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Approximation of the Lip (€(t), p) class Functions
by Matrix-cesfro Summability Method

BINOD PRASAD DHAKAL
Burwal multiple campus

Butwal, nepal
E-mail : binod_dhakal2004@yahoomail.com

Abstract. The degree of approximation of frmctions belongi,rng, to, Lipo, Lip(a,p)

and Lip(f(t), p) class by cesd.ro, N6rlund, Euler and matrix summability method

has been determined ty number of researchers of Modern Analysis. Most of the

summability methods are derived from matrix method. In this paper, I have taken

product of two summability methods, matrix and Cesd.ryo; and established a new

theorem on the degree of approximation of the function f belonging to Lip (6(t), p)

class by matrix- Cesdro method.

Subject classification: 40C05, 40G05, 4ZAl0, 42808.

Key words and phrases: Degree 
.of approximation, the Lip (((t), p) class

functions, matrix-Cesdro summability method, Fourier series.

r. INTRODUCTION

Bemstin [3], used (C,1) means to obtain the degree of approximation function f by

lip I class. Jackson [6] determined the degree of approximation by using (C,6)

method in Lip o class, for 0<o<1. Results of Alexits [2], chandra [4], sahney &

Goel [l4], Sahney & Rao [15], Alexits & Leindler [l] for the degree of
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approximation of functions f elipa are not satisfied for n= 0, I or c = l. Above

mentioned results have been generalized by number of researchers like Khan

[7], Qureshi [ 10, ll,12 & l3], Lal & Nigam [g], Lal & Singh [9] and Dhakal

[5]; and determined the degree of approximation of a function f belonging
to Lip d, Lip (c,p) and Lip (€ (t), p) by using Cesiro, N6rlund, generalized
Ndrlund, Riesz, matrix and (c,l)(E,l) summability method. But till now no work
seems to have been done to obtain the degree of approximation of functions by
product summabiliqv of matrix means and cesaro means of order one i.e. T(cr). In
an attempt to make an advanced study in this direction, in this paper, a new
theorems on the approximation of function f e Lip (((t),p) class has been
established.

2. DEFINITIONS AND NOTATIONS

Let f be 2n-periodic, integrable over (-n,n) in the sense of Lebesgue, then its

Fourier series is given by f(t) - 
:^"* i {u" cosnt + b" sin nt)

n - l

( l )

with partial sum Sn(x).

I2l

The LP norrn is defined bv

and the degree of approximation E" (0 under norm ff llo i, girr.n by(Zygmund

TITD

E" (f) = min llr" - r llr,
where Tr(x) is a trigonometric polynomial of degree n.

Atunct ionf  e  L ipa i f  l f lx+t ) - f (x) l=O({" ) ,  for0< a<1.

l lrll, =[T tr,,.,;'a*)i, n >r

b

L

T

i
@

It

l f r



f e Lip (a, p), for 0< x < 2n, if

t3l

/ \
= O ( | t l " l  O .  c r ( i ,

p >  l .

Given a positive increasing function ((t), p 2 l" f e Lip (€(t), p) if

( zn -  \ :

| [l (rtl< + t) - f(x)) ledx l' = o (€(t).
\ ;  )

It is observed that Lip (((t), p) --@-1 Lip(a, p) -P:b Lipcr.

@ n

fet lun be the infinite series whose nth partial sum is given by S" = Iu*.
n=0 ki-o

Cesaro means (c, l) of sequence {Sn}is given by on = 
* is. .

If oo -+S, as n-+co thensequence {sn} ortheinfiniteseries iu" issaidto
n=0

be summable by Cesiro means (C,l) to S.

Let T = (on,r ) be an infinite lower niangular matrix satisffing the Silverman-

T6eplitz [6] conditions of regularity i.e.

n

t  an , *  -+ l  as  n+6,  oo ,k  =0 , fo rk>n and t  lu " . * l= t ,  a f in i te
k-0 k-0

constant.

Matix- Cesaro means T (Cr) of the sequence {Sn} is given by

+ + l n - kt n = I  a n , n - k o n - k  = )  u n , n - * * I  S , .
k - 0  k - 0  u - l t ' 1 ' l r - o

If tn; s as n+ o, then sequence {Sn} or the infinite series i u 
" 

is said to be
':. n=0

summable by matrix- Cesdro means T (Cr) mithoa to S.

APPROXIMATION OF THE LIP. . .

( z n ,  
I

|  i l r f*+t)-r1*;; 'a* l ;
\6 '  )
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Important particular cases of matrix- Cesaro means are:

(i) (N,pn)Cr means, when on,n-k = &-, where p" =i p* *0.
.n  t_0

(ii) (fr, p") C, means, when &n,n-k = 
+3- n

(iii) (N, p, g) Cr means, ?n,n-k = 
\$, 

where R" =i pr go_r * 0.
tr k-0

We write

0(t) = f(x+t)+f(x-t)-f(x) (z)

K(n,t) = : i ; 
u";'-l 

:: 
sin2(n --k + t); 

(3)
2n f r  (n-k+t)  s in2|

3. THEOREM

Quite a good arnount of works are known for the degree of approximation of the

function f e Lipa, Lip (a, p) and Lip (((t), p) class by various summability

methods. The purpose of the present paper is to obtain the degree of

approximation of a function f elip (€(t); p) class by matrix- cesdro T (cr)

summability method. ,We prove the following theorem:

Theorem. Let f: R -+ R is 2n-periodic, Lebesgue integrable on [-n, r] and

belonging to Lip(€(t), p) clas.s then the degree of approximation of f matiix-

Cesiro means of Fouridr'series (l) is.given

ll,,' -r llo = o[,' +r)i E(#),

( 3 ) ' :

provided r = (a",r) be an infinite lower triangular matrix whose etements

(an, fl positioe airdfrroirotonic increasing in k with 0 < k <n such that

(4)

cfrer

and

Lcrt

Lt!.|

fui

(--
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&o,n-k =l  and

t5l

I
k=0

(4)

t +;:-i ;=of+l
k = o  n - k + l  [ n + l /

And € (t) satisfies the following conditions:

{ry} is monotonic decreasing
I t  )

l- r -r-l

I fitljgl'l' o, l' = o[_f],
L u ' t  E ( t )  ) - - )  

" [ n + r / '

-  - l
|  '  r \ P  I t

I  Ti,  
.Jl ! ,) t  

l 'a, I  =okn+r)u)
Ljt 6(t) / )

K(n, t) = O(n + 1)

Proof: K(n,t)=*t 
#t 

*#a]D

l +  /=*E on,n-k  fu-k+ l )

['.' rinn0 < nsin0 < n0 for 0 < e . 1)
\ n /

(5)

(6)

t t )

(8)

where 5 is an arbitrary number such that q(1-5)-1 > 0, q the conjugate index of p

and conditions (7) & (8) hold uniformly in x.

4. LEMMAS

Lemma l :  Fo r  0 . t . 4  and fac t tha t  : l  <4  ro ,  0< t<1 .
n + l  s i n t  2 t  2 '

(e)



t6l BINOD P,R.A,SAD DHAKAL

=+i oo,n-k
L r v  k _ 0

_  n + l

2 n

= O(n + l) .

F o ,  
I  

< t < n
n + l

( ' - )
K(n't) = o|.r,,. 

rp1 
(lo)

K(n. t) = I i 
an,n-k sin2(n -k + t) *

2n  ?o  n-k+ l  s in2 |

=a i 
an,n-& TE' L-. r^--

'2n fr offi Jl' 
bYJordan'slemma

.  = f r  $ .  
a o , o - r

z t '  ( i  n - k+ l

'tr ( t \
=:+ Ol _ l, fromcondition(5).

2 t ' ,  (n+ l /

^ (  I  )= o[5;i;p,1'

Lemma 2:

Proofi
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5. PROOF OF'THE THEOREM

ns partial sum Sn(x) of the Fourier series (l) is given by

S" (x) - r(x) = + T Olty'in 
(n 1i)t o,

z n i  s i n j

The (C,1) transform i.e. on of Sn is given by

$(t) K(n,t) dt

= Jr * Jr, say.

f i fr 
' l-i 0rtl

n+1 f i  
' -u(x)- f (x))= 

z1*r t ;n ;  s in i

o"(x)-r(x)=*hj oar{Ht

The matrix means of the sequence {on} is given by

t u",u(ou(x)_r(x))=i or,rfir ##rio,
- \ , n

or ) u","-u(o"-u(x)-r(x))=i orr l l i  .  -=sin'z(r-r-\+l) i  o,
k = o  o  2 n ? u  ( n - k + l )  s i n ' |

t"(x)-f(x) = 
I O(t) K(n,t) dt
0

I7l

I sin (k + |)t dt
k=0

dt

I

n a l  L

= J otrl K(n,t) dt+ J
0 . :

( 1 1 )

Applying Hdlder inequality, Lemma I and fact that Q(t) e Lip(((t), p) , we have,

l l

p,l = {T [!#]l'*it {1 [Ertlrr',,rll'*]t"  
f ; ' ( € f t l  )  )  L d ' [  

t  )  )
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= o[El.4)) 
{J,-o.}*,., 

some 0 . ..fr, by second mean varue[ - \ n + r ) )  
L .  )

theorem for integrats. 
'

="(,[*)) ft#):]*
=o(("*r),-* ,(*))

=o((".'f e(fr))
Similarly for the J2, we have

r,, I sft fry)'*]* ft t*Stt',.]*
=o((n.,,,{Jt#)'*1*

=(n + rl' qt#J) 
ft 

, ,,, -,, 0,]* by condition (6)

= o((o +,)u €(#r) 
{t#).}-

=o((n + l)u €(#)) (" * t),-o- 
'

= o(,n+r;'-i etrirl)

(t2)

F

c
fr

f
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= o(rn *,l * Er#)) .

By (11), (12) and (13), we have 

(13)

It" - rl= (rn + rl i er;rl)

or llt" -rll,= 
"{j 

(r"+rl; e t-l)'o,.i

f  t  . \  f t r  t i=o 
[rn+r);€(#)J tJ 

*]

/  t  . \=o[(n+t ) '€ (#)J .

tel

(14)

6. APPLICATIONS

Following corollaries may be derided from the theorem.

Corollary l. If E(t) = to, 0 < c ( 1, then the degree of approximation of a

function

f e Lip (cr, p), i. o < l, is given by

r ' )
ll,"-rll,="1 +l

[ ( n + l )  
o  
)

Corollary 2. If p -+ o in corollary 1, then the degree of approximation of a

func t ion f  eL ipcr , fo r0<a <1,  i s
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for0<a<1

, forcr= 1.

7.

8.
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Parseval's Identify for Low-Dimensional l{ilpotent
Lie Groups Gs, o and Go, rs

C}IETRAJ BHATTA
Central Department of Mathelnatics

Tribhuvan University; Kirtipur
email: crbhatta@yahoo.com

Abstract. We prove the Parseval's identity for low-dimensional Nilpotent Lie
groups such as G5,6 and G6, 15 which are important for proving Hardy uncertainty
principles type results.

Key Words: Fourier transform, Hilbert Schmidt norn, kernel function.

I. INTRODUCTION

Let g be an n-dimensional real Nilpotent Lie algebra and G : exp g be the
associated connected and simply connected Nilpotent Lie group. Let {x1, ..., Xn}
be a strong Malcev basis of g through the ascendin-e central series of g. In
particular, RXr is contained in the centre of g. We introduce a nonn function on G
by setting for

x: exp (xrXr + ... + xnXn) e G. xi e fr

l lxi l : (xr2 + x22 +... + *n2)t'2

The composed map

frn --> g -> G, (xr, ..., xn) * * ,X , ]
| 

')

n ( n

I xiXt -> exp I IJ J r l
I

j  =  I  \ J  =
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is a diffeomosphism and maps Lebesgue measure on frn to Haar measure on G. In
this manner, we shall always identify g and sometimes Gr as sets with frn. The
measurable (integrable) functions on G can be viewed as such functions on frn.
The measurable (integrable) functions on G can be viewed as such functional on
frn.

Let g denote the vector sp?ce d],al of g and {X,*, ..., Xn-} the basis of g- which is
dual to {Xr, ..., Xn}. Then {X,*, ..., xn-; is Jordon Holder basis for the coadjoint

action of G on g*. We shall identi$, g- with frn via the map i : (|r, ..., €n) -+ i

€.i 4- and on g*. We shall identify g- with frn via rhe map i :

(, \- and on go we introduce the Eucledian norm relatir.e to
Xn'), that is

l l , l l

l lZE x.,ll = (EJ +-E' + ...+ 4n')' ' ' = 116ll.
l l . r = r l l

For an operator T in a Hilbert sia..e su.h that T*T is a trace class. llTllss will
denote the Hillbert Schmidt norm of T.

2. THREAD LIKE NILPOTENT LIE GROUPS

For n > 3, let gn be the n-dimensional real Nilpotent Lie al-eebra with basis
Xl, ..., Xn and non trivial lie brackets [Xr, Xn_r] : Xn_2, ..., [Xr. Xz] = Xr.
gn is a (n - l) step Nilpotent and is a product of RXn and the abelian ideal
n-l

I RX.i. Note that g is the Heisenberg Lie algebra. Let Gn : exp (gn).
j =  l

n-l
F6r { = I €.i 4- e gn*, the coadjoint action of Gn is given by

j : r

Ad- (exp (tX") E = "J r, (€, t) 4-,
j = r

where for i <j ( I - I, P.i (€, 0 is the polynomial in t defined by
i-l

P:(€, t): 
"I 

(t/k!) (-1)k tk €i_ri
k : 1

j = r
n

{( r ,  . . ' ,  €n) -+ I
j = l

the basis {Xr ' ,  . . . ,

I

I
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The orbit of I is generic with respect to the basis {X1-, ..., Xn*} if and only if

,lr * 0, and the jumping indices are 2 to n. The cross section XE, for the set of

generic orbit is given by,

Xgr {(: (€r, 0, 63, ..., 6n-r, 0) : Er e fr, (1 + 0}

For ( e gn', let n6 denote the ineducible representation of Gn, absociated with 6.
Then the mapping 6 -+ ni is bijection 

9f 
X, and the set of all generic inedicible

representation. Plancherel measur. on 6n is supported by these zrq. Denoting by F

the fourier transform on R*r, it follows that the Hilbert Schmidt noirn of the

operator. n_i (0 , f e Lr n L2 1Gn; is given by
2 "

l ln< (0lln, = 
J F f{p' (q, t), ..., Pn-r (€, t), t - s}'ds dt

R2

The following group of lower dimensions such as G5,6 and G6, 15 sre found in [8].

3. PARSEVAL IDENTITY FOR Gs.6

I - ' - ' t G : G s . e : R 5

(xr, ..., xs) (yr, ..., Y:)

= (xr +yr +x+y: *xsyz*x+xsyc*l*, yo' *I*r 'r,  ** xz* yz*xsyr *|.*r '  ro,

x: * ys * xsy+, xa * ta, x5)

\ : .  . . . ,  *r)-t:  (-xr + x2X5 * x:& - 
l .*r*r '- i*

I
-1*0X25, -X3 * X+x5, -xa, -xS)

For.v '- t ,  1,2 e R2

:li (0 0 (yr, ),2) = 
I 

ttlti ft€r (-xr * XzXs * xr&
fi '

l )
-xz * XlXs - i x+x"s, -Xt t X4X5, -X4, -xs) 0 (yr, yz) dx

-

f  ^ . .  |  )  |  7  I  1= 
J t(*) exp 2m [-xr + x2X5 * X3Xa - 

lxtx's 
-1*'o xs + 

f, 
x+x"s

tR5

1 )  |  7  .  l 1
I 

1x'+xs-6 
*o*" - (-xs + x+xs) y1 t xax5/r - 

6 
*'ryt +

l l s l

+ Xs * 
| t*'r, -xz * xrxs

l . ' l t- i x tx 's - i * -o* t l .
+ 

6 
x4x"s,
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I  ,  I  r .  I  )  |  ?

1xsf t 
-(-xz*xsXs -1qx-ily,-|xqx-s Yz -,x4.xsy-2-

1  .  ' ,  I  
"  

|  1 -  .

i.*"y'r-i,x'sytyz-i*tyty"rl 0 (yr * xq,Y2+ xs) dx

,  
x 4 - + X + - Y r , X 5 * x 5 - / 2

f ^ ,

J 
f(*r, x2, xlo :q4.:: )l: xs -.Yz) exp 2ni [-*t + x2(x5 = y2) ,

n5

.  I  . ,  |  .  . ?
- xs(X+ - yr) - 

i 
*, (*r - yz)' + x3yr - 

6 
(xs - yz)' yr +

t. l

7 t"r 
- yz) yJ + x2yz- xr(xs -y) yz-if*- yr) (xs -y) y22 -

= J
" n 3

11n5, (f)ll2e6

G
(r

t
fi
R

: '

= l
I

. $ +

: r t

I .  . 1  ,  l .  . ?  1 .

i {*r - rr)' yr' -i(xs - yz)2 vvz--)(xs - yz) vvzz)Elo(v, xs) dx

= 
I ttl, X1: Xp, X+ - Yr, xs: Yz) exp [2ni ((-xr + Xzxs - *rl tv -]

(*, - yr)'- (xs - y)y)* + U(yr, y2,Xq,xs) 6r) $(x4, x5) dx

rl, (r,, yz, x+, Xs) f(x1, x2, X3, X4 - Yr, Xs - yz) exp -2ni (xfi1-

xzxs6r - xr [v -]e, -vz)z- (xs - v2) vrl Er -

U(yr, yz, xq, xs)€r) dxr dxz dxr
1

= Frzg f(€r, -xs €r, -[xa -; (*r -y)2- (xs - y) yz)

€r ,  xe -  Yr ,  Xs -  yz)  exp 2niU(y5Y2,xq,  xs)  €r

= 
I t *1, (yt,yz,x+, xs)12 dyr dyz dv dxs

fi '

lFr23 f(€r, -Xs€r, -[xu - 
t f*, - yz)2 -(xs - yz) yz]

x+ - yr, xs - yz] dyr dyz dx+ dxs

- l  - l
*r - 

€, 
X5, x4 - 

6*o
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I  .  _  n (  i ,
* I lFrzr ((r, xs, &. [t f tbl 

er1

'ffi 
" 

- ,, - ff 
- ,,) ,r, dvz dx, dxs

Er, yr, yz)12 dyr dyz dv dxs

,3 J lFrs f(6r, ur x+ * (t tf \ - yzo) v,, vr)l'
bI eir

dyrdyz dv du

v -+ ***yz2 it* yz u

* [ ;Fr f(fr, ur X4, yr, yz)12 dyr dyz dx+ du
br mi

= +, I F, r(€, u, \r/, ]r, yz)12 dyr dyz dw du
br ni

G = Go, rs = fr6 

4' PAR'EVAL IDENTITY F'oR Ge' ts

(x r , . . . , x6) (y r , . . . , y0)=(x r+ I r *xoY+,va+yz*xsYe,xs*Ys*XoY5,X l *Y+,Xs*Ys,

xe + yo)

(xt, x2, ..., xo)-l = (-xt * x+X6, -Xz * &x5, -X3 * x5X6, -)q, -x5, -x6)

F o r { e L 2 ( n )

f ( tr(r .Ez.(r, tu) 0 (y),  1z+0
f  ^ , .= 
J 

ff*l n1t,\z,Er, fu Gxr * x+x6, -Xz * x4xs, -x3 * XiX6: -X4, -X5, -x6) 0 (y) dx
s6

= 
{ 

q,.) exp 2ni [(-xr + vv.e) €r + (-xz + x4xs) €z + (-xr * xs& -xsxo) Er*E
n6

' t l 7 ]

) ' . / - * ,  )  ) "-Yz1 + 
[€,  

-Yz)Yz)rr

1 l
Yt -+-Yt -E;&, Yz+-Yz-t*, :

= 
# I lFrzr f(6r, x5, & *$vr'- lr (l: . i,.r))bt ,rl
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t ^
(-xoy -1*'u€r) - xo€r + vyl 0(y + €zxs + €rxo) dx

l *  l .
lFr I r(X1, X2, X3, X4,*(*r, -y -E,xo), xo) exp [(-x1 + xexo) fr + (-x2 + x+
;g2l 

"Jo 

92

1  t "  I  .  - . .
(; (*r - Y - €rxo)) 1z + G xr €r) * il C *uv - ix'z €r) - xo€o + x4vl $ (x5) dx
5 Z '  9 2

l r l

,h | (*r, X2, X3, a,;(xs - y - f r, xo), x6) exp. 2:rr[- xr€r - xzEz- xr(r +
;521 

"ru 

t2

E r l
X4x5 * i (- *uy -i*u' €r) - xo€ol 0 (xs) dx

-r-.1

? (ra,, ,r,83, e) is the integral operator on L2 (9) where kemel is

Kle,, er,E3, €5) (y, *rl = 
# j {*,, X2, x3, *0,* (xs - y - 6r xo), xo) exp. (2ti)

[. i,*,€, - XqXs * 
ff t*u, .] J 

*'uEr+ x6€61 dxr dxz dxt dru dxs

5 J 
FrFzF:F+ (Et, Ez,Er, *, 

* 
(xs - v- lrr'e), x6) exp (-2ni)

t fi t.r, 
*|*'uq,; + x6xol dr'o

ll? ("e ,,E2, er, tu)ll2 
= 

I llklre,, er, er,eor (y, x5)12 dy dx5

I  . ,  .  
" '  

,

- J I J r' Fz Fi F+ (1r,12,€r,-x5,g (xs-Y-€r Xo,xo)exp. (2ni)
15zt *'r ei

F .  l -
( 
ff 

(*uv *)*', €r) + xr€o) dx6l2 dy dx5

y-) y - 
l*rE,

t .

L

t.
{

t-

6-

7.

f
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I  r t  r - * - -  . ?  ?  F  l ,  l -

Et J I J FrFzFrFq (Et,\z, €3, -xs, p" (xs -y -r€rxo), x6) exp (-2ni)
l:zt 

9l': ,1 \z

(fr (*ur + x6€6) dx6l2 dy dx5

tlel

l .
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.{bstract: We shall established the DCP Property of certain Combinations of de la
Vallde Poussin Kernels for some particular cases.

l. INTRODUCTION

-er A denote the set of analytic functions in D, / 
* g the Hadamard product or

;onvolution between two members of 4. A domain Q s C is said to be convex in

:he directiofl €'Q ,0 e fr, if and only if for every a e C the set.

O n { a + t e i d : t e f r }

rs either connected or empty. Accordingly we define the class ?<(D cl, $ e 11,

.-rithe functions convex in the direction eid as

,<(fi):: V e ll:/univalent andfiD) convex in the direction e'l1.

Finalll'. a function g e A is called Direction-Convexirl'-Presen,ing (g e DCp) if

rnJ onlf if

g * 
"f e ?< (f) for allle ,<(il and all 0 e fr.

i::nctions in DCP have many other intriguing convolution-type properties, for
.*-<iance the preservation of convex harmonic functions in D, and of Jordan curves

,'{rrye
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in the plane rwith convex interior dornain; we refer to Fl, {81 for more details.

There one also finds a complete description of the rnembers of DCP, namely

g e iDrCP 'e g(z) + dn4'(z) 
" 

X (T) for all t e E.

Further it is ihosm. {tttdt DCP fir.*d*ti a$s @llYeK llnivalenl

The following criterion for rnenrbmhip in DCP is a sligts variant of [7, Theorem 4].

Lemma I Let g be analytic in D, convex univalent and let u(t) :: Reg (e"), t e fr.

Then

g e DCP if and only if

ou :: (u" C))'- u'(t) u"'(t) > 0, t e fr

The classical definition of the de la Vall6e Poussin Kernel of order n e N is

wn (t) , =%#(l + cos (t))"

1  n  / r * \r \. | 
/-Lt 

l- ikt
( Z n )  , t  \ n + k / '
! n i 

K--il_

But here we zlre interested in the analytic version of the de la Vall6e Poussin

Kernel

V"(z):6 
-i, 

("?J * ,zec. (2)

( 1 )

In

*x

Prr

rr-|:

- h t

rb

'f

Note that

2Re Vn (."): wn(t) - 1, n e N.

2. MAIN RESULTS

In this section, we again come back to the analytic version

Vallee Poussin Kernels. Let us recall that the function

r  n  / ' l - \I  s -  
I ^ ' : r - l z k , z e D ,Yn\z): 

An\ L \n r- K/

I n J  k =  I

is the de la Vallee Poussin kernel of order n.

(3)

of the classical de la
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In [9], St. Ruscheweyh and J. K. Wirths proved that for 0 < x < o and for n eN,
the function

'fs3l

rn(z) = 
_1, 

(l) ,.! (T) v* (4, z e D, (4)

is convex. When they proved this, the class DCP was not even defined. Later in
1989 [7], St. Ruscheweyh and L. Salinas introduced the class DCP, which is a
sublcass of the class of convex functions. Now one can ask a natural question
whether the functions fn (z) belong to the class DCP instead ofjust to the class of
convex functions. S/e shatl prove that in general the function fn (z) does not
belong to the class DCP. Already for the special case x = I in (4), we get the
following result.

TheoremL ForneN. le t

rn (z) = 
-i, 

(il (t5 u- (z), z' e D

Then fn e DCP for n < 6 and e DCP for n = 7.

3. PROOF OF THE MAIN RESULT

Proof: Just like in the previous sections, put

wr (t) := Re vr (e') = -l* zk-l'Gtt'z (1 + cos(t))k
2 '  ( 2 k ) !  \ r  '  v

and let

un(t) := Re fn (e"; = wr, (t)

(-;.w(r+cos(t))f

.ffi(r+cos(t))f

Then, from lemma l, fn e DCP if and only if

vn(t) : = u"n(t) u"n(t) &,ttt (t) nn'(t) I0 for 0 S t < 2n.

After simplification (using Mathematica 3.0), we get:

_i, ft) ('f)

_i, (il) (T)
S ( n! (2k)!= 

oll l. 2(": tx 1t'9r
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.y(t) -,-= l,

v lO = 52+54cos(t)-6cos(3t) ;

vr(t)  = 9 (3 *2cost#ttS+ 15 cos (t)-2cos(2t)-3 cos(3t)),

v+(t) =' 8'(3 +'2cos (0)4 (34+ 33 cos (t)- 8 cos (2t)-9 cos (3t)),

vsft) = fi (3 +?cos ft)61te+ 18 cos(t)-6 cos(2t)-6 cos (3t)),

ve(t) = 18 (3 + 29os (0{1+2 + 3gcos (t) - 16 cos (2t) -15 cos (3t)),

vz(t)  = 49 (3+zcqs(t))t0 (23+2l cos(t)-  l0cos (2r)-9cos(3t)).

\Me shall show one by one that

u r ( t ) 2 0 , 0 < t 1 2 n ,

for n S 6,'wtrile'vzft) does not satisff this condition.

The case n = 1 is obvious. For the case R = 2,

vz(t) = 52 + 54 cos (t),- 6 cos (3t) = 52 +72x-24x3 =: pz(x)

(s)

where x = cos(t). Therefore vz(t) > 0 on 0 St<2n if and only if the polynomial

pz(x) Z 0 on-1 (  x (  l .  Now for-1 (x (  1,

pz(x )  =52+24xQ-* )

> 52+ 48x

'  > 4 .

Therefore (5) holds for the case n= 2.

Now consider the case n = 3. After a sinple calculation, we can write

vr(t) = 9(3 + 2 cos (t))2 pr (x),

where

pl(x) = 17 + 24 x - 4x2 - l2x3 and x = cos (t).

From (6), we see that vl(t) i 0 for 0 <t<2n if and only if pr(x) >- 0 for-1 < x < 1.

Now

pr  ( -1 ) :  1 ,  p3  ( l )=25,

while

pr(xr) :v 0.871904, p:(xz) x 27.7289

at the critical points

*, =i(-t  - \F)=-0.93513 3,xz: l t- t  *r,B)- 0.7r2srr,

bcith.of which lie inside the interval [-1,]1]' This shows that 
1

I

a

d

l i

f'

I

d

t
C

R

{

(6)
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and hence vl(t) > 0 for 0 St<2n.

Consider the case n = 4. As in the case of v3(t), we can write

vc(t) = 8 (3 + 2 cos (t))a p+ (x),

'*'here

p+(x) = 42 + 60x - 16 * - l1x3 and x : cos(t)).

It is clear from (7) that v4(t) > 0 on 0 < t < 2n if andonly ifp+(x) > 0 on -l < x < l.

If u'e study the behaviour of the polynomial P+(x) on [-1, 1], we see that

p+(-t) = 2, P4(1) = 50,

and forx e (-1, 1), p+(x) has critical points atxl = 
*ru-\[421)--0.908085 

>-1

ard s1 : * (u + f[2Tl r 0.611788 < l, and pa(x) takes positive values at both of

::ese points. In fact, p4(xr) x 1.27865 and pr(xz) x 64.4753. From this we

:..nclude that p+(x) > 0 on-l < x < 1, and hence vq(t) > 0 on 0 <t <2n.

i: ' : ' ihe case n: 5. we can write

vs(t): 25 (3 + 2 cos (t))6 ps (x),

i \  hL're

ps(x) = 25 + 36 x - 12 *2 - 24x3 and x = cos (t).

rJje see here also that v5(t) > 0 on 0 < t < 2n if andonly ifp5(x) > 0 on -1 < x < 1.

\orr'

ps  ( - l )  =  1 ,  P5 (1 ) :25 ,

-l for x e (-1, l), ps(x) has critical points: one at *, =t (4 -\[) ^v -0.89315 > -l

:::i the other at *r: * (-1 'F ̂ Ip) - 0'559816 < l'ps(x) takes positive values at

r-,ih of these points; in fact, ps(xr) = 0.373538 and p5(x2) x 37.182. From this we

- .rclude that p5(x) > 0 on -1 < x < l, and hence v5(t) >,0,orr.^ 0 <t <2n.

,-:-;e n : 6. As in the previous case, let us write

v6(t) = 18 (3 + 2 cos (t))8 po (x),

t2sl

(7)

(8)

(e)
. \ :3 re

po(x) : 58 + 84 x -32x2 - 60 x3 and x = cos (t).

.: rre srud1,the behaviour of p6(x) on [-1, 1], we see that p6(-l):2, p6(1):50'

:.:: for x e (-1, 1), pe(x) has critical points at x1 = 
* t- * -.@tl = - 0.883661

:--..1 \1 = 
.. (- S + {f OOe) = 0.528106, and pe (x) takes positive values at both of
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these points. In fact, po (xr) r 0-1g5g2 and p6 (xz) - g4.5gg. we thus see that
po(x) :0on-1 (x  (  1 ,  andhence,  f rom(9) ,weconcludethatv6( t )> 0 on 01t<2n.
In this way we have shown that the functions vn(t) > 0 on 0 < t < 2nfor n : r, ..., 6.
and hence the functions

qr'):utr 0 (tf) vr(z)
are in the class DCp for n e N, n < 6.

Movingonto the casen :T,wenowshowthatthe 
condit ion vz(t) > 0 for0 <t<2n

does not hold. After a simple calculation. we can write

vz (t) = 49 (3 + 2 cos (t))ro pz (x) ( r0)

pz(x) = 33 + 4g x _ 20 x2 _ 36 x3 and x = cos (t).
Here also, we see that v7(t) > 0 on 0 <t < 2nif andonly if p7 (x) u 0 on -l <x < l.
But for this case, we have

pz ( - l )  :  l ,  pz  (1 )  =  25
and

pz (xr) e, - 0.19564, pz(x:) x 47.5034

at the critical points *, : 
* (_5 _ rF?Dl x _0.g770g4 > _l and xz : $

(-5 + r@l x 0.506724, both of which lie inside the closed interval [-1, l]. This
shows that p7 (x) takes also negative values in -l < x < l and consequentry v7 (t)
takes also negative values in 0 < t <2n. Hence fn can not berong to the crass DCp
for n = 7. This completes the proof of this case and of the theorem as well.

l .
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.\bstract: The just-in-time sequencing problem in mixed-model production
s\ stems is dealt relating with the well known apportionment problem. In addition
,'i brief historical background of both the problems, the mathematical models of
::.em have been reviewed. The sequencing approaches to solve the just-in-time
sc;uencing problem are explained in brief, and some apportionment methods are
::scussed to resolve the apportionment problem. We have proposed two mean-
':sed divisors, indicating the objective function for better solution, which work
:.': lust-in-time sequencing too. The linkage of both the problems is characterized
: ierrns of similar type of objective functions. The problems are ,shown

r-::iralent vla suitable notational transformations and similar properties. Sorne
:r-:uencing algorithms are analyzed for joint approaches to tackle the problems

' r '

Kenvords: just-in-time sequencing. heuristics, perfect matching, urrign .nt,
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1. INTRODUCTION

Both of the problems, just-in-time (JIT) sequencing of products in mixed-model

production systems and apportionment of representatives in legislature, are the

promising research problems over the years from the domain of discrete

optimization. The -ZI sequencing of different products is a well-known socio-

industrial problem which aims to minimize the maximum and tire total deviations

between the actual and ideal productions; whereas the apporriorunent problem is a

socio-political problem u'hich aims to allocate representatir,es to states/parties as

close as to their exact quota. -I1I sequencing is highly applied in many industries

and all kinds of organizations to optimize several production and other operational

activities. Any industry has to interplay mainly among the three major intersecting

components: finance, operations and marketing; of u,hich our focus lies on the

operational part. The discrete apportionment problem has been in existence since

more than two hundred years with the target to allocate integral seats to states or

parties and to achieve so-called equity between states' representation.

-I1I production system (JITPS) is the most commonll' u5.6 technology due to its

noticeable characteristics in operating with very low n'ork-in-progress (yt/lP)

inventory and often with low finished goods invento4'. It is a pull systent:

products are assembled just before they are sold, subassemblies are made just

before the products are assembled and tlie components are fabricated just before

the subassemblies are made. As a result, WIP inventory is lor.r' and production

lead times are short. So J/ZPS is a broad philosophy of continuous improvement

including three mutually supportive components: people involvement---+ total

quality control---+ JIT flow; jointly called productivity triad. Any unnecessary

delays and inventories are considered as waste and so IlrlP invenrory is kept as

minimum as possible. The goal is to achieve a smooth and s1'nchronized flow of

small lots of materials at a uniform rate. Instead of producing one product for a

long period and then shifting to another product. JITPS uses a technique called

mixed-model assembly. A mix of the models is produced each day in short

repetitive sequences, so that each model is frequently repeated in proportion to its

relative demand.

Section 2 gives the state of art of the two problems with brief historical

background. Section 3 formulates mathematical models. The sequencing

approaches for "//ZPS are explained in Section 4. Some apportionment methods

including mean-based divisor methods 4re presented in Section 5. The linkage and
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...r.-rrithmic characterizations are posed in Section 6. Finally, Section 7 concludes

:le paper.

2. POSING THE STATUS OF THE PROBLEMS

l. I  Just- in-Time Sequencing

<trce the time of Henry Ford, product requirements and hence the requirements of
-:,.'iuction systems have been changed in rapid speed. Assembly lines were

:::rnally developed for a cost efficient mass production of a single standardized

.:,'juct. Nowadays, varieties of options are available to the customers, so that
' .:rlrfacturers need to handle product varieties which exceed several billions of

..-'is. So the very first cornerstone of JITPS can be traced out from Ford

::rction system (Ford Motor Company in 1903). However, the present idea of

J i\ stem is developed and perfected by T. ohno, who is credited as father of

.:'t. ri'hilc working as an assembly rnanager in Toyota motor company around

s. After the World War II, Toyota realized that Japanese automotive

.:rt.rlactures were far behind the American motor companies and the president of
,ia inade a comment about the gap: "Catch up with America in three years;

..:,':ri'ise the automobile industry of Japan will not survive". JITPS within Toyota
- -: result of low demands, limited space and resources in Japan compared to
1.::::'rica. Toyota production system OPS), comprised of two pillars: JIT and

....:,'nomation, provides the highest quality, lowest cost and shortest lead time in

:ir'i to achieve stable production systems. Standardized work, smoothing
-. - :uction schedule via mixed-model sequencing and change for better are the
'-'.,.: bases of ZPS. The JITPS is a management philosophy based on the planned

: .::ination of all wastages, continuous improvement of productivity and
--::;tion of inventories in all level; performed by producing only the necessary

..:'.'unt of necessary products in perfect quality at right place and time. To
.-r..r-\€ this goal, JITPS penalizes the early-tardy jobs by using the limited
'--'irces in optimal way. The main target is to satisfy customers for various
-r::'.-:tds of different products without holding large inventories and incurring
. : : :,.hortages of products.

'.'l 
se. :encing (scheduling) environment, products (jobs) that complete early

-.:'re h:ld in finished goods inventory till their due dates, while products that
. '.:.:te ifter their due dates may cause customers to shut down operations. So

..-:l -'chedule is one in which all products are finished exactly on their

[ 3 1 ]
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assigned due dates. The concept of penalizing both earliness and tardiness has

spawned a new and rapidly developing line of research in scheduling theory. The

mixed-model JIT sequencing is the problem of determining production sequence

of different models of the same product produced on the assembly line, assuming

that products require an approximately equal number and mix of parts. This is

formulated as a non-linear integer programming problem in [48], which seeks to

minimize the sum of squared deviations between average and cumulative quantity

of products, and thereby nearest integer point algorithm for optimality is

presented. Kubiak [37] well-studied this level schedule problem, referring as

product rate variation (PRV) problem. Kubiak and Sethi l38l proposed an

assignment formulation for sum deviation problem to determine an optimum

solution at a smaller computational cost and further gave some properties that

relate to the problems involving each of the products considered separately'

Several open questions and conjectures for balanced JIT optimization problem are

formulated and dealt by means of extensive computational testing [36].

The intuitive similarity between the JIT PRV problem and the single machine

scheduling problem is used to propose a heuristic for the P RV problem [3 I ]' This

heuristic shows that an earliest due date (EDD) seqlrence minimizes the sum of

squared deviation between the ideal time and actual time in rvhich given unit is

actgally produced. Balinski and Shahidi [5] proposed another type of deviation for

two products. which aims to minimize the variation of production rates from

product to products. The mixed model assembly line (.flVl41,) is one where a

variety of different items are assembled or processed at different stations in small

batch sizes. Suclr a line seryes in flexible manufacturing s1'stems (FMS) to meet

diverse demands of the customers. Most .FIVS adopt the JIT philosophy in their

effort to minimize inventory. Thus, MMAL finds good applications in.rlIPS [66].

In this assembly environment, workers are expected to be more versatile and have

better skills than those working intraditional systems [1S]. The IPSused theJIT

sequencing to distribute production volumes and mix of models as evenly as

possible over the production sequences 128. 521. The JIT sequencing process has

become a universal and robust concept to balance the two sequencing goals of the

manufacturing companies: usage goal and loading gool 148,49,521. The former

maintains a constant rate of usage of all items in the production sequence whereas

the latter smoothes the workload on final assembly process to reduce the chance

of production delays and stoppages. JIT sequencing is used to balance workloads

throughout J17 supply chains intended for low-volume high-mix family of

I l t).]

- : - !

..--^;
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:;r)ducts [41]. The purpose of optimal sequence is to keep the actual production

.',-rel and the desired production level as close to each other as possible all the

:rrne. See 114,21,22,421for more detai ls.

i-ne single-level problem is extended into the multi-level [50,51], which is

:eierred as the output rate variation (ORn problem [37]. Most discrete

:ranufacturing systems are multi-level in nature, charactenzed by the condition

"rhere several parts are used to produce a particular part at a higher level,

:::minating at the last level yielding the final product with direct consumer utility.

. ne sequence of products on the final assembly line impacts greatly on inventory

.'-'relS of parts used directly for assembly and other parts in the sysism. Recently,

::.'-'problem of determining an appropriate product sequence has been attracting a

: .''f attention. The ORV problem is proved NP-hard, even in special cases [37,
: Ilowever, the dynamic programming solution is proposed in [39, 49]. The

.li'problem with pegging assumption is effectively solved in [61], which
--'-:'rced the problem into the weighted PRV problem. Modifying the solution
':-.:riques used for the unweighted single level problem, the pegged multi-level
' .':rem may be solved to optimum in time which is polynomial in the total

:':.,luct demand and the weighted factors.

1.1 .{pportionrnent Problern

.::ere is a very large class of real life problems related to fair division of resources

::::ong competing interests in many areas of applications in the real world, which

:.:., s a significant role in decision sciences. Several types of equity problems

:::se in allocating available resources in integral parts to different subdivisions.
' :re of the problems are efficiently solved (e.g., assignment) whereas others are
' ': solved well yet (e.g., timetabling). One particular problem having wide

:::iications in governmental decision-making is the apportionment problem,
.i:.rch may be of continuous-type (e.g., taxes) and of discrete-type (e.g., seats).

.::r- discrete apportionment problem (DAP) has its origin in the proportional

r.'i::ion system developed for House of Representatives in USA, where each state

:.;r:ives seats in the house in proportion to its population [8]. DAP occurs in all
. .:ls of electoral systems such as in: (a) Federal system: regional representation
-.:-.'-'J on populationo €.9., in USA. (b) Proportional system: political
--.:::sentation based on votes, e.g., in Israel. (c) Mixed system: mixture of federal

: J Dropoftional systems? e.g., in Nepal.
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The DAP is the problem of determining how to divide a given integer number of

representatives or delegates proportionally among the given constituencies

, according to their respective sizes. It is a quite complex kind of discrete fair-

division problem in electoral systems, because all possible apportionment

methods contradict the principle of fairness criteria [16]. In fact, no method

equalizes states under fixed house size allocating minimum requirement of one

seat and states not crossing the house size. Mainly two fairness ideas have been

studied: the first is each state should get either its lower quota or upper quota and

the second is to look at pairwise equity between states. Practically, there always

exists a certain inequality between two states yielding one of the states a slight

advantage over the other. A transfer of one seat from the more favored state to the

less favored state will ordinarily reverse the sign of inequalif,v, so that the more

favored state now becomes the less favored. .and vice-versa. Whether such a

transfer should be made or not, depends on whether the amount of inequality

between the two states. after the transfer, is less or greater than it was before. If

the amount of inequality is reduced by the transfer. then it is obvious that the

transfer should be made. The fundamental problem of quite unexpected

complexity is. therefore, how to measure the amottnt o-f inequaliry between two

states and how to minimize it as far as possible. since it cannot be eliminated

perfectly. The phiiosophy of apportionment must obel' political legitimacy and the

solutions must be acceptable to nation [8].

Though there is not a single method meeting all the reqttirements imposed by

political needs, a so-called perfect apportionment method is supposed to satisfy

some basic properries 157): (a) Quota condition: each state should have its seats

within the lower quota and upper quota (b) House monotonicifl.' when total

number of representatives (house size) increases. then anv state's number of

representatives should not decrease (c) Population rnonotonicity; the number of

representatives of any state should not decrease as its population increases. Also,

any method should not artificially favor large states at the expense of smaller ones

and vice-v ersa (d) Quota ntonotonicity; the actual apportionment of any state

should not decrease as its qllota increases (e) Minimum requirement: every state

must have at least one representative. As a result of using one method or another,

some surplising apportionment paradoxes are found: (a) Alabama paradox" an

increase in the size of the house can cause a state to lose a seat. Hamilton method

in 1880 assigned Alabama 8 seats from house size299, whereas it gave only 7

seats from increased house size 300, (b) Population Parado.x.' an increase in a

:

' .  - l
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i:3te s population can cause it to lose a seat faced around 1900 in Hamilton

:rcthod. If the population of one state is increased while holding the other state's

;..puiation and house size fixed. the former state may lose a seat [58], (c) New

.(;'cile-t paradox: adding new state and increasing house size can cause another
i:lte to lose seats, found in 1907 when Oklahoma became a new state. As a new

-.::te. it got 5 new seats increasing the old house size from 386 to 391. As a result,
''l..ine's apportionment went up from 3 to 4 and New York's went down from 38

:. ,17. But the intent was to leave unchanged for other states, (d) Quota paradox: a
-:-::e ma\/ receive number of seats less than its lower quota or more than its upper

. ..Jra: faced while applying Jefferson's method (e) Migration paradox.' under the

.-..':J total population. house size, number of states and fixed population of a state,

: :s possible that the state can lose seats if there is a population shift between

:lc: trvo states. This paradox affects both Hamilton and divisor methods. These

..::.iJoxes are visualized via geometric representation in [17].

3. MATHEMATICAL MODELS OF THE PROBLEMS

3.1 J IT Sequencing Problem

\..:L\L)se there are r products to be produced within the specified time horizon
,. : : :  t lre integer demands dr.dt.. . . .  d,, such thatl ' , ' ,=,,t ,=D. The t ime needed to

-: iuce one unit is assumed to be independent on the product and time needed to
..',.:cir trom one product to another is assumed to be negligible. Without loss of

:'::eralitv, it can be supposed that it takes one unit of time to produce one unit of

::,-.iuct and thus the time horizon is equal to o time units. If ,, = $ is the ideal

. : . iuct ionratefor thepar tsof type r  suchthat  
l " , r=r .  

thentheschedul inggoal

' : :ite assembly line is to maintain the total cumulative production of product i

::re total production as close to 4 as possible. This means exactly i<4 units of
-- r '-rci ishould be produced in the f irst , t  t ime periods(t=r,2. .D), which is the

. -., .  :roduction.

-r .  :=1.2... . . .n;k=1.2... . . .D. be the actual cumulative production of product i  in

- '.:ri-' period I through k. For a convex symmetric penalty function F, . i =1.2...., n

:---.:nimum 4(0)=0r the maximum deviation and the sum deviation just-in-time

.:::cing problems are formulated as follows:

[3 5]
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subject to

Z^*=minmax-{(x,  *  
-  kr,)

t ,K

zmin =r*I*,I7=rr,(** - q)

Zi=1.=k, k=t,2,"" ' ,D

t ( t - r )  <  x i1 r ,  i  =1 ,2 , " " ' ,  n ;  k  =1 ,2 , " " ' ,  D

xip = di ;  i  =1,2, . ."" ,  n

x* is a non-negative integer

(3  ' )

(z.z)

(:.s)

(r.+)

(r.s)

(3.6)

lr r.. u
c . fu1

r-fa:

t a l

Gr!r{ L
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r-r 
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b r t n l

- c q

s h
*  1 q ,  b i

qndr

{  3+ }1q ,  I

r lh
L H
q - , t
& r

#nr
f i r i
f f r
b.ri
f:Fq
-d
t r t
rF
r t r
h=. 1
F d l
{ - I

Itt
r:f r(
ln{ r

The constraint (3.3) ensures that exactly /c units are scheduled in periods I through

k, whereas the constraint (3.4) represents the monotone condition (guarantees that

the total production of every product overftis non-decreasing function). The

constraint (3.5) ensures that production requirements are met for each product

(obviously satisfied by any optimal solution); whereas (3.6) is integrality

constraint. These four constraints jointly indicate that exactly one product is

produced during each stage. Moreover, the above formulation (3.1) to (3'6) is an

integer programming problem with cardinality, monotonicity and integrality

constraints. The optimization problem is to find the sequence z=s,,.sr,...,s,, that

minimizes one of the objectives (3.1) or (3.2) underthe constraints (3.3) to (3'6).

Hereafter, we use MDJIT and SDJIT for maximum deviation and sum deviation

J/Z sequencing objectives respectively. Several scientists have studied above

problems via different angles with little-varied objective functions, which are

discussed in Section 4 . The mathematical formulation of multi-level is beyond of

this paper.

3.2 Discrete Apportionment Problem

Assume that there are s states (or parties) indexed i =1,2,...,s , which are to receive

representatives (or seats) from the house ofsize ft. Suppose that the state i has a

population p, Mdthe total population is l",a=o.The 
fundamental problem is

to apportion oih integer seats to state i, under the constraints |,]=r.o,o=o

anda,1,ez* . Anideal apportionment is assumed to satis$ the equation 3=9[ tor

all states, which gives a,, = *,called ideal quota or fair share for state i denoted
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'.. -;.. rot necessarily integer. Since only the integral o,o 
"unbe 

assigned to any

.:"1e. the crucial point is how to handle this problem fairly. One immediate idea is
' :,,tt'ing: for each state, ideal apportionment should either be rounded down to
::j next lower integer or rounded up to the next higher integer; but should never
':rceed these bounds.

. .. :his point, Balinski and Young [6] used the following concept (see [58]): The

..:e:l apportionment 
# it called exact quota denoted by q,o. The largest integer

::s tiran or equal to r7,,, is called the lower quota /,;the smallest integer greater

:.r-:r or equal to q,o is called the upper quota u, . An apportionment is said to

'..::sti lower quota if it never gives a state less than its lower quota of seats, i.e., if
'- ,.'.. for all I ; to satisfy upper cluota if it never gives a state more than its upper

*..rrt& of seats, i.e., if a,6 < u, for all l; and to satisfu quoto if it does both. i.e., if
': .t ,, ! u, for all I . This is known as quota condition.

4. SOME "r1? SBQUENCING APPROACHES

{. I Heurist ic Frontiers

. ::e heuristic approaches provide comparatively good solutions, not necessarily

:r:mal. Some of the mixed-model sequencing heuristics are developed by
-:-:ic'mic research scientists, while others are emerging as a result of practical

-::iications. A complex heuristic for selecting the production sequence when the
-icctive is to minimize the chance of stopping the line due to overloading
:.:ir idual stations is proposed in [5a]. Monden [52] developed the two greedy
-:::ristics at Toyota, which he referred as goal chasing methods: GCM I and GCM
. see t35l ). The heuristics GCM I and GCM II, designed with product level and

'..:-assembly level, constructed a sequence filling one position at a time from first
-. ': to the last one, considering the variability at the sub-assembly level. In
- :roarison of GCM I, the GCM 11 represented a decrease in computational time,
- :ce the sum is formed only on the components of a given product [62].
: "'rever. the comparative research in [62] and in [63] showed that GCM I

.,':.ormed better than GCM 11 when compared on the basis of maintaining a

" :'.>iant usa-qe of component parts. These heuristics has been found to yield very
- '.: results in the Toyota [34]. Hyundai's heuristic (HII) used an alternative way,

..r:r \\'as developed to approximate the result given by GCM /while reducing
. ':-:s of computation. Duplaga and tsragg [26] concluded that the reduction in
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computational effort related to HH may be significant in situations similar to

automobile assembly where many options and choices are available for final

product configurations. GCM 1is advanced to the extended GCM to consider all

levels in a multi-level production system [51] and introduced another polynomial

heuristic to reduce the myopic nature of the previous heuristic. Moreover, the

myopic nature of the GCM / has been reduced and an exact procedure based on

the bounded dynamic programming is developed in [9].

Miltenburg [48] suggested the squared and absolute SDJIT sequencing objectives
to be minimized as:

( r . r )

(4 .2 )

a j  l  r r

. ' r :

square deviation:

absolute deviation: "r" (*) =I =, I l-,1,,0 - r,,,1

He proposed three algorithms and two heuristics with their mutual assimilation to

solve the problem. The first algorithm finds the nearest integer point to x,o, the

second algorithm solves squared deviation problem (using first algorithm) testing

the feasibility of the schedule, and the third algorithm determines whether the

schedule is feasible. The first heuristic is used with third algorithm to calculate an

entire schedule for the mixed-model JIT production s),stem considering the

product rates, not the parts usage rates. It is one-stage m1'opic heuristic doing one

calculation for each product and then making a selection n'ith complexity o(no)

for each stage. But it does not consider the effect of its current decision on the

variation in future stages. Due to the myopic nature of the first heuristic,

Miltenburg further developed the two-stage second heuristic with the

complexity o(,zo)for each stage, which together with the third algorithm

approximates the variability over the two stages and schedules in such a way that

this variability is as small as possible.

A good heuristic is a simple heuristic with good average performance and

reasonable time complexity. The analysis of the heuristics in [25, 62] showed that

Miltenburg's second heuristic (with third algorithm) is of the highest quality

heuristic. Due to the large size of the products n and their units o, the impression

of Miltenburg's heuristics is not so effective. The various heuristics utilizing

large-size problems and representing realistic situations are compared in [26] and

examined relative performance of those mixed-model sequencing heuristics based

on their ability to develop a sequence for final assembly which smoothes out the

"lrf ;
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:f,te of use of each component part feeding the assembly line. Inman and Bulfin
--r 

ll proposed the min-sum squared sequencing objective

"f (v) =I 
-, Zor-rtr,r 

- tit )2 (4  3 )

:.' 
're 

minimized and developed a pseudo polynomial heuristic with complexity
, ' ,:D ) by defining ideal time r,o and needed time y,o of production of each product

'.i::h an efficient EDD rule. They reduced the problem into single-machine
'::eduling with due date r,*. The heuristic yielded better solutions and considered

,':rputationally faster than Miltenburg's heuristics. Ding and Cheng [24,25]

=.,i e a simple two-stage algorithm with complexity o(no) which minimizes the

:::Iion of the two stages and produces a good solution. Miltenburg's third

=.'ritlrrn with second heuristic and Ding and Cheng's heuristic work in

,.:-r:-ntial manner and make use of special structure of the PRI'problem.
'-.::.ichrast et al. [63] constructed the time spread (Z^$ heuristic employing similar

,':lure as GCM 1.with function in which time required to assemble products

- :rnlied. They compared different methods through simulation analysis and

..: : that IS and Miltenburg's third algorithm with second heuristic >^eem to be

. -,::re. Groeflin et al. [28] developed a local search heuristic attempting to

.::- the order of assembly of a pair of products providing near-optimal sequence

: :r-.rlistic-size problems in a reasonable time. The problem with bi-criterion
-:; ' . ive functions of part usage and setup t ime is studied in [9, 43,46,47J,

.,:' r'alues are inversely correlated; viz., maximization of feasibility and

:..:rtzation of setup time is simultaneously desired. This is achieved by using

- , search heuristics, such as tabu search, simulated annealing, genetic

- :::irni. ant colony optimization, beam search, artificial neural network etc.
, :.:.:rir'. the extensive study of objective for parts usage and workload using

, .: :srics can be found in[32,45, 50, 63].

{.1 Perfect Matching Approach for MDJIT

.'f sequencing problem was introduced and studied in the context of JIT car
- i-::.,rn systems [52], where the processor represents a mixed-model assembly
"-' .r:l the d,'rare the quantity of each type of car to be produced. Steiner and

. rir.r : [59] proposed MDJIT problem in absolute form

S (x) = m in *, ,X* lx1, 
-  kr i l
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to be minimized subject to the constraints (3.3) to (:.0) and solved this problem by

reducing to an order preserving perfect matching problem via single machine

scheduling release date/due date decision problem in a bipartite graph. In a graph,

a matching is a subset of edges such that no two edges are incident to the same

node and a perfect matching is incident to every vertex. A graph is bipartite if and

only if it has no circuit of odd length [56]. For a given bounda,the earliest starting

time r(;,;) and the latest starting times t(i,i) are respectively given by unique

in tege rs  such tha t  (+ ) f r -B ) -1<  t ( i , i ) .  ( r ) t r -  a ;  and

(;)rf;- r)+ Bl - |  < L(i,r)< (;)rf ;- r)+ Bl which can be computed for each copy of

each product in a one pass procedure with time complexity o(D) ' where

i =1,2,..., n; j =1,2,..., d, . Hereafter, the 7d copy of product r is denoted by the pair

( i , j ) .

The release date /due date decision problem may be represented as a perfect

matching problem which is constructed in d L', - convex bipartite graph

6=(4vr , E') where v, = |i0. r. ..., o - r) is the starting time,

v ,  =  { { i , i \ : i  =1 ,2 , . . . , n ; i  =1 , r , . . . , d , } ,  i . e . ,  v ,  co r responds  to  the  cop ies  o f  each

product ,  and t '  =  
{ ( r , ( i , i ) ) : t  e  I t ( , . ; ) .  r ( i . i ) ]s , ' r ] .The graphcis  sa id to  be

I / r - convex  g raph  i f  ( i , i ) , ( f , i ) eEw i th i ckeV ,  imp l i es tha t  ( / , 7 )eE fo r i< l<k 'To

find a feasible sequence in the release date/due date decision problem is similar as

to find a perfect matching in bipartite graph c , with additional property that

lower numbered copies of product are always matched to earlier starting times

than higher numbered copies. This type of matching is called as order preserving

matching [59].

Theorem 4.1 The objective (+.+) has a feasible solution if and only if the graph c

has a perfect matching.

Among various forms of EDD algorithm (e.g.. Hodgson and Moore 1968,

Frederickson 1983, Derigs et al. 1984), a modified version of Glover's

(1967)o(ltl) EDD algorithm in 4-convex bipartite graph 6=(v,wvr,r') found an

order preserving perfect matching for n<r. Using a certain bound obtained via

bisection search in the interval [l-r**, r], this rule obtained an optimal sequence

of o units of n products in o (o tog o ) time [2 1 ]. In fact. Steiner and Yeomans [59]

explained the algorithm giving two deficiency cases of stoppage of the algorithm

- : \  f

f Lcor

! t  - - - .

l ! : . . r r



JUST-rN-TrME SEQUENCTNG . . .

.:. :ase of too few and too many products for the available time. That is, they
- :..-iuded that the EDD algoithm can stop at time rco-r for one of the two
-*i3S. Defining the lower bound r-1* for target value4 they proved the
: ....ri'ing theorem to find a perfect matching:

J heorem 4.2 For the release date / due date decision problem with the
-.':.-live 

(t.+), an upper bound is the target value of a=r.

.:- ' : :ns t,={r,2,.. . ,o},Brauner and crama [15] redefined the earl iest and the latest

:: : i :ng t imes respectively as E(i, i)=[#' l  andrl i ,  jr=lt#+r]. Using Hall 's

" ::.:ition to the convex bipartite graph associated with the objective(44), they

:; the following theorem:

i  hcrr rem 4.3 For  a l l  k , ,kre l t ,z , . . . ,D)  wi th  k t<k2,  the object ive @.$ wi th  B < I

-  - ,  =as ib le  so lur ion i f  and only  i f  , f ' l ,max(O, lk  r ,+B)- l&, - t ) r , -Bf )>kr-k ,+ l

.  f " , rnax(0,  lk r r , -B l -L( f t ,  - t ) r ,+BJ)< kr_k,+1.

,. :::nlrer characterized the several algebraic properties of the problern with
-'-.: rrriented lemmas and conjectures. They proved that the MDJIT problem
- - :s in Co-NP. For fixed n, they concluded that the optimization version of the

.' --em can be reduced to integer linear programming with o(n) variables, in
- --.-:rlar. the minimum value of B for the feasibility of the problem can be
. '.::ted in time polynomial in o(log D). From the point of quota apportionment

-:^.'1. rvhich can be described as a version of the EDD algorithm applied with
. - ',:ird B : 1, Brauner and Crama [15] obtained slightly stronger bounds:

I hcrrrem {.4 If  Li = 
e"fr,.D) , i  

=1,... ,n, then optimal value B* of MDJIT problem

- I satisfies the inequaliryriL?-J s a' <t-],.

, : = m,n 
T.?^ 

,,ilxit - kr,lcan also be reduced to the perfect matching problem

: ' :1]. 1-he t6.i1and thete,j)for this problem are computed as the unique

. -J:s si' : 'n by a1i.r,= 
[+#l 

and 44i1= Lo#:Z. rJ. fne heavy weightage for
- " --.ar copies of a product restricts the time window loti,il, L(i,il1 and

---,:S3S the separation of consecutive copies of that product in the production

[ 4 1 ]
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sequence. For the optimal value of the problem g,(.r). the upper and lower bounds

are computed as mar,{w,}and min,w,(l-r,) respectively [21].

4.2.1 Prqblem with Sma.ll Deviations

Some conjectures are observed in [5] for the instances of MDJIT with a- <] and

all instances are identified with small deviation. i.e.. vvith B'<lrorn<6. An

instance of the problem (44) with demands dt.d.. ..d,, is called standard if

4 3 dz <... < d,, and gcd(dr,... .dn, D) = | .

Small deviation conjecture (SDQ: tl5] Forn > 3 . a standard instance

(d1,d2,... ,d,,)of the MDJIT problem (+.+) has optimal value 6. =ri) '  ,r .r i f  and

o n l y i f  d y = 2 i - t ,  i  = 1 , 2 , . . . , n .

The small deviation approach is further characterized via the concept of balanced

words [15]. Induction on n is used to show that a periodic. svmmetric and

balanced word wi thr tKrz l . . .<rn,n>3,  ex is ts  i f  and onl f  i f  , ,=#.  which is

known as Fraenkel's conjecture for symmetric case [65]. For any' sequence z with

maximum deviationr", Jost [32] proved that any infinite periodic word with

period z is I- balanced, 2-balanced, ffid 3-balanced on each product i, if

Br.I,8-<f, anrlB*.1, respectively. I t  is observed in [22] that the sequences with

bounds l,],tare properly contained in the sets of 1-, 2- and J- balanced words

respectively. Furthermore, [21] observed that there is no instance (c/,,dt,...,d,,)

with n >of the MDJIT problem that has a feasible solution w'ith a. < ].

According to il5], the validity of SDC is 3<n<6. r,r,hereas Kubiak [40] proved

SDC for any n > 3 by showing that if a' < { , then all copies of all products must be

sequenced in their ideal posit i""r 
[+l 

for copyTof product i  ( j  =r,2,.. . ,4). His

geometric approach relied on the ideal positions and on svmmetry of regular

product polygons inscribed in a circle of circumference o such that each polygon

corresponds to a different product having d, corners (the number 
ffis 

referred

as the ideal corner of copy,r ) for product t 
" l+l 

points on the perimeter of the

circle. He proved for n=2 that there are infinitely many instances with optimal

value less than j in the following theorem.

: g : f , f , : 3

; r  t ,  ,  - !

- t _ - r
, , " " - +  i _ .
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Tlcorem 4.5 For n = 2, theoptimal value of the MDJIT objective (+.+; is less than

{ if and only if one of the demands dror dris even and the other is odd.

Kubiak further presented a complete characterization of instances with small
&r'iations (i.e., Iess than |) for two products,'and consdquently characterized the
instances with small deviations for any number of products. Finally, he exploited
thcse results to prove special cases of the well known Fraenkal's conj,ectwe.

fJJ Problem with two Products

Brauner and crama [15] studied the MDJIT problem with two products (tt=2)
nith ideal production rates r, and rr=t-tt, formulating the problem to find a
I' D matrix x =(x,t) that minimizes

,!l%(l''- 
- 4l, l** - brl) (4.s)

sbject to

x11, * x2p = k, k = 7, 2, . . . ,  D

x i ( * * t1<x i *  i =1 ,2 ;  k  =2 ,3 , . . . ,D

x i o = 0 ,  x i p = d 1 ,  i = l r 2

x i p  €  Z n ,  i = 1 , 2 :  k = 1 , 2 , . . . , D

Tbc optimal solution of this problem is obtained and computed in polynomial time
rs follows: A matrix Xdefined byx,o =[r4]and xzr,=k-lkrl,k=1,2,...,D is an
optimd solution of the two-product-typed MDJIT sequencing problem(+.s).

Coosequently, at every instant /c, this fact permits to determine efficiently which
poduct should be produced at time t. And the optimal value Bf is computed by

6e formulu , '=+l$j, where A= ,,? =, = ,2 .It is noteworthy.that theAL2J' gcd(d1,D) gcd(dt,D)' " '

atlr -r defined as above actually minimizes the deviatio n x,, - kr, for all k and, i .
So it is optimal for the MDJIT problem and the SDJIT problem as well, with any
Gmvex and symmetric penalty function F,.

|.3 Assignment Approach.for SDJIT
x$iak [37] and, Kubiqk and Sethi [38] reducedthe SDJIT objective (3.2) under
L given constraints therewith into an equivalent solvable assignment problem,
*ing r, as a unimodal convex symmetric penalty function satisfying4(0)= o and

I43l
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Fie)>o,y*0, i=1,2,...,n The core idea of the assignment algorithm is calculation

of ideal position and the assignment costs: The ideal position for eactr product i is

computed by the formula ti =l+1,'n=1,2,....., n and i =1,2,.'...',di' which is the

ceiling of the unique crossing point of (i,;) satisffingq(;-4) =r,(i-r-to';). Let

cj*>o be the cost of assigning (i,;) to the period t. This sequencing cost is

computed by the formula:

l>irr ' , ,  :  k.z ' i
c ; = j  0  ;  k = Z ' i

lz:::,;,/',, ; k, z';

where v ' i ,= l l i - tn l -1;- t - t i l l ,  and( i , ; )er-{( ; , ; ) i i=r ,2, . . . ,n; i=t ,2, . . ' ,d i l , l=r ,2," . ,D

Defining the production variabla xi,r = t , if (i,;) is assigned to period k and 0, if

otherwise, Kubiak and Sethi [38] obtained the following result:

Theorem 4.6 An optimal solution to minimize SDJIT objective

the constraints (s.r) to (3.6), can be obtained from any optimal

assignment problem:

r:,t 

"',,'llr"o,"rZli,'ll'"r= r' & = t'2" D

l ! - r r '1 t  
= t ,  ( i ,  i )e  t

x t i t  =  0  a r  l ,  k  =1 ,2 , . . . . . ,D ,  ( i , i ) e  t

minimize

subject to

(r.z) subject to

solution of the

(+.e )

(4 .7 )

(a.s)

(r .s )
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The feasibility and the optimality of this problem are subsequently proved in [38].

The assignment problem is efficiently solvable; viz. the problem with zo nodes

can be solved in o(o3) time [55]. Moreover, there are p2 values rzjT to calculate

and then d values cik to calculate, each taking qD) steps, which shows that the

computation of the assignment costs takes O@3)steps, Balas et aI.l2l developed a

parallel algorithm which can efficiently solve assignment problems with 900

million variables.

It is proved in [22] that the assignment problem cannot be solved at optimality

only under the constraints (4.7) to (4.9), however needs another constraint, not of
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jj-iicnment type: rf (i,i, tc) and (i, j" k') are feasible schedules with k <k,,

:-"-i:r.r . j',i.e.,lower indices copies are produced earlier, which imposes an order
: copies of a product. This constraint is essential as it ties up the copy 7 of a

::rrduct with the i'h ideal position for the product. Looking on the efficiency, the
':ier of the copies can be reordered for the optimality and the latter copies can be
::..duced earlier in the production sequence. The approach proposed in [37, 3g]
: : .SDJIT is applicable to any tp-notm; and in particular to /-- norm minimizing

";).JIT 
objective [22]. Some structural properties of the min-sum pRV problem

::: described in [1].

-t.-r.l Problem with Cyclic Sequences

-:e optimal JIT sequences for min-sum problem are cyclic [40] which is a
:-::c'ring idea having potential to reduce the computational effort in constructing
:::mal sequences. It is proved that if B is an optimal sequence for the instance

:- -d,, then concatenation p"' of m copies of B is an optimal sequence for
-.: iJ.f lce md1,md,,.. . ,rd,,.  The even instances of the form 2ar,2d.,.. . .2ct, for some

: s:tive integers d1,d2,...,d,, are considered with feasible sequences of length

- -' ',i'here o = 
| i=,a, 

. The three operations folding, shuffling and unfolding are

-'-'i to prove the existence of optimal cyclic sequences rather than to determine
-::nal sequences. The optimal sequence to the original problem can be obtained
' :he three steps (i)by calculating the greatest common divisor mof d,.dr....,d,,

:\ using the algorithm in Kubiak and Sethi [38] to obtain an optimal sequence

: 
: + 

,* and (;ii)by concatenating the sequen ce m times to construct an

-:.: :ral sequence for the original demands d1,d.,. . . . ,d,,.

I  hcorem 4.7 (Existence of cycl ic sequence) If  z=s1,. i2,.. . ,rp.,s D+1,...1s2p is a

-  - -  : ie  sequence for  2ar ,2d1, . . . ,2d, , ,  then a sequence z '= z1,22, . . . ,zp.Zpay; . . . ,22p,
';rr' r occurs exactly d, times in each of the two halves 21.21,...,211 and

. r. p , cdrr be constructed s. t. .Z^in(:') < Z,nin (;) .

I hrrrrem 4.8 (optimality of cyclic sequence) If B is an optimal sequence for
- '.r lth the integer demands dr,dz.. ,4, , then fo' (^>t; is optimal sequence with

-  . : : - - : rndS mdr ,n td . . . . . , f f id , ,

[45]
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For furttrer knowledge of cyclical property, we refer to [11; 40, 61].

4.4 Dynamic Programming ApProach

A dynamic programming (DP) procedure to determine the optimal JIT ptoduction

schedule for single-level mi6-sum problem is presented in [49], considering usage

and loading goals simultaneously. The usage goal maintains a constant rate of

usages of ail items in the system whereas the second goal smooth the work load

on the final assembly process to reduce the chance of the production delays and

stoppages by balancing the products having long production times with the

products having relatiyefy short pro{uction times.

The DP formulation: Taking the notations as in Section 3.1, we let r, be the time

required to produce one unit of product iand define usage and loading

variabilities at stage kby ur=l',1**-fr,;12 atld I+=l',',=,,i1',t-ra12. Itr this case, the

joint problem is to seek integer .r,r minimizing the objectiv 
" to=r'*''o*a1r4t 

urldsr

constraints (3.3) to(3.5), whele a, anda,.are relative weights for usage and

loading goals. If a, =t, d! 0, then the problem converts into the usage problem. '

If a,, --0, dt=l, then the problem converts to the loading problem. If vo is joint

variability at stage/c, we have

,o=o.L',-r(x1p-kr, lz *o,.1', ' ,=rr, '{xp-kr)2 =ln-r{ou +a1.r,271t,1 -b,)2 =Z',.r ' ," ' ,0-kr)2 '

where r,2 =otr+ap;z. Here, 4 is refened as the implied production time for product

i. Hence, the SDJIT objective function to be minimized can be restated as

.  s r D  s r a  1  -  . a
mmlmlze 

L oo/ =rT1"@i.p'k4)"
(4. I o)

The DP procedure: Let the demand vector be d=(d1,d2,...,d,') and the product

vector be ,Y = (x1, s2,..., x,) in which each x, is a non negative integer representing

the production of exactly x, units of product i, xi3d1,Yi.Let e, be unit vedtol with

n enties, all of which are zero except a single one in l'position. Products

inX can be produced in first & periods if * = lxl= I *,', 
Let 7(x) be minimal total

variation of any schedule where the products in x are produced during the first

frstages and let *trl=I*,1211-krfl2. Then the following DP recursion process

holds for y1x1:
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" r  ( x )  =  f  ( 4 . x r . . . ' . x , )=  m in { / ( x  -  e , )+  g (x ) : r  =  1 , . . . . n ;  x ,  - l  >  0 }

f  ( x ) =  - f  ( x  : r i  =  0 ;  I  =  1 , . . . , n ) =  f ( 0 , 0 , . . . , 0 ) =  o .

L.earlr', .f (x)>0 andg(x:.x, =0; i=1,...,n)=0. The following theorern states the time

::i the space complexities of the above procedure (see [49] for the proof).

Theorem 4.9 The Dp recursion solves (4.r0) in ,[ ,11r,tr, . ' t)  t ime and

. \
I l  _,(r '+r) j  space.

' /

'.':re 
that total number of feasible schedule k 

^#^, 
which is considerably

-:JCr than the number of stages in the Dp recursion. Moreover,

- f l  - ,  -  ss (d t l t - . . - : 32 : ' l ' - f  D* , ' ) ' .
r r  \  n  /  t  n  )

^.:s. the growth rate of the number of sets is polynomial ino, although it is

il.:onential with n. This indicates that the DP procedure is effective for small
'3\en with largepand hence it,significantly reduces the space complexity. The
::rnization process that run in polynomial time in D for all products, produced
:: a given time horizon is presented for two instances of the single-level

- -  : iem [49] .
': DP procedure for general multi-level problem is developed in [39], which is

" rolvnomial in Dt and consequently, seems to be effective for small number
:- :roducts n1 evefi when the total product demand Di is large. During the

-'::-neration process, an excessive amount of time or space is reduced by using
' ::e fast heuristic as a filter which eliminates any states from DP 

's 
state space

:.-.:: u'ould lead to no optimality. Two myopic heuristics to generate the filter are
-:.'rosed in [39]. If the heuristics yield near-optimal sequences, then the state
.:::e size can be reduced.

5. METHODS OF APPORTIONMENT

i,I Largest Reminder Method

:.:s is the simplest method of apportionment proposed by A. Hamilton (known as
-::rod of Hamilton), used to apportion the House of Representatives in USA
- : 1850 to 1900 under the name of Vinton method of 1850. Computing the fair
':-i:e q,h, each state is given its lower quota of seats [q*)). Then the states are

[47]
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listed in order beginning with the state having the largest fractional remaindsr

(q,n-t,\ and contin,ring ol down to the state with the smallest such rernainder' The

remaining seats are then assigned one each to the states ranking with the highest

fractional part on the list, titt ttre house is full' It is somehow based on quota

system. Its mathematical model is: minimize l'--r(o,o-q,n)' 
s't' l'-,a'n=l 

and

ai1,2t. Clearl.y-, it is a constrainrEd integer programming pnoblem seeking for

integer al,locstioms @,hffiid eile se\rcr IESS &rm 'urilty and staying as close as

possible to fair:shares g,r.. i$,mdfiton'ohserved at absolu'te deviation' whose gtobat

min-maxprwertyis:minmaxla,,l-qi6l 'ThismethodissummarizEdasfollows:

Algorithm 5. l (The Laryest Renninder Algorithm):

Stepl .Conrptr teain=|f , , theideal( f rant ional)valuethatgivesperfect

proPortionalitY.

Step 2. Set 4 = q,, -lQinl, the fractional remainder of qin'

Stef f . Assign o,1, =lQ,tl, for i =1,2, ': ' ,n

Step 4. Let n=h-Z',=ra,5, ba the number of seats that remain to be

allocated' 
)re seat to states/parties having the rargest

Step 5. If R>o"assign one m(

fractional remainders r, '

This method satisfies quota'rule, however suffers Alabama' population and new

states paradoxes. To avoid these shortcomings and motivated by the need for

house-monotone methods, Huntington Szs, {ol developed the divisor methods

(section 5.3). env monotone solution can ue chwacteized by identifying the

sequence in whictt,the states successively gain seats as the house size n increases'

The divisor-based methods, known as the methods of highest averages' vary

according to the form of divisors'

5.2 Quota Method .. E .

BalinskiandYoung[6]provedthatthereisnodivisormethodthatsatisfiesquota;

only the method ;iht smallest divisor satisfies upper quota (ceiling of exact

representation) and only the method of the largest divisors satisfies lower quota

(floor of exact representation)' As a refinement of the Huntington methods, they

devised Quota method of apportionment, which avoids both the Alabama paradox

-Qrpr l
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r:i Quota paradox. Instead of comparing all the states in the minimization of
'.-..''rtchangedness; only sf,ates that are eligible to receive a seat or to lose a seat are
- :-qidered. Eligibility means that they wonrt exceed upper quota or won't go
-:.rn'lower quota upon receiving or loosing a seat. However, this method is
-.-,-ied favoring large states, since Jefferson's method is used to compare the
:r:is. To avoid this flaw, in the uniqueness proof for their method, Balinski and
: -:ns proved that Quota method is the only method which satisfies three
-i j rirements: satisfying quota, house monotonicity and mathentatical consistency.
' 
1 .re precisely,

lheorem 5.1 The quota method is the unique apportionment method which is
- --ie monotone, consistent and satisfies quota.

-': .\,t (p,h) be set of apportionment methods. If 7 e a(p;n\, and

:.it)=q andif q,(p,i)denotes the quota of state i,then the state iis eligible at

- .  f o r i t s  (a+ t ) ' '  sea t  i f  a ,<q , (n ,h+ t )= ry .

' : : :ning el igible set as E(a,h+t)={ies:i  isel igible for ai+1ar h+t\, the quota

. - ' : i rhm is:

\lsorithm 5.2 (The Quota Algorithm):

Step l.  Start with 7(p, 0) = 0, that is, a, =0, i  =t,2,.. . ,s

Step 2. Find a state I e E(a,h+t)such that 
ih 

= 
,.q?,f.rfh

Then I  (p , ,h+1)-  a ,+ l  foronesuch r  andf  (n , ,n+t)= a j  for  j  * t

Step 3. Repeat step 2 until all seats are allocated.
-.:r3rmore, a class of new apportionment methods (including Quota method) is
::.'l in [58] that are also house monotone and satisfy quota. The first

-,:;:leriStic of this method is that all of them are defined recursively as follows:
' :' trivial case of a house of size 0, all states are assigned 0 seats. At all larger
-': sizes, the apportionment is the same as at the next lower house size, but

:l:e additional seat assigned to one of the states according to specified rules.
' r:-cuential procedure assures house monotonicity. The second characteristic
'-' -rse of eligibility set: a set of those states which are eligible to receive the

-:.: , ;ral seat, denoted byE(iz), where & is house size. The el igibi l i ty set r(t)at

. r'use size t' > o consists of all states i that satisfy the two tests- The upper
-: ::s/. state i satisfies upper quota test, if a,(n-\. 

",(h), 
where z, is the upper
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quota. The llouw t(luaotta ,ellf; il,Et ,q be th€ house sizp, atufiich state i first becomes

entitled to ro.bffiin dhe mext M, ri-€_ ft; is the mallest *::. rtr. o, 
_, 

o 
.ut 

wtrich the

lower quotaof stare tis grea,&er,orqual tu t(r-,; or 4 = 
| +I:=,t, I

Foreach,housesize g htheinterval *tls<lr,define s,(g'i)=a4n-r+t (thenurnber

of seats that state i has in a house of si.ze ft before an dditional seat is assigned

+1); for j*i, s,(s,i)= max{a,(r=l), lu(,40" If S€fe is no house size g , h<g3h:,

for which I.,", (g,i) t s , then state ; satisfies the lower quota test' The eligibility

set t(lr) consists of all states which may receive the available seat without causing

a violation of quota either at hot any larger house size'

That is, E(h)={/e state: irA state passes the upper and the lower quota tests}'

still [58] proved that the eligibility set E(1,)contains at least one state' for&>0;

and atl apportionment methods in the class are house monotone and satisff quota'

The states from f(lr)can be chosen in various ways' for example (i)by using

ranking functions (population, land area, alphabetical order, percent of minorities

or women in population etc), (ii)by using random selection, (iii)by using quota-

divisor methods,which are based on divisor methods. The only difference is that

the states in quota divisor methods must be from r(l) ' This algorithm is defined

as fotlows [33]:

(i) u(p,0)=0, (i i) If aeM(e,h) and t, ieE(h) satisfies 
h=^fff i

Then a eM(n,a+r) with bt = ot +1 for i=t  ef ld b =ai for i+t '

It is really difficult to find a perfect apportionment method meeting all the desired

requiremlnts. Even the quota methods for congtessional apportionment are non-

unique [aa]. In this regard, Balins\i and Young [8] established the following

famous ImpossibilitY Theorem:

Theorem 5.2 There are no perfect apportionment methods' Moreover' it is

impossible for an apportionment method to be population monotone and stay

wiifrin the quota at tile same time for any reasonable instance of the problem

( s > - 4  a n d h > s + 3 ) .
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5.3 Divisor Methods

Ihe divisor methods comprise a family of monotone methods involving a notion
::',ounding, each of which is defined by a monotone increasing divisor function
j r such that a<d.(a)<a+1. Huntington [30] made the systematic study of divisor

:.e:hods based upon the rank-index ,(p,d=h,d(a)+o and thefairness meosure

-:, 
+, 

minimizing pairwise measures of inequity between two states iandi

.-. 8].where p and a represent the population and the apportionment vectors.

lhe state achieving maximum of Ttd gains thelh+l),h seat. For given n. Iet f,

:lJ - represent the average district sizes and the share of representatives

:rslectively of state i, and an apportionment method ,vr is said to be house

ritrlrotor€ if for everv apportionment solution f e,V. we have f(p.n)<J'(p.h+t).

,'::cticallv, there always exists a certain inequality between two states. which

- '. es one of the states a slight advantage over the other. The state i is better off
' . : , : :r Stcte i ,  i f  : t ' ,  

t .An 
apport ionment ais stable i f  no transfer of one seat

:: n a better off state ito a less well off state/ reduces the value of the

.:.equality. The local measures of inequalities can be rearranged by cross-

::'.:ltiplication in 2a =t6 different ways by taking different combinations of

: : .a,o, [81. The a(a) and the rank-indices are not unique (see Table 5.1).

.: a tie occurs between states with unequal populations (extremely unlikely),
ii,.:tington suggested that it should be broken in favor of the larger state. His
-::roach made remarkable use of pairwise comparison of local measures of
:.:.:uitv to be minimized between two states iandi, which are not unique as

l. Adam's Method: absolute representative surplus --, 
",-r,(+)'  ' \ p ,  

)

:. Dern's Method: absolute difference in average district sizes --* l+-+l
l u '  

u t  
I

-:. Hill's Methocl: relative differences in both district sizes and shares of a

reprcsentar ive *  l : ' -  + l  /^ , " (+.+)  and ly-  + l  
/  (  o '  a '  )

l a l  o i  
l l  \  o ,  o i  )  l p ,  o , - l /  

^ t " l  

" '  
, ,  )
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Method: absolute difference in shares of a representative

Jeffersoq's Method: absolute representative deficiency -

Table 5.1 The best known Divisor methods

Methods Alternative
names

When used Divisor

d(o)

Rank-index

r(p, q)
Pairwise

comparison

-t, > :J-
Pi  P1

Adams
(A)

Smallest
divisors

p
A, -a ; (L \,  t  . p j .

Dean
(D)

Harmonic
means

za(a+t)

2a+ l

P
2 q l a - 1 ,

2 u  + l

L_ p,
a.i ai

Hin
(H)

Equal
proportion

I 940 - date J{;;n p

v r a  ( d -  l )

a , P  t  I- -  |
a  i P i

Webster
(w)

Major
fractions

1 8 4 0 , 1 9 1 0 ,
l  930

a + + p

a*+
a i  

_  
a . i

D .  D ,

Jefferson
(r)

Largest
divisors

r792-1830 a+1 P

a + l oitll-oi

Fluntington L29,30I showed that method of equal proportion (MEP) is the best of

the five divisor methods. since it relies on the most natural measure of inequality,

the relative difference. He was supported by two selection committees which

reported to the president of the National Academy of Sciences in 1929 [i3] and in

1948 [53]. Both of these reports pleaded for MEP because it is unambiguous and

house monotone yielding apportionments that are neutral with respect to emphasis

on larger and smaller states. Moreover, MEP is consistent: If (n,") and (p',a') are

tied (two states having equal populationsp= p'), then any method vshould be

indffirent between such states. That is, for Sorll€ p, h, f;(p,h)= a, znd fi\,h)= o' ,

if a solution /evgives the (t'+t)'h seat to state i, then there should be an

alternative solution seM,identical withlup to h (i.e., en=fn) that gives the

(n+\'hseat to stateT. Any method having this property is called consistent.

Moreover, consistency means if (p,a)- (p', o'), then any two states with

populations p, p' and apportionments d, e' equally deserve a seat. Divisor

method based on r(p,a) is

(  p , \
a i l  *  l -  a  i  .' \ P , )

I

rh
Jd

h
Gl

n -
Gr
erD.

-il. I

-rnr

flrt

rylr

hr*
i l ;

|  . {

b r

. 0 t - ,

r l

h t

ffi

s
F:ur
1 n

Fril
*

E l L r
[n

*

*

rL
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u(p,n)={" .0 ' I* ,  d i=h.  mu.r(p, .a,)=Tl t  rQ,." , - ) l  (5.1)

Theorem 5.3 t7] An apportionment method * it uhouse rnonoton. and consistent

if and only if it is a Huntington method.

Huntington [30] examined 64 different measures of local inequity considering

different combinations of pi,p,ei,a, between two states including 32 relative and

i2 absolute differences. All of the relative differences and two of the absolute

differences' lead to MEP. His noble approach is pairwise transfer of seats among

states according to the priority basis to balance the apportionment. A transfer is

made from the more favored state to less favored state if this reduces the inequity

measure between two states.

Theorem 5.4 Between two states i and i, the assignment (Al) a, +t and a, is better

assisnment than (A2) a, and a, + 1 if and oniy if + , -=L
vt-(,JD' ,l;,1";t)

Proot We prove the theorem when the state i is more favored in (Al) with

; -#>0and  the  s ta teT is  more  favo red  i n (A2)  w i th  f  
- j ; >0 .  Now ( l l )  i s  a

t'etter assignment than (A2) if and only if

p ,  l o ,  
-  p ,  f  ( a ,  + t \  p , (a ,  + t ) -  p ,n ,

- --------------it

p, l \o,  * t)  ppr

P , ( n , * t ) -  p , n ,

t53l

p .  o t -  p , l @ , + l )

p, , ' la, + l)

pl pi
9 - \ -

a , ( a ,  - l )  a , l a ,  + l )p ,ct,

are

be

J )

an

the

\ote that some inequality measures are unworkable" w'hich may lead to infinite

c'.cling of solutions, e. g.. 
,-+ 

ana \-{, where +=+ Keeping deep

::rsights to the traditional divisor methods. Oyama [55] gave ARPT (average ratio

lairw'ise transfer) rule, which implied larger stable region than Huntington's one.

He viewed the apportionment methods from the angle of constrained optimization

problem. restricting its application to the case when one state is over-represented

absolutely and the other under-represented absolutelv. that is. when 

", 
f;, i

i,:1. The main idea of divisor (rank-index) methods is:

.{lgorithm 5.3 (Rank-index Algorithm):

Stc-p l .  Start with f (p,0) = 0, that is, qi = 0. i  = 1,2-... .s

Step 2. Find a state t such that , (p,, a, ) = rl* , (p,, o,)

T h e n  a ,  = a t + l  a n d  a , = s  f o r  j + t
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Step 3. Repeat step 2 until all h seats are allocated

5.3.1 Parametric Divisor Methods
"  

l l

A parametric divisor method'denoted by|o,is a divisor method//based on.

d(a)=aa5,whele g<dsl. The divisor methods l, W, J ate parametric with

6=0,6=0.5,d=.1 r€ pectivety. Saint-Lague favored lA and d'Hondt favored,/.

Condorcet proposed slightly di-fferent parameter 6 : 0.4. We have proposed

d-0.7i[ Section 5.3.2. Being linear divisor functions, parametric'methods are

eomputationally very efficient. Moreover, they are cyclic generating cyclic JIT

sequences: for, two instances of the ,//7 sequencing Dt = dt, d2,..'.',dn and

Dz = kDt = kdr, kdz,....,,kiln,the Sequenc e for D, is obtained by ft repetitions of the

, sequence for problemD,.:Note that'as d increases from O to l, seats being

given-up by the smaller states in favor of the larger states [4].

Lemma 5.1 A pararnetric method /" gives-up to another parametric method 4p if

and.only i fa<F.

Thus parametric method /d is m'ost favorable to smaller states with d = 0 and

most favorable to larger states with a=1. The fundamental three properties of

parametric method are as follows. Anonymity: the solutions must depend only on

the values of the data, not on the order,in which the data is presented. Scale'
'invariancy: 

Q(p,h)=0(1p,h), for all A>0; Exactness: if Pis integer valued

andl ,pi= h, thgn pis the unique solution/(p,h)= p. A method p is balanced if

a eQ(p,h) and pi = p, imPlies la, 
- arl< t .

Lemma 5.2 Aconsistent, exaCt arid:anonymous method is balanced.

An apportionment method /, is cyclic, if aeQ(p,h),pinteger implies

, a+ p eQ(p, h+ pr), for an exatnple, Hamilton method is cyclic.

Theorem 5. 5 t4l A divisor method / is parametric if and only if it is cyclic.

There are infinitely many parametric divisor functions lying between a and

a + ! depending upon the value of ds. t. o<dst. We identify the two slightly

new divisors, to which we eall mean-based divisors.

5.3.2 Mean-based Divisor Methods

The two mean-based divisor (MBD) functions are computed from available five

divisors, both of which are based on arithmetic mean. The first divisor is
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-':' ' i;ated by the mean of all divisors whereas the second is calculated by the- :-:: of Webster's and Jefferson's divisors. The first divisor falls between Hill,s
:---.: \\.ebster's divisors, immediate right to Hill,s divisor capturing the properties
:. roth. Obviously the second one lies between Webster's and Jefferson,s

:.'. :-itrrs. The first divisor (MBDI) is computed as:
l t -

d ( u \ = l l o + 4 ! + -
5  L  t a + l

I  J - .  r  2 a ( a + l )= ; i  ) A  r ; r - ; ; ; *
) L
, r

_ I  I  
roa2+tea+z(ua+r)GGID+: l

5  |  
2 ( : a+ l )  

I

-  r  o l ,  +r  oo*z( :o+r  ) r /o(or  D*t
10 (2a -  t )

y ( a )
= 

, , i ; t  '  u 'here  Y ' (a )  =  16a:  +16u +  2(2a  +1; t [1 '  *  r ;  * :

- :":spcctive ranlc-index is ,(p.o)=##. The second divisor (MBD2) is

; . ' l ted as:

, to1=l fa* !+o- t ]=a* ] ,  and the respect ive rank_index is  , (p .a)=;k

-'-r:ir the second divisor is parametric, whereas the first is not. The actual
-':"ro1.l of our divisors among the existing five divisors can be sketched from the
. ii ing inclusion with the notations from Table 5.1 :

i ' r , ,poSi t iOn 5"1

. : : r c l u s i o n h o l d s t r u e  I  < D  < H  < M B D I < W  < M B D Z < J  ( 5 . 2 )  
.

' "s. our divisors are positioned in the neighborhood of Hill's and Webster,s
:sors' As Hill's and Webster's methods are considered to be mathematically. ' -::al with respect to ernphasis on larger and smaller states, near to ideal fraction. : ''onsistent, the proposed new divisors yield the better results in apportioning

" 
seats to states/parties. With this discussion, we establish the followins

_ :.J ll1 :

I heorem 5.6 The mean-based divisors MBD\ and MBD| generate the-: :'iou,rrents, which are near to ideal, consistent, monotone and neutral.
. ::ls settse' we claim that our divisors clearly point out the location of ideal- :,ionnrent, standing in the "middle" of the divisors of other methods, and so
-.' :re l,etter than others. Ijowever, we agree that time complexity of our
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methods is higher than other methods. The local measure of inequalities to be

minimized under these two new divisors is considered with relative difference as

given by Hill-Huntington" it is because the method yielding the smallest relative

difference is taken as the best method. Together with our divisors, we argue that

method of equal proportion is stable with the relative difference given by

,  = l+ -  T l / ^ i ^ t+  ! r  = o, t ,  a  
thu ;  u  i  ^  / /  \

|  * n *
r .  I U I  n  n

a ; P ,  r '  r l
(5  3 )

The ideal position is r = o, which is very rare in practical. Therefore. the measures

of inequality between two states can not be eliminated perfectly; and hence the

fundamental objective is to minimize the measures of inequality as far as possible

to reach the ideal position. To this point, we refer [64].

5.4 Other Approaches

There are other several methods of apportionment suggested by many

mathematical scientists and political theorists. The balanced method is proposed

in [57] to minimize the advantages of large states over small states. With the

earlier notations, the following formula is used to find the apportionment for

s t a r e i ,  u , = f f i . w h e r e  t = c f r *  4 . T h e e x a c t q u o t a  #  o f  s t a t e  i  i s m u l t i p l i e d

by a proportion that is somewhat bigger than one. The epsilon (O < s < t) is

balancing out the effect of truncation, but favoring large states. To reduce this

effect and to satisfy upper quota, there is another numberc', balancing that effect

and making sure that the results satisfy quota. This method satisfies quota and is

uniform for all states. However, it favors small states and admits the Alabama

paradox. Compared to other methocis, this provides a better alternative if one

wishes to give an adrzantage to smaller states and stay within quota' The

generalized apportionment problem (GAP). a more general formalization. is

studied in [12] and solvecl via optimization procedure of a very broad class of

discrepancy functions. In addition of presenting a synthesis of the classical

approaches to the apportionment, the generalized divisor methods (GDMs) are

defined, that optimized a family of general discrepancy functions for the GAP. A

method for determining which discrepancy functions are optimized by any given

GDM, is established in [2], including the classical divisor methods. The method

is applied to resolve the minsum problem. indicating a possible line of research

that the approach can be extended to the resolution of minmax problems.

:

. ' l t
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6. LINKAGEI JIT SEQUENCING VERSES APPORTIONMENT

5.1 Transformations of the fwo Problems

Esrablishing the relation between PRV problem and apportionment, Bautista et al.

[ 0] stated that the -Il7 sequencing problem can be seen as a constrained

scquential apportionment problem. The monotone condition of PRV problem is
equivalent to house monotonicity. They indicated that the algorithm of Inman and
Bulfin [31] is the Webster divisor method of apportionment. Balinski and Shahidi

i5J proposed a strong approach to JIT sequencing via axiomatics, which are
originally developed for the apportionment problem.

The axiomatic method of apportionment depends on some socially desirable
:haracteristics, such as satisfying quota, house and population monotonicity etc,
'.rhich must be satisfied for the solution of apportionment problem. However, the
:":possibility theorem of Balinski and Young put a limitation that there is no

:t:i,-'ct appoflionment method satisfying all properties. The PRV problem in terms

"'f parametric divisor methods is studied in t4l. J6zefowska et al. t33]
--:aracterized some of the algorithms of JIT sequencing via apportionment theory
riith suitable transformation of the problerns: Adding some sirnilar properties, we

rr3sent the notational interrelation of the two problems as follows 123,64]:

Table 6.1 JIT sequencing verses apportionment

Number of products n
Product i

Vector of demands d
Demand d, for product i

Position in sequence fr

Actual production x,,

Ideal production k4

Total  demand o=f 
'  

a,
Lr i=l

Monotone condition in JIT e house monotone in apportionment

TJrus. the two problelns can be seen from the same window and handled in similar
*avs in most of the instances, such as the parametric divisor methods of
33tortionment generate cyclic just-intime sequences, The further algorithmic
:haractertzations and joint approaches are discussed in the following sections.

<3 number of states s
<> state i
<) vector ofpopulations p

<+ population p, of state i

<t size ofhouse ft

<t oih to state i, for house size h

<> exact quota qih

<+ totalpopulation o=Il .o,
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6.2 Algorithmic Characterization of the two Problems

It is observed in [10] that Inman-Bulfin (18) algorithm [31] to minimize the sum

deviation objective (+.:) is equivalent to Webster divisor method. The optimal

value iS fqund by applying EDD rule taking r* as due dates, and reducing into

single machine scheduling problem. In IB algorithm, the units are sequenced

according to the increasing order of the values T ana in Webster method, the

rank-index is2_. Thus both procedures are equivalent and so Webster method

optimizes (4.3) with due dates t,r,, =T.

Steiner and Yeomans [59, 60] proposed a graph theoretic polynomial time

algorithm (say, Sf algorithm) to minimize the MDJIT problem (+.+) with the

targeted bound a. based on the following theorem:

Theorem 6.1 A ,./12 sequence with minmarlx,r -*).t exists iff there exists a

sequence that associates the part (i.;) in the intervalIr(,,;), t(t.i)7, where

.  T  " l  .  |  ,  ,  |  . r  r .  .  r  ^ r  r - ^ - - ^  ^ ^ - r '

E(i.i)=l+tr-a)l and L(i. i)=L*tr-r+B)+r.J are the earliest and the latest starting

times respectively of (i,7) in the final production sequence.

The^SI ,a lgor i thmtes ts theva luesofa f romthe l i s tg=2#,+- . . - ,

in ascending order.

For each a, the algorithm calculates the r'(,.7) andr(i,;)for each part (i,v)' and

assigns k=1,2.....D starting with t=land ending with t=D to the yet unassigned

but still available at &. A pair (i,7) is available at eif and only if r1i,i';< k<L(i,i).

If some pairs cannot be assigned, then the value of a is rejected as infeasible.

Brauner and Crama [5] proved that at least one of the values of ain the above

list is feasible, and hence we have, minmax lx,r 
- t nl.t - * .

If r' is feasible, then all B,B'<B<r--| are feasible as well. The smallest feasible

B is denoted by a- and referred to as optimum. It is proved in [33] that S/

algorithm is a quota-divisor method of apportionment:

I

I

a
I

I
I

o
{

I

a
t
I
&
f
I
:

{ r

I
q

ra
I
r{
fl
I

I



sum

timal

s into

nced

. the

i time

rh the

a

where

slarting

. ), and

igned

s  L ( i . j ) .

ible.

above

JUST-rN-TrME SEQUENCTNG .. t5el

Theorem 6.2TheSf  a lgor i thmwi thB,  B*  <B<l  andat ie  r ( i .  i )=r ( t . l )  bet rveen i

-, : i  , t  broken by choosing the one with *i"{+(/-r+B).i tr-r.a)} is a quota-

:. ' ,  isor method withd(a) = a+ B .
'.1,,.reo.n'er. 

SI'algorithm is a quota-parametric method with a = a .

{,''-.ring deep insights in Tijdeman's chairman assignment algorithm [65],' .r .-tb*'ska 
et al. [33] obtained the stronger upper bound t-7fi  thanr-j-.

.  : :rning the set Jk, k=1,2,.. . ,D of el igible states, they proved that Ti jdeman's

.:,- ' ' r i thm is quota-divisor method with d(a)=a+A, where t=t-#z.Further
----or,ving the eligible set, they showed that Tijdeman algorithm is quasi quota-
- : ' .  isor  method.
' 

zelbwska et al. [33] characterized Kubiak-Sethi I,KS) aleorithm based on rhe
' ...rn'ing three lemmas:

l-emma 6.1 The KS algorithm does not stay within the quota.

Proof: Corominas and Moreno [20] observed that no solution minimizing the
')JIT problem subject to the constraints (:.:; to (l.o)stays within the quota. for

:.srance of n = 6 products with their demands being d, = d, = 23 and

. = Jt = ds = dt = l. Since KS algorithm minimizes SD.,I/Z. this proves the lemma.

l-emma 6. 2 The KS algorithm is house monotone. It is obvious due to the
.  ' ; rs t ra in t  (3 .4) .

l-emma 6. 3 The KS algorithm is not uniform. and hence is not population
:'...notone.

: j.:linski and Shahidi t5l proposed other types of deviations for the
-:'JuctsiandT, targeting to minimize the variation of production rates from
-:','duct to products. In Section 6.3, we present its equivalency with the state to

":le vari?tion of apportionment via local indices as well as the equivalency of
- bal indices.

t'r.3 E q uitably Efficient Frontiers

.*r. l  Global Indiccs
-:: 

elobal index lx,o-kr]of sDJIT sequencing problem is studied in [20] with
'..i:ess property. A sequence z is said to have oneness property if and only if
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-tszp <1, vi,Vl.Considering'absolute or squared deviation global indices, we can

say that any sequence is feasible if the discrepancY of x,r and kr, lies between

Oandt.Thus, main idea is to seek for the smaller bound nearer tD 0, If x,1,akr,,

then it is done, however it is very rare in practice. In view of MBDI defined in

Section 5.3.2 for apportionment, we propose a stronger bound B' fot SDJIT

sequencing problem based on arithmetic moan. Taking the intervals [a, a+t] and

[O r] togethbr, the key idea is aS follows:

Step  1 .  Set  a=0 and a+ l=0+ l=1 .

Step 2. Make partition of the interval [0, r] by computing the harmonic

rn€on=0, geometric mean=o, and arithmetic mean =| of the two ends

0 and 1.

Step 3i Calculate the arithmetic mean of 0,0, 0, +, 1. That is,

P-=  { (o+o +o+}+ l )  =  #  =  0 .3 .

To this end, we claim that P' =g.3 is the efficient'bound yielding minimum

deviatisn lying near to ideal. The absolute and'squared glob,al indices of both the

.I/7 sequencing and apportionment problems are equivalent and have same set of

optirnal solutions with the proposed bound p' . Moreover, we have

Proposition 6.1 The absolute SDJIT sequencing objectivef',-rll-,V*-nl and

absolute apportionment objectivt li=,|o, 
-q,nl te equivalent and have same set of

optimal solutions with the upper bound B' .

Proposition 6.2 The squared SDJIT sequencing objectivefi-,\l*,Vn-r,l' and

squared apportionment'objective Ii-,(on 
-qu)' tre equivalent and have same set

of optimal solutions with the upper bound p' .

Corollara 6.1 The complexities of SDJIT sequencing and apportionment

problems are equivalent, that is, o(nD) and olrl; respectively.

Clearly, the other divisor MBD2, defined in Section 5.3.2 for apportionment,

generates the bigger bound f . Being parametic, we can say this, bound generates

cyclic.I/Z sequences, though it is not near to ideal.
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o.-1.2 Local Indices

. :e production rates of the products i andj are measured as

t6 l l

i-t- and 
xir

fi fr

3 Can

'.\'een

= k r . .

-.:d in
:DJIT

and

:10nlc

ends

It is,

. l lmum
'.rth the

: set of

.nl and

3 set of

,. ll and

:-lme Set

)ntIlent,

j -'llerates

::s:ectively. If 
+ 

= 
) 

for all i,i, then the perfection will be gained. However,

: :s very rare in practical. To this point, Balinski and Shahidi [6] propossd the
: ...ru'ing objective to be minimized over the vector x:

',in T ?* l+- +l ( o . r )

: ': apportionment problem, we propose a similar objective for the fairness
:-.irsure between two states i and.las the local measure of inequality

, " i n r?_ l+_+ l ( o . z )

"i 
e claim that the computational complexities of these two objectives are of same

:'.:e. depending on the number of products and number of states. But the
- :rplexities given in corollary 6.1 do not work here.

-: 
"rew 

of relative difference rdefined in(s.:), we define the relative difference
-' 

:or product to product rate variation problem and propose the equitably
-' :': :cient /EE) solution:

,. = l+- +l/^'" (+ ,+) ( o : )

Iheorem 6.3 If the state to state variationproblem of the apportionment is stable
'.a T , then product to product rate variation problem of the -ZI sequencing is

' . , : le  wi th  r " .

Proof: As discussed above, state to state variation problem (i.e., MEp) is
- -,:lematically neutral. near to ideal, monotone and consistent [7]. So it suffices

:;:orv that state to state variation and product to product variation problems are
- -.::ematically equivalent. Products i,7 in JIT sequencing correspond with the

. -is i. i among s states. The divisors r, and r, correspond with 4 and p , in
-- :tionment. The product rates of i'handi'o products inperiod t are equivalent

::'-e slrares of representatives of i'o andi'' states for house size h. Thus in view
.-'5P. we conclude that the product to product rate variation problem with the

' --::r e difference r'is near to ideal and mathematically neutral.J

.-.equently, we propose the following theorem and corollary:
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Theorem 6.4 The state to state variation problem with r has optimal solution if

and only if the produet to product rate variation problem with r' has optimal

solution.

Corollary 6.2 Balancing inter-state apportionments is equivalent to balancing

sub-products of a product.

7. CONCLUSION

The JIT sequencing problem in mixed-model assembly process attempts to

minimize the certain penalties concerned with the holding of inventories and the

occurrences of the shortages. Perfect matching approach is workable for MDJIT

whereas assignment approqch is for SDJIT to obtain optimal sequences. Posing

the literature of apportionment methods, we have proposed mean-based divisor

methods claiming that they are better than existing ones. Linking up the JIT

sequencing problem with the apportionment problem, we have proposed a

stronger bound for SDJIT sequencing problem that falls near to ideal. The

complexities of global indices of both the problems are same depending on

products and states. Inequality measures in JIT sequencing and apportionment

problems have been considered both in global and local senses, and hence

compared to each other. State to state variation problem and product to product

rate variation problem have been shown equivalent with respect to the relative

differenses and the EE solution is proposed for the combined approach. The

furtherdepth and the linkages of the problems are the directions of our study.
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\bstract: The main objective of the present paper is to establish a common fixed
:'int theorem for pair of self fuzzy mappings in a fuzzy metric space which
-ineralizes and improves various known results.
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I.INTRODUCTION

'"3 corcept of fuzzy sets was initiated by Zadeh [a] in 1965. After that, a lot of
'':ks have been done regarding fuzzy sets and applications. Deng[3], Erceg [4],i'-'" a and Seikkala [7] introduced the concepts of fuzzy metric spaces in different
-.s. In 1975, Kramosil and Michalek [g] introduced the fuzzy metric space by

--:-'eralizing the concept of probabilistic metric space to fuzzy situation. Grabiec
:roved the contraction principle in the setting of the fuzzy metric space- -: 'duced by Kramosil and Michalek ig]. Grabiec's result was further
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Definition l'2 (fi r) A binary operation * : [0, r] x [0, lJ + [0, r] is cailed acontinuous t-norms if, ([0, U, *i is an abelian topological monoid with unit Isuch that a * b < c * d when.u., u - c and b < d, for a' ulb, ., d in [0, 1].
Examples oft-norms are a * b = ab, a * b = min {a, b}.
Definition l'3 (t8l) The triplet (x, M,. *) is called a fiuzymetric space (shorrly, aFM-space) if, X is an arbitrary set, * is a continuou, ,-nor- and M is a fuzzy eton X2 * [0, oo) satisfuing he foitowing conditions: for all x,y, zin X, s, t ) 0,(i) M(x, y, 0):0, M(x, y, t) > 0;
(ii) M(x, y, t): 1 for all t > 0 if and only if x : y,
(iii) M(x, y, t) = M(y, x, t),
(iv) M(x, y, t) * M(y, z, s) < M(x,2,, * s),
(v) M(x, y, .) : [0, oo) -+ [0, 1] is left continuous for all x, y e X and s, r > 0.
(vi) liml-. M(x, y, t) : l, for all x, y e X.

[70]

generalized by subrahmanyam [r2] for a pair of commuting mappings. Sincethen, a substantial riterature has teen developed on this topic. Arso, George andveermani [5] modified the notion of fi:zy metric spaces with the herp ofcontinuous t-norrn-, by generalizing the concept of probabilistic metric space tofuzzy situation. In rgg9, vas'il tr3l introduced the concept of R_weakcommutativity of mappings in funy metric space and pan[9] introduced thenotion of reciprocal continuity of mappings in metric space and proved somecommon fixed point theorems. Barasubramaniam et. al. [r] proved a fixed pointtheorem, which generalizes a resurt of pant 
[9] for r*r.:.y ̂ uppings in fuzzymetricspace.

Pant and Jha [r0] proved a fixed p:il theorem that gives an analogire of theresults by Barasubramaniam et. al. tr] by obtaining a connection between thecontinuity and reciprocal continuity for fo* 'nuppings in funy metric space.Recently, chugh and Kumar [2] proved u ro-rnon n*a.p"i", trr"or"- ,oi rou,mappings in fuzzy metric rpu.. generarizing the resurt of vasuki [r3]. The' present paper is aimed to prove a fixed point theorem assuming the reciprocalcontinuity of fuzzy 
-m-appings 

in fuzzy metric space that generalizes the results ofchugh and Kuamr [2], vasuki tl3] and improves uarioul other similar resrrits bffixed points. We also give * .*u*pl. to illustrate our main theorem.
We have used the following notions:
Definition l.r (t131) Let X be any set. A fuzzy set A in X is a function withdomain X and values in [0, l].
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GENERALIZED FIXED POINT THEOREM . . .

Definition 1.4 (t6]) A sequence {xo} is a fuzzy metric space (x, M, *) is called
Cauchy sequence if limn-* M(xn*p, xn, t) : r for every t > 0 and for each p > 0. A
fuzzy metric space (x, M, *) is complete if, every cauchy sequence in X
converges in X.

Definition 1.5 (t6]) A sequence {x"} inafuzzy metric space (x, M, *) is said to
be convergent to x in X if, limn-* M(xn, x, t): 1 for each t > 0.
Definition 1.6 (t9]) Two self mappings A and s of a metric space (x, d) are called
compatible if, limn*-d(Asxn, SAxn) : 0 whenever {xn} is a sequence such that
limnr- Axn: limn ,- Sxn: t for some t in X.
Definition 1.7 (t1]) Two self mappings A and S of a fuzzy metric space (x, M, *)
arc called compatible if, limn-.o M(ASxn, SAxn, t) : I whenever [xn] is a
:€Qu€nc€ such that limn*- Axn = limn__.Sxn : p for some p in X.
Definition l.s (t9]) Two self mappings A and s of a metric space (x, d) are called
R-*.eekly commuting at a point x in X if, d(ASx, SAx) < Rd(Ax, Sx), for R > 0.
Definition 1.9 ([1]) Two self mappings A and S of a fuzzy metric space (x, M, *)
are called weekly commutating if, M(ASx, SAx, t) > A(Ax, Sx, t) for each x e X
e n d t > 0 .

Definition 1.10 (tl]) Two self mappings A and S of a fuzzy metric space
rX- M, *) are called R-weekly commuting provided there exists some real number
R such that M(ASx. SAx, t) > M(Ax, Sx, t/R) form some x e X and t > 0.
Definition 1.11 ([1]) Two self mappings A and S of a fuzzy metric space
,x. M, *) are called pointwise R-weakly commuting on X if, given x in (X, M, *),
:here exists R > 0 such that M(ASx, SAx, t) > M(Ax, Sx, VR).
It is noted that R-weakly commutativity in fuzzy metric space implies weak
commutativity only when R S 1 (Chugh and Kumar [2]).
Definition l.l2 (L1]) Two self mappings A and S of a fuzzy metric space
r X. M, *) are said to be reciprocally continuous if, limn*"o ASn : Ap and

:i*n-- 
SAxn : Sp whenever {xn} is a sequence such that limn_* Sxn : p and

iimn-- Axn: p for some p in X.

\ote that in the metric setting if A and S are both continuous then they are
obviousi.,' reciprocal continuous. But the converse need not be true (pant t9]).

tTtl
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2. MAIN RESULTS

Theorem 2.1Let (A, S) and (B, T) be pointwise R-weakly commuting pairs of

self mappings of complete fuzzy metric space (X' M' t) such that

(i) AX s TX, BX c SX,

(ii) M(Ax, BY, 0 > r (M(Sx' TY, t))'

for all x, y € X, where r : [0, 1] + [0, 1] is continuous function such that r(t) > t

for each 0 < t < l. If the pair (A, s) or (B, T) is compatible pair of reciprocally

continuous mappings. then A, B, S and T have a unique common fixed point'

proof. Let xs be any point in X. we define sequences {xn} and {y"} in X given by

the rule

Y2n: Ax2n = Tx2n*l  and ]zn+t 
= BX2n+l:  SX2p+2' for n:  0 '7 '2 '3 '  ""  ( l )

This can be done by virtue of (i)' Then, using (ii)' we get

M(Yzn, Yzn+t, t) = M(Ax2n, Bxzn*t' t)

> r(M(Sx2n, Tx2n*1, t): r(M(y2n-t, Yzn' t))

> M(yzn-t, Yzn, t),

s i n c e r ( t ) > t f o r 0 < t < l . S i m i l a r l y , w e h a v e M ( 1 l : n * t , Y z n * z , t ) > M ( y z n ' Y z n + t ' t ) '

So, {M(yzn" Y2n+,1, t)}, for n ) 0, is an increasing sequence of positive real numbers

in [0, 1] and therefore, tends to a limit cr < 1. We claim that ct = l' For this' if

cr < 1. then on letting n -) oo in relation (2), we get a >_ r(ct) > cr, a contradiction.

Hence, we get cr = l. Thus, for everY n e N'

M(yn, Yn+t, t) > M(yn-r, yn' t) and M(yn' Yn*t' t) 
-+ 1

Now, for any positive integer p, we get

as n -) co, for t > 0. (3)

... * M(Yn*p-t, Yn*p, t/P)

* M(Yn, Yn*t, t/P)
M(yn, ]n+p, t) > M(yn, yn*t, t/p) * M(yn*t' yn*z' VP) *

> M(yn, yn*r, t/P) * M(Yn, Yn*t, VP) * 
"'

>  1 *  I  * . . . *  l , u s i n g ( 3 ) .

This implies that M(yn, )n+p, t) 
-+ 1 as n + co. Therefore, {yn} is a cauchy

sequence in X. Since X is complete, there exists a point z in X such that ln ) z 4s

n + co. Moreover, we have

Y2n 
= Axzn : TX2n+l + z and Y2n+l 

: BXzn+t : SX2n+2 -) Z'

suppose A and B are compatible and reciprocally continuous mappings, then by

definition, we have ASxzn + Azand SAx2n + Sz. Also, compatibility of A and S

yields that limn-- M(ASx2n, SAx2a' t) = l' that is' M(Az' Sz' t): l' Hence' we



> 0. (3)

!'n*p, Vp)

/p)

a Cauchy

] ' n + z a s

Hence, we

GENERALIZED FIXED POINT THEOREM . . .

ttave Az: sz. Since AX c TX, there exists a point w in X such that Az = Tw. So,
using (ii), we get M(Az, Bw, t) > r(M(Sz, Tw, 0) : r(M(Az, Tw, t)) = r(l) : l,
since r(t) = I for t: l. This implies that Az= Bw.
Thus, we have Sz= Az: Tw: Bw.

Again, the pointwise R-weakly commutativity of A and S implies that there exists
R > 0 such that M(ASx, SAz, t) > M(Az, Sz, t/R) : l. That is, ASz = SAz and
,dAz : ASz = SSz. similarly, the pointwise R-weakly commutativity of B and r
implies that BBW = BTW: TBw = TTw. So that, using (ii), rrr.,e have

M(Az, A"Az,t): M(Bw, AAa, t) > r (M(S,{z, Tw, rD">.N4(A,AZ, Aa,t\.
That is, M(Az, AAz,t): l. Hence, we have Az= AAzand, Az: AAz= sAz. This
implies that Az is a common fixed point of A and S. Similarly, by using (ii), we
.-an show that Bw(= Az) is a common fixed point of B and T. The uniqueness of a
iommon fixed point of the mappings A, B, S and r be easily verified by using
'ii). In fact, if u' be another fixed point for mappings A, B, s and r, then, we have
\lru. u', t) = M(Au, Bu', t) > r(M(Su, Tu', t)) = r(M(u, u', t)) > M(u, u', t), for
:t t) > t and hence, we get u = u'.

ihis compietely establishes the theorem.
\\'e now give an example to illustrate the above Theorern 2.l.
Example: Let X = 12,201and M be the usual fuzzy metric on (X, M, *). Define
mappings A, B, S and T: X + X by

.{,1 = 2, Ax = 3 if, X> 2;

B x = 2  i f ,  x = 2 o r ) 5 ,  B x = 6  i f ;  2 < x < S ;
S 3 : 2 ,  S x = 6 i f , x > 2 ;

T 2 = 2 ,  T x :  1 2  i f , 2 < X < 5 ,  T x = x - 5  i f , x > 5 .

-\lso, we define M(Ax, By, t) : 
tr*fu, for all x, y in X and for all t > 0. Then,

"{. B, s and r satisfy all the conditions of the above theorem with
; : [0. l] -+ [0, l] by r(t) : tr/2 for 0 <t < I and r(t) = I fort = l. So that, we have
it) > t for 0 < t < l. Also, M(Ax, By, t) > r(M(Sx, Ty, t) for all x, y in X.
\loreover, the pair (A, s) and (8, T) are R-weakly commuting and reciprocally
;ontinuous mappings on X. Thus, all the conditions of the above Theorem 2.1 are
'atisfied and x:2 is a common fixed point of A, B, S and T.
Remarks: As Pant [9] has shown that the reciprocally continuous maps need not
:€ continuous. so this result generalizes the results of chugh and Kumar [2] and

1731
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Vasuki [13]. It also improves the results of Balasubramaniam et' al [1]' Pant and

Jha [ 0] and other similar results for fixed points'
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.{bstract: In this paper, the concepts of an operation T on a family of finzy pre-

open sets in a fuzzy topological spaces (X, T) is introduced. Using the operation y
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frontier, fuzzy pre-(y, B)-continuous mappings, fuzzy pre-y-nonnal spaces and
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets has invaded almost all branches of mathematics since
jre introduction of the concept by Zadeh [1]. Fuzzy sets have applications in

many fields such as information [7] and control t8]. The theory of fuzzy
tooological spaces was introduced and developed by Chang [3]. The concept of
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fii?zy pre-op€n sets aod fitzzy pre-closed sets were introduced by singal and

Prakash [61. The concept of frnzy pre=continuity was introduced by Bin sha]ma

[t] and .,,* uualJ iV U*u, ioia *a Bdasubramanian t10l' By using the

i;i,;;rt of scmi-y-open sets introduced by lui l*1* 
Krishnan' Ganster and

Balachandran [ ] and that of g-border and g'frontier introduced by Caldas' Jafari

and Noiri [2], the concepts of ?gzzy'pre-y-open set, fiizzy prel-border, Pre-Y-

fiontier, fidwyPre-(Y, p)-continuous mappings,fuzzy pre-T-nonnal sPace.:' ftu7zy

pre-y-compu.trpu."r,tuz4.pre-y-T1(i=0,1'2)spacesandfuzzypre-Y-Rospace

are infioduced and inteneiationt utong the spaces are discussed with relevant

examples.

Definition 1.1 t6l

Let(X,T)beaf iwytopologicalspace.Atuzzyset} , in(X,T) issaidtobefuzzy

pre-open if l. < int cl (1.).

The complement of afuzzy pre-open set is fuzzy pre-closed'

Delinition l.2I4l

Le tCX,T)beafuzzy topo log ica lspace.Anopera t ionY.onthe topo logyT isa

mapping from T into power set p(x) of X such that v c vv for each v e T, where

y' denotes the value of y at V. It is denoted by T : T + P(X).

Definition 1.3 l4l

A subset A of a topological sppce is,callod a T-open set of (x, T) if for each x e A

there exists an open ,.i u such that x e u and uT g A. The complement of a 1-

open set is said to be Y-closed.

Notation 1.1 [41

SO(X) denotes the family of all semi-open sets of (X' T)'

Definition 1.4l4l

Let(X,T)beatopologicalspace.Anoperat ionyontheSo(X)isamappingfrom

so(x) into a power set P(X) of X such that V c VY for each v e so(X) and vT

denotes the value of y at V. It is denoted by y : SO(X) + P(X)'

,Definition 1.5 [41

Let (X, T) be a topological space and y be an operdtion on So(X)' Then a subset

e oi X is said ,o f. u-r.*i-Tloptn set if for each x e A' there exists a semi-open

set U such that x e U and Ut g A. Also SO(X), denotes the family of semi-y-

open sets in X.
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Definition 1.6 tz]'
Let (X. T) be a topological space. For a ybsgt A of (X, T), b, (A) _ A _ int* (A)is said to be the g-border of A where int, (A) is the sei of ait g-interiorpoints of A.Delinition 1.7 I2l

,TfI# f ;J:[Ji:fl::H:?'jora 
subset A or(X, r), Fr, (A) = cr, (A) - int,

Definition l.S t9I
A topological space (X, T) is said to be a
closed set in (X, T) is fuzzy closed in (X, T).
Definition 1.9 tsl
Afi,ozy set r, is quasi-coincident with. afi:zzyset p, denoted by r q p, if thereexists x e X such that tr" (x) + p (x) > l. Otherwi; ;A;

2. FUZZY pRE-7-OpEN SETS
Definition 2.1

Let (X' T) be a finzy topological space. Let y : I* - T be an operation such that't-'! : A p where l. s p, for each furzy oo.n ,", rr in tx, rl, ;. ;i; ^i0."",.,
the value of y at 1.. That is, 1,7 = y (l).
Definition 2.2

Let (X, T) be a fu7y topologicar space. Lety :Ix + T be an operation. A fuzzyset 6 is said to be fuzzy-y-open if for a fuz.zy set q with d ( 6, there exists a fuzzyopen set l. such that cr < l, and l,Y < 6.
The complement of afuzzy y-open-set is fivzy-y-closed.
Definition 2.3

Lct (X' T) be afuzzy topological space. Lety :Ix + T be an operation. For any^zy set l', fuzzy'y'interio. of r, (biefly, y-int (1.)) is defined as y-int (1.) = v { p :F s I and p is fuzzy-y_open). 
\' -// '1 -vL'. 

l
Dcfinition 2.4

kt (x, T) be a fuuy toporogical space. Let y :Ix + T be an operation. For anyfwy set 'l', fuzzy'y'crarur" of r. (biefly, y-cl (x)) is defined as y-cr (r,) = n { p :p ) I and p is fivzy-y-closed),

Rcmark 2.1

ttt?zy pre-Ty2 space if every gfpre_



[78] M. SUDFIA, E. ROJA & M.K. UMA

f-int (1 - I): I -(Y-cl (1,)).

Notation 2.1

FPO (X) denotes the fumily of all,fuzzlpre-open sets of (X' T)' )

Definition 2.5

Let (X, T) be a fiimy topological space' Let y : FPO (X) + T be an operation

such that l.Y = n p, *here f, 3 p, for each fuuyopen set p in (X, ! and i, e FPO

(x). :
Defrnition 2.6

Let (X, T) be a fiizzy topological gpace. Let 1 be an operation on FPO (X)' A

fuzzyset 6 is called frvzypr.!-oprn if for a fuuy set cr with o S 6, there'exists a

f,uzy pre-open set l, such that er < i' and l'1< 6'

The complement of afvzzy'prel|-ppen set is fuzzy pre-1-closed'

Definition 2.7

Let (X, T) be a fivzy topological space. Let 1 be an operation on FPo (X)' The

frory pre-y-interior of 6 (briefly, y-fp int (6)) is defined by y-fp int (5) = v { lr : p

< 6 and pisfiizzYPre-Y-oPen ),

Definition 2.8

Let (X, T) be afuzzy topological space. Let 1be an operation on FPO (X)' The

fuzzy pre-y-closure of 6 1brieflY, y-fip cl (6)) is defined by y-fp cl (5) = n { p : pt }

6 and p is fuzzY Pre-Y'closed ).

Remark 2.2

Y-fP in(l - 6) = I - (Y'fP cl (6))'

Remark 2'3 

en set are independent notions' 
l

Fuzpy pre-lopen set and f'wy pre-Y-open set are moepenoe

ffIli'/.,o, Define T= { 0, l, }.1, 1.2 } where }q,}'z: X + [0, 1l are defined

as 1.1 (a) = 0.3, Ir (b) = 0'2',Iz (a) = 0'45, Iz (b) = 0'4' I-et y : FPO,ff) -+.T be an

operation. Let p, 6, q : X -+ [0, 1] be defined as p (a) : 0'4' p (b) = 0'3' 6 (a) =

0 . 4 5 . 6 ( b ) = 0 . 3 , n ( a ) = 0 ' 5 5 , q ( b ) : 0 . 6 5 . N o w i n t c l ( p ) ) p . ' H e n c e p i s f u z r y

pre-open but not fuzz1, pre-Y-open. Now, fot afivzy set o with 0 5 rl, then o s

p and pY s n. Hence q is fuzry pre:y-open but not fiuzzy pre*open.
,  

' r : , .

Proposition 2.1
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Let (X, T) be afivzy topological space. Let l' and p be any two fuzzy pre-y-open

sets in (X, T). Then l. v p (resp. l. n p) is also a fivzy pre-T-open set in (X, T).

Proposition 2.2

Let (X, T) be afi;lzzy topological space. For any two fuzzy sets 1., p, the following
statements hold :

a If l" is finzy-y-open then l, is fuzzy pre-T-open.

b. y-int (1,) is fuzzy pre-T-open.

c. y-*[{f}"isfuAzypre-yrclosed"

d. isfi;r:zy pre-y-open iffl, = y-fr int (1,).

e. is fuzzy pre-y-closed iff l, = y-fp cl (1,).

f. y-int (1,) < y-fp int (1.) s l. < y-& cl (1.) < y-cl (i.).

g. y-cl (y-fp cl (1,)) = y-& cl (X).

h. y-cl (y-fp cl (1,)) = y-ft cl (y-cl (r)) = y-cl (X).

i. (y-fp int (1,) n (y-fp int (pr)) > y-fp int (i. n p).

j. (y-fp int (I)) v (y-S int (p)) < y-fr int (l v p).

Definition 2.9

Let (X, T) be afuzzy topological space and let y : Ix + T be an operation. For any

fuzzry set 1., fuzzy-y-border of i' (briefly, y-fb (I)) is defined as y-fb (I) = I - (y-

int (1.D.

Definition 2.10

Let (X, T) be a fuzzy topological space and let 7 be an operation on FPO (X) for

any fvzy set 1., fuzzy pre-y-border of l. (briefly, y-fpb (X)) is defined as y-Sb (1.)
= i,.- (y-fp int (1,)).

Definition 2.ll

I-et (X, T) be a furuy topological space and let y:Ix+ T be an operation. For any

fuzzy set )', fuzzy-y-frontier of ), (briefly, y-f Fr (X)) is defined as y-f Fr (1,) = (y-cl

(i)) - (y-int (1.)).

Delinition 2.12

Let (X, T) be a fuzzy topological space and let y be an operation on FPO (X) . For

any fuzz.v set 2,, fuzzy pre-y-frontier of l. (briefly, y:fir Fr (1,)) is defined as y-fp Fr

{i): (y-fp cl (2")) * (y-fp int (},)).
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Proposition 2.3 ,

Let (X, T) be a fuzzy topological space.
statements hold :

. ' , . ' ' 1 , . . '

:  
-  -  

i . .

For any two fuzzy sets I, p the folloutlng

a. T-fpb (f) < T-fr cl (1 - l,).

b. T-fpb (l.v p) < (y-fpb (t)) v (y-fpb (p)). ' 
, , , :

c. y-fpb (r ^ F) > (y-fpb (tu)),n tv-fpU trrll

d. (y-int (r)) v (v-fb (r)) > y-int (i.). 
l

e. (y-int (f)) n (y-fb (f)) < y-int (1"). , ,
f. y-fp Fr (I) = y-& Fr (1 - l.). 

' r:i

e. y-fp Fr (y-ft int (1.) < y-& Fr (1.). , , ; . " ." 
'

h. yi& Fr (y-fp cl (1,)) < y-& Fr (1,). 
' i ) i ;' I 

";i'
i '

i. l. - (y-fp Fr (1")) < T-& int (1,). 
.

j .  y -&Fr ( I vp )  < (y - fpF r (x ) ) v (y -&Fr (p ) ) .  .  , '  ' " "

k." y-fp Fr (f, n p ) > (y-fp Fr (1,)) n (y-fr Fr (p)). 
\ ..i 

{'
.  l  ' l

3. FVZZY PRE-y-Tr SPACES
'  ' '  ,  :  

I  ,  ,Definition 3.l i
Afttzzytopological space CX, T)'is called "1 

'' ' i" :' ' ' :r'r 
"' :: '

(a) a fuzzy pre-y-To space'iff for any two fiiary sets 1,, p with ), A $, there exists

. afinzypre-T-open set 5 sucJr,that i,36,tt d6orpS5,1 Ca.

(b) afuzzy'pre-y-T1 space iff for qgy {o fuzzy sets,l., ry with }uA P, there exist
' 

fvzzy pre-y- open sets 6, n such that either l, < 6,'p AA or pt S 11, I d q.

(c) afi,nzy pre-y-T2 space iff for any two funy sets 1., p with ?'A V, there exist

fiazzypre-y-open sets 5, q puch that ?r. S 6, F 3 n and 6 C n.

(d) a fuzzy pre-y-S space iff fo1 any two W, sets l"; tt, ?, h (y'fn'nl 1U,

implies that p d g-fp ct 11,1;. 
: ' '

Delinition 3.2

Let (X, T) be a f,azzy topological $pacg and let y be an operation on FPO(X). A

fitzzy set 2'. is called fvzzy pre-fg closed if f-fr cl (1.) -< p whenever )'' S p and p is

fit?zy pre-y-open

The complement of afiiuypre-y-gclosed set is fuzzy pre-y-g open.
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Definition 3.3

.a, fuzzy topological space (X, T) is called fuzq pre-y-Ty, space if every fuzzy

pre-y-g closed set is fuzzy pre-y-closed.

Remark 3.1

From the above definitions we have the following implications.

f''uzy pre-y-T2 space + fuzzy pre-y-f1 space + fuzzy pre-y-Tyrspace + fuzzy

pre-7-To space.

The converse statements need not be true, ds shown in the following examples.

Example 3.1

I-et X : {a, b}. Define T : {0, l, X1, A,2,},3} where }"t, }"2,2"3 : X -+ [0, 1] are
: : f ined as )"1 (a) :  0.51, I r  G) :0.7,L2@) = 0.57, Xz (b) = 0.78,1i  (a)  :0.63,) ,3

,':) = 0.83. I,ei y : FPO (X) + T be an operation. Let o, F, 6, n r X -+ [0, l] be
:etlned as u (a) : 0.3, a-(b) = 0.4, p(a) : 0.55, p (b) = 0.75, 5 (a) = 0.6, 6 (b) =
'...8. q (a) : 0.65, q (b) = 0.85. Clearly p is.a fuzzy pre-open set. Now 61 ( q, cr (

.i and cr < p. Further FIT < 6 and pv < 11. Therefore 6 and 11 are fuzzy pre-y-open

sts. Let 0, l" : X + [0, 1] be such that 0 (a) : 0.3, 0 (b) = 0.1, 2" (a) = 0.2,1 (b) =

rl. Then e fr,)'". Further e < 6, Xl.,A and l. < q, ti d q. Hence (X, T) is a fuzzy
pre-y-T1 space but not a furny pre-y-T2 space.

Erample 3.2

Let X = ta, b). Define T = { 0, 1; 1.1, }"2,}q} where )"r, }"2,?q : X+ [0, l] are
i : f ined as 1"1 (a) = 0.5,  f r  (b)  = 0.6,  )"2@):0.7,  Xz G) = 0.75.1:  (a) :  0.8,  I :  (b)
= 0.9. Let y : FPO (X) + T be an operation. The space (X, T) is a fuzzy pre-y- Ty,

lrace but notafuzzy pre-y-T1 space.

Erample 3.3

Let X = { ar b }. Define T = { 0, l,}u1,}'2} where

r . . .  t "2 i  X  +  [0 ,  1 ]  a re  de f inedas  ] ,1  (a )=  0 .3 ,  f r  0 )  =0 .2 , ] "2@):0 .45 ,  Xz  0)  =
,,, {. Let y : FPO (X) + T be an operation. Let cr, p, 6 : X + [0, 1] be defined as
u, ta)  = 0.2,  a (b):0.3,  Fr (a):  0.4, l t  (b)  = 0.3,  5 (a) 0.55, 6 (b) :  0.65. Clear ly p
s afvzzy pre-open set. Now, cr ( 6, o < p and Fv < 6. Therefore 6 is afuzzy pre-
1-open set. Let 0, p : X + [0, l]be defined as 0 (a) = 0.3, 0 (b) : 0.4, p(a) : 0.4,

. ' ,  lb) :0.2.Then OAp. Now,0 <6 and p d 5.  Hrnce (X, T) isafuzzy pre-y-T6
saace. Let l" : X + [0, 1] be defined as ]. (a) = 0.5, X (b) = 0.45. Now, ]. < 5 andy-

[ 8 1 ]
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fp cl(},) < 6. Therefore r. is a fuzzy pre-y-g closed set. But not a fiizzypre-y-crosed
set. Hence (X, T) is not afuzzy pre-y-Ty, space.

Proposition 3.1

Let (X, T) be a funy topological space. Then
(e) for all fuzzy pre-y-open set l. in (X, T), 1. q pr itr

., l. q (y-fp cl (p)), where p is any fuuy set in (X, T).
(b) 6 q (y-fp cl (r")) iff l" q F' for ailfvzzypre-y-open set p in (x, T), with 6 < Fr.
Proof:

(a) Let ?'" be a fuzzy pre-y-open set such that r. q p. Then since
tr S y-fp cl (p), f q (y-fp cl (p). Conversely let l, be a fivzy pre_y-open set
in (X, T) such that 1. d p. Then p < I _ l, and so y-fp cl (p) s T-& cl (l _ t)= I - 1.. Thus l" A (y-fp ct (p)).

(b) Let 6 q (y-fp cl (r.) and ret p be a fuzzy pre-y-open set in
(x' T) such that D s p. Then p q (y-fp cl (1.)). By (a), pr q i" for ar tuzzy pre-
y-open set pr with 6 < p. conversely suppose that 5 A rv-fu cr (r,)). Then
6s I  - (y- fpcl(1,)) .  Letp= I  _(y_fpcl(1.)) .  Thenpr isa fuzzypre-y_open
setw i th5<p.  S ince Isy_ fpc l ( t ) ,p=  I  _ (y_ fpc l (1 . )s  I  _1 . .  There fore
I "A p.

Proposition 3.2

Let (X, T) be a fuzzy toporogicar space. For any two fuzzy sets 5, p in (X, T), the
following statements are equivalent :
(a) (X, T) is afuzzy pre-T-Ro space.
(b) rf 6 A I = y-fp cl (1.), where l, is any fuuy set in (x, T), then there exisrs a

fuzzy pre-y-open set pr in (X, T), such that 5 d pr and I S p.
(c) If 5 d I : y-fp cl (r') then (y-fp cl (s)) A ̂ " :y-fp cr (1.), where l, is any fuzzy

set in (X, T).

(d) If6 d (y-fp cl (p)) then (y-fp cl (s)) d (y_fp ct (p)).
Prooft

(a) = (b) Let a A x= y-fp cl (1"). Since y-fp cr (p) < y-fp cr (r.), for each p < r., 6 ff
(y-fp cl (p)). Then by (a), pAT-tp cl (5)). Then by (b) of proposition 3.1, there
exists afuzzy pre-y-open set 11 in (X, T), suchthat 6 dq and p<q.Let p: v {I :
S d n ).Then 6 il p, andl s p, where pis fuzzypre_y_open in (X, T).

[82]
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(b)+ (c) Let 5 d I : y.-fp cl (1,). Then by (b), there exists a fuzzypre-y-open set p
in (X,T) ,suchtha t6  Apandrsp .S ince  6Ap,6  s  I  -p .  There forey- fpc l (6 )
< Y-fP cl (l- P; :1- F < I - 1..

Hence (y-& cl (6)) C I = y-fp cl (t ).
(c)+ (d) Let 5 @-fp .l (p)). since y-fpct (y-& cl (p)) = y-fp cl (p), by (c), y-fp cl
(6) d (y-fp ct (p)).

(d)+ (a) Let 6 d (y - fp ct (p)). Th6n by (d),
('r-fp cl (S) d (y-& cl (p)). Since p < y-& ctr (pL p A (t-tpct (S)). Hence (X, T) is
a fivzy pre-y-Ro sputce:.

4-BUZZY pRE - (yr FFONTTNUOUS MAPPTNGS

Let (X, T)i (Y, s) and (2, R) be any three fuzzy toporogical spaces and'let y : FpO
tX) -+ T, F : FPO: (Y)+ T and r1, :. FFO (D + T be.operationsron, FpO (X), FpO
tY) and FPO (Z) respectively.

Definition 4.1

Let f : (X, T) + (Y, S) be a mapping. Then
ra) f is called fiuzy pre-(y, B)-continuous iff for each fuzzy pre-B-open set;.r in

(Y, S), f-'(t ) is fivzy pre-y-open.

rb) f is called furzy pre-(y, p)-closediff for eachfiizry pre-y-closed set ). in (X,
T), f (i.) isfuzzy pre-B-closed.

rcl f is called fuzzy pre-(y, B)-g continuous iff for eachfunypre-B-g closed set
p in (Y, S), f-'(pr) is fuzzy pre-y-g closed.

dr f is called fuzzy pre-(y, B)-g closed iff for eachfuzzy pre-y-g closed set l, in
(X, T), f (),) is fuzzy pre-p-g closed.

Proposition 4.1

{ mapping f : (X, T) + (y, S) isfuzzy pre-(y, B)-continuous iff f (y-fp cl (},)) < F-
:r cl (f (1.)), for each fuzzy set l, in (X, T).
Proposition 4.2

{ mapping f : (X , T) -+ (y, s) is fuzzy pre-(y, B)-continuous iff y-fp cl (r'' (r,)) <
:. , B-fp cl (1")), for each fuzzy set l. in (y, S).
?roposition 4.3

,
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Letf:,$,T)+CY;S-yU"affiuqyBre{T,ptr+ontinuousandg:{Y'S)'-+(Z'R)be

"n 
r"r ni.tp, tti"dti"ttw *ryeegt' ry* gof : (x' Q -> {z'R) is tuzzv pre-

(y, q)-continuous.

Propositioa 4.4

Let f : (X, T) -+ (Y, S) be a rnapping' Therr f is afuzzy pre-(Y' p)-closed rnapping

itrp-fp 9l (f (t)) s f ft-fucl{f)),toteach tuzzv set }" in (X' T)'

Definition 4.2

Let f : (X, T) -+ (y, S) 'be a bijectivt *rppr1g. If both f and f'rare furzy pre'(Y'

g).eon1in1rous, then {il called uitzty ge-(y, B)-homeomorphism' ,l

Proposition 4.5

Letf : (x,T)-+(Y,S)beabi ject ivemapping.Thenthefol lowingstatementsare

equivalent:

(a) f is afuzzy pre-(T, B)'homeomorphism'

(b) f is afuzzy Pre-(Y, p)-continuous and fiiny pre-(T' p)-open mapping'

(c) f is a'firzzy pre-(y, B).continuous andfuzzy Pre-(Y' p)-closed mapping'

(d) f (y-ftct(I))= p-fpcl(f (l ')),foreach funv setl ' in(X'T)

Proposition 4.6

Let f, ;.(X,. T) + (Y, S) be a frlzzy Pre-(Y, B).continuous, fuzzy pre-(y, 9).g

continuous and.firzzy pre-(T,'B)-g closed mapping. Then the following statements

hold:

(a) If f is injective and (Y, S) !s a tuny pre-B'T1space' then (X' T) is a \74

pre-y-TYzs1ace.

(b) If f ib surjective and (X, T) is a fuz4 pte-y-Tr6space' then (Y' S) is a fuuy

pre-B'TY"space.

Proof:

(a) Let l. be a Ltnzy pre-Y-g closed set in (X' T)' Since f is fuuy

pre-(Y, B)-g closed, f (l') is fuzzy pre-B'g closed' Since (Y' S) is a finzy

pre'F-T6spacd, f (1.) is fu"y pre-B-closed' Since f is fuzzy pre-(T' P)"

continuous,

f 
t 
(f (i,)) is fuzzy pre-y-closed' Hence (X' T) is aflu;zy pre-y-T'4 space'



:-(v' F)-g
;iatements

;.s afuzzy

i  is afuzzY

i is fuzzy
i is a ftrzzy

pre-(Y, 0)-

. space.
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(b) Let p b€ a fuzzy pre-p-g closed set in (Y, S). Since f is fvzy pre-(y, P)-g

continuous, l' (p) is a fiizzy pre-y-g closed set. Since (X, T) is a fuzzy pre'

y-Ty, space, f"t (t ) is fuzzy pre-y-closed. Therefore p : f (f 
'(i.t)) 

is a fuzzy

pre-B-closed set. ,Hence (Y, S) is a fuzzy pre-B-Tyrspace.

Proposition 4.7

Let f : (X, T) + (Y, S) be a finzypre-(y, B)-continuous injective mapping. IfjV,

S) is a fuzzy pre-B-T, (resp. fuzzy pre.-B-T1; space then (X. T) is a twzzy pre-y-T2

1resp. firzzy pre-y-T1; space.

Proof:

Let'(Y, S) be a fuzzy pre-B-T, space. Iret 1"1, 1,2 be any two fuzzy sets in (X, T)

such that ?t, A,?tr. Then there exist fuzzy pre-B-open sets 1., p in (Y, S) with f (i"1;

< l. and f (Izl < p such that l,'d p. Th-en l. s 1 - p, which implies that f-'(l') d f-
:
(rr). Now,

i", < f-t11.; and, \,2< f-' (p). Since f is fuzzy pre-(y, B)'continuour, f-t1i.; ana f't g;

are fuzzy pre-y-open sets such that f 
'11,; 

d f-'(p). Hence (X, T) is afuzzy pre-y-

T2 space. Sirnilarly we prove the case of fuzzy pre-B-T1 space.

S.FUZZY PRE-7-NORMAL AND FUZZY PRE-y-COMPACT SPACES.

Definition 5.1 A fuzzy topological space (X, T) is said to be fuzzy pre-y-normal if

for every fuzzy pre-y-closed set l" and finzy pre-T-open set p in (X, T) such that l"

S p, there exists afuzzy set 6 such that 1" < y-fp int(6) < y-fp cl(6) < pr.

Proposition 5.1 For any fuzzy topological space (X, T) the following statements

are equivalent :

(a) (X, T) isfuzzy pre-y-normal.

(b) For each funy pre-y-closed set l. and each fuzzy pre-T-open set pr in (X, T)

such that I S p, there exists a fuzzy pre-y-open set 6 in (X, T) such that y-fp

cl (1.) < 5 < y-fp cl (6) < pr.

(c) Foreach fuzzy pre-y-g closed set 1" and eachfuzzy pre-y-open set pr in (X,

T) such that 1, < p, there exists afuzzy pre-T-open set 5 in (X, T) such that y-

fu cl (i,) < 6 s y-fp cl (6) s p.

Proof (a).+ (b) The Proof is trivial.

I
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(b) + (c) Let l, be any fiuzy pre-T-g closed set and pr be any fvzy pre-y-open set

in (X, T) such that l. < p. Since 1. is fuzzy pre-y-g closed, y-fp cl (I) s tt. Now, y-

fp cl (1,) is fuzzy pre-y-closed and p is fuzzy pre-y-open in (X, T). By (b), there

exits a fuzzy,pre-y-o,pEn set,6 in (X, T) such that y-fu cl (1,) < 6 < Y-fp cl (6) < p.

(c) + (a) The proof is tr,ivial.

Proposition 5.2 Let'ClL T) aftd {Y, S) be any two fitzzy topological spaces' If f :

(x, T) + (Y, S) is a fuzzy pre-(y, p)-homeomorphism and (Y, s) is fuzzl'pre-p-

normal, then (X, T) is fuzzy pre-y-normal-

proposition 5.3 Let f : (X, T) + (Y, S) be a fu2ry prdY, p)- homeomorphism

from a fi:zzy pre-y-normal space (X, T) onto a fiirzy topological space (Y' S)'

Then (Y, S) is fuzzY Pre-B-normal

Proof: Let tr be any fiazzy pre-p-closed set and p be any fuzzy pre-p-open set in

(Y, S) suchthat l, < p. Since f is fuzrypr€-(Y. B)-continuour, ft1l.; is fuzzy pre-y-
_ t

closed and f 
-'(p) 

is fuzzy pre-T-open in (X, T). Since (x, T) is fuzzy pre-y-

normal, there exists afiizzy set 6 in (X' T) such that

a'(r) s y-fp int (6) < y- fp cl (6) < r-'(t ).
_ t

Now, f (f-' (1,)) = l. S f (Y-1o int (6)) <

That is, X < P-fp int (f (6) < 9-& cl (f

normal.

Definition 5.2 A collection { Ii } i .,of fiizzy pre-T-open sets (resp' fuzrS'pre-B-

open sets) of fivzy topological space (X, T) is called fuzzy pre-y (resp. fvzzy pte-

p)-covering of (X, T) if lx < v Ii.

Afvzzy topological space (x, T) is called fuzzy pre-y (resp . fuzzy pre-B)-compact

if every fuzzy pre-y (resp . fiizzy pre-B)-cover of (X, T) has a finite subcover'

A collection { Ii } , . , of fuzzy pre-y(resp. fuzry pre-B)-open sets in (X, T) is

calied fiizzy pre-y(resp. fuzzy pre-B)-cove r of a fuzzy set p in (x, T) if p < v 7, .

Proposition 5.4 Let f : (X, T) + (Y, S) be an fuzzy pre-(y, B) -continuous

surjective function of a fuzzy pre-y-compact space (X' T) onto a fvzzt

topological space (Y, S). Then (Y. S) is fuzzy pre-B-cornpact'

f (y-fp cl (S)) < f 1f-'1p;1= u'

(6) s p. Therefore, (Y, S) is fuzzy pre-p-

Propor
'-. : ,-: io



'/-open set

!r. Now, T-

1'ft), there

fuzzy pre-y-

fvzzy pre"y-

tu2ry pre-P-

fuzz1'pre-P'

. frv:zy pre-

)-compact

in (X, T) is

i f  p <  v  1 , .

) -continuous

onto a fuzzY

OPERATION APPROACHES ON FUZZY PRE-OPEN SETS . . .

Proposition 55 Let f : (X, T) -+ (Y, S) be a fuzzy pre-(y, p)-open bijective
function and (Y, s) be a fwzzy pre-p-compact space.. Then (x, T) is fu2ry pre-y-
compact.

REFERENCES

Bin Shahna.A.S. on fuzzy strong semi continuity and fuzzy pre continuity,
Fuzzy Sets and Systems., 44 (1991),303-308.

Caldas. M., Jafari. S and Noiri. T. Notions via g-open sets, Kochi J.Math., 2
(2007),43-50.

Chang.C.L. Funy topological spaces, J.Math. Anal. Appl., 24 (196g), lg2-
l 90.

Sai sundara Kdslman. G., Gansten." M. and Balachandran.K. operation
approaches on semi-open sets and'applications, Kochi J.Math., 2 (2007).21-
3 3 .

Rarnadan.A.A., Abbas.s,.E. and Abd el lLafii,f*.A. on fuzzy bitopological
spaces in sostak's sense, commun. Korean. Math. soc., 2l (2006), g65-

877.

singal.M.K. and Prakash. N. Fuzzy pre-open sets and Fvzzy pre-separation
axioms, Fuzzy Sets and Systems, 44 (1991),273-281.

smets.P. The degree of belief in a fiizzy event, Inform. Sci., 25 (l9gl), l-
t9.

Sugeno.M. An introductory survey of finzy control, Inform. Sci.,36 (19g5),
s9 -  83.
Uma.M.K., Roja.E. and Balasubramanian.G. On fiuzy pre-T,,, and fg pre-

connected spaces, Mathematical Forum., Vol XV (2002-2003)

Uma.M.K., Roja.E. and Balasubramanian.G. on some stronger forms of
fuzzy pre-continuous functions, Bull. Allah. Math. Soc., l7 (2002).101-1 I I
Zadeh.L.A.Fuzzy sets, Information and Control, 8 (1965), 339-353.

t87l

l .

1

1 0 .

: 1 .



The Nepali Math. Sc. Report
Vol .29,No.  I  &2,20A9

New subclass of univalent function defined by using
generalized Salagean operator

N. D. SANGLE
Department of Mathernatics,

Annasaheb Dange College of Engineering,
Ashta, Sangli (M.S), India 416 301

Em ai I :navneet_sangle@rediffinail. com

&

AJAYA SINGH
Central Department of Mathematics

Tribhuvan University
Kirtipur, Kathmandu, Nepal
aj ayas_2000@yahoo.com

Abstract:

in this paper, we have introduced and studied a new subclass TD^(a,8,(;n)of

:nivalent functions defined by using generalized Salagean operator in the unit

:isk U={z:lzl<1}. We have obtained irmong others results like, coefficient

.requalities, distortion theorem, extreme points, neighbourhood and Hadamard
:roduct properties.

nev Words
'-'nivaient function, Distortion theorem, Neighbourhood, Hadamard product 2000
..'i"lS su'oi ect ciassifi cation. 30C45.



N. D. SANGLE & AJAYA SINGH

1. INTRODUCTION

Let A denote ,Ihe class of functions of the form

@

_ r k

f (z )=z+/aoz ' -
;k+2

which are analytic in the unit disk U = 
{z: lzl < t} '

In [4], Al-oboudi defined a differential operator as follows, for a function

f ( z )eA ,

oof(t)=f(z),

Df (z) = D'f (z) ==rt;Jrr//(z)+ )"2 f (z)

in general

D ' f (z )=O^(n '^ f ( t ) ) '

It f (z) is given by (1'1), then from (1'2) and (1'3) we observe that

D' f (z)= , * i;r +(k -r) )"]' aozo
k=2

te0l

( 1 . 1 )

- a  i ) , l c

llrorcm i

r f f ' :

\r '
r . l

, l

1\.rr( i;r

s '
: '

h  : , I ' i

:  r  
- -

, l .fme's;

I

(r.2)

1.3)
- \

(1.4)

when ),=1, weget Salagean differential operator [7]'

Further, let Idenote the subclass of ,,4 which consists of functions of the form

f ( z ) = ' - l a o z o '  a r 2 o '
k=2

A function f(z) belonging to I is in the class D^(o' F'6;n)'if and only if

0.s)

(1.6)

w h e r e  0 < a < l l 2 € , 0 < P < 1 ,l l2 < € 
. -1,  n el /U{0},  z e(J '

zf l@'f t '>) ' -"1-(n'71,1)' -t
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Let TD^(o, f  ,€;n) = T n D^(a, p,{;n)

te t l

( t .7)

I [r * (t -r) t]' rcir + p (26- t)] oo < 2 p( (r - a)
k=2  

.

0 < a  < l l 2 € , 0 <  B  < t , t f T < €  < t ,  n €  t / U { O } ,  Z  > 0 .

Proof. For lzl= l, we get

l , - ^  -  \ ,  - l  - l  . 1 , - . .  ; ,  1  f  ,  \ ,
llD' f ()) -l- pl2€l(o,,f G)) - " ll(o,, f @)
I '  |  |  L '  

-  /  J  L .
l - l l

= l-t I r + 1 r, - r) if' k o o,o 
-,1- 

olz6 1r - a) - z6ilr + (rr
I t : r .  

'  
I  I  r = z

2. MAIN RESULTS

Theorem 2.1. Letf(z) bedefined by (1.5). Then /(z) eTD^(q,f ,(;n),if and

onlv if

(2.r)

.*i 
[t + (t - r) t)" k ooro^l

k=2 |

= I [l * (k - r) s,)' rclr + p (2€ - r)f o, - 2 B € (r - o) <,0,
k= )

br hypothesis. Thus by maximum modulus theorem, we have

. l ' (z)  eTD^(a,  f  ,€;n).

Conversely, suppose that f (z)eTD^(o,f ,(;n),hence the condition (1.6) gives

us

t l- r l l
, t l

J I

-l) )") 'k aozk-l

)rTn

I

I t D'r(z))' -t I

I

I
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I i ;r *1r -t)).f 'k aozou I_l  f5 '  |  ^

lzf 
(r - a'1 - Q€ -\nU + (/c - r) .tf' te o oro-,1

Since lRe(z)l .l"l for all z" we obtain

t i[r+(r -\t"f'roozr-, I

PE A-")-(2€ -r)l[r * (e - \s.]' r oo,r-' 
)

Letting z +l- through real valueg we get (2.1). The result is sharp for the

function

. f ( z ) = r -  r o ,  k > 2 .'  
[r+(*- r)rJ" tr lr+ p(zE-l)]

Corollary 2.1. Let f(z) eI belong to rhe class 1nD, (o, F,€;n), then

ItrrG Br.T

k. ire havr

I  -  ; .  l ' - t

i)

a * 1 -?F€(r-") k > 2 . (2.2)
[r +1r -)rf '  *lr+ p(26-r)]

Theorem 2,2. Let f(z)eT belong to the class TDr.(a,8,(;n),then for

14=, < l. we have

,-,,ff is1o,71,11sr+r2

,-,ffis1@'rc>)'l=,*,

f€ ( t -  
" )

t+ p(z( -r)

zf€ (r-a)
r+ p(z; -r) '

(2.3)

(2.4)

The bounds given by (2.3) and Q.g are sharp.
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Proof. By TheoremZ.I, we have

te3l

I[r * (* -r) tf" *lr+ p (26 -l)]oo < zB€ (t - a)
k=2

then, we have

z(r+ t) ' l t+ p(zE -r)for= t[t*(r-r)z] 'r[r + B(2€-l)],- szp€(r-d),
k=2.

thus.

)  a , . <
zp{ (r-a)

z(r+ s,) ' l t+ p(26 - l ) ]

Hence

-r)

I

s

k=1

t t 2

lz l

. ,  (

, 2 _

I

ln" f G)l=l'l*

=l ' l* l

1 r + r

1 r + r

I
k=2

t t

o l

' ( r

2 *

I

t-
l L

)

)

ln" f e)lr-14-

=i' l- l

)  r  * r

) r - r

f 'oorol- l
)".

clk

:

t

ak

)

t

(k

L) '

, n i
t l

2

) '

I

lft*

( t *

t ,+  /L

p€(

I

'l[r *
l l L

( t *

l+ )"

B{(

I
- a

+ F (1 E
2.5. -

(k -1_) A

t ) 'Zoo
k = 2

@

) 'Loo

1-o)

and

1'oorol- l

,  n l 4 i. r p \ - - , - r) '
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thus (2.3) is true. Further,

and

l@' r c>| l< r + 2r (r + n)' f,ar
l '  

' l  k = 2

zP((t*e)

,  , ,  
i r ' ' : * p e 6 _ t )

t .  . , 1
l( n' f e>\'l> | -2r Q + n)' 14
l '  

' l  t = z

, zp€(r-o)
- - t - r - - -

1+ B Q( -l)

lbn

hd

h s(:

U:cr

l- rd

The result is sharp for the function f (z) defined by

f(z)==_ff irr,  z=l 'r .

Theorem 2.3.Let n e NU{0},  X> 0,  0 3 a,  3 dz 1l l2€'  CI < p <l ' I l2 < 6 <l '

Then 7D, (o, F, €;n) c TD ̂(o* F,6;')

Proof. By assumPtion we have

Thus, f (z) eTD^(a, F.6;n)implies that

;D
a-t

,(4

I t l

I

Ei ,+( r - r )2) 'oo=f f i+=f f ik=2

then f  (z)  eTD^(o, ,F,€;n)-
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Theorem 2.4.The set TDr(o,f ,€;n)is the convex set.

Proof. Let f,(z) =, -tor,,zr 1i =1,2) belong toTD, (o, F, (:n) and
k=2

let g(z)=erf,(z)+(r.fr(z), with ( and (z nonnegativeand (,*Cz=1,

We can write

g(z) =, -p(e,"r,, + (rao.r) zk .

It is sufficient to show that g(z) eTD^(o, f ,€;n)that means

S -

I[t* (rc -r) t]" n]+ p(26 -t)l((,a.,,+ (,o0.,)
K = 2

= €,tJ* (r - r),2]' rrlr + B (2€- I )] oo,, . f, i [t * (k - r),t f' rlr + B (z€ - t)f o 0.,
k = 2  k 4 '

s (, (2 p € (r - a )) + t, (z p 6 1r - ")) 
= (e, + e,) (z B e ( _ 

")) 
= 2 B t (t _ d).

Thus g(z) e TD^ (o, F,€;r).

we shall now present a result on ext!'eme points in the foflowing theorulit.

Theorem 2.5.Let f,(z)= z and

r  / , \ -  ' _ . -  2 0 € ( - a )  , k
-

ft +(t -t)2J" rclr+ p(26 -r))

f o r a l l  k > 2 ,  n e  N U  { O } ,  1 , > 0 ,  0  < . 6 g  q V Z € , 0 <  p  < 1 , 1 1 , 2 < !  < 1 .

Then /(:)is in the subclass TD^(a,0,{;n),if and only if it can be expressed

the form .f (z) =trr/ where lo 20 *O ir* = I or | = lt *irr
K=z k_2 k=2

te5l

,
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Proof. Let f(z)=irrro
k=2

N. D. SANGLE & AJAYA SINGH

o

where Tr 20 nd lf o = l. Thus
:  k-2

f (z) = r -L rr'r

and we obtain

In view of Theorem (2.|),this show that f (z) eTD^(o'f i;n)'

Conversely, suppose that f (z)of the form (1.5) belong to TD^(a.p,{;n)then

.  .  zp€e-a )  = ,  k>2 .
"-  -  

[ r  +(r  - \ t f ' t [ t+ P(2€ -r))

and y,= I - i T*,thenwe have f(z) = Ttfr(z) +i,rofoG)'
k=2

K = Z

This completes the Proof.

3. NEIGHBOURHOOD AND HADAMARD PRODUCT PROPERTIES

Definition 3.1. t6l. Let yo ) 0 and f (z)'el of the form (1'5)'

The (k,y)- neighbourhood of afunction /(e)defined by

( * - '

N,o .,,(f)={ g . T : g(z}=' -tbo'* and f\ao 
-bo't1 }"1' (3'l)

t "  Ez k=2 )

2F€0-a)

[r*1* 
-r)Af' relt+ P(26-r)f

ir the ider

AI
t  '  ( t , t

fl:rrem 3

tYrof. Let

. t -

- '  .  -  / - l  |  |
r L

l r t : , . re

f-
) a

=

s  i -  . \ . '  ha \ '

11 ,'-,3'.r rri (

i - :r-  - : l .r \  e

k:::s. I

lSrtion l

q:lr .--. . .l

rlt

Putting

20€Q-a)
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For the identity function e(z) = z, we have

( q &

Nn,r,(e)= j s. T : g(z) = z -Zbozk and Z*lorl< y l.
I r=z k=2 )

Theorem 3.1. Let , = ' ?,fiQ-?) - -. Then TD^(a, B,(;n) c No.r@).
(r+ t) ' l r+ 9(26 - r)]  

-  / '  \- .

Proof. Let f (z) eTD^(o,f ,€;n)then we have

z (t + t")' lr + p 1zq- I )] i r, = i [r * (e - \ t]' tlr + B (z€ - t)lor < z p { (t - a),
k=2 k=2

te7l

therefore

io  =  F! ( r_a)  _ .
?i"k 

- 
(t + ,a")" lt + p (zg - l)] 

'

also we have for lt l .,
' a a

lf' rrll < t + lzl I kao 3r + rlkao.

In view of (3.3), we have

l f ' r4lSr+r' ?!=((r-") - '- ' '  
( t  + , t " ) ' l r +  p ( 2 € - r ) ]

From above inequalities we get

(3.2)

(3.3)

said to be a member of the

.rl(:) e TD, da, f), ;: r) sucl,

Zkoo =
k=2

2p((r-a)

(r+ t")" lr+ p1z6 -r1l

therefore, ..f (:) e It'o ,(c';.

Definition 3.2^ Tire tunction f(:) defined by (1.5) is

subclass 7-D,{a.fr.:.:,r)if t i iere e::its a funetion

thai

=
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lf t'> |
t : - l l < l  - ( ,  z e U , 0 < (  4 .
lg\z) |

Theorem 3.2. Let g(z) e TD^(a, B, (;n) and

E =t -Lro(o,F,€; r ) .

Then No,r( g)cTD^(o,F,€,e; n)where neN U{0} '  ) '>0,

0 < a  < l l 2 € , 0 <  P  < l , l f 2 < €  3 1 ,  0  s ( < l a n d

. (t + t\'lr+ P(zE -t)f
d(o,0,€' '\= ' '  

i ;; '  ); i  ;-"i i  ^. '

Proof. Let f(z)eNo,,(g),th.n by (3.3) we have t4'r-bolsy,then
k=2

El"r-url=%
Since g(z) e TD^(a, F,€;r),we have

9€0-a)

W,

(3.4)

. i t z ) -  z

Foduct

TD,.(a=,

?roof. B,

t

s
L
k= '

rd

-
\i
L.
k =?.

I c har,e <

\.u. b1, C

-
t
LJ

t =2

r< rcd or

t ,
, - ( f , '

a;:r 3jgn1l

Zoo =
k=2

therefore,

, ilo- -r-l
f ( z )  , l  - f i ' -

r l  - . :

s\z) | t_Luo
k=2

sL( \!: t) ' lr* p(z! -r)1. 
.)+o@,f . ' ;n)=t-(.-  

r [ ( t  +t) ' l r+ B(2€-r) ]-p€(t-rz))  2 '

Then by definit ion 3.2,we get f(z)eTD^(o,f ,€,C;,).

Theorem 3.3. Let f (z)nd SG)eTD^(a,,p,(;n)be of the form (1.5) such that
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f (z) = , -iaozk and g(z) = , -iboro ,where ao,bo 20. Then

Iee]

the Hadamard

the subclass

(3.s)

(3.6)

(3.7)

K = Z

We have only to find thc largest a, such that

Now, by Cauchy-schwwzinequality, we obtain

we need only to show that

equivalently,

k=2

product h(z) defined by h(z) = , -iaoboro is in
k=2

TD^(ar,0,€;n)wh6re

- [ i* (r-\ , t f"  r lr+ p(zq-l)]-  2p€(t-a,),
g .  1 L  

\  t  J  L' 
[r+1r -r)t]' rfr+ B(zg -r)l

Proof. By Theorem2.l, we have

+ [r * Qc -r),t]' rlr+ p (zE -r)1
.(- r1.. : r

k=2 2B{l- ar)

and

J
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u00l

1 - g ,
< -L .

l - a ,

But from (3'7), we have

ConsequentlY, we need to Prove that

J6
But

5inss 
c +

c +

Theorem

Then d(:

?roof. Lel

B;- Theore

n F, lz

real

as

2BE0-a, )

",loobo 
=

or equivalentlY, that

- [r+1n-r)2]' klr. BAE-\l- 'zPE9A
a 2 - +=retl'r[r+BQ€-\]

Theorem 3.4. Let f(z)eTD^(a,f '€;')be 
defined by (1'5) and c any

number with c > -l than the function G(z)defined

G(z) =*' ln-' t(s)ds, c > -l,also belong sto TD^(a' p'(:n\'

J 0

Proof. By vinue of G(z\ it follows from (1'5) that

1 : :  o  \

G(z) =+ fl .t" 
-f a^'so*'^ t'ds

-  n \  
! - : / .

, .  /  r \
\ : i ;  f ' +  I  t '

= z - ) l * ; l a , z
l _ "  r - c  

-  1 1

2F€0-a)  -  s \ -o ,

[H1r,-r1z]' [r + P(z( -t)f t-a'
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F [r * & -t)11' k r+ p(z( -r)

- r '*Qr_Dtl,  * lr* p(z€ _t)f( c+l 
.)^

B u t  I t ^ ' \ ' "  
' / : ' J - ' : - L r ' { \ & b  r / l l  

" " ! .  ! a .  < 1 .
k = 2 W l ' * f r

Since $ s f and by Jlegle$ 2.1, Q-o- the pJoofis complete.
c + k

Theorem 3.5. Let f (z) eTDr(a, p,(;n ) be defined by (1.5) and

Ft(z) = (l - p)z * 1,'[$, (p>-0,2.U).

Then FoQ) is also in TD^(o,f ,€;r)if 0 < p <2.

Proof. Let f (z)defined by (1.5) then

" [ t - i o , r o  )
F,(z)=(t-p)2.;J+F'

" [  I
=" - i  Lo , ro .

fr tr  
^

By Theorem 2.1 and ,in", ( Ls l.)we have\ .r  )

ur)'r =''< y
zB{(r-a)k=2

rnen 4,(z) isin ?"D, (a.B.t :nl
F  '  \  /  

,  : :
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A l{ote Concerning the Invarianceof Baire Spaces
under Mappings

SAIBAL RANJAN GHOSH
SUCHARITA CHAKRABARTI

IIIRANMAY DASGUPTA

\llstrilct: In this note we prove that under a semi-continuous and alnrost 'pen::rapping the image of a Baire space is also a Baire space and as a resurt inrpror,.l' ' theorem of Dasgupta and Lahiri [3]. Furthe..rro.., a theorem o{-Noiri [6] on:resolute nrapping is improved in this process.
Ke*r'orcls and Phrases: Semi-contlnuous and almost co.tinuous nrapping...nost open and leebly open mapping, Baire spaces.
- rt0 Mathemarics subject crassification: 54405, 54c05. 54c0g.

I. INTRODUCTION

: ;s *'ell known that under a continuous and open mapping. the image of a Baire:ace is also a Baire space. Dasgupta and Lahiri t3] and Frorik [4] reachecr the-:rr.re conclusion under weaker hypotheses. tn thi. not. we prove another-::ieralization of this classicar theorem which improves the result of Dasgupta and''riri [3] and is independent from that of Frolik [a]. In this process we arso-'rrove 
a theorem of Noiri (Theorem 3 of t6l) *ti.i telrs rvhen u ,nupping i,*:solute' 'l'ruoughout 

the paper X, y denote topological spaces, $ the emptl,set.
:re set of real numbers and u the usual topology. Th. 

"rorur. 
and the interror' ; Ser A c X is denoted by Int A and C/ A respectively.
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2. PRELIMINARIES

Definition 1.1 Let A c X. Then

(a) A is said to be semi-open [5] iffthere exists an open set O such that O c A c
C/O, or equivalently, A c C/Int A. The union of all semi-open sets contained
in A is called the semi-interior [3] of A and is denoted by SInt A (b) A is said
to be semi-closed [3] itr the complement of A, {, - A is semi-open. The
intersection of all semi-closed sets containing A is called the semi-closure [3]
of A and is denoted by SC/ A.

Remark 1.1 It is known from [3] that SC/ A is semi-closed and SInt A is semi-
open.

Definition l.2Letf : X + y beamapping. Then
(a) /is called semi-continuous [5] if for each open set v in y,/t(v) is semi-open

in X.

(b) "f is called almost open (in the sense of Rose) tTlif JU) c Int c/l(u) for
every open set Uin X.

(c) / is called almost continuous t4l if for every open subset v of y,

F' ry) c Cl Int/' (v).
(d) /is called feebly open [4] if A c X,Int A r* $ :+/(Int A) r. d.
Remark 1.2

(a) The notions of semi-continuity [5] and almost continuity [4] are the same in
view of Definition l.l (a).

(b) Every continuous mapping is semi-continuous but the converse is not
necessarily true (see [5]).

(c) Every open mapping is almost open (feebly open) (see [7], ([4]), but the
converse is not necessarily true (see Example 2.2 and(Example 2.1)).

Theorem 1.1 [3] A set A c X is semi-open iffSlnt A = A and A is semi-closed iff
S C / A = A .

Theorem 1.2 [3] IfA c X, then Int A c slnt A c A c sc/ A c c/A.
Theorem 1.3 [5] If A is a semi-open subset of X and B c X such that
A c B C/ A, then B is semi-open in X.

Lemma'1.1 [3] A set A c X is semi-closed iff there exists a closed set F such that
I n t F c A c F .

Lemma 1.2 t3l For any A c X, SInt A -X - tSC/ CX-A)l

Theorel

for everl

Theoren

Baire spa

Theorem

I f X i s a l

We start t

Theorem

mapping t
:;: X. Ow
*e shall p
,r!)€ilI€SS r

Remark 1..

Tbeorem i

re inverse

Proof. Let

l'zuch thar

['Theoren

.r' N) cf,
9cfore goir
rrsufts in th

Tlcorem 2,
nd open in

f!,oof. Let I
Tbcorem 1.1

f' (CI

bse in X,

llcorem 2.,

tlrof. Ler D
D scq;-s1or.
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Theorem 1.4 [7lA mapping f : X + Y is almost open iff/r (C/V) c C/.fr 1V;,
for every open V c Y.

Theorem 1.5 [3] Letf : X + Y be surjective, open and semi-continuous. If X is a
Baire space then Y is also a Baire space.

Theorem 1.6 [4] Letf : X -+ Y be surjective, feebly open and almost continuous.
If X is a Baire space then Y is also a Baire space.

3. IMPROVEMENT OF CERTAIN THEOREMS

We start this section from the following theorem of Noiri [6].
Theorem 2.1 (Theorem 3 of 16l. If f, X + Y is an open and semi-continuous
mapping then the inverse imageft (B) of each semi-open set B in Y is semi-open
in X. Our purpose is to set this result ih a more general context. More precisely,
we shall prove that the openness of the mapping can be replaced by the almost
openness of the mapping and henceforth making an improvement (in view of
Remark 1.2 (c)) of the above theorem.

Theorem 2.2 If f : X + Y is an almost open and semi-continuous mapping, then
the inverse imageft (B) of each semi-open set B in Y is semi-open in X.

Proof. Let B be an arbitrary semi-open set in Y. Then there exists an open set V in
Y such that V c B c C/ V. Since/is almost open, we have,/' (Cn| c C//r 69,
by Theorem 1.4. Again since/is semi-continuous,fr (V) is semi-open in X. Thus

tr ry) c,f' (B) cCtft (V) and so;' 1e; is serni-openin X, by Theorem 1.3.

Before going to our main theorem (Theorem 2.6) we shall prove some ancillary
results in the following.

Theorem 2.3 Letf : X -+ Y be surjective and almost open. Then if B c Y is dense
and open in Y,/r (B) is dense in X.

Proof. Let B be dense and an open subset of Y. Then since/is almost open, by
Theorem 1.4 we have,

f' (ct B) c ct ft (B) =+,ft (y) c c/ft (B) = X c c/t' 1n) =e/r 1n) is
dense in X.

Theorem 2.4 Ac D is dense in X iff SC/ D = X.

Proof. Let D be dense in X so that by Theorem 1.2, Sc/D c C/D = X. Since SC/
D semi-closed by Remark 1.1, there is a closed set F c X such that Int F c SC/ D

F
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c F by Lemma 1.1.  But by Theorem l .2.Dc SC/ D c F and so X :  C/D c C/F.

Thus F : X and we get X : Int X c SC/ D c X, which impliesthat SCi D = X.

If SC/ D = X, then because by Theorem 1 .2, SCt D c C/ D, it follo'*'s that C/ D =

X and so D is dense in X.

Remark 2.1 The above theorem is an improvement of the requirement that D is

dense i f f  C/ D: X.

Theorem 2.5 A set D is dense in X iff the complement of D has empty semi-

interior.

Proof. If D is dense in X, then by Theorem 2.4, SCI D = X and so in Lemma l'2,

replacing A by X - D we obtain, SInt (X-D) = X - SC/ D : 0. Onthe otherhand

if SInt (X - D) = $, then we obtain X - SC/ D = SInt (X - D) = Q and so

SC/ D = X. Hence D is dense in X, by Thdorem 2.4

Now we are in a position to show that a Baire space remains invariant under an

almost open, semi-continuous surjection.

Theorem 2.6 Let f : X -+ Y be surjective, almost open and semi-continuous. If X

is a Baire space then Y is also a Baire space.

Proof. Let G = Ai Di be a countable intersection of dense open sets in Y.

As / is almost open and semi-continuous by Theorem 2.2, ft (SInt (X - G)) is

semi-open in X. Thus

/r (Sfnt(X - G)) : Slnt/r (SInt (X - G)), by Theorem L I

c Slntf ' (X - G), by Theorem 1.2

: Slntf' (X - ni Di)

: Slnt/r [X - ni,f' (D')] ( l )

Since D; is open for each i, semi-continuity of/implies that/r (Di) is semi-open

in X for each i and so there is an open set Vi such that Y, cft (D,) c C/ V;, for

each f. Thus X - aif 
'(D) 

c X - ni Vi. So from (l) we get,

;r lsInt (X - G)l c SInt [X - n, V,] (2)

Now by Theorem 2.3, ft (Di) is dense in X. So C/V, = X. Consequently V; is

dense in X for each i. Thus n;V; is a countable intersection of dense open set in X,

and as X is a Baire space, A;V1 is dense in X so that SInt [X - n;Vl = 0, by

Theorem 2.5. Hence from (2) we get,/r [SInt (X - G)] : $, so that SInt CX - G) = 0,
which implies, by Theorem 2.5, that G is dense in X. Thus Y is a Baire space.

Remari

of Thec

does no

semi-co

open mi

shown i

Exampl

Letf : (1

verify tl

f i u ) = (
lnt Cl fll

Exampl

Let N be

such tha

.f (n, u)
f lx

Let O be

)i =lO)

U). Clear

open.

l .  Bis '

Ma1

l. Cro

( 2 +

-i. Das

Cier



A NOTE CONCERNING THE INVARIANCE. . .

Remark 2'2 From Remark 1.2 (c) it follows that Theore m 2.6 is an improvement
of Theorem 1.5, Furthermore. Theorem 2.6 of ours and Theorem 1.6 of Frolik
does not imply any one from the other, because although by Remark r.2 (a) the
semi-continuity of Levine and almost continuity of Frolik are the same but feebly
open mapping and almost open mapping of Rose are independent to each other as
shown in the following examples.

Example 2.1

Letf : (n, U) + (fr, U) be defined by /(2) = 4 andl(x) : x otherw.ise. It is easy to
verify that f is feebly open. But considering the open set U = (1, 3) we see
l(U) :  (1,2) w (2/  3)  v (2,3) u {4}.  Hence Ct f lU) = [1.  3]  u {4} and so
Int C/lU) = (1, 3) rlu). Therefore/is not almost open.

Example 2.2

Let N be the set of natural numbers and t be the topologv consisting of all sets o
such that O = 0 or O: N or O: {1,  2, . . . ,  n, \  for  each n(> l )  in N. Let
"f.(n, D -+ (N, r) be defined by

JU) = l, if x is rational
= 3, if x is irrational and 0 < lxl < 3
=n, ifx is inationar andn-2 < lxl <n - r where n e N and > 4.

Let o be any open set in (fr, u). Then/(o) must contain r. So Intc/ r(o1 =Int N =
N :/(o). Hence/is almost open. Next we consider the open ser o = (0, l) in (fr,
u)' clearly Int o * {. Butfio) = {r, 3} and so Intl'o) = Q. Hence/is not feebry
open.

l .
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On the Approximation of Conjugate of
Functions Belonging To Lip {€(t), p} Class By

Generalized Ntirlund Means

SHYAM LAL
JITENDRA KUMAR KUSHWAHA

Abstract: In this p.uprl, the degree of approximation of conjugate of fi.rnctions
belonging to Lip {E(t)p} class by generalized Norlund means of conjugate series
of Key words: model, indirect technique, ratio, parameters, mortality, deaths.
Fourier series has been determined.

1. INTRODUCTION AND DEFINITION

Qureshi ([6]) has determined the degree of approximation of function i(.),
cor{ugate of a function f e Lipa ,Lip(a,p) by Ndrlund method .The purpose of
this paper is to generalize above result in two ways and,to determine the

approximation of r(*), conjugate of a function feLipft(t)plchss, by
generalized Ndrlund means

Let f be periodic with period 2n andintegrable over(-,, r) in Lebesgue sense. Let
its Fourier series be given by

|  . c o

r(t): jae *I(u" cosnx+bn sinnx)= iuo*ie,(*) (l)
n - l

n=l
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The conjugate series of the Fourier series (1) is given by

i t"" sinnx-bn cosnx)=-in"1*1 . (2)
t j

The gene

tf'q -+ s,,

summabk

S" + S(l

(Borwein

The neces

and pn_k

The (I,tr, p

method (I

P" = (l:t
We use fol

,l/(t)

We prove t

t"fuoren: I

non- negal

monotonic

I f  f : R - + l

class, ((t) is

n=l

I

wedennenonn l l  l l .ur ' l l r  l l -  =[ f 'E(.) l 'o. j i  .  p>r
'  t t P  -  

l l  l l p  
\ {  

|  \ ' r  

)

and the degree of approximation E, (f) is given b1' (Z1,gmund [S] )

E" (f )= -inllf - r" ll,
where T" (*) is a trigonometric polynomial of degree n.

A function fe Lipa if lf(x + t)- f(-)l =O( ltl" ) , for 0 < cr < l.

f (x )eL ip(cr .p)  for  0<x<2r  .  i f

( 2 1  ) ' o

I  J l r t - * r ) - r ( x ) leax l  
=o (  l t l " ) ,  0<s< l  (McFadden [5 ]  ) .

\ o  )

Given a positive increasing function e(t) *a an integer p ) l,

I(pywords antpfrrases: l-ip{{(t),p} class of functions, Fourier series, Degree of

approximation . Gene ralized Ncirlund means.

Subject of classification (2007) : 42805 ,42808.

f(x)e t-ip(3(t).p) if

(  en ,
I t lf(x + t,)- r(t)lpa*'); = o(e(t)) lsiadiqi [z]1 . (3)
\ {  

'  
)

Iu" be an infinite series having its nth partial sum sn = 
Iun

n=0 r'=0

f  )  , (  ) ,

{pn } and tq" } be t\l'o sequences of real numbers such that

n
s-r

Rn == 
)p*gn- r .  +  0  Vn )  0 .
k=0

For any sequence {s" } u'e u,'rite

n= l

Let

Let
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10.o I +
L ; "  = ;  

LP l9n- rSn- r  .
r \n k-0

The generalized Norlund transform of the sequence {s"}is the sequen.. {t;r}.rr

tf'q +s,as n-+o,then the series 
iu" or the sequence {s"} is said to be
n=0

summable s by generalized Ndrlund method (N,p,q) and is denoted by
Sn e S(N,p,q).

(Borwein [])

The necessary and sufficient conditions for a (N, p, q) method to be regular are

and pn_r=o( lR" l  ) ,  as n i6,  foreveryf ixed k >0forwhichq,.  *0.

The (N, p, q) method reduces to the Ndrlund method if qn = I for all n. The

method (N, p, q) reduces to Riesz method (fr,q")if p" =1, for all n.When
/  . \

p" =( l : f - ' / ,  o)0,  andgn =l  Vn,themethod (N,p,q) reducesto(C,a).

We use following notations:

,1,(t)= r(x + t)-r(x - t), i(*)= 
; I-0*ridr

0

2. MAtrN THEOREM

We prove the following:

flTuorenc Let the regular generalized N0rlund method (N, p, fl be defrned by a
non- negative, monotonic non-increasing sequence {p"}"nd a non-negative,
monotonic non- decreasing sequence {q" }of real constants such that

gnpn = O(R" logn) with n > no > l. (5)

If f :R -+ R is a'2n periodic, Lebesgue integrable and belonging to Lip(((t),p)
class, 6(t) is positive increasing function of t salisfying

l r  l  r l

(4)

n

f  ln"-ue *l= o( In"l  I
k=0
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= or1)
\ n /{rw','}' (6)

and

{lfryJ'4*=o("u)(7)

where 6 is an arbitrary number such that q(l- 6)-l>0, q th. conjugate index of p
and the condition (6) and (7) hold uniformly in x, then degree of approximation of

i(x),conlugate of f e Lipft(t)p) ,Uy generalized Ndrlund means

- P ' q  I  n

t n (.): +Ip*q"-o sr of,the conjugate series (2) is given byR" f t '

l l  - p ' q .  -  l l  (  t  / r \  )
l l  '" (")-r(.)l l  =ol ntel _ lrogn I rrr
l l  l lp  \  \n/  )

"3. LEMMAS

The following lemmas are required for the proof of our theorem

-cemma 1 (McFadden , 1942),If {p., } is u non-negative non-increasing sequence
f o r  0 < a < b s n  , 0 < t < n  t h e n

and {q" } is u non.negative

I
I

l r
l'z"F
I
Bvlhof

The n'h partia

81'taking (N, p

, (
i n  P I C O S I  n

I \
. = 0- 

sln



(6)

(7

ofF,.

7)

: p
of

r-
(8)

I

Fgative

( _o* 1''|,
I $ 

pr.Qn_* qo\n 
2)

D U , T

ON rgp a.PPROXIMATIoN oF. .

, t

u13I

. t
sln -

2

/ \

= gf 9"P' I
( R . t /

I- < t ( n
n

tuof

Frgn-r"or(n-* . , ; ) ,

a '  9 n  
* *

1,4Rn o<tsn

l "
iT
l-*

= 
"[{{.l 

, by Lemma l .
( R " t  )

4. PROOF OF THE THEOREM

The nth partial sum of conjugate Fourier series is given by,

i, (*) = -*1 ."tlv(t )*. *r 
t:'(i -li)''n,..

sm-
2

i" (*)- e*f ."tjv(t)at; = 
* t

By taking (1.{, p, q) means of S"(x) , we get

.orl.n - t 1).
\  2 )

v(t)at.. t
sm*

2

t
, [n -
\

.
sm

Pr co
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,or[n-r.*1'),
-P'q -(x)= I 

fr(t)I 
\ 2) 

att"  (x)-f .  ,  
2rR, n . . ,^. .1P.q"-*-t

,  ( + , )  n=#|l.l,l-ux
=I ,  + I r .

Applyurg Holder's inequality and the fact

rr,r = z"k. {lfW',,}*] {***,
I'"({trs)'4'

="f+)"f,f+ll[i*o,lt, ror some 0 ... *
\ n /  l . ' \ n / / [ :  t - "  

)

by second mean value theorpm for integral.

="(""[*)) (,0)

Similarly, as above, we have

,,,, = | l[#I "l* [x#tw)',,]*

= o f

- o

= c

=o[,

= o (

=o(,

Combining

Following (

Com[ary |
to Lipo, f
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= 
"6,fil1gol'*l* , by (7)ndr-emma2

Li( 
t-otRn / 

J

o(.,){*{l#)'{*

= "i*"ifu{#}'#]',,aking, = }
L t r \  )  

J

= 
{+r(*)F.,*n'of 

*, 
o'n,* varue theorem

="(+{*)[W;,
=o(nilg(*)roen), 

by (5) and hypothesis of theorem

( l  l )
Combining from (9) to (l l), we have

ill"o''1*;- ;,,.,11 = 4^^e[') "*")lt ll, \

n r5l

5. COROLLARIES

Following Corollaries can be derived from the theorem.

Qorol[ary t r 6(t)= t" then the degree of approximation of a function beronging
to Lipo, *. o .l is given by
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,ll
T}e l
Vol. i

Abstr

maten

Nepal,

The n
(exclue

might

estima

and 35

and 28

Key w

Matern

is taker

deaths I
to less i

within,
giving I

mostly

N

rogn I
"-t I

n  e )

Qorolkry 2 tf p -+ oo in Cor.l then we have for, 0 < cr < I ,

l t l l
ll;"" (,.)- ;t.lll = 

"fre+ll l  l l  \ n " /
Wnor&-An independent proof of Corollaries (l) and (2)can be developed along

the same lines as the theorem
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Abstract: The main aim of this paper is to apply mathematical model to estimate
maternal mortality ratio using i*o n"*ogiupiri. and Health Surveys data of
Nepal' We applied Bhat et al. f7]model to estimate maternal mortality for Nepal.
The modification was also made by assuming the sex-ratio of moriality rates
(excluding maternal causes of death) specific to women aged between l5 and 49 years
rnight'be 'equal to some constant K. The proposed method provided consistent
estimates of maternal mortality ratio of 588 deaths per 100000 live births in 1996
and 351 deaths per 100000 live births in2006 against the observed value of 539
and 281 deaths per tr00000 live births respectively.
Key words': model, indirecltechnique, ratio, parameters, mortarity, deaths.

1. INTRODUCTION

Maternal rnortality is an important health indicator of a country tll. childbearing
is taken.as highly valued as well as an inevitable part of a wornan,s life. Maternal
deaths continue to be a leading cause of death ouring the reproduction process due
to less access to quality health care [2i, Maternal deaths were mainly occuned :(i)
within: the preg:ran: 

ry1"9, 
(ii) at the time of pregnancy ended, and (iii) after

giving binh of a phild [3,4]. Maternal cases were oftln t"t.n as hidden events and
mostly were undercount. This situation is not mainly because of a lack of claritv

I
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in defining a maternal death, but because of an inherent weakness in the health

information and recording systems. Hence it is difficult to know the matemal

mortality level in a country from the limited data. It is being rare occulrence

events t2]. It needs a large population base and a sufficient number of

observations for direct estimation of maternal deaths.

The level of maternal mortality in Nepal is known to be alarmingly high where it

was 551 in 1991, 539 in Lgg6,4l5 in 2001 and 281 per 100000 live births in 2006

f2,3,41. However, figures show that maternal mortality ratio declined rapidly over

time. Since, hospital-based studies tend to be highly localized and suffered from

the problems of non-random case selection, inadequacies of sample size, and

incomparable reference periods U, zl.Most of the births in Nepal do not take

place in hospitals and therefore, the reported figures do not accurately reflect the

number of deaths cases during pregnancy or childbirth [2]'

Measurement of matemal mortality suffers seriously from under/over-reporting

and misclassification of data [l]. Most of the surveys data were subject to wide

variabitity and it needed to develop and graduate new technique to estimate the

maternal mortality from limited data. Indirect techniques may be an appropriate

tool to diagnose in such a situation. In fact, an indirect method of estimation has

its origin and produce estimates of certain parameters on the basis of information,

which is only related to its value indirectly [2].

Generally, estimation of demographic parameters has been done on the basis of

data collected by census or by vital registration system or sample surveys [4]'

Unfortunately, however, in many countries today, the data collection by these

systems either do not exist or their quality is so poor [1, 2, 5]. The estimates based

on such defective data yielded inconsistent results. Blum and Fergues t5]

developed a technique to estimate maternal mortality ratio based on sex ratio

differential and female age specific mortality rates. Devaraj et al [6] proposed a

technique to estimate maternal mortality ratio through regression methodology by

taking maternal mortality ratio as the dependent variable and infant mortality rate

and total fertility rate as taking explanatory variables. Bhat et al. l7) proposed

procedures to compute maternal mortality ratio based on sex differentials in

mortality. Likewise, Ar1'al [,2] graduated the techniques to estimate the maternal

mortality ratio from the data of sex differentials of mortality.

This paper tries to estimate matemal mortality ratio through different indirect

techniques. The data u'ere taken from Nepal Family Health Surveys 1996 and

Nepal Demographic and Health Survey 2006 as well as other sources of data. The

suitability

Under som

The force

maternal) o

( t )  D , ( x

Where oit
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maternal reir

Since mortai

of tlie risk o

[1] .  Symbot

(2)  Dl ( " ) ,
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It is well-este

the early age
years). Let th
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be written as:
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suitab'iry of moder proposed b1. 
lhat et at. [7]was tested to rhe Nepar dara.

Under some assumptionr', trt" *"ainJ;; dr'r-., has arso been proposed.

2. MODELS
The force of female deaths rate at age x from allmaternal) of death can be expressed in the foilowing,.r?ffi:. 

(maternal and non-
(1) D rQ) = Dl@) + Di G)
where Di(x)and Di(x) denote the femare death rate at age x from obstetriccauses (maternal related death rates) and other thzmaternal related death rates) r.rp".tiu"ly. 

tn maternity causes (non-
Since mortality.risk at age* ,r* obstetric causes of dof the risk or s:.uils. bi;h a; ,h"r';. and the risk of o:::T 

u'ould be the product
Il]. Symbolically iii, gi*"-u.^r"#e 

.rlq tne nsk of'dying from giving trre uirti
(2) Di(x) = a\x) f (x)
W}rere a:(x) and f (x) denote the age paftern of matemalfertility rate respectivelv. 

r*!!vr'.,r r'atemat mortality and age specific
It is well-estabrished factthatmaternar rerated deaths are most riL^r.. ̂^^-;5'{iJ.ril:t,i:,'l'"ffi T#i#if J#iiliTitf i,T;','[:T
age of 20-24 be denoted as o [], Z, n 

""*.".r,,':^;;;I::ffi;:,ilH:;
mortality rario was.observed ;;", and out of this

,fi f ?i:t#:J#' 
I in earrv' tn' **' " si tuari on, *; ;#fl iT.il*iff'}, ;|u. *itt.ou;;--* 

morrarity rario of age 20_24;";;;;;uar 
to l) at age x wourd

w(x) = 
#, _fo, at> 0,, for ar>O, equivalently it is given as.

(3) a\x) = a;w(x)

where ol and w(x) denote the measure of the rever of maternar r.,.,^,+or:*.. ^__ ,normalized maternat morhliry ;; ; 
" 

;"'""J""j,:lmaternal 
mortality and the

As rrom equarions (2) ana(3), we r""JTJ;',r:;Tl;,,", = a u,(x) f(x), thenwe substitute it to the eq'ation (r), and we finary ger the fororving equation.(4) DrQ) = atw(x) f(x)+ Die)
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On simplification, '*'e get the force of male mortality fate, D,(x), at age x from all

causes of deaths as below.

mortality or a
female death

significantly Ir
possible reasot

and violence <
linear form for

estimation of ;
balance such e

12, Tl.Hence tt

( 8 )  R *  = 0 *

Since this rnode

estirnates for l

[ 1 .  2 ,  7 ] .

Finaliy keeping

mortality rates (

between i 5 and

Symbolically thr

the following eq

( 9 )  R ,  = K + r

This model may
in sex ratio of mr

We need the data

matemal mortalit

causes of deaths.

[3,4]. The standar
this age pattem is
in Tables 1 and2.

Table l: Data usr

Age

3roup (x
ite-

rcaled

D, (x) _ trr w(xX(x) 
* 

D l(*) , equivalently
D.  (x) D - (x) D. (x)

*. = tHF1 ei@-and

finally we get the following model.

(5) R. = G(x) + aZ *

Where, R = D,(x) denotes the sex ratio of monalitl' risk. G(x) = $9" *  -  
o . ( * )  D . ( * )

denotes the sex ratio of mortality in the absence of maternal mortality and

2,. = 
w *f* {where w, = w(x)and .f, = 

"f(*)l .
^  

D . ( x )

In model (5), G(x) is one of the functional pararneter and co is the slop parameter

of the model and it is the level of maternal mortaliff at age interval20-24.

Previous studies documented that the sex ratio of death rates among women of

reproductive age in the absence of maternal mortality follows a linear function of

age x 12,71. Then it follows the equation (5) as below'

( 6 )  R , = a + p x + a t Z ,

Where a and B denote the regression coefficients of the model and other symbols

have their usual meanings.

We can solve the equation (6) using least square principle, and once rrr is

estimated, an overall maternal mortality ratio (MMR) and matemal mortality rate

would be computed from following relations.

(7) MMR = ., I-Y ^ f- n * and

I  f . n "
Maternal mortality ,ur. = t$*t

Where n, denotes the number of women at age x.

Since matemal mortality is usually estimated as maternal mortality ratio (it is the

number of maternal deaths from maternal causes, divided by the total number of

live births and expressed per 100000 live births) and maternal mortality rates (it is

the number of maternal deaths from maternal causes, divided by the number of

women in the population aged 1 5 to 49 years and expressed per 1000 women).

Model (6) provides the better estimates of maternal mortality for Indian data l7l

but it faiis to provide consistent estimates of maternal mortality ratio for Nepal

data [1, 2]. This may perhaps be due to the irregular pattern of sex ratio of

M]
1 0 0
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mortality or age specific death rate among females. usually the sex ratio andfemale death rate corresponding to age interval (20_2r) has been foundsignificantly row in compariron *ith thosJ of neighboring ages. Among others, apossible reason might be either the excess mortality among men due to accidentsand violence or-underreporting of the female o.uttr, and the assumption of alinear form for G(x) may be worthlel t2l. choosing G(x) is more critical for theestimation of maternal mortality ratio. ournrny uiiJt., D, was introduced tobalance such effects in switchin! tne slope of GG) beginning at the ages 20_24.12,71. Hence the model (6) reducid to be:

( 8 )  R *  = d ' + B x +  a Z * + D ;  D = 0 , f o r 1 5 - 1 9 a n d  2 0 - 2 4
and D=x; otherwise.

Since this model is also applied to Nepal as well as Indian data. Model gave better

;i:T?Tt 

for lndian data but it faited to give better estimates for liepal data

Finally keeping these limitations, we introduce the concept that the sex ratio ofmortality rates (excruding the maternal causes or a.u*rJ specific to women agedbetween l5 and 49 might be equal to some constant K.
Symbolically the sex ratio is,*-9 = G(x) = 6and finally the model (6) reduces toD.(x)
the following equation

( 9 )  R , = K + o s Z ,

This model may provide better estimate of MMR if there exist a different patternin sex ratio of mortality by excluding maternal deaths of a popuration.

3. APPLICATION OF THE MODELS
we need the data for the application of the models (6) and (9) in order to estimatematemal mortarity ratio (MMR). Data 01$e and ser specific death rates from a'causes of deaths, and.data on age specific fertility ,# *r. taken from MoH[3'4]' The standardized age pattei oruun,* tukrn from Bhat et ar. [7l.since,

ll?;ffi:?i:# 
is universatiy accepte d U,2,s, 8]. rhe usea data were presented

Table l: Data used for estimation of MMR (NFHS 1996)

J



19627 1 . 9 t17.70
t 5 - l 9 2.05 2.84 1 . 3 9 t27

20-24 2 2.29 0.97 266 20576 1 . 0 266.10 tt2.24

25-29 3 1 . 8 9 3.7 | .96 229 1 8 1 0 7 1.2 2',74.80 145.40

30-34 4 1 A 3 . 1 2 1 .3 160 r4556 I A
l - ! 224.04 93.33

35-39 5 2.45 3.77 1.54 94 1 0 8 1 8 1 . 8 169.20 69.06

40-44 6 A < 1 5 . r 3 l . l J
a 4
J I 6 5 i 3 2 . 0 7 4 . 1 0 t6 .37

45-49
,7 8.6 7 .7 0.90 l 5 3964 1 t 1 J O . U J 4 . 1 9

Total 162 94,161
fertili\ rate' taken
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MDR=mate de"th ,ate. FDR=t'emale dealh rate' SR:sex ratlo

t7l

Table 2: Dataused for estimation of h4MR G{DHS 2006)

\ge groul

(x)

e-scait

X

MDR'
I 000D*

FDR/
I 000Df

SR of

Df/D.

ASFR

f*

No.  01
exposurs

n,

22263

Relati i 'e
\ ,1 \1R'* , ,

r 9

I  
- \ \ y l x Z=YlD^

186.2 < , 1  l 1t 5 - t 9 I
3.03

A  A A
)  .++ 0.88 9B

20-24 2 r . 83 2.40 0.76 z )+ 23421 t . 0 : ).+ 9'1.s0

25-29 3 3 . 1 6 1 . 3 0 144 20789 1.2 t 7 2 . 8 7 l . i  I

30-34 4 2.68 2.58 1 . 0 4 84 17953 t 1
I . t tl ' l .6 45 .5  8

35-39 )
2.92 2.52 t . l 6 48

t3573 1 . 8
86.4 34.29

40-44 6
3 . 4 1 5 . 1 3 0.66 l 6

8625 2 . 0
o. - :4

45-49 7 3.90 5.70 0.68 2 4"7 51 1 , 1 4.8 0.84

Total
I  i  1 3 8 2

* takenfrom Bhat et al.[1]

The observed values of MMRwere 539 in 1996 and 281 deaths per 100000 live

births (for 0-6 years before the survey) in 2006 [3,4]. MMR was derived bi'the

maternal death cases from the survey data. The maternal deaths are defined as any

death that occured during pregnancy, childbirth, or within two months after the

birth or termination of the pregnancy'

Now we fitted the rnodels (6) and (9) to the data of two surveys of NDHS 1996

and NDHS 2006.First we take G(x) as linear form' Model (6) is fitted to the data

of age intervals (15-19) to (45-49), with the sex ratio of mortality' R*, as the

;;d;;* variable, and age x and Z* as the explanatory variables and the fitted

model is given below'

=Age-sPecl

Using

equati(

R r  = -

The co

was fo

MMR

Model

of  539

Ltsing

equatio

R ,  = 0 '

The cor

matern€

standar<

mortalit

births fi

\epal d

t+l
\ t l \ \ ' .  W

'  s i n c  )
. "  , r i , r r

C

,  : . _ . -

\

_  . i  , _ i _ r  
j

P i t ; n - r t F

Trre est i i
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'-,;gn'gC
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using NFHS 1996 data in model (6), then we get the foilowing estimated
equation.

R, = -0.334+0.188x+ 0.0112 Z,;  1Rt:O.Se).
The coefficient of Z provides an estimate of MMR. Hence the estimated MMR
was found to be rr20 for age intervar of 20-24. As using, or:il20, the overailMMR for women aged 15-49 came out to be 1490 deaths per 100000 live-births.
Model overestimates the MMR for NFHS 1996 as compared to the observed valueof 539 deaths per l00000live births [3].
Using NDHS 2006 data in model (6), then we get the following estimatedequation.

R, = 0.738 +0.013 x +0.003 Z,;  (R2=0.3g).

The coefficient of Z provides an estimate of maternal mortality level. Estimate ofmaternal mortality ratio was 300 for age interval of 20-24 i.e. assumed
standardized age intervar. with this estimate (o = 300), the overal maternarmortality ratio for women aged l5-49 came out to be 3g9 deaths per 100000 livebirths for NDHS 2006 data. Model provides slightly overestimates of MMR for
fenal 

data as compared to the obsened value of ig1 deaths per 100000 live births
t4l.
Now, we fitted the moder (9) and we get folrowing estimated equation.
using NFHS 1996 data in model (9), then we get the foilowing estimatedequation.

R, = 0.960 +0.004422,; (R2=0.41)

The model provided an estimate of MMR at age interval (20_24) of 442.Finally,
an overall estimate of MMR was 5gg deaths per 100000 rive births for NFHS1996 data' which is found to be very close to the observed value orvrun 

"irrndeaths per 100000 live births [3].
Using NDHS 2006 data in model (9), then we get the following .esrimated
equation.

R'  = 0.805 +0.0027A12, ; (R2:0.98)

Model provided an estimate of MMR at ageinrenar (20-24) of 270and an overail. .estimate of MMR was 351 deaths per tooooo live births;; ffiHd;;;;"r".The estimated varue was arso slighiry over-estimut*, th* ffiilil#;":": .observed value of 2g1 dearhs p.i ttioooo live births [a]. The esrimared MMRfrom diffeierat iechniques and different data sets was given in Table 3.

)
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Table 3: Estimated and observed MMR for the NDHS 1996 and 2006 data

Used data Observed

MMR*

Estimated MMR/100000 live births

Model:  (6) Model: (9)

NDHS 1996 539 A9A 588

NDHS 2006 281 389 3 5 1

*MOH[3,4]

4. CONCLUSIONS

This paper discusses the model proposed by Bhat et al. l7). The modification of

the model was made by introducing the concept that the sex ratio of mortality

rates (excluding the maternal causes of death) specific to women aged between 15

and 49 might be equal to some constant K. The suitability of the models was

tested with the Nepal Demographic Surveys data of 1996 and 2006. The models

provided an estimate of MMR ranges from 588 to 1490 deaths per 100000 live

birtlrs for NFHS 1996 data while it ranges from 351 to 389 deaths per 100000 live

births for NDHS 2006 data. However. the proposed model provided a very close

estimate of MMR .for both the data of Nepal. The estimated MMR was found to

be 588 in 1996 and 351 deaths per 100000live births in 2006. These estimates are

consistent with the observed MMR of 539 in 1996 and 281 deaths per 100000 live

births in 2006. Findings of this paper may help planners and policy-makers to

design the policies for reducing maternal mortality as well as fertility in a country

where maternal mortality is still a major cause of death.
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