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Abstract: Asymptotic behavior of the solution of a cauchy problem for a mathematical model
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1. Introduction

our everyday life is full of examples of fluid motion, such as stirring a cup of tea,

florvs in rivers, waves in oceans, hurricanes and many others, The equations that

describe the most fundamental behaviour of a fluid were first derived by Euler in

i7bb. The initial boundary value problems for the Euler equations are surprisingly

difficult. Even the basic questions of existence and uniqueness of solutions in three

dimensions still remain oPen.

The idea of wide application of mathematical models of rotating fluids to the

study of atmospheric processes stems from A. Friedman, who in the earll' 20th centurl'

contributed a series of fundamental works in this direction' In connection with the

investigation of a rotating body filled up with fluid, s.L. sobolev initiated the study of

the following system:

ad - 
hvi =o,n ec) c n3,t > o.

*-16,61* 
VP = F(n't);d

Now-a-days, this system is known as sobolev system. Different types of initial and

initial-boundary value problems associated with Sobolev system have been studied by

various mathematicians in the last five decades'

Asymptotic behavior of the solution of a

Cauchy problem for a Sobolev type system
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In a Cauchy probiem, i.e. la,rge volunes of rotating fluids (atmoephere' ooeall 
I

etc.), even s numerica', approach to the problem requirea studying the solutbn's \

behavior as tine t -> q, obtni"ing at least tie leading term of the solution's

asymptotic ocpansion with respect to the gmall parameter lf t for large time l. In

present work, the Cauchy problem for a Sobolev type eystem deecribing the motion of

a rotating inviscid compressible f,uid is taken under consideration and the aqrmptotic

behavior of .its solutidn is studied, s i + o. S;'steis of euch a kind a're often

employed in modeling the dynamics of atmosphere' oceao and environment protection'

One of auch hydrodynnmis models was introduced by G' I. Marchhuk [6]' (4

The following eystem of equations

(1) ff-fo,aVYp 
= F@,t);az fr 

e;ra = Y(r,t)

is considered on the domain D = {s e E3,t 2 0}, where

i(r,t\ =(q,tr,us)- velocity vector field of the fluid,

d = (QQl)- angula,r velocity of space, Th

ds,t)=(n,h,pi- hydrodyna,mic pressure' fol

F(x,t1 = (Ii , 4 , tr's ) - masa density of external forces ,

a2 = corut- coefficient of compreesion, and

[0,d]- th-e vector product of 0and d.

syetem (r) belonge to the hyperbolic type according to the classification of partial

difrerential equations. S.'L. Sobolev [t,2]was the frrgt to study this system for the

particular cu'#'a =0. The cauchy problem and corresponding boundary value

problems in certain domains for syetem (1) were etudied by v. N. Maslennikova [3, 4, Tk

5]. Various types of applications of the solutions of such typee of system have been

discussed by G. I. Ma^rchhuk in his famous book [6]' ,] '

2. Cauchy Problem and Erylicit Solutbn Th€

Let the initial conditions for the eystem (1) be

(2) d(c,0) = io1c1,4c,o; = Po(t)'

The e:cplicit eolution of the caucby problem (1),(2) was congtructed in erplicit form

by v.N. Maslennikova. Aesuming that the functions involved in the initial conditions

(2) *4 thetight ha,nd eide member of system (1) are sufficiently smooth, the eolution

of the system (1), (2) was obtained in the following orplicit form [4]:



Asl'Mprorlc BEHA'I.R oF TnE soLUTIoN oF A cAUcHy 'R'BLEM FoR. . , . I 
rE

(s) i(x,t) : * ![ "li#.(i-#)ro 
1 e(1d',rir-v/[a",

. * .t!JI'-i; ^, - !,t -,yi 1u ny o,lou

(4) ils,t) = * il tiW 
- !ai,ns1* (i- fflr",,,tl*,

rSt/a

i

I
, {
I

I

. * U[lc 
@ - u't.ff . #(# - #. "' o')* # aano .ffi " 

r F'
. * IJII'T "'' 

- a' t -') ratu na'fv
The vector functions 6o1y; in (3) a,re ocpressed in terme of initially given functions as

followe:

6o(y): -rotdo *a2podi

6r(y) : -ado + v dirfio - o,zlY po,6l * a2tSdi

6r(s) = o'(vpo -[do,d]);

6s(g): o,zio '

, c J @ 7 1 '
The kernel G is given by G(a-u,t):) 

{ ffiFJr(4)dn, 
where

2
p2 :D@, - A)2; r2 : p2 * (re - yr)2 and Je is the Bessel'e function of order 0.

i=l

The functions f and /a a,re orpreesed in terme of F and rg as follows:

|(y,r) : -ro, P + dy+ a+ -y diafS *
oUs oAs oT oT

+Iv tt;, aF ", a ff * o ff - o, I#, al - ", #,

!a(y,r) : p * !'y - :+ - * * or* - *
7ys 

' 
ilyPr |yzTr frr 

' ''- 
Ar2 0r3'
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j  * i  
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i
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It wad pmovad bY rd88 tUa ory ryryoo H t!"t tbe rdution of tho Coucb

;;; 0;1ri"u*6g* i;ffi'Q = t(a',: a € re'0 s t s r)'

8. Arynryfiotlc Behrf,lor of thp thilutbl

In premt work, thc Ocuchv:h6bl&n'(1)' (2) frr tho con'cpoding homoesnous

,rr* t t*s undGr consi4€rction aod tb aqrnptdic b*rvbr of its olution is

determined, 
"rl 

* oUpS*iC:U" mC tUat tbo elu6m of tb #@ ar*omicett'

bctongq b rhe ,n""9 l.'tfi"r"p*iot tioo (3), (4) t ttf 
: 

to obtain a s€ries of

interestinS,liroperti€osfdutionoftb$mc\yplobko'ntiDbt'thcbchsviorofthe

CeuchY Prutit". solutim r t + o'

Now,Ietusconsii€rthesolrrtbn(3)brtbebonogeootlssyst€m(1)'taking

7,fo =-0. The change of va'riabb:o -! - e produce 4 : -d€ 8d tb€o we integrate

thefirstmemberinthemndint.gralof(3)xithlgpetto€3btingintoaccount

that G = 0 on th giuho of tle m Tbo' urcng tln Besdna qnation

JoQt\=-Io(rt)-Xo(t)lq' tbo frrnub br tb olutbnd(q0of our Cauchv

problem comeePonding to tbe ltdem can be eorplicitly written in the

following form:

,,\  :?,-r\- 1 ff  f  lato -(L -df"l lro*s([o,a]-vlo{ar,(b) i(a,t)=i 
!!,,f;7;*tF--z* 

r r "

L  f . ^ [ (  r F ^  -  t '  
t

+-a r fJ ll-Fr -ffi+f 6.t'+o
.. 

4* J,!r'f" ll 
r -trJo

In (5), the omitted etsuu€frts of tbe B€ssel'g functbns ale each equal to

pJffi 1r and also f ='d +&,f= e? +6' Th" formulo forp(o'r) will have

similsr form as thot of d(r.,t)b (6). Nw, se date and prove a theorem on asymptotic

behovl'or d tb olutin (6), which b tho mdn reult of preeent work'

Basic Theorerm'

I f theini t iAl funct ionsinvohrcdin(2)belongtothespaceCfr, thenthesolut ions

d(o,t)andp(o,t)oftheCarcbyproblemfortbecorreepondinghomogeneoussystem(1)
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equipped with the initial conditions (2) decrease l*e c(a) lt ag t '+ oo , where c(o) is

a bounded function.

Proof of the Theorem

If the time t is sufficiently large and the given initial functions are frnite, then the fust

integral in (5) will be zero. Let's take, into consideration, the first member in the

second integral of formula (5)'

We have:

_ t f f f r€r y(0ffi '1601,+e)ae
n" J,!/. 

"t 
- 
".( r ) 

-

Then,

?

* l l lGoG'
r3 t la

:-t*fil

rya.a[#)1"
: Qr *Q. (SuPPose).

LetustakeQ2underconsideration.Charrgingtosphericalsystemofco-ordinates'we

get:

2r t la 
"" -1

ar:-hJ ae J arJ ooa4
-  

o  o  

, , o o

: 
* I [60(q,q,t, + r) - do(rt''q'tz - r)]dr +

0

. *T r;' i, * f 
,, ("in elffi )* *



From tbis ocpreesion forQ2, lt followe that q =C@llt' rtct C(r)br1P

bounded as M "+ 90. Now, we tckg q Lot the snoot'h$ tuite frnctbn 
At 

b'

denotodlby 66 sm urs tletirmfme'ft'hto Tbyforts sb in a u{fibctood d $ :0

with t}e remainder term in an integral form. To eimptry tho t'*, tb ft* t'o

""grr*"ot, 
ar + erand 02 * {r of the functiondm are ouitt€d' We hate

ii*(" + {3) - 6*(cr, = 
[&uJo=, u . 

T 
(,a + 6 - rrftf "r

So, Qlcan be engeeed in the fid gfrinm:

^ = -* IJI@,;try F er *[ft[- u *
" o 1 e - l tJf t', + e" - n)ff"\": !Q' (suPea)'

First, we coneider the term Ql for inveetifation'

In spl.erical co-ordinatee,after maldng the substitution ein0 :1,il : 
ffi,we 

set:

.,'fr r' 
F -,-l JffilrgF@rr(q + t1-,s,n2 * ry dns,rs)it1.n,---*1*1",lff_,4

since 66 depends on .y , its Taylor seriee expaosio h tb nigbborhood of 'y- 1

givea:

d*(r)-d*c) = [+'l (.1 -1)+o((1-1F).
I o,t )rr

So, we can u8e the method of integration by parts in tbc improper int€gal involved in

elabove w.r.t.the variabh'Iand get rid of the pobomhl '[@ in tb':

numerator. The remaining integrel with60s0)can be obnine6 in elplicit form' In

factt

Qrrr  = * i ; [ - ; ryd ' (q 
+ , ,s" ,e 'q*rs ine,r , )d 'v '

LB

o

!qr

h t

t l

t q

D

r t
- 1

H

*

E r
r r

ttl

r r
7

h

r r I
I r

I

T L
F I E

d
r k d

hj

T h
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But,

(2) l i,tWt;tx[ffi *:*@-,' u o '  
J t - +  t

So, we have:

t 
' [  t lo

Qrr = 
*[*[ 

r[ t-c' ' , l f f i  
]6*(", *raee,xr+reins,x")dr.

0 0

In thig way, we have obtained Qt: C@) /t Note that for the case wheno : 0 [4, it

takeg the form Q, : L#"(o), because of the fact that there is no delay 0"s) of

the argument.

Transferring to spherical coordinates and then integrating by parte with respect

to the variable din the integrals Q2andQr, we can see that these integrals can be

also represented in the form c(x) /t, where in every ca,se, c(c) will be uniformly

bounded with respect tor€s3. Conversion of the terms with potentials Gr-Gs i,

simila,r way completes the proof of the theorem.
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Free and forced convective unsteady flow
over an infinite porous surface in

presence of magnetic field
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Abrtract: The paper deale with the free convective oecillatory flow and heat tranefer of an

viscous incompreeeible and electrically conducting fluid past an infinite vertical porouo plate in

prres€noe of n:lagnetic field. The plate is moving in an oecillating free stream with conetant

ruction and heat abeorbing eink6. A magnetic field of uniforrh etrength is applied in the

direction normal to the plate. Ueing multi-para,meter perturbation technique, approximate

olutions have been derived for the velocity and temperature fields, mea,n skin-friction and

mean rate of heat tranefer. The findings are e:<pected to through light on eome probloms of

defence applicatione in the areas of aeronautical designB and also flow and heat tranefer

problems of a chemically reacting fluid.

Key Words and Phrases: Unstready Flow, MHD, Heat Transfer, Skin-friction, Free

etreartr.

2ffi0 Matbematical subject classincatlon: 76D

l.Introduction

In rinsteady boundary layer flow one axea of study,. which has received much

attention, and increasrng its importance in technological and physical problems,

becaus€ of nonJinea,rity of the governing equationa. The study of euch flow was

initiated by lighthil [] who etudied the effectg of free oscill&tions on the flow of a

viscoug incompressible fluid past an infinite plate. The theory was extended for free
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convection boundary layers along a semi-infinite vertical plate by Nanda and

Sharma [2].

The problem of unrteady free convection flow pagt an infinite plate with constant

suction and heat sources have investigated by Pop and Soundalgekar [3]. Singh and

cowling [5] has considered the effect of magnetic field ou free convective flow of

electrically conducting fluids past a semi-infinite flat plate. An exact dution for the

unsteady MHD problem has been derived by sacheti, chandran and $rngh [6]' R^aptis

and Perdikis [4] studied the unsteady twodimensional free convective flows through

highly porous medium. Satter and AIom t4 h"" presented the MHD free convective

flow with Hall cur^ent in a porous medium for electrolytic eoluti'on (vk' Eslt water)'

But they have neither considered the effeit of constant euction nor included the heat

absorbing .sink and viscous dissipative term. The propagation of thermal energr

through mercury a,nd electrolytic solution in the presence of eccternal, magnetic field

and heat absorbing sinks has wide ra,nge of applications in chemical and aeronautical

engineering, atomic propulsion, space science etc. In view of this sahoo, Datta a'nd

Biswal [8] have analyzed the effects of MHD unsteady free convection flow past an

infinite vertical plate with constant suction and heat sink. Recently, Ahmed et.at [9]

analyzed the effect of two-dimensional MHD oscillatory flow along a uniformly moving

infinite vertical Porous plate bounded by porous medium' Later on' the effects of

unsteady free convectit'e MHD flow through a porous medirrm bounded by an infinite

vertical pororn plate investigated by Ahmed [10]'

The aim of the present paper is to investigate the efrect of heat transfer in

mercury (Pr : 0.025) and electrolytic solution (Pr :1.0) past an inf|nite porous plate

moving uniformly in a,n oscillating free stresm with constant suction and heat eink'

2. Mathematical AnalYsis

Let us take the d a:cis along the infinite vertical platg in the upwa'rd diretion

and t 
-erds is perpendicula,r to it into the fluid flowing with free gtrearir velocity

D. In .'ie* of these, we consider that:

(i) all the fluid ProPerties excePt

constant;

density in the buoyancy'force term are

( i i ) the in f luenceof thedens i tyvar ia t ions ino ther te rmsof themomentumand

energy equatione, and the variation of the expa'nsion coeffrcient with

temperature, is negligible;



(2.2)

(2.3)

\/

rREEANDFoRjpcorvBcnveuNsrEADynow o\rERANrNFINITEpoRous... [l1l

(iii) tbe Eckert numberE"and the magnetic Reynolds trtmbel\\dh.*rrrll eo thrt'the

iducod magnetic field can be neglected.

(i") dl thG phl€rcal variables are independent of c-,except poesibly the preoeure.

ltllth foregoing assumptions, the equatione governing the fluid flow and heat

tranr&r a,r,e given by:

(2.1) 9:o+o: -?ro whene (rt > 0)oT

#.r3l = sB(r -il*st#+lffv -o)

#., # : *H;r. s-(r - 4; . &Wf
By Joulean Heat dissipation, the correeponding boundary conditions of the problem

are:

(2.4)
d : o,d : -Do,iF : T + e(F, -f_)",* at / : o 

I
8 -d,iF -F* at /--oo J

t. tffisiffr

Introducing th€ fo[owing dimensionleas quantitiee:

t :@o,  j :6 f i /4o ,  w=4&ld ,  U: ! ,  t t : i l ao ,
Ag

7 : (F - f*l | (Fa - F-), Pr : a / r-, E : r / p C p,S : 4aS f d?0,

G =uC\(f  -F-)1r8, != Flp, U =oBta/pog, E =af i , /Cn(F-f*) ,

where (4d) the velocity oomponents a'long dandf dir,ection respectively,rothe mean

ruction vclocity, g the amleratfon due to gravity,BotSg mAgretic freld,Ithe time,

tl the Linmatic visocity, d the ooefficient of volume €npansion,l the coefficient of

vircaity,fthe free strcam \rclocity, o the frequcncy paraneter,f the temperature at

thcplatc,{"tho free str€a,m temperature, f the fluid temperatrire, P" the Prandtl

numbc, G the Gra$ofi number, 3 the Sinlc streqgth, andD"the Eckert number.

On usrng tho boundary conditions (2.a) and the dimeneionlese quantitiee, the

equCione (2.2) eod (2.3) redue to

4-rnr -t : fL (It+ui l+C?+ M(A -Q

P"({rTt -Ts):Tw + 4-r Prsr + PrE"(qf

(3.1)

(3.2)



(3.3)
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The non-ilimendiorftil troirnilray aindttone arc:

u :0  ,T  - !+eew

u+ru  ,T  +0

Tosolvetheequat ions(10.3.5)and(10.3.6)subjecttotheboundaryco4dit ions

(10.3.7), the free strea'm velocity U' velocity u and temperature T in the neighbour-

hood of the plate are assumed to be of the form:

(3.4)

t  y = 0 1
(

a t  !+@)

U (t) = L + eeid, u(g,t) :%(t ) + eetrqfu) 
I

T(s,t)=11,(y)+ e"M q1s) |

er
Fl

Fr
FI

Fl

t

Fr
trr
br
qi

FT

rr|
tr

FT

cr
F'l

or

or
I

I

FI
-l
o{
cr

where ttn 
Ta n are respectively the mean velocity and mean temperature'

On using (3.4) into the equations (3'1) and (3'2)' equating harmonic and non-

harmonic terms and neglecting e thi touowing set of equations are obtained:

(3.5)

(3.6)

(3.7)

(3.e)

where desh denotes differentiations w'r't'y'

The modified boundary conditions are:

u ( + u i - M u s : - G T s - M

T{+ P,r{+ 4-r P,srs: -P,n"(rtf

,li + 4 - (M + A-r';u)q= - Gf, - M - 4-r iu

Tl'+ P,rl + t-L1s - iw) P,T, : -2P,E;$rl

(3.e)

withthebelpofmulti.parameterperturbationtechnique,takingE"<lforall

incompressible fluid and assumed that:

(3.10) F(Y):4(Y)+ E"Fr(Y)+0(Ec2)

where Fatandg for r5, rh,fo or ?r

On using (3.f0) iuto tbe equations (3'5) to ('378)'ana equstjng tle like powers of

E" lhefoilowing equatios are obtained:

u o : V , \ : 0 , T 0 : ! r T r : 1  a t  Y t g  
]

u o  + 1  , t 4 + l , T o + O , !  
+ 0  a t  g + @ )

uS + 116 - Mt4 -- -GT6; M

"li 
+ 4t - M41- -GTs1

u,{o + 4r - (M + iul4lqn : -iuf 4 - M - GTn

(3.11;

(3.12)

(3.13)



(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

subject to the bounda,ry conditions:

(3.le)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.2e)

(3.30)

rb : 0, ?ror : t to : \r :0, ?so : 1, ?ir : 0, ?io : 1, ?ir : 0

tho : t, tht : 0, rto : 1, ht : 0, Too : Tor : TLo :?ir : 0

-24u

u = th * e(M, coeutt - Mieinut)

T:To* e (Trcrrleutt-Q sinut).

Tn:"-4'

t{o : 1+ (Bs - 1) 
"-o'u 

- B, 
"-hu

Ttt : Bt 
"-4, 

- Bu 
"-(4+ 

4)u + Be e-6* ,Ulv 
1

+Br e-(4+4ro - Bt e-(4+4)c l

u\ : Bs 
"-/rl 

- pro"4, * 4, "-(4+ 
4)u - B, e-(4+ 4lv 

1
- \, e-(4+ 4)o + Bro 

"-(4+ 
4)u J

FREE AND FoRcED coNvEcrwE uNsrEADy FI,ow ovEn AN TNFIxITE potious .
[13]

4, + 4, - (M + iw/4) q1 : -GTn

r S + r $ + 4 - t P , s h : o

rli + Prr& + 4-r P, s Tot : -P,(r&)'

ril + p,rio + 4-r P, g - iw)?io : o

r:il + P,r:i, + 4-t P,(s - iw) \r : -2P,r&40

In view ofthe boundary conditions (3.19) and (3.20), the solutions of the differential

equatione (3.11) to (3.18) are:

T*:" -Ata

um : t +(4 -r),r-o'o - \e-At

Tor: \e-h! - R"e-24v * Rre-(4+t')' - Rn"

*, =C[&o 
"-tu, 

-& 
"-4u 

+& e-rau 
1

- R, e-(4+4)c + & "-'aul)

Sepa,rating real and imaginary parte of the velocity and temperature ocpreasione

(3.a) a,nd takins only the real parts, the velocity and temperature fields in termg of

the fluctuatini parts are given by:
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(3.31)

(3.3t)

(3.331

(3.34)

M, -|+e-\o[(q * EcPrr-t)6 ttzc+(q*E"Qr.)sin 
"zv]

+ 
"-^" [tr, 

+ EcPler.* l.,Y + (q * E"Qn\sin prv]

1 r=(lrrlr)l [pr, 
-u *\! * Qn.l" prylg"

+ e-(A+r,)t, ["* "* 14y * eu ri^ nclE"

* 
"-('t+rr)v [pru "* t\! * 6sri" prtv]r"

+e:Uz+Lt')rt",u "* 
14g*el-tim nclD"

Mt = 
"-\v[-tP, 

*EcPr -1) 
"io 

pry+(Qr + E"Q"')"ou l"!']

- 
"-\o[ 

ta * E"Pt \"io l',v - (Q' t E"Q'z)*u p"v ]

+ e-(A+rJY [-pr, "" 
pry -t Qrccos rrry lE"

+ e-(,t+\)t, [-prn 
,io 14g * eu w mvlE"

+ e-(A+)r)Y [-pru 
,io I\! * Qrs w u.^sla"

*"-(4+xr\v [-"ru 
,to 14g * Qrc w l:lslD"

T, : e-\'! [0 + r"rr) as l'fl * E"Qzein Ag ]

- 
"-(Ar+rr)v [". 

*, ltrg * er*n pr!, ]E"

* 
"-(,{r+&)v [ru 

*, 14g + Qa au prgl4"

* r-(A+)r)u [f, 
-, prg + et sin pry ]8"

-e-U'z+)dn[". cou 14y*enrd- nylg"

T;: 
"-t'v f-.{l+ 

E"P") {- mY * E"Qt-u llrY]

-;(h+t')v[-". * prg*ees ltrc)E"

+e14+x4rt[-ru "io 
prs*eas mc]E"

* 
"/.4r+t'Jlt [-", 

* prs * ea w nvfD"

-J4*hlol:p16 ain 14iy*Q$w F2sfE"

er

C

tt

(rr

ir

(a,l

(.1

T

*

E

a ,

d

at
-
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The traniient velocity and temperature for at: il2 are in the form

(3.35) u-uo-eM;  and ? :To-eT;

4, Skin-Friction and Rate of Heat Transfer

fhe ekin-friction at the plate in dimensionless form is given by

(4.1)

" 
:fH 

o=r 
: u'o Q) + e eid ul (o)

Splitting the equation (4.1) into real and ima$nury parts and taking real parts only:

(4.2) r r : r # + e l B l c o s ( U l + o )

where lB l: ,[4T4,a: tan-r (BilB),Br: Re(8) : M'r,

Bi : Im (B)= M! and rfr :4 (0).

The rate of heat transfer at the plate in dimensionless form ie given by

(4.3) o, =(L)*o :4(o) + r"id \to)

Splitting the equation (4.3) into real and imaginary parts and taking real parts only:

q.=c# +el i l lc r re(ut+g)

where

qf = Tl Q)- -rq (1 + EcRl) - Ect-z'r\&+ (.! + At) R" - 24Rnl,

I rf | = Jm, P = ten-t( Hi/ Hr), H, :R"(rt) = Tl,Hi : rm(H) : T/

Expressions for BrrBi,Erand ltd gre not presented here for the seke of brevity.

6. Rpsults and Dlsctrssion

The effecte of Hartmann number (l/), Grashoff number (G), sink strength (s)

and Prandtl number (P")on the mean velocity (uo) 
",rrd 

the transient velocity (u) a^re

shown in the respective Figuree I and 2 with other pa,ra,meters a,re fxed. It is observed

from Fig. I that an increase in M leade to un increase in the mean velocity and similar

lt6l
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€fiect ia marked in increasiag the Grashoi number and Sink-strength; but increase

in Praodtl number reduoee the mean velocity. From Fig.2, it is noticed that the

transient velocity increasee with increase in G, g and M, whereas it decreases with

increaso in Pr.It ie evident from Figs.l and 2 that both mean velocity and transient

velocityincrease firgt near the plate and then the trend gets reversed as y increaseo.

The efrests of M, G, S and E" on the mean temperature (Te) have been ochibited

by the cuwes shown in Fig.3. It is noticed that increas6 in magnetic field and Grashoff

nunber raiseE the mean temperature, whereas increase in Eckert number (8") and

Sink etrength reducee the mean temperature

FiS. 4 dieplsye the erffecte of M, G, S and ar on the transient temperature (T). The

transient temperature is roising with the increase in Grashoff number (G) and

frequency paraneter (ar). It ie also noticed that, the increase in magnetic field and

Sink atrength reduees T. The increase of mean velocity and tra,nsient velocity at the

plate with G and M a,re the greatest, It is found that the mean temperature and

transient temperature raisee with the Grashoff number for both the cases of

P" :1.0andP" :0.02S

The numerical values of mean Skin-friction (rff) and corresponding amplitude

(l8l) 
"na 

phase (ta,n a) are presented in the Tablel for different values of M, G, S

and Pr.A close study of Tablel indicates that an increase in magnetic field increases

rf,while it decreasee with increase in Skin-strength, Prandtl number and Grashoff

number. It is observed that, lBl increases with increase in M and G, whereas increase

in Skin-strength and Prbndtl number decreases lBl. Also it is seen that, a,n increase in

M and G decreaseg tan o; but decrease in S a,ndPrincreases tan cr.

The numerical values of mean heat transfer (qff),amplitude ll{l and phase tanB

are presented in the Table2 for difrerent valuee of M, G, S andP".It is observed that,

the effecte of increase in magnetic field, Sink-strength, Prandtl number and Grashoff

number ongffa,re revereed tor$.It is noticed that, l.Hl increases with increase in G

and S ; but increase in magnetic field and Prandtl number decreases lI/1. The effects

of increase in Grashot number and Sink-strength on tan pare same as in case of

a,mplitude llf I and similar effect is noticed in increasing the Sink-strength; but

decrease in M decreased tan9.
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TABIE - 1

Values of mtan skin-friction (rff),amplitu& (lBl) *d phaae (tanc)

for E" :0.fi)5, e :0'5, ut: Pl2, ar : 3'0 :

TABLE - 1

Values of rete of heat transfer (qS), amplitudes (lHl) and phase (tanp)

for E" = 0.005, e = O'5, ut : P/2' qr : 3'0 :

, \  = ;

4 J 1' 2

\ = a
^ r = i

l fh = r l

Cr = l?

P  = l. C ;

PfzP.l

+=2P. I

d Or o.f-

Cr.Q ro !,J

til.[.

fart

ha. n

t r r

hC" t. r

*.r ri|

ttra. I

f*. A

r b p

rrf Kr
dLF-

,''t,u

I

I

t

P, ,9 G M t3 lBl Tanc

1.0 -0.15 5.0 1.0 0.23157 0.46228 2.38119

1.0 -0.15 5.0 10.0 0.50234 2.47351 r.57051

1.0 -0.15 5.0 15.0 0.70108 3.00117 1.32055

1.0 -0.15 10.0 1 .0 0.03713 3.90164 1.82066

1.0 -0.15 15.0 1.0 -0.21057 4.6L074 1.43281

1.0 -0.20 5.0 1 .0 -1.19055 1.78059 2.78115

0.025 -0.15 5.0 1.0 -0.7927r 1.01429 2.87014

Pr s c M cg ldl ranF

0.025 4.2 2.O 1.0 1.80541 0,36324 -0.53170

0.025 4.2 2.0 5.0 1.002,15 0.18301 -0.84211

0.025 4.2 2.0 10.0 0.68147 0.10005 -0.92391

0.025 .{I.2 7:0 1.0 2.51190 0.60510 -0.20058

0.025 4.2 12.0 1.0 2.9$e1 0.7022r 0.12028

0.025 -0.15 2.0 1.0 0.25198 0.50322 0.61038

1.0 4.2 2.0 1.0 -0.040231 0.271o7 0.70251
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Appcndfu

) '- k(

t'/iA t =

(4+ Bl)

+.ili +(P: -",t[l+,

r,=i|l,[( -(p: -""t)]l+,

cr = )t? - pi - x, - M, Dr : 2t4\ - ^ -tor,

GC, -GDT
P'=ff i 'Qr:ff iF'

Pt:2P, [(fl,r{, -R Az*A) (),P,-q Q) + (ntA2-RtL -Ar)( \P, -nQ -Ar)],

Ch=2 P, I(&A' - R A r+ Ar) (r, &+ r, q1 + (& Ar- & A; A ) ( p2P ; \zQr- p)1,

eod the otber conetante like /1 to Aa,Bl to fir,ftt to ftrr,Pt to P6,Q1to QrcrGlto

Cer4 6 Do,\,&, A and 14 te not presented here for the eake of brevity.

lrl

I2l

I3l

FI

FN

o =*Ir, +Jffi1, n :il-r, +,[ffi],
1 r

&:) l - t+J t+4M1,' 2 L ta ;|[r+ Jt+4M1,

\ =

l( +Pw
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Mathematical model to describe the
distribution of female age at marriage

TIKA RAM ARYAL
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Tribhuvan University, Kirtipur, Kathmandu, Nepal

E mail: traryal@edifut*ibw & traryal@gqrgiLcom

Abatract: This paper has attempted to etudy the pattern of age at marriage by usrrg a

mathematicol model. Model proposed by Mlshra [t] has been applied and modified under some

rpecified aseumptiona. The data are taken frorq a 'sample survey of Palpa and Rupa,ndehi

Diatricta. Other eources of data have also been utilized for testing the auitability of the model.

Tbe propoeed model lvas fdund to be an aplropriate model for describing the distribution of

fcmalea accprdugg to ate at marriage in the developing countriea like Nepal and neighboring

country India.

l. Introduction

Female age at marriage ie an important demographic variable due to its influence

ou fertility especially in the developing countries with a low rate of contraceptive use.

Marriage usually puts the foundation of family formation and, a.s such, is an

important determinant of fertility associated with the duration of exposure for the risk

of childbearins [2, 3]. Ma,rriage in Nepal is universal and an early age at mariinge is

oberved for both the males and females.

Several authore havd used a number of probability models such as iognormal

distribution[4], convolution of a normal and exponential distribution [b], linear

fuaction of the logarithm of a standard gamma distribution [6], two parameter log-

togistic model, Gompertz curve, simple polynomials and logistic curve [2, 8, g]

convolution of two exponential dietributions [10] type I extreme value distribution

[ll, 1.2, 13] to fit and graduate the distribution of females according to their agie at
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nnrr iage.However, thegemodeleareconceptual lydi f f rcul t tounderstenda^nd

computationofpara,metersaswellthes€modelsprovidealargediscrepancybetween

obgervedandocpectedvalues.Likewiseanumberofmodelswereusedinorderto

degcribe the distdbution demographic para,rneters [14, 15,16, 1?' 181' However e very

simple mathematical model was proposed by Mishra [1] to describe the data on the

ageetf i rstmarr lage.Thieeimplemodel isappl iedherewithsomemodif icat ionto

s tudy thed ie t r ibu t ionof femalesaccord ing to the i rageatmar r lage. Inbr ie f , i t i s

giv€n il the following eection'

2' Tbs data 

L---r
This study i8 based on the data taken from a sarr

uDemogrophic survey on Fertility and Mobility in Rural Nepal (DSFM): A study of

PalpaandRupandehiDistr icte,conductedbetweenJanuaryandJune2000[1].A

to ta lo fS l lhoueeho ldsweresurveyed 'Thedatao fNFHSlgg6hasbeenut i l i zed .

Moreover , thedeta f romlnd ia ,up [ lB ]andAseam[12]havea lsobeenut i l i zed for

t€sting the euitability of the model'

t. ltodel

L e t r b e a v a r i a b l e w h i c h t a k e e t h e v a l u e 0 , i f t h e f e m a l e i s m a r r i e d b e f o r e

attr in inS12yearsofage, l , i fsheisma'rr iedbetween12-15years'2 ' i fbetween15-18

yea'ro, 3, if 18-21 yearo, and sci on' The variable r can also be regarded as a number of

failurcprecedingthelirstSuccesE.R,esearchershavenotassumedconstantprobability

of euccess and independence of trials by discussing the distribution of marriage and

first birth [19, 20]. The probability p. of getting & success in the (i tl;tu ,'.o' when it

igknownthat fus td t r ia ls resu l ted in fa i lu re , inc reasesas i ( i :0 ,1 ,2 ,3 , . . ' k )moves

f romzero toacer ta inva luesanddecreaseemonoton ica l l yas imovesf romstoa

valuet(>s)andthereafterremaineconstant.Thatis,theprobabilitythatthefemale

ie married in dtb age group (i'-e' t:i' for i : o'l'2'3' ' ' ' k) then'

(1) P(x:i):P(r>-i) * P(n:i I r2i)

Iu other words, the probability can be orpressed as the product of the

probabi l i t ieetbstthees,medidnotmarryintheprecedingiagegroupsi.e. fai lure

(1-p;) and the sa'me marries in the ith egegroup given that she did not marry in the

precedins i6 age'groupg i'e' euccess (pi)'i'"'

l

r:,':

*  i r
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(2)  P(x: i /x l i ) -p,  and P(a: i ) :L-p; : j i

8Dd P(c:0) :po;  as P(o)0) :1,

P(a: l )= qoP,

P(r :2) :qoPrP,

P (a :3 ) :qo \Q2Ps

. : :

P(r :k) :  Qsq82 .  .  .  .  .  .  Q*_rp*

P ( x > k ) =  Q s h Q 2  . '  .  .  .  .  q * t Q n

The different probabilities ps, pL, p2, . . . are lefined in the following ways,

Po :a

P 1 :  a  i b

Pz:a*rb and'

( 3 )  P r : a * ( r l c ) d  f o r  a l l  i :  3 ,  4 , 5 , . ,  .  k .

rvhere o,6,c and r are the four parameters of the model.

However, in some societies the probability p.(l:3,4,5, .. . &)is found not

constant due to the occurrence of some marriages at the late ages and it decreases att

i increases. For this purpose a number of decreasing factors have been tried for getting

the decreasing probability p; after i:4,5, . . . , k and it was found that an

appropriate decreasing factor may be clQ -3). Thus replacing cby clQ -S) in

equation (3) we get

(4 )  P i : a * { r * c lQ - \ ) }b ,

i.e. start decreasing from'd:5,where i:4,5, . . ., k and i * 3 and the respective

different probabilities are:

(a")  pn=o*(r*c)b

(4b )  pa :o * ( r * c /2 )b

(4")  Pa:o*(r*c l3)b

(4d) P7:or(r*c I 4)b, end so on'

It is observed that the model ( ) has four parametero and the expected

frequencies would be exactly equal to the observai frequencies for s = 0,1,2, The

difference between the observed and expected frequencies would staxt from r:3
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onwa,rd8. Thus, for a gmall value of ft, the model (a) *ty not be appropriate. Model

(4) is now modified as

(6) Pi:o*(r+D)'  for al l  i :  3,4,5, '  '  '  &'

This model has only three para,meters, and these have been estimated by using

iteration or the ma)dmum likelihood method. For this, Mishra [1] has given a

likelihcod function u,

(6) L=ah (l-c;il-l 'g (o+bf (1-c-6)r-lo-t 1o+r1f' (L-a-rb)N-t"-tr-tt

{a +(r +c)b}r{ 1t-o-1"+")o}r

where lorfrrlr, . .. fk-r,[, a,retherespectivefrequencies fori:0,1,2, . . , k-t,ki

N=  to+ I+ fz+  .  .  .  + . f s  and  T :  i +316

Taking logarithms in (3) and aolving, we get the following estimating equations:

(6e)

(6b)

(6c)

(6d)

f" lo-(N - 7;lQ'-a)=o

f, / (o + u) - (N - lo - il I $-a -D) = s

f, I @ + rt) -(JV - /, - f, - f,) / (t - a - rb) : o

Ef, I la + (r + c)bl-r /$- o-(r + cP1 : s

Solving above equatione one can eetimste the parameters (o, D, c and r) of the modele

(3) and (4). Similar procedure has also been used to estimate the parameters (o, b and

r) of the model (5).

4. Applications

The proposed model hen been frtted to the data on ege at marriage for femalee

reeidrng in Hitts, Torai, and rural Nepal (Tables 1 and 2). Data of NFHS 1996 as well

as the data from UP,India [13] and Aesa,tn, India [12] have also been tested (Tables 2

and S). The chi-squa,re vahree suggest that the models (3), (4) a,nd (5) fit well to all

the data set on age st nsrrfolge. Chi-equare values euggested that the proposed nodel

was mote powerfrrl to deecribe the digtribution of females according to the age at

na3liag3 in Nepal and India Mean age at ma,rriage was found 17.0 and 16'5 yea'rs for

fab6 r€Eiding in Itit& sd Toroireepectively whereas it was 16.7 yeara for females

Fsiding in rural N€pal. The mn age et marriage was 16.4 years for the NFHS 1996

data
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Tabh I Obrcvod and etileCed dlstrlbdbn of fomdo age at narrlage.

Re-scale Hill, DSFM,2(no Ta,rai, DSFM,2000

aglt Obg Erp. Obs. Ba.

(3) (4) (5) (3) (4) (5)

0

1

2

3

4

D

6

7

t0

82

t97

10:l

50

19

6l
gJ

10.00

82.00

197.00

114.58

42.66

15.81

6.87

2.18

10.00

82.00

197.00

116.11

42.76

14.53

5.99

2.61

10.00

82.00

205.86

106.45

41.19

15.94'

6.17

2.39

26

104

206

166

35

s 1
2 l
z )

26.00

r04.00

206.00

166.88

36.20

7.85

1.70

0.37

26.00

104.m

206.00

167.31

36.28

6.41

2.L5

0.85

26.00

104.00

205.60

163.92

38.09

8.85

2.06

0.48

Total 4m 470.00 470.00 470.00 549 549,00 549.00 549.00

72.

d.f.

3.22

2

3.87

2

2.29

3

0.484

I

0.765

I

0.131

2

Pa.ranreter

o

b

r

c

o.v2L277

0.166984

3.184320

0.683660

0.02L277

0.156984

3.293200

0.047359

0,151494

2.93271L

1.923783

0.047359

0.151494

2.925300

sell

2

all

i
I
I

,l
l l

i l

i l
I

i ,



Tshbg {bffiil rM.,€lifeddit{F tlmof $nds nge atmiage'

RBecale Rural Nepal, DStrM, 2(n0 NEPAL, NFHS,1W6

E:cp
8ge Ob6. bcP.

(s) (4) (6) Obs. (3) (4) ( i )

0

I

2

3

4

5

b

I

8

36

186

403

259

dD

27

8

5

s6ilo
186.00

403.00

277,U

82.36

24.4L

7.24.

2.15

36,m

186.00

,103.00

279.05

82.7:2

2L.O7

7.88

3.28

86.00

186.00

422.90

24L.78

86.,[4

. 30.89

11.04

3.96

309

2189

3741

1549

450

139

39

6

7

300.00

2189.00

3741.00

1568.09

445.89

126.80

:16.05

10.25

2.92

309.00

2189.00,
' ;

3741.00

1568.00

446.15

119.34

38.18

12.88

4.&

309.00

er€eQo
370L7s

1.508.01

453.12

12S44

36.43

10.33

2.93

Total 1019 1019,0 1019.0 1019.00 8425 8429.00 84i196.00 8429.00

72.

d.f .

4.52

3

2.98

3

5.63

4

9.22

4

8.87

4

9.89

o

Parameter

o

b

r

c

0,035329

0.153888

3.056233

1.286165

0.036329

0.153888

3.209100

0.036666

0.232922

2.650610

0.36,150

0.03666

0,23292

2,5'2L65
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Table 8: Obsorv€d and erpected distribution of female age at marriage '

R€scale INDIA, UP (Sinha,1998) India, Assam (Nath & Talukdar, 1992J

Age B<p. Exp.

Obs. (3) (4) (5) Obs. (3) (4) (5)

0

1

2

3

4

D

6

I

247

564

962

776

182

56

Itl

2 l

247.00

564.00

962.00

772.93

195.07

47.43

12.09

3.48

wr.00

564.00

962,00

772.95

194.02

44.79

14.23

5.01

u7.00

564.00

960.86

768.85

196.74

50.37

12.88

3.30

22r

694

240

105

2l

; )

22t.00

694.00

240.00

102.57

25.50

6.34

1.58

22r.00

694.00

240.00

102.81

25.56

5.88

1.75

22t.00

694.00

235.28

111.03

19.83

7.17

2.69

Total 2804 2804.002804.00 2804.00 1291 1291.0 1291.00 1291.00

72

d.f.

2.93

2

3.19

2

1.84

3

L.54

1

1.49

1

0,69

2

Parameter

.L

b

r

c

0.088090

0.132483

2.978513

1.991741

0.088090

0.132483

2.97420

0.171185

0.4774t3

0.978425

0.236867

0.17118

o.4i74r

0.94455

5. Conchuions

The model.proposed for describing the distribution of femalee according to age at

marriqge in Nepal was found an appropriate distribution. The proposed model ie also

fit well to the data of India. Hence the proposed model Tay Ue used to describe the

digtribution of femalee according to age at maniage in the developing countries like

Nepal, India, Bangladesh,.etc. The model also provided the average age at marriage of

about 18 and 17 years for femalee residing n HiUs and Tarai respectively and 17 years

for females residing in rural Nepal, which. was found very close with the median age at

marriige while computed using all femalee (married as well as unmarried females) [2].
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Abotract In ihis chapter we deal on the reeulte corresponding to Dutta, Srivastava, Gurusingh

aad othere [6, fl. Promising from this and based on theee results we introduce a general

oquonce ap*e X, where X ie a,ny sequence space. We eetablieh some inclueion relations,

topologicalresulteandcharacterize a-, F-and 7-dualeof Xrintermeofthe a-, F-and

? - dualn of X. Furthermore we characterize the Kothe Toeplitz duals and discuss the

pcfectness of thes€ sequence Bpaces.

Krrr rords: Duals, Kothe-Toeplitz duals, perfectness, separable space, sequence space.

AllS aubject classification:40C10,40D25,40G05,40H05,40C05.

l. Introduction

The following definitions and notations will be useful in our discussion and

preeentation.

/-: The space,of all bounded sequenoeg

r ' l
=t r : (cs ) :sup  l r , l . -1 ,

c : The space of all convergent sequences

: 
{o 

:  (a3) :  l4 
-  t l -  0 for some t  e C},
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fr: The eParc of all null g€quenoeg

- 
{ t :  to3):  lcr  l -  ( l - -  oo)},  and

tn = (l < P < @). The space of sequeuceac : (tt) with absolutely

P: summable seriee'

p: (p)ie a bounded sequenoe of strictly positive real numbers then;

( - ' l
t*(p) =tt : ("n) : euP lr' lP' . *l '

:  
{o :  

(ou) :  l ro lP*  + 0 as , t  - 'oo} ,

c(p):{o : (ru) , lru - l l 'o -.0 for.some k - 'CI,

t (p)  : { ,  :O0, ,  
?  l *  l *  . * } ,

" 
: 

{r: {se} : loo | 
-* l(lc -+ m), for some t e C}, and

",fu) 
: 

{ 
x : (r*): 

; -A lrr 
-t loo -, o for eome ,, 

"1.

If

trd S

& r b

t 1 L s t t

| r 1 l i ; ' , 1

t - r

T

. n

1-:'

I: . 'tra

,

l\r"+ r- :

: * l e s - 4  :

:r-r{rn i

r y :

hrbr I

l r

l -  ! l

t

0 i " n '

b r d i

br t :

- t r r r

and

Let t = (tr) b any fixed sequence of nonzero complex numbere satisfying

Limp inf (ro)Uu ="(0 < 
" 

S *)

and let X be any sequence space' Then we define 4 bV

Xr: {a: (te) t (tux) eX}

For detailed discussion on these spaces we refer [1' 2' 3' 4' 5' 9' 10'12] to the reader'

In this chapter we give some topologicel relations between x and (4)' u"d also we

give the c'-t g -and T - duals of X, in terms of the o-' B and 1 - duals of X'

2 Some Topological Properties ofXt

In this section we give some topological relations betweenx, and x, and we discuss

some proPertiee of X,

ThOorem2.l l lXisocornpleteparar iormedspoce'thenX' isolsoacornplete

porutormed sPoce.
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P roof: Since (0) e X;, X1 * 0. It is easy to check that Xr is a linear space. And also it is

cher that the functiong*is defined bv

s* (a) = s(b)

where g is the paranorm in X, is a paranonn becaus gf (0) = 0 C* (c) : gl (-a)

and g* (r + y) < s* @)+ g* (y).Now clea.rly)n+ ) in Cand 9t(o-s) * 0 as

n + oo imply that g* (\no' -,\r) --+ 0 as (n - oo), #mr"

, "  :  ( r t )x :  @l,al ,n! ,  .  .  . ,4. .  .  )andc = (rr) .

To shorv that X, is complete, let (o" ) be a Cauchy sequence in X, where

t" - (ri '  ,xi,...), X,.Then(tr") : ((rr oi),(fr.;),..,) is a Cauchy Bequenqe in X. Since X

is complete, it converges to (21)say. Let z1r: t1rz16tso thatrl : tllz*. Then (ts")

converges to (loo*)in X.

Hence,

g( tnf i )  :  ( tka) :  s( t (a"  -  o))  -+ 0

(o Q1,ri) - (tu"* )) : g (t(a" - o)) * 0) as n -+ o, which implies that

g * ( r "  - o ) - - + 0 a s  n + @

Therefore ot is convergent, consequentlyX, is a complete pa.ra.normed space. This

completes the proof of the theorem.

Corollary 2,lz If X ,is a Banach tpace, then so ,is Xr. Here the norm in Xris defined

bv l l  " l l r , l : l l&r)l l ,where l l  l l  fu the norm in X.

Corollary 2.1

(i) ((.*),(c)r(c), are BK space with the norm llr llr:lltnc* ll

Lemma 2.1If.  Xcl l then XtCYtand Xi cYf, where Xi ={s:(re):(o.t[ l)eX],

(i) (u,4), : u,(4),

( i i)  (niYr)r:oJY;)t

The proof of thig Lemma I is easy and hence omitted.

Tbmron 2.2 Let X be a complete poranorrned, space and, let Z be a closed subset of X

theat Ztb o closed afieet of Xr.

:'
.{

a

t33l
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Proof: Since Z c X, Zt c Xrby Lemma-l' Now let 
"@),th"n 

there exists a

sequence ("") c Zrauch that (oa)converges to r' This implies that

g* (sn  -a )=S*($* rx ) "  - ( rxD-0  as  t? .+  o in  Zr .Thus  9( (4 , i l - ( t xo6) ) - '0  as

r?, + @ in Z. Henae (to 11) ie the limit of a sequence of points in Z'

Therefore (toru)eZwhichgives that ,t(4).Conversely if. xe(Z), then xe(Z)r,

since Zis closed that is 7 : Z, Therefore (Zr): (Z), : Z,hence z, is closed it Xr'

This cornpletes the proof of the theorem'

corollary 2.32 Let x be o Bonoch space and z be a closed' subset of x' Then zr'is a

closed subset of Xr.

Theorem 2.9 If X is o seporoble space, so'is Xr'

Proof: Ler x be a separable space. Then there exists a countable subset z of x such

rhat Z : X. Then (Zr) : X, by Theorem 4.2.2' Hence Z, is dense in X, ' Let us define

f :2 , - -+Zbyf (x ) : ( t r rg ) . I t i sc lear tha t / i sb i jec t i ve .S inceZ iscountab le ,Z , isa ] lso

a countable subset of. Xr.Hence X, is separable'

This completee the proof of the theorem'

Theorem 2,4 If X is a Hihert space thenXr'is also a Hilbert space'

Prooft Let x be a Hilbert space, If we define the inner product ( )1 in x, by

(a,s), : ((to to),(to s*)), (a,Y exr)

W h e r e ( ) d e n o t e e t h e i n n e r p r o d u c t i n x . I t i s e a s i l y s e e n t h a t ( ) t s a t i s f i e s t h e

conditions of inner product, soX,is an inner product space and henceX,is a Hilbert

8pace,

R.emarLs: X, o*d not to be a sequence algebra even if X is so. Indeed, it is known

thatco ieasequencea lgebra 'But (co) , i sno tasequencga lgebra for ( t6 ) : ( l / k ) .For

let  c=(JE')*a Y=(, \JE),  where )  eCis a constant '  Thenr 'ye(co) 'but zfki ,

where z = (a*y).

I K6the ToePlitz Duals ofx,

In this e€ction first we give the a-duals of l-(p)'co(il'c(p) and /(p)'and we discuss

thesoconddus, lEaddperfectneesofsomesequencespaces.Thenwecharacter izethe

c- ,p -end 'y -dua lso fXr in te rmsof thea- 'B-and7-dua lso fXrespec t ive ly '

lri

tt

:L

TL

rl

.l

il

I

r
h

rt

r (

I

rI

rI

L

H I

i.t I

'I

l a t

h

&
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we aleo discuss the socond duals a,Dd perfrctneas of { for virious seguelloe spacea x'

It may be noted bere tbot B-duals d /-(P),Sb)'4?, and 4d have ben

charasterized in [6'il.

Definitiou 8.1 Let Xbe e soquenoo space and de6ne

(i) X" = 
to 

= (or) : f,31 oicr l( oo br all ce X 
), 4

(ii) X"P ={o= (or): f,*qclonverge for all xc Xl,

( i i i )  X1 ={o=(o&),rool  i *n* l .*  to* 'a l lceX}
r  l } r l

ThenXo,Xp,and Xlale called ths c-;p-and l-duat spacgs of X respectively'

Xo is Blso called KOtb$ Toeplitz dual space and XF i8 called the generalized Kothe-

Toeplitz dual apaoe.It is easy to sbow thst C c X" C XF c X1' If Xc Y' then

Yq c Xq forrl = arp ot1. Also for s soquonoe epace X it is clear that

X c(XqY = Xw, where 7 - qtP ot 1 '

Definition !.2 For I sequ€ooo spaoe x' if X - X??' then x ie caued an q-gpace'

where4- c. ,For.y. Inpart icular,anqPsPaoeiscal lodKothespaoeoraperfect

sequenos tpaoe.

Theorem E.l Ld 4 dewtc d, P u7' Ilwt

(i) If the 

"dtd 

Xt eodsta, tboo(Xty ocistg and

(4)o = { " 
= (,n), (*J " *, I 

: (xn),
t  \ o t l  l

(ii) If Xrt acirte, tb^ (4)t otists and

(x,)t ={"=(ca):(4ca) 
" 

x"l=(Xq')t

Proof:Ld 4=a ard D={o=(ar):(c*/4)eX"}'  Weehowthst (X)" :D'

Let ce(X')o tboEr lo*lr I ( o br svery t e { so that

+l|r{=? 
lo34 l<oo

since (toco) e x it follows that (a1 I t) e X" which implies that o e D. Hence

[351

uss

the

.ly'
(Xr)" c D.
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Conve-rsdy, if a a,Q and o'e dr, thgn 1"i iil 1'; X**tt'plca )'E X so ttret

Dl"o'u,:? l?*"1'-
Aa aeXl it followe that oe(Xr)o"Hence 

'De(Xr)" 
'

ConsequentlY (Xr)" : (X")r'

For 4 = 0 and rt- 7 the proofs are sinilar' Therefore we omit them'

(i) ' Let 11 : a and let Xooorist' Th€n

(Xr)* = [(Xt)"f

:l(x"Ir
:(x*),

For 4 :0 and q - 1 the proof follows as in (r)'

This completes the proof of the thtorem'

Theorem N.2 Xtia an r1-space il on only i,f x is on T-sprce, where n: a'0 q l'

Proof: Let Xbe an r1'space. Then Xo' = X' Non' (4)"" : (Xoo)t by Theorem 4'3'1

and hence (Xr)q = Xr' Thus Xt is an'r2space'

Converaely, if Xt i, an ?gpape then (X1)@ = X, which implies that (X@)t : Xt by

Thorem g.t (ii). From Lemma (1) it followe that xw = xthat is, x ip an z'spaoe.

TheoremS,N.LetgcP*3Llareaeryk'Thenthelobwingstaternerf isore

eqfiaolent:

(i) l(P) is Perfect,

(ii) p(P)} is Perfect'

(iii) t(P) = t,1

proof: (i) is r4uivalent to (ii) by Theolem 3.2. We shoi' th&t (i) is equivalent to (iii)'

It is easy to show that (iii) irnplies (i)' Now 8upp98e thet (i) holde' thot ls

too (p): r@) since lo (p) = t *(p) then P (p') = t$'b) = M*lp)' We ehall sbow

that M-(p) : t(p) implies i"f Pt > 0 ' Suppose that 'M-(p) = /(p)but inf p;= 0'

Then there orists a strictly increasing sequence (,t;) of positive integers auch thrt

P4 ai-t 
"We 

Put

L

l-l

+s
ryt
L

I

I

b

;
4.

tq
,

!

(

I

{

t{
F

r {

r
H

!

{

-l

{

,
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[  
0  i f  k - k ;

oo = 

l 
r-r, rr if ,t = or(n 

: 1,2,"') (*)

Then for every lV>l we have, for i > Zn,lanlPr : i 
-1 

and lorlnr/ 
cr < d 

-rwhere

t : ,h by (*). Thereforc oe M*(p)- t(p), contrary to the assumption that
M-(p) - t(7).Henceirf pr > e which gives us t (p) : q. h i.easy to check that
M*(p): lr if and ogly if inf po > 0. ThiB completee the proof of the theorem.

Theorem 3.4 For eaery p = @)we houe

(i) 
"fr(p) 

= Mo(p), where

Mo(p)="g,  
{" : (ae):  ? l*  

ln-r / t t . *  
} ,

(ii) I(q(l)),l' : ,rr,, {" 
: (o*) ' 

P
Where q:qot  9,

(ii i) [q(p),]': i l,{ ': 
( 'e): sup I trxolNt/n*. -},

where {'(p): Ee,where

"o 

: 
nl],{'= 

('&): eup lclliyr/r, 
q m}

for 7 
- oor p,

The following conditions are equivalent:

(") fr(p) is perfect,

(b) tq(p)l is perfect,

(")  pe %,

Proof

(i) Let oeMoQt) aud oeq'b).Then EllanliV-'/p, <- for some lV>l and

lrilpt < /v-l for euficientry larse & whence for such /c it fonows that

lorr*l3la*l N-r/nt

- Erf o2xjl3E*lo*lV-r/k < oo and henceM(p) c6@).

Sihce cfr(p)c 4b) it follows that cfr(p) : Mob) by Theorem (3.2) in [6,2].

rt 
liv-'r* . *]

(iii).

rhow

0.



(ii)

(iii)

T( M. BAR.A'L. S. K. M$|HRA AND S. R' PAT'IT

Proof followe ftom (i), Theorem (3'1(i)) and Theorem (3'2) in [6'7]'

I-al aeEeand ce {(p).Then for every lV >1, I aolNl/n* I K fot all k and for

aome K>0, and E1 lrnllJ/t* < oo for some lV >1' Hence la1,r1rlS KlrrlN-r/vr

which implies that E lopol lS f f lt*llV-l/rr 4 so

Consequently o€ d'fu), whdnce Eo c cfi"fu)' since qfr(p) : 
"((p) 

bv (i)' it follows

that {"(p) cdP@\.

Then we have {"(p)=Eo, since #tpl:Eo by Theorem 3'2 and Theorem 3'1(ii)

g iveus( i i i ) ' ( i v ) (a ) isequ iva len t to (b)byTheorem(3.2) ' s inceco(p) isapspace i f

and only ,tf pecoand aince 
"6-fu) 

=rte(d by (c) the equivalence of (a) and (c) is

immediate.

This completes the proof of the thorem'

Theorem 3,6. For eaeryP = (Pe) we hoae

(i) tt"@): M*(P), where

M*(p)= 
;1,{ ,  

= (aft) ,  f  lo l l /v l lo- .  -} ,

t t * ( i l , j : i l , {  a:(o)  
? l? l rv ' ra 

-*} ,

I t * (p ) , l q= i l , {a : (o r ) 'T l *  l f i t r n . * ] . .  n :a  o r  g

t f lgp)= E-,where E- : 
rYr{, 

:  ( ') :  sup lol lN-rl  
Ph' * 

} '

[(l-(p)), ]'n = 

"rrrt 

c = (rr) : sup I lr4 | N-l / Pr' * 
],

Where n: a ot F

(") The following conditions are equivalent:

( 1 )  P e t *

(2) /-(P) is Perfect,

(a) [f-(P)lris Perfect

proof (i): It is similar to the proof of Theorem 3.4(i), since (-p*(p): M*(p) Theorem

3.1(i) give us (ii).The proof of (iii) is similar to the proof of Theorem 34(iii)' since

€ol'
tbr

l b q

til

O .

c l l

m t
r b r

hJ0

d o

h h

I ' --

bc ,

b c -

u la l

rfiI} tl

t t d
rrd

,b

fis-

l c b

-

r .0

(ii)

where

(iii)

(i")
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t*tpl= 8-.Thorem 3.1(ii) give ue (iv). The prmf of (v) is similar to the proof of

Tborem 3.{iv).

Tbb omphtea the prmf of the thorem.

Tbsoren 8,6 For eaeryp: b*) we houe

(i) c"(P'): 
"t@)nt,

(ii) 11<r)),1" =[u,r4; n(/$):,

(iii) [(qo)),lu : [Motu)l: n ?l ,
r l

\\'here t : 
t 
o : (ap) : f,o1 converSes j,

Proof Q) zI-at oec'(p)n/ra^nd rec(1), l ro-t la ---+0(&-+m). Then El lor l<*

aad aince x e c(y), @ 
- t)e co@) and hence

4lq("* -/)l<-,

)iow from the inequality

I 'o%l !%@-t) l+ luo l

We obtain that E*lqrolcoo. Therefote ae c"(p).

Since 6@)cc(p) it followe that 6(p) c4@).Let ae c"(p).

Since e:(1,1,. . . )  ec(p),  i t  fo l lowsthat Eolql(oo, sothat ae l r 'Hence

o e {(p) n /r. This completes the proof of (i). Theorem 3.6 (i) and theorem 3.1(i) give

* (ii); thorem3.l(i) grve us 3.6 (iii).This completes the proof'
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theorem for Wiener algebra on a real line
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Abrtract: The Winner-Teuberian theorem for R aeye that the cloeed translation invariant

anbepace generated by /€^d(R) iE t(R) if and only if tho Fourier transform j of f never

vaniehes. In this paper w! prove e uniform version of this rb{iult in Winor algebra for real line.

Key words: Weinei-Tauberia,n theorem, tranelation invariant subspace, Wiener

algebra, Ra<lon measure.

l. Introduction:

For lc:Q +1\ *.2,. . ., let.Ij denotes the closed intervalll :[lc,/c*l]. Let

W(R) be the linear space of all comploc valued functions /on R for which

ll/llwrnl :_E 
fff l/(r)l is finite.

L€t Co(R) denotes the set of all complen-valued continuous functions /with compact

opport. Let & be the set of Radon measure on R. Then & e.an be id^.ntified with a

Equence (po)o.2,where for n € N. A, is & meaaure in M([n,n*l)). Thet is, for a

Boreleet E,l* 8n:8fl[n,n*l) sothat O:^2rOo; pB: Drrtn(Br).

Iq other words, for /eCr(R),

Afl= ["tau:Pr[r.fut n=D rnv /r,)

rbere, Jo =[r5n*l).
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Let @b :{f:Qrn)n62 and 11U11r:"on{llf"[:neZ]]<oo is isomorphic with W(R)*

via pe&'b r+ Ii e W(R)* *d given bY

ruT): ftan /etlr(R')

The norm of the fuctional, which we write t" ll4ll' eatisfies the following inequalities:

*ilpilos ll&ll s llr,llD

Let U :{9 € I,lz(R) : for p'e @,, I * l.t:O+p : 0}

LetWlbe the unit ball of W(R') and @'f be the unit ball of' @'b i'e'

@f :ire&D: llp,ll6 St)

For/e W(R) and 1te @b,the convolution is defined by'

P

f *p(r): J*f@-ildu(il

and [uta-a)ar@) 
: 

[*f'Fdap(s)
y "-+ -y

: 
fuf,{ilaul-a)

: 
[ol,@)au(s) 

("' t'@):t'?Y))

: F-UU')

Theorem: Let K €14l(R) be suchthat

(i) {{4,,neiY) 
giuen by 91,(x):h,,r€JR ds uniformly equicontinuous'

( iD l f r ,ewrwithlh(t) l  < I t t , l lY hetr  andYteR' '

Letgewln t ] .Le t%c@i .Supposerharg*p ' ( r ) . .+0asc . - -+@uni fo rmly fo tpn%

then h*p(r)--+0as o'--+oo uniformly for h in ff and p'n%"

proof: Assume to the contrary that there exists 6 > 0 such that vn' there existe c" € IR

witho,' )n, l,tteffard F61€?/' satisfying;

I (4, -t"rX'")ltd.

Let us consider the sequences

{ q u

' 6 ,

lirrr- I

rr1!l!

tr rtr

l r :  I

'{
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no':,t:Tll;i';::!'2'3 ' ' c€f,

{r, is measurable, Now we shall rihow that it is bounded and equicontinuoue onR.

sup lc,,(o)l:s"o l(0,, *lrr"r)- (r)l
r € R  z € R l  

'  '  - t  I

: 
;:f; | 

(n, " 4,',)(x + a,)l

:Pg l4t'' (t'")'*'")l

= 114,,", ll r,u, ll(4),*," ll rl*y

, rll, o,,,ll o il,ill r1*y
< 2

.'. {6r,},ren is uniformly bounded.

Since,{./" :hetr}:ris uniformly equicontinuous, so for a given f >0 there

corresponds a d>0 such that iln,-nollw(R): 1191,@)-$,(fllrtnl <%,V ,91,er and,

for all pair of point r, g with lx-yl<6.

For r ,g€ lR,

I

lA,(x) - A,(y) | : | 
(h" * p@)),^(r) - (4* q,,) )," (y) 

|

: l  (q *pr"l)@+x)-(t6*4"y)(u+o") |

:l (4i., (hn),+,o)-&", (u" )r*'" ) |

: 
| 4r,, {{th r")," 

-(tu"lr)," 
} |

:l 4r", {(q'' 
-(4 ),)," } |

= ll+,",11 ",., ll 
(h), -14r,L il",.,

.,ll4,,", ll r1u, ll(4)" -(h[l rer

= 2ll+,",llo ll{n")" -rh),Nr,*,

3zll{n),*(4bllrr*r

< € .

I

a

y, in2C

a" €lR



[ , ] [  " . ' .  * .n Wf}A'EEAITA

and ther,eturu, l4(tl Sgtff<e hr a € ted lt-cl <6. Tbo6re'{d}*t* b

unlfornb quimtinrnrr oR-

Thur by A1colt: t€Fna [6]we T* 
td*'fron the sequenoe {"(c)a

suboequene4,.(r)iUi"Ut€nds to U.r a(") pointwise ask-+o and continuous on

R' For each ftred s e R' and t e R'' a n r(x 
- t\ + 6 (a - t)' lc + oo and t'herrefore'

Ao r@ 
- t)dt) - d(c - t)g(t), lc + m.

Now Vf €R,

| 4,.(c-t)o(t)l : I lo*(c-t) c(t)l

s.ll4,. fl- totot

< 2ls(t)l

Thus by Lebeegue dominated convergence therems,Vc € R

t P

J *a,,(, 
-r) g(t) dt -' 

J *a(a 
- t) s(t\ dt', & -+ oo

: (5*9)(o)

Now, 
.[*a^*(r-r)s(t)dt 

: 
./*{n", 

*pr"-lXr"- +a-t) o(t)dt

, 
: (h *Pt".l * e)(t", +')

:' ((o*4".1)* h"* X"". *")

: 
Jl (o-t*rX"", +r-t)hnb(t)dt

Put /3,,(t) : (g*pt"*l) (c"* +o -t) n,. (t)

Since we know, (9*p)(z)--0 I z+@ 
""if""-fy 

forp in ?l'wehave for given

e > : lA :  f  (g*P) (z ) l<  eVz2A ud P in t l '

Therefore'l(r.4".lXt* +"-l) l< et"" r.,'L+'-t> A

Thug for a frred rand t in R'

Ik*q,*l)("* +"-4l(€ torco, *x-tla"

Thug fur afraed oaod tinR'
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(g*(".1) (rr+r-tl--o as t-+m

; r.,tr) l= | (r*l1*1X"". +"-c)t". trl I
=f (c'l1"r) pn +, - t)f I q,. Oll
s e la,trll

€ lt(,)l
Thus by applying kb"egue dominated oonvergelroe theorem for eacho€R,

f ,
J{'c,'tt)dt+0 

as &+oo

aad therefore .5,rg(x)=0. SincegeUwe gBt{:Q.

But

l{(o)l:At fa"-(o)l

=*k l(q,. -rt*r)k*)l

>  6 > 0

rhich ig a contradiction and therefore

[;*r-tV*)-+0as 
r+oo unifornly tor hisff and, pin gtr,

Eranple: Take /(o) : a-Fl

,@):# I*r@)o.p(-iya)dr

=#4 * (- l' l)"o'P(- iYo) da

I  lno  1"oo= 
l# I J-: "xp 

(s) exp (-irrol a, + ./o- ",.n 
( a) wp (-iya) do

=#[f't orp ((r - i'v)c)a' +f '.n (- o + irl'1a' 
J

Putting o-+-oin first integrcl
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:+[ [-*n(-(r- ls74d"+ f*uxp(-(r+iv)")* i
J2zr t 'ro

1 [

I 2 r  I1V

' l

exp(-c) [ 
exp(iso) +exp(-tva) ld'a I

: E #
j@)- 0 as g ---+ *oo .

/ is continuous function on IR and so is measurable

,F-*S,'.r,'-'"' 
:,-i-*S,'.r''-l"l + 

"iTS'"*u 
"-'''

put  n , *1 :  -k ,  k>O

o o o
-  + o- ln+114f r- l " l

I J " u
- - n

?r= - G)

0 0 0

\- 
"-l-til 

+ \- e-r,
u

[=m n:0

m o o

-  \ - o - t t  + l e - n-  
I J "  

' u

2:0 rl=0

@

:  2 D"-"
n=O

o o t L e
- o \ - ' - - : - 1 6- ' 

-?=o "" 
7-e

therefore e-t't e llz(R)

ll/ll wrnl : 
Puy:1fr,^*u 

| /(') |

r*
J o

. t i :  tk

E

:bdoc

b. hl

ft

-a tbd

,.l.ll

hi

h

t]b,

b

rF

f.r

H

tq

slnce

But

= i ll/111","*,t
n€Z

! ll/111,,"+rt s D ll/llt","+rl < &

Thus applying the definition of convergence on N' Let €) 0then n'o € N'

Such that

I

!

f

:
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Tn : D ll.fll1","+4+0 as f,o+oo.
n2no

tl: The greater integer<t

zia: D ll/ll[n,n+r]= D[/111","+4
"dtl 

n>t

r4fl= D r(")
aCN

fu* f)(t): 11(i): D f(t + n): ! e-lt+"1
n€N n€N

: e - l t + 1 1  + e - l t + 2 ' + . , .

l f( t) l  =e-ttt  s i l / | |11r1,1r1+rj

l/(t+1)l :€-l'+4 < il/ll1;r1+r,1t1+zy

l|(t+2)l 
- e-P+A < il/ll11r1+2,1t1+s; and so on.

l/(t) l+D l l( t+t) l  S D l l / l l r","*rt:4rr*0 r---+oo.
n€N t >[tl

as (-+oo.

fu*f")(t):  |  1@+t+n): D e' l t+t+nl take.S:-t
neN n€N

I47l

But

I herefore

Qt;t f)(t)---+0

\ow,

,nd therefore,

p* f"(t): D "-" 
< *

n€N

0t*f")(t) -+r 0 as l---+oo.
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conjugate series of the Fourier seriee, Lip(o,p)class'
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.i 1 Let / be 2n-periodic, integrable over (-n,n) in the sense of Legesgue, then its

Fourier series is given by

r 1) f(q -+o"+ i to" cosnl * b,,sinnt) :
-  

t t :7

wltrr partial sum ,9r,(o).

The conjugate series of the Fourier series (1) given by

m o o

\ {o"sinnf 
-cosnf) :  - lA^1t1

- - 1  , , - l

rvith partial sum ,9,(c).

Let ?: (orr,1) be an infinite lower triangular matrix satisfying the Silverman-Tdeplitz

[5] cbnditions of regularity i.e.

- - - + l a s n + o o ,

on,k :0, for ft > n

i""*f ^"

( 2 )

n

Don'u
k=O
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"od D loo* | S M, where, M'ln a finite positive coneta'nt'

ft=0
o

Id D rh be an infinite eerieo whose nth partial sum is given by

n=0

s": i* .
t=0

This eeqr:.ence-tesequence transformation

n

(3) tn:Don,n-x Sn-x
k:1

defines the sequence {t" } of matrix means of sequence {Sr, } , generated by the sequence

of coeffrcient {o",*}. It

t" -, S as n --+ oot

@

then the series f un or sequence {^9"}is said to be summable by matrix method (7)

n=0

to ,9. It is dentoed by

6 -- S(") as n---+ oo (ZYgmund [6]).

The summability method ( 7) reduces to

1
V 0 S f t < n .(i) Harmonic me&ns' when orr,l :

( n - k * 1 ) l o g n

(ii) (I/,p) means, when on,k :Ct{m fiaro1o * t;.

( i i i )  ( /V,p") ,when or,k:ry,where p, ,  : ino*O'
Pn ft:O

(iv) (il, p, q) me&ns' when o- , : W, where 'R, : f nrln-r - o'

Thell norms ie defined bY

ll4l, = 
[f,'"rrt'lr 

a')% , n>r

arrdthede8.reeofapproximationE"(/)urrdernorml|||pi'givenby(Zygmund[6])

E,(fl: 
Tl" llq,t'l - /(,)llo'

tn(o) where t'(c) is a trigonometric polynomial of degree n'

A fimction / e LiP o, if

I e Lip (a,

',\'e 
write

t

; . * h

- - 3a::_-tin

:urr-:r:c Jacl

a rg r :Lass,

l: :cc..:tate

b-u:c-r 3r.\

r i  ' :  
: . : f ,  co

crrilrfs.? lefle

tr11-- f =

k \ . 6

|FCA{AOn r

I  r .  - r : L

t

h . r

l l t t  i  f  ; . .a

I

= t
a -

,tE
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f o r 0 ( r r ( l a n d

: o ( l t  l " ) , 0 < o < l , p > 1 .

,!(t):  f(x+t)- f(r-t)

r r),l f (o+ t ) - f ( r ) l :o ( l

I e Lip (o, p), for 0 1 a 12tr,if,

(  P 2 o ,  
I

II"" lt:w+t'1- 1x1le aa)v

lVe write

(4)

(5)

(6)

(7)

]L

i l r ,n: !oo,rr-t :9(1)
&=0

, ! r \

h1 :  l 4 t , n - k
*=0

I l l  l
t = 

[;J, 
where, r denotes the greateot integer not greater theni.

f2 Bernstin [1], used (Q1) means to obtain the degree of approximation of lip I

function. Jackson [2] determined the degree of approximation by using (c, d) method

ra lip c class, for 0 < o < 1. First time, the concept of the degree of approximation of

rbe conjugate function /1r)tras been introduced by Qureshi [a]. He used Lipo class

fnnctions by Ndrlund method. The purpose of thig paperis to obtain the approximation

at f (x), the conjugate of a function / belonging to Lip (o, p) class, by matrix means of

conjugate series of a Fourier series. In fact, I prove following theorem:

Tbmrem: T : (on,i be an inJinite louer regular tri,ongutor matris wch that the

&nent(on,1) be norvnegotiae, no*deueasing unthk < n,then the d,egree of

qVrodmation of functionf (x), coniugate to a kr-periodic function f(a) e Lip (a,p),

0 < o ( lrp > 1, by motrLx meorlE (T) of its conjugate seriei (L), is giaen bg

l t \

(8) ll4('): /-(')flo : o l+l
\no- i  )

n
r@ 

-l(o): 
Doo,'-* F"+(r) is the ftatrix means of the series (2).
ft=0

| 3. For the proof of my theorem following lemmas are required.
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Proof:

Lemma LzLet R(n,t) be given in (5)' then

R(n,t):, (})' ror

r a
lR(n, t )  l : ;  Lon,n-o

t t t  k=o

1 A
3 ; ltn,n-k

e k-O

= h n
x

, t  \

: o 
[t)ottl

:"(i)
Lemma 2: (Lal [3]), I/ or,* & nownegotiae ortd nowilecreos'ing with k 1n then

for,  0 So <b 1@, 0 3 t  3r ond for ong n'

We have
b l

D lor.r,-n"t"-otl 
=o(["')wheret = Integral part of 

;:Ii l
k-a 

I

Lemma : lzLet_K(n, t )begfuenin(5)andtmdertheconi l i tdonofmgtheoremon(an3) '

we l"orte

R(nt)=o[f), ro, ! 1t3r'

Proof: It is well known trrat, sinf, 21f io""' sin 0 2 
'*'o 

t0 < zr' Jordan's Lemma)

Now, for C > 0 and r J n,we have

|  {  - . * r

rb

!

2-\
t # l

e

:lnfo real Part of ioo''o-o '**4'l

=l; r* part or io*,,,-, 
""-o"*1

1
< t  < - .

n

c o s ( n - k + + ) t l
- ' l

sin$ |



APPRO}ilMATION OF THE CONJUGATE OF A FUNSTION BELONGING TO LIP...

=l+i,-,--o et{^-*)t 1u+ 7l

: r(i) | _q*.,,-- ",{"-wl
:" 

[+) 
by Lemma 2.

i i nth partial sum ,9-(r)of the series (2) is given by

(u t " * t=4

rben.

n

i o","-* (s,,-*(') - T@) : 
| [," t al L;I,t(oD"^,,_x

cos (n -  n+$ ) t

sln i| ; :U

- f 1 t

t , , (x )  -  f ( r )  :  l l 1 '@ K(n , t )d t
. to

dt

n I r -
: l  " ' ,t(t)X(n,t)dt + l rtft\X(",t\at

J0  
" ,

r 9 ) : I t  *  I2 ,sa! .

Applying Htjlder's inequality, Lemma I and fact that {(t) e Lip(a, p), rve have
; on (an,1r),

lrls[ I: Wf,,]'[f l#9,1l'"lr
=, 

[ [f 
,'-'"Jt 

], [ [f 
,,"-,,0,)

:,[{rfl},],[{e+:r},
:o11)oI  t  , ' l

\nl lrr"-z+i )

:r[#]
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Ueing H0lder's inequality and Lemma 3, we heve

r rz r st# l#1'4* [f l#]'"1*
:, I u('*-')' ")' 1, I trt+-J "l 1
:' [[[+,[] l'''."'' l1.ffil ]-l
:o(n6)r[#J

:,hh-)
:r[#)

C..oh

b6orl

I

where6ieauarbi t rarynumbersuchthatq( l_6)_1>0arrdqistheconjugate index

of p. Combining the conditions (9X11), we have

( l  1)

(e)

rtlre. t,

Llr r

d ltrth

fFlar r

t 8rrr

thd

: rrrr

lfd

f l r r
- a '
irc

I crt

" - t
Dt l

i l -  r -
lrr}l

hr

Now,

This completea the pmof of the thorem'

$ 5. Foltowingcorollary can be dcrived fiom the main ftectm"

l-h(")- 7@)l:r["t"J

I a,r'l - T@)L: I J;" laol - rt"lf t I

:ol[i't*l,"l'
:"t#)uJ''l*
:r[+J
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Corolfary l.If p + a, the degtee of apprwi,mati,on of J1x1,tne conjugote of o

lsdilm I eLipa chss by matri,u rneans ds giuen by

ll-at,l-n,)ll_ : 
ojllro tT,(,)-f@)t:, (#), ror 0 < a <1,

fa

rhere, Tn1x1: lon,n-us"-r(") is the matrix (7) means of the series (2).
&=0
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Abrtract: The bottleneck product rate variation lrroblem with absolute.deviation objective is

pcudo-polynomially solvable. There always exists an optimal Bequence with the property that the

:aiation for every product is no more than one unit. Only the stanata,rd instance has optimal value

as than f f ana only if the demands are successive powers of two. In this paper, we eetablieh that

:!:cre exiete no feasible solution for any instance with the deviation lese than f.

f,eyrorda: non-linear integer programming, mixed-model just-in-time production,

aalanced word,

l. Introduction

Ilixed-model just-in-time production system aims to obtain a sequence of a number of

drfferent products with multiple copies that minimizes deviation throughout the time,

Etn'een the actual and the desired production. Such a sequence maintains the final

semlly line keeping the rate of usage of parts as constant as possible and a,ffects the

entire supply chain as all other levele are also inherently fixed due to the pull nature.

\Iinimization of the maximum variation in the rate at which different products are

produced on the line is known as the bottleneck product rate variation problem (PRVP)

i' The problem is formulated as a non-linear integer programming [2, 8]. The problem

rlth absolutedeviation objective has been extensively studied in a great number of

Fpers, for instance see [3].

' 
r'urrently: central Department of computer science and Information Technologlr,

l:r bhuvan University, Kathmandu, Nepal. Bmail : dhgfSdggphoo.eglg
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The problem ie'reducible to the release date/due date decision problem, which can be

eolved to optimality with r pseudo-polynomial algedthm. An optimal sequence always

exists when the deviation for every product ig never more than one unit '[9]. It is

importa.nt to obgen'e instances that have as emall optimal values ae possible. It has been

establiehed that the problem has optirnal absolute deviration leeo than a half if and only if

the demands are succegsive powers of two [1]. In this paper, we establish that there exists

no instance that has a feasible solution with the value lees than |. The general version of

the problem is CI-NP and is still open whether if is Co-nP-complete or polynomially

solvable but is polynoririally eolvable when the number of products is fixed [1].

The plan of the paper is as follows. Section 2 reviewe the mathematical model. In

Section 3 perfect matching method and the bounds have been studied. Section 4 explains

the bisection.seerch and the last section concludes the paper.

2. Mathematical Model

Given d€.lY demand for a producti,i=!,...,n,N being the set of positive integers,

with total demandD : iq and demand ratio 4 : $, l"t the time horizon be partitioned
d=l

into D equal units and each product is produced ia 6 rrnif time. There will be lc complete

units of varioue products during the first h, h:L,...,D, time units. Let asbe the quantity

ofproduct i produced during the time unite 1 through ls, Coneider l;,i:l,...,nunimodal

symmetric convex function with minirnrrm 0 at 0.

The mathernatical model of the bottleneck PRVP [7, 8] i8

BOTf

;:oduct

.rsoluter

f. Perfecl

{ peeudo

anch yie

\iP but re

tpnt size

;ol1-oemiaJ

The p,

aJtructer

i ,  =  { ( r r )  |
d 4t,j)
../;1a{uqg 1

F o r a t

E.ESIment

' " [ . 4 i

!-r l: [l

llq;rr E(r,

lft If (r,j

l r O  . 4 ; t

. l - 1 f , { r f ) -

5rr&e. q

*.fy.f(r,

l u " r . ; q - ( 1 -

b*n. I(i

Fb.Ily. I

l l  !d.v

fr;;ud I{(

0)
subject to

0.1)

(r.2)

(1.3)

0.4)

min 663/r(r* -eri)

i t * : t
i=1

c4r-g Sc*

, ;o :4 i  t io  =  0

sitr ) 0, integer

h :1 r , , , rD

i : l r , , , r n ;  k - l r , , , r D

i : 1 r . . . r n

Constrsint (1.1) ehows the cumulative pqoduction drrring the time units 1 through &.

Constrai;t (1.2) ensuree that the total production of every product over ft time units is

a non-decreasing function of h Congtraint (1.3)'guaranteee that the demands for each

product are met oractly. Constraint (1.2) and (1.4) ensure that exactly one unit of a
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product ie scheduled during one time unit. In this paper, we consider mogt studied
absolutedeviation objective functbn rt@* _tn):b* _kil.

3. Perfect Matching Method and the Bormds

A peeudo-polynomial algorithm, order-preeerving perfect matching together with bisection
search yields an optimal solution to th9,'problerh. The problem has been shown to be Co-
NP but remains open whether it ie Co-NP-Conipteteor polyiromially solvable [r]. Ae the
input size is o(nlogD) and there are nD va,riablee with QnD) constrainte, ecietence of a
polynomiral time algorithhr eeems unlikely.

The problem is reduced to an order-preee.nring perfect matching [g]. The problem is
constructed in a 7r-convo< bipartite graph G : (UUU2,E) with Irr:{1,...,D} ;
Vz:{6i  f  d :1, . . . ,  n;  j  :1, . . ,4};  *a E :  {(k,( i ,  j ) ) lk e[E(n, i ) ,  L( i ,  j ) ] ] ,where E(s1)
aad L{i,i) are the ea.rliest a,nd the latest sta,rting time, respectively, for (i,i), the jftcopy
of product d.

For a bound (target value) B, E(i,i) and L{i,i) can be determined by the integral
adjustment of the poin\s where the bound g and the curvee lj - Iql, i : r,...,n ;
J :0,...,d; intersect.

Iemma 1: [1] For a giaen bound B,the eorliest and the latest starting ti,mes are the uniqte

mtesers E(i,i) = 
I#l 

antt L(i,i)= 
l# 

+r!, resnectiaetv.

h,oof: If (r,X) ie produced in the time unit ft, lrn _ k"rl: lj _ /ql,i : 1,...,n ;
i =0,.'.rd;;k:Lr...,D, Dot j = 0,s4 : O. E(i,i) must satisfy the inequalitiea

V -@$, j)- r)41> B andli - E(i,ihl < B. rhis implies 
+ 

= EG,j) < 
# 

* r.

Tterefore, E(i,i)]#l

Simifally, g1d,X) must satisfy the inequatit ia l(L(i, jl_ f)rl _ 0 _ f)l < g and

l4c ir,- (i - l)|> B. Thi, implies 
j - | + B 

< L(, i). 
/ - I * I 

+ r .

r ; -  

r i  t i

Therefo,re, r,1i,i7 :li 
-l + B 

+tl
t r t l

Finally, E(i, i)=l urd r( i i) :D holdif lr=ql(B and ld;_rr_ j+.t l<8,
reapectively.

E(ir')and \i,r) 
"ao 

be calculared in O(D) time [9].
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A modffied version of Glover'e arlieet due date (EDD) rule frnds a perfect matching

when applied in the Vr-oonvoc bipartite graph withB < 1. The algorithm matcheg each

ascending k e\ ta the unmatched (d j) with the emallegt \|i) [9].

The neceesary and gufEcient condition for the existence of a perfect matching is the

following.

Theorem Lt lll For B 1! , the graph G : (vruv2,E) formed by the problem has a perfect

rnatch'ins i,f aruI only rt Dftrrr, + Bl-l(4 - r)t; - BD > lk - lq *1 anit
i=l

ft

D(hr :  -81 - l ( t c ' - t ) t -B | )<  k - t \ * r  f o ro i l t i ,  h€Vr ,  t \< te ,  and
i=l

lE(i, j),4i,i)lnlk,t rl* 6

Proof: Let K =ll\,lqlc Iz1. Then (i,i) € ff($, where

/V(ro={(i,i):(r,j) e U2,3keK,(k,(i,i))€ E}, the neighborhood of an interval Kin V,

€ IE(d, i), 4t, i)l n llcr, lc2l * $

Q E(i,i)<fr, *rd I'(d,i)>lq

; - F t  ' ; - 1  + n
e , r - "  < h r r r d r  

L ' Y + 1 > E

fi fi

<t Kft, - 1)r, * 1- Bl < i lllc2r + Bl

n

Therefore, D(tq,: +Bl-Ket -l)t - BD > 4 -fr1 +1
i=1

Let N(K) :  l \ , lk l  c\ .

T h e n ( l , i ) e K c V 2

a l0(i, i), 14i, i)l c ltq,tq) c v,

e ftt S E(i,i) and I'(i,i) <k
' t - B  i - 1 + B  -  - ,

< 3 l q < r ' "  s n d /  
. - + l < l q

- r i r i

e (el -l)ti + B < i < lqr, *l- B

€ t(el - l)q + 1+ Bl S i S!qr, - Bl
n

Therefore, D(bq * Bl- l(4 - t)q + BD < h - tq +L
i=l

Since E(i,j) and l(i,j)are strictly monotonic and the EDD rule aseipe the lower

numbered copies to earlier time units, the perfect matching is order-preserving. The

orderrpreserving perfect matching gives rise a b[iection (i,i)-k,(i,il€v2 and kevy

BOTTL

i  = l r r , , , r f l , ,

.9J. Tbe lor

Tbsorem 2

l-$, resq

hoo8 Give

Thus, min 1

Lc , t  B- l -

Srace lt2a +

d Qr, is not

,

)
d=

tilcriae,

*-ce ffra -:

./ t r, ie not

n

t
t=l

!L loner bor

.r-, coincide

}r upper bor

ib*re, we

f r iateteet\

-,Ed+.

f,- * An

r G .

hr* We ehon

r rtitry [h
3  d-aea,  A

{

.i
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i='[q,,',nij:1',..,,di8d henae createe a frasible solution to an ingtance of the problem
[9]' The lon'er and the upper boun& are r-r; and r-], reepectivery.

Theo''em 2: [0r l] For any instonce, the louer and ilrc upper bounds are l-r;u and
I-+, respectiuely.

Proof: Given a bound B, a, enpy of eome product i ehourd be produced during /c = 1.
Thus, min ( t- t )  < B, that fu,  l - r ;*  < g.

L e t  B  =  1 - * ,

Since [k24 +1 =#J 2 k i u lfrrq +f - 
*]:hri if frrt, i" an integer *d lfrrr: + r _]] > hr:

if Qa is not an integer, we have

n a n

X(b4 + Bl -l(h,- r)q - sD > irrr - if,q - 1)r > e, - q + t.
d=l .=l 

i=i

Lilen'ise,

Since []2q-1++lS&zrl us Ikr-t++l: tqrrrf lqr, isaninteger*d [&t_1++l<bq
if Qa is not a,n integer, we have

n

(A4 -Bl-t(f,  - l)q + aD<Dh,,-tfo, _rh s& _& +1. o
i=l d=l ;=l

The lower bound is not always attained, however, the optimal value B* of the problem
often coincidee with the lower tround for small size inatances [4].

The upper bound is not tight. There ecrigte another upper bound J* 
1' s t -2(n_1)  

t ro1.

Therefore, we can write, B*S I - ma:r 
{* , A-_u} for n ) 2 .

It is iateresting to investigate those inetances with the optimal value that does not
exceed|.

[,em'na 2t An irwtance l:lals no optimal aolue less than I

LS euen.

i f  A , - # ,  d = 1 , . . . , n

Proof: We show th&t a,ny instance with A, even has lower bound i.l"v feasible eolution
nust aatisfy lt41- 4l S lr" - h;l where thl i, the cloeest integer to,tr;.
If A, i8 even, A, =2h fot some k



t02l

{e''r-d *l[*$1"**l . ft+*l-+*l: l[+l ?l : i *
trg"d(dr,A) =l r6i.is odd' d = 1r,..,r.

It is clear that'e gtandard instanae i.e. inetance with gcd({, D):1, d = 1,...,n hds lower

bound I if D is even.

One oriects that there may ocist instnnces withB < |tor4oaa since l[taJ-Onl=#

For n = 2, inffnitely rnnny instancee *itU A'< | e*st. A sequence with distanc& 
[Onl 

*O

lfl *t product I with dema,nd 4and [*l 
*u lfl 

.'product 2 with demand d is

optimal for two product case [61. Thus, O

Theorem S: [0] Fm n - \ the optinlml &e of tlw problnm is lcss than [' l7 ona onfu if

one oi the denarda 4 or dzis dd 6d thc ot]vr even.

For n > 2, it bas b€n proven, though appeared as the small deviations conjecture that

the etandard ingtance has optimal value B*< | f ana only if di:2i-Lrr : 1,...,n and

. o' l- l I

a':jfr 1t1. o

The sufficient condition of the stat€m€ot is the blbwinS.

Theorem 4zl1ll Theinstorrceuffi 4:2i-r,i:1,'..,1trn22 hoa on qlimal abqrencewi,th

o bound n" at,

Proof: Consider a gtanda,rd instance ,lr:2'-lri:\...rttrn ) 2 and a bound

nn-l I

a':ffi. OLviously, tat, Let the copy (ir) be sequenced at the ideal position

? ,  I

l - l  :  2"- '(2j- 1), d = L. ' . ,r l
l - ' r  I

The copies do not compete for the pooition. Ta 
i!+=# 

for some poeitione. Then

ainoe both (zi-l)and (2y'*Uatbdtld,neither 2d dividee. (2i-L)not'2t' divides (2i'-1).

This implies d = d' and i: i' .

Nowwe ehow *-r(zi-l) lieeinbetween E(d,j) and L(i,il.

b 2

k r
- i

TI

r etcb

bri3

t l

rb
-

d

fr (1,

s
t

T L

I r

qttr

q

I

tcf i

I

Icu

t<1 .
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.  - . 2 " - r - l
, - r +  2 "  _ l_T

2"  - l

. 2"'L -l

i - B : t -  Z " = L :
r; 2'-'

z" -t

2"" Qj -l) s z"-' (zi - L, + L -?i :

: l r- i(a.t l*# =

+ l  :  J - 1 * 8 + 1
ri

(2j-lxr -1)+i

t

Since 2"-'(2j - l) is an integor, D(r, i) = 
t#l 

s 2'-i(2i - 1) = 
[# 

* tl : 4t, 11 .o

For the necessary caee, therr ocict a gometric proof in [6] aud a proof bared on balaocod

word in [2].

The geometric proof ocpbits a natural symmetry of Egulsr polygons inncribed in

a circle of circumferene D euch thlt eactr polygon orraponde to a difiront product

having 4,i=1,...,n @rners for product t"t [2ir'1- I pointa i.e. the ideal poeitions on ttre
l 2 r r l -

perimeter of the circle. Alt the products with demande di=2i-r, l:l,...,n ase cequenced

in the ideal positione [6].

The other proof ia based ou the concept of balanced word. A d-balanced word on a

inite set fl,...,r) is an infinite seguenoe s:81d2... with si e {1,...,n} such thst every two

subsequencee of equal le:ngth consist of only those letters whoee number of occurrences in

:ach subsequence differ by at most a poeitive integ'er 6, (* [11]). Consider a finite word

ll'on{1,,.,n} oflength Dwith d, occurrenceeofaletter aandE =$, thurateofletter d

*ithfi 5......q.W is ssid to be eymmetic tf. W =W", r. mirror re,flection of W. An

nfinite word Wie periodic if ra : WW..,fot some W.

It i.s shourn thot a periodic, symrnetric a,nd bnlanced word with t <... 1ro,n22

9'- I
c'xiets if and only if rl - 

F= 
This is known as Fraenkel's coqjecture for eymmetric case.

Svnrmetry ud halanceCneas imply that the rates aro all different, The small deviations

cuqjecture ie showu to be true as a cono€quen@ of the Fraenkel'e coqiecture for eymmetric

case using the fact that o solution to the problem with 4:2'-r, i:!,...,n,n>2'ts

periodic, symrnetric and balanced word [2].

We find that only the standa,rd instatrce with4 =2tsr , d:Ir.,.ril, n ) ? hae optimal

sequence when B' < |. lVhat happens for the insta,nces with gcd (d;,D) > 1, i * lr...,n is

still unreeolvcd. In this poper, one fact is etablished that no ftasible instanoe ociete when

B < * .
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Theorem 6: There is no irustonce (4,...,d) with n ) 2 that hat feosible solution

urith B <+.

Proof: Since tight lower bound is 1- r;o, 1- r-o ( B and E(i,i) S (i,il , thst i8'

4 S 
i-l+{.1r f<,r any feasible sequence.

Thus, 1 -ri 128, V'd,d: 1,...,n and "!.-r-;o 328 ,

1l

This implies D tl S 28, 11i. t;io.
i'-I-

fL

Therefore, tho S D tl S 28, r1t r.i!.
i '=L

That is,  1- 4ro >I-ZB which is l -28 < B ,

Hence, * S g.

4. The Bisection Search

A bisection search algorithm to find an optimal sequence for the problem must

run in the interval [f 
- t*,f 

- 
]1. fne bisection search is performed ueing integer instead

the rational. For the integral selection to dolve the decision problems, the interval is

lD-d^*,D-11 that requires O(logD) time. The overall complexity of the problem is

o(DlogD) [e]'

5. Conclusion

The bottleneck product rate variation problem with absolutedeviation objective is

pseudo-polynomially solvable. The problem ia co-NP but remaine open for ite exact

complocity. There always e]dsts an optimal sequence when the deviation for every product

is never-more than one unit. However, only the etanda'rd instance has optimal absolute

deviation lese than f if ana only if the derirands a,re successive powers of two and no

instance ie feasible when the deviation is less than |' optimat value for the instance with

gcd (d;,DJ> 1 is still unresolved..
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Continuity on a dense subset of a Baire space
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Abgtract: It ie proved, in particular, that every rial valued quaei-continuous mapping on a

Baire space X is continuout on a dense eubset of X ; furthermore, we proved that every real

valued mapping on a hyperconnected Baire epace X is continuous on a dense subset of X if each

point of diacontinuity is of dr-type.In fact, in the above resulte, the range apace R of reol

numbere may be generalised to any eecod countablo space.

Key words and phrasee: Quasi-continuity, Baire epace, Hyperconnected space,

al-point, dr-point.

l. Introduction:

This note eteme from the following theorem of Lin [5]:

Theorem 1.1. (Theorem 1 of [5]). .I/ f t X -Y is o mapping from o Boire spoce X to

o second courotoble sprce Y, then the mapping I is olmost cont'inuous on a dense $bset

of x.

Although it is easy to obeerve thot trnder the hypotlesis of the above theorem,

r mspping may not be continuous on any dense eubset of the domain space; a"nd the

required oca,mple might have been known, but we a,re unable to cite a Bource of print.

So, we give the following o<a,mple.

Bxample: 1,2, Let iV be the set of natural numbers and let r be the topologr consists

of al l  sets O euch that O-O or O = N or O:{1,2r.  . .  ,n}for some n{>1} in JV

2000 Mathematics Sub;ect Classification. Primary 54C05, 54C08; Secondary 54 F65.
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'r"d'let 
{n,U} be the ueual topological space of real numbere. Let / : /V --r ft ls s

mappiiig defined UV /0) :'5, l(2): 7 and f(n): n otherwise. It is easy to verify that

each point of JVis a'point of discontinuit1 of f and so, / is not continuoue on any

dense subsei of iV; alghough{IV"r}ia a Baire space and (.8,t/) is a second countable

8pace.

It ie then a pertinent and natural guestion as to under what additional restriction

on the mapping or on the space under consideration, t'h" mppiog will be continuous

on o deirse subset of the domain spac€. Before working on this queotion, we state some

known definitions and reeulte which we. need ip the sequel.

Deffnitioq 1.8. ([4],[6]). A mapping f t X + Y, from a topological space to another, is

ssid to be guasi.continuous at r € X if for wy U,V open such that o € U and

/(o)elzthere existe a non-empty open eet Gc[/such that /(G)cIz; the mapping

/ is called quasi-continuous on ACX, if it is quasi-continuous at every point o€l.

Errery cr ntinuous mapping is quasi-continuous, but the converse is not necessarily

true.

Deffnition 1.4. [E]. The boundary of a set .4 in a topological space X is the set .4 sa,ns

its inr,erior and is denoted by Bd A.The interior and the closure of a set ,4 in X is

denotect by Int .4 and Cl.A respectively.

Deffnition 1.6. [f]. A Baire space is a topological epace in which the intersection of

each countable family of open dense subsets is den8e. Every non-empty Baire space is

a set of the second category, i.e., it is not the union of a countable family of sets

En suctr that Int ClEo - f where f denotes the empty set.

D,cfultlon 1.8. [21. Lef f t X +Yb a mapping from a topological space to another.

A point x€X16 called a 4-potnt (or a point of {-type)of J if there ocists an open

neighbourhood ffof /(c) such that teBdf-r(N) and Int /-t(.tV):/; and a lnint

c e X will be called a {-point (or a point of dr-type) of /, if for any open rreigbbour-

hood iVof /(c),there qigtg an open subneighbourhood O of f(a) [i.e, O is a neighbour-

hood of /(o) and o c lvl such that , e Bdf-r(o).and Intft(o) * /. If each of these

pointe origts then the aet of points of dieoontinuity ie partitioned by the set of

d1-points and the set of Q-points.
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Definition 1,7, 14, A topological space x is c8[ed hyperconnectod if every pair of

non'empty open sets of x has non:empty interaection, or equivalently, every n6n
enpty open set in Xis dense in X.

Now, we have come up with tbe following resuh.

Theoren 1.E. If f :x->Yis ryaai-contirarcw mapping lram o Boire epue x ta o

cecond countable *poce Y, then the mopping I b continaou on a derue afiset of X.

we further observe that the assumptiou I f ds ryutcontintouE'cr. be dmpped

from Theorem 1.8 if the domain space in addition is hyperconneted provided that
each point of discontinuity of /is of e-type. pregisely, we have.

Theorem 1.9. If f : X --+ Y ia mapping lrom o hyperconnected Baire spu,e X to a

aecond, countable space Y such that the points of d,iscontinudty of f (if orry) ore of

d2:type, then f is continuous on a d,ense subset of X.

The proofs of Theorem 1.8 and Theorem 1..9 are given in the nort eection. A
particular interesting special case of Theorem 1.8 (Theorem 1,9) iB obtained by uelng

the usual ,p"." ft of real numbers in place of the space y in Theorem 1.g (Thorem

1.9). Thus

corollary 1,10, Eaery real ualued, q.tasi-continuous mapping on a Baire spoce x b

continuous on a dense subset of X,

corollary l,ll. Eaery real uolucid mopping on hyperconnected Bodre apace x b

continuos on o d,ense wbset of x if each point of discontinuity of I is ol dz-tvpe.

We conclude this section by demonstrating that the concepts of Baire space and
hyperconnected space are independent with the help of the followng oramplee.

hample 1.12. The topological space (JV,r)of Example 1.2 is a Baire space ad well as

a hyperconnected space.

Eranple 1.13. L€t iV be the set of positive integers and r * be the cofinite topolory.

Then (jV,r*) is a hyperconnected epace but not a Baire Fpaoe.

hanple 1.14. The usual space R of *eal numbers ie an obvious oca6ple of a Baire

4ace which is not hyperconnected.
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2. Proo& orf rnntn thsg[@s

Before proving Ttmrtm 1.8, rre sha{ae€d the folbwing l€mna

Lenna 2.1. A tn$whg f :x +Y b ryosi.contimtou d sexild,itdonlyif

acCl I4 f-t[, lm anry open eet V contnining f(x\'

Prrof: Firat we suppose thst t is quasi-oontinuous at q.€ x. T.dt Uand vbe open

such that o € Uand fifl eV. Then there is a non-empty ope'r 8et C C U euch that

f(c ' )Cit .So, Q*G clntt- l (y).  Now, r t  s€G then s€61Int f 'V) '  Again' i f

r /G then 0*Gc(U\{o})nInt/-1(V) andhence oeA Int/-r( Iz) '

N€rct, let s€Cllntf-t(y) for every open set Vcontaining /(c).tet U be any

open eet containing aThen Unlnt f-'(V) ;* {. We take G : U f]lnt /-t(y). Hence G

ie a non-empty open set such that G c Uand /(C) c I l-r(V\ cV'

Proof of Theorem: 1.E. Let B:{Bn:n=L,2, ' ' .} be acountable basis for the

open sets in Y. We select B* = {!nr,Bra, " '} c B such that Int I-r(Bn) * Q'

k : 1,,2,. . . . This eubclass B* is non-empty ; for, rf. s € x then by the above lemma

a e c llnt t-l(3") for each B, e B ontaining 7 (o) because / is quasi-continuous,

a,nd so, Int /-l(B*) * {. Now, for eachB'o€ B*, let us set 8,.: C'Int /-t(B"r)

\Int /-l(Bq)'Thenlnt 
"1En:IntEn*:11; 

ctlnt f-r(Bn) \ c'Int/-l(Bnn'\:$ for

such /c, a^nd thus the eet E : $=lanrie a set of the first category. But if / is not

continrious at c, then there ocists a BnneB * euch that /(r) € B,r* and a / Int f-'(Bn)'

But since / is quasi-ontinuous at, a,x G Ct lnt fr(Bn) by the lemma stated earlier'

Hence x € Enrfor eome lc a,nd so, r € E Therefore, /is continuous on X\E' which as a

complement of a fret category eubset of a Baire spacen is dense in X'

Proof of Theorem 1.g. Let B:{B,tn:7,2, " ' }be acountablebasisfortheopen

sets in Y. We eelect B* : {Bnr, Brai. . . } c B euch that Int f' (Brr) * Q' k -t'2 "'

This subclass B*is non-empty, because if c is a point of discontinuity then s is a

4-point and hence there o<ietsa Bn e B euch thst seBdl-t(tsn\ und

Int 1*1(an;-{. Now, for each B* e B*, we set Enn= f-r(Bnr)\Int /-l(Bnr)' Since

X is hyperconnected, for eachBr* e B*, Cllnt l-l(Bni):X' So' for each lc'

Int 61p,* c Intflf-l(B,h )\Ct Int t-l(B,*) :$,i'e',En is no''here dense for each lc ;

and thue the,sst F : Jp1E . ie a get of the firet category. But if / is not continuoue

rt r, there
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at c, there exists a Bnre B* such that /(o) € B'n and that o/Int f-r(Bn),

consequently , u e Enr because oe f-r(Bn). Hence x € E, a,nd so, / is continuous on

the dense subset X' ,E of. X.

RBmark 2.2, The condition 'f is quas'i,-continuorts on X' in Theorem 1.8 is sufEcient

but not a necessary one as shown in the following example.

Example 2.3. Consider the topological spaces (ff,r) and (R,U) of Example L.2. Let

f t N --fi be a mapping defined bV/(Z) : 1 and f(n):n otherwise. Clearly, /is not

qua.si-continuous at n(*1,2); but /is continuous on the dense subset {1,2} of N'

R.emark 2.4. Since each poiht of discontinuity of /, v'w., n(* 1,2) of Example 2.3 is a

dr-point,it is clear that the hypothesis 'points of disconti,nui'ty of f (i'f ang) are of

|-tVp" 
' of Theorem 1.9 is only a sufficient condition but not a necessary one.

REFERENCES

tll Dugurrdji, J., Topology (PrenticeHall of India, New Delhi, 1975)

t2l Ghosh, S. N., and Dasgupta, H., Classification of points of continuity and

discontinuity of a mapping in topological spaces, Bull. Cal. Math. Soc' (4) 97

(2006), 282-296.

i3] Husain, T,, Almost continuous mapping, Prace Mathematyczne 10 (1965), 1-7.

14] Kempisty, sur les fonctions quasi-continuous. .t'urzd. Math.1g (1932), 189-197.

t5l Lin, S. Y. T., Almost continuity of mappings, Canad' Math' BuIl. 11(1968)'

453-455.

t6] Neubrunn, T., Quasi-continuity, ReaI Analysis Exchange,14, No. 2(1988-89),

259-306.

t7] steen, L. A,, and seebach, A., (Jr.), Countereramples in topolo4r. (Holt, Rinehart

and Winston, Inc., New York, 1970)'

tgl vaidyanathaswamy, R., Set Topology, (chelsea Publishing company, New York,

1e60)

t74

that

if

be any

G

lB"o).

cerlier.

ich as a

t. Since



Tho Nepali Meth. Sc. nect

Vol. 28. No. I & 2. 2ilrS (De.)

A note on common frxed point principle

K. JHA

Faculty of Mothematics, I_l,epartment of Natural Sciences,

$chool of Schnce, Kathrnnndu Univertity,

P. O. Bo:( No. 6280, Kathmandu, Nepal.

F-mai}

R. P. PAI{T

Department of Mathematics, Kumaon University,

D. S, B. Campue, Nainitel-269 002, Uttaranchal, India.

The study of common fixed point of mappings oatisfying contractive type conditions
has been e very active field of reeea.rch activity during the last three decades.
The most general of the oommon fixed point theorems pertain to four mappings,
say ArB,,9 and ? of a metric epace (x,4, and use either a Banach type contractive
condition of the form,

d(Aa,By) S hm(r,y), for 0 S h < l,

where m(a,y) : mru( {d(Sx,Ty), d,(Ax,Sx), d(By,Ty),ld(Sa,By) + d(Ar,Ty)l/Z},
or, a Meir-Keeleu type (6,d)-contractive condition of the form,

given a) 0, there o<iets a d > 0 such that

sS n(s,y) < e + 6 + d(Ar,By) < e,

or, a fcontractive condition of the form,

(3) d(Ar,By) < Qj"@y)),

involving a contractive gauge function @ : E*-+ E* is such that d(t) ( I for each f > 0.
Also, the weak form of contractive condition (2) is of the form,

given a> 0, there oriste a d > 0 such that

(4) e < m(s,y) < r+ 6 + d(Ax,By) < e.

(1)

(2)

I
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clea,rly, condition (1) ie a spocial case of both oonditions (2) and (3). Moreover'

Jachymski [2] has shoarn that contractive condition (2) inplies (4) but the contractive

condition(4)doesnotimplythecontractiveoondition(2)'Pant[4]provedtbe

following common fixed point theorem'

Theorem2.l [4] :Let(A,$oru!(B,T)becompotiblcpoirsofseffmopaofocornplete'

metri,c space (X,iI) anil such that AX c TX, BX c SX ond

(i) giuene ) 0, thereexistss 6>0 wchthat

a < max {d(Sr,Tv\, d(Aa,Sx), d(Bv,Tv)'ld(SqBv) + d(At'Tv)ll2l< e+8'

+ d(Ax,BY) s e,

tl (Ax, By) < max {dl,So,Tv\, d(Aa, Sx), d (Bs, Tv), ld(Sx' Bg)+ d (Aa' Tv\l / 2\

'lheneaer the rigl* lulnd dde it potithte,

it (A r, By) < rnarc {d (Sr.Tv), d (A r,Sx), d (Bv,Tg), h ld(Sa'Bg) + d (A taTy)l I 2}

where 0 s h < 2 old fiE*+ E* b svch tlwt 0(t)< t for eoch t > O'

If one of the mapping A, B, S or f is continuoue' then 'A' B' S and f havc a

unique common fuced Point.

Thistheoremgiveamoregeneralapproachofgeneralizingtheknowncolttmon

fixedpointtheoremsforfourmappinggbyasguminsslightlyweakerformof'aMeir-

Keeler type contractive condition together with a Lipschitz type contractive condition

of the form (ii)'

The main objective of this note ie to provide a correction to a minor error in the

proofo fTheorem2'1o f [a ] .onpage293( l ine1F20)o fPant [4 ] ,cond i t ion( i i )has

been used to arrive at the contradiction itlrAAz,Bw)<iI{AAz,Bw)'

However,byuelngcondition(ii),wecanobtaintheabovecontradictiononlyif,

,t 5 I and not for r > 1. The correct approach to arrive at the desired contradiction

wo-.rld be to use condition (i)* io place of condition (ii) and then replace linee 16 - 20

on page 293 by the following derivation'

lf. Az+ '4.A2, then.using (i)*' we get

il{A z, A A z) : iI\A A z, Bw\

< malc {illSAz,Tw'), il\AAz'SAz)' il\Bw'Tw)'

ld\A A z, Tw) + {B w' S A z)l i 2}

= il{AAz, Bw),

which is a contradiction'

f[s lsmnining prut of proof of Theorem 2'1 of [ ] remains unaltered'
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A NOTE ON COMMON FTXED POINT PRINCIPLE
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Abstract: In this PaPerr the degree of approximation of a function belonging to
Lip c class by (ff,p,r) (E,1) means of its Fourier eeries has been determined.

l. Definitions and Notations

i" 
* an infinite series whose nth partial sum s,x is given by ,n: f uo,n=0 "" "t "? 

- 

,:U

ttren an infinite r"riu, i z,n or {s,,}is said to be summable to the definite number sa=0

:r'(41) method (Hardy [s]).

Lut {p^} be a_sequence of real constants such that po > 0, pn} 0 V n > 1.
The aequences to sequence transformation

*:*8"**:*_?, pksn-k

dD6 the oq'oc {t"}of $&hrad means of the eequence {s,,}generated by the

*56"t't",{r'}rtr {'+ r r n -+ o, th * 
_it* 

is siidto be sunmabre (ff,p")
n tbe sun a 

td)
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The (/V,p,,)trangform o]the (&'1) transform defines tne (N'P") (E' f) transiorur of

the pa^rtial 
'sum 

s* of the seriee i u"'
n=0

Thueif 

1 n , 1 :  _l

,I":+t pn-xErx:;Dn*Ei,-* as n--+6
'o Pn i1.,0 

rn k--o

&

then the series I un is said to be summable by (N,p,,) (E, 1) means or sirnply,

n=0

summable (N,Pn) (E, 1) to s'

A f u n c t i o n / e L i P o i f

( 3 )  f @ + t ) -  f ( r ) : o ( l t l ' ) '  
o c c Y S l "

Let /(r) be periodic rvith period 2r and Lebesgue integrable on [--n' r ] and

belonging to Lip cr class' The Fourier series of / (c) is given by

f(s) = lo" * ! (a,,cosn'c t b,,sinnc)'
'2 

,r=l

The degree of approximation of a function /: R -+ R by a trigonometric polynomial

inof order n' is defined bY

r r i  ( ,  '  
'  'ZYgmund 

[9] ) '

(b)  l l  t "+ / l l -= ' "o t l t " ( ' ) - / (c ) l :ceRi '  
(

Weusethefollowingnotationsthroughoutthispaper:

60) :/(o + t) + f(n - t) -2f(n)'

N,,(r)=nno

7: Integral Part of 
i:iil

(4)

APPI

btiorrbr

ttb fok

beln:

-tite, fi,

J;aiodil

l ayrodl

:rt(4) r

f trne:

t - r .

-oo1

(6)

2. Theorem: The ilegree of approrimation o! a function ! belonging to Li'p a by cesar

fne&n,.'anilNijrluni],rftean)hasbeend,,i,scussed,byatrumberof'researcherslt'keAlegi|'

[1], Sah,nev ond GoeI [8]' Chand'ra [2]' Qureshi [5]' Qureshi [6] and' Quresh'i an'd Nelt

ft1. fhe puryose o! tnls paper ia to deterYnine the d'egree o! approri'mation of a



' i\nd

nomial

lel l

a bY Cesd'ro

: - lr,lee Alents

r'shi and Neha

rcn of a

APPROXMATION OF FUNCTIONS BETONGTNG TO Lrp c CL,ASS By (N,n)(E,t) MEANS ... t79l

funetion belongi'ng to Lip a class by (N,p) (8, 1) product m,eues of its Fouri,er seri,es

in the following form:

Theorem: Let (N,p)be a reEtlar Niirlund wmmability method, generated, by a

positiae, monotonic d,ecreasing sequance {p"} of real constants. If f : [-r, nl -+ R ?s

2r periodic, Lebesgue integrable on [-n,nl and belonging to Lip a class then the d,egree

ol approrimation of f by the (N,pn) @, 1) rneans t ,"': 1 
i p*E^-* of its Fourier

pn k:o

series (4) is giuen bg

I o (  '  l , o . o . r
ll'*"-/ll-:l,lffiL.:,

t l n + l ) '

3. Lemma: The proof of the theorern requires following lemmas.

Lemma l, LetN"(t)be giaen by (6), then

N"(r) : o(n.+1), for o < t < -f.
n * l

cos'-fr ( i) ' '"  1n- * +\f,
. ,

sln _.

2

1 n: ; ,"nnu(n-k+r)

1 n: ( ,+r )#  Ip*
a i l fn  

k :A

_ l 'n+ t l
1 2 "  J

:  O ( n * 7 )

=:ich completes the proof of lemma 1.

Proof: l^,, tr l  l=#hrr

=#*t^,r(n-k+',1*il
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Lemma 2.lMc Fa&Ien Q)l'

I f{prl isanon-negot' i ,aeanilnon-' i ,ncreod,ngsequmce,thenfor03a<bSco,03t3tc

ond for ong nj

{IPnor

Lor"''-u" l:o,"',

where. r t :  
" l i l  

*u  t  :  
[ ] ]

Lemmas. N"(t): 
"l+), 

to, *<<,,.

Proof: Since, for 
* 

. t ( n, sin 
i, +, 

therefore

s #,1 _i,- 
coe'-ft [f) "'("-Di I 

r "'i

=hlioo"'r"-ot!,

( p  \
:olfr), by lemma (2).

4. proof of the Theorem: The nft partial sum ,9,,(r) of the Fourier series (4) is given

by

"io 
fr, + 1)t

s"(') - l(n\ : * Io" r, @# dt.

2

Tta

!{ow,

th'r,

#i

El@-

+i,'n fr-o

(7)



(4) is given

-ArFno)oMATl()t{oFFt'I{cTloNs BgoNGtNGToLlPocl"{ss BY (N,nxE,t) MEANS ... pll

Tba

Now,

lth,?,

#E []o.r'r- rr")) = F++ # fi?{ E tl "i" [r *'J' ]"

sl*) - ̂ ,) :ffi I: ffi,^{,f 
r, * *r"} *

= h [ :  
f f i ' ^ { 'on 

t '  *  *"  + ; ' in t ) .  
}  
at

: h l: #'^f"t'^ *'[i) [*'i. "'";l]"
= # 1," fl**'" [f)a (*'i * n'r"i){""'f, * n"'"f,\a'

:*I:W*'[*)'*t" +r)f,at

*E*(sl-o(')-t('))=

cr

(7)

. tr i

#u(r)- l(r)= Jo 
Nn(t)Q(\dt

I

. = l^ffi"" (t)oe\e *[i *,twr)a,
.  .r0 

n+l

= 11 +I2 eaY'

C(r) = l(o +t)+ f(s -t)-2t@)

= {f(, + 0 - /(o)} + {fls - 0 - t{o)}

=o(f)r.o(t') ('. ' t € tip")

=O( fo ) .
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We have,

(8)

Ne)ct,
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(e)

By (7), (8

Tha

l4l
I

= Io liv"t'rllotol"
I

:o(n*t\ 
IO' 

OQ)l&, by lemma I'

1

: o(n + t) [0"+r 
t"at

I

=o(n-r[#lI
r r _ l=eb.Dlffi-rl

[ r l=o[ffi'l

= l_rl4(')llotol"
'|+l

: 
I\ 

o[3;' og)tdt,bvremmas

:,[r) II+."
=,[+) $.'fu^
='lir+fid Ii.' ]*t +isdecr"a"insJ

=rffi14''fia".

{r,

lrrl

I

hthe t



APPRO)qMATTO{OFR NCno}{S BHONGING fO LIP c CLISS BY

[ 1,,-'+r 
)"+t

=o[ I  ) l  t - "+r , l l  
'  q

t n + r /  I

I 
tt"e "lTt ' 

(t

, . , l  t _ [  :='[*)lna16
Ibg("+t)" ,

lN,n)

: !

= l

oa-t

(N

= l

l(8,1) IttEAlrs... t83l

)
l ,  a * 1

)

c : 1 .

(e)

o{ ' )* J- 
'l.r[- |

[(n+r) 'J t0-")(n+t) 'J t("+r)%'-",| '  
o-1

o - - l

Then

ot' 

[r[-:-'lrqr'-,r_:l,l%,,'":,.'
Hencothe theorem is completely etablish€d.
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Abetract: In thie paper we introduce the notion of frecurrent Lp-saeatiaa maniforda aad ahowthat euch a manifold ia a'n Einat'ein manifold we have aleo proved that the charcctcirtic v*torfield f and the vector field, p aseociated to the iform r{ are aot o_directionar.

Mathematicg oubJect claclfrcatbn (2000) EgCzL,bgC0b.

Key wordr and phraaeu /-rocurrent Lp-saaakain manifold Einstein maniford,
eectional curvature.

l. Introductbn

l^,(t-lt?-* 
j*T:" [aJ introduced the notbn of Lp-sasakiso ,nnnifold.

ffi"ffiiautharr t/.1 .frl d+,.r:^r rn d

t"otorlr.l;1:_,:"*r* th1 notion df frcumcnt sasatran nanifold [U.l . J .

ll"j:]::'^l T':*'* 
the notion of /-recurrent Lpsasa&i8n manifotdlocally symmeric Lp-sasakian'manifold aad obtained eome int€resting reaurte.

2. PreliminarieE

A differentiable (smooth) manifold of dimeneion n ie called Lp-sasakian manifold.
[2]' [3J if it admists a tensor fired d, of type (l.l) a contravariant vector fierd 7, and acova,riant vector field Taird a Lorentzian metric a which satisfu.

I
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(2.1)

(2.2)

(2.3)

(2.4)

DHRUWANARAIN AND SI'NIL KUMARYADAV

f  : l + 4  A €

(r)  ' , (€) : -1 (b) s6, i l :n(x)  (c)  q($x)=o (d) d€=0

g(OX,OY) : s(X,Y) + nQ) nV)

(a) (vr@)(Y) : ls(x,Y) +q(x) q (Y)l € + [x +q (x) € ] 'r(v)

(b) V" 1: QX (q) (Vr ri l  (n: g(X,QY)

(2.5) n(€,X)Y :  s(X,Y) € -q(Y)x

(2.6) R(x,Y) 4:q(Y)x 1(1)Y

(2.7) R(X,€)Y =rt(YD+s(x,Y) €

(2.8) q(R(X,Y)Z):s(Y'Z)q(E -c(x,  z)q(Y)

(2.e) s(X, {):(n -r)q(X)

(2.10) S-($,X,OY): S(X,Y)+ (n-t) a(x)a(Y)

for all vecto r field X,Y,Zwhere V denotee the operator of covariant differentiation

I with respect to Lorentzian metric a, ̂ 9 is the Ricci tensor of type (0, 2) and .R is the

Riemanian Curvdture tensor of the manifold'

Definition (l)An LP-Sat*ion monifolit is soid to be locally Q-symmetni'c manifold' if

f ( (VrR)(X,Y)Z):0lorol t tectorf ieldX'Y'Z'Worthogonalto( '

Definition (II) /n. LP-Sasahiar,, manifov is said, to be a Q-recument mandfold' if there

edsts a non-zero l-form A such that'

Oz((v wR)(x,Y)z) : A (W) R (x, Y) z'

I|thel-formAaan,i,shes,thenthemanifolitred,ucestoa$.symmetnicmonifold.

3. frecurreni Lorentzian Par*sasakian manifolds

Let us consider a @-recurrent LP-Sasakian manifolds then from (2.1) and (2'2) we

have,

(3.1)

from which it follows that

(3.2) e((vp R) (X,Y)Z,U)+rr((v '  a) (x, v)z) q(I  :  A(w) s@6',Y)z' ,u)

Iet {q }, d : 1, 2, 3 . .. n be ortbnoramal basis of the tangent space at a point of the

rnan i f o l d .Thenpu t t i ngX : ( I=€ ; i n (3 ' 2 )and tak ingsummat ionove r i ' 11 i1n 'we

get

(3.3) |

The eedond

(3.4)

$nce

rod {q } is

(3.5) e((v

Edng (2.4) t

i3.6)

prtting this

3 7 )

hom (3.4), (

3 8 )

Eplacing I/l

TLis leads to

Tbeorem 3.1

wrifuld.

Further from

3 e )  (

born (3.9,\ an,

13.10) A

putting Y = j

t (w)1(x)-

3 l l )

(V,"n) (x,Y)z +q((vwn) 6,nz)e :A(w)R(x'Y)z

I



i il there

x , Y )  Z , U  )

r point of the

' l ! i < n , w e
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(3 .3 )  (VrS)  (y ,Z)  * , ! , r ( (v ,n )  G, r4Z)q(e) :A(vn  S(y ,Z)

The sedond term ofequation (3.3) by puttrng Z: 4 takes the form

( 3 . 4 )  s ( ( V *  R )  ( " i , Y ) 2 , € ) q ( e ) : c ( v w R ) ( " u y ) € , € ) s k * E )

:  -e((Vr R) (q,I4€,€ )

S i n c e  g ( ( Y , v & )  ( q , f ) € , € )  : g ( R ( e ; Y s , Y ) € , € ) - c ( n ( e , , Y ) V p { , { )

-  s ( R ( q ' \ € , Y  n € )

*d {q } is an orthonormal basis Vi e,l - 0 above equation reduces to

(3 .5 )  s ( (V*  R)  ( " t  r )€ ,€ )  :  -e  (R(e ' ; ,Y)  -s@(Vr€ ,€  )  -s@f t ; ,Y)  ( ,Y1a,o

using (2.4) and applying the skew symmetric of R, we get

(3.6) s((VrR)(u*h €,(): - s@@w,OY,")- s(R((,QW)Y,e,)

putting this reeult in (3,4), we get

(3.7)  -  s( (Y wR) ( " ; , \e ,  €) :  s@@W,{)Y,e, )*  s(R(( ,QW)Y,e, )

from (3.4), (3.7) and putting Z: €, we get

(3.8) (" - 1) s (W,0Y) - S(Y,0w) : A(W)q(Y)

replacing Yby 0 f in (3.8) and using (2.1) (2.2) in (3.8), we get

s(  Y ,W) :  ( "  -  1 )  s (Y ,W)

This leads to the following.

Theorem 3.1: .4 Q-recwrent Lorentzi,on para-Sasaki,an manifold ll,f is an Einste'i,n

monifold,.

Further from (3.1), we have

(3 .e)  (V"n  )  (X ,Y)  /  :  -q ( (V  q ,R)  (X ,Y)z )  €  +  , l1W)  R(x ,Y)  Z

from (3.9) and the Bianchi identify we have

(3.10) A(q lcv,z) q(x)-c(x,z)q(Y)l+A(iO ls(w,z) q(Y)

- c (Y, z ) q Qnl + A (.v) [s 6, z ) n (w )' c (w, z ) r (X)] : 0

putting Y: Z = eiin (3.f0) and taking summation over i,1< i< 7r,, we have

A(W)i(X) : A(n q(W) for all vector field X, W replacing X bv € in (3.11)

(3 .11) A(w) :  -p (€)  n (w) .
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where /(O : 9(€, p) : n (p), p b"rog vector field associst€d to the l-form .4, that is

c (X, P) : A (x)'

Theorem t.2z In o $+eawent Lorentzion poro-9os&ian manifolil the chorecteristics

wetor fieW ( or,d the vector field p usocidd to the l-fotm A are not co-directionol

and l-form A ds giaen bV A(0: - qb)n(ln.

Since

(3.12) R(X,Y) OW : Y )(Y Y 0W - V Y,V XOW - V lX,YlfW.

Aleo from (V xQ)V):Y xQ(Y)-6(V xY) {*" g"t}

(3.13) (vx d)g) = (Vx d)(y) + 6F xY)

usins (Va d\)=q(Y) x + c(x,Y)x+zq(x)q[)e and (3.13) in (3.1?)

we obtained

(3..14) n(x,Y)014r : $R(X,Y)W + cV,w)OX - g(X,W)QY + g(X,6W)Y

- s (Y,Otnx +2{s (x,$w)q (Y) - c (Y, 6w)q (x) E

+zh(nfx -4(x)64qff).

We now consider that LP-Sasakiatr manifold (M",g) ie {-recurrent thentom (3.9), we

get

(3.15) (v 'n) $,Y,2): -q(YnB)(x,Y,z)€ +r{(w)R(x,Y'z)

add from (3.14) we have

g ((Vw8) (X,Y) e, 4 g : {s (X,W) s (0,Y' z) - s (Y'w) s ($ X, Z)X

+s(6R(X,Y)w,z)€

usiag above thie result in (3.15)' we get

(3.16) g ((Vn nXx' Y, Z) : {s (x Jn c @Y, Z) - s (Y,W) s @x, z)}€

+ g (QR (X,Y)w, z) €, + A(w)n6,Y)z

This leads to the following.

Tbmren E.2z If on LP-Suotcbn manifold b S-recurent then the rclation lrclde.

(V rI XX' Y, Z\ : {c (X' W) g (iY, z) - s (Y,vn c @ X, z)} €

+ s(&'(x,Y)w ,4 e + A(w) R(x,Y) z

we have more over if the relation (3.16) holds in LP-Sasakian mauifold than,

(3.r7) I (vwn)6,Y)z): e{A(w)n(x,Y)z)

uiing (z.t), (2.8) in (3.17) which yeilds

f r X a

Wc cr

lb

)-tral

Id ur

ClnG

(3.18)

i a n o

F
(3.1e)

&tr (i

(s.20)

&cit

(3.20) r

(r.21)

Ftdng

Sticb i

l|e stat,

Theorer

:t rvAtUf

l i  De,  I

NO!
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f ((V w R')(x,Y) z') : AW) R(x,Y) z\

if X and Ya,re ortboSpnsl to f.

We can stase the tholm.

Thccwltt In ut LP-Suatsian monilolil (M",g) sotisfying tlrc rehtion (9.16) is

S<reuttrrrt ptvntdad tl:lrrt X ond Y orthogonat to ('

I€t i13 q1ppe tbrt in a frecurrent LP-Sasakian manifold the eectional curvature of a

dana r"$(M) ie defined by

(3.18) 4@): s(R(X,Y)Y,x)

is a non zero conetant lc, where X,Y is any orthonormal basis of zr then from (3'18), we

g€t
'(3.re)

hqn (3.9) we get

s((Y 'RXX,Y) Y,X) = 0

(s.20) e((V,n) (X,Y'1Y,{)q(n=AQ) s(R(x,Y)Y,x)

Since in a {-recurrent LP-Sasakis,rr manifold the relation (3'16) holds, using (3'16) in

(3,fi)) we tet

(3.21) n6)ls(Y,z)s@x,Y) - s6,z)e(fY,x)- s(QR(x,Y)z,Y)l

+ A(z) ls (Y, Y) q (x) - s (x, Y) n!)l : kA (z)'

Ftting Z= €,b (3.21) weobtoin

I  (€) tc(r,  v)q(x)-s(x,Y)r1(Y): & I  :  s

qb\ IgV,Y)nV)-s(x,Y)q(Y)-& = 0.

Whhb Inplia that r1fu) = 0 then from (3'11) and definition (tr) we have '

8(vwRXX,Y)z:0.

\\re state the theorem.

Theorem 3,42 If a S-recurrent LP-Sasakian has a non zero constant sectional

curaature, then it reduces to a locolly $-syrnrnetri,c LP-Sosaki,an manilold
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l. Introduction

The following theorem was proved by Namdeo, Tiwari, Fisher and ras [B].

Theorem l,l: Let (x,Q ond (Y, p) be complete metric qppces, let T be mappdng of x

into Y and let S be o mapping of Y into X sotisfying the ineqtalities

d(Sy, Sy) d(STa,ST d) < 
" 

nair.. {d(Sy,S{) p(Tn,TC),

d(c,8y) p(!,Tx), d(r,d) it(Sy,S{), d(Ss,STa) d(S{,SrO}

pQr"f{ p(TSy,?:sil s c max {d(Sy,S{) p(Tu,TC),

d(c,Ss) p(!,Ts), p(y,{) p(Ta,Tc), p(Tn,TSy) p(Tc,rS!)}
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f o r a l l s , C b X a n d ? o , ! b Y w h e r e 0 S c ( 1 ' I f e i t h e r f o r ' g i s c o n t i n u o u s t h e n S T

hasauniquefucedpointz 'nXand?'ghasauniquefrxedpointainY'Further

T z : w a n d S w = z

The following theorem was proved by Fieher and Turkoglu [4]'

TheoremL,ZzLet(x,d)oni l (Y,d)becornpletemetr icspoces.Letsbemappi,ngofX

intoB(Y)ondRbemappi'ngofYdntoB(X)sotisfgirtgthefottowinginequ'ol,i 't ies'

irlRSt,RSa) s c max {4@,d)' $(n'RSx)' A(d 'Rsc)' d';(Sr'Sr)}

6z(RSv,RS{) < c ma:r {4@'{)' 6fu'Sas\' 6(! 'SR{)' 6@s'n{)}

for all x,d inXand U, { inY, where 0 S c < 1' If Sis continuous then'RShas a

unique fi:red point u in X and SR hns a unique fixed point u inY'

Theaimofourworkistogeneralizetheoreml'lbyconsideringtwoset-valued

mappinge and two complete metric epacee'

BeforecommingtoourmainreeultwerecallthefollowingfromFisher[1,2].

(il The function 6(A,8) wittr / and B in B(X) is defined bv

6(A,8) : suP {d(o,b): o e A' b e B}'

(iU If .A coneiste of a single point a we write 6(A'8) : 6(a'B)

(iii) If B also consiets of a single point b we write 6(A'8) : d(o' b) : d(a'b)

If followe easily from the defrnition that 6(A'8): 6(B'A) >O'

6(A,8) < 6(A,G) + 6(O,B) for all '4'B and Cin B(X)'

Now let {A*: n =. 1,213, ' ' ' } be sequence of non-empty subsets of X' We say

that the sequene€ {r{n} converges to the subset A of' X rf'

( iv)Eachpointoin,Aiethel imitofaconvergentsequence{an},wherea,, is in '4,"

fo r  n :  1 ,  2 ,  3 ,  " "

(u )Forarb i t ra , rya)0 , thereor is tsan in tegerNsuchtha t .4 , ,cA" fo t r r ,> lV ,where

A"istheunionofal lopensphereswithcentresinAarrdradiuse'Aisthensaid

to be the limit of the sequence {'An}'

The followiru lemma was proved in Fisher [1]'

Lemmal.3:I / {An}orut{Bn}oreEequencefo|bovwlei lwbsetsofocotn'pletemetr ic

space(X,d)wfuichcotwergetothebanwtedstfisetso|AanitBrecpectiaely,thenthe

sewence {6(A,Br)} conxerges tn 6(A'B)'

Now, let F be a

a point in Xif r

*quence {.F'rrr}

mapping of X ir

i n X i s a f i x e d p

Main Results:

ll'e prove the fo,

Theorem 2,1; Lt

mapping of X dnt

\Q.v,s{) d
(r)

6r(Tx,TC) 62

(2)

b r d l s , C n X a

nnirlue fixed poinl

h,oof: Let o, be a

ntpcctiuelg u foll

brrng clnoeen on

a =  1 , 2 r 3 ,  , . . .

Tha,

4@

hoo which ie follo

(r)

ApDUing iuqu.lit1

Id/lt*"a
S c t r

(.)

ln thich is follow



8r:1 S?

Fr

7."5 of x

IrJ

L . J

& ,iued

rl

i .\'e say

q . . i n A t

'r N, where

ren said

,v:t' fnetTlc

| ;hen the

(1 )

(2)
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Now, let F be a mapping of Xinto B(X).We 8ay thrt thc napping f ie continuous at
a point in X if whenever {"r} i" a sequence of points in x onverging to q tbe
sequence {Fr"} in B(X) converges to -Fcin g(x).we say that Fis continuou
mapping of x into B(n fi F is continuous at each point s in x. we eay that a point z
in x is a fixed point of F if z is in Fz. If o is in B(x), we define the eet FA : (Io e A Fo.

Main Results:

We prove the following theorems.

Theorem 2,L: Let (X,d,) and (y,ilr) be two cunplete rnetric spoces, tet T be a
mapping of X into B(Y) arid, let s be a mapping ofy into B(x) sotisfuing ineqtolities,

f i (S.y,S{) Q@Tn,STc) < cmax {66y,5{) g(Tx,Tc),6@,Su) 4({,Ts),

dr(r" t) 46y, 5!), eg{, STx) 619{, 5 ra)}

6t(Tx,TC) 6(T5A,fS!) < c max {d(,S3r,S{) 6r(Tr,TC), 6r(C,Sy) d(!,Ts),

d"(y,{) d2(Ta, TC), 6r(Tx, TSy) 6(TC, rS0}

for all r, c n xand g, / in Ywhere 0 s c < 1. If ?is continuous, then,g?has a
unique fixed point r in X and T^9 has a uhique fixed point w in y.

Proof: Let q be an arbitrary point in x. Define seguence {xn} anit {y*} n X and y

respectiuelg os follows. choose o point y, in Tx, ond, o point a, in sy1. In generol,
lnuing choosen x, in X and yn in y, choose srr*t in Syn and, thm gn*1 in Txn*1 for
n = 1 r 2 r 3 r . . , .

Then,

$(q.t, qJ Q@",r"d : 6(Syr*z,Sy,*r) dr(STr,,A,STq)

s c max {dr(q* r,h) 4(ar-t,yn), 4@n,xr-r) L(ar-r,y,-),

4@,-u r") 4@,a, q), 4@'*t, r^) 4@*, rrnr)\.

From which ie follows that

(3) 4@- q*t) < c m&x {4(y,*r,a),4@,-r,sn)}

Appping (2), we get

[dr(16r, y")]' : 6(T4-.., Ta,J, fi(TSyb2, TS1y,-r)

s c mat( {4@-"sr) 4(ur-r,y),A@n rr*r) $(u,a,a,-r), 4(a,*2,u,-r)

4(a rs, !n), 4(y,-t, y,*) ilz(v,a, y *)\

hon which is follows t\Et dz(y4,'y) s c nax {d1(o,Fr,4r), h(A,*r,y,_r)}.

(r)

I,
I

)

I
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It lqr bllowa easily by indrlction that'

i'ri:;::r#?fi?:,i,'i;i)],,
for O = I, 2, .. . , Since c < 1, it follows that {cn} *d iy"} are Cauchy g€quences

with fimits zin Xwith w\nY.

AppVinS inequalibY (1), we have

4(,9n, a) fi$Tz,rr*r) : {(,9trr,,Sy,,) fi(STz,STt")

s c mex {A(S",,c") $(Ti,An), d@,,9w) &(gn T'), \Q,r") 6(Sw,'"),

$(Su, S T z) 4 ( t*t' t',*r) )

Irtting n tende to infrnitY we have

Q$w,z)6r(STz,z) < c ma>r ({('9tl,z) 62(Tz,w),

$(z,Sw) 6r(w, Tz), il"(r, z) $(Sw, z)l

Frorn which it follows that

61@w,z) Q(STz,z) < c{Q(Sw,z) 6r(Tz,w)}

and rc either ,9u:z or

(0)

Applying inequalitY (2), we have

g(STz,z) < c 62(Tz,w)

6(T z, y r) &2(T S w, y *1) = $(T z, T r-) 6r(T S w, T S v n)

< c ma,x {A(Su,,t,*J &(Tz,cn), fi(z,Sut) 62(w,Tz),

d"(w,U) 6(Tz,V), fi(Tz,TSu) dr(v", LStt))

D€tting n tende lo infinitY we have

(?) 62(Tz,w) fi(TSw,w) s c61(Sw,z) &'1(Tz'w)

cnd o drtbqTz: w

lbo 23t Let (X,d) a'vt (Y,p) be cotrryrctmatrb tPM6,let T be c contiwptn

nq?ing ol x ]No Y ot:d tct I be o conttrwto|lp truJpping ol Y into x fritt't*ng tlu

*nqur/Ntbt

d(Sr,S/) d$?:qlTd) < urax {d(Sv,'9l) p(I's'?Fr)' d(d'8t)- y'1l'Ip,

d(s, 
") 

d(Sv,S{), d(Sv, S"s) i ('9s', t/lffl}

io(fi'?Ir I p (TSt,rW) < nax {d($v' ft/\ p(T'' Td), d@'St') Pkl'Tdl'

Pb,!) P(Tr,Td), P (Ta,TSY) P (Td'fS{\}

f

prl

(5)

h d l q r

gaiquc fu

W e n

Itorem

cmtinuout

atbfying t

4$u,
( l  t)

6(Tn,

(t2)

for all r, C

unique fixer

Pruof: Firet

4(

(  l3)

for all s in .)

4(sy,,

(14)

f o r  n :  1 , 2 ,

ouppose that

tn w' in Y. 'L

4(,1

(15)

Thie is only I

either
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frr all 4 I in fand y, { b Y.Th€o srhas e unique fixed point zin xand ?^ghas a

uriquo 6:rcd point win Y. Further, Tz: w and ,gur: z.

we now prove the following fi:red point theorem for compact metric spaces.

Theorsm 2Az Let (X, d) ond (Y, dr) be two compact metric spoces, let T be a

csntinuous mopping of X into B(Y) arul let s be a continuous mopping of y into B(X)

s atisfyin g the in e gu akti e s

Q(Sv, S{ ) fi(STr, STC) < max {d(,Sy,,5/) 6(T",Tc), e@,Sy) 6r({,7-x,1,

4@,c) f i(Sy,S{), f i(Sy,STr) d6!,STr )}

6t(Ta,TC) 6(TSy,fS{).< max {\r(Sy,S!) 6(T",TC), 6r(C,Ss) 6({,Tr),

do@, {) 62(Tx, Til), 6r(Ta, TSy) 6r(Tl, TS{)"

for all 4 C in X and y,{inY. Then ,9?has a unique fixed point zin X and Z,g has a

unique fixed point w LnY. Further Tz : w and Sw : z.

Proof: Firstly, let us assume that there is no o < I such that

6r(Sy, S T Sy) Q(S Tn, S T S Tx) < o max {$r(Sy, S T Sy) p (T a, T S Tx),

Q(STI, Sy) g(TSy,Tx), 6r(r,5Tr) g(Sy,STSy),

(  13) Q(S y, S Tr) g(S T S y, S T S Tx)\

for all rin Xand yin Y. Then there exist sequences {o"} in Xand {y"i i" ysuch that

6(5y", STSy) d,(STn,, STSTa,) > (1 - nt) max {dfu,, STS1,) 6(Tr,,,TSTxn),

$(S Tr,, Sy n) 4(T Sy n, Txn), g(xn S Tx*) g(1y,, S T Sy n),

( 1 4 ) Q(Sy 
", 

S Tx") 6r(5 T S y", S T S Tn")\

for n : I, 2, . . . . Since X a,nd Yare compact, and by relabelling if necessary, we may

suppose that the sequence {co} convergsto / in Xand the sequence {yr,} converges

to u' in Y. Letting n tends to infinity in inequality (14), it follows that
tinnttttts

ry thc

b),

l
Td),

/))

fi(Sw',STSul) 4(ST/,STS?/) > max {46at,STSuJ) 6Q/,TST/),

q(ST/,Sut) 6(TSut, T/), qU,ST/) d(SuJ,STSaJ),

(15) A(Stn,ST/) $(STSut,STST|)I

(  l1 )

(r2)

This is only possible if the right hand side of inequalities (15) is zerc. It follows that

either
{

I
I
I
I

I

I

ST! : STST{ or Sul : STSrl.
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lf STl = STSTl,then STl -- zis a frced point of 5?and it follows that, Tz: w

is a fixed point of T8.

Ifi,9ul = STWal, then Sul : zb a frred point of 'S?a,nd it again followe that

Tz: u\is a fixed point of ?S.

g€adndly, let ua assume that there ociets no D < 1 such thst

$(tu,TSTa) 6(TSy,TST9) 5 b ma:r {A(Sy,S"Sy) 62(Tx,TSTr),

g(STx,Sy) fi(TSc, Ts), 6(y, TSy) fi(Tx, TSTn),

(16) 6r(Tx,TSy) 6r(TSTu,STSTy)\

for all r in X and V b Y.Then it followe that '9T has a fixed point z and ?,9 has a

fixed point o.

Finally, suppose that therc orist a'6 < I satisfying (13) and (16). Then with

c: max {c,D}, it follows thst if the eequencea {t'} ,,nd {y"} ""u 
defined as in the

proof of Theorem 2,1, inequditie" (3) and ( ) will hold. It then follows as in the proof

of theorem 2,1 that {""} *d {yJ s{" Cauchy Bequences with limits z n X and u in

Y. Since ,9? and ?'9 are continuous, it now follows that z is a fixed point of ,9? and rl

is a ft<ed point of TS.

To prove the uniquenees, suppo€e that ,5? has a second distinct common fixed

point ./. Then applying inequality (11) we have

I4Q,/)l' 
-- 

[fi(STz,ST/)]' < max {SQ,/) dr(Tz,T/),l$(2,/)12}

which implies that

(17) 4Q,/) < 6r(Tz,T/)

Furtbe,r, applying inequalitiee (12) we have

I\gcTlll' : $Qar{ 62(T5Tz,TST/) < mar {4Q,/) 6r(Tz,T/)'

16(Tr,T/)l'\
which impliea tbat

(18) 6a(Tz,T/\ < Ak,t)

It now follorpe from inequdities (1?) and (18) that

4Q, /) < 6(T/,Tz) < itr{2,/)

which ie a contradiction aad hence the fxed point z must be unique'

Similarly, we cd prove the {niqueness of ur. This completes the proof of the

theorem.

Corollary

;tolying t

6Qr

h a l l q r
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Corollary 2,62 Let (X,d) be o compact metric sprc.e ond, kt T be a continuou,s

mo1;ping of X into B(X) sotisfying the ineqnlitg
-'---l--

6 (rJ,tV\ 6 (raqW:c) < & tt(W,tlA4&#r, t{+ry} 61tl ,rxl ,

d(a'C) 6 ( n,ryr, 6(fi,f x) 6(fl ,T'd)I

for all q d, !, I in X br which the rigbt hand gide of th€ in€qu8lity ia poeitive. Then

?has o unfuue ftcd point zin X,
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Abstract: In this paperr we ehsl deal with. cqtain aspocts of hypergm.iria uii involving
R"amanujan's mock-theta functione. In the ooncluding 6ectionr, qtain g@cci1t rdetior of mocl-
theta firnctions of order three and five have also b@ dcdued.

Keywords: Bailey's transfo:mations, Generating relations, $rpcqgooutric Ehq Mock-
theta functions, Saalschutzian aeries, Theta fun@pns.

1.1 Introduction (A Historlcal Sun'ey):

S' Ra'manujan (1887-1923) waE ao Indian mathematician whae originality ard natural
ability for calculation enabled him to dwolop innovative mathematical conqpptr mlgh
during the ea,rly 2oth century. Rananqian, tbree monthe btore hie death, had writta hie
last letter to G. H. Ilardy, a mathematicinrn at the univcgrty of ca,mbridgp, E d-d,
diecovered much intereeting functions which I reoently call mock:theta functions unlike
the falee theta functions due to L. J. Rogers, thgy enter iirto mathematics ae beautifully as
the ordinary theta'functions.n lhe mck-th*c fqpction is the lact gft of Ra,nauqfao to

tb Eath@aticat world.

Due to llardy [4J a mock-theta function is a function defined by a q-series convergent

lql<l for which we may be able to calculate asymptotic formulae when q tends to a
retbnal point of the unit circle of the same degree of precision as thoee furnished for the
odinary theta functions by the theory of linear transformations.

l.l Notatlonr ud dsfuitbns:

The gnocralized ric eeriee, both ordinary a,nd basic have.been a very
ignificant tool in the derivation of the generating relations for mock theta functions. The
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usqal hypergeomtric notation ghall be followed throughout, in what follows. Ao ueual, let

for any poeitive integer r'

(aL = a(o + t),........... (c + 
" 
-, = ttfii;i"', n > 0, (o)s - 1,, o +0, (o)-" : 

#

Then the generalized hypergeometric seriee is defined by

@ ^2*2+2h

(r) ri(c):Dii7i;

Theseriesl .2(1)convergesforal l  z i f . r ls whi lei tconvergesforonly z*Oif  r>s*1,

for r :c*1 a,nd aleowhenz:1 provided that  ̂ Q,tD(D)-D(t) l>-1, Whenr:st l ,  the

series is called Saalschutzian wheir {, tD (D) - D (,)] : 1 and well poised

when l *or  =U.+e2= .  . ,  :b ,  *o r+r .

If any one of the numerator pa,rameters in 1,2(1) is zero or a negative integer than

"{, 
reduces to a polynomiil but if ony b parameter is a negative integer-/V (say) where

/V:1,2,3,. . , (unless any of the a parameters is also a negative integer-M say, where

M:NrN *l,N +2,. . ,, or zero), the'.fl series is not defined'

Let,  for lq*1.t ,

(o ;c* ) "  : (1 -o) (1 -ocr )  .  .  .  (1 -oq&(" - r ) ) ,n>0,

( o ; s * ) o : t
d

and (o;qe )- = 
"fI 

(t - oeh )

Then a basic hypergeonretric series ie defined by

When & =1 in the above symbols, including that in ,11O,, it shall be omitted from the

symbole, so (a;g)":(o), etc. G.N.Wataon [fl made use of the ba.sic hypergeometric series

to get new definitiong of mock theta functions. For this, he used a limiting case of a trans-

formation connecting a terminating well poised l(Dg which Watson himself discovered

many yea'rs back.

We shall often uge the abbreviated notation (q,n , '' ' h;c* )' to dehote

(q;qt)" (t ;ct)", . . . (o,,;c')" for all non-negltive integers n' where

(o;c*)" =fi'(t-oqt) and (c;qt)-:fi(l-oc"), if t' =1 and there ie no cha'nce of anv

confueion, then qt thall be omitted from t'he (o;C*), symbol'

s
ddn€

(3)

rbere

&all u

bae g

If

p.ovida

, - + O r

1.2(6) i!

neoan{

l.{6), u

(c)

a

o)

ftrac

({)

(5)

(2)
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pnBUnronano €uocK_mErAFUNCnor{s tlo{

s, l* 65 =(t-o)(l-cc) . . . (t-oq-t), (oh:t, (o;d). (a)ba:(l_oq"),M{, we
define a generalized"basic hlpergomddc s€rb, by

(3) .,{.Ail=Em,

1

. the

wbem rirthenumtftrof paraoetere (q) and e isthenumbcrof prraoctce (Fr).we
'ftall ue tbe notatbn ,o' (d) (z) to denote a ,o, oerhe thldl tb tcmr a* on the
base gr.

It qr iaDot rritt@ in O sJrnbol, tbe trqpfrrtuatbn formula is tho dcdnoed by

than

(4) ,orf 
4l6'1ru'qa'ql,s# 

|
lfi[-{a,q / qaq / d,aq / qal / l,al / el

where

where

provuca crior g''ofthc termq-{, whene ivis a poeitive bte*s. Aesuniqgc+r,
c{oo r 0{@ aad teldqg c=ocp(lt), d=orp(_dtl) ,1.2 (4) beomeg

(5)'-pffi:fi(r-q')['.p,#J

l'2(6) i! tbo nost importaut retation to obtain the nen, alternative definition of the

nturnqlrat Ect tb€ts funetbnr. substituting O:il, t:*,a: n 
n"r*rivery in

1.2(5), rr hdvr
:om the

::IC Serleg (6) ralfto-r)=l+4i(tYu" .- ''li ' - 
fr 1*{" '

: a trans-

: -.covered oofio-o=r+2lry

xdfi0-s'l=r+iffiff.

(7,

(8)

of any
Thrartb.nldb.'proviahgaltcrnatirrcd66nitioos d tk),c(c)aod x(q) Fryctiv€ty
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f.g Modrdbeta frmctions associated partiatly:

oo

LetF(q)=!r!n(q)beamockthetafunction.Thenthecorrespondingpartialmockthet
n=o 

a

function is defined UV .t,'(C)=Iif"(S)' Thus the padial mock theta functions of order

n=0

three and five are defrned below:

MockthetafimctionofPartialmockthetafimctionordentbree:oforderthree:

r(s)=i{-i-47

t(r)=i#;

,v(o)=i#;

.<o:p^ffi
where u is the cube root of unitY'

(iv)

( ' )

(')

(ii)

(iii)

(iv)

t"(o):i{-*
-, qr'

O"1g;:f.;---;r-
r_il_a,iA" h

-. qn'
v"(q):I

*id [-c;q]r

j9 
p2

, x"tnl:t,7rfp4 l..l Gener

h 19414, B

t f  g^ : )

rben under

(
' l l  \

I

rbere u, , q

coovergent

brmation i

qder thret

Brilsy's tr1s

ti'e shall nc

three and fi

(")

(vi)

(vii)

@ -21(r+l),(s):Et_*;fr

,(r):iffi

ild:nffi

r.(o)=i#
o ^zrz

4(c)=D#f,

6 ^2k(h+l)
Y

ur"(q): 
!^l-7-0,011^

g oe(t+l)u"(il:P^@,

@ -2t(r+l)

n"e):D6fi6fiu

o ^k2

/0,"(e)=Dfu
& ^it?

s \ qfir,n(():kffi

/  l+1 \

1 * 2itrs,,(q) : i f-r, oto n\TJ
t=0

MockthetafirnctiongPartialmockthetafimctionsoforderfrve:ofotderfive:

{2 )

(i)

(i')

(iii) 1+2v6(q):iFtcL cH
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F

vo," (q) : D l-t;q'lo qo'
t=0

@ -L2+L

/,."(s):I+ ,
i]o t-{;9lt

x ^2P +'2L

n,"tc):f fuf_
v,,"(q):it-n,ot o(?)

ls:0

@

o,,. (q) : D [ 
-r, Q2l, q{L*rf

,t=0

A q k
xo,"\q): Lg;;16

, \  S  q k
Xr,n\q):kfil,

llosl

(i")
@

vo(c): D[- t;q'loqn"
'h4

@ -hz+h

fr@):t i  ,-x=ol-QiQlr

€ -2h2+2k

F,h\:t+--=-
ft lq;q'lu*,

€ / t+1\

v,(q):Dt-q;qlra\Tl
lr=0

6

o, (q) : D [- Q; 82fo q{k+rt'
k=0

A q k
xo\il: Lffi:T

t :o lV 'Yh

(")

("i)

(vii)

("iii)

(i*)

(*) x,(c):i
&=oi7

qk
Fi-'^ i9 lr+r

1.4 Generating relations for mock theta fimction of order tbree:

In 1944, Bailey [3] established the following tra,nsformations:

n n

If go:la,Un-,Vn*, md ?n :I4+'u'u"az,

r=0 r=0

then under suitable convergence conditions:

€ q 9

(1) Do,r,:10^6^,

whereu",rr,,o,and 6"are the functions of r only and the series B"and'y"ahall be

convergent. In this section, we shall make use of the above ao called Bailey'g trane-

formation in order to establish the generating relations for pafbial mock theta functions of

order three defined in 1'3(i)-1'3 (vii)' If we take u'=ur=l and 6':2' in 1'4(1)' the

Bailey's trangformation Yields

@ g

(2) (l-z)-rf o" 2":f};zn whenever g,:l+ ,
n=0 n=0 r=0

zn' l n - : - '
L - Z

We shall now make use of 1.4(2) for the deri i,ation of the mock theta functions of order

three and five in the following sections:

i theta

lqrder
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l.S.MainseneratingresultsinvolvbgPartialMock.thetafimctionsofordathrcs:
(") Takin

(i) Taking ,,:#, we find

"=2#:r^(q)
Putting theee values of and in 1'4 (2)' we get

@ g n n 2

(1) \t"tn)n 
:(1-,)-'E 

f*"
n=0

oP
(ii) Taking +:FFTI, we frnd

P"=i^#l=o*(s)

Putting these values of an and p^ inl'4(2)' we get

@ g n n 2

(2) Et"(o),":(1-'f':ffin=0

en'
(iii) Taking ",:ffi, 

we frnd

u":}k=ir(n)

Putting these values 'of on and p" in 1'4(2)' we get

(3) .iv1"1'":0-4-'E|s"'
n=o 

-r3

(iu) Taking ",--ffi' 
we find

t n l,9"=fi66ffi:Xn({),

i where,r, is the cube root of unitY'

Putting these values of onand p'in 1'4(2)' we get

(4) into>'=('-')-'p*ffi'n=0

Putting theee v

6

(5) D,,
n=0

(vi) Talcing a"

p,

Putting these v

(6)

("ii)

ir"r
n=0

Takinr

where u ie the r

Putting theae v

(7)

1.0 Main gener

(i) Ta,king a:

Putting these v

ir"r
a=0

o
S .

) ., t0s

n-0

( l )
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(o) Takingc" :io"':;" ,wefind
lqiq- l.+r

o:fffi:<,
Putting these values of a"and B^in 1.4(2),we ger

(5) i*^(d*:1r-z)-ri #*,O
z=o o=o [{i{-Jr+l

(vi) Taking o, =, o'"1!,' 
, we find

aqiq-L+r

p^:f#r:u,(q)
:o [-9i0-J"*,

Puttiug tbese values of o,and B^in 1.4(2),we get

(6) i},(dr^:1r-r;-'i , 
oi,.l-lrr" n

n=0 n=0 [-Vi! lr*1

(.,ti) Talcing o,=, a'!,'*'), 
, we find

lwQiu'QiQ'1,+r

6 - {\ 
g2r(r+r)

k@w,
where ur is the cube root of unity

Putting theee vsluea of onand B,in 1.4(2), we ger

(7) ip,(q)r"=(r-z;-rf , 4'"'"!^" 
, ,n

r=rr 
\- -' 

fr[-rq;-r'Qi8!,*,

1.6 Main gorr€rathg reeults involving partial mock theta firnctioni of order five:

^ / n - J
(i) Taeing q:*, we find p,=f , 

o' 
, = lo.,(q) .

L-qiqL -,ql_q;cl,

Putting these valueE of o,and p"n 1.4(2), we get

@ 6 - n 2

(r) Dr,nku'-1r-z)-'8fr;#."
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Let fri
almoet cont

a n d 4 i s a l

r l o Q : 0 . T 1

complo< strr

(1 .1 )

is integrable

o n f i x R .  T

tengor

(1.2)

Putting these values of o'and B,in7.4(2), we get

Takins 
"--#, 

we find

u^:D#:4,"(c)

iq,,(o)r":O-r-'E:ffi"(2)

similarly, making use of L.4(2), we can establish the generating results of mock theta

tunctions 1.3(iii) - 1.3(c) of order five also'
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Contact CR-warped product submanifolds
in locally conformal almost

cosymplectic manifolds
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F''mail: sgshu&lE_au@s6diffnnnil.so6; saqiaitiwarikt&,edlfuailcom

Abgtrect: B. Y. Chen [2] studiod worped products, which ale CR.suboaaifoldr in Ka€hler

manifoldg and esteblfub€d aharp inqquslitie for CR.warped producte in Karhlc Esaifolds.

In thie article, we eotablhh the lnequality for the squaled norm of the md fundarneotal form

in torms of warping findion for contact CR'warped producte ieometrically immand in lolly

conformal elmoet coolmplectic manifold.

Mathematics SubJect classlficatl@! 63F;25, 53C25 and 53C40.

Kelvord aud p,hrrEodt Warped product, contact CR'submanifold, locally conformal

abnost coeymplqatlG nantfold.

1. Introductlon

T'et fr be a (2m* l)-dinensional alnost contact manifold equipped with an

almoet contact structure (/, f, q), that is, / is a (1, 1) tensor field, f is a vector field

and 7is a l-form suchthat frX=-X+A(X)f and (f):t"tUend(€)=0 and

q oQ = 0. The almost contact drgctuie iB said to be normal if the induced slmost

complex structure Jon the product nanifoH.&xR defined by

(1.r) .r[x,r *):(r*-^€,,,,t(n#)
is integrable, where X ie taogenrt toili,tthe coordinate of IR andl is a smooth function

on.fri x R . The condition for being normal is equivalent to vanishiqg of t6e toreion

teneor

(1.2) 10,01+2dq @ €,,

uk theta
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(1.e)

for all X,Y

induced Ri

TLM of.Iu.

operator A

(1.10)

for a,ny vec

Lt {q . , .  .  ,

such that r

p e M i a

(r.1 1)

The subma

(1.1 2)

I'et M be a

Now, we rer

(i) v4'th(

for all

(ii) Ao,the

where V is I

frame on M

ConsequentJ

For subman

submanifold

(i) A sub

Q(rrt

[1081

where [f,/ ] is the Nijenhuis tensor of f

Let gbea compatible Riernannian metric with (d'€'q),th8t i8

(1.3) s@x,6n= s(xn-qV)nV)'

Let (D be the funda,rfental Lform of 'M, aemea Uy

(1.4) o(X,n = s (X,$Y) = -e ($X,Y)

for all X,Y eTM.1.

Ifoandl.formr|areclosed,then.frisssidtobealmostcosymplecticmanifold.A

normal almost copymplectic manifold is cosymplectic..M ie called a locally conformal

almost cosymplectic if there orists a l-form o such that

(1'5) il0- =2wnO' drl = u Atl irnd d'r :0'

Anecessaryandsuffrcientconditionforanalmostcontactstructuretobenormal

locally conformal almost cosymplectic is [6]

(1.6) Fx d)r :{(s($X'Y')€-nV)Qx)

whereVistheLevi-CivitaconnectionoftheRiemannianmetricgandco=u4,

From (1"6) it follows that

(1.7) i  *€:{x-a(x)Ol .

Apla,nesect iontr inToft iscal leda{-sect ioni f i t isspannedbyXand$X'whereX

is the unit tangent vector orthogonal to f. The sectional curvature ofthe f-section is

called a {-sectional curvature. A locally conformal almost cosymplectic manifold 17 of

dimension25isofpointwi,seconstant@.sectionalcurvatureifandonlyifits

curvature tensor .E i" of the form [8]

(1.8) E1X,Y,Z,W',':+ts(x,w)s(Y 'Z) - s.o.',Z)s(Y ',W)\

+ " 
+ y' 

1s 1x,Qw) s v'4 4 - s (x'Q z) s (Y'ow) - 2g (x'QY) s (z'ow)\
' i

t

t++ 
.,) {o tx, w ) q (n n (z) - s (x, z) n (Y ) q (w ) + s (Y, z) n 6) q (w )

-{s(Y,W)rtV\q(4}',

whererr isthefunct ionsuchthatu--uf larrdu=fuandcisthepointwiseconstant

fsectional curvature of 'M'

LetMbearrdimensionalsubmanifoldofamanifold.MequippedwithaRiemanniran

metric g.,The Gauss and Weingarten formulae are given respectively by
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(1.9) 9rY:V*Y+t(X,y) and i*N:-Arx+viff,

for all X,I <TM nd ff € ?rM,whereV,VanaVrare reapectively the Riemannian,

induced Riemannian and induced normal onnctlrns 
'rl'fii,M 

and normal buudle

TLM of ll,/reepectively, and lr is the smnd frrndamental fotn relat€d to the ehape

operator Aby g{t(X,n,JV}: g(4ilX,f).Thieo the equation of Gauss is given by

(1.10) il,X,Y,Z,W):E(X,Y,Z,W)+g(t(X,W),tqy,q)
-c(UX,Z),h(Y,n),

for any vectgr fields X, YrZ end, Wtangent to M.

Let{q., . . . , €a %-+:}h an orthonormal basis of the tangent sp Trft ,
guch that 4,.,e2 t. . . , enane tangent to M af p. The mean curvature vectorl/(p)at

p e  M i a

(r.11) H(p):1ir,(q,o).
n f i

The submanifold M is totally geodeeic inF if. h:0, and minimal if Il:0. I[Ie ed

(1.12) hii: e(h(q,ei),e,), and llr{f = i (o@(+,e1),n(q,"i))
i,i=l

Let M be a Riemannian ma,nifold of dimension n and ,c, a smooth function on .[f.

Now, we recall

(i) Vo, the gradient of a is defined by

g(Yo,X): X(a),

for all vector field Xon M.

(ii) Ao,the Laplacian of a is defined by

n

A" = D{(V,, e)o-eiei@)}=-divVu,
i :L

where V is the Levi-Civita connestion on Mand {q,q,. . . ,C}is an orthonormal

frattte on M.

Consequently, we have

1voll2: i("rt"lf
i=l

For submanifolds tangent to the structufe vector freld f, there a,re different classes of

submanifolds:

(i) A submanifold M tangent to f is called an invariant submanifold if

A(fpM) cTeM for all p € M, i.e. fpreserves the tangent space of M.
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(ii) A eubnanifold .0/taagont to €b called an anti-inva,rinnt eubmanifold if

$(fpl/\c ryMfor atlp € rl4where ToM arrd, T.LM denota ta,ryent and nofmal

apace at p € Mirepctively.

(iii) A submsnifold Mt€Dg@t to 6iB called a contact CR - submanifold if it admits

an invariant distribution D whoee orthogonal omplimentary distribution D+ is

anti-invariant, that is, TpM : Dp @ DpL, with {(Do) c Do and 6(Ort) c Ti M,

for every p eM.

2. Contact CR'warped product submanifoldE:

B.Y. Chen eetabliehed a sharp relationship between the warping function / of a

warped product CR'submanifold M1 x f Mz of a Kaehler manifold M and the squared

norm of the second fundamental form [h[2 (te" [Zl).

We prove a similar inequality for contact CR-warped product submanifolde in

locally conformal almost cooymplectic manifold'

Let (M,gt) and, (M2,0)be two Riemannian manifolds of positive dimension nt

and 7b respectively and / a positive differentiable function on M1. The wa,rped product

of M1 arrd M, is the Riemannian manifold Mr x yM2 : (M1x M2,g), wherc

9: f 1 * f'g, (u [a] ana [a]).

We recatl the fotlowing general formulae on a warped product

(2.1) YsV :YyU : (Ulnl)V,

for any vector frelds U tangent to M1 and V ta,ngent to M2 .

In this ection, we inveatigate warped products M : Mtx tMZ which are contact

CR eubmanifolde of a locally conformal almost cosymplectic rnanifold M(c) of point

wise constant feectional curvature c. Such sulma,nifolds are tangent to the structure

vector field f. We diatinguish two caseg:

(s) € ie tangent to My

(b) € i8 tangent 6 Mz..

In case (c), we consider two sub case:

(1) Mr is an anti-inva,riant submanifold and M2ie an invadant submanifold of. fr .

(2) Mr is an inva,riant submanifold and M2 is an anti-invarlbnt sub-anifold of. il .

We etart with the sub case (1)

Theonem 2.1 Let fit1c'1te o (2m +lfdimercionolbcoag conformol olmost

cosymplectic monifokl ol poittt wide corctant f-cectioml ctnttohre c. Then there do

not esi

su\mat

Proof:

almoet

that M

gubma,n

Q.2)

for any

I n t

Thue M

\ow for

Theoren

cosynple

M : M r

,2a  * t )  -

C-totally

Ihen

( i )  The,

2 3 )

whert

ii) The er

Mk).
const{

Proof: Let

conformal

curvature r

{ X s :  f , X
rrthonormt

2 t , .  .  .  . x ;

r M2 respe
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noteoistuoryedprodttctallnwitoUtrl:MtxtV,z'tjrhtl'rttM'il 
uto,/tti'iw0fiutt

submonifold tongent to 6 olutW, ot inllr rirrlrt subnlllrlnlod of fr'

Proof z:,,,t M : Mrx fiIz bee warped poduct eubmanibld of a locally conformal

almoet cosymplectic manifoHfi(c) of point wise onststlt fstbnd curvatue c'such

that M1 is an anti-inva,riant submanifold tangsnt to ( andM2an invariant

eubrnanifold of .&. From equation (2'1) we brve

(2.2) 9 yZ :Y 7X =(Zbl)X,

for any vector fielde zand xtaugent toMland,M2reapectively'

In particula,r , fot z: (, we get €t : 0. ueing (1.7), (1'9) and (2'2)' we have

v(x -q(x)€): 'Vx €: Vx €: (€lnt)x : 0'

Thue M2 cannot oriet.

Now for eub case (2), we have

Theorem 2.2 Let rtp1ae o (2m+l)-dhnensianal tocollg conformal olnwst

cosgmplectdc monilokl ol point wiile constont S'sectional cu'ruature c ond

M=MtxTlV2onwi|,dmetuionolwotvedproiluctwbrnanifoWsucht|u;tMli'o

(2a+1).dimensionoldnaordontafirnoni,foliltongentto{owtM2op.i|imensionol

C-totatty reol afimanifoW ol fri(c) '

Then

(i) The squa,red norm of the second fundamental form of M satisfiee

(2.3) ilhll'l > 2B[ll vgnt)ll - o(r"nl + ap(c+ u2 + 4)

where A denotee the Laplace operator onMl'

(ii)Theeuqlityof(2.3)holdsidenticallyifMlisatotallygeodeaiceubmanifoldof

ff(c).ttenceMlisaloTuyconformaln|mgo|cosymplecticmanifoldofpointwise

conet&nt fsctioanl curvature c'

Proof:|'{erM:MtXr[ziy'acontanctCR.warpedproducteubmanifoldinlocally

conformal almost cmymplectic manifoHfr(c) of point wire constant feectional

curva turecsuchth8 td imM2: (2a+1)andd imM2-P ' l f ' f

{Xo  =  € ,X1,  . '  . ,Xo ,Xa+L= 6Xt ,  " ' ,X2o 
:  QXo ' ' \ "  " ' 'Zp}  bo  a  loca l

rrthonormalframeon Msuchtbat X6, ' ' ' 'Xt,- aretang@tto '[d anil

Zr,. . .,Xptangent roMt.For any unit vector fields Xtang@t taMlandZ'Wtangelrt

o M2 resPectivelY, we bave
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s (h(O X, z),On : g (tr z OK,OZ) - s (OV z x,Oz)

: g(Vzx,z): g(Vzx,Z): xlnf ,

on the other hand, siilce the a,rnbient manifoHfr(c) is a locally conformal almost

cosymplectic manifold, it is easily seen that

(2.5) td€,2) : o

We denote byh6y(X,Z)the component of. h(X,Z)indDr.Therefore from (2'4) and

(2.5) rre have

s (h(QX, Z),QW\ : s (Arw Z,4X) : s 11 t 6W,4Xy

= s(trrw,X;: (xln/)e (z,w)

Putting X - OX,W : QW in (2.6) we have

(2.7\ s(h(X,Z),W) = fx(ln/) s7,6w): -$X(rnl)s(02'w)'

Using (2.7) we have

h(x,z): -Ox(tn f)02.

Therefore for X e TMb Z eTM2,

(2.8) ltqx,z\' =(dx(lnrf s@z,Oz):(dx(lnDF dz,z)
= (dx(l"rf .

Let v be the normal eub bundle orthogonal to $DL.Obviously, we have

T L M : Q D L  @ 1 ,  @ = r t .

Let {e, }r=q . . .,2a lrrrd' {Z;} ;=t, . . . i g are local orthonormal frame on M1 and M2

reapectively. On Mr, we c,onsider a fadapted orthonormal frame namely

{"*Q eu€Ir=t. . . , o. W€ calculrrte fttt{x,Z)I2 tor X eD' and Z e'D*' sin*' we know

that 
h(x,z\: hae,(x,4+trt(x,z),

where h6e" ( X,Z) e{Dr and fto( X, Q e u

For X eTM1, Z eTMrrwe hevg

urdx, ruV:E*t t ̂ ",,2) ( +n hg euz,)n ) + f { 
h6D;. c, z,\ tr

Now from (2.8), we have

I hrr' ("r, z)ff : (d 9i0n D)2

I 16r' {d ",{r"/) tr 
: (f 

";(n f))2 : ( q(ln/))2

(2.4\

(2,6)

We heve

(2.s)

Therefore fr

z
5
z-
j=

Flom above

(2.10)

For any vect

equetion (1.6

(2.11) E(X,

On the other

(2.r2) E(,l
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Since

We have

(2.e)

7.

l lv .  l f :D(e(o)f

- 2 o 2 a

ilvfun il, =D(q(r" fif +ltOetr" l)1,
i=l i:l

2 i  b  r -:E 
E [ | 

oro'roo, rt f *ln,ne,z,t f).
Therefore fron (2.5) and (2.9), we havs

$ t ln6e,{x,,2,,tr :* 
$ (lt*,", ,r)f *lo,*G,r,t f)

* f; or,,a,z)f :i(r orrn F )
From above equation, we have

(2.10)
[$ l t* t x,,z)lf: f fiotr Dil' : r(1v1r" Df )

For any vector field X tangent to M1 and orthogonal to { andZ tangent to M2,

equation (1.8) gives

(2.n) 81X,6X,2,64 : 
#t s@x,Z)s(X,OZ) - co..z) p (6r..azt) -

a'-L or2

+=f {06,64c(Q2X.oZ) - s@X.oZ)g(oX,oZ)l +

+ 2g (X .oz  X)  t@Z,AZ) |

- 
[*r4 

+ u){s O x . o z) n ( x),t t z ) - g (X, dz),t (d x) rt Q)

+ s(X.z)n(QX)q(oZ . \  -  s  toX.  Z\nG)q(62) \ .

^ / c r r / 2 ) .= 2 l  
o  l tg r . t ,o ' . \ , )s1sZ.o l  1 .

_ _ / c + u ?  )
( 2  )

On the other hand. i-,r '  Corjirzzr eqrti l tton, g.e haye

( 2 . 1 2 )  R t X . o X . Z . 6 2 \ =  - g ( V ?  h ( o X , Z ' :  _  h { f  _ c , y . z }  - h 1 O X , V x Z ) , 6 2 )

t s(vJ\ h(x.z) 4(v.,-j x.z,\-h(x,voxz),OZ)
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By usins equations (1.6) and (2.1), we get

s (v iilx, 4, O z\ = x g (t64x, z), 4 z'1 - e Qdu x, 21,9 *4 z)

: xs(Y zx, z) - e(n14x, z569 *z) : x(xrn fl c (2, z)

{x ln l) s (lr (QY, z) 62) - t (NQx, z),Qh,(x, z)')

: (,t1 ln/) g (z,z) + (xh ff g (z,z) -114(tr.,4f ,

where r(X, Z) denofa the v-component of UX, Z). Also, we have

s(tqY *SX,ZJ,6Z): o(9 rV * 6X,62)

: s(i xv s 6x,Qz)- s(tr , n1x,4x'1,62)
: -g (X,X) s (2, z) +(Vxx) h /) c V, Z)

s (146 x,v * 21, OZ) : (x ln /) e (/r(4 x, z), 6 z) -- (x Ln ff s (2, z)

Substituting the above relation in (2'12) we have

(2.13) 
-4x,6x,2,62'1 

: 2ll1"g.,Y))ll' - (x' t" fl c(2,4

+ ((Vrx)ln f) s (2, z\ - 2g (X, X) g (2, Z)

+ (AxY tn f) s @, z)+ ((vn' Ox)b f)) s (z' z).

Now by summing the equation (2.13) and using (2'11) we get

(2

fo

[1]

(2.r4)

Next, inequality (2'3) follows from (2'10) and (2'14)'

Let lln be the second fundamental form of Mzin M' Then' we get

s (no (z,w), x'1 = s(v rw, x): -(x tn t) g(z,w),

or equivalently

(2.15) h'(z,\n: -g(Z,W)v(lDt).

If the equality sryn of (2.3) hold identicdly then we obtain

(2,16) h(D,Dl = 0,h(DL,t): 0,lr(D,Drl c hOt

The firet condition of (2.16) iryliee thst ,lfi i8 totally geodesic on M' On tbs othc

hand, we have

s(tdX,Qn,OZl : s F *{Y'64 : s (tr rY, zY : s'

Thus Mr is totally geodeeic in ff(c)ana hence is a locally conformal almost

cosymplectic manifotd with onstant feectional cunrature c. The sec6nd ondition of

pf rn,' ,2)f :*e(+.')-roo"t,

ll0J

[1 ll



coNTAqf cn'wARPED PRoDUcr gu'MArrFolrrs IN urcfi,Ly oo*Fonra^L tl1q

(2.16) and (2.rb) inpry thnt Mzito totally umbili*r inrfr(c).Moroo'er, by (2.16), it
followe that .ilf is rninimal gubmahifold oe fr@).
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