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Finite range model to describe the
distribution of infant death by age
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Abstract: This paper proposes the Finite range model to describe the distribution of infant death by
age, Nepal Demographic and Health Surveys data were utilized for this purpose. Finite range model
was found to be an appropriate model for the approximation of the distribution of infant deaths by
age in months. Misreported death cases were found to be 0.46 and 1.56 per cent respectively for the
surveys of 1996 and 2001 data. It is believed that the finding of this paper may help planners and
policy-makers for designing proper policy in reducing the infant and child mortality of a country.

1. Introduction

The level of infant and child mortality reflects the level of socio-economic development and
health status of a country [1]. Despite the fact that infant mortality has reduced to a very low
level among well-off and industrialized countries but developing countries still experienced a
very high level of early childhood mortality [2]. The consistency of mortality estimates is
entirely depends on the extent and nature of data to which date of birth and age at death are
accurately reported and recorded, and along with the completeness of such data [3, 4].

In most of the developing countries, the vital registration system including births and
deaths suffers from the problems of omission, over or under counts the events [5]. The
omissions and misreporting of the data are more often appeared in the retrospective surveys,
which either may be due to memory lapse or may be due to digit preference of the respondents
[6]. Generally, events are over-reported at some preferred ages like 3 months, 6 months, 9
months, etc., particularly in the developing countries [1,7], which affects the estimation of
infant mortality rate and child mortality rate of a country.

Theile [8] proposed a seven-parameter model to study the age pattern of mortality;
however, Heligman and Pollard [9] introduced an eight-parameter model in order to improve
the fitting of mortality data. Mitra and Denny [10] proposed a model to graduate mortality
pattern after the age of 30 years. A number of researchers had developed and/or graduated the
survival function for the study of mortality pattern at early ages using hyperbolic, logarithmic
and Weibull distributions [11,12]. Krishnan and Jin [13] applied Pareto distribution to describe
the age pattern of early childhood mortality. Chauhan [7] used finite range mode! to describe
the age pattern of infant death.

* Postdoctoral Research Fellow at the institute of Economic Research, Hitotsubashi University, Tokyo, Japan
& Associated with Central Department of Statistics, Tribhuvan University, Kirtipur, Kethmanduy, Nepal,
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In Nepal, the infant mortality rate was 182 in 1964, 156 in 1974, 113 in 1984, 79 in 1996,
64 in 2001 and it came down to 51 per 1000 live births in 2006 [1, 14, 15, 16]. Under-five
mortality rate declined from 297 in 1960 10 202 in 1986 to 118 in 1996 to 91 in 2001 to 51 per
1000 live births in 2006 [14, 16]. However, total fertility rate has declined from 6.3 in 1971 to
4.1 in 2001 to 3.1 per woman in 2006 [14, 16]. These figures show a declining trend in early
childhood mortality and fertility in a country. Though, it is still very high level of infant and
child mortality and fertility in a country as compared to Asian developing countries [1].

On this background of high mortality and fertility in a country, a thorough study on the
distribution of infant and child deaths is important for achieving to the reduction in fertility and
early mortality as well as to improve the quality of health of the people. No doubt a concise
model description of past mortality pattems provides the basis for projections [17]. Tt has been
realized that the theory and practice of forecasting mortality have evolved rapidly in current
decades [18, 19,20, 21].

Adequate work on the distribution of infant deaths by age has not intensively been carried
out yet in Nepal. This may perhaps be due to the lack of reliable data or the lack of interest
among the researchers. Therefore, the main aim of this article is to propose a Finite range
model to describe the distribution of infant death by age. The parameters involved of the model
have been estimated through the least square and iteration methods. The data are taken from
the Nepal Family Health Survey (NFHS 1996) 1996 and the Nepal Demographic and Health
Survey (NDHS 2001) 2001 [4, 14]. In both the surveys, each woman was asked about the
number of sons and daughters living with her, elsewhere and the number who had died, and the
number of pregnancies that did not end in a live birth along with their name, sex, age (if alive)
or age at death (if dead), etc. The details about the surveys are found in MOH [4, 14].

2. Finite Range Model

Finite range model has been proposed to study the distribution of infant deaths by age.
This model has been chosen because of its simplicity in nature and having less number of
parameters involved in the model. Finite range model was proposed by Mukherjee and Islam
[22] for the study of reliability. Chauhan [7] introduced it to graduate the infant deaths. A brief
description of the model is given below.

Let x be the age in months at death of the infant, then the probability density function of
xis,

p(x\"
(n f(x)=}-(5) :0<x<@;6>0and0<p<]

where @ and p are scale and shape parameters of the distribution respectively.
The corresponding cumulative distribution function is given by

P
@) F(X<x)=(%) 0<x<8.0>0and0<p<|
The mean, median and variance of the Finite range model are givenas below.

1
Mean=ﬁ=(—p—)6,Median= M, =[(1)P ]9
p+l 2

and Variance = o =|: 2 |é
(p+1)(p+2)

F o
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3. Estimation of Parameters

Least square technique has been proposed to estimate the parameters of the model. The
parameters are also estimated by using iteration method, and then compared it with least square
method. It is hypothesize that the least square technique may provide better estimate than that
of iteration method because in iteration method the scale parameter is taken as fixed.
Iteration Method: The estimated value of shape parameter, p, can be obtained by fixing the
scale parameter &, Let D and D, are the total number of infant deaths (deaths up to 12 months)
and neonatal deaths (deaths up to 30 days) respectively. Then the proportion of neonatal deaths
is given as,

D,

(3) ) D

Thus the proportion of infant deaths up to the first month of age by fixing =12, is given as,

_(1Yy
) _F(X<x]—(a)
On solving equations (3) and (4), we get,

ot

12
By solving equation (5), we get the estimated value of shape parameter, p, as
P, Log R
6 =
® P= Tog(12)

Using estimated value p given by expression (6), the corresponding cumulative proportion of
death up to age of 15! month, 2" month, 3™ month, 4% . . ., 12th month can be calculated by
using equation (4). The proportion of deaths during particular months of age can also be
calculated by subtracting the successive values of cumulative proportion of deaths.

Symbolically, proportion of deaths during month x is expressed as

(7) FX<x+1)-FlX<x);forx>1

and the proportion of deaths during 1" month is F(X < 1).

Thus the expected deaths can be obtained as

(8) E[D;]=DF(X<x), forx=1,2,3,...12.

Least-Square Method: It is quite difficult to fix the scale parameter & of the distribution and
sometimes it would lead mis-interpretations of the parameters. Thus the least square method

can be used to estimate both the parameters involved in the model. By taking log both sides in
equation (2), we get the following linear equation.

E)) log F(x)==plogf+ plog x
The equation (9) can be re-written as,
(10) Y=A+pX

where, log F(x)=Y,~plog# =4 and logx=X
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F(x) is the sample cumulative distribution function of age x. Since, expression (10) is in a
linear form. So that using least square principle, both the parameters p and 6 can easily be
estimated.

4. Application of the Model

Table 1 shows the observed and expected distribution of infant deaths by age in months
(deaths during 0—4 years prior to the survey date) for NFHS 1996 data, The parameters of the
model are estimated by using iteration as well as least square methods. The estimated
parameters, chi-square values and their degrees of freedom are also presented in the same
table. The summary measures like mean, median and variance of the model are also computed
and are presented in the same table for both the data sets.

Table 1 Observed And Expected Number Of Infant Deaths By Age (NFHS 1996)

Age atdeath | Observed Iteration method Least square method
(in months) RX<x) Expected deaths | F(X<x) | Expected deaths
0-1 352 0.6629 352.00 0.65087 35269
1-2 32 0.7435 4277 0.7296 42.64
2-3 30 0.7950 27.39 0.77998 27.29
3-4 15 0.8338 20.58 0.8178 20.50
4-5 18 0.8652 16.65 0.8484 16.58
5-6 12 0.8917 14.06 0.8742 14.01
6-7 14 0.9147 12.23 0.8967 12.17
7-8 g 0.9351 10.85 0.9166 10.80
B8-9 12 0.9535 276 0.9346 972
9-10 12 0.8703 8.90 0.9509 B.86
10-11 10 0.9857 8.19 0.9660 8.15
11-12 14 1.0000 7.58 0.99997 7.55
Total 531 531.00 531.00
p 0.16545 0.1647
P 12.00 13.57
i 13.48 12.07
d.f. 9 9
Mean 1.70 1.83
Median 0.18 0.20
Variance 436 5.56

The shape parameter, p,
0.1647 for least-square method, whi
that the scale parameter, @(=12),
in the least square method. Least square
parameter of 8=1
suggested that the
distribution was found very close by the least squ
Moareover, the estimated mean age of infant deaths pro
months while median age of infant deaths was aroun

was found to be 0.1655 for iteration method whereas it was
ch is almost identical for the NFHS data. It is to be noted
was kept fixed in iteration method whereas it was estimated
method provides the estimated value of scale
3.58, which is higher than that of the iteration method. The chi-square value
Finite range model fitted well to the data of NFHS 1996. The fitting of the
are method than that of iteration method.
vided by the model was found to be 1.8
d 6 days with a variance of 5.6 months.

it we

24 n
shap
resp
21.9
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Table 2 Observed And Expected Number Of Infant Deaths By Age (NDHS 2001)

Age at deaths | Observed Iteration method Least square method
i D
(EERER) eahs | AX<x) Expecteddeaths | FiX<x) | Expected deaths
0-1 264 0.6168 264.00 0.6242 267.166
1-2 38 0.7058 38.09 0.7119 37.53
2-3 19 0.7637 24.78 0.7688 24.35
34 26 0.8077 18.81 0.8118 18.45
4-5 10 0.8435 15.33 0.8470 15.02
5-6 9 0.8739 13.03 0.8768 12.75
6-7 1 0.9005 11.38 0.9028 11.13
7-8 8 0.9242 10.14 0.9260 9.91
8-8 13 0.9456 9.16 0.9469 8.95
9-10 11 0.9652 8.38 0.9660 8.18
10-11 9 0.9832 7.73 0.9836 7.54
11-12 10 1.0000 7.18 0.9998 7.01
Total 428 428.00 428.00
P 0.1944 0.1896
P 12.00 12.97
72 12.41 11.13
d.f. 9 9
Mean 1.95 2.07
Median 0.34 0.34
Variance 4.87 5.59

Table 2 presents the observed and expected distribution of infant deaths by age in months
(deaths during 0-4 years prior to the survey date) for NDHS 2001 data. The shape parameter, p,
and the scale parameter, 6, was found to be 0.1944 and 12 respectively by iteration method
whereas it was respectively 0.1896 and 12.97 by least-square method. The value of scale
parameter was found to be slightly higher by least square method than that of iteration method.
The insignificant chi-square value also suggested that the Finite range model fitted well to the
data of NDHS 2001. Here too, the small value of chi-square produced by the least square
method confirms the better fits to the data of infant deaths by age than that of iteration method.
The estimated mean age of infant deaths provided by the model was found to be 2.1 months
and median age of infant death was 10 days with variance of 5.6 months.

Further, Finite range model has been proposed to graduate the death patterns up to 24
months. The suitability of this graduated model has also been tested by the same data of NFHS
1996 and NDHS 2001. Table 3 displays the observed and expected distribution of infant deaths
by age up to 24 months for NFHS 1996 data. The estimated shape parameter, p, was found to
be 0.1673 and 0.1805 for iteration and least-square method respectively. The scale parameter,
6(=24), was kept fixed in iteration method whereas it was estimated in least square method and
it was found to be lower (=23.36) than that of the iteration method.

Similarly, Table 4 displays the observed and expected values of infant deaths by age up to
24 months (deaths during 0-4 years prior to the survey date) for the NDHS 2001 data. The
shape parameter, p, was found to be 0.1881 and 0.1970 for iteration and least-square method
respectiveiy; The scale parameter, #(=24), was kept fixed in iteration method whereas it was
21.98 obtained by least square method, which is quite lower than that of the iteration method.
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The least square method was found to be more appropriate technique to estimate the
parameters of the model than iteration method and that confirms by fitting the distributions
(Tables 1 to 4).

Table 3 Estimation Of Extent Of Misreporting Of Infant Deaths (NFHS 1996)

Age at deaths | Observed Iteration method Least square method
(inmonths) | Deaths | pp ' Expecteddeaths | FX<x) | Expected deaths
0-1 352 0.5876 352.00 0.5662 337.50
=2 32 0.6599 43.27 0.6417 44.98
2-3 30 0.7062 27.74 0.6904 29.04
3-4 15 0.7410 20.85 0.7272 21.94
4-5 19 0.7692 16.88 0.7571 17.81
56 12 0.7830 14.27 0.7624 15:10
6-7 14 0.8137 12.41 0.8045 13.16
7-8 9 0.8321 11.01 0.8241 11.69
8-9 12 0.8487 9.82 0.8418 10.51
9-10 12 0.8638 9.04 0.8580 9.63
10-11 10 0.8777 B.32 0.8729 8.87
11-12 14 0.8905 7.7 0.8867 8.23
12-13 15 0.9025 7.19 0.89%6 7.89
13-14 7 0.9138 6.74 0.9117 7.22
14-15 6 0.9244 6.35 0.9231 6.81
15-16 7] 0.9344 6.01 0.9339 6.44
16-17 6 0.9439 571 0.9442 6.12
17-18 4 0.9530 5.43 0.9540 583
18-19 10 0.9617 5.19 0.9634 5.57
19-20 2 0.9699 4.96 0.9723 534
20-21 3 0.9779 476 0.8808 512
21-22 2 0.9856 4.57 0.9892 4.93
22-23 2 0.9928 4.40 0.8972 475
23-24 4 1.0000 4.25 0.9999 458
Total 598 599.00 599.00
p 0.16728 0.1805
8 24.00 23.36
1 2282 21.01
d.f. 15 15
Reported infant deaths 531.00 531.00
Calculated infant deaths 533.42 531.13
No. of deaths under reported 2.42 0.13
Percent under reported 0.46 0.03

Thus, the values of chi-square indicate that the graduated model fitted reasonably well to
the data of Nepal for describing the distribution of infant deaths by age up to 24 months. So
this model may be utilized to estimate the extent of misreporting of infant deaths by age during
the infancy.

It has been observed that the death patterns during infancy usually biased either under-
reporting or over-reporting of death events. It is also noted that the infant mortality rate is
apparently affected by such biased reporting during the ages of 12 months [1]. The extent of

e S o PR 7 O = O m -
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misreporting of infant deaths may be estimated by taking the expected deaths from the
graduated model.

Tables 3 and 4 (the last row) show the extent of misreperting at 12 months, when age at
death is graduated up to 24 months. Since the model was fitted reasonably well to both the data
sets. Hence the corrected values of infant deaths can be obtained by taking the sum of expected
deaths up to 12 months from graduated model. This may provide the nature and extent of
misreported deaths at the infancy. The differences between the distributions of the fittings of
infant death by age up to 12 months and up to 24 months may be attributed the extent of mis-
reporting of the events. It was found that around 0.46 per cent infant deaths were misreported
i.e., under-reported for the data of NFHS 1996 (Table 3). Similarly, the extent of misreporting

was found to be 1.56 per cent for the data of NDHS 2001 (Table 4).
Table 4 Estimation Of Extent Of Misreporting Of Infant Deaths (NDHS 2001)

[7]

Age atdeaths | Observed Iteration method Least square method
(inmonths) | Deaths | by _ o) Expected deaths | F(X <x) | Expected deaths
0-1 264 0.5500 264.00 0.5346 256.63
1-2 38 0.6266 36.77 0.6129 37.55
2-3 19 0.6763 23.84 0.6639 24.47
3-4 26 0.7139 18.05 0.7028 18.58
4-5 10 0.7445 14.69 0.7341 15.16
5-6 9 0.7704 12.47 0.7610 12.89
6-7 11 0.7931 10.88 0.7845 11.26
7-8 8 0.8133 9.68 0.:8054 10.04
8-9 13 0.8315 B.75 0.8243 9.08
9-10 1 0.8482 7.99 0.8418 B8.30
10-11 9 0.8635 7.37 0.8575 7.66
11-12 10 0.8778 6.84 0.8723 712
12-13 8 0.8911 6.39 0.8862 6.66
13-14 11 0.9036 6.00 0.8992 6.26
14-15 6 0.8154 5.67 0.9116 2.81
15-16 2 0.9266 5.37 0.9232 5.80
16-17 2 0.9372 5.10 0.9343 532
17-18 4 0.9473 4.86 0.9448 5.08
18-19 10 0.9570 465 0.2550 4.86
18-20 7 0.9663 4.45 0.9647 4.66
20-21 1 0.8752 4.28 0.9740 4.47
21-22 0 0.9838 4.1 0.9830 4.30
22-23 0 0.9920 3.97 0.9916 4.15
23-24 1 1.0000 3.83 0.9998 4.01
Total 480 480.00 480.00
F 0.1881 0.1870
P 24.00 21.98
7 21.68 20.51
d.f, 13
Reported infant deaths 428.00 428.00
Calculated infant deaths 421.32 418.73
No. of deaths under reparted 6.68 8.27
Percent of under reported 1.56 217
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Hence, the model also confirms that the infant deaths under-reported in the surveys. This
result is consistent with the other findings [1,21]. These figures clearly indicate that the
misreporting of infant deaths by age was higher for the NDHS 2001 data than that of the NFHS
1996 data. Similar fashion has been adopted for computing probable bias occurred in
successive months during infancy.

Finding suggests that infant mortality- rate directly affects by the reporting of deaths
during infancy. Therefore due attention should be paid by considering deaths underreported
during infancy while computing the infant mortality rates. This study further suggests that
Finite range model may graduate the number of deaths at different ages during early childhood
for the developing country like Nepal.

5. Conclusions

This study suggests that Finite range model may be an appropriate model for the
approximation of the distribution of infant deaths by age in months in the developing countries
like Nepal. With the help of this model, the extent of misreporting of age at deaths can also be
estimated. The descriptive statistics are also computed with the help of the fitted model. The
estimated probable biased value was found to be 0.46 per cent for the NFHS 1996 data while it
was 1.56 per cent for the NDHS 2001 data. Findings may help policy-makers and planners for
designing proper policy to reduce infant and child mortality and to improve mother’s health of
a country.
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Abstract: The Wiener-Tauberian theorem for IR says that the closed translation invariant subspace
generated by [ € Lt(]R} is ['(R) if and only if the Fourier transform 1 of f never vanishes. In this
paper we prove a uniform version of this result in Wiener algebra.

Keywords: Wiener-Tauberian theorem, locally compact abelian group, translation invariant
subspace, Wiener algebra.

1.Introduction:

Let G be a separable locally compact abelian group with left Haar measure A LetKbea
nonempty compact subset of G which is the closure of its interior. If / is measurable function

on G, we define
ff:G->[0,=] by
L1 =1fék e
Let ] be the set of Measurable functions g on G for which g eL. .V isaBanach space

withnorm || 7| "=]l /* ;- In fact _#] is a Banach algebra under Convolution.
The Wiener algebra W(G) is defined as follows:

W(G)={f €. . [ is continuous}
Let &% be the set of all Radon measures on . For u € R we define
4G —[0,=] by
()= agiell =] 1] KD
also p* =| u|* &y
WG ={pe R ; u* € Lo} with the nom | wll =] 4" |l
(Fo) =pu)f = [ fdu.f W (G);ueW(G)*
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Forhe #, ®,:G — L(G) by
O, (x)= hxeCG

Let S and 8" be the unit ball of W(G) and W(G)* respectively.

U={ge W(G);for,ueg%.g-*_y=0=>p=0}
For [ € Cy(G)

(L1) 1N = [, 16N @) dAw)
= [, ISk e 4A@)
= JG f;lop[f(ﬂ)fcfyx(f)ﬂ(y)

= [, S| 1)1 £y 7' 2A)

= [, Swl /@ & 5 ') daw)
ze@

= | Sup1 /@)1 6k (v™'2) dAtw)

= -[G §:Gp[f(z)|fyx(2)di(y)
- J’G §:£| fEx(2)|dAy)

= Jo 178 10 d2w)
=1l W(G)

since Cy, (G) is dense in W(G),
so || .Sl n’gc}=” hal wig) forall fe W(G).
Let h € C,(G),

1l sy =N 1Ly = [ 1" 1 dAG)
= Jo Suplhex Il 420
= Jo Suplhé @A)

= | . Sup | h(y) | £k (W) dA)
yeG

> Fin

Let

=
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< [ Supl )] £, ) dA(x)
yeG
o=t J;; l‘i""(x)|dfl(-'¢-)=”£”ma}
Let us take, & € Cyy (G)
13. [rat i = [ [ Kotg@d]~ (9 die)
" .fa Ia h(x)ép (xy)d | u| (y)da(x)
. IG IG h(x) &1 (yx)d | p| (y)dA(x)
= [ [ & he™ 0 d) 1l () dacx)
- IG .[G hy™'x) ¢ (x7)dAx)d | 1] (y)
F Io(”“fx')(y“)dlur(y)
= (€ *hlul)
and hence g* e L.
1.4. For fe W(G)and ue W(G)*
urf() = [ fxduty)
= [, /Gy du)
= fG X/ (y™)duly)
= [ ¥ @duty™)
=[x/ @da)
= Y (o f)

LS, Theorem : Let G be a separable locally compact abelian group. Let J€ < W (G) be such
that the family {®;,: he H) is uniformly equicontinuous. Suppose there exist h € JE with
| k()| <| h(r)| and | hlly gy S| A llwgy Jorall he H & teG.

Let g €U be fixed and U = S7(@", Suppose that i x g(x)— 0 as x — o uniformly for # in
U then h % u(x)-> 0 asx — oo uniformly for 4 in S and uin U .



[14] C R BHATTA

Proof: Assume to the contrary. So there exists § > 0 such that for every compact'set Kin G
there exists xg€ G ~ k., hye S and hy € i, € W sausfying -

[ (hy * g )xg)|> 6.

Since G is separable and locally compact so G is o-compact. Thus there exists an increasing
sequence say {K,},.y; of compact sets with K, < Int K, and if F is any compact set inG

thus there exists n, with F < K. We write
hgn = kﬂ!ﬂ.ﬁn: Ln and IK”'—- xn,
Define a sequence of functions on G by

8(2) = 5, (= ) (%)

Sup| 4,(x)] = Sup | 5,y » ) (2)!
xeCG xeG

= Sup | (A % ) Gn¥) |
xeC

= Sup | ¢ (i) (5,2 ()
xel

1A

(i) iy | 3 n (G

]

A i, 1 B )

11 2n* i Wl
<1

Since {d), the 3 is uniformly equi continuous, s0 for given € > 0 there exists a nbd U, of

einGst forteU,, forxeG y=n we have

" xh= Hh“-u*(a‘) e
Fory=m, teUg.

U * 1) () = 5, (g * 1) W)
= | Chy % 1) g X) = (Ul * 1) (Zn W) |
= | i) ) =9 i) 5 )) |
= | W) 3, )) = ()|

= [ s, ()= )}
< Jwti oy | ()= )

‘"'{G]

By .

aco

Now

#
-

v
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=12l | )=y )] 6,
- "ﬁﬁ L I'i(”:}r)’ y(h) Ilrv(c—)
<[t =y [y 6

By Ascoli’s theorem [5] there exists a pointwise Convergent subsequence { 4, } converging to
a continuous function 4 on G. Thus for a fixed x and ¢ in G.
&y (™) > 8(xr™), jo o
4, G g0 = |4, @120
S"’én.' "w 'g{!)"
<|lg]
Thus by Lebesgue dominated Convergence theorem '
[ 4, G g0 dA0 > [ A6t g0 dte)
ie. B * g(x)> sxg(x) Vxe G
Now, b2 = [ 4, 02 daw
= [, 5 e s Y51) g7 d200)
= fa (i, b1y )ty 3008 )dA()
= (a0, )4 8) 3, 0
= (a0 )3,
= (ks &) by (bt x)
= Ui @i

Where U;f(y)'z Fin, () (% 8) (™" jx)‘.-.'Sime 4 * g vanishes at infinity uniformly for

w € U . We have for any n & N there is a compact set IE',, st |uxg(z)|<Y forzeG~ IE,,.
and pel.
For y€G.let LY =yK, x" which is compact so there exists Jn¥'such that L3¥ < K for

J2 jy¥and asx, € K, we have,
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=aaly, | )=y 6,
=|,;‘: ﬂm u*(”")_y(h")“wc)
- "1(}1")—!{(""} "W(G}

<€
By Ascoli’s theorem [5] there exists a pointwise Convergent subsequence {/.s,,‘r } converging to
a continuous function 4 on G. Thus for a fixed x and ¢ in G.
by (1) > BGT), jo 0
4, (217" g(0) | = [ Ay x17) [ lg @]
<14y, Il 18O
=[g]|

Thus by Lebesgue dominated Convergence theorem

[5%, G e day > [ 86r™) gl daie)
ie. An* g(x)—> sxg(x) Vxe G
Now, Ay % g(x) = J’G Ay (O () dA()
= J 0, o et ) x1) (7 dAC)

of = [ O i 3, 3080 dAC)
(o 1, ) 8) 5 )
(Gt + 2)) 5 )
= (i x &) w by (1 x)

Jo Un @ daw)

I

Where U; (y)= h,,}(y)(;znj# g-)(y"'x,,! x) . Since 4 % g vanishes at infinity uniformly for

€U . Wehave for any n e N there is a compact set I?,, 8.t r,u-sg(z')|<)/n forzeG -~ 1%,,
and ueU.
For y€G,let LEY = yK, x " which is compact so there exists j ;¥ such that LT ¥ < K ; for

j2 J-nx.y and as Xy & K,, we have,
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(#n,* g)(y-lanx)I < %
|Unf )| < | Aty + 8" X)
< || Y, . jzizY

= U@ —0as jow
J
Thus by Lebesgue dominated convergence theorem IG u: (y)dA(y) >0 as j o=
)

ie. é,,j; g(x)=0 ie. Sd+g(x)—=0
= A=0 since ge U.
But 4, (€) = (hy » i) (x,) 50 | 4, (e)|> &

= | A(e) | = 8. Which is contradiction.
This completes the proof.

Let S,, be the unit ball of W(G)* and S, be the unit ball of W(G) and
U={g:G - C measurable, g & W(G); forae BAC, asg=0=>a=0}.

Where B and C are sets of bounded and continuous functions respectively. The following
theroem may also holds.

1.6. Theorem: Let U C S, be such that the family{¢,, : pe W} is uniformiy equicontinuous,

Let J = W (G), suppose that there exist he S, st |h(@®)| £ | ﬁ(r) | for all h e F€ and all
teG. If geS, U andu® « g vanishes at infinity uniformly for u €U then u* & hvanishes at

infinity uniformly for every y U and h e
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Abstract: In this paper we have proved a theorem on double Norlund summability of Furier-
Jacobi series, which generalizes various known results. However our theorem is as follows:

Theorem: Let (N, p,,.q,,) be a double Nérlund method defined by a real non-negative, non-
increasing sequenc {p,}and a real-non-negative, non-decreasing sequence {g, }.

Let y(r) and A(7) be non-negative monotonic increasing functions of 1, such that
w(n)log n=0[A(F,))]
ap P =0[(p*q),logn]

i P & (p* ‘?);l,,-c
e (a2 log k i g, p(2a+)2

as n—» w, where ¢ is a parameter with the restriction that 0 ¢ < 1. 1f

(2a+2] 1
Ri)= [ 1F@)d ﬂ[%}
3

as { — o, where = 1/1] then the Fourier-Jabobi series is summable (N, p,,.q,,) at the point
x =+ 1 to the sum A, provided that the condition

=112 2a<1R, f>-1/2
and the antipole condition

[ Qenboe’2) sy de <o

are satisfied, where b is fixed.
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Definitions and Notations: Let f(x) be a function defined on the interval -1 <x <1 such
that the integral.

) [} =0+ ey

exists in the sense of Lebesgue for oo > -1, f > —1. The Fourier-Jacobi series corresponding to
the function f(x) is given by

(12) @~ a, PP )
n=0
where
(1.3) a, =g, J'_I] a -x)%(1+ x)f’ PLa.m(_ﬂf{x)dx
with

@a+a+B+D[(n+)[(1+a+p+1)
g, =
28 [ a+1)[(n+ B +1)

and Pf,"‘ﬁ)(x) are the Jacobi polynomials defined by the generating function.

278 (1 23+ ) V21—t + (1= 230+ 2) 272 (1404 (1220 +67)2T7

(1.5) = PR )
n=0
Let us write
F(#)=(f(cos)~ A} (sing/2)***" (cos$/2)*"!
A being a fixed constant.

Let{s, ) be the sequence of partial sums of a given infinite series ¥ a,.Let{p,}and {g,}be
any two sequences of constants with P, and O, as their partial sums respectively and let

n L
(1.6) (p*q), = Z Poi = Z Py Gni
k=0 k=0

tends to infinity as n— @
If the sequence-to sequence transformation defined by

n
= an-k 9k Sk
(P*q)" k=0

(&) eha

tends to a fixed limit s as #—> oo, then the sequence {s, } or the series Y’ a,, is said to be
summable by double N&rlund method (N, p,,.q,,) to s, Borwein [2].

2.0
surr
we

hav

The

whe
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2. Introduction: The study of summability of Fourier-Jacobi series by ordinary Nérlund
summability method has been made by several workers ([1],[5],[91,[16)). In the present paper
we study the summability of Fourier-Jacobi series by double Nérlund summability method.

Dealing with the Nérlund summability of Fourier-Jacobi series, Prasad and Saxena [10]
have established the follwing :

Theorem A : If

i ' ) £ 20%2
RO= [ 1F@ldp=0| ——— | as 10
' L o)

where
F($) = {f(cos) - A} (sing/2)**"" (cosg/2)*"!,

A1) and &) are non-negative monotonic increasing functions of 1 such that

(2.2) w(n)logn = 0(@(h,)) as n—=
(2.3) p2a/2 =0(B,) s A
and
& P} ) Pj' .
(24) —_—=0| ——— |ssn>w®
k=2 k_tlzﬂ"i-l'}'!z log k | n@ﬁ-'l-]}/z

then the Fourier-Jacobi series (1.2) is summable (¥, p,) at the point x =+1, to sum 4,
provided that the condition
~1/2<a<1/2, B>-1/2 and the antipole condition
b _
@3) [} 0 0@ £ <o

are satisfied, where b is fixed and (N, p, ) is regular Nérlund method defined by the real non-
negative and non-increasing sequence {p, }such that p, — as n — .

The object of this paper is to generalize the above theorem to a more general class of
double Nérlund summability of Fourier-Jacobi series.

2. We establish our result in the form of the following theorem.

Theorem: Let (N, p,,.4,,) be a double Nérlund method defined by a real non-negative, non-
increasing sequence{p, } and a real non-negative, non decreasing sequenc{q, }.

Let w(f) and 4 (1) be non-negative monotonic increasing functions of 7 such that

(G.1) w(n)logn=0[A(P,)]
(3.2) q,F, =0l(p*q), logn]
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n P, (P*oL
(3.3) =0

k‘i k(zﬂ*-l)fz logk qn "(2a+nf2

as n— w, where ¢ is a parameter with the restriction that 0 < c < 1.

)

(3.4) If K= [ |F@)lds =0[ =
\ el b 3

as ¢ = 0, where r=[ 1/¢] then the Fourier-Jacobi series (1..2) is summable (N, p,, g, ) at the
point x =+ | to the sum A, provided that the condition

~1/12sa<li2, B>-1/2
and the antipole condition

b
(3.5) L (1+ )= V2 | 0y 1 dy <o
are satisfied, where b is fixed.

4. The following lemmas are needed for the proof of our theorem

Lemma 1 : ([15] p. 167 & 196): For a> -1, § > -1

O(n*), when0<¢ < l/n
0-(:':1*8 ), when 7 —l/nsgsnm

(sing12)~ Qa2 (oo 612y~ 2A+1))2

P;ﬂ’ﬁ) (CDS¢) = (mr)ln
2 4 nsin ¢

when 1/n <d<mr—1/n

Lemma 2 : The antipole condition

b. .

J'_]_ A+x) P22 1) <o
is equivalent to

b

L 1+ B2 D2 r(y— 4| de <o
which is further
S | & m—a—f-1
L | F(#) | (cosd/2) dp<o,0<n<r.

.-

Y
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Lemma 3. [7]. If {p,} is a non-negative, non-increasing sequence then for large n, uniformly
n0<¢<sm0<ash<n,

n )
Y. pycos {(n—k+ p)p=ryn-k)2* 02 1= 0 (n2 D72 p (11 g)
k=a
where
a+f+2 (2a+3)7
p= v r=

2 4

yaz-1/2

Lemma 4. [7]: If {p, }is a non-negative, non-increasing and {g,} is a non-negative, non-
decreasing sequence then

n-1

Z Py Dpk (H-—k)(za—l)fl =0((p *q)" n{h-r-l}.-‘z)
k=0

Lemma 5: Let
a+f+l n-l .
N, @)= Y. PiGni Ok PP (c089)
(2*q), k=0
where

a4l

5 2'“"8_1 Rﬂ o+ ‘B + 2) 2'“_'3_]
= = y B

I—(ﬂ-!-l)'_fﬂ'kﬂ-i-l) f_(n+l)

Then for <1/2<a<1/2, f>-1/2 and {p,, }.{q,} satisfying the conditions of the theorem,

we have

O(n*®*2), when 0 <@ <1in (4.1)
O(n*** Ay when r-lin<g<x (4.2)
q n(2a+l]f2
N =| 0|2 —(sing/2) 2@t (cos g2y @AVI2 | (43
(p*q),
+0 {"{23“1}1’2 (Slﬂﬁf 2-)~{2£Z+5}f2(ms ?";2)*{2}5}3)/2]
whenl/n< p<m-1/n

Proof: Using Lemma 1 for 0 < ¢ <1/2 together with Lemma 4, the required estimate in (4.1)
follows. For the estimate in (4.2), we use Lemma | for 7 —1/n < ¢ < 7 together with Lemma 4.

For 1/n< ¢ <m—1/n, we have from Lemma 1.



[22] SATISH CHANDRA

o @ (2a+1)/2 “
N,(#)= Y. Pibneky (n=K)
(P*q), k=0 (5.
x (sing/2) 22 (cos g/ 2) 22 Us
o)
x| cosf{(n—k+p)p—y}+——
(n—k)sing

Since for fixed n,{g,_,} is non-increasing, we can deal with the first term of the right by first
using the second mean value theorem and then applying Lemma 3 to deal with the second term
on the right, we apply the result of Lemma 4 and the required estimate follows.

Lemma 6. The condition

a0, n_{2a+l}1’2 = 0(p 'q}i—c

For 0 £ ¢ < 1 under the hypothesis of the theorem.

Proof: The expression on the left of (3.3) is increasing and hence greater than or equal to a =
positive constant. Hence (3.4) implies that for some positive constant A. -
: B % i b (s,
I=2 k{2a+1)1’2 logk k=a k[.".a “!ng Fﬂ
where a > 2 s
(note that k p, < p; = p; = kp,. by the condition on {p, }) .
- By Qi Le
k=a qn_k k[2a+3)f2 logk
e by the conditi
B e condition
(2u+1)/2 d on {4y}
qn
* \1=C
i {~(p*9),>(p=q), < for D<cs1)
(a41)/2
g,
> 4
From where the result in Lemma 6 follows.
5. Proof of the theorem: Following Obrechkoff ([8, p. 99. and Rao [11] the n™ partial sum -
&

of the series (1.2) at the pointx = | is given by

8. ()= 22tPt 5 J’: (sing/2)°*~ (cos$/2)*P* . f(eosg) AP (cos p)dg



Consequently,

G.1) Su)-4=2"P 5, [T F(g) KD (cos g) d

Using (1.7), the (N, P,.g,) mean of the series (1.2) is given by

-
2 Piln Spy -4}

-4 =—
(P*q), k=0

= [ F@) N, (9) dg
= I. say
B Un en x-lin  erw _
=g & fit e m o | F@) N9 dg
(52) P9 _A=L+ L4+,
say, where 7 is a suitable constant such that 0 <p <.
Now in order to prove our theorem, we have to show that
(53) 1=0(1), asn—>e
For which we need to prove that
(5.4) 1;=0(1), assn—>w
for j=1,2,3,4,...
Let us first consider /; , we have

=0 [, 1F@i1m)d0)

=0n***2) "[;"' |F(#)|d# by (4.1) of Lemma 5.

ly(ﬂ) n -2a-2

= om“”’;.o[ ] by (3.4)

A(E,)

=0 [LJ by (3.1)
logn )

(5.5) Li=o(l), asn—>x
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Considering /,, we have

. [ g, n2=12 ] L,, \F@) Bugy

(P* G'),, In ¢(2¢z+3)12
F
+ 0 ("{24..‘)12) :: | F(#)| dé
n ¢(2¢x+5).~‘2
using (4.3) of Lemma 5.
(5.6) Iy=1y,+1,,, say
Given € > 0, let i be chosen so that
(2a+2)
EQ d
|R@) < 49 ospsn
' ?Fup)
Then
(2a+1)/2
L < Kq, n p |F@) P[uﬂ dé
[ Mg s &
(P*q), U y2a+3)/2
2a+1)/2 \
) Kg, n®@*) | R (@) P(w)] Iq Fio) Fargy
=5 1
(P*q), g2a+d)2 o ln ¢(2a+3)f2
(5.7 1= Ty +1,, (ay)

whre X is an absolute constant, not necessarily same at each occurrence. If K(7) denotes a
constant depending on 7, we see that, for fixed 7,

g, B | 0{ 9y Pa ¥ (1) ]

“2_1_1 | = K(n) -
(P*q), (p*q),A(F,)

= K(q)o[ ! ]+o(l)
(P*a),

(5.8) [l l=0(), as n>®

by using Lemma 6, (3.4), (3.1) and (3.2).
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Further
: 2a+1)/2 2a+2 ol e R
L Kew s d.[ Rirg J
212 n ; -
(a2 —2a-2
gt g d | By #+N2
e, 7 logx
Using (3.1)
Keq n@e2 ( a2 Qa+3) , 22 ]
T I J‘uq'__.'_"’ d R+ in R &
(p*q), \  logx e 2 log x ;
K.-_s_-:,gﬂ.n{mwz' ([ Ra+3) )
= il M |, say
(» ‘ﬂa \ 2 /
Now,
L=y —-L'
=) k(?atd-l]ﬂ lOBk
n Vif
1 =06 Z _‘;"_._
and
- y(2a+3)2
k+1 ;
WE Tl
k=1 logx
" n=1 P
A0l Le |
k=1 k_(zﬂ'l‘av}‘fz Iag * )
Hence
(5.9) || £ ——— = o(l), asn—>
Py
by using (3.3) from (5.7), (5.8) and (5.9) it follows that
(5.10) I, =0(l), as no>w
i
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Next, considering /, ,, we have

(2l < ka2 [V | Fig)| §242 dg
n
= . n 4
(5.11) | pa| = la + 1523, s
Hence
| Iy21 = K () n®* D2 +o1)
(5:12) [I321| = ofl), as n—> =
and
§2a2) Qa2
n
ARy
ik a2
= K & n® I —
In log x
(5.13) [l322| €K& ; since a< 1/2.

Hence from (5.11), (5.12) and (5.13), it follows that

(5.14) I;=0(l), as n> o
Thus from (5.6), (5.10) and (5.14), we have

(5.15) l;=0(l), asn—>x

Considering /3, we have

(2a+1)/2

I =0[(p~q),,n ] r—Uan ()] (sing/2) "% 2 (cosg 2y @AV 2 . dp
(p*q), ?
+ O (n2et2y J‘:"“" | F(d)| (sin g /2)"2=*I/2 (cosg12) 2@ 12 4y

(5.16) [3=13‘1+I3_2, say

Since (sin ¢ /2)22*32 is bounded for 7 < ¢ < and since Py, ;) is bounded and
-f-1/2>-f~a-1,, we have
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(2a+1)/2 oL y _
I =0 [ i-’f——] 7 1@ congrare ! ag

it (2a+1)/2
=0 [ L iy by lemma 2.
(p*q), )
=0 : - by lemma 6.
(p*a)y,
(5.17) !3__| =0(l), as n—=>®,
Again
= o2y (7 ""‘""’j |
(5.18) I = O(n )(f,,* _[d, , say

Given &' >0, we can choose 7'so that
[[7 (cosgray« P (gl do<s.
The contribution of /55 of the range (7', —1/n) is

< K02 [7H | Fg)| osgr2y @2 g

< &2 [T g cosgr 2" (cospr2 2 dg
(5.19) < Ke';
Since, in the range considered,
42y-22-) |
(cos 9/2) 0[ (2a-0/2 J

Thus the lim sup of the contribution of this range can be made arbitrarily small by suitable
choice of &'. Thus it is enough to prove that for fixed n’, the contribution in the range (n,n’) is
zero. For fixed 77/,

[ 1F @ ing 2702492 (cosg 2 222

is a constant, so that the confribution
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e

]

o [n(2a-l}:‘2 ]

I

(5.20) o(l), as n— o fora<l1/2

From (5.18), (5.19) and (5.20), it is obtained that

(5.21) I3 = ofl), as n—> . s
Hence from (5.16), (5.17) and (5.21), it is obtained that

(5.22) I3 = o(l), as n— .

Finally, considering I, we see that

T a+ 4+l " -

ly=0(™ Py [ |F(@) d, -
by (4.2) of Lemma 5.

But n@A* = o (cosg/2) %P

uniformly in 7 —1/n<@ <x; whence by the use of Lemma 2, it follows immediately that

(5.23) Iy=0(1), as n— .

Collecting (5.5), (5.15), (5.22) and (5.23) the required result in (5.4) is established, which, in
turn, proves the result in (5.3).

This completes the proof of the theorem.
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Abstract: In this paper, a new theorem on (E, 1), (C, I) summability of the conjugate series of
a Fourier series has been proved.

Key words and phrases: (£,/) (C,1) Summability means, Fourier series, Conjugate series of a
Fourier series, periodic function, nh partial sum.

1. Definitions and Notations

Let f(f) be 2x periodic function and integrable over (—a,7) in the sense of Lebesgue. Then its
“Fourier series” is given by

(1.1) f(!)=lao+z(a,,oosnr+b,,sinnr)=1ao+z A,(1)
2 n=1 2 n=l
The series
(12) > (aysinnt—b,cosnt)=—" B, (1)
n=l n=|

is called the “conjugate series” of the Fourier series (1.1),
where

IR G
4= Lf{:)d:

Subiject classification 42B05, 42BOS.
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and
1 ¢#
a,,=—£ [f(t) cos nt dt
T T
n=1,23,...
1 p¢rm
b,,:-_[ £(t) sin nr de
n x

o0 o
Let Z u,, be the infinite series whose nth partial sum is given by S, =Z u;,
n=0 =0}

We write

I n
=—— Y 5; = Cesdro means (C, 1) of sequence {S,,}.
+1 420

If
o,—>S, as n>®
o
where S is a finite number, then sequence {S,,} or the infinite series Z u,, is said to be
ﬂ'=0

summable by Ceséro means method (C, 1) to S. It is denoted by

o, =»S(C)1), asn— o (Hardy, 1913).
Next,

n

I
E) = — Z (:) 5 = Euler means (E, 1) of sequences {S,,}.
k=0 "

If
E} 55 asn—w.

o0

then sequence {S,,} or infinite series Z u; is said to be summable by Euler means method
n=0

(£, 1) to S. It is denoted by

E} 5 S(E 1) asn— = (Hardy, 1949, p. 180).

The £), trsnsformation of {g,,}, denoted by t,,E‘ € is defined by

p ey

If tE' i85, as n—o o,

i1 K

F i

flal
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bl
then sequence (S} or infinite series 3 u, i said to be summable by (£, 1 (C, 1) means
=
method to S. It is denoted by

(565 s (E1)(C1) as no .

Thus, if (£, 1) transform is superimposed on (C, 1) transform of sequence {S,,} . a new
wansformation (E, 1) (C, 1) is obtained

Here
S, =S = 0,(S,) = S.asn— = since (C, 1) method is regular.
= E}(a,)— S.asn—» since (£, 1) method is regular.
= (E,1)(C, 1) method is regular.
We use following notations
(1.3) p)=fx+0-flx-1)
'
(14 (0= [ 1w du
LIRFSEARE N cos(r-i‘--l)r
1.5 NES (@ =—— ") 2.,
- L 2"*‘ Z(k k+1§0 sint

2. Introduction

Quite a good amount of works are known on Summability of a Fourier series and its allied
series. Versaney (1959) has dicussed (H,1) C; summability on sequence of the Fourier
coefficient. Naturally, we have to consider other product summability method of the form (E,1)
(C, 1).

Recently, Dhakal & Lal (2007) have proved a theorem on (£.1) (C.1) summability of a
Fourier series in the following form.

Theorem A: If

@.n () = J']&(u)]du o[ ()]. as 1—+o.
(1) .

provided £(r)is a prositive monotonic decreasing function of # such that —— increases

leg 3
monotonically as 1 — + o, then the Fourier series (1,1) is summable by (£,1) (C,1) method to
fix)att=x.

3. Theorem: The purpose of this paper is to study the conjugate series of the Fourier series
by (E1) (C.1) summability method. In fact, we prove following theorem:
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Theorem: If ' Sece ¢
1

(3.1) () = Io | ;[dn-o( f( )J as t—>+o.

then the conjugate series of the Fourier series (1.2) is summable by (E,1) (C,1) method at “y

t=s,to _

4. Proof of the theorem

Foﬂowmg[al(l”?}mﬂusmgknmm Lehesgmﬂwauu,mhpaﬁalmﬂx)of
conjugate series (1.2) of Fourier series at 7 = x is given by

S (x)__ J' m{""-%)rﬂw"j dt

cos(n+d)t 1 ex
Sp(¥) = — I W({)—ﬁ_d}-; L w()cotLat

> o LR i m e B e w(n-l--%):__
s,.cxaz-l[——z; J; voena)== | o8

(C.1) transform of S(x) . 02

L e Zoes(ned)e
e )i o =i

(E, 1) transform of a‘,,(x)la,, ; E,.C

~ 2 P = 1 & cos(r+dl)e
56 (L [ vnsga)e vt 5 (o)L 5 =l

T k=0 Slll.i-

= [, vo NGO a

. cpoo 8 epo cec )
- [ J': WONEC @tydn+ L VNS de+ I ;’ng:_(rm,ﬁ":l.(r)dt]

(4.1) = (I +I +13).
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Since conjugate function exist, therefore
I ,
e I wlt)cotLdt=o(l) asn—w.
2r 70

2"z o \k k4 1\ 27 70 2™

1
We have, for 0 <t <—

(43) =0m)
Using (1.5), (3.1), (4.2) and (4.3) we have
1= [ v #4560 a

cns (r +—J»):

gin L
Lails

"’“"TZ (k o .ﬂ

[3s]
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X, cos (r+1)r-cost
Z ( 2) 2

»+1— ) ( )k.;-.] r=0 3m£.

. [: 1@ Eg( o et

d

j"l vl |

= dt Lt
Jhveioma xg(”)m(zz jvosiga |

=0(n)Y¥ [ )4- o(1)
n

=0(n)o [ £n) ]fa(l)

nlogn,

12 [ £(n) ] ot

{logn
(44)1.1. = 0(1), by the hyperthesis of the Theorem

Also, for ~ <1<

i casr+1z
ﬂ()mg .

sin(r+1)1t
2'"‘1 Z( )(k-l-l}smzl

4 o |sin(r +1)1]
& 242, Z ( )(k-a-]) sin? L

T k=0 3
) i (n) 1
T, 5 W kv 1) | sin* L

- 2,:2 T é (:)(k-ll-l)

- s :‘ 2'“" .-l. '.
2u+2r2 . n+l )
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" [1 1)
2n+D A\ 2%
T
S';z"

(4.3) -
i |
Using (3.1) and (4.5), we have

O

e

o )[4 {38
<o) o g L)) 05

by Second Mean value theroem for integral calculas.

o Lo o )

=o(I)+o(l)+o(l) asn—» .

(4.8) =o0(l), asn— =

Lastly, By the Riemann-Lebesgue theorem and the regularity conditions of (E,1), (C.1)
summability, we have

31 = 1wl Ny a

B cos (r+1)t
-_[Iw()lzﬂ, Z()Mg0 i L

SIBE
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ZMZ I - Z( ) sin (r+1)t g

(k +l)s|rt2JL
4.7) =o(l)a now,

Collecting (4.1), (4.4), (4.6) and (4.7), we have

1
(4.8) IE‘C -— I’w(t)colé-d!:o(l) as n—orw
2z 70 '

This completes the proof of the theorem

Remark: It is remarkable that our theorem is analogous to theorem Dhakal & Lal (2007) for a
Fourier series.
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Abstract: We show that the Fejér kernel generates the fifth-kind Chebyshev polynomials.
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of
= Introduction

In the original approach to Fourier series, it is convenient to consider the following partial
sums for the interval [-n,m ]!

D) In)=%a, +acosy+ ... +a,cos (ny)+
+bysin () + ... +b,sin (),

" s,
assuming for a,,b, the values:
i @) a5 =L[" f@cos(mrya, b, =1 [" rwsinena,
— ‘ =
and investigate what happens if n increases to infinity. From (1) and (2) we obtain:
¥ g
3) L= [" rok, w-ya,
= ¥

with the Dirichlet kernel [1-3]:

1 si b~y

) Kyt=3)==— sin{(» +r2~ ]
D T - »
m'(-T)

Then we hope that with n -indreasin'g-to infinity, f,(v) approaches f(y) with an error which
can be made arbitrarily small. This requires a very strong focusing power of K, (t — y). that is,
D

we would like to have the strict property:

(5) lim K, (t-y)=8(t-y),
n—x n
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however, (4) simulates a Dirac delta only until certain approximation, then the convergence:
(6) lim f,(y)=/(»)
A

has to be restricted to a definite class of functions f(y) which are conveniently smooth to
counteract the insufficient focusing power of K, (f — ); the corresponding restrictions on f»
; D

are the known Dirichlet conditions [1-3] for infinite convergent Fourier series.
From (4) we see that K, () is an even function, then here we consider it for e [0,n ]:
D

| sin(n+3)8

(7) K,y =———7>—>
D (D
mn(z)
thus
1
(8) Ko(8) = L, K\(6)= ke (14+2cos6), Ky(6)= o (=14 2cos8 +4cos? 8),
D 2r D 27 D L

K5(0) =—l—(-l —4cosf +4dcos’ 0 +8cos §), ete.
D 2r

then it is natural to introduce the polynomials:
9) W, (x) =W,(cos8) =21 K,(0), x€ [-11]
D

which were named “fourth-kind Chebyshev polynomials” by Gautschi [4,5]. Therefore,
see Fig. 1:

Wo(x)=1, Wi(x)=2x+1, Wa(x)=4x"+2x-1,

(10)
Ws(x)=8x% +4x% —4x-1, W,(x)=16x" +8x —12x> —4x+1, etc.
” ' 3 {
) :

o
-

A

\ N
SESE e

.Q
_—
L
S
>
-

ke : ..
m"'{‘::— SN

. 7
ol ! * < D i "'
2 Hf .
bt
Ji 4 1
4 03 08 B4 02 0 o0z 04 06 08 1

x
Fig. 1-Some fourth-kind Chebyshev polynomials
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ASSOCIATED POLYNOMIALS TO DIRICHLET AND FEJER KERNELS

In the next Section we exhibit a set of associated polynomials to Fejér kernel [1-3]

Chebyshev- Fejér polynomials
Fejér [5] invented a new method of summing the Fourier series by which he greatly extended

- the validity of the series. Using the arithmetic means of the partial sums (1), instead of the

7o (y)themselves, he could sum series which were divergent. The only condition the function
still has to satisfy is the natural restriction that f(y) shall be absolutely integrable.

Then, in the Fejér approach we construct the sequence:
an  g=0). &0)=3H0+[0) &0)=31fH0)+ /) + L0,
810 =)+ A+ g DL,
accepting the expressions (1) and (2), therefore, '

(12) &)= [ 10K t=na.

thus we see that Fejér results come about by the fact that his method is related with the
following kernel [1-3]:

22—
(13) Y B A
F 2an . 1Y

=y

which possesses a strong focusing power, that is, it satisfies (5), then a f(y) absolutely
integrable in [-x, ] guarantees the convergence of g, (y) towards f(y).

Now we consider the Fejér kernel:

o fl 6
_ | sin’ (ni) v
i4 —r LB B UL TRt 0,
(14) f,,(ﬂ) 2awis s P e[0m]
sin? —
2
that is
1 1
Ko(@)=0, K(@)=—, K;(@)=—~(+cos8),
F F 2 F 2n
(15)

K4(6) =~]—_(i +4cosf +4cos® B), etc.
F 67
then it is natural the introduction of the functions:
- - » 2x
(16) W, (x) = W, (cos8) =—— K,.,1(0), xe[-1,1]
n+l F

that we name “fifth-kind Chebyshev polynomials”, which are not explicitly in the literature.
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Therefore:
Fﬁo(x) =1, u}] (x} =%(I +1), }i’z(x) — _;.(4x2 +4x+1),
(17)
Wi(x)= %(13 +x2), Wy(x)= -;—5(16x“ +16x3 —4x2 —4x +1), etc.

Thus ¥, () = 1, see the following Figure:

l.lr rf"
0 Fﬁ : 7 ';/ !.;
W N, FF;»-.-LJ //: /
02 . /‘/ /./ .44\
0 e / Wt s H}‘
2737 9% 24 02 0 02 04 08 aiu 1
X

Fig. 2- Some fifth-kind Chebyshev polynomials
which are solutions of the non-homogeneous differential equation:
(18) A== 2 W] = (B +2) Wy +(n+ 12 W, ]+ x W, =1.

In other paper we will study topics as recurrence, Rodrigues formula, interpolation properties,
orthogonality, generating function, etc., for fifth-kind Chebyshev polynomials introduced in
this work.
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Abstract: In this paper markov model is considered for the analysis of machine repair problem
consisting of M operating machines under the care of two types of repairmen and mixed spares.
There is provision of ¥ cold standbys and § warm standbys to replace the failed units, When all
spares are being used, the failure of units occur in degraded mode. To cope up with the increased
load of failed units, there is facility of additional repairmen. The purpose of our study is to establish
various performance measures in terms of transient probabilities. The expressions for system
reliability, availability and mean time to system failure are facilitated in terms of transient
probabilities. Computation scheme based on matrix technique is facilitated to obtain the numerical
results, which are displayed graphically and in tabular form.

Key Words: Transient analysis, Machine repair, Mixed spares, Queue size, Additional
repairmen, Matrix technique.

l. Introduction

In many fast growing industries, the operation of the machining system may be inte-
rrupted due to failure of machines involved in the system. The service facility therefore is to
be so adjusted such that the failed machines are sent for repair instantly and the operation of
the system is continued by using proper combination of spare part support, without much
delay. The failed machines wait for repair until the repair of other failed machines is
completed. In case of several repairmen, if the machines fail, repairmen repair these failed
machines and the excess number of failed machines beyond the number of repairmen wait
until at least one repairman is available. This affects the production and results into production
loss.

In the present investigation we develop a model for the machine repair problem with
mixed spares in which cold spares are first used to replace the failed units and when all cold
spares are exhausted, the warm spares are used. Since the repair of failed units plays a central
role in any machining system, the provision of repair facility consisting of permanent and
sdditional removable repairmen has been made.

The provision of additional repairmen may be helpful to ensure the desirable reliability
with a limited number of spares at reasonable cost of failed units in case of heavy work load.
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Sivazlian and Wang (1989) gave economic analysis of the M/M/R machine repair problem
with warm standby. Analysis of an M/M/R queue with servers vacations was developed by
Kau and Naryana (1991). Wang (1994) provided profit analysis of machine repair problem
with a single service station subject to breakdown. Jain and Premlata (1994) considered
M/M/R machine repair problem with reneging and spares. Hsieh and Wang (1995) discussed
reliability of a repairable system with spares and a removable repairman. Wang and Wu
(1995) discussed cost analysis of the M/M/R machine repair problem with spares and two
modes of failure. M/M/R machine repair problem with spares and additional servers was
analyzed by Jain (1998). The cost analysis of the M/M/R machine repair problem with
balking, reneging and server breakdown was done by Ke and Wang (1999). Wang et al.
(2002) examined profit analysis of M/M/R machine problem with balking, reneging and
standby switching failures. Jain et al. (2003) discussed M/M/R machine interference model
with balking, reneging, spares and two modes of failure.

A repairable system with spares, state dependent rates and additional repairman was
explored by Jain and Baghel (2003).The analysis of R out of N systems with several
repairmen, exponential life times and phase type repair times using an algorithmic approach
was given by Barron et al. (2005), Rafael and Delia (2006) considered a multiple warm
standby system with operation and repair times following phase type distributions. Wang et al.
(2007) have done profit analysis of the M/M/R machine repair problem with balking, reneging
and standby switching failure.

In this paper, we have performed transient analysis of M/M/R machine repair model with
mixed spares. The organization of the rest of the paper is as follows. In section 2, we develop
model for M/M/R machine repair problem with spare part support and maintained by a pool of
repairmen. The transient analysis using matrix method is given in section 3. Some
performance indices are calculated in section 4. A sensitivity analysis is facilitated in section 5
to validate the analytical results. We conclude our investigations in final section 6 by
highlighting the scope of the work done.

2. Model Descriptions

Consider a machine repair model consisting of K = M (operating)+Y (cold standby)+S (warm
standby) units under the care of R permanent and » additional repairmen. The operating and
warm standby units fail in Poisson fashion with failure rate 1 and & (0 < @ < A), respectively.
Here the failure of units refers to arrival of machines to get repair from the service facility on a
FCFS basis. The model is developed by making the following assumptions:

<+ When a spare moves into an operating state its failure characteristics will be that of
operating unit.

% The operating machine as well as spare units fail independently.

%+ The life time and repair time of operating and warm units are assumed to be exponentially
distributed.

< For normal operation of system, M operating units are required but system may work in
short mode also with at least m units (m < M).

<+ Whenever an operating units or a warm spare unit fails it is immediately sent to service
facility where it is repaired according to the first come first served (FCFS) discipline.

< The switchover times from standby state to operating state or from repair to standby state
are instantaneous.

< Each repairman can repair only one failed unit a time.

o o
N =
R e

: dicai St
~RBRAPFERREER E 4 ¥

¥

3 Thel
3l The

The stase
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% [fan operating unit fails, the failed unit at one goes for repair and a spare (first cold, then
warm) if available, is put into operation.

< Once an unit is repaired, it is as good as new one. The repair unit goes to standby or
operating state depending upon whether some standbys are left or all are exhausted.

The following notations are used to formulate the mathematical model.

Failure ra‘e of operating units.

Number of warm spare units in the system.

Number of cold spare units in the system.

Failure rate of warm standby units.

Degraded failure rate of operating unit when all spares are being used.
Number of permanent repairmen in the system.

Number of additional removable repairmen in the system.

Threshold increment value of the queue length, to turn on additional
repairmen, one by one.

Repair rate of permanent repairmen.

u; Repair rate of j* additional repairman, j=1,2,....r.

P, (r) Probability that there are n failed units in the system at time 1.

SN ™R - La

3. The Transient Analysis
3.1. The State Transition Rates

The state dependent failure and repair rates of the units are given by

MA+Sa, 0<sn<Y

MA+(Y +8S-n)a, Y<sn<Y+S
M+Y+S=-mi,;, Y+Ssn<K=M+V+S+1
0, Otherwise

The mean repair rate is given by

( ny, 1<n<R
R<nsT

R,
My =9 Rp+tﬂi, jT<n<(j+0T, j=12,.,r-1
i=l

'
Ru+Y m, rT<n<K
i=l
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3.2. Governing Equations

The differential-difference equations governing the model are given by

Case-1: For R< Y.

(M
(2)
(3)
)

)

(6)

(7

(8)

Py(t) = ~[ MA+Sa] By(t) + uR(0),
Pit)=- [MA+5a+ nu] B0+ [MA+ Sa]B, () +[(n+u |Puay(0), 1sn<R

Pl(6)=—[MA+ Sa+ n] Py () + [MA+Sa] By (1) + R, (1), R<n<t
Pit)=-[MA+(Y +§ —ma+ Ru]B,()+[MA+ (Y +S—n+Na B+
+ Ry By (1), Y<n<Y+$§
PL(6)=~[(M +Y+S=n)Ag+ Ru] P () + (M +Y +S=n+ DAy Py (D)+
+ Rt By (1), Y+Ss<n<T

¥
P:,m:-li('M +Y+S+nld, +Rﬂ+zﬂii| Pi(0)+(M+ Y+S=n+1)AP, i+
i=!

[Rﬂ%ﬁ,ﬂ;] P (0, jT<ns(j+0)T, J= 5 =l
=1
=1

P;,(r) = -[(M +Y+S=—m+1-n)iy+ Ry-p-f:p,:! P,(1)+

r
+(M+ Y+S~m+l-n+1)2Pﬂ_l(t)+[Ry+Zp,]PM(:), rT<n<Kk
| =1 [

: T
'Pn“) == [Rﬂ + Z ﬂi] Pe(t)+ Aq Py (1)

i=l

Case-11: For Y <R< Y +8.

®

(10)

(11)

(12)

Py()=—[MA+Sa ] By(0)+uR(),
Pty ==[ MA+Sa +nu | By(0)+[ MA+ Sa | Puy )+ [(n+ Du] B 1)
| lsn<Y
L) =~ [MA+ (Y +S=ma+nu]B@+[MA+(Y +S=n+DalFy()
S (CERV ) LRGN Y<n<R
Pyt)y=-[MA+(Y +S-n)a+ Ru)P()+[ MA+(¥ +S—n+Da 1P @
+ Rit By (), REnalh

(13)

(14)

{15)

(16)

Case-

(17
(18)

(19)

{20)

21)

@
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(13) P;(r)-—-—[(M+Y+.S—n)]d+Rp]_};,(r).+[(M+Y+S-n+1)£]}:,_t(f)

 +RuP, (1), Y+S<N<T
: (14) P;(_!)"='[(M+I’+S-H)Q+Rﬂ+_£ﬂ¢.]&(!)+[(r\!+}’+S.—n+1)A]P,,_,(:)
L A
R + [R-;.- + p,] P JT<ns(G+DT, J=12...r-
¢y W i)
| £
i (15) p,',._(;)=_|:(M +Y—s+_~n).=.,+Rp+2_p,]ﬁ,(r)+[(M+}'+S—_n+1)x]a,_l(r)+
FS i=]
r + [Ry-t-z;zf_:l}jm(t)', rT<n<M+Y+S-m+1
‘,T ! i=l
IC (16) P};(r)‘:-—[np-c-z;:f] Py (1) + Ay Py (1)
=
r Case-Ill: For ¥+ 8<T
-1
(17 Py (1) ==[M2+Sa | By(t)+ uP,(1),
(18) Pi(t)=—[MA+Sa+nu|P,(0)+[MA+5a | Py (0)+[(n+1)p | By (0),
lsn<Y
(19) Bi(t)==[MA+(Y +S-ma+nu | B()+[MA+(¥ +S—n+Da] P, ()
ek +[(n+1)u] By (), Y<nsY+S§
(20) Po(0)==[(M +Y + 5~ n) Ay +nu|By(0) +[(M +Y + 8 =n+1)iy] B, (1) +
[(n 4 1Dps ] P (2, Y+S<n<R
Q1) F)=-[(M+Y+S=m)As+ R | B0+ [(M+Y +S=n+1)A]Py()
| ' S+ RuP, (), R<nsT
J (22) ﬁ,’, 1)-=-[(M wY +8=ni *Rp +.)_1: ;q] By(0)+[(M +Y +5-n+1D)A] B, (1)
’ s i HEL

J
"‘I:Rﬂ“'z#i]'pm(’)- JjT<ns(j+1)T, J=1,2...r-1
1=l




(23) _P;;r) =— [(-M +Y +S-n)A,+ ﬂp._.+5_: ,u,] PO +[(M+Y+S5-n + 1Ay | Paat (O +
i=l

r il
4.[3”4.2#‘]?#1.(!),. rT<n<M+Y+S-m+1
=l '

@4 Pkl :=s--[3#‘+§n] Py (0)+ Ag Py (0)

3.3. Matrix Method
After taking Laplace transformation of above set of equations in each case, We find matrix
equation in terms of Laplace transform of probabilities as
A(s) P(s)=P(0)
where

[ —(s+4) A
W= (s+4+m) 4
 —(s+h+m) A

.....

Als) = 25)

.....

L ag —(s+pg) |

= - — = B = s - =
P(S) =[ 'PG'(S)'p- .y Py(.?), iwey Pf-i:-';{s-)! L) Pﬂ(s)v ieey %_-T("']s stny PrT;. (")l Ay PK (S)_

A(s) P(s) = I, where I=[100,..., 0"

or
Here A(s) is the coefficient matrix of order (K +1) x (K +1).

i
Ifs

Al

8.2 =
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Using Cramer’s rule P(s) can be determined as follows:

| Ana (9] |
| A(s)|

where | 4(s)| is the determinant of coefficient matrix A(s) and |4,,,(s)| (=0, 1,...,K)is

the determinant of the matrix obtained by replacing (n+1)™ column of matrix A(s) with initial

vector /=[1,0,0,....,0]".

It is noted s = 0 is a roof of | A(s)|=0

If we take s=(=¢), then we get

A(=$) = A- ¢ 1, where I is the identity matrix and A = A(0) is (K +1) x (K +1) matrix.

Purring the value of 4(—¢)in equation (25), we get

A(~$) P(s)=(4- ¢ 1) P(s) = P(0)

By(s)= =0, 12 .00k

The distinct eigen values ¢, (g, =0 wheren=0, 1,2, .. ., K) of the matrix 4= ¢/, can be
obtained by equating its determinant equals to zero. Now we assume that the other K real
eigen values including 0, are denoted by (4,4, ,...,¢y) then | A(s)| can be written as

K
| A(s)|=5 3 (S+4;)
J=

(26) ==+ —* n=0,12,...,K

where ay ;=

aj.n"" 5 f=1,2,...,K
) K
0| TT6-4)

whereaoﬂand a;, (j=12,...,K) are all real numbers.




©(s0] MADHU JAIN AND REKHA KUMARI

The inverse Laplace transform of equation (26) is given by

@n BM)=dg,t Y aia€”  n=0 12 m
Sl

‘4. Some Performance Indices

In this section, we provide some m
which can be determined using matrix method discussed in previous section.

> Expected number of spare units in the system at time 1.

¥ Y5
E(SWy=SY. B+ X, (X +S-mE®
n=l

n=¥+l

> Expected number of operating units in the system at time 1.

x Ll
EO@W)=M- ), (=Y+SHO
n=¥ +S+1

> Expected number of idle repairmen servers in the system at time 7.
R-1
E{ @O} =2, (R=-n)F(0)
n=0

> Expected number of busy permanent servers in the system at time £.
E(B()} = R-EU(O)} |
> Machine availability i.e. rate of production per machine at time ¢ is
E{O(0)}

> Expected number of busy additional repairmen in the system at time 1.

r=l GO K
E(BRY=Y, 2, JBO+r IR AC)
J=t n=jTH n=rl+l

> Expected number of failed units in the system at time ¢

K
E{N()} =, nbu®)
=1

easures of performance in terms of probabilities,

BRERNBLEE * ZUERBANY #'8 BELEERSY RPRR4LBRGE U
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5. Sensitivity Analysis

[n this section, we obtain numerical results by taking an illustration for default parameters
M=10,¥=5,8=3,T=8,R=2,r=2, A=1,A4;=18, u=7 4y =1, yi, =1. For computation
purpose, we develop program in MATLAB software. The numerical results are summarized in
tables 1-2. The graphical representation of numerical results has also been done in figures
I-4. In table 1, we present numerical results for the expected number of spare units E(S) and
expected number of permanent idle repairmen E(I) by varying the failure rates of operating
units (1) and warm standby (ct). We note that for a particular value of 1, both £(S) and £(1)
decrease ‘as A increases. Table 2 summarizes results for E(O) and E(B). We notice that for
fixed value of ¢ E(Q) decreases but E(B) increases by increasing failure spare (a) and arrival
rate (). As expected E(S), £(/) decrease but E(B) increases as time grows.

Figure 1-4 display the expected average number of failed unit £(¥) vs time «. In figure |,
we illustrate the effect of failure rate A of the operating units on the average queue length
E(N). We see from graph that the queue length increases initially sharply then after becomes
almost constant when ¢ increases for different value of A. As expected, E(N) increases as
failure rate A increases.Figure 2 depicts the effect of degraded failure rate 4;on E(N); the
queue length first increases sharply then gradually becomes constant, on increasing time ¢. We
also notice that E(N)) increases on increasing 4, .

The effect of repair rate p of permanent repairmen on the average number of failed units
E(N) is displayed in figure 3. We observed that the average number of failed units decreases
as y increases. The increasing trend of £(N) with respect to time ¢ is also seen. It is clear from
fig. 4 that E(N) increases on increasing the failure rate of warm standbys «.

Finally, we conclude that the expected number of spares, idle permanent repairmen and
operating units decrease while that of busy servers increase on increasing either the failure rate
of operating units o the failure rate of warm standby units. The expected number of spares,
idle permanent repairmen, operating units, and busy servers decrease on increasing time ¢ for
different values of A and a. The average number of failed units increases with the increase in
failure rate of operating units, degraded failure rate, failure rate of warm standby units and
time while it decrease on increasing the service rate and with the increase in time r. This is as

per our expectation.
6. Conclusion

In this paper, we have studied the transient analysis of M/M/R machine repair problem with
mixed standby. To avoid heavy workland of failed machines, the repair crew consists of
additional removable repairmen and permanent repairmen. The threshold policy developed
may be advantageous for large complex systems wherein only spare part support is not
sufficient to achieve desired efficiency and reliability/availability. The cost analysis may be
helpful in determining the optimal combination of cold/warm standbys and the number of
additional repairmen. The provision of mixed standbys in a machining system has additional
advantages from the economic point of view.
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Fig. 3 : Average number of failed units E(N) vs t for different values of A.
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Fig. 4 : Average number of failed units E(N) vs t for different values of o,
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[1] B

Y

t E(S) E) . a
A=5 A=1 A=15 A=5 A=1 =15 [2] Ja

0 0.00 0.00 0.00 0.00 0.00 0.00 - 3] ﬁ
1 2.84 1.95 1.16 1.02 0.51 0.20 I
2 2.81 1.76 0.86 1.00 0.44 0.12 [4] Ja
3 2.80 1.7 0.78 1.00 0.42 0.10 ke
4 2.80 1.69 0.76 1.00 0.40 0.09 ot
5 2.80 1.68 0.76 1.00 0.40 0.09 (5] Ja
t a=5 o=1 a=1.5 a=.5 a=1 a=15 de
0 0.00 0.00 0.00 0.00 0.00 0.00 1
1 2.21 195 1.70 0.65 0.51 0.40 [6] Ja
2 2.07 1.76 1.48 0.59 0.44 0.32 :
3 2.03 1.71 1.41 0.57 0.42 0.29 (7] K.
4 2.02 1.69 1.39 0.56 0.40 0.28 -
5 2.01 1.68 1.38 0.55 0.40 0.28 8] K
re

Table 1: Expected number of spares and expected number of idle permanent repairman in the [9] Ne
system for different values of A and c. Ap
[10] Ra

an

t E(0) E(B) pp
A=5 =1 A=15 A=5 A= A=15 [11] Sih

0 10.00  10.00 10.00 2.00 2.00 2.00 ré]
1 9.98 9.59 8.25 0.98 1.49 1.80 (2] ‘S’ﬁ
2 9.96 9.15 .98 1.00 1.56 1.87 -
3 9.95 8.99 6.63 1.00 1,57 1.89 <
4 9.95 8.94 6.54 1.00 1.58 1.89 [13] Sh
50 9.95 8.92 6.52 1.00 1.58 1.89 b
t o=..5 a=1 a=1.5 a=.5 o= a=15 [14] W
0 10.00 10.00 10.00 2.00 2.00 2.00 Wil
1 9.78 9.59 9.35 1.35 1.49 1.60 [15] W
2 9.50 9.15 8.72 1.41 1.55 1.67 pre
3 940 8.99 8.50 1.42 1.57 1.69 Vo
4 9.38 8.94 8.43 1.43 1.58 1.70 [16] W
5 9.35 8.92 8.40 1.43 1.58 1.70 ser
[17] We

Table 2: Expected numbers of operating units and expected number of busy servers in the f;;

system for different values A and .
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Abstract: We define sequence space (£(p)),. We also establish Ksthe-Toeplitz Duals of (£(p)),.
1. Introduction.

The following definitions and notations will be useful in our discussion: ( , = the space of
sequences x = (x, ) with absolutely p-summable series(1< p <co). If p=( P, )1s a bounded
sequence of strictly positive real numbers, then

f‘cp)={x=(xk>:): | %[ m}
k

Let =(r; ) be any fixed sequence of non-zero complex numbers satisfying

liminf (tk)y" =y(0<y<ew) and let

@'={ =(x): Y | ()| m}
k=1

&
where 1 (x) = z x;, then we define

=l

(@)t ={ x=(xk)=(fxxkjem}
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2. Topological properties of (¢(p)), .

Theorem 2.1. ('f_'(?)-)', is @ complete paranormed space.

Proof : As(0) = (((p)),. (£(p)), #0, it is easy to verify that it is a linear space. And also it is
clear that the function defined by g* (x) = g(rx) where g is the paranorm in /(p) satisfying
that g*(0)=0, g*(x)=g*(—x)and g*(x+ y)< g*(x)+ g*(y). Clearly, 4,— 1 in C and
g* (x" —x) > 0as n— o imply that g* (4, x™ - Ax) = 0 as(n - ) where

Xt = (xg)=(x,".x§.x-f, R - ) and x = (x; ), hence g* is a paranorm in (f‘(?)-, . To show
that (£(p)), is complete, let(x™) be a Cauchy sequence in (Z(p)), where

= (2 ) e (E(p)),

Then (tx") = ((tg 2} )o(c x2)... ) is a Cauchy sequence in L(p). As £(p) is complete,

so it converges to (zj) (say). Letzy =1,x; so thatx, =2, . Then (1x™) converges to
(texe ) € (p). Hence, g (1 2 —t xy ) = g(#(x" = x)) > 0 (n—> o) implies that

g (x™ —x)— 0 as n—»> . Therefore x" is convergent, and (ﬁ;i}r is a complete
paranormed space.

Corollary 2.1. _f;, is a Banach space for(1 < p <), normed by

4
P

uxu=[ > l()? ]
k=i

Here the norm in ( Tp) )‘ is defined by s || x|, =|| (tx x ) ||. So it is also a Banach space.

«@
Corollary 2.2. I?;. is a Hilbert space with inner product {x,y)= Z 5() 1. ()
k=1
Here the inner product in (&), is defined by (x, ), = ((tx ¢ ).(t i )) Hence it is a Hilbert
space.
Theorem 2.2. If = be a closed subset of £(p), thenz, is a closed subset of. (Tp)_), !

Proof. Since = < ({(p)), z, < ({(p)), (obvious). Now let x & (Z,) where Z, stands for the
closure of z,, then there exists a sequence (x") < =, such that (x™) converges to x. This
implies that g*(x" —x) = g*{(f xF) = (fx x.)} = 0(n = ) in z, .Thus,

g* ()~ (e x)} > 0(n—>) inz.

Hence
xe(2)

(Ek)=
3. Katl

Definiti
(i)

(i)

(iii)

Then X
has estat

Theoren
(i)

(i)
Proof: (

We show

Let ae{(

Since ('lk
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Hence (1 x;) is the limit of a sequence of points in zand (# x) € (Z) which yields
x&(Z),. Conversely, ifx € (Z), then x € (Z,), since zis closed, that is Zz = 2z, Therefore
(Z¢)=(2); = 2, hencez, is closed in(Z(p));.

3. Kdthe-Toeplitz Duals of (()),.

Definition: Let X be a sequence space. We define:

(i) 'X"={a=(agj):z.|'ak-xk|<wf0rallxeX}
I3
(ii) X# ={ "'—"(ﬂk):Z | axxy | converges for all xeX}
k
' - .
(iii) X”={a=(a*)-:sup Z-ak:ck ﬁm:forauixex}
k=1

Then X%, X7, X7 are called the @™, - and ™ dual spaces of X tespectively. In [3] the author
has established the 4 dual of £(p) . Here we establish the @™, A~ and »~duals of (1(p)),.

Theorem 3.1. Let A= a,f3, . Then

N (@), ={ a=(a,)=[fiJ S4() }‘I(('@)ll

k
0 _((?tp_')),)'t{x;(m-: ﬁkat)ﬁ((@)u)l}
Proof: (i) Let A=fanda e aand -Da{ a=(a): [3"—] e (Fp))“}
T

We show that ((ﬁ]t )a =D

—_— ®
Let ae((f(p)]!)- then Z[akxk |<= forevery xe(_f(p) . so that
k=1

[- -] ak g
Z — Xy =Z | @y | <0
k=1 | be k=1

—_— a .
Since ( f.x; ) € £( p) it follows that [—tJ - ( (p) r implies that a e D.
I
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%) (i)

Hence, ((t(p}) ) c D. Conversely, if a € D and xe@ then, [

It

- -]
and (texi ) € £(p) sothat. > [aexic| =Y,
= k=t

Since, x € (@ it follows that @ E.,_(‘((E)a . Hence D c ((@)' )a
e () (),

Similar results hold for 1= £ or y as well.

'aikak <o,

1

(ii) Let A = o and let (Fp))m exist. Then
(@), =[((),f T
(@), ] - (@), |

For A= J ory, the proof is same.
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L. Introduction

Sessa [15] initiated the tradition of improving commutativity conditions in fixed point
theorems by introducing the notion of ‘weakly commuting mappings' which asserts that a

pair of self-mappings (S, /) of a metric space (X, ) is said to be weakly commuting if,

d (SIx,ISx) < d (Ix,Sx) for all x in X. 1t is noted that every commuting pair is weakly commuting
but not conversely as shown in Sessa [15]. Jungck [6] also enlarged this class of weakly
commuting mappings by defining ‘compatible mappings’ which asserts that a pair of
self-mappings (S./) is said to be compatible if, lim, ., d(Sl,,ISx,) = 0 whenever

UMy . Sx,= lim, o I, =t €X.

Recently, Jungek and Rhoades [7] (also Dhage [2]) termed a pair of self-mappings to be
“omcsdentally commuting (or weakly compatible) if they merely commute at their coincidence
P Ooe may note that this definition never needs to involve metric of the underlying set.
T8 Slewing one-way implication is obviously true but not conversely.

Cemmsing maps = Weakly commuting maps = Compatible Maps = Coincidentally
tormmniEy Tact _

W Sy Popa [11, 12, 13, 14] proved interesting fixed point theorems satisfying
sclis el stsmons. For proving such resulis, Popa considers @ to be the set of all
comm S £ 2 R satisfying the following conditions:
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F,: F isnon-increasing in fs and .
Fs: there exists A € (0, 1) such that for #,v = 0 with
Fay. Flu, v, v, u,utv, 0)<0or
'FZ(?)}: F(.It_, v, 4,V 0,ut V) <0
implies that u < Av.
The following examples of such functions £ satisfying F, and F appear in Popa [11,12).

Example LL12] F(f,t, 5000 0) =1~ 4 (B + )Nt +1,) - asty —as{ts + 1s) where ;2 0
(i=1,2, 3) with at least one g, non zero and a;+ a3 +2a; < L.

Example 1.2.[12] F(t,05, 05, 4505:86) =1, = (ctyty +bitstg) It +15) —al where a, b, ¢ 2 0 and
I<ec+2a<2.
Example 1.3.[12] F(f,15,55, 085 16) = £+8 4t -all +15 + 105 1)L +13)
where a (0, 1).
Here, we give some natural examples of implicit condition & functions satisfying the

conditions F and Fa, which further strengthen the significance of employing implicit functions
as it improves a class of contractive conditions.

Example 14, F(l; byt tsole) =4 = (ayty 14) Mt +1g) = @yty =@ (1s + 1,) with &; positive and

with at least one a, (i= 1, 2, 3) is not zero satisfying a;+2ay+ 4a; < 2.
Then, :

Fi: Obvious

Fa: Forv>0and Flu,v,v, 4,4 v, 0)=u—(ayuv) (u+v)-av-—a; (u +v) <0, then

u(u+v)—a uv—ay Wu+v)—as (u+v)y <0
If we set f()=(-a5) 12+ (- ay— ar-2a3) - 4y — a5, where 1 = u/v. Then, since
(0)=—a:—a; <0 and f()y=2—a;-2a;-4a3> 0, so there exists a positive root ‘i’ of the

equation f(¢) =0 with i (0, 1). Then /(1) <0 for0 <r= k. Thus, we have u < hv which
establishes Fa). In case ¥ = 0, we have u < hv. Similarly, one can also establishes Fi.
Example 1.5. F(t;,t, 1, fa s lg) =1 — a(ts + 1)ty ity +t3) = ay (15 + 1) with a, positive and
with at least one a; (i=1, 2, 3) is non zero satisfying a + 24 < 1,

Then,
F: Obvious
Fy. Forv>0and F(u,v,v, 4+ V, 0)=u—av—a (@+v)<0,
then (/ — a2)u—(ay + az) v<0.
Ifweset f(=(1-ay)t—(a+a) where ¢ = u/v. Then, since f(0)= a;—a, <0 and
fy=l-a-2m >0, so as earlier, it can be shown that u < Av with h e (0, 1) which
establishes Fa)- Also, if u=0, then u = hv. Similarly, one can also establishes Fa).

The following fixed point theorems are proved in [12,13]

Theorem 1.1. [5] Let S, T, L J beself mappings of a complete metric space (X.d) satisfying
S c J(X)and TX) =1 (X) and for each x,y in X, either

d(Sx, Ty)
if, d(Sx, Ix)
d(Sx, Ty
If either (a) (
(6) (T, J) are
J have unigu
Recently
theorem via |

Theorem 1.2
complete me

with d (8x,

Then, If(S, .
and Jhave u
The n
results and |
introduced |
implies recy
continuty 1
coaditon o
corollanes.

1 Mais Re
Theorem 2
space (L4
K1’
= Ry




REMARKS ON FIXED POINT THEOREM UNDER IMPLICIT RELATIONS [63]

d(Sx, Ty) < a [{d(Sx, )} + {d(Ty, B}’ V [ d(Sx, I) + d(Ty, B)] + B d (ix, Jy)
if, d(Sx, Ix) +d(Ty, /) =0, & f>0and a+ <1 or

d(Sx, Ty) =0 if, d (Sx, ) + d (Ty, Jy) = 0.
If either (a) (S, /) are compatible, S or [ is continuous and (7, J) are weakly compatible or
(b) (T, J) are compatible, T or J is continuous and (S,/ ) are weakly compatible, then S, T, / and
J have unique fixed point.

Recently, in an attempt to improve Theorem 1.1, Popa proved the following fixed point
theorem via implicit relations.

Theorem 1.2.[13] Let (S, 1) and (T, J) be a weakly compatible pair of self~mappings of a
complete metric space (X, d) satisfying S (X) € J(X) and T (X) € I (X) and for each x,y in X,
F (d(Sx, Ty), d (Ix, Jy), d (I, Sx), d (Jy, Ty), d (Ix, Ty), d (Jy, §x)) <0,
with d (Sx, 1) + d (Ty, Jy) # 0, where F € ®, or
d(Sx, ) =0 if, d (S, ) + d (T3, Jy) =0.

Then, If (S, I) or (T, J) is a compatible pairs of reciprocally continuous mappings, then S, 7. 1
and J have unique fixed point.

The main purpose of this paper is to improve Theorem 1.2 besides discussing related
results and illustrative examples to demonstrate the utility of the results as remarks. Pant [10]
introduced the concept of reciprocal continuity and it is important to note that continuity
implies reciprocal continuity but not conversely. So, in this theorem, we relax the reciprocal
continuity and compatibility conditions of the maps completely, weaken the completeness
condition of the space to four alternative natural conditions and also deduce some important
corollaries,

2. Main Results

Theorem 2.1. Let (S, 1) and (T, .J) be a weakly compatible pair of self-mappings of a metric
space (X, d) such that

(i) S J(X) and T(X) < [(X) and

(i) Fld(Sx, Ty), dlix, Jy), d (I, Sx), d (Jy, Ty), d(ix, Ty), diJy, Sx)) <0,

Jor each x, y in X, with d (Ix, Sx) + d (Jy, Ty) 2 0, where F € @, or
d (8, Ty) = 0 if, d (Ix, 8x) + d (Jy, Ty) = 0.

1f one of SCX), T(X), [ (X) and J (X) is a complete subspace of X, then S, 7, f and J have unique
fixed point.
Prool Let x; be an arbitrary point in X, then since (i) holds, so we can inductively define
seguemces {x,) and {3} by

(i) _1~;.=Srz.=sz,.+|;yh.|=?km|=fhn+zf0rﬂ=0.l,2.----
W, B = die, , Try.)=0forn=0,1,2, ..., then using inequality (ii), we have
sucoensfuls

P Bh ) 4 (B, Fisna), d (Tam Sxan), d (Feamst, Tiam), d (xan, Toamt),
m ﬁh}’ <0
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That is, F (d (Sx2m Taner)s d(Txone1, Sx20), d (T201, Sx20), d (Sx20y Ttzper),
d (e , Sxaer) + d(Sxznets Trapey), 0) 0.

By (F,), we have d (Sxy,;, Trxayey) < h d (Sxy,, Txapeq).

Similarly, if d (L, Sicay) + d (Jxaner, Teaney) 20, for n=0, 1, 2,..., then by (F}),

we have d (Sxay, Txz1) < hd (Sx2n.2, T¥on.1)

and 5o d (Sxan, TXam) <H™" d (Sxg, Txy).

By a routine calculation, it follows that {y,}is a Cauchy sequence.

Now, suppose J(.Y) is a complete subspace of X, then the subsequence Jx,,,; = Sx,, is contained

in J(X) and hence there exists a limit u. Let v € J'u, then Jv= u. Also, the subsequence
Ixypez = Tapey converges to #. We prove that 7v = u.

Suppose on the contrary that d(u, Tv) > 0. Then setting x = x;,, and y = v in (ii), we get
F(d(Sxan, TV), d (Ixan, JV), d (Ix2n, Sxap), d (Jv, TV), d (Ixa, TV), d (Jv, Sx3,)) <0,

which, on letting n — , reduces to F(d (u, 7v), 0, 0, d (v, Tv), d (u, Tv), 0) < 0. This implies
that ¢ (u, Tv) < 0. Thus, we have u = Tv. Hence. Jand 7T have a point of coincidence. Since
X)) c 1 (X), Tv=u implies thatu € I (X). Letw & I™'u, then Iw = u. Now, using the same
argument, we can prove that Sw = u. Thus, § and / have a point of coincidence. If one assumes
that / (X) is complete, then analogous arguments establish the earlier conclusions.

1f 8 (X) is complete then by (i), we have u € § (X) = J (X). Similarly, if 7' (X) is complete,
then u e TLX) < I (X). Since the pairs (S, /) and (7, J) are weakly compatible and so
coincidentally commuting at w and u and therefore, we have

u=Tv=JNv=Sw=Iw ;Su=Slw=ISw=luand Tu=TJv=JTv=Ju.
If Tu = u, then d (Tu, u) > 0 and hence,

F (d (Sw, Tu), d (Iw, Ju), d (Iw, Sw), d (Ju, Tu), d (Iw, Tu), d (Ju, Sw)) = F(d (u, Tu), d (u, Tu),
0,0, d (u, Tu), d (Tu, u)) > 0, which is a contradiction (ii) and hence d (u, Tu) = 0, that is

u= Tu. Similarly, we can prove that Su = u. Therefore, u is a common fixed point of S, T, /
and J. The uniqueness of the common fixed point is obvious due to implicit condition (ii).

This completes the prove of Theorem 2.1.

As an application of this Theorem 2.1, we have the following common fixed point
theorem for four families of mappings.

Theorem 2.2. Let {Si, 8, .-..Sn}s {11, Doy -.sT)s {1, b, <. dp}, and {Uy, b, ...J,} be four
families of self-mappings of a metric space (X, d) with§=5,8; ... Sp, T=T\T; ...T,,
I=0Lh ... Iy, and J=J\Jy ... J, satisfying the following conditions:

(iii) S(X) < AX) and TX) < KX) and
(iv) Fld(Sx, Ty), d(lx, Jy), d(Ix, Sx), d(Jy, Ty), dix, Ty), d(Jy, Sx)) <0 ,
Joreachx,yinX.

If one of S(X), TUX), /(X) and J(X) is a complete space of X, then (S, /) or (T, J) have a point of
coincidence.

Moreover, if S, 8, =8, Si; kh=h s T T,= T, T s i Ju =D Ji, S =Lk S5
LT =T.54;T.J=4T.;84=J8:8T=TS and J Lh=LJ,
foralli,je h={1,2,....,m}, kleh={1,2,...,p},r,seh=(1,2, ... n} and

Sim
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tuely={12,...,q} then, forallie ]\, ke J),r € lyand t € I, the mappings S, /, 7, and
Jyhave a common fixed point.

Proof: Since the mappings S, 7, J and / satisfy all the required relevant conditions of Theorem
2.1, so the pair (S, 1) or (7, J) have a point of coincidence. Also, appealing to component wise
commutativity of various pairs, we can prove that S/ = IS and 7/ = JT and hence obviously
both the pairs (S, /) and (T, J) are coincidentally commuting, Moreover, all the conditions of
Theorem 2.1 (for mappings S, 7, / and J ) are satisfied ensuring the existence of unique
common fixed point z.
Now, we need to show that z remains the fixed point of all component mappings. For this,
we consider
8(5,2)=((51 5z ...5) Sz

=(85) 8 ... Spt) (SwS) 2) = (5 2. Swt) (SiSme)

=(5 82 ... Sm-2) (St 5i(Snz))=(5182... Sm2) (SiSm-1(Smz))

=5 82... Su-3) (Sp-285Buz))= ...= (8882 ... Sz

=85(S2)= Sz

Similarly, we can prove

S z)=IdSz2)= L z;
1(li2) =1{lz) =iz ; S(T2)=T{(Sz2)=Tz; SU2=Jd(8)=Jz;
I(T2)=T ) =Tz; I{z2)=JI)=Jz; NSe) =8(T2) =8z ;
NTz) =T T2)=T,z; T =IT)=Lz; TUiz) = J(Tz) = Jz ;
J@Si2)=S42)=8z; J(Ta)=T{R)=Tz; Jg)=I))=1lz;
J(U2) = J()=Jd,z; and I (S,2) = §/(lz) =8,z ;
This shows that (for all i, r, kand 1), S, z, T, z, Iy z and J, z are other fixed points of S, /, T and J.
Now, appealing to the uniqueness of common fixed points of S, T, /, and J, we have , for all
i,r,kandt,
z=8z=Tz=Lz=UJz
which shows that z is a common fixed point of S;, T, Iy and J, forall i, r, kand .
This completes the proof of theorem 2.2.
We now have the following corollaries related to above theorems.
Corollary 2.1. By choosing S, T, I and J suitably and modifying the remaining hypotheses

accordingly, the derived conclusions of Theorem 2.1 remain true if for all x, y in X and F € @,
the implicit condition (ii) is replaced by any one of the following conditions:

(A) FLASy, Sy), dIx, Jy), d(Jx, Sx), d(Jy, Sy), d(Ix, Sy), dJy, Sx)) <0,
(derived by setting §=17)

(B) F&Se T, dix, Iy), d(ix, Sx), d(ly, Ty), d(Ix, Ty), d(ly, Sx)) <0,
(derived by setting /=J)

(C) A 8 Ak B), dx, Sx), d(ly, Sy), d(Ix, Sy), d(Iy, Sx)) <0,

Mmwnd by setting S = Tand /= J)
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(D) F(d(Sx, Sy), d(x, y), d(x, Sx), d, ), d(x, Sy), d(y, Sx)) <0,
(derived by setting S = Tand I = J = an identity map)
(E) F(a'(Sx, ?}')7 ﬂ‘x,J’): d(xr SI), dyr n")’ dxl 7}’)9 ﬂf)’. SX}) < 0 ' Simﬂm}\:.
(derived by setting /=J=an identity map) 1
Also, by setting m=n=p =g and for all i, r, kand ¢, consider S;= T, =, =J;=F (say),
then we have the following corollary as a variant of Bryant's Theorem [1].

Also, for
Corollary 2.2.[1] Let F be a self-mapping of a metric space (X, d) such that there exists some
n € N satisfying
F(d(F"x, F"y), d(x, ), d(x.F™), d.F"y), dix, F'y), d(y, F'x)) <0,
forallx, yinXand F € ®.If F™(X) is a complete subspace of X, then F has a unique fixed }slebr;::c:
point. even the
1] E les space is |
(1] Examp the usual
We now give the following examples to illustrate the above theorems. —
, emark
Example 3.1. Consider X = [0.6] with the usual metric. Define self-mappings S, 7,/ and J on X Rhoades
as for six m
§0=0, Sc=1for0<x<6, (D) and
T0=0, Tx=3 for0<x<6, results 0
10=0, Ix=S5, for0<x<6, I6=1, JEEE
and JO=0, Jx=6 for0<x<6, J6=1
Then all four maps S, 7, / and J are discontinuous, even at their unique common fixed point at (] v
x = 0. Also, the pairs (S, /) and (7, J) commute at x = 0 which is their common point of '5!
coincidence. Clearly, SCX) = {0, 13c {0; 1, 6}=K) and TLX) = {0, 3}c [(0=1{0,3,5}.1f 71 B.
we define a continuous function F: (R)* — Rby U De
F(t.t ,f;,“,fs,@) =Hh— k maX{fl,fg,f4,(!5 - fﬁ)?‘Z} , where k € (0,1) and F satisfies 31 M
F\,Fs. Also, F satisfies the implicit contractive condition (ii) for k= 315. _ :]
Moreover, the pairs (S, I) and (T, J) are weakly commuting [15] and hence compatible [12] L

because,
[s16-186| =[1-5]>0=] 16— 56 | whereas

|76-476| =|3-6| > [1-3| = | J6-T6|.

Example 3.2. Let X= {0, 1, Ve, 112, 112, ... ...} be ametric space with the usual metric

dlx, ) = I x-y 1 for allx, yinX. Forn=0, 1.2, 3, ..., define mappings S, [:X—=>Xby 8]
SO=12% S(12Y=112"",
1(0)="%, 112" =1/2"" respectively. 9]
Also, we set §= T'and /=J. Then, clearly S(X) = (2 12, .y e {12,172, 128, = 1. [10] R
Define a continuous function F: (R)° =R by . 2
Fly tastsststste) =10 —af? ~b( +1; +1), witha=Yzand b= Y4, then F satisfies [l ;
[12]\

F, and F,. Furthermore, ]




REMARKS ON FIXED POINT THEOREM UNDER IMPLICIT RELATIONS [67]

F(d(S0, S1), d (10, 11), d (10, S0), d (11, S1), d ({0, S1), d (11, S0))
= F(0, 0, %, Y4, Y4, Ya) ==1/72<0.

Similarly, we can show that

F(d(S0, S1/2), d(I0, 11/2), d(10, S0), d(i1/2, $112), d(I0, S1/2), d(11/2, S0)) <0,

F(d(S0,51/4), d(I0,11/4), (I 0,80), d(I1/4,51/4), d(I 0,51/4), d(11/4,50)) 0, and so on.
Also, for x=1/2"and y= 12", forn, m=0,1,2, ... and n # m, we have

Fd(S112", SIR™), d(11/2", 112"), d(i1/2", S12M, d(11/2", 512",

dnre", §12™), dnrz", S12") <0.

Hence, all the conditions of Theorem 2.1 are satisfied except the completeness of the
subspaces S(X) and T(X). Note that the mappings S and I have no point of coincidence. and
even they are not continuous at the origin. This example shows that the completeness of the
space is not sufficient for the existence of coincidence point, as the space X is complete with
the usual metric.

Remarks: Theorem 2.2 is the application of Theorem 2.1. Also, the main result of Jeong and
Rhoades [5] is a particular case of Theorem due to Imdad and Khan [3], which is established
for six mappings. Since a variant of fixed point theorems corresponding to implicit conditions
(D) and (E) appear in Popa, so our results extends the results of Popa(12, 13], improves the
results of S. Kumar [8] & Popa [14], and also generalizes the result of Bryant [1] with respect
to corollary 3.2.
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In this present paper, we have studied some properties of a differentiable manifold and
also studied the Almost para sasakian type (APST)-Riemannian manifold.

Introduction :

Let an n-dimensional Riemannian manifold M,,, on which there are defined a tensor field

Foftype (1,1) atensor field T, a I-form 4 and metric tensor g satisfying for arbitrary vector
field X, ¥, Z and a is any complex number (non-zero).

(1.1) FiX = a*X - A(X)T

(1.2) X = F(X)

(1.3) A(T)=-a?

(1.4) A(FX)=0

(1.5) F(T)=0

(1.6) g(T.O=4(0

(1.7 FIFX.FY) = —a® g(X,¥) +AX) A(Y)

then strscsss (& 7 & g s called almost para contact metric structure and manifold M, will
be called Almaw pars coemact metric Riemannian manifold.
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Let us call such a structure a generalized almost contact metric structure

Let us define
(1.8) F(X,Y)=g(FX.Y)
And barring X in (1.8) we have
(1.9) F(X,Y)=g(F? X.Y)
Which by virtue of (1.1) yields:
(1.10) F(X,Y)=d'g(X,)) = A AD)
Now barring Y in (1.8) we have B
(1.11) F(X,Y)=g(FX,FY)
This with the help of (1.7) becomes
(1.12) F(X,Y)=—{d® g(X.Y)- A(X) A1)}
Thus from the relation (1.10) and (1.12) we have
(1.13) F(X,Y)="F(XY)
Replacing X by 7 in equation (1.1 8) and making use of (1.5), we obtain-
(1.14) ‘AT, Y)=0
Barring X in equation (1.12) and making use of (1.1) and (1.14) we get
(1.15) ‘F(X,Y)=—d F(X.Y)
Now barring ¥ in (1.7) and making use of (1.4) and (1.5) in the resulting equation, we obtain
(1.16) g(FX,N=-g(X.F.
Thus from the equation (1.8) and (1.16), we have
(1.17) ‘FFX, Y)=="F(Y, X)
2, Nijenhuis Tensor
Nijenhuis Tensor is given by -
@) N(X,P)=[X, F1+[X.Y]-[X.Y]-[X.¥]
Making use of (1.1) in (2.1), we get-
(2.2) NOGY) =X, Fl+ 2 [X, Y] - AQX.YDT ~[X,¥]-[X. ]
Now let us put
(23) ; P(X,Y) =-[E,-?]_r[_-},.._ﬁ
(24) O(X,Y)=[X.¥]-[X.¥]

25) HX.Y)=[X,Y]+ @ [X,Y]
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Theorem (2.1) The Nijenhuis tensor and P(X, Y) are related as-

@6) & P(X.Y)- PXT) =@ NCX, )= A(D)~[X.T]+ A [X,T]
+AY)A(X, TDT

Proof : Barring ¥ in (2.3) and using (1.1), we obtain-

@ PX.T) = [X, Y]+ AO[X,T]-a* X.Y]- A()[X,T]

Again barring the above equation and making use of (1.1)

P(X,P)= (X, ¥+ A(V)[X, T1- {a [X, V] ALK, VIT} ~ (@ A(Y) [X, T]
- AMA(X.THT}
2.8) PIX.7]=a2[X. 1]+ A(V)[X,T]- &*[X,¥] + a3[X,TIT
- @AY [X.T]+ AX)A( X, T)T

Now from the equation (2.3) and (2,8), we obtain
(29) & PX.Y)- P(Z?)= o [E,?]—,a’[},_}:]m‘-‘ [X,Y]- A(Y) [,?_J:]

- A([X,YDT +a* A(D)[X,T]- A(Y) A([X,T)T
Making use of (2.2) in (2.9) we get the result.
Corollary (2.1): In a differentiable manifold M" .
We have
(2.10) @P[X,T]=a’N(X,T)+a’ [E_,f']- a*[X,T]- P A(X,T)T
Proof: Putting 7 for ¥ in (2.6) and using (1.5)and (1.3), we get the result.

Theorem (2.2): In a differentiable manifold M" ,

Weh have _

(2.11) aIQ(X,Y)-—Q(f_.Y):a’N (X.Y)- A(X) [;‘._;Ha“ﬁ(x) [7.Y]
+ AX) A(T,YDT

Proof: Barring X in (2.4) and making use of (1.1), we get

a12) O(X.1)=a (X, 1+ ACO[T.T1- A [X.¥]+ ACO T.T)

Mo barming the whole equation (2.12) and making use of (1.1), we get-

PN = E LX)+ AT, V1= a2 [X, Y]~ AQX, YDT) + A(X){a* (T, Y]
—A([T. )T}

@I PR e SN F )+ AT, Y]-a' [X. Y1+ P AKX YT +a* AOIT.Y)
—AX)A(T, V)T
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Now from (2.4) and (2.13) we get

eIy @OXN-QEN= R~ KT~ (X.]+a*[X,)
—a?A([X,YDT —A(X) (T.¥]-a* A(X) [T.Y]- A(X) AT, YDT.

Thus from (2.2) and (2.14) we obtain the required result.

Corollary (2.2): In a generalized almost contact metric manifolds M" we have

@15) a’Q@ﬂW’M;d‘[}}]-a‘ (7.¥]=-a A(T.YDT

Proof: Replacing X by T in (2:11) and using (1.3) and (1.5), we get the equation (2.15) -

Theorem (2.3). In a generalized almost contact metric structure manifold M"

Q1 @HEN-HEN=@N Y- AL YDT - ACOT.T]

Proof: Barring X in (2.5) and making use of (1.1)

@17) H(X,Y)=d [X,T]+ A(X) [T.Y]-a (X.Y)
Now barring the whole equation (2.17) and making use of (1.1)
@.18)  HE A=@K~ ADOT.T1+ (Y]

Thus with the -bslp-of{Q;Z),;,(}_S) and (2.18) we get (2.16)

Corollary (2.3): The equation (2.16) is equivalent to

@19) PH(T,1)=@NTY1- @ AT XD+ (1.7

Proof: Replacing X by T'in (2.16) and using the equation (1.3) and (1.5), we get the result.
Theorem (2.4): In a generalized almost contact metric structure manifold M" , we have
(220) H(T,-QIT,Y]=a'[T.Y]

Proof: Equation (2.20) follows directly wih the help of equation (2.15) and (2.19)
Theorem (2.5): Ina gena‘a:'ized almost contact metric marijbfd M" , we have

(221) dH(X.Y)- -H[X, Y] ={a’P[X.Y]-P[X, Y]+A(Y)[X r] a A(Y)[X 7]

—A(Y) A(X,T)T} - a T(X,YDT - ACOT, 7,Y]

Proof: Proof follows with the help of equation (2.6) and (2.16)

Theorem (2.6): In order that a generalized almost contact metric manifold by completely
integrable it is necessary that

.8 T D Y TR

Z

(®]

Frt

=

= P

i A
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(2.22) ALX,YIT=0

Proof: Barring X'in (2.2) and with the help of equation (1.1), we get

(2.23) N(X,Y)=a*(X.Y) - AX)[T, Y]+ a*[X,¥]- A(X, V)T

~[X,¥]-a* [X, ¥+ A(X)[T,Y]

Now barring the whole equation and using (1.1), we obtain

(224) NIX.YI=a[X, 7] ACX)IT, 71+ X, Y]~ [ X, 1+ AQK, DT - (X, Y]
_ + @ A(LX,YDT + a*A(X) [T, Y]+ A(X) A(T, YT

From the equation (2.2) and (2.24), we have

(225)  NIX.¥]+@N(X.Y)=-A(X) (T, F)+ ALK, 71T+ AX) [T, 7]
+ AC) AT, YDT

(2.26) N(T.Y):az[T,Y]-!-A([T.Y])T—[;,_i’—]

Using (2.26) in (2.25) we obtain

@.27) NIX.¥]+ @ N(X.Y) = ACX)N(T,¥) + AQX, )T

For completely integrable manifold equation (2.27) reduces to equation (2.22)

Theorem (2.7) In a completely integrable generalized almost contact metric structure
manifold M" , we have the following result.

@28)  ACOUT.Y)-IT.Y]) + AQX, YT = AQP{[X,T)-[X.T]+ A(LX, )T
Proof: Barring X" in equation (2.2) and making use of (1.1), we get

(2.29) N(X,Y)=a*(X,¥)- AT, Y1+ a*[X,Y]- A(LX,Y)T ~[X,Y]
- a[X, Y]+ A(X)[T,Y]
Again barring Y in equation (2.2) and making use of (1.1), we get
2.30) N(X,¥)=a[X.¥]- AQ)[X,T]+ @ [X, Y]+ A(X, YT
~ @ [X,Y]+ AY)[X.T)

Now Som these two equation (2.29) and (2.30) and using N (X, ¥), we have the required result
(22%)
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Abstract: Considering three natural layers of human dermal parts, an attempt has been made to
estimate one dimensional unsteady state burn damage in the region due to high surrounding
temperature. We consider two samples of skin and subcutaneous tissue (SST) of various thicknesses
and constructed a mathematical model. Solving the same numerically we have obtained the
temperature distribution that causes burn in the outer layer to inner layers. The temperature profiles
have been further used to estimate the damage in the region.

Key words: variational finite element method, damage function, human skin. 2000 Mathematical
Subject Classification: 92.

1. Introduction

Burn injury in human dermal parts due to high environmental temperatures results in a clinical
problem. Burns cause a range of physiological derangements including denaturation of
macromolecular structures, leakage of cell membranes, activation of cytokines, and cessation of
blood flow. This leads ultimately to tissue damage and circulatory disruption in skin and
subcutaneous tissue. The various degrees of burn measure the extent and volume of the damage.
This paper attempts to estimate the effect of outer high temperatures and consequently the
disturbance in the thermal balance.

Thermal burns occur as a consequence of the elevation of tissue temperature above a
threshold value. Guyton [6] mentioned that human dermal parts attain the threshold value if
owter skin surface temperature reaches 45°C. It is assumed that the resulting injury is governed
by the chemical rate processes in terms of standard Arrhenius function as proposed by Henriques
#nd Maruz [7]. This damage rate function describes the rate of tissue damage. By integrating the
damage mate function, we find non-dimensional number Q called the damage function. This
damage Smction can be expressed as

d -AE
N Q=A‘{exp — |t
0 R(T+273) |
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where A4, AE, R, and T are respectively, the frequency factor, activation energy, universal gas
constant and tissue temperature in degree Celsius.

The value of Q equal to 0.53, 1, and 10* represent injury threshold for first, second and
third degree burns respectively. To a limited extent the experimental results can be compared
with the theoretical estimation.

Human dermal parts consist of three distinct natural layers — epidermis, dermis and
subcutaneous tissue. The epidermis is a complex multiple layered membrane having no blood
vessels: hence there is no blood flow and metabolic activity. However, there are some blood
vessels and metabolic activity at the junction of epidermis and dermis. The density of blood
vessels increases from this junction toward the junction of dermis and subcutaneous tissue.
Unlike in dermis the blood vessels are uniformly distributed in subcutaneous tissue.

Henriques and Moritz [7] demonstrated that time and temperature is responsible to produce
a specified level of burn injury. Buetnner [1] have studied the effects of extreme heat and cold
on human skin. Saxena and Yadav [15] studied steady state case for burn injury due to hot
atmospheric temperatures. Dennis et al. [4] studied heat injury to cells in perfused system.
Saxena et al. [11] used variational finite element approach to estimate bum damage in
steadystate case,

The numerical computation has been carried out using MATLAB program and the results
are discussed numerically and graphically.

2. Mathematical Model
The partial differential equation for heat transfer in peripheral layers of human body due to Perl
o1
e or .
(2) p_c-g:dxwxgmdr‘npbcbw‘n -¢T)+S
where
p= Tissue density (g/cm?)
¢ = Tissue specific heat (cal/g’C)
K = Tissue thermal conductivity (cal/cm-min®C)
p, = Blood density (g/em3)
cp = Blood specific heat (cal/g’C)
¢, = Tissue perfusion due to arterial blood ( /min)
¢, = Tissue perfusion due to venous blood ( /min)
T, = Arterial blood temperature (°C)
Ty = Venous blood temperature (°C)
§ = Metabolic heat generation rate (cal/cm3-min)

There is no significant difference in the values of ¢, and ¢, in micro level, so ¢,=¢,. Also
Ty is dominated by tissue temperature 7. Hence Ty = T. So equation (2) can rewrite as
or
(3) pc?=dr‘v(Kgde)+M(TA—-T)+S
f

where m, = p;¢, = Blood mass flow rate (g/cm3-min), and M= mpcp,

cond!

ab -

ar dn

conw
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The terms on the right side of equation (3) denote respectively, Fourier’s laws of
conduction, Fick’s perfusion principle and the rates of metabolic heat generation.

The thickness of epidermis, dermis, and subcutaneous tissue have been considered as
a.b—a, and ¢ - b respectively, and Tp, T}, Ty, and T3 = T are respectively the nodal temperatures
at distances x = 0, x = a, x = b, and x = ¢ (Figure - 1). The body core temperature 7}, is almost

37°C.
TJ\
Epidermis al
T,
Dermis
- b
v
T,
Subcutaneous tissue
T; c
Y, v
Body Core

Figure - 1 Schematic diagram of Skin and Subcutaneous tissue

In this model it is assumed that heat transfer to the outer skin surface takes place due to
convection, radiation and sweat evaporation. Consequently at the skin surface we have

(4) -KE =W(T-T,)+LE
ox at x=0
where h, T,, L, and E are respectively heat transfer coefficient, atmospheric temperature, latent
heat, and rate of sweat evaporation. _
The biological structure of human dermal parts makes it reasonable to consider M and §
zeros in epidermis. As a whole, the assumptions and conditions can be summed up in the
following forms

(i) Forepidermis (0 <x<a)
T=71"= T +ux;
K = K,(constant); ;f'= M=0;8S=8=0;T,=T"=0;

(1) Atinterface-1(x=a)
T=T"=T%=T; K=K =Ky M=M, =M;=0;S=5,=$=0;
T.=0;

(=) Pordermis (a<x<b)

o Pl W

x ; K= K; (constant)

b-a b-a
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e = e

(iv) Atinterface - 11 (x = b)
T=10=19=1,; K=Ky =Ks; M=My=M;;S=5=S3;
Ty=Ty

(v) For subcutaneous tissue (b <x <)
reg@= =00 -0 :

c—b c-b
K=K; (constant); M= Ms=m ;S=8=5; T,=T,"=T;;
(vi) Atinner boundary (x = ¢)
T=0=Ty K=KiM=m8=5 T4=T

3. Solution of the Problem

The variational integral form of (3) in one-dimensional unsteady state case together with
outer skin boundary condition (4) is given by (8]

145 { ar2

® i=-] [—J +M(T,~T) 25T+ pc— |dc+~ [h(?‘ T, +2LET]
) at

provided I is optimized. We rewrite / separately for the three lavers, i.e.,

3
6) = Z; %
=l
‘where

VA TN o i i o oTu?
I,=-I K, [—] +M(Tjn-?‘(‘))2-281ﬂ“+pc dx
2 & a

e, 2 |
s [h(ﬂl)—r,) +2L£rm]

b i y 2 ¥ v |

1 -dﬂii) i aT(2)
L=— || &|—]| +M(TP -T@) -25,7® 4 pec dx

o3 | o ) (o) a7

el (arey ) aTOR
13=l [ xj[dr—] +M (T -T®) -28,7 + pe dx

with

To s
Accordir_lg
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Generally under normal condition the temperature decreases from body core towards
skin surface. Hence we consider the initial condition for Ty, T}, 7 and 75 in linear order towards
body core. Thus we assume the following initial condition for the problem

Nx, 0) =T+

where Ty = 22.87°C and g is a constant to be determined.

We substitute the expressions and values (i) to (vi) from the previous section to compute
1, I and ;. We then get

pea d
2 at

b-a)d
ﬁ&_ﬂ)_(}? +T2 +?IT1)
- 2

I= A+ BT+ DTR + BT + RT,T + 2= (12 + T2 +T,1,)

I, = 4, + B,T, + C,T, + D, + E, T3 + FyTNT, +

pele-b)

d
Iy =4+ BT, +CTy + DT} + E\TE + FT,T, + ;(7? +T3 +TT5)
t

where 4, B, D, E, F; (1 <i<3)and C; (2 </ < 3) are all constants depending upon the physical
and physiological parameters and are defined in Appendix.

As a next step of finite element method, we minimize / by differentiating it with respect
to the nodal temperatures 7y, 7y, and 7. Since T3 = T} (the body core temperature) is known, we
obtain the following system of equations

(7 CT+PT=W
where
[22 a 0 2D, F 0
C=| a 2(a+pf) B P=| K 2(E+D,) F .
0 B 2B+nu) 0 A 2(E, +Dy)
B
dt
5 8 e
t
-Gy + FT, T
(Cy+ By + FT,) dr, 2
L dt |
with

pea pelb=a) pelc—b

To solve the system of ordinary differential equations (7) we use Crank-Nicolson method.
According 1o this method, the system of equations (7) can be written as
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At _ At
(8) [C+—P] TG+ = (C-—-—P] T + AtW
2 2

where At is the time interval and 7 is the 3x Imatrix for initial nodal temperatures.

4. Numerical Resulfs

To solve the system of equations (8) coupled with damage function (1) the following values
have been taken [[3], [11], [15]].
K; =0.030 cal/cm-min’C
K, =0.045 cal/em-min”C
K3 =0.060 cal/cm-min’C
M= Mipes = 0.0315 cal/em’-min"C
5 = S = 0.018 cal/cm’-min
L =579 callg
h=0.18 cal/em’-min’C
E=0.0096 g/cm’-min
AE=6.3 x 10° J/Kg mol
R=83136x 10° J/Kg mol K
4 =18 x 10" /min
p=1.05 g/lem’
c=0.83 calig

We consider the following two sets of sample SST of different thicknesses as shown in Table- 1.

Table - 1
Sample Skin a(cm) b (cm) ¢ (cm)
Set - | 0.10 0.35 0.50
Set - I1 0.10 0.50 0.75

The temperature of heat source is assumed to be of 100°C. It is also assumed that skin
surface is exposed to this source for a time of 60 seconds. The system of equations (8) is then
solved by subdividing this time of exposure in different time intervals of 3 seconds.
Accordingly, we get the values of nodal temperatures at these time intervals for Set-I and Set-II
as shown in Table-2, The graphs for these nodal temperatures for Set-I and Set-II are plotted as
shown in Figures-2 and 3 respectively. Using the Table-2, we fitted the cubic splines for 7y, and
then these cubic splines for 7 are used to obtain the damage function at different times within
the total time of exposure of the skin. The corresponding values of damage function at different
times for Set - I and Set - II are plotted in Figure-4.




MATHEMATICAL ESTIMATION OF UNSTEADY STATE BURN DAMAGE DUE TO HOT ... [81]

Table -2
Nodal temp. | Set | Set I
Times To_..,. i Tg To T] T
(Seconds)
L=0 22.87 25.70 32.76 22.87 24.75 32.29
H=3 34.15 25.10 33.07 33.79 24.27 32.50
L=6 38.22 26.77 32.72 37.86 25.40 32.23
L=9 40.49 28.67 32.51 39.91 26.86 31.92
=12 42.15 30.43 32.51 41.30 28.32 31.68
=15 43.51 32.01 32.67 42.42 29.69 31.52
=18 44.68 33.43 32.95 4341 30.87 31.46
n=21 45.71 34.72 33.29 44.30 32.14 31.46
t5=24 46.63 35.89 33.68 45.11 33.23 31.51
=27 47.45 36.97 34.08 45.86 34.24 31.62
1ip =30 48.20 37.96 34.48 46.55 35.18 31.76
;=33 48.89 38.88 34.88 47.19 36.05 31,93
12=36 49.52 39.73 35.27 47.79 36.88 32.13
13 =39 50.10 40.52 35.65 48.35 37.65 32.34
1y =42 50.65 41.26 36.01 48.87 38.38 32.57
f1s =45 51.15 41.95 36.35 49.36 39.06 32.82
fis =48 51.62 42.60 36.68 49.82 38.71 33.07
Hy =51 52.06 43.20 36.98 50.25 40.33 33.32
=354 52.46 43.77 37.27 50.66 40.92 33.58
hio =357 52.85 44,29 37.54 51.06 41.47 33.84
120 =60 53.21 44.78 37.80 51.42 42.00 34.10

4. Discussion

From Table — 2, we observe that Set — I attains about 46°C for T in 21 seconds. So, the thermal
disturbance in Set — [ starts at about 20 seconds. But the same process in case of Set — I starts at
about 24 seconds.

From Figure—4, we find that graphs of damage function for both sets increase exponentially
as time of exposure of the skin to the source temperature increases. These graphs represent that
both second and third degree burn for Set — I occur earlier than Set— II.

The graph of Figure — 2 are rising faster than the graphs of Figure — 3 in first few minutes
and then atiaining the lines parallel to t-axis earlier than the graphs of Figure — 3. So, Set — |
reaches its steady state case earlier than Set - II.

Above discussion is only an example that how the mathematical model can help in many
clinical cases of burn injury. This approach can in fact give comprehensive approach of damage
estimation based on individual characteristics, climatic conditions and internal body mechanism.

APPENDIX
ma m(a+b) m(a® + ab + b?) m(a+b)(a? + b*)
3 o s y Xy = s Xg= ;
2(b-a)? 4(b-a)? 6(b—a)? 4(b-a)*
X, = S K, Y " __mlb+c) =m(b3+bc+c3)_

O=a) . 2e=hy R gapy 2c-b) °  6c—b)
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hT? 1( K, K K
A= Ao B =LE-hT,; D, =—[—'+h}; E =1 F =——
2 2\a 2a a
A, =TPa* X, +3T2a’ X, - 3T2aX; + T X,;
B, =2T,abX, +2T,a(2b+ a)X, - 2T, (b +2a) X3 +2T, X +(a-1)a-b)X;
C, =-2T,a* X, - 6T, a* X, + 6T,aX; - 2T, X, +(a—-1)Na-b)X;;

K
D, 242X, + (b +2ab)X, - (2b+ @)X, + X,
2(b~a)

K
E, =—2—+aX, +3a’X, ~3aX, + X,;
 2b-a)

K
By 2 ~2abX, -2a(2b+a)X, +(4a+2b)X; -2X,;
(b—a)

Ay =T -b)Y;;

s(c=b)
By =-2Tyc(c = b)Y, = Ty(c -b)Y, - ~ X

s(c—b)
Cy =2Tb(c-H)Y +T(c -b)Y, - - >

Dy=c*Y + el + B +V;
Ey =Y, +bh, + Y, +V ;
F, ==2bc¥, - (b+ )Y, ~2¥, =2¥

o
f;' i
.E T e e Taimesm _,_-
a = Ty
il
& -- T
=
30 I -
25! =
2013 1 2 3 4 8 B T B 9

Time t (Minutes)
Figure - 2 Nodal Temperatures for Set - L.
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Figure - 3 Nodal Temperatures for Set - II.
Time VS Damage Function
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Figure - 4 Damage Function for different values of time when x = 0.
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Abstraet: In this paper, we generalize a few results of [4] for the upper radical classes of rings for
radical classes of hemirings, by using the construction for the upper radical classes of hemirings.

1. Introduction and Preliminaries

The notion of radical classes of hemirings was introduced by D. M. Olson and
T. L. Jenkins [7], as an extension of radical classes of rings (see [4]). The theory was further
enriched by many authors (see (7, 8]).

Y. Lee and R. E. Propes [4] introduced the concept of the sum of two radical classes of
rings. They have shown that ‘sum’ is not a radical class in general. In the present paper, we
extend the notion of sum of two radical classes of hemirings and generalize a few results of [4]
in the framework of hemirings. The sum of two radical classes was investigate by [4] for
radical classes of rings. Here we are interesting to generalize a few results of [4] in the
framework of hemiring which is quite different from ring theoretical approach discussed in
[4]. In the following we shall be working within the class of all hemirings.

A semiring (4, +, . ) is called a hemiring if (i) ‘+* is commutative (ii) there exists an
element 0 € A such that 0 is the identity of (4, +, ) and the zero element of (4, .).

i,e. 0O0a=a0=0,Y ac4d
Lower radical classes for hemirings can be constructed similar to the construction of
lower radicals for rings (see [3. 6, 8]).
If 4 is a hemiring then HA, K, (A) denote the set of all homomorphic images of 4 and the
set of all k-semi-ideals of 4 respectively. If I'is an k-semi-ideals of A4, then we denote [ f A
First we include necessary preliminary, let » be the universal class of all hemirings. By
using ring theoretical approach discussed in [6], let M be a regular class of hemiring, define

UM={Aew:HAn M =0}

then the class UM is a radical class and is called the upper radical class determined by the
class M. For undefined terms of hemirings we may refer (see [1, 2. 5, 6]).
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2. Radical and Semisimple Classes

We extend the result of [4] by using the above construction of upper radical for hemiring
which is indeed provides an excellent and different approach to handle the many results of [4]
in the framework of hemiring,

The following definition is taken from S. M. Yusuf and M. Shabir [8]. The semisimple
class Sp of a radical class p is defined as the class of all hemirings having zero p-radical.

This can be rephrases in the following form.
Definition 2.1 [8]. Ler S € o, S is said to be a semisimple class, if the following two axioms
are satisfied.
S) AeS=>HINS#0,Y(0=NekK(A)
S2) Let Ae wsuchthat HIN S #0, ¥ (!utﬂ)!f/l. thenA € S.

A subclass of hemirings @ satisfying the condition (S, ) is called a regular class.
Definition 2.2 [8]. Let p be a radical class of hemirings. Then we define a class Sp as
Sollaws:

Sp={Adea:p(d)=0}.

Theorem 2.3. Every hereditary class is regular.
Theorem 2.4. Spis hereditary.
Theorem 2.5. Let p be aradical class and Sp={ A € w: p(4)=0}. Then Sp is a
semisimple class.
Proof: By Theorem 2.3 and Theorem 2.4, Sp is regular class i.e.(Sy) is satisfied.
S5) Let A€ wsuch that HIN Sp # 0,V (1% 0)< A, we claim that A € Sp.
'Assume on contrary 4 € Sp, therefore p (4) # 0. Now (p(4)= 0) § A, let] =p(A4). Let
1/J € HI n Sp=H (p(4)) " Sp. This implies that p(4) /J € Sp. Since pis a radical class,
therefore p is homomorphically closed and p (4) € p, therefore p(4) / J € p and we have
p(p(A) 1 J)=p(A) J. As p(4)!J € Sp. Thus p(p(4)/J)=0. This implies that p(4)/J=0
and p(4) < J. This implies that p(4)=J (.. J< p(A))and hence I/ J=p(A) /| J=0.As1/J
is an arbitrary element of HI ~ Sp such that I/ .J = 0, therefore we have H/ 1 S =0, for some
k-semi-ideal J=p (A) # 0. This contradicts the fact H/ ~ Sp # 0,% (1= 0) <4, Consequently,

p(A)=0and hence A €Sp and (8, )is satisfied.

Definition 2.6. Let p,, p, be radical classes of hemirings, then we define their sum
o+ 0, ={Adew: p(A)+ py(4)= 4}

We write ( o, + 2, )(4) = p(A)+ py(A)forall A€ w.

Definition 2.7. Let p, + p, be radical classes of hemirings. Then

S(p+m)={4ecw:(p+p)(4)=0}.
We now investigate conditions under which g, + o, will be a radical class.
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In the case of hemirings one can easily prove all the standard result concerning radical
classes, sum of two radical classes, k-mi-idea! and semisimple classes. Here we mention only
few of them, which can be obtained on the line of rings theoretical approach.

Theorem 2.8. If py, p; are radical classes of hemirings, then
S(p +p;)=Sp, NSp,

Theorem 2.9...f p, and p, are radical classes of hemirings, then
(A +p;) 0 S(p+p3)=0.

Theorem 2.10. If p, and p, are radical classes, then Py(A)+ p;(A) is the largest p, + p,
semi-ideal of the hemirings A.

Theorem 2,11. Let gy, p, be radical classes of hemirings and 1 § A, then

(A + P (g +2)(A) N 1.
Theorem 2.12. Let p,, p, be radical classes of hemirings, thenS(p, + p,) is a semi-simple
class of hemiring.
Proof: Let 4€S(p + p,) = Sp NSp, (by Theorem 2.9). This implies that A e Sp, and
AeSp, and hence p,(4) =0 and p, (A4)=0. Let IfA, then by hereditary of Sp, and
Sp,,1 € Spand I € Sp,. This implies I € Sp, n Sp, and hence I € S(p, +p,). Thus
S(p,+p,) is hereditary. This implies that if 4 S(p,+p,) and / is a non-zero k-semi-ideal of
A, then its non-zero homomorphic image in S(p, +p,) is / itself. Therefore (S,) of the

definition 2.1 is satisfied. Suppose every non-zero k-semi-ideal of a hemiring 4 has a non-zero
‘homomorphic image inS(p + py) = Sp MSp,. This means every non-zero k-semi-ideal of a

hemiring A has a non-zero homomorphic image in Sp; and also in Sp, . This implies 4 € Sp,
and A € Sp, because Sp,.Sp, are semisimple classes. Consequently, we have
AeSp nSp, =S(p, + p,). This shows that (S, ) of the definition 2.1 is also satisfied.

Theorem 2.13. Let py, p, be radical classes of hemirings. Then p, + p, is hereditary if and
only if (py+ pXU)=(p+ Pa XAV, VA€ m,WﬁA.

Proof: Let p,+p; be hereditary and / %A. Now (p,+p,)(4) € p,+p, and

(o +p:)(A}ﬁf§(pl +0,)(4). By hereditary of p;+ p;, we have (g, +2,) (4) N Tep +p,.

As (p, + py )(A)N I £ 1, therefore, we have (8 + (AN =(p + py)(I). Also we have
(o + o, M) (py + py)(A) NI (by theorem 2.12). Consequently, we have
(2 + P AN =(p + py) ().

Conversely, assume that (g, + 0,)(/)=(p, + p)(A) NI,V 4 € w, V!%A. Let
Aep +p, and I__§ A, then (py+p,)(A)= A Thus (g+0,)()=(p +a AN I=Ani=1
This shows that I € p +p, and hence p, + p, is hereditary.
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Corollary 2.14. Let p, and p, be hereditary radical classes of hemirings. Then the class
Py + Py is hereditary if and only if
IAAA) + 10 oy (A= 1A (B (A + (AN A € 0.V TS A.

3. The upper radical of S(p,+p,)

The notion of upper radical classes or upper radicals was originally introduced by F. A. Szasz
([3, see [6]) for rings.

In the case of hemirings one can easily prove all the standard result concerning lower
radicals, upper radicals and regular classes. Here we mention only few of them, which can be
obtained on the line of rings theoretical approach.

Theorem 3.1. Let M be a regular class of hemirings, define UM = {4 € o: HA n M= 0}
then the class UM is a radical class-and is called the upper radical class determined by the
class M.

Theorem 3.2. If M is regular class of hemirings such that M = S(p, + p,), then

(o, +p)SUM.
Theorem 3.3. If p, and p, are radical classes of hemirings, then
uS(p, +p;)={Aew:HANSp, +Sp, =0}.
Proof: Since S(p, + p,) is a semisimple class, so by definition, we have
us(p, +p;)={Acw:HAnS(p +p,)=0}.
Since S(p, +p,)=Sp NSp, (by Theorem 2.9). Therefore we have
US(p +py)={dea: HAnSp +Sp; =0}.
Theorem 3.4. Let p, and p, be radical classes of hemirings. Then
S(L(p, + p)) =S (2, + py).

Proof : Let A € S(L(p, + p,)), we will show that A = S(p, + p,). Assume on contrary that
AeS(p, + p,) but A e S(L(p + p,)) implies that [L(p + 2:)]1(A) = 0. Since 4 & S(p, +p;)
=8p N Sp. therefore A & Sp; N Sp;. This implies that A & Sp or 4 & Sp, . Now 4 ¢ Spy . This
implies that o, (4) #0.As 0= p (A epcpUp, cL(pvU p) = L(p,+p,). Since
AeS(L(p + py)) and S(L(p; + p5)) is heriditary, we have p,(A) € S(L(p, + 2,)) and hence
p(4)#0) & S(L(p+22)) N (L(p+p,). We have a contradiction that [L(;+0,)]1 N
S(L(p+p,)) = 0. This proves that A € S(0,+p;). Now we have 4& S(L(p, +p,)) implies that
A € S(p+p,)- This shows that S(L(p+02)) € S(L(pr+22))-
For reverse inclusion, let 4 € S(L(p,+p,))- We shall show that 4 & S(p,+p,). Assume

on contrary that A € S(p,+p;) but A & S(L(p +p,)) implies that [L(p; +p,)] (4) # 0. Let
I=[L(p+p2))(A). Then I has a non zero accessible o +p, -sub-hemiring, say, 7. Now
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AeS(p+p,)=SpNSp; and !f»!. By the heriditary of S(p,+p,), 1eS(p+p,). Now T

is an accessible sub-hemiring of 7 and so T e S(p+p,). This implies that (P +2)(T)=0.
Since T'e py+p, , therefore (p,+p,)(T) =T and hence 7'= 0, which contradicts that 7= 0.

Thus S(p+p,) S(L(p+2,)). Consequently, we have S(L(p+p, )=8(p+p,). This
completes the proof.

Corollary 3.5. If p,, p, are radical classes of hemirings, then
Lipwp,)=ulS(p+p,)]
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