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Approximation of the Lip (§(t), p) Class Functions
by Matrix-cesiro Summability Method

BINOD PRASAD DHAKAL
Butwal multiple campus
Butwal, nepal
E-mail:binod_dhakal2004@yahoomail.com

Abstract. The degree of approximation of functions belonging to Lipa, Lip(a,p)
and Lip(§(t), p) class by Cesaro, Nérlund, Euler and matrix summability method
has been determined 'by number of researchers of Modern Analysis. Most of the
summability methods are derived from matrix method. In this paper, I have taken
product of two summability methods, matrix and Cesaro; and established a new
theorem on the degree of approximation of the function f belonging to Lip (§(t), p)
class by matrix- Cesaro method.

Subject classification: 40C05, 40G05, 42A10, 42B08.

Key words and phrases: Degree of approximation, the Lip (E(t), p) class

functions, matrix-Ceséro summability method, Fourier series.

1. INTRODUCTION
Bernstin [3], used (C,1) means to obtain the degree of approximation function f by
lip 1 class. Jackson [6] determined the degree of approximation by using (C,5)
method in Lip a class, for 0<a<1. Results of Alexits [2], Chandra [4], Sahney &
Goel [14], Sahney & Rao [15], Alexits & Leindler [1] for the degree of
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approximation of functions f eLipa are not satisfied for n= 0,1ora=1. Above
mentioned results have been generalized by number of researchers like Khan
[7], Qureshi [ 10, 11, 12 & 13], Lal & Nigam (8], Lal & Singh [9] and Dhakal
[5]; and determined the degree of approximation of a function f belonging
to Lip a, Lip (a.p) and Lip (€ (1), p) by using Cesaro, Norlund, generalized
Noérlund, Riesz, matrix and (C,1)(E.1) summability method. But till now no work
seems to have been done to obtain the degree of approximation of functions by
product summability of matrix means and Cesaro means of order one i.e. T(C;). In
an attempt to make an advanced study in this direction, in this paper, a new
theorems on the approximation of function f e Lip (£(t).p) class has been
established.
2. DEFINITIONS AND NOTATIONS

Let f be 2n-periodic, integrable over (-m,7) in the sense of Lebesgue, then its

Fourier series is given by f(t) ~ %ao +Z (a, cosnt+b, sinnt)

n=|
(1)
with partial sum S;(x).

2x p
The L” norm is defined by ||f|[p =[I ]f(x)]pde , p 21
0

and the degree of approximation E, (f) under norm I ",, is given by(Zygmund

[17])
E,(f) =min | T, -f||

P,

where T,(x) is a trigonometric polynomial of degree n.
A function f € Lipa if |£(x+ )~ £(x)=O({°), for0< a<1.

4 - P~

s 8
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.z!, - b
f e Lip (o, p). for 0< x < 2m, if {ﬂf(mt)—f(x)]’-de’ =-oﬂt|“] 0< a<l,
0

p2L.

Given a positive increasing function &(t), p= 1, f e Lip (&(t), p) if

[ZJ'I (Fex+1)- f(x))!"dx]p =0 &()-

It is observed that  Lip (&(t), p) —=" Lip(c, p) —2==— Lipa.

Let ) u, be the infinite series whose nth partial sum is given by S, = > u,.
n=0

ki=0 I

Cesaro means (C, 1) of sequence {S,}is given by o, =—1-1- ZSk s
n+l1 =

If 0, > 8, as n > oo then sequence {S,} or the infinite series Y u, is said to
n=0

be summable by Cesaro means (C,1) to S.
Let T=(a,,) be an infinite lower triangular matrix satisfying the Silverman-
Toeplitz [16] conditions of regularity i.e.

i a,, >l as n—»w,a,=0,fork>n and i Ia,,.,‘]sM, a finite
k=0 i - k=0

constant. _ - |
Matrix- Cesaro means T (C,) of the sequence {S,} is given by

n 2 5

If t.— S as n— oo, then sequence {S,} or the infinite series » u, is said to be
\ n=0

summable by matrix- Cesaro means T (C;) method to S.
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Important particular cases of matrix- Cesaro means are:

(i) (N,p)Ci means, when a,,._l_k=]!}, where P,=)" p, #0.
k=0

n (4)
(i) (N.p,)C, means, when an'n_k=%')—"l
(iii) (N, p,q)Cimeans, a,, = Brduk  uiiore ani P, Q.. % 0. Al
. k=0
We write
o(t) =f(x+t)+f(x—t)-f(x) (2)
3. THEOREM
Quite a good amount of works are known for the degree of approximation of the
function f e Lipa, Lip (a, p) and Lip (£(t), p) class by various summability whe
methods. The purpose of the present paper is to obtain the degree of and
approximation of a function f eLip (&(t), p) class by matrix- Cesaro T (C))
summability method. We prove the following theorem:
Theorem. Let f: R — R is 2n-periodic, Lebesgue integrable on [-m, 7] and Lem:
belonging to Lip(§(t), p) class then the degree of approximation of f matrix-
Cesaro means of Fourier series (1) is given
|t.-f], =0 [(n +1yE (ﬁTD e
€))
provided T =(a,,) be an infinite lower triangular matrix whose elements
" sin

(an, ) positive and _ihohotonic increasing in k with 0 <k <n such that
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i Ay n-k =] and
k=0

)

3 =0 i 5)
g;o n-k+1 -[nq;lJ_ (5)
And £ (1) satisfies the following conditions:

{&( ) } is monotonic decreasing ()
]‘ JLICT) O (LJ - -
ARG RS S R 70 v

J{ - J,!?tgt) |J ] @D 5 @)

where § is an arbitrary number such that q(1-8)-1 > 0, q the conjugate index of p
and conditions (7) & (8) hold umformly in x.

4. LEMMAS
: ==, T b amdies Bl 4oy T
Lemmal: For 0<t<—— andfactthat —<— for 0 <t<—,
n+l sint 2t
K(n,=t).=0(n-+1); ©)
8y gk in2(n —k L
Proof: K(n,t)= 2 Brak SR 1k-+ D3
211.' k=0 n-k+1 sin -;-

_I_"Z 84 0k (n_k+1)
2nia

( sinnf <nsin®<nb for 0 <O < l)
n




[}

Db 2

K""’"‘c’[cmnt*} (10)

. U LB . o T A 1
K(ﬂ,f)= __1__ 2 f"l_t_.'_ll—-‘k sin (n- zk +l) 2
2n s n—-k+1 sin -;-

lli

@]
S,
=

g

3

|

g:

|

S
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5. PROOF OF THE THEOREM
n™ partial sum S,(x) of the Fourier series (1) is given by

sin (n-l- 2)t
sin 4 2

S, ()~ f(x)——H()

The (C,1) transform i.e. o, of S, is given by

15 N - 1 o(t) &
+1§ (8. (x)-f(x)) 2(n+1)nj %z sin (k +1)t dt

k=0

Gn(x);f;(x)_ m dt

Im

2

The matrix means of the sequence {G‘n}"ls given by

n (s T
> au,k(ck(x)—f(x))=f bt )—Z 1, ka.l)’ a4t

k=0 Ti=o (k+1) sin“%

1 & 1 sin’(n - k+1)z
or g 8y 01 (0,4 (%) ~£(x)) = J'd!(t)zné e "

t(x)=£(x) -_—? ¢ (t) K(n,t) dt

¢(t) K(n,t) dt + j (1) K(n,t) dt

ﬂ'-l

=1, +1,, say. (11)
Applying Holder inequality, Lemma 1 and fact that ¢(t) € Lip(£(t), p), we have,

i) ey

':"—u.-l"
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1
!

+| ;
= 0[5(——1—D { _[ t“‘dt} , for some 0 < e<—1-—. by second mean value
n+l £ n+1l

theorem for integrals.
ikl
=o((n+1)"§ F,:n—i—J]
=O((n+l)?la e;[l-l—i—l)) ' (12)

Similarly for the J, , we have

i (Lol comenf

n+l

Jr

]
o
—_
=
i
—
Ay
o
e
I"-—-."
R
Cad
&
R
5=
s
o
p—
i
a
- ::h ™ s o |

' =((n+1*EL) {j’t 90-8) dt} by condition (6)
¢ 90-8)+1 L
=0((n +1)* E(:L) {[WL} Cs

fuz

=0((n+1)*EL)) (n+1)=>

= o[+ "%(H—L,))
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-o@+1’ a(.m)]

13)
By (11), (12) and (13), we have

It,—f]= ((n-r-l) E‘(ml))
or It.—f], = O{zj‘ (('_ﬂ+1)'%r E(L )T dx}%
((n+1) Q(M) {zj, dx}%

=0+t ). (14)

6. APPLICATIONS
Following corollaries may be derided from the theorem.

li

Corollary 1. If E(t) =1t% 0 <a <1, then the degree of approximation of a
function

f e Lip (a, p), —;-c a £ 1,is given by

It. = £, =0

(n+1) "_, :

Corollary 2. If p = o in corollary 1, then the degree of approximation of a
functionf e Lipa, forO<a <1, is
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| t,-£]. = O[(—n:_l);]’ for0<a<1

18] M , fora=1.
(n+1)

Acknowledgement: Author wishes to express his gratitude to Prof. Dr, Shyam
Lal, Dept. of Mathematics, Banaras Hindu University, Varanasi, India for
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Parseval’s Identity for Low-Dimensional Nilpotent
Lie Groups Gs ¢ and Gg, 15

CHET RAJ BHATTA
Central Department of Mathematics
Tribhuvan University. Kirtipur
email: crbhatta@yahoo.com

Abstract. We prove the Parseval’s identity for low-dimensional Nilpotent Lie
groups such as Gs ¢ and Gg, s which are important for proving Hardy uncertainty
principles type results.

Key Words: Fourier transform, Hilbert Schmidt norm, kernel function.

1. INTRODUCTION

Let g be an n-dimensional real Nilpotent Lie algebra and G = exp g be the
associated connected and simply connected Nilpotent Lie group. Let {xy, ..., X}
be a strong Malcev basis of g through the ascending central series of g. In
particular, RX, is contained in the centre of g. We introduce a norm function on G
by setting for

x=exp (XX + .. +x,Xp) € G.x; € R

Il = (e + %% + .. +x2)!2
The composed map

n n
R" —> > G! (xl’ aeen xn) g Z Xj XJ — exp( Z Xi XJ]
i=1
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is a diffeomosphism and maps Lebesgue measure on " to Haar measure on G. In
this manner, we shall always identify g and sometimes G, as sets with R". The
measurable (integrable) functions on G can be viewed as such functions on R™.
The measurable (integrable) functions on G can be viewed as such functional on
mﬂ

Let g denote the vector space dual of g and {X; s os Xo ) the basis of g which is
dual to {Xi, ..., X,}. Then {X; S Maped } is Jordon Holder basis for the coadjomt

action of G on g’. We shall identify g” with R" via the map & = (&), .... &) = )j

=

& X and on g". We shall identify g" with %" via the map 2 = {,, ... &= 3

i=1
& Xj and on g we introduce the Eucledian norm relative to the basis {X; onss
X, }, that is

[f2.x

/=

=@+ &+ 8D = g

For an operator T in a Hilbert space such that T*T is a trace class. ||T|lys will
denote the Hillbert Schmidt norm of T.

2. THREAD LIKE NILPOTENT LIE GROUPS

For n > 3, let g, be the n-dimensional real Nilpotent Lie algebra with basis
X, .. Xn and non trivial lie brackets [X;, Xy1] = Xpa, ... [X1, Xa] = X,
g,-, is a (n — 1) step Nilpotent and is a product of RX, and the abelian ideal

2 RX;. Note that g is the Heisenberg Lie algebra. Let G, = exp (gn)-
155l

) n=l " -
Fori= ¥ § X € g, the coadjoint action of G, is given by

i=1
Ad (B}lp (t-‘xﬂ) E.u Z P J (és t) X »
j=1

where fori<j<n-1, P; (, t) is the polynomial in t defined by

= k k
Pi(&, t)=k21"(l[k!) DFtF g
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The orbit of & is generic with respect to the basis {X,’, ..., Xa } if and only if

%1 # 0, and the jumping indices are 2 to n. The cross section Xz, for the set of
generic orbit is given by,

X, = {£=(1,0, &, ey Eo-1, 0) 1 &1 € R, E; # 0}
For& e g, , let 7z denote the irreducible representation of G, absociated with E.
Then the mapping £ — 7: is bijection of X and the set of all generic irredicible

representation. Plancherel measure on c’i, is supported by these mz. Denoting by F
the fourier transform on RH, it follows that the Hilbert Schmidt norm of the
operator. 7 (f) , f € L' n L*(G,) is given by

2
s Dl = [ F£p1 & 1)y s Pt (G 1), t—5)> ds it
Ri =
The following group of lower dimensions such as Gs, ¢ and Gg, 5 are found in [8].
3. PARSEVAL IDENTITY FOR Gs, ¢
Let G=Gs =R’ R
(xh seey xﬁ) (3"1; seen YS)
1 1 1 1
= (XpF Y+ Xeys + Xsy2 + XaXsys + 5 Xs Y42+§x52Y3 tg Xt Y2t Xsys +‘2'X52 Y4,
X3 T ya + Xs5¥4, X4 + Y4, X5)

i 1 1 i
(X1, s X5) = (251 + XoXs + XaXg =5 XaXs” =5 X4 Xs + g XaX'5, X2 + XaXs

1
5 Xa X753, =X3 + XaXs, ~X4, —X3)
Fory,y € R?

1 1 1
m, ()¢ (v y2)= I f(x) gy (X1 + XoXs + X3Xg — 5 X3x’s — 3 X%4xs + 6 X4X's,
ﬂ!
1
X3+ XaXs—5 XaXs, =X3 + XaXs, —X4, —X5) § (y1, y2) dx
i T PP
= _[ f(x) exp 2mi [-x; +x2x5+x3x4-—§x3x 5= X4 Xs +Ex4x 5

g:ls

= 1
+5 x%xs — g XaX’s — (X3 + XaXs) Y1 + XaXsy1 — g X5y +
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57‘53’2 1= (X2 + X3%5 — 5 X "s)-Yz_-’z'x-txzs vi> «2-3;4;;5_;.352;.- |

1 3 5 1,5 1
X' Y23 X'sy1y2 5 Xsy1y"2] 6 (v1 +Xa, y2 + Xs) dx

, X4 = X4 = Y1, X5 > Xs = Y2
= [ fx1, X2, X3, Xa— y1, X5 = y2) exp 27 [-x) + xa(xs—¥2)

@t :

. I, 5 1 .
+ x3(Xa = Y1) — 3 %3 (Xs— ¥2)’ + Xay1 - 5 (xs = y2) yi +
3 (s =) 1% + xay2 = Xa(ks — y2) Ya—5 (xa— Y1) (xs = y2) o' = |

1 1 Sty _
5 (s —y2) y2' =5 (6= y2) yiy2—7 (xs— y2) yiy2 )] 9k, Xs) dx

I

. 1
._[ fx, X2, X3, X4 — 1, Xs — ¥2) exp [2mi (=1 + XoXs —X3) [Xa =5
R

(x5 —y2)* = (s —¥2) ¥2)E1 + U(y1. ¥2. X4, X5) 1) d(xs, Xs) dx

K; (Y1, Y2, X4, X5) = _f f{x1, X2, X3, Xa — Y1, X5 — y2) exp — 27 (X&) —
- . -m:'l

] M
XXs€) — X3 [Xa =75 (x5 - vl = (xs—y2) yi] &1 -
Uy, Y2, X4, X5)&1) dxy dx dxz
1
= Fiaa (&), —xs &1, —[x4 - 5 (xs— y2)? = (xs = y2) 2l

&1, X4 = Y1, Xs — ¥2) exp 27 i U(y1, y2, X4, X5) &
B .[ | KE: (V1 Y2, X4, xs) dyy dy, dxg dxs

w

’ _ 1 | o
Iz Blls = [ [Fizs &, x5, —[xa =5 (x5 = 2)* = (xs = y2) 2] .
Wt
glﬁ’ X4 — Y1, X5 — YZ] dy! dyz dx‘;dxs
=] _1

&i
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1 Gl3-n) +Fn)n)
E‘l‘i ﬂj- |F123 flE1, Xs. X4 E, =-¥2) +| E y2 }’2_. i
—(am =¥ = %’f’ - y:] dy; dy, dxq dx;s

1 1
Yi —=r—¥i —EKG, y2 —>*Yz—ax5
%I[F (&1, x +[1 [\+I Jl

£ 2 123 11, X5, Xa 2}’2 2|32 3
&1, 1. y2)If dyy dyz dxy dxs

1 1 . ;
=% I [Fia f(&1, wy x4 + [’f y2 Ei—y2 u) i y2)f
S _
dy;dy; dxs du

1 .
x4—“>x4+§3’22§l +y2u

1
E’f I |Fys (&1, wi Xa, Y1, y2)F dyy dys dxg du

1

1 ;
£7 [ IFfG w, w1, yo)ft dy dys dw du

mly

s

4. PARSEVAL IDENTITY FOR Gg, 15

G = Gg, 15 =R

(xl, aeey xﬁ) CYI:- sesy Yﬁ) &
X5t Ye)

(X1 + y1 + Xeya, X2+ Y2 + X5 Y4, X3+ Y2 + XeY¥s, Xa + Ya, X5 T s,

(X1, X2, vos X6) ' = (X1 + XX, —X2 + X4X5, —X3 + X5X6, —X4, —X5, —X6)

For ¢ € L (M)

i:‘(ﬂ'ﬂ 9. 54, ‘,6)¢(Y) §2¢0

]

ﬂ‘

]

wb

[/ 00 exp 2mi [(x1 + x0) 1 + (24 Xas) B + (%3 + XeXg ~xsxe) &5+ £

[ 800) e, 85,2 (31 XaXe, —X2 + XaXs, —X3 + XsXe, —X4, —Xs, —Xe) § (¥) dx

&
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1 =

(—Xey =5 X’ &1) = XeE1 + Xay] §(y + Eaxs + Eixe) dx
) 1

Applying x5 — & (xs—y - &iXs)

= é I f(x1, X2, X3, Xa, é (X5, =Y - &, X¢), X) €XP [(-X1 + Xa4Xg) &1 + (X2 + X4

(é (xs—y—E&1x6)) &2+ (- X3 &3) +§i‘(" XY -%Xzz &1) — Xe&6 + Xay] ¢ (xs5) dx

1 1 .
= .[a I f(xls X2, X3, X4, 5 (X5 =R él, xa)., Xﬁ) €xXp. 27 [—- X;E_] - Xzﬁ‘z - K3€3 .

& 1
XaXs + f (= X6y =5 X6~ &1) —Xe&s] 9. (xs) dx
?‘(n; .%5.53. &) 1S the integral operator on L? (R) where kemel is

1 . 1 :
Kr(fq- £3.83.8p) (¥, Xs) = |¢_2|' J- f(x1, X2, X3, Xa, g (x5 —y - & Xp), X¢) €Xp. (2m1)

[ Z Xi&i — X4Xs +§—[xsy += I x> 6 €1 + XgEe) dx dxz dxs dxy dxs

i=1

= I_gzl' J. FIFZF}‘F-l (éla gZ! E_ﬁ; X5 -E; (X5 =Yy= 151}(6)_. Xs) exp (_ Z‘Ri)

['E"‘(xev+3*c¢,‘c;1)+x6x6]dx6

IF (e, 25,25, 201 = _f K ey, 25,85, 20 (¥ X5)I7 dy dxs

- |§z| ” -l.Fl FaFsFai 82 8, x51§ (x5 = - 1 Xs, Xe) €xp. (27i)

w oW

(8 Gy + 3% &)+ ) daf dy d
1

y=>Y-3%8i

LF
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Abstract: We shall established the DCP Property of certain Combinations of de la
Vallée Poussin Kernels for some particular cases.

1. INTRODUCTION

Let 4 denote the set of analytic functions in D, /' * g the Hadamard product or
convolution between two members of 4. A domain Q < C is said to be convex in
the direction ¢, € R, if and only if for every a e C the set.
Qnfa+te?:te R}
is either connected or empty. Accordingly we define the class #(¢) < 4, ¢ € R,
of the functions convex in the direction ¢ as
#4() = {f € A : funivalent and D) convex in the direction ¢'*).
Finally. a function g € 4 is called Direction-Convexiry-Preserving (g € DCP) if
and only if
g*fe & (f)forall fe () and all ¢ € R.
Functions in DCP have many other intriguing convolution-type properties, for
instance the preservation of convex harmonic functions in D, and of Jordan curves
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in the plane with convex interior domain; we refer to [7], [8] for more details.
There one also finds a complete description of the members of DCP, namely

g € DCP <= g(z) + itzg' (2) € & (5) forall t € R.
Further it is known, that DCP functions are convex univalent.
The following criterion for membership in DCP is a slight variant of [7, Theorem 4].

Lemma 1 Let g be analytic in D, convex univalent and let u(f) := Reg (), t € R.
Then
g € DCP if and only if
Gy = (u" (t))2 —u'()u"({)=>0,te R
The classical definition of the de la Vallée Poussin Kemel of order n € N is

Wa(t): = -(211)! (1+cos (1) (1)

But here we are interested in the analytic version of the de la Vallée Poussin
Kernel

1 8 2n
Vn(z)zﬁ- Z (ﬂ"‘kj Zk,ZEC. (2)
Bt
Note that
2Re V, (e") =wn()—1,n € N. (3)
2. MAIN RESULTS

In this section, we again come back to the analytic version of the classical de la
Vallee Poussin Kernels. Let us recall that the function

V“(z)=(21—n) él [Hka] e
n

is the de la Vallee Poussin kernel of order n.
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In [9], St. Ruscheweyh and J. K. Wirths proved that for 0 < x < o0 and for n €N,
the function

. :
wo= 2 [3) (3] w@.zen, @
k=1
is convex. When they proved this, the class DCP was not even defined. Later in
1989 [7], St. Ruscheweyh and L. Salinas introduced the class DCP, which is a
sublcass of the class of convex functions. Now one can ask a natural question
whether the functions f, (z) belong to the class DCP instead of just to the class of
convex functions. We shall prove that in general the function f; (z) does not
belong to the class DCP. Already for the special case x = 1 in (4), we get the
following result.

Theorem 1 Forn e N. let

fa(2)= k% Gj G{k] Vi (@), ze D
=]

Then f, & DCP forn <6 and & DCP forn="7.

3. PROOF OF THE MAIN RESULT

Proof: Just like in the previous sections, put

_ k-1 g2
wi (1) ;== Re Vi (&) = - % + %{};—,L 1+ cc:s(t))k

2 (1)) wo
(k] &) (‘2 (214])(' “a “"S“”“]

= ! (2K)! 21y
L (‘ 2(nn- l(c)! )(k1)3 K@ nk)i (1 +cos(t)) J

Then, from lemma 1, f; € DCP if and only if
Va(t) 1 = u"n(t) u"a(t) — ua" (t) us'(t) > 0 for 0 <t < 2n.
Afier simplification (using Mathematica 3.0), we get:

and let

uy(t) =Re f, (") =

Il Ma

ll Mz
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W) = 1,
va(t) 52 + 54 cos (t) — 6 cos (3t)
vi(t) 9 (3 +2 cos (t))* (15 + 15 cos (t) — 2 cos (2t) — 3 cos (3t)),
va(t) = 8(3+2cos (1) (34 + 33 cos (t) — 8 cos (2t) — 9 cos (3t)),
vs(t) = 25(3 +2cos (1)_)_:6 (19 + 18 cos () — 6 cos (2t) — 6 cos (3t)),
ve(t) = 18 (3 +2 cos (1) (42 +39 cos (1) - 16 cos (2t) - 15 cos (31)),
v4(t) = 49 (3 + 2 cos (t))-w: (23 + 21 cos (t) — 10 cos (2t) — 9 cos (3t)).
We shall show one by one that
uy(t)>0,0<t<2m, (5)
for n < 6, while vs(t) does not satisfy this condition.
The case n = 1 is obvious. For the case n = 2,
va(t) = 52 + 54 cos (t) — 6 cos (3) = 52 + 72 x - 24 X’ =: pa(X)
where x = cos(t). Therefore vz(t) > 0 on 0 < t < 2 if and only if the polynomial
pax)>0o0on-1<x<1.Nowfor-1 <x<1,
Pax) =52+24x(3-x%)
> 52 +48x
>4,
Therefore (5) holds for the case n = 2.
Now consider the case n = 3. After a simple calculation, we can write
v3(t) = 9(3 +2 cos (1))’ ps (x). (6)

where
pa(x) = 17 + 24 x — 4x* — 12x° and x = cos (t).

From (6). we see that v3(t) > 0 for 0 <t <2m if and only if p3(x) 2 0 for—1 <x < 1.
Now
ps(-1)=1,ps (1) =25,
while
pa(x;) = 0.871904. ps(xz) =27.7289
at the critical points
x| = é (—1 —1/55) = ~0.935133, x2 = % (-1 +/35) = 0.712911,

both of which lie inside the interval [1, 1]. This shows that
pa(x) > ps(x )>0for-1<x<1,

O R
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and hence v3(t) > 0 for0 <t <2n.
Consider the case n = 4. As in the case of v(t), we can write
va(t) =8 (3 + 2 cos (1)) ps (%), (7)
where
pa(x) =42 + 60 x — 16 x* — 36 x’ and x = cos(1)).
It is clear from (7) that v4(t) > 0 on 0 <t < 2w if and only if ps(x) >0 on-1 <x < 1.
if we study the behaviour of the polynomial ps(x) on [~1, 1], we see that
pa(-1) =2, pa(1) = 30,
and for x & (=1, 1), ps(x) has critical points at x; = 35 (-4 —[421) =~0.908085 > -1
and X; = % (—4 + \fr21 ) ~ 0.611788 < 1, and ps(x) takes positive values at both of
these points. In fact, pa(x;) = 1.27865 and ps(x;) ~ 64.4753. From this we
conclude that pg(x) > 0 on—1 <x <1, and hence v4(f) >0 on 0 <t <27.
For the case n = 5, we can write
vs(f) =25 (3 +2 cos (1))° ps (), (8)
where
ps(x) =25+ 36 x — 12 x* =24 x” and x = cos (1).
We see here also that vs(t) > 0 on 0 <t <2n if and only if ps(x) >0 on-1 <x < 1.
Now
ps(=1)=1, ps(1)=25,
and for x € (=1, 1), ps(x) has critical points: one at X; =%-(—~4 —-\/1_9) ~-0.89315>-1
and the other at x; = -‘5 -1+ \11_9) ~(0.559816 < 1. ps(x) takes positive values at
hoth of these points; in fact, ps(x;) = 0.373538 and ps(xz) ~ 37.182. From this we
conclude that ps(x) > 0 on—1 <x < 1, and hence vs(t) >.0.on 0 <t <2m.
(ase n = 6. As in the previous case, let us write -
ve(t) = 18 (3 +2 cos ()" ps (x), 9)
where |
pe(X) =58 + 84 x — 32 x>~ 60 x° and x = cos (t).
If we study the behaviour of ps(x) on [-1, 1], we see that ps(~1) = 2, pe(1) = 50.
nd for x = (=1, 1), ps(x) has critical points at x; = = (- 8~ /1009) ~ - 0.883661

and x; = f—, (— 8 +1/1009) = 0.528106, and pe (x) takes positive values at both of
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these points. In fact, ps (x;) ~ 0.18582 and Ps (X2) ~ 84.599. We thus see that 4

Ps (X)>0on-1 <x <1, and hence, from (9), we conclude that vg(t) > 0 on 0 <t<2m

In this way we have shown that the functions Vo) >0on0<t<2nforn=1, .. 6.
and hence the functions

A
- 3 (00 oo
k=1
are in the class DCP forn e N, n<6.
Moving on to the case n = 7, we now show that the condition v+(t) > 0 for 0 <t<2n
does not hold. After a simple calculation, we can write
v7 ()=49 (3 + 2 cos (1)) py (x) (10)
where -
P7(x) =33 +48 x - 20 x* - 36 x° and x = cos (1),
Here also. we see that v4(t) > 0 on 0 < t < 27 if and only if p7(x)>0on-1<x<1.
But for this case, we have
pr(-1)=1, ps(1)=25
and
p7 (x1) = ~0.19564, pr(x2) = 47.5034

at the critical points x; = 3= (-5 - [349) ~ —0.877094 > -1 and X = %

(-5 + \/Eg) =~ 0.506724, both of which lie inside the closed interval [-1. 1]. This
shows that p; (x) takes also negative values in —1 < X £ 1 and consequently v7 ()
takes also negative values in 0 <t < 2n. Hence f; can not belong to the class DCP
for n = 7. This completes the proof of this case and of the theorem as well.
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Abstract: The just-in-time sequencing problem in mixed-model production
systems is dealt relating with the well known apportionment problem. In addition
of brief historical background of both the problems, the mathematical models of
them have been reviewed. The sequencing approaches to solve the just-in-time
sequencing problem are explained in brief, and some apportionment methods are
discussed to resolve the apportionment problem. We have proposed two mean-
based divisors, indicating the objective function for better solution, which work
for just-in-time sequencing too. The linkage of both the problems is characterized
m terms of similar type of objective functions. The problems are ‘shown
equivalent via suitable notational transformations and similar properties. Some
sequencing algorithms are analyzed for joint approaches to tac:lcle the problems
proposing equitably efficient solutions. @ -
Keywords: just-in-time sequencing. heuristics, perfect xﬁatéﬁmg, asmgnment
spportionment, divisor methads, mean-based divisor methods, global and local
indices.
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1. INTRODUCTION

Both of the problems, just-in-time (J/7) sequencing of products in mixed-model
production systems and apportionment of representatives in legislature, are the
promising research problems over the years from the domain of discrete
optimization. The JIT sequencing of different products is a well-known socio-
industrial problem which aims to minimize the maximum and the total deviations
between the actual and ideal productions; whereas the apportionment problem is a
socio-political problem which aims to allocate representatives to states/parties as
close as to their exact quota. JIT sequencing is highly applied in many industries
and all kinds of organizations to optimize several production and other operational
activities. Any industry has to interplay mainly among the three major intersecting
components: finance, operations and marketing, of which our focus lies on the
operational part. The discrete apportionment problem has been in existence since
more than two hundred years with the target to allocate integral seats to states or
parties and to achieve so-called equity between states’ representation.

JIT production system (JITPS) is the most commonly used technology due to its
noticeable characteristics in operating with very low work-in-progress (WIP)
inventory and often with low finished goods inventory. It is a pull system:
products are assembled just before they are sold, subassemblies are made just
before the products are assembled and the components are fabricated just before
the subassemblies are made. As a result, WIP inventory is low and production
lead times are short. So JITPS is a broad philosophy of continuous improvement
including three mutually supportive components: people involvement— total
quality control— JIT' flow; jointly called productivity triad. Any unnecessary
delays and inventories are considered as waste and so WP inventory is kept as
minimum as possible. The goal is to achieve a smooth and synchronized flow of
-small lots of materials at a uniform rate. Instead of producing one product for a
long period and then shifting to another product, JITPS uses a technique called
mixed-model assembly. A mix of the models is produced each day in short
repetitive sequences, so that each model is frequently repeated in proportion to its
relative demand.

Section 2 gives the state of art of the two problems with brief historical
background. Section 3 formulates mathematical models. The sequencing
approaches for JITPS are explained in Section 4. Some apportionment methods
including mean-based divisor methods are présented in Section 5. The linkage and

‘!‘.
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algorithmic characterizations are posed in Section 6. Finally, Section 7 concludes
the paper.

2, POSING THE STATUS OF THE PROBLEMS

2.1 Just-in-Time Sequencing

Since the time of Henry Ford, product requirements and hence the requirements of
production systems have been changed in rapid speed. Assembly lines were
originally developed for a cost efficient mass production of a single standardized
product. Nowadays, varieties of options are available to the customers, so that
manufacturers need to handle product varieties which exceed several billions of
models. So the very first cornerstone of JITPS can be traced out from Ford
production system (Ford Motor Company in 1903). However, the present idea of
the system is developed and perfected by T. Ohno. who is credited as father of
JITPS. while working as an assembly manager in Toyota motor company around
1970s. After the World War II, Toyota realized that Japanese automotive
manufactures were far behind the American motor companies and the president of
foyota made a comment about the gap: “Catch up with America in three years;
otherwise the automobile industry of Japan will not survive™. JITPS within Toyota
is a result of low demands, limited space and resources in Japan compared to
America. Toyota production system (7PS), comprised of two pillars: JIT' and
autonomation, provides the highest quality, lowest cost and shortest lead time in
order to achieve stable production systems. Standardized work, smoothing
production schedule via mixed-model sequencing and change for better are the
main bases of TPS. The JITPS is a management philosophy based on the planned
climination of all wastages, continuous improvement of productivity and
reduction of inventories in all level; performed by producing only the necessary
amount of necessary products in perfect quality at right place and time. To
achieve this goal, JITPS penalizes the early-tardy jobs by using the limited
resources in optimal way. The main target is to satisfy customers for various
demands of different products without holding large inventories and incurring
‘arge shortages of products.

in JIT sequencing (scheduling) environment, products (jobs) that complete early
must be held in finished goods inventory till their due dates, while products that
complete after their due dates may cause customers to shut down operations. So
an ideal schedule is one in which all products are finished exactly on their
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assigned due dates. The concept of penalizing both earliness and tardiness has
spawned a new and rapidly developing line of research in scheduling theory. The
mixed-model JIT sequencing is the problem of determining production sequence
of different models of the same product produced on the assembly line, assuming
that products require an approximately equal number and mix of parts. This is
formulated as a non-linear integer programming problem in [48], which seeks to
minimize the sum of squared deviations between average and cumulative quantity
of products, and thereby nearest integer point algorithm for optimality is
presented. Kubiak [37] well-studied this level schedule problem, referring as
product rate variation (PRV) problem. Kubiak and Sethi [38] proposed an
assignment formulation for sum deviation problem to determine an optimum
solution at a smaller computational cost and further gave some properties that
relate to the problems involving each of the products considered separately.
Several open questions and conjectures for balanced J/T optimization problem are
formulated and dealt by means of extensive computational testing [36].
The intuitive similarity between the JIT PRV problem and the single machine
scheduling problem is used to propose a heuristic for the PRV problem [31]. This
heuristic shows that an earliest due date (EDD) sequence minimizes the sum of
squared deviation between the ideal time and actual time in which given unit is
actually produced. Balinski and Shahidi [5] proposed another type of deviation for
two products. which aims to minimize the variation of production rates from
product to products. The mixed model assembly line (MMAL) is one where a
variety of different items are assembled or processed at different stations in small
batch sizes. Such a line serves in flexible manufacturing systems (FMS) to meet
diverse demands of the customers. Most FMS adopt the JIT philosophy in their
effort to minimize inventory. Thus, MMAL finds good applications in JITPS [66].
In this assembly environment, workers are expected to be more versatile and have
better skills than those working in traditional systems [18]. The TPS used the JIT
sequencing to distribute production volumes and mix of models as evenly as
possible over the production sequences [28. 52]. The JIT sequencing process has
become a universal and robust concept to balance the two sequencing goals of the
manufacturing companies: usage goal and loading goal [48, 49, 52]. The former
maintains a constant rate of usage of all items in the production sequence whereas
the latter smoothes the workload on final assembly process to reduce the chance
of production delays and stoppages. JIT sequencing is used to balance workloads
throughout JIT supply chains intended for low-volume high-mix family of

Some «
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products [41]. The purpose of optimal sequence is to keep the actual production
level and the desired production level as close to each other as possible all the
time. See [14, 21, 22, 42] for more details.

The single-level problem is extended into the multi-level [50, 51], which is
referred as the output rate variation (ORV) problem [37]. Most discrete
manufacturing systems are multi-level in nature, characterized by the condition
where several parts are used to produce a particular part at a higher level,
terminating at the last level yielding the final product with direct consumer utility.
The sequence of products on the final assembly line impacts greatly on inventory
levels of parts used directly for assembly and other parts in the system. Recently,
the problem of determining an appropriate product sequence has been attracting a
lot of attention. The ORV problem is proved NP-hard, even in special cases [37,
39]. However, the dynamic programming solution is proposed in [39, 49]. The
Rl problem with pegging assumption is effectively solved in [61], which
reduced the problem into the weighted PRV problem. Modifying the solution
rechniques used for the unweighted single level problem, the pegged multi-level
problem may be solved to optimum in time which is polynomial in the total
product demand and the weighted factors.

2.2 Apportionment Problem

There is a very large class of real life problems related to fair division of resources
among competing interests in many areas of applications in the real world, which
plays a significant role in decision sciences. Several types of equity problems
arise in allocating available resources in integral parts to different subdivisions.
Some of the problems are efficiently solved (e.g., assignment) whereas others are
not solved well yet (e.g., timetabling). One particular problem having wide
applications in governmental decision-making is the apportionment problem,
which may be of continuous-type (e.g., taxes) and of discrete-type (e.g., seats).
The discrete apportionment problem (DAP) has its origin in the proportional
clection system developed for House of Representatives in US4, where each state
receives seats in the house in proportion to its population [8]. DAP occurs in all
winds of electoral systems such as in: (@) Federal system: regional representation
sased on population, e.g., in USA. (b) Proportional system: political
representation based on votes, e.g., in Israel. (¢) Mixed system: mixture of federal
and proportional systems, e.g., in Nepal,
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The DAP is the problem of determining how to divide a given integer number of
representatives or delegates proportionally among the given constituencies
according to their respective sizes. It is a quite complex kind of discrete fair-
division problem in electoral systems, because all possible apportionment
methods contradict the principle of fairness criteria [16]. In fact, no method
equalizes states under fixed house size allocating minimum requirement of one
seat and states not crossing the house size. Mainly two fairness ideas have been
studied: the first is each state should get either its lower quota or upper quota and
the second is to look at pairwise equity between states. Practically, there always
exists a certain inequality between two states yielding one of the states a slight
advantage over the other. A transfer of one seat from the more favored state to the
less favored state will ordinarily reverse the sign of inequality, so that the more
favored state now becomes the less favored. -and vice-versa. Whether such a
transfer should be made or not, depends on whether the amount of inequality
between the two states, after the transfer, is less or greater than it was before. If
the amount of inequality is reduced by the transfer, then it is obvious that the
transfer should be made. The fundamental problem of quite unexpected
complexity is, therefore, how to measure the amount of inequality between two
states and how to minimize it as far as possible, since it cannot be eliminated
perfectly. The philosophy of apportionment must obey political legitimacy and the
solutions must be acceptable to nation [8].

Though there is not a single method meeting all the requirements imposed by
political needs, a so-called perfect apportionment method is supposed to satisfy
some basic properties [57]: (@) Quota condition: each state should have its seats
within the lower quota and upper quota (b) House monotonicity: when total
number of representatives (house size) increases. then any state’s number of
representatives should not decrease (c) Population monotonicity: the number of
representatives of any state should not decrease as its population increases. Also,
any method should not artificially favor large states at the expense of smaller ones
and vice-versa (d) Quota monotonicity: the actual apportionment of any state
should not decrease as its quota increases (e) Minimum requirement: every state
must have at least ane representative. As a result of using one method or another,
some surprising apportionment paradoxes are found: (a) Alabama paradox: an
increase in the size of the house can cause a state to lose a seat. Hamilton method
in 1880 assigned Alabama 8 seats from house size 299, whereas it gave only 7
seats from increased house size 300, (b) Population Paradox: an increase in a
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state’s population can cause it to lose a seat faced around 1900 in Hamilton
method. If the population of one state is increased while holding the other state’s
population and house size fixed. the former state may lose a seat [58], (c) New
States paradox: adding new state and increasing house size can cause another
state 1o lose seats, found in 1907 when Oklahoma became a new state. As a new
state. it got 5 new seats increasing the old house size from 386 to 391. As a result,
Maine’s apportionment went up from 3 to 4 and New York’s went down from 38
1o 37. But the intent was to leave unchanged for other states, (d) Quota paradox: a
state may receive number of seats less than its lower quota or more than its upper
quota: faced while applying Jefferson’s method (e) Migration paradox: under the
fixed total population, house size, number of states and fixed population of a state,
it is possible that the state can lose seats if there is a population shift between
other two states. This paradox affects both Hamilton and divisor methods. These
paradoxes are visualized via geometric representation in [17].

3. MATHEMATICAL MODELS OF THE PROBLEMS

3.1 JIT Sequencing Problem

Suppose there are » products to be produced within the specified time horizon

with the integer demands d,,d;..... d, such thatz*’ & -p . The time needed to
=1

produce one unit is assumed to be independent on the product and time needed to

switch from one product to another is assumed to be negligible. Without loss of

generality, it can be supposed that it takes one unit of time to produce one unit of

product and thus the time horizon is equal to » time units. If , = % is the ideal

=l then the scheduling goal
tor the assembly line is to maintain the total cumulative production of product i
to the total production as close to r, as possible. This means exactly &, units of
product i should be produced in the first 4 time periods (=1, 2.....D), which is the
ideal production.

production rate for the parts of type i such that >’

Lete, i=12..,mk=12..D, be the actual cumulative production of product i in

the time period | through 4. For a convex symmetric penalty function ¥, . i=1 2.

with minimum £ (0)=0; the maximum deviation and the sum deviation just-in-time
quencing problems are formulated as follows:




[36] GYAN BAHADUR THAPA & TANKA NATH DHAMALA

Zipax = minmax F, (x ~ ki) (3.1)
i
- n D s
Zinin =Min Zfele:IF;[x‘& "j"}‘) (3‘2)
subject to
n iy N
ZH"'* =k, k=12 D (33)
I’(k_,l) < xfk s i= 1. 2, ..... + 1 k = l, 2_, ------ D (3.4)
xp=d;, i=142 000 (3:3)
x, 1S a non-negative integer (3.6)

The constraint (3.3) ensures that exactly & units are scheduled in periods 1 through
k, whereas the constraint (3.4) represents the monotone condition (guarantees that
the total production of every product overkis non-decreasing function). The
constraint (3.5) ensures that production requirements are met for each product
(obviously satisfied by any optimal solution); whereas (3.6) is integrality
constraint. These four constraints jointly indicate that exactly one product is
produced during each stage. Moreover, the above formulation (3.1) to (3.6) is an
integer programming problem with cardinality, monotonicity and integrality
constraints. The optimization problem is to find the sequence z=s,5,,...5, that
minimizes one of the objectives (3.1) or (3.2) under the constraints (3.3) to (3.6).
Hereafter, we use MDJIT and SDJIT for maximum deviation and sum deviation
JIT sequencing objectives respectively. Several scientists have studied above
problems via different angles with little-varied objective functions, which are
discussed in Section 4 . The mathematical formulation of multi-level is beyond of

this paper.

3.2 Discrete Apportionment Problem

Assume that there are s states (or parties) indexed i=1, 2, ...,s , which are to receive
representatives (or seats) from the house of size 4. Suppose that the state i has a
population p, and the total population is 5 zi=p- The fundamental problem is

to apportion a, integer seats to state i, under the constraints M ain=h
=

anda, € z* . An ideal apportionment is assumed to satisfy the equation —’;‘- = aT"' for
all states, which gives a,, = _*1;*- , called ideal quota or fair share for state i denoted
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by g, . not necessarily integer. Since only the integral a, can be assigned to any
state, the crucial point is how to handle this problem fairly. One immediate idea is
rounding: for each state, ideal apportionment should either be rounded down to
the next lower integer or rounded up to the next higher integer; but should never
exceed these bounds.

To this point, Balinski and Young [6] used the following concept (see [58]): The
ideal apportionment f}fi is called exact quota denoted by g, . The largest integer
less than or equal to g, is called the lower quota / ; the smallest integer greater
than or equal to g, is called the upper quota u,. An apportionment is said to
satisfy Jower quota if it never gives a state less than its lower quota of seats, i.e., if
[ <a, forall i; to satisfy upper quota if it never gives a state more than its upper
quota of seats, i.e., if a, <u, for all i:and to satisfy quota if it does both, i.c., if
! <a,<u forall i. This is known as quota condition.

4. SOME JIT SEQUENCING APPROACHES

4.1 Heuristic Frontiers

The heuristic approaches provide comparatively good solutions, not necessarily
optmal. Some of the mixed-model sequencing heuristics are developed by
academic research scientists, while others are emerging as a result of practical
applications. A complex heuristic for selecting the production sequence when the
objective is to minimize the chance of stopping the line due to overloading
individual stations is proposed in [54]. Monden [52] developed the two greedy
heuristics at Toyota, which he referred as goal chasing methods: GCM / and GCM
/I (see [35] ). The heuristics GCM [ and GCM II., designed with product level and
sub-assembly level, constructed a sequence filling one position at a time from first
siot to the last one. considering the variability at the sub-assembly level. In
comparison of GCM . the GCM I represented a decrease in computational time,
since the sum is formed only on the components of a given product [62].
However, the comparative research in [62] and in [63] showed that GCM I
performed better than GCM Il when compared on the basis of maintaining a
constant usage of component parts. These heuristics has been found to yield very
good results in the Toyota [34]. Hyundai's heuristic (HH) used an alternative way,
wiich was developed to approximate the result given by GCM [ while reducing
the steps of computation. Duplaga and Bragg [26] concluded that the reduction in
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computational effort related to HH may be significant in situations similar to
automobile assembly where many options and choices are available for final
product configurations. GCM [ is advanced to the extended GCM to consider all
levels in a multi-level production system [51] and introduced another polynomial
heuristic to reduce the myopic nature of the previous heuristic. Moreover, the
myopic nature of the GCM I has been reduced and an exact procedure based on
the bounded dynamic programming is developed in [9].

Miltenburg [48] suggested the squared and absolute SDJIT sequencing objectives
to be minimized as:

square deviation: 5 (¥)= Z_; Z _fg : (xig = kn)? (4.1)
absolute deviation: fa(x)= Z -:-1 Z ; |xik = k| (4.2)

He proposed three algorithms and two heuristics with their mutual assimilation to
solve the problem. The first algorithm finds the nearest integer point tox,, , the
second algorithm solves squared deviation problem (using first algorithm) testing
the feasibility of the schedule, and the third algorithm determines whether the
schedule is feasible. The first heuristic is used with third algorithm to calculate an
entire schedule for the mixed-model JIT production system considering the
calculation for each product and then making a selection with complexity o (np)
for each stage. But it does not consider the effect of its current decision on the
variation in future stages. Due to the myopic nature of the first heuristic,
Miltenburg further developed the two-stage second heuristic with the
complexity o(»*p)for each stage, which together with the third algorithm

approximates the variability over the two stages and schedules in such a way that
this variability is as small as possible.

A good heuristic is a simple heuristic with good average performance and
reasonable time complexity. The analysis of the heuristics in [25, 62] showed that
Miltenburg’s second heuristic (with third algorithm) is of the highest quality
heuristic. Due to the large size of the products » and their units b, the impression
of Miltenburg’s heuristics is not so effective. The various heuristics utilizing
large-size problems and representing realistic situations are compared in [26] and
examined relative performance of those mixed-model sequencing heuristics based
on their ability to develop a sequence for final assembly which smoothes out the
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rate of use of each component part feeding the assembly line. Inman and Bulfin -

[31] proposed the min-sum squared sequencing objective

f()= ZI_; Z ,il O ~tae )’ (4.3)

to be minimized and developed a pseudo polynomial heuristic with complexity
O(nD) by defining ideal time ¢, and needed time y,, of production of each product
with an efficient EDD rule. They reduced the problem into single-machine
scheduling with due date ;. The heuristic yielded better solutions and considered
computationally faster than Miltenburg’s heuristics. Ding and Cheng [24. 25]
gave a simple two-stage algorithm with complexity o(ap) which minimizes the
variation of the two stages and produces a good solution. Miltenburg’s third
algorithm with second heuristic and Ding and Cheng's heuristic work in
sequential manner and make use of special structure of the PRV problem.
Sumichrast et al. [63] constructed the time spread (7S) heuristic employing similar
procedure as GCM I with function in which time required to assemble products
are applied. They compared different methods through simulation analysis and
found that 7S and Miltenburg’s third algorithm with second heuristic seem to be
ctiecuve. Groeflin et al. [28] developed a local search heuristic attempting to
swap the order of assembly of a pair of products providing near-optimal sequence
for realistic-size problems in a reasonable time. The problem with bi-criterion
objective functions of part usage and setup time is studied in [19, 43, 46, 47],
whose values are inversely correlated; viz, maximization of feasibility and
minimization of setup time is simultaneously desired. This is achieved by using
‘ocal search heuristics, such as tabu search, simulated annealing, genetic
algorithm, ant colony optimization, beam search, artificial neural network ete.
similarly, the extensive study of objective for parts usage and workload using
heuristics can be found in [32, 45, 50, 63].

4.2 Perfect Matching Approach for MDJIT

MDUJIT sequencing problem was introduced and studied in the context of JIT car

production systems [52], where the processor represents a mixed-model assembly

une, and the 4,'sare the quantity of each type of car to be produced. Steiner and

Yeomans [59] proposed MDJIT problem in absolute form
g(x):min-rr:zlx|x,-k-krf| (4.4)
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to be minimized subject to the constraints (3.3) to (3.6) and solved this problem by
reducing to an order preserving perfect matching problem via single machine
scheduling release date/due date decision problem in a bipartite graph. In a graph,
a matching is a subset of edges such that no two edges are incident to the same
node and a perfect matching is incident to every vertex. A graph is bipartite if and
only if it has no circuit of odd length [56]. For a given bound 5, the earliest starting

time £(i,j) and the latest starting times L(i,j) are respectively given by unique
integers such that (.I!I.)(j‘- B)-12 E(i.j)< (%)(j.. p) and

(L)(s-1)+ BI=1< L1, s) ()it -1)+ 81 which can be computed for each copy of
each product in a one pass procedure with time complexity o(p), Where
i=1,2..,m j=12..d,. Hereafter, the ;/ copy of product i is denoted by the pair
(4.)-

The release date /due date decision problem may be represented as a perfect

matching problem which is constructed in a », -convex bipartite graph
G=(V i, EY) where ¥ ={0.1.,D=-1}is the starting time,
Vo = {(i, j)ii=1.2,,m j=1,2,...d,}, i.e. ¥, corresponds to the copies of each

product, and £'={(k.(i./)):ke[£(i)).L(i-))] < 7). The graphGis said to be
v,—convex graph if (ij), (k.j)eE with i<k eV, implies that (/. j)e £ fori</<k.To
find a feasible sequence in the release date/due date decision problem is similar as
to find a perfect matching in bipartite graph G, with additional property that
lower numbered copies of product are always matched to earlier starting times
than higher numbered copies. This type of matching is called as order preserving
matching [59].

Theorem 4.1 The objective (4.4) has a feasible solution if and only if the graph 6
has a perfect matching.

Among various forms of EDD algorithm (e.g.. Hodgson and Moore 1968,
Frederickson 1983, Derigs et al. 1984), a modified version of Glover’s
(1967)0(|£]) EDD algorithm in j;-convex bipartite graph G=(¥,u¥;. £) found an
order preserving perfect matching for p<i. Using a certain bound obtained via
bisection search in the interval [i-r,,. 1], this rule obtained an optimal sequence
of p units of » products in 0 (D log ») time [21]. In fact, Steiner and Yeomans [59]
explained the algorithm giving two deficiency cases of stoppage of the algorithm
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@ case of too few and too many products for the available time. That is, they
concluded that the EDD algorithm can stop at time % <p-1 for one of the two
cases. Defining the lower bound 1-., for target values they proved the
following theorem to find a perfect matching:

Theorem 4.2 For the release date / due date decision problem with the
objective (4.4),, an upper bound is the target value of 5=).

Takingy, = (1,2,..,0), Brauner and Crama [15] redefined the earliest and the latest
starting times respectively as £(i, j)= [ﬂ'l and L(j, j) = [f;‘ﬁHJ Using Hall's
condition to the convex bipartite graph associated with the objective(+4), they

proved the following theorem:

Theorem 4.3 For all .k, €{1,2,...D} with k <&,, the objective (4.4) with B < |

has a feasible solution if and only if )" max(0, |k 7, +B|~[(k,~1); - B]) 2 k, ~k, +1
and 2 max(0. [k = B]=| (k=1 + B |) <k, =k +1.

“hey further characterized the several algebraic properties of the problem with
sesult oriented lemmas and conjectures. They proved that the MDJIT problem
4.4)1s in Co-NP. For fixed n, they concluded that the optimization version of the
problem can be reduced to integer linear programming with O(n) variables, in
particular, the minimum value of B for the feasibility of the problem can be
computed in time polynomial in O(log D). From the point of quota apportionment
method, which can be described as a version of the EDD algorithm applied with
“ bound B = I, Brauner and Crama [15] obtained slightly stronger bounds:

Theorem 4.4 1f A, = m s i=1,..,n, then optimal value g* of MDJIT problem
4 4) satisfies the inequality EL[,%LJ sB <1-+.

The  MDJIT  problem (44) with weighted objective function
Fulx)= minmax w, |k = krj| can also be reduced to the perfect matching problem

39, 61]. The (. jyand the L(i, ;) for this problem are computed as the unique
meegers given by £¢. ) ={ -‘irgi] and (7, j)= [Lf;?%eﬂHJ The heavy weightage for
particular copies of a product restricts the time window [Ed, j). L6, )] and
“reases the separation of consecutive copies of that product in the production
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sequence. For the optimal value of the problem g,(x). the upper and lower bounds

are computed as max; {w;} and min,w,(1-r,) respectively [21].

4.2.1 Problem with Small Deviations
Some conjectures are observed in [15] for the instances of MDJIT with 8"s1 and

all instances are identified with small deviation, i.e.. with B <lforns6 An
instance of the problem (44) with demands o.4,. .4, is called standard if
dy<d, <..<d, and ged(d,, ....d,,D)=1.

Small deviation conjecture (SDC): [15] Forn=3. a standard instance
(d),d,,....d,) of the MDJIT problem (44) has optimal value , .2""'-i_; if and

M=) =

only if ¢ =2, i=1,2,..,n

The small deviation approach is further characterized via the concept of balanced
words [15]. Induction on » is used to show that a periodic. symmetric and
balanced word withy <r, <...<r,, n23, exists if and only if =2~ which is
known as Fraenkel’s conjecture for symmetric case [65]. For any sequence = with
maximum deviation 8, Jost [32] proved that any infinite periodic word with
period z is /- balanced, 2-balanced, and 3-balanced on each product i, if
B <L B <3andB <1 respectively. It is observed in [22] that the sequences with

bounds 1.3.1are properly contained in the sets of /-, 2- and 3- balanced words

respectively. Furthermore, [21] observed that there is no instance (d,,d.....d,)
with » >3 of the MDJIT problem that has a feasible solution with 8" <.

According to [15], the validity of SDC is 3<n<6, whereas Kubiak [40] proved
SDC for any n>3by showing that if 5" <1 . then all copies of all products must be

in

sequenced in their ideal positions [-3“‘1 for copy j of product 7 (j=1,2....4,). His

geometric approach relied on the ideal positions and on symmetry of regular
product polygons inscribed in a circle of circumference o such that each polygon

corresponds to a different product having d, comers (the number 2

s referred

as the ideal corner of copy ;) for product i at l_*",f—;‘-’ points on the perimeter of the

circle. He proved for n=2 that there are infinitely many instances with optimal
value less than { in the following theorem.
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Theorem 4.5 For n=2, the optimal value of the MDJIT objective (4.4)is less than
= it and only if one of the demands d, or 4, is even and the other is odd.

fubiak further presented a complete characterization of instances with small
Seviations (ie., less than 1) for two products, and consequently characterized the
instances with small deviations for any number of products. Finally, he exploited
these results to prove special cases of the well known Fraenkal's conjecture.

4.2.2 Problem with two Products

Srauner and Crama [15] studied the MDJIT problem with two products (n=2)
with ideal production rates 4 and ,=1-5, formulating the problem to find a
2+ Dmatrix X =(x; ) that minimizes

1'3%('?‘[& ~ ki, lizg ) l (4.5)
subject to

Xy +Xy =k, k=12 ..D

Xi(k=1) S i=1,20.6=2,3;...D

Xip =0, xp =d;, i=12

Xy €27, AN k=l 2D
"he optimal solution of this problem is obtained and computed in polynomial time
s follows: A matrix X defined byx, =[kr ] and xy, =k~[kn]. k=1,2...,D is an
sptimal solution of the two-product-typed MDJIT sequencing problem (4.5).
L onsequently, at every instant &, this fact permits to determine efficiently which
product should be produced at time k. And the optimal value 8° is computed by

he formula 8’ =l[9-J , where a=—2 paell O iy noteworthy that the
AL2 ged(dy, D) ged(ds, D)

marin ¥ defined as above actually minimizes the deviation x, —kr, forall kandi.

S0 it is optimal for the MDJIT problem and the SDJIT problem as well, with any

convex and symmetric penalty function F,.

4.3 Assignment Approach for SDJIT

S.ubiak [37] and. Kubigk and Sethi [38] reduced the SDJIT objective (3.2) under
¢ given constraints therewith into an equivalent solvable assignment problem,
“iing £, as a unimodal convex symmetric penalty function satisfying 7(0)=0 and




GYAN BAHADUR THAPA & TANKA NATH DHAMALA |

[44]
F(»)>0, y#0, i=1,2,....n. The core idea of the assignment algorithm is calculation -
of ideal position and the assignment costs: The ideal position for each product iis lhengn
; gt _[ay=y] _ _ X ; Ll ¥
computed by the formula zj _['-zf_q'] n=12,...,n and j=12,...,d, which is the .o
ceiling of the unique crossing point of (i.j) satisfying F(j-k;)=F(j-1-#;). Let produc
Cl,20 be the cost of assigning (i.j) to the period & This sequencing cost is order c
computed by the formula: produc
<o 4 for SD,
Z J:tw nos k <Zj' MDJIT
{1 ket e des,
Ve g e RS zi"
g PW' / ¥ L J
| | L=z ¥ 3.1 Pr
where Wl =|lji=I|-|i=1-I], and (.)€ T ={(i./)i=12m j=12.0df, [=1.2,..,D The op
Defining the production variable x', =1, if (i,/) is assigned to period & and 0, if Sxctorin
otherwise, Kubiak and Sethi [38] obtained the following result: optmal
Theorem 4.6 An optimal solution to minimize SDJIT objective (3.2) subject to o 2
the constraints (3.3) to (3.6), can be obtained from any optimal solution of the mstance
assignment problem: positive
B ! l amdi} ab
minimize Z:; ; Lu }'Cﬂ-x T (4.6) When
subject to “ -
(me)) , P y L
Z(r.;»):_ )y =1, k=1,2...0 (4.7) ..' ﬁ:‘:h
Z :_I_xj,, =1, (i&j)el (4.8) f2)% us;
xjp=0or 1, k=12,....0, (i,j)= 1. (4.9) e £ 4
The feasibility and the optimality of this problem are subsequently proved in [38]. -~ 5
The assignment problem is efficiently solvable; viz. the problem with 2D nodes L %
can be solved in O(D%) time [56]. Moreover, there are p* values v/, to calculate Thenrem
and then [ values ¢/, to calculate, each taking QD) steps, which shows that the L Bemwie
computation of the assignment costs takes O(D*)steps. Balas et al. [2] developed a . wlbeer
parallel algorithm which can efficiently solve assignment problems with 900 I——
Thewrrm

million variables.
It is proved in [22] that the assi, nt problem cannot be solved at optimality
is proved in [22] e assignment problem cannot be so at optimality o

only under the constraints (4.7) to (4.9), however needs another constraint, not of
Be S
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assignment type: If (ij, k) and (i,/\ &) are feasible schedules with &<k,
then j < j', i.e., lower indices copies are produced earlier, which imposes an order
on copies of a product. This constraint is essential as it ties up the copy ; of a
product with the ;” ideal position for the product. Looking on the efficiency, the
order of the copies can be reordered for the optimality and the latter copies can be
produced earlier in the production sequence. The approach proposed in [37, 38]
for SDJIT is applicable to any jp-norm; and in particular to /,~ norm minimizing
MDJIT objective [22]. Some structural properties of the min-sum PRV problem
are described in [1].

4.3.1 Problem with Cyclic Sequences

The optimal JIT sequences for min-sum problem are cyclic [40] which is a
factoring idea having potential to reduce the computational effort in constructing
optimal sequences. It is proved that if 4 is an optimal sequence for the instance
#.4:....d, , then concatenation p" of m copies of # is an optimal sequence for
mstance mdy.md,,..,md,. The even instances of the form 24, 2 ,...2d, for some
positive integers d,d,,...,d, are considered with feasible sequences of length
2D where p:Z;_di. The three operations folding, shuffling and unfolding are
used to prove the existence of optimal cyclic sequences rather than to determine

optimal sequences. The optimal sequence to the original problem can be obtained
n the three steps (i)by calculating the greatest common divisor m of dydy, ....d, ,

{4} by using the algorithm in Kubiak and Sethi [38] to obtain an optimal sequence

for & 4 An and (iir) by concatenating the sequence m times to construct an
m

m' m
optimal sequence for the original demands d,.d,. ....d, .
Theorem 4.7 (Existence of cyclic sequence) If z=5,,52,...5p Spuprndap is a
feasible sequence for 2di,2d,,...2d, , then a sequence 2'=zy,2),...2p Zp,pss22p,
where / occurs exactly 4, times in each of the two halves 223y aNd
“0<1-+-72p, can be constructed s. t. .7, (=)< Zy () -

Theorem 4.8 (Optimality of cyclic sequence) If £ is an optimal sequence for
1#2) with the integer demands 4. d,,....d,, then g” (n>1)is optimal sequence with
e demands md,,md., ...,md

n*
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For further knowledge of cyclical property, we refer to [11, 40, 61].

4.4 Dynamic Programming Approach

A dynamic programming (DP) procedure to determine the optimal JIT production
schedule for single-level min-sum problem is presented in [49], considering usage
and loading goals simultaneously. The usage goal maintains a constant rate of
‘usages of all items in the system whereas the second goal smooth the work load
on the final assembly process to reduce the chance of the production delays and
stoppages by balancing the products having long production times with the
products having relatively short production times.

The DP formulation: Taking the notations as in Section 3.1. we let ¢, be the time
required to produce one unit of product iand define usage and loading

variabilities at Stagﬁ k by i ’Z;“‘#;”"g and Ly -.ZL;E”I& —kn R . In thiS case. the

= B FCS -

joint problem is to seek integer x, minimizing the objective Zk.«f"””" +ayty) under

constraints (33) to(36), where a; ande,are relative weights for usage and
loading goals. Ifa;, =1, a; =0, then the problem converts into the usage problem. -
If @, =0, ¢, =1, then the problem converts to the loading problem. If v; is joint
variability at stage k, we have

Vi "—“!‘z;{-*ft: "'&’i-)?"'"’fizrﬂ L k) = z:;fﬂ'r: sap} xy —kn)* = Z;ﬂ-z(;':k —k)* s
where 72 =a, +a,? Here, T, is referred as the implied production time for product
i . Hence, the SDJIT objective function to be minimized can be restated as

o D s=n
Adet T IO T ,
minimize z H_z TG =) (4.10)

The DP procedure: Let the demand vector be d@=(d. ds, .., ,) and the product
vector be X =(x,x.....x,) in which each x; is a non negative integer representing
the production of exactly x, units of product i, x, <d,vi. Let e; be unit vector with
n entries, all of which are zero except a single one in i’ position. Products
in X can be produced in first k periods if &= |x(|= Y :ﬂ x. Let s(x) be minimal total
variation of any schedule where the products in x are produced during the first
k stages and let g(,\--}-z;r,ﬂ'{g,-»ﬁ. Then the following DP recursion process

holds for f(x):
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(X)) = f (353003, )= min{ f(X - )+ g(X)zi=1....n:x, =120}
F(X)=f(X:x,=0ii=1,...,n)= £(0,0,...,0)=0.
Clearly, 7(x)z0 andg(X:x=0;i=1,...n)=0. The following theorem states the time
and the space complexities of the above procedure (see [49] for the proof).
Theorem 4.9 The DP recursion solves (4.10) in o("H:_.,(d}*‘)J time and
ol 1 :’Zl(d, + z)J space.
Note that total number of feasible schedule is—2 | which is considerably

d\dy)...dy|
‘arger than the number of stages in theDP recursion. Moreover,

ﬁtd ,,”S[dl*dl +...+d, -F»]”_[D-d-n)"
) n Uon ]

‘hus, the growth rate of the number of sets is polynomial in D, although it is
exponential with ». This indicates that the DP procedure is effective for small
neven with large pand hence it significantly reduces the space complexity. The
optimization process that run in polynomial time in D for all products, produced
over a given time horizon is presented for two instances of the single-level
problem [49].

he DP procedure for general multi-level problem is developed in [39], which is
a!s0 polynomial in D; and consequently, seems to be effective for small number
of products n; even when the total product demand D; is large. During the
enumeration process, an excessive amount of time or space is reduced by using
some fast heuristic as a filter which eliminates any states from DP s state space
that would lead to no optimality. Two myopic heuristics to generate the filter are
proposed in [39]. If the heuristics yield near-optimal sequences, then the state
space size can be reduced.

5. METHODS OF APPORTIONMENT

5.1 Largest Reminder Method

This is the simplest method of apportionment proposed by A. Hamilton (known as
method of Hamilton), used to apportion the House of Representatives in USA
om 1850 to 1900 under the name of Vinton method of 1850. Computing the fair
share g, , each state is given its lower quota of seats (|g; |). Then the states are
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e having the largest fractional remainder

listed in order beginning with the stat
(¢u~1,) and continuing on down to the state with the smallest such remainder. The

are then assigned one each to the states ranking with the highest

remaining seats
l. It is somehow based on quota

fractional part on the list. till the house is ful
system. Its mathematical model is: minimize Yy (ay-as)" St z;“’”:'h and
Clearly, it is a constrained integer programming problem seeking for
ocations @, that are never less than unity and staying as close as
_Hamilton observed at absolute deviation. whose global
qis|- This method is summarized as follows:

ay =1,

integer all

possible to fair shares g,

min-max property is: minmax lain =

Algorithm 5.1 (The Largest Reminder Algorithm):
Step 1. Compute g, =2, the ideal (fractional) value that gives perfect

proportionality.

Step 2. Set r, =gy, —|.qn |- the fractional remainder of g, .

Step 3. Assign a,, =g |, for =12, n.

Step 4. Let R=h-y, ay. be the number of seats that remain to be

allocated.
Step 5. If R>0,assign one more seat to

fractional remainders 7, .

This method satisfies quota rule,
states paradoxes. To avoid these sho
house-monotone methods, Huntington [29, 30] developed the d
(Section 5.3). Any monotone solution can be characterized by identifying the
sequence in which the states successively gain seats as the house size h increases.
The divisor-based methods, known as the methods of highest averages, vary

according to the form of divisors.

states/parties having the largest

however suffers Alabama. population and new
rtcomings and motivated by the need for
ivisor methods

5.2 Quota Method

Balinski and Young [6] proved that there is no divisor method that satisfies quota;

only the method of the smallest divisor satisfies upper quota (ceiling of exact

representation) and only the method of the largest divisors satisfies lower quota
finement of the Huntington methods, they

(floor of exact representation). As a re
devised Quota method of apportionment. which avoids both the Alabama paradox
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and Quota paradox. Instead of comparing all the states in the minimization of
shorichangedness, only states that are eligible to receive a seat or to lose a seat are
considered. Eligibility means that they won’t exceed upper quota er won’t go
below lower quota upon receiving or loosing a seat. However, this method is
biased favoring large states, since Jefferson’s method is used to compare the
states. To avoid this flaw, in the uniqueness proof for their method, Balinski and
Young proved that Quota method is the only method which satisfies three
requirements: satisfying quota, house monotonicity and mathematical consistency.
More precisely,

Theorem 5.1 The quota method is the unique apportionment method which is
house monotone, consistent and satisfies quota.

b 4

et M(p,h) be set of apportionment methods. If feM(ph), and
I\ p.h)=a, and if g,(p.#)denotes the quota of state i then the state iis eligible at
#+1 forits (a+1)” seatif g <zy‘,(p,h-+l)'=(—"j?ﬁ.

Defining  eligible set as  E(ah+l)={ies:i iseligible for g;+1 at h+1}, the quota
algorithm is:

Algorithm 5.2 (The Quota Algorithm):

Step 1. Start with f(p, 0)=0, thatis, a, =0, i=1,2,...s

- : : P = Fil
Step 2. Find a state € £(a,h+1) such that . = R

Then f,(p,,h+1)=a, +1 for one such ¢ andf, (pj,h+])=a‘j forj =1

Step 3. Repeat step 2 until all seats are allocated.
“urthermore, a class of new apportionment methods (including Quota method) is
“efined in [58] that are also house monotone and satisfy quota. The first
<haracteristic of this method is that all of them are defined recursively as follows:
= the trivial case of a house of size 0, all states are assigned 0 scats. At all larger
“ouse sizes, the apportionment is the same as at the next lower house size, but
with the additional seat assigned to one of the states according to specified rules.
Ris sequential procedure assures house monotonicity. The second characteristic
& the use of eligibility set: a set of those states which are eligible to receive the
sidinonal seat, denoted by E(h), where 4 is house size. The eligibility set E(h)at

%y house size h>0consists of all states i that satisfy the two tests- The upper
swoia test: state i satisfies upper quota test, if o, (h-1)< ,(k), where x,is the upper
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.

quota. The lower quota test: let i be the house size at which state i first becomes
entitled to obtain the next seat, i.e.. 4 is the smallest house size h'2 h at which the

lower quota of state iis greater or equal 0 4, ,, OF 4 = [’_“;_‘*'_Z :.1 .p,-l .

For each house size g in the interval h<g<#, define s, (g.])=a, +1 (the number
of seats that state i has in a house of size 4 before an additional seat is assigned
+1); for j=i. s, (g,i)= max{a,(h-1), L (A)}- If there is no house size g, h<g<h,
for which Z S (g.i)> g , then state i satisfies the lower quota test. The eligibility

set £(h) consists of all states which may receive the available seat without causing
a violation of quota either at 4 or any larger house size.

That is, £(k)={i" state: i" state passes the upper and the lower quota tests}.

Still [58] proved that the eligibility set E(h)contains at least one state, forh>0;
and all apportionment methods in the class are house monotone and satisfy quota.
The states from E(k)can be chosen in various ways. for example (i)by using
ranking functions (population, land area. alphabetical order, percent of minorities
or women in population etc), (if)by using random selection, (iii) by using quota-
divisor methods, which are based on divisor methods. The only difference is that
the states in quota divisor methods must be from £(%). This algorithm is defined
as follows [33]:

(i) M(p.0)=0, (if) If acM(p.h) and ¢, i€ E(h) satisfies ifl—ﬁ max JE’;'}

Then be M (p. h+1) with b, = a, +1 for i=¢ and b, =a, for i=t.

It is really difficult to find a perfect apportionment method meeting all the desired
requirements. Even the quota methods for congressional apportionment are non-
unique [44]. In this regard, Balinski and Young [8] established the following
famous Impossibility Theorem:

Theorem 5.2 There are no perfect apportionment methods. Moreover, it is

impossible for an apportionment method to be population monotone and stay
within the quota at the same time for any reasonable instance of the problem
(s24 andh>5+3).
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5.3 Divisor Methods

The divisor methods comprise a family of monotone methods involving a notion
of rounding, each of which is defined by a monotone increasing divisor function
#2) such that a<d(a)<a+1. Huntington [30] made the systematic study of divisor

methods based upon the rank-index r(p.a)=-f=, d(a)=0 and the fairness measure

“e >~ minimizing pairwise measures of inequity between two states iand j

F
(7. 8], where p and « represent the population and the apportionment vectors.
The state achieving maximum of ﬁ gains the (4 +n* seat. For given h. let &

and —— represent the average district sizes and the share of representatives

respectively of state 7. and an apportionment method M is said to be house
monotone if for every apportionment solution seM. we have f(ph)</(ph+1).
Practically, there always exists a certain inequality between two states. which
2ives one of the states a slight advantage over the other. The state iis better off

than state j, if S-> =" An apportionment ais stable if no transfer of one seat
] ]

from a better off state ito a less well off state; reduces the value of the
mmequality. The local measures of inequalities can be rearranged by cross-
multiplication in 2'=16 different ways by taking different combinations of
2.7 .a.a, [8]. The d(d) and the rank-indices are not unique (see Table 5.1).

If a tie occurs between states with unequal populations (extremely unlikely),
Huntington suggested that it should be broken in favor of the larger state. His
spproach made remarkable use of pairwise comparison of local measures of
mequity to be minimized between two states iand j, which are not unique as
below:

I. Adam’s Method: absolute representative surplus — 4, -a, [-”*—].

i

2. Dean’s Method: absolute difference in average district sizes — |ﬁ—:—*”—’ :

<)

3. Hill's Method: relative differences in both district sizes and shares of a

; a W a
min .P_"p_" and 9 "y min _‘EL.'_L .
a "a, i) Py P Py

A

u, a,

representative —




[32]

4. Webster’s Method: absolute difference in shares of a representative
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oyl g il
Fr p_j

5. Jefferson’s Method: absolute represent:

Table 5.1 The best known Divisor methods

tive deficiency — « [—%’j-ﬂj :

Methods | Alternative | When used | Divisor | Rank-index | Pairwise
names d(a) r(p. a) comparison
LIRSEE.
LT
Adams Smallest - P Bl
(A) | divisors a a arojet
‘Dean | Harmonic - 2a(a+1) p oy
(D) means _"5;';'1_" .:“;-'"_"-"lll ?—?"
Hill Equal | 1940-date | Ja(as1 a,p
(H) proportion Jala+1) (1) -——La_'_p' =1
- Webster Major 1840, 1910, a+L » dy . )
(W) | fractions 1930 L arl P Py
TJefferson | Largest | 1792-1830 e P
(@) divisors a+l ﬂﬂ;-)-a__;

Huntington [29, 30] showed that method of equal proportion (MEP) is the best of
the five divisor methods, since it relies on the most natural measure of inequality,
the relative difference. He was supported by two selection committees which
reported to the president of the National Academy of Sciences in 1929 [13] and in
1948 [53]. Both of these reports pleaded for MEP because it is unambiguous and
house monotone yielding apportionments that are neutral with respect to emphasis

on larger and smaller states. Moreover, MEP is consistent: If (p.a) and (p'a') are

tied (two states having equal populations p= p'), then any method s should be
'J‘_nd:_‘.ﬁ%rem between such states. That is, for some p, &, j;(p h)=a, and f,(p.h)=a',
if a solution few gives the (r+1)" seat to state i, then there should be an
alternative solution ge s, identical with fup to 4 (ie., g,=s) that gives the
(h+1)"seat to state j. Any method having this property is called consistent.
Moreover, consistency means if(p,a)~(p'.a'), then any two states with
populations p, p' and apportionments a, a' equally deserve a seat. Divisor
method based on r(p,a) is
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M(p,h)={a20 :Z;a,- =Hh. mfixr(pj.a,-)s Tmr(-pj_,aj_,)} (5.1)

Theorem 5.3 [7] An apportionment method M is a house monotone and consistent
if and only if it is a Huntington method.

Huntington [30] examined 64 different measures of local inequity considering
different combinations of p,,p,,a,a, between two states including 32 relative and

32 absolute differences. All of the relative differences and two of the absolute
differences lead to MEP. His noble approach is pairwise transfer of seats among
states according to the priority basis to balance the apportionment. A transfer is
made from the more favored state to less favored state if this reduces the inequity
measure between two states.

Theorem 5.4 Between two states /and j, the assignment (41) g, +1and a, is better

Py
t-' [u, -1) Ja [a +1]

assignment than (42) ¢ and @, +1 if and only 1f

Proof: We prove the theorem when the state iis more favored in (41) with
—--->0and the state j is more favored in (42) with £--"_>0. Now (41) is a

better assignment than (42) if and only if

1

Pyiay—py (“"’l}‘pu“t pl/(a’.+I] pﬂ(a,+l]—p;a}{p‘(ﬂ“.ﬂ-i]‘p,ﬂ, = P > .fi',2
p,/(a +1) 2 (a‘,+!] P, P4 a;[u, =1} aa, +!_]

Note that some inequality measures are unworkable. which may lead to infinite

cveling of solutions, e. g.. ‘-‘:'-_}"’_ and

it i,

=—~-L. where —ﬁhz—g— Keeping deep
msights to the traditional divisor methods. Oyama [55] gave ARPT (average ratio
pairwise transfer) rule, which implied larger stable region than Huntington's one.
He viewed the apportionment methods from the angle of constrained optimization
problem, restricting its application to the case when one state is over-represented
absolutely and the other under-represented absolutely, that is. when > ﬁg ;..

[3]. The main idea of divisor (rank-index) methods is:
Algorithm 5.3 (Rank-index Algorithm):
Step 1. Start with f(p, 0)=0, thatis, a =0. i=12....5

Step 2. Find a state ¢such that r(p,.a,) =maxr(p,, )

Then g =4+l and a,=a, for j=¢
J
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Step 3. Repeat step 2 until all /4 seats are allocated.

5.3.1 Parametric Divisor Methods

A parametric divisor method denoted byg’.is a divisor method¢’ based on
d(a)=a+5,where 0s&<1. The divisor methods 4, W, J are parametric with
§=0,6=05,6=1 respectively. Saint-Lague favored W and d'Hondt favored J.
Condorcet proposed slightly different parameter § = 0.4. We have proposed
§=07in Section 5.3.2. Being linear divisor functions, parametric methods are
computationally very efficient. Moreover, they are cyclic generating cyclic JIT
sequences: for two instances of the JIT sequencing Dy =dy, day.id, and
Dy = kD, = kd,, kd,.......kd, . the sequence for D, is obtained by & repetitions of the
sequence for problem D,. Note that as & increases from 0 to 1, seats being
given-up by the smaller states in favor of the larger states [4].

Lemma 5.1 A parametric method ¢“ gives-up to another parametric method ¢* if
and only ifa < g. '
Thus parametric method ¢° is most favorable to smaller states with §=0 and
most favorable to larger states with 5=1. The fundamental three properties of
parametric method are as follows. Anonymity: the solutions must depend only on
the values of the data, not on the order in which the data is presented. Scale-
invariancy; #(pih)=6(Ap.h), for all2>0; Exactness: if pis integer valued
andz‘ p, = h » then pis the unique solutiong(p,4)=p. A method ¢ is balanced if
qegé‘(p,h) and p, =p, implies ]g'-a.)..}sl .

Lemma 5. 2 A consistent, exact and anonymous method is balanced.

An apportionment method ¢ is oyclic, if a=g(p.h), pinteger implies
a+ped(p h+p, ), for an example, Hamilton method is cyclic.

Theorem 5. 5 [4] A divisor method ¢ is parametric if and only if it is cyclic.
There are infinitely many parametric divisor functions lying between a and
a + 1 depending upon the value of &s. t. 0<&<1. We identify the two slightly
new divisors, to which we call mean-based divisors.

5.3.2 Mean-based Divisor Methods
The two mean-based divisor (MBD) functions are computed from available five
divisors, both of which are based on arithmetic mean. The first divisor is
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calculated by the mean of all divisors whereas the second is calculated by the
mean of Webster's and Jefferson’s divisors. The first divisor falls between Hill's
and Webster’s divisors, immediate right to Hill's divisor capturing the properties
of both. Obviously the second one lies between Webster's and Jefferson’s
divisors. The first divisor (MBDI) is computed as:

d(a) =-;—[a+.2%£:’3;1—)+,fa(a+l) +_a—|_~;—+a+];]

1 2a(a+l)
= E-[Ba +34 z:+1. +yJa(a+ I)]
] [16a2+160+2(Ba+l}‘fa{d+'}}+3]

=z 2(2atl)

5

162 +16a+2(2a+1)\fa(a+1)+3
i) 10(2a+1)

= 7%2{3‘5 ; where ¥ (a) = 16a° +16a+2(2a+1)Ja(a+ 1)+3.

The respective rank-index is r(p.q)= "E;f‘z:)”. The second divisor (MBD2) is

cumputed as:

| ] . . s . x dp
#ia]=5{a+%‘+a+l}=a+i— » and the respective rank-index is »(p,q)- 4;:3 L

Clearly the second divisor is parametric, whereas the first is not. The actual
‘ocation of our divisors among the existing five divisors can be sketched from the
“ollowing inclusion with the notations from Table 5.1:

Proposition 5.1

“he inclusion holds true 4 < D < H < MBD1 <W < MBD2 < J (5.2)

Thus, our divisors are positioned in the neighborhood of Hill’s and Webster’s
Svisors. As Hill’s and Webster’s methods are considered to be mathematically
scutral with respect to emphasis on larger and smaller states, near to ideal fraction
#nd consistent, the proposed new divisors yield the better results in apportioning
e seats 1o states/parties. With this discussion, we establish the following
theorem;

Theorem 5.6 The mean-based divisors MBDI and MBD2 generate the
spportionments, which are near to ideal, consistent, monotone and neutral.

‘n this sense, we claim that our divisors clearly point out the location of ideal
spportionment, standing in the “middle” of the divisors of other methods, and so
“ey are better than others. However, we agree that time complexity of our
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methods is higher than other methods. The local measure of inequalities to be
minimized under these two new divisors is considered with relative difference as
given by Hill-Huntington, it is because the method yielding the smallest relative
difference is taken as the best method. Together with our divisors, we argue that
method of equal proportion is stable with the relative difference given by

i ap. LA s Gb
T = E!!_ - Ei .a_m_'-‘ iEL. = _—" J = |' =
2 By min {8 - } T for 7, 7, (53)

The ideal position is T =0, which is very rare in practical. Therefore, the measures
of inequality between two states can not be eliminated perfectly; and hence the
fundamental objective is to minimize the measures of inequality as far as possible
to reach the ideal position. To this point, we refer [64].

5.4 Other Approaches

There are other several methods of apportionment suggested by many
mathematical scientists and political theorists. The balanced method is proposed
in [57] to minimize the advantages of large states over small states. With the
earlier notations, the following formula is used to find the apportionment for

statei: a, = Ff’]-’;% . where A = a/ 1+ 4:{— The exact quota i’; of state iis multiplied

by a proportion that is somewhat bigger than one. The epsilon (0=est) is
balancing out the effect of truncation, but favoring large states. To reduce this
effect and to satisfy upper quota, there is another number c, balancing that effect
and making sure that the results satisfy quota. This method satisfies quota and is
uniform for all states. However, it favors small states and admits the Alabama
paradox. Compared to other methods, this provides a better alternative if one
wishes to give an advantage to smaller states and stay within quota. The
generalized apportionment problem (GAP), a more general formalization. is
studied in [12] and solved via optimization procedure of a very broad class of
discrepancy functions. In addition of presenting a synthesis of the classical
approaches to the apportionment, the generalized divisor methods (GDMs) are
defined, that optimized a family of general discrepancy functions for the GAP. A
method for determining which discrepancy functions are optimized by any given
GDM., is established in [12], including the classical divisor methods. The method
is applied to resolve the minsum problem. indicating a possible line of research
that the approach can be extended to the resolution of minmax problems.
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6. LINKAGE: JIT SEQUENCING VERSES APPORTIONMENT

6.1 Transformations of the two Problems

Establishing the relation between PRV problem and apportionment, Bautista et al.
10] stated that the JIT sequencing problem can be seen as a constrained
sequential apportionment problem. The monotone condition of PRV problem is
equivalent to house monotonicity. They indicated that the algorithm of Inman and
Bulfin [31] is the Webster divisor method of apportionment. Balinski and Shahidi
5] proposed a strong approach to JIT sequencing via axiomatics, which are
ongzinally developed for the apportionment problem.

The axiomatic method of apportionment depends on some socially desirable
characteristics, such as satisfying quota, house and population monotonicity etc,
which must be satisfied for the solution of apportionment problem. However, the
‘mpaossibility theorem of Balinski and Young put a limitation that there is no
perfect apportionment method satisfying all properties. The PRV problem in terms
of parametric divisor methods is studied in [4]. Jozefowska et al. [33]
characterized some of the algorithms of JIT sequencing via apportionment theory
with suitable transformation of the probleins: Adding some similar properties, we
present the notational interrelation of the two problems as follows [23, 64]:

Table 6.1 JIT sequencing verses apportionment

Number of products »n
Product i
Vector of demands &

Demand d, for product i
Position in sequence k
Actual production x,
Ideal production kr

Total demand p= z 4 4

number of states &
state 1

vector of populations p
population p, of state i

size of house A

a,, to state 7, for house size h
exact quota ¢,

total population p= Z ; i

0 0000000

Monotone condition in JIT < house monotone in apportionment
Thus, the two problems can be seen from the same window and handled in similar
wavs in most of the instances, such as the parametric divisor methods of
apportionment generate cyclic just-in-time sequences. The further algorithmic
characterizations and joint approaches are discussed in the following sections.
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6.2 Algorithmic Characterization of the two Problems

It is observed in [10] that Inman-Bulfin (/B) algorithm [31] to minimize the sum
deviation objective(43)is equivalent to Webster divisor method. The optimal
value is found by applying EDD rule taking 7, as due dates, and reducing into
single machine scheduling problem. In /B algorithm. the units are s‘éq’m:nced
according to the increasing order of the values *— and in Webster method. the

rank-index is'zi”_' - . Thus both procedures are equivalent and so Webster method

optimizes (4.3) with due dates 1, = 2.

Steiner and Yeomans [59, 60] proposed a graph theoretic polynomial time
algorithm (say, SY algorithm) to minimize the MDJIT problem (44) with the
targeted bound 5. based on the follo'wing theorem:

Theorem 6.1 A JIT sequence with min niax[.r& -k < B exists iff there exists a

sequence that associates the part (i) in the interval[e(, ;). £(.))] where
E(iij)= H(’J—-B)] and L'_(f.,i}=|_4;( j—[*B}H} are the earliest and the latest starting

times respectively of (i. /) in the final production sequence.

The SY algorithm tests the values of B from the list g= 2 fes Doty | Do,

in ascending order.

For each 5. the algorithm calculates the £(;. ;) and (i, ;) for each part (i.j), and
assigns k=1.2...0 starting with k =1and ending with k=D to the yet unassigned
but still available at k. A pair (i.;) is available at & if and only if E(ij)<k<L(i)).
If some pairs cannot be assigned. then the value of B is rejected as infeasible.
Brauner and Crama [15] proved that at least one of the values of Bin the above
list is feasible, and hence we have, m_ilnr'_t:ax|x¢ ~kn| <1-%.

If B is feasible, then all 5.5 <B<1-L are feasible as well. The smallest feasible

Bis denoted by B and referred to as optimum. It is proved in [33] that SY
algorithm is a quota-divisor method of apportionment:
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Theorem 6.2 The SY algorithm with 8, 8" <8< and a tie (i. j)=L(./) between
and & broken by choosing the one with min{;'i—{j-l-t-B)_. :T_(!—-H-B]} is a quota-
divisor method withd(a)=a+8.

Moreover, SY algorithm is a quota-parametric method withs = B .

Keeping deep insights in Tijdeman’s chairman assignment algorithm [65],
Juzefowska et al. [33] obtained the stronger upper bound I-515 thani-L.
Defining the set /. k=12....0 of eligible states, they proved that Tijdeman’s
algorithm is quota-divisor method with d(a)=a+a, where A =1-+1-. Further
narrowing the eligible set, they showed that Tijdeman algorithm is quasi quota-
divisor method.

lozefowska et al. [33] characterized Kubiak-Sethi (KS) algorithm based on the
following three lemmas:

Lemma 6.1 The K algorithm does not stay within the quota. _

Proof: Corominas and Moreno [20] observed that no solution minimizing the
SDJIT problem subject to the constraints (3.3) to (3.6)stays within the quota. for
mstance of n=6 products with their demands being & =d,=23 and
4, =d, =ds = dg =1. Since KS algorithm minimizes SDJIT. this proves the lemma.
Lemma 6. 2 The KS algorithm is house monotone. It is obvious due to the
constraint (3.4) "

Lemma 6. 3 The KS algorithm is not uniform, and hence is not population
monotone.

Halinski and Shahidi (5] proposed other types of deviations for the
products/and j, targeting to minimize the variation of production rates from

product to products. In Section 6.3, we present its equivalency with the state to
state variation of apportionment via local indices as well as the equivalency of
global indices.

6.3 Equitably Efficient Frontiers

6.3.1 Global Indices
The global index |x, —kr |of SDJIT sequencing problem is studied in [20] with
oneness property. A sequence z is said to have oneness property if and only if
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-1< 2, <1, Vi,vk. Considering absolute or squared deviation global indices, we can
say that any sequence is feasible if the discrepancy of x, and & lies between
0and1. Thus, main idea is to seek for the smaller bound nearer to 0. Ifx, =kn,
then it is done, however it is very rare in practice. In view of MBD/ defined in
Section 5.3.2 for apportionment, we propose a stronger bound B for SDJIT
sequencing problem based on arithmetic mean. Taking the intervals [a, a+1] and
[0.1] together, the key idea is as follows:
Step 1. Set ¢=0 and a+1=0+1=1.
Step 2. Make partition of the interval [0.1] by computing the harmonic
mean=0, geometric mean=0, and arithmetic mean =4 of the two ends
0and 1. :
Step 3. Calculate the arithmetic mean of 0,0,0,4,1. That is,
B =1040+0+5+1)=3=03.
To this end, we claim that #° =03 is the efficient bound yielding minimum
deviation lying near to ideal. The absolute and squared global indices of both the
JIT sequencing and apportionment problems are equivalent and have same set of
optimal solutions with the proposed bound 4°. Moreover, we have
Proposition 6.1 The absolute SDJIT sequencing objective Z;Z’fd[xﬂ ~i| and
absolute apportionment objective 3" |a, -g,| are equivalent and have same set of
optimal solutions with the upper bound £".
Proposition 6.2 The squared SDJIT sequencing objective ZL;ZQ“*“*’*}; and
squared apportionment objective ¥ (a, -¢q,)" are equivalent and have same set
of optimal solutions with the upper bound .
Corollary 6.1 The complexities of SDJIT sequencing and apportionment
problems are equivalent, that is, 0(nD) and 0(sh) respectively.
Clearly, the other divisor MBD2, defined in Section 5.3.2 for apportionment,
generates the bigger bound 2. Being parametric, we can say this bound generates

cyclic JIT sequences, though it is not near to ideal.
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6.3.2 Local Indices

The production rates of the products iandjare measured as “and

respectively. If 24 = %* for all i, /, then the perfection will be gained. However,
it is very rare in practical. To this point, Balinski and Shahidi [6] propossd the
following objective to be minimized over the vector x:

5+ (6.1)

4

minmax
X |

For apportionment problem, we propose a similar objective for the fairness
measure between two states i and / as the local measure of inequality
min max

inmax [ s (6.2)
We claim that the computational complexities of these two objectives are of same

tvpe. depending on the number of products and number of states. But the
complexities given in corollary 6.1 do not work here.

In view of relative difference 7 defined in(5.3), we define the relative difference

7 for product to product rate variation problem and propose the equitably
efficient (EE) solution:
/min (‘T‘.I’L’) (6.3)

Theorem 6.3 If the state to state variation problem of the apportionment is stable
with 7, then product to product rate variation problem of the JIT sequencing is
stable with 7°.

Proof: As discussed above, state to state variation problem (ie., MEP) is
mathematically neutral. near to ideal, monotone and consistent [7]. So it suffices
% show that state to state variation and product to product variation problems are
mathematically equivalent. Products i, j in JIT sequencing correspond with the
siates 4 j amongsstates. The divisors ~ andr, correspond withp, and p, in
spportionment. The product rates of i* and ;* products in period & are equivalent
%0 the shares of representatives of i and ;” states for house size 4. Thus in view
of MEP, we conclude that the product to product rate variation problem with the
relative difference 7” is near to ideal and mathematically neutral. >

Lonsequently, we propose the following theorem and corollary:

T = T =" ‘t;l
i £
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Theorem 6.4 The state to state variation problem with Thas optimal solution if
and only if the product to produect rate variation problem with 7 has optimal
solution. ' '
Corollary 6.2 Balancing inter-state apportionments is equivalent to balancing
sub-products of a product.

7. CONCLUSION

The JIT sequencing problem in mixed-model assembly process attempis to
minimize the certain penalties concerned with the holding of inventories and the
occurrences of the shortages. Perfect matching approach is workable for MDJIT
whereas assignment approach is for SDJIT to obtain optimal sequences. Posing
the literature of apportionment methods, we have proposed mean-based divisor
methods claiming that they are better than existing ones. Linking up the JIT
sequencing problem with the apportionment problem, we have proposed a
stronger bound for SDJIT sequencing problem that falls near to ideal. The
complexities of global indices of both the problems are same depending on
products and states. Inequality measures in JIT sequencing and apportionment
problems have been considered both in global and local senses, and hence
compared to each other. State to state variation problem and product to product
rate variation problem have been shown equivalent with respect to the relative
differences and the EE solution is proposed for the combined approach. The
further depth and the linkages of the problems are the directions of our study.
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1. INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh [14] in 1965. After that. a lot of
works have been done regarding fuzzy sets and applications. Deng[3], Erceg [4],
Kalva and Seikkala [7] introduced the concepts of fuzzy metric spaces in different
ways. In 1975, Kramosil and Michalek [8] introduced the fuzzy metric space by
generalizing the concept of probabilistic metric space to fuzzy situation. Grabiec
16] proved the contraction principle in the setting of the fuzzy metric space
wiroduced by Kramosil and Michalek [8]. Grabiec's result was further




generalized by Subrahmanyam [12] for a pair of commuting mappings. Since
then, a substantial literature has been developed on this topic. Also, George and
Veermani [5] modified the notion of fuzzy metric spaces with the help of
continuous t-norm, by generalizing the concept of probabilistic metric space to
fuzzy situation. In 1999, Vasuki [13] introduced the concept of R-weak
commutativity of mappings in fuzzy metric space and Pan[9] introduced the
notion of reciprocal continuity of mappings in metric space and proved some
common fixed point theorems, Balasubramaniam et. al. | 1] proved a fixed point
theorem, which generalizes a result of Pant [9] for fuzzy mappings in fuzzy metric
space.
Pant and Jha [10] proved a fixed point theorem that gives an analogue of the
results by Balasubramaniam et. al. [1] by obtaining a connection between the
continuity and reciprocal continuity for four mappings in fuzzy metric space.
Recently, Chugh and Kumar [2] proved a common fixed point theorem for four
mappings in fuzzy metric space generalizing the result of Vasuki [13]. The
- present paper is aimed to prove a fixed point theorem assuming the reciprocal
continuity of fuzzy mappings in fuzzy metric space that generalizes the results of
Chugh and Kuamr [2], Vasuki [13] and improves various other similar resuits of
fixed points. We also give an example to illustrate our main theorem.
We have used the following notions:
Definition 1.1 ([13]) Let X be any set. A fuzzy set A in X is a function with
domain X and values in [0, 1].

Definition 1.2 ([11]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is called a
continuous t-norms if, ([0, 1], *) is an abelian topological monoid with unit 1
such that a * b < ¢ * d whenever as<candb<d, foralla,b,c, din [0, 1].
Examples of t-norms are a * b =ab,a *b=min {a, b}.

Definition 1.3 ([8]) The triplet (X, M, *) is called a fuzzy metric space (shortly, a
FM-space) if, X is an arbitrary set, * is a continuous t-norm and M is a fuzzy et
on X2 x [0, o) satisfying he following conditions: for all Xy, zinX,s,t>0,

(1) M(x,y, 0)=0, M(x, ¥, t)>0;

(i) M(x,y,t)=1 forallt> 0 ifand onlyifx =y,

(i) M(x, y, t) = M(y, x. 1),

(V) M y.0) * M(y, 2, 5) <M(x, z t +5),

(V) Mx.y,):[0, ) - [0, 1] is left continuous for all X,y € Xands, t>0(,

(Vi) lime e, M(x, y, t) = 1, for all X, veX
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Definition 1.4 ([6]) A sequence {Xn} is a fuzzy metric space (X, M, *) is called
Cauchy sequence if, limg_,.. M(Xn+p, Xn, t) = 1 for every t > 0 and for each p>0.A
fuzzy metric space (X, M, *) is complete if, every Cauchy sequence in X
converges in X.

Definition 1.5 ([6]) A sequence {x,} in a fuzzy metric space (X, M, *) is said to
be convergent to X in X if, limy . M(x,, X, t) = 1 for each t > 0.

Definition 1.6 ([9]) Two self mappings A and S of a metric space (X, d) are called
compatible if, limg,.d(Asx,, SAx,) = 0 whenever {Xn} Is a sequence such that
im0 AXp = limy_,. Sx, =1 for some t in X_

Definition 1.7 ([1]) Two self mappings A and S of a fuzzy metric space (X, M, *)
are called compatible if, limy,. M(ASxn, SAX,, t) = 1 whenever {x,} is a
sequence such that limy. Axy = limys Sx, = p for some p in X,

Definition 1.8 ([9]) Two self mappings A and S of a metric space (X, d) are called
H-weekly commuting at a point x in X if, d(ASx. SAX) <Rd(Ax. Sx). forR > 0.
Definition 1.9 ([1]) Two self mappings A and S of a fuzzy metric space (X, M, *)
are called weekly commutating if, M(ASx, SAX, 1) > A(Ax, Sx. t) for each x € X
andt> 0.

Definition 1.10 ([1]) Two self mappings A and S of a fuzzy metric space
(X, M, ¥) are called R-weekly commuting provided there exists some real number
R such that M(ASx, SAx, t) > M(Ax, Sx, /R) form some x € X and t > 0.
Definition 1.11 ([1]) Two self mappings A and S of a fuzzy metric space
(X, M, *) are called pointwise R-weakly commuting on X if, given x in (X, M, *),
there exists R > 0 such that M(ASx, SAx. t) = M(Ax, Sx, t/R).

It is noted that R-weakly commutativity in fuzzy metric space implies weak
commutativity only when R < 1 (Chugh and Kumar [2]).

Definition 1.12 ([1]) Two self mappings A and S of a fuzzy metric space
(X. M, *) are said to be reciprocally continuous if, lim,_,. AS, = Ap and
UMg e SAXp = Sp whenever {x,} is a sequence such that limye Sx, = p and
UMy AXy = p for some pin X.

Note that in the metric setting if A and S are both continuous then they are
obviously reciprocal continuous. But the converse need not be true (Pant [9]).
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2. MAIN RESULTS

Theorem 2.1 Let (A, S) and (B, T) be pointwise R-weakly commuting pairs of
self mappings of complete fuzzy metric space (X. M, *) such that
() AXcTX,BXcSX,
(i) M(Ax, By, ) > r (M(Sx, Ty, 1)),
for all x, y € X, where r : [0, 1] = [0, 1] is continuous function such that r(t) > t
for each 0 <t < 1. If the pair (A, S) or (B, T) is compatible pair of reciprocally
continuous mappings. then A, B, S and T have a unique common fixed point.
Proof. Let xo be any point in X. We define sequences {x,} and {¥n} in X given by
the rule
Yon = AXan = TXan+1 and yansi = BXan+1 = SXans2, forn = 0, 1,2, 3amu (1)
This can be done by virtue of (i). Then, using (ii), we get
M(Yan, Yane1s 1) = M(AX2n, BXons1, 1)
> t(M(SXzn, TXane1, ) = F(M(¥20-1, Y20, 1))
> M(Y2n-1, Y2ns 1),
since r(t) > t for 0 <t < 1. Similarly, we have M(yzn+1, Y2042, t) > M(Yan, Yan+1s 1)
S0, {M(¥an, Yan+1, )}, forn>0, is an increasing sequence of positive real numbers
in [0, 1] and therefore, tends to a limit a < 1. We claim that o = 1. For this, if
o < 1, then on letting n — co in relation (2), we get o =2 r(ct) > o, a contradiction.
Hence, we get o.= 1. Thus, for every n € N,
M(Yns Yorrts 1) > M(¥nets Yo 1) and M(¥n, Ynet, ) = lasn— oo, fort>0. (3)
Now, for any positive integer p, we get
M(¥ns Yatps ) 2 M(Yﬂ’ Yo+ls t,p) * M(¥Yn+1s Yne2s Up) ot M(}'n-l-p—h Yotps t'{p)
> M(¥n Yo, V) * M(Yas Y1, UP) * . MY, Ve, /P)
>1%1%..*1,using(3)
This implies that M(¥n, Ynsps ) = 1 a5 0 — . Therefore, {ya} is a Cauchy
sequence in X. Since X is complete, there exists a point z in X such that y, = z as
n — c. Moreover, we have
Yn = AxXzn=TXop+1 =2 2 and yan+1 = BXons1 = SXoniz = Z.
Suppose A and B are compatible and reciprocally continuous mappings, then by
definition, we have ASxa, —> Az and SAXz, —> Sz. Also, compatibility of A and S
yields that limpse M(ASXan, SAxam, 1) = 1, that is, M(Az, Sz, t) = 1. Hence, we




pairs of

Yansls t)‘
aumbers
or this, if
radiction.

>0. (3)

Yorps U'p)
vp)

2 Cauchy

GENERALIZED FIXED POINT THEOREM . .. [73]

have Az = Sz. Since AX c TX. there exists a point w in X such that Az = Tw. So,
using (ii), we get M(Az, Bw, t) > r(M(Sz, Tw, 1)) = r(M(Az, Tw, 1) =r(l) = 1,
since r(t) = 1 for t = 1. This implies that Az = Bw.
Thus, we have Sz= Az=Tw=Bw.
Again, the pointwise R-weakly commutativity of A and S implies that there exists
R > 0 such that M(ASx, SAz, t) > M(Az, Sz t/R) = 1. That is, ASz = SAz and
AAz = ASz = SSz. Similarly, the pointwise R-weakly commutativity of B and T
implies that BBW = BTW = TBw = TTw. So that, using (ii). we have

M(Az, AAz, t) = M(Bw, AAz t) > r (M(SAz, Tw, 1)) > M(AAZ, Az, t).
That is, M(Az, AAz, t) = 1. Hence, we have Az= AAzand Az = AAz = SAz This
implies that Az is a common fixed point of A and S. Similarly, by using (ii), we
can show that Bw(= Az) is a common fixed point of B and T. The uniqueness of a
common fixed point of the mappings A, B, S and T be easily verified by using
141). In fact, if u' be another fixed point for mappings A, B, S and T, then. we have
Mlu, u', 1) = M(Au, Bu', t) > r(M(Su, Tu', t)) = r(M(u, u', t)) > M(u, u', t), for
r(t) > t and hence, we getu=u'.
This completely establishes the theorem.
We now give an example to illustrate the above Theorem 2.1.
Example: Let X = [2, 20] and M be the usual fuzzy metric on (X. M, *). Define
mappings A, B,Sand T : X - X by

A2=2 Ax=3if x>2;

Bx=2 if, x=2or>S§, Bx=6 i, 2Z<x<5:
S2=2, Sx=6if, x>2;

2=2, Tx=12if,2<x<5, Tx=x-5if x> 5.

Also. we define M(Ax, By, t) = “—m for all x, y in X and for all t > 0. Then.

A. B, S and T satisfy all the conditions of the above theorem with
r:[0,1] > [0, 1] by r(t) =t" for0 <t <1 and r(t) =1 for t = 1. So that, we have
n) >t for 0 <t < 1. Also, M(Ax, By, t) > r(M(Sx. Ty, t) for all x, y in X.
Moreover. the pair (A, S) and (B, T) are R-weakly commuting and reciprocally
continuous mappings on X. Thus. all the conditions of the above Theorem 2.1 are
satisfied and x =2 is a common fixed point of A, B, S and T,

Remarks: As Pant [9] has shown that the reciprocally continuous maps need not
e continuous. so this result generalizes the results of Chugh and Kumar [2] and
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Vasuki [13]. It also improves the results of Balasubramaniam et. al [1], Pant and
Jha [10] and other similar results for ﬁxed points.
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets has invaded almost all branches of mathematics since
the introduction of the concept by Zadeh [11]. Fuzzy sets have applications in
many fields such as information [7] and control [8]. The theory of fuzzy
topological spaces was introduced and developed by Chang [3]. The concept of
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fuzzy pre-open sets and fuzzy pre—closed sets were introduced by Singal and
Prakash [6]. The concept of fuzzy pre-continuity was introduced by Bin Shahna
[1] and was studied by Uma, Roja and Balasubramanian [10]. By using the
concepts of semi-y-open sets introduced by Sai Sundara Krishnan, Ganster and
Balachandran [4] and that of g-border and g-frontier introduced by Caldas, Jafari
and Noiri [2], the concepts of fuzzy pre-y-open set, fuzzy pre-y-border, pre-y-
frontier, fuzzy pre-(y, p)-continuous mappings, fuzzy pre-y-normal spaces, fuzzy
pre-y-compact spaces, fuzzy pre-y-T; (i = 0, 1, 2) spaces and fuzzy pre-y-R, space
are introduced and interrelations among the spaces are discussed with relevant
examples.
Definition 1.1 [6]
Let (X, T) be a fuzzy topological space. A fuzzy set 1 in (X, T) is said to be fuzzy
pre-open if & <int cl ().
The complement of a fuzzy pre-open set is fuzzy pre-closed.
Definition 1.2 [4]
Let (X, T) be a fuzzy topological space. An operation y on the topology Tisa
mapping from T into power set P(X) of X such that V < V' for each V e T, where
V‘r denotes the value of v at V. It is denoted by v : T — PX).
Definition 1.3 [4]
A subset A of a topological space is called a y-open set of (X, T) if for each x € A
there exists an open set U such that x € U and U' ¢ A. The complement of a y-
open set is said to be y-closed.
Notation 1.1 [4]
SO(X) denotes the family of all semi-open sets of (X, T).
Definition 1.4 [4]
Let (X. T) be a topological space. An operation y on the SO(X) is a mapping from
SO(X) into a power set P(X) of X such that V < V" for each V e SO(X) and V'
denotes the value of y at V. It is denoted by v : SOX) = P(X).
Definition 1.5 [4]
Let (X, T) be a topological space and y be an operation on SO(X). Then a subset
A of X is said to be a semi-y-open set if for each x € A, there exists a semi-open
set U such that x e U and U' ¢ A. Also SO(X), denotes the family of semi-y-
open sets in X.
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Definition 1.6 [2]

Let (X. T) be a topological space. For a subset A of (X, T), by (A) = A — int, (A)
is said to be the g-border of A where int, (A) is the set of al] g-interior points of A.
Definition 1.7 [2]

Let(X. T)bea topological space. For a subset A of (X, T), Fry(A) = clg (A) - int,
(A) is said to be the g-frontier of A.

Definition 1.8 [9] _

A topological space (X, T) is said to be a fuzzy pre-T);, space if every gfpre-
closed set in (X, T) is fuzzy closed in (X, T).

Definition 1.9 [5]

A fuzzy set A is quasi-coincident with a fuzzy set u. denoted by A q p. if there
exists X € X such that A (%) + 1 (x) > 1. Otherwise & 4 L.

2. FUZZY PRE-y-OPEN SETS
Definition 2.1

Let (X, T)bea fuzzy topological space. Lety : Ix — T be an operation such that
A=A u where A < pu. for each fuzzy open set pw in (X, T), 1 e I and A" denotes
the value of y at A. That is, A = ¥ (R).

Definition 2.2

Let (X, T)bea fuzzy topological space. Lety : Ix — T be an operation. A fuzzy
5213 is said to be fuzzy-y-open if for a fuzzy set o with « < 5, there exists a fuzzy
open set A such that o < A and A" < 5.

The complement of a fuzzy y-open-set is fuzzy-y-closed.

Definition 2.3

let (X, T)bea fuzzy topological space. Lety : Ix — T be an operation. For any
fuzzy set A, fuzzy-y-interior of 3 (briefly, y-int (1)) is defined as Y-int(A)=v { p:
#<Aiandpis fuzzy-y-open).

Definition 2.4

Let (X, T)bea fuzzy topological space. Lety : r — T be an operation. For any
fuzzy set A, fuzzy-y-closure of i (briefly, y-cl (1)) is defined as vel(A)= A {p:
#2Xandpis fuzzy-y-closed}.

Remark 2.1
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y-int (1 = &) =1 ~(y-cl (1))

Notation 2.1 '

FPO (X) denotes the family of all fuzzy pre-open sets of (X, ).

Definition 2.5 _

Let (X. T) be a fuzzy topological space. Let y : FPO (X) = T be an operation
such that ' = A p, where & < i, for each fuzzy open set p in (X, T) and & € FPO

Definition 2.6

Let (X, T) be a fuzzy topological space. Let y be an operation on FPO (X). A

fuzzy set § is called fuzzy pre-y-open if for a fuzzy set o with o < 8, there exists a

fuzzy pre-open set & such that ot < % and RE< R

The complement of a fuzzy pre-y-open set is fuzzy pre-y-closed.

Definition 2.7

Let (X, T) be a fuzzy topological space. Lety be an operation on FPO (X). The
fuzzy pre-y-interior of & (briefly, y-fp int (3)) is defined by y-fp int (8) =w { H:
< § and p is fuzzy pre-y-open }.

Definition 2.8

Let (X, T) be a fuzzy topological space. Lety be an operation on FPO (X). The
fuzzy pre-y-closure of & (briefly. y-fp ¢l (8)) is defined by y-fp cl@=Af{p:nz
8 and p is fuzzy pre-y-closed }.

Remark 2.2

y-fp int(1 = &) =1 = (y-fp c1 (8)).

Remark 2.3

Fuzzy pre-open set and fuzzy pre-y-open set are independent notions.

Example 2.1

Let X = { a, b } Define T = { 0, 1, i, A2 } where A, ka: X = .[0, 1] are defined
as Ay (2) = 0.3 & (b) =02, A (a) = 0.45, 1> (b) = 0.4. Let y : FPO (X) - T be an
operation. Let pt, 8, m : X — [0, 1] be defined as p (a) = 0.4, u (b) = 0.3, 8 (a) =
0.45. 8 (b) = 0.3. 1 (a) = 0.55. n (b) = 0.65. Now int ¢l (1) = p. Hence p is fuzzy
pre-open but not fuzzy pre-y-open. Now, for a fuzzy set o with & < m, then @ <
wand y' <m. Hencen is fuzzy pre-y-open but not fuzzy pre-open.
Proposition 2.1
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Let (X, T) be a fuzzy topological space. Let A and p be any two fuzzy pre-y-open
sets in (X, T). Then A v p (resp. A A p) is also a fuzzy pre-y-open set in (X, T).
Proposition 2.2

Let (X, T) be a fuzzy topological space. For any two fuzzy sets A, . the following
statements hold :

If A is fuzzy-y-open then A is fuzzy pre-y-open.

y-int (1) is fuzzy pre-y-open.

y=cl (1) is fuzzy pre-y~closed.

is fuzzy pre-y-open iff A = y-fp int (1).

is fuzzy pre-y-closed iff A = y-fp cl (A).

y-int (A) < y-fp int (A) < A <y-fp el (X) < y-cl (R).

v-cl (y-fp el (1)) = y-fp cl ().

v-cl (y-fp ¢l (1)) = y-fp cl (y-cl (1)) = y-cl ().

(v-fp int (A)) A (y-fp int (W) 2 y-fp int (A A p).

). (y-fpint (A)) v (y-fp int (u)) < y-fp int (A v p).

Definition 2.9

Let (X, T) be a fuzzy topological space and let y : T be an operation. For any
fuzzy set A, fuzzy-y-border of A (briefly, y-fb (1)) is defined as y-fb (L) = A — (y-
mt (1)).

Definition 2.10

Let (X, T) be a fuzzy topological space and let y be an operation on FPO (X) for
any fuzzy set A, fuzzy pre-y-border of A (briefly, y-fpb (1)) is defined as y-fpb (1)
=k = (y-fp int (1)).

Definition 2.11

Let (X, T) be a fuzzy topological space and let -y:lx-> T be an operation. For any
fuzzy set A, fuzzy-y-frontier of A (briefly, y-f Fr (1)) is defined as y-f Fr (1) = (y-cl
(1)) = (y-int (A)).

Definition 2.12

R ome oA o op

e

Let (X, T) be a fuzzy topological space and let y be an operation on FPO (X) . For
any fuzzy set 7. fuzzy pre-y-frontier of A (briefly, y-fp Fr (1)) is defined as y-fp Fr
(0.) = (y-tp el (L)) = (y-fp int (1)).
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Proposition 2.3
Let (X, T) be a fuzzy topological space. For any two fuzzy sets A, p the follovm:g

statements hold : oy
a.  7pb (1)< y-fpel (1- ). -
b yfpb (A v ) < (v-fpb () v (v-fpb (w). [ —
c.  y-fpb (X A p) = (y-fpb W) A (v-fpb (1)) ' P
d.  (y-int (A)) v (y-fb (X)) 2 y-int (A). -
e. (y-int (X)) A (y-fb (X)) < y-int (X). - —
f. yfpFr(A) = y-fpFr(l- A). iy h
g yfpFr(y-fpint (1) < y-fpFr(h). 4 B X -
h.  yfpFr(y-fpcl (X)) < y-fpFr(d). .
i, A-(@-fpFr() < yfpint(d). | -8
jo yfpFr(Avu) < (y-fp Fr () v (y-fp Fr (u)). i
k.o yfpFr(Aap) 2 (y-fp Fr (W) A (v-fp Fr (). ' ¢
_ Ml . E
3. FUZZY PRE-y-T; SPACES &
Definition 3.1 ‘ '

A fuzzy topological space (X, T) is called
(a) a fuzzy pre-y-T, space iff for any two fuzzy sets A, p with & A . there exists
a fuzzy pre-y-open set & such that 2 <3, pﬁﬁoru<5 LGS,
(b) a fuzzy pre-y-T) space iff for any two fuzzy sets A, p with A @ u. there exist e s
fuzzy pre-y- open sets 8, nsuchﬂlatelther?ms nAsorp<m A 4n. , .
(c) a fuzzy pre-y-T space iff for any two fuzzy sets A, p with A 4 K, there exist :
fuzzy pre-y-open sets 3, n such that L. <8, p<n and 8 i n.
(d) a fuzzy pre-y-R, space iff for any two fuzzy sets A, p, A A (y-fp el (w)
implies that p 4 (y-fp cl (1)). _
Definition 3.2 - s
Let (X, T) be a fuzzy topological space and let y be an operation on FPO(X). A
fuzzy set A is called fuzzy pre-y-g closed if y-fp cl (?L) <y whenever A < pand p is
fuzzy pre-y-open. has
The complement of a fuzzy pre-y-gclosed set is fuzzy pre-y-g open. Las
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Definition 3.3
A fuzzy topological space (X, T) is called fuzzy pre-y-Ty, space if every fuzzy
pre-y-g closed set is fuzzy pre-y-closed.

Remark 3.1

From the above definitions we have the following implications.

fuzzy pre-y-T, space = fuzzy pre-y-T| space = fuzzy pre-y-Ti,space = fuzzy
pre-y-T, space.

The converse statements need not be true, as shown in the following examples.
Example 3.1

Let X = {a, b}. Define T = {0, 1, Ay, A2, A3} where Ay, A2, 23 : X = [0, 1] are
defined as Ay (a) = 0.51, %y (b) = 0.7, X2 (a) = 0.57, A, (b) = 0.78, A3 (a) = 0.63, A3
'b) = 0.83. Let y : FPO (X) — T be an operation. Let a, 1, 8. 1 : X — [0, 1] be
defined as o (a) = 0.3, a-(b) = 0.4, [ (a) = 0.55,  (b) = 0.75. & (a) = 0.6, & (b) =
V8. m (a) = 0.65, n (b) = 0.85. Clearly p is a fuzzy pre—open set. Now ot £ m, o <
% and o < p. Further p¥ <& and p' < . Therefore & and n are fuzzy pre-y-open
sets. Let 6, A : X — [0, 1] be such that 8 (a) = 0.3, 6 (b) = 0.1, % (a) = 0.2. & (b) =
0. Then O Al A. Further 8 <8, A A 5and A < n, 6 i n. Hence (X, T) is a fuzzy
pre-y-T; space but not a fuzzy pre-y-T; space.

Example 3.2

Let X = {a, b}. Define T = {0, 1, ki, Az, A3 } where A, X2, 73 : X = '[0.. 1] are
defined as A (a) = 0.5, & (b) = 0.6, &, (a) = 0.7, 43 (b) = 0.75. %3 (a) = 0.8, %3 (b)
=0.9. Lety : FPO (X) — T be an operation. The space (X, T) is a fuzzy pre-y- Ty,
space but not a fuzzy pre-y-T, space.

Example 3.3

letX={ab}. DefineT={0,1, A, A2 } where

L. 1 X = [0, 1] are defined as A, (a) = 0.3, &; (b) = 0.2, A5 (a) = 0.45, A5 (b) =
U4 Let y:FPO (X) = T be an operation. Let a, p, & : X — [0. 1] be defined as
2(a)=0.2,a(b)=0.3, p(a)= 04, u(b)=10.3, 5 (a) 0.55, & (b) = 0.65. Clearly pu
s a fuzzy pre-open set. Now, a <8, o < pand p'" < 8. Therefore & is a fuzzy pre-
~open set. Let 6, p : X — [0, 1]be defined as 6 (a) = 0.3, 8 (b) = 0.4, p (a) = 0.4,
p(5)=02.Theno 4 p. Now, 6 <& and p f 5. Hence (X, T) is a fuzzy pre-y-T,
space. Let 2. : X — [0, 1] be defined as A (a) = 0.5, & (b) = 0.45. Now. A <& and y-
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fp cl(A) < 8. Therefore A is a fuzzy pre-y-g closed set. But not a fuzzy pre-y-closed
set. Hence (X, T) is not a fuzzy pre-y-Ty, space.

Proposition 3.1

Let (X, T) be a fuzzy topological space . Then

(@) forall fuzzy pre-y-open set A in (X, T), A quiff

o

A q (v-fp cl (), where p is any fuzzy set in (X, T)

(b) 8 q (y-fpcl (1)) iff A q p, for all fuzzy pre-y-open set Hin (X, T), with § < p.

Proof:

(a)

(b)

Letlbeaﬁxzzypre-y—opensetsuchthathp.]'hensince
B < y-fp el (w), A q (y-fp cl (). Conversely let A be a fuzzy pre-y-open set
in (X, T) such that A # p. Then 1 < 1 - % and so y-fpp ¢l () < y-fp ¢l (1 — )
=]1-A ThusA 4 (y-fp ¢l ().

Let 8 q (yfp ¢l (1) and let M be a fuzzy pre-y-open set in
(X, T) such that 3 < . Then p q (y-fp ¢l (1)). By (a), pn q A for all fuzzy pre-
y-open set u with § < u. Conversely suppose that & A (y-fp cl (A)). Then
d<1-(yfpcl(X). Letpu=1- (v-fp cl (A)). Then pis a fuzzy pre-y-open
s'.:;i with 8 < . Since A < y-fp el (A), u=1 - (v-fp el (L)) £ 1 - A. Therefore
k.

Proposition 3.2 ‘
Let (X, T) be a fuzzy topological space. For any two fuzzy sets 8, p in (X, T), the
following statements are equivalent :

@ (X, T)is a fuzzy pre-y-R, space.

(b) Ifedr= v-fp ¢l (L), where A is any fuzzy set in (X, T), then there exists a
fuzzy pre-y-open set p in (X, T), such that § 4 pand A < p.

(©) If3AL=y-fpecl (L) then (y-fp cl (5)) A % = v-fp ¢l (1), where 4 is any fuzzy
setin (X, T).

(@) I8 A (=fp cl (p)) then (v-£p cl (8)) 4 (-fp el (p)).

Proof:

(a)= (b) Let6 A a= v-fp ¢l (1). Since y-fp cl (p) < y-fpel (1), foreachp <. 5 4
(v-fp cl (p)). Then by (a). p A (y-fp ¢l (3)). Then by (b) of Proposition 3.1, there
exists a fuzzy pre-y-open set 1y in (X, T), such that § 4 1 and psn.Letu=v{n:
5%n ). Thendd pand A <y, where p is fuzzy pre-y-open in (X, T).
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y-closed (b)= (c) Let 54 & = y-fp cl (1). Then by (b), there exists a fuzzy pre-y-open set p
in (X. T), such that 8 A yand A < . Since § A, & <1 — . Therefore y-fp cl (5)
Sy-fpel(I-p)=l-p<1-A
Hence (y-fp cl (8)) A 1 = y-fp cl (1).
()= (d) Let & @-fpcl (p)). since y-fpcl (v-fp cl (p)) = y-fp cl (p), by (c), 1~fp cl
(8) 4 (y-fp cl (p)). i
b5 (d)=> (a) Let5 Al (y-fp cl (p)). Then by (d),
(v-£p <l (8)) A (-fp cl (p). Since p < y-fp el (p), p A (y-fp cl (5)). Hence (X, T) is
S a fuzzy pre-y-R, space.
+open set 4. FUZZY PRE - (y, B)-CONTINUOUS MAPPINGS
p Ll Let (X, T), (Y, S) and (Z, R) be any three fuzzy topological spaces and let y : FP0
(X) > T,B:FPO(Y) > Tand n : FPO(Z) - T be operations: on FPO (X), FPO
; (Y) and FPO (Z) respectively.
’_f‘zznye“ Definition 4.1
_W))T_ong Let f: (X, T) > (Y, S) be a mapping. Then
Therefore (2) fis called fuzzy pre-(y, B)-continuous iff for each fuzzy pre-B-open set p in
(Y,S), f : (u) is fuzzy pre-y-open.
b)  fis called fuzzy pre-(y, B)-closed iff for each fuzzy pre-y-closed set A in (X,
X, T), the T), f(A) is fuzzy pre-B-closed.
fis called fuzzy pre-(y, B)-g continuous iff for each fuzzy pre-B-g closed set
pin (Y, S), f : (n) is fuzzy pre-y-g closed.
re exists a ) fis called fuzzy pre-(y, B)-g closed iff for each fuzzy pre-y-g closed set X in
(X, T), £ () is fuzzy pre-B-g closed.
Proposition 4.1
A mapping f: (X, T) - (Y, 8) is fuzzy pre-(y, B)-continuous iff f (y-fp cl (1)) < p-
® el (£(1)), for each fuzzy set X in (X, T).
Proposition 4.2

A mapping f: (X, T) — (Y, S) is fuzzy pre-(y, f)-continuous iff y-fp cl (f'] (R) <
¢ (B-fp cl (L)), for each fuzzy set ) in (Y;'S)
“roposition 4.3

set in
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Let £: (X, T) = (Y, S) be a fuzzy pre-(y, B)-continuous and g : (Y, 8) = (Z, R) be
a fuzzy pre<(B, 1)-continuous mappings. Then gof : (X, T) = (Z, R) is fuzzy pre-
(y, n)-continuous.
Proposition 4.4 -

Let f: (X, T) = (Y. S) be a mapping. Then fis a fuzzy pre-(y. p)-closed mapping
iff B-fp cl (F(A) < T (y-fip el (1)), for each fuzzy set & in (X, T).

Definition 4.2 ' _

Let f: (X, T) — (Y. S) be a bijective mapping. If both f and £ are fuzzy pre-(y,
B)-continuous, then fis called a fuzzy pre-(y, p)-homeomorphism.

Proposition 4.5 '

Let £ : (X, T) = (Y, S) be a bijective mapping. Then the following statements are
equivalent: '

(a) fisa fuzzy pre-(y. B)-homeomorphism.

(b) fisa fuzzy pre-(y. B)-continuous and fuzzy pre-(y, p)-open mapping.

(c) fisa fuzzy pre-(y, p)-continuous and fuzzy pre-(y, B)-closed mapping.

) f@-fpcl (W)= B-fpcl (f (1), for each fuzzy set Lin (X, T)

Proposition 4.6

Let £: (X, T) = (Y, S) be a fuzzy pre-(v, B)-continuous, fuzzy pre-(v. B)-g
continuous and fuzzy pre-(y. B)-g closed mapping. Then the following statements
hold:

pre-y-T1, space.
(b) If fis surjective and (X, T) is a fuzzy pre-y-Tiy, space, then (Y, S) is a fuzzy
pre-B-Ty, space. :
Proof:

(@ Let A be a fuzzy pre-y-g closed set in (X, T). Since f is fuzzy
pre-(y. P)-g closed, £ (%) is fuzzy pre-p-g closed. Since (Y, S) is a fuzzy
pre-B-Ty, space, f (&) is fuzzy pre-B-closed. Since f is fuzzy pre-(v. B)-
continuous,

f ] (f (1)) is fuzzy pre-y-closed. Hence (X, T) is a fuzzy pre-y-Ty; space.

(a) If fis injective and (Y. S)is a fuzzy pre-B-Tiy, space, then (X, T) is a fuzzy

KT8k @

'S |

-

:
i
:
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(b) Let pu be a fuzzy pre-B-g closed set in (Y, S). Since f is fuzzy pre-(y, B)-g
continuous, f (n) is a fuzzy pre-y-g closed set. Since (X. T) is a fuzzy pre-
y-Ty, space, £ (w) is fuzzy pre-y-closed. Therefore u = f (f-l(p)) is a fuzzy
pre-B-closed set. Hence (Y, 8) is a fuzzy pre-B-Ti, space.

Proposition 4.7 =

Let f: (X, T) = (Y, S) be a fuzzy pre-(y, B)-continuous injective mapping. If (Y,

S) is a fuzzy pre-B-T, (resp. fuzzy pre-B-T), space then (X. T) is a fuzzy pre—y;Tg

(resp. fuzzy pre-y-T)) space.

Proof:

Let (Y. S) be a fuzzy pre-B-T, space. Let i, A, be any two fuzzy sets in (X, T)

such that A; # A, Then there exist fuzzy pre-B-open sets A, p in (Y, S) with f (A

< and £(As) < p such that X 4 p. Then A < 1 — p, which implies that £ (A) 4 £

(). Now,

A< (W)and A, < £ (u). Since Fis fuzzy pre-(y, p)-continuous, f (A)and £ (1)

are fuzzy pre-y-open sets such that f 'I(R) il f'l(p). Hence (X, T) is a fuzzy pre-y-

T, space. Similarly we prove the case of fuzzy pre-p-T space.

5. FUZZY PRE-y-NORMAL AND FUZZY PRE-y-COMPACT SPACES.

Definition 5.1 A fuzzy topological space (X, T) is said to be fuzzy pre-y-normal if
for every fuzzy pre-y-closed set A and fuzzy pre-y-open set p in (X, T) such that A
< u, there exists a fuzzy set 8 such that L <y-fp int(d) < y-fp cl(d) < p.
Proposition 5.1 For any fuzzy topological space (X. T) the following statements
are equivalent :

(a) (X, T)is fuzzy pre-y-normal.

(b) For each fuzzy pre-y-closed set A and each fuzzy pre-y-open set p in (X, T)
such that A <, there exists a fuzzy pre-y-open set 8 in (X, T) such that y-fp
cl(A)<d<y-fpel (d) < p.

(¢) For each fuzzy pre-y-g closed set A and each fuzzy pre-y-open set p in (X,
T) such that & < p, there exists a fuzzy pre-y-open set 8 in (X. T) such that y-
fpel(M)<d<y-fpcl(d) <p.

Proof (a) = (b) The Proof is trivial.
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(b) = (¢) Let A be any fuzzy pre-y-g closed set and p be any fuzzy pre-y-open set
in (X, T) such that A < p. Since A is fuzzy pre-y-g closed, y-fp cl (A) < p. Now, y-
fp cl () is fuzzy pre-y-closed and p is fuzzy pre-y-open in (X, T). By (b), there
exits a fuzzy pre-y-open set d in (X, T) such that y-fpcl (A) <8 < v-fp cl (8) < p.
(¢) = (a) The proof is trivial.
Proposition 5.2 Let (X, T) and (Y, S) be any two fuzzy topological spaces. If f:
(X, T) = (Y, S) is a fuzzy pre-(y, p)-homeomorphism and (Y, S) is fuzzy pre-B-
normal, then (X, T) is fuzzy pre-y-normal.
Proposition 5.3 Let f : (X, T) = (Y, S) be a fuzzy pre<(y. f)- homeomorphism
from a fuzzy pre-y-normal space (X, T) onto a fuzzy topological space (Y, S).
Then (Y, S) is fuzzy pre-B-normal. )
Proof: Let A be any fuzzy pre-B-closed set and p be any fuzzy pre-B-open set in
(Y, S) such ﬁmt . < . Since f is fuzzy pre-(y. B)-continuous, £ (?s.) is fuzzy pre-y-
closed and f (p.) is fuzzy pre-y-open in (X, T). Since (X, T) is fuzzy pre-y-
normal, there exists a fuzzy set & in (X, T) such that
£ ) <y-fp int (8) <7- fp ol (B) < £ ().
Now, f (f B (W) =r<f(-fpint@) < f (-fpecl @) <f (£ (W) = .
That is, A < B-fp int (f (8)) < B-fp cl (f (8)) < p. Therefore, (Y, S) is fuzzy pre-p-
normal.
Definition 5.2 A collection { 4; } , _,of fuzzy pre-y-open sets (resp. fuzzy pre-p-
open sets) of fuzzy topological space (X, T) is called fuzzy pre-y (resp. fuzzy pre-
B)-covering of (X, T)if I, <v Ai
A fuzzy topological space (X, T) is called fuzzy pre-y (resp. fuzzy pre-3)-compact
if every fuzzy pre-y (resp. fuzzy pre-B)-cover of (X, T) has a finite subcover.
A collection { A } ; _ ; of fuzzy pre-y(resp. fuzzy pre-B)-open sets in (X, T) is
called fuzzy pre-y(resp. fuzzy pre-p)-cover of a fuzzy set p in (X, Tyifp< v A
Proposition 5.4 Let f : (X, T) = (Y. S) be an fuzzy pre-(y. p) -continuous
surjective function of a fuzzy pre-y-compact space (X, T) onto a fuzzy

topological space (Y. S). Then (Y. 8) is fuzzy pre-p-compact.
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Proposition 8.5 Let f : (X, T) — (Y. S) be a fuzzy pre-(y. p)-open bijective

function and (Y, 8) be a fuzzy pre-B-compact space. Then (X, T) is fuzzy pre-y-
compact.
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1. INTRODUCTION
Let A4 denote the class of functions of the form

fiay= z+ia,,.z* (1.1)

=
which are analytic in the unit disk U ={z |2 <1}

In [4], Al-oboudi defined a differential operator as follows, for a function
f (z) € As

D’ f(z)=f(2),
Df(z)=D'f(2)=(1-2) f(D+ 42 [(2)
=D,f(z), 420

(1.2)

in general
D" f(z)=D, (D" f(2))- 1.3)
If f(z) is given by (1.1), then from (1.2) and (1.3) we observe that
D"f(z)=z +i[1 +(k —1)‘&]'&&2”' (1.4)

k=2
when A =1, we get Salagean differential operator [7].
Further. let T denote the subclass of A which consists of functions of the form

f(2)=2- i akz*‘, a, 20. (1.5)

k=1

A function f(z) belonging to 4 is in the class D, (e, B.£:n),if and only if

(D"f(2) -1
\2;[( D'f(2) —a]—[(ﬂ"ﬂz))’ —1}

where 0<a <1/2£,0< B <1, 12<s&<l,ne NU{0}, zeU.

<p (1.6)
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Let TD,(a.B.&:n)=TND, (@,B.&:n) 1.7)
2. MAIN RESULTS
Theorem 2.1. Let f(z) be defined by (1.5). Then f(z)e 7D, (a.f.£:n),if and
only if
i[l+(k——I)A]”k'[l-f-ﬁ'(Zg-'—.-.l.)]ak szbgu-a) (2.1)
k=2 ]

0sa<1/2§,0<f<1,1/22¢£<1, ne NU{0}, 120.

Proof. For |::[ =1, we get

(D1 2) -1‘43{2:[( D' f(z)) —aH(D*’f{zJ)' -1}}

=3 1+ (k=1) A ka2t

| k=2

= ﬂ{-Zg’(lfa)—z-’fi [1+(k=1) T kazt"

k=1

+i[l +(k —l)i]"kak:""'

k=2

sZ[H(k—1)2]”k[1+ﬂ(2c§—1)]ak_-Zﬂg(l-—a)50,

by hypothesis. Thus by maximum modulus theorem, we have
f(2)eTD; (. B.&;n).

Conversely, suppose that f(z)e 7D, (a, f,£;n). hence the condition (1.6) gives

us

' (D"f(2)) -1

2::{(0”;2"&))' ‘“]‘[(U 76) _1]
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‘ -g[l'-i-[k—l)&]'kakz"“"

= - < pB.
lz:(l~a)'—(2'§-1)2[1+(I:—l).¢1]”ka*z*"‘
' k=2
Since [Re(_z)] < [z' for all z, we obtain
S [1+(k-1)AT ka2
Re ko < B.

| u(l—a)-(zg-l)i[l+(k—1)z]”ka,,z*"
k=2
Letting z— 1" through real values, we get (2.1). The result is sharp for the
function
26 (1-a) k
- ., k22,
[1+(k-1),1]"k[1+ﬂ('2§—1)]z
Corollary 2.1. Let f(z)eT belong to the class TD, (. 8,£;7), then
, 2p£(1-a)
8 e : -, k22, 2.2)
[1+(k=1)AT k[1+ B(2¢~1)]
Theorem 2.2, Let f(z)eT belong to the class 7D, (a0, B.&;n). then for

f(z)=z~-

|z|<r <1, we have

- ZM 1p7 1 2 2 ﬂg"(l—a)
r—r 1+ﬂ(2«f-—l)s D f(z)|_<.r+r E-ﬂ_(z;l_)- (2.3)
= 285 (1-a) 3 ' 2p5(1-a)
1 rmsl(_D f(z)) Sl'l'fm. (2.4)

The bounds given by (2.3) and (2.4) are sharp.

Preel By T

B we havi

M2y
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Proof. By Theorem 2.1, we have

Z[I+(k—l)l_]"k[l-!-ﬁ(%’—l)]ak <2p&(1-a)

then. we have

2(1+4)"[1+ B(2¢-1)]a, < Z[l+(k—l)/1]"k[1+ﬁ_(2§—l)]ak <2p£(1-a),

2(1+2)" [1+ (26 -1)]

D" £(2)| s ]| + i“:l +(k-1)2] a.2*
k=1
Ejz|+’z|3 (1+/1)" Za',d
k=2
Sr+ri(1+4) i a,
k=2

2 ﬁ‘f(l"‘c;)
l+ﬂ(2§—1]

Sr+r

D" f(2) z[:’—i [1+(k-1)A] a,2*

2]z|—]z[2(1+/1)" ga&

Zr—r!(lﬁ-}t)". a,

X
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thus (2.3) is true. Further,

(D7) |s1+2r(152) S,

2,6«__5(-1-;)_
1+ B(2£-1)

<1+r

and

’(D" f@)|z1-2 2y Sa,

k=2
2p£(1-a)
1+ p(2¢ --.1)'

The result is sharp for the function f(z) defined by

f(z)== Mz’ z=4r.

T1+p(2e-1)

>1-r

Theorem 2.3. Let ne NU{0}, 220,05 =, < 12¢,0< 8 <], Y225 <1.

Then 7D, (@, B.&:n) < TD, (&, B.&:1).

Proof. By assumption we have

216'5(1'“2) < zﬁ‘fl(l'al) .
[1+(k-1)2] k[1+p(2¢-1)] [1+(k-1) ] k[1+8(26-1)]

Thus, f(z)eTD; (a,.f.£:n)implies that

g oo 2pE(-a) 2p5(1-a)
D[+ (k-1)4] %= i+ pe-1)] k[1+B(2E-1)]

h=2

then f(z)eTD; (-anﬂ--ff;”)-

L

B = suf

Bk S by
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Theorem 2.4. The set 7D, (@, 8.£;n) s the convex set.

Proof. Let f(z)=2z- Za,c ',.z* (i=1,2)belong toTD, (a, B.&:n) and

k=2
let g(z)=¢,£(2)+¢,/,(2), with ¢, and £, non negative and & +&y=1,

We can write

g(z)=z *i(‘;‘“k.l +,4,, )-"jt

k=2

Itis sufficient to show that g(z) e TD, (a, B.£;n) that means

g[l+(f<—l)z]"kfl+ﬂ(2}:—1)](:.ak...;+cza,z,3)

+(k=1)2]'k[1+ p(2& - 1)]a,,,+g2 [1+ k- 1)1} k[1+8(25-1)]a,,

<6128 (1-a))+ &, (282 (1-a)) = (¢ +£) (282 (1-a)) = 282 (1-a).
Thus g(z) e TD, (a, B.£;n).

We shall now present a result on extreme points in the following theorem.

Theorem 2.5. Let f/(z)=z and

2B5(1-a) r
[1+(k-1)2T k[1+ (2 -1)]

fi(2)=z-

forall k22, ne NU{0}, 220,0<a<1/2£,0< <1, 125 <

Then f(z)is in the subclass D, (a, B, «f;n), if and only if it can be expressed in

the form f(z)=_ y,z* where , 20 and > ve=lor 1=+ 0

k=3 k=2 k=2
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1

Proof. Let f(z)= Zy,‘z where y,E:OandZy,,-l Thus

k=2 k=2

2p4(1-a) nzt
Z;[n(k AT k[1+p(2¢ - 1)]y

and we obtain

Z[l+(k ~1)4] k[1+ﬁ(2¢ 1)] 2p6(1-@)
i 2p5(1-a) [I+(k —1)A] k[1+8(2£-1)]

=Zw:y&;=l—}q:$l'.

k=2

In view of Theorem (2.1), this show that f(z)e TD, (a. B.&:n).
Conversely, suppose that f(z)of the form (1.5) belong to TD, (a. B,&;n) then

2p5(1-a) ¥
[1+(k ~1)A] k[1+8(2¢ - -]

Putting
_ [1+(k—1)2.]" k[1+;3(zg-1)]_
= 2pE0-a)

and 7, =1- Zr,,,thenwe have f(z)= ylf(z)+):m (2).

k=2

This completes the proof.

3. NEIGHBOURHOOD AND HADAMARD PRODUCT PROPERTIES

Definition 3.1. [6]. Let 7, 20 and f(z)eT of the form (1.5).
The (k. y)— neighbourhood of a function f(z)defined by

N () q{gel":g(z)_—.z-ib*-z' and itfai,—bsz},. (3.1

k=2 k=2

For the ide

N(l‘.j

Proof. Let

Hi+2) [

Serefore

a0 we hav

i view of (

P 2bove
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For the identity function e(z) = z, we have

Ny (@) ={g el:g(z)=z -ib,z* and an]bkl < y}, (3.2)
k=2 k=2
2ps(1-a)

Theorem 3.1. Let y = .Then 7D, (e, B.E:n) © N, (e).

(1+4)'[1+B(2£-1)]
Proof. Let f(z) e TD,(a, B.£:n)then we have

2(1+4)" [1+ﬁ(2§-1)]gq,, Sg[l'+(k-l)/1]"k[l+ﬂ(?.-g“—l)]a,‘ <2p&(1-a),

therefore

e . BQ-a)
;a* S (1+4) [1-1-,5-(2:-1)]_* &4,

also we have for \:} <r

| If'(-’-)[$1+|z|ika;c sl-!-rika,t.

k=2 k=2
In view of (3.3), we have
285(1-a)
(1+4)[1+p(25-1)]
From above inequalities we get
= (1 _
kak S %ﬂ? (1 a) = }’.
= (1+4)'[1+8(22-1)]

therefore, f(z)e XN, (e

| 72| <1+

Definition 3.2. The function 7(z) defined by (1.5} is said to be a member of the
subclass 7D, (. £.£. 2. n)if there evits & function g(=)<= 7D. (@, f.5:n)such

that
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/(@) 1|51 £, zelU,0<¢ <1,

8(2)
Theorem 3.2. Let g(z) e TD, (@, B,&;n) and |

¢ =1-Zd(a,p.4m). (34)
Then N, ,(g) c 7D, (&, B,£.£;n) where ne NU{0}, 120,
0<a<l1/2£,0<p<],1/2<£<], 0<{ <land

(1+A) [1+8(2£-1)]
(1+2)' [1+8(2¢ -1)] - pE(1-a)

d(a,B.&:n)=
Proof. Let f(z)eN,,(g).then by (3.3) we have ik|a,-_b,,|$r,then
k=l

i]a,‘ —-_b,‘|s'%.

k=2

Since g(z)e D, (a.B,&;n), we have

Z Bé(l-a)
Tra) 1+ 8-

therefore,
$"la, —B
f(z) 1<élﬂ, *|
8@ | 13,

£ (1+4)'[1+8(26-1)] y :
: [(1”) "1+ 8(26-1)]-B£(1-<) d(a,p.&:n)=1-¢.

Then by definition 3.2, we get f(z) e TD, (@, 8,£.4:n).
Theorem 3.3. Let f(z)and g(z) e TD, (e, 4.£:n)be of the form (1.5) such that

f(2)=:

product

TDA (al *

I-I-i-(]{~

agsivalent]
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f(o)= ~-Za}~ and g(z)= z-sz .wherea,.b, >0.Then the Hadamard

k=2 k=2

product  h(z) defined by h(z):z—Za*bkz’ is in the subclass
=2

D, (a,, B.£:n) whére
P [1+(k-1)AT k[1+ B(2 -1)]-2p2(1-a,)’
[1+(k-1)A] &[1+p(2£-1)]
Proof. By Theorem 2.1, we have

Z[1+(1c DA k[1+p(2¢ - 1)]
k=2 2p5(1-a))

Z[H(k Al k[l+ﬂ(2§ 1]5*__‘;1'
k=1 2p¢(1-a)

We have only to find the largest @, such that
2 [1+(k-1) AT k[1+ p(2£-1)]
i 2f5(1-a,)
Now, by Cauchy-Schwarz inequality, we obtain

[I+(k -)AT [1+8(25-1)] |
- 2p:(1-a,) L. il e

we need only to show that

[+ (k=1)AT k[1+ p(2£ - 1)] LH(R-)aTk[1+ 828 -1)]
2B5(1-a,) %% 2B£(1-a,) Vade

equivalently,

ab, <1.
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" Jah < [l+(k -1)a] k[1+8(2 —1):]_)c 26£(1-a,)

“ 2p5(1-a) [1+(k-1)4] k[1+8(25-1)]
<1--0.'3
a

But from (3.7), we have

- 250 —-a,)
A [1+(k=1)2] [1+lﬁ(2§ n]
Consequently, we need to prove that
2BE(1-a,) Iy l—ar2 :
[1+(k —1)a] [1+8(2- 1)]
or equivalently, that
|  [ie(ena] W1 p2- _1)]-2p20-a)’
2T e (k) AT K1+ B(2£ )]
Theorem 3.4. Let f(2)eTD;(a.p. &;n)be defined by (1.3) and ¢ any real
¢>—1than the function G(z) defined as

number with

G(z) =£—ﬂ ! £(s)ds, ¢ >—1,also belongs 10 D, (a, B.&:n).
z 1

Proof. By virtue of G(z) it follows from (1.5) that

Gr:) C+1ji }_‘ad k-i-t.—]? s

But

{ c
Since —

Theorem

Then F (:
Proof. Le

8v Theore




NEW SUBCLASS OF UNIVALENT . ..

But

i[l+(k—1)zrk[1+,5(2¢-1)][H;Ja ‘i
& 2p¢(1-a) e+k) "7
Since i-%ﬂ and by Theorem 2.1, so the proof is complete.

¢t

Theorem 3.5. Let f(z) e TD, (. B,£;n) be defined by (1.5) and
Fy(z)=(1—p)z+y].f;§gld§ (420,z€U).
a8

Then F,(z)isalso in TD, (@, f.&:n)if 0< pu<2.
Proof. Let f(z)defined by (1.5) then

F(2)=(1- p)zwjl————

-z—Z‘ua&

k==2

By Theorem 2.1 and since [—';—E < IJ we have

[1+k-DA]" k[1+ p(2¢-1)]

e

oo [+ -DAT k14 B(2£-1)](
2 255 (1-a)

then F,(z)is in 7D, (a. B.£:n).
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A Note Concerning the Invariance of Baire Spaces
under Mappings
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HIRANMAY DASGUPTA

Abstract: In this note we prove that under a semi-continuous and almost open
mapping the image of a Baire space is also a Baire space and as a result improves
3 theorem of Dasgupta and Lahiri [3]. Furthermore. a theorem of Noiri [6] on
irresolute mapping is improved in this process.

Keywords and Phrases: Semi-continuous and almost continuous mapping,
almost open and feebly Open mapping, Baire spaces.

2000 Mathematics Subject Classification: 54A05, 54C05. 54C08.

1. INTRODUCTION
it is well known that under a continuous and open mapping. the image of a Baire
space is also a Baire space. Dasgupta and Lahiri [3] and Frolik [4] reached the
same conclusion under weaker hypotheses. In this note we prove another
generalization of this classical theorem which improves the result of Dasgupta and
Lahiri [3] and is independent from that of Frolik [4]. In this process we also
improve a theorem of Noiri (Theorem 3 of [6]) which tells when a mapping is
iresolute. Throughout the paper X, Y denote topological spaces, ¢ the empty set.
# the set of real numbers and U the usual topology. The closure and the interior
ofaset A c X is denoted by Int A and CI A respectively.
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2. PRELIMINARIES

Definition 1.1 Let A < X. Then

(a) Ais said to be semi-open [5] iff there exists an open set O suchthat O c A
ClO, or equivalently, A  ClInt A. The union of all semi-open sets contained
in A is called the semi-interior [3] of A and is denoted by SInt A (b) A is said
to be semi-closed [3] iff the complement of A, X — A is semi-open. The
intersection of all semi-closed sets containing A is called the semi-closure [3]
of A and is denoted by SCI A.

Remark 1.1 It is known from [3] that SC/ A is semi-closed and SInt A is semi-

open.

Definition 1.2 Let f: X — Y be a mapping. Then

(a) fis called semi-continuous [5] if for each open set V in Y, lvyis semi-open
in X,

(b) fis called almost open (in the sense of Rose) [7] if AU) < Int CI AU) for
every open set U in X.

(¢) f is called almost continuous [4] if for every open subset V of Y,
V) eClnts! (V).

(d) fis called feebly open [4] if A = X, Int A = = flInt A) # ¢.

Remark 1.2

() The notions of semi-continuity [5] and almost continuity [4] are the same in

view of Definition 1.1 (a).

Every continuous mapping is semi-continuous but the converse is not

necessarily true (see [5]).

(c) Every open mapping is almost open (feebly open) (see [7], ([4])), but the
converse is not necessarily true (see Example 2.2 and (Example 2.1)).

Theorem 1.1 [3] A set A < X is semi-open iff SInt A = A and A is semi-closed iff

SCIA = A.

Theorem 1.2 [3] If Ac X, thenInt A = SInt A ¢ A = SC/ A = CIA.

Theorem 1.3 [5] If A is a semi-open subset of X and B — X such that

A < B Cl A, then B is semi-open in X.

Lemma 1.1 [3] A set A c X is semi-closed iff there exists a closed set F such that

IntFcAcF.

Lemma 1.2 [3] Forany A c X, SInt A = X - [SC/ (X - A)]

(b)
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Theorem 1.4 [7] A mapping : X — Y is almost open iff /* (CIV) = CI 1 (V),
for every open V c Y.

Theorem 1.5 [3] Let /: X — Y be surjective, open and semi-continuous. If X is a
Baire space then Y is also a Baire space.

Theorem 1.6 [4] Let /: X — Y be surjective, feebly open and almost continuous.
If X is a Baire space then Y is also a Baire space.

3. IMPROVEMENT OF CERTAIN THEOREMS

We start this section from the following theorem of Noiri [6].
Theorem 2.1 (Theorem 3 of [6]. If £ X — Y is an open and semi-continuous
mapping then the inverse image /' (B) of each semi-open set B in Y is semi-open
in X. Our purpose is to set this result in a more general context. More precisely,
we shall prove that the openness of the mapping can be replaced by the almost
openness of the mapping and henceforth making an improvement (in view of
Remark 1.2 (c)) of the above theorem.
Theorem 2.2 If /: X — Y is an almost open and semi-continuous mapping, then
the inverse image /™' (B) of each semi-open set B in Y is semi-open in X,
Proof. Let B be an arbitrary semi-open set in Y. Then there exists an open set V in
Y such that V.= B < CI V. Since fis almost open, we have, /' (CIV) c CIf (V),
by Theorem 1.4. Again since fis semi-continuous, /' (V) is semi-open in X. Thus
Ve B)cClf (V)and sof! (B)is semi-open in X, by Theorem 1.3.
Before going to our main theorem (Theorem 2.6) we shall prove some ancillary
results in the following.
Theorem 2.3 Let /: X — Y be surjective and almost open. Then if B ¢ Y is dense
and openin Y, /' (B) is dense in X.
Proof. Let B be dense and an open subset of Y. Then since f is almost open, by
Theorem 1.4 we have,

B cClf' @)= (Y)cClf'B)=>XcClf' B) =1 B)is

dense in X.
Theorem 2.4 A = D isdense in X iff SC/D =X.

Proof. Let D be dense in X so that by Theorem 1.2, SC/D < CID = X. Since SC/
D semi-closed by Remark 1.1, there is a closed set F < X such that Int F < SC/ D
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< F by Lemma 1.1. But by Theorem 1.2. D = SC/D cF and so X =C/ D < C/'F.
Thus F = X and we get X = Int X c SC/ D < X. which implies that SC/ D =X.
If SC/ D = X. then because by Theorem 1.2, SC/ D < CI D, it follows that C/ D =
X and so D isdense in X.
Remark 2.1 The above theorem is an improvement of the requirement that D is
dense iff C/ D =X. i
Theorem 2.5 A set D is dense in X iff the complement of D has empty semi-
interior.
Proof. If D is dense in X, then by Theorem 2.4, SC/ D = X and so in Lemma 1.2,
replacing A by X — D we obtain, SInt (X = D) = X — SC/ D = ¢. On the other hand
if SInt (X — D) = ¢. then we obtain X — SC/ D = SInt (X — D) = ¢ and so
SCI D = X. Hence D is dense in X, by Theorem 2.4
Now we are in a position to show that a Baire space remains invariant under an
almost open, semi-continuous surjection.
Theorem 2.6 Let /: X — Y be surjective, almost open and semi-continuous. If X
is a Baire space then Y is also a Baire space.
Proof. Let G = n; D, be a countable intersection of dense open sets in Y.
As fis almost open and semi-continuous by Theorem 2.2, f " (SImt (X — Q) is
semi-open in X. Thus
7(SInt(X - G)) =SInt /" (SInt (X — G)), by Theorem 1.1

< SIntf™ (X - G), by Theorem 1.2

=SIntf! (X - D)

=Snt/" [X-ni f' (D] (1)
Since D; is open for each i, semi-continuity of / implies that / ! (D)) is semi-open
in X for each 7 and so there is an open set V; such that V, c "(D) c ClV, for
each i. Thus X - N, /' (D)) € X - m; V.. So from (1) we get,

£ [SInt (X - G)] < SInt [X - V)] )

Now by Theorem 2.3, /' (D)) is dense in X. So CIV, = X. Consequently V, is
dense in X for each i. Thus NV, is a countable intersection of dense open set in X,
and as X is a Baire space, MV, is dense in X so that SInt [X - n,V,] = ¢. by
Theorem 2.5. Hence from (2) we get, /' [SInt (X — G)] = ¢, so that SInt (X - G) = ¢,
which implies, by Theorem 2.5, that G is dense in X. Thus Y is a Baire space.
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Remark 2.2 From Remark 1.2 (c) it follows that Theorem 2.6 is an improvement
of Theorem 1.5. Furthermore, Theorem 2.6 of ours and Theorem 1.6 of Frolik
does not imply any one from the other. because although by Remark 1.2 (a) the
semi-continuity of Levine and almost continuity of Frolik are the same but feebly
open mapping and almost open mapping of Rose are independent to each other as
shown in the following examples.

Example 2.1

Let f: (R, U) - (R, U) be defined by f(2) = 4 and f{x) = x otherwise. It is easy to
verify that f is feebly open. But considering the open set U = (1. 3) we see
A =(1,2) v @/3)u @ 3)u {4}. Hence CI AU) = [1. 3] U {4} and so
Int C/ AU) = (1, 3) 2 AU). Therefore f1s not almost open.

Example 2.2
Let N be the set of natural numbers and t be the topology consisting of all sets O
such that O = ¢ or O = N or O = {1, 2. .., n} for each n(> 1) in N. Let
S (R, U) = (N, 1) be defined by
Ax) =1, if x is rational

=3, if x is irrational and 0 < |x| < 3

=n, if x is irrational and n — 2 < |x| <n - 1 where n € N and > 4.
Let O be any open set in (R, U). Then AO) must contain 1. So IntC/ fO) = Int N =
N 5 f{0). Hence f'is almost open. Next we consider the open set O = (0. 1) in (R,
U). Clearly Int O = ¢. But f0O) = {1. 3} and so Int fO) = ¢. Hence /'is not feebly
open.
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On the Approximation of Conjugate of

Functions Belonging To Lip {&(t), p} Class By
Generalized Norlund Means

SHYAM LAL
JITENDRA KUMAR KUSHWAHA

Abstract: In this paper, the degree of approximation of conjugate of functions
belonging to Lip {£(t),p} class by generalized Nérlund means of conjugate series
of Key words: model, indirect technique, ratio, parameters, mortality, deaths.
Fourier series has been determined.

1. INTRODUCTION AND DEFINITION

Qureshi ([6]) has determined the degree of approximation of function F(x)

conjugate of a function f e Lipo ,Lip(a,p) by Noérlund method . The purpose of
this paper is to generalize above result in two ways and to determine the

approximation of E(x), conjugate of a function feLip{&(t)p)class, by
generalized Norlund means .

Let f be periodic with period 27 and integrable over(-r, 7) in Lebesgue sense. Let
its Fourier series be given by

f(t)=é-a0 + Y (ay cosnx+b, sinnx)=1ay + Y A, (x). (1)

n=| n=|
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The conjugate series of the Fourier series (1) is given by

i: (a, sinnx b, cosnx)= -i B, (x). (2)

n=l n=|
1

We define norm || | by ” f ”p_ = [ f n|f (x)[” dx] P p=1

and the degree of approximation E , (f) is given by (Zygmund [8] )
E, (f)= min| f - T, |,
where T, (x) is a trigonometric polynomial of degree n.
A function fe Lipa if [f(x +t)—f(_x)| =0( Mu ) , for 0<a<l.

f(x)e Lip(a.p) for 0<x<2n . if

2w lp

[ I[f(xﬂ)—f(x)’pde =0( |*), 0<a<l (McFadden[5]).
0

Given a positive increasing function !;(t) and an integer p21,
Keywords and phirases : Lip{%(t).p} class of functions , Fourier series , Degree of
approximation . Generalized Norlund means.
Subject of classification (2007) : 42B0S , 42B08.
f(x)e Lip(s(1).p) if

!
[f ) f(‘l'lp'd"Jp =0E()  (siddigi7]). @)

o 1
Let )" u,, be an infinite series having its n'® partial sum s, = u, .

n=0 v={)

Let {p,} and {q,, | be two sequences of real numbers such that

n
Rn == Zpkqn_k 20¥n=20.
k=0

For any sequence {s, } we write

t!
The gene
thY—>s,
summabl
S, — S(»

(Borwein

The neces

and p,
The (N, |
method (1

Pn = (:i?
We use fol

w(t)

We prove t
Theorem: ]
non- nega
monotonic

If f:R—
class, E(t) is
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_ 1 &
0 = 2 2 PudaiSak 4)
n k=0

The generalized Norlund transform of the sequence {s, }is the sequence el ar
o2
th9—>s,as n— o, then the series Zun or the sequence f{s,} is said to be

n=0
summable S by generalized Norlund method (N.p.q) and is denoted by

S, = S(N,p.q).
(Borwein [1])
The necessary and sufficient conditions for a (N, p. q) method to be regular are

n
len-—qul"_‘o'( ‘Rnl')
k=0

and pn_k=o(|Rn|),as n — oo, for every fixed k 20 for whichq, =0.

The (N, p, q) method reduces to the Norlund method if q, =1for all n. The

method (N, p, q) reduces to Riesz method (I;T,qn )if p, =1, for all n .When
Pn = (3t?‘" ) 0. >0, andq, =1V n, the method (N, p,q) reduces to (C, a).

We use following notations:

W)=+ )~ E(x—1), E(x):_z_?;jw(:)cm%m

2. MAIN THEOREM
We prove the following:
Theorem: Let the regular generalized Nérlund method (N. p. q) be defined by a
non- negative, monotonic non-increasing sequence {p, }and a non-negative,
monotonic non- decreasing sequence {q, | of real constants such that

q,p, =O(R, logn) with n>ng >1. (5)

If f:R =R is a 2n periodic, Lebesgue integrable and belonging to Lip(&(t),p)
class, &(1) is positive increasing function of t satisfying
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1 1

(e e

1
and : 2nF
af =51 AP |?
| w(t)] o O(ns) 7 @Proof By /
7h )
where § is an arbitrary number such that q(1- 8)-1>0, q the conjugate index of p
and the condition (6) and (7) hold uniformly in x, then degree of approximation of
f(x),conjugate of f Lip{&(t). p} .by generalized Nérlund means
~p.q | @ . . Py cos[n
ta (x)= ——Z Py 4, Sk of the conjugate series (2) is given by b3 :
Rn k=0 . :& 5
sin
. = (1 1
ta (x)-f(x)| = O[n ; g(-) logn (8)
N an
! P
3. LEMMAS
The following lemmas are required for the proof of our theorem
Lemma 1 (McFadden , 1942), If {Pu } is a non-negative non-increasing sequence The n® partia

for0a<b<n .0<t<n then

n Py cos [ n—k+ lJt

2 t e 0( p_TJ
k=0 sin— !
2

Lemma 2 If {p, }is a non-negative non-increasing and {a,} is a non-negative
non- decreasing sequence then

8y taking (N, p
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@Proof By Abel's lemma, we have

P9 cos(n k+ 1)1

n kMn-k i o

. E = < ax
2nR i

e RR‘n Osms=n

B | R
sin —
2

= O(&‘&] ,by Lemma 1 .
R, t

4. PROOF OF THE THEOREM

The n™ partial sum of conjugate Fourier series is given by

B 1 . 1 cos(n -k %]t
Su(x)= - fcot -2—q:(t)'dt_ $s f -———t———;p(t)dt

sin —
2

y { . 1 cos(n -k %Jt
gative Sa (x)—— (—ﬁ fcoti-q:(t)dt) = EE I ” T -.p(t-)dt ;
2

By taking (N. p. q) means of S, (x) , we get
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o . l cos[n-—k +%]t
ta (x)-f(x)= dt ' =
(x) (x) 2nR | sin § 0'
1 c
) Lo . cos(n -k+ 5} :
= t dt =0
>y J_'+ j' w( E P~

=], +1,. (9)
Applying Holder’s inequality and the fact that w(t)e Lip((t),p),we have

= 0
v L
")) &t () ofo-ie Y] |
1|l " E(t) 2
1| < dth 4[| = - : dt}
|I| 2R, J( é(‘f)] k R gopkq K sm-‘z- ‘ =0{-]
l
q
ofigre v =o[-
0

I
2

L 4
1 1) L -
=0(;Jo(§(;)) I:z?dt , for some 0 <e< Combining
€

by second mean value theorem for integral.

)

Similarly, as above, we have
1 l Following ¢

|- ](Fslw(t]}pdtpi[ = Z""S( mis Corollry 1

&(t)

2nR,t7 (5 ny to Lipa , L
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3
/ a |9
= ofp?) [[Esre | ) and Lomma2
i\t {Rn

| a
= 0fn?)of dn. ——-—-‘5?1)_5“} dt
L I T
n

i1
L O(nsgﬂ_' }_E-'(}lf}p[ﬂ qdy.q

Py's : ;i' »taking t=1
¥
ks L q
=o{."_i'i’ig(_n Iy("a)q“zdy » by mean value theorem
R, njj{

o))

=0(n%§(;}-)logn), by (5) and hypothesis of theorem
. (11)
' Combining from (9) to (11) , we have

~ pg

|ta (X)-—t:(x) = O(n% §(—r’|-) Iog-n)

p

5. COROLLARIES
Following Corollaries can be derived from the theorem.

Corollary 1 If &(t)=t* then the degree of approximation of a function belonging
toLipa, L<a <] is given by
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_-f O[IDgnJ :
a__
n P

Corollary 2 1f p— o in Cor.1 thcnwehave'for,0<a<1 .

1)1 - o 22

Remark;-An independent proof of Corollaries (1) and (2) can be developed along
the same lines as the theorem.
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Mathematical Models to Estimate the Maternal
' Mortality

TIKA RAM ARYAL, PH.D
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Abstract: The main aim of this paper is to apply mathematical model to estimate
maternal mortality ratio using two Demographic and Health Surveys data of
Nepal. We applied Bhat et al. [7] model to estimate maternal mortality for Nepal.
The modification was also made by assuming the sex-ratio of mortality rates
(excluding maternal causes of death) specific to women aged between 15 and 49 years
might be equal to some constant K. The proposed method provided consistent
estimates of maternal mortality ratio of 588 deaths per 100000 live births in 1996
and 351 deaths per 100000 live births in 2006 against the observed value of 539
and 281 deaths per 100000 live births respectively.

Key words: model, indirect technique, ratio, parameters, mortality, deaths.

1. INTRODUCTION

Maternal mortality is an important health indicator of a country [1]. Childbearing
is taken as highly valued as well as an inevitable part of a woman’s life. Maternal
deaths continue to be a leading cause of death during the reproduction process due
to less access to quality health care [2]. Maternal deaths were mainly occurred (i)
within the pregnant period, (ii) at the time of pregnancy ended, and (iii) after
giving birth of a child [3,4]. Maternal cases were often taken as hidden events and
mostly were undercount. This situation is not mainly because of a lack of clarity
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in defining a maternal death, but because of an inherent weakness in the health
information and recording systems. Hence it is difficult to know the maternal
mortality level in a country from the limited data. It is being rare occurrence
events [2]. It needs a large population base and a sufficient number of
observations for direct estimation of maternal deaths.

The level of maternal mortality in Nepal is known to be alarmingly high where it
was 551 in 1991, 539 in 1996, 415 in 2001 and 281 per 100000 live births in 2006
[2,3.4]. However, figures show that maternal mortality ratio declined rapidly over
time. Since, hospital-based studies tend to be highly localized and suffered from
the problems of non-random case selection, inadequacies of sample size, and
incomparable reference periods [1, 2]. Most of the births in Nepal do not take
place in hospitals and therefore, the reported figures do not accurately reflect the
number of deaths cases during pregnancy or childbirth [2].

Measurement of maternal mortality suffers seriously from under/over-reporting
and misclassification of data [1]. Most of the surveys data were subject to wide
variability and it needed to develop and graduate new technique to estimate the
maternal mortality from limited data. Indirect techniques may be an appropriate
tool to diagnose in such a situation. In fact, an indirect method of estimation has
its origin and produce estimates of certain parameters on the basis of information,
which is only related to its value indirectly [2].

Generally, estimation of demographic parameters has been done on the basis of
data collected by census or by vital registration system or sample surveys [4].
Unfortunately, however, in many countries today, the data collection by these
systems either do not exist or their quality is so poor [1, 2, 5]. The estimates based
on such defective data vielded inconsistent results. Blum and Fergues [5]
developed a technique to estimate maternal mortality ratio based on sex ratio
differential and female age specific mortality rates. Devaraj et al [6] proposed a
technique to estimate maternal mortality ratio through regression methodology by
taking maternal mortality ratio as the dependent variable and infant mortality rate
and total fertility rate as taking explanatory variables. Bhat et al. [7] proposed
procedures to compute maternal mortality ratio based on sex differentials in
mortality. Likewise, Aryal [1, 2] graduated the techniques to estimate the maternal
mortality ratio from the data of sex differentials of mortality.

This paper tries to estimate maternal mortality ratio through different indirect
techniques. The data were taken from Nepal Family Health Surveys 1996 and
Nepal Demographic and Health Survey 2006 as well as other sources of data. The
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Where D?(x) and D?(x) denote the female death rate at age X from obstetric
Causes (maternal related death rates) and other than maternity causeg (non-
maternal related death rates) respectively.

Since mortality risk at age x from obstetric causes of deaths would be the product
of the risk of giving birth at that age and the risk of dying from giving the birth
[1]. Symbolically it i given below.

(2 D{®M)= w(x) fx)

W(x) = 29(_) Jorw >0, for ®>(, equivalently it is given as,
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On simplification, we get the force of male mortality rate, D, (x), at age X from all
causes of deaths as below.

Di(x) _o woft) . Dy = equivalently g -2 wOfx)  Di(X) and
D, (x) D, (x) D, (x) : D, (x) D, (x)

finally we get the following model.
(5) R,=06K) +0Z,

Where, R = DX denotes the sex ratio of mortality risk, G(x) _-__L"("j
D, (x) D, (x)

denotes the sex ratio of mortality in the absence of maternal mortality and
Z, = “"x__fn {where w, = w(x)and f, = f(x)}.

D, (x) ;
In model (5), G(x) is one of the functional parameter and o is the slop parameter
of the model and it is the level of maternal mortality at age interval 20-24.

Previous studies documented that the sex ratio of death rates among women of
reproductive age in the absence of maternal mortality follows a linear function of

age x [2, 7]. Then it follows the equation (5) as below.

(6) R.=a+x+oZ,

Wherezand f# denote the regression coefficients of the model and other symbols
have their usual meanings.

We can solve the equation (6) using least square principle, and once ® is
estimated, an overall maternal mortality ratio (MMR) and maternal mortality rate
would be computed from following relations.

. w, f.on, F
(M) MMR =‘”"Z'—__" and Maternal mortality r"a'te=m-—-—zw' «

> f.n 2.y

X x

Where n,denotes the number of women at age x.

Since maternal mortality is usually estimated as maternal mortality ratio (it is the
number of maternal deaths from maternal causes, divided by the total number of
live births and expressed per 100000 live births) and maternal mortality rates (it is
the number of maternal deaths from maternal causes, divided by the number of
wormen in the population aged 15 to 49 years and expressed per 1000 women).
Model (6) provides the better estimates of maternal mortality for Indian data [7]
but it fails to provide consistent estimates of maternal mortality ratio for Nepal
data [1, 2]. This may perhaps be due to the irregular pattern of sex ratio of
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mortality or age specific death rate among females. Usually the sex ratio and
female death rate corresponding to age interval (20-24) has been found
significantly low in comparison with those of neighboring ages. Among others, a
possible reason might be either the excess mortality among men due to accidents
and violence or underreporting of the female deaths, and the assumption of a
linear form for G(x) may be worthless [2]. Choosing G(x) is more critical for the
estimation of maternal mortality ratio. Dummy variable, D, was introduced to
balance such effects in switching the slope of G(x) beginning at the ages 20-24.
[2, 7). Hence the model (6) reduced to be:
R, =a+Bx+nZ +D; D= 0, for15 =19 and 20 — 24
(8) Y ! Lo
and D = x; otherwise.

Since this model is also applied to Nepal as well as Indian data. Model gave better
estimates for Indian data but it failed to give better estimates for Nepal data
[1.2, 7]

Finally keeping these limitations, we introduce the concept that the sex ratio of
mortality rates (excluding the maternal causes of death) specific to women aged
between 15 and 49 might be equal to some constant K.

D, (x)
D, (x)

Symbolically the sex ratio is, = G(x) = Xk and finally the mode] (6) reduces to

the following equation.
9 R =K+wZ,

This model may provide better estimate of MMR if there exist a different pattern
in sex ratio of mortality by excluding maternal deaths of a population.

3. APPLICATION OF THE MODELS

We need the data for the application of the models (6) and (9) in order to estimate
maternal mortality ratio (MMR). Data on age and sex specific death rates from all
causes of deaths, and data on age specific fertility rate were taken from MOH
[3.4]. The standardized age pattern of MMR was taken from Bhat e al. [7]. Since,
this age pattern is universally accepted [1, 2, 5, 8]. The used data were presented
in Tables | and 2.

Table 1: Data used for estimation of MMR (NFHS 1996)

Ege ]L Re-” MDR/ , FDR/ | SRof | ASFR [ NO:OF TRerative Y=w,-‘f‘[ z=wnml

roup (x)caled y 1000D,, | 1000D, DD, | f, N, |MMR w,
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15-19 1 2.05 2.34 1.39 127 19627 1.9 241.33 | 117.70

20-24 2 2.37 2,29 0.97 266 | 20576 1.0 266.10 | 112.24

25-29 3 1.89 3.7 1.96 229 18107 1.2 274.80 | 145.40

30-34 | 4 24 3.12 1.3 160 14556 14 22404 | 9333

35-39 5 245 3.7 1.54 94 10818 1.8 169.20 | 69.06

4044 | 6 4.52 5.13 1.13 37 | 6513 2.0 74.10 | 16.37
45-49 7 8.6 7.7 0.90 15 3964 2.4 36.03 4.19
Total 162 | 94,161
MDR=male death rate, FDR=female death rate, SR=sex ratio ASFR=Age-specific fertility rate * taken from Bhat et al.
(71

Table 2: Data used for estimation of MMR (NDHS 2006)

hge groufke-scald MDR/ | FDR/ | SRof | ASFR | oosure | Relative | Y=wify | Z=Y/Dy
(x) X 1000D;, | 1000D¢ | DyD,, £, n, MMR™ w,
15-19 f 1 | 3p3 sasl| oze | oog | 222 | Y0 | 1862 )| s4u3
2024 | 2 | 183 240 076 | 234 | 23427 | 10 | 234 | 97.50
2529 | 3 | 3.16 243 | 130 | 144 | 20789 | 12 | 1728 | 7L
3034 | 4 | 268 Sss| 104 | 84 | 17953 | 14 | 1176 | 4558
3539 | 5 | 500 | 52| 106 | a8 | P57 | ' | 864 | 3429
4044 [ 6 | 34 siz| o6 | 16 | %% | 20 32 6.24
2549 | 7 | 3.0 s70] 068 | 2 | 47151 | 24 48 | o084
Total 111382
* taken from Bhat et al.[T] ;

The observed values of MMR were 539 in 1996 and 281 deaths per 100000 live
births (for 0-6 years before the survey) in 2006 [3.4]. MMR was derived by the
maternal death cases from the survey data. The maternal deaths are defined as any
death that occurred during pregnancy, childbirth, or within two months after the
birth or termination of the pregnancy. : '

Now we fitted the models (6) and (9) to the data of two surveys of NDHS 1996

and NDHS 2006. First we take G(x) as linear form. Model (6) is fitted to the data

of age ir_ltervals (15-19) to (45-49), with the sex ratio of mortality, Ry, as the
dependent variable, and age x and Zy as the explanatory variables and the fitted
model is given below. .
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Using NFHS 1996 data in model (6), then we get the following estimated
equation.
R, =-0.334+0.188x+0.0112 Z,; (R%=0.89).

The coefficient of Z provides an estimate of MMR. Hence the estimated MMR
was found to be 1120 for age interval of 20-24. As using, »=1120, the overall
MMR for women aged 15-49 came out to be 1490 deaths per 100000 live births.
Model overestimates the MMR for NFHS 1996 as compared to the observed value
of 539 deaths per 100000 live births [3].

Using NDHS 2006 data in model (6), then we get the following estimated
equation.

R, =0.738+0.013x+0.003 Z_; (R%=0.38).

The coefficient of Z provides an estimate of maternal mortality level. Estimate of
maternal mortality ratio was 300 for age interval of 20-24 ie. assumed
standardized age interval. With this estimate (0= 300), the overall maternal
mortality ratio for women aged 15-49 came out to be 389 deaths per 100000 live
births for NDHS 2006 data. Model provides slightly overestimates of MMR for
Nepal data as compared to the observed value of 281 deaths per 100000 live births
[4].

Now, we fitted the model (9) and we get following estimated equation.

Using NFHS 1996 data in model (9). then we get the following estimated
equation, '

R, =0.960+0.00442 Z_; (R*=0.41)

The model provided an estimate of MMR at age interval (20-24) of 442. Finally,
an overall estimate of MMR was 588 deaths per 100000 live births for NFHS
1996 data. which is found to be very close to the observed value of MMR of 539
deaths per 100000 live births [3].

Using NDHS 2006 data in model (9), then we get the following -estimated
equation.

R, =0.805+0.002701Z, (R*=0.98)

Model provided an estimate of MMR at age interval (20-24) of 270 and an overall
estimate of MMR was 351 deaths per 100000 live births for NDHS 2006 data.
The estimated value was also slightly over-estimates the MMR as compared to
observed value of 281 deaths per 100000 live births [4]. The estimated MMR
from different techniques and different data sets was given in Table 3.
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Table 3: Estimated and observed MMR for the NDHS 1996 and 2006 data

Used data Observed Estimated MMR/100000 live births
MMR* Model: (6) Model: (9)
NDHS 1996 539 1490 588
NDHS 2006 281 . 389 351
~ *MOH[3.4]

4. CONCLUSIONS

This paper discusses the model proposed by Bhat et al. [7]. The modification of
the model was made by introducing the concept that the sex ratio of mortality
rates (excluding the maternal causes of death) specific to women aged between 15
and 49 might be equal to some constant K. The suitability of the models was
tested with the Nepal Demographic Surveys data of 1996 and 2006. The models
provided an estimate of MMR ranges from 588 to 1490 deaths per 100000 live
births for NFHS 1996 data while it ranges from 351 to 389 deaths per 100000 live
births for NDHS 2006 data. However. the proposed model provided a very close
estimate of MMR for both the data of Nepal. The estimated MMR was found to
be 588 in 1996 and 351 deaths per 100000 live births in 2006. These estimates are
consistent with the observed MMR of 539 in 1996 and 281 deaths per 100000 live
births in 2006. Findings of this paper may help planners and policy-makers to
design the policies for reducing maternal mortality as well as fertility in a country
where maternal mortality is still a major cause of death.
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