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Abstract: This paper proposes the Finite range model to describe the distribution ofinfant death by
age. Nepal Demographic and Health Surveys data were utilized for this purpose. Finite range model
was found to be an appropriate model for the approximation of the dishibution of infant deaths by
age in months. Misreported death cases were found to be 0.46 and 1.56 per cent respectively for the
surveys of 1996 and 2001 data. It is believed that the finding ofthis paper may help planners and
policy-makers for designing proper policy in reducing the infant and child mortality of a country.

l. Introduction

The level of infant and child mortality reflects the level of socio-economic development and
health status of a country []. Despite the fact that infant mortality has reduced to a very low
level among well-off and industrialized countries but developing counties still experienced a
very high level of early childhood mortality [2]. The consistency of mortality estimates is
entirely depends on the extent and nature of data to which date of birth and age at death are
accurately reported and recorded, and along with the completeness of such data [3, 4].

In'most of the developing countries, the vital registation system including births and
deaths suffers from the problems of omission, over or under counts the events [5]. The
omissions and misreporting of the data are more often appeared in the retrospective surveys,
which either may be due to memory lapse or may be due to digit preference of the respondents

[6]. Generally, events are over-reported at some preferred ages like 3 months, 6 months, 9
months, etc., particularly in the developing countries [,7], which affects the estimation of
infant mortality rate and child mortality rate of a country.

Theile [8] proposed a seven-parnmeter model to study the age pattern of mortality;
however, Heligman and Pollard [9] introduced an eight-parameter model in order to improve
the fitting of mortality daa. Mita and Denny [0] proposed a model to graduate mortality
pattern after the age of30 years. A number ofresearchers had developed and/or graduated the
survival function for the study of mortality patern at early ages using hlperbolic, logarithmic
and Weibull distibutions I I,l2]. Krishnan and Jin [3] applied Pareto distribution to describe
the age pattern of early childhood mortality. Chauhan [7] used finite range model to describe
the age pattern ofinfant death.

* Postdoctoral Research Fellow at the institute ofEconomic Researclr, Hitotsubashi University, Tokyo, Japan

& Associated with Cenhal Departnent of Statistics, Tribhuvan University, Kirtipur, Kathmandu. Nepal.
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InNepal, theinfantmortal i tyratewas. l82. in|964,156in1974113in1984,79in|996,
64 in 2001 and it came;;il;51 per 1000 live births in2006 [], 14, 15, 16]. under-five

;";;li yrate declined frim297 in 1960 to2o2 n 1986 to I l8 in 1996 to 9l in 2001 to 5l per

1000 live births in 2000'iil,JOt. Hor""u.r, total fertility- rqte ha; declined from 6'3 in l97l to

4.1 in 2001 to 3.1 per *;;; in zooo tl4; 16l. These irgures show adeclining trend -u' ttry

childhood mortality -a f"ttiiity in a country. Though, iiis still very.high level of-infant and

child mortality and fertility in a country as comparedlo Asian developing counties [l]'

On this Ua.t gro*J'oii'tigft ."ttfrty and fertility in a.count', a thorough study on the

distribution of infant and child 
-deaths 

is important for achieving to the reduction in fertility and

early mortality as well ;i; ittp;"e the iuality of health of ttre people' No doubt a concise

model description of past mortaiity Patterns ptouid.t the basis for projections [17]' It has been

realized that the;ttrroty-anJ p*"ti.t of forecasting mortality have evolved rapidly in current

decades [18, 19, 20,21).

Adequate work on the distibution of infant deaths by age has not intensively been canied

out yet in Nepal. This may perhaps be du9 to the lack of reliable data or the lack of interest

among the researcherr. 

-il.i.for., 
the main aim of this article is to propose a Finite range

modeltodescribethedistributionofinfantdeathbyage.Thepqq.t.Iinvo|vedofthemodel
have been estimated through the least square and-iteration methods' The data are taken from

theNepalFamilyrr"aiis.u*vo.rrrrs.rqso1996andtheNepalDemographicandHealth
Survey (NDHS 200l) ;ili-d, ra1 1L both ihe surveys, each woman was asked about the

number of sons ano oaugil#rivini witrr her, elsewhere and the number who had died' and the

number of pregnancie, fiiuf Oia not-end in a live birth along w11h th:r.r name' sex' age (if alive)

", "L, " 
aeattriif OeaO, ri.. fn" details about the surveys are found in MOH [4' l4]'

2. Finite Range Model

Finite range model has been proposed to study the distibution of infant deaths by age'

This model has been .ito-..n u".uirse of its simplicity in nature and having less numb,er of

Darameters involved in the model. Finite range model-was proposed by Mukherjee-and.lslam
ttriffi:ffi;;il;liq/. 

ai;""h- [7] i-nroduced itto graduate the infant deaths. A brief

iescripion of the model is given below' ^ .
Let x be the age in toitftt at death of the infant, then the probability density function of

x ls,

( l )

where d and p are scale and shape parameters of the distribution respectively'

The corresponding cumulative distribution function is given by

; 0 < r < g ; 0  > 0 a n d 0 < P < l

Themean,medianandvarianceofttreFiniterangemodelaregivenasbelow'

Mean = ̂  = (#) o, Median = M 6

andVariance = otr =l 
**W)r

f ( x ) = + ( ; ) ' ;  o < '  < o : o > o a n d  o < P < |

F(x <o = (;)'(2)

=f r+li I,
L -  J
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3. Estimation of Parameters

Least square technique has been proposed to estimate the parameters of the model. The
paramete$ are also estimated by using iteration method, and then compared it with least square
method. It is hypothesize that the least square technique may provide better estimate than that
of iteration method because in iteration method the scale parameter is taken as fixed.

Iteration Method: The estimated value of shape parameter, p, can be obtained by fxing the
scale parameter O.Let D and Do are the total number of infant deaths (deaths up to t2 months;
and neonatal deaths (deaths up to 30 days) respectively. Then the proportion ofneonatal deaths
is given as,

(3)  n=&

Thus the proportion of infant deaths up a m nl, rnonth of age by fixing 0 =t2, isgiven as,

(4) F6 <x)=[L\P- \ n )

On solving equations (3) and (4), we get,

(5) ^ = (1)o
\ t 2 t

By solving equation (5), we get the estimated value of shape parameter, p, as

(6)  i=  
hBR

' Log(rlrz)

Using estimated value p given by expression (6), the corresponding cumulative proportion of
death up to age of lst month, 2nd month, 3d month, 4th . . ., 12tr month can be calculated by
using equation (4). The proportion of deaths during particular months of age can also be
calculated by subtacting the successive values of cumulative proportion of deaths.

Symbolically, proportion of deaths during monthr is expressed as

(7) F(Xcx+ t)-F(X<x);  forx> I

and the proportion of deaths during ln month is F(X< l).

Thus the expected deaths can be obtained as

(8) EIDr)= DF (xcx ), for.r =1,2,3, . . .lz-

Least-Square Method: It is quite difticult to fix the scale parameter dof the distribution and
sometimes it would lead mis-interpretations of the parameters. Thus the least square method
can be used to estimate both the parameten involved in the model. By taking tog'both sides in
equation (2), we get the following linear equatio.n.

(e) log.F(x) = -plog0 + plog x

The equation (9) can be re-wrinen as,

(10) Y= A+pX

where, log F(x) : Y, - p log 0 = A and logx =X
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F(x) is the sample cumulative distribution function of age r. Since, expression (10) is in a

linear form. Sothat using least square principle, both the parametersP md 0 can easily be

estimated.

4. Application of the Model

Table I shows the observed and expected distribution of infant deaths by age in months

(deaths during 0-4 years prior to the survey date) for NFHS 1996 data' The parameters.of the

model are eltimatea by using iteration as well as least square methods' The estimated

farameters, chi-square vatues ha their degees of freedom are also presented in the same

table. The sunrmary measures like mean, mediatt and variance of the model are also computed

and are presented in the same table for both the dara sets'

Table I Observed And Expected Number of Infant Deaths By Age (NFHS 1996)

Tr

Ag
(in

;
Me
Var

The shape parameter, P, was found to be 0.1655 for iteration method whereas it was

01647 for least-square m#od, which is almost identical for the NFHS data' It is to be noted

that the scale parame ter, 0 (=12), was kept fixed in iteration method whereas it was estimated

in the least square method. Least square method provides the estimated value of scale

parameter of d=13.58, which is higher than that of the iteration method' The chi-square value

!ug!.rt.A that the Finite range moiel fitted well to the data of NFHS 1996' The fitting of the

distribution was found very"close by the least square method than that of iteration method'

Moreover, the estimated '',"* ug" oi inAnt deathi provided by the model was found to be l '8

months while median age of infit deaths was around 6 days with a variance of 5'6 months'

(dea

and
whe,

Para
The

data

metl

The

and

mon

I 99(

b y a

b e 0

0(=t
it we

2 4 n
shap
resp(
I  r . 9

F\X <x) ExPected dea:hs

0-1
t - z

z-J

3-4
4-5
J-O

6-7
7-8
8-9
9-10
10-1 1
11-12

352
32
JU

1 5
1 9
1 2
14
I
1 2
1 2
1 0
't4

0.6629
0.7435
0.7950
0.8338
0.8652
0.8917
0.9147
0.9351
0.9535
0.9703
0.9857
1.0000

3s2.00
42.77
27.39
20.58
16.65
14.06
12.23
10.85
9.76
8.90
8 .19
7.58

0.65087
0.7296
0.7799
0.8178
0.8484
0.8742
0.8967
0.9166
0.9346
0.9509
0.9660
0.99997

352.69
42.64
27.29
20.50
16.58
14-01
12.17
10.80
9.72
8.86
8 .15

7.55

b
e

0.16545

12.00

01u7

13.57

x2
d.f.

13.48

9

Mean

Median
Variance

1 .70
0 .18
4.36

1.83
0.20
5.56
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Table 2 Observed And Expected Number Of Infant Deaths By Age (NDHS 2001)

Age at deaths
(in months)

Observed
Deaths

Iteration method Least square method

F(X<x) Expecteddeaths F(X<x) Expected deaths

0-1
1-2
2-3
3-4
4-5
5-6
6-7
7-8
8-9
9-10
10-1 1
11-12

264
38
19
26
10
9
1 1
I
1 3
1 1
I
10

0.6168
0.7058
o.7637
0.8077
0.8435
0.8739
0.9005
0.9242
0.9456
0.9652
0.9832
1.0000

2U.00
38.09
24.78
18.81
15.33
13.03
11 .38
10.14
9 .16
8.38
7.73
7 . 1 8

0.6242
0 .7119
0.7688
0 .8119
0.8470
0.8768
0.9028
0.9260
0.9469
0.9660
0.9836
0.9998

267.166
37.53
24.35
18.45
15.02
12.75
1  1 . 1 3
9.91
8.95
8 .18
7.il
7 .01

Total 428 428.00 428.ffi

P

0

0.1944

12.0O

0.1896

12.97

x2
d.f.

12.41

9

1 1 . 1 3
o

Mean
Median
Variance

1.95
0.34
4.87

2.O7
0.34
5.59

Table 2 presents the observed and expected distribution of infant deaths by age in months
(deaths during 04 years prior to the survey date) for NDHS 2001 data. The shape parameter, p,
and the scale parameter, d, was found to be 0.1944 and 12 respectively by iteration method
whereas it was respectively 0.1896 and 12.97 by least-square method. The value of scale
parameter was found to be slightly higher by least square method than that of iteration method.
The insignificant chi-square value also suggested that the Finite range model fitted well to the
data of NDHS 2001. Here too, the small value of chi-square produced by the least square
method confrms the better fits to the data of infant deaths by age than that of iteration method.
The estimated mean age of infant deaths provided by the model was found to be 2.1 months
and median age of infant death was l0 days with variance of 5.6 months.

Further, Finite range model has been proposed to graduate the death patterns up to 24
months. The suitability of this graduated model has also been tested by the same data of NFHS
1996 and NDHS 2001. Table 3 displays the observed and expected distribution of infant deaths
by age up to 24 months for NFHS 1996 data. The estimated shape parameter, p, was found to
be 0.1673 and 0.1805 for iteration and least-square method respectively. The scale parameter,
0(=24), was kept fixed in iteration method whereas it was estimated in least square method and
it was found to be lower @=23.36\ than that of the iteration method.

Similarly, Table 4 displays the observed and expected values of infant deaths by age up to
24 months (deaths during 04 years prior to the survey date) for the NDHS 2001 data. The
shape parameter, p, was found to be 0.1881 and 0.1970 for iteration and least-square method
respectively. The scale parameter, 0 (=24), was kept fxed in iteration method whereas it was
21.98 obtained by least square method, which is quite lower than that of the iteration method.
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The least square method was found to be more appropriate technique to estimate the

parameters of the model than iteration method and that confirms by fining the distributions

(Tables I to 4).

Table 3 Estimation Of Extent Of Misreporting Of Infant Deaths (NFHS 1996)

Thus, the values of chi-square indicate that the graduated model fitted reasonably well to

the data of Nepal for describing the distribution of infant deaths by age up to 24 months. So

this model may be utitized to estimate the extent of misreporting of infant deaths by age during

the infancy.

It has been observed that the death patterns during infancy usually biased either under-

reporting or over-reporting of death events. It is also noted that the infant mortality rate is

apparenily aflected by such biased reporting during the ages of 12 months [l]. The extent of

n
0

d

S

d
n
ir
r
i
v

Age at deaths
(in months)

Observed
Deaths

Iteration method kast souare method

F(X<x) Expecteddeaths F(X s x) Expected deaths

0-1
1-2
2-3
3-4
4-5
5-6
o - /

7-8
8-9
9-10
t u - t  I

11-12
12-13
13-14
14-15
15 -16
16-17
17-18
18 -19
19-20
20-21
21-22
22-23
23-24

352
32
30
1 5
1 9
12
14
9
1 2
12
1 0
14
1 5
7
6
7
6
4
1 0
2
3
2
2
4

0.5876
0.6599
0.7062
0.7410
o.7692
0.7930
0.8137
0.8321
0.8487
0.8638
0.8777
0.8905
0.9025
0.9138
0.924r'.
0.9344
0.9439
0.9s30
0.9617
0.9699
0.9779
0.9856
0.9929
1.0000

352.00
43.27
27.74
20.85
16.88
14.27
12.41
11 .01
9.92
9.(X
8.32
7.71
7.19
6.74
6.35
6.01
5.71
5.43
5 .19
4.96
4.76
4.57
4.40
4.25

0.5662
0.6417
0.6904
0.7272
0.7571
0.7824
0.8045
0.8241
0.8418
0.8580
0.8729
0.8867
0.8996
0.9117
0.9231
0.9339
0.9442
0.9540
0.9634
0.9723
0.9809
0.9892
0.9972
0.9999

337.50
44.98
29.M
21.94
17 .81
' t5.10

13. ' t6
11 .69
10.51
9.63
8.87
8.23
7.69
7,22
6.81
6.44
6.12
5.83
5.57
5.34
5 .12
4.93
4.75
4.58

Total 599 599.00 599.00

P

e
z2
d.f.

0.16728

24.OO

22.82

1 5

0.1805

Z J . J O

21.01

1 5

Reported infant deaths

Calculated infant deaths

No. of deaths under reported

Percent under reported

531.00
533.42

2.42
0.46

531.00
5 3 1 . 1 3

0.13
0.03
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misreporting of infant deaths may be estimated by taking the expected deaths from the

*tTff#oi,l; 
* (the last row) show the extent of misreportin g at t2months, when age at

death is graduated upto24 months. Since the model was fitted reasonably well to bottr the data
sets. Hence the corrected values ofinfant deaths can be obtained by taking the sum ofexpected

deaths up to 12 months from graduated model. This may provide the nature and extent of

misreported deaths at the infancy. The differences between the distributions of the fittings of
infant death by age up to 12 months and up to 24 months may be attributed the extent of mis-
reporting of the events. It was found that around 0.46 per cent infant deaths were misreported
i.e., under-reported for the data of NFHS 1996 (Table 3). Similarly, the extent of misreporting
was found to be 1.56 per cent for the data of NDHS 2001 (Table 4).

Table 4 ['.stimation Of Extent Of Misreporting Of Infant Deaths (NDHS 2001)

Age at deaths
(in months)

Observed
Deaths

Iteration method Least souare method

F(X <x) Expected deaths F(X < x) Expected deaths

0-1
1-2
2-3
34
4-5
$-o

6-7
7-8
8-9
9-10
10-1 1
11-12
12-13
13-14
14-15
15 -16
16-17
17 -18
18 -19
19-20
20-21
21-22
22-23
23-24

264
38
1 9
26
1 0
9
1 1
8
1 3
1 1
I
1 0
I
1 1
rt
2
2
4
1 0
7
I

0
0
I

0.5500
0.6266
0.6763
0.7139
0.7445
0.7704
0.7931
0.8133
0.8315
0.8482
0.8635
0.8778
0 .8911
0.9036
0.9154
0.9266
0.9372
0.9473
0.9570
0.9663
0.9752
0.9838
0.9920
1.0000

264.00
36.77
23.84
18.05
14.69
12.47
10.88
9.68
8.75
7.99
7.37
6.84
6.39
6.00
5.67
5.37
5 .10
4.86
4.65
4.45
4.28
4 . 1 1
3.97
3.83

0.5346
0.6129
0.6639
0.7026
0.7341
0.7610
0.7845
0.6054
0.8243
0.8416
0.8575
0.8723
0.8862
0.8992
0 .9116
0.9232
0.9343
0.9449
0.9550
0.9647
0.9740
0.9830
0.9916
n oooo

256.63
37.55
24.47
18.58
1  5 . 1 6
12.89
11.26
10.04
9.08
8.30
/ . o o

I .  t z

o.zo
6 0 1

A A N

3 . 5 2

r n a

4.86
4.66
4.47
4.30
4 . 1 5
4.01

Total 480 480.00 480.00

b
e
x2
d.f.

0.1881

24.OO

21.68

1 3

0.1 970

21.98

20.51
l 2

Reported infant deaths

Calculated infant deaths

No. ofdeaths under rePorted

Percent of under reported

428.00
421.32

6.68
1.56

428.00
418.73

9.27
2 .17



t8l TIKA RAM ARYAL

Hence, the model also confirms that the infant deaths under-reported in the surveys. This

result is consistent with the other findings [,21]. These figures clearly indicate that the

misreporting of infant deaths by age was higher for the NDHS 2001 data than that of tre NFHS

1996 data. Similar fashion has been adopted for computing probable bias occurred in

successive months during infancy.
Finding suggests that infant mortality.rate directly affects by the reporting of deaths

during infancy. Therefore due attention should be paid by considering deaths undeneported

during infancy while computing the infant moralfty rates. This study further suggests that

Finite range model may graduate the number of deaths at different ages during early childhood

for the developing country like Nepal.

5. Conclusions

This study suggests that Finite range model may be an appropriate model for the

approximation of the distribution of infant deaths by age in months in the developing countries

like Nepal. With the help of this model, the extent of misreporting of age at deaths can also be

estimated. The descriptive statistics are also computed with the help of the frtted model. The

estimated probable biased value was found to be 0.46 per cent for the NFHS 1996 data while it

was 1.56 per cent for the NDHS 2001 data. Findings may help policy-makers and planners for

designing proper policy to reduce infant and child mortality and to inprove mother's health of

a country.
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Abstract: The Wiener-Tauberian theorem for IR says that the closed translation invariant subspace

generated by f e.C (n) it I (n) if a'lO only if the Fourier transform / of / never vanishes' In this

paper we prove a uniform version of this rcsult in Wiener algebra"
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l.Introduction:

Let G be a separable locally compact abelian goup with left Haar_1e1ure 2. Let K be a

nonempty compact subset of G wlich is the closure of its interior. If / is measurable function

on G, we define

f '  :G -+  [0 ,o ]  bY

fn(r)=l l f€*xl l*

Let .frbethe set of Measurable functions g on G for which g* e Lr. 4 is a Banach space

with norm ll ,f ll l= ll "fo llr. 
ln fafj! .fi, is a Banach algebra under Convolution'

The Wiener algebra ,/(G) is defmed as follows:

W(G) = lf e 4; / is continuous)

tet fr, be the set of all Radon measures on G' For p e n we define

Po :G -> [0 ,o ]  bY

p# (x) =ll €xx tr ll = | / | (.xK)

also p" =l  pl*  €rt

w(G)* = {p e & ;  pn e r-}  with the norm l l  p l l  =,1 p'  l l -

( f  , vA=v@). f  =  
[o f  

aa , " f  e t t t (G) ;pe I r (G)*



I  l2 l

Fori e fr, ao:C + l1G1by

Let Sf'(c) and

For f e Coo(G)

( l . l )

@ 1 ( x ) =  r h , x e G

S[tcr' * the unit ball of W(C) nd WIG)| reryectively.

U =  { C  e r K ? ) ; f o r  p e & , , g *  p = 0 *  p = 0 1

l l(,f)r ll,= Io K*n*@)ld1(0

= 
Iol l  *ftsxl l-du(a)

= 
I" *t 

lf@)l€o1sG)dt(a)

= 
I" 1g, 

fG)t€yxe-tz)du(s)

= 
Io 1g, 

fe)tCx@-tx-tz)dtr(s)

= 
I" *t 

I f @t{*(s-'z)di(s)

= 
J" *t 

I f@lloxQ)d1(v)

= 
I" ::t 

I f€oxz)tdu(c)

= 
lo ll f€sxll*du(v)

= ll "f ll *<at

C. R: BHATTA

It

l i

a

-  l . {

since C*(G) is dense n W(q,

ro l l,"f l lw<ot=llf l lw.ra forall /e w(G).

Let h e Coo(G),

l l  t t l l  v<at 
- 

l l  iu l l ,  - lol n' u>t dx(x)

I" t:g 
llh€"rll. ailx)

I t:g' 
h€*xtu)vr,)

?

J" ;:B 
I h(il | €,x (u) d )'(x)

ls
iln

r i(

l 'a,

T
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= [ ruo lfitvll4*xfu)dt(x)'l *o
= 

Io | fro e) | dr.@) = ll fi ll r<ct

Let us take, h e C*(G)

? !

r.3. I nl4pu6yatt')= t Io ̂ @)€u(odl*liv\dx(x)

? l= 
)o Jo 

h(x)f *(xasu)dl pl(y)dt(x)

t l= 
Jo Jo h(x){s-t(ux)dl pl(s)dx(x)

? ?= 
Jo Jo €*t@)h(v-'x)dl pl(s)dt(x)

? ?= 
lo lo h(sax)(6@-\as.14al pl(v)

I= 
Jo(h* 

(s)@-t)dl  p l (u)

-  (€* r *  f i , lp l )

and hence ito e L*.

1.4. For f e W(G) and p e W (q*

p*f(x) = 
[of{au*)dp(a)

I= 
lof@a-t)dp(s)
?- 
lo*t 

(su)dp(y)

l -
= 

Jo*t @)dp(v-t)

I= 
lo*t Q)dP(a)

= v@)(r"f )

1.5. Theorem : Let G be a separable locally compact abelian group. Let,/f c IV (G) be such

that thefanily l@1,: h e,ff| is uniftrmty equicontinuous. Suppose there acist fr e ,% with

lh(t) lslfr1t11anailhi lw<ctsl l f i l lwnu .for al l  he,/0 & t e G.

LetgeU befxed and'llc Sftcr. Suppose drrxp*g(r)+0asx-+ouniformly forp in
'l,C thenh a p(x)-+0 as.,r-+ o uniformly for hn,%and pnLe .
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proof: Assume to the contrary. So there exists d > 0 such that for every compact set K in G

there existsx xeG - k,hye,/( nd hx e ltxe ?C satisffing:

l ( h x * p x \ Q r ) l > d .

Since G is separable and locally compact so G is o-compact' Thus there exists an increasing I

sequence say {Kr}r.pq of compact sets with Kn c Int Kn*1 and if F is any compact set in G 
By t

thus there exists no with F . Kno'We write 
a oo

hx,= h, Pxn- Fn nd \Kr= xn'

Define a sequence of functions on 6 bY

An(x) = ,,(hn* F)(x)

sup l,s,(x) | = suB | ,,(hn *P")(x) |

= suql(4*a)Q,il rhu
.reG

= SuP lv@,1(r,rthl)'  
x e G '

< ll v Qt^) ll w r'1* ll',' hn ll w P7

= llit,llw*llhrllwlc'1 ir-

= llitn#ll-llfrllwrct

< l

Since {o1 : n enr\ is uniformly equi continuous, so for given e > 0 there exists a nbd u. of

e in G s.t. for I e U., for x e G, U 
= tr we have

l l 'a -  ra l l  vG\<e '

F o r y = & ,  l e U . .

I ,s,(r) - an@)l = 
l r,tT*pr)(x)-v"(h* tt^)(01

| (h * P)@nx) - (h * P)(x'g) |

=lvGD(,,'(h))-vG)("rthl)l u/b'{

=lvG)(*,'(ft,))- ',s(h)l Ye
rd

=lv@,)t', ( '( ' ,)-v(,,,)))l For

sllvtdllw(cr ll-('(r,)-s(r',))ll'"(c) 12
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= l'i,,I,w_ ll,tt,l_ rtt;X*rot
= llii ll- ll,r4r- v(h)llw,)
<ll 'thl- n{r',tll*ro,
< €

By Ascoli's theorem [5] there exists a pointwise Convergent subsequence {,5r- } converging to

a continuous function A on G.Thus for a fixed r and t in G.

'5o @t-t7 -> ,5(xt-t),./ -+ 6

la,6r'1s(r)l 
= 

ld,6t-' '11 tstrlt

sl lA, i l l *  lg(r)1.

s l g ( r ) l

Thus by Lebesgue dominated Convergence theorem

I o An,('r-') g(r) dx(t) + I o a@ r'1 so d ).(t)

i .e.  Ani* g(x)+ s*g(x) Vx e G

.!n,* g(x) = 
!oon,erg1-t)du(t')

= 
lo *,/4,* P, )(xt)s(t-t1a.e'g1

= 
I o t'r,. Fn) (xn, xt't g1-t ) d )'(t)

= ({nn,* an)* s)@n,*)

= ({t,,*@n,*s))@n x1

= (ltr,* g\ * hn,Utn,x)

= 
loui,{Ddt(u)

wtrere Ui0)= hni(a)(pni* g)(y-txn.,x) . Since p * g vanishes at infinity uniformly for

p e'Itr. Wehave for any n e Nthere is acompact rct f?, s.t ll* Se)l.yrfor z eG - ko
and p e'll'.

For ye G,let Lf;,a =gknx-twhichiscompactsothereexistsTf,Usuchthat Lf;,a cKlfor

i > i i'v and as xr. e K' we have,

Now,
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,
I

G

-  l l : -  l l  l l  r r  r  / r  . l l

< ll.r4l- a&)llw')
< €

By Ascoli's theorem [5] there exists a poinnlise Convergent subsequence { 6r- } converging to

a continuous function,5 on G. Thus for a fixed x and t in G.

.5n @tt)+ A(xt- t) ,  j  +q

l l t . l

lAn @r') s(,)  |  
= 

lan @t- ')  |  ls(r) |

3l lAni  l l -  ls(r)  l .

s l g ( t ) l

Thus by Lebesgue dominated Convergence flreorem

I o A,,(rr-r) s(r) d x(t) -+ 
I o.s6r's s@ d2(t)

i .e.  An1* g(x)-+ s*g(x) Vx e G

,5r,* g(x) = 
Io 

or, (xt) g(t-t) d\(t)

= 
)o 

xn,(4,+ pn )@t) s(t-t1 al61

_ l= 
J o 

@, I ltr,)(xr, xt't g1-t ) d 1(t)

= ({hn,* ttn) * s) @n, x1

|  . .  .  \  _= 
\(hn,*Utn,'g))Q" 

x)

= (ltn,r, g)* Ih,Utr,x)

= 
[oui o aual

wirere Ui0)=hni(a)(pni*g)(g-txr,x).sincep*gvanishesatinfinityuniformlyfor

pe' | , t  .  Wehave foranyn eNthere is acompact set i {n s. t  lp* SG)l<NforzeG- kn

a n d  p  e U .

Forge G,let  Lf ; ,v =gknx-twhichiscompactsothereexistsTf 'gsuchthat Ltrv cKifor

i > i;'v and asx, e K' we have,

Now,

' o f
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t , t

l$^,* 
g11g-'rr,")lt /n

luni @) | s I i(0 | ttn, * s(g-t xo x1

< l6e l l / , ,  i > i l ' a

=  U f . ( y ) - + 0  a s  i + @

Thus by Lebesgue dominated convergence theorem 
loui @ail.U) + 0 as jt -> @

i .e . , !n , *g ( r )+0  i .e .  6*g(x )+0

>  6 = 0  s i n c e  g e U '

But,5 (e) = (hn * p)(x)so | 4 (e)l > d

= | A(e) | > d. Which is contradiction'

This completes the proof.

Let S- be the unit ball of lf(q* and S, be the unit ball of IF(G) nd

U  =  { 8 : G  +  C  m e a s u r a b l e ,  g  e  W ( q ; f o r  a  e  B n C ,  a *  g = 0 a a o 0 } '

Where B and C are sets of bounded and continuous firnctions respectively. The following

theroem may also holds.

1.6. Theorem:Let'lLcS*besuchthatthefamilyl0r:pe'll l isuniftrmlyequicontinuous.

LetJ0cW(G),supposethatthereexrst teSl s. t  l r ( t ) ls l i ( t \ l foratt  heJ0andat l

teG.I fgeS,nlJandp#*gvanishesat inf ini tyunrformlyforpe' l t , thenp#*hvanishesat

in/inity uniformly for every p eU and k e#A
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Abstracf In this paper we have proved a theorem on double N0rlund summability of Furier-

Jacobi series, which generalizes various known results. However our theorem is as follows:

Theorem: Let (N,pn,qo) be a double N|rlund method defined by a real non-negative, non-

increasing sequenc tp^\ and a real-non-negative, non-decreasing sequence {q, } .

Let v(r) Nd ^(t)be non-negative monotonic increasing functions of /, such that

v@)logn= Oll(P")|

QnPn=ol(P* drlognl

On double Niirlund summabilifY of

( {n * t)t;' l='l '"'*.* 1i
k=2 pQa+r)t2 6rp

as n-+ o, where c is a parameter with the resfiiction ttrat 0 S c S l' If

. t  (  tQ"*2) ,v( l \  \
4( t )= Jo l r ( / ) l  d0 =01 .^  |

l. 2(P') )

:rs t + o, where t = | ll t] then the Fourier-Jabobi series is summable (N , pr,q r) at the point

x = * I to the sum l, provided that the condition

and the antipole condition

- l l2 s a< l l2,  P > - l /  2

l '  0* r.f0o_r)rz 1f @)l dr <*
l l '

are satisfied, where b is fixed.
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Definitions and Notations: Let /(x) be a function defined on tte interval -l S x 5 I such

thatthe integral.

( 1 . 1 ) f, tr-')"0 +x\P f(x)*

exists in the sense of Lebesgue for q, > -1, P > -l . The Fourier-Jacobi series corresponding to

the function /(x) is given by

@

f (x) -l a, el''P) {x)
,td)

d n = 8 n

o _Qn+ 
a + I  + l \1?+Dl( t  *  a  + f  +r )

on 
2a*F+t l1n+a+l ) f tn+p+l )

and ff'|\ ps) are the Jacobi polynomials defined by the generating function.

z"* P (l - 2xt + t2'1-t t2 
1t - r + 1t - z il + f )t 

t 2ln 
u + r + (l - 2xt + t2 1t 

t 2 y I

( 1.5)

Let us write

F (il = { f (cos il - Al (sin i | 2)2"*t (cos 6 | 212 I *t

I being a fixed constant.

Let{sn}be the sequence ofpartial sums of agiven infinite series!a'Let{p*}and bnlbe

any two sequences of constants with P, nd Q, as their partial sums respectively and let

(1.2)

where

(1.3)

with

(1.6)

(r.7)

J', o -')"0 + xf l"'/t 1i f @)e

2. 1
sur
we

hav

Thr

4t)

(2.2

(2.3

.nd

(:..1

drc!

paol

=i ry'n<or
n=0

wlx

(l-5

t! |

Gg

rfol

1 n

TL.

lO1

tends to infinity as n-+ @

If the sequence-to sequence transformation defined by

n n
s s

lP *iln = 
L Pr-* 4*= L Pr Qn-r
k=0 ,t=0

l 3
f;a =- L pn-t Trsr

lP * q)" r=o

tends to a fxed limit s as nl @,then the sequence {s, } or the series I a, is said to be

summable by double N0rlund method (N,P^,4r) to s, Bonvein [2]'

(3 .  l

: t '



ON DOUBLE NORLUND SUMMABILITY OF FOURIER-JACOBI SERJES

2. Introduction: The study of summability of Fourier-Jacobi series by ordinary Ndrlund
summability method has been made by several workers ([],[5],[9],[6]). In the present paper
we study the summability of Fourier-Jacobi series by double Ndrlund summability method.

Dealing with the N0rlund summability of Fourier-Jacobi series, Prasad and Saxena [0]
have established the follwing :

Theorem A : If

t le l

4(r) = 
lol rW>td0 =o

ry(n)logn =O(O(P)) as /, -+ @

n?a+t\tz = o(P) as n -+ oo

(  , r ( ) t 2 " * ' )

I  as t--r0

[ o(Pn) )

P n  
l * r * *

nQa+l\|2 )

where

F(i l={/(cos/)  -  Al(sinf  l \2"*t  (cos{/2)2p*t,

y,(t) and flt) are non-negative monotonic increasing functions of r such that

(2.2)

(2.3)

and

(2.4)
p(2a+t)t2 6rp

then the Fourier-Jacobi series (1.2) is summable (N, p) at the point x = +1, to sum l,

provided that the condition

- l /2<a <l /2,  p > - l /2.  andthe ant ipole condit ion

f, e * iQ P-t), o 
| "f(r)l dx < *

are satisfied, where 6 is fixed and (N, p) is regular Ndrlund method defined by the real non-

negative and non-increasing sequence {pn} such that pnl * tls /t -) @.

The object of this paper is to generalize the above theorem to a more general class of

double N0rlund summability of Fourier-Jacobi series.

2. We establish our result in the form of the following theorem.

Theorem: Let (N, p^,q) be a double N0rlund method defned by a real non-negative, non-

increasing sequence {p^} and a real non-negative, non decreasing sequenc {qnl.

Let V(l) and )" (t) be non-negative monotonic increasing functions of t such that

i
k=2

Pk (=o 
I

(2.s)

(3 .  1)

(3 2)

y(n)log n = Oll(P")j

7nPn=O[(p * Q)nlognl
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!

n Pk ( @* q)t;' )( - ? . 3 ) t " = o l " " " I
f-':2. kQa+r)rz torr I o, n**tr'' 1

as z+ bo, where c is a parameter with the resfiction that 0 < c S l.

?t  (  t@*2lvf t l \
I f  f i 0 ) = l  l F ( i l l d i = o  |  -  |

"u l. 1(P') )

L /

.

I

(3.4)

as / -> 0, where r= [ l/ t ] then the Fourier-Jacobi series (1..2) is summable (]/, p^,Qn) atthe

pointx = + I to the sum l, provided that the condition

- l / 2 - a < 1 t 2 ,  p > - l l 2

and the antipole condition

(3.5) fo.  { t* t7</,-o- ' t ' '  l f ( r) l&<-
- l

are satisfied, where D is fixed.

4. The following lemmas are needed for the proof of our theorem

Lemma I : ([5] p. 167 & 196) : For d) -1, p > -l

l/

t

L

I

p(a,f)Gss61 =

Lemma 2 : The antipole condition

is equivalent to

which is furttrer

O(no ), when 0 S'Q Sl/n

O(nF) ,  when a . -  l lnsQ<r

I 
(sin/ /21-Qa+t)rzrcos Q /2112fl+r)t2

(nn)" '

*  [ . o ,  {Qn+a+9+D d -ea . , y l  i *  
o ( t )  

]
I  t  2  4 )  n s i n f )

when l/rn 3d 3n -l/n

tl
I

!0, o 
" 

*lrP-a-t)/ 2 
1 f@)l & < o

I1 o* rlrP-"-t)tz I f e)- Al& <o

!' I rDll @os( t 2)-e-P-t dO < a,0 < n < tr .

h

t

I
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Lemma 3. [7]. If {frr} is a non-negative, non-increasing sequence then for lwge n, uniformly

i n 0 < 0 < n , 0 <  a < b 1 n ,

f,, o "o, 
{(n' k + p)iQ - yl (n - k'SQa+r) r z 

| 
= O (rtt"*'l 

t 2 p (t t il)
k=a I

a + p +2 (2a +3)n
p = - : - ,  /  = J ,  A > - l / 2

where

where

Lemma a, [7lz lf {fr} is a non-negative, non-increasing and {Onl is a non-negative, non-

decreasing sequence then

Lemma 5: Let

n-l

L po qn-o @ - k)Qa-t)/ 2 = o ((p,r Q) n nQa+r)t z,

k=0

1a+p+l n-l

Nn(d) = 
' 

Z po qn-o 6n-k p::[t'P)1cos/)

(P*4)n  *=o

2-a-P- t l1n+a+p+Z)
5 n =

Rr+r ) l@+p+r )

2-a-P-l
2  - ,  na+ l

l-(n + t)

Thenfor - l l2sa<l l2,P>-l l2 and {p^},{qn} sat is&ingthecondit ionsofthetheorem,

we have

Nn@) =

O(n2o*2), when 0 <Q sl/n (4.1)

O{n2a+9*t',, when n -l/n3QS n (4.2)

(  -  -Qa+t ) t2  )

olT 
^ GinQ/21-Qa*3)/26os|/21-Q0+D/2 | fa.: l

[  ( p *s )n  )

+ O[nQa-r)/2 6in6 t2y-Qa+5)/2 Tcos4 /2y-Qf+tlrz;1

when l l n<  6<n - l l n

Proof: Using Lemma 1 for 0 s 0<l/2 together with Lemma 4, the required estimate in (a.l)

follows. For the estimate in (4.2), we use Lemma I for n -l / n < Q < tt together with Lemma 4.

For l lnSd3x - l /n,  we have from Lemma l .
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Nn(o)=+ 
'E' 

ooQ.--*1@ - plea*r)rz
\p*q) ,  k=o

x (sin Q I Z)nz"*t) t2 
Tcos Q / 27-Q 0+rt r 2

(  o(r)  )
x  I  c o s  l ( n - k +  p ) f - r l  + -  |

\ .  tn- k)sinQ )

Since for fixed n,{qr_1r} is non-increasing, we can deal with the first term of the right by ftrst

using the second mean value theorem and then applying Lemma 3 to deal with the second term

on the right, we apply the result of Lemma 4 and the required estimate follows.

Lemma 6. The condition

Qn n(2a+t112 = o(p * ilt-'

For 0 S c < I under the hypothesis of the theorem.

Proof: The expression on the left of (3.3) is increasing and hence greater than or equal to a

positive constant. Hence (3.4) implies that for some positive constant ,{.

Co

(5.

th

$ 
to 

=+ 
t*

f -=z {2a+t)t26UO 7--a pQa*t)6rf

(note that k p* S p* > p* 2 k pr, by the condition on {pr})

where a > 2

(1

!

}t

(t-
"Fo

(1

I

Iti
Pt 4n-*

ii- Qr*r pQa+3'tt2 6tO

(P* r)n

4n n(2a+t)tz

,  @ i . i l t ? ' , .  
{ . . . ( p *  i l n>@*q1 t ; c  f o roSc< l }

4 ' n(2a+l) tz

From where the result in Lemma 6 follows.

5. Proof of the theorem: Following Obrechkoff ([8, p. 99. and Rao I I ] the nth partial sum

of the series ( I .2) at the point x = I is given by

s,,(l) = 2a+p+r a, 
ff tti"O t 212"-t lcos1 / 2y2f+t . f@os4) p@*1,!) 6os4) d0

(a



ox pogrr, l|0nirtn@-"dmiffiffi$ :iJF 6ufrER*JAcoB!'sEp.Gs

Cmsequentty, ,r' r.

(5.1) So0)-l -2a+p+r. * l,"rnOl p'<a+\fipog) d0
:1,,J0*

Using (1.7), the (N, k; qn) mea; ot#ls*f*f l 9) is given by

'  
: ' i  1  4

r i  - ; r i  .  ' ,  I  € .
, .:: , i{,0'_ A =;. :_ 

2 ,pOQra {Sr_2(l)_ A\
(P'4)n *a

= [i ,<!, N,(il do

= /, say

(  i l l a  r n  r t - l l n  ? t  \
= l t  + t ' + l  + F  l F ( i l N n @ ) d 0

\  lO  J l l ' t  J4  tn - l ln  )  
-

(52)  t f 'q  -A=Ir+I r+I r+Io

rry, ufrere 4 is a suiUble constant such that 0 64< n.

Nov in order to prove our theorcrq we na*ve tO ffow ttrat

(53)  I  =0( l ) ,  asn+€

Fcwtrich we,ne€d O prove that

(5.O ! .=0 (l), asn -+ o

f a . l =  1 , 2 , 3 , 4 , . . .

lrtus first considcrlr, we have

/, ='o ( lut'" l rtlll i fi ,@) l do)

=o(n2e+2) 
[::' lF(illd,' bv(a.l) of Lemma 5.

= o1r*ur.of"n'n-'"-' I ,,o.o,
, ,1 A(pn\ )

= nf -Lloro.u
\ loen )

/ r  =o( I ) '  asn-+o(55)
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Considering /2,we have
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( q^n@$t2 
) 1n 

,rrlrt 
1r!=r, o,I z = o i  = F l J t , , f f i d a

1 (P * e)n ) 
trrn 

6Qa+3)tz\  | .

6Qa- r ) t21  l '  
lF (Ol  ) r+ 01, , .  ,  hrn @ 

o0

using (4.3) of Lemma 5.

(5.6) 12 = I2.t + Ir.r, saY

Given e > O let 4 be chosen so tha1.

t4(/)t t 
'oYl-r 5o'o 

, o3Q3q
6@pr6y)

Then

KQ,n \o * - , t , o  no  IF (Q) I  4va t
l/z.rr < 

Kqnn(2a+t)t2 
f,-tffi o,

(P * q)n 
r rtn 

6Qa+3\t2

Kqnn(2a+t)r '  f f t rrol l  Pr,,ol)o tq .(  Porot 
' ] l

( P * q ) ,  
l t  o Q  ) r n  \ ,  ' )

(5.7) l /z.r  |  = I2r. t+Iz. t .z Gay)

whre K is an absolute constant, not necessarily same at each occurence. lt K(fldenotes a

constantdependingon % we seethat, forfixed 4

qn n(b+r)tz ( 8, pnv@) )
l r z : l = K ( i l  

" * . o I
( r  )

= K(q) o |  
--  

l+ o( l)

l .  (P*i l "n )

(5.S) l lzt : l  = o( l) ,  as n+@

by using Lemma 6, Q.4),(3. I ) and (3.2).

n

F

U

x

I

tl

(!

q

(!

I
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Furdr€r

K € gn n(2e+r)12
'z.rz -

(P * g)n

,  .  : '

Y e Qn 'Qa+l\t2

(p * q)o

Using (3.1)

Y e Qn n@a+l)12

(P* i l ,

K s 8n i(b+t)tI

,rr 'Q4*'v$,t) | , | ,  "r,e l l
rtta 

l?rra\ | \6tza+ttrz )l
, ; . . , . 1 . " .  '  .

' 
-1a-2

? n n r '

Ii,- . 
a l\,t 'Qe+3)t21

' t q B t

:

t . ' ' i  -

n ..h
1 = T

7-2 PQa+r)t2 5r1

( '  P L  )
L = O l  t  

-  |

l. f;t Ylua+3)t2we* )

M <$ r1,Jl" Y"' *

( r - r  P*  )
= o l f  "  !

\7=t {2"*tvz'ek )

K e
l l z . n l S - = o ( l ) , a s n - ) @

.(p.+.q,):r.

(P * t),

and

Now,

Hence

(s.e)

by using (3.3) from (5.O, (5,8) and (5.9) it follurs ftat

(5.r0) /2 .1 = o( l ) '  as n+@
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l lz.z.zl < K e r?a-t)t2 Ii ,

= r(Za-t\t2{,. fntOl 6-\b+s)t21!, n * K [!,,r{Ol O-tza+t)tz a6][

I lz.zl = Iz.z.t+ I2.z-2, oY

I lz.z:l = K (tl) nQalrY2 * o11'1

llz.z:l = o(l), ali n-+ io

q{2a+2) V6,,,q-Qorr),,

Next, considering ./t.t, we have

lrz.zl < Kned-tvz [!,,trv>16-Qa+s)t2 
46

( 5 . 1 1 )

Hence

(5.r2)
and

(s.  l3)

d0
^(\v61)

: YrnQa-r)t2 !:,,ry *
log.r

l lz.z.zl <K e ; snce a< lD.

Hence from (5.1l), (5.12) and (5.13), it follows ftat

(5.  l4) Iz .z=o( l ) ,  as  n+@

Thus from (5.6), (5.10) and (5.14), we have

(5. l  5) / z=o ( l ) '  a ! ; n+co

Considering /3, we have

t, = s( 
( p * q) n'Qo*r) 

r z 

I ;"-t' 
" I F (O) | gin ( | 2)4b*3t t 2 gns ( t 21-Q f+t) t 2 

\u ol 
d0

'  
i .  ( p * q ) n  ) l n

+ glrQa+r),\ 
[: lF@)l(sn1t2)1b+s)t2 pos(t2y-Qa+3)t2 46

(5.16) It = I;.t + It.r, saY

Since(sin//2;Qa+3)t2 is bounded for 4< Q<narrdsince Ppl,l isboundedand

-p - l l2> -P -a -1,,  we have

1
(

I
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1", = 0 ( 
on"'"*'" '  

l  [^t '" rF(/)r (cos!/2)-d-P-t do
J ' r  

|  
( r * e ) ,  

) J q

= o( n, r""u'' ' 
I * remma 2.

[ (r*e), )

=o I  
t  

I  * t emma6 .
\@. i l r ^  )

/t.t = o(l)' as n -+ @'

r3z  =  o  6Qa- r ) r z r  ( l : '  .  I ; ' ' '  ) ,  
sav

Given e'> 0, we can choose 4'so that

fi t.or Qtzl-a-P-r I F@)ld0 < e' -

The contribution of 13.2 of the range (4',r -lln) is

s ynea-t)t,  
I ;-r lF(O)I@os|t21-Qf+3)t2 46

a ynQa-t)t2 
I;:t' 

^ 
| F(O)l@osQ | 2)-d-0-t G,osQ t 2)-Qa-t)/2 46

3  Ke ' ;

Since, in the range considered,

(cosS/21-Qa- t )=of  ^+ l
\ nQa-r)lz 1

Thus the lim sup of the contribution of this range can be made arbitrarily small by suitable

choice of e,. Thus it is enough to prove that for fixed 4" the contribution in the range (r'1,4') is

zero. For fixed r7',

l'' 
I r @) | (sin Q t 21-Qa+5) 

t 2 pos Q I 21-Q F+3) r 2 4 6
! ,

is a constant, so that the contibution

l27l

(5 .  l7 )

Again

(5. l 8)

(5.1e)
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= Oln?q-t) tzf

(5.20) = o(l), as z, + co for s< ll2

From (5.18), (5.19) and (5.20), it is obtainedthat

(5.21) 13.2 = o(l), as n--+@'

Hence from (5. I 6), (5. I 7) and (5 .21), it is obtained that

(5.22) /r = o(l), as n -) @'

Finally, considering Io,we see that

r o = o (na+f+t1 
I)_r,,1 

F(o)l e,

bY (.2) of Lemma 5.

But ,a+P+t =ol(cos|/2)-"-9-rl

uniformly in n -l l n < Q 3 n; whence by the use of Lemma 2, it follows immediately that

(5.23) & =o(l), as n+co'

Collecting (5.5), (5.15), (5.22) and (5.23) the required result in (5.4) is established, which, in

turn, proves the result in (5.3).

This completes the proof of the theorem.
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The series

(1.2)

n=t

is called the "conjugate series" ofthe Foufier lleries (l .I ),
where ; '

Subject classifi cation 42805,428OS.

l r r
-. on= -.t | ,t(t\dt

. ,  f r n o

The (E,l)(C,l) summability of the conjugate

i

l - : .  l . -
fO = 

: ao +> (a, cosnt + brsin zf) = 
: ^ *L nr(,)

a -
z n=l z n=l

" i {*ttt-&,cosat)= -L ,,u,

, , series oJ a Fourrer serres
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Abstract: In this paper, a nerr theorem on (4 l), (C, /) summability of ttre conjugate series of
a Fourier series has been proved.

Key words and phrases: (E,l) (C,1)summability means, Fourier series, Conjugate series of a
Fourier series, periodic function, nlh parthl sum.

l. Definitions and Notations

Let f (t) be 2z periodic function and ft'rttgrabfe oier (-E rl in the sense of Lebesgue. Then its
'Fourier series" is given by
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a n d  

I  f ' t  ' l

"= , , l : r r , rcosntdt  
i  

,= , ,  2 ,3 , . . .
br=- 

L, f(t)sinnt dt 
)

-  
, . 1  1 :  :  ;  ;  : ; : '  

" .  
u  : ' : t l '  6

Let I anbe the infurite r-ericsirytpseudrndticl zum is given by Sn = 
Z u,,
i=0n=0

We write

-

d

fL

I

h

l n

o,=I I to = CesAromeans(C,l)ofsequence {'sr}'
n+ | k=O

If
o, ->S, as n +@.

where S is a fnite number, then sequence {Sr} or the infinite ,..i., j r, is said to be

n=0

summable by Cesiro means me&od (C, l) to S. It is denoted by

a" +,9(Cl), as n -) o (I{ardY, 1913).

I  i l  , ,

E, = 
; I 

(;) s1 = Euler means (4 l) of sequances {'s, }'

If

,  'E |+S asr r -+@'

then sequence {,S, } or infinite ,.ri., j 14 is said to be sunmable by Euler means method

(8, l) to S. lt is denoted by 
' mo

El +S(4 l) asn+co (Hardy,l9t9,p. 180).

.  : .
The E| tsnsformation of {an}r'denoted by tR'"r , is defined by

'F"'=*E (;)"-

-+a(;l_-,*"
.  

i ,  ,  . .  :

I r

(lJl

(|rq

$t

t l

r
-

d
c,l

r
TI

e{

t

I

fi{

r t
!(

I f  t | ' 'c ' -1,  as n-+@.
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then sequence {^Sr} or infinite series

method to S. It is denoted bv

is said to be summable by (E, I (C, l) means

tE"c'-  s ( .8,  1)(c,  l )  as n-+@.

Thus, if(E, l) transform is superimposed on (C l) transform ofsequence {Sr} , a new

rransformation (E, l) (C, l) is obtained

Here

S,, + S + or(Sr) -+ ̂ S, as n + a since (C l) method is regular.

+ A!@)-+ S, as n + @ since (E, l) method is regular.

+ (E,1) (C, l) method is regular.

We use fotlowing notations

2",
n=0

r  1 . 3 )

r  1 .4 )

(  1 . 5 )

2. Introduction

Quite a good amount of works are known on Summability of a Fourier series and its allied

series. Versaney (1959) has dicussed (H,l)Cr summability on sequence of the Fourier

coefficient. Naturally, we have to consider other product summability method of the form (E,l )
(c. l).

Recently, Dhakal &Lal (2007) have proved a theorem on (41) (C,l) summability of a

Fourier series in the following form.

Theorem A: lf

ry ( t )=  f (x+ t ) -  f (x - t )

f t
v(r)= 

Jo l ry(u) ldu

, . E . . c . . .  I  S t r l  l + c o s ( r + * ) r
Nn""" ' ( t )= 

r*S h\r)  * ,  A *-

o(/ )= l ;  l1(u) tdu="Igql ,  as / - )+o.
I t"e] J

i : . 1 )

provided ((t)isaprositive monotonic decreasing function of I such thu, 1f O increases
loc +

nonotonically as / -+ + o, then the Fourier series (l,l) is summable by (8,1) (C,1) method to
'(-r) at / =.r.

J. Theorem: The purpose ofthis paper is to study the conjugate series ofthe Fourier series
:.r (E,l) (C,1) summability method. Infact, we provefollowing theorem:
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Theorem: trf

(3.1)
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b o

t . l t x :

;_ l" v<tlcottdt,
2tt tv

provided this integnl exist in sense of Lebesgue.

4. Proofofthetheorem !

Following Lal (1997) and using Roemann-Lebesgue estm, zth prtid sum S (r) of
conjugate series (l.2) ofFourier series at ! = r is given by

-  I  ar  cos(n+l l r -cc4
.Sn(x)=- li W<rl 

'-v.. ?r ' -'z'6

Ztt 'u tini

'1 - : .

I  i r  l t

the4 &e coqjugate series ofthefdiriler Sri€s(1t) is silmmableby (4t) (C,l) method at
t=s,  tO

, t  @i* 'b* . i ) t  o ,
t-0 smi

-- '

- I  ?r cos(a+l)r I  ot
Sn(x) = 

- f ;  y(t)---\ zt dt- 
- 

l-  y(t)atfdt
2r t0 " '  

cin! 2x ro

(Cl) transfuin of ,f(.r) i.e. a(r) 
'

(  t  ? r  ,  . \  |  e r

"^r)-l-- !ov0*i*)= z1r*r7, lo

(4 l) transform of &o1x1 i.e., |rEuc,

= 
ff w<,>NI,,qG)dt

( Il, u, t t'c r 1t) dt + Ior v <,1 u f"'' Q0 dt + ! o v <,1 r4"'' t l at)

( 4 . 1 )  =  ( 1 1 + 1 2 + \ ) .
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Sirce conjugate function exist, therefore

l r *
2, ss' VQ) cotldt = o(l) as n +@'

(4.2)  
*1"0*r(*  ! ! rocotL,dt)  

=o, , ,  asn+€
Z.- l f  k ,

I
W e h a v e , f o r 0 < t < -

n

I  $ / , \  t  $cos ( '+ * ) r - cos f
2n*tr fu=n\kl tl ?-n sin f

= _  
I  

$ f r \  
t  

$ s i n ( r + l ) f s i n f
2no ff ,o\kl  t+tH sinf

=- ' $rrtr f2,^^,2no f t * \k l  *+t ' r=o m=r

=  , r r r t r i i ,
- 

2'tt fi\kl k*l 'r=s 
6=0

= r i r r t  ' i "
z'o ftr\kl r+r 1=o

=#n}r
n

4n

= o(n)(4.3)

Using (1.5), (3.1), (4.2) and (a3) we have

l4  |  =  
f  lv@l l f iE,cr ( t ) ld t

=f'<,tl*l_(iln, f .  
cos('+*)r 

l ,
- ' a I

r=0 sln i I
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= [ltrt'tr
I  * / r \  t  $ c o s ( r + 1 ) r - c o s i l ,

n{ i \ k t  k+ th  a  t *
, *  I  '  r - r  I  &

* ! ! tvrt>rn; ( ; )_- l ;  cot!dt

= f l t r ( , l t o ( n \ d t *  
t  $ / ' \  |  ( t  $ , , ' ,  \

ro , ,o| f t ) -*r l ;  lov{ t )cot iat  )

r l )= o ( n ) Y l - l + o ( l )
\ n )

= o(n)  o(  
g@ 

)*  o0)
\n log r l

( t tnl\=  o l  -  l +  o ( l )
\ l o g n l

(4.4)1.1. = 0 (1), by the hyperthesis ofthe Theorem

I
Also,  for  -<t<6

n

I  $ / , \  r  $cos ( r+ i ) r
2'*t o f-*\kl t +t ft sin f

=  
I  

* / r \  
s i n ( r + l ) r

2n+2 o f--4\kl (/r + l)sin2 f

= o  $ l ' r l  t

2n+212 { -^ \ f  l  6+ l

, t  | .z ' * t - t )
= - l - l

2n+212 [  n+r  J

.  
I  

$ / r \  l s i n ( r + l ) r l- 
2n+2 o f:6\kl (t + l) | sin2 ; I

=  I  $ / , t  I
z'*2 n f-=o \kl (t + l) | sin2 ; I
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= ry -[t--J-']
2(n +t) t2 \ z*r )

=# '

(45) =or+l
\nt- /

Using (3.1) and (4.5), we have

1 5 '  . .  1 : - F t ' . . 1 -
I rzl= l+ llz(r) t I 

P"v"r (t) 
ldt

=, |,1l f t4*
\ n /  

' f t  
t -

(;) [(y); -,ffry.)
|  ( t  , . .  r d \  /  ' . ,  r l

=o f ll l,lI llil- | 1.,[ ( 
tf til, dtll

\ ' , /  L  [ [ r r "e ] )1 ,J  l . ' *  r ' rog]  )  )

so f l) f,f gLl *o( '€(n)).,f lJ,Ll
\ r /  |  [ a b g ] , /  [  t o g ,  /  (  n t o g n )

by Second Mean value theroem for integral calculas.

= "( 
t(*) .l ."f r(,) I *,[ -rJ,) ]

I n a u g ] J  \ t o g n , /  t  6 2 n z t o g n )

=  o ( l ) + o ( 1 ) + o ( l )  a s n - + @ .

= o (l), as r? -+ oo.

kstly, By the Riemann-Lebesgue theorem and the regularity conditions of (E,1), (C,l)

srmmabiliry, we have

t4 | = lrtvultllvfr,P,lolat

ffi.)

(4.6)
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=h[orr,t_q,{;)ffi-
=  o ( l )  a s  1 1  - + @ .

Lt
t l l

(4.7)

Collecting (4.1), (4.4), (4.6) and (4.7), we have

(4.8)

This completes the proof of the theorem

Remark It is remarkable that our theorem is analogous to theorem Dhakal & Lal (2007) for a
Fourier series.
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paper.
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(2)

and investigate what happens if n increases to infinity. From (l) and (2) we obtain:

(3) fny)= [!, t<,1 K_n ( - y) dt,

witr the Dirichlet kernel [-3]:

(4)
D  2 n  - ' - l t - Y \t 'nI  

z /

Then we hope that with r increasfutg to infihity, f.n(y) approaches/(y) with an error which

can be made arbirarily small. This reqpires a very stong focusing power of Kr(t - y),that is,

we would like to have the strict property:

: "  l im-( , ( r -  y lu6Q:y l ,
n+a D

(t

Associated polynomials'to Dirichlet and
Fei6r.lrernels

M. GALAZ-LARIOS, R. GARCIA_OLIVO, J., LoPEZ-BONILLA,

SEfl -EStlv[E -Zacatenco

Instituto Politecnico Nacional
Edif.Z4,3er, Piso, Col. LindaviitaCP 07738,MCxico DF

E-mail jlopezb@ipn.mx

Abstract: We show that tre Fejdr kernel generates th6 fifth-kind Chebyshev polynomials.

Key words: Kemels in Fourier series; Chebyshev polyromials

lntroduction

In the original approach to Fourier series, it is eocweniBnt to csnsider the following partial
sums for the interval [-n,n ]:

( t ) fn9) = 
lan 

+ arcos/ + ..., * oncos (ny) +

+D,sin (y)+ . .  . .  +bnsin(ny),

assuming for a,brthe values:

% = + [!, f<r>oot (mt) dt, b, = + I:,/(r) sin (rt) dt,
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however, (4) simulates a Dirac delta only until certain approximation' then the convergence:

lim f"(Y)= f(Y)
u-+@

has to be restricted to a definite class of functions /(y) which are conveniently smooth to

counteract the insufficient focusing power ofKn(l - y); the corresponding restrictions on f O)

are the known Dirichlet conditions [1-3] for infinite convergent Fourier series'

From (4) we see that Kr(o)is an even function, then here we consider it for d e [ 0,n ]:

D

(6)

- a p . u r 9

Cfcblrfct

. : ' g , :  c t r t

1rr  r l fQ 1

, 
'*-€arj{

lir '-15 ii 5l

l:c-. r

.a r_ l

::-c=g dr

:

: l u . t . 3  t a e
'llr r: .'---i \C

r1.r;: f:5 !a':

# ; - _  ,  -

\ : ' r  - :  : - t

3

:}lr 5

tar r :t -.!

(7)

thus
I

(s)  Ko@)==,
D ./.

1 sin (z+ j )d

f"rtr=Gqf,

K1(0) = 
| 

{t * z 
"o" 

e'), K2@)'= 
* 

r-, + 2 cos 0 + 4 cos2 0),

h(e) =l t-t - 4cos0+4cos2 d +8cos3 9), etc'

D z E

then it is natural to introduce the polynomials:

(9) Wn(x)=l\(cos0)=2rKn(0), re[-l ' l]

which were named "fourth-kind chebyshev polynomials" by Gautschi [4,5]' Therefore,

see Fig. l:

Wg(x '1=1,  Wt@)=2x* l '  W2Q)=4x2 +2x  - l '

(10) 
a

h(x )=gx-  +4x2 -4x-1 ,  l taQ)= l6 .xa  +8 . r3  -12x2 -4x+1,  e tc .

W(x\

Fig. I -Some fourth-kind Chebyshev polynomials

l i  
"or 

lt er {t o o? o{ 06 o.t

x:j r': '-L:-l



ASSOCIATED POLYNOMIALS TO DIRICHLET AND FEJER KERNELS

In the next Section we exhibit,a set of associated polynomials to Fejdr kernel [-3]

Chebyshev- Fej6r polynomials

Fejer [5] invented a new method. of summing the Fourier series by which he greatly extended
dre validity of the series. Using the arithmetic means of the partial sums (l), instead of the

/,(_r,)themselves, he could sum series which were divergent. The only condition the function

srill has to satisff is the natural restriction thai fO) shall be absolutely integrable.

Then, in the Fejdr approach we constuct the sequence:

(l l) st(y) = fo'), sz';={111otr)+ fr'\ l,cacy)=+tc6 0)+ f{y't+ fz0)1,...,

s"0) = ![Uo9) + rtO) + ... + fn-1(t)7,

accepting the expressions (l) and (2), therefore,

(r2) sn(y)= t",fox,Q-y)dt,

thus we see that FejCr results come about by the fact that his mettrod is related with the

following kernel [-3]:

[4r1

(  l3 )

which possesses a stong focusing power, that is, it satisfies (5), then a /(y) absolutely

integrable in [-n, n] guarantees the convergence of gr(.y) towards /(y).

Now we consider the Fej6rkernel:

.  I  sin2[f;(r-y)]
tt n1t 

- 
.l/ )

F  Z n n  . I - f' s ' ' ' z

,  , i " t ( r { )

Kn(o)=-* r ; f '  oe fo ,n f
'  s ln- -

l l
Ko(O)= 0, K1(0) = -, K2@) = 

;(l 
+cosd),

F F 2 n

(  l4)

that is

(  l5 )
I

K.(e) =:11 + 4 cosd + 4 cos2 0), etc.
F- 67t

then it is natural the intoduction of the functions:

fr,g1 = frngoso) = 
# 

K*t(o), x e [ -1,1 ](  l 6 )

rhat we name "fifth-kind Chebyshev polynomials", which are not explicitly in the literature.
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Therefore:

'ff.'8,4t{z:q{fuu6,s: *,'t}'itrctii-or-rvo, J. AND L6PEZ-BoNILLA

(t7)

l - : : : - : . . : : , i . ' ,  i . :  i  : l i : ' ,

Thur Z,(/) = l, see thefollowing Figne:

F,t*l

Fig 2' Sorne fifth'kind Chebyshev polpomials

which are solutions of the non-homogeneous differential equation:

(18) (l - x)[(l - 12 ) wi - Qx + z\ tt] + @ +t\2 fin1+ xtrn = r.

In other pdper we will study topics as recurence, Ro&igues formula, interpolation properties,

ortfrogoriufity, generating fun tiolt, etc., for fifrt-kind Chebyshw polynomials introduced in

this work.

r: 
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Transient analvsis of MIMIR machine

repair model with mixed spares

MADHU JAIN AND REKHA KUMARI

Deparunent of Mathematics,
Institute of Basic Science

Khandari, Agra-282002

Abstract: In this paper markov model is considered for the analysis of machine repair problem

consisting of M operating machines under the care of two types of repairmen and mixed spares.

There is provision of I'cold standbys and S warm standbys to replace the failed units. When all

spares are being used, the failure of units occur in degraded mode. To cope up with the increased

load of failed units, there is facility of additional repairmen. The purpose of our study is to establish

various performance me.$ures in terms of transient probabilities. The expressions for system

rcliability, availabitity and mean time to system failure are facilitated in terms of transient
probabilities. Computation scheme based on matrix technique is facilitated to obtain the numerical

results, rvhich are displayed graphically and in tabular form.

Key Words: Transient analysis, Machine repair, Mixed spares, Queue size, Additional

repairmen, Matrix technique.

l. Introduction

In many fast growing industries, the operation of the machining system may be inte-

rrupted due to failure of machines involved in the system. The service facility therefore is to

be so adjusted such that the failed machines are sent for repair instantly and the operation of

rhe system is continued by using proper combination of spare part support, without much

delay. The failed machines wait for repair until the repair of other failed machines is

completed. In case of several repairmen, if the machines fail, repairmen repair these failed

machines and the excess number of failed machines beyond the number of repairmen wait

until at least one repairman is available. This affects the production and results into production

loss.
In the present investigation we develop a model for the machine repair problem with

mixed spares in which cold spares are frst used to replace the failed units and when all cold

spares are exhausted, the warm spares are used. Since the repair offailed units plays a central

role in any machining system, the provision of repair facility consisting of permanent and

dditional removable repairmen has been made'

The provision of additional repairmen may be helpful to ensure the desirable reliability

with a limited number of spares at reasonable cost of failed unis in case of heavy work load.
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Sivazlian and Wang (1989) gave economic analysis of the M/M/R machine repair problem

with warm standby. Analysis of an IWM/R queue with servers vacations was developed by

Kau and Naryana (1991). Wang (1994) provided profit analysis of machine repair problem

with a single service station subject to breakdown. Jain and Premlata (1994) considered

MIMIR machine repair problem with reneging and spares. Hsieh and Wang (1995) discussed

reliability of a repairable system with spares and a removable repairman. Wang and Wu

(1995) discussed cost analysis of the M/M/R machine repair problem with spares and two

modes of failure. M/M/R machine repair problem with spares and additional servers wzrs

analyzed by Jain (1998). The cost analysis of the M/M/R machine repair problem with

balking, reneging and server breakdown was done by Ke and Wang (1999). Wang et al.

(2002) examined profit analysis of M/1r4/R machine problem with balking, reneging and

standby switching failures. Jain et al. (2003) discussed MIMIR machine interference model

with balking, reneging, spares and two modes of failure.

A repairable system with spares, state dependent rates and additional repairman was

explored by Jain and Baghel (2003).The analysis of R out of /y' systems with several

repairmen, exponentia! life times and phase type repair times using an algorithmic approach

was given by Banon et al. (2005), Rafael and Delia (2006) considered a multiple warm

standby system with operation and repair times following phase rype distributions. Wang et al.

(2007) have done profit analysis of the M/M/R machine repair problem with balking, reneging

and standby switching failure.

In this paper, we have performed transient analysis of M,M/R machine repair model with

mixed spares. The organization of the rest of the paper is as follows. In section 2, we develop

model for M/M/R machine repair problem with spare pan support and maintained by a pool of

repairmen. The transient analysis using matrix method is given in section 3. Some

performance indices are calculated in section 4. A sensitivity analysis is facilitated in section 5

to validate the analytical results. We conclude our investigations in final section 6 by

highlighting the scope of the work done.

2. Model Descriptions

Consider a machine repair model consisting of K = M (operating)+f (cold standby)+S (w36n

standby) units under the care of R permanent and r additional repairmen. The operating and

warm standby units fail in Poisson fashion with failure rate Aand a(0 < a S 2), respectively.

Here the failure of units refers to anival of machines to get repair from the service facility on a

FCFS basis. The model is developed by making the following assumptions:

* When a spare moves into an operating state its failure characteristics will be that of

operating unit.

* The operating machine as well as spare units fail independently.

* The life time and repair time of operating and warm units are assumed to be exponentially

distributed.

* For normal operation of system, M operatng units are required but system may work in

short mode also with at least nr units (m < M.

* Whenever an operating units or a warrn spare unit fails it is immediately sent to service

faciliry where it is repaired according to the first come first served (FCFS) discipline.

.:. The switchover times from standby state to operating state or from repair to standby state

are instantaneous.

* Each repairman can repair only one failed unit a time.

. -.fr

- r"i

- t -
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; r
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+ Ifan operating unit fails, the failed unit at one goes for repair and a spare (frst cold, then

warm) if available, is put into operation.

* Once an unit is repaired, it is as good as new one. The repair unit goes to standby or

operating state depending upon whether some standbys are left or all are exhausted.

The following notations are used to formuiate the mathematical model.

I Failure ra:e of operating units.

S Number of warm spare units in the systern

Y Number of cold spare units in the system.

a Failure rate of warm sandbY unis'

4 Degraded failure rate of operating unit when all spares afe being used.

R Number of permanent repairmen in the system.

r Number of additional removable repairmen in the system.

T Threshold increment value of the queue length, to turn on additional

repairmen, one by one.

tr Repair rate of permanent repairmen'

tti Repair rate of ./rtt additional repairman, i = l, 2,' . ., /'

Pn(r) Probability that there are n failed units in the system at time t'

3. The Transient AnalYsis

3.1. The State Transition Rates

The state dependent failure and repair rates ofthe unie are given by

4 =

M),+ Sa,

M) .+(Y +S-n)a ,

( M + Y + S - n ) ) . a ,

0,

0 3 n < Y

Y  S n < Y  + S

f + S S n < K = M + Y + S + 1 .

Othenrise

The mean repair rate is given bY

F n =

l < n < R

R c n < T

jT  <nS( i  + l )7 ,  i  =1 ,2" ' . , r  - l

rT<  nS K

nF,

Rp

J

np+lui,
i=l

np+ltt i ,
i=l
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3.2. Governing Equations

The differential-difference equations governing the model are given by

Case-I : For .R 5 Y.

t46l

( 1 )

(2)

(3)

(4)

(s)

r'01t1= -lU l+ sa I Po(4 + pPt(t),

r)g1 = -lu I + sa + npl PnQ) +fu t" + safr,-r(t1+ [(n + t;p ] r,*t 1r1, | 3 n < R

( t 3 )

(  t4)

(  l5)

et )

( t5)

Crsc-

(17)

( tb )

( te)

r)1ty = -lu l+ sa + npjr,gl +lu )' + saf Pn-1Q) + RP P,+t(t),

r)g1 = - I u l+ (/ + S - n)a + Rpl r,,61 +lu l, +(l/ + s - r + | a\rn-t?I +

R < n < Y

Y < n < Y +  S

Y + S < < n < T

+ Rp PnaQ),

PnQ)=-l{u +f + S -n)L'a + nplr,Ql+(M +Y +s -r +ru'd Pn-tQ)+

(6)

(7)

r^g1 = -lr, .Y + s + nl 4 +^o .r i* 
] 

PnQ) + (M + Y+ s - r + tfi' Pn-1 +

f * r . t - ]  
Pn*t( t ) ,  i r<n<( i+r)?r '  r=t '2

y'ng1 = -lr, .lr + s - m +1 - n) ).a + Rp +ir,),,u, *

+ ( M +tr + s - m + | - n + t) )'P,-1Ql * | ̂ , . i o,'l P,+t(t)' r T < n < K
L , = l J

f  r l
(s) Pn(t)=-lnp +lat lP*(t)* 

Ad PK-tQ)
l i = t J

Case-I I :  For ycR< y+.S.

(e)

(10)

( l  l )

(12) P',1t1= -lu l+ (I + S * n)a + Rp]r,tr) * [ M )'+ (Y + S - n + l)a lP,aQ)

+Rp Pr,6Q),

r'01t1= -lU t+ sa ] ro(r) + p4Q),

r',1t1 = -I U l+ sa + n p I r,g7 +l u )" + s a I P,-1111 + [ (r + l)r ] Pn*tn'

r,Q) = -lu t+ (r/ + s - n)a + ,^*r::r:iilrr.*,ri,+t)a)Pn-1Q)

+ Rp PulQ),

1 < n 3 Y

Y < n < R

R c n < l / + S
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p nQ) =- 
[(u + r + s - n) ta + npf rngl +[(u + r + s - n + t) A]p,-r (r)

+ Rp Pr*1(t),

t471

(13)

(14)

. f ' l
( ls) y',1t1=-l(M +Y - S + n))"a + Rp +l4i lr,g!+ftu + I/ +.S- n + t))"lr^-r1t1+

l i = l J

F + , S < N <  f

(16)

I i I
,;t! = -l(, + IZ +,s - 4 to* n r, *f,n 

l\,@ 
+l(M + I +,s - n + \ )"1 r,-, g1

- [ *  - h r , f p , n ( ) ,  i r <ns (7+ r ) r ,  r = r , 2 . . . r - l

l '  
' l

*Lor- I r , j  Pn+t( t ) ,  rT<n< M+Y+s-m+l

f r ' l
pitrl = - 

| np +lai lr*1t1+ ).4 p*-r(t)
L r = l l

Case-III: For Y+,S < T

(r7)

(18)

( le)

(20)

P,6 (r) = -lU l+ Sa lrolr) + tt P{t), I

rlgl = -lu t + sa + npf r,gy+lu t" + sa lr,_, 1r; +l@ +Da lpn*lr),
|  < n S y

rlgl=-Iu t+ (r + S -n)a + nplr,14+lul+1y + s -n+r)alpn-r1)

+ l {n+t )a lPr* r ( t ) ,  Y<nsY + s

p n Q) = -I(M + r +.S - n) )"a + n pl r,gy + l{M + y + s - n + r) }"41 p,-r(t) +

l@+1)a]P,*r(r), 1 + ^ S < n < R

(22)

pn1)=-I<u *r+s- n)).a + np)r,g+l{u +r +s-n+r)). ]p,-r(r)
- )

r', g1 = -l <u * r + s, i nl Aa r,f,ii +L pt I r,py * 1tu + r + s - n + r\ tlrn-rg)
. L i = l J

f i l

*L^ r .Eo , )pn+ t ( t ) ,  i r  <ns ( i+ l ) r ,  J=  t , 2 . . . r - l

(21 )

t s Y

r<R

t + ,S
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Usi

f ' l
(23) Pn1t1 =-l tt * Y + s - nfi"a+ Rtt *El',1 r'Al*[t M +Y + s - n+\lolP^-t(t1+

L ' =

l r l
* 
L^o 

.Er,lPn*t(t),

f r I -
(24) r*{t1 = -lna +La,l t*,n* 74 P*-t(t)

3.3. Matrix Method

AftertakingLaplacetansformationofabovesetofequationsineachcase,wefindmanix
.q*l* i""tt"i,s of Laplace transform of probabilities as

z(s) F(s) = P(o)

where

r T  < n <  M  + Y + S - m + l whr

the

vec

Ir i:

l f r

A (

Put

Th

obt

crc
- ( s + 4 )  4

A  - ( s + 4 + A \  1 l

p z  - 6 + 4 + p )  4

,^  -U +XP+Pi l  ln

A(s) =

,,, 
-(s + lir + PY) lir

f'- 1, * Lr + F,il 4r

p 6 - $ + t t r )

:  . , 1 7

Ft" l=[ro(r) , . . . ,Fv(s)," ' ,Fv*,(s) ' " ' 'F*{ ' ) ' " ' 'F;r(s) '  ""Prr ' (s) ' " ' ' r r ( t ) ]

or ,4(s) P(s) = 7' where / = [l'0'0' " " 
0]r

Here A(s) is the coeffrcient matrix of order (K +1) x (K +l )'

Qs)

t :
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Using Cramer's rule P(s) can be determined as follows:

; '  '  l ; * t r t l lPr(s)=f f i  ,  n= 0,  1,2, . . . ,  K

where ll(s)l is the determinant of coefficient matrix l(s) and ;lr*r(s)l (n: 0, 1, . . . , K) is

the determinant of the matrix obtained by replacing (n+ l)ff column of matrix l(s) with initial

vector /  -  
[ ,0,0,. . . ,0]r .

It is noted s = 0 is a roof of I l(s)l= g

f f we take s = (-Q),then we get

A(- il= A- 01, where.f is the identity matrix and I = l(0) is (K+l) x (/( +l) matrix.

Puning the value of A(- Q)in equation (25), we get

A(-i lF1';= (A- aDFG)= P(o)

The dist inct eigen values 0r(0n+0 where n=0,1,2,.  .  . ,  K) of the matr ix A= 01, can be

obtained by equating its determinant equals to zero. Now we assume that the other K real

eigen values including 0, are denoted by (h,02, . . . ,0 il then I l(s) | can be written as

and

(26)

K

l l (s) l=5 ) i ( .s+/ i )
j=l

I z,*' (") I
P , ( s ) = - j

s  l t s+{ )
j=l

=o, , ,  * i  4 ,  n=  o ,  r ,2 ,  .  .  .  ,  K
s  f i s+Qi

An*t(0)
Qo.n = -

l x  I
I  l la i  I
Lr=t  I

where

lA,*tFQ)l
o j ,n=

r - - l
t K  I

(-i i) l i l  @t-Q1) |
I 'r=t I
I  i + i  I

where ao,rand a1,n U:1,2,. . . ,  K) are al l  real  numbers.

I  j = 1 , 2 , . . ' , K
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TheinverseLaplacetransformofequation(26)isgivenby.

K

. Pn(t) = oo,r*fiq,n e4tt, n =0' l' 2' " " 
n

j=l

4. Some Performance Indices

In this section, we provide some measuresof performan"t T-::T:"?:robabilities'

whichcanbeoetermin"a-usingmarixmethoddiscussedinprevioussectlon.

F Expected number of spare units in the system at time t'

Y r+s

E{S0)} = sI Pn(t) + 
;,,t 

+ s - n) P',(t)

. n=l rr=Y+l

F Expected number of operating units in the systern at time

K  .  " ' '  ' '  : '

Elo(t)\=M - 
t (n -r+s)Pn(t) '

n=l/+S+l

ii fha Nctem eT TlmE l-

P Expected number of idle repairmen servers in the system at time t' 
" 

''

R-l

EtI(t\I=l {n-n)r'(t)
n4

P Expected number of busy permanent servem in the system at time t'

E{B(t)} = R-EU(r)}

)' Machine availability i'e' rate of production per machine at time / is

E{o(t\l
A(t) = I --

M + Y + S

) Expected number of busy additional repairmen in the system at time l'

7-1 fi+l)I K-

EtBRo)) =E "A,.rt Pno) +,,4 
*rr"r,,

F Expected number of failed units in the system at time t

K

E{N(t)} =lnr^Q)
tel

.3 1

an
-

n
I
-

at,
r t
j ,

iF
J t
-

a
n
I

; l

e,(

b l
-
J
q
J

H
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5. Sensitivity Analysis

In this section, we obtain numerical results by taking an illustration for default parameters

M =10, )' =5,'S - 3, T - 8, R : 2, r = 2, )=1, h= 1.8, p = 7, n = l, pz = 1. For computation

purpose, we develop program in MATLAB software. The numerical results are summarized in
tables l-2. The graphical representation of numerical results has also been done in figures
l-4. In table l, we present numerical results for the expected number of spare units E(,S) and
expected number of permanent idle repairmen E(I) by varying the failure rates of operating
units ().) and warm standby (cr). We note that for a particular value of r, both E(^9) and E(I)
decrease as 1. increases. Table 2 summarizes results for E(O) and E(B). We notice that for
fixed value of t E(O) decreases but E(B) increases by increasing failure spare (a) and arrival

rate (1"). As expected E(.t, A(4 decrease but E(B) increases as time grows.

Figure l-4 display the expected average number of failed unit E(nf vs time t. In figure 1,

we illustrate the effect of failure rate 2v of the operating units on the average queue lenglh
E(M). We see from graph that the queue length increases initially sharply then after becomes

almost constant when t increases for different value of ,t As expected, E(i[) increases as

failure rate .1 increases.Figure 2 depicts the effect of degaded failure ratehon E(.N); the

queue length first increases sharply then gradually becomes constant, on increasing time t. We
also notice that EOD) increases on increasing ,la.

The effect of repair rate p of permanent repairmen on tle average number of failed units
E(M) is displayed in figure 3. We observed that the average number of failed units decreases

as p increases. The increasing trend of E(M) with respect to time I is also seen. It is clear from

fig. 4 that E(ff) increases on increasing the failure rate of warm standbys cr,.
Finally, we conclude that the expected number of spares, idle permanent repairmen and

operating units decrease while that ofbusy servers increase on increasing either the failure rate
of operating units o the failure rate of warm standby unis. The expected number of spares,
idle permanent repairmen, operating units, and busy servers decrease on increasing time t for

different values of f, and a. The average number of failed units increases with the increase in

failure rate of operating units, degraded failure rate, failure rate of warm standby units and
time while it decrease on increasing the service rate and with the increase in time r. This is as
per our expectation.

6. Conclusion

In this paper, we have studied the transient analysis of MIMIR machine repair problem with

mixed standby. To avoid heavy workland of failed machines, the repair crew consists of

additional removable repairmen and permanent repairmen. The threshold policy developed

may be advantageous for large complex systems wherein only spare part support is not
sufficient to achieve desired efficiency and reliability/availability. The cost analysis may be

helpful in determining the optimal combination of cold/warm standbys and the number of
additional repairmen. The provision of mixed standbys in a machining system has additional

advantages from the economic point of view.
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t E(^v) EU)
^ : . 5  ) = 1  ) = 1 . 5 ) : . 5  ^ = 1  . \ = 1 . 5

0
1

2

3
4
q

0.00 0.00 0.00

2.84  1 .95  1 .16

2.81 1.76 0.86

2.80 1.71 0.78
2.80 1.69 0.76

2.80 1.68 0.76

0.00 0.00 0.00
1.02 0.51 0.20
1.00 0.44 0j2
1 .00  0 .42  0 .10
1.00 0.40 0.09
1.00 0.40 0.09

t a = . 5  a = 1  a = 1 . 5 q = . 5  q : 1  q . = 1 . 5

0

1

z

3
4
4

0.00 0.00 0.00

2.21  1 .95  1 .70

2.07 1.76 1.48

2.O3 1 .71  1 .41
2.O2 1.69 1.39

2.01  1 .68  1 .38

0.00 0.00 0.00

0.65 0.51 0.40
0.59 0.44 0.32

0.57 0.42 0.29
0.56 0.40 0.28

0.55 0.40 0.28
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Table 1: Expected number of spares and expected number of idle permanent repairman in the
system for different values of l" and a.

Table 2: Expected numbers ofoperating units and expected number ofbusy servers in the
system for different values l. and q.
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0
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2

3

4

50

10.00 10.00 10.00

9.98 9.59 8.25

9.96 9.15 6.98

9.95 8.99 6.63

9.95 8.94 6.54
9.95 8.92 6.52

2.O0 2.00 2.00
0.98  1 .49  1 .80
1 . 0 0  1 . 5 5  1 . 8 7
1.00  1 .57  1 .89
1.00  1 .58  1 .89
1.00  1 .58  1 .89

a = . 5  a =  1  c r = . 1 . 5 c = . 5  a =  1  q : 1 . 5

0

1

2

3
4

5

10.00 10.00 10.00

9.78 9.59 9.35

9.50 9.15 8.72
9.40 8.99 8.s0

9.38 8.94 8.43
9.35 8.92 8.40

2.00 2.00 2.00
1.35  1 .49  1 .60
1.41  1 .55  1 .67

1.42 1.57 1 .69
1.43 1.58 ' t .70

1 .43  1 .58  1 .70
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Abstract: We define sequence space ({ (p))r. We also establish Kdthe-Toeplitz Duals of (/ (p)), .

1. Introduction.

The following definitions and notations will be useful in our discussion: { n 
= the space of

sequences x = (x* ) with absolutely p-summable series (l < p < oo). lf p = (p *) is a bounded

sequence of stictly positive real numbers, then

r - - I
t (p)= j  . r=(xo) ' f .  l r "  lo* . -  |

I  k - ' ^ '  )

Lett = (rr ) be any fixed sequence of non-zero complex numbers satisfoing

t /
lim inf (tx)'* = f (0 < f < o) and let

k
. s -

where /, (x) = ) x;. then we define
L/

f s l
\ i l = 1  x = ( x r ) :  ) .  l 4 ( x ) l P *  . o o  I

L k_:,i J

( t@) ) ,=  { '  
=  ( x * )  :  ( t 1x^  ) .  M l
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2. Topological properties of (4il)r.

Theorem 2.1. (((il)t is a complete paranormed space.

Proof : As (0) e (Td)r, tt@nr* 0, it is easy to verify thd it is a linear space. And also it is

clear that the firnction defined by d (r) = g(fx) where g is the paranorm 
'n 

t(p) satis$ing

that l (0)=0, d(x)=d(-x) nd g!(x+y)<d(x)+d(y).  Clearly,4+ L nC and

d (x" - x) + 0 as r? +co imply thatgl (\xn - ),x)-+ 0 as(z -ro) where

"" 
=(rf)=(x!,x! ,x! , . . . ,xf t , . . . )andx=(xt) ,henceg*isaparanormin (A-p)r.To show

tnat 1@j;, is complete, let(rn) be a Cauchy sequence in (@j;, where

P = (x l ,x ! ,4 , . . . ,4 , . . . ) .  t@l ,

Then (rxn) = ((r*r[),0*ri).. ) is a cauchy sequence in lfr.es z(p) is comptete,

so it converges to (21) (say). Let z I 
- t1r\ so that xp = fil zt. Then (txn ) converges to

(4.rr)  el(p).Hence,g(t j . r f  -4xr) =g(t(x" -"))+0(n +o) impl iesthat

g* (xn - x) + 0 as n -+ o. Therefore.xn is convergenl ana 1@-y, is a complete

paranormed space.

Corollary 2.1. V o is a Banach space for(13 p < o), normed by

Here the norm in (<nl), is defmed by s ll x ll, = l1 (rrrr) ll . So # rs also a Banach space.

Corollary 2.2.72 is a Hilbert spacewith inner product (x,-y) = 
i t-trl t;,frl
k=l

Here the inner product in (Vr1, is defined by(x,.y), = ((trxr),(tryp)) Hence it is a Hilbert

space,

Theorem 2.2. If z be a closed subset of 6, thrnz, is a closedsubset of, (l(p))r,

Proof. Since z c G(;)), E c 66) t (obvious). Now let .r e ({ ) where z, stands for the

closure of z,,then there exists a sequence(.rn)czt such that (.xn)converges tox. This

impl ies that g*(xa -x)= g*{( trr f  )-(rrxr)}-+0(n+o) in z, .Thus,

s* {(rrx[) 
- (rr +)] + o (r +a) in z-

i l ' l= [ i ,o* , , ,  
) ]

Hence

x e(Z)

(Z)=

3. K6fl

Definiti

( i)

(iD

(iiD

Then X

has estat

Theoren

(i)

(ii)

Proof: (i

We show

-  l t
- . . - \ \

Since ( t1
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Hence (/r4) is the limit of a sequence ofpoints in z and (rpxs.) e (i) which yields

x e(Z)1. Conversely, if x e(i), thenx e (zr), since z,is closed, ttrat is i = z. Therefore

(Z ) = (Z) t = zt,hence z, is closed in tr@))r.

3. Kdthe-Toeplitz Duals ot 1t1p1'1r.

Definition: Let X be a sequence space. We deJine:

f ' l

( i )  x"  =l  a=(ar) ' l  lorrr  lcofor at txeX Ir T )
f l

(iD XP =l a=(ar),l lo**rlconvergesforallxeX I
)L K

(  l n  |  
' l

( i iD  X ,  = l  a= (a* ) ' rup  l l  o * * * l . o fo ra t l  * . x l
I  tF i  I  J

Then Xo ,XP ,Xv are called the a' ,p' and 7-dual spaces ofXrespectively. In [3] the author

has establishe dthe F dual of @ .n"r"we establish the a- , B- and 7- duals of g1p11r.

Theorem 3.1, Let ),= a,p ,y. Then

(iD

!brrt

I

41.. .-ttJck

ty

( o r \
l - l e
\ t r  )

((,,",), )' = 
{, 

=,"rr'(t). /ro) 
} 
= ({,,r)'),

((*),)* = 
{' 

= @p) : (t px ). ((rro))" 
), }

I
k=l

Since ( tyxy) e \pl itfollows that

S r ,
= 

)_ lapxylca
k=l

- \ a

/ (p ) l  imp l ies tha taeD.
" ' 1
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The
Vol.

f n* l'*

(('to,)

f7 , -

L[(<ot

,1"" =[1t-t,[]"

r),] =(-r),

t l l

tzl

t3l

Abd

rtff

fus
a t l

2m

Y.c'
ind

t. It

Scs
6co
p.ir
d(s

.  but l
c(xrl

self

lim,

coin
poir
The

t4l

t5l

t6l

com

suit
coil

tt-.. \4 /-\ 'gl 
. (4;;1"I r .n. . ,  ( (z r)) ,1-  *D. 'Cor i 'o 'e*ely, f fa e Dand xel t {p))r ,* .n,  

I ro,  
\ ,

( o o

and ( r1x6 ). W) so that, I l++ I = 
I

ktl tt*l

since,x.(r,or),, i t follows rhat q e(t,rrf . HenceD. ((r(r)),)"

t*,, ((rrrr),)" =((,tr)f 
),,

Simifar results hold for ).= p or 1 as well.

(ii) Let l. = cr and rct (fi1)'" exist. Then

For 2= 0'or y,the pnrof is same.
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l. Introduction

Sessa [15] initiated the tadition.of improving commutativiry conditions in fixed point
theorems_by introducing the notion of,weakly commuting mappings, which asserts that a
naggf ryff-mappings (,s, /).ofa metric space (x, d) is sail tobi wiakry commuting if,
1 6lx,lSx) S d (Ix,Sx) for all x in x. It is noted'that 

-ev_ery commuting piir is weakly"commuting
but not conversely as shown_in sessa [15]. Jungck [6] also enlargedthis class of weakly
commuting mappings by defining 'compatible 

mappings' whicliasserts that a pair of
self-mappings (.S,0 is said to be compatlble if, lim,-- d(SIxn,ISx,) = 0 whenever
litrln ,- Sx, = limr-* Ixn= t eX,

Recently, Jungck and Rhoades [7] (arso Dhage [2]) termed a pair of self-mappings to be; ' '-c 'Jentally commuting (or weakly compatiblefif ihey merely commute at their coincidence
3: 'mr }.6 nay note that this defrrition niver needs to involve-metric of the underlying set.lk trh,-.:g one-way implication is obviously true but not conversely.

c&a&cg maps - weakly commuting maps :+ compatibre Maps + coincidentally
c!nrr|,E5

trr *rs" Poea t l r. 12, 13, l4l proved interesting fixed point theorems satisf ing
-rh-{x For proving such resurts, popa consideis o to be the set of ail
e h r .?'r' -+ R satisging the following conditions:



Example l.2,ll2l

l < c + 2 a < 2 .

Example 1.3.[12]

. Fi F is non-increasing in lt and ro'

Fz: there exists h e (0, l) such that for z'v 2 0 with

F24o1: F(u, Y, v, lt,z + v, 0) < 0 or

F2p1: F(u,v' 7t,v'Q, 7 + v) S 0

implies thatu<ln.

The following examples of such functions F satisfing Fr and F7 apper in Popa U I ' l2l '

Example l . l ' t121  F( t1 , t2 ' t3 ' ta ' t s ' ro )=  t r -a t ( t+ f ) l@+to) -a ' t ' -a t ( t '+ tu )wherea120

(i = 7,- 2,3) with at least orl0 4r ilott zero and a1* a2 t 2a3 < l'

F(t1,t2,t7,ta,ts,to) = tr - (c ht4 + btst6\lQ3 + t4\ - atz where a' b' c 20 and

F (t1,t y, t3,t 4,t 5, t ) = t + tzz + tt - a (f + f, + h t 5 t 6) / Gtr + i)

where a e(0, l).

Here,wegivesomenanrralexamplesof imptic i tcondit iorr&irnct ionssat isf f ingthe
conditions Fr and rr, *rri.n nrtrro st ength"n tr," iig,in"uttce of errrploying implicit functions

u, it i*prou"s a class of contactive conditions'

Example 1.4, F(t1,t2, t3Ja,t5Ja)=tt-(a{t t4)!Q?+t)-a' t ' -a3(t5+t6) 
withalposit iveand

with at least one ai (i = l,Z' i; is not zero satisrying af2a2+ 4a3 <2'

Then,

F1: Obvious

F2: For v > 0 and F(u, v, v,.u, u Iv' 
0) 

: 
u 
.- 

(a1 u vl (z + v) - azr - a3 (u + v) < 0' then

u (u + v) - ar rv- azv(u + v) - 4 (u + vf S u'

If we set ,f(0 
= (t- a3) tz +(l-- ar- o-?ot) t: a2- d3twhere t = z/v' Then' since

.f(0) =- d2- aslo *i /trll , -fr:?:! ,i,'ii 
o';there exists apositive root'fr' of tle

equation/(r)=0with i"r '(o,r i .rrren/(of 0for0<rsft.Thus,wehaveu</rvwhich

establishes F44. rn*r. i )-6,'iu ;;;"; ;27". sinilarly, one can also establishes F216;'

Example 1.5. F(t1,t2,t3,t4,ts,to) = tr - ar(ts + t)tz lQ3 + t1) - 
lz.@+ 

ro ) with ai positive and

with at least one a, (i = l,i, il i. non zero satisging a1 * 2a2 < | '

Then, :

F;: Obvious
F z : F o r v > 0 a n d F ( u , v , v , u , l t * ^ Y ' 0 ) = z - d f ) - a 2 ( z + v ) S 0 '

then (1 - a)u - (a1 + a2)v < 0'

rf we set ./(r) = (l - a) t -(a1 + a),. wherg r 
1 

r/v,.{::, 
:T::,{l?l I 1,.',i\i,tnTf

;l;'='T j;',;;1i;;Jil'::lii:*::*X.l::Ji3,YiT.ffi ;'d,l'i::'
:#;Jr;.";;?;":'fi:;I;,'iaL ir''arry, one can arso estabrishes F216v

The following fixed point theorems are proved in [12' l3]

Theoreml.l.tslLetS,T,I,Jbesetfmappingsofacompletemetricspace(X'$setisfyw

i'tll i-tW )iaXn cI(x) andfo eachx'v inx'either

d(Sx,Ty)

it d(Sx,lx)

d(Sx, TY)

If either (a) (

(r) (f,4 are
.r'have uniqu,

RecentlY
theorem via i

Theorem l.l

completeme

withd(*,h

lbcn' If(S,l
andJhncl

Tbc I

rc$hs rd i

iro&rcd t

implics tcq
cdirriY t

codtb d

solrir.

H. I'
g l

(r)
If dbbs
succesfil

2.I-I

rbrl
p{X4

Gt s(
Frl

A
{

rr{
Htl

r(
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d(sx, Ty) s a Ud(sx, Ix)yz + {d(Ty, Jy)l' 1/ | d(sx, Ix) + d(Ty, -tDJ + p d (tx, Jy)

i f ,  d(Sx, lx)+ d(Ty,Jy)+0, q P>0 6d 61+B< 1 or

d(Sx, Ty) = 0 if, d (,Sr, Ix) + d (Ty, D) = 0.

If either (a) (S, 4 are compatible, S or / is continuous and (?", J) are weakly compatible or
(b) (T,J) are compatible, TorJis continuous and (S,.1) are weakly compatible, then S, T,l and
.r'have unique fixed point.

Recently, in an attempt to improve Theorem l.l, Popa proved the following fixed point
theorem via implicit relations.

Theorem 1.2.1131 Let (S,I) and(T,J) be aweaHy compatiblepair of self-mappings of a

complete metric space (X, d) satisfying S (E c J (,X) and T (X) c I (X) andfor each x, y in X,

F (d (Sx, Ty), d (Ix, E), d (Ix, Sx), d (Jy, Ty), d (Ix, Ty), d (Jy,,S.r)) < 0,

with d (Sx, Ix) + d (Ty, Jy) * 0,where F e (b, or

d (Sx, Ty) = 0 if, d (&, Ix) + d (Ty, Jy) = 0.

Then, If ($ I) or (7,"I) is a compatible pairs of reciprocally continuous mappings, then S, ?,1
and "/have unique fxed point.

The main purpose of this paper is to improve Theorem 1.2 besides discussing related
results and illustrative examples to demonstate the utility of the results as remarks. Pant [10]
introduced the concept of reciprocal continuity and it is important to note that continuity
implies reciprocal continuity but not conversely. So, in this theorem, we relax the reciprocal
continuity and compatibility conditions of the maps completely, weaken the completeness
condition of the space to four alternative natural conditions and also deduce some important
corollaries.

2. Main Results

Theorem 2.1. Let (S,l) and(7,) be aweakly compatible pair of self-mappings of a metric

space (X, d) such that

(D S(x) c J(X)andT(X)cI(X)and

(iD F(d(Sr, Ty), d(Ix, Jy), d (Ix, Sx), d (Jy, Ty), {Ix, Ty), d(Jy, 'Sr) S 0 ,

for each'x,y inX,with d(Ix,Sx) + d(Jy,Ty)*0,where F e Q, or

d (Sx, Ty) = 0 if, d Qx, Sx) + d (Jy, Ty) = 0.

If one of S(,Y) , IV), I (n nd J (X) is a complete subspace of X, then ̂S, Z, / and "/have unique
ired point.

FrmC Ler ro be an arbitrary point in X, then since (i) holds, so we can inductively deJine
lc*s tx.l and {y,l by

( t l  l1 , "=&zr=Jxzn+t l l znr t=Txzn* t= lxz*z fo rn=0,1 ,2 , . . . .

lf {D> $})' d.-h;-1. Txv*) + 0 for n = 0, 1,2,..., t}en using inequaltty (iD, we have

sro*"

tfA. !b.r-,.r, ! ( Ix:,. Jrz*), d (lx2n, Sxy), d (,Ix2n*r, Txz*r), d (Ix2n, Txz,*r),

t63l

4t-" $r.tt S 0
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That is, F (d (Sx2r, Tx2,*r), d (Tx2n*1, Sx2), d (Txvo-r, Srzr), d (&2,, Txu*r),

d (Tx2u*1, Sx2r*1) * d (Sxz,orr, T*t"nr),0) S O.

By (F,), we have d (Sxv,, Txu*) < h d (Sx2n, Txzn r).

Similarly, if d(lx2n,Sx2o)+ d(Jx2n*1,Txzn*r) *0, for n=0, l,2,...,thenby(F),

we have d (Sx2n, Tx2r-) < hd (Sxv,-2, Txu-r)

and so d(Sx2,, T*z*t) < hb d (Sxs, Tx).

By a routine calculation, it follows that {y"}is a Cauchy sequence.

Now, suppose -(X) is a complete subspace ofX, then the subsequence Jxv,*1= ̂ Sr2, is contained

in J(S and hence there exists a limit u. Let v e J-t u, then ./v = u. AIso, the subsequence
Ixzn+z= 7nx2na1 Converges to /. We prove that Tv = u.

Suppose on the confrary that d(u, Tv) > 0. Then setting -r = x2n dnd !: v in (ii), we get

F(d(Sxz,, Tv), d (lx2n Jv), d Qxv,, Sxz), d (Jv, Tv), d (lx2n, Tv), d (Jv, Srz")) < 0,

which, on letting n 1 @, reduces to F(d (u, Iv), 0, 0, d (u, Tv), d (u, Tv),0) < 0. This implies

that d (u, fv) S 0. Thus, we have u = ?nv. Hence, J and ?"have a point of coincidence. Since

T(X) c I (X), Tv = z implies that u e I (X). Let w e I 
- | 

u, then /w : u. Now, using the same

argument, we can prove that,Sw = z. Thus, S and t have a point of coincidence. If one assumes

that 1(X) is complete, then analogous arguments establish the earlier conclusions.

I fS(X) iscompletethenby( i ) ,wehaveueS(,Y)cJ(n.Simi lar ly , i f , f (n iscomplete,

then tt eT(X) c I (n.Since the pairs (.S, 0 and (I, -f are weakly compatible and so

coincidentally commuting at w and u and therefore, we have

u = Tv : Jv = ^Sw : Iw ; Su = SIw = ISw = Iu and Tu = TJv : JTv = Ju.

If Tu + rr, then d (Tu, u) > 0 and hence,

F (d (Sw, Tu), d (lw, Ju), d (lw, Sw), d (Ju, Tu), d (Iw, Tu), d (Ju, Sw)) = F(d (u, Tu), d (u, Tu),

0, 0, d (u, Tu), d (Tu, u)) > 0, which is a contadiction (ii) and hence d (u, ?"a) : 0, that is

u = Tu. Similarly, we can prove that Sz = a. Therefore, u is a common fixed point of E ?r, 1

and J. The uniqueness of the common fixed point is obvious due to implicit condition (ii).

This completes the prove of Theorem 2.1.

As an application of this Theorem 2.l,we have the following common fixed point

theorem for four families of mappings.

Theorem 2.2. Let {Sr, Sz, ...J.}, {TvTz, ...,Tn|, l lv Iz, ...Jp\, and Ur, Ju ...Jql be four

families of self-mappings of a metric space (X, d) with S = S1^S2 ... S', ?n= TtTz ...7,,

I = Il2 ... Io, and J: Nz ... J, satisfying thefollowing conditions:

(iii) S(,Y) c J(n and 7\,X) c I(X) and

(iv) f(d(Sr, Ty), d(lx, Jy), d(lx, Sx), d(Jy, Ty), d(Ix, Ty), {Jy, Sx)) S O ,

for each x, y in X.

If one of S(,$, T\n, I(E nd J(X) is a complete space ofX, then (S, I) or (7,4 have a point of

coincidence.

Moreover, if S, Sl = S, S, ; 1r \ = \ h', T, T, = T, T, I J, J, : Ju J, i$ /r = /r $ ;

Iy T,: T, Ip I T,Jr: J, T, i Si Jr= Jr Si;S' f ' : I"S, and Jr Ir= Irl,

f o r a l l  i , 7  e  1 r :  { 1 , 2 , . . . , m ) , k , l e  L =  { 1 , 2 , . . . , P |  , r , s  e  1 3 :  { 1 , 2 , . . . , n 1 , a n d

Pro
2.1,
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t ,u e Ia:  { l ,2, . . . ,ql , then, for al l i  e 11,k€ 12,r €  ̂ I3and t  e la, themappings S;,  11,T,and
Jrhave a cornmon fixed point.

Proof: Since the mappings $ ?i "/ and l satisfy all the required relevant conditions of Theorem
2.1, so the pair (E 4 or (214 have a point of coincidence. Also, appealing to component wise
commutativity of various pain, we can prove that S1 = IS and TJ = JT and hence obviously
both the pairs (S, I) Md (7, J) ile coincidentally commuting. Moreover, all the conditions of
Theorem 2. I (for mappings S, T, I and J ) are satisfied ensuring the existence of unique
conrmon fxed pointe.

Now, we need to show that z remains the fixed point of all component mappings. For this,
we consider

S($ z) = (Sr & . ..S.) S,)z

=(Sr &.. .  S.-r)( ,S.S)z)= (Sr 52.. .  S.-r)($S,21
= (Sr Sz ...,S^t ( S^r S (S. z )) = (Sr 52 ... S,+) ( S; ̂S. *1(,S, z ))
=(Sr &.. .  S.+)(S,+ S (,S, z))  = . . .  = (S,Sr & . . .  ,S.)z

=Si (Sz) = S;2.

Similarly, we can prove

S (Irz)= IdSz)= Irz i

I (Ipz) = IdIz) = Ilz; S (T,z) * T,{Sz) = T,z ;

I (T,z) ='T{Iz) = T,z i I (J1z) = J{Iz) = J,z;

T\T,z) = TlTz) =T,z; T (I1z) = IATz) = Irz;

J (&z) = SdJz) = S;z; J (T,z) * TlJz) = Tp;

J (Jz) - J1(Jz) = lz; and 1(^9iz) = sr(/z) = &z )

This shows that (for all i, r, t and l), Si z, T7 z, Ilz and, J1 z are other fixed points of ,S, I, T and J.
Now, appealing to the uniqueness of common fixed points ofs, ?i I,andJ, we have, for all
i,r, kandt,

z = Siz = Trz = Ilz = {2,

which shows that z is a common fixed point of S;, I^ h dnd Jt for all r, r, k and t.

This completes the proof of theorem2.2.

We now have the following corollaries related to above theorems.

Corolbry 2.1. By choostng S, T,I and J suitably and modifying the remaining hypotheses
wdingly, the derived conclusions ofTheoremZ.l remain nue ffor all x,y inX and F e @,
tl- nplicit condition (ii) is replaced by any one of thefalla+,ing conditions:

(A) F({sr. Sy), Nx, D),&Jx, sx),&Jy, Sy), {Ix, Sy), d(Jy,Sr)) < 0 ,
(derived by setting S = 7)

(B) f,ll5t Ty\ {lx,Iy), Nx,Sx), d(1y, Ty), {Ix, U\ dQy,Sr)) < 0 ,
(&hrcd by setting 1= "|

(C) ft{t *I ab- ly\4h,.Sr), ftly,Sy), {Ix,Sy),d(/y, Sk)) < 0,

r-ttd I scning S = Iand /= 4

165I

S Ua) = J,(Sz) = Jp ;

(Ss)*S{Tz)=Siz ;

I \J,z)=J{Tz)=Jp;

J(Ip)=IdJz)=lp;
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(D) F(4r$t, 3v), d{&}4' d(x, &)j{v, SvJ' fu' Sy)' dg' Sr)) S O

(doived by settng S = T and I = J = ot ide*ity nap\

(E), F(a(Sr, 79,4x, y\' fu,Sr), 4y, Ty), il{' Ty\' dJ'Sr)) S O'

(derirrc4by seaing'J* J= an identig map)

Also,bysett ingm=n *P*-gwtdfot,al l l ,r , tandf'considerS;= !:,=lr=J'=F(say)'
drar we have fhe blbww 

"o*rr'uoy 
o aVriant of Bryart's Thecern [l]'

a

Corcllary2.2.1||LetFbe.aself-mappingof,ametricsprce(Jcl)nrchthatthqeacistssome
n e N satisfYing

F( d{Fox, Fny), ftx,y), d',r'l' ilg'Fr)' ql FU)' dy' Fnx)) 3Q'

for all x, y in X and F e tD, If Fn(n is a complete ntbspae of X then F has a uniqueftxed

point.

fl ExamPles

WenowgivethefollowingexamplestoillustraEtheabovetheorerns.

Exampte 3.1. considerx= [0,5] with tre usual metric. ffire self-mappingp s'tlJand "Ion x

as

TO =0, lY=3i, for0 <x36

/ 0 - 0 ,  h = 5 ,  f o r 0  < x < 6 '  I 6 =  l '

and  J0=0,  " / r=6 , ' fo r0<r (6 '  
J6= l '

Then all four niapa S, li / and J are disCoirtimrous, eveir at their Ttq."" 
common fixed point at

r = 0. Also, the pairs (s, 0 and (r,./) commute atr *o y1ic1 is 
lel.common 

point of

,ooiscidonee.Clearl"-56f 4q"fii4Or;U.61**(Xlsd{X) 
= {0, 3}c (X)+'{0''3' 5}' If

;;;rf*. . *ntinuous firnction F: (RT '+ R by

F(t1,t2, t1J+,r5,f6)=4- ' tmaxf i2 ' f3 ' t4L'$5+t6)t2l 'wherefte(0' l )andFsat isf ies

F1,F2. Also, F satisfies the implicit contractive condition (ii) for f = 
*"

Moreover,ttrepairs(S,4and(r,J)areweaklycornmrrtingtts]aBdh€ncecompatible[12]
because,

166l

Similarly,

Abo.fc:

Hence, a

subspace
even the;
space is t

the usual

Remarlc
Rhoades
for six nt
(D) and
resuls o

to coroll

lsro-rso | = lr-s It o = lro-Se | -whereas' l r : l e - t r a l  
=  l 3 -61  ' l r - : l  * ' [ 16 -16 l '

Example 3.2.LetX: {0,1,y2, 1n2,1n3,"' '"'} beametricspacewiththeusualrnetic

a$, yi = 
I " 

- y I for all x, y in X. For n = 0, l, 2, 3, "'' defme' rnappings E' I : X + X by

s (Q = 17 22, ' 's (tPn) - ll 2o*.2.'

I (O\=Yz, I (ll2)='' *-" 
Tsprsttvely

Also, we set S = I and / = J Then, glgarly ffi = {l f22' lf2t' "'l c {l 12'

;;d" a continuous function F: (R)6 + R bY

F (t pt 2't3't a' t 5 J e) = t? - o 4 
-' b (8 + rf + l)' with a = % and b = Yo' then F satisfi es

Fr and F;. Furttrermore'

1122, lD3,, . . )= r() .) .

l l l  v - '
1a

[2] B- t

Ix
t3l l,t

t l
l.l r

r
t r l c
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F(d(so, sl), d(10, n), d(10,s0), d(/1,,s1), d(/0, s1), d(/1' s0))

= F(0, 0, Y+, Yo,' /0, ' /o) = - l l  72 <0'

-; :n .t : ad. Math., 27 i2)(2005), 21 5-229'

l.j:.r, 3.e:.narks on .ertlain setecteA fixed point theorems ll, J. Kath. Univ. Sci' Engg

c r .  r r l - r l - ) .  l - 4 .

^ . i, I r r!. -- :-jlon fixed points for four mappings, Butt. cal. Math.soc.,90(1998)'

f f , . L

tl:: i t3 t"rr rrt' $€orems for implicit contractive mappings, Studii Si Cercetari

* brrr;"; *r :; r Bacau), 7 (1997), 127-133'

n3t Y bh h trG *eorems for compatible mappings satisfying an implicit
' ' 

-hrrrr rcrq -llt lxl999), 157-163'

[67]

Similarly, we can show that

F(d(s0, sll2), d(lo, Ill2), d(10, ffi), Nllz, $n), d(10, sl/2)' d(Il/2' s0)) < 0'

r(d(s0,s1/4)d(10,1|/4),d(10,s0),d(I|14,5114),d(Io,S|14),d(II/4,50))0,andsoon'

A lso , fo r r  = !D 'and y= ln ' , fo rn ,m=0,1 ,2 ,  " '  and  n+m'wehaYe

F(d(slD^, sl}'), d(Il!2" Ill2'), d(lllT'' sllz'), d(Illz'' sll2')'

d(ll12" sll2'), d(Il12^, sl/2)) s o.

Hence, all the conditions of Theorem 2.1 are satisfied except the completeness of the

subspaces S(X) and nlO. N"t. that th9 TaplTgt 
S and I lrave 

n9 
ryPt 

of coincidence' and

even they are not continuous at the origin. thiJexample shows that the completeness of the

space is not sufficient for tlt; existence-of coincidence point, as the space X is complete with

the usual metric.

Remarks:Theorem2.2 is the application of Theorem 2.1' Also, the main result of Jeong and

Rhoades [5] is a particuiar cas" of tt.or.rn due to Imdad and Khan [3], which-is established

for six mappings. since a variant of fxed point theorems conesponding to imp-licit conditiors

(D)and(E)appearinpopu,sool l resu]ts.extendstheresultsofPopa[I2,13], improvesthe
resulrs of S. Kumar tgt &'Popa [14], and also generalizes the result of Bryant [1] with respect

to corollary 3'2.
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In this present paper, we have studied some properties of a differentiable manifold and

also studied the Almost para sasakian type (APST)-Riemannian manifold.

Introduction :

Let an n-dimensional Riemannian manifold Mn, on which there are defined a tensor field

Fof type (l,l) atensor field 7n, a l-forml and metric tensorg'satisrying for arbitrary vector

field X, Y, Z and a is any complex number (non-zero).

F2x  =o2x -A6) r

r t=FV)
A(T )  =  -  a2

A @ n = 0

F Q ) = O

c ( r . .Y )=A(n

s F.t. Fl) : -o2 g(X,Y) + A(n A(n

then snlcrrc t"F ? t t' s called almost para contact metric structure and manifold Mn will

be callcd .l- f:r ert meric Riemannian manifold.

( l . l )

r  l . l )

t l , . '

( 1 . { }

(  1 . 5 ,

(  t .6 )

(  1 .7 )
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Let us call sUch a struCture a generalized almost contact metric structure

Let us define

(1 .8)
'F (X ,Y) = g(FX ,Y)

And baningXin (1.8) we have

(1.9)  
'F(F,n= g1F2 X'Y)

Which by virtue of (l.l) Yields

(1 .10)
'F(X,Y'S= a2g(X,Y) - A(n AV)

Now barring I in (1.8) we have

(1 .11)  
'F (X,Y)=g(FX 'FY)

This with the helP of (1.7) becomes

(1 .12)
'  F(x,f) = - laz c(x,Y) - A(x) A(Y)I

Thus from the relation (1.10) and (1.12) we have

( 1 . 1 3 )
'F(X,Y)='F(X,Y)

ReplacingXby Iin equation (1.18) and making use of (l'5)' we obtain-

(1 . r4 )
'F(?", 

D = o

BaningXin equation (1'12) and making use of (l ' l) and (l' la) we get

(1.  l  s)
'F(F,Y)= - t  F1x,r1

Now baning rin (1.?) and making use of (1.4) and (1.5) in the resulting equation, we obtain

( l .  l6 ) g(FX,Y)= - g(X,F,n

Thus from the equation (1.8) and (1.16)' we have

(1 .17 )

2, Nijenhuis Tensor

Nijenhuis Tensor is given bY

'F(FX,Y)= -'F(Y,X)

(2.1) N(x,Y) =6 ,V1+1fr1-l7,Yl-lx ,Yl

Making use of (l.l) in (2.1)' we get-

(2.2) N(X,Y) =1I,?1+ a2 SX ,Y1- A(lx ,Yl)T -lx,vl-v '71

Now let us Put

P(X,Y) =6,11- lX,Yl

Q6,Y)=lx,Yf-lx,Y)

H (X,Y)=1x,71+ a'1X,Y1
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Theorem (2.1'1The Nijenkris tensor and P(X, Y) are related as-

Q-6) a2 P1x,Y1- Pq,7)=a2 N(x,Y)-A(n-[f ,n+a2.t1v11x,r1

+ A(Y) A(lX,TI)T
Proof : Baning f in e3) and using (l.l), we obtain-

Q.7) pv,l)= az [ i ,y] ,+ 4qf-x,f l -  o 'T,v]- evltx,f l

Again baning the above equation and making use of (l.l)
....- .-

p(x ,-y) = o'lf ,Y7* A(Y)W ,n- a2 1a2 1x,Y1- AIX ,Ylr\ - {a2 l(y\lx ,rj

{V)A{X,rDrl.

(2.8) pll,l!=o'ffi\+ A(Y)ffi\-ootx,Y)+azfx,r)T

Now from the equation (2.3) and (2,8), we outuin 
a2 't'1r1lx 'Tl+ A(Y) A([x 'TDT

(2.g) a2 P1x,Y1 - pfx,vl = o' [ft ,f)- o'tx,y]* aa 1x,Y1- A(Y)W :rl

- a2 t11x,r11r + a2,egy1x,Tf- A(y) Aqx,TDr

Making use of (2.2) in (2.9) we get the result.

Coroflary Q.\: In a diferentiable manifold Mn .

We have

(2.10) o2P1x,T1= azN (x,T)* o'lT,rl- aa 1x,71- az e11x,r17r

Proof: Putting 7n for I in (2.6) and using (l .S)and (1 .3), we get the result.

Theorem (2.2): In a diferentiable manifoldMn ,

Weh have , _

(2.1 l )  a2 g1X,Y7 - Q 6,Y) = a2 N (x,Y) -  A(x)[r ,V]+ ao , t1x71r,Y1

+ A(X) A([T,Y])T

Proot BaningXinQ.q and making use of (1.1), we get

e(f ,n=o'[x, l l* A(ntr,v]- o'1f ,y1+,qT)tfr l

lir bmry the whole equation (2.12) andmaking use of (1.1), we get-
-:- -----= ...-

g$ n = o' lx .yl+ A(x)[T,yJ- az {az[x,yj- A([x,y])r] + A(x){a2 e,y)

- A([T,Y)T \
-

(Zl$ fil-fi. r'[r. i1 + A(x)tT,y]- a4 lx,yf + a2.t11X,y1)T + az A(x)[T,y]

-A(x)A(T,Y)T
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Now from (24) and (2.13) we get

Q.t4) azglx,v'1-gtx'yl=i 6,11- o'fr.- " '{f i1+ 
aa 1x'Y1

* a2 A([X, Y})T - A'(X ) lr,l 1 - a4'a 1 X 1 lr, Y | - A (X ) A (lr'Yl) T'

Thus from Q.2\ and(2.la) we obtain the required result'

Corollary Q.2)z In a genetglized almost contact metric manifulds M" we have

(2. l5) a2217,r1= q2 y:g'p*{ oofrl- a' lr'Yf = - a2 A11T'Y177
"r;'r*itn*' 

*)

Proof: Replacing xby r in @:t[and using (1.3) and (1.5), we get tre equation (2'15)

Theorem Q.3). In a generalized almost contact metric stuclue manifold Mn

(2.16) a' H 1x ,Y) - n IT,n= a2 N 1x ,Y1- az l'17x '41r - etntr ll

Proof: BaningX in (2.5) and making use of (l 'l)

Q.ll) n 1V,r1= o' lx,Vl+ A(X) lr 'Yl- o' (i 'r)

Now baning the whole equation Q.l7) ndmaking use of'( l' l)

n tx,vl = o' lfi F n6 lwi * o= i^,' I(2.18)

(2;.

Pn

(z

(z-

(2.

(2.

Us

(2.

Fo

n
a

Thus with the help of (2.2),(2.5) and (2'18) we get (2'16)

Corollary Q.3)z The equation(2'16) ts equivalent to

(2.re) a2 H (T ,Y) = az Ntr,Yl- a' l'1g ,47 + o'1T,i1

Proof:ReplacingXbylin(2.16)andusingtheequation(1.3)and(1.5),wegettheresult.

Theorem Q.4)z In a generalized almost contact metric strucfite manifold Mn ,we have

Q.20) H (T,Y\ - QlT,Yi = a2 17,Y1

Proof:Equation(2'20)fo|lowsdirectlywihthehelpofequation(2.15)and(2.19)

Theorem Q.S)z In a generalized almost contact metric manifuld Mn ,we hmte

(2.2r)  az H 1x,Y1- n f i ,v l= 1a2 P1x,Y1- P'{Vl+ eg)f f i1-  az 'q1) lx ' r j

-A(Y) A1o^,T)T\- a2 r11X,r1\r - A(n)fr)

Proof: Proof follows witlr the help of equation (2.6) and (2.16)

Theorem Q.6)z In order that a generalized almost contact metric manifold by completely

integrable it is necessary that'''-

n

h

e

4

c2
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Q.22) AfX,YlT =0

Proof: Barring X in (2.2) and with the help of equation ( I . I ), we get

Q.23) N(i,Y)= o'(x,V)- A(nIr,VJ+ o'1fr ,Y1- A(ti,yl)T
.-

-IX ,Yl- e2 1X ,Y1+ A(x)[T,yl

Now barring the whole equation and using (l.l), we obtain
.-

Q.24) N1x,r1= a21x,/1- A(x)lT,fl+ a21f ,4- a21E,l1+ A(,i,f l)r - a41x,y7

+ azt11x,y1yr + a2l,1x1lr,yj+ A(x) Aqr,yl)T

From the equation Q.2) and(2.24), we have
.-

(2.25) N1x,4+a2N1x,Y1=-A(x)(r,iD+ l1I,l7r +az,n611r,r1

(2.26)

+.a(fiA([T,Y])T

N (T,Y) = azlT,Y|+ A(f ,Yl)f -lfi)

Using (2.26) lrt.Q.25) we obtain

=-
(2.27) |  NIX,YJ+a2N1X,4=A(X)N(T,y)+A([X,y])T

For completely integrable manifold equation Q.27)reduces to equation (2.22)

Theorem Q.7) In a completely integrable generalized almost contact metric structure

manifoldMn ,we have thefollowing result.

Q.zs) A(n{tr,V)-fr,yll + ,eqi,Tyr = tt(y{lI,TI-W,rl* A{x,71)r

Proof: BarringXin equation Q.2) and making use of (1.1), we get

(2.2g) N(f ,n=o'(X,?)- A(x)tT,?J+ o217,n- A(f ,yl)T -txll

-o21fr+Aq)tm

Again barring I in equation Q.2) ndmaking use of (l.l), we get

(2-30) N (x,V) = o'II,y)* ,E(n[ft,rJ+ o'1x,f1+ A(x,fl)T

- o21f;f1+ A(n)iErJ

l{c tG thcse two equation (2.29) and (2.30) and using /f (X, /), we have the required result
c5
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Mathematical estimation of unsteady state
burn damage due to hot temperature

V. P. SAXENA

Advisor Research & Development

,,ffii,?,i#jiill#b:?[:',*ruii,ih]il'i",
P. R. ADHIKARY AND D. B. GURUNG

Deparfinent of Natural Science (Mathematics)
School of Science, Kathmandu University - 6250, Nepal

Abstract: Considering three natural layers of human dermal parts, an attempt has been made to
estimate one dimensional unsteady state burn damage in the region due to high surrounding
temperature. We consider two samples of skin and subcutaneous tissue (SST) of various thicknesses
and constructed a mathematical model. Solving the same numerically we have obtained the
temperature distribution that causes burn in the outer la)'er to inner layers. The temperature profiles
have been t'urther used to estimate the damage in the region.

Key words: variational finite element method, damage function, human skin.2000 Mathematical
Subject Classification: 92.

l. Introduction

Burn injury in human dermal parts due to high environmental temperatures results in a clinical
problem. Burns cause a r.rnge of physiological derangements including denaturation of
macromolecular sructures, leakage of cell membranes, activation of cytokines, and cessation of
blood flow. This leads ultimately to tissue damage and circulatory disruption in skin and
subcutaneous tissue. The various degrees of burn measure the extent and volume of the damage.
This paper attempts to estimate the effect of outer high temperatures and consequently the
disrurbance in the thermal balance.

Thermal burns occur as a consequence of the elevation of tissue temperature above a
threshold value. Guyton [6] mentioned that human dermal parts attain the threshold value if
orlcr skin surface temperature reaches 450C. It is assumed that the resulting injury is govemed
\ 6c chemical rate processes in terms of standard Arrhenius function as proposed by Henriques
d l{rrz [7]. This damage rate function describes the rate of tissue damage. By integrating the
dq rc function, we find non-dimensional number Q called the damase function. This
dry a-d-o can be expressed as

( t )
' n f - l , r l

e = A l e x p l _ l / 1
d L RQ+273) )
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where l, M, ft, and ?n are respectively, the frequency factor, activation energy, universal gas

constant and tissue temperature in degree Celsius.

The value of O equal to 0.53, l, and 104 represent injury threshold for first, second and

third degree bums respictively. To a limited extent the experimental results can be compared

with the theoretical estimation.
Human dermal parts consist of three distinct natiral layers - epidermis, dermis and

subcutaneous tissue. The epidermis is a complex multiple layered membrane having no blood

vessels; hence there is no blood flow and metabolic activity. However, there are some blood

vessels and metabolic activity at the junction of epidermis and dermis. lhe density of blood

vessels increases from this junction toward the junction of dermis and subcutaneous tissue.

Unlike in dermis the blood vessels are uniformly distibuted in subcutaneous tissue.

Henriques and Moritz [7] demonstrated that time and temperature is responsible to produce

a specifiedievel of burn injury. Buetnner [] have studied the effects of extreme heat and cold

on human skin. So<ena and Yadav [5] studied steady state case for burn injury due to hot

atmospheric temperatures. Dennis et al. [4] studied heat injury to cells in perfused system.

Saxena et al. [il] used variational finite element approach to estimate burn damage in

steadystate case.-The 
numerical computation has been canied out using MATLAB program and the results

are discussed numerically and graphically.

2. Mathematical Model

The partial differential equation for heat transfer in peripheral layers ofhuman body due to Perl

[e] is

e r# = div <K gradT) + pn cr (OATA - O"T,) + S

p = Tissue density (dcm3)

c = Tissue specific heat (caVgoC)

K = Tissue thermal conductivity (caVcm-min0C)

p, = Blood density (g/cm3)

c6 = Blood specific heat (caVgoC)

/,a = Tissue perfusion due to arterial blood ( /min)

/u = Tissue perfusion due to venous blood ( /min)

Tn= Arterial blood temperature (0C)

lno = Venous blood temperature (0C)

S : Metabolic heat generation rate (callcm3-min)

There is no significant difference in the values of Quand /u in micro level, so Qn= Qu ' Also

?"v is dominated by tissue temperature 7. Hence Tv o T. So equation (2) can rewrite as

(3 )  Pr+=d iv (K gradr )+M(4- r )+s
At

where m6 = PtQ.q= Blood mass flow rate (g/cm3-min), and M = m6c6.

: -  - - !

(2)

where

aon\

.-<
',-:s,-

:lr.C.



The terms on the right side of equation (3) denote respectively, Fourier's laws of
conduction, Fick's perfusion principle and the rates of metabolic heat generation.

The thickness of epidermis, dermis, and subcutaneous tissue have been considered as
a,b - a, and c - 6 respectively, and 7b, Ty T2, aurd Ts = Tuare respectively the nodal temperatures
at distances .r = 0, r = o, x = b, and x = c (Figure - l). The body core temperature lna is almost
370C.

MATHEMATICAL ESTIMATION OF IJNSTEADY STATE BI,JRN DAMAGE DUE TO HOT l77j

Body Core

. Figure - I Schematic diagram of Skin and Subcutaneous tissue

In this model it is assumed that heat transfer to the outer skin swface takes place due to
convection, radiation and sweat evaporation. Consequently at the skin surface we have

(4)

where ft, To, L, and, E are respectively heat tansfer coefficient, aunospheric temperature, latent
heat, and rate ofsweat evaporation.

The biological structure of human dermal parts makes it reasonable to consider Mand.S
zeros in epidermis. As a whole, the assumptions and conditions can be summed up in the
following forms

(D For epidermis (0 <x < a)

,  _To
T = f t ) =  T 6 + f x ;

K= K1(constant); M = Mr= 0; S = 51 = 0i Te = TtQ) = 0;

(u) At interface - I (x = a)

T = t't) = t'z) = Tt; K = Kr = Kzi M = Mr = Mz =0; ^S = 51 =,Sz : 0;

I . = 0 ;

C-f Fa &gris (a < x < b)

t- ta . 
brt - aT= 

*', 
-', 

* ; K = Kz(constant)
b - a  b - a

-rhl",,=o = h(r -r)+LE
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/ x - a \  / x - a \  / . \  ( x - a \
-M.= Mz =l * lal;  S - Sz =l - ls; Tn=f| ' t  =l - 14'  

\ a  - a )  '  
\ b - a )  

^  
\ a  - a )  -

( iv) '  Ai interface:t1(x"-D) - r ' ,"1' '  
i

T-T$ = ?€)= Tz;  K= Kz* Ks;M= Mz=Mr;S=&:Sr ;

T1* T9i

(v) For subcutaneous tissue (b <x < c)

T= 13) = cTz-bT3 
+Tt-7, * ,

c * b  c - b

K= Kz(constant); M= M= rz ; S=^S3 = s; Tt= TtQ) = Tt;

At innerbdund ary (x- c)

T- Ts= Ts; Ke'K3:,: 16+ ml,'$o s; Tt= Tti

3. Solution of the Problem

The variEtional integral form of (3) in one-dimensional unsteady state case together with
outer skin boundary conditior (4) iq giyen by [81

r ' n f  ( d r \ 2  . ,  a r 2 f  | r . .  . ,  - . r
(5 )  l = :  I  I  K l=  |  

+M( rn -TJ ' -ZS t+  pc :  l o l * : l  h ( r - r ) ' +zLEr )
2 ( , 1 _  \ d x )  a t  J  2 "

provided / is optimized. We rewrite.I separately for the thrge layers, i.e.,

J

T=ZT ,
i=l

(

skin sri
bodycu

- r
t

rrhJ

(vi)

I

I

utcrcl.
d phyd

I
o t c d
of-t

o)
*C

(6)

where

,, -: 
li t (*)' * u (,rlD-r*r)2 -2qr(') " r,ry)*

*|ln{r<'t - ro)2 + z mr()f

,,=; 
!l-,(#)' 

*u(r1,t -re))' -zszre).,";f*

,,=: 
![ . t+) 

+ u(r)3) -rtr))'-2.s3r(3) . r,Tf*

{

fl
!
.!

:

, i

li

if



Generally under normal condition the temperature decreases from body core towards
skin surface. Hence we consider the initial condition for 76, Ty Tz and Ts in linear order towards
body core. Thus we assume the following initial condition for the problem

(x,0) =To+lF

where ?q = 22.870C and q is a constant to be determined.

We substitute the expressions and values (i) to (vi) from the previous section to compute
Iy 12 and13. We then get

Ir= 4+ BrTo+ DrTrz + Er\, + FrTrTr+f: 4(ro, *rr, +To7r)
z d t

Iz= 4+ BrTr+CrTr+ Dz1, + ErT] + Fr\Tr.ry:r(rr, +r] +7rrr)

Is= 4+BrTr+CrTr+DrT| +ErT| +FrTrTr*pc(c--b) 
d 

Q; +r;  +TrTr)
2  d t "

where 11, 8,, Dh Ei, F, (l s i s 3) and Cj (2 s j 3 3) are all constants depending upon the physical
and physiological parameters and are defned in Appendix.

As a next step of finite element method, wi minimize / by differentiating it with respect
to the nodal temperatures Ts, Tb and 4. Since Ts = Tt (the body core temperature) is known, we
obtain the followirig system of equations

MATHEMATICAL ESTIMATTON OF LNSTEADY STATE BIJRN DAMAGEDUE TO HOT ... l79l

(7)

where

CT +  PT = l l

2 q 4

4 2(E, + Dr)

o F z

a

T =

wttn

pca ^ pc(b - a) pc(c - b)
i = - s  p = - ,  p = -

2 2 2

To solve the systern of ordinary differential equations (7) we use Crank-Nicolson method.
According to this method, the system of equations (7) can be written as

o l
Fz 

l ;
z(tr+ or) l

l r "  a o I  t
c= l  a  2 (a+P)  P  |  " = l

L 0  p  z ( f + p ) J  L
i

l-41
; r=lr, l

Lrr)

dro

dt

ilr

dt

dr2

dt

[ - 4  I
w = l  - 8 2  

|  ;

L -(t, + a, + Frr) )



[80] V. P. SAXENA P. R. ADHIKARY AND D. B. CURI'JNG

(  L t  \  . . . .  (  N  \  . .
(8) 

t " 
.; r 

)7(i+r) 
= 

l" 
-;, 

)7$) 
a ntr

where Af is the time interval and fo) is the 3xlmatrix for initial nodal temperaares.

4. Numerical Results

To solve the system of equations (8) coupled with damage function (l) the following values

'have been taken [[3], [1U, [15]1.

Kr = 0.030 ca{cm-minoC
'irii 3; i,l .. 's'r#,r ' '-
"' 

Kz= 0.045 caVcm-minoc

Kg=0.060 caUcm-minoC

ilt= Mroo= 0.0315 caVc#-minoC

J = SLo = 0.018 caUcrn3-min

L = 579 caUg

/r = 0.18 caYcrnz-minoC

E = 0.0096 gic#-min

M=6.3 x 108J/Kgmol

R = 8.3136 x 103 J/Kg mol K

A = 18 x lOe /min

p= l'05 glcm3

c = 0.83 caVg

We consider the following two sets of sample SST of different thicknesses as shown in Table- l'

Table - I

Sample Skin a (cm) b (cm) c (cm)

S e t - l 0 .10 0.35 0.50

Set - II 0 .10 0.50 0.75

The temperature of heat source is assumed to be of 1000C. It is also assumed that skin

surface is exposed to this source for a time of 60 seconds. The system of equations (8) is then

r"f".A by subdividing this time of exposure in different time intervals of 3 seconds'

eccordingty, we get thi values of hodal temperatures at these time intervals for Set-I and Set-II

as shown in Table-2. frre gr;phs for these nodal temperatures for Set-I and Set'll are plotted as

shown in Figures-2 unO i ,tpu.tively. Using the Table-2, we fitted the cubic splines for fol ?ld

then these cubic splines for io are uied to obtain the damage function at different times within

the total time of exposure of tire skin. The corresponding values of damage function at different

times for Set - I and Set - II are plotted in Figure-4'
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Table - 2

Nodaltemp.
Times
(Seconds)

Set I Set II
To+

J
T1 T2 To T1 T2

/ o = 0 22.87 25.70 32.76 22.87 24,75 32.29
h = 3 34.15 25iA 33.07 33.79 24.27 32.50
t z =  6 38.22 26.77 32.72 37.86 25.40 32.23
t z=9 40.49 28.67 32.51 39.91 26.86 31.92
ta ,= 12 42.15 30.43 32.51 41.30 28.32 31.68
t < = 1 5 43.51 32.01 32.67 42.42 29.69 31.52
l r  =  18 44.68 33.43 32.95 43.41 30.97 31.46
t t  =27 45.71 34.72 33.29 44.30 32.',t4 31.46
te,= 24 46.63 35.89 33.68 45.11 33.23 31.51
ts=27 47.45 36.97 34.08 45.86 34.24 31.62
4 o = 3 0 48.20 37.96 34.48 46.55 35.1 I 31 .76
t r r  = 3 3 48.89 38.88 34.88 47.19 36.05 31.93
l n = 3 6 49.52 39.73 35.27 47.79 36.88 32.13
t r .  = 39 50.10 40.52 35.65 48.35 37.65 32.34
t ta,= 42 50.65 4',1.26 36.01 48.87 38.38 32.57
trs = 45 5 1 . 1 5 41.95 36.35 49.36 39.06 32.82
t r c=  48 51.62 42.60 36.68 49.82 39.71 33.07
t n = 5 1 52.06 43.20 36.98 50.25 40.33 33.32
trc,= 54 52.46 43.77 37.27 s0.66 40.92 33.58
t ts  = 57 52.85 44.29 37.54 51.05 41.47 33.84
t'tn = 60 53.21 44.79 37.80 51.42 42.00 34.10

4. Discussion

From Table - 2, we observe that Set - I attains about 460C for ?na in 2l seconds. So, the thermal
disturbance in Set - I starts at about 20 seconds. But the same process in case of Set - II starts at
about 24 seconds.

From FigureJ, we find that graphs of damage function for both sets increase exponentially
as time ofexposure ofthe skin to the source temperature increases. These graphs represent that
both second and third degree burn for Set - I occur earlier ttran Set - II.

The graph of Figure - 2 are rising faster than the graphs of Figure - 3 in first few minutes
and then attaining ttre lines parallel to t-axis earlier than the graphs of Figure * 3. So, Set - I
reaches is steady state case earlier than Set- IL

Above discussion is only an example that how the mathematical model can help in many
clinical cases of burn injury. This approach can in fact give comprehensive approach of damage
estimation based on individual characteristics, climatic conditions and internal body mechanism.

APPENDIX
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A note on the upper radical of S (A+ pz)

of hemirings

MUHAMMAD ZULFIQAR
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Hafizzb ad, (Pak istan).

Abstract: In this paper, we generalize a few results of [4] for the upper radical classes of rings for
radical classes of hemirings, by using the construction for the upper radical classes of hemirings.

1. Introduction and Preliminaries

The notion of radical classes of hemirings was intoduced by D. M. Olson and
T. L. Jenkins [7], as an extension of radicalclasses of rings (see [4]). The theory was furrher
enriched by many authors (see [7, 8]).

Y. Lee and R. E. Propes [4] introduced the concept of the sum of two radicalclasses of
rings. They have shown that 'sum' is not a radical class in general. In the present paper, we
extend the notion of sum of two radical classes of hemirings and generalize a few results of [4]
in the framework of hemirings. The sum of two radical classes was investigate by [4] for
radical classes of rings. Here we are interesting to generalize a few results of [4] in the
framework of hemiring which is quite different from ring theoretical approach discussed in

[4]. In the following we shall be working within the class of all hemirings.
A semiring (A,+, . ) is called a hemiring if (i) '+' is commutative (ii) there exists an

element 0 e I such that 0 is the identity of (A, +, ) and the zero element of (A, .).

i . e .  0 a =  a 0 = 0 , Y  a e A

Lower radical classes for hemirings can be consffucted similar to the construction of
lower radicals for rings (see [3, 6, 8]).

If I is a hemiring then HA,K1(l) denote the set of all homomorphic images of I and the

set of all k-semi-ideals of I respectively. If / is an k-semi-ideals ofl, then we denote 1 S l.

First rve include necessary preliminary, let rrl be the universal class of all hemirings. By

using ring theoretical approach discussed in [6], let fuL be aregular class of hemiring, define

U $ v t : l A e a : H A a f o L = 0 \

then the class UfuI is a radical class and is called the upper radical class determined b1 ',ne

class fu{. For undefined terms of hemirings we may refer (see [1, 2, 5, 6]).
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2. Radical and SemisimPle Classes

We extend the result of [a] by using the above consruction of upper radical for hemiring

which is indeed provides an excellent aud different approach to handle the many results of [4]

in the framework of hemiring
The followigg defurition is taken from S. M. Yusuf and M. Shabir [8]. The semisimple

class Sp of a radical class p b defined s tlre ,class of all hemirings having z-ero pradical-

This can be rephrases in the following form.

Definition 2.1 tSl. Iet S g a, S is sdtito bd a semisimple class, if thefotlowingtwo arioms

are satisfied:

S r )  I  e  S * / { / n S + 0 , V ( 0  * I ) e K 1 ( A )

Sz) LetAe atsuchth6tHl^S+0, V (I*0)I  €A. thenA eS.-' 

Arub.lursofhemirings osatisffingtheconditiol (Sr) iscalledaregularclass.

Delinition 2,2 tiltl. Let p be a rdical ctass of hemirings. Thenwe define a class sp os

follaws:, , ,
S p = { A e a : p ( A ) = 0 \ .

Theorem 2.3. Every hereditary class is regular-

Theorem 2.4, Sp is hereditary.

Theorem 2,5. Let p be aradical class mdSp= {A e w: p(A)=0l.Then Sp is a

semisirnple ctrass.

Proof: By Theorem 2.3 md Tlporem 2.4, Sp is regular class ie.(Sr) is sattsfied-

S:) LetAE asuchthat HI nSp * 0, V (/* 0); A,we claim that A e Sp.

Assume on confieryl 'e 34 therofore p(A)*0.Now (p(l);c 0) s*A,letI =p(A).I,et

I lJ a HI nSp= H (p(A)) n Sp. This implies thet p(A) lJ e Sp.Sincepis aradical class,

therefore p is homornorphically closed and p(A)e p,therefore p(A) I J e p and we have

p@(A) | J)=p(Al J . As p(A'11 J eSp.Thtts p(p(A) lO=0' This implies that pU) I J= 0

and p (A) g J. This implies ttnt p (A) = J (.'. "f s p @)) nd hence I I J = p (A) | J = 0. As I / J

isanarbifaryelernent of HInSp suCh,that//J=0,thereforeweha',1eHInS=0nforsome

k-semi-ideal I =p(l+\ * 0. This conmdics the fact HI nSp;t 0,V (I *0) s A. Consequently,

p(A)= 0 and hence I eSp and (S2)is satisffed'

Definition 2.6. Let p1, fu be radical classes of hemirings' thenwe define their sum

A +  p z = { A e a ;  A ( A ) +  p 2 ( A ) =  A \ .

Wewri te (er+ p;1e1= pr(A)+ P2(A)fort l lAe ot.

Definition 2.7. Let A + pz be radical classes of hemirings. Then

S(n + n) = {A e cD : Qq + P)(A) = 01.

We now investigate conditions under which p, + p, will be a radical class.
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In the case of hemirings one can easily prove all the standard result conceming radical
classes, sum of two radical classes, k-semi-ideal and semisimple classes. Here we mention only
few of them, which can be obtained on the line of rings theoreticar approach.

Theorem 2.8. If pr, h, are radical classes of hemirings, then

S(A + P2)=SP.aSP,

Theorem 2.9, if p, and p, are radical classes of hemirings, then

(Ot+Pr)nS(Pr+P)=g .

Theorem 2.10. If p, and p, are radical classes, then pr(A) + pz\) is the largest pr + pz

semi-ideal of the hemirings A.

Theorem 2,11. Let pr, p2 be radical classes of hemirings and I S A, then

(A + p)(I) c (4 + pr)(A) a I.

Theorem 2.12. Let pr, p2 be radical classes of hemirings, thens(q + pr) is a semi-simple

class of hemiring.

Proof: Let Ae S(A + p2) = Spl nSp, (by Theorem 2.9). This implies that A eSp, and

AeSp, andhence h(A)=0aul,dpr(A)=0.Let ISA, thenbyhereditaryof Sp, and

S pz, I e Sp, and I e S pz. This implies 1 e Sp, n Sp, and hence.f e S (p: +p, ). Thus

S(A+ p) is hereditary. This implies that if A e S (p,+ pr) and / is a non-zero k-semi-ideal of

l, then its non-zero homomorphic image ins(p, +pr)is/itself. Therefore (s,) of the

def,urition 2.1 is satisfied. Suppose every non-zero k-semi-ideal of a hemiring I has a non-zero
homomorphic image in s (p1 + pz) = Sp, n Spr. This means every non-zero k-semi-ideal of a

hemiring A has a non-zero homomorphic image in sp, and also in sp, . This implies A e sp,

and A e Sp, because S A,Spz are semisimple classes. Consequently, we have

AeSpt 6SPz - S(q+ p). This shows that (.Sr)of the definition 2.1 is also satisfied.

Theorem 2.13. Let fi, p2 be radical classes of hemirings. Then p, + p, is hereditory if and
only if ( p, + p)U) = ( p, + p)(A) a I,VA e ot,V I S A.

Proof: Let pr+ p, be hereditary and I S A. Now (p, +p, )(A) e pr+ p, and

@r+ pr1 g1 o I 3 (pr+ pr) (A). By hereditary of pr+ pr, we have (p, + p) U) a I e pr+pr.

es (pr +p)(A)^I S1, therefore,wehave (er+ pr114n1c(01+ pr l l t l .AIsowehave

(A+ p)(I)e(pr+ p)(A)nl  (by theorem 2.12).  Consequent ly,  we have

(or+  pr11 ' t1a l  = (A+ p) ( t ) .

Converse ly ,assumethat (p r+  p . , )U)=(pr+  p) (A)n l ,y  A  e  a t ,y l  <  A .Le t

A e pr+p, and 1 S l, then (A+p)(A)= l. Thus (A+p)(I) =(A+p)(A) n I : A a I = L

This shows that 1e A+p2 and hence p, + p, is hereditary.

[87]
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Corollary 2.14. Let p, and p, be hereditary radical classes of hemirings. Then the class

pr + Pz is hereditary if and onlY if

^ A ( A ) + I n p r ( A ) = l n ( A ( A ) + P z ( A ) ) , V  A e c o ' V I 3 A '  I

3. The upper radical of S(Pr+Pr)

The notion of upper radical classes or upper radicals was originally inFoduced by F' A. Szasz

([5, see [6]) for rings.

In the case of hemirings one can easily prove all the standard result concerning lower

radicals, upper radicals and regular classes. Here we mention only few of them, which can be

obtained on the line ofrings theoretical approach'

Theorem 3.1, Let fut be a regglar class of hemirings, defne U*L = {A e ot: HA n M- 0l

then the class Ufu!. is a radical class and is called the upper radical class determined by the

class fuL

Theorem 3.2. If Tvt is regular class of hemirings such that fuL g S(A + pr),then

(p,+ pr)Euful . .

Theorem 5.3. If Prand p, are radical clqsses of hemirings, then

u S ( p ,  +  p ) = { A e a : H A n S P ,  + S P ,  = O } .

Proof: Since S(p, + pr) is a semisimple class, so by definition, we hwe

uS(p ,  +  p )={Aeat :HA^S(Pr  +P)=0} .

Since S(p, + Pz) = Sp, n Sp, (by Theorem 2'9)' Therefore we have

US(A + P) = {A e o : HAnSPI + SP2 = 0}'

Theorem 3.4. Let p, and p, be radical classes of hemirings' Then

S(Z(a  +  P) )=S(P,+  P) '

Proof:  LetAes(r(a + P)),wewil lShowthat l€S(A+p2). Assumeoncontrarythat I

AeS(n+ p)butAeS(I(n +p2)) implies that [Z(p1 + p)JU) = 0' Since AeS(pr+ pr) 
|

= Sp n Sp, therefore I € Sp, n Sp2. This implies that A ASpl or I e Sp, . Now I e Spt' This

implies that AU)* 0.As 0 + pt(A) e AC Av Pz= L(Av pz) = L(A+ p). Since

AeS(L(pr+pr))andS(L(A+P)) isheridi tary,wehavep,(A)eS(I(p1+p2))andhence

p(A)+O) eS(L(pr+pr))a(L(pr+pr). We have a contradiption that [I(pt+ p)]n

S(L(p1+pr))= 0.This proves that I e S(pt+p2)'Now we have AeS(L(g+pr)) implies that

A eS(p1+pr). This shows that S(L(g+pr)) c S(L(pt+pr))'

Forreverse inclusion, letAeS(L(p1+p2)). We shall show that AeS(n+p).Assume

on contrary that AeS(n+p)but Aes(L(pl+pr)) implies that [L(pt+p)] (l) * 0' Let

I =[L(pr+ pr)](l). Then I has a non zero accessible p,,+ pr'sub'hemiring, say, ?n' Now

[88]
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A e S (pr+ pr) = S4 n Sp, and 1 < l. By the heridiqry of S (p, + pr), I e S (p, + p2). Now Z
is an accessible sub.hemiring of/and so ?n e S(4+A).This implies that (pr+pr)(I) = 0.since z e A + pz, therefore (n + m) (T)= z and henc e T = ,,which contradicts that r * 0.Thus S(p,+p2) g S(Z(4+p2)). Consequently, wehave S(I(p1 +p))=S(A+pr). Thiscompletes the proof.

Corollary 3.5. If pr, p, are radical classes of hemirings, then

L(Aw pr)= U[S(p,+pr)]
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