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Probability distributions to describe the
pattern of child loss from a family

TIKA RAM ARYAI.

Abstract: This paper attempts to investigate tne distribution of child loss from a family through
probability models. The suitability of the models has been tested with the real sets of sample survey data
from Nepal, Libya and Brazil. Poisson, geometric and displaced geometric distributions have been fitted
to describe the distribution of families according to the number of child deaths, The parameters have
been estimated by maximum likelihood method. It was found that the proposed geometric and displaced
geometric distributions more or less provided a suitable description of child loss pattern at micro level
(family level). These distributions fitted satisfactorily well to all the sets of sample data, which may be
utilised to predict the risk of child loss in a family in any society. Findings may help planners and policy
makers for designing proper policies and programs in a country.

1. Introduction

The force of mortality is still high at the younger ages particularly during the infancy [1]
Level and trend of early childhood mortality indicate the standard of development of a country.
A high rate of child mortality in a society indicates the reproductive wastages of physical,
economical and psychological potential of a woman, and consequently shows a low level of
success of a country’s health program [2]. The child mortality has been of interest to
researchers because of its apparent relationship with fertility and indirect relationship with the
acceptance of modemn contraceptive means [3]. The distribution of deaths with respect to age
during the infancy is usually not governed by any single universal law because there exist a
number of distinct patterns, which might be changed over time. It has been increasingly
realised for several reasons that child loss from a family needs to be examined besides infan:
deaths [4]. The reported data of deaths during infancy and childhood suffer from substantial
degree of errors where vital registration system of such information is not available 15
Usually errors occur due to recall lapse, which result in omission of events, misplacement of
dates and the distortion of reports on the duration of vital events [2, 5]. To overcome such
limitations, models served the purpose and are needed to be developed to remove such
variations due to these biases from one age to another, In fact, a model may smooth the data
and provides a reasonable distribution of deaths according to age.

A number of attempts have been made to study the age paitern of mortality by using
models {2, 6, 7, 8, 9, 10, 11]. Initially, Keyfitz [12] used a hyperbolic function to study the
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infant and child mortality. Choe [13] used Weiball finction and Hartman [14] applied a
logarithmic function for the same purpose. Krishnan and Jin [15] utilised Pareto distribution to
describe the distribution of infant deaths and found a reasonable fitting. Chavhan [16]
suggested finite range model to study the deaths under #g¢ one by months. Finite range model
Wwas proposed by Mukherjee and Islam [17) in relisbi smalysis. Krishnamoorthy and Rajna

2. Models

As mentioned earlier, some probability distributions have been discussed this section to
study the distribution of families according to the number of child deaths (deaths within the
first five years of life). The assumption of using probability distributions is that only those
families have been considered in which at least one birth prior to the survey date (study point)
has haa occurred.

2.1. Poisson Distribution

Let X denote the number of child deaths in a family at the survey point which follow a
Poisson distribution. The probability mass function of X is
e Ak

m plr=k)= forz =0,1,2,...

when A is the risk of death of a child in a family. The n.aximum likelihood equation of (1) is

n n l’e-u‘at
® = [l pte=ny- fi[ <22
Takingbgmithmofa)nddiﬂ‘wm&amgwithmspecuoalandeqtmringinozero.weget

dlogl _ nmk _
) Tt =ns 20

0nsolving(3),ﬁ:eestﬁnnaoflmmilybeobtainedas
) i=k
2.2. Geometric Distribution

Let X denote the number of child deaths in a family at the survey point which follows a
geometric distribution. The probability mass function of X'is

) pr=k=¢'p for k=0,1,2,3,...
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It involves a single parameter p to be estimated from the observed distribution of families
according to the number of child deaths. The likelihood function can be expressed as

n n
6 L=T1[p(z=R1=T][pe*]
k=0 k=0
5 k
@) L= p"qE“
Taking logarithms of (7) and differentiating with respect to p and equating it to zero, we get
8) Slogl _n_ nk _,
op  p 1-p

On solving (8), the estimate of p can easily be obtained

-~ ]
9) =
: e 1+ k l

2.3. A Mixture of Two Displaced Geometric Distribution l

Let X denote the number of child deaths in a family at the survey point. The distribution |
of X is derived under some assumptions as (i) only those families are considered in which at
lesst one birth prior to the survey has had occurred, (ii) at the survey point, a family either has
experienced a child loss or not and let 4 and (1-2) be the respective proportions, (iii) out of
proportion of families, let £ be the proportion of families in which only one child death has
occurred, and (iv) remaining (1-£ ) proportion of families, experiencing multiple child
deaths, which follows a displaced geometric distribution with parameter p according to the
number cf child deaths.

Hence with these assumptions, the probability distribution of X is written as
pla=kH=1-  fork=0" f
(10) =0 for k=1 ‘
=(1-£)Bpgt?  fork=2,3,... |
I
|
|
|

Model (10) involves three parameters & £ and p to be estimated from the observed
distribution of families according to the number of child deaths. Let z,, x,,..., rydenote a

random sample of size N from the population (10). Further, suppose that n; (k=0,1,2,...,
m

m) be the number of observations corresponding to the value of & and Fni =N. The
=0

likelihood function for the given sample can be expressed as

L=T] [pz=0)™ =1 - A" )™ [T “‘f)ﬂpq*_zlﬂ‘
k=0

k=2

é{k—Z)m
(1 L =(1- )"0 &M g1 (] — £y~ pi=To~M o

Taking logarithm of (11) and differentiating with respect to #,£ and p respectively and
equating it to zero, we get
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Slogl n-ny _
(12) 7] l—ﬁ+l—ﬂ 0
dlogl M _"—% "1 -9
& % § 1-¢
m
(14) 5“'3":"“"0'_"_*-?':3(&-2)"* -0
op P I-p
From (12), (13) and (14), the estimates of #,& and p can easily be estimated as
n-tg =M
"ﬂ-uo L _ ’l. -=
ﬁ"' n » 5- n—"ng M P

(n-mg—-m)+ Y (k-2)m;
=3

Vatiances and covariances of the estimates of the parameters are obtained by taking second
parﬁalderivaﬁvesoflogf.as
Sllogl My M7
p? a-p¢ £
(16) 52 l%L = n'l _(n-.-no'—ﬂl)
5&* g =&

(15)

(17 Stlogl __ (-1 —m) ,Ezﬁ_z’“’
op? P’ (1-py
(18) 52logL o%logL _o%logl -0

5B6E opop OLp
Taking the ract that E(no) =E[)E Yx.=0) = }': lp(x,- =o)=)': (1- B) =n(1 - B), in similar
1=l 1=1 1=1

way we can write E(m)=n5B, E(n)=n(-£)Bpg*? for k=2,3,...,m,
E(n—ny)=np, E(n—no—m)=np(1—¢)and

m
E[%{k—Z)n,,}:E[n,+2n4+3u,+-..+(m—2)u_]

=n(l-£)Brq [1+2g+3g*+... +(m—2)q"]
= n(1-&)Bq! 1-¢"2 _(m—2)gm-2], for small m

P
_n(-9)8q
?

» for large m,
Using above facts, the expected values of the second partial derivatives can be obtained as,
S2logl E(n,) __E(n—n,,)_ n

o a-pr B PP

(20) - E( ¢ (say)
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8%logL, E(m) E(@m-n,-mn)__ np
(21) -E(——)= + = = (say)
58 & -8y  a-H
E ==
@) sty Baonm Pt
sp? p’ (1-p)?
- 180-8q+n(-5)Bpl1-¢"" - (m-2)pg™?] .
Pq
= p33(a) (say), for small m.
52logL -
) g EBL) MO0 by ey, forlagem.
dp Pq
2 2 2
Since 5(5 e W T S =5 4 IDgL)-—-O.soﬂleoovariancesbetweentbe

spsE " s&sp T 6PSp
estimators becomes zero. Hence asymptotic variances of the estimators can be obtained as,

O

- 1 .
V(p)=m when m is small

1

nmwhmm is large.

3. Applications

The proposed distributions have been applied to the real sets of sample survey data of
Demographic Survey of Fertility and Mobility in Rural Nepal (DSFM): A Study of Palpa and
Rupandehi Districts, which was carried out in 2000 [2]. Besides, one set of data has been taken
from a household sample survey of Brazil in 1996 [19]. Another set of data from Northeast
Libya conducted under a sample survey in 1987 [20].

The parameters of the proposed models have been estimated by the method of maximum
likelihood. The observed and expected number of families (along with the estimates of the
parameters) according to the number of child deaths is presented in Tables 1 to 3. It is seen that
the Poisson distribution does not give a good fit to the data sets whereas the geometric
distribution and displaced geometric distribution provided a good fit to all the data sets. The
estimated value of / that shows the proportion of families experienced a child loss, was found
slightly higher for Libya (0.36) as compared to Brazil (0.27) and Nepal (0.21). However, the
proportion of families having a single child death was found higher for Nepal as compared to
the data of other countries.

A » a 1
The average number of child deaths per family [§ﬂ+(l—§)ﬁ(l+;)] for Libya, Brazil and

Nepal were found to be 0.53, 0.41 and 0.30 respectively. One of the applications of analyzing
such data through model is to estimate the number of child deaths if family size is known. For
example, if on an average total fertility rate (TFR) in Nepal is 4.1 (according Nepal
Demographic Health Survey, 2001), then expected child mortality would be around 73 per
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1000 live births (against the reported mortality rate 65 per 1000 live births) during the
preceding (0.4) years from the survey date of NDHS. This is a close estimate of IMR (73) to
observed IMR (65). The lower observed value of IMR of NDHS data may be due to under
reporting in infant deaths in the survey or two different sources of data, which are not
comparable [2]. Thus through such models if the size (TRR) of the family be known, child
mortality may be predicted for a given society.

4, Conclusions

It was found that the proposed geometric distribution and displaced geometric distribution
provided a suitable description of child deaths at micro level (family level). The distribution
fitted satisfactorily well to several sets of sample data of Nepal, Libya and Brazil. So these
distributions may be utilized to predict the risk of child deaths from a family in any society of
the country. The findings may help planners and policy makers for designing policies and
programs of a country.
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Table 1 Observed And Expected Number Of Families According To The Number Of

Child Deaths In Nepal (2000)
—No. of dead Ubserved No, Expecicd No. of familles
: of distribution i
5 ) B = R o —
1 137 19524 | 154.87 137.06
2 22 36.92 28.54
3 6 1045
s - 34.00 11.55
2 % ' ) }5.14
7. 0
Total B31 851.00 BSL.00 | 85L00 |
5 : 7811 75k v SR B X, ) I—
1 2 1
A=0.2973 | 0 ;
7527
s
v( g)-o.oom
v( £)=0.00102
v ( §)=0.00327
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Table 2 Table 1 Observed And Expected Number of !‘amﬂiu According To The Number
Of Child Deaths In North East Libya (1996)

No. of dead

il
;5

children  Duphced |
distribution
() 0.0 | 6087 | i
1 389.04 28273 306,17
2 3 102.24 9741 94.26
3 36 33, 3127
4 7 9.38
5 2 20.53 17.39
P4 1 ] }_5.41
7 2
Total 1252 1232.00 1232.00 25200 |
}’f‘ =m;w 4.%31 1 357 o
: 70306 05 p-oam-’
£=0,6846
6682
v( §)=0.00018
v( £ )=0.00048
v ( §)=0.00106

Table 3 Table 1 Observed And Expected Number Of Families According To The Number
Of Child Deaths In North East Brazil (1987)

—No-ol&sd | Ol No. it Nool Tailins
childron g Al — ;
(1] 769 o812 | 745.8% %%c
1 185 285.60 216.55 185.07"
2 0 58.42 62.87 63.61
3 296 w797 18.26 21.88
: : ]w P " s
7 0 o
[ Tom 03T 105100 TO3T.00 TOST00
5'; 4 4 b 1
£=0.6560
p=0.6554
v( #)=0.00019
¥()=0.00033
v ( p)=0.00158
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Matrix maps of the classes (8, (p,A), S€.(p))
through the connection of the classes

(8- (2,A),41), (S¢.(p),c) and (£4,)

Abstract: In tnis paper we deal on the matrix maps of the classes (5y (p,A) .S £ » (p)) thro® the
cannection of the classes. (Sp (p,A), £,), (£,,¢) , and (S, (p).c).

Keywords: Sequence spaces, difference sequence spaces, matrix maps, duals, weighted mean
MaEirix.

AMS Subject Classification: 40C10, 40D25, 40GOS, 40H05, 46A45, 40C05.

Al.0 Intreduction
In [6] A.K. Gaur and Mursaleen has defined the sequence space.
S (A)={x=(x): (k" |Ax; Di €y} for (r21)
is studied. The authors have generalized this space S(A) to S{p,A) for a sequence of strictly

positive reals. They have also characterized the matrix maps in the classes (S,(p, A), { ) and
(5-(p, A), £,). Since £, ,c,c,, be the sets of all bounded, convergent and null sequences of
x=(xg)]" respectively and @ denote the set of all complex sequences and ¢, denote the set of
all convergent and absolutely convergent series. If z be any sequence and Y be any sub set of
w then
Y ={xew:zx= (zpx, )7 €Y}

For any sub set X of @the sets

X% = N@he) and XP = N (x7,2,)

xeX xeX
are called the a~and f-duals of X.
The authors define the linear operator A,
Ao by
Ax=(Axp)P =Xk = Zpat)V
k-1 il
and Alx=a%)F = ( > x),]
E = P

such that A 'y =0
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LetS,(A) = {xew:(k" | Ax; )i, & ¢, } see [1]. The authors Gaur and Mursaleen have extended
the space S,(A)£x S,(p,4)in the same manner as Co 1€y b Were extended to ¢o(p), Ap), £ (p)
respectively (cf.[11],[10L[23])- They have determined the a-and B-duals of their new sequence
space. Let p=(p;)7 be any arbitrary sequences of positive reals for r 2 | then they have
defined.
S,(p,A)={xew (k" Axy) ey (p)}

Where c,(p){xe@: lim |x; |Pk=0}

k—m
Ifp=e=(1,1,1...) then the set S, (p,A) reduces to the set S, (A). Forr=0, S, (p,A)is the
same as Ac, (p) (cf. [1], [9], [16]).
We will need the following two lemmas.

Lemma A.1 (Corollary 1 in [16]). Let ( P,y be a sequence of non-decreasing positive reals.

n=l

Then a&(p,)”" ¢, implies R=(R).e(p,) " .c, where

R,= z a, (n=12,...).

k=n+1
Lemma A.2 (Lemma 1(b) in [17]). Let p=(p; Yo beastrictly positive sequences such that
pel then Ae(e,(p)t)) il

sup 0 =
(%) B(M)= NcIN [Z| EaﬂklM Px]<w
IN finite \ k=1 neIN

Where the right IN represents the positive integers for some integer M2

A.2 The a-and S-duals of S, (p, A)
Theorer A(2.1). Let p=(p,)] bea strictly positive sequences and r 2 1 then

a) [S,(pAN = U DP(p),
1

N>
b S, (A =C(»= N DP@N U DF).
veey N>l
iy w k-1 N'”P;
Where, D,.m(p):=(A‘,'N *"] Hy={aca: ) |a| Y — <w},
k=1 =t
O et
D}z)(p)=(Ar‘lv”P)",cx ={aca: Z a Z j_r converges},
k=1 J=l J
= ] -1/
N-pr _ N Pk
D?](p):{asa):ﬂﬁ[ . ] .e,}={agw:;‘|&| 7 <w},

A x=(KAx)}, Ar7'x =(k"A X )

and cg is the set of all positive sequences is co.
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A 3. 0 Matrix transformations
For an infinite complex matrix A =(a,; ) ;- We write A, = (a,,; )i, for the sequence in
the n™ row of 4. Let X and ¥ be two subsets of w. By (X,¥) we denote the class of all matrices

o0
A such that the series A, (x)=)" a,,x; converges for all x £ X and each » € N (positive
k=1
integer) and the sequence A; = (A,(x))h=1 &Y forallxe X.

Theorem A 3.1 Let p=(p,)7 be a strictly positive sequence and r 21. Then
Ae(S,(p,A)L,) if

i) D,(v)=sup | 4,(&;W"'7)|
n
® -1 V”PJ
=sup | Yamu 2 < forallveey,

n | k=l J=l

ii) D,(M):=sup | 3 |Ryl Jan for some integer M >2,
n

Where, R, = E a,, forall nand k, and
J=k+1

iii) D_ =sup|A”(e)[=sup <w®,

L]

D Oy
H
Theorem A.3.2 Let p=(p;)T be astrictly sequence such that pe  , and r 21. Then
Ae(S, (p,ALL) if

sup |
i) CO(w:=NcIN | ¥ 4,(&55"7)
N finite neN |
sup @ k-1 “pj
= Nc:
Nfinite | 7N k=) = S

where the right N is a positive integer for all sequencesve Cy
__L

sup
i) Cr‘Z}[M):=NcIN Z Z|R"*| <o, for some integer M 22 and

N finite k=l neN

iii) D& =N cIN
N finite

YA (e)|s»
neN

Note that the right IN is a positive integer.
These are the works done by A, K. Gaur and Mursaleen in their respective paper [6].
Now we would like to go in the matrix maps of the classes (¢,,c) accomplished by Jinlu Li.
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In [8] Jinlu Li has characterized the matrix maps in the classes (£;,¢) which is treated as
general weighted mean summability methods (GWMSM) in which the results include a
classical result by Hardy and another by Moricz and Rhoades as particular cases. Jinlu Li has
treated as follows.

Aseries ¥ x; (B1.1)
k=0
of complex numbers is said to be summable (C,1) if the sequence
1 n k
g2 Xy (=012.) (B12)
k=0 i=l1

converges to a finite limit as n — oo,
In [7] Hardy proved the following theorem.
Theorem (B 1.1) The series (B.1.1) is summable (C, 1) to a finite number L iff the series

5y ®13)
= frmd n+l
converges to the same limit.

n
For a sequence of positive numbers(p, ).Let p, = Y. p,, . A weighted mean matrix N isan
k=0

infinity lower triangular matrix with entries (see [20]).

ay =k, (k=0,12,...,n=0,12,..., ) (B.1.4)
Pn
The series (B1.1) is said to be summable ¥ if the following sequence:
1 = k
— YA Y%, (1=012..) (B.1.5)
Pn i =

converges to a finite limit as n — o
It is clear that summable (C.1) is a special case of summable N where

P=1, (k=0,12,..) (B.1.6)
Based on the apove idea, Moricz and Rhoades (2) established a result for a broad class of
summability methods, which include the method of summability (C.1) as a particular case.

Theorem B.1.2. Let N be the weighted mean matrix determined by a sequence (Py) of
positive numbers such that the following conditions are satisfied:

Py
i) py >, ——0as ., 3@
Pn
| Y - 2 1 | Py Pl }
i s +F, = S, (B.1.7)
) .lg { PnPrsi hen Punt | B Pers Pre2
Fo 1 2| FePrst Fhot Pret

e

iii) sup {—+—
n20

Pm-.r Pn k=0 Pi:-i-l Rk

with the agreement that
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Py=p.y=0 (B.1.8)
Then the series (B.1.1) is summable ¥ to a finite number L iff the series

(e P

PIP s (B.1.9)

n=0 k=n ©k

converges to the same limit L.

In this paper [8] the author is studied the matrix transformations from the space of
absolutely convergent series of complex numbers £, to the space of convergent sequence of
complex number c that is in the classes (£,,c). Further the author have established a more
general result for a broader class of weighted mean methods, which includes the method of
summable N as a particular case if the series (B.1.1) is absolutely convergent.

B.2.0 Matrix transformations from £,to c

Let 4= (g, ) be an infinite matrix with complex entries and let £ denote the linear space
of complex numbers sequences. For a sequence x = (x, )¢, 4, is in¢ and its entries are given
by

o
(A )n=3 aux., #=0,12,..) (B2.1)
k=0
provided the series converges to a finite complex number. The following result is well known
(cf. [25], [27] ), we list it as a proposition.
Proposition (B.2.1) Leta = (ay) be a sequence of complex numbers. It for every x = (x,)e!,
the series .
2 apx, B22)
k=0

converges to a finite complex number. Then
-_:ﬂlz {la, |} <= (B2.3)
&

from the proposition (B.2.1) we have the following interesting result.

Proposition (B.2.2) Let a=(a;) be a sequence of complex numbers. If for every
x=(x,) e t,, the series

Eo a4 (B24)
converges to a finite complex number, then the linear functional £, defined on#,by
Le®=Y ax, (B2.5)
k=0
is continuous (bounded) linear functional on/, , such that
I/ d=su {la, 1} B26)
k20
L
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From proposition B2.1, we know that 4 is well defined as a mapping from ¢, to £, iff

sup {|a,, [}<», for n=0,12 ... (B2.7)
k20

The following result has been proved in [26] by using functional analysis techniques. It is also
provided by summability methods. We list the following theorem without proof.

Theorem (B 2.3) Let 4 =(a,;) be an infinity matrix with complex entries. Then A is a
mapping from £, to ¢ iff the following conditions are satisfied that is A € (£, €) iff

i) forevery fixed k=0,1,2... the sequence (a,,; ) converges to a finite limit as » — c.

i) sup, 4o {lay, [} <®.

Furtt.ermore, if 4 =(a,,; ) satisfies the conditions (i) and (ii), then for every x = (x,)el,,we
have

= o
lim (Ax) = li = li 2.8
S0, = o, Doy = 3. (Jim oy, @28

The following corollary follows from theorems (B 2.3) and (B 2.8).

Corollary (B 2.4) Let A=(a,y) be an infinity matrix with complex entries. If A is a mapping
from £, 1o c, then the linear operaior A is continuous (bounded) linear operaltor such that
I41= sup {la} (B.9)
n k=0
B 3.0: Applications to sumnsable (C,1) and summable ¥
The following corollary comes immediately from Theorem (B2.3) which describes an
equivalent reformulation of summability by more general weighted mean methods which are
matrix transformations.
Corollary (B 3.i) Let A=(a,;) and B = (by) be two infinity matrices with complex entries.
Suppose A, B are mappings from £, o c, that is A, B satisfying conditions (i) , (ii) of theorem
(B 2.3). Then for every x=(x,)el,,
lim (4x),, = lim (Bx), (B3.1)
n—»w n—swo
iff for every fixed k=0, 1,2 ...,
lim a,; = lim b (B32)
-0 o
Hence we have the following corollary of theorem (B 2.3)
Corollary (B 3.2) For any sequence of positive mumbers (F,),B = (by) defined by

0 ifk>n
Bk =1 Pn=Phd i p < (B3.9)
n
Pn
—ifk
T & b (B 3.10)

1 ifk<n



MATRIX MAPS OF THE CLASSES (S, (p,A),S0,(p)) THROUGH THE CONNECTION OF .. [15]

(B 3.10) is always a mapping from £, to c. If (7,) satisfying

. Bowasnwx (B3.11)
then A=(a,) defined by (B 3.9) is a mapping pping from £, 10 c.
The following corollary will give the Moricz and Rhoades's result, theorem (B 1.2), if the
series (B 1.1) is absolutely convergent.
Corollary (B 3.3) Let (F,) be a sequence of positive numbers satisfying (B 3.11).
Let A=(ay), B =(b,) be defined by (B 3.9) and (B 3.10). Then for every x =(x,) & £, we have

oD

(), = tim (B)y = 27 B3.12)
These are the works done by Jinlu Li in his respective paper [8].
Now we would like to go in the matirx maps of the classes (S (p).c) and(S¢q(p),c;)
accomblished by S.K. Mishra and K M. Baral. In [3], B. Choudhary and S K. Mishra have
defined the sequence space S/, (p), Sc(p) and Sey(p) and determined the Kbthe-Toeplitz
(a=dual) of §7,,(p)and characterized the matrix maps in the classes S7,,(p)to {and c.
In [18], Mishra, S.K. and Baral K.M. have determined the -duals of S2.(p), Sco(p)and
characterized the matrix maps in the classes (S€.(p),c) and (S£x(p).c;).
The f-duals of $¢.,(p)and Sco(p) determined by S.K Mishra and K.M. Baral are listed in the
following theorems.

Theorem C(1.0) Let p, >0, for every k, then

€

o sacl, mini w 1 -
[st.)F =N { an(a;)'::-[ EW‘“’-P—}I converges and Y N7 | Ry | <o, N >1 }
m=1 k=1 | k=1 '

Where Ry =)' a,
v=k

k
(We assume that Y z,, = 0(k > 1))
=]

Theorem C (1.1) Let py > 0 for every k then
[ Seo(p)) =SMy(p) where

0 k ) 8 - Lot
SMo(p=J {a=(a*_)': Y a [ 2N Pw] converges & Y[Ry [N P <o,N'>1 } |
N>1 k=t L=l k=1
The characterizations of the matrix maps of the classes (8¢ _(p),c) and (S{_(p).c,) |
determined by Mishra S.K and Baral, K.M, are compiled in the following theorems,
Theorem C(1.2) Let p; >0, for every k then Ac(SC_(p).c) iff |

-
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() Re(f5(p).c)

k
()  An [ZN“P’]“ (nk=123,...) for all integers N'> I and

i) lim g,y =a(k=123.)
where R=r,, --[ Zan.,} (mk=123,...)
?=*

Theorem C (1.3). Let p; > 0 for every k then Ae(St_(p),c)iff
0] Ce(Sl,(p)cy)

k
() B, [ ):N""'} e, (Mk=123,..) (N> 1)
i=1

n
(i)  hm by=lim Y ay =B, (k=123,.)
n=pco n—»w0 i=1

where C=C,, ={ f; [ ia,,, ” (nk=123,...)

i=1 | v=k
There are the works done by Mishra S.K. and Baral K.M. is their respective paper [18].

Now we would like to enter in the matrix maps in the classes (Sy(p,A),S¢,,(p)) through the

connection of the classes (S,(p,4),£;),(£;,¢)and (S¢4( P)c).
Theorem (4.0) Ae(S,(p,A),S¢,.(p)) iff

@) CO6):=NcN| T 4,(a;1vire)

Nfinite | ngN
sup @ k-1 v“P;
=NcIN| ¥ Yau Y — [<®
Nfinite | peN k=t j=1 J

where the right N is a positive integer for all sequences veCy,

N finite

@ )
sup M Pk
(B) C’(2).(M):= NcIN [ > Z | Ry | T <mw

k=1 neN J
for some integer M > 2 and
6) =
© DPWH=NCIN| 3 4,(e)|sc.

neN

(D) For every tixed k=0,1,2... the sequence (a,, ) converges to a finite limit as # —» .

(E) sup, a0 {lan |} <eo.
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(F) Re (£5(p).c)

k
(G) An [ Y NV ]ac(n,fz= 1,2,3,...) for all integers N> 1 and
i=l

H) fim a,; =a;(k=123,.)

where R=r,; =[ p gL ] (nk=123,...)
v=k

Note that the right INrepreseats the set of positive integers for all sequences veC,, and the

characterizations D and H are same.

These characterizations are the combinations or the theorems (A 3.2), (B 2.3) and (C 1.2)
which are seen the required characterizations of the classes (S, (p,A),57 .(c)).

it is seen that the characterization of the classes through the connections of the different
classes seems slightly different but they must be compatible (reducible) to each other and same
approach holds for the matrix maps in the cycle classes such as(S,(p,4).£1), (£,,¢)

(c,8t = (p)) (S2.(p), S (p,A)).
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Uniform version of Wiener-Tauberian theorem for
equicontinuous subsets of subspaces of L'(X, u)
C.R.BHATTA

Abstract: The Wiener-Tauberian theorem for R says that the closed m;!atian invariant subspace
generated by an fe L' (R)is L' (R) if and only if the Fourier transform f* of / never vanishes. In this

paper we consider Banach subspace of L' (X, m) and prove the uniform version of the result for L' (X)
and Segal algebra S(X) on hypergroup X, where X is locally compact hypergroup possessing Haar

measure 7L

2001 Mathematics subject classification: Primary 43A45, 43A65; Secondary 43A62,
22B0S.

Key words: Wiener-Tauberian Theorem, translation mvariam subspace, homogeneous
spaces, locally compact hypergroup.

1. Introduction:

Let X be a locally compact Hausdorff topological space. Suppose that there is a
continuous map £ —» I from X into X such that (¥) ™= z. Let u be a regular Borel measure
on X such that supp g = X.

Let (B, || - [l ) be a Banach space of functions on X contained in L'(X,x) satisfying
Il llg 2 - Il,- Suppose that there is a linear isometric map /—» / * from B into B such that

(f*)* =£ Let there be maps o, 7: X — L(B, B) satisfying
(B.1) [[e(@)|sC,| r(x)||<C forall z eXandsome C= 1.
(B.2) there exists e € X such that o(e) =/

For ¢ e B*, the dual space of B, we define d*(f)agbu ). It is clear that ¢ *B* and
#* 1=l # Il The maps andr induces o* and v*; X— L(B* , B* ) defined by
o* (2)p(f)=¢(o(2)f)and #* (2)¢() = $((x (2)f ). It is clear that | o *(2) || < C,
[**(z)[|<C and o*(e)= 1.

For ¢ €B*and f B, we define f@¢ and 9o f by fo¢(z)=¢* (o(z)f )and
fo 4@)=4(a(@) /).
Lemma 1.1. Let B be a Banach subspace of L'(X,u) satisfying (B.1)~(B.2). Suppose that
the measure y satisfy
(M.1.)  The function - f @ ¢(z) and z— ¢ f(x ) are measurable,
(M.2)) Foreach f eB'and f, g € B, we have
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[, #e@Ng@du@®)= |, #o(2)f) g1 du ()
X X

(M.3.) Foreach fe€ B, ¢ eB*and z € X, we have
(r* @) (N=¢*(c@)f)
(M4.) Foreachge B* ;f, g Band x € X, we have
[, #*c@a o)) duy)
= [, 9W)* WP* (@) ) du ().
Then, we have, for /, ge B, peB*and r €X
() fed,gofel” (X, u)cB
(i) (fog)*=¢*eosf*
(iii) £ © (7 * () $)(e)= [0 ¢ ()
(i) £ (g0 )@ =], 9W)(foo* ¥)$)(x)du)
Proof: The proof of (i) and (ii) are same as in ([3], Lemma 3.1). For (iii)
(fo(r* ()¢ (@) =(z*(2) $)* (o (e)f)
= (t*@¢9)* (f)=¢*(c(2)f) (usingM3)
= fo ¢(T).
For (iv)
fo(gog)(@) =¢*eg* ()= [, ¢*e g* W) (o (DS )W) du W)
= [, #* (@9 (@S Xy du®)
= [ 9@ ©@* W#)* (@) )
= [, 9@ (foo* W)¢)2) du(y). m

Theorem 1.2. Let X be a separable locally compact Hausdorfj topological space. Suppose
that B is a Banach space of functions on X satisfying (B.1.)~(B.2.) and yt a measure satisfving
(M.1.)~(M4.). Let 76 = B be such that {®y - he 70 } is uniformly equicontinuous. Suppose

that there exists hoe SE such that | h(1)| < | e ()] and || hl|g < || Bollg for all h € 76 andt €X.
Let U < SP* be such that v* (2)¢ €U forall x € Xand peU. If g € S} "U and for any
z,y € X, goc*(x)r*(y )¢ vanishes at infinity for ¢ in W then h © ¢ vanishes at infinity for
¢ in W and h in 70.

Proof: Assume to the contrary that there exists 6> 0 such that for every compact set KinX
there exists 2, € X~ K, hy € 76 and ¢, e U satisfying |, © gy (24 )|> 4.

Since X is separable and locally compact so X is o-compact. Thus there exists an
increasing sequence {K,, }, e of compact set with K, < int K, 4 and for F any compact

-~




subset in X there exists o with F C Kny, Write b = hy,, #x,= ¢y and T g, = 2, We definea
sequence of functions on X by
sa(@)=(hy© 7% (Z;) #) (D)
|55 @)= (r* (@) 6)* (0(2) 1y, |
<[ @* @) da)* lg* 1| ((2) Ayl
<C?| gy llg* Il hylly <C*
Therefore s, € L * < B*.
Since x — ®(7) is uniformly equicontinuous so for given € > 0 there exists a
neighbourhood Uy of & in X such that fory eU,.
| @4 (2)- D4 (u) ll5 < €/C forall h €76
Thus for y € U, we have
|5, (2) =5, )| = | (+*(F) $)* (0(2) by (0 () byl
S (7 (@) dalls* 11 (0(2) hy—(o @) hy) llg
SCll gullg* | @p, (D) 1I-Pp, (W)l
<C|| @y (2) -y, (Y |5 < €
By Ascoli’s theorem ([2], Theorem 1.3.2) there exists a pointwise convergent subsequence
{Sn;} converging to a continuous function 5 on Y. Thus for fixed z,y in X
(o(0)g)* @) 5;9-@) = (0(1)9)* () s(y)as j> =
also. [(o(D9)* (v) sy (W[<C | (e(9)* )|
and (o(2)g)* € B L' (X, u), so by Lebesgue dominated convergence theorem
[, @@a)* W) s @@~ [, @@)9)* W)s @) du(y) asj—>=
= go sy{.r) 2 goes(r)as j—x,
But gos,(z)=(go(h,ot *@n,) b, N (D)
=y @) goo* )T Gry) b (D @)
= J; VAW du(w) (using Lemma 11Gv)

Since g © o*(4) T *(2) ¢ vanishes at infinity uniformly for ¢ €U so there exists a compact set
Ky such that
|goo* W)t (@) (D] <%

Vi@ < 1 @lge o* @) 7* @) 4, (@]
S @1 o* @)7* @) by lls+ I 0@l
< Clh@)|-
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Applying Lebesgue dominated convergence theorem
Iy Vo, @du@)—>0 as j> .
= gesﬂj(.z)ea- Oas j— .
sogos=0butge Usos=0.

But s, (€)= n, ® t*(Zn) §, (e)
= (% (@) )* (hy)
= g (0T )0 =hy © ¢, (Z)
50 |5, (e) |>6 Thus |s(e) | 28 which is a contradiction. |

We now note that (B.1) — (B.2) and (M.1) — (M.4) above are satisfied if X'is 2 locally
compact hypergroup possessing a left Haar measure 4 (in particular, if X is a locally compact
group) and B= L'(X, p). Inthis case o (2) f = /.

Definition 1. 3 : A hypergroup is a locally compact space X and a binary mapping
(ZY > Py s Py of X x X into M(X) satisfying the following:
(i) The mapping (z,¥) = P Py extends to a bilinear associative operation * from

M(X) x M(X) into M(X) such that
L(dp )= IX Ix L‘,fd(p,_. + py)dp(x)dy(y) forall feCy(z).

(ii) Foreachz,ye X, the measure p, & p, is a probability measure with compact support.

(iii) The mapping (&,7)—> %y is continuous from M HX) x M (X) into M "(X) where
M*(X) is given the weak topology with respect to the family Coo (X) {1}

(iv) There exists an element ¢ in X such that p, & p,=p, % Pz forall x e X.

(v) There exists a homeomorphic involution z— T of X onto X so that given 1,y € X, we
have e € supp (p, « p, ) if and only if y=Tand (p xpy) =Py*P5

(vi) The map (z,y ) supp (p. + p, ) is continuous from X x Xinto the space C (X) of

compact subset of X, where C (X) is given the topology studied by Michael, a sub basis
for which is given by ali Cyy ={4eC(X): ANU #gand 4 c ¥} where U, Vare open

subsets of X.

We now note that (B.1) - (B.2) and (M.1) — (M.4) above are satisfied if X is a locally
compact hypergroup possessing a left Haar measure (in particular, if X is a locally compact

group) and B = L'(X, u). In this case a(2)f =2.f.
Since || . f I, <1l flI'so llo(2)|| <1 forall z € X Themap 7 on X'is given by

t(y)f =AW)f,. For f& B



e @S <A@ [, | f1(z%y)du(z)
=AW)A@) [, 1S 1@ du@)

= £ €11,53B)
Thus ||7(y)|| < | forall y e X.
E fm
For feB f (.r) 2 ( 5
For ¢ € B* = L (X, yi) and fe B,
# D= [, 41" @@= [, ﬂ%ﬁﬂ du(z)

= [ !’Cf)f(.r)dy(.z)
Thus ¢* (2) = ¢ (T)
o*(2) ¢ = 3¢ and ¥ (y)¢ = ;.
1040 = [, $* @) SO
= [, #@ S ey duty)
=+ 4@

(M.1) - (M.2) are satisfied as in ([3 ], lemma 3.1). For (M.3), let feB, g B*, r X,

(@) () = [y dztwﬁ% du(y)

f, DD AUREVAC)
S AW

= [ $@ D) W) dny)
= [, [, $@/()du(y)dp; o p, ()
= [, #* @ u) f(W)du(y)
= [ @@
= [ @ +y)¢*@duy) (1],5.1D)
= $*e@)f)
For (MA4), let ¢ € B*,f,ge Band z e X

————du(y)
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[, $* (0@ )o@ )W) du(y)
= [ [ #@ g (@ »u) f(x +y)dpu ) duu)
=[x [y $@9(@) 2/ (s y)du(u)
- #*(ue ) )
= [y 0@ [y @ W@ )

= [, ]y )¢t @ 9) fWdu()dpw)
= Jy [y 9@#@ »i) of (w)du(y)du(w)
= [, 9WE* WO @ (D) duw) |

Thus we have the following generalization from separable loca'ly compact group G to
separable locally compact hypergroup X ([3], Theorem 2.3)

Theorem 1.4. Let X be a separable locally compact hypergroup possessing a left Haar
measure p. Let 76 < L'(X) be such that the family {®@y, : h € F6} is left uniformly
equicontinuous. Suppose that there exists hoe S\ such that | h (1)) | ho (1) | for all h € 76
andt € X. Let U c S be left translation invariamt. If geUoand g+ a(2) > 0asz > »

uniformly for a €W then h » a(z) — 0 as x — @ uniformly for a €U and h € F6.

2. Segal Algebras on Hypergroups

Let X be a locally compact hypergroup possessing a left Haar measure 4, Segal algebras
on locally compact hypergroups have studied and defined in [5] and [8] (For Segal algebras on
groups see [4].

Definition 2.1. Let S(X) be a subspace of L'(X) which is a Banach space under a norm
I ls such that | . lg |l [}, and
S(i) §(X)isdense in L'(X).
S(ii) S (X)is left translation invariant and for some 7> 0, || Llssnl Sl

For each f €S (X)and x eX.
S (iii) For each fe S (X), the mapping z — ;. f of X into S (X) is continuous.
Then S (X) will be called a Segal algebra. S'(X) is said to be symmetric Segal algebra if for
feSX), f*e S () where

/(@)

o= 7 and || £ lls =11 /¥ s

In fact S(X) is Banach algebra under convolution. This can be seen as in ([6], § 4) Using vector
valued integrals as in ([6], § 11, Lemma 1), the following result follows

Lemma 2.2. Forany ¢ e (S(X)*,f e L'(X) and g €5 (X), the following hold. 1
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0 ¢(f*g)=, /WG9 duy)
If S(X) is symmetric, then
@) $lg*s)=; S@Hgz)inw).
Let B = § (X) be a symmetric Segal algebra. Taking o'(2)f = , /" and r(y)f = A(y) f, we
have || o(z)||<1and ||z(x )| <1 forall x € X. Note that (gf)‘:A.(y) (_'f‘)y.- Since
z—+ ; f is continuous so r — f® #(r ) and £ — ¢ @ f(x) are measurable. Thus (M.1) is
satisfied. For g € (S(X))*, f.ge 5 (X), we have
[y #Gg* @ du)
g* @) ,
=[, #(ef) T @) = [ $(aS)g (@ (@)
Thus (M.2) is satisfied
(@* @P* (f) = @) =pA@)([*);

=¢(z)) = #* (@)

For M.4), let ¢ € S(X)* , £, g € S(X) and x € X we have
[ #* (@@ a)o) f(W)duty)

= [ #*G9) S W du)

= 9(g* + ()%

=$*f »9)

= [y S @GN W)

= [ 98 () duty)

= [, 6W@* @) * @@)f) duty) o
Thus (M.4) is satisfied. Hence we have the following uniform version of the Wiener Tauberian
Theorem for Segal algebras.

Theorem 2.3. Let X be a locally compact hypergroup possessing a lefi Haar measure p.
Suppose that S (X) is a symmetric Segal algebra on X. Let 26 < S (X) be such that the family

(@2 h €6} is left uniformly equicontinuous. Suppose that there exists hy €S, (unit ball in

S (X)) such that | h ()| <\ hy(6)| and || h|is < || ho lls for all h € 36 and t € X. Let U C Seo (unit
ball in S (X)*) be such that * () e U forallgeW.lfgeUs andge a(x)—>0asz—> o
uniformly for a € U thenh ® a(z)—> 0as z— @ uniformly fora e % and h € 0.

3. Examples :

Let X be a unimodular locally compact hypergroup possessing a left Haar measure 2
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@ SE=L'XNnX)(1<p<wx)
I flls= 0N+ 1SN o
Then § (X) is a Segal algebra
S (i) follows since Cy, (X) is dense in S (X)
S (ii) follows from ([1], 3.3 B)
S (iii) follows from ([1], 5.4, 2.2 B)
Clearly S(X) is symmetric
®) SO0 =LA CX)
I A ls=0L U+ I f s SE€SE)
Then S(X) is a Segal algebra
S(i) follows since Cyp, (X) is dense in S (X)
S (ii) follows from ([1],3.3 B)
S (iii) follows from ([1], 2.2B, 4.2F)
Note that S(X) is symmetric since || /™ |l = 1/ [l -
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Fixed points in group invariant subspaces
M. KAMRUL HASAN AND PARTHA PRATIM DEY
Abstract: We investigate the subspaces of fixed elements (also known as centralizers) of G-invariant
spaces of ¥ = 1';'1 P where G is a group of 7 x permutation matrices, F i the Galois field of order

n - . s
p" for some r= 1 and [] F is the usual canonical vector space of dimension 2 over F. We are able to
1

characterize these subspaces when (p, |G| )= 1. In the case, when p divides |G | all we know is where

to look for these subspaces, namely inside the kernel of f= Y, g.

Key words : Fixed points, group-invariant subspace, idempotent, permutation matrices.
1. Introduction: :
Let F be a finite field of order p” for some prime p and 7 > 1. Then ¥ =ﬁ F is a vector
1

space of dimension n over F with basis canonical so that a typical vector has the shape
2=(Ly, ..., 2, & €F, i=1, ..., n.A[ns] subspace S over F'is a space inside ¥ of
dimension s. The dual subspace.s‘lismesubspmordmgonalwswﬁerﬂwusualmmr
product on ¥- Thatis §'= {z e ¥ (% 2)= Eu;x;=ﬁfm'allne3} Then St isa[mn—s]

subspmbmused;ms-!-dnnsi—dim V.
Let G be a group of permutation matrices of order z. A subspace S of ¥is called
G -invariant if ($)g < S.
It is easy to check that if S is G -invariant, so is §*. Let s+e S *. Then
(s4,51g) = (sg%,5 ) = (sg~1,54) =0, when s €S and gt is transpose of g. Then s-g eS* and
S* is a G-invariant subspace.
2. Characterization of Fixed Points when (p, |G)) =1

¢ that F= GF(p") and (p,|G]). Set a = — ¥ g.
'Gigeﬁ
Since (p,]G) = 1, ——=| G [ exists in F*and therefore exists in the group-ring FG. We

|Gl
n .
now show that a is an idempotent. Let ve V' = 1;[ F. Then
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1 1 1 1
val=(vaya=\v— Y g)|— g )=v—; Xa( La=v IG| X g
( IGIQ‘EG )(|G|gEG ) |G|1 geG geG |GIz geG
1
=v— 3 g=va and a is indeed an indempotent.
|GlgeG
Next we prove a couple of theorems.

Theorem 2.1 : Let G be a group of n x n permutation matrices and F= GF (p") with
n

(p,|Gl) =1. If S is a G-invariant subspace of ¥ =[] F, then Sa = Fix, (G)
1

Proof: We show that Sac Fix; (G). Let £ €Sa. Then x =sa for some s € § and

sa=s(—l— 3 gr)=L Y. sge S . Thus x €S. Moreover for any g € G.
1GI geG |G|geG

1

-w=wg=r(— Za)y=s—l-

Y. g=sa=x. Hence z=Fix;(G).

IG| geG IGtgeG
We now prove the other containment i.e. Fixs(G) < Sa. Let 5 € Fixg(G). Then
1 1 1 IGl 1
sa=s|\— Y g)=— Y sg=—3Y s=—1|G|s=s Hences=saeSa =
(IGIgEG) [Glgga IGIF |G|

Theorem 2.2 : Let G be a group of n x n permutation matrices and F = GF (p” ) with
n

®,|Gl) = 1. If S is a G-invariant subspace of ¥ =[] F, then (Sa)* =Ker a® (S")a.
I

Proof: We prove that (Sa)* < Kera+(S*)a. Let z € (Sa)*. Then z— sa € Ker aras
o= a. Let us now check if z @ € $*a. Since x €(Sa)*, we have (z,5a) = 0 for Vs €8. Then
0=(z,50) = (za%,5) = (za;s) and za € S*, By applying @ on both sides of za € S*and using
the idempotence, we obtain za € S“a. Hence x=(z -za ) + Ker abelongs to Ker &+ (S")a.
We now want to show that Ker a + (S*) @< (Sa)*. Let z eKer a+ (§)a. Then 2= k+5'a
for some k € K and ste §* and (z,5a) = (k+ 5@, sa ) = (k&' + (s*@)a,s) =

(ka+ (s*a)a,s) = (0 +s-a, 5)=0as s € S*. Hence r € (Sa)“and Kera + (SY)ac (S

Finally, we want to check if Ker @ ($")a= {0}. Let z € Ker @ ($")a= {0}. Then
z = sta. Applying ato both sides, we obtain ra=(s")e?. Since z € Ker « and o = @, the
previous equality yields 0 = s+, which in turn yields 0 = z. Thus Ker an ($Ha= {0},
Theorem 2.3. Let G be a group of n xn permutation matrices and F=GF(p ") with (p,|G [) =1.
n
If § is a G-invariant subspace of ¥ =[] F,then dim Fix, (G)=dim Fixg(G) + dim Fix¢ (G)
1

Proof: As Sac Va, we have dim Pa= dim Se + dim ((Sa)* nVe). By Theorem (2.2.),
(Sa)*=Kera ® (S“)a which shows (Sa)* N Va = (Kera nVa) ® ($)an Fa).

)
. |

!

3]
'
A
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Assume x € P~ Kera. Then z € Va forsome v € V. Thus z =va=val=(va)a=_
za=0. This shows (Sa)* N Va = (SHan Va= (8%)a. Thus dim Va = dim Sa+ dim S*a.
Now we apply Theorem (2.1) to obtain dim Fixy(G) = dim Fixg (G) + dim Fix¢(G). o
Noticcthattheﬁmremabowmynotworkif (p,|G)# 1. Consider for example
G=<12...n)>,acyclic group of order ngenemtadbypermumﬁon(lz ... m) actingon
v = 2. Notice that Fixy(G)={0...0,l .1} and § = Fixy(G) is a G -invariant subspace in
V.1fn is odd i.e. (p,|G| ) = | then Fix s (G) comprises of zero element only and dim Fixy(G) =
dim Fixg (G) + dim Fix;-(G) = 1. But when is even i.e. (7, |G| ) = 2, dim Fixy(G) =
dim Fixg(G) = dim Fix g (G) = 1 and the equality in Theorem (2.3) fails to hold. Since
dim Fixy(G) = dim Fixs(G) + dim Fixg (G), one wonders if Fixy(G) = Fixs(G)® Fixg(G)
holds under the conditions of Theorem (2.3). But one immediately notices that Fixs(G) N
Fix¢(G) may not always be the zero space. For example, if we let
n
G=<(123)>,4), ¥ =[] GF (4 and § =< 111 >, then Fixs(G)=Fixs*(G) =S, and hence
1

Fixg(G) N Fixs (G) is not the zero space. This raises the question : when is then Fixy(G)=
Firg(G)® Fixst(G)? The following theorem tries to answer that question.
Theorem 2.4. Let G be a group of nx n permutation matrices and F=GF (p ) with
n
@lGl)=1LYSisa G -invariant subspace of V =] F, such that Fixs(G) N Fixg(G) ={0},
1

then Fixy(G)= Fixs(G) @ Fixs(G),

Proof: Let z € Fixg(G)+ Fixs(G). Then = + 5L where 5 € Fix;(G) and 5*€ Fixs(G).
Hence zg = (s +51)g =sg +5'g =3 +5i= 7 and z € Fixy(G), which follows Fix(G) +

Fixs (G)C Fixy(G) . As (p;|G| ) = 1, by Theorem (2.3), we have dim Fixy (G) = dim Fixg (G)*
dim Fix¢(G).

Since Fixs(G) N Fixg(G) = {0}, dim (Fix(G)+Fix(G)) = dim Fix,(G) +dim Fixs (G).
Hence dim Fixy(G) =dim (Fixy(G)+Fixg (G), which yields the desired equality Fixy(G)=
Fix(G) ® Fixs(G). »
Corollary (2.5). Lie G be a group of of n x n permutation matrices and F= GF (p7) with

n

(»,|G)=1.If Sisa G -invariant subspace of V =T1 F, such that S 8*= {0}, then
1

Fixy(G) = Fixy(G) ® Fixs(G).
Proof: Follows immediately from the theorem above. [ |
Notice that condition if (»,|G])=1 inTI;eomm_(zA)isaSuiﬁciemycorﬂitinn,notn
necessary one. To see this, we consider G = < (12)(3)(4) > acting on V’ =24 and
5={0000,0010}. One checks that in spite of (7,|G))= 2, Fixy(G).is still Fix,(G) @ Fixs(G).
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3. Characterization of Fixed Points when (p,|G)#1

Finally we consider the case when p divides |G| . We set £= Y. g and produce the
geG

following theorem, which states that when p divides |G |, the fixed points reside inside Ker 3.
Theorem. Let G be a group n x n permutation matrices and F= GF (p") with p dividing |G .
If Sis a G- invariant subspace of ¥ =f:1 F, then SP< Fix{(G) < Ker B,

Proof: Wr_ﬁmahowﬁmtSﬁ;Fﬁ,(G).Letv € 8P ie. vesp for some s €S. Then
vg=sPg=s( X g)g=5 Y g =sf=v. Hence v = Fix(G) To see the other containment i.e.
geG geG

Fix, (G)c Ker §, we let v € Fix,(G) and apply Son it. Then

1G]
vB=v ¥ g= X vg = 2Lv=1G|v=0. "
geG geG 1
Noticethutheoomhmentﬁx,((})t;l(erﬂ may not hold if (p,|G|) = 1. To see this we
consider the following example
Let G=<(123) (4) > and ¥ = Z 3. Then one checks that

3 3 3
mﬁﬂ'm‘”‘("h"zﬂa- “'4)6 P" vﬁ=(z"1’t Zviu Z'I’,‘,'V‘).

i=1 1=l 1=l

(=
(=T
-0 0o o

1
1
A=l
0

Hence V3= {0000,0001,1110,11 11},
On the other hand, |G| =3 and 3 = | (mod 2), so we have'f = a and by Theorem (2.1) of the
previous section, v = Vo= Fixy(G). Thus Fixy(G)= {0000,0001,1110,1111}. But from

3 3 3
vB = (Xvis XVis L Visv4a), we learn that for a vector in ¥ to be in Ker f, the last coordinate
=1 =l =l
must be zero. So the vectors 0001,1111 in Fix,(G) with their last coordinate 1 can’t be in
Ker f. This proves the fact that the containment sfC Fix(G) < Ker f for an arbitrary
G-invariant subspace S is specific to the case when p divides |G |.
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Time sharing machine repair model with
mixed spares and additional repairmen

MADHU JAIN, G. C. SHARMA AND RANJEET SINGH PUNDHIR

Abstract: This investigational deals with time sharing machine repair system consisting of M operating
machines under the supervision of R permanent and in additional removable repairmen. To improve the
system performance S warm and Y cold standby spaces are provided to replace the failed machines. In
case when all spares are used, the additional repairmen are introduced one by one according to a
prespecificd rule to facilitate the repair of failed machines, At least L machines are required for the
successful performance of the system. The repair time of failed machines follows exponential distribution.
The optional values of the number of repairmen and the number of spares can be evaluated simultaneously
by minimizing the expected cost per unit time constructed in terms of different cost clements. These results
may be useful for the industrial management. Production managers and others who face difficulty in
decision taking regarding the installation of the number of machines, spares and repairmen for the
maintenance of multi component machining system.

Index terms: Time-sharing, Machine repair, Mixed spares, Additional repairmen, Queue size,
Cost function.

1. Introduction

In the fast growing industries, the production may be interrupted due to failure of machines
involved in the system. The service facility may be adjusted by providing spare part support and
the machine repair instantly, so as to continue the operation successfully. The time-sharing of
repair time is a concept to regulate the repair of machines and is of great importance in some
critical applications of computer, communication, manufacturing and switching systems, etc.
The response time of M/M/I time-sharing queues with limited number of service positions was
studied by Avi-Izhak and Halfin (1988). Avi-Izhak (1991) suggested approximation for the
moments of response time in the time in the time-sharing queues. Jain and Prem Lata (1993)
considered a time-sharing queues with a limited number of service positions and limited number
of waiting space. Jain and Prem Lata (1995) examined accumulated work process in a time-
sharing queues with the finite population. Jain and Singh (2001) analyzed the effect
implementing additional service positions in case of no passing time-sharing queueing model.
Jain et al. (2002) incorporated additional service positions to analyze loss and delay queueing
model for time-shared system with no passing restriction. Sharma et al. (2004) derived
numerical solution of processor—sharing queueing model. Singh et al. (2005) discussed no
passing M/M/¢ ( . ) time-sharing queueing system.

Many researchers working in the area of queueing theory have contributed significantly
towards machine repair problems with spares and additional repairmen. A profit model in
machine repair problem for warm standby system was studied by Wang and Sivazilian (1989).
Wang and Wu (1995) considered a cost analysis of M/M/R machine repair problem with spares
and two modes of failures, Shawaky (1997) studied the single server machine interference model
with balking, reneging and an additional server for longer queue. Jain et al. (2000) analyzed
M/M/C/K/N model with spare by implementing the customer’s balking and reneging behavior.
Jain and Bhagel (2002) studied a multi-component repairable system with spares and state
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dependent rates. Jain et al. (2002) gave a diffusion process for multi-repairmen machining
system with spares and balking. Jain et al. (2003) considered a repairable system with spares,
state dependent rates and additional repairmen. Queueing network model for a single operator,
machining system with external operation was developed by Yang et al. (2002).

2. The Model

We consider the time-sharing machine repair problem with mixed (warm and cold) spares
and a repair facility consisting of permanent and additional removable repairmen. For modeling
propose, following notations and assumptions are taken into consideration:

Notation:

R Number of permanent repairmen in the system.

m Number of additional repairmen

M Number of machines in operating state when system works in normal mode.

S Number of warm spares in the system.

Y Number of cold spares in the system.

L Minimum number of machines required for system to be functioning.

K M+S+Y-L+1

N Total number of machines in the system so that N= M+ 8+ V.

k Threshold level of extra work load to tum of the additional repairmen.

o Failure rate of warm spare.

A(44) Failure rate of operating machines when all (less than) M operating machines are
working

#»(j)  Time-sharing function when there are » number of failed machines present in the
system and available permanent and additional repairmen in the system is
j(1<j<SR+m).

Assumptions:

The time to failure of a machine in operation or as a warm spare and repair time of a
failed machine are exponentially distributed.

The failed machines are repaired in a repair facility consisting of R permanent and m
additional removable repairmen in FIFO fashion.

When all the spares are used, the operating machines work in degraded mode.

After repair, the machine works as good as new one and joins the standby group of
machines in the system if there is no shortage of operating machines, otherwise joins the
working machines.

The additional repairmen are turned on one by one according to rule as specified
below :

» When there are less than k-failed machines, only permanent R servers are
available,

» If the number of failed machines is greater than jk and less than or equal to
(j+&)k j(j=1,2,...,m-1)additional repairmen are made available in
addition to permanent repairmen.

» When there are greater than mk failed machines, all permenent and additional
repairmen are made available.

The repair of failed machines is provided in time-sharing manner, i.e. times of all
available repairmen are shared among all failed machines.

The failure rates and repair rates of birth death process are stated below:

B Bk B B I B R B

{
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( MA+(S-m)a; 0<n<S
() An)=4 MA; S<n<Y+S
| (N -m A, Y+S5<n<K
[ ug,(n); 1€n<R
@ i, (R): Rsn<R+k
Hin) 1,ngi,,(.'t-l_-j); R+jk<nsR+(j+Dk  j=12,...m-1
| 1 (R+m); R+mk<ns<K
2. The Analysis
The governing steady state equations related to our model are given as follows:
CASEL: RS

(@) [MA+SalP, = up ()P,
(@) [MA+(S—m)x+ phy (W) By =IMA+(S —n+ 1)@ Py + g (41D Py, 1Sn<R-

(5) [MA+(S-n)a+ug,(R)]P, =[MA+(S -n+1)a] Py +_;4,“;1(R)Pm. R<n<S§
(6) [MA+ugs(R)Ps =(MA+a)Pg y+ pds(R)Psy
(1) [MA+pug,(RIP, = MAP,; + i iy (R) Prss, S<n<Y+§

(8) [Miy+ppy, s(R) Py, s = MAPy g+ iby.siy (R)Pyisn

(9) [N -n}Ag + p (R By =[(N = n+1)Ag] Ppy + fihnsy (R) P Y+S<n<R+k

(10) [EN=(R+ kB Az+ 18 iy RNPpaiy=IN=(R+K)+ DAy JF Rty B Rkt (RHDP(rakyn

(11) N =n)iy + pdy(R+ )] Py =[(N = n+ DAy Py + iy (R+ )) Py
R+jksn<R+(j+ 1k j=1z,...,m-1.

(12, [(N=R=jR)A+p Py (R PRy, ¢ = (N=R=jk + 1) A4 Pp_jyarthi® gy it (R +1)Ppo jrers

J=12,...sm-1l

(13) [(N =m)Ay +pdy(R+m)) Py =(N=n+1)Ag Py + pdpn(R +m)Puyy, R+mksn<kK

(14) [ug(R+m)P, =(N-K+D) 2y Py,

CASEIL: S<R<S+Y

(15) [MA +Sa)F, = p$ (DA

(16) [MA+(S —n)a + pgy (M) Py =[MA+(S =n+1)a) Py + pdpq(n+ 1By, 1Sn<S

(17) [MA+ uds(S))Ps = (MA+ @) Ps_y + pifs,1(S) Psyy

(18) [MA+ ud, (m)]P, = MAP,_+ud, (n+) P, S <n<R

(19) [MA+ i, (R)I Py = MAP_y + i nat(R) Pt R sn<¥<S§

(20) [MAy + ppy.s(RNF, = MAPy 5 + iy (R)Py 541

@1) [N -m)Ag + iy (RN By =[N =n+1)Ag) Py + iy (R) Py, Y+S<n<R+k
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(22) [{N-(R+ BN} A4+t d(pery (R)]P(m)-"‘ [(NA(Rek)+ DA )F gty 1+ 28 Re ket (R+DP(penyst

(23) [((N=mAy + pd,(R+ DB, =[(N=n+ DA )P, + pdp (R+ )P,
RAjksn<R+(j+ k-1, j=12,...,m-1

(24) [(N-R=jk)Az+udp, i (RENPr_jp = (N-R-jk+D)AsPg_g 18 g, juss(R+1DPRo sy

JF=1.200,m=ls

(25) (N —m)Ag + pu(R+ By =(N=n41) Ay Pyy + i (R+m) Py, R+mkSn<K
(26) (2@ (R+m)|P, =(N ~K+DA; P,

CASEII: R>S+Y

(27) [MA+Sa]Fy = p¢(DA

(28) [MA+(S-n)a+ ud, ()P, =[MA+(S-n+DalFf, +ué, (n+1) Py, 1sn<§
(29) [MA+ ups(S)IPs =(MA+@) Py_; + s, (S) P

(30) [MA+ g, (W]P, = MAP,  + pug (n+ )P, S<n<Y+S§

(31) [MAy + upy,s(¥ + )Py = MAPy s + ufy sn(Y +S+1) Py.sy
(32) (N —=n)Ay + pd,(m]F, =[(N=n+1)A4]Ppy + iy (n+1) Py, S+¥<n<R-1
(33) [(N-mAy + pud,(RNP, = [(N=n+1)A4)Ppy + pib sy (R) Py, R sn<R+k
(34) [{N-(R+K)}A +u i(m)(ﬂ)l&;mf [(NAR+KY+1)A, ) F 5., ,-."’ﬂ"‘(g.u).q (R+/)P, (R+k)+1
(35) [(N =mAy + pdn(R+ DBy =[N =n+D)A4) Py + 8y (R+ J) Py,
R+jksn<R+(j+ k-1, j=12,...,m-1.
(36) [(N=R=-jk)A +pdp, p(R+DPr, = (N=R—jk+ DAy Pp_g.#10 ps ot (RADPpy s
j=12,...,m1.
(37) (N -mAz + udy(R+m)F, =(N —n+1) Az Py + #0ps1 \R+m) Py, R+mk<n<K
(38) [udgx(R+m)] Py =(N-K +1)2; Py,

For solution purpose, we employ general product type rormulation for birth death process as
given by (cf. Gross and Harris, 1985),

™ _A0)
(39) P=T] —=~
Eo#(ﬁl) :
The steady state solutions for three cases are obtained as:
Case(I): RS
[ filn); 1sn<R

fi(n); Rsns<S§

fi(n); S<n<¥+S§

fi(n); Y+Ssn<R+k

fs(n); R+jk<n<R+(j+Dk,j=12,.,m-1
| Js(n); R+mksnsK

(40) Py =1

41

Case

(42,

(43

(44)

5)

(48)



Case (I): S<RSS+Y

@1

Case (IT): R>S+Y

e Fo=Vhny = REn<R+E
hs(n); R+ jkSn<R+(j+Dkj=12,.,m~1
[ hs(n);  R+mk<ns<K
where
@3 ﬁ(~)=z.(n)=h(n)fi(—j£";—')—
(44) finy=—20DTD
BR) T] #(R)
=R+
(45) fimy =M )":‘A(j.S)
B(R) [T ¢:R)
=R+l
M)’ TIK =G-D) @) 9 4(,8)
i=Y+5+1
(46) falm)= 4 .
B(R) [T ¢,(®
=R+
(My)! Mlj& (K=G-DX )™ 4G.9)
@n fim= e ' P T = =@y .
B(R) T1 MR)[H I1 i:(R*'D] I1 #(R+)
=R+l I=] i=R+k+1 “1=Re 41
M) TT K== T+94G,5)
@8)  fo(m=—sd ot S =12
Rek m=) Re(+1)E "
B(R) 1 MR)[I'_[_ RII #:(Rﬂ)] 1 #(R+m)
=R+l 1=l i=R+lk+1 i=R+mk+1

[ g(n); 1Sn<S
g,(n); S<n<R
g;3(n); R<n<S+Y
1 g4(n); S+Y<n<R+k
gs(n): R+ jksn<R+(j+Dk j=12,..m-1
| g6(n);  R+mk<ns<K

( By (m); 1sn<§
hy(n); S<n<Y+S
Iy (n); F+S<n<R

m=1

Jm=1
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(My)™S 4(j,S)
49 = Also
(49) Sz(ﬂ) B(n)
n-5
(50) gy = MES—4G.5)
B(R) [T #,(®
=R+
M) TIK = G-y~ 4G,5) 45
1) i I=Y+S+ s ‘ .
B(R) [T #:(B)
. =R+ ( ”)
¥ Wy B n—{¥+5)
(My) ‘_rl:[w(x (i~ A(J,S) Mach
(52) gs(m= , J=12,...,m-1
Rk J-1 RI+1k n
B(R) 1 MR)[H I1 ﬁ(ﬂn)] I1 a@®R+)) Expe
=R+l I=1 i=R+lk+) =R+ 4
n !'“)
My) 1 K-G-D)w)™ 9 4(,5)
=¥ +S5+ u
(53) gsm= e Tt RoE = , j=12,...,m-1
B(R) [1 &,(m[n 1 ¢.(R+f)] [T #(R+m)
=R+l I=1 {=R+lk+1 f=R+mk+1
_ (M) S A(j,S)
(54) hy(n) = ===p S
My TIE-G-D) @9 4G,S) F A
55) h_‘ (n) = i=F+8+l ’
¢ B(n)
W'f’)",_f; (K- (=D)W)OA0S)
(56) hy(n)= . :
BR) I1 4B
=R+
n
(My)’ rr; (K =(-1D) @)+ A(},5)
i=Y+5+] m
BN bRy Rk J=1 Re(l41)k n r Il o M)
B(R) I1 #;(R)[H I1 ¢:(R+f)] I1 ¢(R+))
i=R+1 i=l i=R+lk+1 =R+ jk+l
M) TT K=G=D)@Y~D4G,8) -
=Y 4541 : —
(58) ‘hg(n)= ,Ji=12,....m-1
R+k m=1 R+{l+1)k n
B(R) [1 ﬁ(R)[II I1 ¢;(R+j)] ¢/(R +m)
=R+l 1=l i=R+lk+] R4mk+1
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Also we have used notations :

v=Alp, S=aly, y=i;lp, B(n)=lg¥ﬁ(0-
i=

k
A, k)=F, Ej [My +(S - j)5]
4. Some Performance Measures

Byuaingﬂmqumsiudisﬁﬁ:ﬁmgivmbyeqmﬁms(@],(ﬁ)md(&), we obtain
average number of failed machines in the system as

N
(59) E[ul=§n&
Machine availability is given by
[MA]=1-E[nYN
Expected number of operating machines is the system is obtained as

X i
(60) E[0)=M~ } (n-Y+5)P,
n=Y+8+

f [ R+k-1 m-1 R+(f+1)k-1
2 (=Y+S)+fum+Y T  (-Y+5)fi(n)
M —|m=resn J =Rk

K —_—
+ 2 (n=Y +5) fu(m)
i =R+mk
( R+k m-1 R+(j+ik-1

2 (-Y+)gm+Y Y (n-F+8)gm
(61) = { M- n=S+¥+] J=1 “R‘l'ﬁ

;Case

x ; Case II
+ D (n-Y+5)gq(n)
L n=R+mk
R R+k-1
E (n-Y+S)k3(n)+ E (n=Y +8)hy(n)
M | m=Str4 =l
=1 R+{j+1)k-1

B K
+2 X @-Y+S)h+ Y (1-T+5)hs(n)
L J=l m=R+jk me=R+mk

Expected number of spare parts functioning as standbys is

([ R4t s Y+§
2 X +S=mfi(m+Y (¥ +S-n)fy(n)+ 2(r+s-n)f,(n)];cm1
| =0 =R » n=S+

-

§ R ¥+8
(62) E[S]={ Z(Y+S-—n)g|(n)+ b 3 Y +85-n)g,(n)+ 2(Y+S—n)g3(n)]; Case I
| m=l a=S+l

; Case ITI

n=R+1

.8 Y+8
[ T +8-n)yn)+ f:(ns-m)h,(n)]; Case NI
! | =0 =S+l
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Expected number of idle permanent repairmen is

R-1
Z(R—n)ﬁ(u)] : Casel
(63) E[1]={ Z(R n)g,(n) + Z(R n)g,(u)] Case Il
L n=5+1
Y+5-1 R-1
Z(R n)hy(n)+ Z(R n)hy(n)+ Y. (R- n)fg(n)] Case 111
I\ n=r+S

Expected number of permanent busy repairmen
(64) E[B]=R-E[1]
Expected number of additional busy repairmen is

(65) E[4]= Y Z JPRojiar ¥ Z P,
=0

n=+nk

5. Cost Analysis

For determining the expression for profit function per unit time, we assume the following cost
variables:

o The cost per unit time of failed machine is Cy when all spares are used
o The cost per unit time of one warm spare machine is Cg.
o The cost per unit time of one cold spare machine is Cy.
e The cost per unit time of C, when one permanent server is idle.
e The cost per unit time of Cy when one permanent server is in busy state.
¢ The cost per unit time of additional machines is C ;.
s The system availability is denoted by 4.
The average cost per unit time CF(R,S) is given by
Casel
[ Rek-t m—l R4(jH)E-] K
CF(R,S):Cgl 2 (a- r+.s')f‘(u)+2 Y (-Y+8)fs(m+ X(m-Y+8)f(m)
=l +5+l =R+ jk n=R+mk

[ R-1 Y+§5
2(Y+s n)fi(m+ Z(ns n)f,(n)]w,[ Y (¥+85- n)f,(n)]

JD

L.

[ R-1
©6)  Cf L(R-n)f (n)]w..zmwssm

L =

i 3

CF(R

(67)

Case |

CF(R,

A




Case IT
R-1 m=1 R+(j+1}k-1 K
CFRS=Cs| T @-TiDgm+y 3 @-TrHgm+ Xo-T+Hen
n=S+¥+l Jj=1 n=R+jk n=R+mk

Y+S
+Cs[ Z(Y+S n)gy(m)+ Z(Y+S n)gg(n)] +Cyl: Z(}’+S- n)g3(n)]

n=0 n=5+l

(67) +Cy [ > (R-n)g,(n)+ Z(R—ﬂ)gz(ﬂ)l +C4E[A]+ CE[B]

n=0 n=5+1
Case 111
R-1 Rik-1 m-l Re(jH)k-1
CF(R,S)=CE|: E (n—- Y+S)h;(n)+ E{n -Y+ .S')h4(u)+z Z (n=Y +8)hs(n)
r=S+¥+ J=1  nm=R+jk

Y+
. z(n Y+S)h5(n)]+Cs[Z(Y+S n)hl(n)]+ Cy[ i(ns n)hz(n)]

n=R+mk

Y485-1 R-1
(68) +C,[Z(R mhy(n)+ Y. (R—n)hy(n)+ Z(R n)h;(n)j[+C4E[A]+C.'3E[B]

n=S+| n=Y+S

Optimal values of (R, S) can be evaluated by following optimization problem Minimize
Z=CF(R, S)

s

(70) Subjectto Ay =) P, 24
0

6. Special Cases

Now we consider some special cases;
6.1. Special time-sharing function:
(a) Putting go(n) =1/n, we obtain the queue size distribution for time sharing system as:
) fi(n)= g (n) = hy(n) = A(j,n=D)n!
(72) f2(n)= AGj,n-DRY{RY"RD
(73) F3(m)=(My)"™ SV A, S)RIRY"(R+D
(74) fy(m)= (My)Y fI (K-(i- 1)XW')MY+SJ A, S)RY R}u-(m-lj

l—f'hs-l-l
9) fim=Mp)’ TTK-G-0X) 40, S)R'{R}*"i'[(m DR + jyr R,

i=F+8+1
i=1,2...,m1

(76) fe(n)=(My)" I‘I(K (i- I)Xw')"*”*‘f*au.S)M{R}*"H{R+;}*{R+m}"*’“’"‘*"
i=Y+5+1



[40]

an
(78)

2>(n) = (My)"™S A(j,S)n!
£3(n) = (My)"™S A(j, )R {R}"-(R+D)

(19) g =(My) [ T(K=G-D)Y™9 4, S RR™PD

) "o I : Jj-1
(80) m)=(My)Y TI(K =(i-D)py=T+S), VRIS Ryk=1 2k Jh+1)
#s =ty TTO~G-D)0 Y, )RR i;[_cm R Rk,

J=42,...,m1
i n B -
81 gs(m)=(My)" ‘1‘1_(1:*:(!—-t)xw')"*"*”mm{m**"ffmm*{n+m}H"+~*+=>..
=Y 45+l i=l
=Ly 2 vy =1
hy(n) = (M) A(j,S)n!

(82)

i=¥+S+1

(83)  hy(m)=(My)" f[ (K =(G=D)w) ) 44, 8)n!

=Y +5+1

(84)  hy(m)=(My)" f[(x ==X Y5 A, S)RY(RY™ (R

@5)  hm=My)" [TE-G-D)p) 94, SRR ﬁ(x R+ jyr-(Refhst)
=1

36  m=p) K-G0y~ 4G )RR

T4

=Y +§+
J=4L2,,..,0~1

i=Y+S5+1
i=L2,...,m-1

(b) When ¢, (n)=n, we get

(87)

(88)

(89)

(90)

)

£ = g1 = ()= 220
Lo AGn=1)
fﬂ(’) & R { m-._{m)
- y)S4G,5)
My T K-G-D) 9405
=Y +8+)
R! {ml—(lﬂ]

n
tuwa’gl:s[;ltx-a—m WY+ 4(},8)

Jym)=

fs(n): = —, j=12,...,m-1
RYRY [T R+ F(R + jyr-(Resks))
=1

m-1
[TR+)H Re myr-(Remkst)
i=l
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92)

(93)

(%4)

(95)

(96)

(98)

99)

(100)

(101)

M)t T] K -G-D) @YD 4,5)

=V +5+1

Js(m)= = o F=12

RYRY 1'[ (R + ) {R + myn-(Remks)
i=1
nl

(My)™S 4(j,S)
RU{R)y(R+D)

8,(n) =
g;(m=

M)’ T &= G- T+5A3,S)
i=¥+5+

RY(R)™{”+D)

g4(m)=

(M) T & -G-D) )9 ag,5)
i=r+5+41

8s(m= 7
RYRY [T R+ ¥R+ jyr(ReiksD
=l

My) T K =G-1) @)+ 4, 5)
=Y +5+1

8s(m)= — , 1=12,...

RYURY [T (R+ E(R+ myr-(Remks)
i=l

(My)' TT (K=G-Dp )54, 8)
1= +5+1

()=

n!

M) T K—=G-0) @)™ TS5 4(,8)
i=F+8+1

hy(n)= RY( R)HR-'H}

My)' T (K-G-D) @)y~ 4().5)
i=Y+S5+1

hs(n) = =
RURY [T R+ NHR+ = ReHD
i=t

» J=12,00

[“1

.y m=1

LS R




! n
M) TT K =G=1, )T 504(,5)
=Y +85+1

(102) hs(m) =

sy #=12, ... ;=1

m-1
RURTT (R + )R + myn-(Remk+)
i=l

(¢) For single permanent server, by putting ¢, () =1, our results for probabilities reduce to

(103) fi(n)=gy(m) = by(m) = A(j,n~1)
(104) f(my=A4Gj,n-1)
(105) Si(my=(My)"* 4(j,S)
n
(106)  fy(m=fsm=fe(m =) T (K=-G-)p)y~ TS 40,5)
i=F+8+l

(107)  g;(n) = g3(n) =(My)" A(;.5)
(108)  gy(n) = gs(n)=gs(m(My)" [T (K-G-D)w )"+ 4(),5)
_ =¥+5+1
(109)  hy(m)=(My)"™ A(j.S)n!
(110)  hy(n) = hy(n) = hs(n) = &(NI(HWJ'HI:IS (1K = (=) ")y TS A,8)
' +
6.2. Hot standbys model: In this case by setting o« = A, we have

LI
[T +S-G-D)w1p

i=0
(111) fi(m) =g, ()= h (n)=— |
1 1 hl B(n)
n
}_;I [(M +5-(i-1D)yR,
(112) fr(n)= .
B(r) T] 4R
n
[TI +5 - G-D)y ] [My 15 P,
(113) Hm== =
3(R) T1 #(R)
+R+
[Ti+5-G-yliMyl [T (K-G-D)) ¥R,
(114) f‘(u)&'ho by 'l:l'*-s+l
B(R) [ #i(R)

f=R+]
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[T+ S—G-DwatMy]’ TTK=G-n)p)y~ " p

=Y+541

i=0
(115) fy(n)= — = P

Rk J=1 Re{lelik
B(R) [ #‘,(R}[H l'[ﬁ;(RH)J n¢(ﬁ’+})

T=R41 1=l i=R+lk+|l =R+ fh+l

[ 10 +5-G-0wAimy)” TTK=G-D)w ) ¥+,

(19 Js(m = = R+k m=1 R+ f-:;:snﬂ n Rl
o T ol T " lhiwen] flaceem
=R+l 1=t i=R+lk+1 i=R+mk+]

1;[ [(M +8 - (i~ D)y My B,

(117) g(m)=
B(n)

TTICM + 5= = pdtmp)=S p,
(118) g3(n) =2

B(R) [] #(®)
i+R+1
[0 +5-G-DyiiMy)” [T (& -G-)@)y=+Sp,
(119) ga(n) = =0 £:Y+S+l
B(R) [] ¢i(R)

i=R+l

H[(M-t- S-(i-Dw]My]" 1'[{ K= (i=D)(p’yr (s P

i=Y+8+l

(120)  gy(n)="— =12,

R+k J1 RH{I+1)k n

=R+l 1= i=R+lk+) =R+ jk+

[Tim+s-G-wlimyl”  [TK-G-Dxg'y= "+ g,
i= =V a8+

=0
(121)  ge(n)=" b= e

m—| R+{l+1)k n
B(R)I'IMR)[H Héf(mn] [Té:(R+m)

=R+l 1=l i=R+lk+1 i=R+mk+|

n
TTIM +5 - G-Dy)liMy TSR,

B(m)

=1
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I]ums (-DwiMy1” n(x -0y 9p,

(123)  hy(m=— e
B(n)
]'[[(ms (=) lMy)” I](x - i)y T*)p,
24)  hy(m) =" y =12, met
B(R) 1'[ #i(R)
=R+l
n n
[T+ 5= G-DwliMpl  TTK=-G-D)p) SR
=0 i=F+5+1
(125) hg(n)= L J=12,...,m-1

B(R) H f;(R)[ﬁ !W“f)] Hfafﬂ +J)

=R+ I=1 i=R+lk+) i=R4 Jk+1

n
[ ((M+5-G-DywliMy]" TTCK=G- )@y +S g,

(126) hg(n)="— =i =12, .. .m-1
Rk m-1 R+{l+1)k n
B(R) l'I Mm[l'[ HMRH)] [1¢:(R+m)
I=1 i=R+lk+1 i=R+mk+1

5.3. Cold standby Model : When o = 0, our model provides the results for cold standby model
6.4. M/M/R Model: In this case by setting o =0, =0, ¥'=0 we have

(127) ,ﬁ{u)=——m— 1sn<R

(M -n)!B(n)
(128) fom)= My ‘_‘:): R <n<R+k
M -m1B) TT (R
fur
o 1y - (Rk=1)

(129)  fy(m)= M= :

Rk g1 R(I+10k n

(M =n)!B(R) l_I ¢;'(M|i I—[ Hﬂ«{ﬁi‘ f):] nﬂ(R +J)
F=R41 =1 (=R+lk+) =R+ jk41

R¥jESA<=R+ GtDk -1, =12, m=
len——{kt‘k—l} Py

Rk -1 Re(lk 2 ’
(M -m)BRY [] ¢;"(.3)[ [1 I1a@®+ i)] [T4(R +m)

=R+l _ 1=l i=R4lk+1 i=R4-mk+]

(130)  fa(m)=

R +mk<sn<k

6.5. Without additional server: By setting m = 0, we get the results which coincide with the
model studied by Wang and Sivazilian (1992)
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6.6 M/M/R machine repairmen problem: Substituting m =0 in (127) and (130), ye get

(i
Myh. e
(M —n)! B(n)
(131) P, =1 i
41 f:‘: R<n<nN
M -BR) [T 4,(R)
| =R

This case coincides with classical machine repair model as discussed by Gross and Harris (1985)
7. Couclusion
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Analytic solution for a system of KDV equations

MAHENDRA PANTHEE

Abstract: We consider a system of coupled Korteweg-de Vries equations and prove well-posedness
results in a space of functions analytic in a strip. The typical class of functions we consider to
obtain analytic solution is the Gevery class introduced by Foias and Temam in [6].

1. Introduction
In this work we consider the initial value problem (IVP)
u,+u,, +2auu, +ov, + ), =0
(1.1) v, +0,,, +28vw, +uu, +(uw), =0

u(x,0) =, (x),v(2,0) = vy (x)

where @, / are constants with o+ 8 = | and «, f € IR This is a system studied by Nutku and
Oguz in [16] and has a structure of the Korteweg-de Vries (KdV) equations coupled in the
nonlinear terms. This system has a bi-Hamiltonian structure. If the constants are such that

a= 1+ £, then the equations in the system (1.1) can be decoupled.

The main interest of this work is to find solutions (u(z,1), v (x,7)) of the IVP (1.1) which
admit an extension as an analytic function to a complex strip S,.: = {z+ 1y : |y| < o}, at least
for small values of o . Analytic Gevrey class introduced by Foias and Temam [6] is a suitable
function space for our purpose.

In recent literature, many authors have devoted much effort to get analytic solutions to
several evolution equations. An early work in this direction is due to Kato and Masuda [12].
They considered a large class of evolution equations and developed a general method to obtain
spatial analyticity of the solution. In particular, the class considered in [12] contains the KdV
equation. The more recent results in this field can be found in the work of Hayashi [10],
Hayashi and Ozawa [11], de Bouard, Hayashi and Kato [3], Kato and Ozawa [13], Bona,
Gruji¢ and Kalish [1, 2], Gruji¢ and Kalish [8, 9] and references there in.

Let us move to introduce some notations and define space of functions in which we will
concentrate our work, For o > 0 and s € IR the analytic Gevrey class G7+'is defined as the

subspace of L? (IR) with norm.
(12) 1 Wowa= [ 0% G de,

where (.)=1+|.|and _} denotes the Fourier transform of f* defined by

This was partially supported by CAMGSD, IS8T through FCT/POCTI-POCI/FEDER and
FCT/SFRH/BPD/22018/2005, Portugal.
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(13 JO= s 7 S
whose inverse transform is given by
(14 f(x)=ﬁ [ e Forae.

If we define a Fourier multiplier mm?{hy
f&) =)/
then Gevrey norm of order (o, 5) can be written in terms of the operator A as
17 I goa=l A%¢7 1 2y

Note that a function in the Gevrey class G is a restriction to the real axis of a function
analytic on a symmetric strip of width 2o: Hence, our interest is to prove well-posedness result
for the IVP (1.1) for given data in G”** x G for appropriate s.

Before establishing well-posedness results in the analytic Gevrey class, we will prove the
same in the usual Sobolev spaces H*x H*. Recall that, H* denotes the L? -based Sobolev
space of order s with norm

1S e = [ ©¥ 1T @R &,

We denote by L‘f(Li),-(l < p <) the Banach spaces L?(IR : LY(IR)) for variables ¢ and =
respectively, For -1 <b <1, let X, ; denote the Hilbert space with the norm
¢ - 172
1 hxep = [ A1z D2 1£17 R dedr) ™,
where f(£,7) is the Fourier transform of f in both z and ¢ variables. This is the space
introduced by Bourgain [4] in the KdV context to obtain well-posedness results for low

regularity data.
Let us recall some properties of the space X, , regarding the regularity. First, observe that

for fe X, one has,

SE YRR SRR Y SRt

£ llx,, =10+ DYPUM S g’
where U(f) = ¢~3% is the unitary group associated with the linear KdV flow. If 5> 1/2, the
previous remark and the Sobolev lemma imply,
X,5 SC(R ;HE(R).

We use C to denote various constants whose exact values are immaterial. Also, we use the
notation A S B if there exists a constant C > 0 such that 4 < C B, 4 2 B if there existsa
constant C >0 such that 4> CBand 4 ~ Bif A SBand A2 B.

Now we state the local existence result for given data in the usual Sobolev space
H*(IR)x H*(IR).

Theorem 1.1. For any (uo,v,) € H*(IR)x H*(IR), s> -3/4 and b & (1/2, 1), there exist
= T(|| g ll,ys ol ¥o ||y ) and @ unique solution of (1.1) in the time interval [-T, T] satisfying
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(L.5) u,veC([-T,T]; H*(R)),

(1.6) wveX;p Ll (R;L;(R)), for 1Sp<cs,
(1.7) (“z);:s(vz)x € Xgp

and

(L5 UV € Xggpy

AMoreover, given T'€(0,T), the map (uy,vo)+> (u (1), v (1)) is smooth from H*(IR)x H*(IR)
to C([-1",T"]; H*(R)) x C([-T",T"]; H*(R)).

Note that [ (u? +v?)dz is conserved by the flow of (1.1). Using this conserved quantity
we can obtain an a priori estimate in L?(IR) x Z2(IR) which leads to the following global well-
posedness result.

Theorem 1.2. The unique local solution to the initial value problem (1.1) obtained in
Theorem 1.1 can be extended globally in time for given data in H* (IR) x FI* (IR), whenever
520.

Remark 1.3. Using I-method and almost conserved quantity introduced in the KdV context by
Colliander et al in [5], the global weil-posedness result of the above theorem can be improved
Jor s> =3/10. There is similar work in this direction by the author in collaboration with
Linares in [17]. As our interest here is to obtain analytic solutions, we do not proceed in this
direction. |

Before stating the main result of this work, let us introduce the function space X7+
which is analogue of Bourgain's space X, ; introduced earlier.

Foro>0ands e R b € [-1, 1] define X°* with the norm

1S Byons = [[(r-8%002e2® | a0 aar.
If we define the operator A’.hpe}\by

AP f(E0)=(0)° f(&.7).
then we have

) 5 udxb
10 g =4 RT 1,

Let us record that C ([ 0, T'] ; G*) denotes the space of continuous functions defined on
the interval [ 0, 7] that take values in G%*. If we equip C({ 0, T'] ; G%**) with the norm

(]
oar st ftthons

then it becomes a Banach space.
For &> 1/ 2, using Sobolev embedding we have

. IS M goe Sellull g

Therefore the space X% is embedded in C ([ 0, T']; G°*) whenever b> 1/2.
Now we are in position to state the main result of this work which reads as follows.
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Theorem 1.4. Let s 2 0 and o> 0 then for any (4,,0,) € G x G, there exists a time
T> 0 such that the IVP (1.1) is well- posed in the space C ([V,T]; G™*)x C([0,T];G"7).
2. Well-posedness result in usual Sovolev space

In this section we will prove well-posedness results in the usual Sobolev spaces. The idea
of the proof is similar to the one employed for the Gear and Grimshaw system in the author’s
prwimnworktnoolhboﬂﬁnnwithummin [17. For the sake of completeness, we just give
sketch of the proof.
Proof of Theorem 1.1. Using Duhamel’s principle, we study the following system of integral
equations equivalent to the system (1.1),
{ w(© =UOH, ~ [} U= F0,0,) (O,

2.1 y
v () =U(0)D, - [} Ut-1)Gw0,1,0,) OV

where U(¢) = ¢ is the unitary group that describes the linear KdV flow and F'and G are
respective nonlinearities.

To find a local solution to the TVP (1.1) we can replace the system (2.1) with the following
.,

(2.2) { u.“)-- wl(l)v(‘}“a _v‘(‘) g U(t . t') Vr(") F(H,B,Il:, ”s)(t')d'v

0 =9 OV, ¥ [; U7 () Glwv, v ) O,
where y €Cg (R), 08 () <1 is a smooth function such that

STAES
@3 w(r)={ P

6, |t|<2,
and y () =y(#F)0<Ts1
Now.mmﬁumefonowmgfmcﬁmmwmwma-mluﬁmwﬂwwﬂl.l).
For given (uo,u%) € H‘(R)xH‘(IR)amlb?le let us define,
How = () e X3 x Xop Uy, , S M: lolx,,< N
where M =2C; || o |l ;5 and N=2C,||v ||+ Then 3 is & complete metric space with

norm,

I I (ﬁ,ﬂ) m’fm_:= “ u “I‘j +“ ”'“x,,-

wmmnrmw,_mmmmmﬂnmmt.m (1,0) € H v, let us
Sotitic tho maps:

24) @, (1] =y (U N4, —yi(0 _[: Ut -1) o (O)F (u,0,u2,0) (1) dr
¥y, [0 0] =91 (DU ()0, — ¥ Q) l; U (t - 1) yr ()G (u,0,u5,0,) () al',
We prove that ® x ¥ maps H gy into 9{ v and is a contraction. To achieve this goal we
use the following estimates

Q
a
=
i
21

}

i ' L
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(2.5) N U@ ||y, , <Cllug 5

@6 Awr [[ UG- SOy, SCT | £y, . b:--;-,b-x <b'<0
-

QN 120y, Seluly, IVl s> -503
Proof of estimates (2.5) and (2.6) is given in [14] and [7] and that of (2.7) is given in [15].
Now using estimates (2.5)-(2.7) we obtain

s [ 100,01y, , SColltgll,.s +CT Uull,, +101k, , +lully, ,Iolly, , 5

<b<1,b—1<b'<—-!—.
4 4

190,01l y <Coll 2o s + CT W # Iy +12 1y + 2l 12N 30
where @ = 1-b+¥'.

As (u,v) € H,,,, with our choice of M and N we get from (2.8),
2.9) lI@0wollly, , <4+C7°M? + N+ MN)
: 1¥1wollly,, <Ny e,70 (M?+ N? 4 MN).

If we choose T such that,
7% < 2max {C,,Cy}(M + N)?)™
then the estimate (2.9) yielas,
IO vlllx,, <M aw | ¥lwo]]y,, <N.
Therefore,
(®[u,v], ¥ [1,v]) € Hy.

In an analogous manner we can show that ® x ¥ : (u,v) > (®[w,v],¥[u,v])is a contraction.

Therefore the map @ x \¥' is a contraction map in the ball 7, . Hence, there exists a
unique fixed point (u,v) that solves the IVP (1.1) for 7 < &. The remainder of the proof follows
a standard argument. A
3. Well-posednesss results in the analytic class

Now we proceed to establish the estimates that are fundamental in the proof of the main
result of this work.
3.1.Linear estimates.

Lemma3.l. LetseR, 0 >0, uy e G, b>1/2 and b= 1< b' <0, Then there exists a
constant C such that

(3.10) I OU@O o || yosp <10 llgos,

‘ L 5 e f - 3
(3.11) Iy [, Ua=1)F@)dl || yo58 SCT' PPN 1|
Proof; For o= 0 the estimates in (3.10) and (3.11) turn to be estimates (2.5) and (2.6)

respectively. For o > 0, we just need to replace ug by e ugand £ by &% £ and so the proof

follows in analogous manner. W]
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3.2. Bilinear estimate

Lemma 3.2. Letu,v € X°*? 50, 0 >0, %4’15{3-. If b—1<b'<—% then there exisis a

constant C depending only on s, b and b"such that
(3.12) I a.z(W)"Xg,;,b' SCllu|l yeus 2l yosp
Proof: we give proof of (3.12) for s =0 , the general case s> 0 follows from it. So, our
interest here is to prove
(3.13) |8 (w) | yoob SClull oobllvll yo0b.
Let us define
FED=@-5 e ae ),
gD =(r=£5" "¢V 581,
10,00)| g0 = ll ¢~ £ e £ % D)(&,7) 22

61 =fe-geros [[anoe-gur-n) dean

i}

o) J--I-fc:,,me*"“" gE-&.r—n)e TV

f dédzr
= m-g) -n-¢-ay lll

535

Now, the estimate (3.13) can be written in ferms of fand g as

£e7®) L0 g (dfl.fy')e-ﬁe“"ﬁf =Epr=1y)
IJ‘ - -]dfl

(3.15) —
|<r—:3)-’ (-~ (-5

L

Using Cauchy-Schwarz inequality and Fubiani’s theorem, the LHS of (3.15) can be estimated

as
£e7@ 00 g n)e T g - gr -y
3y .U : - dgdr
@-gy" - -n —(¢-&)P)° 22
'.f T
e e 760 e
(3.16) < . e |
\ (r—,,ﬂ)-b J].“l —ﬁ?)b{f—ﬁ _({_ﬁ)g,)b o Ilflllz,lj" .“Léli

£
So, to obtain the desired estimate (3.15) and there by (3.13), we need to show

SFAY RE BBy @

¥

e .00 ' 1 BBy
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{ev({) e"’(ﬂ) g'c(f_‘ﬂ d¢'1d1'|

-3 0f

G.17)

(r-&3H7" -[ I (- -n - (-

L?L'g"

Nose that, by triangle inequality we have | € | < | £ |+ |£—£1].So, e} < o740 o7¢740
s the estimate (3.17) will be proved if we can show

(3.18)

¢ dgdr,
.U <C.
=&y W - ae-n-¢-6" |, .
& T
The expression in (3.18) is exactly the same term appeared in the proof of the usual bilinear
estimate related to the KdV equation in [15]. So, the rest of the proof follows the same lines in
[15]. This completes the proof of the lemma. ]

3.3. Proof of the main result. Now we will use the linear and bi-linear estimates derived
above to prove the main resuit of this work.

Proof of Theorem 1,4. The idea of proof is the similar to that of Theorem 1.1 presented
earlier. We write the [VP (1.1) in its equivalent integral form as in (2.2). For given
(#5,0,) € G*(IR) x G“*(IR) and b > 1 /2, let us define M=2C} [ 4 [|go s and
N=2C-"n4 || gos. Now define a ball
mMN :={("10)EXU"'beu"'b :" “"xa’.tﬁsutuv“x#mﬁSN}' 1
Then By is a complete metric space with norm,
1] ("-u)"]%:=" u ”Xa.l,b +| v"xa,s,b

In this case also, without loss of generality, we may assume that M> 1 and N> 1. For
(u,v) € Bygy, let us define the maps ® x ‘¥ as in (2.5). We will show that @ x ¥isa
contraction map in the ball B,z.

First, let us move to show that @ x ¥ maps the ball B, into itself. Using estimates
(3.10) — (3.12) we obtain as in (2.9), for 8 = 1-b+ V',

(3.19) Dl o0 < 4+ T% (M 24+ N2+ MN}
19,05 SE+CoT® (M2 + N2+ MN).

Now, choosing T such that,
7° < (2max {C,,C,}(M + N)*)™
we obtain from (3.19),
' ||°||xa.t.b <M and | q""xa.:.b <N

Therefore, ® x ¥ maps B,,, into B, . One can easily prove that ® x ‘¥ is a contraction map
in an analogous manner, so we skip it.

Hence, the map @ x ¥ has a unique fixed point («,v) which solves the IVP (1.1) for T'< &
in the ball B,y . The rest of the proof follows a standard argument so we omit the details. This
completes the proof of the theorem. D
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Derivation of a class of bilateral generating
functions from a set of orthogonal polynomials
N. K. RANA
Abstract: A new class of bilateral generating functions are obtained from a set of orthogonal

polynomials { Fiz.y(Z; Av)}. Known bilateral generating functions are obtained as a particular
case.

1. Introduction

In 1983, Datta and Manocha [2] introduced a new class of orthogonal Polynomials
{ Fansv(T ;Av)} with the help of a relation

(=n;2v+ A+m~1; ™)

(1.1) F&.‘_‘,(.t;ZV):Iv]FI .
The polynomials { Fyy(x ;4v)} satisfies the following differential equation
(12) X2y" ~(mz™ - A2)y + fnlmn +v) 2™ —v(v+ A - 1)}y =0

where A,m are fixed parameters, n is a variable parameter and v a non-negative integer < m.
Aim of the present paper is to obtain a new class of bilateral generating functions for
{ Fanav (T ;Av)} which can be written in the form of the following theorem:

Theorem: If there exists a unilateral generating function of the form

(1.3) Gz, 1)= }: G F™ (T Av)

then the following class of bilateral ;memting function will hold:

(14) Q= mety) ™AD" eup Cma™ ty 1 (1 = mty)). f [/ (- mtg)''™, 1y 1 (1 - mty)]

© p
=2 X aym®™ ((p-m)(n+@v+A-14m)im),_, Fnpinx; Av)(ty)?
p=0 n=0
The importance of the theorem lies on the fact that all particular bilateral. Generating functions
can be easily deduced by attributing suitable values to , and then making use of known
linear generating functions involving the class of orthogonal polynomials.
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2. Derivation of the generating functions
For { Fym.v( ;Av)}we have the following partial duterential operator [6]

2.1 B=eV{20/0x+md/8y +m+v+A-1-mz™)}
such that

@2 Bl AN} = (mr+ D)+ 2+ A=Y Frp . (2 54v) e
The extended form of the transformation group generated by B is
@3)  [(expBB)/N(Z.0) = (1~ mtby™ ™*V+A=" exp Cma™ th /(1 - meb).

Slx/ (1 —=meb)'™  1/(1—meb))
Let

24 Gzy= }E‘,ﬂ @ F e 14X ;A¥)y" , where a, is arbitrary, selected in such a way
£
that the left hand side of (2.4) gives known generating functions.
Replacing y by ty in (2.4)
2.5) G(z,1y) = Eo AnF o (T 3 V) thy"
Operating exp (bB) on both sides of (2.5), left hand side becomes
(1~ mithy) ™+ V+2-Vm exp (-ma™ thy [~ miby). f [2 (1 ~ meby)'™, ty /(1 - meby)]
On the other hand, right hand side reduces to |

2 B A ... Brr

I8 L.

a

’é é a, bP " mP " [(p-n){(n+2v+A~1+m)/m) pn Foman(Z3 0)tw)”

T T
3. Applications
Assuming a, = (~p),(-n), /p! and using /(Z,y) = 4" Fmsy(Z:47)
We get
G.1) (1=mity) VAV yp (—ma™ ty (1 - mty)).2¥ (1 - my)" ™,

FER Qv+ A=1+m)/m; ™ (L -mty)) =

f: [2v+/‘l-l+mfanxy.

p=0 p! '

Chmagiis Wi by e pollig 1= T e vl the Skl genraeihg ot

(32) -y IR ep 2y /(- y)).2

x (Fi(=n ;@ + A= 14+m)/m;2™ (1 - y))

pe i (@v+A-1+m)/m)p F(=pn;@v+A=1+m)/m;\/mb) FJp,, (Z;Av)

p=0 P

2R (P 2v+ A= 1+ m) m; ) mt)F,, (23 Av)(mo)P (y)P "
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This was derived by Bhattacharya and Rath [1]
Putting m = 1, v = 0and A= | + aand nothing that F(z;1+a,0)= n!(l +a), L{®(z) the
Bilateral generating relation (3.2) reduces to

(-y) ™" lexp(-zu/ (- y) \F(-n:l+a;x/(l-y)=

o
2 Apemil+as) L (oy? ™"
p=0
which can be compared with a result of Mcbride (p.37)
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Common fixed point theorems for four maps
in D-metric space using certain
continuity conditions

K.P.R.RAO', K.JHA? AND P.RANGA SWAMY?

Abstract: In this paper we prove two common fixed point theorems; for four self maps on Dhage metric
space using certain orbitally lower semi continuity condition on four maps; which are some probable
modifications of theorems of Dhage and Dhage et al.

AMS 2000 Subject Classification: 47 H 10; 54 H 25

Key Words snd Phrases: D-metric spaces, fixed point, coincidently commuting maps,
orbitally lower semi-continuous maps.

Dhage [ 1] introduced the concept of D-metric space as follows.

Definition: A non empty set X, together with a function D: X x X'x X — [0, )iscalleda
D-metric space with D-metric satisfies the following properties

(i) D(x,y,z)=0iff x=y=2z

(i) D(x, y.z)=D(p{r, y,z}) where p is a permutation function of z, y, =

(iii) D(z,y,2)<D(a,y,z)+ D(x,a,z)+D(z,y,a)Vz,y,2,a€X

Definitions [1]: A sequence {z,} c X is said to be convergent to a point z € X if

Lt D(zpZye)=0.
mn—ro

A sequence {z,}< Xis called D-Cauchy if Lt  D(Zp, Ty, T,)=0
m,n, p—»o

A complete D-metric space is one in which every D-Cauchy sequence converges to a point of
X. A subset E of a D-metric space X is called bounded if there exists a constant & > 0 such that
D(x,y,2)< kVz,y,z € E. Amapping f: X - X is continuous if and only if, for any
sequence {Z,} < X, Z, - x implies fx,— fx.

Dhage [1] also claimed that D-metric is continuous in all its three variables.

Dhage [2] proved the following

Lemma 1 (Lemma 2.2 [2]) : Let {,}< X be bounded with D-bound k satisfying
Dz, 2, 2m) S ¢ (k) Vi > n € N where ¢: R¥— R* satisfies ) ¢”(f) < for each

n=1

t€ Rt Then {x n} is D-Cauchy.
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Theorem 2 (Theorem 2.1 of [2 ]): Let S and T be self maps on a D-metric space X, X be
(S,T) - orbitally complete and (8,T) - orbitally bounded D-meiric space.

Suppose that

D(Sz,Ty.?) < ¢ (Max{D (%,y,2), D(x,8%, 2), D(y, T2 ), pD(z,Ty,z2),

B D(y,5z,z)}) forall z,y eXand z € O(S,T; z) W O(T, S;y) where 0< B<1/3 and

#: R*—> R* is continuous, non decreasing, ¢ (#)<? fort>0and ¥ ¢"()<=VteR'.

n=l

Then S and T have a unique common fixed point.

We observed that in Theorem 2, the author used the continuity of D-metric in one
variable in proving the existence of fixed point of 7. But Naidu et.al. [4] observed that there
are D-metrices which are not continuous even in a single variable.

(See Example 3 of [4]). Hence the validity of Theorem 2 is doubtful.

Dhage et.al. [3] proved

Theorem 3 (Theorem 2.4 of [3]): Let 4,B,S T be four self maps of a D-metric space X

satisfying

(3.1) 4(X)cT(X), B(X) cT(S)

(32)  D(Ar,By,z) < AMax{D(SZ, Ty,z), D(S1,4%,2 ), D(Ty.By,z)} VI,yz €X
where 0<A<1

(33) 0,4,8(8,T,2) is complete for each ze X

34 the pairs {4,S} and {B,T} are limit coincidentally commuting

(3.5) any one of 4,B,S,T is continuous

Then 4, B, Sand T have a unique common fixed point.

In this theorem also Dhage et. al [3] used the continuity of D-metric in two variables.
Hence the validity of this theorem is also doubtful. Even if this theorem is valid, the inequality
(3.2) forces the space X to be a singleton set. Hence this theorem is insignificant.

Now we give some modifications of Theorems 2 and 3 without using the continuity of
D-metric.

We first give the following definitions
Let 4,B,5and T be four self maps on a D-metric space X.

Let G(z)=min{D(4542,57),D(4z,Sz,5z),D(Bz, Bz, Tx), D(BZ, =, T1)},
G*(z) = max {D(4z, 4z, Sz ), D(4Z, 57,52 ), D(BE, Bz, Tz ),D(BE, Tz,Tz )}
Hy(z ) = max {D(4z, 41,5z ),D(42,52,52 )},
Hj(z) = max {D(Bz, Bz, Tz ), D(BL, T2, Tz )}.
We say that 4, B, Sand Tare (G, H 1, ) orbitally lower semi continuous at ¥ € X if
L

G(u) < max {Hj (Z2), Hz (Z2n +1)}
n—»®

whenever there exist sequences {Zy}and {y, } in X such that
Yo = STy, Yppay = 4220 = TIn 15
IJ!,H_;“‘ B.TQ,H.‘] =S:Cz,,+3, n=70, L.

and {y,} converges o u




Lemma 4: Let 4, B, § and The fom'selfmmonaﬂmlcspkm(x,ﬂ)mﬁs&iug
@0 Diar.Byz) < ¢(Max{D(sz, 74.2),D(8z,42,2),D(Ty, By,z), D(Sz, By, ),
D(TyAxz)}Vz, y €Xandz =4z or Bz, for some z;,z,& X where
# BT < R* is a mapping such that #(t)<tVi>o.
Further suppose that |
“2)  a@enx), BX)cs(x)
(4.3) &ereexistsueXsuchtbatAu*SuorBu=Tu
(44)  the pairs {4, 8} and {B,T} are coincidentally commuting at »
Then 4, B, Sand Thave a unique common fixed point.
Proof: Suppose 4u= Sy
Since A4 (X) S 7(X) there exists v e X such that 4u= Ty,
Suppose Au # By
D(4u,Bv,4u) < ¢(Max {D(84 T, 4u),D (St A, 4u), D(Tv, By, 4u),
D(S!&Bv;du).l)(-ﬂ,dgdu)}
= ¢(D(Au,B v, Au))< D(Au,Bv,4y). It is a contradiction,
Hence Au=BRBy
Thus  Au=Su=By=1y e (1)
Since the pair (4, 5) is coincidentally commuting we have
() =A(Su)= S (Au)= 8 (Su) e ()
Since the pair (B,7) is coincidentally cominuting we have
B(Bv)=B(Tv)= T(Bv)= nTy) ...
D(Au,Au,42u)= D(A4v,Bv,42u) from 1))
< ¢ (Max {D(Su, Tv,4%u),D(Su, £u, 4 2u)D(Tv,Bv.4%),
D(Su,Bv,4 2u)\,D(T'v,Au, A 2u) from (4. 1)

= ¢ (D(Au,4 4, 4%u) from (1)
S A%u=du

Hence §(4u)= 42y = 4y from (1)
Thus Au is a common fixed point of 4 and S,
D(Bv,Bv,B?v)= D(Au,Bv, B2 v) from (I)

< ¢ (Max {D(Su, T v, B*v),D(Su, Au, B* v).D(Tv,Bv, B),
D(Su,Bv,B*v),D(Tv, 4u, B v )} from (4.1)
= ¢(D(Bv,Bv,B*v)) from (I
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Hence T(Bv)= B?v = Bv from (IIT)

Thus Bv is a common fixed point of Band T

Since Au= Bvit follows that Au is a common fixed point of 4, B, §,and T.

Similarly if Bu=Twu then Bu is a common fixed point of 4, B, §, and T.

Uniqueness of common fixed point follows easily by applying (4.1) two times.

Lemma 5: Let 4,B, S, and T be four self maps on a D-metric space X satisfying

(5.1)  D(4z,By.z )< ¢(Max {D(Sz, Ty, z),D(Sx,Az,z),D(Ty,By,z),
D(Sz,By, 2), D(Ty,4z,2)}Vx, y €X andz= or yor 4z, or Bz,
forsomez|z;eX !
where ¢: R* — R* is a function such that ¢ (¢)< ¢ Vi>o0. , |

(52)  Suppose Au= Su and Tu = Bu for some u € X.

Then u is the common fixed point of 4,B,Sand T.

Proof: Write w, = Au=Su,w,=Tu=Bu

Ml R mal el

Suppose w) # wy
D(w1,wz,wi) = D(Au, Bu,w)
< ¢(Max{D (Sw, Tu,w,),D(Su, Au,w:), D(Tu, Bu,w)
_ D(Su, Bu,w),D(Tu, At wr), ,
0 = ¢ (Max {D(w1,w2,w1), D (w3, w3, w1)} )
)

D(wy ,w3,w;) = D(Au, Bu,w,)
< ¢(Max {D(St, T, wy), D(Su, 4u,wy), D(Tt4 Bt,wy),
D (Su,Bu,ws),D(Tt, Au,w)} |
= ¢ (Max {D(w;,w2,w3),D(wi,wi,w3)}) !
2. Max {D(wi,wz,wa), D(w1,wa2,w3)} < ¢ (Max {D (w1, ws,wa), D(w1,wi,wa)}) '
Hence w; = ws,
Thus Au= Su=Bu=Tu
Now

D(Au, Au,v) = D(Au,Bu, u)
< ¢(Max {D(Su, Tw,u ),D(Su, 4u,u),D(Tt,Bu,u ),
D(Su, Bu, u)s D(Tu, Au, 1)}
= ¢ (D(Au, Aw,u)
soAu=u
Thus Au=Bu=Su=Tu=u
Hence u is a common fixed point of 4,8, 5 and T.
Uniqueness of common fixed point follows easily from (5.1) using two times.
Now we give our main theorems.
Theorem 6: Let A, B, S and T be four self maps on a D-metric space X such that |
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61  AXcTX),BX)cSX)
(62)  Didr,Byz)s $(Max{D(Sz,Ty,2), D(Sz, 42,2),D(Ty, By;2),

PD(Sz,By,z), fD(Ty,Ax,z)})
VryeXz=Az,01r Bz, forsomez,z, eXwhere 0</<1/3and ¢: R*—> R* isnon
decreasing, ¢(4) < ¢ for ¢> O and Elﬂ(t)cw\me R*

(63)  Assume that for some x, € X, there exist sequence {x,} and {y,} such that
Yo=5%y, tan+1=ATn= TZyp +1,Y2n+2= Bn+1= Syn 42,72 =0,1,2 .. . and the set
D(Ya,YprYp)/ 05 @< 1, 1< b<2,m>2} is bounded by &
Then the sequence {y,} is D-Cauchy.

Further assume that

(64)  {yn) convergesto some u € X

(6.5) the pairs {4, S} and {B, T} are coincidentally commuting at u

(6.6) A,B,S, T are (G, H,, H,)- orbitally lower semi continuous at u

Then A4, B, Sand T have a unique common fixed point.

Proof : Forany m 2 2,
D(yiﬁy:!ym)=n(‘4'maﬁrl nym)
< ¢ (Max {D(Szy, TZy, Yy D(8Zo, 420, Y ), D(T'2y, By, Yyy),
BD (829, By, Y,,), D T2y, AZo, Yps)})
= ¢ (Max {D(Yo, Y1+ Yn) s D(Hos Y1 s Yps): D (Y)Y Y,
pD (ylhyztyu)vﬂn (y'l :ylnym)”
<¢(k)... () from (6.3)
Formz2 3,
D(Y5:Y3+Yp) = D(BZ,, 42y, Y,,) = D(A2y, BZ,, Yy,)
< ¢ (Max {D(Szy, T2, Yp), D(SZy, 423, Yy, O( T4, BE1, Yy ),
BD(Sz,,BZ,, Uy, ), PD (T2, A5, Yy )})
= ¢ (Max{D(U s Yy, Ym) : DU Y55 Upn)s D(Uy s Y » YUpn)»
BD (U Y3s Up)sBD(Y1: Y3, Um)})
= ¢ (Max{D(Ys, Yy, Ym)sBD(Uy: Yz » Yp) BD (Y1 U35 Up)}) - - (i)

Case : Suppose D(yy, Us, Upm) < ¢ (D(Yy, Y5 Um))
Then D{y,.5,U,) < $(¢(k)) from (i)
= ¢k)
Case : Suppose D(,, 45, Y) < ¢ (D (41: 155 Yn)
BD (43 92s Y S BD (Y31 ¥ 1 Ym)+BD (Y, Yy s Ym) + 8D (1, 42, 1)
< fé (k)+Po(k)+ B4 (k) from (i)
<¢(k)
“ D (%Y, Ym) < #7(K)
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Case : Suppose D(yy, s, Yp) < # (8D (4,35 U) e (i)
BD(Yy:43:Ym) < B D(Yy2Y33Ype) + B D(Yy, %2 Yp) + BDWY s, 4)
< BD(Yy2Y3:Ym) + b (k )+ P (k) from (i)
=204 (k)+BD(Yy. 435 Yp) woe (V)
& D(Y: Y5 Yp) SEL 289(k )+ BD(1;, 45, Y,)]
<2p¢ “ )+BD(Y,,4;,Y,,) since ¢(t) < ¢ fort> 0.

- Dt ) <225 40

Now (iv) becomes
BD(Y,.1s,Un) S 208+ - —L #(h= zﬁﬁ b
Hence (iiii) becomes D (y,,;,4,,) < ¢ [ 1 a ﬁ(x)] <P2(k)

Thus in all three cases we have D(y,,y,,y,)<¢2(k).

In general for m > n+1 we have D (y,, Uy .1, ¥p) S 9" (k)

Now from Lemma 1 (Lemma 2.2 0f 2.2[2]) it follows that {y,} is a D-Cauchy sequence in X,
Suppose that {y, } converges to some x € X and 4, B, S, T are (G, H,, H,)- orbitally lower semi

continuous at 1.
Then

Min {D(Au, Au,Su), D(Au,Su,Su), D(Bu, Bu, T4), D(Bu, Tu, Tu)))
= ma (. {D(AT,, Ay S220), D (A STy, S2),
max {D(BJ;':._,, | ,B.l'z. +1r Txgzﬂ) sD('B-:m +1 sT-nz'll +1 ’Txm ﬂ)} }

max {max {D (Y41, Y +15Yon)s DYsn 115 Yom Yan)
maX (D (Yap ,20Y2n +20Y2 +1)s D (Yo 23¥ap 41 Yap 1)} =0
since {y, } is D-Cauchy
. Au= Su or Bu=Tu
The rest follows from Lemma 4.
Theorem 7: Let 4,B,S and T be four self maps on a D-metric space (X, D) such that
(7.1) D(dz,By,2) < §(Max {D(Sz,Ty,2), D(Sz,4z,2), D(Ty, By.2),

ﬁD{e&T-By.ﬁ- m(w:dxvzn)
Vz,y € X,z=zor yor Az, or Bz, for some z;,z, € X where 0 < A< 1/3,

#:R* — R* is non decreasing, ¢(t) < # for #> 0 and Elﬁ"(r)< w for each t e T
n=

=<

n—>
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(7.2) Assume that for some o€ X, there exist sequence {z, } and {y, }
such that y, = &n,&#,=dq,= TZypi1s Ysn2= Bane 2= SZaps2, n=0,1,2.. and
the set {D(y,,yp,Um)/0<a<1,1$b<2,m22} is bonnded by &
Then {y,} is a D-Cauchy sequence.
Further assume that
(73) {v,) converges to some u € X
(74) A4,B,S,Tare (G* H,,H,)- orbitally lower semi continuous at u.
Then 4, B, Sand T have a unique common fixed point.

Proof:- The first part of the proof follows as in Theorem 6.
The rest follows from (7.4) and Lemma 5.
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Certain transformation formulae
of hypergeometric type

B. R. SHARMA

Abstract: The object of this paper is to be established certain transformation formulae involving
hypergeometric series by making use of Bailey’s transformation.

Key words and phrases: Hypergeometric series, Kampe de Feriet hypergeometric function,
summation formulae and transformation formulae.

1. introduction

. . < (@),(b), =" . < .
An infinite series of the form ) ~=n0n = ¢ known a ordinary hypergeometric
n=0 (C),, (l)l

series. It is denoted as , F,[a,b;c: z], where a, b and c are real or complex parameters and z

is an argument with | z | < 1. The hypergeometric series (GHS) have been the topic of a
significant study by W.N. Bailey, R.P, Agarwal, L. J. Slater and more recently G. Gasper and
M. Rahman in its general form also.

A generalized hypergeometric series is defined as

(L.1) ,ﬁ[""““‘“"'"

L (al)n(az)n a'"s(ar)n zh
e

10 (B By vy (B)y (V)
where
_Jal@+)),....(a+n-1),n=12,...
(a)"_{ 0, n=0.

The series (1.1) converges for all z when r< s, at least when none of denominator parameters
are zero or negative integer. It converges for | z| < 1 when 7= s+ 1 and only converges for
z=0when r>p + | unless it reduces to a polynomial.

A kampe de Feriet hypergeometric function of two variables is defined as

gl [(0,-;) :(6,).(By) ;.r.y]

(12) p;U;U’ (cp)stdu)o(d!})
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22 (@ G, 2"
m=0n=0 [(cp)]mﬂ [(dv}lm [(d'u' )]n (nm (l)u

where (a;),, stand for the sequence of parameters a,,ay, ..., a;80d | | <1, | y| <1, and
A+ u'+ 4’ < p+v+v' +1for convergence.
2. In order to establish certain transformation and summation formulae for generalized
hypergeomitric series, we shall make use of the following Bailey’s transformation:
If
n
2.1 Bu=Y. @ Uy Vpyr and

r=0

n
22) ¥a =Y. Orin Uy V, 42, Where a5, ,u, and v, are the functions of r only such that the
7=0

series y,, exists then under suitable convergence conditions:
] o0
23) Y Cuta= 2. Puba

n=0 n=0
Now, we shall be in need of the following known relations due to Slater [4]:

al+2 bc,dt+2a-b—c—d+n-n;l
24) | o 2
2’
(1+a),(l+a—b—c),,(l+a-b—d),(1+a—c—d),,
=(t+a—b),(l+a-c)n(l+a—d),(!+a—b—c—d),,

B (1+a), (l+‘—;—b)a

l+a-bl+a-cl+a—-db+c+dl+a+n

[ b-m;l
(25) 3F2 1 » ] =
l+a-bl+a+n a
- . EE)(l+a—b)"
a
al+—ab—n;l
(2.6) = i 2 _ (1+a),
-z—a,1+a—b.l+a+n (1 +a—b), .
\
: a
[ alby_.n:" L6_25‘)?: (l+5_b,“("bjr.
&2 sF2 | 1+a-b,a+2b-7 i (+a-b) "g_é) (E—b) (-23‘)-
h.'._z 3 2 A M
i a
al+=b—n;! / :
- i ! (a—28), (=),
: ' —J+a-bi+20-n | (I+a—b), (=26},
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CERTAIN TRANSFORMATION FORMULAE C.

_ ab;l | (+a),(1+b),
&g 2y [ l1+a—b ]" (1 +a+b),(1),
a,b;1 | _ TE@T(c—-a-b)
e [ |- T(e-a)(c-b)
3. Main Results.
(3.1) If we take
(l+a-b-c-d),
u, = .
M5
(14+2a-b-c-d),
Vyp =—
' (1+a),
(@ (14+2) Bt
and ay, X

(1), (%Z(l+a—b)',(l+a-—c),,(l+a—d),,
in (2.1), then we have
@ (1+2) Orera,
a),(-:-)r(l+a—b),-(1+a—c)r(1+a-d)r
 (+a-b-d),, (+2a-b-d),,,
Opr (14 )y,
_ (+a-b-c-d),(1+2a-b-c~-d),
i M),0+a),

a (@), (l + g)r &), (), (d) (1 +2a=b-c—d+n),

0. b (;) (+a-b).(1+ a-c) (1+a-d),
r
(_n)r

x

(b+c+d-n).(1+a+n),
(+a-b-c-d),(+2a-b-c~d),
ﬂ)u(l‘l'l‘ﬂ)n

@+ bc,d,1+2a-b—c+n-n;l
2

(24) *1 55| 4
—,I+a-bl+a-cl+a—-db+ec+d—n,l+a+n;
b

We shall now make use of (2.4) to obtain.
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_ (1+2a-b-c-ad),(1+a-b-c),(1+a-b —d),(1+a-c-d),
)y (1:!""“'-'5)'0 +a—-c),(l "'.a'_d.)n
Putting the values of u, and v, in (2.2) and taking &, =1, we have
o E L(lr-!-a-—--b-C~d),.(l+20-b— c—d)riin

=0 D)y (14 @) 429

_ (1+2a—b'—.c—-d)2,,._*§ (1+a+b-c—d),(1+2a—b—c—d+2n),

Bn

(1+a)y, r=0 (1), (A +a+2n),

_(+2a-b-c-d) _|1+a-b-cdl+2a-b-c-d+2n;l
(1+a)sy, kg 1+a+2n

Also, making use of (2.10), we get
ta=(1+2a-b—c—d)y,

I(+a)T(2b+2c+2d -2a-1)
F(b+c+d)T(b+c+d—a)

provided Re(2b+2c+2d—2a-1)>0.
Putting the values of ,,7,.@,and &, in (2.3), we get

o @ (1+2) Orn@,
- ma;(%);@.,.ﬁ—b),ﬂ+a-c),(l+a—-d),-,
m' (1+2a~b—c-d);y (1 +a)T(2b+2c +2d - 2a~1)
(b+c+d),, T(b+c+d)T(b+c+d-a)
B (1+2a-b—c—d),(1+a-b-c)(1+a-b-d), (1 +a=c=d),

=0 M, A +a-b),(1+a~c),(1+a-d),
(1 +a)T(2b+2c+2d —2a-1)
x
C(b+c+d)T(b+c+d—a)
! a b ¢ d b ¢ d
1 =0, ld _____ "",l"" ————— —
aVrosbod=o=g—plta—3-373

-‘21_,1+.¢-b-,1+-a—c,l+a—d_,%+5 Lo Y L

x 4 Fg

LY

2
- F 1+2a b-c-dl+a-b-cl+a-b-dl+a-c-d;l
L l+a-bl+a-c,l+a—-d

provided Re(2b+2c+2d —2a)>0
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(3.2) If we take
u, =L o5 =__I_ and @, -.—Mh(:.l),thenwehav'e
(1), (1+a), M), +a-0),

-3 (@), B) (1)
r=0 (), (1+a~ )y ()yeyp (1 a)u-H‘
x 1 & (@), (), (‘ﬂ_jr
Da(+a), r= @), (A+a=b),(1+a+n),

= 1 3F abb!_n :
M) (i+a), > *1+a=bl+a-n;
Now, making use of (2.5), we get
23 i
22
i oa’n

a
n! [l + 5_-)3(1- +a-b),
Again, putting the values of u,,v, in (2.2) and taking &, = (@) (By), we have
=3 @rin Ban
"n _E- @rin (Pran W A+
_ @)y (B)y & (a+m), (B+n),
(I+a)y, r= (), (1+a+2n),

_ @), (B)y - [a+n.ﬁ+n;1]
(1+a),, U 14a+2n;
Finally, using (2.10), we have
_F(+a)T(l+a-a-p) @)y (P
" TU+a-a)T(+a-p) (+a-a),(+a-p),
Provided Re(l+a—-a—£)>0
Putting the values of a,, 8,,7, and &, in (2.3), we get

By =

Fl+a)T(+ a—a—-p) & (a)a (b)n(“)n (ﬂ)s-(_l)u
F(+a-a)T(1+a—p) n0 D,(1+a-b),(1+a-a),(1+a-p),

@ (l+-:—'—b_)!_(a)u(ﬂ)u x4Fs[ aba,f;l ]

l+a-bl+a—a,l+a-
=0 (l)-,,(HE) (+a-b), +a +a-a,l+a-p
n

=
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a .
_TQ+a-a)T+a-p) | @PI*570

ra+aT(+a-a=p) = | 1+%14a-b
2

provided Re(1+a—a—f)>0

Similarly, making use of (2.6) — (2.9), we can establish the other transformation formulae with
the help of (2.10).
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Cartesian product of r hyperbolic
Hermite manifolds

JAYA UPRETI AND SHANKAR LAL

Abstract: Cartesian Product of two manifolds has been defined and studied by Pandey [2]. In this
paper we have taken Cartesian product of r Hyperbolic Manifold, where r is some finite integer and
studied some properties of curvature and Ricci tensor of such a product manifold.

1. Introduction:

Let My, M, , . .., M, be r Hyperbolic Hermite structure manifolds each of class C ®
and of dimension m, n,, ... ., # ,respectively. Suppose (M)m,, (My) m,, ..., (M,) m, be
their tangent spaces at m € M,, my€ M, , ..., m.€ M,. Then the product space
(M.)m;x(M;)m,x,....x-(M,)m,emhlsvmﬁuHs.ofﬂlefomﬂuX;....,X,)
where X; € (My)m, , X; € (My)m,, . .., Xy € (M;) m,[2]. Vector addition and scalar
multiplication on above product space are defined as follows:

(L) KX, X))+ H . B)=(G B, X+, X 4 YY)
(l‘z) ACXI"XZI'O')XI'_)‘;(;'XHAXII' -O’A’Xr)

Where X;,Y; € (M;)m;, i=1,2,..., rand Ais a scalar.

Under these conditions the product space (M)m, x (My)m, x . . . x (M,.) m, forms a vector
space.

Define a linear transformation F on the product space.

(1.3) FXyu X, X)= (RX, 2%, ..., Fr X))
Where F\, F;, ..., F, are linear transformations on (M\)m, (My) m,,...,(M,) m,
respectively L

If fis fosevnn Jr hcmmmmm(ﬂﬂ'ﬂbf%}mn--.(Mr)mr
respectively, we define the C® function (f,, £, ..., fr) on the product as

(14) KXoy oo XS fose o s )= GG/ 5000 X 1)
LetIf D\, D,,..., D, be the connection on the Manifolds M,, M,, . .., M, respectively.
We define the operator D on the product space as

(15) Oty s %) Tt oes ) = Digis Do D)
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mnmmmmwammmmmnhaMmmm
manifold.

2. Some Results
Theorem 2.1. The product manifold M, x M, x ... x M, admits an almost Hyperbolic
Hmﬂemﬁwwmhemw& M, M, ..., M, are almost Hyperbolic
Hermite structure manifolds.
Proof: Suppose M, M, , ..., M, are Hyperbolic Kermite structure manifolds. Thus there
exist tensor fields Fy, F, ..., F, each of type (1.1) on M,, M,, ..., M respectively
satisfying
@1 FXX)=X, i=1,2,....r

In view of equation (1.3) it follows that there exists a linear transformation F on
Mix M; .. .x M, satisfying

2 FY (X Xy, X ) =(FRX,FL, X, ..., F2 Xp)= (X Xy 28D

Letnsdnﬁneakimmﬁmmu-icgonﬂnpmmmmifoldu, xMyx...x M, as
(23) (X Xy o, X (B 1, B D) = ) (X, K) + 95 (X, By) + .. +g,(X,. 1)
Where .
(24) g{(FXy,FXy,....FX,).(FY,,FY,,....FY,))=-g,(X,, %))

=~ (X0 1)~ ... ~ g (X, ¥,) - (n(X)n(E) +
+(X)n(H) + ... +(X)n (%)}

and g,,g,,...,8, are Riemannian metrics over the manifold M, x M, x . . . x M, respectively.
ﬂmthepmdnctspmadmitsmalmostﬂyperboﬁchﬁtesﬁ-um[I].
If §,.&5,...,&, bethe vector fields and MM .., 1 be 1-form on the almost

Hyperbolic Hermite structure manifolds M, M, . . ., M, respectively then a vector field & and
a 1-form 7 on the product manifold is defined as

23) 1(X)¢ = (X)) (X2)éss ., e (X&)
We now prove the following results.
Theorem 2.2. The Hyperbolic product manifold M, x M, x . . . x M, admits Hyperbolic
contact structure if and only if the manifold My, M , . . . , M, possess the same structure.
Proof: Let My, M, , . . ., M; are Hyperbolic almost contact manifolds. Thus there exists tensor
fields F; , of type (1,1), vector fields &;and 1-forms. 7, , i=1,2,...,r
(2.6) FHX) =X, +n0;(X)E;
For product manifold M, x M; x . .. x M,

F2(X\, X3, X)) =(P} X}, X3, F} Xy ..., F2, X,)

e ——————————

4

T By ER

:
As |

i)

3.1




CARTESIAN PRODUCT OF r HYPERBOLIC HERMITE MANIFOLDS

which is view of (2.5) and (2.6) takes the form

FAX1, X2 X)) = (X1 X o, X)) + XD ELT2 (XD Ey oo 1, (X, )Ey)
or FY(X)=X +n(X)¢
Hence product manifold admits a Hyperbolic almost contact metric structure [3].

Theorem 2.3. The Hyperbolic product manifold My x M, x ... x M, admits Hyperbolic
Kahler structure if and only if the manifolds My, M, . . . , M, are Kahler manifolds.

Proof: Suppose M,, M,, ..., M, are Kahaler manifolds. Then

@D Dy ®) =Dy, B)®)= ... =Dy, F)X)=0

As D is a connection on the product manifold. Hence

(2.8) Dixyxs,.... xpyF) (B Yo, ... 1) =Dz, xpiF(H Yy Y ) -
~F{Dxa,....x0) (B, s 1)}

Which in view of equation (1.3), equation (1.5) takes the form

.....

-F(DI.hYIvDZIzYJI eny Drzr}’r)
= (D i 11, Dy, Fa V... Dy Fi ;)= (FiDiy Yy FaDag ¥y s Dy V)

= (Dix, ), (Do, ) (1) ..., (Dyx F) (V)
=0,

Thus the product manifold is Hyperbolic Kahler structure manifold.

Theorem 2.4. The product manifold My x My x . . . x M, of a Hyperbolic almost contact
melric structure manifolds My, M , . . . , My is almost Tachibana if and only if the manifolds
M, My, ..., M, are separately Tachibana manifolds.

Proof: Let an almost Hyperbolic Hermite structure manifolds M, M, , ..., M, are almost
Tachibana manifolds. Then

29) (D, F) (4) + (D, ) (6) = 0,i=1%, ..., 7
The result follows in view of the previous theorem (2.3)
3. Curvature and Ricci tensor
Let X=(Xj, X;,...,X;)and Y =(¥), Vs,. .., ¥;) be C * vector fields on the product
manifold Myx My x...xM, and f=( fi, fo,..., fy)bea C™ function. Then
X %, ... %), (Y, Yoy oo S YN (s fneoon Sr)
=X, X,..., )N, B, F,)
G U oo s IR Yoy YD) (K Ko X0 ), (s B s SN
=X 4. 0% Bl [ X Yl )
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Suppose K;[X;,Y;,Z;),i=12,..., rbe the curvature tensors of the almost Hyperbolic
Hermite structure manifolds Mj, M, . . . , M, respectively. If K(X, ¥, Z) be the Curvature
tensor of the product manifold M, x M, x . . . x M,.

Then we have

(3.2) KXY, )=[K (X, Y, Z,],K; (%5, 12, 2;), ..., K- (Xp, Y, Z,)).

Let W= (W, Ws, ..., W,)be a vector field on the product manifold. Then

(3.3) KX YLZW=gKXY,DW)

(34 K'Y, Z W)= KX, 1, Z, W) + K (G, Yo, 2y, W) + ...
+Kr (X, Yp Zp,Wy)

Then we have

Theorem 3.1. The product manifold My x My x . . . x by is of constant curvature if and only if
almost Hyperbolic Hermate structure manifolds My, M, , . . . , M, are separately of constant
curvature.

Theorem 3.2. The Ricci tensor of the product manifold M, x M, x . . . x M, is the sum of the
Ricci tensor of the almost Hyperbolic Hermite structure manifolds My, M, , . . ., M.

Theorem 3.3. The product manifold M, x M, x . . . x M, is an Einstein space if and only if
almost Hyperbolic Hermite manifolds My, M, , . . . , M, are separately Einstein spaces.

Proof: Let the product manifold M, x M, x . . . x M, is an Einstein space. Thus

(3.5 Ric (X,¥)=Cg(X,Y)
Where C =& K being the scalar curvature and 7 being the dimension of the product
manifold. Then

Ric(xf’yf)gcgf(xiyf)! i=lv2is-"|r'
Therefore the manifolds M,, M,, . .., M, are also Einstein spaces.

REFERENCE:

[1] Dubey, K. K., On Almost Hyperbolic Hermitian Manifolds, Analete Universita Th Din
Timisoara Seria Stinte Matematica, Vol. X1, Fase 1, pp 49 -54. )

[2] Pandey, H. B., (1981), Cartesian Product of two Manifolds, Indian Journal of Pure &
Applied Mathematics, Vol. 12, No. 1, pp 55-60.

(3] Upadhyay, M. D., & Dube, K. K., (1976), Almost contact Hyperbolic( f,g, n, £)
structure, Acta Mathematica Academiae Scienteaum Hungarica Tome. 28(1-2) pp 1-4.

JAYA UPRETI AND SHANKAR LAL
D o N :

Kumaun University,

§.8.J. Campus,

Almora, Uttaranchal, India.




Vol. 26, No. 1 & 2, 2006.

Page
: P&nhabﬂnydimmwdmibehm&dﬂdm&mafmnly
- Tika Ram kyal. ............................................. [1
. Matrix maps of the classes (S, (p,A), S£(p)) through the connection of the
classes (S, (p.A)f), (S6,(p), €) and (£, ,c)
— Kamalmani 'M‘b,, .......................................... 9]
Mmt’f!’.‘{xw
~C.R.Bhatta. ......... . S S [19]
4. Fixed points in group invariant subspaces
~M. Kamrul Hasan and Partha Pratim Dey... .................._... .. 27
~Madhu Jain, G. C. Sharma and Ranjeet Singh Pundhir... ........ ... B1]
. Analytic solution for a system of KDV equations
—Mahendra Panthee. ... .......ocoiiii iiiiiiii [47]
. Mﬁmdaoﬁsofbﬂﬁﬂwﬂgﬁmﬁmﬁunamof
~N.K.Rana....... B e asragios s S e o e e T [55]
s Cmmmmw&ﬁwmhmmmhg
certain continuity conditions
—~KP.R.Rao,K.Jhaand P. Ranga Swamy . ... ...................... [59]
~B.R.Shama [67]
10. Cartesian product of r hyperbolic hermite manifolds
—Jaya Upreti and Shankar Lal ... ............................ 73]

Computer Typesetting at UNION
Wotu, Tadhanbahal, 35., Kathmandu, TeL awa-1m-a1 4-252281.

Printed at TRIBHUVAN UNIVERSITY PRESS,
Kirtipur, Kathmandu, Tel. 4-331320, 4-331321.




