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lllumber Theory as an Experimental Scieme

Donald G. Malm

The digital- computer presents the mathematics teacher wlth
the opportunity to approach various parts of mathematics in an ex-
perinental or empird.cal manner, quite dlfferent from the usual
axionatLc approach. In partlcuJ-ar, there are rnany advantages to
teachlng number theory as an experimental_ science.

In speakLng of number theory as an ttexperLmental 
sclencertt

I  do not mean to imply that proofs are to be lgnored. Proofs are
stll1 inportant. The experi.mental work should arise Ln the forrnu-
latlon and motl"vatlon of the theorems. Usual1y, 1n a standard
.athenatics course, the teacher and the'textbook present the
statements of the theorems to the students. By teaching number
theory as an experimental scLence, I mean that the mathenatlcaL
question or si tuatl-on I-s presented to the students (rather than
the anewer). Then the experimental evldence is obtained, and the
theorem formulated on the basls of the enpirlcal facts. The theorern
then requLres proof. 0ften the experimental- evldence ls helpful for
that too.

NmDer theory ls an excellent preparation for modern algebra,
uhlch furnlshes motLvatlon for algebra as well as many concrete
erauples for l-ater use. In 4ddition, number theory Ls lntrinsical-

ly loterestlng (and doubl-y so when combined wlth the conrputer). A

corputatlonal-experlmental approach to number theory al-so refl-ects

the historlcal development of the subject, for number theory has

alvays lnvolved observation of phenomena about integers, followed

by atteEpts at proofs.

Ntrmber theory, approached experimentally, ls also an excellent
vehlcle for teachlng problem solvlng. The axlomatl"c approach to
ratheutlcs has often 1ed to the neglect.of this important toplc.

There has recentl-y been an increaslng real-izatlon that .students
oeed problem-solvlng skllls, and a nr:mber theory course of thls

type can help to provide thern.

Thls article has appeared in ECMI/2 Resource Manual, whl-ch was
produced as a fol1ow up to the Second Conferenee on Educational

Conputlng in Minorlty Insticutions held ln Atl-anta, Georgia on

l {a rch  9-12 ,  1976.
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The teacher does not need to be a computer expert to use the

computer in a number theory course. Indeed, it can be argued that

the theory of numbers offers the easiest point of entry to computer

use for a mathematlcs teacher. There are several reasons for thls'

To make a significant contributj.on to the course' the comPuted need

only be used fof numerical- calcul-ations, and the prograros needed

are relatlvely simple. Any general purpose programing language

is suitable, and almost any computer faciLity is usable for a num-

ber theory course. Large lnstal lat lons are not needed. A t irne-

sliarlng system is desirable, to help students debug their Programs'

but is not necessary. The instructor, even though inexperienced

ln progra'nmLng, will flnd it easy to get involved wlth a comPuter

and use l t  as an integral part of the course.

Because of this slnple usage of the comPuter'  relat ively

little prograuming knowledge is requlred of the students. It is

quite flastble to start with students who have never prograncred

and teach then all the programing they need in the course, with-

out diverting very much tLme from number theory, provided that a

slnpl-e language, such as BASICT ls avallable' This means that a

o,rrb"t theory course using the computer does not need any Program-

ming prerequtsite. Thls 1s true even though the act of prograruning

can be made to be an important part of the process of learning

number theory.

To sumnrl_ze, the obJectives in using the computer in number

theory are:

f-) To provide illustratlons of theorems'

2) To provide relnforcement and deeper understandlng of

theorems through the writing of programs which require

thorough understandlng of the proofs of the theorems'

3) To produce experl-mental evidence frorn whlch the students

can discover facts and theorems and make further con-

J  ec tures .

4) To develop problem-solvtng skll1-s in the students'

These are the rnain goals. To successful ly use the comPutert

especial ly with respect to goal- number three, l t  ls necessary to

""1..t 
and organize the experlments and homework assignmdnts care-

ful l-y, so that the studentsf learnlng w111 be maximized' These

assignments and experlments wil l  be discussed later '

The author has taught number theory uslng the comPuter on

two occasions, at oakland unlversity in 1972-73 and L974-75, and

has developed text material for an experimental approach' Our

tlon of Two Number
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number theory course is a junlor-senior level (Diplona 1eve1)
course' covering the standard top4cs: number theoretic functions,
dlophantine equations, prLme number theorem, congruences, quadratic
residues, etc. The percent of the course taken up by the compufer
work varied from week to r^reek, as weLL as between 

"olrs.s, 
but pro-

bably averaged to about 30-40 percent. The students averaged about
one hour of termlnal- time per week. Time-sharing was available to
the student on a Hewl-ett-packard 20oo c (r-n one -ourse) and a
Burroughs 85500 ( ln the other course). The language used was BAsrc.
The 2000 c has exact integer arrthnetic for numberJ onJ-y up to
about 3'0001000; however, thls did not prove to be a severe r inlta-
t l o n .

The courses were smaLl, wlth a lecture-discussr.on format.
There were trilo tests; one for nr:mber theory and one for progranunlng
ln BASrc. During the first three weeks or so, some tlme in each
class period was devoted to progranmlng in BASlc. Thls averaged
ro about one-thLrd or one-fourth of each perlod. The studenti  were
given programnlng assignments related to nunber theory. After this
perlod of t ime, progranrmlng was seldom dlscussed in class. The
students could and dld al_so get progranmlng help from the person
uho monltored the terminal room. Though prograrnrnlng EI se was
seldon dlscussed after the beglnning of the course, tG-use of the
corDputer in each toplc covered in number theory was dlscussed, and
of course the studentsf homework assignments uslng the computer
uere  d lscussed.

After al-l the students had learned to ptogram, they were given
Dre extensive asslgnments involving the computer. At the same
alEe' the students reguLarly dld homework in number theorv not ln-
volving the computer.

Evaluation and Practical problems

Every course uslng a computer generates some problems of access
:o the computer, hardware malfunctlon, etc. rn our case these have
::ever been serl-ous. In the f lrst course, the computer was only
avallable ln the evening and on weekends. rf lt had been avall_able
durlng week-days, the studentsr usage woul_d probably have been
heav le r .

Another kind of problern which can arise is the student who
does not l lke conputers. Thls can come from several sources, ln-
cludlng lack of experlence. Alnost without exception, students
in the classes who were orlgtnal ly unenthusiastic because of lack
of programing knowledge, etc.,  became enthusi.ast lc computer users
before the end of the term. one student did not take to the com-
purer for quite dlf ferent reasons. He was an excel lent student
slth natural talent for abstract reasonLng. The computer Ll lustra-
ti.ons of theorems were unnecessary to hlm and dld not illumLnate
the theorems in the same way as they dld for other students. pro-

r t
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sratrmlng was difficult for him, as his program:,":"il"'l:d trivial

i i"t"k." of t letail '  

^'t ' i l-"t"a"nt 
probatly would have been beLter

off ln a more conventlonal number theory course'

The relatively srnall number of students and the lack of a

referencing stana"ra ?Ii-"i opp.t lever--untlergraduate course such

as number theory t.i"'i"al"i-i'irnposgfti.-to 
ai comparative statis-

tical studl." or tt'l=tfrllti"tit"" of thls computer-oriented ap-

proach to number ;;";;:--ile students enjoyed the approach' with

ihe exceptlon of the one student ootti t"if i tt '  A substantlal

number of them ttttit-tt"-it'fta) 
continued thelr work on thelr

homework or pro3eci]-(;;;;;k growing-froro thelr projects) after

the term ended, 
"o'i"ii"ttloo 

It tntit-iit"""t' as Ehls couLd

not affect therr grl ie-"ia tt" aoo" o"fy for their own'satisfactlon'

Many students sald iiat they got tott'-llose of accoopllshment from

wrlting a program 
"il-Jr""ot"irng- 

p"tt!ii" tttt" they obtained from

reading a textbook 
"ia-it"t"f"g 

tt'L ptoots of theorems' rn effectt

thev couLd ao t"tt'titii;;i-;;;"tttt 
i"-ttti" computer settins' rt

{s Lhoost rtpos"ruil-iJi-""attetaduates 
to do rlsearch ln nathema-

;;;;-; coot""tloo"11v organized course'

One pltfall that the teacher -must 
be anare of is the necessity

of carefull, otr*oili"i^''t'" t*pttril1tt"-tt exercises' in which the

students .t" u*pt"i!l--io ou""t*'e patieins' rt is all too easy to

assume' knowlng ti"I-tit ptttttrr i"' 
-;;;l 

it 1s obvious and that

each sludent tilr'iislot'"i' rt with no gul-dance' rn fact' pattern

recognl-tlon rs not eicouraged f" st""alta nathematics courses' and

one of rhe vlrrue: ;;;fuoa.h a."ttrbed herein is that it

a t t emp tsao t t t t h ' l i ' - i i t - l i t t t t t " t ' ! t - " t ' ou ld remember ' t ha tEhe
students have had ;;'pt;;i"; Practl;;' and organlze the experl-

ments thoughtfullY'

Algorlthns and ExPeriments

There are some fundamental a1-gorLthms of number theory whlch

a reusedov t r "od* I . . " i t g t r " i n .nany -co ropu te r -p rog rams 'Thebooks
by D.E. Knuth 

""; 
;';: iEt't"t llsted i" ittt biil-lographv are good

sources of these algorithrns' etoog ti; to"t ttpottant algorlthms

are:

The Euclldean a1-gorlthm for calculating- the'g'c'd' of

two integers' and tnt 
"o"iiilitii" 

i" fht liottt combi-

nation oi ft in Lerms of the tr^to integers'

- An algorithn for factorilg *,-l{ 
"t?::hii9,,f^or 

factors

Iess than or equal to r/ff' This al'so serves as a

PrimalitY test'

-  
" - Y

: : r
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- An algorithm for calculatl-ng ab (nod n), by repeatedly
halving the exponent and squarlng.the base. This is
much faster than nuI_tiplyrng a by Ltsel_f b times.

- Algorithms for,soLving a linear congruence ax = b (rnod n)
and systems of lLnear congruences.

Algorlthns for calcul_atlng the continued fractions of
rationaL nr:mbers, real numbers, aird quadratic irratlonals.

A11 of the toplcs of el_ementary number theory are amenable to
couputer experiments. In some cases, lt is highly deslrabJ-e for
lhe students to program the experiment as well as run lt, while
for other experLuents the students woul_d not ,learn a great deal
fron rrrlting the program, and should run a pFogran furnlshed by
che teacher. Here is a sampling of computer experiments which
have been used successfully by the author.

f) Write and run a program to factor a glven number, ll-st
lts factors, count the number of prlme factors, and
count the number of factors.

This would normally be done through a search. It
lllustrates a number of theorems, Lncluding the unique
factorizatlon theorem.

2) Write and run programs to compute the greatest conmon
divlsor of two glven numbers, both dlrectl_y through a
search and by means of the Euclidean algorlthm.

3) Wrlte and run a program to solve llnear .,Diophantine
equatlons Ln two variableS by means of the EuclLdean
algorlthm.

Thls requlres a thorough understanding of the proof that
the EucLidean algorfthn for f indlng the g.c.d. of two
numbers works. Of course, one can go on to three or
more varlables.

4) Write and run a program to compute the flrst N Fibonacci
numbers.

This quickly leads to the problen of programl,ng large
nunber arlthmetic. To do that requires a thorough under-
standlng of the arf.tlmetLc algorithms.

Wrlte and run programs to search for solutions to these
Diophantlne equatl-ons (for exanple) :

1on.
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* 2 - 3 " ' = 5

* 4 + 9 = y 3

2  ^ - 2  ^
x  - J ) Y  = r

* 2 + 2 = y 3

t 2
e )  x - - 1 3 Y - = ]

Some of these can be easily shown to have no solutions

via congruence arguments. Others are not as tractabJ-et

but dlspl-ay lnterestlng patterns Ln the solutlons'

Write and run a program to solve slmultaneous llnear

congruences.

Thls ls an Lllustration and appllcatlon of the Chlnese

Remainder Theoreo.

Write and run a program to count the nunber of prlmes

(or the density of prlnes) ln a given lnterval' Coopare

this wLth x/lnx (or L/lnx). Estlnate the average dls-

tance between Prlmes.

This Ls an lllust:catloil of the Prime Number Theorem'

I'Irlte and run a Program to search for pseudo-prlmes'

Thls ls connected wlth Eulerrs Theorem and the Chlnese

Conjecture, whlch wds wldely belleved for several hundred

years, but turned out to be fa1se. By uslng a cofiPutert

a stualent can settle the question very qulckly now'

9) Write and run a program to represent an lnteger as a

_ sum of four squnres.

Lagrangers Theoremr'tqhlch tras proved in the courser states

that is thls ah.rays poss1b1e.

10) (Gaussf Circl-e Problen) For the f irst 500 or so l-ntegers
compute the number of ways each can be represented as a
sum of trro squares. I'Iake conjectures about which numbers
can be written and which cannot. Compute the average
number of ways the lntegers up through N can be so re-
presented. Conjecture what the llnLt of thLs average
ls. In this problem, the conjectures made by the students
can lead not only to the correct facts, but can also Ln-
dlcate the general nature of the proofs. Thls problem ls
a vell-knorrn theorem of geometric number theory.

a)

b)

c)

d)

6)

7 )

8 .
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11) Wrlte and run a program to estlnate the pegcent of pairs
of integers whlch are reLatLvely prlne.

A search or a Monle Carlo techaique could be used. The.
The answer te 61n2.

LZ) Wrlte and run a program to find consecutlve Pythagorean ,
trlples, l.e. lntegers u and v for whLch uz I (rt+L)z = v'.
Obeerve patterns Ln the solutlons, conjecture the recur-
slon relatlon, and prove it. There are naay fasclnatLng
patterns ln a llet of eolutLons, lncludlug a l-lnear re-
currence relatLon. ThLs equatlon is equlvalent to a
Fermat-Pell equatlon.

13) I{rite and run a couputer progran which calculates the
continued fractlon for the square root of a posl-tlve
lnteger.

f4) Write and run a program whlch prlnte maglc squares of
varioue orderg.

15) WrLte and run a prograu whtch uBeB the eleve of
Eratoethenee to flnal all the prlnee less than 3000
(for exenple).

ThLe ie not a couplete llst of couputer-related exerclees and
proJects whtch have been used ln the courees, but thls sanpllng
Lllustrates the contentlon that practlcally every topic,in number
theory can be lllustrated by oeans of, computer work, and that ln
a great nany toplcs, the etudents can be notLvated and gulded to
the facts vl.a the computer.

Tvo Examoles

As specifLc lllustratlons of these Ldeae, we give prograns
tn BASIC and runs for two enperlments.

The first e:rperlment calculates (N-1) I (nod N), and ehould
lead the student to dlecover Wileonte theorem. (If the theorem
has already been proved ln the course, .lt ls a striklng lllustra-
tion of the theoren.) The experinent can be Introduced by observ-
Lng that Nl = 0 (nod N) of neceesity, but that (N-1) ! nay not be
congruent to 0 modulo N. A deecription, ln Englleh, of the Program
l s :

Step 1. Read N, set X = 1 and set I = 2.

Step 2. Set X = X * I (noil N).

Step 3.  Set  I  = I  + 1.  I f  I  =  N,  s top,  for  X ls  (N-L) !
(nod N).

Step 4. Go to step 2.
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110

L20

L25

130

140

150

160

170

180

190

200
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The Progranl

PRINT rrNrr,n (N-D PACTORIAL MOD Nrr

READ N

DATA 2131415  1617 ,8 ,9 ,10 ,11 ,L5 rL6 ,L7 ,20

DATA 23 ,4L,82,L37 ,7-4!,341, 565, 1103

l " E T  X =  I ,

F O R  I = 2 T O N - 1

L E T  X = X * I

L E T  X = X - N * r N T ( x / f i )

NEXT I

PRINT ll, X

coro 110

END

The run:

(N - 1) FACTORIAL UOD NN

2

3

4

5

6

7

8

9

10

11

l_5

I

2

2

4

0

6

0

0

0

10

0

I

z

3

3

3

3 i

3r
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L7

20

23

4L

82

L37

L4L

34r

565

1103

0

16

0

22

40

0

135

0

0

0

1102

The second experl"ment addresses i tself  to the questl"on:
for which P can we sol"ve the eongruence X2 = - L (n;d p)? Thts
can also be stated: for which p is - 1 a quadratic residue?

T6 REM

18 REM

20 REM

22 REM

24 REM

26 REM

28 REM

30 REM

32 REM

34 REM

36 REM

38 REM

The Program:

LINE 1].0 PRINTS TIIE TRASLE IIEADING. THE COMPUTATION

DETERMINING I4IHETHER A IS A QUADMTIC RXSIDUE

MODULO P IS DONE IN LINES 150-190. IT IS A DIRECT

SEARCH TO DETER]TINE IF I1IERE IS AN X FOR I^IHICH

X*X IS CONGRT]ENT TO A MODIILO P. AS HAS BEEN NOTBD

BEFORE, rT IS ONLY NECESSARY TO SEARCH X BEII,IEEN

r .  AND (P-1) /2 .

LIMS 2OO-230 PRINT TITE PROPER RESPONSE ACCORDING

AS TO WHETHER OR NOT A IS A QUADMTIC RESIDIIE

MoDttLo p, AND P,ETURIq CONTROL TO THE TNTTIAL

READ STATEMENT

WIIEN THE FLAG AT TIIE END OF TITE DATA LIST IS READ,
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40 RE}T CONIROL IS DITECTED TO LINE 240.

52 REM ********************************************

54 REll

1 0 0  L E T  A - - 1

110 PRrNT "P", A; "rS QUAD; RES. OF P?r'

LzO READ P

125 IF P - - 10 TttEN 240

130 DATA L7 ,4L,73,89,5,L3,29,37,3,11,19,43 ,7 ,23,3L,47 , -L0

145 R3M

148 REl,t

1 5 0  L E T  B - A - P * I N T ( A / P )

1 6 0  F o R  X = 1 T o ( P - L ) 1 2

170 .LET S = X*X - P:IIM(X*X/P)

1 8 0  I F  S = B l I l E N 2 2 0

190 NEXI X

L92 
'REM

l-95 FEM **********tr** PRIMOUT **************

L97 REM

200 PRrNl P," NO"

210 GoTo LzO

22O PRrNT P," YES|I

230 coro L20

24O END
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The run:

P

L7

41

73

89

5

13

29

37

3

11

19

43

7

23

31

47

-1

YES

YES

YES

YES

YES

YES

YES

YES

NO

NO

NO

NO

NO

NO

NO

NO

rs QUAD. RXS. OF P?

IU

Blbllogrephy

Dartmouth Computlng ProJqct, Uee of the ionDuter Ln a Couree

ln Number Theory, by J.R. Bell and J.G. Keneny' L964.

Unfortunately this book ls out of prlnt.

l(nuth, D.8., The Art of Computer Programlngr V. II.

Senl-nunerlcal Algorithms, Addleotr-Wesley' 1969.

Chapter four contalns much lnforoatlon on the algorlthne

of nuober theory.

t2I
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t31 Lehmer, D.II., 
ilComputer Thchnology Applied to the-Theory of

Nunbers," i;-1ilr"" i" tl"tU;t ttt ' Prentlce-Ilal-l 1969'

t4l Klrch, A1lan M., Elementary tlurmuer- ftegl-- 3-]]oln!g!g

ADProach, Intext, 1974'

ThLs book is not orlented toward discovery' The programs

are wrltten in FORTRAI'I'

t5l To appear: Malm, Donal G., A coqPuter-Lalgf1lorv-Manual for

Number Theory. Programs uffisAsrC' orlented

tffi*ry rhiough experlment. To be publtshed
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0n Generafred Rices hlynani*

Hukum Chand Agrawal-

Abstract

In this apper, we have established some LnterestLng resuJ-ts
for the general- lzed Ricers poJ-ynonlals such as recurrence relat ions,
contiguous relat ions, generatLng functlon etc.

1. Introduction

Recently, Khandekar [2] has lntroduced and studl_ed the genera-
l ized Ricers polynomials defined by

( 1 . 1 )

Further Monacha [3],  Deshpande [4],  Srlvastava [5] and others

have al-so found out varl-ous properties for the above polynomials.

The purpose of thls paper is to derlve some more resul-ts for the

Rlcers polynonial-s.

I{e shalL requlre the followlng results in our analysis:

o0

V
/_
n=o

*f ,,", !,n;*) = ++ ,r, ["'lf,T'' ? , *]

( 1 .  2 )

( 1 . 3 )

and

( 1 . 4 )

(b '  
F

n !  
- 1

r  (d )  =

n

A .  t r@oc(o( ) l  =
a(.

Contlguous Relations

Start lng from (l- .1-) and using

(  
f r  

, -n,  )+n; l , l  ix,y)zn

-  ( t-z)-A z"r[A 
r lrrr /-  r ,  t6,(7.8)]

f  ( o (+1 )  -  t  ( 4 ) ,  [ 6 ]

,ryn r(t+k)l

4

n

t
k=o

(l) k
A* e(oO. t r1

( 1 . 3 ) ,  w e  o b t a l n

(z.L) AU{'Ft 
f 

,n;x) " 4]i '  8*1 ( 
f1,p+1;x),



( 2 . 2 )

and

( 2 . 3 )

( 2 . L )

I4

n {'f, },n;*) = ffiff+tr

ae{'e(1,p,*, =-+ +i'
and (2.3) generallzes to

d;1; e.t (!+1,p+z;x)l*

P*r( 
!+r,n+r;x)

Q'q A1 ttf 'Fr 
1,n,*r 

= t"i;: '"" 
(-*)'41', P*' (fr,p+r;x),

and

<z.sr zf. *1,P,],n,*, = 
ft ,-.,'

respectlveLy.

F rom (2 .1 ) ,  ( 2 .2 )  and  (2 .3 )  we  have

<r.r't i 'P<!,n+r;x) - 4,Pr!,n;*) = l#t 
1* r{l i ' tsl11+r,p+z;x),

tz.a; I'Fft,e+r;x) - 4,P, |,n;*) 
= 
+ 4l' e*t.!+r,p+r;x),

(2.s) (n,-1+f-n+2) 
"f 'P<1,n,*) 

= (n+a{+e*rr 4'P+l (!,n;*)

- 
.(p-1) {'C, t ,p-l;x)

and

(2.r-o) (n+a(+p- 
|  

*D #'P (! ,n;x)

The repeated use of (2.8), wiLl- give

(2.11) 4*l,e*o (|+r,p+r,*, = 
dh t .,' rFr ,f,0*n,i,n,*,.

4T'P+r1 
!+r,p+r:x)

I
I
k

,i
tl
E

in
'ii
4,

I

i,
I
l

= (n+r+P*t l  
" { '€*t  

, } ,n,* ,

-  
t { '€ t  }+r 'p;*)  '

v

N

t

l



Now uslng the famous result

r ( p * l ) = + < f r

"n4 
(2.5) ,  we have

Ae r (e)

(2.12) l 'P*l*t!,n;*) =I,f , #
Slnllarly one nore result can be find out

3. Expllc{t RePresentatlon

Consider

t f4 t '€* t  {1* t ,n+r ;x) .

t he  he lp  61  (2 .4 ) .

( - * ) t

wlth

Therefore

(3.r) {,e,},Pix) = 
@ 

dr, 
f,r[t$$#"'l

, A
where Aol,Z, 

n 
= tAE4Ep - 1'

- ' I '  
t

Now taking the dtrrerent comblnatro." ft;ftff) 
{ 'n

r lght-hand expression of (g.1) and uslng (1'4) '  we can show

<r., {,e<},e;x) = +& f ,+, l+#= -'r,'[-r;'fi *fi]

the

that



(3 .  3 )

(3 .4 )

and

(3 .  s)

16

= q+ fr*, +##3,,,[]; *',*].

= q+ i .*, Gf rr, (r-n;p+r;1) ,rr [-',ifP*,

=+& 
* ,*, , i  ),2.o(r-n,|+r;-;r,rrdr.J*lu*

,-]

, - ]

4. GeneratLng Functlon

The result to be proved is

(4.1) (r-t)-P. ,r, fn,r+x+Pt * ,r*.rl
L L+t ;  J

.?

= I . lhr.n f ,  Q-n (p,2p;x).
n = o  '  ' n

Proof: Wlth the help of (3.2) tfre rlght-hand slde of the above
expression wLlL become

oo

i , r=o t l  +a{1t  r !  n t  2 'L lpo;* t . '  
' "1

4

=f 
(o),, 

*,
fa  n!  

-o r ,  (L+/+P,  o+n,- r r ;  1+4;  x t ,x l

now the use of (1.2) w:.tt glve the above generating functlon.

Lastly fron (4.1)' we can deduce the followlng recurrence rela-
tlons

(4.2) 1./r+r) (p+n-l) 
"Id,P 

(p,2p;x)

= (p+n-I) (n+n)- (o{+Q+ n+1) ,f4t,P(n*r,zp+2;x)

- (o(+.,1 bl+n+t) (e<+13.h+1) 
{;1, P*rrn*r,2p+2;x)

t

I

t :

Lt+

ts

t6 l

DeP

Bun,

Jhar



and

(4 .  3 )

t 7..

(n+1) (p+n) (p+n-l) 
{i{t-l 

(p,2pix)

l r1

t21

, (p+n) e(+n+l) (p-n-l) fl'f 1n,rn,*) + x Ql+P+n+t) (p+n-l)

(p+r,l nf+1'Qp+1,2p+2;x) - 2(a(+e+n+1) (p+n-l) (,(+n+r)

e1+L, P+I l+, (t+z
H",-1 

' (p,2p+2ix) + (4+P+n+1) (c+n) K+n+l) Hir_2'(p,2p;x).

I wleh to e:qlreae uy aincere thanks to Dr. R.C.S. Chandel of

QiV. College, Oral for hls lntqrest durlng the preparatlon of thLs

Paper.
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, In the present paper we shall give a classLfication of a
dlfferentlable naniford Mn+l wirh ai alnost 

"o"a..i-rryperboltcstructure [5] using the classificatlon of dlfferentr"l i" nantford
with an aLmost hyperbolic Hermitlan structure [4].

1. Introduction

Let us consr.der an (n+J-)-dimenslonal real dlfferentrabre
nanlfold vn+l of cr-ass c6. Let rhere .*r"i-. c--I.i"", ti.ra
1l: '  l-"-o"travariant vector f ield $1 and covarlant vector fr.eld
Ylj which satisfy the followlng: I

Surnmafv

(1. r1 151

th Orramerizatim of Hypeftolic
( f  ,g r€ ,  Q-Sarucrure  K.K.  Dube

fi =

= 0 ,
tl,

l
(
(
(

a

n,

rl

(z

tn
L ,
fe i

Ft

1 ,  I

6 o -  \  l u ,

(a) 
f;

f ; {  
o '  

{ ;

(c )

i  r l ,  = - l (1 , j , k= l , 2 ,  .  .  .  , n *1 )

The structure satr-sfylng the condlt lons (r-.r) are cal led armost
contact structure in product nantfold.

Now every dlfferentlable nanlfold wlth almost contact struc-
ture ln product manrfold adults a Rr-emannian metrlc gr5 t3l which
satisfies the followlng condltions:

sa l

nat(

Ga-g (
rest
the

Thu

-prs(1.2) sr:  
?, 

= 
I i

. h
sit' 

9, 
= ttn

, Bij f; fi 
= -*nu- rln lto,

f l  =' f , , ' .
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The nanlfold vn satisfytng all- the conditlgns from (1.r; te 11.21
ylelds a hyperboll-c structure and we call- it as hyperboll-c almost

;i:f::"fflltiril'""ture 
or almost contact hvperbolic ( 

f ' 
i "l 

'

2 .  S o m e  t e n s o r s o n h y p e r b o l t c  ( f  , i , t t  ,  g ) - E E " " . " r g

f..t f+l be a dLfferenti.able manlfold wLth almost conract
hyperbol-Lc metric structure and R be a real line. Let us consider
the product nanifold Mn+] x n. Now we take a sufficr.entry fine
open covering tl of Mn+l uy coordlnate neighbourhoods. rf we
d e n o t e  c o o r d i n a t e  o f  U  t n  t 1  b y  ; 1  ( i , J , k , . . . = 1 , 2 , . . . , n * 1 )  a n d  a
certain coordl"nate of R by F, then 1xl,  X€ ) can be constrdered
as  a  se t  o f  coord lna tes ,o f  U x  R and 5U 

"  
n l  Ug t f l "ons t i tu te

an open covering of Mnrr x R by coordin-ate neirghbourhodds.

Now we suppose that U, U (U, U #,0) belong toq,1 and 11, f t
a r e  t h e l r  c o o r d i n a t e s  a n d  l e t , . 1 i ' =  1 i '  ( X r r . . , x o + l )  b e  t h e  c o o r d i _
nate transformatLon between U x R and Ur x r by

( 2 . L )  x i '  =  x l '  ( x 1 , . . . , x o * 1 ) ,  x - '  =  x  o  
;

then wlth the help of leoma 1 [3],  i f  we pur

(2 .2 )  e |  =  O1 .  F i  |1  -  r .a  
oo

-j  ,J ,  r 'oo = -  
t  

'  FJ = t l :  '  
" -= 

o

ln_coordtnate nelghbourhoods f  u 
"  

nfu € a],  then f3.(A,B,c, =
t,2, . . . ,n*1, 

"o )  def lnes a f ie l--d of n{xed teisors on Mfi+L 
" 

n, f t f ,
respect to the pseudo group of transformatlo4 of type (2.1) and
FAg glves an almost product structure on yn*1 x R.

Uslng the propert les of (1.1), we know that the ten 
-A

satisfLes the relat ior, " 
K'uw LnaE Ene Eensor 'F 

B

# E B _ . Ao B o c =  d c

Thus we obtain the foLlowl-ng easil_y:

Propos l t lon  2 .1 .

If  we put Gij  = gi j  ,  G*.1 = Gi- = 0, Goo- = 1r ln coordl-
nate nelghbourhooEs 

I 
t 

" 
nf'u e i.r I 

tr,.i]--

GAB(A,B 'C =  Lr2r . . . rn* l ,  oo  )  de f l .ne  a  covar ian t  tensor  f le rd  w i th
respect to the pseudo-group of transfornation of type (2.L) and
the Riemannian metric gtven by [3].
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(2.3) .* t'" FB" = - cr ,

holds; the set (TAS,_GAB) defines an alnost hyperbol ic Hermit lanstructure on Mn*1 i. * i+f.

If we deflne FBc = f, toa , then we obtain

t J k  =  
f : n '  

F i o o  =  t l : ,  t o o j  =  -  
\ j ,  F - *  =  o .

Ife have also,

(2.4) V: tn, = S,

vJ tr* = SJ

- olt

VJ o'oo = WooFhr = V.{= V.o ri= O_ ,I = Q.

(z.s) VJ 
Frn = 95 f ,n, V5 Ft* = $, I i. ,

v j t n = - $ :  ? , l n ,

v: 1"- = voo Fih = V* F- h 
= 

% Fr*

=  9 - E * *  =  o  ,

where Vg and 9, F 
the covarlant derivatlves wLth respecr

to the connecrlon 
{1 ?""u {t }respectively.(  Bc)  ( : r  )

.*' 
L"t NraA be the NlJenhine tensor of the product nanlfold

lnf-'- x R glven by

( 2 .6 )  * . r o=  t . t  < . v ,  d -  v r { ,  -  r u t<v r  4 -  v . 41 .
rn view of the transfornatlon (2.r.), r-f we calcurate the courponents
1: S?.6) 

ln two groups, r4re get the followlng by vLrrue ot (2.4) and(2 .  s )  .

9 n r ' V t L  = -  9 j  
? n ,

\ , . ,

1
I

i

t ,
,
I

t
r l

t,
t,
I

i

( 2 . t )  $

(c .

(d)

3 . . c h a

In
hyperbol:
f Lcatl-on

sha1l gir
hyperbolJ

(1) Atno

I f o

nanlfold r

Theorem 3,

In  o r
i t  l s  nece

( 3 . 1 )

Also bi r,
)

Proof. By

v o 4 =
ls also tru



(a) *kr' = 
fun , S, f; _

% f i ' -
- $l , in f i  -$o gfrr* r l_v, 

l '  
-  L g*

lt'

f  , $ , f i - g , f n ' , . f l E  
l ' ,

lntsn 1, -n r, ,) '
3 .  c h a r a c t e r l z a t i o n o f h y p e r b o l _ l c  ( d ,  

b ,  h ,  g ) _ s t r u c r u r e

rn [4] we have given some kind or 
"r.J"rrl"".ro'1, lllro".hvperbot-Ic Hermitr-an nanlfor.ds. rn rhis 

"";ri;;;; i 'g"tt" classl-flcatlon of the almost hyperbollc Hermitlan manlford fi#i="'i;";:-shal1 give a classifi..tiott or . rrritold wlth an ar_most contacthyperbol{c metrlc structure [5].

( 1 )

tf on tf+l x R the relerlnn - AR the reLatl-on VA f, = 0 holds, we cal_l the
rnanlfold an almost hyperbolic Aptian ,"rrifold.

Theorem 3.1_.

( c )  
" 1 = -J

( d )  
\ =

In order at"a r"f+l x R be
it ls necessary and sufflcl.ent

( 3 ' 1 )  9 .  
f i =0 ,  g "

Also 

f 
t" incompressible vector

Proof. By.virtue of (2.L), on caLculat ing the components of

% 4= 0 and ustng (2.4) anE (2.5) we ger (3.1).  The converse
is also true. Hence the theorem is proved.

(2 '7)(b> *kr= f l  r$,  l r -$r  t ln)  -  
f i ,$ ,  t r -$L v1n),

an almost hyperbol-ic Aptian nanifoJ.d,
that

l ' =  
0 .

f ie ld .



l

' r

l .
i ;
ti

2 2

(ii) Almost hyperboLic Kahlerian manifold

rf on Mn*l x R

(3.2) FAB. 
g9€ 

YR Fsc *

We call thls manifold an almost

Theoren 3.2

The necessary and sufficLent condLtion that I"f+1 x R be an
almost hyperbolic KahlerLan manlfold ls that

(a) frrn 9=5 
n frn* 9, fo: * 9n $j, 

= o,

( b )  9 j  l i  
= 9 ,  

1 : ,

hol-ds for f+1.

{
AJ-so NO, = O, * j=Or. In order that N. '= 0, i t  is necessary

and suff iclent that Vj 
?- 

= 0.

Proof. In vlew of (2.1-),  on calculat lng the conponents of (3.2)

and us ing  (2 .4 )  and (2 .5 )  we ob ta in  (3 .3 )  a ,  b .  The converse  a lso
ho lds .

By  vLr tue  o f  (3 .3 )  b  and (2 .7 )  b ,  d  we,Bet  N1 i=0  and N j  =  0 .

Transvectlng both sldes of (3.3) a wlth {, '  and using (3.3) b and
( 2 . 7 )  c ,  w e  g e t  J

(3.4) N1 = z l '  .q r l
J I , J V A ' I '

whlch on nultipl-lcation ty j teads to

( 3 . s )  d l  n i = z  + ,  A t .
I L  J  T  

)

vs FcA, * vc Fas = o'

hyperbol-l-c lbhlerian nanlfol-d [4].

( i i t

Let

( 3 . 6 :

then

t 4 t .

Theor

nanl-f

( 3 .  7 )

holds

N . = (
J

that

Proof .

to th€
( 3 . 7 )

N
conseq

Also b
1

N l = 0
J r

Moreov

Hence

( 3 .  8 )

( 3 .  3 )

o t ^ i {
Let V:' 

?- 
= 0, then rrre get 

Jli 
N:

ly i f  Nl  = 0, then by vir tue of (3.5)

this prorls the theorem.

= o. Hence nl = O. Converse-
o  J . i

we get  Vr  +-  
= .0.

J )



(i i i)

Let

( 3 . 6 )

€oldr on uo+l * n #i
#i

fl
lli,:,
rfirt
/i' r:
/ l u

I
ti

%. Frc * Va F4s = o,

ifi: 
.n" nanifold is called nearly hyperbotlc Kahtertan nanlfold

Theoren 3.3

rrnrrlfa" Lt"injltt 
n.+l * R be a nearly hyperbolrc Kahlerian

(3.7) a) g, 
frn * g, 

fin 
= o,

b )  
%  1 r ' = o '

holds res f+1.

:, : 
l.i;il;J" 

g, 
?1= o,Nr., =^1 

"r, 
= 0 and consequenrly

td.t 
$;" ; _;""= 

tllt tu L = 0r ii ," o""!"sary and surrlclent

l-15. Now, on c-r -_ ,

E;i"":t*:1ff;'#{rl1.ltd,.;;Jr"":',;;f 1"r,".1"ff :?.
"""""lnillirTr,:"0:t e.D a and (3,

,1"" l" 
f ir tue."f iz.7) c, (3.7) a an7) 

b we obtaln'nJ = o' 
"no

"i i o. 
'-" ' s' (J' /) 6 sn6 q 

?* 
= o, we have

Moreover, in vlew of (2.7) a, (3.,7) a, b and q 
t, 

= o, we ger
*r,t =o 

fn, g, 
$nn .

f,ence

( 3 . 8 )

r i

fi 'nrt =o% f.'
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Consequently, frgm (3.8), in order that NkJ

and sufficient that

\ i  f . t  = o.- j  q K

Thie proves the theorem.

(tv) Ityperbollc Kahlertaa uantfold

rr oo tf,+l x R the relatlon

= 0, lt is necessarY

(3.9)  VA FBc = 0

then lt ls called a hyperbollc Kahlerian nanlfold [3] '

Theoren 3.4.

In order that !fl+l x R be an hyperbollg Kahlerlan manlfold'

lt Is necessary and-suffLclent that- lor' Mn*l

(3.10) S, 
f:r 

= o and S, tl: = o'

Proof. If we calculate the components of (3'9) with respect to

;ff i i" i"r"it"t i" i- i2.1), we glt (3'10)' The converse also hold'

(v) Ilvperbolic 0* -sPace

tr oo tf+l x R the relatlon

(3.11) -031, v, tl = o,

holds, then we call the nanifold an hyperbolic 0*-roanlfold'

I n  vLew o f  (2 .1 ) ,  ( 2 .2 ) ,  ( 2 ' 4 ) ,  ( 2 ' 5 )  and  (3 ' 11 )  we  ob ta in

the followlng relatlons:

(a) .oli 9, 9| . f: \r S, 1" 
= o,

h h  
9 '  & t = o '(3.12)  (b)  o j ;  u  )

lra o
(c) *ofi Vt rl" = ,'

Theo

sary

Proo

( 3 , 1

Furtl
and :
sde
( 3 . l i

we hr

( 3 . l i

Makfi
Ilencr
Thls

Theo:

In o:

that

cienl



(d)

(e )

( f )

(e)

(h)

l " d

t ' f i
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o . h h o
vu$ - 

? vb

b

vb t l"  = o,

o o  1 "  = o '

} t  
= 0 ,

= 0 ,

= 0 ,

.7r f"
o
vb 1.

I' f:

i ' s
i o ?

Theoren 3.5

In order that,tff l  *,1 g:-an hyperbollc O*_gpace, it ie necea_eary and euffi.cl.enr that (3.12)a froias ,;i-W*1;'---' 
'

Proof. Non transvectlng borh eldee of (3.12)a lrlrh 
11 

,e eet

(3,13) 
d €r ?t 

- 
fl +o 

ln 
= Q.

Further rransvectlng both qldes of (3.13) wfttr $fr lre get (3.t2;6.and rearralglng rhls-we obtain (s.rj).r.' oy.ei*g'islii lu, rresee that (3.12)f holde. In vleru of (3.12) 
",-r"'"otil] 

.n.a.(3.L2)g hotds. Tlanevect ing both sldes oi  <i . iz l . -  , i . t  
" ' l : ,

w e  h a v e  
- -  \ - ! - - l g  

'

( 3 . 1 4 )

l ' g r f l o o '
Making use of (3.12)b ald (3.f4), we obeerve thar (3.12)d holds.X.1"" Q.L2)a le equLvalent to t3.11). The converse Ls also true.Thls proves the theorem.

Theoren 3.6.

Fo. f+1, such that
In order that Ni = 0, lt

O {
that VJ 

?^ 
= O. Ateo

clent that

+n tlr = S, {o

n*l

!f"* x R ie an hyperbolic 0*-space, Nr - 0.
Ls necegeary and sufficlent 

' J

for NO, = 0, lt is necessary and suffi_



2:6

Proof .  In  v lew of  (3.L2)c we get  Ni=O. Now by v i r tue of  (2.8)c '

ff l l  and (3.14), we obtaln 
J

N l  = t f i o
vj ? o .

(3 . l s )

( 3 . 1 6 )

Ilence from th-e abovg equatlon Nf = 0, it ls necessary and suffl-
clent that €t fh 

=-0. Trandvectlng both sides oi (3.12)a with

! n w e e e t  
-  

J

d Sb '1, = 
fl 9j )tu.

llence by means of (3.15) and rewrltlng NkJ' we obtaln by means of
(2.7)b the followLng:

" r J  
= t  

f r  
($n  1o  -  $o  l tn ) .

Transvectl"ng both sldee of (3.1-6) wrtn 
f{ 

we get

* k J = 2 ( 9 1  l n - 9 n  
t l r ) .

Fron thls we get the laet Part of the theorem. lhe converse ls

aLso true.
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0n the Source and Sink Flow kst a Porur
(1 )

(2 )

Spherical Shell
Prpmod Sagar Slngh Pradhan

Abstract

SLow flow past a porous spherical- shell which is placed ln a

non-uniform stream generated by a source and slnk of equal strength

placed far apart, has been studled using the boundary condltlons

modif led by Jones [3] for curved surface at the interface of the

free fluld regLon and porous naterlal. It is found that the ex-

presslon for drag as obtalned !y Jones [3] renalns unaltered.

1. Introduction

Jones [3] has considered the problem of Stokes f lon past a

porous spherlcal shel l  of f inl te thLckness on the basis of Stokes

equations ln the free fluid reglon outsLde the spherlcal shel1 and

ln the cavity, and Darcyfs equations lnsLde the porous reglon.

The boundary condltions glven by Beavers and Joseph [2] for pl-ane

boundary has been generallzed for curved surface and using these

condltions the sol-utlons of the equatlons have been obtalned and

several linlting cases of lnterest have been deduced. Following

Jones [3] we have made an attempt to study the flow of viscous

lncompresslble flutd past a porous spheirlcal shel1 whlch ls placed

ln a stream generated by a source and sink of equal strength

placed at large dlstance apart and the expressions for velocJ-tyt

pressure and drag have been obtained.

2. Baslc Equatlons and Sfinpllflcatlons

Conslder a porous sphericaL shel-l of external- radius tat and

internal radius rbr irmersed ln a stream generated by a source and

slnk of equal strength Q sltuated at equal dlstance tct on elther

slde of the centre of the shel-l whlch is taken as the origln of

the coordlnate system. The whole flow.ls devlded into three re-

glons: the external region outslde the porous spherlcal shel l '

the porous reglon and the cavity and are called reglon I, II and

III  respectively. Let (r,s,d) be the spherical- polar coordinates

and qt, q" and 96 the correspondlng velocity components. Slnce

the flow consldeied ls axlsymmetrlc' q6 = 0 and derlvatlves wl-th

respect to d vanish.

As l-n [3] ttre flow ln the region I and III are governed by

Stokes equatlons
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where p is the pressurer the viscosity of the fluid and
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On the other hand the flow wl"then the porlus reglon II is governed

by Darcyrs equatlon [3]
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where Q' Q- are the veloclty components in r-' o - dlrectlons

i""p""ii".i! and k the permeablltty of the shell'

Boundarv Conditions:. The value of the stream function for the

flow due to source-and sink as obtained ln []-l is

- Ol," - r coso) 7"2+t2-2"t "o"")* 
+ (c*r cos.)(c2+r2+zcr tose)-k|

Thl-s, for sufflciently large c' can be approximated by

.  t  e  r r .4  2  . -  2
(7) r tvrzsinzo. 

*F 
sinzo (5 cosze - 1-) ,  (a-(r4(c) '

where tl = 2Q/c2 and the constant term has been absorbed in the

stream function ltself. Far away from the spherlcal- shell the

stream function tends to the expression given above' It should'
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however, be noted that far away from the shell, although r Ls much
greater than a Lt has to be taken smaller than c so that the above
approximation (7) Is valld. Keeping Ln vi.ew that Stokes theory ie
applLcable ln the viclnLty of the sheLL and c is sufflclently large,
there Le no harm ln uaklng the above assumptlon.

Also, as fn [3]r'the approprlate boundary condltLons at the
surfaces of the poroue sheLL r=a, b are

(1) the contLnuity of pressure

(ff) gr. = Qr, from conservation. of rnass

(il i) q, = (e, - Qr) at r=dr

gi" = -0(q. - Q.) at r=b,

where the tangentlal conponent of atressFro 1s glven by

e,-5j&, y.#
andp=a,{1ffi belng a non-dlmenelonal conatant. Thls latter
condltlone is the generallzation of the condLtlons auggeated by
Beavers and Joseph [1] whf.ch Jones [3] has propoeed for a curved
eurface.

We flnd lt convenlenf to keep the gove
of stream functlon and 96r expressi.ng the ve
ter:ns.of respectlve strehm functLone $ and

equatLons ln termg
components ln

(8)

(10)

(11)

where

q r = l -  
4 9 ,  q c = -

rzeinc dld r slne

for reglone I and III and

( e )  Q , = I  ) J ,- 
r2sr.ne )e

Q, - _ L__QY
r sl.ne dr

rnLng
locity

Y . "

)v
DT

for poroue region II and then eLlninatlng pressure, we obtaLn
respectively fron the set of equatlons (1)-(3) and the set of
equatlons (4)-(5) the following dlfferentlal equatlons for ry and f

toY = o (for reglon r and rrr)

, 'Y= o, ( for reglon rr) ,

"=#.ff *,* *,



3. Solut ion

The solutions of equations-(1:l :"u 
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corresponding veLocLty components- and pressure arethe

(15)
,

cos o (5 cos'o -  3),

and for reglon III

(16 )  y=  (n r rz .$ ,

a -  -  & -  2 D 1 )  c o s o  r  
( % - - 4 D r r 2 1' r =  

3  
*  r -  +  

5  
*  z

r r
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r r

-A (L - 2Drr) coso + E &- 4n;3) cose (5 cos2e31
P  = P _ r , t  - Z  r  * 5 6  - T

r r

- 6r'^r
sin2e + (nrr4+ 

|, ) 
"tote 

(5 cos2e - 1),

(0(, rcb) ,

the correspondl.ng veloclty components and pressure are

(17) 
l ' -n, 

= (2E1+ 
+) coso + (4lzr2 + ?trr4) cose (5 cos2e - 3),

I  
^  

e '

|  ,r. t '  .  F^r4

I o, =-{zrr* 
+ ) sine - (4nrr2+ 

$ ) 
"tr," 

(5 cos2e - 1),

t -
I

I  
o = n** , f r r r  cose * f  prr t3 cose (5 cos2o -  3) .

In equatlons (12) - (f-7) p* is the pressure ln the fluld at J-arge

dLstance and 41,81,C1,D1,E1rF1; A2,82,C2,D2,E2,82 are arbltrary

cons tan ts .

The boundary condltions to be applled at the lnterfaces r=a,
b glve slx conditiona to deternine the slx unknown constants re-

sult in each of tno syatems of simultaneous equations. Each sys-
tem has their sol-utlons as

o 
tJ ,A _ 3k ., ,to'_ * b4 ,_ lr-3t_ + 3 * L-r r(rs) A,, = #t  

"1  
"4  2"2 '  

' zo r4p '  
2o^4 '  

4 '2ab zoa( '  Zo{ "

81 = - 
f f , '  

*rp(*. *qr* h- *U-{o^or,
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Expression for drag: Let (l-r, and E" b. the nornal and tangential

components of stress on the surface ehoosen to be the sphere of

radlus t 
)^, 

then the er<presslon for the drag ls given by [3]

I
t l

D = 2l(a- 
) 

( A;rcose - 
Qstne) ,_" 

sine de
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1K
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+, 
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Ustng equatlons (13) the above expresslon becomes

D = - 4 t r f 8 ,

- - e n - & - " u / o , - A \ r 3 k , 3  - * b  - 3 b 3  - q 4(2 + a() (fr * i-o"p* fu 
- 

:V^ 
- 

-).
"1 

- -P' zoa zoaap 2oan

Thls is the same as that obtalned by Jones [3] ln the case of

unlform exter4al- stream which corresponds to c ) oin thls

analysis. Thus we concLude that the flrst order non-unlfornity

L.e., the second tern ln (7) introduced for large c, does not

affect the drag to thls order.
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A Surney of 0dend loops I

yuri A. Selivanov

1. To get a clear,picture of the topic of thts paper we shall give
some deflnltLons.

Def. 1: rf on the set A r.s deflned a blnary relation, trritten

" 
z-[i6ng some pairs of elemenrs of A, which satisfLes rhe fol-

lowlng propertles:

ORD 1 .  x€xV  x (A  ( re f l ex i v l t y )

ORD 2.  x< y & y< z - )  x* ,2 ( t ransi t lwt ty)

ORD 3. x (y & y€ x .=) x = y (anrisymerry)

then ?he set A ts called a partl"ally ordered (p.o.) set and the'relatLon 
-( ls called a partial order.

The elements x & y of p.o. set A are said to be non_comparable,
w' l t ten 

"  l f  r ,  i t  ne l rher  xSy r ,or  ySx t .k ; ; ; i " ; ; l  we shar l
say that A ls totally ordered set (or ehatn) Lf any two of its
elements are compi,rable.

D?f . 2: Algebra 4 =(q, .) f" calted a loop i-f each of the
equatlone xa=b- & ay=b have'the dnique eolutlon in Q and there exl.stg
an element e ( Q such rhat ex=xe=iYx€q.

Def . 3: prlnitive loop is the .tg:!1? 7 = 
KO:,\,./)or tne

type-@Z ) which eatlsiiee the fotlowing condfrlons:

1 )  ( x  
/ f l  y = x ,  r  ( y \ * )  = * { * , y  € Q

2 )  ( : r y ) / y = x ,  y \ ( y x ) =  * F x , y e Q

3 )  x / x = y \ y { * , y € Q

, , By the synbole .., \ , / are devoted here the composltion laws
defined on Q which are carled nrul.tipltcation, left .rrd .tght drrri-
slon respectlvely. Type <2,?,2 ) of the algebra gZ neans thar
all the compositlon laws mentlondd abo.re are'Einary ones.

rt must be mentioned that there exr.sts an identlcal correspon-
dence between the loops and prlnitlve loops, but thelr algebraic
properties are dLfferent, for lnstance, any subalgebra of prinltlve
loop ls a subloop, but subar-gebra of usual- loop rJ a subgroupoid
with ldentity ae well.
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Def .4 ;  A lgebra ic  sys tem !Y= {q ,  
'  ,  \  ,  / ,a>  is  ca l l -ed

" 
p"itGfly ordered primitive loop if

1) i t  is a Prl-mit ive looP;

i i)  i ts main set Q is a part ial ly ordered set with the order

deflned bY (

iii) 01. satJ.sfjes the followlng monotone laws:

a )  i f  x - ( ,  Y  t h e n  c x $  c Y  &  x c  ( Y c  # c  €  Q ,

b )  l - f  x - (  y  t h e n  x l c  3 v / c &  c \ x  4 t \ v  # c  € Q ,

c )  i f  x - (  y  t h e n  c l x  ) . c / Y  &  x \ c ) . y \ .  { "  €  Q '

According to this definit ion the usual Loop Oy' =(9") f"

ca1led 
" 

p"t i i"Uy ordered loop i f  i t  sat isf ies only the f irst

monotone l-aw.

The fol lowing relat ions in the part ial ly ordered loop

0 7 =  ( Q , .

a )  i f  a c ( b c  *  a € t  { c ( q

b )  i f  c a s l c b  _ _ ' . = ' a a v  Y t € q

These relat ions cannot be proved using the propert ies of the

loop and so must be postulated. CertainLy' in the prl-mit ive par-

tfai ly ordered loop the cancellat ion laws can be proved; they are

also true ln the total ly ordered loop'

W e s h a l l s a y t h a t t h e c o m p o s i t i o n l a w i s c o m p a t i b ] . e w i t h t h e

order l f  thecomposit ionlaw and order are defined on the same set '

a n d t h e c o m p o s l t i o n ] - a w s a t i s f l e s t h e c o r r e s p o n d i n g m o n o t o n e l a w .

Proposition 1' 
;:ilil"H:"r:l.i1il;'::i.:$'iililtil!"."n"
and a part ial ly ordered loops with cancella-

t ion 1aws.

It  can be easl ly seen that every primit ive p'o'  loop is a p'o'

1-oop with respect tL nulttpl-lcation' Really, the elernent a\b is

the solution of the equation ax=b, because ax=b =) a \ (ax) = t\b

& 2 ) ( s e e d e f . 3 ) l n p l - i e s t h a t t h e e l e m e n t x = a \ b l s a u n i q u e o n e '

sini l-arLy, the elernent Y=b/a is a.unique solut ion-of the equation

ya=b. Fron the axloms 1) & 3) of the deflnitlon 3 it follows that

i t"-qooti"nt x/x=y\y=e is the identl ty '  Cancel- l-at lon laws fol low

f ron  1)  &  2) .
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And conversely, 1et 01. = 1qr;' < > is usual p'o' loop with

cancellatlon laws. Let the'unlque soluiLons of the equatlons ax+b

& va=b be denoted by a\b & b/a resPectlvely' We can consider the

Jviioi"-i,i- 
"" 

thl new conposltlon laws on Q' Puttlng-x=a\b lnto

.g,r"tfot'a:r-b and y=bla lnto equatLon ya=b' we get the identieal

relatLons 
.on 

Q:

(b/a)a=b ' a ( a \ b ) = b f a , b € Q .

the elements b & a satisfy the equatlons ax=ab & yb<ab reapeettveLy'

so we get that

a  \  ( ab1  =  6 ,  ( ab ) /b  =  
" (  

a ,b  €  Q .

If e ls an identity In q. = <q,' , < 
> 

then

ex=x, ye=y V x, I € a =+ xlx = e=y\y {*,y € Q'

From the cancellatlon laws the monotone laws b) and c) of the

defLnltion 4 follow.

so,  the a lgebraic  systen ?= 1q, ' , \ , / ,4 '  > 
ls  a pr in l t lve

parttally ordered looPs.

Th lep ropos i t i oneho l re tha t themos tna tu ra l c l asso fPa r t l a l l y
o rde red ] ' ooPs l sac laseo fp r l n l t l vepa r t l a l l yo rde red . l oops . l l ence
fomard for sLnpll"riy ," shalt catl the prlnltlve parrlally ordered

loops Just Partially ordered loops'

r f  Q ls  a tota l ly .ordered set  then 
+= <Q, ' , \ , / ,€)  ts  ca l led

tota l ly  ordered ( t .o . )  looP.

The loope wLth the rtght (left) monotone law are called rlght

(left) ordered looPs.

Subset M of the baelc set q of the glveo algebra is called an

lnvarlant eubset lf lt satLefl'es the condLtlons

1 .  : rM= l { x  V  x€Q

2, tt(xy) = (!b()y = x(MY) Yx, Y e a

Puttlng Y=e 1n 2, we get the condltton 1' so ln algebralc eys-

tems !d.th the ldentliy th; flrst condltlon ie a corrollary of the

second one, but they ate lndependent in general'

The elemente ard ( Q euch that 3xfQ:ax=xa' are- ca.$ed.ih:^

conjugate eLements of the flrst type' fhe elemeits b' D ' D eq

;;il;il i;," e qi ti*vl = (b'x)v = x (/v) are called. the conJugate

e l e m e n t a o f t h € a e c o n d - t y p e . T h e l n v a r i a n t s e t c o n s l s t s o f e l e m e n t s
along with thelr conJugate elements'
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7. We shall say that rhe element a ef p.o. loop @ is positive
(negat ive) ,  i f_a 7e (a €e) .  The posi t iv"  

"or l  
J f  tn . 'p .o.  loop

$' is a set of all l ts positive eLements, so it can be defined
in the usual way: f=fx€ql">.1 . Sinil_arly, rhe negative cone
of  a p.o.  J-oop is  a ie t  def ined by the condi i lor , :  

"={"€Al"  
< . ;  .

Subset P of the basic set Q of the glven 1_oop
A /  =  <Q, ' ,  \ ,  /  )  i s  a  pos i r t ve  eJne  o f  sou re

partial order on ti Lt"t lt satlsfles the conditions:

a )  e € P ,

b ) P P = P ,

c) l f  xy = e(x,y € p) t t te.t  x=y=e,

d)  P(xy)  =  (Px)y  =  x (py)  16  x ,y  €  Q.

N e c e s s i t v .  L e t  
$  

=  ( Q , . , \ r / r G )  u "  a  p . o .  l o o p  w i t h  t h e
posit ive cone P. Cohdit lon a) is a t6rolfary of the ref lexivi ty
o f  the  order .  T ' f .  x  ) .e  &  y  2ze  then ry ) ty  

2  " . ^n i  
ppE p ,  U, r t

e  €  p  +  p p >  p  . o  f p  =  p  a i , a  u )  i s  p r o v e d . -  N o w  x 2 7 e ,  y > e  &
xy=e =+ e /y1e,  bu t  e /y=x  is  a  pos i t i ve  e lement ,  

"o  
i t  y  * - ' "  r "

have got the contradlction which p-roves that x=y=e and we get the
cond i t ion  c ) .  To  prove d)  le t  a  €p  O x ,Y  €Q,  then (ax)y -22  xy .
Putt ing (ax)y=", we shal l_ f ind q fron the .qrr" i ion q i*y)=". We
have now q(ry) 2t xy ) q e p. so (ax)y=q € p (xy). 

'  
l i " i  rhe el-e_

ments a, x & y are the arbitrary e1-ements of p and Q respectlvely,
so we get that

( P x ) y C P ( x y r  Y * , y € Q  ( * )

On the other  hand_ r ( - :  gp & { -  x ,y  € Q wq have a(xy)  2zxy.
Put t ins a(xv)=c,  we_ shal1 f ind q € qr  qv=" 

*  or  2zxt '  5 ;>." .Now.  1e t  us  f i nd  p  €Q:  px=q : )  px  ) z  
"+p ' (  

r .  1 .o ,o  t n r "
(px)y=qy=c € (px)y,-but c=a(xf) € 

p[*y) , ia^ th-. ul"r.r, i" a,x & y
are the arbitrary elements, so

Theorem 1.

I
I
t

P ( x y ) C  ( e x ) y y ' x , I € Q ( t  r l )

h

Sini lar ly :  t . .  
, "  €-p:  ^  ) /  

" ,4  
ay )z ,y  - )  x(ay)  2z xy.  Devot_

ing x(ay)=s we f ind q 
I  a . :  q(xy)=c '=) ,  q txy)  )xy )  q 6 r  =)>

9(xy)=c € P(xy) ,  but  q(xy)=c=x(ay)  
" r io  

, .  g . t

x(Py)  C P(*y )  #  x ,y  eQ ( * * * )

/
ITlh.tg. le,  + a (  P & x,y eQ we have a(xy) )-xy, a(xy)== t ? J ! q  

€ Q :  " q : " _ ?  
x 9 > z _ x !  # q 2 - y ,  b u t f  l p G Q :  p y = q

?  l y -? r - t t ' oe  l+  l y -€_PI= )  py=qe  pyb - " i€  i t py l
?  x (py )  =xq  =c  =a (xy )  

€  x (py ) ,  i . u .
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P(xy) c 
"(py) # ro,y €Q

1)  Pf l  N = 
" t

2 )  a e P + e / a € N e a \ e e N ;

3 )  y € P x ) * e  N y .

(****)  .

- Compairlng (*), (**), (***) & (?r?r**) we get the condition d),
and necesgity ts proved.

. . F"fl.lciencv. . 
Let 

l C q and p sarisfles the coDdLtions a) _ d)of the theorem, then O7 is a p.o J.oop with the posltive cone p.

Real ly ,  a1b t f f  b /a €p.  So a A" { "  (Q because e=a/a€ p,
ao our relatlon 1s-refr.exr.ve. rf a <b & b <1 it merns that b €pa,i.e. b=xa where 

"-g 
p: 

,Turthermor"r" 
gpu 

5 "_i, l i .r. 
Y € p,

but  c=yb=y(xa)  4 p(xa)=(px)a 
epa,  so c epa +;  i " - "oa tn"

transitlvLty ls proved-. Let- now a:lb & a <_^-.t tt" same tlme forsooe arb €Q, then a=xb,  x  ep u 6=y",  y  ep+ 
" :* i=* iy")  

I  p(ya)
= (Py)a, so a = (zy)a 

$ z,g=e.)yie and so b=a, and the relation
-z' I's antis;rmetrlc. s6 trrl retation 1g defined aborr. i"tng refrex-eive, transi.Lve and antieymmetric is a relatlon of orderlng on Q.

. 
^,1 b means that b/a € p. Let c be any elenent of Q then devot_lng c\a=x & c\b=y !0e get. a=cx.& u=cy =)cx'{;y€Ii/"*= z ep,Now cylcrr= z 5cv: zJcx) € p(cx) =-c(p") 5 y a;t;; r/x €-r$. 

f  .  r€: \aS c\t  V 
"-e 

q. ' -s i . r i l i r ry alc 3blc y c € Q. Againa€b€ bla 1p,-an9 let  c (  Q. Devol lng 
"1"-* 

&'bv=y rre ger
c=ax & c-by so ax=by but b=pa where p € p. =2r Lruy-ip'"1i, g <i.iy=:ra(Py) =) * € ry ) x/.y ( p<+r)r 4 x€ b\. 

-< 
a1c-o.'l\" p u1"

Y : € q. stullarly cla) 
:!b + 

"? 
q. slnllarty . * o* blaep-f b-xa and we have 

-' 
4f c a a.- 

-

l:1":lig- 
(Pa)c=P(ac)-=)- lclac eP<t ac (bc and sr.nilarJ-y

c9^S 
"? 

rf c e q. So_ all. the monotone laws are satl.sfied on
13:_1) , ?"d 4_=(a:;,\,/)rs a p.o. toop wrth rhe order !cerl 'ned above. 'The 

theorem is proved.

Thls theorem showe_that the posltlve cone of any order per_
fectl.y deflpes this order. -so inetead of order wlth posltr.ve
cone P we shall sinpJ.y say s the order pD.

It can be easily seen rhat the negative cone U= l* € afx €e]of the p.o. loop Ay', aLeo sarlsfies the,condltlons a),_ J) of t i,".
Eneorem r end perfectly deflnes the correepondlng order. The otder
deflned by Nis a duar. order with respect to ttre order defioed by p.

The following statements are evldent:
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do the negative cone N consists of all- converse el-ements of

the elements of posit ive cone P' The converse is also true'

The propertles a)-d) of the positlve and negatLve cones show

that P & N are ,to"iltl" tir"tt-tt""" the identlty elements onlv ln

conve!se.

It Ls obvlous that

proposi t lon 2.  The p:9:  1o.o3, .  V:1a"  ' \  '  /  '+> ls  a  t 'o '

l o o p l f f P U N = Q '

It can be easily proved that the necessary and sufficient con-

dirions for rhe L.;; v;;-ue--iert-(right-)-ordered 
are the foLlow-

ing:

1 )  e  € P ;

2) PP=P;

3) xy=e (x'Y € P) + x=Y=e;

I

4 )  x P = P x Y * € q ;

5) 13y)P=x(rP) [P(xv)=(Px)vl  
y '* 'v 

€ Q'

3. In this section we shal-I

groupolds ln q .
study the propertiee of the lnvarlant

t-

Def. Subgroupoid S of the loop af ls called invarlant sub-

,..,rffii L;-6i;r-i;; set of lts elenedte ls an lnvarlant set In Q'

I t s h o u l d b e m e n t l o n e d t h a t t h e s e t o f t h e i n v a r l . a n t g r o u p o l d s
lnf1Is not emPty' b"""""" Q ls lnvariant ln Q and ln P'o' loop

;;"ffi;"-;oa rr.g.ir""-"ott"" are also Lnvariant groupolds'

If the napplng f: Q 4 Q Is a one-to-one mapping' we sha1l

say that f ls a 
"',t"ifitttfln 

of Q' Considering the mapplngs:

x --?xa & x ?ax on the baslc set Q of the-loop Qlwe carr say

that they are the 
"t'i"tftt'tfons 

of Q' We shall- devote the flrst

and the second roapplng by Ra & L. respectively, lo.R"I-i Tt-9',L"*
= ax. and their i"1t"t""""*ipr"gi w111'be devoted by Rat & L3^r

".-n;rl 
= x/a & L-.lx = a\x'

P r o p o s i t l o n 3 . T h e { n v a r i a n t g r o u p o l d s h a v e t h e f o l l o w l n g
propert les:

(s b) = s(nl l t)'  
V a , b € Q

(b s) = <r,.1u1. s

*.tog s' then 
".to 

e s and vlce versa'

-1
a) Ra-

t-1
a

b)  i f
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.Reallyr the equation b=pa has the unique solutlon ia q with
reapect to p, and appLylng the property Z) of the lnvarlant seEe
we get

*l_tr(t t)= Rl1 ts (pa)l= nl l  [(s p)"]= n]l  tn"ts p)l=sp,
but p=R"-b, so the requLred result holds:

* l t  <t u)= s .Rl l t  #a,u €Q.

- 1 - 1 /
S tn l l a r l y  La -  ( b  S )=  La -  b .S  *a ,b  €Q .

.._r,fr. 
property 2) folLows frou the fact that the elements n]lU

& Larb are the conJugate el_ements:

- l  - 1
R - b . a = a . L - b .

a a

Partlcularly if b=e we shall get from a) & b) respectlvely:

t .  - 1  I  - 1 .  - r  I
a ' )  R r - (S  )=  S .  Ra -e  &  L - ' ( s  )=  L l ' e .S  V .  €q

b') rf n]le € s then tlt"(t and vtce versa.

Uslng Lnduction we can easl_ly prove the followlng

Lema 1. The product of the flnlte n.mber of the invarlant
groupolds ls also an invariant groupold.

n
Devot lng S=E Sl  1 i=1,2, . . .n) ,  where i  is  invar iant

groupold, we ehall get

1 )  l f  e  €  5 1  ( i = 1 , 2 , . . . , 3 - L ,  J * 1 , . . . , n )  t h e n  S  Z  , J ,

2 )  r f  e ( s r { r = t , . . . , n t h e n  s  = ) s r y ' r

3) if e ( S then Se =eU S ls an invarLanr groupoid.

It follorrs fron the def{nLtlon of the invarlant groupolds
that each lnvarlant groupold contaLns together wlth each of its
element alL the conJugate eLements.

Le t  a1r  a2r . . . ,  an  (a1  #  e )  be  any  f in i te  co l lec t l -on  o f
e lemenrs  o f  Q and g I ; -  eZ ;  . . . ,  gn  (2 t  =  1  o r  -  1 )  be  rhe
coLlection of slgns. The-correspondence between the eLements
and slgns, will be lrritteD as,
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(;, "J,'
(1)

)

The finite collectlon of the

(; 

";,

(1*)

rl.:: af- 
T9, the same as ln (1) and _ t1 are opposite

shaLl ca-1.1 (1r.) the opposlte coll_ection wlth respect

!L_ Pefinl. l ion. A pair of groupolds A & B (A c, Q,the properties:

f t

r .  n l 1 e 6 a ,  
{ l r . e B  ( 1  = 1 , 2 , . . . , n ) ,o 1  

a ' e

II .  A & B are the lnvariant groupolds,

rrr. b € a =){t. e r (rf1e 4 31,

rv. 
" €B )r,-1" ( n (n]le 4 ey

ls calred an invarlant palr, correspondlng to the colr.ectlon (1)and devoted by (A.B)

The invarlart.p3ll, corresponding to the opposite collection(1*) Cenotea ty 1a*13*;.

. . Tl. ""-. { 
(O,?J} is not_enpry, because rhe palr (Q,Q) alwayssatlsfles the donditions I* IV.

. . l"a-s 
=0A o f=08, where A & B are corresponding componenrsof all the palrs rron. 

{(l,r)} rn thls case tire gro;pora" s e rforn the lnvarl-ant piir-corrEspondLng to the colldctlon (L). Thispair is called a mlnlma'r- invariant pilr. The ninlmal invarlantpair, correspondlng to rhe collectlon <fl r"-".rJ-iJii^'g"rr.r"."a
by thls coll-ectlon. As before Uy 1-Jrt, T*) we shall devote theopposite pair to the paLr ( S, f i. 

-

t o  € t ,  w e
t o  ( 1 ) . -

B  g Q ) ,  w l t h
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Lema 2. lhe opposlte pairs ( S,T) & ( S,t,T*) satlsfy the
conditions:

g = f:t ; I = S*.

Proposition.4. In rhe p.o. loop 07- *e groupol.ds S & T of
the palr ( S,T) salisfy the following condi-
tlons:

a )  a € p  = )  t  ( R " e )  c  P ;

b) a e P +t 
-P 

/l t{n".) = 6;

c)  s.(R"-e, . . . ,  R" e) = I t  , "  (no 
")'1 on 

i=l 
= ol

T" (R . - . , . . . ,  R " . ,  =  
] : t  r e (Ra  e )

'1 on 
l-=1 

= oi

d)  t1n" t .  . . . ,  * " r r . )  =  t  (R .1" , . . . ,  R . r r . )

where S devotes the set of all l-ocal converse elements to the
elementg of the groupoid S.

From the Lema 2 and Propoeltlon 4 lt fol-lows:

( 1 )  a Q P  > r ! ( n " e )  € P i

T  ( R e )  < ,  N .
e a

s!(R"e) 9 N;

(11) a€ P (a # e) --+ P n s*(Rae) = 0

n / l  s ( n " )  = 0

N /l T*(Rae) = a

where 0 devotes the empty set.

(tli) For every finLte collectlon (1) the followtng equalities
ate true:
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q (R- e, . . . ,  Ro e) = 
'TT 

T^ (R- e)
"  

t l  t n  r l d  t  - " 1 -

r-  (R- e , . . . ,  R, e) = Tt s! (R, .)t tl -a 
i-r. 

- -t

(1v) ( s, T) - (t*, g*; - (T-, s-)

, The proof of the Lennna 2 and Propoeltlon 4 le glven tn [2].

The queetl,on about the extenslon of the partlal order ln p.o.
Lool 

$ 
wlll be coneldered ln the next. lesue.
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1 .

2 .

hoHems Secthn

Show that llu n el.n (2flenl) - 2f1 . Show hon to ded.rce froo

thLs reeult 
oillt 

e le lrratl.onal.

Let E be any collectlon of n integera, not Deceaearlly dlstinct.
Show that there exlsts a nonempty subcollectLon F c E such that
the eum of the Lntegers contalned Ln F is dlwiatblE by n.

Perfectllp rtgLd carde are pLLed ou the edge of a table w-Ith
the plld slanting up alray from the table. Eon far frou the
edge of the table ca! the plle be nade to ertend rlthout
fal-J.tng to the floor?

Prove that the product of four conaecutlve poeltlve lntegere
can be nelther a perfe'ct alnrare nor a perfect cube.

3 .

4 .
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ilr.scq
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Aberration

Ab lnltlo

Absobte

Abstract

Abgurd

AbBurdlty

Acceleratlon

AccumuletLon

Act

Actl.on

Actual

Acute

Add

{ddltloo

Adfected

M lnflaLtm

AdJacent

AdJolo

efflne

Afflnlty

Aggregate

Algebra'

Algebralc

Al.gebralcal

Algebtalcally

Algodttur
'Al1lgatlon

Al-l.quot

Alpha

Altemate

Altltude

Anblgulty

Aoblguoua

AEount

Aqlltude

Aoalogy

Analysie

Analyilc

Anelytlcal

Angle



Angular

AnnlhlLate

Annlhllator

Annual

Annulty

Annulat

Anslter

Antecedent

Antl-derlvatl.ve

Antl-logarlthn

Aperlodlc

Apparent

Appendlx

Appltcable

Appllcatlon

Applled

Apply

Approxfuate

ApproxlDetlon

Aprlorl

A!c

Atea

Areal

Arlthnetic

Arlthnetlcal

Arn

Arrangeoent

Array

Ascent

Aeeenblage

Assoclate

Assoclatton

Assoclatlve

Aatronony

Aetrononer

Astrononical

Aaymet!1c

Asyn0etry

Asyrptote

AsyEptotLc

Attrlbute

Auxl!.1ary

Avelage

Axlal

AxloDx

Axlg

- g'Itd Tl-fr
- r+ltfrq
- 3qqfiil
- ,xqqftfr
- qT< TqYft
- si:< Tq{frq
- {ur
- IFqrzrtr
- .rtv{
- 'ffitq
- ffiT: H{q, {SqnTq
- .IriT
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trtut-inf, fiDTl-eqtr
fl=q rr+

w
srfth
srtrt*a
Eftrq, .ff.lTifiTT

s{T

ffi
rffr-qqfttr
rR-og XUTT, yfr-ilg
fiT6rd?
esu
+iiftiis
rqtvq
Fqt'r
.qrq€Tfffr',, yrqtfm

Tq1"r rt, orT Tt
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gf=rft-d-d

f{'Fq, rrttrw
{tr-(oB, q1g
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fi=frq
.f*rFm

srg, TqT
,Frj{T
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