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Abstract. The magneto-micropolar equations model the motion of electrically conduct-

ing micropolar fluids in the presence of a magnetic field. These equations have been the fo-

cus of numerous analytical, experimental, and numerical investigations. One fundamental

problem concerning these equations is whether their classical solutions are globally regular

for all time or if they develop finite time singularities. The global regularity problem can be

particularly challenging when there is only partial dissipation. In this paper, we study the

2D incompressible magneto-micropolar equations with partial dissipation and prove two

new regularity results. The first result addresses a weak solution, and the second result es-

tablishes global regularity criteria. As a consequence, we are able to single out one special

partial dissipation case and establish the global regularity if (∂yu1, ∂yu2) ∈ L∞ (
[0, T ],R2

)
.

The proofs of our main results rely on anisotropic Sobolev-type inequalities and the ap-

propriate combination and cancellation of terms.
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1. Introduction

The standard 3D incompressible magneto-micropolar equations can be written as

(1.1)


∂tu+ (u · ∇)u+∇(p+ 1

2 |b|
2) = (µ+ χ)∆u+ (b · ∇)b+ 2χ∇× ω,

∂tb+ (u · ∇)b = ν∆b+ (b · ∇)u,

∂tω + (u · ∇)ω + 2χω = κ∆ω + (α+ β)∇∇ · ω + 2χ∇× u,
∇ · u = 0, ∇ · b = 0,

where, for x ∈ R3 and t ≥ 0, u = u(x, t), b = b(x, t), ω = ω(x, t) and p = p(x, t) denote the

velocity field, the magnetic field, the micro-rotation field and the pressure respectively, and

µ denotes the kinematic viscosity, ν the magnetic diffusivity, χ the vortex viscosity, and α,

β and κ the angular viscosities.
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The 3D magneto-micropolar equations reduce to the 2D magneto-micropolar equations

when

u = (u1(x, y, t), u2(x, y, t), 0), b = (b1(x, y, t), b2(x, y, t), 0),

ω = (0, 0, ω(x, y, t)), π = π(x, y, t),

where (x, y) ∈ R2 and we have written π = p+ 1
2 |b|

2. The 2D magneto-micropolar equations

can be written as

(1.2)


∂tu+ (u · ∇)u+∇π = (µ+ χ)∆u+ (b · ∇)b+ 2χ∇× ω,
∂tb+ (u · ∇)b = ν∆b+ (b · ∇)u,

∂tω + (u · ∇)ω + 2χω = κ∆ω + 2χ∇× u,
∇ · u = 0, ∇ · b = 0,

where u = (u1, u2), b = (b1, b2), ∇× ω = (−∂yω, ∂xω) and ∇× u = ∂xu2 − ∂yu1.

A generalization of the 2D magneto-micropolar equations can be written as

(1.3)



∂tu1 + (u · ∇)u1 + ∂xπ = µ11∂xxu1 + µ12∂yyu1 + (b · ∇)b1 − 2χ∂yω,

∂tu2 + (u · ∇)u2 + ∂yπ = µ21∂xxu2 + µ22∂yyu2 + (b · ∇)b2 + 2χ∂xω,

∂tb1 + (u · ∇)b1 = ν11∂xxb1 + ν12∂yyb1 + (b · ∇)u1,

∂tb2 + (u · ∇)b2 = ν21∂xxb2 + ν22∂yyb2 + (b · ∇)u2,

∂tω + (u · ∇)ω + 2χω = κ1∂xxω + κ2∂yyω + 2χ∇× u,
∇ · u = 0, ∇ · b = 0,

u(x, y, 0) = u0(x, y), b(x, y, 0) = b0(x, y), ω(x, y, 0) = ω0(x, y).

If µ11 = µ12 = µ21 = µ21 = µ, ν11 = ν12 = ν21 = ν21 = ν, and κ1 = κ2 = κ, then (1.3)

reduces to the standard magneto-micropolar equations (1.2). For notational convenience,

we set χ = 1
2 for the rest of the paper.

The equations for Ω = ∇× u, the current density j = ∇× b, and ∇ω can be expressed as



Ωt + u · ∇Ω = −µ11∂xxyu1 − µ12∂yyyu1 + µ21∂xxxu2 + µ22∂xyyu2 + (b · ∇)j −∆ω,

jt + u · ∇j = −ν11∂xxyb1 − ν12∂yyyb1 + ν21∂xxxb2 + ν22∂xyyb2 + b · ∇Ω

+2∂xb1(∂xu2 + ∂yu1)− 2∂xu1(∂xb2 + ∂yb1),

∂t∇ω +∇(u · ∇ω) +∇ω = κ1∇ωxx + κ2∇ωyy +∇Ω,

∇ · u = 0, ∇ · b = 0.

(1.4)

The above generalization can model the motion of anisotropic fluids for which the diffusion

properties in different directions are different. The system (1.3) allows us to explore the

smoothing effects of various partial dissipations.

The mathematical study of the magneto-micropolar equations started in the seventies and

has been continued by many authors (see, e.g., [1, 2, 3, 6, 7, 9, 10, 11, 12, 15, 16, 17, 18] and

references therein). Recent efforts have focused on addressing the well-posedness problem

and studying various asymptotic behaviors. In the work of Yamazaki [17], the author

obtained the global regularity of the 2D magneto-micropolar equation with zero angular

viscosity, namely (1.2) with κ = 0 and other coefficients being positive. Another partial

dissipation case for the 2D magneto-micropolar equation was studied in [5].
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Global regularity has been established for the following three cases by D. Regmi and J. Wu

in their work [14].

• µ11 = µ22 = 0, ν21 = ν22 = 0, κ2 = 0, µ12 = µ21 = 1, κ1 = ν11 = ν12 = 1,

• µ11 = µ12 = 1, ν21 = ν22 = 0, κ2 = 0, µ22 = µ21 = 0, κ1 = ν11 = ν12 = 1,

• µ12 = µ22 = 1, ν21 = ν22 = 0, κ2 = 0, µ11 = µ21 = 0, κ1 = ν11 = ν12 = 1

In addition, the global regularity of the following two cases has been settled recently by Y.

Guo and H. Shang in [8].

• µ11 = µ22 = 0, ν21 = ν22 = 0, κ1 = 0, µ12 = µ21 = 1, κ2 = ν11 = ν12 = 1,

• µ11 = µ21 = 1, ν12 = ν21 = 1, κ2 = 1, µ12 = µ22 = 0, κ1 = ν11 = ν22 = 0

Furthermore, the global regularity for the following case has been stablished in [13] by

D. Regmi.

• µ11 = µ12 = 0, ν11 = ν21 = 0, κ1 = 0, µ21 = µ22 = 1, κ2 = ν12 = ν22 = 1.

In this paper, we consider the following magneto-micropolar equations with partial

dissipations.

(1.5)



∂tu1 + (u · ∇)u1 + ∂xπ = (b · ∇)b1 − ∂yω,
∂tu2 + (u · ∇)u2 + ∂yπ = ∂xxu2 + (b · ∇)b2 + ∂xω,

∂tb1 + (u · ∇)b1 = ∂yyb1 + (b · ∇)u1,

∂tb2 + (u · ∇)b2 = ∂yyb2 + (b · ∇)u2,

∂tω + (u · ∇)ω + ω = ∂yyω +∇× u,
∇ · u = 0, ∇ · b = 0,

u(x, y, 0) = u0(x, y), b(x, y, 0) = b0(x, y), ω(x, y, 0) = ω0(x, y).

Whether the classical solutions of (1.5) is globally regular for all time or they develop fi-

nite time singularities is an unsolved problem in fluid dynamics. In fact, this problem is

extremely hard because the dissipation is not enough to control the non-linear terms.

In this paper, we prove the following new results related to regularity of the solution;

the first result is about a weak solution and the second result is global regularity criteria.

Theorem 1.1. Assume (u0, b0, ω0) ∈ H1(R2), and ∇ · u0 = ∇ · b0 = 0. Then (1.5) has a

global weak solution (u, b, ω) satisfying, for any T > 0,

(u, b, ω) ∈ L∞([0, T ];H1(R2))

provided
∫ T
0 ‖u1‖

2
∞ dt <∞.

Theorem 1.2. Assume (u0, b0, ω0) ∈ H2(R2), and ∇ · u0 = ∇ · b0 = 0. Then (1.5) has a

global solution (u, b, ω) satisfying, for any T > 0,

(u, b, ω) ∈ L∞([0, T ];H2(R2))
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provided
∫ T
0 ‖∂yu1, ∂yu2‖∞ dt <∞.

As a consequence, the above regularity conditions helps in establishing the well-posedness

of the problem and it opens the future research directions.

The main idea to establish the existence and regularity results consists of two steps.

First step is to show local well-posedness and the second step is extending the local solution

into a global one by obtaining global (in time) a priori bounds. The local well-posedness

of the above system is well known. The main difficulty is global a priori bounds. Thus

we mainly concentrate on the global bounds. The rest of this paper is divided into four

sections. The third and final sections are devoted to the proof of the theorems 1.1 and 1.2.

2. Preliminaries

To simplify the notation, we will write ‖f‖2 for ‖f‖L2 ,
∫
f for

∫
R2 f dxdy and ∂

∂xf , ∂xf

or fx as the first partial derivative, and ∂2f
∂x2 or ∂xxf as the second partial throughout the

rest of this paper.

The following anisotropic type Sobolev inequality will be frequently used. Its proof can

be found in [3].

Lemma 2.1. If f, g, h, ∂yg, ∂xh ∈ L2(R2), then

(2.1)

∫∫
R2

|f g h| dxdy ≤ C ‖f‖2 ‖g‖
1
2
2 ‖∂yg‖

1
2
2 ‖h‖

1
2
2 ‖∂xh‖

1
2
2 ,

where C is a constant.

The following simple fact on the boundedness of Riesz transforms will also be used. Its

proof can be found in [4]

Lemma 2.2. Let f be divergence-free vector field such that ∇f ∈ Lp for p ∈ (1,∞). Then

there exists a pure constant C > 0 (independent of p) such that

‖∇f‖Lp ≤ C p2

p− 1
‖∇ × f‖Lp .

3. Global L2-bound.

This section proves the global L2-bound. More precisely, we prove the following theo-

rem.

Theorem 3.1. Assume that (u0, b0, ω0) satisfies the condition stated in Theorem 1.2. Let

(u, b, ω) be the corresponding solution of (1.5). Then for any T > 0, (u, b, ω) obeys the

following global L2-bound,

‖u(t)‖2L2 + ‖b(t)‖2L2 + ‖ω(t)‖2L2 +

∫ T

0
‖∂xu2‖2L2dτ

+

∫ T

0
‖∂yb1(τ), ∂yb2(τ)‖22dτ +

∫ T

0
(‖∂yω(τ)‖2L2)dτ ≤ C(‖(u0, b0, ω0)‖22)
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Proof. Taking the L2-inner product of (u, b, ω) with (1.5), respectively, yields

1

2

d

dt
(‖u(t), ω(t), b(t)‖22) + ‖∂xu2(τ)‖22 + ‖∂yb1(τ), ∂yb2(τ)‖22(3.1)

+ ‖∂yω(τ)‖22 + ‖ω(τ)‖22 = 2

[∫
(∂xu2 − ∂yu1)ω dx dy

]
Applying Hölder’s inequality yields

1

2

d

dt
(‖u(t), ω(t), b(t)‖22) + ‖∂xu2(τ)‖22 + ‖∂yb1(τ), ∂yb2(τ)‖22(3.2)

+ ‖∂yω(τ)‖22 + ‖ω(τ)‖22 ≤
1

2
(‖∂xu2‖22 + ‖∂yω‖22) + C‖ω‖22

Gronwall’s inequality then implies

‖u(t)‖2L2 + ‖b(t)‖2L2 + ‖ω(t)‖2L2 +

∫ T

0
‖∂xu2‖2L2dτ

+

∫ T

0
‖∂yb1(τ), ∂yb2(τ)‖22dτ +

∫ T

0
‖∂yω(τ)‖2L2dτ ≤ C(‖(u0, b0, ω0)‖22)

�

4. Proof of Theorem 1.1

In this section, we prove the theorem 1.1.

Proof of Theorem 1.1. To estimate the H1-norm of (u, b, ω), we consider the equations of

Ω = ∇× u, ∇ω and of the current density j = ∇× b,

Ωt + u · ∇Ω = ∂xxxu2 + (b · ∇)j −∆ω,(4.1)

jt + u · ∇j = −∂yyyb1 + ∂xyyb2 + b · ∇Ω

+ 2∂xb1(∂xu2 + ∂yu1)− 2∂xu1(∂xb2 + ∂yb1),(4.2)

∂t∇ω +∇(u · ∇ω) +∇ω = ∇ωxx +∇ωyy +∇Ω,(4.3)

∇ · u = 0, ∇ · b = 0.

Dotting (4.1) by Ω, (4.2) by j, and (4.3) by ∇ω we obtain

1

2

d

dt

(
‖Ω‖2L2 + ‖j‖2L2 + ‖∇ω‖22

)
+ ‖∂xxu1‖22 + ‖∂xxu2‖22

+‖∂yj‖2L2 + ‖∇ωx‖22 + ‖∇ωy‖22 + 2‖∇ω‖22

= 2

∫
[∂xb1(∂xu2 + ∂yu1) j − ∂xu1(∂xb2 + ∂yb1)] jdx dy

−
∫
∇ω · ∇u · ∇ω +

∫
∇ω · ∇Ω

≡ J1 + J2 + J3 + J4 + J5 + J6.

Invoking the divergence-free condition, we have

‖∇∂xu2‖22 = ‖∂xxu1‖22 + ‖∂xxu2‖22.
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We now estimate the terms on the right. Since j = ∂xb2 − ∂yb1,

J1 = 2

∫
∂xb1∂xu2∂xb2 − 2

∫
∂xb1∂xu2∂yb1

≡ J11 + J12.

Applying Lemma 2.1, Young’s inequality, and the simple fact that

‖∂xb2‖L2 ≤ ‖j‖L2 , ‖∂xyb1‖L2 ≤ ‖∂yj‖L2 ,

Now we estimate J11.

J11 ≤ 2

∣∣∣∣∫ ∂xb1∂xu2∂xb2

∣∣∣∣
≤ C‖∂xb2‖2‖∂xu2‖

1
2
2 ‖∂xxu2‖

1
2
2 ‖∂xb1‖

1
2
2 ‖∂xyb1‖

1
2
2

≤ C‖j‖2‖∂xu2‖
1
2
2 ‖∂xxu2‖

1
2
2 ‖∂yb2‖

1
2
2 ‖∂yj‖

1
2
2

≤ ‖∂xxu2‖2‖∂yj‖2 + C‖∂yb2‖2‖∂xu2‖2‖j‖22

≤ 1

48
(‖∂xxu2‖22 + ‖∂yj‖22) + C(‖∂yb‖22 + ‖∂xu2‖22)‖j‖22.

Integrating by parts, we have

J12 ≤
∣∣∣∣2 ∫ ∂xb1∂xu2∂yb1

∣∣∣∣
≤ C‖∂yb2‖2‖∂xu2‖

1
2
2 ‖∂xxu2‖

1
2
2 ‖∂yb1‖

1
2
2 ‖∂yyb1‖

1
2
2

≤ 1

48
(‖∂xxu2‖22 + ‖∂yyb1‖22) + C(‖∂xu2‖22 + ‖∂yb1‖22)‖j‖22.

The dissipation is not sufficient to control J2, this is the place where Lemma 2.1 cannot

apply. J2 can be bounded as

J2 =

∣∣∣∣−∫ u1∂xyb1 j −
∫
u1∂xb1 ∂yj

∣∣∣∣
≤ ‖u1‖∞‖∂yj‖2‖j‖2 + ‖u1‖∞‖j‖‖∂yj‖2

≤ 1

2
‖∂yj‖22 + C‖u1‖2∞‖j‖22

J3, and J4 can be bounded by

J3 ≤
∣∣∣∣∫ ∂xu1 ∂xb2 j

∣∣∣∣ ≤ ∫ |(u2∂xyb2j + u2∂xb2∂yj)|

≤ C‖u2‖
1
2
2 ‖∂xu2‖

1
2
2 ‖j‖

1
2
2 ‖∂yj‖

1
2
2 ‖∂xyb2‖2

+C‖u2‖
1
2
2 ‖∂xu2‖

1
2
2 ‖∂xb2‖

1
2
2 ‖∂xyb2‖

1
2
2 ‖∂yj‖2

≤ 1

48
‖∂yj‖22 + C‖u2‖22‖∂xu2‖22‖j‖22.

Similarly,

J4 ≤ 1

48
‖∂yj‖22 + C‖u2‖22‖∂xu2‖22‖j‖22.
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To bound J5, we use ∇ · u = 0 and integrate by parts to obtain

J5 =−
∫
∇ω · ∇u · ∇ω

=−
∫
∂xu1ωx ωx −

∫
∂yu2ωyωy −

∫
(∂xu2 + ∂yu1)ωxωy.

The terms on the right can be bounded as∫
∂xu1ωx ωx ≤2

∣∣∣∣∫ u2 ωxy ωx

∣∣∣∣
≤ C‖ωxy‖2‖u2‖

1
2
2 ‖∂xu2‖

1
2
2 ‖ωx‖

1
2
2 ‖ωxy‖

1
2
2

≤ C‖ωxy‖
3
2
2 ‖u2‖

1
2
2 ‖∂xu2‖

1
2
2 ‖ωx‖

1
2
2

≤ 1

48
‖ωxy‖22 + C‖u2‖22‖∂xu2‖22‖∇ω‖22.

∣∣∣∣∫ ∂yu2ωyωy

∣∣∣∣ =

∣∣∣∣2∫ u1∂xyω∂yω

∣∣∣∣ ≤ ‖u1‖∞‖∂xyω‖2‖∂yω‖2
≤ 1

2
‖∂xyω‖22 + ‖u1‖2∞‖∇ω‖22

∣∣∣∣∫ ∂xu2ωxωy

∣∣∣∣ ≤ ‖∂xu2‖2‖ωx‖
1
2
2 ‖ωxy‖

1
2
2 ‖ωy‖

1
2
2 ‖ωxy‖

1
2
2

≤ C‖∂xu2‖2‖∇ω‖2‖∇ωx‖2

≤ 1

48
‖∇ωx‖22 + C‖∂xu2‖22‖∇ω‖22.

∣∣∣∣∫ ∂yu1ωxωy

∣∣∣∣ =

∣∣∣∣−∫ u1∂xyω∂yω −
∫
u1∂xω∂yyω

∣∣∣∣
≤ ‖u1‖∞‖∂xyω‖2‖∂yω‖2 + ‖u1‖∞‖∂xω‖2‖∂yyω‖2

≤ 1

2
(‖∇ωx‖22 + ‖∇ωy‖22) + C‖u1‖2∞‖∇ω‖22

Combining the estimates above, together with Gronwall’s inequalities, we obtain

‖Ω‖22 + ‖j‖22 + ‖∇ω‖22

+

∫ t

0

(
‖∂xxu1‖22 + ‖∂xxu2‖22 + ‖∂yj‖2L2 + ‖∇ωx‖22 + ‖∇ωy‖22 + ‖∇ω‖22

)
dτ ≤ C

for any t ≤ T , where C depends on T and the initial H1-norm. This completes the proof

of theorem 1.1. �

5. Proof of theorem 1.2

5.1. H1-BOUND. This section establishes the global H1-bound. More precisely, we have

the following theorem.
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Theorem 5.1. Assume (u0, b0, ω0) ∈ H1(R2), and ∇ · u0 = ∇ · b0 = 0. Then (1.5) has a

global solution (u, b, ω) satisfying, for any T > 0,

(u, b, ω) ∈ L∞([0, T ];H1(R2))

provided
∫ T
0 ‖∂yu1, ∂yu2‖∞ dt <∞.

Proof of Theorem 5.1. Dotting (4.1) by Ω, (4.2) by j, and (4.3) by ∇ω we obtain

1

2

d

dt

(
‖Ω‖2L2 + ‖j‖2L2 + ‖∇ω‖22

)
+ ‖∂xxu1‖22 + ‖∂xxu2‖22

+‖∂yj‖2L2 + ‖∇ωy‖22 + 2‖∇ω‖22

= 2

∫
[∂xb1(∂xu2 + ∂yu1) j − ∂xu1(∂xb2 + ∂yb1)] jdx dy

−
∫
∇ω · ∇u · ∇ω +

∫
∇ω · ∇Ω

≡ K1 +K2 +K3 +K4 +K5 +K6.

K1, K3 and K4 obey exactly the same bound as J1, J3 and J4 of the previous section. The

dissipation is not sufficient to apply anisotropic Sobolev inequality for K2, so we bound it

differently.

K2 ≤
∣∣∣∣∫ ∂xb1 ∂yu1 j

∣∣∣∣ ≤ ‖∂yu1‖∞‖∂xb1‖2‖j‖2.
To bound K5, we use ∇ · u = 0 and integrate by parts to obtain

K5 =−
∫
∇ω · ∇u · ∇ω

=−
∫
∂xu1ωx ωx −

∫
∂yu2ωyωy −

∫
(∂xu2 + ∂yu1)ωxωy.

The following two terms on the right obey the similar bound as in the previous section.

∣∣∣∣∫ ∂xu1ωx ωx

∣∣∣∣ ≤ 1

48
‖ωxy‖22 + C‖u2‖22‖∂xu2‖22‖∇ω‖22.

∣∣∣∣∫ ∂xu2ωxωy

∣∣∣∣ ≤ 1

48
‖∇ωy‖22 + C‖∂xu2‖22‖∇ω‖22.

The following two terms can be bounded differently.

∣∣∣∣∫ ∂yu2ωyωy

∣∣∣∣ ≤ ‖∂yu2‖∞‖∇ω‖22
∣∣∣∣∫ ∂yu1ωxωy

∣∣∣∣ ≤ ‖∂yu1‖∞‖∇ω‖22
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Combining the estimates above, together with Gronwall’s inequalities, we obtain

‖Ω‖22 + ‖j‖22 + ‖∇ω‖22

+

∫ t

0

(
‖∂xxu1‖22 + ‖∂xxu2‖22 + ‖∂yj‖2L2 + ‖∇ωy‖22 + ‖∇ω‖22

)
dτ ≤ C

for any t ≤ T , where C depends on T and the initial H1-norm. This completes the proof

of theorem 5.1. �

5.2. Global H2-bound and the proof of Theorem 1.2. This subsection proves Theo-

rem 1.2 by establishing the global H2-bound for the solution.

Proof of Theorem 1.2. Taking the L2 inner product of (4.1) with ∇Ω and(4.2) with ∇j,
and integrating by parts, we obtain

1

2

d

dt
(‖∇Ω‖22 + ‖∇j‖22) + ‖∆∂xu2‖22 + ‖∇∂yj‖22

= L1 + L2 + L3 + L4 + L5 + L6,(5.1)

where

L1 = −
∫
∇Ω · ∇u · ∇Ω dxdy, L2 = −

∫
∇j · ∇u · ∇j dxdy,

L3 = 2

∫
∇Ω · ∇b · ∇j dxdy, L4 = 2

∫
∇[∂xb1(∂xu2 + ∂yu1)] · ∇j dxdy,

L5 = −2

∫
∇[∂xu1(∂xb2 + ∂yb1)] · ∇j dxdy, L6 =

∫
∆Ω ∆ω dxdy.

Applying ∇ to (4.3) and taking the L2-inner product with ∆ω, and integrating by parts,

we obtain

1

2

d

dt
‖∆ω‖22 + 2‖∆ωx‖22 + 2‖∆ωy‖22 + ‖∆ω‖22 =

∫
∆Ω ∆ω −

∫
∆(u · ∇ω)∆ω

≡ L6 + L7.(5.2)

Adding (5.1) and (5.2) yields

1

2

d

dt
(‖∇Ω‖22 + ‖∇j‖22 + ‖∆ω‖22) + ‖∆∂xu2‖22 + ‖∇∂yj‖22 + 2‖∆ωx‖22 + 2‖∆ωy‖22 + ‖∆ω‖22

= L1 + L2 + L3 + L4 + L5 + 2L6 + L7.

We now estimate L1 through L7. We further split L1 into 4 terms.

L1 = −
∫
∇Ω · ∇u · ∇Ω dxdy

= −
∫ (

∂xu1(∂xΩ)2 + ∂xu2∂xΩ∂yΩ + ∂yu1∂xΩ∂yΩ + ∂yu2(∂yΩ)2
)

= L11 + L12 + L13 + L14.

Therefore,

L11 = −
∫
∂xu1(∂xxu2)

2 −
∫
∂xu1(∂xyu1)

2 + 2

∫
∂xu1∂xxu2∂xyu1.
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Integration by parts yields∫
∂xu1(∂xxu2)

2 =−
∫
∂xxu1∂xxu2∂xu2 −

∫
∂xu1∂xxxu2∂xu2

≡L111 + L112,

L111 and L112 obey the exactly same bound as in [13].

L111 ≤
1

48
‖∆∂xu2‖22 + C‖∂xxu2‖22‖∂xxu1‖

2
3
2 ‖∂xu2‖

2
3
2 .

L112 ≤
1

48
‖∆∂xu2‖22 + C‖Ω‖2‖∂xu2‖2‖∇Ω‖22.

L12 ≤
1

48
‖∂xxΩ‖22 + C‖Ω‖

2
3
2 ‖∂xxu1‖

2
3
2 ‖∇Ω‖22.

L13 and L14 can be bounded differently as

L13 ≤ ‖∂yu1‖∞‖∇Ω‖22

L14 ≤
1

48
‖∂yu2‖∞‖∇Ω‖22.

L2 and L3 admit the same bound as in th paper [13].

To estimate L2, we write it out explicitly as

L2 =−
∫
∇j · ∇u · ∇j dxdy

=−
∫ (

∂xu1(∂xj)
2 + ∂yu1∂xj∂yj + ∂yu2(∂yj)

2 + ∂xu2∂xj∂yj
)

=L21 + L22 + L23 + L24.

The terms on the right can be bounded as follows.

L21 =

∣∣∣∣−2

∫
u2∂xj∂xyj

∣∣∣∣
≤ C‖∂xyj‖2‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2 ‖u2‖

1
2
2 ‖∂xu2‖

1
2
2 .

≤ 1

48
‖∇∂yj‖22 + C‖u2‖22‖∂xu2‖22‖∇j‖22.

L22 ≤ C‖∂yu1‖2‖∂xj‖
1
2
2 ‖∂yj‖

1
2
2 ‖∂xyj‖2

≤ 1

48
‖∇∂yj‖22 + C‖∂yu1‖22‖∇j‖22.

Similarly,

L23 ≤ 1

48
‖∇∂yj‖22 + C‖u1‖22‖Ω‖22‖∇j‖22.

L24 ≤ C‖∂xu2‖2‖∂yj‖
1
2
2 ‖∂xyj‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖Ω‖2‖∇j‖2‖∇∂yj‖2.
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We now turn to L3. Observe that

L3 =

∫
∂xΩ∂xb1∂xj + ∂xΩ∂xb2∂yj + ∂yΩ∂yb1jx + ∂yΩ∂yb2∂yj

≡ L31 + L32 + L33 + L34.

The terms on the right can be bounded as follows.

L31 ≤
∣∣∣∣∫ ∂xΩ∂xb1∂xj

∣∣∣∣
≤ C‖∂xΩ‖2‖∂xb1‖

1
2
2 ‖∂xxb1‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖∂xΩ‖2‖∂xb1‖
1
2
2 ‖∂yj‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖∂xj‖2‖∇∂yj‖2 + ‖∂yj‖‖∂xb1‖‖∂xΩ‖22

≤ 1

48
‖∇∂yj‖22 + C(‖∂xb1‖22 + ‖∂yj‖22 + 1)(‖∇Ω‖22 + ‖∇j‖22).

The last three terms admit,

L32 ≤ 1

48
‖∇∂yj‖22 + C(‖∂xb2‖22 + ‖∂yj‖2 + 1)(‖∇Ω‖22 + ‖∇j‖22).

L33 ≤ 1

48
‖∇∂yj‖22 + C(‖∂xb1‖22 + ‖∂yj‖22 + 1)(‖∇Ω‖22 + ‖∇j‖22).

L34 ≤ 1

48
‖∇∂yj‖22 + C(‖∂yj‖22 + ‖j‖2 + 1)‖∇Ω‖22 + ‖∇j‖22).

We now estimate L4.

L4 = 2

∫
∇[∂xb1(∂xu2 + ∂yu1)] · ∇j dxdy

= 2

∫
∂x[∂xb1(∂xu2 + ∂yu1)]jx + ∂y[∂xb1(∂xu2 + ∂yu1)]jy dxdy

≡ L41 + L42.

We bound L41 and L42 as follows.

L41 =

∫
∂xxb1∂xu2∂xj + ∂xb1∂xxu2∂xj + ∂xxb1∂yu2∂xj + ∂xb1∂xyu1∂xj

Now ∣∣∣∣∫ ∂xxb1∂xu2∂xj + ∂xxb1∂yu2∂xj

∣∣∣∣
≤ C‖∂xyb2‖2‖∂xu2‖

1
2
2 ‖∂xxu2‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

+C‖∂xyb2‖2‖∂yu2‖
1
2
2 ‖∂xyu2‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖∂yj‖2‖∇∂yj‖
1
2
2 ‖∂xu‖

1
2
2 ‖∇Ω‖

1
2
2 ‖∇j‖

1
2
2

≤ 1

48
‖∇∂yj‖22 + C(‖∂yj‖22 + ‖∂xu‖22)(‖∇j‖22 + ‖∇Ω‖22).
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∣∣∣∣
≤ C‖∂xxu2‖2‖∂xb1‖

1
2
2 ‖∂xxb1‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

+C‖∂xyu1‖2‖∂xb1‖
1
2
2 ‖∂xxb1‖

1
2
2 ‖∂xj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ 1

48
‖∇∂yj‖22 + C(‖∂xu1‖22 + ‖∂xb1‖22 + ‖∂yj‖22 + 1)(‖∇Ω‖22 + ‖∇j‖22).

L42 can be written as

L42 = 2

∫
(∂xyb1∂xu2 + ∂xb1∂xyu2 + ∂xyb1∂yu1 + ∂xb1∂yyu1)∂yj dxdy

≡ L421 + L422 + L423 + L424.

The bounds for the terms on the right are given as follows.

L421 ≤ C‖∂xu2‖2‖∂xyb1‖
1
2
2 ‖∂xyyb1‖

1
2
2 ‖∂yj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖Ω‖2‖∇j‖2‖∇∂yj‖2

≤ 1

48
‖∇∂yj‖22 + C‖Ω‖22‖∇j‖22.

L422 ≤ C‖∂xb1‖
1
2
2 ‖∂xyb1‖

1
2
2 ‖∂xyu2‖2‖∂yj‖

1
2
2 ‖∂xyj‖

1
2
2

≤ C‖j‖
1
2
2 ‖∂yj‖

1
2
2 ‖∂xΩ‖‖∇j‖

1
2
2 ‖∇∂yj‖

1
2
2

≤ 1

48
‖∇∂yj‖22 + C‖∂yj‖22‖∇j‖22 + C‖j‖2‖∇Ω‖22.

Other terms admit,

L423 ≤ C‖∂xyb1‖
1
2
2 ‖∂xyyb1‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∂xyu1‖

1
2
2 ‖∂yj‖2

≤ 1

48
‖∇∂yj‖22 + C‖Ω‖2‖∇j‖22 + C‖∂yj‖22‖∇Ω‖22.

L424 ≤ ‖∂yu1‖∞(‖∂xyb1‖2‖∂yj‖2 + ‖∂xb1‖∂yyj‖2)

L5, L6 and L7 can be bounded exactly as in the paper [13]. We now estimate L5. More

explicitly, L5 can be written as

L5 = −2

∫
∇[∂xu1(∂xb2 + ∂yb1)] · ∇j dxdy

= −2

∫
∂x[∂xu1(∂xb2 + ∂yb1)]∂xj + ∂y[(∂xu1(∂xb2 + ∂yb1)]∂yj dxdy

≡ L51 + L52.
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L52 is bounded as follows.

L52 ≤ C‖∂xu1‖
1
2
2 ‖∂xyu1‖

1
2
2 ‖∂xb2‖

1
2
2 ‖∂xxb2‖

1
2
2 ‖∂yyj‖2

+C‖∂xu1‖
1
2
2 ‖∂xyu1‖

1
2
2 ‖∂yb1‖

1
2
2 ‖∂xyb1‖

1
2
2 ‖∂yyj‖2

≤ C‖Ω‖
1
2
2 ‖∇Ω‖

1
2
2 ‖j‖

1
2
2 ‖∇j‖

1
2
2 ‖∇∂yj‖2

≤ 1

48
‖∇∂yj‖22 + C‖Ω‖2‖j‖2(‖∇Ω‖22 + ‖∇j‖22).

L51 contains four terms.

L52 = −2

∫
(∂xxu1∂xb2 + ∂xu1∂xxb2 + ∂xxu1∂yb1 + ∂xu1∂xyb1)∂xj dxdy

≡ L521 + L522 + L523 + L524.

These terms are estimated as follows.

L521 ≤
1

48
‖∇∂yj‖22 + C(‖∂yj‖22 + ‖j‖22)(‖∇j‖22 + ‖∇Ω‖22).

L522 ≤
1

48
‖∇∂yj‖22 + C‖Ω‖

2
3
2 ‖∂xyu1‖

2
3
2 ‖∇j‖

2
2.

L523 ≤ C‖∂xxu1‖
1
2
2 ‖∂xxyu1‖

1
2
2 ‖∂yb1‖

1
2
2 ‖∂xyb1‖

1
2
2 ‖∂xj‖2

≤ C‖Ωxy‖
1
2
2 ‖∂yj‖

1
2
2 ‖∇Ω‖

1
2
2 ‖j‖

1
2
2 ‖∇j‖2

≤ 1

48
‖∂xyΩ‖22 + C‖∂yj‖22‖∇Ω‖22 + C‖j‖2‖∇j‖22.

L524 ≤ C‖∂xj‖2‖∂xu1‖
1
2
2 ‖∂xyu1‖

1
2
2 ‖∂yyb1‖

1
2
2 ‖∂xyyb1‖

1
2
2

≤ C‖∂yj‖2‖Ω‖
1
2
2 ‖∂xyu1‖

1
2
2 ‖∇j‖

1
2
2 ‖∇∂yj‖

1
2
2

≤ 1

48
‖∇∂yj‖22 + C‖∂yj‖22‖∇Ω‖22 + ‖Ω‖2‖∇j‖22.

L6 can be easily bounded.

L6 =

∫
∆Ω ∆ω =

∫
∆(∂xu2 − ∂yu1)∆ω

with ∫
∆∂xu2∆ω ≤ ‖∆∂xu2‖2‖∆ω‖2,

∣∣∣∣∫ ∆∂yu1∆ω

∣∣∣∣ ≤ ‖∆u‖2‖∆ωy‖2.

We now estimate the last term L7.

L7 = −
∫

∆(u · ∇ω)∆ω = −
∫

∆(u1∂1ω + u2∂2ω)∆ω

= −
∫
∂xxu1∂xω∆ω −

∫
∂xxu2∂yω∆ω −

∫
∂yyu1∂xω∆ω −

∫
∂yyu2∂yω∆ω

−2

∫
∂xu1∂xxω∆ω − 2

∫
∂xu2∂xyω∆ω − 2

∫
∂yu1∂xyω∆ω − 2

∫
∂yu2∂yyω∆ω

≡ L71 + L72 + L73 + L74 + L75 + L76 + L77 + L78
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Now

L71

∣∣∣∣≤ ∫ ∂xxu1∂xω∆ω

∣∣∣∣
≤ C‖∂xxu1‖2‖∂xω‖

1
2
2 ‖∂xxω‖

1
2
2 ‖∆ω‖

1
2
2 ‖∆∂yω‖

1
2
2

≤ 1

48
‖∆∂yω‖22 + C(‖∇ω‖22 + ‖∂xxu1‖22)‖∆ω‖22.

Similarly, we obtain

L72 ≤
1

48
(‖∆∂yω‖22 + ‖∆∂xu2‖22) + C‖∇ω‖22(‖∇Ω‖22 + ‖∆ω‖22).

L73 =

∣∣∣∣−∫ ∂uu1∂xyω∆ω −
∫
∂yu1∂xω∆∂yω

∣∣∣∣
≤ C‖∂xyω‖2‖∂yu1‖

1
2
2 ‖∂xyu1‖

1
2
2 ‖∆ω‖

1
2
2 ‖∆∂yω‖

1
2
2

+ C‖∆∂yω‖2‖∂yu1‖
1
2
2 ‖∂xyu1‖

1
2
2 ‖∂xω‖

1
2
2 ‖∂xyω‖

1
2
2

≤ C‖∇∂yω‖2‖∂yu1‖
1
2
2 ‖∇Ω‖

1
2
2 ‖∆ω‖

1
2
2 ‖∆∂yω‖

1
2
2

+ C‖∆∂yω‖2‖∂yu1‖
1
2
2 ‖∇Ω‖

1
2
2 ‖∂xω‖

1
2
2 ‖∇∂yω‖

1
2
2

≤ 1

48
‖∆∂yω‖22 + C(‖∂yu1‖22 + ‖∇∂yω‖22 + 1)(‖∇Ω‖22 + ‖∆ω‖22 + ‖∇ω‖22).

Similarly

L74 ≤
1

48
(‖∆∂yω‖22 + ‖∆∂xu2‖22) + C‖∇ω‖22(‖∇Ω‖22 + ‖∆ω‖22).

L75 ≤
1

48
‖∆∂yω‖22 + C(‖Ω‖22 + ‖∂xxu1‖22)‖∆ω‖22.

L76 =

∣∣∣∣−2

∫
∂xu2∂xyω∆ω

∣∣∣∣
≤ C‖∂xyω‖2‖∆ω‖

1
2
2 ‖∆∂yω‖

1
2
2 ‖∂xu2‖

1
2
2 ‖∂xxu2‖

1
2
2

≤ C‖∇∂yω‖2‖∆ω‖
1
2
2 ‖∆∂yω‖

1
2
2 ‖∂xu2‖

1
2
2 ‖∇Ω‖

1
2
2

≤ 1

48
‖∆∂yω‖22 + C (‖∇∂yω‖22 + ‖∂xu2‖22)(‖∇Ω‖22 + ‖∆ω‖22).

L77 =

∣∣∣∣−2

∫
∂yu1∂xyω∆ω

∣∣∣∣
≤ C‖∂xyω‖2‖∆ω‖

1
2
2 ‖∆∂yω‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∂xyu1‖

1
2
2

≤ C‖∇∂yω‖2‖∆ω‖
1
2
2 ‖∆∂yω‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∇Ω‖

1
2
2

≤ 1

48
‖∆∂yω‖22 + C (‖∇∂yω‖22 + ‖∂yu1‖22)(‖∇Ω‖22 + ‖∆ω‖22).

L78 ≤
1

48
‖∆∂yω‖22 + C(‖Ω‖22 + ‖∂xxu1‖22)‖∆ω‖22.

Collecting the estimates above and applying Gronwall’s inequality, we obtain the desired

global H2-bound.
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‖∇Ω‖22 + ‖∇j‖22 + ‖∆ω‖22 +

∫ T

0

(
‖∆∂xu2‖22 + ‖∇∂yj‖22 + 2‖∆ωx‖22 + 2‖∆ωy‖22 + ‖∆ω‖22

)
dτ ≤ C

for any t ≤ T , where C depends on T and the initial data.

This completes the proof of the Theorem 1.2. �

6. Conclusion

We have investigated the global regularity issue concerning solutions of the 2D magneto-

micropolar equations with partial dissipation. We established that if the velocity field u

satisfies (∂yu1, ∂yu2) ∈ L∞ ([0, T ],R2
)
, then magneto-micropolar equations with partial

dissipation have globally regular solution.
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