplified enr

*t f6'(r) ]  *:#:o
Assume a linear profile with Eix) : krf * &, and further assume that ict = Jc: : l'

With this assumption, we get

* tryo'(r)l . i*(k,n * k,) : s
Integrating first,

(l*I*l.F,6,(.r) + 
|tn,** 

rc1) * 4

{
F .

td
l :

t :
\ (

-* {*ro + tcr} + r.
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Substituting the expression for pressure in equation (13) and (14), we get the
expression of u and u,respectively.

Having determined the velocities of the fluid, we now consider the viscous
dissipation caused by motion. Assuming constant viscosity with respect to
temperafure, we have energy balance equation

D T  A O  A  I  A r \
P c r o t = d r - n . t u u " / = o

where p and k are density and thermal conductivity. The external energy q. is
neglected because it is not present.

Now, from energy Balance equation, we have

p,,(T* "# * *#) = z& [i#. #)'* (#)'
r f g * * )

\d_ t -  d?" , l

/dv. dr'. \ dr'
O = r { i - - t ' 1 -

\ d . y . r  ox t l  d r ,

*(#)'J *

where co is the specific heat of the fluid and lr is its thermal conductivity. Suppose
that the plates are kept at a constant temperature I, and lubricant catches fire at
critical temperature Io. we proceed to non-dimensionalize this equation by
scaling as before with

I = I r + 8 ( L - I n )

Here d is the non-dimensional variable which varies between 0 and l. The
boundary conditions on d are given by,

4 = 0 , d , f  f  = c , ; =  f i { r )

Scaling and neglecting the terms that are small as compared to

simplified energy equation given by

u : -  rdu  r :  k  d :g
, ,  ( t _ l  _ *  , 7  _ T t )n '  

i :  I  a - ' l  l a a : :  
\  r c  -

ldr- i  i :  k A: I
{ 

"-- 
I 

= -----=;--t i. - ft)
\  s :  /  

l t t t l d :  
_

.  - . :
/ d t t  r '  d ' A
l _ l  =  * f i _
I  n -  ,\ .  o :  t  o : '

, we get the
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where '  

B=a(r ._  r r ;
ttu.y

Substituting the value of u- from equation we get

a [r:: - if i ] do -il= ard
-  l '  "  - :  - l  -  - E l -

d : f  2  d f ' f i I  
- d : :

trntegrating twice the equation, we get,
; i  I r  f r  1 . . : :  ;3  t f  tT  l
l o  t r ' ) :  +  l i - ; o ' ( i ) f  -  - ; o ' ( t ) l ;  - f  o ' ( i ) l *  c r :  o c "  =  - B d
r :  ln  !  I  t  5  l r r  :  ]

Using the boundary condition on 6, we get the expression for F as

*Bo :o'(\)2 H# * F - f o'C*>]' (+)
+d'ft)[*-*r'(,r)](ry)

We note that $ satisfies the boundary conditions at ;- = 0 and f - fi(;ij and for

the case of linear profile, 0'('iJ is

f i ' ( i )= -, ,  =!1i,  . .* r ,  -{ l i ,  ,=
(&1,i + frr), (r(1i + k:)3

So d can be determined from equation

Here pressure is not zero and the bearing with non-parallel plates can support load

easily.

Thus, the expression for temperature of a lubricant in slider bearing is derived.
For the case when viscosity is constant, the expression is

u*,"., | '{r,* r,)
pu;

This gives conditions on possible values of various parameters of the bearing.
However, when viscosity of the lubricant changes with temperature, due to nature
of PDE involved, an explicit solution could not be derived.

3. Variable Viscosity

In the previous works, viscosity was considered constant. Here, variable viscosity

is considered. For the liquid, the viscosity decreases with the temperature. From

(3) and (4) we have

9r +,rA * r,.4 +LPt : L (r, 4) 
" 

i{ ' ' ,, t)
af 0x dz p dx dr \ dxl de \ d.r/

(15 )

Fil l

Ar rn the pn

d i

o 2

d i

a;
aa
d t

Frco (17), u
u i _
d :

hihrly, tht

13

llatc,

B  - .

t d  l - ' : : ^
d

h ( t 8 ) ,

F :  @ l
f r ( r7 )

c t
a i

trr ( l9),
3 : ;_ =
e t:.

L oguation

-G6 with t

b b the casr

trl C. R. Dor
Cambridg

El D. P. Pat

LIESCO

Eombay,ldr+, d*' drr'-  +  u -  + v t r -
8i  Sx 8:

. :y:  *{#).* i ' '  #) (16)
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As in the previous work, the dimensional analysis give, where, 11 = l,s ii
d t )  d  / ,  d r = \
: = : l t ' - l
o :  € ;  \  d z l

v S t  A
r  -  I l- V

(r;

d ir dri
- ;  - t r " : ' l  *  

0
v 4 !" j

From (17), using l" - l.uol=
d p  d  / - c i f \_  _  , , -  _ r  1 . _ l  Z
d - :  

' u a ; \  
d r - - , ,

Similarly, the energy equation reduces to

-  l o u \ -  ^ d ? g
l : - H -

\ d i  /  d i ?

(r7)

(  l 8 )

( le)

d for

t load

rived.

]osity

From

(1s)

(16 )

f i = -  I ' )

, as the viscosity changes with temperature, for the liquid.

From (18),
p :  o ( , r )

From (17)
r  - I  r  r -
L l . ,  \ X l e  +  L r  l l i  ;

s k-__*:-t_a_.

1,"

From (19),

#* * 
* {r '(x)? = .,(.{)} '

This equation is not easy to solve. If we can show that viscosity of the liquid

"-hanges with the increase in the temperature. Then the solution will have stabilitv.
This is the case of further investisation.
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Abstract: The aim of the present paper is to prove a common fixed point theorem

for weakly compatible self mappings in a fuzzy metric space which generalizes

and improves various well-known comparable results.
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maps.

1. lntroduction

The study of common fixed points of mappings in a fuzzy metric spacesatisffing

certain contractive conditions has been at the center of vigorous research activity.

The concept of fuzzy sets was initiated by Zadeh [19] in 1965. With the concept

of fuzzy sets, the fuzzy metric space was introduced by Kramosil and Michalek

[7]. Grabiec [5] proved the contraction principle in the setting of the fuzzy metic

space which was further generalization of results by Subrahmanyam [lfl for a

pair of commuting mappings. Also, George and Veeramani [4] modified the

notion of fuzzy metric spaces with the help of continuous t-norm, by generalizing

the concept of probabilistic metric space to fuzzy situation. In 1999, Vasuki [18]

introduced the concept of R-weak commutativity of mappings rn fuzzy metric

space and Pant [10] introduced the notion of reciprocal continuity of mappings in



t63l A GENEMLIZED COMMON FIXED POINT. . ,

metric spaces. Also, Jungck and Rhoades [6] defined a pair of self mappings to be
weakly compatible if they commute at their coincidence points- Balasubramaniam
et-al lll proved a fixed point theorem, which generalizes a result of Pant for fuzzy
mappings infuzzy metric space.

Pant and Jha [ll] proved a fixed point theorem rhat gives an analogue of the
results by Balasubramaniam et. al tll bV obtaining a connection between the
continuity and reciprocal continuity for four mappings in fuzzy metrrc spa@.
Recently, Kutukcu et. al l8l has established a common fixed point theorem in a
fuzzy metric space by studying the relationship between the continuity and
reciprocal continuity which is a generalization of the results of Mishra [9] and
also gives an answer to the open problem of Rhoa<ies [13] in fuzzy metric space-

The puqpose of this paper is to prove a common fixed point theorem for four self
mappings in fivzy metric space under the weak contractive conditions, by
relaxing the continuity and reciprocal continuity conditions of mappings and even
the completeness- Our result generalizes and improves various other similar
results of fixed points. We also give an example to illustrate our main theorem.

We have used the following notions:

Definition r.r(l9l) Let x be any set. A fuzy set A in x is a function with
dornainXand values in [0, l]-

Definition 1.2([4]) A binary operation +:[0,1] x [0, l] -r [0, l] is called a
continuous t-norm if, ([0, l], *) is an abelian topological monoid with unit I such
thata *  b1c*  dwhenever  a<candb<d, fora l l  a ,  b ,  c ,d in  [0 ,  t ] -

Example: a + b : ab, a*6 : min {", b}.

Definition l3([4D The rriplet (x, M, *) is called a fuzzy metric space (shortly, a
FM-space) if, xis an arbitrary set, * is a continuous t-norm and M is a fuzz5r set
on )3 * [0, *) satisfuing the following conditions: for all x, y, zinX, s, f > 0,

( i) M(x,y,0):0, M(x,y, /) > 0;

(ii) M(x,y, r): I for all t> 0 ifand only ifx:y,

( iiiT M(t, y, t) : Mfit, x, t),

' in') M(x,y,/) * M(y, z, s) < M(x, z,t*s),

r ) M(t,y, -) : [0" @) -+ [0, l] is left continuous and.s, I ] 0,

rfem

lizes

tible

ying

vity.

Lcept

ralek
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for a
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izng

u8 l
retric
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following condition inthefuzzy metric space (X, Ui)ilu:i'l:;;tl'l:,i:;r.ii ,ii r.:sit1*q.::::

ifi,itiif-ffi 
'ffi 
#i'-ffi i*?ifidffi iiff h{fr iiti}pffi '}.rtffi 'll:

o*i1,,*!,"*rnw*'ui e"eglll*geq ,{;11{'$t"'nq,-,p.,e,.9p, n'& $}m ,Y.9, 99-,Frti4?t"lh'

.al

l*er]

sndrric

? V f_t',

-lrJt.tlc

J  t . 8 .

t.tdl

l l"r ' .. I

,1 .  , :  -

t dtr.

a I i

ttrto

d r:th

dsuct

iip l:,*ffi i;ffi rdiil;i*l -'' k';';,"' l' :' :,':.: :il,,:,::;, , 
' 
;;'' ;, ;;,',

'ft"ts itnporttiat to"'rldte'thetie$qrytrne$rib s$ircei(x;itrrindueosEi ftrz*yrmeuiospacne

t4ififl,*"){,t4t616.;o 
*::6ititflitf :Trj 6}tiefidlfb?"Atl'"d:b:''&i{, rn'etrrove' fi'I(x-}ty,'ty:+

i r , , t .  n . : t , , r t t t , , r , '  
' ; t , i  i i ' i :  ! 1 , ' t r i  t i i f i Z r ' i r i ; ; ; i , i  1 : l i i  " : r l i ' i . , l l ' i '  

v r ' i  : r ' , 1 . ; r i i :  :  i l ' i i : ;  i \ )  ' i :

ffiir'ql#-,.q.q$gy,e,,lu,Q)';'..a,r'jp':'"|!9fl1!he,,sz',a,*s,|if,,'f1-q9
in&r66d byietg meu{b'd.i 

i , i ' ,  a': i,:: ' ,, i i i ' :1, i;7;i.71:;; i { l ' , .{!.) 
": i l  

i : i  ' t ' ;  r i, ' ; ir; ft i ; z': t i t :t 
""

..6.nmtlontl{a{fa]firArs6qtqrcb ;{e#}irin€nfuz4rirnotric;uparee (iCrMr#)':imqallbd

6 "*il:;ts*irtiii' ffi y,,ii,r*r,,,0 :' i fu #ry i' J"g' t$, $li:,'l i i; 9;1,; ;
,frihg,.j*tiibirt'C kptde,(X,'"lt;,*j,l$ i&ndete"if,rev'ery.€ftrctiyrteqdgff,Ue:it'iix

;;rft*iAffirytrii,,n,:'lr:t;.r'!ii 
tli:'li{rt:':'':; I;ii '' 'iir:j ' ';'; ;'r1lJ 'i1ttt;''{t, i':r'ii'ii; ari;""''

Definition 1.5(t4l) A sequence {.x"} in a tazfittniititb*$a€g;(X M; *) is saigtd be

'ii#'S!ii'f illriitj,t$}rt',,i,D"t'rd,*eii1>$rl, .::,1,,'.' ; ;':";:::,:.i
,Iq,i-qrnptd 11h9g1si;ncg i* .iig aoffi{tygrs,{,if,j fqllgwo;fr€qt. thpi 'ee*$itp$r[r{),,$f

rDefiqi-doe (1'3.) f$hafifihe tltnlt,qfiq,"$pflF$gqe iq,a.Qzzy flP.I4c spacgl-iq$l$*9"",' ',

Definition 1.6(tll)f TWo self mdfipinls'l]and"8.of,-a'fuzry:rnetrio Spaae'(X'rMtrl)

are said to be compatible if, 
))l - ,t^rr,'' sAxn, fl :.'1ri*n*ever'{.411';is b

: ; . , ' i j , r . , ; i ; . :  . . . . ! : , i .  . ,  , , , l i r i r . .  . i :  :  " l ' i l , i i ; : .  , 1 i "  , " ' ; , '  . ; . i  ; ' . ; , ' r ; '  , , i i  i l ; i : i " " i  t l . n * l i i ; i ? ' r t :

rs€quenge:sueh,ttratrr-*,e-t, 
=.r'n'*'*$xo =P for:19149 P.'j\{''',,, ,, 

'/ 
.i t"'ir " i

Oennition f .ZilOtt f*o:3.tt'ioupping, Z'una S irf a fa2zy' i'etric space (X, M: *l

are said to be weakly compatible if, they comriitte at esiriUidencerpointsj That is'

Ax: Sximpliesthat,{sx: SAxforal l ;x, in,X;i: ; . : ,  :  '  l : ; ,  l i fJ :  ' i ' .  , ; ' ,1, i

It is important to note that a coppatible mappings in'3 Snetlie specQ ar4'weakly

compatible but weakly compatible mapPlngl.{te9{1ot be comp.atlp,Ig [,1gl' ,

Lemma l.s(t141) \et (x,M,*),b.e,u,Qzz7 ,4t7t1rc 1p199-: 
If th?19 gxists fr'F (0' I )

such that M(x, Y, kt) 2 M(x, Y, t) then x : Y'

rr

tlt thcl

tdl r.-r

t c o f

t  nrre

lh in.Y

fr*r-.
r h r . .

fF:es

,b 
- {ri

hr. ;rtil

:.

t"itr* &

,lt.* J'r

L s .
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Lemma 1.9([2]) Let U,\ be a,sequence in a fuzz.y metric space (X, M, *) with the

condition 1vi; of'neflnition (i:y. if 1trgqe exilts k E 10,' t; such;that M (jn, !n*t, kt)

2 M (y,-t, !n, t) for all i > 0 and n e N, thb-sqt of naturai numbers, th'en tne
sequence [yr ]  isaCauchyraqu"nal t i l  X '  " . : - "  

-  
r \ - ;  ' ' .  "  i i i i  1" '  ' ' ' ' ' " '  t ' ' i i

rf A, B,,S and z are self ,nappirgi''b t:n ty 
'*iiii. 

spade' (X,' Iti,: ij'iiilh" Seaiier;
W e , s l i a t l d g i i O t e i i i - :  , , t  : .  , t  i \ : ' " - i , , ,  , ' ,  r 1 1 , i . ' , ' , , . , . , . , ) '  , . , . i .  ,  , . j .

N(x, -y, t) : M(Ax, Sr, r) * M(By, Ty, t) * M(Sx, Ty, t) * M(Ax, Ty,:aty:* UiSr,

2. Main Result

r ) , $ f

-r4 f)

I  is :h

If one o! AX,BX, sx andzxis complete subspabe ir'k uia''itttrie'pairi,a, sj and
1n, l)\'a:ie weaklyriompaMe thbn'A;"*',i';S and'7"have,a uni[ue Cdrnrrion fixed
n o i n t i n i i ' 1 : i l  

i r : " r 1 " ' i l  i : i l : ;  r " r  i r i  ' ' r ^ r i . : i i : r ' J '  - i . r . i  ' -  r , ' ' ; ; ; l 1 ; '  
, . i " .  , ,  I  i - . ; : t r . r i r i i '  j

_ . , , , , - l ; :  
j ' i : " ; j . - t ' - , , . , r i : ,  r . .  ' : . : , , . . . i j ; . . : j : . i  

. : ; j j i ! . . : l  i : , . , 1 . , . . . ,  , .  , j i , i i :  _ i ,  _ i  :  : ,

Proof: Ler xo e x be an arbitrary point. Then, siruc;.g.1{, F TXt E{,= tr, 
.tl:l.

exists x1, x2 e x such that A*g : Tx1 and Bx1: sx2.Inductively, we construii the
sequences  $ t , \  and  { x r }  i i l ' x i l duch tha t  

r : 1 r r r  ' i . i r r  ' l l r  ' '  '  i  : " : ' r '  
" : "  

:  '

Theorem 2.1. Let (x, M,1) b,e,,q fu4zy ,metric sp.ape with additioaal ca-ndition (vi)

and with .a * a ) a foi all 
'o'."i0, 

rt. r-Li',a;'r, stila'ru'e mappi;g; i;mli;ri;
i t S e l f  S U C h  t h a t  i : ; r ; i l  l , ' ; * r  - ; i , i : i ; . _ r 1 1 j 1 ; , 1  , - i  : r ! . r .  , i  , . i r , i . .  

l

( i )  AXcTX,BXgSX,  i i "  : :  ' " " ' ;  ' " r ' ) ! " I :  r ' r i  i i  ' ' i  - i  ' ' i ) : : i : ' : '  i i  '  l  ' , r l i '

(ii) there exists ft e (0, t; sriStirtnditt'ti,l(Ai, Byitct)'>N(x', y,.'4, , :' i

foral lx; ; l '8,* , i ie 'd; 'zJtrhdi i '6. : : i ' ; :  ' :1 : . ,  , , . ; l ; r , , , i  . r i  ,  r .  . . ,11rf .  - :  ,  , .  ,

.r't,,,r ilyr1:'Txi,+'i dnd y2;i:r:; E"il*r* SLin*r, for n : 0, 1,2, ...:'.

\ow, putt inlx:xzn,y:x2n+t foral l  l> 0 and cr: I  -q with q e (0, i)  in 1i i ; ,  *e
have

.lI(Ax2n, Bxz,*t, kt) 2 M(,4x2n, 5x2,, t) * M(Bx2n+1, Tx2r+1, t)* M(Sx2n, Tx2nn1, t) *

.l[(.4xzn, Tx2,*t, (l - q) t)* M(5x2,, Bx2;,-1, (l + q) t).

That is,

v; *)

Lat, is,

:  i '

eakly
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M(yu, h*y H) > M(J z*t, !u, t) * MQtu,!],*t, t) * M(yz*-t' !u, t) * M(lz^ r, !2,* t,

(l + q)t) > M(Jzu-t, y2,, t) * M(yu' !zo*t, t) 
+ MQtzn-t, y2,, t) * M$lzn-t,14n'u qt) 2

M(yz*-t, yu, t) * M(yz,Juq, t) * M(rrz,, !2n+ t, 4t).

Since /- norm + is continuous, letting q -> l,we have

Mbhn, yu*r, H\ > M(yz*-t, !zr, t) 
* M(yu' yz,*t, t) * M(Ju, )y'2n+r, t) 2 M(yu-r, y2n' t)

* M(tz",Y>'*t,t)-

It follows that" MQtv,, yz"*r, H) >- M(yz"-tl , yu, t) * M(Ju, h*r, t)-

Similarly, M(Jz*r, yz,,*2, H) > Mbnz,, yz*t, t) * M(yz*t, !?t*2t t). Therefore, for all

n even or odd, we have

M(ln, l*r, H) 2 M(y,-rl , yo, t) + M(yo, yo*t t)-

Consequent ly, MQt o, ! * r, t) > M(y o-t]t, y,, k-t t) + M(g r, / * t' *-t t) -

Using a simple induction, we have

Mbto, yr*r, t) 2 M(go-1, yo, k-t t) * M(go, l*t,k- 
^t)'

Since M(yn, y*t, k^t) -+ I as m t @, it follows that

M(!n, !o+t, H) 2. M(yr-r, !,, t), for all n € N and t > 0- Therefore, by Lemma ( I '8')'

the sequence ly,l is a Cauchy sequence.

Now, suppose TX is a complete subspace of metric space X. Than, the

subsequenc e y2n: Txan*t is also a Cauchy sequence in TX and hence has a limit z-

Let v e Ttu, than Tv : u. Since y2 iS convergent, So -/o is convergent to n and

hence;Do+r also converges to z.

Now, settin g x : xvq aurrd y : v in (ii), with o : l, we have

M(Axu, Bv, H)> M(AxZn, &2,, t) * M(Bv, Tv, t) * M(Sx2n, Tv, t) * M(Axv,, Tv, t)

* M(Sxzr, Bv, t),

letting n 1@,we have M(u, Bv, kt)>- M(u, Bv, t)- This implies that Bv: u. Also,

since BXc SX, so

u: Bv implies that u e SX. Let w € .Iru, then Sw: z. Again, setting x: w andy

: x2o,.t in (ii) with

0,: i ,  we get

[671

M(Aw, Bxva

M(Aw, Tx2o*1

Letting n -+ <

Thus, we hav

Now, since n
= TBv and so

weak compati
= SAw:,S2. T

fiAw, Bu, kt)

lr(Sry, Bu, t),

That is, M(u,l

&. Similarly,

s =  B u :  T u =

I lf we assul

opleteness a

S-rilarly, if^B)

llc uniqueness

Erficd by usin

t Thcn, for0=

{ r c ,  H ) = l

e&fi t ,  t )* a

L completely

*rw give an

bpb: Let,t

E G  A , B , S a n

0 ' 1

r t  i [

; l

+ l

1.

x

s

7
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M(Aw, Bx2n*1, kt) > M(Aw, Sw, /) * M(8x2,*1, Txzu*r, t) * M(Sw, Tx2na1, t) +

M(Aw, Tx2u*t, t) * M(Sw,8x261, t\.

Letting fl 1@, we get M(Aw,u, kt)2M(Aw, a, r), which implies thatu: Aw.

Thus, we have u: Tv: Bv : Aw : Sw . . . ( l )

Now, since tt: Tv: Bv, so by the weak compatibility of (B, T), it foilows that BTv
= TBv and so we get Bu : BTv : TBv: Zu- Also, since u : Syr' : Aw, so by the
weak compatibility of (1, s), it follows that ASw: sAw and so we have Au: ASw
: SAw: Sz. Thus, from (ii) with a: l, we have

M(Aw, Bu, kt) > M(Aw, Sw, t) * M(Bu, Tu, t) * M(Sw, Tu, t) * M(Aw, Tu, t) *

M(Sv, Bu, t),

That is, M(u, Bu, kt) 2 M(u, Bu, t), rvhich is a contradiction. This impries that z :

Br. similarly, using (ii) with cf, : l, one can show that Au: Lr. Therefore, we have
u : Bu: Tu : Au: Su. Hence, the point u is a common fixed point of l, B, S and
r. If we assume sx is complete, then the argument analogue to the previous

completeness argument proves the theorem . rf AX is complete, the u e AX s TX.

Similarly, if BXis complete, then a e BX c. SX.

The uniqueness of a common fixed point of the mappings A, B, s and zbe easily
verified by using (ii). In fact, if u'be another fixed point for mappings r, B, ,s and
7'. Then, for cr: l, we have

.V(u, u', kt) : M(Au, Bu', kt) > M(Au, Su, t) * M(&u,, Tu,, t) * M(Su, Tu,, t) +

M(Au, Ttl , t) * M(Su, Bll , t), > M(u, u' , t), and, hence, we get tt : n, .

This completely establishes the theorem.

We now give an example to illustrate the above theorem.

Example: Let X : [2,20] and M be the usual fuzzy metric space on (X, M, *\.

Define A, B, S and Z: X -> Xas follows:

A x : 3 x >  2 ;

B x : 2 x : 2 o r > 5 .  B x : 6

T 1  - 1

x > 2 ;

2 < x < 5 , T x : x - 5 i f , r > 5 .

2rrl '

D>

t, t)

r all

l's')'

the

u.

and

t 2
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Also, we define.M(Ax, By, t) = 
E h,

Then, for cx: l, the

pair (1, g';nal tA "fi 
ield"\ileakli'bonipatiurd ritdpf ifld::' Khd,"tr,6rb tti#'p;?ge

satisfy all the conditions of the above theorem and havf,a"ririlquoou*r-irm..extiil
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Abstract: We have proved a common fixed point theorem for four mappings in

dislocated metric spaces.
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1. lntroduction

B.E. Rhoades [2] established various definitions of contractive mappings. In 1992

Banach proved fixed point theorem for contraction mapping in complete metric

space. tn 1996 Jungck [5] introduced the concept of weakly compatible.

In 2005 F.M. Zeyada, G.H. Hassan, M.A. Ahmed [a] established various

definitions of dislocated quasi-metric space. A Isufati [l] proved some fixed point

theorems for a single and a pairs of mappings in dislocated metric space. ln this

paper we proved common fixed point theorem for four maps in dislocated quasi-

metric space.

2. Preliminaries

Definition 2.1L4l Let X be a nonempty set and let d:XxX -+ [0, *) -+ [0, *) be a

function satisfo ing following conditions:

( i )  d(x ,y) :  d(y ,x) :0 ,  impl ies X:  y ,

(ii) d(x,y)<d(x,z)+ d(z,y), forall x,y,zeX.
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B

Then d is called a dislocated quasi-metric on X.

If d satisfies d(x,y): d(y,x), then it is called dislocated metric.

Definition 2.2 t4l A sequence {x,}.in dq-metric space (dislocated quasi-metric

space) (X,d) is called Caup- sequences if for given € ) 0,3 n6e N, such that

V m,n )n6, implies d(r,, i i")< e or d(xn,x.)< e i .e. min{d(x.,r,),d(x" ,x)}<e.

Definition 2.3l4l A sequence {x,} dislocated quasi-converges to x if

Limn-- d(x,, x): limn-* d(x, xn) = 0

In this case x is called a dq-limit of {"r, }and we write xn'--x.

Lemma: dq-limit in a dq-metric space are unique.

Definition 2.4 l4l A dq-metric space'(X,d) is called complete if every Cauchy

sequence in it is a dq-convergent.

Definition 2.5141 Let (X,d1) and (Y,d2) be dq-metric spaces and let f:X---+Y be a

function. Then f is continuous to xs e X, if for each sequence {x, } which is d1 -q

convergent to xs, the sequence U@)I is d2-q convergent to f(x6) in Y.

gs in

chy's

\992

netric

lrious

point

n this

quasi-

, ) b e a

d(Tx,Ty) <Ad(x,y) for all x,ye X.

A map T: X---X is called

Definition 2.7191 Let A and S be mapping from a metric space (X,d) into itself. A

and S are said to be weakly compatible if they commute at their coincidence

points, that is, Ax: Sx for some xe X implies that ASx: Sax.

Theorem 2.5I4l Let (X,d) be a dq-metric space and let T: X--+X be a continuous

contraction mapping. Then T has unique fixed point.
'sry'

3. Main Results

Definition 2"6 I4l Let (X,d) be a dq-metric space.

contraction if there exists 0 (2<1 such that

Theorem 3.l Let (X,d) be d complete dislocated

X-X be continuous mapping satisfliing:

metric space. Let F,G, S,T :

ri) S(X) E G(X),T(X) e F(X)and T(X) or S(X) is a closed subset of X

,ii) The pairs (S,F) and (T,G) are weakly compatible

I



1721 PROF. K. PANDURANGAMO AND P. MNGA SWAMY

|  -  ^ ,d (Fx , rY )+d(c / ' sx ) l
d (Sx,Ty) < ft max j d (Fx, Gy), d (Fx, Sx), d (Gy,Ty ), 7 J

for all x,ye X and 0<h<1. Then f , g, S and t have common fixed point'

Proof: Suppose x6 is an arbitrary point of X and define the sequence {y" } in X

such that

Y z n  : S X 2 n : G X 2 n + l

Y2n*l: TX2n+t : Fx2n+2

Consider

d(! 2n, ! zn+r) 
= d (Sxr,,":*t)

|  . . -  ^  \  ) t ' -  c -  \  r t (Gy  ,  d (Fx r , ' Tx , , * ' ) +d (Gx" ' 'Sx " ) \
< hmaxld(Fxrn,Gx2n*),d(Fxr,,Sxrn),d(Gx2,*1,Txrn*,),: z )

L -

|  .  ,d (y r ,_ , ,y2 , )+d(y r , ,yz ) l
=ftmax1d(y,,-,,!,,),d(!,n_,,!z),d(|2nl!2n+|l,T|

L

d (y 2, ,  I  z ,* r )  
< hd (Y 2, -1,  !  z , )

Similarly

d (y ,,-,  ,  !  z,) 3 hd (Y ,,-r,  !  zn-.r)

and so d (y r^, !  r,*,) 3 h' d (Y r,-r, !  zn-r)

In this way we have

d  ( !  2 n ,  !  z n * r )  
<  h '  d  ( Y , ,  Y  o )

Since o<h<l, as hn--0 as n---+@. Thus fu,) is cauchy sequence in a complete
a

dislocated metric space X. There exists a point ue X such that {y,, }-'u.

Therefore the subsequences {,str,}+'. V*r,*r} t u,

{Fxr,*r} 
-+ '

Assume that G(X) is a closed subset of X' Then f ve X such that

Gv :  u .

If Tv lu then, we obtain

{Grr,,*,} 
-+ u and
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. )

d(Sxr, ,Tv)

< n ̂ u*{a f F x r,,, G v), d ( F x r,, S x r,,), d (G v,rrr,W}
)

( 
,rr.d(yr,-,,Tv) 

+ d(Gv,yr,)\
=ftmaxl d(yr,-r,Gv),d(yr,,-,,1r,),d(Gv,- ,, 

2 )

AS n---+oo, We get

f
d (u, Tvf,ft max 

] 
d (u, Gv ), d (u, u), d (G", r'l,, yP+!S!g\

< d(u,Tv)

It follows that Tv: u: Gv. Since B and T are weakly compatible,

we have TGv: GTv and so Tu: Gu.

If u lBu we get

d(Sxr , ,Tu)

| - - 
\-d.( Fx^ -sx^ \-dGu-rur.d(Fx"'Tu)+ 

d(Gu'sx")\
<hmaxjd(Fxr,,Gu),d(Fxr,,,Sxr,),d(Gu,^--,,  

2 
-J

i  
, -n , r^  , .v .  \ .d(Gu.Tr \ "d(Y"-"Tu)*d(Gu'Y ' " ) \= h maxl d(yr,_r,Gu),d(yr,,_,,!ru),d(Gu,- -., ,  

2 )

AS n--+oo, We get

(  
"ou\ .d fu.u\ .d . (Gv.7,  

'  d(u 'Tu)  + d(Gu 'u) - \
d (u,Tu)< h max 

ld 
(u, Gu), d (u,u), d (Gv,ru), 

T )

< d(u,Tu)

and so Tu: u

since Z(,K) e F(n, ! we X zuch that Fw: u.

If Sw *r, we have
(

d (Sw, Tu)< h max 
ld 

(Fw, Gu), d ( Fw, Sw), d (Gu, Tu ),

And it follows that

f
d (Sw, u)< h max I d (Fw, u), d (Fw, Sw), d (u, Tu),

t

<d(Sw,u)

lplete

d(Gu,Sw) +
2

d(Fw,Tu

+ d(u ,Sw)

))

d(Fw,Tu)

2
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This implies that Sw: u and hence Sw: Fw: u.

Since S and F are weakly compatible

SFw: FSw and so

Su: Fu.

If Suf then, we get

d(Su,u) = d(Su,Tu)

|  . . -  \  , , F  d  \  , ,  - ,  d ( F u , u ) + d ( u , S u ) )
3 hmaxld(Fu,u) ,d(Fu,Su) ,d(u, Iu) ,  -  r l

r 2 )

: d(Su,u)

And so Su: u. Thus Su: Tu: Fu = Gu: u, that is u is a common fixed point for

S,T,F,G.

Uniqueness of common lixed point:

Let u and v be a common fixed point of F , G, S and T. Then

d(u,v)3d(Su,Tv.7Sn^*{agu,Gv),d(Fu,Su),d(Gv,,q,WI
t 2 )

t " "  2  )

< h max{d @, v), d (u, u), d(u, r),}

Replacing v by u, we get d(u;v){ d(u,u). Since 0<h<1, we have d(u,u):0.

Similarly we have d(v,v):0.

In this way we have d(u,v) S d(u,v). Since 0<h<1,

we have d(u,v):0.

Similarly, we have d(v,u):0 and so u: v.

Hence u is unique common fixed point o,f F, G, S and T.

Hence the proof is completed.
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Abstract :Somebasicandinvar iantproper t iesaswel laSsomeappl icat ionsoi

conformal metrics will be discussed in this paper' Applications discussed here are

based on Poincar'e metric'

Keywords:conformalmetr ic ,Poincar 'emetr ic , isometr icproper ty 'd is tance

decreasing property, holomorphic functions' rotation'

1. Introduction

conformal metrics have been instrumental in connecting complex analysis' partial

d i f ferent ia lequat ions,anddi f ferent ia lgeometry .Schwartz ,Poincare,Picard.

Ahlfors and other Mathematician used them in different context' Conformai

metricshavebeenusedtogaindeepinsightsintocomplexanalysisonthediscanc

aren useful to f,rnd beautiful proofs of some of the important theorems in compler

analysis. They are 
"o-tonty 

used in hyperbolic geometry or Riemann surfaces

The study of conformal mltrics leads to the study of the curvature and tt'

applications.Someofthemetrics,forexample:Caratheodory.andKobayashi,arc

invariant under conformal mappings and aie motivated by the external problen:

that arises from the Riemann Mapping Theorem'

Insect iontwoof th ispaper , Iwi l ldef ineconformalmetr iconaconnectedopc ' :

set f) c c, the length oi.ontinuously differentiable curve and distance bet$'ec:

two points in the metric. section three discusses several examples of tl''r

conformal metrics. In section four, some basic properties of the conformal metn'''

will be discussed in the form of two propositions. Invariant properties ''

conformalmetr icwi l lbediscussedinsect ionf ive.Thelastsect ion isdevoted: .

explaining,o*.uppli .at ionsofconformalmetrics,special lythePoincaremetric

Some Properties and Applications of Conformal
r:t

7.

E

Dt

I

r:r

f t

t r t

l :

!

! t i

D

E!

E:I

t

I

l.

llr



ll

l11l soME pRopERTTES AND APPLTCATIONS OF CONFORMAL METRTCS

This paper does not contain new results but some of the proofs have been worked
out in detail in a systematic manner. Sections are designed to present the material
as simple as possible. No referencing in the main text have been included but they
are provided at the end ofthe paper.

2. Definitions Relevant to Conformal Metrics

in this section, starting with the classical definition of metric, we define the
confbrmal metric, the length of a curve in the conformal metric and the distance
between two points in the conformal metric.

Definition 2.0.1 (Metric) Let X be a set. A metric y for X is a function
'( : X x X-+ R satisflzing for all x, y, z in X

a) .. y(x, y): y(y, x)

b) y(",  y)>o
c)  y(x ,  y) :0  i f fx :y

d) y(r, y) <y(", r) + (2, y).

The function y is also called a distance function and the space (x, y) is called a
metric space.

Examples: a) The set of real numbers, ,:,., is a metric space with metric
'lr, y): lx - yl. More generally, Euclidean /,-space with the Euclidean distance is
a metric space.

b) Any normed vector space is a metric space with metric defined by

K.r, .v) : lly - "ll.

Definition 2.0.2 (conformal Metric) If o c (; is a domain(i.e. a connected open
set), then a conformal metric on is a continuous function p(t)> 0 in C2. If z e O
.rnd ( e 1, then we define the length of ( at z to be ll€llp, , : p(z). l[l where l(l
denotes Euclidean length.

Definition 2.0.3 (The length of curve) Let Q c i. be a domain and p a metric on
a .  I f  y :

a. b] + Q is a continuously differentiable curve then we define its length in the
:netric p to be, 

I
tdi: J ll r(|llo'v(|dt
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It is important to note that the length of a piecewise continuously differentiable
curve is defined to be the sum of the lengths of its continuously differentiable
pieces and is independent of its parametrization.

Definition 2.0.4 (The distance between two points in the metric) Let p be a metric
given on a planar domain Q. Suppose ca(p,e) is the collection of all piecewise
continuously differentiable curves y: [0, 1] -+ A such that T(0) : p and,T(l) : e.
Then the p -metric distance from P to e is defined by

dp(P,Q): inf{lo(y) : ye Cg,(P,Q)}

We will see that this notion of distance between two points satisfies the metric
axioms listed above with the possible exception of (c) because do@,e) may equal
t o 0 e v e n i f P + Q .

3. Examples of Conformal Metrics

Example 3.0.1 (Euclidean Metric) Let Q be any domain in c. Define p(z) : I
vze d2. Then p is a conformal metric.

This metric yields thatif z e C) and ( e C then.

l lt,llp, ": 
p(r). l€l : 16l

This choice of metric gives the standard Euclidean notion of vector length and is
independent of z and is called the Euclidean metric. If O is a convex subset of 

^

and p is the Euclidean metric, then dp(P,e) is the ordinary Euclidean distance
between P and Q. If Q is a non-convex subset of e and p is the Euclidean metric.
then there may be no shortest curve connecting p and e.

Example 3.0.2 (Poincar'e Metric) Let D: {z e c: l t l<r }, the unit disc. Le:
I

p\z):Tl*.

Then p is a conformal metric. This metric is cal.led the poincare metric.

We calculate the length of the curve {t) : t, 0 < t < l'- € for fixed € > 0 in the
Poincare metric

I
p(z) : 

T: l* 
Since {t) : t, we have, we have that y(t) : I and hence lT(01 : I

But,

Ip

.: \r e col

;  rnf init ,

f remplr

;allc'd thr

I 'spher

f. Som
-.'c 

now s
,cirrrmal

hopositi

: :  c  dn (P

lloof:

llc prope

r^-* do(P

? : Q . L e t

r lr  -- P an

::. P.Q) :

=

. : ; c Q i s

j r -? ! lnuOUS

l lP .  r )  i s  c
' '  ( ' t : ( P ' Q

- ; :  :  =  in f {
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lp(D : J lgt)llo,xoot
0

_ 
,iJ 

ly(,ll: J rlfryot

S

l

@.r)

c Q a n d l P * Q l  > r . A s p i s

c : min{p(z) : z e D(P, r)}. Fix

' ; '  r  I  n-e \: 
Itfot:7t"[=iJ

If we consider € -+ 0*, then we get lp(D -+ -. This suggests that the boundary ED
is infinitely far from the origin in the Poncare metric.

Example 3.0.3 (Spherical Metric) The metric defined by o(z): 
#E on e is

called the spherical metric. This metric induces the distance between two points in
the sphere under the stereographic proie,.tion.

4. Some Basic Properties of Conformal Metrics
We now state and prove two propositions that summerize some basic properties of
onformal metrics.

Proposition 4.1 The distance between two points P and Q in the conformal metric
p i.e. do(P,Q) is a metric when p > 0.

The properties do@,Q) : dp(Q, P), dp(P,Q) > 0 and dp(p, p) : 0 are obvious. To
show do(P,Q) : 0 implies P : Q, we use contrapositive. Fix p and e in e ivith
P * Q. Let cs(P,Q) : {y: [0, 1] -+ s.t. y is piecewise continuously differentiable,

T(0): P and (l) : Q) then,

dp(P,Q) : inf{(lo(y) : ye Ce@,Q)}

;
: inf{ lp((|) ly(0ldt: ye Co(p,e)}'o

Since C) is open, there exists r > 0 s.t. p(p, r)
continuous and

D(P, r) is compact, there exists c > 0 such that

Y e Co(P,Q).

Let to: inf{t : y(t) e D(p, r)}. Then,
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Jo(r((t))l(t)ldt > I 
p(r((t))lr(t)ldt > c J ffit)ldt > cr

0 o o

(4.2)

Since this is true for any y e C9(P,Q), we have dp(P,Q) ) cr. Hence dp(P,Q) > 0-

For the triangle inequality, let P,Q and R be points in Q. Then by definition,

dp(P,R): inf{ lo($ :1e C9(P,R)}.

Choose 11e CoG,Q) and yz e Co(Q,R)'and join them to form a curve

|3 e C9(P,R). Then

lp(yi) = lp(pr) + lp(Tz).

*o*' 

oo,r,*, < lp(Tr) : lp(Tr) + lp(Tz).

Taking inf,rrnunr over Tl andyz, we get,

dp(P,R) < inf{lo(y1) :1 e Co(P,Q)} + inf{lo(y2) : yz e Co(Q,R)}

: dp(P,Q).+ dp(Q,R).

Thus, we conclude that the distance between two points in a conformal metric p is

metr icwhenp>0.

PropoSition 4.2 The meffic dp(P,Q) gives the same topology as the Euclidean

metr icwhenp>0.
' ' '

Proof:

From the previous proposition, we know that do(P,Q) is a metric. We wish to

show thi$ metric gives the same topology as Euclidean metric.

Let  {pn}  c  andp€ Q. I t isenoughtoshowthat lpn-p l  +0 i f f  do(pn,p)+0.

(=+) Suppose that dp(pn, p) + O. Wgneed to show lpn - pl -+ 0. Suppose on the

contrary that lpn : pl + 0, so there exists r > 0 such that we can find infinitely

many pn outside D(p, r). But, by the same construction as proposition 4.1 and

from equation 4.2, since there exists c > 0 such that p > c in D(p, r), for infinitely

many n, d(pn, p) ) cr > 0, a contradiction.

(e) Suppose lpn - pl -+ 0, we need to show that do(pn, p) -+ 0. Choose r > 0 s.t

D(p, r) c Q. :

Since lpn - pl -+ 0, there exist N s.t. pn e D(p, r) if n 2 N. Since p is continuous

and ffiJi is compact, there exists M such,that,M=,max{ p(z) : z e DG, 0 . fix

n. Ify6 is defined on [0,1] by

%(t) 
: (1 - t)p * tpn, then I

do(pn, p) < lp(yo)

- tsact
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a h t
(L &'
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I

: 
JWorollo,v"(t)dt
0

I

= 
Jotro{t))ho(r)l < Mlpn - pl
0

Hence, do(pn, p) -+ 0 as n -+ -. This completes the proof that the metric do(P,Q)

gives the same topology as the Euclidean metric when p > 0.

5. Invariance Properties of Conformal Metrics

On Euclidean spaces, we have the Euclidean metric which is invariant under

translations and which scales properly under dilations. The conformal metric also

enjoys similar features. Before we explain those properties, we give the

definitions of some important terms and state the Schwarz lemma and Schwarz-

Pick theorem without proof.

Definition 5.0.5 (Pullback of a metric) Let C)r and {22 be two planar domains

and let f : flr -+ Q2 be a continuously differentiable function. Assume that Qz is

equipped with a conformal metric p. Then the pullback of p under the map f is the

conformal metric on Q1 defined by

f p@): p(fk))

Remark: The pullback of any conformal metriq under a conjugate holomorphic

function f is a zero metric: If f : g and g is holomorphic then

fpe):p((,)) l#l
But

I  ar l  I  apl
| - l  :  | * | :

l d z l  l d z l
:l-ol : o

Definition 5.0.6 (Isometry) Let Qr and C)2 be two planar domains equipped with

conformal metrics f)r and Q2 respectively. Let f : C)r -+Qz be a one-to-one, onto

continuosly differentiable map. If {p2Q): pt(z)

of the pair (C)1, pr) with the pair (Qz, Qz).
We now state without proof two standard results

Theorem 5.1 (The Schwarz Lemma) If f : ,,)

then lf(z)l s lzl and lf(0)l < f . if either lf(z)l: lzl
is rotation i.e.

4 f)1 then f is called an isometry

from complex analysis.
-+ l)) is holomorphic and f(0) : 0

for some z * 0 or lf(O)l : I then f
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f(z): 
"ir 

., for some T e iR-.

Theorem 5.2 (Schwarz-Pick) If f : D ! D isholomorphic, f("r): wr and f(22):w2

then

ffi=ff-rrandlr(zr)l=ffii
Proposition 5.1 (Isometric Property) Let Clr and Clz be two planar domains

equipped with metrics p1 and p2 respectively. If f : Clr --> Qz is holomorphic and is

an isometry of (Q1, pr) to (O2, Pz) then the following properties hold.

a) If y [a, b] + Qr is a continuously differentiabe curve then so is f.y: f o T

and

lp r (D : l oz ( f i $ .

b) If P,Q e f)1 then, dpr G,Q): dp2(fe), f(Q).

c) fr is also an isometry.

Proof:

a) By definition,
b

lpz(f.y) : J ll trfltt) llpz,r.lty dt
I

b
? , .  ^= 
| ll fY((t)).'Kt) lloz,r'ar dt
-^

But,

| | r (T(0 ) {t) | | pz,*, : r, r',$$?},;1,1,$ ji].;ilr'
: fpr((t))'lr(ol
: ll {0 llf-pz,1tl:k'(t) llpr,xo

So from 5.1, we get
b .

lpz (f--") : 
J tt XO llpr,xo dt: lpr (T)

This completes the proof for a)

b) This part is immediate from part a)

c) To show ft an isometry, we have to show that fl.pr(w): Pz(w) vw f)2. But,

since f is an isometry and if f(z): w, we have

fr-pr(w) : pr(f '(w)) .  l( f ' ) ' (w)l

(5.1)

Before we sr
dstance decr

Dclinition 5,

cguipped wit
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tboposition
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Ifcrt
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:0r.ffi
: pz$(z)): pz(w)

Before we see another important property of the poincare metric, we define the
distance decreasing in the metric.
Definition 5.2.1 (distance decreasing property) Let c)y and c)2 be domains in c
equipped with metrics Q1 and c)2 respectively, and f : c&-r ez be a holomorphic
function. Then f is said to be a distance decreasing in the metric if

{ pr@) < p{z)for every z e e1.
Now we prove that the Poincare metric satisfies the distance decreasing property.

Proposition 5.2 @istance Decreasing property of the poincare metric) Let
f : '-)r + .) be a holomorphic function and let p denote the poincare metric on .).
Then

a) f is distance decreasing in the poincare metric.
b) If 1 [0, l] -+ D is a continuously differentiable curve then lpz (fiD < lpr (y).
c) If P,e e D then, dpz (f(p), f(e)) <dpr (p,e).
Proof:

a) We know that

f p@):tf(z)lp(f(z)): tf(z)t.r _+rf =iW: p@),

where the inequality is true by Schwarz_pick Theorem.
b) Following similar steps as 5.1 and 5.2, we get with the help of part a) that

lp(f-y): ll y(t) llr.p,xe < ll{D llp,xo: lp(y)
c) This part is an immediate consequence of part b).

6. Application to poincar'e Metric
Recall that the Poincar'e metric is the conformal metric on the unit disc, i) and is
given by

p(z)=.+
t - l L l

The unit disc, ---lr, equipped with the Poincare metric is called the poincare disc.
we use the notation Aut(.))) to denote the group of invertible holomorphic
tunctions from;l) to itself. So, f e Aut(r)r) means,.f is conformal self map of the
unit disc" or "f is the holomorphic map frorn .,ll to -E which is one to one and
onto". These are two examples of automorphisms.
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The rotation pr : D ! D defined by pr(z) : et''',r€ 'Fi'

Consider a Mobius transformation fa(z) :f*for fixed a e 'i' Then f"

maps D to D, fa(O): a, fa(a):0' It is an element of Aut(D) taking an

arbitrary point of .D to the origin.

Here are two important facts. The proofs of these facts are not supplied'

Fact 6.0.L If f e Aut(D) and f(0) : 0, then f is a rotation'

Fact 6.0.2 The rotation and the Mobius transformation completely characterize at"'

f e Aut(,j-), i.e., if f eAut(,)) then there exist a e D and r € 'K s't' f(z): fu o o1(zr

Similarly, every f e Aut(,)l) can be written in the form Pr o f"'

we now state and prove some important applications of the Poincare metric in thc

form of theorems.

Theorem 6.1 Let p denotes the Poincare metric on D. If f e Aut(,)) then f is an

isometry of (D, P) with (.D' P).

Proof:

SOM

-':< 
last equi

- :
3L - lZ

r '  t l  l - z l '
- - :  

l  :mpl ies
-:  

i  :heoren

::'i.'::l!'e. No

r:f Jreserve

flrorem 6.i

" :C : . : :UOUSly

r l :  = r - i w (

r: ,:: SatiSf,

Itrof:
; :r .r,:r'cand

p ( l r ) :

jl'|L

I
: E

!r :  ; i rm €gU0

. t ( .u)  >

\:r,s This thr

dt|:r-\t lengt

By the above fact, anY

transformation, so the

following two cases.

Case 1: f is rotation then f(z) : p'z forsome c p € C with lpl : 1' But' f(z) = -

and hence

lf(z))l : 1. Now,

f P@) : P(f(z)) lf(r)l

- lf(z)l .- 
I - lf(z)l'

I
: -'-----':----'J

| - lvzl'
t:T-W:p@)

This shows that f is an isometry if f is a rotation'

Case 2: If f is a Mobius transformation then f(z)

I - lal2l
f(z)t1;jfi .

But,

f p("): P(f(z))lf(z)l

f e Aut()) is a composition of a rotation and a Mobius

proof is complete if we can show the result for thc

e . ". Her:;c
z - a

A

l - a z '
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|  .)  1-lal2:;t=l- n--*r
t t - a z l

: | _ lul'
t t-W--84:P@)

The last equality follows because

lr- azl2 -lt^- ul': (t - az)(t- az) - (z - a)(z - a) : ftbfvf -bf -lul, :
1t-;al2)1t-zl2;
This implies that f is an isometry when f is a Mobius transformation.
This theorem and Prop l.l4 imply that any f e Aut(.,)) preserves the poincare

distance. Note that f" defined as above preserves the Poincare distance but it does
not preserve Euclidean distance.

Theorem 6.2 Let p be the Poincare metric on ,). Fix r > 0 with r < l. Amons all
continuously differentiable curves in ) of the form

t r ( t ) : t + i w ( t ) , 0 < t < r ,
which satis$r p(0) : 0 and p(r) : r * i . 0, the one ofthe least rength is y(t) : t.
Proof:

For any candidate p defined above, the length of the curve is given by

lp(rr) : 
J llu'(t)llo,ur,;ot
0

: 
' ; 

lrr '(t)  ̂,: 
{ rr +ayo,
' a t

:  
l t  -O*ry '  I  +(w'( t ) )2)" 'dt '
0

But,

l l
I - tt-- (','6f * 

and (l + 1w'1t;;2)r/2 > l.

So from equation 6.1, we get

i l
l p ( p ) > J 1 ? d t : l p ( T )

0

Note: This theorem together with our calculation in example 3.0.2 implies that the
shortest length of the curve joining two points 0 and r + i.0 in . . is

(6.1)



l86j NETRA KHANAL

dp(o,r):1"(1I,_J
Theorem 6.3 If P and Q are two points

distance from P to Q is given by

/'.ro- )
dp(P,e):i'*l =fre1

\ ' - t - uo /

(6.2)

in the unit disc D then the Poncare

r-Br
But,

Fu.0

since f.(a)

Xz): F(o',
This prove

Tleorem t

rirh p, is a

Pnoof:

lf {p;} c D

tbcne exists

dp(0,

ad with sor

ln i  |<
Tbis shows

thc Euclidea

tilne topola

Euclidean nr

ffiig, s6 it

ornplete. Nc
lc now statr

frt: Let f :

ctric. If f is

flcorem 6.6

iolncare mett
tlcn f is the ic
ftoof:

81 above fact
Schwarz Leml

I

*
r

Proof:

Define fp : D -+ D by fp(z) Jfl 
-prthen by 6.1, fp is an isometry. Hence

dp(P,Q) : dp(fp(P), fp (Q))
: dp(0, fp (Q)): dp(O, lfp (a)D

The last equality holds because a rotation is an isometry. But, lfp (Q)l : 
lffii

and by applying equation 6.2, we get that the Poncare distance from P to Q is

dp(P,Q) : dp(0, lfp (Q)l)

_.1 ,^_f.l_llqlQl):t,og(.1 _ E, (e),

(6.3)

Now we show that, upto a constant multiple, the Poincare metric p is the onll'

metric so that every f e Aut(lD) is an isometry.

Theorem 6.4 If B(z) is a conformal metric on D and every f e Aut(D) is an

isometry of (D, p) with (D, B) then p is a constant multiple of the Poncare metric

p .

Proof:

We fix a e .D and define f^(z) : 
= 

Then clearly, fa e Aut(D). By hypothesis.

fu is an isometry. Hence,
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f pt1zy1t1: Fk), in particular, t'p1a; : 0(a)
But,

F,.p(a) :p(f,(a)).lfa(a)l +f(a) = B(0) +
since f"(a):0 and fu(z) : 

#. 
As a is arbitrary, we obtain that for all z e)

t
F@):0(o). p(z)
This proves that p is constant multiple of poincare metric.
Theorem 6.5 Let p be the poincare metric on the unit disc, .;r. Then .) equipped
with p, is a complete metric space.

Proof,

If {p;} c D is a cauchy sequence in p, then the sequence is bounded in p. so,
there exists R > 0 such that do(0, p:) < R vj. But, by equation 1.6, we get

I  / l + 1 p ,  1 1dp(O, pL):7 toe[ffi/ < n

and with some simple calculations, we get
e ' * -  I

I n L l < ; x +  t < t

This shows that for allj, {p1} is contained in a relatively compact subset of ) in
the Euclidean topology. we have proved earlier in prop 1.9 that p generates the
same topology as Euclidean metric, so the sequence is also cauchy in the
Euclidean metric. Hence, it converges to a limit point in l) in the Euclidean
metric, so in the metric induced by p. Hence the metric space induced by p is
complete. Note: of course,,-)i with the Euclidean metric is not complete.
We now state a fact without proof
Fact: Let f : ,;) -+ ;j, !s 2 continuously differentiable function and p the poincare
metric. If f is an isometry of (,*,r, p) with (D, p) then f is holomorphic.

Theorem 6.6 Let f : .;.ir -+ ..,i be a continuously differentiable function and p the
Poincare metric. If f is an isomerry of (D, p) with (D, p), f(0) = 0 and f(0) : 1
then f is the identity.

Proof:

By above fact, f is holomorphic. Since f fixes the origin and is an isometry, by
Schwarz Lemma,
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Thereexistre Rsuch thatf(z):eirz.But, f(0)= I implies thatf(z):z vze-L1.
This

completes the proof.

Acknowledgements: Many thanks to Professor Alan Noell from Oklahoma State
University for fruitfu I discussions.
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Abstract: The object of the present

satisfying certain conditions.

Key words: Lp-Sasakian manifolds,
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Some Results on Lp-Sasakian Manifolds

N.V.C. SHUKLA & R.J. SHAH
Department of Mathematics & Astronomy.
University of Lucknow, Lucknow- 226007

paper is to study LP-Sasakian manifolds

quasi-conformal curvature tensor, pseudo

1. Introduction

In 1989 K. Matsumoto 12] introduced the notion of Lp-sasakian
Mihai & R. Rosca [l] obtained several results in this manifold.
also studied it.

In 1968 Yano & Sawaki [4] defined & studied quasi-conformal curvature tensor
which includes both the conformal and concircular curvature tensor. The present
paper deals with a study of Lp-Sasakian manifolds of dimension (2n+l)
satisfying certain conditions. After preliminaries, in section 3 we study an Lp_
Sasakian manifolds satisfying R(x,y).w=0 & it is shown that such a manifold
in an t7 - Einstein manifold. Also in such a manifold we obtain the value of scalar
curvature & show that manifold is quasi-confromally flat. Section 4 deals with a
/-pseudo projectively flat Lp-Sasakian manifold & it is proved that such a
matrifold is 17 -Einstein.

manifold. Then I.

Other geometers
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2. Preliminaries

A (zn+l) dimensional differentiable manifold M is said to be an Lp-Sasakian

rnanifold I2l, if admits a (l,l) tensor field p, a contravariant vector field { a
l-form q and a Lorentzian metric g which satisfu

ry (€) = -t,Q' (x) = x + rt (x) €,6 = 0,t1 (px) = s

s (QX,Oy)= s(x,r)+rt(x)rt(v), s(x,€) = q(x)

, ,Y *6 =QX,(v,QXr)= s(x,y)€+rt(y)x +zr7(x)q(v)(  (2.3)

where v denotes the operator of covariant differentiation with respect to g.

The fundamental2-form o is defined as

Q(X,Y) = s (X,Oy) = s (OX,y)

for any vector fields X and y, a(x,y) is the symmetric (0,2) tensor field [2].

Also the vector field 4 is closed in an Lp-sasakian manifold we have l2l,l3l

(v -rt)(y) = a(x,y) = s (X, Qy),e(x,f) = s (2.s)

for eny vector fields X and y.

A (2n+l)-dimensional Lp-Sasakian manifold is said to be an Einstein & an

4- Einstein manifold if its Ricci tensor S is of the form

s (x,y) = ds (x,y) & s (x,y) = F s (x,v1 + 17 (x)q (r)

respectively where a,p &/ are smooth functions on M.

Also we have the following important basic results [2]

ry (R (x,y)  z)  = s ( r ,z1r7 (x )  -  s  (x,  z)q ( r )

R(6, x)y = g (x,y) € - rt (y) x

R(x,y)€ =ry(r)x - r t (x)y

R(€,x)€=x+ry(x)€=Q'x

le0l

(2.r)

(2.2)

l

b t

Tfcq

r d

J $

l l

G (

llcr

r-

(2.4)

(2.6)

(2.7)

(2.8)

(2.e)

(2.r0)

(r(.

rct

. f  l l

x

(L ' .v

. r ' )n

uu

L
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s(x,€)=2"ry(x) e.n)

s (QX,QY) = s(x, y)+2nrt(x)rt(y) 
e.n)

for any vector fields X,Y,Z where R(x,y)z is the Riemannian curvature tensor.

The quasi-conformal curvature tensor w on a rranifold M of dimension (2n+l)

is defined bV [a]
w  ( x , y ) z  =  a R ( X , r ) z  + a [ s 1 r ,  z ) x  _  s  ( x , z ) y  *  e  ( y , z ) e x  _  s  ( x , z ) O y )

- i r { * *2b } l cv ,z )x  -g1x ,zy r )  
eB)

where a,b are arbitrary constants, a,b * 0 and other symbols have their usual
meanings.

3. LP-Sasakian manifolds satisfying R(X, ylW = 0
Let us consider an Lp-Sasakian maniford Mzn+t (Q,€,rt,s) satisfuing the condition

t6l

R(x ,Y) .W =0

Now,

(n(* , r ) .w)(u,v)z = R(x,y)w (u,r t )z _w (n(x,r )u,r t )z
-w (u ,R(x ,y )v )z  -w (u , r / )  R(x  ,y )z

From relations (3.1) and (3.2) we have

n (x,r  )w (u,r )  z  -w (n (x,y)u,v)  z _ w (u,  n (x,y)v)  z _ n (u,v )  R (x,y)  z = 0

(3.3)

Taking y =(in (3.3) we obtain by virtue of (2.g)

s ( w  1 u , r t ) z , r ) 6  - n ( w ( u , v ) z y  -  s ( r , u ) w  ( € , v ) z  + r y ( u ) w  ( y , r ) z , 1  A \
-  c (v,v )w (u,  €)  z + 17 (v)nt  (u,v )  z -  s (r ,  z 1w (u,r)  (  + r7 (z)r4/  p .v )y =o 

t ' ' * ,

Taking innerproduct on both sides by ( ine.g & using ry(W(U,V)()=o, wo

get

[e l ]

rakian

t 6 , a

l )

l )

! )

r)

rl.

5)

& a n

i )

r)

)

t )

(3 .  1)

(3.2)

6)
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- s (n (u,v ) z,v) - n (r ) n (w 1u,v 7 z) - s (r,u ) n (w (€,r ) z) + q (u ) n (w 1r,v y z1
- c (y,v,) ry (w (u, € ) z ) + r7 (rt ) r7 (w (u, y ) z ) + q (z ) n (w 1u, v ) y 

) = 0

(3.5)

Let {e,:i =1,2,.....,2n+r} be an orthonormal basis of the tangent space at any

point of the manifold. Then setting (J =y =e, andtaking summation over

i , l< i  <2n+l  in (3.5) we get

2  n + l

- I  
"  

(w  ( " , , r )2 ,e , ) - ( zo+ t ) r1 (w  (€ , t r ) z ) -  I '  s (e , , v )n (w  (e , , ( ) z )+

z n + l

, t  (z )Z n (w 1" , ,v  )e , )  =  s

2 n + l

stnce,  Zr t  ( r )n  (w 1" ,e , )z)= g
i = l

After shaight forward calculation we get

S (v.z\ = |  
f  2r{a + 2nb}- br ls (v,z)+ +l2n(zn +t)-, ln (r /)r t  (z)

a _ b L  
L  J  J o  r '  ' -  '  

a _ 6 L - "  
\ - "  ' /  '  

) "  \  / . ,  \ -  ,  
( l . l )

Prov ided tha ta -b *o

Hence we can state

Theorem 3.1 An LP- Sasakian manifold Mr,*, (0,€,rl,S) satis$ring the condition

R(X,Y).W =0 is an ry -Einstein manifold, providinga _ b + 0

Let {e,:i=1,2;..'...,2n+1} be an orthonormar basis of the tangent space at any

point of the manifold. Putting y=z:", in relation (3.7) & then summing over

i , I <  i  < 2 n + l , w e  g e t  r  = 2 n ( 2 n + 1 ) ,  i f  a -  b  +  0 , (3.8)

This leads to the corollary:

Corollary 3.1: An LP- Sasakian manifold Mr,u (Q,€,q,g) satisfying the

condition R(X,Y).W =0 has scalar curvature given by (3.g).

Using (3.8) in the relation (3.7) we get

le2l :ell

S  (V , )

Thus we can r

Theorem3.2:

R(X,Y) .W =(

hrning Z =€i

S(V,€)

Now, taking in

r3.8), (3.9), (3.

q(w (u,

Agd.n, using (3

fhis implies

tlarc€ we can sl

llcorem 3.3: A

cmdition R(X,

{ fpseudr
Drfinition: An

pojectively flat i

a' (F

h arbitrary vect<

i

I
I
t
t
I
I

I
I

I

(3.6)
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S ( I /  ,2)  -  2ng ( f  ,Z)  ,  a  _ b *  0 ,  (3 .9)

Thus we can state the following theorem:

Theorem3.2: AnLp- Sasakian manifold Mt,*, (0,€,rr,s) satisfying the condition

R(X,Y).W =0 is an Einstein rnanifold providing a _ b * 0.

Putting 7 = ( in relation (3.9) we get

s (tr,€) =2"ry(v)

Now, taking inner product on both sides of (2.1 3)bV €
(3.8), (3.9), (3.10) and (2.7) we obtain

r t (W (U ,V)Z )=0  fo r  a i l  ( J ,V ,Z

Ag4*,using (3.1t) in the retation (3.5) we get

g (W(U,V)Z ,y )=0  fo ra l l  U , r ,Z

This implies

w(u,r)z =0 for  a l l  U,V,Z (3.r2)

Hence we can state

Theorem 3.3: An Lp- Sasakian manifold Mt,*t (Q,€,rl.g) satisfying the

condition R(X,f).W =0 is quasi-conformally flat.

4. fpseudo Projectively flat Lp- Sasakian Manifold
Definition: An Lp- sasakian manifold Mt'u (Q,€,q,s) is said to be /-pseudo
projectively flat if it satisfies

0 '  (F  (px  ,4Y)QZ)  =  o

for arbitrary vector fields X, y,Z e ToM .

te3l

(3 .10)

& using the relations

(3 .1  l )

(4 .1)

I
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The pseudo projective curvature tensor is defined bV [5]

F  ( x , y ) z  =  a R ( x , Y ) z  + b [ s ( r ,  z ) x  -  s  ( x , z ) r ] -  
; u { + .  

t l

[g  ( r ,  z )  x  -  s  (x  ,z )Y l  g '2 )

Where a,b are constants such that a,b*Q, R,S and r are the curvature tensor,

Ricbi-tensor & scalar curvature respectively.

Consider an LP- Sasakian manifold M"*'(Q,€,rl,g) which is /-pseudo

projectively flat then (4.1) holds. Now from relations (4.I) & (4.2) we have

s(F (px,pr1pz,Ow)= ag(n(px,pr)oz.pw)+ t ls (OY,OZ)s(OX,OW )- s (OX 'pz1g1Pr.pw 1l
-  (  ̂  ) --e;. i I*+ t j ls@v 'oz)g(0x 'a 'r \-  s(Qx 'az\s(oY 'aw\f

or

n@x ,ov.oz,pw1= -LSs 1pr,pz) g (px,ow)- s (ax ,az) g(oy,ow)] (4.3)
.  (  ̂  l -

. 
e*N I* 

+ t 
|ls @r' o z ) g (0 x, aw ) - g (Q x' Q z ) s (oY' ow )f

Where fr,1px ,pr ,pz,OW) = g (R (px ,pr)pz ,OW ).

Using, (2.2\ and(2.12) in (4.3) we get

{n1x,v1z,w)+ g(v,z)a(x)a(w)+ g(x,w)n(v)n(z) -  s(x  'z )4(v)4(w)-  g( r ,w)n(x)n(z)

h -  -
= 

! l - { t  t , . r1+ zna (v)a(z) } {s(x ,w)+ n (x \q(w)}+{s (x  ,z)+ znn (x)n Q) l {s( ,w)+ n(Y)n (w ) I - -
a l

* .  
'  

,  l o  * b l *
( 2 n + l ) a  l 2 n  )

l {s (v .z)+n(v)q(z) I {sG,w)+ 
q(x)a(w)} - {s(x ,z)+n(x)4V)}{c(Y,w)+ a()a(w)} l  ,44)

W h e r e  r ( n  1 x ,  Y ) z , t y )  =  g  ( Y , Z )  s  ( x , w ) -  e  6 , 2 )  c  ( Y , w ) .

Let {e,:i=1,2,......,2n+l} be an orthonormal basis of the tangent space at any

point of the manifold. Putting X =W =e in (4.4) & taking sum over

i , l < i < 2 n * I , w e g e t

s ( r , z )= f -
l q

Provided th

This leads t

Theorem

r{ t ' * ' (Q,€,

: I ]  I .  N

Ana

:]] K. I\

Unir

.rl K. r\
para

:1] K.Y

tranr

5 l  P . E

man

r.,l u.c.
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s(y.z)=i  .+-- ,  { t ' .2 '* ) : - , l l rg, r l * fk+zn!)(zn-t ) l - - - ,  l l- \ " ' 1 - l a + Q r t + r ) r t ' l  
t ,  J l  

'  '  
L  a + ( 2 n + t ) b  l z , 1 z , * q - t l ) q ( Y ) q ( z )

(4.s)

Provided that a.b + 0.

This leads to the following:

Theorem 4.1: A /-pseudo projectively flat Lp- Sasakian manifold

Mt'*t(Q,€,rl,s) is an ry-Einstein manifold, providing a,b * 0.
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Amazing Roles of Diagonal Edges on the Reducibility

Problem of Open Shop Sequences Minimizing the Makespan
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Abstract: In this survey, we investigate the solution spaces of open shop irreducible

sequences, which contain an optimal element for arbitrary processing times. The objective

function is the minimization of makespan. The computational status'of deciding whether a

given sequence is ineducible remained unsolved for last 20 years. Here, we explore the

roles of diagonal edges in the given sequence, which play vital roles for the conclusion of

this decision problem.

Keywords: Scheduling, sequencing, open shop problem, reducibility, complexity.

1. Introduction

We consider the strongly NP-hard nonpreemptive open shop problem OllCru*, [13].

Assume that,atatime, each job ie I:  {1,.. . ,  r} has to be processed on each machine

j e J = {1, . . . , m} exactly once for the positive time such that each machine can

process at most one job and each job can be processed on at most one machine. The 2-

jobs m -machines problem Olry = 2lC,,o, is solvable in time O(m), [13, 5]' Let OIJ = I x J,

p : lp,ifn ̂  and C : [c4]n,m be the sets of all operations ot , matrix of processing times

pii atld matrix of completion times c4 , respectively. The objective function is

C,no,:1"ldXiE1 C;, whae C is the completion time of job i. All machine orders (obs

processed on machines) and job orders (machines processing jobs) are arbitrarily. The

n x m matrices of all job orders and machine orders are denoted by JO and MO,

respectively. An interest is to find an optimal schedule (solution) C : (A, P) which

minimizes Cn,* (A) for given P. A schedule C is the time table corresponding to a

sequence I (a feasible combination of all processing orders).

Informally, a decision problem is said to be in the class P if there exists a deterministic

algorithm which solves the problem in polynomial time. A decision problem is in NP if

there exists a nondeterministic polynomial time algorithm solving it. The co-NP class

contains tl

called NP-

in NP whi

We refer t<
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contains the decision problems whose complements are in NP. A decision problem is
called NP-complete if the problem belongs to P, then NP: P holds. A decision problem
in NP which is neither polynomial solvable nor NP-complete is called i/p-incomplete.
we refer to [10] for a systematic analysis of the complexity classes.

The set of all semiactive schedules in which each operation is started as early as
possible with respect to the given processing orders is sufficient for an optimal solution.
An infinite set of schedules can be assigned to each sequence. We can define an
equivalence relation on the set of all schedules decomposing the set into finite number
of equivalence classes. Two schedules belong to the same class if and only if they base
on the same sequence. The semiactive schedules under unit processing times, i.e., a
finite set of all sequences, are used to find a set of distinct representatives. Obtaining the
associated semiactive schedule (a scheduling problem) for a given sequence is an easy
problem. Therefore, investigations on the theory of irreducibility are focused in
obtaining an optimal sequence (a sequencing problem). For such difficult problems, the
study concentrated either on the detennination of polynomial solvable subproblems or
on the developrnent of an algorithm for an approximate solution.

A set of sequences is called a solution space if it contains an optimal element for
arbitrary processing times. Obviously, the set of all sequences, i.e. of all semiactive
schedules, is the largest solution space. A study focused on searching such potentially
(universally) optimal solution spaces of smaller cardinalities. But, the obtained results
show that the existence of unique minirnal one is unlikely in general, [8]. The concepr
of potentially optimal solution spaces is very applicable when the processing times are
en'oneous, difficult to find out in advance or simply unknown, for instance, in
manufacturing and service industries, satellite communications, examination schedulins
and teacher class assignments, lZ, l7l.

A sequence A is called reducible to a sequence .8, we write B < A, if cmnr (B) scn,,,,

(A) for all P e Pnm. rt is called strongly reducible, denoted by B <A, if B < A but not I
. B. They are called similar, denoted by A - B, if B < A and, A < B.A sequence is

ineducible if there exists no other non-sirnilar sequence to which it can be reduced. The
dominance relation < on the set of all sequences with fixed fonnat n x m,introduced in
[15], determines the minimal sequences with respect to the partial order < independent
of the given processing times. The solution set of all these locally optimal sequences is
potentially optimal of smaller cardinality, however, still not the minimal. Two
algorithms (one polynomial time and the other exponential) are proposed in Il]. They
base on the characteristics of the diagonal edges of the associated H- comparability
graph [7]. A number of open problems are raised, for .instance strong conditions under

[ 1 3 ] .
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which both algorithms coincide. A key role lies on the diagonal edges while resolving

the conflicts.

In this paper, we consider the following open questions: Does there exist a polynomial

time algorithm for the decision whether a given sequence is ineducible? What is the

computational complexity status of this decision problem? We characterize the
H-comparability graphs in Section 2. We give different mathematical formulations of
the problem of reducibility in Section 3. This section also presents the main

characteristics of the diagonal edges in connection. Section 4 briefly overviews the

status of the theory of ineducibility. The final section concludes the paper.

2. ComparabilityGraphs

A comparability graph is an undirected graph G: (V, E") that has a transitive orientation

G" : (V, E').It is prime if it is uniquely orientable, [ll]. We denote the Hamming

graph Kn x K^by Gu. A Hamming graph restricted on a partial operation set PIJ = OIJ

is called H-graph. A comparability graph 6 : (PIJ,.O) which contains an H-graph is

called H-comparability graph. There exist Hamming graphs which are not comparability
graphs, for instance Kz x Kt.

For any pair (MO, JO) in the open shop, define the shop graph Guo, to : (PIJ, Euo1o)

where the arc set reflects the union of pll machine orders and all job orders, [9]. An

acyclic shop graph is called a sequence graph that is an acyclic orientation of the

disjunctive graph. For each sequence graph G7a616 we can describe the sequence (MO,

JO) by a special latin rectangle A : [a4], where aii: r&trk (oi) (the number of vertices on

a longest path from a source to oij), such that for each integer a,i> | there exists au- |
in row i or in columnT or in both. An arc from o,7 to os exists if and only if i : k or j : I

and aq < ap1 hold. There is a one-to-one conespondence between the sets of all

sequences and all sequence graphs which can be done in linear time on the number of

operations, see [9].

A sequence graph, denoted by Gn = (PIJ, f), is an acyclic orientation of the H-graph

Gu. For the sequence A, we denote the transitive orientation of a sequence graph and its

symmetric closure by G'i and [Gr{], respectively. Given a sequence, both graphs can be
determined in polynomial time O(n2m2), [16]. Let E4t'1and E6gTrepresent the sets of all
regular edges (edges in H-graph GIJ ) and diagonal edges, respectively. Here,

lc'il: (OIJ, Gt; + (Gff ') = (OIJ, E4t1e Ea6) is undirected graph, where 6r denotes

the reversed graph of a graph G with all arcs in the reversed direction.

Consider a 3-jobs 4-machines open shop with machine order h : Mz -+ Mq ) M1, Jy:

Mt -+ Mz -+ Ma -) Mr, Jt '. Mt ) Mz ) Mq and job orders Mr : Jt -+ A -+ Jz.

. V z :  A  1 "

the graphs r
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) J3, Ma : Jt -+ h + Jz. The corresponding and rank matrices and

,raffi,,

Figure 1: IVIachine orcler graph G;176 ancl job orrler.graph G.767.

Figure 2: The H-graph G,ilA) and the sequence graph G-r.

Figr"rrc 3: The transitive closurc Gf; and thc symmctric closurc [Gl,i].
For two edges ab, cd in a graph G: (v, D a f-relation, denoted by abf cd, is defined if

and only  i f  e i ther  e:  c ,  ua e t  or  b :  d ,  ic  e  E or  ab:  cd.Thetrans i t ive re la t ron
lt' decompose the set of all edges into equivalent implication classes in thc

Mz:  I  )  J2,  M3:  J2

the graphs are given.
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comparability graph. The set of all implication classes of the sequencel is denoted by
Tp2'1 : {1r, . . . ,I,,Ir',. ,1,'}. Note that a graph is a comparability graph if and only if
there is no implication class containing both an arc and its reverse. A sequence with

only one implication class is irreducible, [3]. Two edges ab, cd e Gl are said to be in

fa- re la t ion,denotedbyabfncd, i f  and,only i f  abfcd in[Gf l .Twoedges e,e 'e  8,p11
are connected by a f6-path if there exist e = €0, €r €n1, €n1+!: e' from Ea71 such

that ef sel l e ez . . . €,,1A e' which defines the transitive closure fl of the f4-relation on
Epy The extended sequence implication classes are the minimal sets containing all

transitive edges of the corresponding classes. The relation f[ partitions E47i into
equivalent sequence implication classes. The set of all sequence implication classes cjf
the sequence I is denotedby Ppi'1: {Pr, . . ., Pk, Pr-t, . . ., Po-t }. A sequence with only
one sequence implication class is ineducible, [21].

The problem of ineducibility is closely related to the following problems (see Section
J l .

The graph sandwich problem for property P: Given two graphs Gr : (V, E1) and

Gz:(V,  Ez)  such thatEt  C Ez,  is thereagraph G:(V,  E)  such thatErC- E c  Ez

which satisfies property P? Comparability-graph-sandwich problem: Given two
graphs Gr= (Vr ,E1)  andGz:(Vz,  E2)wi th \  e  V2and f i  C E2,  does there ex is t  a

comparability graph G with Gr c G c G2?, il21. Comparability-graph-deletion

problem: Given a graph G : (V, E), does there exist a set M c E of at most ft edges

deletion of which yields G a comparability-graph?, 1221. The problems comparabilitr -

graph-sandwich and comparability-graph-deletion are l/P-complete. The problem of

irreducibility is a special case with Gr: K, x K,, and G2: lGt)].

Given a graph G: (V, D, we define the f-graph Gr: (E, f) with an edge epz e I f
and only if e[e2 in G. For a given sequence A,from the f-graph Gr: (E<el* Ear.4.l-t
with contraction of edges in f-relation, we define the factor graph Gs(A). The vertex scr

Gs (V) in the factor graph contains an arc v e Ea or the extended sequence implicarrtu

classes in ?1and ?rl. An undirected edge ep2belongs to Gc(O in the factor graph rf

and only if there exists a f-relation between nodes or set of nodes e1 and e2.

Let (OIJ, Ep1* E41) with lEal: d be the H-compara.bility graph to the given A e SLl"

?t : {Pv . . ., Pr\ and Ea4: Pr * . . . + Pr,4 P,-' + . . . P;t . The consequence gnpl

Gr(A) : (Vx, Er) is defined as follows. The set of nodes is Vr E Eae) * ?^ + ?^-1 . T

edges e' and e" frorn Vs are connected by an undirected edge of color i e {1, . . . fl

when the removal of ei e Eo, forms a f-relation between e' and e" or between

sequence implication classes they represent, respectively, i.e., Ey: le'^e" with colr

[ l0 l ]  AMAZ
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le'le" intclll- ei, eie Ea<etl. The set G6; represents the subgraph of G6with irh color
s u c h t h a t G r : G n q . . . * G x a .  

e - r - - - ^ v A ' r r r ' r  \

For a given set M e EaQq, the reduction graph Gnt/,A) : (vnu, Epr) is defined by
inserting into Gs all edges from Gr which are colored from M and deleting the nodes
which represent edges in M as Gp;(A) = [Gs * IJ"eM Gx"] - M. Theremoval of an edge
result new lr-relations' The consequence graph informs which sequence implication
classes are merged by the removal of ei e Erto. The reduction graph informs about the
deletion of nodes from Gg and addition of edges between the remaining nodes in Ggwhich induce a new f-reration between sequence imprication crasses.

3. Modeling Decision problems

Given a sequence A e SIJ on the same operation set oIJ for the open shop sequencingproblem o ll C,,,o', we reformulate different versions of the following recognitionproblem' This question has not been completely answered since 1990,s raised t-pii;l;;
in [15]' Does there exist a polynomial time algorithm for the decision whether a given
sequence is ineducible? what is the computational complexity status of this decisionproblem? The ineducibility and reducibility are complement decision problems.
Reducing is the constructive optimi zationproblem to the decision problem reducibilitv.
Irreducibility I 1s the sequence A irreducible?

Reducibility I Does there exist a sequence B e sIJ such that B < A?
Reducing: Find a sequence B, if it exists, such that B < A.
A path wA with vertex set v(w) in the sequence graph G,a (equivarently, in the sequence
l) is called maximar if there does not exist anothe, iattr ,'ninit with v(w) c vfu.).The set ll,q of ar maximar paths in A contains the longest orrn. o'r.or*..t, ,,reducible to another sequence B of the same format if and only if for all maximal paths
ws in B' there exists a maximar path w,a in r such that the incrusion v(w6) e v@) is
satisf ied. If  B < A,thenthereexists w6e l l /swithV(ws) c V(wt) forsome w1e W6.
The decision whether'a given sequence I is irreducible, or it is reducible or similar toanother sequence,B simply by using the related definitions takes exponential time.
Lemma 3'1 F8l Let be the operation sets such that oIJ c oIJ . Thenthere exists a
path w,a in the closure At' with v(we) = oIJ, if and only if oIJ, is a crique in tdiJ.Moreover, such a path is unique for the clique OIJ,in [G[j.
since the subgraphs can be tested and the transitive closures can be constructed with thesame time complexity o(n2m2) for given sequences of the same size fl x ffi,Theorem 3.1

)
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yields an answer in polynomial time to the question of ineducibility, reducibility or

similarity between two given sequences'

Theorem 3.1 [3] Let A, B e SIJ be on the same operation set OIJ for OllC,,^'' The

reducible or similar to the sequence B if and only if

: lG';] for the corresponding H-comparability graphs'

A sequence can be obtained

graph. If the H-comParabilitY

the H-comParabilitY graPh to

called a sequence orientation if every diagonal edges in T is transitive' If a transitive

orientation G'[ of [G'l] ts not a sequence orientation, then some diiagonal edges of [G,a]

are not in the orientation G"i, and B < A'

onemayreducethegivenSequencebyrevers inganimpl icat ionc lass.

reverse the implication classes is the deletion of a single diagonal edge'

edge from a transitive reduction can be done easily. However, if lG')l canbe transitively

One method to

Deletion of an
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For a reducible sequence, the reducibility can be proved with nondeterministic

polynomial time. As this proof is constructive, such a procedure answers not only to the

reducibility but also to the problem reducing. The problem reducibility is in N P and the

problem ineducibility is in co-NP. Furthermore, if there exists a NP-test for

irreducibility, then this problem is either polynomially solvable or NP-incomplete' as far

as P *NP holds.

The relation < induces a partial order on the set of all sequences of the same operation

set S1/. The irreducible sequences are the minimal elements of this half-order on H-

comparability graph [Gx] containing H-graph G11, for given A e SIJ .Let A e SlJon the

operation set oIJ for the open shop sequencing problem ollc^o,. Let ldh be the

corresponding H-comparability graph containing ihe H-graph Gp on the same oIJ'With

this the problems of irreducibility and reducibility can be reformulated as the question

of the existence of an H-comparability graph G as follows'

Irreducibility 2 Is there no H-comparability graph G with 6,t c 6cYdll?

Reducibility 2 Does there exist an H-comparability graph G with Gu e Gclc';l?

The theory of reducibility concerns the reduction of a sequence through the reversion of

an implication class in its transitive closure. One of the most important fundamental

properties states that a sequence I whose H-comparability graph lG'l] is not prime is

either reducible or is similar to an irreducible sequence B with B * A and B * A-t,l2Il'

from every transitive orientation of an H-comparability

graph G has a sequence orientation G'1, then G : tdh is

a sequence A e SIJ. A transitive orientation T e 71c;1 is
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oriented such that neither 
" 

nor u-t are transitive edges; then the edge 6 can be deleted

and the graph tdll 
- 

" 
is a comparability graph whose sequence orientation reduces I

strongly. As transitive orientation of an H-comparability graph can be found in

polynomial time and the number of diagonal edges for an n x m open shop sequencing

problem is of order O(n2m21, it can be tested in polynomial' time whether a give

sequence can be strongly reduced by deleting a diagonal edge.

Theorem 3.2lzlllf there exists e e EaQqtintc']lsuch that LG';l_ e is a comparability

graph, then ever transitive orientation of LGi] - 
" 

induces a sequence which strongly

reduces the sequence l.

Thus a sequence A e SIJ can be strongly reduced to a sequence B e ^11/which cannot

be further reduced by reversing an arbitrary implication class. This can be done in

polynomial time. The H-comparability graph [,8"'] is then either prime or there exist

similar sequences to B other than B-1. The set of all such reducible sequences cannot be

obtained in polynomial time as the recombination of all implication classes is of size

O(2k\ for ft implication classes and every edge may represent an implication class in the

worst case. The reversion of only implication classes and their recombination does not

generate the sequence space.

Not every recombination of the sequence implication classes of a sequence A is acyclic,

and it yields a sequence B if it is acyclic. The set of all recombination of the sequence

implication classes is sufficient. Therefore, taking sequence implication classes as basis

for the space of sequences, we reformulate

Irreducibility 3 Does every.feasible recombination of the sequence implication classes

of A produce a sequence B similar to A?

Reducibility 3 Does there exist a feasible recombination oJ the sequence implication

classes of A where at least one diagonal edges of A k missing?

Removal of one edge may not yield a strongly reduced sequence but with more than two

edges removed may yield. A removable set with respect to a given sequence A is a set of

undirected diagonal edges M c Eaeq. The set M is called feasible if ld;] - M is an H-

comparability graph, and it is called feasibly extendable if there exists a feasible

renrovable set M. of diagonal edges of Ldll such that M c A,f . The set M is called

infeasible if it is not feasibly extendable. A removable set which is not feasible may not

be necessarily infeasible. A removable set can be feasible and, in addition, feasibly

extendable, too. We reformulate the problem of reducibility as follows.

Irreducibility 4Is every removable set M e E11,a1in[G')'] infeasible?

I
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Reducibility 4 Does there exist a feasibly extendable removable set M L Eaay in [G')]?

In any 7G')1,the implication classes which consist exclusively of diagonal edges can be

deleted and the reduction through the reversion of group of implication classes can be

done in polynomial time. A sequence is called normal if it cannot be reduced in either of

these ways. Since any sequence can thus be reduced to a normal sequence in polynornial

time, we restrict the space of sequences into the class of normal sequences [1].

For a reduction of a normal sequence by the reversion of a sequence implication class

P1 against the sequence implication class Pzfrom the same implication class, all f-paths

between them which contains at least one diagonal edge have to be cut keeping the

comparability property. For feasibility of M each such path has to be broken, in order to

avoid a connection in [G'll - M. Not all f-paths are destroyed if Pr and Pz belong to

one connected component of Gp- M .

With the help of factor, consequence and reduction graphs, one can recognize a feasible

removable set. These graphs inform existence of a transitive orientation of [Gi] - M, if

Mterns out to be feasible. However, if this is not the case, the question remains how a

none feasible but feasibly extendable set M can be expanded or to prove that the set Mis

not only none feasible but is infeasible.

The way to decide which additional diagonal edges should be added to a none feasible

but feasibly extendable removable set in order to get a feasible removable set is another

problem. One of the main issues while doing this process is that the diagonal edges,

which belong to the irreducible sequences, must not be removed and the problem of

merging two implication classes occurs when an edge play a role of conflict.

If there exists a path W c Vnv from a sequence implication class P; e Vpv to its

reversion Pi-t e V111y1,wQ call it a conflict in Gnu(A). The number / > 0 of the diagonal

edges contained in the inclusion-minimal path l( is called the order of the conflict. A

direct conflict is a conflict with /: 0. Clearly, every conf'lict in Gp, reflects a f-path in

lc';l- M from P,to P;t.For M, in order to be a feasibly extendable, all these conflicts

must be dissolved and every one of these f-paths rnust be broken. A f-path between

two edges in a graph will only be destroyed removing edges from this graph when at

least one edge from the f-path is removed.

A diagonal edge is called stable if it is contained in every irreducible sequence of A- A

diagonal edge is called trivial-stable if it in an extended sequence implication class. A

stable diagonal edge which is not in an extended sequence implication class is called

non-trivial-stable. If all edges in [G')] are trivial-stable, then the irreducibility of a

sequence is decidable in polynomial time.
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The H-cornparability graph of the sequence B is uniquely orientable and this transitive
orientation contains three diagonal edges {(op, ozt), (ozz, otz), (ozr, ott)}. The set of
regular edges form two sequence implication classes, say p1 and p2. The four inner
nodes {ozz, on, ozz, on} form the complete graph Ka which contains trivial_stable edge
{ozz, ozt} and nontrivial-stable edge lozz, on}. If we consider the combination
Pt * Pz-t, then the resulting graph of the irreducible sequence c removes the third
diagonal edge {o21, o33} and converts the nontrivial-stable edEe lozz,o33} into trivial-
stable edge.

A diagonal edge e e LG';I (l) is called magic-stable with respect to M ifit does not Iead
to a direct conflict in Gpr*, with M + e C M*, through a series of conflicts of order l. It
has not been found any sequence yet which contains a magic-stable edge. If one could
prove that there exists no magic-stable edges, then the problem of irreducibility is
polynomially solvable. Therefore, the difficulty of the p.obL. of ineducibility depends
upon the existence or hon-existence of magic-stable edges in a given sequence graph.
For recent algorithms and some conjectures on the complexity status of this prlbtem
based on the category ofdiagonal stable edges, we refer to 1f1.

4. Results on lrreducibility

we briefly review the status of irreducibility in the open shop ollc_4r, see [g. l] for
details. A sequenceB is optimal if B < A.for ail r"qr*n."rr. It hords c*d))=.eq,o.
i l- ' ) .  Moreover, B < I implies B 1A*r, B*t < A uA i-: l :  ) : i .
An unavoidable set of sequences is computed for small formats, [19]. This approadh
formulates the dominanOe relation as a mixed integer programming. Among seven
classes of all3x3 irreducible sequences only three of them are unavoidable in the sense
that ihese together with their reverses form unique minimal optimal set ensuring of at
least one optimal sequence. A sequence of biggest rank five among all irreducible
sequences cannot be missed. For the problem o3ln:21c.,,,, the minimal cardinality of
two distinct potentially optimal solution sets is 3. Thus, the minimal set is not unique.
The properties of sequence isomorphisms play important roles for the enumeration of
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openjshop sequencgs,l,l4]..The sequence,4 is irreducible if and only if the sequence B

is.also.irreducible.inthp,.sarneisornorphismclass.

The set of all irreducible sequences for OZllC^'* is presented in [5]' For every

irreducible sequence A,theteexists ake {2' " ' 'm\ suchthat Acanbeobtainedby a

permutation of the columns of the sequence 'eo ' An\ sequence in this class is

i r reduc ib leandanySequenceno tbe long ing to th i sc lass reduces toasequence

be long ing to th i sc lass .Th iscanbeoon . inpo lynomia l t ime .No te tha t the la t te r

sequence ,4pis ]irreducible having only one implication class. This result also holds even

if ihe sets,of operations is partial'

.  : . . ' , t ,  t ; : '  1  . , ' ,  |  1  . . . k - l  k  k + \  . . . m  )

, ; , .  ;  i  r :  , ' A t = \ m - k + Z  m  |  2  " ' m - 1 5 + l )

tr.-';oi,*r.r;ti.'."iiti'of all irreducible sequences to all sequences for Oln : 2lC'no' is

il-: 
'i 

0, motivating a research in the nalrow search space'

Thereareseveralsufficientconditionsforthereducibilitywtrictr,.cll|:?:u-:J'i":'

#ffJilJlill'ir*rt,tve closures. An n x ,n sequencela'i)' where min{ra' m\ > 3'

having,anoperat iono, iwi tha i i>nm.-2 isst ronglyreducib le 'Anysequencewi tho '

suchthato;Thasat leastone,u"" . , ,o ,butnoneof i tssuccessors inrowjorco lumnThas

a direct predecessor outside row j and columnT, respectively, is strongly reducible. If l

beasequencesuchthateachjobj is f i rs tp ,oce,sedonthesamemachinej , thenB<A

for'some sequence B. We refer to t:, f +] for more polynomial time test conditions'

enumeration algorithms and computations of ineducible sequences for small formats' A

mot ivat ingresul t is thatonlyaverysmal l f ract ionofa l lsequenceshasbeenfound

u07l

can be d<

An enun

minimal

Each seq

reverse c

.4. For n

sequence

An inset

method

algorithr

ineducit

ratio bet

growing

A generi

an undet

This ap1

based or

I'he con

date di

addition

.q. seque

Ct(B) 1
times, d

and all r

Theoret

predece

Proof. -

implies

times at

B whicl

path w6

holds.

ineducible.

The irreducible sequences for the open shop on an operatiol 
::'lt1i:?:t:,t"':::

j,fr"l[:T:?ffi in [5]. rhey describe in detail the set of all rocaltv minimal
.  +L^ i*azLrnih i l i tw cnn he

:lil:T: iJ:;;ffi;^ ; ;"1",; *i,"rn"i"nt condition ror the ineducib'itv can be
t . , - A r r ( - r v l t h e

."ffiil;:#;ff time on tree_like operation sets, [20]. Given orJ c 7 x "I ' the
t  L1-  ̂ -^ ^-, i -+o on cr loe

;*;#;;;;""d as follows. For each node i e r andi e J,there exists an edge

-  rr r f  +l^i .  - 'o^h ic 2 free then the

;tJ,ffi ffi ;;; only if the operatio n oii € ou rf this graph is a tree then the
i l i+ . ,  in  th iq  s tn rc tu re  iS

;Jffi'":"i;' ; ;J o'"-r15" il' f"l',"-l ::^ :::::::'l*'" :i",'j:XJffT';
;ffi::n"il J,;,l;,; ;i;;;;i-.ie.' in a sequence of this structure are triviar-

stable [1].

;;.rJ;r"her a given sequence can be strongly reduced to another sequence b1
1^-^  a^  L^  o -o . r rp r l  thAt  2 '

ilil_Tffi;# and reinserting it as a sink ol. u rour.., it has to be ensured that at
.noataA in fhe latter. This

l'jil':irfiil:'Jffiilffi;il.' ""0 
no new path is created in the latter' rhis
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can be done in O(n2m2) time and space, given an n x m sequence, [3].

An enumeration algorithm computes all irreducible sequences constructing inclusion

minimal comparability graphs by successively inserting diagonal arcs into [G7], [4].
Each sequence in such a set is similar to exactly one sequence in this class, namely its

reverse one. This algorithm constructs graphs G such that" G: ldil for some sequence

l. For min{n, ml > 2, a lower bound on the number of diagonal arcs of an n x m

sequence on the complete operation set is !Or(n - Dg)

An insertion method for the enumeration of all sequences can be found in [6]. This

method is modified and a new enumeration algorithm is presented in [3]. In their

algorithm, a set of, nonisomorphic sequences is computed and, thereafter tested for

irreducibility. One sequence per isomorphic class is sufficient. They compute that the

ratio between the number of irreducible sequences and all sequences decreases with
growing n and m. There exist irreducible sequences that are not rank minimal, [3].

A generalized decomposition on ineducibility is introduced in [9]. For this, he considers

an underlying2 x 2 open shop problem by the assignment of an operation to each part.

This approach invents the properties of irreducibility on the sequences of larger sizes

based on similar properties on the sequences of smaller sizes.

T'n-e concept of ineducibility for arbitrary numerical input data, release time 4 > 0, due

date di > 0, weight wi > 0 and the processing times pu > 0 with respect to some

additional regular objective functions y can be found in [21].

A sequence I is called general-reducible to another sequence ,8, written as B <, A, if

C{B) S C,(l) holds for all jobs i and all possible instances of numerical data No; release

times, due dates, weights and processing times. Obviously, if q (D S Ct@) for all jobs

and all numerical data, then T(B) S y(l) holds for all regular y.

Theorem 4.1 Let A, B e SIJ , and let the set v;(A) of operations contains the
predecessors of an operation of the job i. Then it holds

B <n A <+ (tC'fi1S tC'il) n (ro(B) e ui(A) for ail i € I).

Proof. First we show that the condition (lc';l e @;D A (v(B) e viQ4)) for all jobs

implies that B <rA. On the contrary assume that there exists a matrix P of processing

times and a job k such that Cr,(B)> C*(A).LetwB:(oi j ,  . .  . ,  or) be apath in sequence

B which ends at an operation oa of the job k with 2o,,.,,8 p,, : Cr (B).All nodes in the

path ws are contained in v(B) and hence are contained in yr (l) because vp (B) e vr (A)

holds.

t
t
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Because B < A, the nodes oii, . - ., ori ti 'rrtn a clique in l, and therefore, there exists a

pathw,l inl which contains all nodes of rr3 and ends at an operation ofjob ft. Then thr'

inequality Eou,ewA p,u.1 C1(l) contradicts io the assumption Cr (B) > Cr @).

On the other hand, we assunte that B -- -{ and shorv the validity of the condition

{C'il e Gh A (r,;(B) e r,(l)) for all jobs. lf B I A, then there exists an arc

e: (o,,,,, op1) e [Gs] but not in [Gi] . We define the matrix such that

; l  i f  o , 1  e  { o , , .  o r r }
P ,  

= ' ,0  
o therw ise

Tlris follows that Cr(B) :2 and C*(A) : l, rvhich is a contradiction.

If vi (B) * v{^A) for a job ft, then there exists an operation o,,,, which is a predecessor ol

an operation ofjob k in B but not in A.lf we define a matrix P : [pii] as follows:

J l  i f o i i : o u u
Pi i :  )o  o therw ise .

the inequality Cr(B)> Cr(A) follows irnmediately. Lr

A sequence I is called r-reducible to another sequence .8, denoted by B <, A, if C,,,o,(lJ

1 C,,,,,,@) for all I' : [pu] and all r: lril.

Along with a number of results in terms of the comparability graphs and precedencc

relations between operations, the interesting relations between the general-reducibil.rtr

and r-reducibility are established.

Theorem 4 .2Forany  A,  B  e  S IJ ,  i tho lds  B<, .A  i f  andon ly i f  B  
I  <s ,4  rho lds .

Proof .  l fB  
r<g  

A- t , thenr , r (Br )  c  r ' r ( l - r  ) fo ra l l jobs i  andtc ' j - l  c  lC 'h .Fur thermorc .

each inducecl subgraph frorn r',(B 
') 

of [C',i] is also an induced subgraph from v; (l 
r) , ':

lG')]. eecause the maximal cornpletion time of jobs in I corresponds to the maxirn.,

sum of one of the release times 11 and the maximal clique value of the induced subgrup'

f ro rnv ; ( l - r )  o f  lG ' ) l , thecomple t ion t imeof jobs inBmustnotbegreater thantha to l ' : '
,l

On,fr" other hand, if B t l A 
r 

then it is easy to verify that there exists a matrir ,'

processing times such thar C,,,n, (B) > C,,,,, @).

Similarly, if vr (B-t) * vt (.q-t) for some job ft, then there exists an operation o,,,, whiclt

a successor of the job k in B but not in l. Then the following settings

f  t  i f  o i r :  o u v  l t  i f  i :  k
o,, : 10 otherwise 

and rr : 
l0 if i + k

implies that C,,,o, @): 2 and C,,,,,, (l) : 1. Ll

5 C c

'qb 
r |

r*;{

ffi*cffi{J I

il\lb 
{

' r !
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The definitions of strong reducibility, similarity and irreducibility have been extendedsimilarly for general case and the r_reducibilitv.

5. Conclusions

In this paper we consider the problem: does there exist a polynornial time algorithm forthe decision whether a given sequence is irreducible? Then we review all mathematical
formulations and all solution approaches of the problem.

we mainly deal with the makespan objective function in the open shop. The polynornial
solvability of this problern depends on the diagonal edge as all regular edges are stable.
one of the main issues raised fiom this research is whether the concept of stability ofthe diagonal edges in the corresponding H-comparabirity graph of the sequencing
problern with'rnakespan objective can be extended for other reqular objectives. Theresults are likely to be similar, however, some extensions have to be rnade.
'{cknowledgemcnts: The author would like to thank Gerrnan Academic Exchange
Service (DAAD) for the support of research visit at university of Magdeburg, Gennany(May-June, 2010).

REFERENCES

Andresen, M. 2009. On the Complexitlt of Rertucihility pxtblem.s tltrough H_Comparabiliyt Graphs, phD thesis, University of Mag<Jeburg, Gennany.
Andresen, M', Brziser, H.' prauschin, M. and werner, F. 200g. Using SimulatedAnnealing for open Shop Scheduling with Sum criteri a. Gtobal optinti:urirtr : Focuson Simulated Annealing, I_Techonline.

Breisel' H., Harborth, lvr., Tautenhahn, T and willenius p. r999. on the Set ofSolutions of the open Shop Problem. Annals of operations Research 92:241-263.
Bruisel, H., Harbortrr, M., Tautenhahn'f. and wiilenius p. lggg.on the Harclness ofthe classical Job Shop problem. Anrars ctf operctti,,s Researcrt 92:265-279.
Brdsel, H' and Kleinau, M. 1996. New Steps in the Arnazing world of Sequercesand Schedul es. Mathematical Methods o-f Operation"^ Re.yearch 43: 195_2j4.
Brdsel, H. and Kreinau, M. rgg2. on the Number of Feasible s.rrutions of the opcnShop Probiem - An Application of Special l-atin Rectangtiis. opti,nizution 23:251-260.

Dharnala' 'r'N' 
2010: Reducibilit.v Problems 

lf 
oren shop seqttences Minintizing rittMakespun. Proceedings of the lgth workshop on Discret. opii,r,rutro', IJoizSaLr.Germany', May I i -20, 57 -(t0.

t l l

t2l

t3l

t4l

t s t
t "  I

t6l

tll

J



[1  r0 ]

t8l

tel

t10l

l t  l l

lr2l

l l  3l

t l4l

t1 sl

[1 6]

u7l

[8 ]

nel

t20l

t , ) t l
L L I J

122)

TANKA NATH DHAMALA

T. N' Dhamala 2007. on the Potentia|ly optimal So]utions, of Classical Shop

Scheduling problems. International Journal of Oprations Research (IJOR) 4: 80- 89'

Dhamala, T.N. 2002. Shop Schduling Solution-spaces with Algebraic

characterizstions. phD Thesis, University of Magdeburg, Germany, Shaker verlag.

Garey ,M.R.andJohnson,D.S. lgTg.ComputersandIn t rac tab i l i t y :AGuide to the

il""ty of NP-Completeness, W'H' Freeman & Co'' New York'

G o l u m b i c ' M . C . 2 0 0 4 ' A l g o r i t h m i c G r a p h T h e o r y a n d P e r f e c t . G r a p h s , 2 n d e d .
Annals of Discrete Mathematics 57, Elsevier' 2004'

G o l u m b i c , M . C . , K a p l a n , H . a n d S h a m i r , R . l g g 5 . G r a p h S a n d w i c f i P r o b l e m s .
Journal of Atgorithms 19: 449-473'

Gonza lezT.andSahn i ,S . lgT6 'OpenShopSchedu l i "q - tg ,Min imizeF in ishT imes '
Journal of the Associaiion of Computing Machinery'23:665-679'

Harborth, M. lggg. structural Investigation of Shop scheduling Problems: Numfur

Prob lems,Poten t ia lop t imat i t yand-NewEnumera t ionAlgor i thms.PhDThes is '

University of Magdeburg, GermanY'

Kleinau, M. 1993. On the structure of shop scheduling Problems:' Number Problems'

Reducibility and Complexity. PhD Thesis, University of Magdeburg, Ger. many.

McConne l l ,R .M.andSpinrad ,J .P . lggg.Modu larDecompos i t ionandTrans i t i ve
Orientation, Discrete Mathematics 201: 189-241'

Prins, C. lgg4- An Overview of Scheduling Problems er1f9

Communications.JournalofoperationsResearchsociety40:611-623.

Redei, L. lg34.Ein Kombinatorischer Satz, Acta' Litt' Sci' Szeged 7:

Tautenhahn, T. and willenius, P. 2000. How Many sequences solve

Problem? Preprint, University of Magdeburg' Germany'

Tautenhahn, T. 2000. Irreducible squences on Tree-Like operation sefs' Preprint'

University of Magdeburg, GermanY'

Willenius, P. 2000. Irreducibility Theory in Scheduting Theory. PhD Thesis.

University of Magdeburg, Germany, Shaker Verlag'

Yannakakis, M. 1981. Edge Deletion Problems. 'IAM Journal of computing l0 (2):

297-309.

The
Vol.

A

in Satellite

39-43.

an Open ShoP

Abst

Vod,

marri

).lepa

provi

girls.

amor

Tarai

marri

rr'as I

)'ears

IS  COI

1 .

\'larrr

becat

tounc

u'ith

unive

t-emrl

A n r

distril

conv(

t r n !



b.sical Shop
1., 4: 8o- 89.

) Algebraic

! Verlag.

f"rrde to the

The Nepali Math. Sc. Report
Vol. 30, No. I & 2,2010

A New Technique to Construd thA Female Marriage
Life-Table

F, 2nd ed.

TIKA RAM ARYAL

Central Department of Statistics

Tribhuvan University, Kirtipur Kathmandu, Nepal

E-Mai l: trary al@gmall.com & traryal@rediffrnail. com

I 

Problems.

fn:sh 
Times.

l, wu*u",

fro 
rnesis,

| ,.u,u*,,

fl:;*,.*.
[,t"'"""'

L":":::

Abstract: This article tries to construct female marriage life-table by using models.

Models developed by Aryal [] and Mishra [2] have been applied to construct the female

marriage life-table by using a sample survey data of Palpa and Rupandehi districts and

Nepal Demographic and Health Survey (NDHS). The constructed marriage life{able

provided the distribution to describe the waiting time for getting married among Nepalese

girls. The expected waiting time for getting married at birth was found to be 16.4 years

among Nepalese girls whereas it was i7.5 years among hilly girls, 16.9 years among

Tarai girls and 17.2 years among rural girls. Similarly, expected waiting time for getting

married among girls at age 12 years was found to wait another 5 years and at age 24 years

was found to wait next 2 years and at age 30 years was found to wait another one and half

years. Thus expected waiting time for getting married at birth was around l7 years, which

is consistent value to the average age atmaniage of 17 years [1].

1. Introduction

Marriage is one of the social events, which is an important demographic parameter

because it direct influences the human fertility []. Naturally it is considered to be the

foundation of family formation and it is an important determinant of fertility associated

with the duration of exposure for the risk of childbearing |,3,4l.Indeed marriage is

universal in Nepal. The timing of getting married is generally early for both males and

femrles in Nepal.

A number of probability/mathematical models were used in order to describe the

distribution of age at marriage in different societies. They are: lognormal distribution[5],

convolution of a normal and exponential distribution [6], linear function of the logarithm

Thesis,

l0 (2):

F"
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of a standard ganuna distrihtio t4 tro F lqJogistic model, Gompertz cury€'

simple polynomials and logilti: cc S9,lOl mvotution of two exponential

distributions[ll] type I extc rrrbc&ilbll2'13'l4l' Of course, so used models

are being conceptually difficuh to +lt d I -bfu(l as well as the computation of

parameters.Sinceallthesemoddstrwiddltigdiscrw€ncybetweenobservedand

expected parameters. Likewise a d.r, d rgchen were also applied several

mathematical models for oescrrfr4 tb &fuilion demographic phenomena

[5,16,17,18,19].IndeedAryaltUrndMifirtZlOaUopeAsimplemathematicalmodels

for describing the distribution of fcnb t3.f rrbgp. In brief, the description of the

developed models is given in the follordng dio'

2. The data

The data are used from a sample sury€,y of Dcmogl4hic sun'ey on Fertility and Mobility

in Rural Nepal (DSFM): A Study of Palpa end Rrpandehi districts' A total of 811

households were surv€yed. The d€tails of thc data are available in Aryal [l' 3]' Another

set of data are also used by extracting ftom 6c N€pal Family Health survey'

3. Models '

The basic assumptions of the models developed by Aryal [l] and Mishra [2] are given

below. X is a random variable where X{, if the fe,male geuing married before ttre 
5e 3r

12years ;X :1 ; i f femaleget t ingmaniedat theageof12 to15years ;X :2 ' i f female

getting married at the age of 15 to 18 years; X:3, if fernale getting married at the age of

ig to-2f years; and so on. The mndom variable X can also be regarded-as a number of

failures'preceding the frst success. However research€rs have not assumed constant -

probability of success and independence of trials by discussing the disfibution of

marriage and first birth [20, 21]. Probability pi of getting a success in the q+l-)tr' tri.al

when it is known that first i trials resulted in failure, increases as i (.i = 0, 1'2' 3'' ' ' k)

moves from zero to 4 certain value s and decreases monotonically as i moves from s to a

value t ( > s) and thereafter remains constant. That is, the probability that the female is

manied in ie age group (i.e- x = i, for i:0, l, 2,3 '" k) then'

P(x=i)  = P(> i ) 'P(x = i /x 2 i )  
-r

In other words, the probabilrty can be expressed as the product of ihtsprobabilities that th€

samedidnotmarryintheprecedingiagegroupsi.e.failure(|-p,)andthesamemarries

in the i6 agp-gfoup given that she did not nrarry in the preceding ith age-groups i'e.

success ( p, ). i.e. i

P ( x = i l x 2 i ) =  P , a n d  P ( r = i ) = l -  P i = 4 ,

t t  l3l

So that

Of this,

Finally t

(M-l)

Where r

Aryal I
not foun

decrease

getting t

decreasir

expressir

(M-2)

i.e. start

and the r

P q = d

and so ol

In additi,

and the e

1 ,2 .  The

x:3 onu

approprir

(M-3)
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So that P(x = 0\ = po and p(x > 0) = I

P ( x  = l )  =  q o '  p ,

P ( x = 2 ) = q o . Q r . p z

P ( x  = 3 )  =  q o . %  . Q z .  p z

P(x = t1= Oo .Qr .  
Qz .  pt . .  .  eupr

P ( x 2  k )  =  q o . Q r . Q z .  p s . .  .  Q * _ r p *

of this, we have the different probabilities po, pt , pz, pt , p 4, ... and are defined as:

P o = d ,  P r = a + p  a n d  p r = a + T f i

Finally the following expression developed by Mishra [l] is:
(M-1) pi = a+(y+ 5)p for all i : 3, 4, 5, .. . . . k.

Where a, B,y and d are the parameters of the model.

Aryal [l] highlighted that in some of the societies, the probability pi (i: 3,4, 5. . . k) was
not found constant always due to the occurrence of some marriages at the late ages and it
decreases as i increases. So that a number of decreasing factors have been 

"ppfiJ 
fo,

getting the decreasing probability p; after i: 4,5,. . k. Aryar [l] found ttie appropriate

decreasingfactor, d 
6 6= 

r.L 
where d is replacing by 

;]- 
in model (M_l). Then his

expression is given as:

(M-2)  p ,=d*V**>B
t - 3

i.e. start decreasing from i:5, where i : 4, 5,. . . k and i #
and the respective different probabilities are:

p q = d + ( y + 6 ) f  ,  p r = a + ( y + 1 , , f  ,  o r = d + ( y + * l p ,  p t  = d * V * 5 l p
z 3 " - . 4 "

and so on.

In addition to this, Aryal Fl also highlighted that the model (M-2) has four parameters

lt1 
'T expected frequencies would be exactly equal to the observed frequencies ro, *lo,

l, 2' The difference between the observed and expected frequencies would start only from
x:3 onwards. It is therefore, for a small varue of k, the model (M-2) may not be
appropriate so that Aryal [l] further developed a model and it is given below.
( M - 3 )  p i  = d + ( a +  

B ) y  f o r a l l i : 3 i  4 , 5 . . , k .
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The above said models have three and/or four parameters, which were estimated by using

either iteration or maximum likelihood methods. The fitted models and estimated

parameters were adopted from Aryal [1, 3] and presented in Tables 1 and 4.

4. Construction of female marriage life'table

Female maniage life-table may be constructed through the estimated parameters of the

models discussed above. The procedure for constructing marriage life-table is similar to

that of the construction of mortality life-table. Since marriage is a universal event, and

each and every female would eventually have experienced it. Under this assumption, the

expected waiting time for getting married in a certain age or age group is obtained by

using life-table technique with the help of the models. Number of females who got

married in a certain age or age group was considered as the number of death cases. The

proportions of surviving i.e. not having married in a specified age or age interval are

obtained by fitting the above discussed models. Once we get the proportions of surviving.

i.e. proportions of not having get married in a specified age or age group; the following

procedure can be followed for the construction of marriage life-table.

Let M* be the proportion of females who got married at age x years or less. This value can

be computed by fitting the above discussed models to estimate the value of proportion of

surviving i.e not getting married. S* be the proportion of surviving or not getting married

at age x (S-: l-M-). If I, is the cohort of the life table, then l*:lo* S* and the probability of

getting married between x and x+l years of age is thus obtained by using following

expression.

g . .  =  
( M " * '  - M ^ )

( l _ M , )

The other functions of the marriage life-table, L" (person-year getting married by the

cohort at age x), T^ (total person-year getting married by the cohort after age x) and e.

(average number of years expected to get married at age x) are computed by the usual

process followed in the construction of a mortality life-table. The respective formulae oi

life-table functions are given below.

l -  = 4 1 { U .  l = i L - + L ^ * r + . . . * L " * n  l T * , r = T ^ - L ^ a n d  s *  = }
L -

5. Applications

Construction of female marriage life-table through mathematical models is given in thc

Tables 2, 3, 5 and 6 for the data consists of hilly, Tarai, rural and whole Nepa.

respectively. The female marriage life-table of Nepal was constructed using estimate;

r

rr
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parameters of the fitted models. Model parameters were adopted by Aryal [1, 3] and
portrayed in Tables I and 4. Table I presents the fitted models to the data of hilly and
Tarai regions of Nepal. The corresponding constructed female marriage life-table is given
in Tables 2 and 3 for hilly and Tarai regions of Nepal respectively.

Table 1 Observed and expected distribution of female age at marriage by different
models

Re-scale

age

Hi l l .  DSMF.2000 Tarai DSMF.2OOO
Exp.

M-2M-l
Exp.

M.3M-2M - lM-3
26 26.00
104 104.00
206 206.00
166 l  66.88
35 36 .20
8 I  7 .85
2  |  1 . 7 0
2 )  0 .37

l 0
82
197
r03
50
l 9
6 - l- -
3 _ )

0
I
2
1
J

A

5
6
7

the

r i  tO

and

the

: b y

oo t
5 - '

fhe

' n o
' " b r

' i n g

10.00

82.00
197.00
I  14.58
42.56
1 5 . 8 1

5 .87
2 . t 8

10.00
82.00
197.00
l  1 5 . 1  I
+2 .  t o

14.53

5.99
2 .61

10.00

82.00
205.86
106.45
41 .19

15.94

6 . 1 7
2.39

26.00
r 04.00
206.00
t 6 7 . 3 1
36.28
6.41
l . l J

0.85

26.00
r 04.00
205.60

163.92
38.09
8 .85
2.06

0.48
total 470 470.00 470.00 470.00 549 549.00 549.00 549.00

0 .484  0 .765  0 .131
l 1 2

3.22 3.87 2.29
2 2 3

y2.
d.f.

: Can

r o f
':ied

., of

' .  r no
" ' D

Parameter
a

b
r

0.021277
0.1 56984
3.184320
0.683560

0.021277
0. r 56984
3.293200

0.047359
0 . t51494
2.932711

1.923783

0.0473s9
0.151494
2.925300

This table adoptedfront Aryal [1,3]

Table 2 Female marriage life-table for hilly region of Nepal using different models

the

- iual

:3  Of

Model: M-l

Age(x) Mx Sx lx qx Lx Tx ex

0-t2 0.021277l.000000 I 00000.00 0.178261 1187234.00 r 755006.001 7 . s 5

l z - t J 0.19s7450.978723 91872.34 0.521164 267446.82 s677"72.315.80

l 5 - 1 8 0.6148940.804254 80425.53 0.633039 178404.34 300325.52 J . I 5

18-21 0.85868 l 0 .385106 38510 .64 0.640771 78963.83 12192t.32 3 . r 6
2t-24 0.949231 0 . 1 4 1 3 1 9 1 4 1 3 1 . 9 1 0.562615 28812.7'l 42957.45 3.03
' r A ' r 1

0.9828720.050765 5076.60 0.729t93 l  0 1 84.04 14144.68 2.78

21-30 0.99s3620.017127 1712.77 0.86982 I 3264.89 3960.64 2.31

30+ 0.999999 0.004636 463.83 0.987872 695.7 5 695.7 s 1 .50
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of each table (Tables 2,3,5 and 6), e*, show the

expected waiting time for getting married at the specific age x- The expected waiting

time for getting married at birth was found to be 17.5 years for hilly girls (Table 2)

whereas it was 16.9 years for Tarai girls (Table 3). The different models were provided

the consistent expected waiting time for getting married among Nepalese girls both at

hilly as well as Tarai regions. The waiting time for getting married at age of 12 years was

found to be 5.8 years and at the age of 24years was found to be 2.8 years among hilly

girls.

The values presented in the last column, e*, show the expected waiting time for getting

married at the specific age x (Table 3). Among Tarai girls, the expected waiting time for

getting married at birth was found to be 16.9 years. The waiting time for getting married

at age of 12 years was found to be 5.5 years and atageof 24years was found tobe2'2

years among the Tarai girls (Table 3). Slightly different waiting time for getting married

among hilly and Tarai girls of Nepal where girls belong to Tarai got married early than

hilly girls, which might be the climatic as well as nutritional effects.

ln7

Tab

lMod

i at'

t

l 2

t 5

l 8

2 l

24

27

J

lrt
" 0 -

t a
t z -

;

.  1 8 -

l l - l

24-"

3(

1'7

\lodel

I 8-2

t t  1
- t ' z

a
;

0- l

l 2 - l

t 5 - l

Model: M-2

0-12 0.02127'1l.000000 r00000.00 0. r 7826 I lL87234.00 1754828.00 t7 .54

r2-t: 0.t9s7450.978723 97872.34 0.52n& 267446.82 s67593.61 5.79

l5- 1 0.6148940.804255 80425.53 a $s967 178404.31 300146.82 3 . I J

t8-21 0.8s98090.385106 38510.64 0.&896 78794.68 121742.61 3 .  l 6

2l-2t 0.95078?0 .  l 40 l9 l 1 401 9.1 5 0.628 t 88 28410.64 42947.87 3.06

24-2'.1 0.9817020.049212 4921.28 0.6965t2 t0t26.62 14s37.23 2.95

27-30 0.994441 0.0t8297 t829.79 0.87982 I 3577.66 44t0.63 2.41

30+ 0.99999r0.005553 555.32 0.988872 832.97 832.97 r .50

Itl"d"l MJ

0-12 0.02127'1r.000000100000.000. I 7826 I I I 87234.00 t749753.00 t7.49

t2-l 0.1957450.978723 97872.34 0.544603 267446.82 s625 1 9.1 0 5.74

l5 -  l 8 0.633745 0.804255 80425.53 0.618392 175576.61 295072.30 3.66

l8-2r 0.8602340.366255 36625.53 0.627036 7s903.r9 1t9495.70 3.26

2t-24 0.947812 0.139765 t3976.60 0.650612 28784.04 43592.55 3 . 1  I

24-27 0.98178i 0.052124 52t2.77 0.720794 I  0551.06 14808.5 r 2.84

27-3C 0.9949r 0.018212 t821.28 0.87982r 3494.68 4257.44 2.33

30+ 0.999991 0.00s085 508 .51 0.988872 162.76 762.76 1 .50
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Table 3 Femaleemale marriaee life-table for ral of Nenal usins differenf models

Model: M-l

Age(x) Mx Sx lx qx Lx Tx ex

0-12 0.0473591.000000 100000.000.1 98853 I  171585 .00t691792.00 t6.91

t2-15 0.2367940.952641 95264.12 0.49t647 257377.00 s20207.70 5.46

l 5 - 1 8 0.6120220.763205 76320.58 0.783474 t72677.60 262830.60 3.44

l8-21 0.915993 0.387978 38797.81 0.784909 70797.81 90153.01 2.32
t l  . t )

0.98193 r 0.084007 8400.73 0.79r33r 153 I  I  .48 I  9355.  l  9 2.30

24-2i 0.99623C0.018069 t806.92 0.8212s6 3275.95 4043.7t6 2.23

27-3C 0.9993260.003770 377.05 0.896777 666.66 767.759 2.03

30+ 0.999999 0.000673 67.40 0.999998 r  01 .09 r01.09 1.50

Model: M-2

0-12 0.047359 I.000000 r00000.000. I 98853 1171585 .00t692049.00 t6.92

l2-r5 0.2367940.952641 95264.r2 0.49r647 257377.00 s20464.s0 5.46

l 5 - r8 0.6t2022 0.763205 76320.s8 0.78s493 t72677.60 263087.40 3.44

t8-21 0.9t677C 0.387978 38797.81 0.794047 70680.33 90409.84 2.33
1 1  . r t

0.9828( 0.083224 8322.40 0.68r  l9 1s054.64 t9729.51 2.37

24-27 0.994s360.017140 1714.03 0.716667 3390.7r 4674.86 2.72

27-30 0.9984520.00s464 546.4s 0.896777 l 05 l . 9 l t 2 8 4 . 1 5 2.35

30+ 0.999999 0.001548 154.83 0.999998 232.24 232.24 1 .50

Model: M-3

0- t2 0.047359 1.000000 100000.000. I 98853 1171585 .001694967.00 t6.94

t2-15 0.2367940.95264r 9s264.12 0.490692 2s7377.00 523382.50 5.49

l 5 - 1 t 0.6rr.2930.763205 76320.s8 0.768135172786.90 266005.50 3.48

l8 -21 0.909872 0.388706 38870.67 0.769806 71825.14 9321 8.58 2.39

2l-24 0.979253 0.090127 9012.75 0.776997 1 6 6 3 1 . 1 5 2t393.44 2.37

24-27 0.995373 0.020746 2074.68 0.8 r 1024 3806.01 4762.29 2.29

27-3A 0.99912(0.004626 462.66 0.896777 825.13 956.28 2.06

30+ 0.999999 0.000874 87.43 0.999998 t3t . t4 l 3 l t 4 1 .50



n181 TIKARAMARYAL

Table 4 Observed and exPecte

Rescale

age

Rural Nepal, DSMF, 2000 NEPAL. NFHS, 1996

M- l M-2 M-3

obs ExP

M-l M-2 M-3

0 3 6
'  I  186

2 403

3 269

4 8 5
- ^ n

6 8
. 7 \

8 -

36.00

186.00

403.00

277.84

82.36

24.41

7.24

2 . r 5

36.00

r 86.00

403.00

279.05
91 1)

21.07

7.88

3.28

36.00

r 86.00

422.90

241.78

86.44

30.89

I 1.04

3.95

309

2189

374r

r549

450

139

39

6

7

309.00 309.00

2189.00 21 89.00

3741.00 3'741.00

1568.09 1s68.09

445.89 446.15

126.80 rr9.34

36.05  38 .18

10.25 12:88

2.92 4.45

309.00

2189.00

3701.74

1598.01

453.r2

128.44

36.43

10.33

2.93

r019.0 t019.00 8429 8429.00 84296.00 8429.00
Total l 0 l 9 1019.0

y2.

d.f.

4.52
a
J

2.98

J

5.63

4

o 1 )

4

8.87
A

9.89

5

Parameter

a

b

r

0.035329

0. I  53888

3.056233

1.286165

0.035329

0. I  53888

3.209100

0.036666

0.232922

2.550610

0.36450

0.03666

0.23292

2.52165

fhit ttbh tdoPtedfrom ArYal [1,3]

Table 5 Female marriage life'table fot n
.aDlc f ,  rEr l

Vodel :  M-1

Age(x) Mx Sx Ix qx Lx Tx ex

r 178803.001721688.0 il '7.21
0-12 0.0353291.000000100000.000.189217

0.505646 26202r.60 542885.2( s.62
t2-15 0.21  78610.9&671 96467 -r2

l 5 -  l 8 0.6r3346i 0.78213978213.94 0.705178r75318.90280863.6C3.59

18-210.886006, 0.386653 38665.36 0.709022

0.722189

7s09"1.15105544.7C2.72

22074.58 30447.502.67
2l-24 0.9668301o I  r i994 r 1399.41

3316.98 0.771033 63s7.70 83',72.9r2.52
24-2',10.9907850.033169

2744 0.9978900.009214 92r.49 0.892662 1698.72 2015.21 2. r8

30+ 0.9999990.002109 210.99 0.987647 316.48 316.48 1.50

l-Model: M-2

0-12 0.03s3291.000000, 100000.000.1892r',11178803.001721723.0tr7.21

t2-r5 0.2r78610.964671 
" 

96+67.12 0.505646 262021.60 542920.5C5.62

-.----.
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Model: M-l

Age(x) Mx Sx lx qx Lx Tx ex
0-12 0.036659r.000000r 00000.00 0.269581 l 178005.00t642267.0(r6.42

t 2 - t 50.296358 0.96334096334.08 0.6307s4 2s0047.50464262.90 4 .81
l 5 - 1 80.7401830.70364270364.22 0.716023 t44518.90 2t42 ts .40 3.04
I8-21 0.9262180.259817 2s981.73 0.7t6969 s0039.92 69696.s2 2.68
2t -240.9791170.073782 7378.22 0.720373 14199.73 t96s6.60 2.66
24-2i 0.99416r0.020882 2088.27 0.732426 4008.30 5456.87 2 .61
z / -Jt) 0.9984380.005839 s83.94 0.778284 1t10.27 1448.57 2.48
30-330.999654 0.001562 156.25 0.892662 286.33 338.29 2 . t 6
33+ 0.999999 0.000346 34.64 0.987647 51.96 51 .96 1.50

The waiting time for getting married was found to be 17.2years among girls of rural Nepal.

:f1,":l::.llr:n"g 
malie! at age of t2 yearswas found ro be 5.6 years and at rheage of 24 years was found to be 2.5 years for rurar girls. ritewise'"ttieffi;, ;:t ffgetting married at 30 years was found to wait another one and half years (Table 5).

Table 6 Female marri Nepal using by different models

r 5 - t 80.6133460.782t39 78213.940.708249 175318.90280898.9C3.59r 8-21 0.8871930.386653 38665.36 0.7196t7 749t9.04 r05580.0(2.73
2t-24 0.9683710. I  12806 t1280.67 0.6s3739 21665.36 30660.94 2.7 |)4-)'7 0.9890480.031629 3162.900.706093 6387.14 8995.58 2.8427-300.9967810.010951 1095.19 0.892662

0.987647

2t2s .61 2608.44 2.38
30+ 0.9999990.003218 321.88 482.82 482.82 1 . 5 0

Model: M-3

0-t2l0.03s32sl.uuu000100000.000.189217I 178803.001726322.0r17.26
t2-t5 0.2178610.964671 96467.120.530615262021.60 5475t9.|c5.67
r5 -180.63287s0.782139 78213.94 0.646298 172389.60 28s497.5A3.65
t8-210.8701470.36712436712.46 0.6s326s74s46.6r n3107.9C3.08
2t-240.95497s0.129852 12985.28 0.673278

0.736491

26231.60 38561.332.96' rA 1. 0.9852890.045024 4502.45 8960.2s t2329.74 2.73)7-?n 0.9961240.0147101471.05 0.892662 2788.02 3369.48 2.29
30+0.9999990.003876 387.63 0.987647 581.45 s81.45 1.50
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Model: M-2

0-12 0.036659 1.000000100000.000.269581 I  178005.00642798.0( to.+z

96334.08 0.630754 250047.50464193.20 4.82
t2-15 0.2963580.963340

0;715982 1445 18.90 214745.80 3.05
t 5 - 1 80.7401830.703642

'70364.22

18-210.9262070.259817 25981.73 0.717283 50041 .52 70226.84 2.70

0.678647 i  4198 .30 20185.312.73
21-24 0.9791380.073792 7379.29

1431 0.993296 0.020862 2086.25 0.675633 4 1 3 5 . 0 1 5987.01 2 .86

1 3 3 1 . 8 3 I  851 .99 2.76
Z I  -3\J 0.991825 0.006704 610.42 0.702673

30-33 0.9993530.002174 2t7 .46 0 .81  6514 423 .18 520.16 2.39

0.987647 96.98 96.98 r . 50
J J T 0.9998810.000646 64.66

Model: -3

f r.:6rsnfr l?8oo5JoF44or3Jd 16A4
0-12 0.036659r.000000100000.00

0.624134 250047.50466088.00 4.83
t2-15 0.2963s80.96334096334.08

1 5 - l 0.73552s0.703642 70364.22 0.716834 r4521'7.60216040.603.07

0.717814 50904.79 70822.99 z . o  t

18-21 0.9251 I 0.26447526447.50

2l-24 0.97886'70.074890 7489.03 0.72t046 t4403.49 l99l  8.20 2.65

4054.21 5514.7 | 2.60
a A ' r ' 1 0.9941050.021132 2 1 1 3 . 3 0 0.733146

z  t - ) t 0.99842',70.005895 589 .51 0.779035 1120.24 1460.49
a A 1

0.892662 288. I  3 340.25 2 . 1 6
30-33 0.9996520.001573 l f  / . J  r

)  l . l + 52.14 1 . 5 0
J J T 0.9998810.000347 34.76 0.987647
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Thewai t ing t imeforge t t ingmarr iedwasfoundtobe |6 '42years fo rNepa leseg i r l s

( T a b l e 6 ) . T h e w a i t i n g t i m e f o r g e t t i n g m a r r i e d a t a g e o f 1 2 y e a r s w a s f o u n d t o b e 4 . 8

y e a r s a n d a t t h e a g e o f Z 4 y e a r s w a s f o u n d t o b e 2 . 6 y e a r s a m o n g N e p a l e s e g i r l s .

L ikewise theexpectedwai t ing t imeforge t t ingmarr iedat30yearswasfoundtowai t

another one and halfYears'

6. Gonclusions

Thispaperdeve lopedatechn iquetocons t ruc t femalemarr iage l i fe tab leo fNepa lby

usingmodelest imatedparameters.Femalemarr iagel i fe-tablewasconstructedforgir ls

be longtoh i l l s ,Tara i 'andrura lNepa l .Theexpectedwai t ing t imeforNepa leseg i r l sa t

b i r thwasfoundtobe16.4yearswhereas i twas lT .5yearsamongh i l l yg i r l s , l6 .9years
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among Tarai girls and 17.2 years among rural girls. Expected waiting time for getting

mamied at the age of 12 years was found to wait more than 5 years and at the age of 24

years was found to wait more than 2 years and at the age of 30 years was found to wait

another one and half years. The expected waiting time at birth was around 17 years,

which is consistent value to the average age at marriage of 17 years [l]. The finding of

this paper may help planners and policy-rnakers to design proper policy of a country.
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Abstract: A change of Finsler metric L(cr, F) -> L(eou, B) is called an

cr- conformal change, where O is a function of position xi only, cr is Riemannian

fundamental function and B a differentiable one-form [6]. M. Matsumoto found

tl-re several conditions under which a Finsle space with (cr, B)-metric is of Douglas

type ([1], [7]). The purpose of the present paper is to find the condition that

cr- conformal change of Finsler space with (cx, p)-metric of Douglas type remains

to be Douglas type.

Key words: (cx, B)-metric, Douglas space, conformal change.

Mathematics subject classification: 2000: 538 20, 538 28, 53B 40, 538 18.

1. lntroduction

First time M. Matsumoto introduce (o, B)-metric notation in 1972 on the study of

C-reducible Finsler space l4l and in 1991 he studied about its Berwald connection

l5l. Y. Ichijyo and M. Hashiguchi [2] studied about conformal change of (cr, B)-

metric. Some properties of cr- conformal change was studied by M. Matsumoto in

1992 16l. The notion of Douglas space and the condition that the Finsler space

with (cx, B)-metric of Douglas type has been investgated by M. Matsumoto and S.

Bacso (t1], t7]).The present paper is devoted to study the u- conformal change of
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Finsler space with (a, B)-rnetric of Douglas type and to found the conditions on

conformal factor, so that a Douglas space is cr- conformally changed to a Douglas

space.

2. Preliminaries

Let cx(x, y) : be Riemannian metric and B(x, y) : bi(x)yi be a

differentiable one-form in an n-dirnensional differentiable manifold Mn. If a

Finsler fundanental metric function L(cr, F) is positively homogeneous of degree

one in cr and B in Mn, then Fn : (Mn, L(oc, B) is called a Finsler space with

(cx, B)-metric [5j. The space Rn: (Mn, cr) is called a Riemannian space associated

with Fn [5] and Christoffel symbols of R" are indicated by 1ir., and covariant

differentiation with respect to 1ir. (x) by V.

We shall use the symbols as follows:

r l
(2 .1 )  r ,  =  

i t v r t t  
+  V lb i )  s , j  = ; ( v ;b1  -  V lb i ) ,  

"  
j  =  u " ' . j  ,

s  j  =  b r s r j '

It is to be noted that si.; = 
|tr.;0, 

- aib j) . Throughout the paper the syrnbols d1

and Ei

a , a , ' , r , , r
stand for 

fr 
anO 

fr 
resRectively. We are concerned with the Berwald connection

Bf : (G'1t, G!) which is given by

zGi(x,y) = gtjlytararF-d,F),where F : L212, GJ = Djct uno GJt = AtGl.

The Finsler space Fn is said to be of Douglas type ( Douglas space) [l] if

DI : Gi(x, y) / - C/(x, y) yi are homogeneous polynomial in y' of degree three.

We shall denote the "homogeneous polynomials in y' of degree r" by hp(r).

For a Finsler space Fn with (cr, B)-metric ([3], l5l), we have

(2.2) 2Gr =y'gt +Znt,

where

a , ,  ( x ) y l y J
u " -  -

[1  25]

(2.3)

and the

and B rr

degree 1

Proposi

only if I

Equatio

(2.3)

3. d.

Let Fn =

manifol

such tha

L + L

(3 .1 )

From (3

by

(3.2)

where o

clc-confor

where p

(r
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(23) 
"' 

=*r' *#,b -+:'..[*-; ' ' ] , , :  o tF.* ,

Cx=
uB(rggls -2osglg)

,  b i :  au  b1 ,  12 :b2  a2  -  p2 ,  b2 :  a i  b i  b i

z(FzLa*orzLool

and the subscript s and p in L denote the partial differentiation with respect to o

and B respectively. Since yio = T1r,(x)yjyk is homogenous polynomial irr (yi) of

degree two, we have

Proposition (2.1) I7l. A Finsler space with (cx, B)-metric is a Douglas space if and

only if Bi : B' yj - Bj y' are hp(3).

Equation (2.3) gives

(2.3) nu = 
ff 

r.fvj -,[vil **y.-,uiyj -6jri ;.

3. G- conformal change of Douglas space with (o, p)-metric

Let Fn : M", L) and F" : (M'', i; be t*o Finsler spaces on the sarne underlying

manifold Mn. If we have a function o(x) in each coordinate neighbourhoods of Mn

such that t-(o, B) : L(eoct, B) then Fn is called cx-conformal to Fn, and cliange

L+ i of metric is called ct-conformal. Therefore we have

(3 .1 )  c r :eoc ,  B :8 ,  a i : e ' oa r ,  b , :b r ,  d ' : e - ' oa i l ,  I i - . - zo6 l '

From (3.1), it follows that the cr-conformal change of Christoffel symbols is given

by

(3.2) 
4o 

=f:u +Slo,. +SLo', -oiuik

where o1 = dlo' and d - uUoj. From (2.1), (3.1) and (3.2) we have the fol lowing

cr-conformal  changes (3.3)  (a)  V j6t  = V jOt  
- (bro '  +  Uto; )+pa11:

where 0: bro',

( b )  t j  =  r , j  - ( b i o j  + b r o t ) + p a u (c) S,j = t,j .
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Theorem

always a )

Remark

and only

change ot

Randers r

5. c-con

For a Kro

Hence the

(s.1)

Therefore

which shc

Theorem

with b2 *

Remark i

and only

(3.3) it fo

We knov

(m,r  0 .  1)

From (3.2) and (3.3), we can easily obtain the following:

(d) sl = 
"-2o'1,

(e) 3j =.-2orj.

(b) i00 =.00 + P o2 - oo B

(d) so = e-2oso.

(3.4) (a) ysio: Y6io+ zoor' - & o',

(c) sb = 
"-2o'b

To find the cr-conformal change of eu given in (2.4),we first find the cr-conformal

change of C* given in (2.3). Since L( cr, 9): L(t"o' B)' we have

(3 .5 )  La=eo lo ,  LAA:e -2aLse ,  LF :Lp ,  & : {2ob2 '  V2 : f .

Thus we have the following:

proposition (3.1). In a Finsler space with (4, F) 
-metric r is invariant under cr-

conformal change.

From (2.3), (3.4) and (3.5), we have

(3.6)

where

g * : s o 1 g x * D * ) ,

(3.7) o*=ffiffi
Hence from equati on (2.4),the cr-conformal change of Bu is written in the form

(3.8)

where

-3'j: 
3ij 

"' 
gtj,

, ,  o - o " o o @ t t j _ b j y i ) .
(3 .9 )  c {= -  

FLa

Theorem (3.1). The d-conformal change of a Douglas space with (c)(, 0) -metric

is a Douglas space with (cr, p) -metric if and only if C'r is hp(3)'

4. cr-conformal change of Douglas space with Randers metric'

For a Ranclers metric we have L: a,+ p, so that Lo : Lp : 1 and Loo: 0' Hence

from (3.9), we get C{ :0. Thus we have the following:

6. c[-c
Kr<
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Theorem (4.1). The oc-conformal change of Douglas space with Randers metric is
always a Douglas space with Randers metric.

Remark 1. We know that a Finsler space with Randers metric is Douglas space if
and only if si.; : 0 [7]. From equation (3.3Xc) it follows that the cr-conformal
change of Douglas space with Randers metric is always a Douglas space with
Randers metric.

5. a-conformal change of Douglas

For a Kropina metric, we have L: o2 
,

0

space with Kropina metric.

2 u zso that to =T' too =fr, rB = o2

p2
Hence the value of D* given by (3.7) reduces to

a

(5.1) D* - 
p(pcr' - oop) 

.
zb2a

Therefore, the value of CU given by (3.9) reduces to

6 ' j :  
I  r

# 
ro^nu- okbh )vhvk (uivi - ujvi ),

which shows that CU is hp(3).

Theorem (5.1). The cx-conformal change of Douglas space with Kropina metric

with b2 + 0 is a Douglas space with Kropina metric.

Remark 2. We know that a Finsler space with Kropina metric is Douglas space if

and only if Aij = 0 [7], where A,;: rij - 
# 

(s.i bi - si b.;). From equations (3.1)'and

(3.3) it follows that Au : A,.i . This proves the theorem (5.1) in another way.

6. d'conformal change of Douglas space with generatized
Kropina metric.

space with genetalized Kropina metric , = o'*t

, 0 -
[7] if and only if there exists a scalar k(x) such that

We know that the Finsler

(m + 0. l) is a Douglas space
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7  . - . >

sij : + (s1 b1 - s; b.;)' (b2 + o)

b '

and r,j : 
#+ l) 

{(1 - m)b1b; - mu2ai3} . 
d#(s,b, 

+ s3bi ) '

1
We put A,j: s,j - Ut G, bi - si bj),

and Ku=ru-a#' t ( l -m)b,b. i -mb2ai i )  
d#(s,b,+sib;) '

From (3.1) and 13.31, it follows that A'1 = Ai1 and f':: 
5'; - 9-:o'+ 

b.,'oi),+, P

aij, with the assumption that the scalar k of Fn and scalar I of F" are related by

[ : k. Hence '-conformal change of Douglas space with generalized Kropina

metricisaDouglasspacewithgeneralizedKropinametricifandonlyif

(6 .1 ) p au : bi o.;+ b.;oi.

,L2e)

typc

equi

Mat

spa(

foll(

Contracting (6'1) by gi we get p(n - 2):0' which gives p = 0 for n> 2' Putting

p : 0 in (6.1) and contracting by d we get oi : 0 provided bz * 0' Thus

cr-conformalchangeiscr .homothet ic .Conversely , i fc r -conformalchange- is

g- homothetic, then oi : 0 and hence P 
: 0' so that At: : A'i and K'j: K'j'

Therefore, we have the following:

Theorem(6.2) .Thecx-conformalchangeofDouglasspacewi thgenera l ized

J;"r*;; oi" rar* 0, n > 2) is a Douglas space with generalized Kropina metric

if and only if cx,-conformal change is cr- homothetic'"

Remark3.Ifg-conformalchangeiscr-homotheticthenoi:o^tTot:tt* j jo: l-

Then from eQuations (3'7) and (3'9)' we get D* : 0 and C'r : 0' So from equatton

( 3 . 8 ) w e g e t B l j : B u . T h i s s h o w s t h a t D o u g l a s s p a c e w i t h ( c r , B ) . m e t r i c i s u .

homothetic to a Douglas space with (a' p)-metric'

7. cr-conformal change of Douglas space with Matsumoto

metric metric. 
.,

It is known that [8] Matsumoto space Fn = (Mn' L:y; ) is a Douglas space if
c [ - p

and only if V1b1 : 0' Then from equation (3'3)(a)' the F'insler space Fn (n > 2)

which is obtained by c[- conformal change of Matsumoto space Fn of Douglas

The

metr

conl

8.

A F i

only

(8 .  11

Fron

u'hic

(8.2)

with

L : I

(8 .3 )

Cont

(8.4)

Cont

(8.5)

Ei im

(8.6)
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type is also of Douglas type if and only if p ai.; : bi oj + bj o.t As in section 6 this
equation gives o; :0 provided.bz + 0, h > 2. Also, it has been shown [g] that
Matsumoto space is a Berwald space if and only if Vjbt : 0. Thus a Matsumoto
space is a Douglas space if and only if it is a Berwald space. Hence we have the
fol lowing:

Theorem (7.1). The c{,-conformal change of Dougras space with Matsumpto

metric (b2 + 0, n > 2) is a Douglas space with Matsumoto metric if and onlv if o-
conformal change is o- homothetic.

8. o-conformal change of Douglas space with metric L = cr +

$'tul.
A Finsler space with metric L: o + 1$2tu) (b'+ 0,1) is a Douglas space if  and
only if there exist a scalar function k(x) such that H;.; :0 [5], where

( 8 . 1 ) Hi; = Vlb; -k{1t+zb2)aU -3bibi}.

From (8.1), (3.1) and (3.2), we get

Itu : tv,b; - (bio:+ b:oi) + p aijl - tttr * )r-2cb2)e2o a;; - 3 b1 b1l

which may be written as

(8.2) H1 : H, + ai; (k - k e2o + p) - (bi o.i+ b: oi)

with [ : k Hence the cr-conformal change of Douglas space with metric
L: a+ (P2fu) ( b2 + 0,1) remains to be Douglas space if and only if

(8.3) a,: (k - k e2o + p) : 0io: + b.;oi).

Contracting (8.2) by gU *e get n (k - k e2o + p) : 2 p. Hence (8.2) reduces to

(8.4) 2p at:: n (b;o; + b: oi).

Contracting (8.4) by d, we get

(8 .5 ) p(2 - n)bi : b2 o'; .

Eliminating o; from equations (8.4) and (8.5)

(8.6) P ai j :  
nP 

- 
b,  b, .

(2  -  n )b '
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p r o v i d e d n > Z . ' s i n c e r a n k o f m a t r i x l l a ' l l l i s n w h e r e a s t h a t o f l l b i b S l l i s o n e

equation (8.6)'is only possible when p : 0' Henee (8'5) gives 6i : 0' Thus the

ffansformation is' o- homothetic'

Theorem(s.1).Thecr-conformalchangeofDouglasspacewithmetricL:cr*

G?cx) ( b2 * 0,1, n >2) is a Douglas space if and only if o-conformal change is u-

homothetic.
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Abstract: In this paper author gives some results on additive derivation on involution

* -rings.
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1. lntroduction

A ring R is prime if xRy : 0, X, ye R implies x: 0 or y: 0' We say that R is 2 torsion

free if in R. 2x: 0 forces x: 0. An additive mapping x t+ x* satisSing (x y)*: y* x*

and (x*)*=x is an involution. A ring equipped with ai involution is a *- ring. We say

that a subse t A of a ring R is a Jordan subring of R if A is an additive subgroup such

that for x, y in A, xoy: xy+ yx must also in A. A subsei A of a ring is called a Lie

subring of R if A is an additive subgroup such that for x, y in A, [x,y] : xy-yx must

also in A.

Let A bea Jordan subring of R. The additive subgroup U c A is said to be a Jordan

ideal of I if whenever ue U andx e A thenuox: ux + xuis in U. Let Abe aLie

subring of R. The additive subgroup U c A is said to be a Lie ideal of I if whenever

ue U and x e A then [u,x] xz is in U.

l_ ---_'
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Combining (1) and (2), we have

2D(x) y*x*+2xD(y) x*+2xyD(x) : 2D(ryx)

D (xyx) : D(x) Y*x*+xD(Y)xx+ryD(x)

Proof of the theorem 2'3: since D (xyx) : D(x)y*x*+xD(y)x*+xyD(x) fot all x'y e

U.

Linearizing on -x

D ((x + z)y(x + z)) : D(x+z)v*(1+z)*+(x+z)D(v)(x+z)*+(x+z)yD(x+z)

D(xyx+xYz+zYx+zYz) :

(D (x) + D @)y*(a* +z*) + (x+z) D (v) (x* +z*) + (x+z)v (D (x) + D (z)

D(xyx)+D(zyz)+D(ry2+zyx) 
: D(x)y*x* +D(x)y*z*+ D(z)y*x*+D(z)y*z*+xD(y)x*+

xD (y) z* + zD(y)x* + zD (y)z* +xyD (x) +xvD (z) + zyD (x) + zyD (z)

D (xyz +zyx) : D(x) !*z* 1 xD (y)z* +xyD(z) + D(z)y*x* + zD(y)x*+zyD (x)

for all x,y,z e U.
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