
THE NEPALI
MATHEMATICAL SCIENCES

REPORT J

PUl;lislnd By

CENTRAL
DEPARTMENT OF I\,IATIIEMATICS

TRIBHWAN UNTVERSITY
IGTHII{AIITDU, NEPAL

VOLIIME 26. No. I &2. 2006.



THE NEPALI
MATHEMATICAL SCIENCES

REPORT

Iatics

Published By

CENTRAL
rics 

DEPARTMENTOFMATHEMATICS
TRIBHWAN UNIVERSITY

I(ATHMANDU, NEPAL

VOLI]ME 26. No .  1&2 . 2006.



Th€ N€psli MstlL S€. RePort

Vol. 26, No. I & 2,206.

t .

OONTENTS

probability disrihtin b dcscribc 6c pocm of ctild hcs froo a famity

-Tika Ram ArFl..

Matrix mape of thc classcs (S'(PAI Sa@(PD tLq!! tb rcbo of tbc

classes (S, (pA)rJ (S/-(PI c) ad (f, r)

-Kamalmani Baral.

Uniform version of Wiener-Taubcrim thlo facqdcdire rnb.rs

of subspaces of t tPr,p;

- C. R. Bhatta.

Fixed points in group invariant s$spoccs

-M. KamrulHasan and Parthahim Dsy.'

Time sharing machine repahmodelwih nixed ryees and additi<nd Ep.irm

- Madhu Jain, G. C. Sharma and Ranjeet Singh Pundhh ' ' ' '

Analytic solution for a system of KDV equations

- Mahendra Panthcc.

Derivation of a class of bilarcral generating functions from a set of

orthogonal polYnomials

-N. K. Rana..

Common fixed point theonems for four maps in D-metic space using

certain continuitY conditions

- K.P.R Rao, K. Jha and P. Ranga SwamY

9. Cerain fansformation formulae of hypergeomeric type

- B. R. Sharma

10. Cartesian product of r hyperbolic hermite manifolds

- Jaya UPreti and Shankar L.al' ' ' '

Page

t l l
r

tel

3 .

l lel

l27l

[3U

I47l

t5sl

t5el

[73]

167)

5.

7.

Computer Typesetting at UNION COMPT'TERS'

woii,i"OftiitU.ftA, i5., K"tht-du, Tel' 9tD3-1S31' 1-z52trl1

Printcd ATTRJBHUVAN I.JNIVERSITY PRESS'

Kirtipur, Kathmandu, Tel. 4-331 3Z), 4-3:!1 321'



The Nepali Math. Sc. Report
Vo l . 26 ,No . l&2 ,2006 .

I
!r

Probability distributions to describe the

il
h

pattern of child loss from a family

TIKA RAM enyAl'

Abstract: This paper attempts to investigate tne distribution of child loss from a family through
probability models. The suitability of the models has been tesrcd with the real sets of sample survey data
froth Nepal, Libya and Brazil. Poissorl geomctric and displaced geometric distributions have been fitted
to describe the distribution of families according to the number of child deaths. The parameters have
been estimated by maximum likelihooC method. It was found that the proposed geometric and displaced
geometric distributions more or less provided a suitable description of child loss pattern at micro tevel
(family level). These distributions fitted satisfactorily well to all flre sets of sample dat4 which may be
utilised to predict the risk of child loss in a hmily in any society. Findings may help planners and policy
makers for designing proper policies and programs in a country.

l. Introduction

The force of mortality is still high at the younger ages particularly during the infancy Il]
Level and trend of early childhood mortality indicate the standard of rJevelopmint of a country
A high rate of child mortality in a society indicates the reproductive wastages of physicil,
economical and psychological potential of a woman, and consequently shows a low level of
success of a counfy's health program [2]. The child mortality has been of interest to
researchers because of its apparent relationship with fertility and indirect relationship with the
acceptance of modern contraceptive means [3]. The distribution of deaths with respect to age
during the infancy is usually not governed by any single universal larv because there exisia
number of distinct pattems, which might be changed over time. It has been increasingly
realised for several reasons that child loss from a family needs to be examined besides infani
deaths [4]. The reported data ofdeaths during infancy and childhood suffer fiom substantial
degree of errors where vital registration system of such information is not available [5].
Usually errors occur due to recall lapse, which result in omission of events, misplacemeni of
dates and the distortion of reports on the duration of vital events [2, 5J. To overcome such
limitations, models served the purpose and are needed to be developed to remove such
variations due to these biases from one age to another. In fact, a model may smooth the data
and provides a reasonable distribution ofdeaths according to age.

A number of attempts have been made to study the age patteffi af mortality by using
models'i2,6,7,8,9, 10, ll l. Initially, Keyfitz [i2] used ahyperbolic function to studythe
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infant and child mortariry. choc [r3l uscd ltcibolt firtion and Harrnan [r4] appried aIogarithmic function for the 
rnte P*# Krtr- d Jm trit *ilir.a parero disfiibution rodescribe the distribution of infant 

'd"-6. 
; fq.d r ;;;i;.fiuing. chauhan [16]suggested finite rangemodel to study tbc dcd,s ,3g tF f,," u, ,."* Finite range modelwas proposed by Mukherjee and Isram [r4 n rctd'ry-an!; k t l,*rroorttry and Rajna[18] checked the suitability and modified ti f", g.d'rts oi 

".r''*rr,ip 
turrtion. Bhuyanand Deogratias [r9] used a modified potya a.pptimo&r o $d] d,. petrern of chird ross in

il!f,|[:*:'|##fi: 
renect an i""'*i'e #rhrin .aruiJ; noders r* a"*"rle

An adequate research work on dc pancrn of cl:ird b6s from a family has not been doneyet in Nepal, which may be due to lacl br *cr.o uutg rescachers or lack of reliable data.child loss from a family has- an importarr irdbbr ri ue *.ii-i.ing of the country, ingeneral, and, in particurar, we[$eing of thc wonrcntcalth 
]*,-*ir oaper a$empts to studythe distributional pattern of farnihcs- -"onurg to rhe numbe. or .r,iti loss (under 5 years)through some probabiliry models. varbus r"d or daa from Nepal and other countries havealso been used to discr-rss sc appricabitiry of the procedures proposect in this paper.

2. Models

As mentioned otlie'-, some probability distributions have been discussed this section tostudy the distribution offamilies iccordin! to the numbet or.rrilJ aruths (deaths within thefirst five years of lifc)'.The assumption oTusing probability distribuiions is that only those

ffilf}lff" 
considered in wtrictr at t"ast one uirth prior to m" ,uiu"y date (study point)

2.1. Poiseon Distribution

Letxdenote the number of child deaths in a family at the survey point which follow aPoisson distribution. The probability mass function ofX is

I t i
acc

(6)

(7)

Tak

( l )

(2)

p(r  = h)  = ' - : . r  ) !  
for  r  =  o, l ,z ,  .

hr
when l is thc ris& of dcath of a child in a fanily. The n,aximum likelihood equation of (l) is

|  |  ;  r_ l t1k lz=I I I IPQ=t)1=gi7]

Taking logarithms of (2) od diffcrcntiating with respect to ,r. and equating it to zero, we get

(3) Sloet , nF - ^
T = - n + i = 0

On solving (3), ttre estimdcs of i can easily be obtained as

(4) i =E

2.2. Qeometric Distribution

LotXdenote the number of child deaths in a family at the survey point which follows ageomefic distribution. The probability mass function oiXis

(8)

O n r

(e)

2.3.

o f X ,
le:sr
expel
prop(

occut
death
numb

Hencr

(10)

Mode
distrit

randor

nt)be

likelih

r l  l )

Taking

equatir

(s) p ( t = h 7 = q t p  f o r  i  =  0 ,  1 , 2 , 3 , . . .
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It involves a single parameter p to be estimated from the observed distibution of families
according to the number of child deaths. The likelihood function can be expressed as

(6) r,=f]ftp(r=&)l= fftoo'l
t4 

-r*
ZL

(7) L = poqta

Taking logarithms of (7) and differentiating with rospect to p and equating it to zero, we get

(8 )  6 t9e l  =n  - !F  =o
6 p  p  r - p

On solving (8), the estimate of p can easily be obained

2.3. A Mixture of T\vo Displaced Geometric Distribution

Let Xdenote the number of child deaths in a family at the survey point. The disfiibution
ofX is derived under some assumptions as (i) only those families are considered in which at
le:sr one birth prior to the survey has had occurred, (ii) at the survey point, a family either has

experienced a child loss or not and let p and(l-F)be the respective proportions, (iii) out ofl

proportion of families, let f be the proportion of families in which only one child death has

occurred, and (iv) remaining (l-€)P proportion of families, experiencing multiple child

deaths, which follows a displaced geomefiic disfibution with parameterp according to the
number of child deaths.

Hence with these assumptions, the probability disribution ofXis written as

(t0)

n@= k1= 1-P for *: o '

= € p  f o r * = l

^ l
P = -'  

l + h
(e)

:0-4)Bpqk-2 for  t=  2,3, .  . .

Model (10) involves three parameters {, p andp to be estimated from the observed

dishibution of families according to the number of child deaths. Let q, rz, . . ., r11 denote a

random sample of size Nfrom the population (10). Further, suppose tlnt 4 (ft = 0, 1,2, . . .,

zr) be the number of observations corresponding to the value of t and ioo =.1/. The
l=o

likelihood function for the given sample can be expressed as

L=frlp@=k)f,k =(t- p),0((p\,, i l (r -€)pwk-2j",
/s=0

( 1 1 ) L=(l- p)no €u pn-"o (l-€)o-'n-ot pil-no-nr

Taking logarithm of (11) and differentiating with respectto p,{

equating it to zero, we get

xr-z)nr
qot

andp respectively and
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6loeL no ' rt-f,l -O
(12) T=-T4+T4-

6 lag ! -=9 -n -= ' t . ] - o t  =o
( r3)  T-7 , -€ 

^
l '(h-27n2

6logl -n-no-q - f-3' =0
( r4)  T--  p r -P

From (12), (13) and (la), tlrc estimatcs of P 'E odp can easily be estimated as

t  n - L . r =  n i  
a r d  O = *f  =7 ,5  - -n_72o .  -  

, r_ rh  _ r r )  * i1 i  _ r1n ,

Vaiiancesutdcovriancesoftheestimstcsoftheproctcrsreobtainedbytakingsecond
partial derivatives of bgtr as

6 2 l o g l  - -  \  = - " - h(15) 
6p, 

- 
(r- ilz p'

6'WL =,q -?t , -no-n)
(16) 

T-- €, ( l_6f

62tosl - (n-no-nt) -EG-'lo'
( r7 )  

T=-T  $-p)2

(r8) ffi=6'#!=ffi=o 
'

,t

Takingthe fictthat E(ns\=rtf, \x,=or, = 
E 

t p(xi =0)=f, o - p|=n(l'p\'msimilar

way we cmwrite E(nl1=ngB' E(n)=n(l-6\Fpqv-2 for h=2'3' ' ' ' 'tn,

E(n' no) = ilP, E(n - th - nt\ = nF (l - €\ nd

of\, f* - 2) nrl = Elth + 2n4 + 3th +' " + ('n - 2)tt-l

i=3
= n(r -€) f  Pql r+2c+3q2 + " '+(n-2)q^ l

= r{r-Ofqtt-t:;' -(m-2)qn-21, for small tn

= n(l - o)f q 
, for large rz ,

p

Using-wcftcts,tbeexpectedvaluesofthesecrrndpartia|derivatives0anbeobtainedas'

-.62togl, E(n)_-E(n-nur-= .. \  =6,, (say)
(20) -e{3Vt=6- p, 

- 
P(t-P')
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(2r\

(22)

= ht@\ (say), for small za

-.62logL - n0(r- €\
Q3) - E(fi=, =-T = 4'110) (say), forlarse m.

sin"" rr'lLg,,r ,= ,rollo:t 1= 01fu!) = 0 , so the covariances between the
6 P 6 € '  

' 6 € 6 p '  - 6 F 6 p

estimators becomes zero. Hence asymptotic variances of the estimators can be obtained as,

^ r ^ l
v(9\= 

hr' 
v(€)=fi' and

- t
YG)=m ufren zr is small

I
=ffi whcn rz is large'

3. Applications

The proposed distributions have been applied to the real sets of sample survey data of

Dunographic Survey of Fertility and Mobility in Rural Nepal (DSFM): A Study of Palpa and

Rupandehi Disticts, which was carried out in 2000 [21. Besides, one set of data has been taken

from a household sample survey of Brazil in 1996 [9]. Another set of data from Northeast

Libya conducted under a sample survey in 1987 [201.
The paprneters of the proposed models have been estimated by the method of modmum

likelihood. The observed and expected number of families (along with the estimates of the

parameters) according to the number of child deaths is presented in Tables I to 3. It is seen that

lhe Poisson distibution does not give a good fit to the _data sets whereas the geomefic

distribution and displaced geometric distibution provided a good frt to all the data sets. The

estimated value of pthat shows the proportion of families experienced a child loss, was found

slightly higher for Libya (0.36) as compared to Brazil (0.27) and Nepal (0.21). However,lhe

proportionof families havrng a single child death was found higher for Nepal as compared to

the data of other countries.

The average number of child deaths per tarnily lfft+<t-tlitt*]11fo, Libya, Brazil and
p

Nepal were found to be 0.53, 0.41 and 0.30 respectively. One of the applications of analyzing

such data through model is to estimate the number of child deaths if family size is known. For

example, if on an average total fertility rate (TFR) in Nepal is 4.1 (according Nepal

Demographic Health Survey, 2001), then expected child mortality would be around 73 per
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1000 live births (against the reported mortality rate 65 per 10@ live births) during ttre
preceding (0.4) years from the suruey date of NDHS. This is a close estimate of IMR (73) to
observed IMR (65). The lower observed value of IMR of NDHS data may be due to under
reporting in infant deaths in the survey or two different sources of data which are not
comparable [2]. Thus through such models if the size (TRR) of the family be known, child
mortality may be predicted for a givcn society.

4. Conclusions

It was found that the proposed geometic disribution and displaced geometric disribution
provided a suitable description of child deafrs at micro level (family level). The distibution
fitted satisfactorily well to several sets of sample data of Nepal, Libya and Brazil. So these
disnibutions may bc utilizcd to predict the risk of child deaths from a family in any society of
the county. The findings may help planners and policy makers for designing policies and
programs of a country.
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Table 2 Table 1 Observed And Expected Number Of{f'amilies According To The Number
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L€tsr(A)={xeax(krIAx1|)f=,eco}see[l].TheauthonGaurandMursaleenhaveextended

the space Sr (A) /- S, (p, A) in the same manner as c s,c' I 6were extended to co@)' 4P)' t -(P)

respectively (cf.[l1],[10],[23]). They have determined the a-and pduals of their new sequence

space.Letp=(pJTbearryarbirarysequencesofpositiverealsforr>lthentheyhave

defmed.
Sl (p,A) = {x eot : 1ft"Ax7r)i" e co(r)}

Where co(p){xeat: lim lxplr*=0}

l f  p= e=(1,1,I  . . . ) thenthesetS,(p,A)reducestotheset S,(A) 'For r=0'  Sr(p'L)tFthe

same asAco( il @t. Ul' [9]' U6l)'

We will need the following two lemmas'

LemmaA.l(CorollarylinU6l)'Let(pn\i-tbeasequenceofrton'decreasingpositivereals'

Then ae (pr)-I,c, implies p=1Rr),e(Pn)-l,co where

^,= i  ap @:12,.. .) .
k=n+l

LemmaA.2(Lemmal(b)intl7]).Letp=(p)?=lbeastrictlypositivesequertcessuchthat

pel - then Ae(co(P\, l )  r f

sup ( o -+)

(*) B(M)= \. :N I  I . t  E:,* lM 
Pk 

l<a
IN finite \ &=l r e IN )

Where the right IN represents the positrve integers for some integer M> 2

A.2 The aFand Pduals of S'(P' A)

Theorenr A( 2.1). Let O = 1p1)T be a stictly positive sequences and r > | then

a) [S"(p,A)]o= U DIr)(P),

{l0l

N > l

b) lS,(p,L)l! =c,(p\= fi n!2)@)n U o[3)@)'
ve cf N>l

|  - l \ - l  j

where,  o lD@\={ .A; '  , - i  
)  

. t1={aea:)  lar l

k-r *-rtPt 1
t  

-  
l < - ) ,

7 t j ' l

6 k-l yl.lPi

D !, @) = (N,-r yu n 1-1, c, = { a e o : 
Ao 

o Z, 
=rJ-=- 

converges},

Dfr) (p) = {a e at. * 
"(+)-' 

r ' , = {a t a' i lnof{'* y'

Lrx =(kr Lxir)f , Ar-lx =(k'l_l *)T=t

and cfr is the set of all positive sequences is cs'
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A 3.0 Matrix transformations

For an infinite complex matix I = (an)|.h=t we write A, = (o*)Lt for the sequence in

the n6 row of A. Let X and I be two subsets of ro. By (X,Y) we denote the class of all matrices

.l such that the series l,r(x) =i o*rrconverges for all x eXand each n elN(positive
t=l

integer) and the sequence A, = (An@))i-aerf for all x e X.

Theorem A 3.1 Let p = (p)i be a strictly pdsittve sequence and r 21. Tten

Ae(5,(p,L),1.) ff

D D"(v) =sup lesrlvrrrll

@ r-, nt'ot I

Pr"*E ,, lco 
forallvatsf,'

(  -  Mr tP* \
i i )  D, (M):=sup 

I  l ln* l  *  lco 
forsomeintegtM22,

\ r= t  k '  )

Wb.rc, ** = i an forall z md t, and
,*+l

1 6  |
iii) D- =sp lt,{e\l=T 

l 14',n l.-

Theorem L32 Let p=(p)? be asticily seqaare suchtlnt pel*andr>1. Then

Ae(5,(p,L\,1-)ff
sup

D cJr) (v): : N cIN
N frnitc

o rt ullr, 1

zaN lr=l J=l J I

where the rig&t IN rs a positive'integer for all sequencesv e Cfr ,

s u p  ( -  -  M - " )
iD c!2)91:=NcIN I I  I  lRrrl :  * lco, forsomeinteger M22and

' 
Nfinire 

[. 
t=t naN K' 

)

iiD ,,,, =X#,ry2-e,t,1l=-.

= sup
n

Z A,{t-}vrr o'1
z a N

sup
=  N c I N

Nfinitc

Note that the right N is a positive integer.

These are the works done by A. K. Gaur and Mursaleen in their respective paper [6].

Now we would like to go in the matrix maps of the classes (lyc) ace'omplished by Jinlu Li.

-
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In [E] Jinlu Li has characterized the manix rnaps in the classes (/1,c) which is treated as

general weighted mean summability methods (GWMSM) in wni6n Ure results include a
classical result by Hardy and another by Moricz and Rhoades as particular cases. Jinlu Li has
treated as follows.

,{ series l.r1
k4

of complex numbers is sard to be summable (C,l) ifthe sequenee

I  n k'  
\ .  S_  (n :0 r1 ,2 , . . . )

- - r  L  L / ' i
" " k=0 t=l

co,nverges to a finite limit as z + @.

In F] Hardy proved the following theorem.

Theorem (B 1.1) Tlrc sqies (B.l.I) is sum&le (C, I) to afuite monba L ilfilE series

(Bl.r)

(B 1.2)

(B 1.3)

(B.1.4)

(8.1.5)

(8.1.6)

al

q

8!
g

B

ol

b::P=,,*
cotvqges to tlp sone limit.

For a soquence of posfive nrmbers(po) .la p, =L pr. A weigbted mean matrix lv- is an
t<)

infinrty lower trimgrlar matrix with entries (see [20]).

a r t : = L ,  ( k = 0 , 1 2 , . . . , n = 0 r \ P , . . . ,  )
pa

The series (Bl.l) is said to be summable fr if tne following sequence:

t @ L

* t Pr2r,, (n=0,1,2,...,)
I'n L4) ,=0

converges to a finite limit as n -+ @

It is clear that summable (C.l) is a special case of summable lV- where

Pk =1, ( t= 0' l '2 '  . . . )

F
(c

h

a

Based on the aoove ideq Moricz and Rhoades (2) established a result for a broad class of

summability methods, which include the method of summability (C.l) as a particular case.

Theorem 8.1.2. Let fr te the weighted meon matrir detrmined by a secluence (P) of

positive nunbers such tha thefollwi,ng ponditiotts are satisfied:

(8"1.7)iD

iii)

p n t @ , * . , o o s  r . J @

ly{m*.f*13"=y#l}="
;:E{#.+hlry? +li.-

h

tt

t r

l a

wirt the agreement that
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P-t= P-l=0

Then the series @.1.1) is summable .F to a finite number.f, iffthe series

.  t r3J

(8.1.8)

(B.l.e)

(B.2.1)

(8.2.2)

(82.4)

(82.6)

. a

converges to the same limit 1,.

In this paper [8] the author is studied the matix tansformations from the space of
absolutely convergent series of complex numbers / r to the space of convergent sequence of
complex number c that is in the classes (/r,c). Further the author have established a more
general result for a broader class of weighted mean methods, which includes the method of
sumrnabk lg as a p{ticular casc if thc s€ries (B.l.l) is absolutely convergent.

BJ.O Mrtrir tnrsfornrtiols from /1to c

la A = (a,*) bc an inftritc matrix with complex entries and let/ denote the linear space

ofcorylcxumbcrssequ€nces.Forasequencex=(xr)el, Arisnl anditsentriesaregiven

by

(Ar\ n = 2 ou r t, (n = 0,1 ),,...,)
t=0

provided the series @nv€rges to a finite complex number. fire followingresult is well known
(cf. [25], [27]),we list it as a proposition.

Proposition (8.2.1) Let a =(a) be a seEtence of complu numbss. Itfor arcry y = (xn)el1

the series

2 orrr
t=0

converges to a finite complex number. Then

;up 
{l a* l} < o (8.2.3)

from the proposition (B.2.1) we have the following interesting result.

Proposition (8.2.2, 1s1 a=(ailbe a sequence of complu rwmbers. Iffor every

r = (xr) e ly, the series

i,'*r
k=0

converges to a fmite complex number, then the lfurear functional f defined on/1 by

fo!)=f "*r 
(8.2.5)

l=0

is continuous (bounded) linear functional on/1, such that

AE,*-r

il f,n= sup {lar l)
t>0
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From proposition B2.1, we know that /{ is well defined as a mapping from / 1 to L , itr

sup {lan* l} < o, for n: 0,12 ... (82.7)

The following result has been proved in 126l by using functional analysis techniques. It is also

provided by summability methods. we list the following theorem without proof.

Theorem (B 2.3) Let A = (ar) be an infinity matrix with complex entries. Then A is a

mappingfrom 11 to c if thefotlowing conditions are sotisfied that is A e (4 r c) rf

i) for every fixed t= 0,1,2... the sequence(4,*) converges to a furite limit as n'+ @.

ii) supn,/r>o {la4 l} < o .

Furtt€nnoror if A=(an) satisfies the conditions (r) and (ii), then for every .x= (x,)e/1,we

have

t l4l

lim (Lx)" = lirn i a,kxt=i 1 rit oo)t*
rr-to n'+@ i:O l=0 n-ro

The following corollary follows from theorems (B 2.3) and @ 2.E).

Corollary (B 2.4) Let A = (a,,) be ot inlinity matrix with complu entries. If A is a mapping

from llto c, then the linear operator A is contimous (bounded) linear operator such that

l l ,{f l= tuP {la*ll
n,k20

B 3J: Applications to sumnrable (C'1) and summable/v

The following corollary comes immediately from Theorem (B2.3) which describes an

equivalent reformulatidn of summability by more general weighted mean methods which are

matrix tansformatiof s.

Corollary (B 3.i) Let A=(an) and B =(b*) be two intinity matrices with complex entries'

suppose A, B are mappings from t io c, that is A, B satislying conditions (t) , (i) of theorem

(B 2.3). thenfor a,ery x = (xn)elp

(B 2.8)

(B -.9)

(B 3.1)

(B 3.2)

(B 3.e)

:y{Ax)n 
=,}5x(ar),

iffforevery fxed t= 0, 1,2 ...,
'y.ou =nli*bn*

Hence we have 0re following corollary of theorem @ 2.3)

coroltary (B 3.2) For any sequence ofpositive numbers (P),8 =(bn)defined by

[  0  i f t > n l
' l

ank=1 Pn:  Pk- t  
i f  ksn I

l P " )

oo=\fr" r'n
I l  i f k < n

(B 3.10)
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(B 3.10) is always a mapping from /1to c.If (P") satisfying

Pn+ @ as n+ @ (B 3.1l)

then I = (a*) defined by (B 3.9) i6 a mapping from llto c.

The following corollary will give the Moricz and Rhoades's result, theorem @ 1.2), if the
series (B l.l) is absolutely convergent.

Coroflary (B 3.3) Let (Pr) be a sequence of positive numbers satisfying (B 3.1 t).

LetA=(a*), B=(brp)bedgfinedby(B 3.9) and(B i.10).Thenforq'eryx=(xr)e llwehave

lim (lr)o =,lg(a")n =.i^* (B 3.12)
k=0

These are the works done by Jinlu Li in his respcctive paper [S].

Now we wsuld llke to go in fte mating4ps'of,the dasser (|t,.(p),c) and(^S/-(p),c")

accomblistred by S.K. Mishm and K.M, Baral In [3], B. Choudhary and S.K. Mishra have

defmed the sequence space .9/r(p), Sc(p) and Scs(p) and detcrmined the K0the-Toeplitz

(ardual) of ,S/.(p)and characterizedfrre niittiix map's in the ctasses S/.(p)to l*and, c.

In [8], Mishra, S.K.and Baral K.M. have determined fte pduals of S/-(p), ,Scs(p) and

characterized the matrix maps in the classes (St-(p),c)ard (S/.(p),cr).

The pduals of S/.(p) and Sco@)defermined by S.K Mishra ard K.M. Baral are listed in the

following theorems.

Theorem C(1.0) Let p*> 0,for *ry k, that

1 l  f -  I  o  r  I
lst-(p)lB = n j a=(ai:l ZNtte" I conuetger and llrrt l4l<o,lr>r I

rz=l t lt=l I k=t I

wlrcre*.=io"
v=k

k

(Weass ftd 2"^=0(t>1))
n=l

Iheor.em C (l.l) Let pL> 0for every kthen

[sco(p)f =SMo(p) rvhere

. . (  @  |  k  - t l  . o  - r  I
SM1(D= U 1  s=(a i ,Zo* l  I "  

P ' l converges  & l ln r l i v  
p t  < . , / v> l  I

N>tt  k=r Ln=r J u )

The clnracterizations of the matix maps of ttre classes (St *(p),c) and (^S/_(p),c")

dctemined by Mishra S.K and Baral, K.Ir4 are compiled in the following theorems.

Tlorro C(12) 76 pt>0,for atryktlw Ae(Sl-(p),c) ff
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(D Re(l-(p),c)

(ii) * f $"trr'1
L ,.=r- ]ec 

(n'k= l)'3'"')for all itxegus N > I od

(iit) 
)y. ""r 

=d*(h=t23.-)

-  [ o  I
where R = r* =l 2o'rl {r,k= 1p,3,...)

Lv=t J

Theorem C O.3). Let p1 > 0 for arcry k than Ae(St .(p),c) if

(i) C e(S/*(p),c")

I  k  , , _  I
(ii) Bnl zvt',t | " 

r, (n,k=1,2,3,...,) (iv> l)
l i = l  J

. n
(iii) 

JY- b*= lit I aft=Bh (h=1p,,3,...)
n-a ,'_t@ 

i=l

(  n  f  o  l ' l
where C=Cnh=lI I  X"_ l l  {n,k=tp,3,. . .)

I i = t  l v= t  J ]

There arc fte works done by Mishra s.K md Bral K.M. is 6eh r€eective paper [l g].
Now we would like to mt€r in the marix maps in the classes (,sr(p,A),s/.(p)) through the
connestion of the classes (.gr(p,A),/1),(f 1,c)md (Sf _(p),c).

Thoorem (4.0) le(S, (p,A),St-(p)) if

"l 
+6-",t")f

o h-t ,,llPt 1

neN t=l J=l J' I

where the right N is a positive integerfor all seqnencesveC{ ,

(B) clz)s1'=\,#Lry | i I *,o 1 {+ )
1'E 

(  r=r  neN *  
) t *

for some integer M2 2 and

rup
(C) D,')(M)=Nc IN

Nfinirc ,rr"r,l l=..

sup
(A) C,(l)1v;:=NcIN

N finite

sup
= N c I N

Nfinirc

@) For every rixed t= 0,1,2... fte sequence (ao) converges to a finite limit as n + @.

(E) supa,r>o (la* l) < -.

!
ll

l l

ll

o
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(F) Re (/*(

T &
(c) A'l I

L ,=t

(H) 
,t$aar

P),c)

where R="- =[;

I
Nttn lec(n,k: 1,2,3,...) for all integers 1V> 1 and

I
= a*(k =1,2,3*'1

o^."f ,n,o=r,2,3,...)

Note that the right Nrepresenrs me set of podtive integers for all sequences veCfr and the

characterizations D and H are samo.

These o*raracteiizations are the combinations or the theorems (A 3.2), (B 2.3) and (C 1.2)

which are seen the required characterizations of the classcs (S"(p,A),S/-(c)).

It is seen that the characterization ofthe classes through the connections ofthe different

classes seems slightly differcnt but thsy must be compatible (reducible) to each other and same

approach hotds for the matrix maps in the cycle classes such as(S.(p,A),/t), (lt,c),

(c,S/-(p)), (S/.(p), S'( p,A)).
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uniform version of wiener-Tauberian theorem for
equicontinuous subs€ts of subspaces of Lr(X,p)

C. R. BHATTA

Abilncc The Wiener-Tauberian theorsm for R says thar thc closcd translation invariant subspace
generatcd by an /e Il (R) is Zl (R) if and only if the Fourier tansform/ of / never vanisher*h thrs
paper w€ consider Banach subspace of Il (X, n) and pove the uniform venion of the rysglt for It (X)
and segal algebra s(x) on hypergroup x, where xis locally compact tqpergrcup posscsirig gaar
measur€ t&

200l Mathematics subject ctassificatlon: Primary 43A4 s,43A6s;secondary 43A62,
22805.

Key words: Wiener-Tauberian Theorem, tanslation invariant subspacg homogrnoous
spaces, locally compact hypergroup.

l. Introduction:

Letxbe a locally compact Hausdorfftopologicel space. suppose that there is a

continuous map .r -r 7 tom x into x such ttrat (7) 
-= 

t.l*t F be a regular Borel measure
onXsuchfratsuppp =X.

Let (8, ll . lla ) be a Banach space of firnctions on ,Y contain d in Lt (X , p) satisffing

l l . l la>l l . l l , .Supposethatthereisal inearisometicmapf+f*ftomBintoBsuchthat

(,f *)* =l lrtthere be maps o, c:X+ L(B,B)satis$ing

(B.l) ll o(r) li s C ll r(c) ll < C forall c eXandsome C) l.

(B.2) there exists e e Xsuch that o(e)= I

For ( eB*,the dual space ofB, we define (*(fi=O(f*1. It is ctearthat (*eB* urd

ll0'll= ll / ll. The maps oandr induces o* and r*: X-> //1E* , B* ) defined by
o, (r)QU)= 0@@)f)ad f (00U)= 0(G@)f ).It is clearthat ll o*(c) ll< C,
llr *(r) ll < C and or(e)= l, .

For QeB* urd f eB,we define f aif arrra0sf by f o0@)= Q* (o(r),f ) and

fo i@)= d @@)"f*).

Lemma 1.1. Let Bbe a Banach subspace of ur1X,p) satisSing (B.l)-(B.2). Suppose that
the measure p satis!
(M.1.) The tunction r+f o $@)w:dt+ fsf@) aremeasurable.
(M.2.) For each f eB' and f , g e B, we have
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!, ototz>f)d@) dp(r)= l, o{o{r)f )g(r\dp(.x).

(M.3.) For each f e B, feB*and r e X, we have

G* @)0)* u)=0*@G)f)
(M.4.) For each 0. B* ;f, g e B and r e X, we have

l r  o* {"{ni l  o@)f Q) dp(a)

= 
I * o @) @* (s) O* (o (t)f ) dP (Y)'

Then, we have, for ./) g e B, Q eB* and r eX

( i )  fo0,  0of  e  L-  (X,  p)cB*

(iD Uo i l* = Q*sf*
( i iD, f  o  ( r  *  ( r )  i l@)= fs  0 Gl

(i i i ) , f  o (go 0) @) = I* g@)(fso' (: | 'D0\ @) dp(v)

Proof: The proof of (i) and (ii) are same as in (31, l,emma 3.1)' For (iii)

(f  o (r* @)0 D(e) =(t* (t) 0\* @(e)f )

= (r* (z)0)* U \ =0* @G'tI) (using M.3)

= fs i(7).
For (iv)

fo(goi l@) =0* sf (o(t) f)= Ir l 'sf  @)(o(t)f  )Q)dp(a't

= Ir o'@(!)g)(o(r)f \t0dp(v)

= 
| gQ)@* @)il+ @ (z) f ) dP(a)

= [re@)Uo o* (lDQ)@)dP(0' tr

Theorem 1.2. Let X be a separable tocalty compact HausdorlJ'topological space' Suppose

that B is a Banach space offinctions on X satisfying (B.1.)-(B .2.) and p a measure satisfying

(M.1.HM.4. \. Let 76 c B be such that loi, : h e 7A I is uniformly equicontinuous' Suppose

tha t thereu is tshoes(suchtha t lh ( t \ l s lho( r ) l  and l lh l l6< l l / ro l la  fo ra l lhe%andtex .

Let'tI c S{ be such that rt (00 eU for all r e X and 0 e'tl. If g e S,B aU andfor any

r,g eX,goo+(t)rt(g)Q vanishes at infrnityfor Q inu thenhs Q vanishes atinfiniQfor

d inXLandhinfr t .

Prooft Assume to the contrary that there exists d> 0 such that for every compact set K in X

rhereex is ts  r reX*  K ,hreT6and0reU sa t is f ing  lh ro  0 r ( r r ) l>  d '

SinceXis separable and locally compact soXis d-compact. Thus there exists an

increasingr"qo.nra lKnln.ry ofcompactsetwith KocintK2al andforFanycompact

I
I

a

I

I

I

{
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subset inXthere exists no with F c Kno.Write hyo: ho, fixo= Qrarrd t yo- ro. We defure a

sequence of functions onX by

so( r )  = (hn@ r*  G)0)@)

I sn (r )l = I (r 
* (7"\0")* (o(t) h"l

< ll (r* @)0")* lla* ll (o(c) hrlls

< c' l l p,lla* ll h,11, s c2

Therefore soe L' c B*.

Since.t + @1(.r) is uniformly equicontinuous so for given e > 0 there exists a

neighbourhood Urof t inXsuch that for A eU,

ll oa (r)- Or (y) l[ < elC fot all h e76.

Thus for g e (Ja, we have

I s, (c) - so (v)l = | (r 
* (7) 0)* @(r) h; (o(v) h)l

s ll(rt (7){ollnr ll(o(c) ho-@(Oh)lln

s C ll Qoll"* ll oro (s) ll-oro(y )l[

<cllonlD -c|1,o(a lla< e'

By Ascoli's theorem ([2], Theorem 1.3.2) thoe exists a pointwise convergent subsequence '

{Sz; } converging to a continuous fuirction s on X. Thus for frxed 4g in X

(o(t)g)* (y) so;@)'+ (o("r)g)* (y) s(v) as i+ o

also l(o(s)g)*1y)sr(U)lsc2l(o(c)g)*(y)l

and (o(.r)g)* e B c Lr (X, tt), so by Lebesgue dominated convergence theorem

!*{o{r)d*@)soi@)dp(0+ lr{o{t)e)* 
(v)s(v) dp(o as i+o

e go sor( . ; )+9os(c)as i+  t .

But  gosor( t )  =(go (hrot* (7n)o"rDG)

= 
l* h,@) g @ o* (v) t * (ioi) tot@) dp (v)

= 
Ix Yfi@)dp($ (usingl*mma l.l(iv)

Since g o or(g)t (.r) /ranishes at infinity uiformly for Q e'll so therc exists a compact set

Kl such that

lsoo* (v){(7o)Lr@)l<t

whenever r e Kp

lvfi@)l < lfro (y) | I go o* (s) t* Go) 0r@)l

s I ho@) lll o* (u ) r ' (ini\ 0ry1$ * ll o(t)gll a

<  c 3 l h o @ ) | .
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Applying kbesgue dominated convergence theorem

[r 
vf,@)aa@) -+ o as ir-+ @.

?  g @ s o t ( r ) - + 0 a s 7 + o .

s o g o s = 0 b u t g e  U s o s = 0 .

But sr(e)= hoo r* (7") Q"@)

= (r* (7n) 0")* (h)

=  Ol  @@,)h)=  hno Qo@)

solsn(e) l>d Thus ls(e) | 2 d whichisacontradiction n

We now note that (B.l) - (8.2) and (M.l) - (M.4) above are satisfied ifXis a locally

compact hypergroup possessing a left Haar measure p (in particular, ifX is a locally compact

group)and8= L'(X,p). tnthis case o(t)f :rf .

Definition 1. 3 : A hlpergroup is a locally compact spacexand a binary mapping

(r,V )+ p, * pv of X x X nto M(X) satisffing the following:

(i) The mapping (t,a) -+ pa * puexlends to a bilinear associative operation * from

M(X)x M(X) intoM(X) suchthat

l ror* r  =lr l* l* faf n,* Po)dp(t)dr@) foral l  /ecs(r) '

(ii) For each r,g e x,the mqNure pr * P, is a probability measure with compact support.

(iii) The mapping (p,D-+ p17 is continuous from M*(n* M* (n into M+(X) where

M+(X)is given the weak topology with respect to the family Cof (X) w {t} '

(iv) There exists an element e inXsuch that pt * P"= Pe * ptfor all t eX'

(v) There exists a homeomorphic involution r -+V of X onto X so that given qg e X, we

have e e supp (pe * p, ) if and only if A =7 and (p' * p o)- = Pg * P 7'

(vi) The map (r,y )-+ supp (pr * p, ) is continuous fromxx xinto the space c (x) of

compact subset ofx, where c (,! is given the topology studied by Michael, a sub basis

f o r w h i c h i s g i v e n b y a l i C u , v = { A e C ( X ) : A a U * Q n d A c V \ w h e r e U ' Z a r e o p e n

subsets ofX.

we now note that (B.l) - (8.2) and (M.l) - (M.4) above are satisfied ifxis a locally

compact hypergroup possessing a left Haar measure p (in particular, ifX is a locally compact

group) and B = t'(X, p).In this case o(r)/' = rf '

Since ll tf l l, <ll ,f l lso lla(s) lls I forall r e X'T\e map r onXis given by

r(V\f = L(g)fa.For fe B.

I

F
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llt($f l[ < ̂  (y) I* | f l(r * y) dp(t)

: ^ (y )tG) !x I f l(t) dp(t)

= ll "f lL ([ l], 5.3B )

Thus llr(y)ll < I for allg e X.

For fen,f*(r)=ffi

For Q e B* = L* (X, p) and f e B,

o*(fl= !*;rt 'tf* svapsl= Ir!*#dp@)

-- t tG)fttt
t ,  L( r )LddP( ' )

= lr otllf @\dp(r)

Thus f (0=0(7)

o*(t) 0 : i0 na r*($Q :k.

.f o 0@) : Ir 0*tu) J@)dp(s)

= [r O<Ul f @ *s) dp(s)

= f * Q @ )

(M. l) - (M.2) are satisfied as in ([3 ], lemma 3. l). For (M 3), let f eB, 0 e B*, r eX,

(f(t)il* (n = !x tz{vlffiaarst

= | !g.nf(g) '"'"'= lx@aF\a)

= lroQ*i)f(s)dp(s)
= I* l* 0T)f@)dp(s)dp,*nn@)

= [*O*{t*i lf@)dp(v)

= !  o*@*0f@)dp(u)
= l* fG *0c*@)dp(o (l 1,5.1 D)

= 0*@(7) f )

For (M.4), let ( e B*,f, g e B and r e X

\
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!, o* {" {n d@ @) f) (s) dp (y)

= h I, $(Ds@ *u)f(r *Ddp(DdP(u't

= !* | 0@)s@) zf(u*qdP(u)

= lr e@ I/+P ,r(u)dp(u)dp(s)
^(y)

: !* I* g@\0* @* s') 'f(u)dtt(v\dtt(u\

= I* I* g@)OQ *i) rf(u)dP(s)dP(u)

: I* g@)(o*(00)*@(r)f)dp(0 tr

Thus we have the following generalization from separable locarly compact group G to

separable locally compact hypergroupX([3], Theorcm 2.3)

Theorem 1.4. Let X be a separable locally compact lrypergroup possessing a left Haar

measrre p Let 76 c Lt(X) be such tha thefanity {c01,: h e 761 is lef uniformly

eqdcontinuow. Suppose that there qists lue St such tha I h (t)l < | /lo (t)l for all h e 76

andt e X. Letll c,So be brtftanslationilwariant.If g eUo and g t a(r) -+0 as r' -+ q

unifurmlyfor a ell thenh* a(t)+0 as t+ @ uniformlyfor a eLl andh e 76.

2. Segal Algebras on IIYPergrouPs

Let Xbe a locally compact hypergroup possessing a left Haar measure p . Segal algebras

on locally compact hypergroups have studied and defined in [5] and [8] (For Segal algebras on

groups see [4].

Definition 2.1, Let S(X)be a subspace of lt14 which is a Banach space under a trolm

ll . ll, such that ll . lls > ll . llt md

S(r) S(X) is dense inLt(n.

S (ii) S (X) is left nanslation invariant and for some ? > 0,ll , f lls < ? ll ,f lls

For each f eS (Y) and t eX,

s(iii) For each f es(x),themapping r-+ af ofxintos(x) iscontinuous.

Then S (X) will be called a Segal algebra. S (X) is said to be symmetric Segal algebra if for

feS(X) , f * .5 (X)where

f*(r\= 
/(7) -a ll / lls = ll I lls
A(.r)

In fact s(x) is Banach algebra under convolution. This can be seen as in ([6], $ 4) Using vector

valued integrals as in ([6], $ I I, Lemma l), the following result follows

Lemma 2.2. Far any ( e (s (x))* ,f e l(n and g es (x), the following hold.

l24l
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(r) iU*il= l* ttvl|tsddp(s)
If S (X) is symmetric, then

(ii) Q@*f ) = 1" ftvlQ@s,)dft(a\.

LetB =S(,Y)beasymmetricSegalalgebra.Taking o(r)f =r;f and c(V\f =1,(g.fo we

have ll o(u ) ll < I and llr(c ) ll 5 I for all r e X. Note that (g /) * = A (y) (,f* )e. Since

r + r f is continuous so c +f'o l("2) and r + 0 o"f(r) are measurable. Thus (M.l) is

satisfied. For S e (.S (X))*, f , 9 e S (X), we have

l* o{z"f'to*@)dp(t)

I  t t  
" ,  

g * (D
= Jr Q(,"f)iiriaa(.r) = Ir il,f)g(t)dp(r)

Thus (M.2) is satisfied

(G* @)A' U) = 0 G @)f* ) = ,g@)(f\,
= 0 (( i"il*) = O+@G)"f )

For (M.4), let / e S(X)t ,f, g e S(/) and .r E Xwe have

! r O' {o {n e\ a(0 f @\ drr (v)

= [ r ort{rd);f(s\ap@l,

= 0@'*  ( .2 . / ) r )

= 0*Gf * g\

= t* a*tilo(sGf)t\da@)

= lr o@'t0QG.n\dP@\

= Ir g@)(or(s>ilr@@).f)dp(s). tr

Thus (M.4) is satisfied. Henoe we have the following uniform version of the Wiener Tauberian
Theorem for Segal algebras.

Theorem 2.3. La X be a locally eompact hypergroup possessing a Iefi Haar medsure p
Suppose that S (X) is a symmetric Segal algebra on X. Let 76 c S (X) be such that thefamily

{c\ : h e76 } is lelt uniformly equicontiruous. Suppose that there exisn hs e q (unit ball in

S(.Y))sachthat lh(t) l<l f ro(t) landl lhl lssi lnof ioforal lheT6and teX.Let l tcSa(unit

bal l  inS(X)r)besuchthat o.@) eU foral l  (e| l . I f  g eUo andgo a(c)-+0asr+o

uniJbrmlyfor a ell, then h @ a (.t)+ 0 as r + @ unforinlyfor a e 7l and h e 76.

3. Eramples:

l*tX be a unimodular locally compact hypergroup possessing a left Haar measure /.
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(a) ^S(,9= Lt(n^N(n (l sp<o)

ll./lh = ll.flh+ ll"fll p

Then S (,f) is a Segal algebra

.9(i) follows since C.(,Y) is dense in S(X)

S(ii) ffilows ftom ([], 3.3 B)

S (iii) follows from ([], 5.4, 228)

Clearly E(X) is synumetrlc

(b) S(X) =l,t(E ̂ Co(h

ll .f lls= ll .f lh + ll .f ll-' f e s(E

ThenS(,D is a Segal algebra

S(i) follows since Co (X) b dcnsc inS(X)

S (ii) follows from ([U, 3.3 B)

S(iii) fcino\ps frqm (U, 2.?8,42n

Notc that S(,Y) is ryrune'nic since fl/r lL = ll.f lL .

REFERENCES

[U R.I. Jewett, Spaces with an ohstw cqrwlatiot of mea.swe, Adrrances in Math.,

It(Iy75), l-101.

[2] J. L.Kelley, General Topa@t, B. Van Nostrmd Coryany, lnc., 196l .

[3] A.Kumar, & C.R.Bhatt4 Aun{ormversionoftheVieno-Tauberiantheroem, Journal

of Mathematical sciences, 2QW3), 63-7 l.

[4] .f,-Larsen, T. S. Liu. & J. Wang, Onfunatons with Fouiq trorforms in Zp, Michigan J.

Math., 1 1( I 964), 369 -37 8.

[5] H.Reiter, & J. D. Stegnan, Ctrcsieathtnonic analysis & locally compact groups,

Oxford University Press, 200O

[6] R.Reircr, Lt-Atgebra & Segal atgebras. Lecture notes of Mathnatics, Berlin Heidelberg,

NewYork,l97l.

[7] A.Sitararn, @t an anologae of the Wtener-Tauberian Theoremfor symmetric spaces of

tke nw-wrpEA rype, Pecifie J. Math., 133 (1988), No. 1., 197-208.

[S] H.C. kg, Homogeneots Bstach algebras, Marcel Dekker, Inc., New York and Basel,

t977.

CHET RAJ K{ATTA

Central pepartnem of Mailrematics,

Tribhuvan University,
Kirtipur, Kathrrandu, Nepal.

E-mail: crbhana@yahoo.com



The Nepali lvlath. Sc. Report
Vo l . 26 ,No . l&2 ,2W6.

Fixed points in group invariant subspaw

M. KAMRI'L HASAN AND PARTHAPRATIM DEY

Abstrrct We investigatc the su0spcrs of ftcd elemcnts (also known as cenfalizers) of Ginvuiant
n

subspaoes af Y =IIF whcreGlsag@pofaxs psnu{stisnmaerices,FistheGahisffoldofmder
I

n
pr fc some r > t atld [f F' is $to usrbl wpnical vs:tor spsp€ of dimension fl ov€r F. We are able to

I

charactcrizethcscsubspaceswhcn (p,lCl)= l.Inthtcase, when pdivideslGlellweknowiswherp

to look for these subspaces, namety inside the kenrcl of f = 2 g,
geG

Key words : Fixed poiiils, grorry&warfont n$sprce, idempotent, p€nnutation mahices.

1. Intrcductionr

Let F.be a finite field oforderp/for some prime p and r 2 l. Then r = fi.F is a vector
I

space of dimension a over F with basis canonical so that a typical vector has the shape

r = (rb . . ., r), fi; cF, i= 1, . . . ; n, A[4s J subspace J over F is a space inside Zof

dimension s. The dual subspace ,Sd is the subspace orthogonal to Junder the usual scalar

product on Z Thet is Sr= {c e f | @, t) = fu1*1 = ofor all z e I }. Then Sr is a In n - s I
. i=l

subspace because dim ̂ 9+ dim 8L drm(.

Let Cb€ a group of pennutmion manices of order r. A subspace Sof Zis called

G-invariant if (S)9 S S.

It is easy to check that if I is G -invariant, so is ̂ 9 r' Let s f,e J f,. Then

(sl,slg)=(sf,sr)=(sgl,sr)=0,whenseSandg, istansposeofg.Thenslge,s*and

,$ is a Ginvariant subspace.

2. Characterization of X'ixed Poinb when (F 16l) = 1

Throughout this section we wlll assume that F= GtrW\and (p,lG)' Set a = 
* > n '
l v l  geG

I .-r
Shce(p,lcl)=1, *=lCl-lexistsinFmdthereforeaexistsinthegroup-rtngFG'We

l s l

now sho* that ais an idempotent. Let v .r =flF. Then
I
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vqz=(va \a=( "+  I r ) (+  tn ) : " j , ;  Zn (  I s )  = " * t c t  I s'  
l G l g ? c  

' ' l G l g E c  '  
l c l "  g Z c  s Z c  l G f  s Z o

=u4 \ g=ra and a is indeed an indempotent.
l t : l  g e G

Next we prove a couple of theorems.

Theorem 2,1z Let G be a group of nx npermutation matrices and F: GF(pr) with

(p,lcl) =l.If S is a G-invariant subspace of Ir =fi r, ,hrn,Sa: Fix, (G)
I

Proof: We show that ,Sag Fixr (G). l*t z eSa. Then r =sa for some r e,S and

,o = r(* f  9 )= * I  rs. ^S. Thus.reS. Moreoverfor any g eG.-  
lc l  s?-  

'  
lG I  sZc-

I r \ r
rg  = sag=sl^  I  o)o = s ;  I  9=sd=r '  Hence"c=Fixs(G) '

l w l  g e G  l v l  g e G

S1e now prove the other containment i.e. Fus(G) E .Sa. Let s e Fus(G). Then

I t  s  \  t  r  l l g  I  -
s a = s t *  L S I = -  ) . s s : - _ ) - s =  t G t s = s .  H e n c e s = s a e S a .  I

t r : t s e G  l G l G o -  l G l T  l G l

Theorem 2.2 : Let G be a group of nx npermutation matrices and F: GF(pr) with

(p,f Gl): l. siir a Gintariant subspoce of Y =f ,, ,h"r(Sa)t: Ker a@ (J*)o.
I

Proof : Weprove that (,Sa)rs Kera+ (,S+)a. Let r e (,Sa)]' Then r - s're Ker aas

oP = a.Let us now check if .u a e f a. Since r e (.Saf, we have (t,sa) = 0 for Vs e,S. Then

0=(c,sa) :(rd,s)=(ra,s) and;,a e5*.nyapptyrng aonboth sidesof rae,S'artdusing

the idempotence, we obtain za ef a.Hence r= (z-ra)+ Ker abelongs to Ker a+ 15*)a.

We nowwantto showthat Ker a+1S*) ae (,SaP. I.rtr eKer a+ (J*)a. Then r = lxastq

forsome l  e Kand $e^S*and (t ,sa)=( i+ S4, sa)=(hd+({a)d,s)=

(ka + ({a)a,s ) = (0 +$4 s ) = 0 as /a e S*. Hence r e (^9a)rand Kera+ (S*)a.E (Sa)l.

Finally, we wantto check if Ker an (,$)a.= {0}. Let 'r e Ker an ('$)a.= {0}' Then

t: {uApplying ato both sides, we obtain ra= t)oP. Since z e Ker a and d: a, the

previous equallty yields 0 : sra,which in tum yields 0 : r. Thus Ker a r:1^$1u.: 1O;.

Theorem 2.3 . Let G be a group of nxnpermutation matrices and F=GF(p r) with (p'lc l) =1.

If ,S is a Ginvariant subspace of Y =ff a,,t.n dim Firv(G)=dimFrxs(G) + dim ftrrt(G)
I

proof: As ,Sag Vqwehave dim va= dim ̂ sa+ dim ((sa)'ava). By Theorem (2.2.),

(,Sa) I = Kera @ (S*)a which shows (,Sa) I ^ Vd = (Ker a n4a) @ (9)a n f4'

\ts.G

\:'r r

\:icn

,  a 2

,  ! r

3d t,

5u ti

3ct f;

b:g

i g a r

' a r ' f

t -tl

h

o 4 t

*, i

H

5

, ted

b A

KE

-E

t o.t(

cd
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t zta

t\td

\r!rr

E

t f - r l
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Assume te r /anKera.Then teva forsomeve zrhus r =va=va.2=(va)a=^

ra = g.This shows <SA,f n io =(^S*)a n Vo = 1*'1a'Thus dim Va = dimsa + dim'S*a

Nowweapp lyTheorem(2.1) toobta ind imFixv(G)=d imFus(G)+d imFl rs t (G) . !

Notice that the theorem above may not work if (p'lGl ) * l' Consider for example

G=<12...n)>,u.V"ii"g*rrpoforderzgeneratedbypermutation(12"'z)actingon

V =27. Notice that Fun(G)= {0...0,1 " ' l} andS=Fuv(G)isa G-invariantsubspacein

Y.lf n isodd i'e' (p,lcl ) = I then Fix*(d) comprises of zero element only and dim Fuv(G) =

dim Firs (G) + dim riri(C) : 1' But when is even i'e' (p' lGl ) 
= 2' dim Frxv(G) =

dimF'IJ(G)=dimFlx/(G)=landtheequalltyinTheorem(2.3)ftilstohold.Since

dim Fixv(G) = dim Fr*s(G; + dim Fitl(C)' one wonders if Firv(G) = Frs(G) O F'irt(d)

holds under the conditions of rheorem (2.3). But one immediately notices that Firs(G) n

Firt(C) may not always be the zero space' For exarnple' if we let

6=<(123)>,(4),y=ff  Oa(O) andS =< l l l  > ' then Fus(G)=Fu/(O=$'andhence

I

Fi&(G)^rlri(G)isnotthezerospace.Thisraisesthequestion:whenisthenFixv(G)=

fi,,"tC) o Fir/(C) ? The following treorem ties to answer that question'

Theorem 2.4. Let G be a group of n x n permutation matrices and F : GF (p t ) with

(p,lcl ) = t. If g is a G -iwmiant subspace ot, =fr F, such that Fbs(G\n Flr51(@ ={0},

then Fixy(G)= Frxs(G) o FB*(CI'

Proof: Let r e Fus (G) + Fir*(G)' Then r = s * sr where s e Fits (G) and sre Fu; (G)'

Hen* tg= (J +Jr)g =sg +*g=J +sf,- c and r e Fuv(G) ' which follows Flr"(G) +

FirsL(d)gFxt(G)'As(P'lGl)=l'bYTheorem(2'3)'wehavedimFuv(G)=dimFirs(G)+

dim Frst(G).

Since Flrg(G) n rir*(G) = {0}, dim (Ftrs(cD+rirfr(G)) = dim Ffus(c) +dim Firt(G).

Hence dim Firv(G) = dim (Flxs(GD+Flrl(G), which yields ttre desired equallty Firv(G):

Fbr(G) o riri(C). 
I

Corotlary(2.5).LieGbeagtolryofofnxnPennutationmatricesandF=GF(pt)with

(p,lcl) = l. tf 'Sis a G 'irwoiant subspaceof Y =il F, suchthat Sa SL-- {|'\'then

Fuy(G) = Frxr(G) o Fir* (d)'

Proof: Follows immediately from the theorem above' I

Notice that condition if (p' lcl ) = I in Theore'm (2'4) is a sufficiency condition' not a

necessary one. To see this, we consido G = < (l2X3X4) > acting on V = Zl md

S={0000,0010}. Qnechecksthitinspiteof 
(p,lGl) :2, Fixv(G)'isstillFtu (G)O fir/(G)'
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3. Characterization of Fixed Points when (plcl) * t

Finally we consider the case whurp divides lG | . we set p = Ire and nroduce the
g e G

following theorern, which states that whenp divides lG l, the fixed points reside inside Ker p'

Theorem. LetGbeagroupnxnpermutationmatricesandF=GF(p',)withpdividwlcl'

If S is o G irwariant subspace of Y =fi F,thu S/g Ft"(G) =Ket p'

Proof: We first show that SpE Frr(G) ' Let v e SB i'e' ve sp for some s e'S' Then

vg = spg= s( I g)g = s Z g =s/= v. Hence v = Firg(G).To see the other containment i'e'

g e c  g e c

Firs (G) E Ker p ,we let v e Fixdd) and apply / on it' Then

t c l
v p = v  I s =  I v s = | v = l G l v = a '  

I

g . G  g . G  I

NoticethatthccontainmentFlxfG)eKerfmaynotholdi f(p, |G|)=l .Toseethiswe

consider the following examPlc

t-et G =< (123) (4) > and t' = Z1,. The'n one checks frat

Y , v P = ( I ' ; ,
i - l

5

Inr,no).
t=l

A,I

nd

t(il

*r
a
.T

t
l r l

att

T

-

:
;l

f

T

-
{
ri
t
t:

I

-t

{
-
q
t

I

!t

;{

t

2n;,
i-l

- . |rr

a  : r

ur
'll

l l

I

r'l

T
/t

Hence VB= {0000,0001,1I l0,l I l1}'

On the other hand, I G | - 3 and 3 = I (mod 2)' so we have p = cr and by Theorem (2' l) of the

prcvioussoct ion, vp:Ya= Fuv(G)'Thus Fixn(G)= {0000'0001' l l l0 ' l l l l } 'Butfrom

vF = (iur, irr, |nr,uo1,*t learn that for a vector n Irto be in Ker p' the last coordinate

t=l i=l t-l

must be zero. so the vecton 000l,llll in F&v(G)with their last coordinate I can't be in

Ker 0 .This proves the fact that the containment sp g FbdG)E Ker p for an arbitrary

Ginvariant subspace S is specific to the case when p divides lG l'
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Time sharing machine repair model with

mixed spares and additional repairmen

MADHU JAIN, G. C. SHARMA AND RANJEET SINGH PI'JNDHIR

Abstract: This investigational deals with time sharing machine repair system consisting of M operating

machincs under the supervision of R permanent and in additional removable repairmen To improve the

system performance S warm and Y cold standby spac€s arc prwided to replace the failed machines' In

*'ur" t"tr"n all spares are used, the additional repairmcn arc introduced one by ona according to a

prespecificd ruls to facilitate the repair of failed machincs. At lcast L machines are requircd for the

iucclssful pcrformance of the system. The repair time of failed machines follows exponential dishibution'

The optionil values of the number of repairmen and the number of sparc1 can be evaluated simultaneously

by minimizing the expccted cost per unit time consfructcd in terms of different cost elements. These results

may be usefrrl for the industrial management. Production managers and others who face difficulty in

decision taking regarding the installation of thc numbcr of machines, spares and repairmen for the

maintcnancc of multi component machining system.

Index terms: Time-sharing, Machine repaii, Mixed spares, Additional repairmen, Queue size,

Cost function.

l. Introduction

In the fast growing industries, the production may be intemrpted due to failure of machines

involved in the iystem. The service facility may be adjusted by providing spare part support and

the machine repiir instantly, so as to continue the operation successfully. The time'sharing of

repair time is a concept to regulate the repair of machines and is of great importance in some

critical applications oi computer, communication, manufacturing and switching systems, etc.

The response time of lvI/lvI/I time-sharing gueues with limited number of service positions was

studied by Avi-Iztrak and Halfin (1988). Avi-Idrak (1991) suggested approximation fol t:
moments of response time in the time in the time-sharing queues. Jain and Prem Lata (1993)

considered a tirne-sharing queues with a limited number of service positions and limited number

of waiting space. Jain and Prem Lata (1995) examined accumulated work process in a time-

sharing queues with the furite population. Jain and Singh (2001) analyzed the effect

implerieniing additional service positions in case of no passing time-sharing quzueing model.

Jain et at. QOOZ) incorporated additional service positions-to ana$ze loss and delay queueing

model for-time-shared system with no passing restiction. Sharma et al. Q004) derived

numerical solution of processor-sharing queueing model. Singh et al. (2005) discussed no

passing MlMl6 ( . ) time-sharing queueing system'' 
M-y reiearchers working in the area <if queueing theory have contributed significantly

towards machine repair problems with spares and adtlitional repairmen. A profit model in

machine repair problem for warm standby system was studied by Wang and Sivazilian (1989).

Wang and Wu (tggS) considered a cost analysis of lvlltvl/R machine repair problem with spares

and fro modes of failures, Shawaky (1997) studied the single server machine interference model

with balking, reneging and an additional server for longer queue. Jain et al. (2000) analyzed

MA4/C/K711 model with spare by implementing the customer's balking and reneging behavior.

Jain and Bhagel QOO2) stuAied a multi-component repairable system with spares and state
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dependent rates. Jain et al. Q002) gave a difflrsion process for multi-repairmen maciining

system with spares and balking. Jain et al. (2003) considered a repairable system with spares,

state dependent rates and additional repairmen. Queueing network model for a single operator,

machining system with extemal operation was developed by Yang et al. (2002).

2. The Model

We consider the time-sharing machine repair problem with mixed (warm rurd cold) spares

and a repair facility consisting of permanent and additional removable repairmen. For modeling

propose, following notations and assumptions are taken into consideration:

Notation:

n Number of permanent repairmen in the system.

m Number of additional repairmen
M Number of machines in operating state when system works in normal mode.

S Number of warm spares in the system.
y Number of cold spares in the system.
L Minimum number of machines required for system to be functioning.

K  M +  S +  Y - L +  I
N Total number of machines in the system so that y = ll + $ + Y.

t Theshold level of exta work load to tum of the additional repairmen.

s Failure rate of warm spare.

1(1i Failure rate of operating machines when all (less than) Moperating machines are

working

i"U) Time-sharing function when 0rere are n number of failed machines present in the

system and available permanent and additional repairmen in the system is

j ( l s i < R + z t ) .

Assumptions:

r The time to failure of a machine in operation or as a warm spare and repair time of a

failed machine are exponentially disributed.
o The failed machines are repaired in a repair facility consisting of R permanent and rn

additional removable repairmen in FIFO fashion.

. When all the spares are used, the operating machines work in degraded mode.

. After repair, the machine works as good as new one and joins the standby grorrp of

machines in the system if there is no shortage of operating machines, otherwise joins the

working machines.
r The additional repairmen are turned on one by one aEcording to rule as specified

below:

available'

(j + k) k, j (j = 1,2, . . ., n-l) additional repdirmen are made available in

addition to Permanent rePairmen.

rePairmen are made available.

. The repair of failed machines is provided in time-sharing manner, i.e. times of all

available repairmen are shared among all failed machines'

The failure rates and repair rates ofbirth death process are stated below;

I32l

I

,{

I

I

I

c
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( l )

Q)

7(n)

p(n)

I  
ut+{s-n)a

=l Mxi

l1N -"'1t"a;

I N,@);
I N,G);=l 
ro,{n* D;

lp4n6+n'1;

;  o c z c s

S i n < I + S

I + , S 3 n c K

l 3 z <  R

R S Z S R + T

R +  j k c n s n + U + l ) t  i  = 1 , 2 , . . . m - l

R +  m h  < n 3  K

S < n <  I + S

S  < n < R

R  S n <  I < 5

2. The Analysis

The goveming steady stato equations relat€d to our model are given as follows:

CASE I: fi SS

(3) lML+SalPo= p$(l)P1

(4) IML+(S - n)a + pSn(n\lPn =\ML+(S -r+l)alPr-1 + p{6(n+l)Po11, I 3 n <R -l

(5) lM|+(S - n)a + p(n(R)lPo=lM7+(S -n+l\alP*1+ p$n.1(R)P*1, R 3 z < S

(6) lML+ pQt@)lPt =(M7+a)Psl +lCs+r(fi)Ps+r

(7) lML+ p(n(R)lP, = MIPn-t+ p$*1(RlP*1,

(E) lMfu+ pfi,*t(R)lPy*s = 
YAPr*t-r+ F(r+s+r(R)Pr*s*t

(9) l lN -nl la+ p{r(RllPo=[(i l-z+l) TalP*r+tt{at (R)P'+r, F+S< n<R+h

(10) tt/V-(R + k)174+ p$1r*ry(R)lP1n*1y=[(il-(R+ k\+l)lalPrn*q-t+tt04**rt (rt+,t)P1n+tpr

(l l) rriV - z) 7a + p fi(R +y)l P" = (il - n + l) Lal P*' + p( *1(R + i) P *1,

R+ jk<r  <R+ ( j  +  Dh j= 12, .  .  . ,n-1.

(12:. [(N-R'jh')Ia+tt0n*ilR+i)Wn* =(JV-n-i,t +l)IaPp-t2*1+p$arg*1(R+i)Ppapa1,

j = 1 , 2 r . . . r m - 1 .

(13) (il - n) X,a + p fi(R +n)l Po = (/V - n + l) 7a P*r + tt( *r(R + m) P oa1, R + mk 3 n < K

Qa\ futf i*G.+n)l\  =(If -K+l) 7aPt.

CASEIf tS<RSS+ T

(r5) IMA + Sal Po = Pfi(l)Pt

(16) IML,+(S-n)a + pSo@)lP, =\MT+(S - n+l)alPna + p$n*1(n+l[Po+t, I 5n <S

(17\ tMl + p/s (S)l Ps = (Ml + a) Ps-1 + p/s*1 (.S) Ps*1

(18) IML+ pln@\lPr= MAPn-t+ p{n*1(n+l\Po+t,

(19) IML+ tt|n(R)lPo= MtrPn-t+ p(ra1(R)Pn+1'

(n) tMfa + pQy*s(R)lPn = MIPr+s;+ Ptnt (R)Pr*s*r

(21) t(iv-n)fu + pSr$)lPn -(il-z+l)ldlPn-t+ F/nt (i)P*rr, f+.S< n<R+ k
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(22) t{il-(R+ k)l7a+pQr^*1;(R)lP1xa1y=KiV{R*)+l)XrlPrn*yr+tt)6r1p1(R+,I)P1n*rpr

(23) K/{ - tt) 7a + p fi(R + l)J Po = [(]v - n + l\ Aal Por + p) *1(R + i) P *1,

R+jk3n<n + Cr  + l ) t - I ,  j  :  12, . .  . , i l - l

(24) I(N - R - i k\ 7 a+ tr 0 n* i t (R+ i\lP r- U 
= (iv-R-lt + r) 7a P x - t, -t+ p I n * i t a( R + i) P n* j *r,

j = 1 2 , , . . , f r - l .

(25) (iV - r) 7a + p ( r(R + m)lPo = (N - n +l) 7a P*1 + p( aa{R + ar) P*1, R + mk 3 n < K

Q6\ Ip 0 {R + n)lP2 = (iV - Jr + l) xa 4-r

CASEI I I :R>S+f

(27) IMX"+ SalPo = p$t(l)P,

(28) IML+(S-r)a + pQr@1lPo=lM7+(S -n+l)alP.-t + I l ,a(n+l)P*r, I  3n<S

(29) {M" + p/s(S)l Ps = (MI + a) Ps-1 + p/s*1 (S) P511

(30) lMl+ p(,(n)lPn= MAPnt+ pSr*1(n+l')P*1,

(31) IMT1 + p(y*s(Y + S)lPo = 747 pns-t + lt)r+sr (l/ + S + l) Pvr5*1

(32) (N -n) la + t t0n@llPr=[( iV-n+l)  TalPnr+ l t )* t  (n+l)P*1, S+ f  < n<R-l

(33) t(,rf -r) Xa + p(o(R)lP, =(/V-n+l)ldlPr-t+ F)*t (R)P'rr, R <n<R+ k

(34) t{N-(R +k)}La+pfu**r1(R)lP1a*ry= f(lV{R+t) +l\1a)P1n*ty-r+p)r^*2y1(R+DP1n*rpt

(35) (N -n)Xa + pQr$+ i)lP, =(/V-n+l)).dlPn-t+ tll*t(R+ i)P*1,

R + j k s n  < R  +  ( l  +  l ) t - I ,  j  =  1 , 2 , . .  . , n - 1 .

(36) (/V-R - jk)la+pS*+7r(R+i)lP" +1;(N-R-ik+l)74Px-r2*r+p)p*y*1(R+i)Pn+J*+t,
j : 1 2 , .  .  .  , m - t .

(37) (il - z) la + pfi(R + m)lPo = (N - n +l) 7a P*, + p) n1 1R + m) P*1, R + mk 3 n < K

(3s\ lpt*@+n)lP* =(/V-K +r)IuF7-,

For solution purpos€, we employ,goncral product tpe rbrmulgtiotl for birdt death process as

given by (cf. Gross and Hanis, 1985)' 
n_r

(3e) p,=fi.*n- 
] i ttLi+D 

-

The steady state solutions for ttree casos are obained as:

Casc(I): RsS

(40) Pn=

f i (n \ ;  lsncR

fz@);  f isnSS

f i (n \ ;  Scnc f+S

f tF ) ;  I+SSncR+&

fs@\; R+ jk 3n <^R+(J+l)t, i  =1,2... tm -l

f o@) ;  R+mk3n3K

(1t)

(Qt

Cc

C-r* i

ibe

(43)

(+f)

r.t

(5)

-l

S  < n < f + S

r{D
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Case(II) :S<RsS+ f

[351

(41) Pn--

Crse([I): n>S+ f

(a+ Pn-

wherp

(43)

(u)

(45)

l 3  z  < . S

5 3 z S R

R < r S S + I

S + I c n S R + l

R+ jk3n< R+Q +\k ,  j  =1 ,2 , . . . ,m- l

R + m k 3 n 3 K

l 3  z  < , S

9 S  z S  I + . S

f + S 3 z c R

R 3 z < R + l

R + j[ S n < rR + (j + l)h, J =l,2u.um -l

R + m k S n S K

8r(r);
gzQ):

ssO);
s{n);
ss@);

sc@);

h@);
tz@);

4Q);
h4(n');

taF);
hc0);

f1Q) = s{nl = t rln'S = a(J'' )
B(n)

(45)

fs@)=(47)

fz(nl=
AQ,n-l)

n

8(n) [I /,(n)
l=X+l

fr<d=W
,(n) fl /,(n)

f=i+t

n

(Mfir n(r( -(t-l))(,/r')o{r*s)lCi,s)
i-I+S+l

fr@)=
,(R) n /,(R)

d=X+l

n

(Mqr fI (r-(r-l;1r1n-(r+s)4i,s)
f=I+S+l

t+t f jl n+{t+t)r I a
B(,R)n /r(n)l [I [] ({R+i) I fl h$+i\

j=X+l I l=l l=R+k+l J "i=x+.lt+t

(rtqr ff tr-tr-t6,hn-(r*s),t(i,s,
l=I+S+l

J = 1 2 , . . . , i l - l

,  j = 1 r 2 r , . , , f r ' l(4t) tc@)=
X+t f n-l x+(r+l)t I I

B(R) [I /i(n)l fl n h$+i) I [l fi(R+n)
j=A+l 

I l=l i=R+lt+l J i=fi+nt+t
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(4e)

(50)

(5 l)
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s'-\=ry
atnl II ,,(n)

f-tr+l
n

(MvJt fi(r-(i-txy4"{Y*s)4,s)
l=I+S+t

g{n)=

s(n) il" ,,(x)
l'X+l

t

(Mv)Y n tr-tl-thy)Hrs);U,s)
t I+8+l

lrt@)=
B(n)

n
(Mqr n fr-(t-l))(yr)"{Y+s)lu,s)

l=/+S+l
ha(n)=

B(n) fIr /,(n)

n

(Mv\r n tf -ti-lD(,/')n{r*s),lu,S)
i=I+S+l

(52) ss@)= ,  j = 1 2 , . . . , n r 1

a,&

rI

(r,

E

Elr

?t

(53) sc(n)=

R+L f J-l n{r+t)r 
'l 

r

B(R)[I t,(R)l n n fr(i+i)l Jl {(n+r)
i-X+l I l.l l-X+lt+l J l-R+lk+l

(Mv)r . ft tr-tr-UXOtr{r+$l0l,s)
lrl+8+l

^rff, /,(") [ F, "$#(x 
+ r) ],="lLl,R 

+ n)

(54)

(s5)

orrnr=W

(Mw\Y fi 1r -ti -ul(,/')o{r*s)10,s)
i=I+S+l

,  j =12 , . . ,  v t ' l

(57) t\(n\=

(58) 'hs@)--

j = 1 2 , . . . , f f i ' l

x+t f r-l n+(r+l)t I I

B(R) fl /i(n)l [1 fI li(.f.+ il I fI. 0{R+ j)
i=nlt I l=t l=R+tt+l ) i=R+ik+l

(Mv)Y ft t,r -(i-l))(rr)"{r+s)l(i,s)
, i=I+S+l

*r,H, c,(R) [ H,tr#(x + r) ] ̂ .*.,*,*.,,
,  j = 1 , ? , " ' , i l - l
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Also we havc used n@tions :

Vt=Al l t ,  6 =alp, l r=Aal i l r  B(n)=ft  j ,g1,
d=l

L
AQ,k)= Ps fl[Mv' +(s-l)r]

t4
{. Some Per{ormance Mercunel

By using the quare.size disribution given by equdions (40), (41) and (42), we obain
averagc numbcr of frilod machincs in tbc rytem as

lv

EInl=finPa

IMrl=r-Efn! N
Eracct€d n.mber of operaling rnachines is the slaten is obtained as

K

Elol=14 - I tn-7+s-1r,
I'I+,S+l

(5e)

Machine avrilability is given by

f nt!-t r-t i+(J+r)t-r

| : 1z-Fsy +fn@)+E t^
M -let+s+, 

* 
J-r Ir.EJl.

| + l1z-ffiy1.12y
L lr-tr+rt

" u-"nl
; Caso I

(61) =

Eryected numbc of spare prts frrnctioniag as shndbys is

(62) E[SI=

f 4t| *'l r+U+l[-l

| -E .(r-F)g.(n)*E 
^T'=(o-fotgrtoll

M _ln-s+r+, 
* 

i-t ,Fn+ft 
| ; Case II

| + l(z-713)s6(,t) |
L ll-i+r* J

f n-l x+t-r

I I 1z-FFsyrrlny+^fir-pslnlny I
o-l'Y.i-*rn" 

- -:' K l;c,,.m
| .I I.. 1z-F'31lr1zy+ I r"-my nc1ual
L ,-l aR+JL n-R+ttL J

l-tt s r+s I

L *,r. 
r - ',)t(n) +I (y + s - n)fr("1f.1r. s -")4(n).J; c.r, r

l ' s  i  r+ . r  I

L I,t. 
t - r)a tn) + E 

r(Y 
+ s -.n)sz(n) + E{r + r - rtsro)J ; case tr

f s  r + s  I

L:,".t- 
o)tt(n)* W+s-z)r2(z)f ; caserrr
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Expected number of idle p€rnanent r€painnen is

(63)  EI I I -

[!1"-tnt ] ' 
casel

[it"-"ot"l* 
ir"- ar,@); casell

| *t^ 
- r (',.'ii'" -,rar"r. j,]1n -,)4(,)] ; caue III

T

C u l

CF(R

r 6 i )

C g I

cF(R,

6t r

Fima
Z = C F r

-0)

a Spa
\os

l l .  Sp

rr hr

r l

I '

-

- a f
. l

-lr 
!,

(65)

Expected number of permanent busy repairmen

(64) EIBI= R-E[r l

Expected number of additional busy repairmen is

ll- I(-l K

EtAl=| l iPn+p+,+m 2P,
J4 14 reR+nL

5. Cost Analysis

For determining the oqression for profit finrction per unit time, we assume the following cost
variables:

o The costpcr unittime of friled rimchine is Cswhen all spares are used

o The cost per unit time of one warrr spare machine is C".

o The cost pcr unit timc of one cold spare machine is Cy '

o The cost per unit time of C1 when one pcrmane'nt server is idle.

o The cost per rurit time of Cp when one p€rmanent server is in busy state.

. The oost per unit time of additional machincs is C,1.

r The system availability is deaoted byly.

The average costperunittime CfG$ ir givcn by

Case I

cF(n,s) = .ri_f,: @ -ffi, rn". F; :#;' r - il- 3)/, (,) + *F#- 
*'r* r,r]

(66)

",[ 
g, ., - 

")l 
(,) * 

*( 
y + s - n) re("]. *['f1, *, - n)t (4]

",f ir- 
- 
"l fia>f* c ̂r1At+ c sEr'l



f n-r z-l R+(j+t)t-l K I
cF(R,s) =c'l t (n-r+s-yga(r)+ I t (n-ffi)g5(n)+ lfr-r+s1g.(r) |

I r=S+I+l j=l rcR+jk n=R+rt I

f  s n I fr+s 
' l

+ cr | f, tr + s - n)g1(n) + ltr + s - z) g2@) 
l+ crl )€ + s - z)gs(r) |

L z4 r=S+l J I a=S J

f s n I
(67) +c, I f1n- fis(n'1+ l{n-dsz(gl+cfilAl+csE[Bl

L n=0 n=S+l J

Case III
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Case II

Z = CF(R, S)

(70)

6. Special Cases

Now we consider some special cases:

6.1. Special time-sharing function:

(a) Putting io@) =ll n,we obtain the queue size distibution for time sharing system as:

f i(nl= g(n)= h@\= AQ,n-l)nl

fz@) = AQ, n - l) Rl {R1n{n+9

fi(n) = (M Vt\n{s 
+t) AU,.S)R ! (R)lt-(R+l)

(74) fa@)=(Mv)Y n t*-fr-l))(g)n-(r+9,4ri,s1ru1n1n{R+r)
i=I+S+l

. ,  . u  - 1 - l
(75) fs@)--(Mw)Y fltr-1i-t))(V)n-(r+s,AU,$n!{R}t-tll(R+l)t{R+iln-$+ir+s,

,-f+s+l

i=l

j = 1 , 2 , " ' , m - l

f n-t n+t-l n-l R+(j+l)t-t

cF(R,s)=crl I (n-r+s)lr1n)+ I(n-r+Dha@)+l
I n=S+I+l n=R i=l n=R+i*

K I f  s 
' l  

fr+s I
+ l1n-r+s-)ftu(n)l+c, I l tr*s -n)tt(n) 

l* tr l  I(r*s -n)tz@l
n=R+rt I I r=0 .1 | z=S J

I s r+s-t R-l I
(6s) +c, I ltn -dht@)+ | tn -fi\(n)+ le-dnt@)l+c,aEtAl+crElBl

L n=0 n=S+l r=I+.S J

Optimal values of (S S) can be evaluated by following optimization problem Minimize

s
Subjectto Av =L Pn2A

0

(71)

(72'

Q3\

j = 1 , 2 , . . . , i l - l

(76) fr(n)=(MV\Y.gf"-fr-U11rrSn-(Y+st^(1,$R{n}i-'fitn*;t*{ R+myn-(R+nk+t1,
i=f+,S+l



(77) g2@)=(Mty)n-s,tU,,s)nt

,QS) gfu)=(My)*s,lg,,s;n!{R}'-(r+i1

Q, s4ltr) = (Mty)r f|,*-,r- o*o 1,4r*st A(j,s)fi!{n;a-(n+e
j=I+S+l

(80) g5(r) = (M ilv .g_f* 
- f, - t;Xoldr+olu,s)n!{R}r-tfi tn * D k lR + iy*@+tt+r),

J=f+.S+t l=l

j = l r 2 r . . . , n e l

(81) 96(ll)=(My4n _f11-<r-t)Xr/)'-(r+s)lU,$nt{R}rtfitn*D. lR+myr4R+*+t),
i=I+S+l j=t

j = l r 2 r . . . r t t t - l

(E2) ftr@)=(Mty)"-s Ali,Synl

(83) tq|rll)=(My)t Ii (r-(i-l)Xy)drs),tu,s)nl
d.I+S+l

(s4) hn@) = (Mvrt,=#j* - (i - l)XdH ,rE 4j,ER!(R)r-(n+e

(85) hr(n)=(Mvf 
_11(r-A-t)Xs)(rql0i,s)ro{R}r-tiit**;l* (R+iyn1n+th+r),

J:I+.9+l t l

i = l , 2 r . . . r t t t - l

(s6) hr(ntl=(Mylt fltr-tr1)Xy)drs)l0i,.Dn(R)rtfitn*.rtt{i+n;a-(R+*+r),

{b) Whon loQ)=4weSe/,

(s7) f1e)= g{n)=41ny=/U,n-l)
n l

T4OI MAD}TI' JAD{,q.C. S,HARI{A A}ID RANIEF'T SINGH PUNDHIR

i=l

j = 1 , 2 , . . . , n - l

(8r)

(e0)

(Ee)

h@)=

(Mttt ns AU,g)
j

n

$,{fiY f[ f -ti-ttlQy\'{.r*s)t(i,s,
J=/+8+l

fg(n)=

Rl{n}dn+it
. n

(MDr II tr -(i-rD(V)'F(r*$lg,s)
J=I+,S+l

fsb)=
l-l

R!{n1t-t fl tn + Dt{R + 7;a{x+;r+t;
t=l

nt"l=;ffi

c

tr

G

C

d

I

;

(el) ,  j = 1 2 , . . . , f r - l
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(MDY ll tr-(r-l))(tr')'-tr*$z(l,s)
. t=I+S+l

(e2) fe@\= m-l

R!{n;r-l ll tn + )t{R +z1n-(R+nr+t;
i=l

(Mw)n-s A(j,S)

n l

(M,Dn-s AU,S)

,  j = 1 , 2 , . . . , f f i - l

R!{412-(n+11

n

(Mv\Y fl (r-(i-t;;1rr;r(r+s) A(i,s)
i=I+S+l

g{n)=
R!(ft1n{n+t;

(Mv\Y n f^ -f,-U;4P14-(r+$ AU,s)
i=I+S+l

gs(n) =
j-l

R!1n;t-t fl {n +.1)r{R + 712-(R+'1*+t1
t=l

n

(MdY fl tr-(r-l)) (,tt'\n4r*s) AU,s)
i=/+S+l

,  j = 1 2 , . , . r t t l - l

(e7\ 8o(n) = m-l

R!{n}t-t fl (n + l)t {R + n1n-(R+nr+t)
i=l

,  j = 1 2 , . . . , f r - l

[4U

(e3)

(e4)

(es)

(e6)

g2(n')=

$(n)=

(e8)

(ee)

(100)

( l0 l )

ha(n)=

h5@)= ,  j = 1 r 2 r . , . r f r - I

R!(p1r-r fl tn * 7Y1R + ;1n-(n+rr+r)
j=t

lr(n)=ry

Ib@)=

(Mv\r n,* 
- (i -l))(yt')n-(r+s+r);1;,5;

l=I+S+l

nl

n

(MOt fl (r-(i-t))(yr)n{r*s*r),lu,s)
d=I+S+l

i!(R)"{R+l)

n

(MOY'fl (r - (i - t\) {ty'1n-(Y 
+s+r),lu,s)

j=I+S+t
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{,N$1, n f* - C - -t:, 1r1,r"y-(Y+s*l),lu,,s)
t;iI+F+l

t=t

(e) For singb @str s€ry€r, by Ffiing 0n@) =lr orn rc$rlt$ br probabilities reduce to

(loA h6@'1=

(103)

(104)

(105)

j = 1 , 2 , . , , , D I ; L

fi(n) = &(n) - l4(n) - A(j,n - l)

fz@)= (i,n-l)

Is@)=(uv)o4 AU,ST'' '

d($ Il /,(R)
rf 

-" 
dXlt

n n

f,l t(ou*s *(r*lDslttrrlr II tr - (t - lXrr)"-(r+s+r)po
, l l0 

' . ,  ."-" . ,  i  : , .  .  , ;  .  f- I*S*l 
,

n

B(R) fl /,(n)
J=X+l

(106) fafu)= fs@\*fi(a)=(I4rf Itr (f'(r+l)[1rrr"(r+s+r)10,s)
,Ef+S+l

(107) g/izl)= g(n\ =(Mty)n-34J,'S'",

(l0S) gr(n) = gs(n)=se(r) (Wf ft-6-1r-tyt/)'-(r+s+r);U,s)
i=/+8+l

(109) tq(tt'=(Mvf,r!,$nr

(ll0) 4(r)=nr(r) =44#17 fuQl{Nylr fi t"-tr-t)Xrl)F(r+.s+r) AU,s,
,=f+.t+l

6.2.Hfrrtrndbys modsl: In this cas€ by scfiing c = l, we hrye

,a

flt(lr*s-(i-l))s/lPo
( l l l )

,4

$(n)= g{n)=lq(n)=-

n t(ff+.t-(i-l))yrlPs
,t{

( l12) ,tz(nl=

4r1 ff 16v
f:X+l

l : - : .  . . . -

fltt,lr * S* $ - r)) tylf,u ryl*s Po
i {  * .

(l 13) h(n)=

G

i

t

.t

t

( l14) ft(n)=
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fitf t* t-t i - t))t1r)tM rylY J1 f 
" 

- t, -,1 11, 1n-(Y 
+ s +t) po

l=0 ,  i  = l '+S+l
( l f  5 )  f 5 @ ) =

t43l

El! [ r-t R+(/+t)r I ,
B(R) fl /,(R) | fl flO,o * itl ll/.,G * j)

r=R+ l  I  l = l  r =R+ l k+ t  J  , =R+ . /A+ l

|ltft *t - f i -\)ty)lM ry]Y gf" <, -rll 1r';y-(Y 
+ s+t) po

t=0 i=f+,S+l

R+r f;-r n+11+rp I z
B(R) II /'(RI fl flo,{n+il JI/,(R+i)

i=R+l L /=l ,=R+n+t ) i=R+ jk+l

;1 ff t* t - t i - l))tyltM ty)v n t *- t, - | )Xrl')"-( r+s+r ) p0
,=0 l=l/+S+l

, j  =  1 , 2 , . . . ,  m - l

, j = 1 , 2 , " . , u - l( l 1 6 ) . f a @ ) =

(120) 95(n)=

R+k f n-t R+(t+t)k 1 ,
B(R) fl /,(R)l fl fl O,rn*;l I fIa.,$*^)

i=R+l I l=l i=i+/&+l f t=R+mk+l

n n*+ s - (i - t))rylfMry]n-s po
t =u

( l  l 7 )

( i l 8 )

( l  le) gq(n) =

g2@)=
B(n)

n

[|ttu +s-(r -t))rrt][Mry]'-s Po
l=0

8t@) =

B$) n 0,(R)
i+R+l

n n

TIuu +.s-(i - rDvllMilv ll tr -Q-rD(v),-(r+s)p0
i=/+S+l

B(n) fl /,(R)
i=i+l

lttar* s- t i -t\)tyltMtylt lita- f, -r)Xv/)"-(r'+s+r) p0
i=I+5+l

, i = 1 , 2 , . . , , f l - l

, j  =  1 , 2 , . .  . , f r - l(12r) go!r)=

(t22)

R+k I z-l R+(/+lX I ,
B(R) fI /,(R)l fl lla.,$+ j)l fla'G**)

j=R+l 
[ /=t i=it+/l+l j i=R+nk+t

[lrrr * r - (i - t))dtlMv],-s Po
i=0

lb(n)=
B(n)
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fI K,n *s-(t-D)rffffirlv [I(K -(r- 1)9'f(v+t]P0
!4 l-I+f,+l

B(nl
. - - t

[(rll + s - (i - r)\ rrltmvlr [f tr - r) (rr'yr-(r+s)po
l=I+S

n
FO

n
j = l r 2 r . . , , n t - l

8(r) [I f,(R)
i=X+l

n n

n(M+s- (t +iryltm lr fl(K- (t- lxrlnlr+s+tt po
,4 i=f+S+l

, j = l r 2 r . . , r m - l
R+t f ft n+(l+t)t 

'l 
r

,(n) n /,(R)l n fl6,rn+;)l flr,rn*it
. i.n+l L l=l i=R+ll+l ) i=R+jk+l

fi ttt* t - t i -r'1\v!l,Mtvlt fl<t- t, - uxrr;a{r+s+r) po
t4 l=I+.S+l

(r23) h(nl=

(ru)

(125) hr(nl

(126) fo(r)= , j = 1 2 , . , . f , - l

f3. Cold sbndby Modcl : Whcn o = 0, our modpl provides the r€nrlts for cold standby model

C4.llOlNl/R Moffil In 6b carc by scfiing a = 0,,S= O I= 0 wc have

n+l f rl-l x+(r+t)r I I
t(R) fl c,(R)l fl llc,tn*;ll flP,1n+n1

J-X+l I l=l l=.R+lt+l J i=.R+nl+l

f r (n r=& ,Rsn<R+&
(M -n)tB(n) II /,tn)

i=&+l

M\trn4R+*-t)'o

M\tn-(R+k-z'1ro

$n)

(l2E)

(l2e) ft@\=

(130) ft@)=

R+k [ 7-l  R+(/+l), t  I  a

(M -n)tB(R) I-l O,tnll fl ll/,(n*r) I fIQ,$+ i)
t=R+t |  /=l i=R+/l+l J ,=R+"rt+l

R + j  k s n <  R +  ( 7 +  l )  k  - 1 ,  j  =  1 , 2 , . . . , n - i

Rt.k I  nr- l  R+(/+t)* I  n

(M -nqllet ll A,tnlf 51 ll otn*;ll fl4i$+m1
t=F+t I l=l i=n+tt+t J t=R+nk+l

f i .  +mk3nck

6.5. Without additional server: By setting m = 0, we get the results which coincide with the

mo{el studied by Wang and Sivazilian (1992)
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T15]

6'6 o#M*_ machine repairmen probrem: substituting m = 0 in (r27) nd(r30), ye get

MlrynPs

( l3 l ) P n =

This case coincides with classical

7. Corrclusion

n
(M -n)tB(R)fI0,@)

i=^R

machine repair model as discussed by Gross and Hanis (19g5)

(M -n)tB(n)

MltynPs

l S r < R

R S r S / [

The purpose of ttris investigation has beer 
! |tuav the time-sharing machine repairproblem with additionar reparlnen-a$ spares. The finite so*.. tirrorrar.ins queueins systemwith additional service positions hq'not ntiar ana ;il--ulr*y rn computer systems,telecommunication systern' and manufaciuring systems, etc. we have provided the explicitformulae for the ryit". cnaracteristics, whigi 

i., b;':*t"r"o'i" determine the optimalcombination of repairmen gd. t g rp.rct .i,nuttunuourty 
-to 'rriinirir.a 

the expected costincuned' Analytical results obtained sh'ow promise f"r t{r"p"r.i r.tuoaorogy in helping toanalyzn industrial problems specifically is u'*iae t*g" oipiJiJii i**ua.toring scenarios.
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MAHENDRA PANTHEE

Abctnct: We consider a system of coupled Korteweg-de Vries equations and prove well-posedness
results in a space of functions analytic in a ship. The typical class of functions we consider to
obtain analytic solution is the Gevery class introduced by Foias and Temam in [6].

1. Introduction

In this work we consider the initial value problem (IVP)

Analytic solution for a system of KDV equations

= Q

= Q

wherecr,,pareconstantswith d+ B 
= I andr, te lR ThisisasystemstudiedbyNutkuand

O$uz in [6] and has a structure of the Korteweg-de Yries (KdV) equations coupled in the
nonlinear terms. This system has a bi-Hamiltonian structure. If ttre constants are such that
a = t 9, then the equations in the system (1. l) can be decoupled.

The main interest of this work is to find solutions (u(c,t),a (t,t)) of the IVP (l.l) which

admit an extension as an analytic function to a complex stip So: = {"r + ig : lAl < o}, at least

for small values of o. Analytic Gewey class infoduced by Foias and Temam [6] is a suitable
function space for our purpose.

In recent literature, many authors have devoted much effort to get analytic solutions to
several evolution equations. An early work in this direstion is due to Kato and Masuda [12].
They considered a large class of evolution equations and developed a general method to obtain
spatial analyticity of the solution. In particular, the class considered in [2] contains the KdV
equation. The more recent results in this field can be found in the work of Hayashi [0],
Hayashi and Ozawa [l], de Bouard, Hayashi and Kato [3], Kato and Ozawa [3], Bona,
Grujid and Kalish [, 2], GrujiC and Kalish [8, 9] and referencesthere in.

Let us move to intoduce some notations and defure space of functions in which we will

concenfiate our work. For o > 0 and s e IR, the analytic Gewey class Gd't is defined as the

subspace of 12 (lR; with norm.

llf ll:c,,,: l^ <fl*r2'<€)l?G\12 d€,

/ denotes the Fourier transform of / defned by

( l . l )

(r.2)

w h e r e ( . ) = l + l . l a n d

I u, + ur* t 2auu, + u) r + Qn) r
I

] a, + a,,, + 2Pw, t uu, * (ua),

I u(r,0) = uo(t),tt (r,0) = oo(r)

This was partially supported by CAMGSD, IST

FCT/SFRH/BPD/2201812005, Portugal.
through FCT/POCTI-POCI/FEDER and
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r{
q

^ l

fG)=tr6Ĵn"-4 f(t\dt,

f@)=! f^ "*c i6ag.
JQd 

tn

(1.3)

whose inverse fransform is given by

(1.4)

If we define a Fourier multiplieropoatoAlbV

aIG)--(€>f(€)
then Gevrey norm of order (q s) ean be s/riss in terms ofthe operatorl as

' 
llf l l6o,,=llAse'Af I Lz*.)

Note that a function in the Gewey class Gs'd is a restriction to the real axis of a function

analytic on a symmetric sfrip of width Zo.Hace, our interest is to prove well-pose&tess result

for the IVP ( l. I ) for given dafa in Go's x Go's for rypropriate s.
Before establishing well-posedness rezults in the analytic Gewey class, we will prove the

same in the usual Sobolev spaces IIr x llt. Recall that, I/'denotes the Z2 -based Sobolev
space of order s with norm

nf n211,= l*tfl'l |(nP ag,

We denote by Lf (L'1,), (l < p <o) tbe Bud spc II(IR : I'q(IR)) for variables t and .c

respectively. For -l < D < l, let Xr, d€nde lhe Hilbert ryoce with the norm

I

l lf l lx,,t= (l*, e+lt-(tlPtr+l6lP lic,"'tl2 agar)tt2 ,

where i16,r) is the Fornier tansfqm of / in borh c md t vriables. This is the space

infroduced by Bougein [a] in ttre Kd!/ contcxtto obtain wclllosedness results for low
regularity data.

Let us recall some propertios of &e qpace X"l retuding lhe regularig. First, observe that

for feXrp,onehas,

ll f flx,e= ll(r+ Drf u(t)f llr?<rt>,

where t{0 = e-61 isdrermitarygprynsociatedwiftthe lin65,r KdYflow.If 6> lD,the

previous rcmah md the Sobo&v hnm impty,

X,.o cC(IR;Hj(tR)).

We use Cto d€notc variou conffints whose exast values are immaterial. Also, we use the

notationl S B iflt€r€ exisB aconshnt C >Osughthat A<C B,A ) B ifthere exists a

constantC >0suchfta A>CBandl- Brf  ASBandA2B.

Now we state the hcal existcnce result for given data in the usual Sobolev space

II'(IR) x I/"(IR).

Theorem l.l. For ory (us,ole Ilt(IR) x I|"(IR) , s > -314 od b e (ll 2, l), there exist

f = filuo llr",lluo llr") odauniqtesolutionof(I.l) inthetimetntervalf-T,Tlsatisfying

rI

-

I
d
rtl

L:(n
tstt
t-
-

' l

rn
i

r:a

br

|.

rT

bm
Lr
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u,a eC(I-T,II; fi '(R )),

u,a e Xr,5 g tPr,,o'QR; zl 1n;, for ls p so,

(u,)r,(o2), e xsb_r

[4e]

( l5)

(tJ)

(t.7)

d
(to t4,O1 €Xs4,5-1.

llaavv,givenT'e(0,7), themap (zs,us)r+ (u(t),o(t))issnoothfrom Hs(lR)x//r(IR)

to C (t-T',I'l ; fl"(R )) x C (l-T',7'l ; fl"(R)) .

Note tlrat [ (u2 + o\ at is conserved by tre flow of ( I . I ). Using this conserved quantity

we can obtain an a priori estimate m Z2 1n ; x .t2 (IR) which leads to the following global well-
posedness result.

Theorem 1.2. The wtgue local solution to the initial value problem (l .I) obtained in
Theorem I . I can be utanded globally in time for given data rn Hs (IR) x //r (lR), wi eneyer
s ) O

!.T"tt 13. Using l-method and almost conserved quantity introduced in the KdV cont*,t by
Colliander et al in[5], the globalwell-pose&tess result of the abwe theorem can be improvei
for s > -3110, Thse is similar worh in this direaion by the author in qllaboration witi
Linares in ll7l. As our interest hqe is to obtain analytic solutions, we do not proceed in this
direction

Bebre stating the main result of lhis worlc, let us introduce dre function space Xo,',r,
which is analogue of Borrgain's space Xr,6 inhoduced earlier.

For o> 0 and.r e B D e [-1, tJ 6"7-" 1go,t'b with the norm

ll f llzxo.,t = 
lJ<" 

- 13) (€>2' e2o<€> 1 |g,;yf aE at.

If we define the op€rator AP, for p eBby

Nf((,t)=1t7o f((,c).
then we have

llU.f ll xo,r,t. 
=ll As e' A Ab f 11.,._ r..z'(R")

[,et us record that C ([ 0, l] ; Gd't) denotes the space of continuous functions defined on
thd inrcrvol [ 0, fl that take values in Go't. If rve equip C ([ O, f ] ; Go,'\ rvith the norm

oil?, 
ll f(.,.)ll.o,,

then it becomes a Banach space.

For 6 > l/ 2, using Sotolev eqrbedJing we have

,ll!, 
ll f (.,.)ll 6o," s c ll ull xn,,,t.

Therefore fte space 17o's,b irembedded in C ([ 0, T]; Go,,) whencver 6 > l/ 2.
Now we are in position to state the main result of this rvork which reads as follows.
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Theorem 1.4. Lets 20 and o> 0 ttwtfor W (uo,aieG6'8 xGo" 'there qists atime

T> 0 such tha tte tw:1|'l) is well' posed in the spacec ([ u'r] ; Go")x c ([ 0' r] ;Go''\ '

2. lVell-posedness result in usual Sovolev sprce

In rhis scc.tion we will prove well'posedness results in the usual sobolev spac€!' The-idea

of the proof is similar tr t" 
"i. 

..pf"V"d f:t.fu Gear and Grimshaw system in the author's

;;";id;;;k ir;Gb"t"ti";;itn Liointt in tl7l. For the sake of completeness, we just give

sketch of the p'roof.

Proof of lhcorem l.l. Using Duhamel's principle, we study the following system of integral

equations equivalent to Se systcm (l'l),

i!,

-

c.;
T
I

al

(2.r) I 
uG\ =u(t'1uo- llou <t -tl r'(tt'o'tt"'o,'1()dt"

l,u, 
= u (t)t o - llo u o - tl G(u,o'u''u')(t') dt"

where u(r) = setdrl irthe unitary group tlat describes the linear Kdv flow and F and G are

respective nonlinearities.

To ftrd a local solutlon tothe rvp (l.l) we cm rralace the system (2.1) with the following

system

I u (t) = yr(t)(J(r) no - y1 (r) [lo u <t' tl'v r(t) F (u'o'u 
"'o "\(t'\ 

dt"

(2'2) 

| u1r)= rp1(r )u(t)oo..'ttt4\ liu<t 
-t)w7$G(u'o'uz'o')(t)dt"

where rp eCf (IR),0 < T 0)3I isastroothfunc{ionsuchthlt

e.3) ^r=t; t,',',ll),

md y7?)=d+\0 <.r< l '

Now, we consider the following function space where we seek b solution to the IVP (l.l).

For given (so,u.) e II'(IR) x /{'(IR) md b >ll 2' let us define'

t{ * : = l(u,o') e X, p x X, p : ll z ll,r",r 3 M' ll o ll * 
" 13 

Nl'

where M = 2cb.lloo llrr, and N =2colloo llr, T\en ![wv is a complete metric space with

nolm' 

ll l(r,u)lllrrav:= llnll""r+llollx"'a'

Withoutlossofgeneraliry,wemayassumethatM> 
l and/V> l.For (a,u)elfilv,letus

define the maPs'

I o* [u, ul = v rQ)I] (t) a o - v {t') f; 
u <' - t> v' (t') F (u'a'u 

"o'\ 
(t"1 dt'

(2'4) 

| **tr,rt =tyr(t)Il(t)oo-vlt) fru U -t)vr(t)G(u,a,u',u,)(t')dt"

wo pinove that o x Y maps t{pyilrto ,tm{ ard is a contaction' To achieve this goal we

ruc ftc following estimates

3 l

t r

-

L

t t

{

ft

f , l

I

{

5
fl
{S"|

rq
rq
tr
t
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(2.5) l lyrU(t)uollx,,3Clluol la,,

(2.61 a"? I:ue 
-t) f(!")4t ' l lx,.#g7t-b+b' l l  f  l lx,.y, orLr,b-r<b' <o

d

en l l , (uo) l lsg, , t ,  <cl lu l lx , ,6 l lv l lx" .5," t - ; ,  
) . t . f , , t - r<b'  

<-L,

hoofdcsrimates (2.5) and(2,6) is given in [4] and [7] andthat of Q.7) is given in [5].
l{ow using estimates Q.5)-Q.7) we obtain

[ i lafu,a) l lxr .a 
(  Col luol l r ,  +CrTe{l lu l l 'x, .nl l lo l l2x,.r  +l lu l lx"pl lal ly, .6l

(2.8) ,l -',

[1;v12,u]l lx",6 < Collaollr, +Czrq{ll[ l l tr",b +llall?x,.r +ll i l l l*"., l l  olly,.6t,

w h e r e 0 : l - b * b ' .

As (2, o) e If 74y, with our choice of Mand y'f we get fronr (2.8),

(2.e)

If ue choose Isuch that,

(3.10)

(3 .1  l )

| lolu,oll lx,,o=t*qT'e 
lM2 + N2 + MNI

I l l r [ i l , " ] l lx"  .o=t*c270lM2 
+ N2 + MNl.

Te s (zmur lct,C$(M + /{)21-t
then the estimate (2.9) yielos,

ll O[z,o]ll.y", 3M an r ll Y[z,u]111", (il.

Therefore,
(tb[u,al,Y lu,al) e I{ yy.

In a, analogous manner we can show that O x Y : (u,a) e (Qfu,ol,Y lu, ul) is a confaction.

Therefore the map O x Y is a contaction map in the ball If un. Hence. there exists a

unique fixed poiht (u,o)thatsolves the IVP (l.l) for 73 d. The remainder of the proof follows

a standard argument. n

3. Well-posednesss results in the analytic class

Now we proceed to establish the estimates that arc fundamental in-the proof of the main
result of this work.

3.l.Linear estimates.

Lemma 3.1. Let s e IR, 6r ) 0, uoeGo,t, b> ll2 andb- l<b'<0.Then there exists a

constant C such that

llv(t)U(t)uo llx.","p < ll uollcos ,

tt v, li u G - t') f (t') dt' ll, o.,,t < crt-b+b' ll f ll 11 o,,,t,

Proof: For o= 0 the estimates in (3.10) and (3.1l) turn to be estimates (2.5) andQ.6)

respectively. For o > 0, we just need to replace usby eoAusand / by eoA 7 andso the proof

follows in analogous manner. n
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32. Hlircar esfimatc

Lcmma 32. Ld a,v . ya,$, s) g, o > 0, i. O. i. tf b - | 1 b, < - i itw there q& a
cutstott C depeding only on s, b and b'such that

(3.r2) ll a 3 @rr:j ll x o,s ! < c lt u ll x " s tlto ll x, ", 
p.

Proolr r/e give pwf of (3. l2) for s * o, tte genoal case s > 0 follows fiffiit so, our
interest helre is to prove

(3.13)

Irt us defure

If ;,1i=X-:;i":;::",ilf ;1;
So tha$ llull *o,o,o 

= lJ f l1"rr, and lful[*r, ot =fr 5fr2;2;. Also,

ll 0 ,Qn\ll xo,op, 
= lj (r - E3)b' eol€, {fi t 0)((,t)ll 

,; f

(3.r4) =fi<r - 63>b' a"<c> e !!Uer,tt)6(€ 
- €r,, -il a€infirr4

Now, the estimate (3.13) can be wi&ar in terms of /ard gas

p a e$@) $ *,0,v s c lt tt ll *apjll o Il *o,o,t.

t-1$i f (gr,"ry-c(C-€t\n1E -€r,c -cr)

{" l-€IbF-q-(€-€)3)b

I

q

OJ

L
-

nq
l;r
-

h
d

h

:'

L

(3,s) 
ilr*tt ogr*ril

i ltlt?

I

hq
r-

t
CI

Cr

ts

-a

cuf i l*  * i le\ !44.

Using Caudy-Schwarz inequarrty and Fubiani's theorENn, the LHS of (3.15) can be e$imated
as

"fi €""ril cc"-"Gr) f(€r,r1)s-o<€-€t> g(€ -€r,r -tr) ll

l?-€t>-t' 
JJ h-€?lbe-cr-G -€)3)b 

-'' ' 
frr7rr"

.^1.\ -il {so(€) ff e-o(lir-o(€-€tdgrd", il ,,(3'16) = 
[,"-r* JI n-t',r',*^utwnrr rrilri{,'i'.,Jle1{''7'1'

So, to obtain tfte alesir€d e$imate (3.15) edeereby (3.13), we need to strow
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(3. t4

lil: -, tt tingle inequality we have | | | s | 6r | + | f - f1 f . So,

d t ctint(c (3.17) will be proved if we can show

l*$ffi
tl

ll '"
llry4

eo(() . eolt) 
"o(l-Ci

(3.rt)

The expression in (3.18) is exactly the same term appeared in the proof of the usual bilinear
estimate related to the KdV equation in [5]. So, the rest of the proof follows the same lines in

[5]. This completes th9 proof of the lemma. D

3.3. Proof of the main result. Now we will use the linear and bi-linear estimates derived
above to prove the main result of this work.

Proofof Theorem 1.4. TheideaofproofisthesimilartothatofTheorem l.l presented
earlier. We write the IVP (l.l) in its equivalent integral form as in Q.2). For given

(us,os\ e Go'"([t) x Gor(IR) wrd b> | l2,letus define M=2Csll ze ll6o"c and

N =2C"tt zosll6o,s.Now define a ball

Blay : = {(u,o) e Xd,s,b x Xo,t,b :ll ull *oopS M,llollxoots il}. .

Then $yy is a complete metic space with nomr,

lll (z,o) llla*z=11ullyn,,,t + llo llr",,,a

In this case also, without loss of generality, we may assume ttlrrt M > I and /V > I . For
(u,o)e(86s,let us define the maps <D x Y as in (2.5). We will show that O x Y is a

contraction map in ttre ball CI1ary.

First, let us move to show that O x Y maps the ball {\6 nto itself. Using estimates

(3. l0) - (3. 12) we obtain as in (2.9), for 0 = 1: $ * b' ,

Now, choosing Tsuch that

we obtain from (3.19;,

(3.1e)

re < lznlrl 1C1,C2l (M + N)2)-r

ll@llx""r,a 3M nd llYllx",r,a <il.

Therefore, O x Y maps OyTy mto $w. One can easily prove thatO x Y is a contaction map

in an analogous mann€r, so we skip it.

Hence, the map iD x Y has a unique fixed point (r,?r) whioh solves the M (l.l) for IS d

in the ball $w .\\e rest of the proof follows a shndffd argumont so we omit the details. This

J lloll",,",a <t*crre {tt2 + N2 + MNI

Illvll*,,", ' <$+c2Te {M2 + N2 + MNl.

completes the proof of the theorem.
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Derivation of a class of bitateral generating
functions from a set of orthogonal polynomials

N. K. RANA

Abstrrct: A new class ofbilateral generating functions are obtained from a set oforthogonal
polynomials {F#r*u@;2v)}. Known bilateral generating functions are obtained as a particular
c:uie.

l.Introduction

In 1983, Datta and Manocha [2] infroduced a new class of orthogonal polynomials

I F*!,*u@ ; 2 v)) with the help of a relation

( l . l ) F#o*u@;1v)= rv |Ften;yt|+m-!; 
r,,)

fn

The polynomials {Ffi*u(t;2v)} satisfies the following differential equation

( t .2) x2 y' - QMn+t - A,r)y' + {m(mn + v\ tn - v(v * I - l)lA = 0

where X,m are fixed parameters, z is a variable pararneter and v a non-negative tnteger < m.
Aim of the present paper is to obtain a new class of bilateral generating functions for

{F#o*u@;2v)} which can be written in the form of the following theorem:

Theorem: If there exists a unilateral generatingfunction of theform

(1 .3) G(r,t) = E aoF k+n(r ; Xv) tn
tc=O

then the following class of bilateral generating function will hold:

(1.4) (l -msgy{n+v+)'-t)/m exp(tntn tg /(t -mt6). 
f lt /(l -mtA)li*,ty /e -ntgl

€ p
= I I anrnp-n \p-n)t(n+ev+1,-l +mlnr)o_o F#p*u@;Av)(t1p

P=o n=0

The importance of the theorem lies on the fact that all particular bilateral. Generating functions
can be easily deduced by athibuting suiable values to a, urdthen making use of known
linear generating firnctions involving the class of orthogonal polynomials.

S< Rcpqd

l :m6.
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2. Ilerlvrtlon of th $rynfry ftnctions

Fbn {,fi$""(r;iyDwhre e6 frmmviry portial durerential opeffior t6l

8 .1,  p=Cls l l0r+n0lOg+(m+v+r, - t -n t f ) l

suchfrd

(22) BIF$r*"g ;Av)*l= {z(z+l)+ b + I-ll 
ffi*ry*r@ :A ,,e(ff,+t>u

tho cxenff ffiffitoftrffifr$i'etitrAtw ganeatod by B is

(23)' fiap(D$,ffia4 = 1t -ffi-$e+t*r-)/n etq(-ncn tb I Q - ntb)).

f le t (l - *b\il-, t | 1t - r*by
L€t

, €

QA, C@,A = Z.qi,ffo"+t{c |A.v')gi;rvhGrc 4f b.stitrary, selostcd in nc,h a way
rr0

that &o bfr hnod sido of e.4) gfu€. ftnourn gcmerafng fturctions.

nryhc&ry9 Wry:rnp.A)

8.s> c($'tjr=i *tg*"tr ;xv)ttsr
r=0

O,p€mdng cxp (DB) m both sdor of@.5), lcfr hmd si& becmcs

(t - ntby)fi+r+,1-ry,r !ilp (,m,ifr $$ru - #bg),. f It t0 - ntthg}r I n, 
ry t (t - mtbDl

orr thc othcrhan4 righthud sidoro&loorto

o P

E E a, b P-8 nP! (p - r}{(r + g + L - t + mV m) p_o Fft*n@ ; Ivlrttdn
ga nd

F4ua@ D**lruSffidtt.4).

3. Apptcathu

&stmiru qf -(-pl.(-nlr/pt rndurfu l@i=sf Ffi*r(t;Xvl
WcgA
(3.1) (l-nty1-{r+*r-rrr ary(qtfty/.J-ntD\,t" l(l-n2g'y+"t*.

. rfi(-r ,W+ X-l+n)ln;{ N-ntul) =

o (2v+X,-l+ml*l
, 

t\-' ' ' ' ' x'' d'n4 
g{(-F,-r;(e +t-t+n)tm;ltmtlFS*r(r;lv)(mt)p(yy"

f r p l
fughg ;qby Vare@r - l, vp&lainfu bildfiit gcncruing rtlation

Q,?' 0.y){'**n+t-D/.' q?* v t Q-yD.iv

:.. x ,{(-n;(b + l-l+n}lm;* ft-y)!
' 

$ 
(2v + t - I + rXnlp rFr(- F,<t ;(2v + 7 - | + ml I m :l I mtl $*"(z ; I vl

f t p l
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Thb rrs &hd Uy nt*acnarya and Rath []

h. i3 r-  I ,y=0ndl:  I  +oandnothing tbat F;@;l+a,0)= nl( l+a)rt f ; )91 tne

biHprhgrelation (3.2) reduces to

A - V)-'-"-t exp (-rir / (l - U)) frGn ;l + a ; r /(l - s) =

i rFr(-p,-u I+a;l) Lf(fian-u
P=0

which can be compared with a result of Mcbride (p.37)
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Common fixed point theorems for four maps
in D-metric space using certain

continuity conditions

K.p.R. RAor, K. JHA2 AND p. RANGA swl,ttty'

Abrtnct In this paper we prove two common fixed point theorems; for four self maps on Dhage.metric
space using certain orbially lower semi continuity condition on four maps; which are some probable
modifications of theorems of Dhage and Dhage et al.

AMS 2000 Subject Classification: 47 H 10; 54II25

Key Words rnd Phrases: .Dmetic spaces, fxed point, coincidently commuting maps,
orbitally lower semi'continuous maps.

Dhage [] intoduced the concept ofD-mefic space as follows.

Defini t ion:Anonemptysetx,togetherwithafunct ionD:XxXxX+lO,co)iscal leda
D-metric space with D-inetric satisfies the following properties

( i)  D(t ,g,z )  
:0 i t r  &= s = z

(ii) D(r,y,z): D(p{c,g,zl)wherep is apermutation function of qs,z

( i i i )  D("u,y,z) 3 D (a,9, z) + D (t ,a,z)+D (z,g,a)Y r,g,z,a eX.

Definitions [1]: Asequence {ro} c Xis saidtobeconvergenttoapointr eX if

Lt  D (& -, t  o, t)  = 0.
,n.n-+@

A sequence {rn}cXis called DCaucnt tt 
*,o!}-.D(r*,tr,to) 

= 0

A complete D-metric space is one in which every D-Cauchy sequence converges to a point of

X.AsubsetEofaD-metricspaceXiscalledboundedifttrereexistsaconstantl>0suchthat

D(r, g,z) 3 k Y t,g,z e E. A mapping f : X + X is continuous if and only if, for any

sequence lrol E X, rn -> x implies 
"f 

rn-+ f r .

Dhage [] also claimed that D-metric is continuous in all its three variables.

Dhage [2] proved the following

Lemma I (Lemma 2.2 t2l) :I*t {rol=X be bounded with B4ound f sadsrying

44, r*r, r) 3 0\h) Y ru> n e N where / : R++ R+ satisfies L 0' @ < o for each
n=l

t e R+. Then 1.r z) is D-Cauchy.
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Theorem 2 (Theorem 2.1 of l2l): Let S and-T be self maps on a D*etric space X' Xb'e

i;,i:;;;fuIy complete ancl(s,T- orbitallv bounded D'metric space'

Suppose that

D(st,Tg,z)< /  (Mo<{D ( r ,g,z),  D(r,st '  z) '  D(g'Ta' t) '  @(r 'Ty'z) '

p D(g,Sr,z))) for all t,g e X wrd' e o(Sf ; r) v o(f"S ; g) where o S p < ll3 and

/, R+-+ R+ is continuous, non drccreasing, ou)<t for t > o and r /u (t)< oovt € R+'

Then S and Thave a unique cornmon fixed point'

we observed *,"t il n."r* i trt. ^ittror used the continuity of D-mefiic in one

variable in proving n" i*iti"n"t of fixed point of 7. But Naidu et'al' [4] observed that there

*. p-n,"t i..s which are not continuous even in a single valiab-le, -

&""-f*u.pf.l of t+D' lfence the validity of Theorem 2 is doubtful'

Dhage et.al. [3] Proved

Theorem3(Theorem2.4of[3]):LetA'B'STbefourselfmapsofaDmetricspaceX
satisfuing

(3.1) A(x)erV),  B(x)E"(s)

(3.2) D(Ar,Bg,z)i,aUo1o1st ,Tg'z)'D(Sr' 'ar' z )'D(Tg'Bg'z)\ Y r'g'z eX

w h e r e  0 < X < l

(3.3) o;fi]}l is comPlete for each zeX

(3.4) the pairs {.'{,S } and !8,7} .arelimit 
coincidentally commuting

ig.Si any one of A,B,S,Tis continuous

T'hen A,4 S and ?have a unique common fixed point'

In this theorem also ohagl et. al [3] used the continuity of D-meric in nro variables'

Hence the vatidity 
"f 

t;it-th;;;rn i, uito aouUinrt' Bven if ihis theorem is valid' the inequality

(3.2) forces the space ;il;;;trgleton set. Hence this theorem is insignificant'

Now we give some modifications of Theorems 2 and 3 without using the continuity of

.Dmetric.
We first give the following defuritions

Let I,n,s anif U. four self maps on a 'Dmetric space X'

Let (r) = mn lD (ar"At,s'x)'D (At'^sr' sr )'D (Bs' Br,'Tr)'D(Bt' Tr'T r)l'

c* (c ) 
= max {D (ae, A$,s'tr )'D (At's ;,'st )'D (B'x' Bt'Tr )'D (Br'Tt'Tt )l '

Hr(r ) 
= m x \D(Ar'At'St)'D(Az"Sc'Sr ))'

H'p ) 
-- max {D (Br, Br, Tt )'D (Br'74 Tr )l'

We say that A, B,S and ? are (G,H1'H2)-orbitally lower semi continuous at u eX if

G(u)<+ max {Hr @2n),H2(r2n+i\
n - + @

wheneverthereexists€quences{.r,}andty,}inXsuchthat

Uo = Slb, Uzn*r= Atzn= TI4nYr

Uzn+2= BI2n+"t=SI2n*2, n=0' l '2" '  '

and {gr\ converges to I

l

*
I

I

.-

f , i l

r {

t
ilt
r.|
*4

x
t

ry
E

m

m
*lr

m

b

;rl:
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We prove 6c blh,witg two lemmas

Lcrr * r,''r,g, ^g ed ? be four self maps on a Dmetric spbce (x,D ) satis$ing(a.t) 
4e&A< y'(Max{D( St,Tg,z),D(Sz,Az,z),D(TV,Bgs1, 

D(Sc,Bg,z),
4tV,^,2)lVe, g eXandz= Azl or B z 2fo, 

"o*)r,,ri.X 
where

a_ O * l+ bam4ping such lcrrat O(t)< t Vt> o.
hrqpoeethat

( : : ! ' t  (4  s r \x ) ,  B(qss(x )
(4.3) there exists u e X such that Au= grz or I u= Tu
A q the pairs {,4, J} and @,4 iecJJciaentatty commuting at z
Then l,g, Jand ?have a unique common fixed point

Proof:fqppose Au= gu

Since.r'(X) Eq4 there exists v eXsuch that /a= TV.
Suppose Au* Bu

D (Au, B v, A u) < Q $vIu< {D (S 4 T v, Au),D (S q A 4 A u), D (TV, B v, Au),
D ( g 4 B v, A u), D (?rt, Z 4 Z u)l= ( (D (aa B v, Au)) < D (au, B v, Au).It is a contadiction.

Hence Au= Bv

Thus Au= Su,= Bv= fu . . . . . . (D
Since ttre pafu (A,$ is coincidentally commuting we have

a @e=A(Su)= I (Au)= J(Bn) ... ... (U)
Since the pair (44 is coincidentally commuting we have

B(Bv)= B(Tv)= {Bv)= 4?v) .. . . . .(rr l)
D (rlu, Au,A 2 u) = D Ql v, B v,,A z u1from (I)

s Q (Max lD (8 u tu, e 2 u ), D ( g 4 z4 u, I 2 u), D (T v, B v . A z u),
. D(Su,B v,A 2 u),D(T v,Au,l zul from (4.1)

= Q(D(AaZ u,Azu))from @. ', A2u=Au

Hene;e S(Au)= A2u.= au&om (II)
Thus la is a common fixed point of.,4 and ̂ S.

D(Bv, B v,B2 v) = D(Au, B v, B 2 v)from (I)

: ,  R v =  B v

s Q (Mur { D (Su, T v, E fl , D (S 4 Au, E v), D (T v, B v, Rv),

. !(Su,Bv,E-v),D(Tv,Au,E v)l from (a.l)
= f (D(Bv,Bv,Fl) from (I)
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Hence {Bu) 
= E v- 8v from (III)

Thus B v is a conunon fned point of A and 
".

Since Au= Bv it follows $at Ailrs a comtnon fixed point of A, B, S,and V

Similarly if fu,=Ta&en &tis a oommon fixed point of .4, 4 S, urd ?.

Uniqueness of common fixed point fo'llows easily by applying (4.1) two times.

lemma 
S'.l,et A,8,8, and Tbo four self maps on a D,metric space Xsatis$ing

(5. l) D(At,Bg,z ) < / (Max {D(9e,Tg ; z),D(Sr,At,z),D(Tg,Bg,z),

D(lt,Bg,z),D(Tg,Aa,z)lVc,g eX fidz= t or gor Azt(tr Bzz
' fo rsome z1 ,z2EX

where /: R+ -+ R+ is a fimction suc,h lhc ((t')< t Vt> o.

(52) Suppose,y'z= 8a and Tu= Baforsrlme teX

Then z is the cornmon fxed point of /t,B,S d T.

Proof: lVrite wr = Au, =Stt,utz = Ttt = B tt

Suppose wt*th

{wt,W,W)= {rl4'Btr,w)
< / (Mo{D (Srg ?z,n),D( 8u,/4w1),D(Tu,Bu,wr\

1 / (Max {D(wr ,* ,*;,offflroli1wr)'D(Tt4au'wt) 
'

Also
D(w 1,w2,w2) = D (Att, Bt4w2)

</(Mo{D(SgTr,w2),D(8t,'la,w2),D(T4Bu,w2),

D (Su, Btt,w2),D (T q Au,v' z)I

= / (Max {D(wr,rlr,w r),D(wr,nt,nb)})

.'. Max { D (w r,wz,wzl, D(w r,wz,w2l!, S / (Mrx {D ( r\,w2,w21, D lwr, nr, rlg) } )

Hencewl=n2.

ThttS Au= 8u=Bu=TU

Now
D(Au'att'ul==iw;&*,T4u),D(8u,a4u),D(T4Br,u),

D (S u, B4 a) t D(T u, Au, u Jl
= Q(D(Au,A4u)

.'- Ata= u

TbsAu=Bu=Stu= Ttt,=tt,

Hence z is acwor fnedpointof A,B,SandT.

Uniqueness of common fxed point bllws easily from (5.1) using two times.

Now wr give our main theorems.

Theorem 6z Let A, B, S gnd T befour self maps on a Dmetric space X such that

I
I
I
{
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(6.1) ,t (x) 1-44, B (4 g s (4
(62) Dl&,\,2)< y'(Max{D(Sr,Tg,z),D(St,At,z),D(TV,4,z),

PD(S r, Bg,z), PD(Tg, A t,z)l)

Y t,y eI,S - / z t or B z 2 for sofitQ z 1,2 2 eX where 0 < B < I /3 and / : R++ R+ is non

{ o t r i 1 ,  1 6 < t  f o r e > 0 * O r I  t o ( t ) < @ V t € R +

(63) Assumethatforsome Jh€X,thereexistsequence {rr} and {gr} suchthat

!g- 88sr!*2n +t: Atzn = T&zn * r rV zo * 2 = Ba2o ai: Srzn *2 rn = 0 r1,2 "' and the set

D(!o,UuA)/ 0 3 a S l, t< 0 < 2,m221 is bounded by,t

Thcn the sequelrce {yo} is .DCauchy.

Further assume that
(6.4) {yo} converges to some a eX

(6.5) the pairs {,{,S} and lB,Tl are coincidentally commuting at a

(6.6) A,B,8,T are (G,II,,Hrf otbitally lower semi continuous at z

than 1,4 .S and ?have a unique oornmon fixed point.

Proof : For wry m22,

D(g,vz, a )= D(Azo, Bq, Y )

s / (Max {D( 8 rn, T q,g ), D(8 tn, Ats, g ), D(T.q, 84, g ),
pD (Sts, Br1,g ), pD (Tq, Aq, V )l)

' / (Max lD(Vo,gr,g),D(ao,ar,Ar), D (%,Uz,U),

9D (go, vz,g ), FD (h,h, c )I)

<0&)... (i) from (6.3)
For z) 3,

D(a :,as,g) = D(k,At,g) = D(at2,B\,a)

< / (Max {D( S rr, Tq, A ), D(S ar, Arr, g ), D(Tq, Be, ! *),

pD(Sct, Bzr,g -), PD (Tr1, Ar2,a -)l)
= / (Max {D( az, a p a ̂ ) ;D(Uz, at, a.), D (U p Uz, U ̂),

9D (u z, % g ),0D(9, h, a )l)
= /(Max{D(Uz,UvU),FD(Az,Az,A),0D (Vph,U)l) .. ... (ii)

Crc : Srppcc D(Vz,gc,V) < 0 (D(Vr,U,a))

Thco D(y,gb ,y)< l@$ ) from (i)
= ) r (k)

Casc : Srppcc D(g,a,,a) 3 0 (FD (uz,az,u))

fD (h,h,y) 3 fD (yz,yz,y^) + 0D (U2,A r,Um) + 0D (Az,Uz,U r)
s p)(L)+pQ$)+PQ$) from (i)

3 )(k)
:.  D(gz,Ut,Un) <12(I)
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Case: Suppose D(sz,%,A)sQ(PD(U,%,V)) (iii)

QD(ct,th,aJs p D{gn,yi,gA + F 4ur,uz,a) + fD(vr,gz,vz)
4fq$z,%"s,;+pf (L)+pt(l) from (i)
=2gg!hl+p\&,uz,u) (r")

:. D[W,%,A) s StZ p fi*,1 +po(s2,s,y;l

s2ffl*j+fffib,h,lt) since /(r) < r for r> o,

:. D(Uz,!h,a).4 OWr - f . . '
Now (iv) beoornes

F D(v,,u,y) szp| g)+ 
fi O W = 

fi O W

Hence (iii) becomes e (q,Ut Unl = Ol -{;Of-rr]=,, n

Thus in all throe cas€s we tnve D(y2,gr,g)s(z$).

In general for z ) n+ I we have D (ypUr *U)< f (k)

Now from l,emma | (I,+rrmta2.z of22l2lD_ it fo[ows thd {y"} is a.DCauchy sequence in x.
$uppose$at {g;} coilre'fgwtosomc texud/,,B,^t,?ae (G,H'IUyorbitallylowersemi
continuous at a
Then

MnlD(Au,At48u),D(At4S4Sr0,D(e4B4Ttt),D{Bu,Tqru))l

5 
Lh-r1x 

{nrltx, loQtt r,/tt2}slu2i,,D (At r,gr.i,ge2dl,n + @

mo( {DF4r a yB\l +1,7&2t r),\B4o *t,Ttzn t,Tho * )l I

= -Lh 1n61g {mar {D(gt, +t,yo'+r, goj,D(!hn+t,!hn lh)|,n + @

max {D (gro * z, lhn rz, lhr * t), D (Un * z, lzn * t, U2 n*, ) } } 
= 0

since {gn } is D-Cauehy

.'. Art= Su w Bu= Tu

The rest bllows from Lemma 4.

Theorcm 7z La A,B,S*tdTbefour self maps on a D-mebic space(X,D) suchtha

(7. l) 4,b,4,21 < / (Max {D1 Sr,Tg,z),\Sr,At,z), D(Tg, Bg,z),

fD($c, Bg,z), pD(Tg, At,z)l)

Y t,g e X{ = a or g n 4 z 1S 822 ftr sme z1,z 2 G X where O S p S ll3,

/-: R+ + R+ is non decreasitg O$J < t for t> 0 andrl,/o(r) < o for each r e Z+.
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(72) Ac th fu me JbeX, there orist sequence {ro } anE {yn }

dfbS- Sts,yir*r=Afizo= TI2n+b Uzn+z= Br;zi*zj t4,o*2, fr=O,l,2...and

tcs lD(yo,yo,g.i /Q3a<|,13b32,m>2 ) isbb\nded by h.

fb {yJ is a }Cauchy sequence.

hrusumethat

OJ) {y. } conveiges to some z eX

O.0 /,B,S,Tare (G*,4,H2)-olbitally lowersemi continuous at ra

Tb 7" 4 ^9 and ?have a unique oommon fxed point

Proof:- The firstpart of the proof follows as in Theorem 6.

The rest follows from (7.4) and Lernma 5.

REFEREA}{CES

tU B. C. Dhage : Generalised netric spaces and mqpings withfaed poinl, Bull. Cal. Math.
Soc. &4(4)m (lW2), 329-336.

I2l B. C. Dhage : Some results on eommonfaed points -l,Indian J. Pure. Appl. Math 30(8),
(t999), W-837.

t3l B. C. Dhage : Smrati Arya and Jeong Sheok Ume: A general lemmaforfued point
theorens involving more than two maps in D-metric spaces with applicotiotrs, Internat. J.
Math. Math. Sci. No. I l, Vol. 2003,661-672.

t4l S. V. R Naidu, K.P.R Rao, and N. Srinivasa Rao : On the topologt of D-metric spaces
od generation of Dmetric spacesfrom metric spaces, lntenraL J. Math. Math. Sci. (to
appear).

13 orp.ttrr.ot of Applied Mathamatics, 2Ic JHA,
A.N.U.P. G Centre, DepartrnentofMathematical Sciences
NUZVID,52I20I, School of Science,
KrishnaDistrict, KATHMANDU UNMRSITY,
A.P. G,IDIA) P.O. BOX NO.6250.
Eaail: kpnao20O4@yahoo.com Kathmandu,Nepal.

E-mail : jhaknh@yahoo.co.in



The Nepali MstlL Sc. Rcport
Vol .26No.  l&2,20[ f ' .

Certain transformation formulae
of hypergeometric type

B.R. SHARMA

Abstract rhe object of this paper is to be established certain transformation formulae involvinghypergeometric series by ma\ing use of Bailey;s transtormation.

Key words and phrases: Hypergeomehic series, Kampe de Feriet hypergeometic firnction,summation formulae and tansformation formulae.

L introduction

An infinite series of the ro* i 
@r"!t)" 

.:{ is known as ordinary hypergeomehic
7u @)o \rtn

series' It is denoted u, F rfa, b ; c ; zf ,where a, b and care real or complex parameters and z
is an argument wi*r 

! z l: !. The hlpergeometic_series (cHs) have been the topic of asigrificant study by w.N. Bailey, n.r. lgarwat, L. J. slater -a,nor" rr.entry G. Gasper andM. Rahman in its general form ilso.

A generalized hlpergeometric series is defned as

g (arL(az)  r , . . . ,  (or ) ,  zo

f f i  (q)o@), ,  . . . ,  (b , ) , ( r )n '

@ \ .  =  {  
a @  + l ) , . . . ,  ( a  +  n  -  l ) ,  n  =  1 , 2 , . . .

1  0 ,  n=0_

The series ( I . I ) converges for all z when r < s, atleast when none of denominator parameters
areznro ornegative inrcger. Itconverges forlzl< I when r:^r+ I andonlyconverges for
z = 0 when r> p + I unless it reduces to a polynomial.

A kampe de Feriet hlpergeomefiic firnction of two variables is defined as

F tr; 
p ; t '  | 

(a ) : (b ),(B'r,) ; aa I
p;u;D' 

| (c),(d,),(dL,) |

( l . l )

where

(1.2)

,  I  a r , a 2 , . . . , o r i
' '  t  

L  4 , b ,  , . . . ,  b , z
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where (ax), standforthesequenceofparameters d1tQ2,"'ta70ad lrl<-1, lyl<1'and

tr+ p'+ p'< p+u+0t +lforconvergence.

2. In order to establish certain transformation and summation formulae forgeneralized

hlpergeomtic series, we shall make use ofthe following Bailey's fiansformation:

If

Fr=Z ar(Jrr-rVn+r and

(2.3)

o 
'=o

Q.2)rr=25r*otrrr+2n,where ar,Sr,urandvrarethefunctionsofronlysuchthatthe
/=0

series 1o exists then under suitable convergence conditions:

O @

Z  o o r o = l  f r 6 ,
a=0 n=0

B.R. SHARMA

E, g I@)l^+ol(by11^1?!u'17, znvn

#o i'=o [(c )l^+ ol@ )l*I@l')]n (l). (l)n

,a[, *}J,rtl'*n)=ffiff*
L

, ,  I  
aJ+!a,b,-ni t  

l= ,r*o,,
n" 

I to, '*a-b' t+a+nl 
t ' .  a ' -b)n

. r n

r l

. ; ; l

Q.r)

Q.s)

(2.8)

a -

Now, we shall be in need of the following known relations due to Slater [4]:

I  n r+1 ,b , " ,d , t+2a-b -c -d  +n , -n ; l  I
Q ' 4 )  

" u l  * , r * o 1 u , r * a - c , r + a - d , b + c + d , t * o * ' IIL Z

_( l  
+ a)n( l  + a -  b -  c) ,n( l '  a  -  b  -  O rQ + a -  c  -  d)o

(l +a -D)o(l + a - c)r(l + a - d)nQ + a - b - c - d)o

(2.6)

f  a ,b , -  n : i
t 4 f  r  * a - ! . u t - h - t  , =

|  , ,3+1, t , .  n;  '  I
t 4 l  t , , i - r ' - . , . ,  - . n 1 ,

L  t , ' * a - F . i + . o  _ )

(2.7)

( ci - 21,i, { 'bi 
n,= ' ; J+a -bk l - - zb ;

&{

3 #
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(r+ a)r(r+ b)"
(2.9)

(2.10)

3. Main Rcsultr.

(3.1) If we take

Q.4)

(r+ a+ b'1o(l)n

I = r(c)r(c-a-r)
J F(c - a\f(c - b)

,rrl?::-rl

, r r \ 'o  r t

( l+a-b-c . -d \ "
u n =

(l + a - b - d)r-, (l + 2a - b. d);+,

"

(l t a - b - c - d),(l +2a - b - c - d),

(l)o(l + a)n

, (a),(t *i ) e'),(c),(d)r(r r2a - b - c - d + n),
x I  

" z - "f i  o l , ( f  ) .a+ a-b) , ( t+b-Q,Q+a-d) ,

(-n),

(b+c+d-n) r ( l+a+n) ,

Q 1 a - b - c - d)o(l+2a - b - c - d)n
:

(l)"(r'+ a)o

l a l
I  o , l+Z,b ,c ,d , l+2a-b-c+n, -n ; l  I

* rFu l  
o  "  I

I  a ]*  o  -  t , l+  a -  c , l *  a  -  d ,b + c  + d -  n , l  *  o  *  o ;  I
L D  J

We shall now make use of (2.4) to obtain.

(l)o

( l+2a-b-c -d ln
v n = - ,

(t + a)"

|  ^ \
(4rz (l +i) {Do{Oo{a\,

" 
(l)o li)^O* " 

- t)o(r+ a- c)n!+ a- d'1,

in (2.1), then we have

s rnl, (r +tl,e),@,@),
F r = l '

i=o o), lfl,o + a - b)r(l + a - c)" Q + a - a,
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^ (l + 2a - b - c - d) o(l + a - b - c) o(l + a - b - d\ n(l + a - c - d) n
lt" =

Putting the values of urand vonQ.Z) and taking 6n =1, we have

g  .  0  + a - b - c - d ) r ( l + 2 a - b - c - d ) r + z n
/ n =  L  r t

r=o (l)/(l+ a)r+zn

(l.

(l + 2a - b - c - d)zn $ (l + a + D - c - d) r(l + 2a - b - c - d + 2n),

( l+a)2n 7* ( l )r( l+ a+2n),

( l + 2 a - b -  c -  d )  -  | -  r *  a - b - c d , l + 2 a -  b -  c -  d  + 2 n ; l l
- -1+ay*  -  z"y  l+a+2n J

Also, making use of (2.10), we get

y o = ( l + 2 a - b - c - d ) r o
F(l + a) F(20 + 2c + 2d - 2a -l)

F ( D + c + d ) f ( r + c + d - a )

5

H

t\ilr

r-

provided Rc(Zb + 2c + 2d - 2a - l) > 0.

Puttine the values of pn,ln,anand 5n in (2.3), we get

@

, , ,(o),(r*t),@,(onia)o
f,* <r>,

r.l

o

= I
n=0

(l + 2a - b - c - d)2nf (l + a)f (2b + 2c + 2d - 2a -l)

(b + c + d)rof Q + c + d)f (b + c + d - a)

(l + 2a - b - c - d) o(l + a - b - c) r(l + a - b - d) o(l + a = c = d) o

(l)o (l + a - b)"(l + a - c)o(l I a - d) n

f (l + a)f (2b +2c + 2d - 2a -l)
X

f  ( b + c + d )  f  ( D + c  + d - a )

|  . ,1+l ,b,c,d- i- ; - t , r* ' - r- i - t t t
x  z e l'  " 

l;,, 
+ p - b,r+ a - c,r* a - d,r. ;. 

!r,i. 
? t. tt

^  f  t+Za  b  -  c '  d , l +  a  -  b  -  c , l +  a  -  b  -  d , l+  a  -  c  -  d  ; l l
= n n r l  

l * a - b , l + a - c , l * a - d  I

provided Re(20 + 2c + 2d - 2a) > 0
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(3.2) If we take

I
u o = 6 '

0o =Z
r4 (l), (l + a - D) r(l) o_r(t + a)o*,

I
=  -  ) '

Q)oQ+Qo ?=o

s @), (b),(-n),

?=o Qr,(r+a4r{r+'+ a - b ) r ( l + a + n ) ,

:+.4f.  o ' , ! ' , . ' ;  I
Q)oQ+ a)o "- '  l l  + a - b, l+ a - n ; l

Now, making use of (2.5), we get

0 n =

f ( l  +a) r(r+ a-a - p)

FORMULAE OF FTYPERGEOMETRJC TYPE t7t l

| (a)"(b)"(-l)n 
in (2.1), then we have' "=@ and ao  =  

( r ) " ( ,  +a-b)n

(a), (b)r(-l)r

h * ! - o\ 2

,ft*il,o*a-b),
Again, putting the values of uo,vokQ.z) and hking 6, =(a)o(g), we have

ro= i (d ) r+n(g) r+n ' ,1  
"  

t

r-o (l), (l+a)r*r,

_ (a)" (/), S @+n), (0 *n),

(l + a)ro 7=o (l'1, (t + a + 2n),

_  ( a ) o ( F ) n  
, l  a + n , p + n ; r l

oS " 'Y  
t+a '+2n;  )

Finally, using (2.10), we have

l n -
f  ( l+a-a)rQ+a- p ' )

(a)" (9)"
' - t

( l+ a-a)"( t+ a- f l )o

Provided Re(l+a-a -  p)>0

Putting the values of apgn,Tn and 6o ne.3),we get

f  (r+a)f  (r+a-a- 9) 
; ,  

(a)n(b)n@)t W)neDn

f( l+a-a) r(r+a- g) i i  1tyo1t+a-b)oe+a-a)r(r+a- g)o

l a \
@ ( l+__,  |  (a ) " (hn

, .o [, * o _ u,l,!.f]p"t,\., _ of,=o (r)olr* ; ) ,e+a-b)o

^ )
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f ( l+a-c) I ( l+e-  F)

a
a,p, l+- . -  b ; l

2
a

l + - , 1 + a - b
2

provi&d Re(l + a - or - f) > 0

Similrly, naking use of (2.6) - (2.9), we can establidr lte olher transformcion formulae ruifi
the ho$ of(2.10).
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Cartesian product of r hyperbolic
Hermite manifolds

JAYA I.JPRETI AND SHANI(AR LAL

Abstract Cartesian Product oftwo manifolds has been defined and studied by Pandey [2]. In this
paper we have taken Cartesian product of r Hyperbolic Manifol4 where r is some finite integer and
studied some properties of curvature rnd Ricci tensor of such a product manifold.

1. Introduction:

Let M1, Mz, . . . , M, b r Hypeftolic Herrritestmcttre manifolds each of class C'
and of dimension 21, fi2, , . ., z,trspectively. Suppose (M)mr(Mz\ mz, . . . ,(M,) m,be

their tangent spaces * mp Mt, tnzG M2,.. ., nttG Mr. Thenthe product space

(M)mz x (M2)rn 2x, . . ., x (M,)n, contains vector fields of the form (Xu Xz, . . ., Xr)

wlrcreXl e (M)m1,X2e (M)m2,. , . ,Xr€ (Mr) n I2l. Vector addition and scalqr

multiplication on above product spaee are deftrd as follows:

( l . l )  ( X v X z , . . . , X r ) + ( Y y Y 2 , . . . , Y r ) = ( X t  +  Y 2 , X 1 *  Y z , . . . , X r + Y r )

(1.2) 1 (14 ,  X2 , . .  . ,X r )=  (LXu  LXr , ,  . . ,  7Xr )

Where Xl rY 1 e (M t)m t, i 
= 1,2,. . ., r and I is a scalar.

Under these conditions the product ryace (M1)m1x (M2)m2x . . . x (Mr) za, forms a vector

spac€.

Define a linear tansformation Fm the product space.

( 1.3) F  ( X t ,  X 2 , .  . . , X r ) =  ( F r X u  F z X z , .  . . ,  F r X r )

Where F1, Fr, . . ., F, ate linear CIansfomations on (Mr)m v (M) m 2,. . ., (M r) rn,

respectively

If .fi, .fz, . . . , .f, be C'fimions overfte ryoes(M)mt,(Mz\ nz,. . . ,(M,) n,

respectively, we define the C'firnction (fi, f2, . . , ,'t) on the product as

(1.4) (xt,xz,.  .  . ,xr)( r t ,  f2,.  .  .  ,  f r)= (xtf i ,xzrt  , .  ,  . ,xrfr)

LetIf De D2,..., DrbetheconnectionontheManifoldsMl,M2,...,M"respectively.

We define the operator D on the poduct space as

(1.5) D(xrxr,..., x,) (Y1,Y2, . . . ,Yr) = 4rr,4rr, . . . , Drt,)
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Thcn D stisficE all four prtopcrties of a conncction and thus it is a conncction on the productmeifoH.

2. Sonc Rc$tA

Theo."m 2.1- 71re pro&a notford M1x lil2x . . .x M, aanils ot armost Hyperpotic
Hqnite sttttctue If otd onty if the ̂*W* A, M2, . . . , Mt oe almost Hltperbolic
H um ile s tructw e no$fu ld,t.

Prroof: supeosc Mr, Mz, . . - , M, are Hypeftotic Hqniie shcnne manifords. Thus there
exist tensor fietds F;, Ft, . . ., F" each of 6pe (1. l) on M1, Mz, . . ., Mrreryectively
satisrying

8.r) F ] ( X , ) = 1 1 ,  i = 1 , 2 , . . . , r .

In vien, of equation (1.3) it follows ftd rherc exists a linear tmsformation Fon
MlxM2. . .xM"sat is$ ing

(22) F21xr,x2,... ,xr)=(FlxrF2r,xr,. . . , tr l  Xr)= (X1,X2,... ,xr)
ktus defme aRiemannianretfo gmthcfegnanifoldMrx M2x . . .x M, a

g ((X v X *, .,, X 1),(Y1,y2, ...,yr)) = gr(X r, yr) + g 2(X r, 
yz) + . . . + g, (X,yr)

g (( FX p FX 2, ..., FX r),( Ffr, fr2...., FI7)) = - g {X r yr)

- 9z(Xz,Y)- ... - gr(X,yr)-{rt(X)tt(yt)+

+ q (Xr)q (Y) + ... + q (X r)q (y,)l

d gpgz,.,^tQT teRiemannianmetricsoverliemanifoldM, x M2x. .. x Mrrespectively.
Thus the product space admits an almosc Hypabolic H€rmite stuct'e [l].

lf €p€2,,..,€, be the vector fields d ophz ,...,4rba l-form on the almost
Hypcrbolic Hcrmite shuctu€ manifolds M1, M2, . . ., Mrrespfiively then a vector field ( and
a l-fqm 7 on the poduct manifold is defined as

tt (X) € = (th (X ) €vqz(X ) € z, . .., 4, (X r) €,)
Wc now prove the following results.

Theorem 22. ne lrwerbolic product manifotd M1x M2x . . . x Mr -admits Hltperbolic
contact sttwwe if and only if the modfold Mv Mz, . . ., Mrpossess the same structure.

Ptuof: I*t Me Mz, . . , , M, ateHypobolic almost contact manifolds. Thus there exists tensor
fields {., of tlpe (l,l), vector fields 6r.and l-fonns. 4, , i= 1,2, . . . , r

Q.6) r!6)= x; +rt;(x;)€i
For product manifold M1x M2x . . ,x Mr

F2(x1,x2,. . . ,  xr)=(pl  xbxz,F|X2 , . . . ,  F2,xr)
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which is view of (2.5) and (2.6) takes the fonn

F2 (X1,  X  2 , . . . ,  X  r )  =  (Xb X2,  . . . ,  X  r )  +  (4  {X)  h ,4  z (x )€  2 , . . . ,  4  r (x  r )€  r )
or F2W)= X +q(X)€

Hence product manifold admits a Hlperbolic almost contact metric stucture [3].

Theorem 23.The Hyperbolic product manifold M1x M2 x . . .x Mr a&nits Hyperbolic
Kahler structure dand only f the nantfolds Mv Mz, . . . , M, are Kahler manifolds.

Proof:

(2.7)

Suppose Mt, Mz, . , . , M, are Kahaler manifolds. Then

As D is a connection on the product manifold. Hence

(2.8) D(xtxz,. . . ,x,)F\(Y1,Y2,. . . ,Yr) = D14x2,. . . ,x,11F(\ ,Y2,. . . ,Yr)-

- F {D<nx2,..., x,1 (Yt,Yz,...,Yr)l

Which in view of equation (1.3), equation (1.5) takes the form

D(x t 2,..., x,, F) (Yt,Y2, . . .,Yr) = D61x2,..., x,,1 lFrYr, F2Y2, . . ., Fr Yr) -

- F(DwIr, D2x2Y2,..., Drr,Yr)

= (D :y, F1Y1, D 2x, F2 Y2, . .,, D 7y, F, Yr) - (FlDrxrYt, F2Dz x rY2, . . ., Fr D rx rYr)
= ((4x,fi)' (Dr*rFr) (Y) , . .. , (4x,F) (Y))
= 0 .

Thus the product manifold is Hlperbolic Kahler stucture manifold.

Theorem 2.4. The product naniftld M1x M2x . . . x Mr of a Hyperbolic almost contact
metric structure naniftlds Ms Mz, . . , , M, is almost Tachibana if ord only ifthe manifotds
Mu Mz, . . . , M, are separately Tachibana manfolds,

Proof: Let an almost Hyperbolic Hermite structure manifolds Mr. M2, . . . , M, are almost
Tachibana manifolds. Then

Q.e\ (D;7, F;) (Y;) + (D;a,F;)(I;) = g, j = 1,2, r..., r

The result follows in view of the previrxs thcor€n (2.3)

3. Curvature and Ricci tensor

Let X : (Xv Xz, . . ., Xr) and I= (yv yz, . . ., yr)be C. vector fields on the product

man i fo ld  M1xM2x. . .x  M,  md f  = ( . f i ,  r t , . . . ,  f r )beaC. func t ion .Then

I(Xv Xz, . . ., Xr), (yv yz, . . ., yr)) (rt, rt, . . ., fr)
= (Xv X2, .  .  . ,Xr) {(Yv Yz, .  .  . ,  Yr)

(3 .1 )  ( r t ,  r t , . . .  ;  f r ) l  - ( yv  yz , . . . , y r )  { ( xvxz , . . . , x r ) , ( r t ,  r t , . . . ,  f r ) | .
: (IXpYtl .fi , IX, Yz]rt, . . ., l.Xr, Yrl .fr).

(4r, fi)({) = (Dzr, F)(\)3 ... 3 (Drr, Fr)(Yr) = 0
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Srpose K;IX;,Y;,2;), i= 12,. . . , rbe the cuwatue tensors oftre almostlllrpcrbolic
H€rmitestnrcturemanifoldsMl, M2,...,M"respectively.IfKX, Y,QbetheCtnvahre
tensc of the product mmifold M1 x M2x . , . v Mr.
Then we have

Q.2)  K(X,y,A=I$(X1Yu4l ,Kz(Xz,Yz,4) , . . . ,Kr(Xr ,yr ,Zr>1.

l-et W = (Wu Wz, . . ., W r) be a vector field on the product manifol& Then

K' (8, Y, Z, W) - g (K (X, Y, Z) V )
K'(X,Y,Z,WI= Ki(&, t1,21,W1)+KL(X2,Y2,?a,V2)+ . . .

+ K'r(X6 YnZr,Wr)
Their we have

Thcorem 3.1. I'he produa manifold M17 Mzx . . . x iar is of constott cTrn ahfre if and onty f
olmost Hyperblic Herntte structure norfolds M1, Mz, . . . , M, are sepoatety of constant

ctaofiire.

Itcorem 32.Ihe Ricci wtsor oftlu pr&u na{old M1x M2x . . .x Mr is tlv wn of the

Ncri tensor of tln alnost lllpobotic Hqaite sitdve motfolds M1, M2, . . . , M, .

Tteorpm 33. The produa notlold M1x ill2x . . . x Mr is or Ebstein space if and only d
olma* lyperbollc Hanite nodfol& Mv Mz, . . . , Mr oe srydeb Eirarein spaces.

Prmf: Irttheproductmanifold M1x M2x . . . x i/, b anEincin sfce. Thus

(3.5) Ric(X,Y)=Cg(X,n

Srherc C = # , K being 0re scalar crrv&r€ ard z being rhe dimension of the product

manifold. Then
Ric (X;,I;) = Cg; (X ; Y1), i = 1,2,,..., r,

Therc{qe the manifolds Mv Mz, . . . , M, [€ also Einstein spaces.
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