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Asymptotic behavior of the solution of a
Cauchy problem for a Sobolev type system

D. B. ADHIKARY
Tri-Chandra Campus,
Tribhuvan University, Nepal

Abstract: Asymptotic behavior of the solution of a Cauchy problem for a mathematical model
of rotating inviscid compressible fluid is studied for a large time.

Key words: Sobolev type system, Cauchy problem, Asymptotic behavior, Bessel's
function, Bessel's equation, Spherical co-ordinates, Taylor's series

1. Introduction

Our everyday life is full of examples of fluid motion, such as stirring & cup of tea,
flows in rivers, waves in oceans, hurricanes and many others. The equations that
describe the most fundamental behaviour of a fluid were first derived by Euler in
1755, The initial boundary value problems for the Euler equations are surprisingly
difficult, Even the basic questions of existence and uniqueness of ‘solutions in three
dimensions still remain open,

The idea. of wide application of mathematical models of rotating fluids to the
study of atmospheric processes stems from A. Friedman, who in the early 20" century
contributed & series of fundamental works in this direction. in connection With the
investigation of a rotating body filled up with fluid, S.L. Sobolev initiated the study of
the following system!

%:_.-['ir',ﬁ]-l-' Vp= F‘(z,t);ds"ﬁii' =0zeQcRE20.

Now-a-days, this system is known as Sobolev system. Different types of initial and
initial-boundary value problems associated swith Sobolev system have been studied by
various mathematicians in the last five decades.
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In a Cauchy problem, i.e. large volumes of rota‘ing fluids (atmosphere, ocean
etc.), even & numerica’ approach to the problem requires studying the solution’s
behavior as time f— «, obtaining at least the leading term of the solution’s
asymptotic expansion with respect to the small parameter 1/t for large time f. In
present work, the Cauchy problem for a Sobolev type system describing the motion of
a rotating inviscid compressible fluid is taken under consideration and the asymptotic
behavior of its solution is studied, as ¢—» . Svstems of such a kind are often
employed in modeling the dynamics of atmosphere, ocean and environment protection,
One of such hydrodynamic models was introduced by G. I. Marchhuk [6].

The following system of equations

-

) Z-palrp=Fata =¥
is considered on the domain D = {z € R®,¢ 2 0}, where

#(z,t) = (v;,%,v3)- velocity vector field of the fluid,

@ = (0,0,1)- angular velocity of space,

»(z,t) = (1, Py, p3) - hydrodynamic pressure,

F(z,t) = (R, Fy, F3) - mass density of external forces,

a® = const - coefficient of compression, and

[#,@] - the vector product of ¥ and @.
System (1) belongs to the hyperbolic type according to the classification of partial
differential equations. 8. L. Sobolev [1,2] was the first to study this system for the
particular casea = 0. The Cauchy problem and corresponding boundary value
problems in certain domains for system (1) were studied by V. N. Maslennikova [3, 4,
5]. Various types of applications of the solutions of such types of system have been
discussed by G. I. Marchhuk in his famous book [6].

2. Cauchy Problem and Explicit Solution
Let the initial conditions for the system (1) be

(2) #(z,0) = 1°(2), plz,0) = p°(2).

The explicit solution of the Cauchy problem (1),(2) was constructed in explicit form
by V.N. Maslennikova. Assuming that the functions involved in the initial conditions
(2) and the right hand side member of system (1) are sufficiently smooth, the solution

of the system (1), (2) was obtained in the following explicit form [4]:

(4

Th
fol

The



ASYMPTOTIC BEHAVIOR OF THE SOLUTION OF A CAUCHY PROBLEM FOR .. .. ‘(3

@) mh= ff {':g [;lr—%ﬂ—“‘ + (7,3~ Vp")}

g fff{&'(m ,,\ﬁ(v) +26‘G(z v,t)ﬂ)}

r<t/a

2 [f] T cte-ss-oramad
r<t/el 0

@) plad=o f f {3220 Lo+ (- 22 ),

r On

0 0
e e e

o L Bt Ay, Oy t?
+L[ff "Tc@-y,t-rmcy,-rw]«v.
r<t/a l 0

The vector functions @, (y) in (3) are expressed in terms of initially given functions as
follows:
By (y) = —roti® + a2p";
B, (y) = —A0 + Vdivd® — a2[Vp®, ] + aud;
&, (y) = a?(Vp° - [7°,));
By(y) = o290
@) /v

The kernel G is given by G(z —y,t) = — — 0 J,(n)dn, where
by G(z—yt) P ‘nr mo(ﬂ)’?

2
P2 =3 (z;—y)% r2=p*+(23—y;)* and J, is the Bessel’s function of order 0.
=1

The functions f and f; are expressed in terms of F and y as follows:

oF aF
f(y,'r) '—f'OtE"" ays +A———V¢fw ('—')+
oF, _ ¥ PP .. L, F
+[V(-—) @)- M4+v¥"“i[aﬁ’m] a? F=3
_OR, OK oK v, . OF &

W) =5t Byor Bgor A e B
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It was proved by using the energy estimates [5] that the solution of the Cauchy
oroblemn (1), (2) is unique in L;(@), where @ = {(z1):2 €®,0< = T}.

3. Asymptotic Behavior of the Solution
Inpzmtwak,thacnmhypﬁbhn(l)', (2) for the corresponding homogeneous
mmistahnmdummmm”jmpwicmmﬁmduﬁmh
detarminad,.mt—-eoo-h-nhmﬂdbsnohdthatthewluﬁm of the system automatically
belonmtctheamtq.'fhamptmtatm (3), (4)permitaustoohtainuaariaaof
interesting properties of solution of the Csuchy problem, mainly, the behavior of the
Cauchy problem solution as £ — co.

Now, let us consider the solution (3) for the homogeneous system (1), taking
7,7, =0. The change of variable:z — y =€ produces dy = —d¢ and then we integrate
the first memberhlmeswondintegmlaf{S)withmpectm&takingintomunt
that G=ﬂonthe'surfmenfthewn&Thm,mingtheBeasel'sequation

Joln) = ~Jo(m)—Joln)/m, the formula for the solution(z,t)of our Cauchy
problem corresponding to the homogeneous system can be explicitly written in the
following form:

® == {—l-giﬂ--}-[ir—.—%ﬁ—g-]i’“+%{[F",ﬁ]—Vp°)]d&v

1 6y = téy =
+4”rfsﬂu “ R R J")%(’”’
1. g o .
v [‘F"E"W%]%(’ NN Ty (a+€)

o't ,__ op
i [ e WL o

-9
=3

Jo|@a(z + f)}df -

In (5),thsomitbedargumﬂﬂtsdftheBaaul’sﬁmctionsmeachequdto

pJE —a?r? /v end also r? = p? +8,p" =& +§. The formula for p(z,%) will have
similar form as that of #(z;t)in (). Now, we state and prove a theorem on asymptotic
behavior of the solution (5), which is the main result of present work.

Basic Theorem
If the initial functions involved in (2) belong to the space Cge, then the solutions
(z, t) and p(z,£) of the Cauchy problem for the corresponding homogeneous system (1)
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' equipped with the iniial conditions (2) decrease like C(z)/t a8 t— w , where C(z) is
a bounded function.

Proof of the Theorem

If the time ¢ is sufficiently large and the given initial functions are finite, then the first
integral in (5) will be zero. Let's take, into consideration, the first member in the
second integral of formula (5).

We have:

I L
- [[fa[: AT AP e v
Then,

= fff Go(&,H)Bo(z + E)dE

fff 7 _atr? [thT:am]

A l"‘“’_— |«

=@ +Qz (Suppose).

Let us take @, under consideration. Changing to spherical system of co-ordinates, we

Ha
== f @Bola 22,23 + 1)~ Bolar 22,7 — )l +

+4_i{ [ae f ar [ Jo (sinoNF—aart )i;}aa
0 0 0
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From this expression for @, , it follows that @, = C(z)/¢, where C/z) is uniformly
bounded as 121 — 0. Now, we take Q,.L_etthemooth}yﬁnibefumhn % be

denoted by By and we decompose it into Taylor's series in a neighborhood of & =0
witht!mramaindermhmintegtdhnh.Tosimp]Hytheu&,theﬁmm
arguments &, + & and 2, + & of the function &, are omitted. We have:

- 3 . 8%, i ()
By (25 + &) — Poa(@s) = [j&?']&ﬁo &+ J; (z3 + & — 'I)T dn.

So, @ can be expressed in the following form:

= 5%
D, (333“'['—21 &+
l“ BEs B

8%ys(n) il g = ZQI- (Suppose).
= =

G
+ [ Grea-n
4

First, we consider the term @ for investigation.
In spterical co-ordinates,after making the eubstitution sin @ = v,df = %, we get:

2 t/a 1
_ 1 Ji — a2 J(qtt —a®r?)z .
= fd'pfﬂiff -’ L343, + rycosp,z; + rysing, zg)dy.
Since 303 depends on 7, its Taylor series expansion in the neighborhood of y=1
gives:
%h)—%(lh[;—] (y=D+o((r—17)
T =t
So, we can use the method of integration by parts in the improper integral involved in
Q,; above w.r.t.the variable yand get rid of the polynomial ’ t? — a?y? in th2
numerator. The remaining integral with $gq(1) can be obtained in explicit form. In
fact,

w He V [E g (v [P -a¥)
Y, oy Y L R R
0 0 0

gy
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But,
1 . ; L :
1 : J.',-('_y,f_t_’-—azr‘ _cos 2 —a?? 1
@ 3 { JE ot fer: dy = t
So, we have:
n  t]a

Q= fﬁ{d‘f"[ r[l—cosm ]’i'ffm.(:b'l + reosp, 7, + rsingg, ;) dr.

In this way, we have obtained @, = C(z)/t. Note that for the case whena =0 [7), it
takes the form @, = 1‘:“’“0(;), because of the fact that there s no delay (lag) of

the argument. :

Transferring to spherical co-ordinates and then integrating by parts with respect
to the variable fin the integrals Q;and @3, we can see that these integrals can be
also represented in the form O(z)/t, where in every case, C(z)will be uniformly
bounded withi respect toz € R?. Conversion of the terms with potentials G; — Gy in
similar way completes the proof of the theorem.
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Free and forced convective unsteady flow
over an infinite porous surface in
presence of magnetic field
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Abstract: The paper deals with the free convective oscillatory flow and heat transfer of an
viscous incompressible and electrically conducting fluid past an infinite vertical porous plate in
presence of magnetic field. The plate is moving in an oscillating free stream with constant
suction and heat absorbing sinks. A magnetic field of uniform strength is applied in the
direction normal to the plate. Using multi-parameter perturbation technique, approximate
golutions have been derived for the velocity and temperature fields, mean skin-friction and
mean rate of heat transfer, The findings are expected to through light on some problems of
defence applications in the areas of aeronautical designs and also flow and heat transfer
problems of a chemically reacting fluid.

Key Words and Phrases: Unstready Flow, MHD, Heat Transfer, Skin-friction, Free

stream.

2000 Mathematical subject classification: 76D

1. Introduction

In unsteady boundary layer flow one area of study, which has received much
attention, and increasing its importance in technological and physical problems,
because of non-linearity of the governing equations. The study of such flow was
initiated by lighthill [1] who studied the effects of free oscillations on the flow of a
viscous incompressible fluid past an infinite plate. The theory was extended for free
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convection boundary layers along a semi-infinite vertical plate by Nanda and
Sharma [2].

The problem of unuteady free convection flow past an infinite plate with constant
suction and heat sources have investigated by Pop and Soundalgekar [3]. Singh and
Cowling [5] has considered the effect of magnetic field on free convective flow of
electrically conducting fluids past a semi-infinite flat plate. An exact solution for the
unsteady MHD problem has been derived by Sacheti, Chandran and Singh [6]. Raptis
and Perdikis [4] studied the unsteady two-dimensional free convective flows through
highly porous medium. Satter and Alom [7] has presented the MHD free convective
flow with Hall cur.ent in a porous medium for electrolytic solution (viz. salt water).
But they have neither considered the effect of constant suction nor included the heat
absorbing sink and viscous dissipative term. The propagation of thermal energy
through mercury and electrolytic solution in the presence of external, magnetic field
and heat absorbing sinks has wide range of applications in chemical and aeronautical
engineering, atomic propulsion, space science etc. In view of this Sahoo, Datta and
Biswal [8] have analyzed the effects of MHD unsteady free convection flow past an
infinite vertical plate with constant suction and heat sink. Recently, Ahmed et.al [9]
analyzed the effect of two-dimensional MHD oscillatory flow along a uniformly moving
infinite vertical porous plate bounded by porous medium. Later on, the effects of
unsteady free convective MHD flow through a porous medium bounded by an infinite
vertical porous plate investigated by Ahmed [10].

The aim of the present paper is to investigate the effect of heat transfer in
mercury (P. = 0.025) and electrolytic solution (P, =1.0) past an infinite porous plate
moving uniformly in an oscillating free stream with constant suction and heat sink.

2. Mathematical Analysis

Let us take the 7 axis along the infinite vertical plate in the upward direction
and 7 axis is perpendicular to it into the fluid flowing with free stream velocity
U. In view of these, we consider that:

(i) all the fluid properties except density in the buoyancy force term are
constant;

(ii) the influence of the density variations in other terms of the momentum and
energy equations, and the variation of the expansion coefficient with
temperature, is negligible;

I
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(iii) the Eckert number E, and the magnetic Reynolds fumbet. are soall so that the
(iv) all the physical variables are independent of 7,except possibly the pressure.
With foregoing assumptions, the equations governing the fluid flow and heat

transfer are given by:
2.1) %=o=>-a=-% where (% > 0)
ow  _ou _ aB;'
(2.2) _8?1-655 28(T - Tm)“' T + —*(0-7)
T  _oT _ 8"&" -

By Joulean Heat dissipation, the corresponding boundary conditions of the problem

(2.4)

T=0=—v,T=T+¢(T, -T,)e™ at 7=0
T UT T, at ¥ — o0

3. Method of Selution

Introducing the following dimensionless quantities:
y=vii/v, t=Hf/s, w=4iv/s, ”*% u =/,
T=(T-T,)/(Ti - T,.), P = v/&,& = x/p C,p,S = 405/},
G=u,ﬂ'(f’—-fu)/#, v=pu/p, H:UB:Ufp‘!}g, E=°g/("p (?—‘_fm):

where (%,v) the velocity components along ¥ and ¥ direction respectively, v, the mean
suction velocity, g the acceleration due to gravity, B, the magnetic field,? the time,
v the kinematic viscosity, ¢ the coefficient of volume expansion, i the coefficient of
viscosity, 7 the free stream velocity, @ the frequency parameter, T, the temperature at
the plate, T, the free stream temperature, T the fluid temperature, P, the Prandtl
number, G the Grashoff number, 8 the Sink strength, and E_ the Eckert number.

On using the boundary conditions (2.4) and the dimensionless quantities, the
equations (2.2) and (2.3) reduce to

(3.1) 4l —uy =471 U + uy + GT + MU — u)
(3.2) BT -T,) =T, +4'RST + BE (u)

_M
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7 . _ ] i .i-. ]i‘l'i . m

I R b, S
@3) u=0,T=1+¢g€ at y=0
u—U,T—>0 a y—>®

To solve the equations (10.3.5) and (10.3.6) subject to the boundary conditions
(10.3.7), the free stream velocity U, velocity u and temperature T in the neighbour-
hood of the phtemmumed-tobeofthefmm:

U(t) =1+ 26, u(y,t) = t(v) + e )
Tyt) =T (0) + ™ Ti(y)

(3.4)
where u, and T, are respectively the mean velocity and mean temperature.
On using (3.4) into the equations (3.1) and (3.2),
terms and neglecting & the following set of equations are obtained:

equating harmonic and non-

harmonic

(3.5) ull+ uf— Mug =—GTy — M

(3.6) T4 BT+ 47 PST, =—RE(w)

(3.7) ul+u — (M +47 iw)m =—GT; —M-4tw
(3.8) T4 P, T +47(8 —iw) B, T = —2P B

where desh denotes differentiations w.r.t.y.
The modified boundary conditions are:

(3.9) w=V,u=0T=1T=1 at y=>0
) 4y 1,4 >4 >0,T >0 at y—=
With the help of multi-parameter perturbation technique, taking E, < 1for all

incompressible fluid and assumed that:
(3.10) F(y) = Fylu) + BF(w) + O(EC)
where Fstands for t, 4, Toor Ty
On using (3.10) into the equations (3.5) to (3.8) -and equating the like powers of
E, the following equations are obtained:
(3.11) lﬁ;.+tlin—MuN=—-GTm—M

(3.12) ufl +ugy — Mug, =—GTyy
(3.13) ulh 4 uly — (M + w4y = —iw/4— M —=GTy

B EEBE B PEP IV ERBLERESR

B

EE k?
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(3.14) wy + )y — (M +iw/4) wy =-GT,;

(3.15) _ To+Tp+47'F STy =0

(3.16) Tyl + BT5, +47'F, 8 Ty = —P(ugy)’

(3.17) T +PTo +47' P, (S—iw) T, =0

(318) Gi+RT+47R(S—iw) T, = —2Pujuf,

subject to the boundary conditions:

(3.19) Uy =0,y =ty =1y, =0, Ty =1,T, =0, T}, =1,T;, =0
(3.20) oy =1,y =0, w9 =11, =0, Ty =Ty =Ty =T, =0

In view of the boundary conditions (3.19) and (3.20), the solutions of the differential
equations (3.11) to (3.18) are:

(3.21) Ty O

(3.22) g =1+(R, —1)9-‘!"" L Rle_"l"'

(3'23)' -ﬂn = R,e"‘l.’ —-‘ﬂx-g"zdﬂ + RS g"{Al+A!)_3 i3 R‘ BT_%I'
3.94 g, =G [Rm Ay _ Ry Pt +R, e 2Ay

(3.24) _R, A L p B—u,,]

(3.25) R

(3.26) Uy =l+(& _1) B—A" L] Bs e—&’.

39 T, =By A -B; _e'“l*"‘i}’- + By e~ At Agy

(10 +B, ety -B, et Ay

(3.28) wy =By e MV B etV 4 B, e A4 _ g oAt Ady

- ~By et L g Ay

(3.4) and taking only the real parts, the velocity and temperature fields in terms of
the fluctuating parts are given by:

(3.29) % = ty + &(M,. coswt — M, sin wt)

(3.30) T =T, +& (T, cosut - T; sinwt).
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M, =1 ....e“‘“"[(ﬂ + B Py —1) co8 oy +(@ + EQn) sin pay| !
eV [(B + EoPa) 000 iy + (@ + BeQ)sin ]
oAy [Pis 08 14y + @iy sin wmy| B | I

(3.31) oAt [Pua co8 by + @y sin 1Y) Be

+ 0_;(&-'-&)! [Pls cos Yy + Q5 sin F‘ly] E.

e thathy [Pis cos pay + Qs sin pay) Be

£ F a5~ % 3

My = I, + BBy 1) i b + @, + EQu) o] o
— &Y [(B 4+ BoPa) sin py— (@ + EcQu) oo oy |

-3

$& AP din py -+ Qya 005y |Ec

3.3% g
(3.34) +e’{‘1+h]ﬂ’[_-ﬂ‘ sin i,y + @4 co8 HylEc

*)

+.8'_(A!+A‘w [""Rls sin py ¥ + Q5 €08 Y ]Ec

*

3 g“&*“ﬂ”-[_ Py sin gy + Gug 008 (1 ] E,

T, = e [(1 + B Py) cos pyy + EQy sin Y | ]

. —g R [ﬂ cos puy + Q sin Y | Ee I
(3.33) & A2 [, cos iy + Qg sin v | Be

+ 3—{“’*%}" lPu cos Y + Qs sin fhY lEc

_e.'-(ﬁed-)h)!- [ Py €08 fiatt + Quo S0 ¥ lE'? |

T; =__e-4.lﬂ [__(1 +E cpk) sin ghy+ E¢Q,._oas ﬂtﬂ]
s [—ﬂ sin phy + @y cos #17]5';:

(3.34) 4 AR _p, din pyy+ Qo 08 my)Be

ret

+_g~(ﬁ,+&)ﬂ[,ﬁ sin iy + Qs co8 4"1#]E“
_e-(A,-M:)ﬂ [—-Pm' sin oy + Qo €08 p,y].Ec
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The transient velocity and temperature for @t = n/2 are in the form
(3.35) u=uy—-&eM; and T=T,-¢T}

4, Skin-Friction and Rate of Heat Transfer

The skin-friction at the plate in dimensionless form is given by
(4.1) Tw = [_83] = u}h (0) +ee™uf (0)
dy y=0

Splitting the equation (4.1) into real and imaginary parts and taking real parts only:

(4.2) o =Ta +£[Ble¢;8(u1t+a)
where |B|=/B? + B, a=tan™ (B;/B,),B, = Re(B)= M,

B; =Im(B)= M{ and 7 = u5(0).
The rate of heat transfer at the plate in dimensionless form is given by

(4.3) o = [a—T =T{(0)+&e™ T/(0)

Splitting the equation (4.3) into real and imaginary parts and taking real parts only:
G =y +€| H | cos(wt+B)

where

gy =Ty =—A (1+ ER;)— E [-2AR, +(4 + A) By —24,R,],
IH| = \'Hfz' +H? B =tm—‘(ﬂi/Hr)$ H, = RB(H)= T:-Hi =Im(H) =Ti'

Expressions for B,,B;, H,.and H; are not presented here for the sake of brevity.

5. Results and Discussion

The effects of Hartmann number (M), Grashoff number (G), Sink strength (S)
and Prandtl number (P,)on the mean velocity (ug) and the transient velocity (u) are
shown in the respective Figures 1 and 2 with other parameters are fixed. It is observed
from Fig. 1 that an increase in M leads to un increase in the mean velocity and similar
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effect is marked in increasing the Grashoff number and Sink-strength; but increase
in Prandtl number reduces the mean velocity. From Fig.2, it is noticed that the
transient velocity increases with increase in G, 8 and M, whereas it decreases with
increase in P,.It is evident from Figs.1 and 2 that both mean velocity and transient
velocity increase first near the plate and then the trend gets reversed as y increases.

The effects of M, G, S and E, on the mean temperature (T,) have been exhibited
by the curves shown in Fig.3. It is noticed that increasé in magnetic field and Grashoff
number raises the mean temperature, whereas increase in Eckert number (E,) and
Sink strength reduces the mean temperature.

Fig. 4 displays the effects of M, G, S and @ on the transient temperature (T). The
transient temperature is raising with the increase in Grashoff number (G) and
frequency parameter (@). It is also noticed that, the increase in magnetic field and
Sink strength reduces T. The increase of mean velocity and transient velocity at the
plate with G and M are the greatest. It is found that the mean temperature and
transient temperature raises with the Grashoff number for both the cases of
F. =1.0and P, = 0.026

The numerical values of mean Skin-friction (7],) and corresponding amplitude
(|B]) and phase (tan &) are presented in the Table-1 for different values of M, G, S
and P,.A close study of Table-1 indicates that an increase in magnetic field increases
7w, While it decreases with increase in Skin-strength, Prandtl number and Grashoff
number. It is observed that, |B| increases with increase in M and G, whereas increase
in Skin-strength and Prandtl number decreases |B|. Also it is seen that, an increase in
M and G decreases tan a; but decrease in 8 and P, increases tan a.

The numerical values of mean heat transfer (¢ ), amplitude |H| and phase tanf
are presented in the Table-2 for different values of M, G, S and P,.It is observed that,
the effects of increase in magnetic field, Sink-strength, Prandt] number and Grashoff
number on g} are reversed to 7y . It is noticed that, |H | increases with increase in G
and 8 ; but increase in magnetic field and Prandtl number decreases |H|. The effects
of increase in Grashoff number and Sink-strength on tan fare same as in case of
amplitude |H | and similar effect is noticed in increasing the Sink-strength; but
decrease in M decreased tan .




(18] SAHIN AHMED
TABLE - 1
Values of mean skin-friction (r])), amplitude (|B|) and phase (tanc)
for E, = 0.005, £=0.5, wt=p/2, w=3.0: .
P 8 G M | Bl Tana
1.0 -0.15 5.0 1.0 023157 | 046228 | 2.38119
1.0 -0.15 5.0 10.0 050234 | 247351 | 157061
1.0 ~0.15 5.0 15.0 0.70108 | 3.00117 | 1.32055
1.0 -0.15 100 1.0 0.03713 | 3.90164 | 1.82066
1.0 -0.15 15.0 1.0 021057 | 4.61074 T 143281
1.0 -0.20 5.0 1.0 -1.19055 1.78059 2.78115
0.025 -0.15 5.0 1.0 079271 | 1.01429 | 2.87014
TABLE - 1
Values of rate of heat transfer (gf ), amplitudes ([H]) and phase (tanp)
for E, =0.005, ¢ =05, wt=p/2, w=30:

F ) G M qm |H tan 8
0.025 -0.2 2.0 1.0 1.80541 | 036324 | -0.53170
0.025 -0.2 20 5.0 1.00245 | 0.18301 | -0.84211
0.025 -0.2 2.0 10.0 0.68147 | 0.10005 | -0.92391
0.025 -0.2 7.0 1.0 251190 | 060510 | -0.20058
0.025 -0.2 12.0 1.0 2.95351 0.70221 | 0.12028 |
0.025 -0.15 2.0 1.0 025198 | 0.50322 | 0.61038

1.0 -02° 2.0 1.0 .0,040231 | 0.27107 | 0.70251

P=2P, |
Q=27

s the othes
Gl o DA
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Appendix

m=olR +JFF=RS|, #4=3|-B+/FT-F3),
| B=peivam],  B=Yasiva],

P R[= g iy _P_cél?g_.
(4 +B) (4 - 4) (24, + B)) 4

M=+ 2 (B2 - nsf + B2 + (B2 - P,.S)}]

o _—[ 2{\[(jt'2 BS) + PP — (P! - P,s)}]*

Gy =N =i =X =M, D, =),y —
-G
r A= y @ = -515%
P:=2Pr [(R:A, ~RyArtAy) (WP Q)+ (RiAr-RiAy —A)( WP =@y —Xy)],
Q=2P, [(R,A R A+4;) (1 Pr-M Q) + (By Ay By A=A4y) (1aPi=20 Q=)
and the other constants like A, to A,,B; to By,R; to Ry, P, to Pig, @, to @G} to
Cg, Dy to Dg, A, 1 and g, are not presented here for the sake of brevity.

_Rz=
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distribution of female age at marriage
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Abstract: This paper has attempted to study -the pattern of age at marriage by using a
mathematical model. Model proposed by Mishra (1] has been applied and modified under some
specified assumptions. The data are taken fromn a sample survey of Palpa and Rupandehi
Districts. Other sources of data have also been utilized for testing the suitability of the model.
The proposed model was found to be an appropriate model for describing the distribution of
females according to age at marriage in the developing countries like Nepal and neighboring
country India.

1. Introduction

Female age at marriage is an important demographic variable due to its influence
on fertility especially in the developing countries with a low rate of contraceptive use.
Marriage usually puts the foundation of family formation and, as such, is an
important determinant of fertility associated with the duration of exposure for the risk
of childbearing [2, 3]. Marriage in Nepal is universal and an early age at marriage is
observed for both the males and females,

Several authors have used a number of probability models such as lognormal
distribution[4], convolution of a normal and exponential distribution [5], linear
function of the logarithm of a standard gamma distribution [6], two parameter log-
logistic model, Gompertz curve, simple polynomials and logistic curve [7, 8, 9]
convolution of two exponential distributions [10] type I extreme value distribution
{11, 12, 13] to fit and graduate the distribution of females according to their age at

- . Eal L =

el R B Bl o . B =
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marriage. anam,thme-modehmmnmptuaﬂydiﬁculttoundmdmd
mWMdmmm”mﬂtthpmﬁdeammcyhetm
mmwmw.lm-anmNIﬁmoddsmumdinordah
describe the distribution demographic parameters [14,15,16,17,18]. However a very
lhlplemﬂwwmoddwupmpoaedbymhm [l]todeacribethedataonthe
aanatﬁntmmhge‘m:hnphmddhappﬁedlgemwithmmemodiﬁmionto
mdythegiétﬁbuﬁohufhmdesmmingmmmum.mbﬁef,itis
given in the following section.

2. The data

Thhstudyidbasedonthadnutah‘m&omamplesuweyentiﬁed
“Demographic Survey on Fertility and Mobility in Rural Nepal (DSFM): A Study of
Palpa and Rupandehi Districts” conducted between January and June 2000 [1]. A
total of 811 households were surveyed. The data of NFHS 1096 has been utilized.
More cver, the data from India, UP [13] and Assam (12] have also been utilized for
testing the suitability of the model.

8. Model

Let z be a variable which takes the value 0, if the female is married before
attaining 12 years of age, 1, if she is married between 12-15 years, 2, if between 15-18
years, 3, if 18-21 years, and so on. The variable z can also be regarded as a number of
failures preceding the first success. Researchers have not assumed constant probability
of success and independence of trials by discussing the distribution of marriage and
first birth [19, 20]. The probability p; of getting a success in the (i 41)th trial when it
is known that first i trials resulted in failure, increases as i(i=0,1,2,3, .
from mrbtoaeertainvalueaanddecrmmo@onicaﬂyasi moves from § to &
value (>s) and thereafter remains constant. That is, the probability that the female
is married in i* age group (ie. z=1, for i = 0,1,2,3, . . . k) then,

(1) P(z=i)=P(z2i) % Plz=1/221)

In other words, the probability can be expressed as the product of the
pmhbﬂkiﬂthatthnmdidnotmwinthﬂpmeedingiagegoupsi.e. failure
(1-p) aﬂdthﬂnmemmimhthei‘hag&mupgimthntahedidnotmarryinth'e
preceding i age-groups i.e. success (p:)-ie.

. k) moves

(2)

LY. L. T ™.




MATHEMATICAL MODEL TO DESCRIBE THE DISTRIBUTION OF FEMALE AGE AT... [23]

(2) Pz=i/z2i)=p; and P(z=i)=1-p; =g
and  P(z=0)=p,; as P(z20)=],
Pla=1)=g,p,
Pla=2=g,nnp,
Pla=3)=99 97,

Pe=h=gaq% .. - 4. p
P@2k)=q,9,¢ - - G4
The different probabilities p, p;, p,,. . . are defined in the following ways,
Pp=2a -
p=a+b
py=a+rb and
(3) p=a+(r+ch foralli=3,4,5, ...k

where ,b,c and r are the four parameters of the model.

However, in some societies the probability p,(i=3,4,5, . . . k)is found not
constant due to the occurrence of some marriages at the late ages and it decreases as
i increases, For this purpose a number of decreasing factors have been tried for getting
the decreasing probability p, afteri=4,5, . .. , k and it was found that an
appropriate decreasing factor may be ¢/(i —~3). Thus replacing ¢ by ¢/(i —3) in
equation (3) we get

(4) p,=a+{r+c/(i—3)},

i.e. start decreasing fromi=>5,where i=4,5, ...,k and i1# 3 and the respective
different probabilities are;

(4a)  py=at(r+)b
(4b) ps=a-+(r+c/2)b
(4)  py=a+(r+c/3)
(4d) p; =6+(r+c/4)b, and so on.

1t is observed that the model (4) has four parameters and the expected
frequencies would be exactly equal to the observed frequencies for z = 0,1,2. The
difference between the observed and expected frequencies would start from =3
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onwards. Thus, for a small value of k, the model (4) may not be appropriate. Model
(4) is now modified as
(5) p;=a+(r+b)r foralli=3,4,5,...k

This model has only three parameters, and these have been estimated by using
iteration or the maximum likelihood method. For this, Mishra [1] has given a
likelihcod function as,

(6) L=a‘6 (l—a N-f (g+b)-ﬁ a_n_b)ﬂ-fg‘!l (ﬂ"i‘fb)"‘ (l—a—f'ﬁ)N+£'_Jrl_&
{a+(r+ep}h{l—a—(r+ )}’

where [, f,f, - - . f_: f;» are the respective frequencies fori=0,12,. . . k—Lk;

N=f+f+f+...+f and T=f+3f ”

I | i

Taking logarithms in (3) and solving, we get the following estimating equations: -

(6a) £ /a—(N-f)/(1—a)=0 ’
4

(6b) £ /(a+b)-(N-f,—f)/(1-a-b)=0 =

(6¢) f, /(a41b)—(N—f, = f = 1) /(1—a—rb)=0 l

(6d)  Zf/la+(r+ch]-T/1-a—(r+ch]=0

Solving above equations one can estimate the parameters (a,b, ¢ and r) of the models

(3) and (4). Similar procedure has also been used to estimate the parameters (q, b and |

r) of the model (5).

4. Applications

The proposed model has been fitted to the data on age at marriage for females
residing in Hills, Tarai, and rural Nepal (Tables 1 and 2). Data of NFHS 1996 as weil
as the data from UP, India [13] and Assam, India (12] have also been tested (Tables 2
and 3). The chi-square values suggest that the models (3), (4) and (5) fit well to all
the data set on age at marriage. Chi-square values suggested that the proposed model
was more powerful to describe the distribution of females according to the age at
marriage in Nepal and Indis. Mean age at marriage was found 17.0 and 16.5 years for
females residing in Hills and Tarai respectively whereas it was 16.7 years for females
raddln;in;umlNopal.ThamageatmarﬁagewaalﬁAymrsfo:theNFHS 1996
data.
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Re-scale Hill, DSFM, 2000 Tarai, DSFM, 2000
age Obe Exp. Obes. Exp.
@ [ @ | 6 @ [ @ (5)
0 10 | 1000 | 1000 | 10.00 26 | 2600 | 26.00 | 26.00
1 82 | 8200 | 8200 | 8200 | 104 | 104.00 | 10400 | 104.00
2 197 | 197.00 [ 197.00 | 205.86 | 206 | 206.00 | 206.00 | 205.60
3 103 | 11458 | 115.11 | 106.45 | 166 | 166.88 | 167.31 | 163.92
4 50 | 4256 | 4278 | 41.19 35 | 3620 | 3628 | 38.09
5 19 | 1581 | 1453 | 1594 8 7.85 | 6.41 8.85
6 s} 587 | 599 6.17 2 } 170 | 215 2.06
7 3J | 218 | 261 | 230 2 037 | 085 0.48
Total 470 | 470.00 | 470.00 | 470.00 | 549 | 549.00 | 549.00 | 549.00
x2. 322 | 387 2.29 0484 | 0.765 | 0.131
df 2 2 3 1 1 2
Parameter
a 0.021277 0.021277 0.047359 0.047359
b 0.156984 0.156984 0.151494 0.151494
r 3.184320 3.293200 2.932711 2.925300
¢ 0.683560 : 1.923783 -




Table 2 Observed and expected distribution of female age at marriage.
Rescale| | Rural Nepal, DSFM, 2000 NEPAL, NFHS, 1996
age | Obs. Exp. Exp
@ | @ G [obs | @& | @ | ©
0 | 36 | 3600 | 3600 | 3600 | 309 | 309.00 | 309.00 | 309.00
1 | 186 | 186.00 | 18600 [ 18600 | 2189 | 2189.00 2189.00 | 2t89:00 |
2 | 403 | 403.00 | 40300 | 42200 | 3741 | 374100 3741.00 37017 |
3 | 269 | 27784 | 27905 | 24178 | 1549 | 1568.00 | 1568.09 1598.01
4 | s5 | 8236 | 8272 | 8644 | 450 | 44580 | 446.15 | 453.12
5 | 27| 2441 | 2107 |. 3089 | 130 | 12680 | 119.34 | 12844
6 | 8 | 724 | 788 | 1L04 39 | 3605 | 3818 | 3643 |
7 215 | 328 | 395 6 | 1025 | 1288 | 1033
§ | - - - - 7 202 | 445 | 293
Total | 1010| 10190 | 10190 | 1019.00 | 8420 | 8420.00 | 84296.00| 8429.00
x2. 452 | 298 5.63 922 | 887 | 989
d.f. 3 3 4 4 4 5
Parameter
a
b
T
e
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Table 3: Observed and expected distribution of female age at marriage

[Rescale INDIA, UP (Sinha,1998) India, Assam (Nath & Talukdar, 1992 J |
Age Exp. Exp.
Obs. @G| @ (5) | Obs. 3) (4) (5)
0 | 247 | 247.00 | 247.00 | 24700 | 221 | 22100 | 221.00 | 221.00
1 | 564 | 564.00 | 564.00 | 56400 | 694 | 69400 | 694.00 | 694.00
2 | 962 | 962.00 | 962.00 | 96086 | 240 | 24000 | 24000 | 23528
3 776 | 77203 | 77295 | 76885 | 105 | 10257 | 10281 | 111.03
4 182 | 195.07 | 19402 | 19674 | 21 2550 | 2556 | 19.83
5 56 | 4743 | 4479 | 5037 8 } 6.34 5.88 7.17
6 1 1200 | 1423 | 12.88 2 1.58 1.75 2.69
7 25} 348 | 501 | 3.30 Y : L ;
Total | 2804 | 2804.00 | 2804.00 | 2804.00 [ 1201 | 1201.0 | 1291.00 | 1291.00
%2 203 | 319 1.84 1.54 149 0.69
d.f. 2 2 3 1 1 2
Parameter
0.088090 0.088090 0.171185 0.17118
0.132483 0.132483 0.477413 0.47741
2.978513 2.97420 0.978425 0.94455
1.991741 3 0.236867 .
5. Conclusions

The model. proposed for describing the distribution of females according to age at
marriage in Nepal was found an appropriate distribution. The proposed model is also
fit well to the data of India. Hence the proposed model may be used to describe the

distribution of females according to age at marriage in the developing countries like

Nepal, India, Bangladesh, etc. The model also provided the average age at marriage of

about 18 and 17 years for females residing in Hills and Tarai respectively and 17 years
for females residing in rural Nepal, which was found very close with the median age at
marriage while computed using all females (married as well as unmarried females) [2].
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Abstract In chis chapter we deal on the results corresponding to Dutta, Srivastava, Gurusingh
and others [6, 7]. Promising from this and based on these results we introduce a general
sequence space X, where X is any sequence space, We establish some inclusion relations,
topological results and characterize o —, §—and v —duals of X, in terms of the o —, f—and
v—duals of X, Furthermore we characterize the Kotthe Toeplitz dusls and discuss the
perfectness of these sequence spaces.
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1. Introduction
The following definitions and notations will be useful in our discussion and
presentation.
¢, = The space of all bounded sequences
= [==(=g) i |z,| < 00},
¢ = The space of all convergent sequences

={-_=,-.-:(z,‘):|.:|:,c —f'—rD forsome!.’sC},
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¢;= The spave of all null sequences
={z=15):|m |- Ok = c0)} , and
£, = (1< p <oo). The space of sequencesz = (z;) with absolutely
p = summable series.
If p=(p)is a bounded sequence of strictly positive real numbers then;

Lo(p)= {x = (z): sup |-:'z,|’5 < on],
i
={z=(5):|z|" —0us k— oo},
e(p) = {z=('z£):|o:,,-£]’* — 0 for some k-—»C},
tp) = [ z=(%): Zk: |2 |™ < @ﬂ'};
c= {n:.= {z:}: |z;,, [I—v £(k — o0), for some £ C}, and
and c;(ﬂ)={3=(3t)=;1; 3 |z —el *'Oﬁ"m“‘:]-
k=1
Let ¢ = (t,) be any fixed sequence of nonzero complex numbers satisfying
Limg inf ()" =0 <r < )

and let X be any sequence space. Then we define X, by
X, = {2 =@): (4z) X}

For detailed discussion on these spaces we refer (1,

In this chapter we give some topological relations between X and (X,), and also we
give the a—, f —and ~ —duals of X, in terms of the a—, Band y— duals of X.

2 Some Topological Properties of X,

In this section we give some topological relations between X, and X, and we discuss
some properties of X, .

Theorem 2.1 If X is e complete parariormed space, then X, is also a complete

paranormed space.

2, 3, 4, 5,9, 10,12] to the reader.
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P roof: Since (0)& X;, X, = 0.1t is easy to check that X, is a linear space. And also it is
clear that the function g *is defined by
9* ()= g(tz)
where g is the paranorm in X, is a paranorm because g*(0) =0, ¢*(z) = g* (-2)
and g*(z+y) < g% (z)+ g*(y)- Now clearlyA ,— A in Cand g*(z—2)— 0 as

n — oo imply that g* (A 2" —Az) — 0 as (n — c0), where

2" = (2 ) = la)y25 Ty« B - )andz=(2;).

To show that X, is complete, let (z")be a Cauchy sequence in X,, where

=" = (2] ,2},..)e X,. Then(tz") = ((t, @), (f,}), ) is & Cauchy sequence in X. Since X
is complete, it converges to (z;)say. Let z, = #,2, 80 thatz; = f; 'z.. Then (&™)

converges to (4, )in X.

Hence,
glt.ry) = (ha,) = g(Hz" = 2)) — 0
(gt o) —(tz,)) = g(t(a™ —x)) — 0) as n — o, which implies that

g*(z" —z)—0asn—>

Therefore " is convergent, consequently X, is a complete paranormed space. This

completes the proof of the theorem.

Corollary 2.1: If X is a Banach space, then so is X,. Here the norm in X, is defined
by 112 =l (zi) [, where [ || is the norm n X.

Corollary 2.1

(1) (£)(c)(e), are BK space with the norm || z [|,=|| txz, ||

Lemma 2.11f X cY then X, CY,and X: CY:, where X: ={z=(z) (z t; )eX},

[l) (Uu xl)i = UI(Xl)f
(i) (MY, =Ny(¥),
The proof of this Lemma 1 18 easy and hence omitted.

Theorom 2.2 Let X be a complete paranormed space and let Z be a closed subset of X
then Z, i 6 closed subset of X,.

e — =
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Proof: Since Z C X, Z, C X, by Lemma-1. Now let z£(Z,), then there exists a
sequence (z") C Z, such (hat (z")converges to z. This implies that

g*(@" —2)=g* (e z)" —(s,,)) —0 asn— in Z,.Thus g.((tkz;‘)—(t,,mk)) — 0 as
n - w in Z Hence (f 7;)is the limit of a sequence of points in Z.

Therefore (t, 7, )& Z which gives that z&(Z,). Conversely if z&(Z), then ze (Z),,
since Z is closed that is Z = Z. Therefore (Z,) = (Z), = Z, hence Z,is closed in X.
This completes the proof of the theorem.

Corollary 2.3: Let X be a Banach space end Z be a closed subset of X. Then Z,is a
closed subset of X;.

Theorem 2.3 If X is a separable space, so is X,.
Proof: Let X be a separable space. Then there exists a countable subset Z of X such
that Z = X. Then (Z,)= X, by Theorem 4.2.2. Hence Z,is dense in X,.Let us define
f:2, = Zby f(z) = (tz)- 1t 8 clear that f is bijective. Since Z is countable, Z, is also
a countable subset of X,. Hence X, is separable.
This completes the proof of the theorem.
Theorem 2.4 If X is a Hilbert space then X, is also a Hilbert space.
Proof: Let X be a Hilbert space. If we define the inner product{ »in X, by

(m' y)l = ((tk z.t:j:i (‘I: yk)): (;"IUEX g)
Where ( ) denotes the inner product in X. It is easily seen that ( ) satisfies the
conditions of inner product, so X, is an inner product space and hence X, is a Hilbert
space.
Remarks: X, need not to be a sequence algebra even if X is so. Indeed, it is known
that cg is a sequence algebra. But (¢;), is not a sequence algebra for (¢)= (1/k).For
let z=(Vk)and y = (\JK), where AeCis a constant. Thenz,ye (c,), but z¢ (cp)s
where z = (2, ¥)-

3 Kiothe Toeplitz Duals of X,

In this section first we give the a-duals of £, (p),cy(p),¢(p) and £(p),and we discuss
the second duals and perfectness of some sequence spaces. Then we characterize the
a—, B—andy—duals of X,in terms of the & —, B—and v —duals of X respectively.

T e S
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We also discuss the second duals and perfectness of X, for various sequence spaces X.
It may be noted here that A—duals of £ (P)c(p),c(p) snd &(p) have been
characterized in [6,7].

Definition 3.1 Let X be a sequence space and define
(i) X"={o=(a,):£,|ck:,‘|<oomaﬂzeX}.
(i) .X_’:{a:(a*):zta,‘w,mnvmhaﬂzcx},
00

(i x’f={o=(a.)=mp|£a.=.|<oo fog all z& X}

n
Then X*,X? and X7 are called the a—,f—and y—dual spaces of X respectively.
X%is also called Kothe- Toeplitz dual space and XPis called the generalized Kothe-
Toeplitz dual space. It is easy to show that pcX®cxPcX' If XY, then

Y7 c X"forn=0a,8 or~. Also for a sequence space X it is clear that
X C (X" = X™, where n=qf or 7.

Definition 3.2 For & sequence space X, if X = X"", then X is called an n-space,
where n=a,8 mq.lnpurticuhx,mwpmeincdbdl(ﬂthﬂapace‘o: a perfect
sequence space.

Theorem 3.1 Let n denote a, f ory. Then
(i) If the p-dual X" exists, then(X,)" exists and

7 ={s = () e 2} =020,
(ii) If X™ exists, then (X,)™ exists and
()™ = {2 =(@): Gz e X"} = (X,

Proof: Let n=a and D ={a=(a;): (a /#) e X*}. We show that (X,)" =D.
Let ae(X,)™ thenE; | 6,7, | <oo for every ze X, s0 that

‘ E | @y | <o0.

Since (#,z;) € X it follows that (a, /t;) ¢ X“ which implies that a & D. Hence

(X,)* cD.
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Conversely, if a & D and z€ X, then (a /)€ X* and (§z;) € X 5o that
PALEAEDD |i"k”k'
k r

As aeX, it follows that ae(X,)" Hence De(X,)".
Consequently (X,)* = (X®),.
For n=fand n=7 the proofs are similar. Therefore we omit them.
(i) Let n = cand let X**exist. Then
(X)) =(X)"T"
=[(X*)J*
= (X",
For n=p and n=7 the proof follows as in (i).
_ This completes the proof of the theorem.

<00

Theorem 3.2 X, is an 1-space if and only if X is an n-space, where n= a,Bory.

Proof: Let X be an s-space. Then X°* = X. Now (X,)™ = (X2*), by Theorem 4.3.1
and hence (X,)™ = X,. Thus X, is an 77-space.

Conversely, if X,is an 7-space then (X,)™ = X, which implies that (X™), = X, by
Theorem 3.1 (ii). From Lemma (1) it follows that X™ = X that is, X ig an 77-space.

Theorem 3.3. Let 0 < p, <1for every k. Then the following statements are
equivalent:

(@)  €(p) is perfect,

(i)  [€(p)], is perfect,

(ﬁi} f(?) =1

Proof: (i) is equivalent to (ii) by Theorem 3.2. We show that (i) is equivalent to (iii).
It is easy to show that (iii) implies (i). Now suppose that (i) holds, that s

£ (5) = £(p) since €% (5) = £ (5) then £2% (p) = £33 (p) = My (p). We shall show
that M,_(p)=£(p) implies inf p, > 0. Suppose that .M, (p) = £(p) but inf p, =0.
Then there exists a strictly increasing ‘sequence (k;) of positive integers such that

Py, <i"'. We put
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0 if kek
= e (1= - *

Then for every N>1 we have, for i > 2N, |a;[* =i~ and |a,|N'/? < i~ where
k= k; by (*). Therefore ae M, (p)—£(p), contrary to the assumption that
M_,(p)— €(p). Hence inf p, >0, which gives us £(p) = ¢,. It is easy to check that
M, (p)=¢, if and only if inf p, > 0. This completes the proof of the theorem.
Theorem 5.4 For everyp = (p,) we have

(@) % (p) = My(p), where

M= Y. [ 0=(@): A <on ]

@ el = g o= 5|2 |wm <o

Where n=aor 8,
@ [e)]” =Nfli{z=(z,,):n:p]tkzk | NV 2 <00},
where 3 (p) = Ey, where
Ey = erl{z':(zi*):e:p lJ&Ile’i (m}
for n=aor B,

The following conditions are equivalent:

(a) ¢(p) is perfect,
(b) [e(p)),is perfect,
(e) pec,

Proof
(i) Let ae My(p) and zey(p). Then I, |a,|N"/® < oo for some N >1 and
2" < N™"for sufficiently large k; whence for such k it follows that

|ayz, | < | a| N7V 2

% Ty| 4,2, < Ty | 6| N/ < oo and hence M(p) C cf (p).
Since ¢j(p) C cg'(p) it follows that ¢ (p) = My(p) by Theorem (3.2) in [6,7).
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(ii) Proof follows from (i), Theorem (3:1(i)) and Theorem (3.2) in [6,7].

(ii) Let aeEjand ze ¢&(p). Then for every N >1, |a,| N*/ 7 < K for all kand for
some K>0, and T |z,|N'/?* < co for some N >1. Hence | g,z;| < Kz | N~V ®
which implies that ¥ |q,,zglsk'§ |z [N~ 2 < o0

Consequently a & c2®(p), whence E; C ¢ (p). Since cj(p) = (p) by (i), it follows

that ¢2®(p) C &P (p).

Then we have c®(p)=E,, since 3" (p)=E,; by Theorem 3.2 and Theorem 3.1(ii)

give us (iii). (iv) (a) is equivalent to (b)_ by Theorem (3.2). Since ¢,(p)is a S-space if

and only if pe cand since ¢ (p)=c; () by (c) the equivalence of (a) and () is
immediate.

This completes the proof of the theorem.

Theorem 3.5. For every p = (py) we have

()  €57(p) =M (p), where

M@= fo= (o) Tla <oo],

N/ R <oo],

@ o= ple-@T|E

where (6P = 1 | 2= (00 Slan ¥ <o fio n=a o 5
x k

(i) £2(5) = B where By = U { 5= (ay):supla [N/ <o0 }

@ e = g [s=(@mpluz VR <)

Where n=a or §

(v) The following conditions are equivalent:

(1) pely
Proof (i): It is similar to the proof of Theorem 3.4(i), since (7 (p) = M (p) Theorem
3.1(i) give us (ii).The proof of (iii) is similar to the proof of Theorem 3.4(iii). since




Theorem
I
ii). since
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¢%(p) = B,,. Theorem 3.1(ii) give us (iv). The proof of (v) is similar to the proof of

Theorem 3.4(iv). f
This completes the proof of the theorem. %
Theorem 3.6 For everyp = (p,) we have

M p=gEne,
@ o))" =[M)]; n(en);s
@) o)) =M Nt
Where 1=[n=(%)=2;.canwes}-

Proof (i) : Let ae c*(p)N ¢, and zec(p), |z, —£|™ —0(k —oc). Then 3, | a] < o0
and since z¢ ¢(p), (7. —¥£) € g (p) and hence
2| ap(my —8)| <oo.

Now from the inequality

| oy | <| oz, — )| +1éa |
We obtain that Ekl“k“ﬂ(‘”‘ Therefore a& c®(p).
Since ¢,(p) Ce(p) it follows that g(p)C g (p). Let aec*(p).
Since e = (1,1,...) € ¢(p), it follows that X}, |a.| <, so that a € ;. Hence
ae cg(p)N¢,. This completes the proof of (i). Theorem 3.6 (i) and theorem 3.1(i) give
us (ii); theorem3.1(i) give us 3.6 (iii). This completes the proof.
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Abstract: The Winner-Tauberian theorem for R says that the closed translation invariant
subspace generated by f& L'(R) is I'(R) if and only if the Fourier transform f of [ never
vanishes. In this paper we prove a uniform version of this result in Winer algebra for real line.

Key words: Weiner-Tauberian theorem, translation invariant subspace, Wiener
algebra, Racdon measure.

1. Introduction:

For k=0, +1,£2, ..., let I, denotes the closed interval I =[k,k+1]. Let
W(R) be the linear space of all complex valued functions f on R for which
lfﬂw(n}= z max | f(z)| is finite.
keZ IEI&
Let Cy(R) denotes the set of all complex-valued continuous functions f with compact
support. Let G2 be the set of Radon measure on R. Then 2 can be identified with a
sequence (g, ), ez, Where for n € N. u, is a measure in M([n,n +1)). That is, for a

Borel set B, let B, =B N [n,n+1) so that B= LGJZQ“; pB= ¥ u.(B,)
» neZ

In other words, fm'fEC..(R).

wn=[ rap=3"

neZ

L fdpa =" m,(£/J,)
" neZ
where, J, =[n,n+1).
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Let 92° ={pi=(tip)n ez 80 Il =sup{]s, ] :n €Z}} <oo is isomorphic with W(R)*
via pe R’ < F, W(R)* and given by
E(n= [ fam fEWR)
The norm of the fuctional, which we write as ||F,|, satisfies the following inequalities:
ey < 1B < leely
Let U={g€W(R): for p€ R, g pu=0= p=0}
Let W be the unit ball of W(R)and 25 be the unit ball of 52" ie.
@“g{peﬂb': el $1}'
For f € W(R) and 1€ G, the convolution is defined by,
feut@)= [ fla~v)duis)
and [ Sa-n)du) = [ f0dus)
y—=-y

= [ L@ dut-0)

= [ Lwda) ¢ E@=p-v)

= Fi(f)
Theorem: Let J& € W(R) be such that

(i) {% :hed} given by F(2)=h,zeR is uniformly equicontinuous.
(ii) Ihew, with [a(#)| < |A()|V he H and VEER.

Let geW, N U.Let 94 c R Suppose that g*pu(z)—0as # — oo uniformly for pin 2
1 1

then h p(z)—0as z— oo uniformly for hin 2% and p in?.
Proof: Assume to the contrary that there exists 6> 0 such that Vn there exists z, € R
withz, >n, by, €X and ;) € 9 satisfying:

| (o # ) 20) > -

Let us consider the sequences

4
Sowce. |

e ol
Pz
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4,@)=(h * i), (@)n=123,...,z€R
=(hn *"(.n})(z""zn)
4,, is measurable. Now we shall show that it is bounded and equicontinuous on R. |

aup Ia,.(m){=:2§ | (b, *m,.;)z‘ (‘le
=5up | (hy * 4y )=+ 2,)|

= :23 l F, ;;i(,,] ((hn )z+z,' )

< NF}#;,);“ WR)* [G)ess, | WR)

52“"’&:-;',,"5“ W(R)
<2
" {4, },en 18 uniformly bounded.

Since,{%, :h € #'} = is uniformly equicontinuous, so for a given §>0 there
corresponds a 6>0 such that [, —h,| = .(@) = F, W yy ) <5,V F €7 and

for all pair of point z, y with |z —y| <&
For r,y € R,

14,@)— 8,0)1=] (1, *Hiny), (@)= (A * i), @) |
=| (hn * ) ) @+ 7)) = (i % b1y ) (¥ +2,) |
| (B By~ By ()|
=B {(B00),, ~(@,), )]
=B {0, ), )x“}|
(SRR I
<2|F; (ﬂ]“W{R]' ()e _(h")'lm)
= 179N W[OS
< 2|(hy)s = (o), | W(R)

< €.

p.-inw

=1, €R

< Il Fﬁ'(-l || W(R)*
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and therefore, |4, (z)~4,(y)[<€for n€Nand lz—yl<8. Therefore,{4,} .y is
Thus by Ascoli’s Lemma [5] we now select from the sequence 4,(z)a
Buheqmﬁnt(x)whmhmdsboﬁmt A(z) pointwise ask —oo and continuous on
R. For each fixed z€ R andt-ei,.&,,l_(:c—t)-—o A(z—t), k— o0 and therefore,
4, (z—1)a(t) = Az —0)g(t), k—oo.
Now VieR,
|4, (s—0)50)] = | 4, =—1) o0)

<[4 | 190

< 2|g(t)| -y
Thus by Lebesgue dominated convergence therems, Vz eR i

L 8, (a—t)glt)dt— fnd(z——t).gft)dl,, E<'%0

= (4xg)(2)

Now, f‘ 4, (z—t)glt)dt = j‘l (hh‘ * i) );(_,:.-,“It 4z ._.;) g(t)dt
= (= o+ j
= (.(g*n(“b])‘f"k )-(x“a +$)

= [ (9%t += 1) 0

Put Iy, (0)=(0 o) (o, +2=1) 1, @
Since we know, (g#p)(z)— 0 as z— oo uniformly for s in 2. we have for given
e>3A:|(gep)(z)|< €Vz=Aand pin?.

Therefore I(gtu(m)(z_. +z—;) [< €forz, +zr—t>2A
‘Thus for a fixed zand tin R,

l(’ﬂ‘(,‘)) (:,,* +2—3’ I(E ﬁn's'. +z—1t>A,

Thus for a fixed zand tinR,
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(64 Ha) (2 +20)+0 a0 s
| @)1= (94 )z, +2 1)1, 1) ;
=|o*0))(en +2-1)| |1, 0
< € |m, @
< € [A@)|
Thus by applying Lebesgue dominated convergence theorem for eachz € R ;

JoTie)dt—0 as ko0

and therefore 4% g(z)=0. SincegcU we get 4=0.

But
140)]= lim |4, (0)|
= lim |{h, *H(ny)) (%, )|
2 6->0
which is a contradietion and therefore

J, Mz~ t)}u(t)—0 as 2~ co uniformly for h is 2 and i in %,
Example: Take f(z)=e
== [ He) e i
= e Cleder i
=7]§[ f;up(z)m(-iw)dw mem(—z)em(4w)dr

EJ%"“::W ((l—iy)z)th:+j;maxp(—(1+ip)x)dz

Putting z++—zin first integral
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-
ﬁ;

2 2 |

[ J{:o exp(—ﬂ) [BXD (iyz) +exp (—iyz) l dz ]

Hy)—0 as y—+0.

T 142

fis continuous function on R and so is measurable
™~ 0
max e Fl= max et + e
i W€ [rot1] oo LE [mn1] ot e[n n+]
0 o
= Z g'l""‘”...{. Z e‘!"l'
= n=0

put n41==k k>0

therefore e M € W(R)

0 . 5
=, e e
k=0 n=4

= T L £ &

n=0 n={

I .
I\g]
|

max | 7(=)]|

since =
Www neZ * e[n,n+1]

But

Such that

Thus applying the definition

= S m[nmi—l.]

nel

Z 174 (1] s Z Il [n,u+1

neN

f exp(—(1- —iy)z) ds:+f exp(— —(1+1iy)z)dz l

of convergence on N, Let €>0 thenn, €N.

it} = The
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Tﬁ,= 2 '-ﬂ[n,n—i-l]_"u a8 n, —oo.
nzn,

[{|= The greater integer <t :

13‘1. S 2 m[ml] B . Elﬂ[u,,“.ll 5
n2{t) n>t
wh)=3 f(n)
neN
N =ph)= 3 fit+n)=3 et
neN nel
=e“#+1-l +e—'|l+2]+ s
e L@ = < Mgy

|£@+1)] = < Wflgeengepa)

[f(t+2)] =t < If0qge)+2,1¢14+3) and so on.

I'herefore [FO)+ 3 1 fE+D)] < 3 WM inns1) =Tj =0 t—roo.
neN n>{t]
(pxf)(E)—0 as t—o0.
Now, (wxf)t)= T f(A+t+n)=3 e 1*+ take s=—t
neN neN
and therefore,
prf(t)=3 e " <oo
neN
(p*f)(t) = 0 as t —o0.
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Approximation of the conjugate of a function
belonging to Lip (a,p) class by matrix means

BINOD PRASAD DHAKAL
Butwal Multiple Campus, Butwal
(Tribhuvan University, Nepal)
E-mail: biond dhakal2004@yahoo.com

Abstract; The present paper deals with approximation of the conjugate of a function belonging
to the Lip(e,p)class by matrix summability method. A new estimate on the degres of
approximation of conjugate function f, conjugate to a function [€ Lip (a,p), has been
determined by matrix summability of conjugate series of a Fourier series.

Key words and phrases: Degree of approximation, matrix summability, Fourier series
conjugate series of the Fourier series, Lip (v, p)class.
Subject classification: 42B05, 42B08

§ 1.Let [ be 2r-periodi¢, integrable over (—,m)in the sense of Legesgue, then its

Fourier series is given by

_ 1 = A 1 -
(1) J(E) ~ 5% 4 z_;:{a,, cosnl + b, sinng) = Euu + Z Ay (£)

n=1
wity partial sum S, (z).

The conjugate series of the Fourier series (1) given by

(2) Z (a, sinnt —cosnt) = —z B, (t)

ti=1 n=1
with partial sum 5,(z).
Let T =(a, ;) bean infinite lower triangular matrix satisfying the Silverman-T&eplitz

[5] conditions of regularity i.e.
m
zaﬂ‘k — lasn — ox,
k=1
oy =0, for k>n
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n
and Elﬂu,k | € M, where, M is a finite positive constant.
k=0
oo
Let Eu,baminﬁnibesariuwhman‘hpattial gum is given by
n=0

o
Sy = E Uy
v=0
This sequence—to-sequence transformation

(3) iy, = Z:an.u-—k Sﬂ—k

k=1
defines the sequence {t, } of matrix means of sequence {S, } , generated by the sequence
of coefficient {a,;}. If

t, — S as n — oo,

then the series 3 w, or sequence {S, }is said to be summable by matrix method (7)

n=0

to S. It is dentoed by
t, — S(T) as n — oo (Zygmund [6]).

The summability method (7)) reduces to
1.

3 - h bl T P
(i) Harmonic means, when ap (n—k+1)logn

p—-1
1T log®(k +1).

i) (H, eans, when -
(ii) (H,p) m k= o 1) s

(iii) (N,p,), whena,; = P’;"" , where p, = Zp* =0,
k=0

n

(iv) (N,p,q)means, when a,; = P,,}_z:q;, , where R, = Zpkqn_k =0
k=0

The I norms is defined by

Ifl,=[f:'|f(s)|"-d=]”.p21

and the degree of approximation E,,(f) under norm || || is given by (Zygmund [6))

E,.(f)=ﬂ:“in|‘n(-")-f(“)|w

t,(z) where t,(z)is a trigonometric polynomial of degree n. '
A function f € Lip o, if

/ € Lip (e,

We write
(4)

(3)

Seeatip>l

— L = )
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| flz+8)=f(z)|=0(t]*), for0<a<1and
f € Lip (a, p), for 0 < z < 2m, if

2 3
[fﬂ If(z+t)—f(z)l'dz] —0(tF), 0<a<lp>1

We write
(4) Wt)=flz+t)-flz—1)
= ; = _ —k+3)t
(5) K(n,t)= ‘2;';0"&\,“—& i-u{fT%&
(6) A=Y tyneg =000
k=0
(7) Ar = iﬂn,u-k'

k=0
T =|-:—’, where, 7 denotes the greatest integer not greater then%

§2 Bernstin [1], used (C|1) means to obtain the degree of approximation of lip 1
function. Jackson (2] determined the degree of approximation by using (C, 5) method
i lip a class, for 0 < < 1. First time, the concept of the degree of approximation of
the conjugate function f(z)has been introduced by Qureshi [4]. He used Lip a class
functions by Norlund method. The purpose of this paperis to obtain the approximation
of f(z), the conjugate of a function f belonging to Lip (o, p)class, by matrix means of
conjugate series of a Fourier series. In fact, I prove following theorem:

Theorem: 7' = (a, ) be an infinite lower regular triangular matriz such that the
element (6 ;) be non-negative, non-decreasing with k < n, then the degree of
approzimation of function f(z), conjugate to a 2r-periodic function f(z) € Lip (a, p),
0<a <1p 21, by matriz means (T) of its conjugate series (2), is given by

® 2@ =Tel, o[-

where £,(2) = ) @ypn—k Sn-x(2) is the rmatrix means of the series (2).
k=0

§ 3. For the proof of my theorem following lemmas are required.
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Lemma 1: Let K(n,t) be given in (5), then

R(mt)=a(%),. for og_ze:%.

Proof: | B(n,t) l=2—:;§4n,n_k ‘m(ns‘;? b
1_ n
< 2% B“ﬂ.ﬂ—k
_Aun
2‘ '
1
=0 ?) o)

Lemma 2: (Lal (3]), If anx isnon-ﬂegameundmdecreasMgwﬂh k<n then
for, 0§a<b_<_oo,0£t§wsndformyu
We have

b

Y
k=a

i

Gnn—kE (ﬂ_ml:O(An‘.,-] where T = Integral part of %:-[%]

Lemma 3: LetK(n,t) be given in (5) and under the condition of my theorem on (@nk)s

we lLave

ff(n,t)=0[ﬁ:—f- , for leten

n
Proof: It is well known that, sin%?%(sinee. ainﬂzg‘i.0<8<w,Jordan‘s Lemma)
™
Now, for ¢t > 0 and T < n,we have

R 1=| g omat conln b+t

1 o in=k+})t
_ 1 resl partof g
S e i Z, gop-s

Il

2
2

IA

real part of }‘i On -k e'(“'k) ' e§'|
k=0




then

om (an,k )

y's Lemma).
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L R | o |

zﬂ: Gy —1: e“uﬁ"k) ;

o5

(e1ef] 5.1)
=0 [;AL;‘-L] by Lemma 2.
& & n" partial sum 5(z)of the series (2) is given by

ST L [riQed)s,

then, sin §

k+35)t
Eaun& Su—1(2)— f(z)) f ﬁ(t)zﬂn‘n_.k"it—z)dﬁ

k=0 S g

or, () — f(z)= ‘]; W(t) K(n,t)dt

5 i) o
= [T Rmbde+ [ Rontyae
0 1

Applying Holder’s inequality, Lemma 1 and fact that ¢/(t) € Lip(a, p), we have

ini<| [ ’ U (D ‘
-0 [ f P**dz] (ﬂ“%a]
. t(n-—ﬂ}qﬂ
=0 [( ~2g+1),
=0(;)"’[m].
(10) =o[ al__%].
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[54]
Corolla
Using Holder’s inequality and Lemma 3, we have famcti
) P | e LR@ |
[ ]< f% T\ dfl lf% t—_'ﬁ:l (“l |
_o|( () ) |o|( [[oe) o i et
N U&( ) ] U; [:‘-H] t]
1 1
t—&p Wl b " o t(é-t-a—l)q-i—l [
[76?]; - [(Har—l}qﬂLr e
o Mathe
Pt g
T Bt
(11) =o[ l] iy
n" ? B Gwces
where & is an arbitrary number such thatg(1—8)—1> 0 and gis the conjugate index 3 i
of p. Combining the conditions (9)-(11), we have =

e~ T =o[ -1

na
- 05 TP b = e
Now, It..(z)—f(z)l,,-lj; |&(z) )| dz] -3
1
2% 1 F .h
=0 dzr
lf“ Ln_;], l |

o[ )£

©) =o[-:1:f].
n P

This completes the proof of the theorem.
§5.Follnwhgmﬂwymbedaiwdﬁumﬂwnninm
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Corollary 1. If p — oo, the degree of approzimation of f(z), the conjugate of a
Junction f € Lipo class by matriz means is given by 3

- e = = 1
lle.('-')—f(z)llw=u;:§hltn(z)—f(x)l=0(;;). for 0<a<l,

n
where, £,(5) = 3 @yt Sp—k(2) is the matrix (7) means of the series (2).
k=0
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absolute-deviation objective
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Abstract: The bottleneck product rate variation problem with absolute-deviation objective is
sweudo-polynomially solvable. There always exists an optimal sequence with the property that the
‘ewiation for every product is no mare than one unit. Only the standard instance has optimal value
k== than {; if and only if the demands are successive powers of two. In this paper, we establish that

there exists no feasible solution for any instance with the deviation less than 4.

Keywords: non-linear integer programming, mixed-model just-in-time production,
balanced word,

1. Introduction

Mixed-model just-in-time production system aims to obtain a sequence of a number of
@ifferent products with multiple copies that minimizes deviation throughout the time,
between the actual and the desired production. Such a sequence maintains the final
sssembly line keeping the rate of usage of parts as constant as possible and affects the
emtire supply chain as all other levels are also inherently fixed due to the pull nature.

Minimization of the maximum variation in the rate at which different products are
produced on the line is known as the bottleneck product rate variation problem (PRVP)
5. The problem is formulated as a non-linear integer programming [7, 8]. The problem
with absolute-deviation objective has been extensively studied in a great number of
papers, for instance see [3]!

’ Currantly: Central Department of Computer Science and Information Technology,
Tribhuvan University, Kathmandu, Nepal. E-mail: dhumala@yaheo.com
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The problem iseducible to the release date/due date decision problem, which can be
solved to optimality with i1 pseudo-polynomial algorithm. An optimal sequence always
exists when the deviation for every product is never more than one unit [9]. It is
important to observe instances that have as small optimal values as possible. It has been
established that the problem has optimal absolute deviation less than a half if and only if
the demands are successive powers of two [1]. In this paper, we establish that there exists
no instance that has a feasible solution with the value less than % The general version of
the problem is Co-NP and is still open whether it is Co-NP-complete or polynomially
solvable but is polynomially solvable when the number of products is fixed [1].

The plan of the paper is as follows. Section 2 reviews the mathematical model. In
Section 3 perfect matching method and the bounds have been studied. Section 4 explains
the bisection search and the last section concludes the paper.

2. Mathematical Model

Given d; € N demand for a producti, i=1,...,n, N being the set of positive integers,
n
with total demand D = )" d; and demand ratior; =%, let the time horizon be partitioned

i=1

into D equal units and each product is produced in a unit time. There will be k complete
units of various producte during the first k, k =1,..., D, time units. Let z; be the quantity
of product i produced during the time units 1 through k& Consider f, i =1,...,n unimodal
symmetric convex function with minimum 0 at 0.

The mathematical model of the bottleneck PRVP [7, 8] is

0] min max f; (zx — k%)
subject to
(.1 IS F=i b
=1
(1.2) Tig-1) < T i=L.,n; k=2..,D
1.3) Zp=di; 2, =0 i=1..,n
(14) z4 20, integer

Constraint (1.1) shows the cumulative production diring the time units 1 through k
Constraint (1.2) ensures that the total production of every product over k time units is
a non-decressing function of k Constraint (1.3) guarantees that the demands for each
product are met exactly. Constraint (1.2) and (1.4) ensure that exactly one unit of a
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roduct is scheduled during one time unit. In this paper, we consider most studied
nbsolute-deviation objective function f(z, — k) =|zg — k.

3. Perfect Matching Method and the Bounds

A pseudo-polynomial algorithm, order-preserving perfect matching together with bisection
search yields an optimal solution to the problem. The problem has been shown to be Co-
NP but remains open whether it is Co-NP-Complete or polyhomially solvable (1]. As the
input size is O(nlog D) and there are nD variables with O(nD) constraints, existence of a
polynomial time algorithm seems unlikely.

The problem is reduced to an order-preserving perfect matching [9]. The problem is
constructed in a V;-convex bipartite graph G = (V, UV, E) with V,={1,...,D};
i={D)|i=1ym55=1,0.,4}s and B= (ki) |k € [BG ), L))} where B j)
and L(i,j) are the earliest and the latest starting time, respectively, for (3,7), the j* copy
of produet 1.

For a bound (target value) B, E(i,j) and L(i,5) can be determined by the integral
adjustment of the points where the bound B and the curves |j—kn|, i=1..,n;

1 =0,...,d; intersect.

Lemma 1: [1] For a given bound B, the earliest and the latest starting times are the unique

e (35 R A
mitegers B3, 7) = ir—-] and Ifi,j) =

j—1 "
J——;_-+—B-+1, respectively.

Proof: If (1,5)is produced in the time unit k, [za — k| =]i—kn],i=1..n;
1=0,..,d;k=1..,D. For j=0,z, =0, E(3, j) must satisfy the inequalities

; g : - nx .. .. j—B L j— B
= (B(i,5)~1)5|> B and |j— E(i,j)n| < B. This implies %gE(:,;)<’--+1.

i bt

Therefore, E(i, j) = [Z—&

Similarly, B(3, j) must satisfy the inequalities I(ZG,5)—1)r - (i—1)|< B and
; PR . j—1+ B
1405 = (3= 1)> B.Tis implies 248 ¢ 15 5 < I=1B

Therefore, L(i, ) =["—'¥£ + 1]

Finally, E(,j)=1 and L(i,5)=D hold if li=7n|<B and &, —r,—j+1/< B,
respectively. 0
E(s, j)and L(5,7) can be calculated in O(D) time [9].




A modified version of Glover’s earliest due date (EDD) rule finds a perfect matching
when applied in the V;-convex bipartite graph with B < 1. The algorithm matches each
ascending k € V; to the unmatched (i, /) with the smallest L(3,3) [9].

The necessary and sufficient condition for the existence of a perfect matching is the

following.
Theorem 1: [1] For B <1, the graph G = (V; UVy, E) formed by the problem has a perfect
matching if and only if g([bri +B|—{(k 1), — B) >k, —k; +1and

3>~ Bl~I0h =15~ B by~ +1 for all by by €Vi, by <l ond

(B, 1), Ls DN o] = 6 '

Proof: Let K = [k k] C V;.. Then (i) € N(K), where

N(K)={(i): i, 3) € V3, 3k € K, (K, (3, 1)) € E} , the neighborhood of an interval K in ¥,
& (B2, L6, DN [k ] = 6

& B(j) <k snd L) 2k

I=B <4, and-’-"lrLBth
n i

& [(h~n+1-B] <5< kr+B|

Therefore, i;akm +Bl~[(k =15 —B) >k, —k +1
Let N(K)= [kk] C V.

Then (i, € K C ¥,

& [BG,9),U69)) € k] €,

& k < Bli,j) aud K5, <k,

o k<=2 aa ":_"'84-1

<k
& (h-Nr+B<j<kn+1-B
& |(k = 1) +1+ B| < j <[kn - Bl
Therefore, 3(k;% ~ Bl—1(k ~ D + B) <k —k; +1.
=1

Since ‘E(s,j) and L(5,j) are strictly monotonic and the EDD rule assigns the lower
numbered copies to earlier time units, the perfect matching is order-preserving. The
order-preserving perfect matching gives rise a bijection (i,7) =k (Lj) €V, and k€W,

L —
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i=L..nji=1.. ,Qandhmumtanﬁmbleaolution&nanmatmafthepmbhm
[9]. The lower and the upper bounds are 1—r. max 80d 1— respectively.

Theorem 2: [9, 1] Foranymstmce,ﬂlelowermdtheupperbwudaarel Tax OGN
1 -4, respectively.

PmaﬁGivenaboundBacopyofmpmdlmtishouldbepmduoeddu:'mgk=1.
Thus, min (1-7,) < B, that is, 1-r, <B.
Let B=1~4.
Since [kyr; +1~ | > by 88 [k +1—F| =k if ke is an integer and [k +1—4|> kyr;
if k,r;is not an integer, we have

S0 + B|-(6 ~ 15~ B) 2 g -3 =D 2k —k 41
Likewise,
Since [kyr; —1+ $| < ki 88 [k 144 = kymif kyr; is an integer and [kyr; —14 ] < kyr
if kyr; is not an integer, we have

gahn‘—al—l(h 1), +an§:km—_>":l(kl—nr.- <k—k+1. 0

The lower bound is not always attained, however, the optimal value B* of the problem
often coincides with the lower bound for small size instances (4].

The upper bound is not tight. There exists another upper bound B'<1— 2(91 D

[10].

Therefore, we can write, B'< 1~ max {}, 35} for n>2.
It is interesting to investigate those instances with the optimal value that does not

Lemma 2: Asimtancehmnoopﬁma!mkselentbm}sfﬁ&;= i=1 .., n

i
Scd(di)D)‘
is even.

Proof: We show that any instance with A, even has lower bound %. Any feasible solution
must satisfy |[kn;]— kx| < |z, — kr;| where [kr;] is the closest integer tokr; .
If A,is even, A; =2k for some k



b = [ 453 - [Sa-SA - E-31-3
ged(6;,A;) =1,6, is odd, i=1,.., a
It is clear that a standard instance i..a. instance with ged(d;,D) =1, i =1,...,n has lower

bound % if D is even.
1

One expects that there may exist instances with B < 4 for A, 0dd since |[h;]—-kq|=%.

For n = 2, infinitely many instances with B'<§ exist. A sequence with distances [g—] and
|2 for product 1 with demand d; and 2] and |2/ for product 2 with demand d, is
optimal for two product case [6]. Thus, : O
Theorem 3: [6] For n =2, the optimal value of the problem is less than } if and only if
one of the demands d, or d,is odd and the other even.

For n > 2, it has been proven, though appeared as the small deviations conjecture that
the standard instance has optimal value B'<1 if and only if 4, =2, i=1..,nand
2‘!1—1

B = L. ¢

The sufficient oonditidn of the statement is the following.

Theorem 4: [1] The instance with d; =2'",i=1,..,n,n>2 has an optimal sequence with

a bound B'<}.

Proof: Consider a standard instance d;, =2, i=1...,n,n >2 and a bound

n—=1 _ .
B'= 22n . 11. Obviously, B'< 4. Let the copy (i) be sequenced at the ideal position
2-;1 2"2j-1), i=1..,n
13

2ﬂ: ZLT for some positions. Then

The copies do not compete for the position. Let

since both (2j—1)and (25 —1)are odd, neither 2' divides, (2j ~ 1) nor 2 divides (25'—1).

This implies i =+’ and j=j'.
Now we show 2" *(2j 1) lies in between E(i,j) and L(i,j) .
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o st |
o o vy - AN P
JrlB=___£_!:1_= @i 1)(2; DL _ geiggi gy L (i, D) e
2" -1
: 1.1
S —trns 95 11t DZw— j—1+B
2“(21-1)52"(2:—1)+1—?’= ——2‘_21 1 i s 41
2" -1

j—1+ B .
J—;——HI-“-L(‘.J‘)E

Since 2"7'(2j—1) is an integer, E(4,j)= I"—:-‘El <2*@2j-1)<

For the necessary case, there exist a geometric proof in [6] and & proof based on balanced
word in [2].

The geometric proof exploits a natural symmetry of regular polygons inscribed in
a circle of circumference D such that each polygon corresponds to a different product

baving d;, i =1,...,n corners for product iat -2;_;1 points i.e. the ideal positions on the

perimeter of the cirele. All the products with demands d; =2""!,i=1,...,n are sequenced
in the ideal positions [6].

The other proof is based on the concept of balanced word. A §-balanced word on a
finite set {1,...,n} is an infinite cequence s =88, ... with #; € {1,...,n} such that every two
subsequences of egual length consist of only those letters whose number of occurrences in
cach subsequence differ by at most a positive integer 8, (see [11]). Consider & finite word
Won{l,..,n} of length D with d, occurrences of a letter j andy; = %-, the rate of letter 1
withn < ... <. Wis said to be symmetric if W=W", s mirror reflection of W. An
nfinite word Wis periodic if w = WW...for some W.

It is shown that a periodic, symmetric and balanced word with n <..<mn,n>2
=1

p L
Symmetry aad balancedness imply that the rates are all different. The small deviations
conjecture is shown to be true as a consequence of the Fraenkel’s conjecture for symmetric
case using the fact that a solution to the problem with d = 2l i=l..an>2 is
periodic, symmetric and balanced ward [2].

We find that only the standard instance withd, =2, i =1,...,n, n> 2 has optimal
sequence when B’ < %. What happens for the instances with ged (d;,0)>1, i=1..,n is
atill unresolved. In this paper, one fact is established that no feasible instance existe when
B<i.

This is known as Fraenkel’s conjecture for symmetric case.

exists if and only if 5 =




Theorem 5: There is no instance (dy,...,d,) with n > 2 that has feasible solution
with B<%.

Proof: Since tight lower bound is 1—fey, 1= Tinax < B and E(5,7) < I{3,5) , that is,
1';2551:}#-4—1 for any feasible sequence.

Thus, 1-r; <2B, Vi,i=1,.,n and 1—r, <2B.

n
This implies ) 7 < 2B, 1y = Ty, -
i'=1

n
Therefore, Ty < 2. 1y < 2B, 1y = gy
=1

That is, 1— Ty > 1—2B whichis 1-2B< B.
Hence, -}SB.

4. The Bisection Search

A bisection search algorithm to find an optimal sequence for the problem must
run in the interval [1—1,,,,1— 4| The bisection search is performed using integer instead
the rational. For the integral selection to solve the decision problems, the interval is
(D —d,,,D—1] that requires O(logD) time. The overall complexity of the problem is
O(Dlog D) [9].

5. Conclusion
The bottleneck product rate variation problem with absolute-deviation objective is
pseudo-polynomially solvable. The problem is CO-NP but remains open for its exact

complexity. There always exists an optimal sequence when the deviation for every product
is never more than one unit. However, only the standard instance has optimal absolute

deﬁnﬁm-kaﬁthmiifmdanlyﬂthademmdsmsmeaﬁwpomofmandno‘
instance is feasible when the deviation is less than §. Optimal value for the instance with
ged (d;, D) > 1 is still unresolved..
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Continuity on a dense subset of a Baire space
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Abstract: It is proved, in particular, that every real valued quasi-continuous mapping on &
Baire space X is continuous on a dense subset of X ; furthermore, we proved that every real
valued mapping on a hyperconnected Baire space X is continuous on a dense subset of X if each
point of discontinuity is of d,-type.In fact, in the above results, the range space R of real
numbers may be generalised to any secod countable space.
Key words and phrases: Quasi-continuity, Baire space, Hyperconnected space,
d,-point, d,-point,.

1. Introduction:
This note stems from the following theorem of Lin [5]:

Theorem 1.1. (Theorem 1 of [5]). If f: X — Y is a mapping from a Baire space X to
a second couitable space Y, then the mapping f is almost continuous on a dense subset
of X.

Although it is easy to observe that under the hypothesis of the above theorem,
a mapping may not be continuous on any dense subset of the domain space; and the
required example might have been known, but we are unable to cite a source of print.
So, we give the following example.

Example: 1.2. Let N be the set of natural numbers and let 7 be the topology consists
of all sets O such that O=¢ or O = N or O={12, ... ,n}for some n{>1}in N

2000 Mathematics Sub}ect Classification. Primary 54C05, 54C08; Secondary 54 F65.
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and let {R,U} be the usual topological space of real numbers. et f:N — R be a
mapping defined by f(1)=5, f(2)=7 and f(n)=n otherwise. It is easy to verify that
each point of IV is a point of discontinuity of f and so, f is not continuous on any
dehaesubéﬁtofN;alghouqh{N,f}iaaBaimspwemd (R,U) is a second countable
space,

It is then a pertinent and natural question as to under what additional restriction
on'thamappingoronthespmundamaidemﬁm,ti:emappingﬁﬂbeconﬁnuoua
on a dense subset of the domain space. Before working on this question, we state some
known definitions and results which we.need in the sequel.

Definition 1.3. ([4],[6]). A mapping f: X — Y, from a topological space to another, is
said to be guasi-continuous at z€ X if for any U,V open such that z €U and
f(z) € V there exists a non-empty open set G C Usuch that f(G)C V; the mapping
f is called quasi-continuous on A C X, if it is quasi-continuous at every point =€ 4.
Every ccntinuous mapping is quasi-continuous, but the converse is not necessarily
true.

Definition 1.4. [8]. The boundary of a set A in a topological space X is the set A sans
its inferior and is denoted by Bd A The interior and the closure of a set 4 in X is
denoted by Int A and ClA respectively.

Definition 1.5. [1). A Baire space is a topological space in which the intersection of
each countable family of open dense subsets is dense. Every non-empty Baire space is
a set of the second category, i.e., it is not the union of a countable family of sets
E, such that Int CIE, = ¢ where ¢ denotes the empty set.

Definition 1.6. [2]. Let f: X — Y be a mapping from a topological space to another.
A point z € Xis called a d,-point (or a point of d,-type)of f, if there exists an open
neighbourhood N of f(z) such that z € Bdf *(N) and Int f~'(N)=¢; and a roint
z € X will be called & d,-point (or a point of d,-type)of f, if for any open 1.eighbour-
hood Nof f(z), there exists an open sub-neighbourhood O of f(z) [i.e, O is a neighbour-
hood of f(z)and O C N] such that z € Bdf~'(O)and Intf™'(0)= ¢. If each of these
points exists then the set of points of discontinuity is partitioned by the set of
dy-points and the set of d,-points.

Boanple 1.12.
* Eyperconnect.

Bxaenple 1.13.
Then (N, 7%) is

Bxaenple 1.14,
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Definition 1.7. [7]. A topological space X is called hyperconnected if every pair of
non-empty open sets of X has non-empty intersection, or equivalently, every non-
empty open set in X is dense in X,

Now, we have come up with the following resul.

Theorem 1.8. If f: X —»Yis quasi-continuous mapping from a Baire space X to a
second countable space Y, then the mapping f is continuous on o dense subset of X,

We further observe that the assumption ‘f is quasi-continuous’ can be dropped
from Theorem 1.8 if the domain space in addition is hyperconnected provided that
each point of discontinuity of fis of d,-type. Precisely, we have.

Theorem 1.9. If f: X —Y 1is mapping from a hyperconnected Baire space X to a
second countable space Y such that the points of discontinuity of f (if any) are of
d,-type, then f1is continuous on a dense subset of X,

The proofs of Theorem 1.8 and Theorem 1.9 are given in the next section. A
particular interesting special case of Theorem 1.8 (Theorem 1.9) is obtained by using

the usual spaoé R of real numbers in place of the space Y in Theorem 1.8 (Theorem
1.9). Thus

Corollary 1.10. Every real valued quasi-continuous mapping on a Baire space X is
continuous on a dense subset of X.

Corollary 1.11. BEvery real valuéd mapping on hyperconnected Baire space X is
continuos on a dense subset of X if each point of discontinuity of f is of d,-type.

We conclude this section by demonstrating that the concepts of Baire space and
hyperconnected space are independent with the help of the followng examples.

Example 1.12. The topological space (N,7)of Example 1.2 is a Baire space as well as
& hyperconnected space,

Example 1.13. Let NV be the set of positive integers and 7 * be the cofinite topology.
Then (N,7¥) is a hyperconnected space but not a Baire space.

Example 1.14. The usual space R of real numbers is an obvious example of a Baire
space which is not hyperconnected,
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2. Proofs of main theorems
Before proving Theorem 1.8, we shall need the following lemma
Lm?J.AWf:X—ﬂ’isquaﬁ-cmmuSEXifmdm@ﬂ'
2 €0l Int (V) for every open set V containing f(z).
Proof: First we suppose that f is quasi-continuous at z € X. Let U and V'be open
such that z € Uand f(z) € V. Then there is & non-empty open set G C U such that
HG)C V. 8o, $= G Clnt f-(V). Now, if 2€ G then z € Cl Int f~(V). Again, if
2 ¢ G then ¢ =G C (U\{a})NInt /= (V) and hence z € OF Int f~'(V).
Next, let z € Cl Int f~'(V) for every open set V containing f(z).Let U be any
open set containing . Then Unint f(V)= ¢ We take G =UnInt f/~'(V). Hence G
is a non-empty open set such that G C U and fecrfy)cv.

Proof of Theorem: 1.8. Let B={B, :n=12,...} be a countable basis for the
open sets in Y. We select B* = {B,,, B, . . } C B such that Int I N(Bs) =0,
k=12, .... This sub-class B‘iﬁnon—empty : for, if z € X then by the above lemma
z€ClInt f~Y(B,) foreach B, € B ontaining [(z) because f is quasi-continuous,
and o, Int f~'(B,) = ¢. Now, for each B, € B*, let us set B, = Cllnt f‘l(B,,h)

\Int f~*(B,, ). ThenInt C1 E, = Int E, =Int ClInt f(B,,)\ Cilntf (B, )=4¢ for
such k, and thus the set E =Uj2,E, is a set of the first category. But if f is not
continuous at z, then there exists a B, € B* such that f(z) € B, and z ¢ Int (Bn )-
But since [ is quasi-conﬁnuoua at 7,z €ClInt [~ 1(Es'm) by the lemma stated earlier.
Hence 7 € E,,, for some kand so, x € E. Therefore, fis continuous on X\E, which as »
complement of a first category subsef of a Baire space, is dense in X.

Proof of Theorem 1.9. Let B={B,:n=12 ... } be & countable basis for the apen
sets in ¥, We select B* = {B,, ,By,, .. . } C B such that Int (B, )= k=12 ..
This sub-class B*is non-empty, because if z is a point of discontinuity ther zis a
d,-point and hence there existsa B, € B such thst z€Bdf™(B,) and

Int f~'(B,)=¢. Now, for each B, € B¥, weset E,, = 174(B,, )\ Int /~'(B,,). Since
X is hyperconnected, for each B, € B* Cllut j~'(B,,)=X. So, for each k,

Tt CIE,, C IntC1f~(B, )\Cl Int f~'(By, )= ie., E,, is nchere dense for each k'
and thus the.set F' = J3., B, isaset of the first category. But if f is not continuous

st 1, there
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at 7, there exists a B, € B* such that f(z) € B, and that z¢Int 748,
consequently, = € E, because z€ f~ I(B“t ). Hence z € E, and so, f is continuous on
the dense subset X ' Eof X.

Remark 2.2. The condition ‘f is quasi-continuous on X' in Theorem 1.8 is sufficient
but not a necessary one as shown in the following example.

Example 2.3. Consider the topological spaces (N,7) and (R,U) of Example 1.2. Let
f: N — R be a mapping defined by f(2)=1 and f(n)=n otherwise. Clearly, fis not
quasi-continuous at n(=1,2); but fis continuous on the dense subset {1,2} of N.

Remark 2.4. Since each point of discontinuity of f, viz., n(=1,2) of Example 2.3 is a
d,-point, it is clear that the hypothesis ‘points of discontinuity of f (if any) are of

d,-type’ of Theorem 1.9 is only a sufficient condition but not a necessary one.
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The study of common fixed point of mappings satisfying contractive type conditions
has been a very active fisld of research activity during the last three decades.
The most general of the common fixed point theorems pertain to four mappings,
say A,B,S and T of a metric space (X, d), and use either a Banach type contractive
condition of the form,

1) d(Az, By) < hm(z,y), for0<h<l,

where m(z,y) = max {d(Sz,Ty), d(Az 8z), d(By, Ty), [d(Sz, By) + d(AzTy)]/2},
or, a Meir-Keeler type (&,6)-contractive condition of the form,
given & > 0, there exists a § > 0 such that

(2) esm(z,y) < &6+ 6= d(4z By) < ¢

or, a ¢-contractive condition of the form,

3) d(Az, By) < ¢(m(zy)),

involving a contractive gauge function ¢ ;: %, R, is such that ¢(¢) < for each ¢ > 0,

Also, the weak form of contractive condition (2) is of the form,
given £ > 0, there exists a & > 0 such that

(4) < m(zny) < 6+ 6= d(Az,By) < &
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Clearly, condition (1) is a special case of both conditions (2) and (3). Moreover,
Jachymski [2] has shown that contractive condition (2) implies (4) but the contractive
condition (4) does not imply the contractive condition (2). Pant [4] proved the
following common fixed point theorem.

Theorem 2.1 [4): Let (4,5) and (B, T) be compatible pairs of self maps of a complete
metric space (X,d) and such that AX c TX, BX < SX and
(i) given &> 0, there exists a § > 0 such that
¢ < max {d(S5Ty), d(Az59), d(By, Ty), [4(55, By) + d(AzTy))/2)}< &+8
= d(Az,By) s &,
()* d(Az,By) < max {d(Sz,Ty), d(Az,S2), d(By, Ty), [d(5= By)+d (Az, Ty))/2}
‘whenever the right hand side is positive,
(i) d(AzBy) < max {d(S5Ty), d(A5,52), d(By,T), k[d(S5By)+d(A5Ty)/2}
where 0% k< 2 and ¢: R,—> R, is such that $(f)< t for each t > 0.

If one of the mappings A, B, S or T is continuous, then A, B, Sand T have a
unique common fixed point.

Thistheommgivunmemﬂappmchofmmdiﬂnzthammm
fixed point theorems for four mappings by assuming slightly weaker form of a Meir-
Keeler type contractive condition together with a Lipschitz type contractive condition
of the form (ii).

Thamainobjectivaofthiamtaistopmvideaconecﬁontoamimrminthe
proof of Theorem 2.1 of [4]. On page 203 (line 16-20) of Pant (4], condition (ii) has
been used to arrive at the contradiction d(AAz, Bu)<d(AAz, Bu).

However, by using condition (ii), we can obtain the above contradiction only if,
k$1andndtfork>1.Theoarmctsppmhtnarﬁveatthedeairedmmmdimim
would be to use condition (i)* in place of condition (ii) and then replace lines 16 — 20
on page 293 by the following derivation.

If Az# AAz then using (i)*, we get
d(Az,AAz) = d(AAz Bu)
< max {d(SAz Tu), d(AAz SAz), d(Bu, Tw),
[d(A Az, Tw)+d(Bw, SA2)}/2}
= d(AAz, Bu),

which is a contradiction.
The remaining pact of proof of Theorem 2.1 of [4] remains unaltered.

M Paat,
3[7-2
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Approximation of functions belonging to
Lip a class by (N, P.)(E,1) means

of its Fourier series
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Abstract: In this paper, the degree of approximation of a function belonging to
Lip a class by (N,p,) (£,1) means of its Fourier series has been determined.

1. Definitions and Notations

ac n
Let 3 u, be an infinite series whose nt* partial sum s, is given by s, = 5" u,,.
n=0 } w=0
4

'1__1_ n (n i
{1) Eﬂ_zn k%[kJsk 8 88 n— o
then an infinite series f:un or {s
n=0
% (E\1) method (Hardy [3).
Let {p, } be a sequence of real constants such that 2>0,p,>0Y n>1.
The sequences to sequence transformation

p (e ) s
2) ¢=—Ei’n-k‘k=‘—2m3n-k
Py k=0

Py k=0

defines the sequence {1, } of Narlund means of the sequence {3, } generated by the

woefficients {p, }.1f 4 — s 88 n - o, the series 2 %, is said to be summable (N,p,)
=0
%o the sum s,

. }is said to be summable to the definite number s
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The (N, p,) transform of the (E, 1) transform defines the (N,p,) (E, 1) transform of

the partial sum 8, of the series ) Uy
! :
Thus if

1 n o 1 = -]
"rIfE:—Eﬂn-kEiﬂ};‘EPkE;-k as n— o
= n k=0

then the series E_-u,, is said to be summable by (N,p,) (B, 1) means or simply,

n=~0
summable (N,p,)(E, 1) to's.
A function f € Lip o if
f(x+t)-f(.x)=0(1r|"). 0<all

(3)
Lebesgue integrable on [-—m, = | and

Let f () be periodic with period 2x and

belonging to Lip & class. The Fourier series of f(z) is given by

flz)= %ﬂn + 3 (a,cosnz + b, sinnz).
|I=1.

(4)
The degree of approximation of a function f: R —> R by a trigonometric polynomial

4 of order n is defined by

(5) [t +7],, =sup{ltat@)— @)l € R}, (Zygmund 9))-

We use the following notations throughout this paper:
()= fla+0)+ fla—1)=2/(2),
Cos™* la gin (n—k-+ 1) 3

1 n
6 N ()= P,
(6) (t) -y Y B 1

2

r = Integral part of }gz{ﬂ
9. Theorem: The degree of approzimation of a function f belonging to Lip & by Ce
meano and Norlund means has been discusse

[1], Sahney and Goel [8], Chandra [2], Qureshi [5],
to determine the degree of

[7]. The purpose of this paper 15 approzimation of a

d by o number of ~esearchers like Alemits
Qureshi [6] and Qureshi and Ne¢!

S ction b

& Lemma:
Semuna 1.
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function belonging to Lip & class by (N,p,) (E, 1) product means of its Fourier series
Theorem: Let (N,p,) be a regular Norlund summability method generated by a
positive, monotonic decreasing sequence {p,} of real constants. If f: [-m, 7] - R is
2n periodic, Lebesgue integrable on [-m,n] and belonging to Lip a class then the degree

of approzimation of f by the (N,p,) (E, 1) means t»£ = ;1— S pEL . of its Fourier

n k=0

series (4) is given by

,0<a<1

' 1
ol
4= -1],.= o

0 M],G=l
n+1

3. Lemma: The proof of the theorem requires following lemmas.

and
Lemma 1. Le!N,(t) be given by (6), then
N, () =0(n +1), for 0<t<——
n+1l [
lvnomial - cos™* (%) sin (n—k + 1)—;?
Proof: N, (8)| <

B (5) ’
1
i 1 &

< - 1
| <op, Eopk(ﬂ k41)
| I

n
i
| = o
s gﬂ p(n—k+1)
1 n
={n+l)—=3p
P, ™ '

! _[n+1
ip a by Cesdro o :
ws hike Alegits =0(n+1)
reshi and Neha

which completes the proof of lemma 1.

won of a
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Lemma 2. [Mc Fadden (4)).

If {p,} is a non-negative and non-increasing sequence,then for 0 < a <b <, UstSn'

and for any n,

0 |o(z,)

where P = P|1) and t = I%]

<t<m

P 1
3. N,()=0|-1|, fo
Lemma 3. N, (t) [tP ], o =

n

Proof: Since, for _1 <t<1t,sin-t->-t-,the:e§ora
n+1 2 7

n cm"”"[ilt:i::(uri.—k~|—-1)£
A m— _ 2 2
ni& —2 P ;-,:oﬂk sin.t_
2
—k t(n-k-l-l}-
il In ):p"m” [2]
S
2
1 L —k i(n— k}-
<—| 2 prcos” [] le? |
2tF, gﬁ l
1 | k)
< — e 2
<o, ’EDFI:

=a[t—";’;:], by lemma (2).

4. Proof of the Theorem: The n'* partial sum S,(z) of the Fourier series (4) is given

by
_8in [n +—-] i il Y

5.0~ )= 5= [ e (0—— "~

NII.—

2

Then
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%E [:](3,,(::)—!(-")) =ari, I ﬁ(‘)l Z [k ‘ + }d

i
B ""“znf.x e?(1+=“)"']d¢

"2

[ it
21“'1 f ¢’(t) w | €2 (14 cost + i sint)" ]dt
2 Vs

2r|+1 f —L;" [""2" ['][cos;ﬁsm-;-r!d:

f 4f>"'(1)2"‘ [2]1m [wa%-l—:sm%][coﬁi;- +isin %t]dt
2

'Qf(—‘ []mn(n+1) —di,

2

2n+l
21\'

n cos"* [2].9111(1: k+ 1)

—Em(E,‘.-x(x) @)= f pos P P : 2| 4(t)dt.

n k=0 n k=0 BIBE

4@ - @) = [ N0 40t

| - f"*‘”‘”‘“‘”‘*f N, (£)(t) dt

ntl

= Il +II Bay.

#t)= fz + ) + f(z —t) - 2f(2)
= {f(z+) - f@} +{f(z— 1) - f(z)}
=0(t*)4-0(t") ('~ fe€Lip®)
=0(t*).
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We have,

®
Next,

L |
Ih] < [ 7 | Nao)]| o]
=0(n+1) j;:".‘"%l"qs(l')l_d, by lemma 1

1
=0 +1) L‘ﬁlzaa:

=0(n +1) Al

‘Qi"“’lm

—f [—T—]Iqb{tlldt,byhmms
4 * P .
o)
n+l p
of) " e
a+11
(u+1)P]f w [

Yl is decreasing

©)

By (7), (8

&
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’ u— ot +1
[ [—n+l]1 y a=l
n+1 (hgu""l -
1 1
X -7 o=
©) '0[“ +1] (1—01[(n+1)°“ ] X
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By (7), (8) and (9), we have
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- | 8 -1 |, =sup {18 ()~ f(@) |-~ <z <x}.

Ig{m (“'*‘1)"] 0<axl
logi{n+1)we
[ n+1
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Hence the theorem is completely established.
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#9), field € and the vector field p associated to the i-form A are not co-directional,
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1. Introduction
In (1989) K. Mstsumoto [4] introduced the notion of LP-Sasakian manifold
b IMJhaide.Roou[a]daﬂnenmemtimindapmdemlyandthudumMy
' authanﬂ],[ﬁ]atudiudLP-Samknnmibld..In(M)UODe,AASha.Ikhand
y Sudipta Biswas introduced the notion of ¢-recurrent Sasakian manifold [1]
sty

A differentiable (smooth) manifold of dimension  is called LP-Sasakian manifold.
2], [3] if it admists a tensor filed @, of type (1.1) a contravariant vector field 7, and a
covariant vector field nand a Lorentzian metric g which satisfy.
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(21) #=1+n®¢
22) () 7€) =-1 ) g(XE)=n(X) (© n6X)=0 (@ $=0
(28)  g(¢X,4Y) = g(X.Y) + n(X) n(Y)
24)  (a) (Vyd)(¥) = [9(X,Y)+n(X) n(Y)] &+ [X +n(X) ] n(Y)
(b) Yy €=0X () 4Ty ) (V) =9(X,0Y)
25  REX)Y=9(XY)E-n(Y)X
(26)  R(X)Y)E=n(Y)X-n(X)Y
@7  RXE)Y=n(Y)X-9(X,Y)E
(28)  n(R(X.Y)Z)=g(Y.Z)n(X) -9(X, Z) n(Y)
(29)  S(X &=(n-1)n(X)
(210)  S(¢X,9Y) = S(X,Y)+ (n-1) n(X)n(Y)
for all vector field X,Y,Z where V denotes the operator of covariant differentiation
with respect to Lorentzian metric g, S is the Ricci tensor of type (0, 2) and R is the
" Riemanian Curvature tensor of the manifold.
Definition (I)An LP-Sasakian manifold 15 said to be locally d-symmetnic manifold if
(Ve R)(X,Y)Z) = 0 for all vector field X, Y, Z, W orthogonal to &
Definition (IT) An LP-Sasakian manifold s said to be a ¢-recurrent: manifold if there
exists a non-zero 1-form A such that,
ATy R)(X,Y)Z)=A(W) R (X, Y)Z
If the 1—form A vanishes, then the manifold reduces to a ¢-symmetnic manifold.
3, ¢-recurrent Lorentzian Para-Sasakian manifolds
Let us consider a ¢-recurrent LP-S8asakian manifolds then from (2.1) and (2.2) we

have,
(3.1) (VwR) (X, Y)Z+n((VwR) (X,Y)2)§ =A(W) R(X,Y)Z
from which it follows that

(3.2) g((VwR) (X, Y)ZU)+n((Vw R) (X, Y)Z)n(U) = A(W) g(R(X,Y)2.U)
let {¢;},i=1,2,3... n be orthnoramal basis of the tangent space at a point of the
manifold. Then putting X = U = & in (3.2) and taking summation over ,1< i < n, we

get

(3.8) |

The second
(34)

Since

sad {¢; } is
35) g((V
using (2.4) ¢
(36)
putting this
{3.7)
fom (3.4), (
138)
seplacing Y|

This leads to

Theorem 3.1
manifold.
Further from

149) (
from (3.9} Aan
310) 4

putting ¥V = |
AW)n(X)=
(a11)




wfold 1f

i 1f there

Sold.

132) we
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62 (Tw8) (%.2)+ En(VwR) (e VD(e)=A4 (W) S(¥,2)

The second term of equation (3.3) by putting Z = £ takes the form

(3.4) 9(VwR) (e Y)Z,€)n(ed=9((Vw B)(es Y)E €)g(en€)
=-g((Vw R) (e )EE)

Since 9(VwR) (e Y)EE)=g(R(eVyY)EE)-g (R (eY )V & E)

-9(R (&, V)€,V w€)

and {e; } is an orthonormal basis Vy ¢ = 0 above equation reduces to

(35) 9((VwR) (&Y)§€)=-g(R(eY)-g(R(Vw&E)-9(R(eY) EVyE)

using (2.4) and applying the skew symmetric of R, we get

(3.6) 9(Vl) (e Y) & 6) =—g(R(OW,§)Y ) — g(R(§,0W)Y,¢;)
putting this result in (3.4), we get
(3.7) -9((VwR) (e Y)§ €)= g(R(6W,£)Y ;) + g(R(§,¢W)Y ¢;)

from (3.4), (3.7) and putting Z = £, we get

(3.8) (n—=1) g(W,0Y)—S(Y,p W)= A(W)n(Y)

replacing Y by ¢ Y in (3.8) and using (2.1) (2.2) in (3.8), we get
S(Y,W)=(n-1)g(Y,W)

This leads to the following.

Theorem 3.1: A ¢-recurrent Lorentzian para-Sasaekian manifold M™ is an Einstein

manifold.
Further from (3.1), we have
(3.9) (VwR) (X,Y)Z=-q((VR) (X,Y)Z) €+ A(W) R(X,Y)Z

from (3.9) and the Bianchi identify we have
(3.10) AW) [9(Y,2) n(X)-g(X, Z)n(V)] + A(X) [¢(W,Z) n(Y)
-9(Y,Z) (W) +A(Y) [9(X,Z) n(W)-g(W,Z) n(X)] =0

putting ¥ = Z = ¢; in (3.10) and taking summation over 4, 1 S i < n, we have
A(W)n(X) =A(X) n( W) for all vector field X, W replacing X by £ in (3.11)
(3.11) A(W)= =p (£) n(W).
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where A(€) = g(£,p) = 7 (p), p being vector field associated to the I-form A, that is
9(X,p)=A(X).

Theorem 3.2: In a ¢—recurrent Lorentzian para—Sasakian manifold the charecteristics
vector field £ a1d the vector field p associated to the I-form A are not co-directional
and I-form A is given by A(W)=—n(p) n(W).

Since

(3.12) R(X,Y)pW =VXVY¢W -VY VXoW - V[X,Y]¢W.
Also from (Vy$)(Y) = Vx(¥)—$(Vx¥) {we get}

(3.13) (Vx D)) = (Vx (V) +6(Vx ¥)

using (Vy ¢)(¥)=0(Y) X +g(X,Y)X+ 2 (X)n(Y)§ and (3.13) in (3.12)

we obtained

(314) R(X,Y)pW =¢R(X,Y)W + g(Y,W)p X — g(X,W)¢Y + g(X,¢ W)Y
—g(Y, W)X +2{g(X,eW)n(Y)— g(Y,oW)n(X)§

+2{n(Y)$X —n(X)¢Y}n(W).
We now consider that LP-Sasakian manifold (M",g) is ¢-recurrent then from (3.9), we

get
(3.15) (VwR) (X,Y,Z2)=-n(VsR)(X,Y,2) € +A(W)R(X,Y,Z)
and from (3.14) we have
9(Vy R)(X,Y)6.2)6 = {g(X,W)g(9,Y,2)— g (Y, W)g(¢X,2)X
+9(PR(X, YW, 2)¢

using above this result in (3.15), we get
(3.16) (Vi R)(X,Y,2) = {9(X,W)g(¢Y,2)— (Y W) g(¢X,2) }¢
+9(PR(X,Y)W,2)¢ + AW)R(X,Y)Z
This leads to the following.
Theorem 3.2: If an LP-Sasakian manifold is ¢-recurrent then the relation holds.
(VuR)(X,Y,Z)={g (X, W) g(¢Y,Z) - g(Y, W) g($ X,2)}¢
+9(@R(X,Y)W,2)§+A(W)R(X,Y)Z
we have more over if the relation (3.16) holds in LP-Sasakian manifold than,

(3.17) ¢ (Vg R)(X,Y)2) = #{AW)R(X,Y)Z)
using (2.1), (2.8) in (3.17) which yeilds

Which |

rn‘.'ﬂ stat

Theorer

rurvatur

1] De,
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that is
¢ (Vw R)(X,Y)Z)= A(W)R(X,Y)Z)
if X and Y are orthogonal to £.
We cen state the theorem.
Theorem-3.3: In an LP-Sasakian manifold (M", g) satisfying the relation (5.16) is
d-recurrent provided that X and Y orthogonal to &
Let us suppobe that in a ¢-recurrent LP-Sasakian manifold the sectional curvature of a
plane :rcT’(M ) is defined by
(3.18) ky(m) = 9(R(X,Y)Y,X)
is & non zero constant k, where X,Y is any orthonormal basis of 7 then from (3.18), we

7Y get
(3.19) 9((V:R)(X, Y)Y, X)=0

from (3.9) we get
(3.20) 9((V:R) (X,Y)Y,E)n(X)=A(Z) g(R(X,Y) ¥, X)
Since in a ¢-recurrent LP-Sasakian manifoid the relation (3.16) holds, using (3.16) in

(3.20) we get
(3.21) n(Ola (Y, 2)9(6X.Y) — 9(X,2)g(9Y, X) - g (9R(X.Y) 2,Y)]
+A(Z) [9(Y,Y)n(X)=a(X, Y)n(Y))=kA(Z).
putting Z = £ in (3.21) we obtain
A(E) [V, Y)n(X)—-9(X,Y)n(Y)-k] =0
n(p) oY, Y) n(X)=g(X, Y)n(¥) -k =0.
Which implies that n(p) = 0 then from (3.11) and definition (II) we have
A (Vi R)(X,Y)Z =0.

= (3.9), we

Rolds. We state the theorem.

Theorem 3.4: If a ¢-recurrent LP-Sasakian has a non zero constant sectional

-urvature, then it reduces to a locally ¢-symmetric LP-Sasakian manifold
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1. Introduction
The following theorem was proved by Namdeo, Tiwari, Fisher and Tas (3]
Theorem 1.1: Let (X, d) and (Y, p) be complete metric spaces, let T be mapping of X
into Y and let S be a mapping of Y into X satisfying the inequalities
d(Sy, Sy) d(STz,ST ) < c max {d(Sy,Sy) p(Tz, T2),
d(Z,5y) p(¥, Tz), d(z,2) d(Sy,8y), d(Sy,ST2) d(Sy,ST7)}

p(Ta, Tz) p(TSy, TSY) < ¢ max {d(Sy,Sy) p(Tx, T2),
d(z,8y) p(¥, T2), p(4,¥/) o(Tz, T2 ), p( Tz, TSy) p(T2, TSy)}
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for all z,# in Xand y, ¢ in Y where 0 < ¢ < 1. If either T or S is continuous then ST
has a unique fixed point z in X and TS has & unique fixed point vin Y. Further

Tz= wand Sw= 2z

The following theorem was proved by Fisher and Turkoglu [4].

Theorem 1.2: Let (X,d;) and (Y, dy) be complete metric spaces. Let § be mapping of X
into B(Y) and R be mapping of Y into B(X) satisfyinig the following inequalities,

8,(RSz, RSZ) < ¢ max {d(x2), &(z.RS2), &2, RS2), &(5% 59}

8:(RSy, RSY) < ¢ max {&(y.¥/), &(v,5RY), &Y \SRy/), &(Ry,Ry)}

forall 7,7 in Xand , ¢/ in Y,whereOSc<l.IfSisoontinuouathen RShasa
inY.

unique fixed point u in X and SR has a unique fixed point vi
The aim of our work is to generalize theorem 1.1 by considering two get-valued

mappings and two complete metric spaces.

Bsfore comming to our main result we recall the following from Fisher [1, 2].

() The function 5(4,B) with A and B in B(X) is defined by
5(A,B) = sup {d(a,b): ae A, b e B).

(ii) If A consists of & single point a we write 8(A,B) = 4(a,B)

(iii) If B also consists of a single point b we write 5(A,B) = 8(a,b) = d(a,b)
If follows easily from the definition that 5(A,B) = 6(B,A) 20,
5(A,B) < 8(A,C) + 6(C,B) for all 4,Band Cin B(X).

Now let {Agn=1,2,3,... } be sequence of non-empty subsets of X. We say

that the sequence {4,} converges to the subset A of Xif

(iv) Each point ain A is the limit of a convergent sequence {a,}, where oy is in Ay
forn=1, 2,3, .-

(v) For arbitrary &> 0, there exists an
A, is the union of all open
to be the limit of the sequence {A.}.

The following lemma was proved in Fisher [1].

Lemma 1.3:
space (X, d) which converge to the bounded subsets of A and B respectively, then the

sequence {6(Aq, By)} converges to (A, B).

integer N such that A, < Agfor n > N, where
spheres with centres in A and radius & A is then said

If {An} and {By} are sequences of bounded subsets of a complete metric

Now, let F be a
a point in X if
wequence {Fer}
mapping of X ir
in X s a fixed p
Main Results:

We prove the fo

Theorem 2.1: L
mapping of X ini
5(8y,8y) &

(1)
&(Tz,T7) &

(2)
forall z, # in X
unique fixed poin

szg beﬂ
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Now, let F' be a mapping of X into B(X). We say that the mapping F is continuous at
a point in X if whenever {z,}inasequmoeofpointainanvugiuhz,tha
sequence {Fz,} in B(X) converges to Fzin B(X). We say that F is continuous
mapping of X into B(X) if F is continuous at each point zin X. We say that a point z
in X is a fixed point of Fif zis in Fz If ais in B(X), we define the set FA="U, .4 Fa.
Main Results:

We prove the following theorems.

Theorem 2.1: Let (X,d,) and (Y, dy) be two complete metric spaces, let T be a
mapping of X into B(Y) and let S be a mapping of Y into B(X) satisfying inequalities,
4(8y,5Y) 6(5Tz,STY) < c max {6(Sy, Sy) &(Ts, T2), &(<,Sy) &(y/, Ta),
(1) (%) &(Sy,8y), 4(Sy,ST2)8(Sy,ST)}
(T, Tz) &(TSy, TSy) < c max {&(Sy, 5Y) &(Tz, T2), &(<,Sy) &(y, T),
(2) d(y,¥) &( Tz, T2), &(Tx, TSy) &( T2, TSy)}
forall 2,  in Xand y, ¥ in Y where 0 < c < 1. If T'is continuous, then ST has a
unique fixed point zin X and TS has a unique fixed point win Y.
Proof: Let z; be an arbitrary point in X. Define sequence {z} and {y,} in X and Y
respectively as follows. Choose a point y, in Tz, and a point zy in Sy,. In general,
having choosen z, in X and y, in Y, choose z,,, in Sy, end then y,,, in Tx,,, for
n=123, ....
Then,

&y (Zn-1, Zn) (T 1) = B(SYn9s SYns) &(STx, ., ST,
' < ¢ max {dy(%n-1,%) d(Yn1,9n)s (2 Zns) (U ry Yns),
(@13 n) ATy, T}, Ty ) o)}

From which is follows that
(3) (T Znsa) S € max {dy(Yn-1, Un), b (T, 3) }
Applying inequality (2), we get

(B pmrs wW)]* = 8 T2y, T2), 8 TSy-sy TSYpy)
< ¢ max {dy(Z1,%) (Vn-1,9n)s 8 (%0Tnt) B(Yn1s¥nr), BYnzs Unr)
(4) ' (Y1, ¥n)s (Ut Unr) G(Yns,¥)}

from which is follows that d)(y, 1, ¥,) < ¢ max {d(%,1, %), (¥n-,¥n1)}-
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() Tnr) S & max {di(z,3), b 1)}
(Y1, ) S €72 max {di(z:,7;), d(v: %)}
forp=1,2, ....Sincec< 1,it follows that {z,} and {y,} are Cauchy sequences
with limits z in X with winY.
Applying inequality (1), we have
< ¢ max {8,(5w,2,) 8 T2 Yn), 8(TnS1) 8lYn, T2), dh(2,7n) (5w, ),
6](3‘”|ST‘1) 5!('%13%1)}
Letting n tends to infinity we have
8,(5w,2)8(8Tz2) < c max (,(Sw,2) &(Tzu),
&(2,8uw) &(w, T2), di(z,2) 8,(Sw,2)}
From which it follows that
(®) 5(5u,2) 8(5T52) < o(&(Su,3) 5(T5u))
and so either Sw=z or
(®) 5(8T22) < ¢ &(Tzw)
Applying inequality (2), we have
&( Tz ) &(TSw,Yn) = &(T2 Tay) &) TSw, TSyy)
< ¢ max {8,(510,Zn11) 8(Tz,¥5), 6(2,50) 8w, T2),
dl(wﬂ’n) &(Tz).yn)l ﬁ( Tz, TSILI) dl(ym Tsw)}
Letting n tends to infinity we have
(7) 8(Tz,uw) &(TSw,u) S c5y(Sw,2) &(Tzw)
and so either Tz = w

Theorem 2.3: Let (X,d) and (Y,p) be compact metric spaces, let T be a contintious
mapping of X into Y and let S be a continuous mapping of Y into X satisf fing the
inequalities
d(Sy, S¢) d(5Tz ST7) < max {d(5y,%) p (1, T%), d(2,59) pY. T5),
d(z2) d(Sy,5y),d(Sy,ST=) d(Sy’, ST2)}
(T2, T#) p (TSy, TSY) < max {d(5y,5v) p(Tz T2),d(#,Sy) PV, T%),
p(w,¥) p(Tz,T2), p(Tz,TSy) p (T2, TSY)}

tow'in Y. L

A

(15)
This is only |
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forall z, # in Yand y,  in Y. Then ST has a unique fixed point zin X and TS has a
unique fixed point win Y. Further, 7z = wand Sw= 2

We now prove the following fixed point theorem for compact metric spaces.
Theorem 2.4: Let (X, d;) and (Y, dy) be two compact metric spaces, let T be a
continuous mapping of X into B(Y) and let S be a continuous mapping of Y into B(X)
satisfying the inequalities

&(Sy, Sy') &(8Ts, STY) < max {4(Sy,5Y) &( Tz, Tr), &(2,Sy) &,(y. T4,

(11) di(z,2) &(Sy,Sy), &(Sy,STz) 6(Sy,STz )}

&( Tz, T7) &( TSy, TSy) < max {&(Sy, '5'1/)_ &(Tx, T), 6,(2,Sy) &y, Tx),

(12) &(y,¥) 8,( Tz, T%), &( T, TSy) &( T, TSy)”"

for all z, 2 in X and y,¢/in Y. Then ST has a unique fixed point zin X and TS has a
unique fixed point w in¥. Further Tz = wand Sw = 2.

Proof: Firstly, let us assume that there is no a < 1 such that
8(Sy, STSy) &(STz,STSTx) < amax {6,(Sy, STSy) p( Tz, TSTz),
(ST, Sy) &(TSy, Tx), &(x,5Tx) &(Sy,STSy),
(13) &(Sy, STx) 6,(STSy,STSTx)}
for all zin X and y in Y. Then there exist sequences {z,} in X and {y,} in Y such that
(S5Yn STSY,) d(STx,, STSTz,) > (1 - n™') max {8(Syy, STSyy) &( T2, TSTx,),
65Tz, Syn) S TSYn, T2y), 6 (s ST23) 8,(Syn, STSyy),
(14) 8(Syn, STx,) &(STSyy, STSTx,)}
forn=1,2,....8Since X and Y are compact, and by relabelling if necessary, we may
suppose that the sequence {,} converges to 2 in X and the sequence {y,} converges
to w' in Y. Letting n tends to infinity in inequality (14), it follows that
6(Sw’,STSw') &(ST2,STSTZ) > max {5,(Sw,STSw) &(T7, TST?),
8(8T2,8u!) 6( TS, T2), &(2,8T2) &(Sw,STS),
(15) 8,8, 8T7) &(STSw/,STST?)}

This is only possible if the right hand side of inequalities (15) is zero. It follows that
either

STZ = STSTZ or Sw = STSw.
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If ST? = STSTZ, then STZ = zis a fixed point of ST and it follows that Tz = w
is a fixed point of T'S.

If Su/ = STWu/, then Su/ = zis a fixed point of ST and it again follows that
Tz = wis a fixed point of T'S.

Secondly, let us assume that there exists no & < 1 such that

8Tz, TSTa) 8(TSy, TSTy) < b max {&(Sy, STSy) &(Tz, TSTx),
8(STz,Sy) &(TSy, Tx), &(y, TSy) &( Tz, TSTa),

(16) &(T, TSy) &(TSTz, STSTy)}
for all zin X and y in Y. Then it follows that ST has a fixed point zand TS has a
fixed point w. ‘

Finally, suppose that there exist 4,b < 1 satisfying (13) and (16). Then with
¢ = max {a,b}, it follows that if the sequences {z;} and {y,} are defined as in the
proof of Theorem 2.1, inequalities (3) and (4) will hold. It then follows as in the proof
of theorem 2.1 that {z,} and {y,} are Cauchy sequences with limits z in X and w in
Y. Since ST and TS are continuous, it now follows that z is a fixed point of ST and w
is a fixed point of TS.

To prove the uniqueness, suppose that ST has a second distinct common fixed
point Z. Then applying inequality (11) we have

[4(5 )] = [A(ST5 ST < max {d(57) (T T2), [di(= 212}

which implies that
(17) di(z7) < 8(TzT2)

Further, applying inequalities (12) we have

[6( Tz T2)P = 8Tz TZ) 8(TST2 TSTZ) < max {di(2,2) &(Tz T%),

[8( Tz T2)1*}
which implies that
(18) 8/(T5T7) < di(27)
It now follows from inequalities (17) and (18) that
d(z 2) < 8(TZ,T2) < di(27)

which is a contradiction and hence the fixed point z must be unigue.
Similarly, we can prove the uniqueness of w. This completes the proof of the
theorem.
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RELATED FIXED POINT THE OREMS FOR SET-VALUED MAPPINGS ON . . .

Corollary 2.5: Let (X,d) be a compact metric space and let T be a continuous
may ping of A_:Eito B(X) satisfying the inequality
8(Ty, Ty) 6(T%5,T%2') < mak {8(Ty, T¥) 8( Tz Fe), 5¢=Fy) &(y/,T2),
d(52) 5( Ty,Ty),8(Ty, T*) 6( Ty, T°2)}

for all z, 2, g, ¢ in X for which the right hand side of the inequality is positive. Then
T has a unique fixed point z in X.
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Abstract: In this paper, we shall deal with certain aspects of hypergeometric series involving
Ramanujan’s mock-theta functions. In the concluding sections, certain generating relations of mock-
theta functions of order three and five have also been deduced.
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1.1 Introduction (A Historical Survey):

S. Ramanujan (1887-1923) was an Indian mathematician whose originality and natural
ability for calculation enabled him to develop innovative mathematical concepts enough
during the early 20th century. Ramanujan, three months before his death, had written his
last letter to G. H. Hardy, 8 mathematician at the University of Cambridge, England,
discovered much interesting functions which I recently call mock-theta functions unlike
the false theta functions due to L. J. Rogers, they enter into mathematics as beautifully as
the ordinary theta functions.” The mock-theta function is the last gift of Ramanujan to
the mathematical world.

Due to Hardy (4] & mock-theta function is a function defined by a q-series convergent
lgl<1 for which we may be able to calculate asymptotic formulae when q tends to a
rational point of the unit circle of the same degree of precision as those furnished for the
ordinary theta functions by the theory of linear transformations.

1.2 Notations and definitions:

The generalized hypergeometric series, both ordinary and basic have been a very
significant tool in the derivation of the generating relations for mock theta functions. The
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usual hypergeomtric notation shall be followed throughout, in what follows, As usual, let
for any positive integer n,

=ala ' a+n— =——-—F(“*ﬂ)‘ (a)y=1,a=0,(a)_, = 1)
(@), =a(a+1)...cc.c..{a+n-1) Ta) n>0,(a)y=La=0/(a)_, o)

Then the generalized hypergeometric series is defined by

Y E —f: qa_ﬁ-.u
( (@)= — [q; qg.]m
The series 1.2(1) converges for all z if r<s while it converges for only 2=0 if r>s+1,
for r=s+1 and also whenz=1 provided that R, [} (b)—3 (a)]>—1, Whenr=s+1, the
series is called Saalschutzian when R, [ (b)—32(a)]=1 and well poised
whenl+ta =b+8= ... =b+0,;.

If any one of the numerator parameters in 1.2(1) is zero or a negative integer than
F, reduces to a polynomial but if any b parameter is a negative integer-N (say) where
(unless any of the a parameters is also a negative integer-M say, where

N=123,...
M=N,N+\,N+2,...,orzero), the F, series is not defined.
Let, for |g*|<1,
(a;q‘)“ =(1—a)(1—aq’) ol (1—-&q““'“),n>0,
(a3¢*), =1

and (a;q")w="],jo(1—-q,q’°‘)
Then a basic hypergeonietric series is defined by

Byy o oo yOpgyi2 - o (a-l;qk)n L (ar+ﬁq.)n z"
(2) r+1§’2‘\ Aot —;-u(bl'r?*)“' - (br:qk)“ (qk;qk)“

When k =1 in the above symbols, including that in _,®,, it shall be omitted from the
symbols, 86 (a;q), =(a)s etc. G.N.Watson [7] made use of the basic hypergeometric series
to get new definitions of mock theta functions. For this, he used a limiting case of a trans-
formation connecting & terminating well poised ,$3 which Watson himself discovered
many years back.

We shall often use the abbreviated notation (g;,a, - . .
(13¢%), (030", + - - - (amig"), for all non-negative integers n, where

(aig*), _=E(1—aq"') and (n;q“)m=ii(t—uq"), if k=1 and there is no chance of any
confusion, then ¢* shall be omitted from the (a;¢*), symbol.

ay;q"), to denote

O

é—o00,

1.2(5) is

1.2(5), w

(6
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So, let @ =(1-a)(1-aq) ... (1-ag""), (ah=1, (a;¢*), @m =(1—ag"), /<, we
define a generalized basic hypergeometric series by

(@)iz] = ((a,)}, 2"
@ P 6) "L 6L
whsmristhunumb’erofpnramm(a,)andahthenumbudm (B,). We
mnmthenmu,ﬁ.(ql)(z)mdm;@,mwmmmmm
base ¢*.
If ¢* is not written in & symbol, the transformation formula is then deduced by

X'
@ & 8,9v6,—qVa,c,d,e, f,g, cdefo

va,—Va,aq/c,aq/d,aq/e,aq/ f,aq/ g

- fi] =000/ )1 04" /900)1—ag” /o) g /et
wil(1-ag" /e)(1—ag" / f)(1~ag" / g)(1—aq" /efa)|  “®*|efo/aaq/c,0q/d

pmvl:lde,f;wyhofthntamq‘“,whereNiaapoaitiveinteger. Assuminga — 1,
€=00, g—+0o and taking c=exp(if), d=exp(—if),1.2 (4) becomes

go f _mg)qmn %0 2
& l+§gaﬂ;§me+q" /2=Ea-qr)[1+§(1-2q'“£a+q"“)J

1.2(5) ie the most important relation to obtain the new alternative definition of the
Ramanujan’s mock theta functions. Substituting =11, 8=-Ig—. 9=% respectively in
1.2(5), we have

( ._)' q“mﬂf 2

®  ofle-o)=1e SO

¥

_ (_)sa +q" ) qn(au-l-l}{ 2
™ wffo-)=142 SO0

@) ""’IE“"“"“‘*Z(_"‘:fﬂ:f""

These are the relations providing alternative definitions of J(9) #(g)and x(g) respectively




Let Flg)= 3 ¥n(g) bea
n=0

function is defined by F, (9)=> ¥a(q). Thus the partial
2

three and five are defined below:

Mock theta function of Partial mock theta function

® F@=§.i~fqﬁ_

(i) Mq#gr—q%%fl:

ok
& 4
@ Y-S
K

: e g
(I'V) X(Q) = g [_wq‘ _.wgq_; QL '

where w is the cube root of unity.
= Q2HE+D)
) w(q)-—z:o——-—-—-[_m 7T
_ o l(Hﬂ
(vi)  wg= g CoPln
41)

) B ol
(vii) po)= ; [wq*. vy, qz]l:ﬂ

MmkthetaﬁmdMPuthlmnkthetaﬁmcﬁMQforderﬁve.

() hlg)= ): [—f@h

(i) ratq)=gi§}h—

k+1
(i) 1+2¥,(0)= E[—Lq].( 7

mock theta functions of order

order three:of order three :

o0

S g lj:q]i

2

B,(0)= ZH, 7l

i El—q al

P
xa(0)= g_—_'_[~wq; i

) i zk(h-n
w(@)=) — 3w
‘_q'qa]:ﬂ
i k1)
u (@)= =7
©= & e
0 2K+

P0= 2 e lon
: of order five :

‘1
fﬂm (‘1) ; [‘-ﬂ' Q]*

Fyula)= EINQL

k41
14+2%,(9)= ):I—l qlg'? v

(iv)

(v)

(vi)

{vii)

{viii)

(ix)

2 ko

whereuy, ,v
convergent
formation |
axder thres
Bailey's tra

@ @

We shall n
three and fi




theta

mder

five &
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) Y@=Y L),
k=0

o qi?n:
v) 9= g ey
) oo 2k +2k
) R@=2

x ki1
(vii) Y@= -4k q( 7]
k=0

(viii)  By(g)= i'[—q'q’ gt

(ix) xo(g)= Z M

e UV q]k

(x)
. (q z: k+1 ! ql]’H—l

‘pﬂ.n [Q) = Z [_ l;q‘z]t Ql

¥

k= +k

hale)= Zq

=0 (ol

)‘ +3k

1n(Q) Z

k:ﬂ ; i}
o k+1)
¥ (0)=) [-agk ql ’

k=0

Py,(q)= i [—q; q3 ]E q1t+1r7

=0}

Xo; I'I q) Z

=0 ['?h] ]

X, R(Q) z[qkﬂ Q'L_
+1

1.4 Generating relations for mock theta function of order three:

In 1944, Bailey [3] established the following fransformations:

If lsll — Zﬂ'fUa—rVn+r md Tn =i6r+1iurur+ﬂﬂ
=) =0

then under suitable convergence conditions:

(1) Zann Eﬂn s

n=f

[103]

whereu, ,v, o, and &, are the functions of r only and the series (3, and v, shall be
convergent. In this section, we shall make use of the above so called Bailey’s trans-
formation in order to establish the generating relations for partial mock theta functions of
order three defined in 1.3()-1.3 (vii). If we take w,=v =1 and & =z"in 1.4(1), the

Bailey’s transformation yields

B Q=S ez =3 B,2" whenever B, =) a,, %=
n=6 n=>0 =0 1

"

We shall now make use of 1.4(2) for the derivation of the mock theta functions of order

three and five in the following sections:
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1.5. Main generating WMWM—MW of order three:

3
(i) Taking o, =[££E' we find

[ = 3 _i-—-=
Jsri"rg ‘-‘ﬁqﬁ ﬁl(q)
Puttinsthmvaluea'of'-mdinlA (2), we get
Wia=if] — -1
&) Ef,.(q)z (1-2) E[—wﬂ

Y Takin s Q'a
(“) T E Q‘,.—[ G".q’], 1

Putting these values of oy and J, in 1.4(2), we get

() i‘ﬁn (ge" =0 —z)—lin%’I

we find

Putting these values of a,and B,in 1.4(2), we get

3 - qu(n)z _(1—3)-12[ q;:l.

we find

<
(i") Taking o = [‘-WQ'. _wgq;ql '
T W
ﬁn"g[_m_bwgq;q]r Xa@)l

where w is the cube root of unity.
Putting these values of a,and B, in 1.4(2), we get

. 5
&N A |
) E.ﬁ-(q)z =(1-2) 1§_—-—_[ s ““’!‘BG],,!

v) Takin
Putting these v
(5) f:w.
n=0
(vi) Taking o
Bn
Putting these v
6) fu,,{
a0
(vii) Takin,

where w is the
Putting these v

(7) ip.l
n=0

1.6 Main gener

(i) Taking 6, =

Putting these v

o0

(1) Y. ks

n=0
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q!r(r-i-l)

2

[t,"q , we find
' 1

(v) Takinga, =

ok n qlr(r+!} a3
ﬂn“g[q';qa]”‘l n(q)

Putting these values of a,and 4, in 1.4(2), we get

=Y P S gl
(5) gwn(Q) (1-2) gmﬂn(ﬁ)

g
q’LH

r(r-}-!]
Putting these values of o, and £, in 1.4(2), we get
n(n+1]

(6) Z:v (g)z" =(1-2)" IE[ 71

( h) T q2r{r‘+l}
vii aking o, =———————  we find
[wg;g;9%]

rd-1

_ o0 qﬂr(r+])
A g[wrw’e { o/ B

where w is the cube root of unity
Putting these values of a,and S, in 1.4(2), we get
2vl{u+l)

e 1 '_——‘—-—’
(7) EP;(G)’ =(1-2) o —wg—wgiq]

1.6 Main generating results involving partial mock theta functions of order five:

¥ - Bes: 2 g7
(i) Taking o, = g ﬁ“_,.al—mlr = fou(9) -

Putting these values of a,and £, in 1.4(2). we get

(1) Zﬁ.-mt" (l—z}'E ?L
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- . o | : ; ﬁnd
P sl
Ba —g e, foal@)
Putting these values of a,and f,in 1.4(2), we get-
Ll

@ S Ru@ =Y =
i ; [~a:4*],

Similarly, making use of 1.4(2), we can establish the generating results of mock theta

functions 1.3(iii) — 1.3(2) of order five also. ’
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1. Introduction

Let M be a (2m + 1)-dimensional almost contact manifold equipped with an
almost contact structure (¢, £, 1), that is, ¢ is a (1, 1) tensor field, £ is a vector field
and 7 is & 1-form such that ¢?X = —X + n(X)€ and (£) = 1, then ¢(¢) = 0 and
no¢ = 0.The almost contact structure is said to be normal if the induced almost
complex structure J on the product manifold M x R defined by

(1) 7[xag)=[ex-remncn

is integrable, where X is tangent to M,¢ the coordinate of R and A is a smooth function
onM xR . The condition for being normal is equivalent to vanishing of the torsion

tensor
(1.2) [¢,¢]+2dn @&,
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where [#,¢] is the Nijenhuis tensor of ¢
Let gbeaeompatible_manmniunmotric with (¢,£,1), that is

(1.3) 9(6X,Y) = g(XY)=n(X)n(¥).
Let ® be the fundamental 2-form of M, defined by

(1.4) B(XY) = g(X,¢Y) =—9(¢X.Y)
for all X,Y e TM..

If @ and 1-form 7 are closed, then # is said to be almost cosymplectic manifold. A
normal almost cosymplectic manifold is cosymplectic. M is called a locally conformal
almost cosymplectic if there exists a 1-form o such that

(1.5) d®=2€A®P, dyg=wAn and dw=0.

A nécessary and sufficient condition for an almost contact structure to be normal
Jocally conformal almost cosymplectic is ]

(L6) (T2 Y = u(g@X.Y)E~n(Y)$X)

where ¥ is the Levi-Civita connection of the Riemannian metric gand @ = 7.

From (1.6) it follows that

(1.7) T =u{X=n(X)§)}.

A plene section 7 in T, M is called a ¢-section if it is spanned by X and ¢X; where X
rthogonal to £ The sectional curvature of the ¢-section is

is the unit tangent vector o
A locally conformal almost cosymplectic manifold M. of

called a ¢-sectional curvature.
dimension 2 5 is of point wise constaut ¢-sectional curvature if and only if its

curvature tensor R is of the form [8]

(1) RXY,ZW)= =S (X W)Y, 2) ~ oK, DY W)}

£ X W)a(¥:82) =9 (K $D)aCH,6W) =20 (K65 Fi6 )

- [c :“2 U “]{Q(XQWM(Y)'I(Z‘) —9(X,Z2)n(Y)n(W)+ o (V. Z)n(X)n(W)

~{o(Y,W)n(X)n(2)}:

where u is the function such that w = un and u =

£u and c is the point wige constant

¢-sectional curvature of M.
Let M be a n-dimensional submanifold of a manifold M equipped with a Riemannian

metric . The Gauss and Weingarten formulae are given respectively by

(1.9)
for all X,Y
induced Ri
T*M of &
operator A
(1.10)

for any vec
Let{e, - ..
such that e
peMis
(L11)

For subman
submanifold
(i) Asub

(T,
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(1.9) VY =ViY+hXY) and VyN=—AyX+ViN,

for all X,Y € TM and N € T*M, where ¥,V and V* are respectively the Riemannian,
induced Riemannian and induced normal connections in M, M and normal bundle
TM of M respectively, and h is the second fundamental form related to the shape
operator A by g{A(X,Y),N}=g(AyX,Y). Then the equation of Gauss is given by

(1.10) R(X,Y,Z,W)= R(X,Y,2,W)+g(hX, W), h(Y,2)
—g(h(X,Z),h( Y» M)n
for any vector fields X, ¥, Z and W tangent to M.

Let{er, ..., € ,..., &m41}be an orthonormal basis of the tangent space T, ,
such that e,e, , ..., ¢,are tangent to M at p. The mean curvature vector H(p)at
pPeEMis
1 n
(1.11) H(p)=—3_Mewes).
i=1

The submanifold M is totally geodesic in M if h =0, and minimal if H =0, We set
(112) Ky =g(hleeshe ), and [|Af =3 (9(h(ene;) hlee;))
W=l

Let M be a Riemannian manifold of dimension n and 'a’ & smooth function on M.
Now, we recall
(i) V,,the gradient of a is defined by

g(Y,..X)z X(ﬂ),

for all vector field X on M.

(ii) A,,the Laplacian of a is defined by
L
Ay =Y {(Ve,e5)a—ejei(a)} =—div V,,
Jj=1

where V is the Levi-Civita connection on M and {e, ,e,, . . . ,e,}is an orthonormal
frame on M.
Consequently, we have

IValf = i (ej@))’
j=1
For submanifolds tangent to the structufe vector field &, there are different classes of
submanifolds:
(i) A submanifold M tangent to £ is called an invariant submanifold if
o(T,M)C T,M for all p € M, ie. ¢-preserves the tangent space of M.
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(i) A submanifold M tangent to £ is called an anti-invariant submanifold if
&(T,M) C T;* M for all p € M, where T,M and T;"M denote tangent and normal
space at p € M, respectively.

(iii) A submanifold M tangent to £ is called a contact CR - submanifold if it admits
an invariant distribution D whose orthogonal complimentary distribution D" is
anti-invariant, that is, T,M = D, @ D;*, with$(D,) C Dyand ¢(D;')C T;-M,

for every p e M.

2. Contact CR-warped product submanifolds:

B.Y. Chen established a sharp relationship between the warping function [ of a
warped product CR-submanifold M x ; M, of a Kaehler manifold M and the squared
norm of the second fundamental form || (see [2]).

We prove a similar inequality for contact CR-warped product submanifolds in
locally conformal almost cosymplectic manifold.

Let (M,,g,) and (M,,g,) be two Riemannian manifolds of positive dimension n,
and n, respectively and f a positive differentiable function on M;. The warped product
of M, and M, is the Riemannian manifold M, x ;M = (M) x Ma,g), where
9=¢ +f?g, (see (3] and [4]).

We recall the following general formulae on a warped product
(2.1) VyV =VyU =Uf)V,
for any vector fields U tangent to M; and V tangent to M, .

In this section, we investigate warped products M = M) x M, which are contact
CR-submanifolds of a locally conformal almost cosymplectic manifold M(c) of point
wise constant ¢-sectional curvature ¢. Such submanifolds are tangent to the structure
vector field £. We distinguish two cases:

(a) £is tangent to M.

(b) € is tangent to M,..

In case (a), we consider two sub cases:

(1) M, is an anti-invariant submanifold and M, is an invariant submanifold of M.

(2) M,is an invariant submanifold and M, is an anti-invariant submanifold of # .
We start with the sub case (1)

Theorem 2.1 Let M(c) be a (2m +1)-dimensional locally conformal almost
cosymplectic manifold of point uise constant ¢-sectional curvature c. Then there do

not exs

Proof: Let
conformal
curvature
{Xo=¢6X

irthonorms
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not exist warped product submanifold M = M, x M such that M, is an anii-invariant
submanifold tangent to & and M, an invariant submansfold of M.
Proof : Let M = Mj x ;M be a warped product submanifold of a locally conformal
almost cosymplectic manifold M(c) of point wise constant ¢-sectional curvature c,such
that M, is an anti-invariant submanifold tangent to £ and M; an invariant
submanifold of M. From equation (2.1) we have
(2.2) VyZ=VzX=(Zlf)X,
for any vector fields Z and X tangent to M, and M, respectively.

In particular, for z = §, we get £f =0. Using (1.7), (1.9) and (2.2), we have

w(X —n(X)§) = Vx§=Vx&=(Eln )X =0

Thus M, cannot exist.
Now for sub case (2), we have
Theorem 2.2 Let M(c) be a (2m +1)-dimensional locally conformal almost
cosymplectic manifold of point wise constant ¢-sectional curvature ¢ and
M =M, x ;Man n-dimensional warped product submanifold such that Myisa
(2cx + 1) -dimensional inveriant submanifold tangent to € and M a p-dimensional
C-totally real submanifold of M(c).
Then
(i) The squared norm of the second fundamental form of M satisfies

(23) e 2 26][Vaa N — Al )] +aBle+ v +4)
where A denotes the Laplace operator on M.
(i) The euglity of (2.3) holds identicallyif M, is a totally geodesic submanifold of

(c). Hence M, is a locally conformal almsot cosymplectic manifold of point wise

constant ¢-sectioanl curvature c.

Proof: Let M = M, x ; M, be a contanct CR-warped product submanifold in locally
conformal almost cosymplectic manifold M(c) of point wise constant ¢-sectional
curvature ¢ such that dim M; = (2a+1) and dim M, = 5. Let

{Xo= &Xy, - - XasXa+1 = Xy, - - - X2a = ¢Xar 2y, - - - 9zﬂ} be a local
srthoriormal frame on M such that Xy, . .. Xz, are tangent to M, and
7, . - + X5 tangent to M,. For any unit vector fields X tangent to M, and Z, W tangent

o M, respectively, we have
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| " Since
(24) 9(h(0 X,2),02) = 9(V; ¢X,0Z) = 9($V: X,$2)
= 9(VzX,2)=g(V;X,Z)= XIn].

On the other hand, siuce the ambient manifold M(c) is a locally conformal almost We have
cosymplectic manifold, it is easily seen that (29)
(2:5) W& 2) =0
We denote by hypi (X, Z) the component of h(X,Z)in ¢D*. Therefore from (2.4) and
(2.5) ve have

o (KX, 2),6W) = 9 (A 2,6X) = 9(T5 9W,6X) b i
(26) = g(T:W,X) = (XIn f)g (2,W) )
Putting X = ¢X,W = ¢W in (2.6) we have =
(2.7) 9(h(X,2),W) = ¢X(In f)g(Z,0W) = —6X(In f) (62, W).
Using (2.7) we have From above

h(X,Z) = —¢X(In f)$Z.
Therefore for X € TM,, Z € TM,, (2.10)
(28) b, 2 = (6X(n 1)) o(62,62) = (#X(n ) 9(2,2) For any vect
=(ex (). Sunetion{1.
Let v be the normal sub bundle orthogonal to ¢D*. Obviously, we have "
(211) A(X,

T*M =¢D* ®@v, ¢v=v.

Let {e}ic, ... 20 80d {Z}iy, . p B0€ local orthonormal frame on M, and M,
respectively. On M;, we consider a ¢-adapted orthonormal frame namely
(e, deElier . o We calculate | (X, Z)|* for X €D, and Z e D". Since, we know
that

WX, Z) = hyps (X, 2) + hy(X, 2),
where hyy. (X,Z) € $D* andhy(X,Z) G v.
For X € TM,, Z € TM,, we have

lh(x,.z)l"=)§)é{ I a2 F +1 w«,z,)-r}fg | A 620 |

On the other

Now from (2.8), we have A
[hopi (6. 20 = @e(in ) | |
s @etnnf =(#etin ) = (elin )
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Since
Ja
IV IF =Y (afa)).
We have
2a 20 )
(29) IVnf) I =3 (elin N + 3 (6e(n 1))
=1 =]

=§Zb:“hw.(¢q.z}) [+l 20 [}

=1 =l '
Therefore from (2.5) and (2.9), we have

% b % f an
3> ¥ | a2 =3 3 (Ihope 20 + | hops (.20 [ )
&=l =]

8 a B .
£X | b€z =3 (190anF)
f=] FES 1
From above equation, we have
2a g 8 ! '\
(210) 3 Mhap (K20 = 3o190a 1 = 5(1v0n 1)F)
i=0 (=0 =0
For any vector field X tangent to M, and orthogonal to ¢ and Z tangent to M,,
equation (1.8) gives

(211) R(X,9X,Z,¢2)= c‘:“" {0(8X.2)9(X,62) - 9(X,2)5(sY . 02)} +
c+u? ST — - ;i
g 4 {9(X,02) g(*’ X . 0Z) — g(0X.0Z) g(0X,0Z)} +

L 20l X . * X oloZ L'.:-_"l}

F-t-ﬁ?' ) . e . = : 2 A o
<2 4 ultotex.62)n(X)n(2) - 9(X,62)1(6X)n(2)

+ g(X. (e X (8Z) - 9(6X. Z)n(X)n(¢2))
e

.]: :I”III‘}": v X /:‘ ‘i '@ ?I

(X2 —h( {72V =A(X V. 72\ 47)
\ ‘ il X C.ﬁ,\,"{'-‘i"-'
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By using equations (1.6) and (2.1), we get
9(VEh(X,2),62) = Xo(MoX,2),62) — 9 (WX, 2), ¥ x62)
= Xg(V;X,2) - 9(moX, 2,67 Z) = X(XIn f)9(2,2)
~(XInf) g(W(gY,2)6Z) - 9 (WX, 2),¢h,(X,2)) ]
=(X*1nf)9(2,2) + (X In fY'9(2,2) - | (X, D) [,
where h,(X, Z) denotes the v-component of h(X, Z). Also, we have

o (K 16X,2),82) = 0(7;V x 6X,62) ~
=9(V,V; ¢X,62)— (7, h(X,$X),0Z) 8]
=-9(X,X)9(2,2)+((VxX)In f)9(2,2)
o(MdX,V2),6Z) = (Xn f) g(h(¢X,Z),6Z) = (X In f}*9(Z,2) ”
Substituting the above relation in (2.12) we have
(2.13) R(X,6X,2,02) = 2|(hy (X, - (X*Inf) 9(2,2) 5]
+((VxX)In )9 (2,2) - 29 (X, X)9(2,2)
+((#X) 1n £)9(2,2) +((Vyx $X ) In 1)) 9(2.2). i
Now by summing the equation (2.13) and using (2.11) we get 7
(2:14) f)& Ih(X.2)f =208 ‘”’2“’ +1]—;‘1A(ln f
=1t=1 H
Next, inequality (2.3) follows from (2.10) and (2.14).
Let A" be the second fundamental form of M;in M. Then, we get f9]
9(W"(2,W),X) = g(V, W, X) = —(XIn]) (2,W),
or equivalently
215) W (2 W) = ~9(ZW) V(). Eﬂ
If the equality sign of (2.3) hold identically then we obtain
(2.16) A(D,D) = 0,K(D*, D*) = 0,h(D, D*) C $D*
The first condition of (2.16) implies that M is totally geodesic on M. On the other

hand, we have

9(MX,8Y),62) = Q'WX‘Y!¢Z) = y(vxy!z) =0.
Thus M, is totally geodesic in M(c)and hence is a locally conformal almost
cosymplectic manifold with constant ¢-sectional curvature ¢. The second condition of
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(2.16) and (2.15) imply that M is & totally umbilical in #(c). Moreover, by (2.16), it
follows that M is minimal submahifold of M{(c).
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