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A Mixture of Two Displaced Geomeiric
Distributions for Describing the
Distribution of the Total Number
of Migrants at Micro-Leve]
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1. Introduction

Researchers have given

Paper is to study the distribution of the fotal number of rural
'_ bability mode] has been used for this purpose, The

describe aggregate flow/rate of mig:__-a_ﬁdn,

migration [3]. Micro-leve

out-migration at micro-level, which may be due to the lack of interest of the
researcher as well ag unavailability of the data,

I (ie. at the leve

their due attention on the formulation of models and

and recognize the factors motivating out-
1 of household or individual) studies help
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Several attempts have been made to documents the pattern of rural out-
migration through probability models [2,4,7, 11]. The idea of cluster was integrated
in the model by Yadava and Singh [10]. It was found that Thomas distribution is
well suited to describe the number of migrants from a household.

Yadava and Yadava [9] further extended by assuming the occurrence of
migration in cluster varies from household to household and the number of migrants
to a cluster follows truncated displaced geometric distribution, Under such
assumptions, probability model fitted well to the distribution of male migrants aged
15 years and above. However, these models do not fit the distribution of total
number of migrants including their wife and children from a household.

Sharma [5,6] proposed a probability model with some assumptions : (i) the
number of male migrants aged 15 years and above follows negative binomial
distribution and (ii) the distribution of alive children to a couple be known.
However, the prior knowledge about these two distributions is difficult since the
distribution of children alive to a couple has not yet been derived theoretically.
Singh [8] proposed 2 probability model for the total number of migrants under the
assumption that there are two types of households i.e. the households from where
male members aged 15 years and above migrate singly leaving their wives and
children at home, and the households where male members migrate with their wives,
children and other dependent relatives. Yadav [12] proposed a probability model to
describe the distribution of households according to total number of migrants.

Moment techniques or mean-zero frequency method have been used to
estimate the parameters involved in their proposed models. About 80 to 85 percent
variation in migration is equated through zero’th cell frequencies i.e. all the non-
migrant households are counted. About 15 to 20 percent variations are explained by
the estimated parameters when mean-zero frequency method is applied [2]. Moment
estimates are generally consistent, but they are often less efficient. By taking such
limitations, the maximum likelihood estimation technique is applied to estimate the
parameters involved in the proposed model. Maximum likelihood method provides
standard error of the estimators as well as measures the total variation of the
distribution.

The main aim of this paper is to study the distribution of the total number of
rural out-migrants through probability model. Maximum likelihood estimate
technique has been proposed to estimate the parameter involved in the model. The
asymptotic variances and co-variances of the estimators have also been discussed.
The suitability of the model has been tested to the data of Palpa and Rupandehi
districts of western Nepal.

2. Model

Yadava [12] proposed a probability model to describe the distribution of
households according to total number of migrants. Mean-zero frequency method

[
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was used to estimate the parameters involved in the model. Here we used maximum
likelihood estimation technique to estimate the parameters involved in the model by
avoiding the limitation of mean-zero frequency method. In brief, the model along
with their assumptions is given below

4

(ii)

(iif)

(iv)

)

At the survey point, let f be the proportion of households which poses at-least
one migrants

Out of / proportion of households, let ¢ be the proportion of households,
which poses only one migrant at the survey point.

Out of (1-$)# proportion of households, let 7t be the proportion of households
from which only males > 15 years migrate and (1-7) be the proportion of
households which poses both types of migrants (males > 15 years as well as
males with their families).

The number of migrants from a household follows a mixture of two displaced
geometric distributions with z proportion of households from which only
males aged 15 years migrates and (1-7) be the proposition of households from
which both type of migration oceur.

Let p; and p, be the probability of migration of a person from m and (1-7)
proportions of households respectively.

Under these assumptions, the probability distribution for the total number of
migrants, X is given as

(1)

PX=K=1-8 if k=0
= &8 if k=1
= (1-98{xp @+ (- p, ,* 2} if k=2,3,..

This model involves £, & ™ p;,p, parameters, which is difficult to estimate from
the observed data set. Assume that p, = p,= p, which is equivalent to the probability
of migration from both types of households is same and (1) becomes

€)

PX=B= 1-4 for k=0
=¢f for k=1
= (1-88 pg"? for k=2,3,...

3. Estimation of Parameters

Model (2) involves &, /# and p parameters that are estimated by using

observed data, Let Xy, X,, . X, denote a random sample of size n from the
expression (2). Suppose, m, (k=0,1,2,..., m) be the number of observations

m
corresponding to the value of k such that Z ng-= n. Likelihood function for the
k=‘D

given sample is
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L=ITIpx =0 == 8)" @)™ T110-£)8 pg* 21

3) =(1- ﬂ)"o ;“( ﬁﬂ—ﬂe (1-;)"“"'5‘“! pn—n,—u, q;,(k’z)”'

Taking log in (3) and differentiating w.r.t. 4, & and p respectively and by equating it
to zero, then we get,
-é'logL__ ny = 1

“ 0
B - B
&) 5!0gL=£1__n—no-n|=
o5 & 1-¢
Slogl n-ny—n Ez (k=2)nm
(6) = - =0
op p I-p

By solving (4),(5) and (6), the estimators of 4, & and p is obtained

n—=ng—m

n-ng ~ N -
ﬁ: % ] §=”_l"u and p: =
(n-nu—m)+§(k—2Jng

The second partial derivations of log L is given as

@ 6'zlogL=" no  n—n
*  a-p} p’
® 5? logL m (n=nm—n)
6&* &£ a-¢)p
©) 8?2 logL=_(n-no~n)_g(k-2)”"
op’ r’ (1-p)*
(10) leogL=5zlogL=5zlogL_

SBSE  SB6p SpfSp

Here, E(m) = E[ 2, 1)) = 2. 19(X, =0}= . (1= ) = (1~ in smilar

manner we can write E(m )= n&f, E(n;) =n(1-£) B pg*-2 for k=2,3, ....m,
E(ﬂ-"o)="P.E(ﬂ'*"o—ﬂx)=ﬂﬂ(1—_§)ﬂnd



EIZ(& 2] = Els +2ny + 35+ ...+ (m=2)11y]
mnﬂ-é)ﬁmllﬂq*&r“* +(m-'2’)?"]

(11) ‘ R =u(1—&)ﬁq [ —-(m— 21&2} for small m.
| =M for large m
P P=
By using these facts,ﬁw expe pected values of the second pamal derivatives are

: 6‘*“105L1 E(m) Em-n) _ n .
(13) E[ B )-0-pr Be 'ﬂ(l—,&)"" (say)

(12)

mosfs\ E(m) E(n=nm-m) _np
i & ( 1= e -g»p  £0-¢)
_E d2log L\ E(n-m=—m) E[z“ 2]
e 17 P2 (l p?
_np(-8)g+n(l- —£)Bpll-¢"2 = (m-2)pg"]
P*q
(15) = 53 (a) (say), for small m
and

g ‘E[%F%;an (b) Gsay) forlarge

E{ﬁzllogL\ 82”10312) (521031.) >
spsg 1”7\ oeop opsp
and the asymptotic variances of the estimators can be obtained as:

=@y (say)

SV(E‘)?="_L’ V'(’é")-—:—;;» and'

¢I1

—-——1-—-'0\.'11«1 is large,

$n(b)
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4. Applications

The probability model discussed in this paper for describing the total
number of migrants from a household is fitted using the maximum likelihood
estimators to the data collected from rural areas of Palpa and Rupandehi districts of
Nepal. These data were collected under a sample survey “Demographic Survey on
Fertility and Mobility in Rural Nepal (DSFM, 2000) : A Study of Palpa and Rupan-
dehi Districts” during January-June, 2000. The detail about the sample survey is
discussed in Aryal [1].

Table 1: Distribution of Observed and Expected Number of Households
According to the Total Number of Male Migrants in Rural, Nepal.

Number of migrants Observed Expected
per household
0 622 622.00
1 99 99.00
2 27 3098
3 17 21.02
- 13 14.26
5 11 9.68
6 7 6.57
’ 4} 749
8 11
Total 811 : 811.00
z? 9.13
d.f 4
l ﬁ 0.23305
‘f 0.52381
b 032143
v(h) e
( f) 0.00132
v (p) 0.00079
Covariances 0.00000
Average Number of
migrants per households 0.57831




A MIXTURE OF TWO DISPLACED GEOMETRIC DISTRIBUTIONS

The observed and expected number of households (along with the variances
and co-variances between the estimators) according to the total number of migrants
is presented in Table 1. The proportion of households that poses at-least one
migrants (4) was 0.23305 and out of which the proportion of households having
only one migrant (£) was found to be 0.52381. The probability of migration of a
person from households (p) was found to be 0.32143. The higher proportion of
households having only one migrant may be due to higher cost on travel and higher
cost of living at the place of destination along with their families. Moreover, most of
the migrants move for a certain period of time and after completion of their tenure
they have to return back to their home. Further, the higher value of J indicated that
a higher rate of migration was observed in the rural migrant’s households.

The average number of migrants per household can be obtained as

&f +(1—.f)ﬁ(1+-}-).f The average number of migrants from the household was

found to be 0.57831. The chi-square value was found insignificant which confirms
that the model fits the data sets reasonably well. Thus the model is a reasonable
approximation to describe the distribution of the total number of migrants from a
household for Nepal.

5. Conclusions

A mixture of two displaced geometric distribution was found a reasonable
approximation to describe the distribution of the total number of migrants from a
household at least at the micro-level. The exact variances and co-variance of the
estimators for the model has also been computed. The proportion of households
having only one migrant was found to be 0.52381. Whereas the average number of
migrants from the household was 0.57831. For the development of a more effective
and equitable rural and urban policies in the developing countries like Nepal, the
policy planners and social researchers may get an idea from this study.
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Uniform Version of the Wiener-Tauberian
Theorem for Real Line

CHET RAJ BHATTA

Abstract: The wiener-Tauberian theorem for IR says that the closed translation invariant
subspace generated by an f & L'(R) is Z'(R) if and only if the Fourier transform f of
f never vanishes. In this paper we prove a uniform version of this result for R.

Key words : Wiener-Tauberian theorem, locally compact abelian groups, translation
invariant subspace.

1. Introduction :

The general Tauberian theorem proved by N.Wiener [11] says that
if & € ['(R is a uniqueness function in the sense that its Fourier transform g
vanishes nowhere on R (and thus the closed translation invariant subspace generated
by gis L'(IR) and ¢ € 1°(R) is such that g « §(x) = A g (0) (4 is a complex number)
as x — o then for every f e ['(IR),f+ §(x) = 4 f(0) as x — . Here the Fourier

transform of a function f e L'(IR) is defined by f(y) = L f(x) exp (<2n ixy) dx
for y € IR. For a generalization of the above result for locally compact abelian group
see [1], [4] and [7]. Various analogues of the Wiener-Tabuerian theorem for non-
abelian groups are given by Ehrenpreis and Mautner [2], Kaniuth and Steiner [5],
Hauenschild, Kaniuth and Kumar [3], Sitaram [9] and others, see [8] for survey.

In section 2, we obtain uniform version of the Wiener-Tauberian theorem for
locally compact abelian group IR replacing {g}.{f} by suitable subsets of L'(IR),{$}
by suitable subsets of L°(IR). The techniques include figuringout equicontinuous
subsets of L*{R)in || |[_— topology.
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We continue these investigations and prove a uniform version of the wiener-
Tauberian theorem as given in Reiter and Stegeman.

2. Uniform Version

LetIR be a locally compact abelian group with Haar measure x2 Here in
this case Haar measure is ordinary Lebesgue measure. For basic notations and
terminology, we refer to [4], Forx €IRand fe L*[R), 1 Sp <, let £, be the

translate of f. Let ¢, : IR— L*(R) be defined by ¢ (0= f,.xeR, [ e *(R.
We denote by Sy and S, the unit balls of 7'(IR) and L” (R) respectively.
DefineU={geL'(R): forac BnC,g+a=0= a=0).

Where B and C are the sets of bounded and continuous function on IR respectively.

The following result 2.3 may be thought of as a uniform version of the Wiener-
Tauberian theorem as given in Widder ([11], theorem 3.1).

Definition 2.1. Let F be a collection of functions on a metric space X with metric
pto a metric space ¥ with metric p!. We say that F is uniformly equicontinuous if
to every € >0 corresponds a 6> 0 such that p'(f(x), /(y)) < € forevery feF and
for all pairs of points x, y with p (x) < 4.

Example2.2: If X=RR Y= L), F aset of functions on X to ¥ which is

(i) Equicontinuous at some point and
(if) Translation-invariant i.e., for f e F,x € IR f, € T, then F is uniformly
equicontinuous.

For x, y € IRwith | y —x | < § we have
1@ =S O I= 75 0) = L =) |
= Ife: ()= fr: G+ y=%)|| < €
So equicontinuity of F at any point is equivalent to uniform equicontinuity of F,
Theorem 2.3 : Let He L' (R) be such that

(i) {@n:he H} givenby @, (x)= h: x €IR is uniformly equicontinuous.
(ii) There exists &, € S, with | A(7) | <| & (7)| forall A € H and for allt eR

Letg €S, nU.Let 4 c S, be a family of bounded continuous function on R.

L A - -

—
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Supposetlmtg*a(x)—al}asx-aaouniformlyforainu then A % a(x) = 0 as
x — oo uniformly for 4 in H and a in U.

Proof: Assume on the contrary. Then there must exists 6> 0 such that for every n
there exists x, € R with x,>n, h, € Hand a, € U satisfying | b % an (xn)|> 4.

Now consider, g * (h,*a,) = (g*h,) * an
Let us consider the sequence
sn(x%) = (hy*a,) (x+x1) n=1,2,3,..., —0o<x<cw.

We shall show that it is bounded and equicontinuous on R,
Now, Isal = |(hn*an)s, I,

= “h,,‘anum

< laaly Nanll, <Dl < 1.
. §, isbounded on R

Also forx, y € R.
15, (%) =50 ()| = |(rn* @ )(x+ Xn) = (Bn* an)(y+xn)l

N AR PROE GRS E O

[- ]
< [ (xt % =)= Iy + 3 - Dl
Since x —> h, is uniformly equicontinuous on Rto L' (IR), so given
€ >035'>0 suchthatfor |[n-n|< 5, ]]h,.l —h,:“‘< e (by taking
n=X+X,, n=y+%,) 80, [s,(¥) -5, (W) <€ for |y—x|<g'=> s is
equicontinuous on R

Thus by Ascoli’s Lemma [6] we now select from the sequence s, (x) a subsequence
5r (%) which tends to a limit s(x) pointwise as k — and continuous on R.

For each fixedx e Randt e R,
Sp (Xx=1)> s(x—1), k— o, and therefore
5, (x—1) () = s(x — 1) 8(0), k— o,
Now for each 1 € R, |s,, (x—1)g(0)|< |g(0)]
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Thus by Lebesgue dominated convergence theorem for each x « IR,
o0

[

Sp (x—1) g(t) dt > Es(x—t)g(r)df, k— o

=5 % g(x)
Now,
L S“k(x-t)g(t)df = —[ (hﬂx *an, (xﬂ.+'r_") £(?) dt
hnktanttg [* 1-1')
= ((g*aﬂg) h,., )(‘f,,l'rr)
T L(g.a,,t)(xm+x-nh,,*(t)dx
Put Jex(0) = (g wan, ) (%, +x~1)h_ (1)

Since we know, (g % @) (z)= 0as z — uniformly for a in 14, we have fora given
€>03 A:|g# a(z)<e Vz2 A, and ain % Therefore

g+ ay, ) (x,,+ x—1)| < € for Xp FX—1 2A,
Thus for fixed x and 1, g+a, (xnk-i-x—:'] —>0ask— « and therefore
Jis(t) > 0ask— w,
Now for each &, ”Z*an,t"w < lel, ”an,t IL, < 1 and therefore
[y« ()] = lg*ank(x,,t+x—r)hm (n/

< | g an (xn,+ x—1) 1, (1)

< b, (0] < [hy(0))
Thus by applying Lebesgue dominated convergence theorem for each x e R,
[: Jix()dt = 0 as k — o and therefore s % g(x)=0.Since g € U, we get s =0.
But Is@)1=Jim [s,, @)= fim (h,*a,) (x,)25>0
which is a contradiction. Therefore
_[: h(x~1t) a(t) dt — 0 as x — oo uniformly for hin H & ain 1.

This completes the proof.
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Corollary 2.4. Let g € §;N U be fixed.
(i) U be afamily of bounded continuous functions such that g x a(x) > 4,
[ gtydt as x— oo uniformiy for ain 11, and M= sup (lal,, +| 4, <.

(ii) For H,cL'(IR) suppose there exists i, € L'(R)s.t. |y (1)| < [hy(r)| for all
I € H, and ¢ € IR and rest is as above in the theorem, then Ax a(x) = 4,

L h(r)dt as x — oo uniformly for hin Hand ain U,
Proof : Let H < L'(IR) be such that
H= (Il +D™" H =kl +D7" A e H)
Let /s € H be arbitrary then b= (| All, +1)™" 4

Since I (0)] < |ho(2)] forall f € R
= (lal, +1) 4(®) < |ho(e)| forallze R
= |hf)|< ﬁl% forallte R
= (o)), where Hp = —
A, +1
| R O Y
Hiases bigh “.ﬂ T, +11 ™ T Tal, <
Thus hy € S,.
1
Taking U= M+i{a—z(al:ars;§1}

Now forevery f € %

a— Azl
M+1

a(x)—4a
M+1

1 . M
M+1(la(x)l+ldal)s -

forsomea € U,

f=

f(x)=

[F ()=

<71

Therefore, | f1|_ <1 implies f e §,,. Hence U < §,..
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Now for a e 1,

a=4,I 1 $ a—A,l
gx M+l —-—M+1[gga @Lg{u}da} for every Ml (=374

But we know that g % a(z) > A, I g(u)du as z— o uniformly fora e ), so

(g-u aM+1 J (z)>0asz— o uniformly for a e 1,

Thatls(gaf)(z)—bﬂaszamumformlyforaE u,
So by the above theorem applied to & u,
(h*f)(z)-—)Oasz—yuouniformlyforfinuandhinh" ..... (1)
Now for any # € H, and a € U, we have
Ay a—A, [
Il +1 & #eond =2
Thus from equation (1) we have
_h A4 1
Ml +1 " M1
ie, (h*(a—4 I))(z)—-)Oasz—a»coumformly forain W, and k, inH,.

ie, (h*a)(z) > 4, I hy(u)du, as z — o uniformly for a in W, and  inH,.

el

)(z) — 0 as z — oo uniformly for 2 € 1, and heH .

This completes the proof.

If we take R= G, a locally compact abelian group with Haar measure 4, the
following result can be proved.

Theorem 2.5. U ¢ S_ such that {da:a e u)given by ¢, (x)= a.,xe€ Gis
uniformly equicontinuous from G to L*(G).

Hc L'(G), there exists k, e S, s IM(D)| < |ho(¢)| forallh € Hand t € G. Let
gesSn U Supposcﬁmtifg:a(x)—bOasx—)minGunifurmly for a in W, then
hma(x)—)(lasx—)aoinGunifomly forain 4 and hin H.

Proof: The proof of this theorem follows from theorem 2.3.
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Normality of the Hypersurface of Almost
Hyperbolic Hermite Manifolds

KXK.DUBE AND B:B. PANDEY

Hyperbolic Hermite manifold have been studied by Dube [2]. Hypersurfaces of almost
hyperbolic Hermite manifold have been studied by Pal and Mishra [7] and Dube and Mishra
[3] Bhatt [1] Dube [4]. ‘Ihepmpnseoftheptmtpapm'lstnstudy the normality of the
hypersurfaces of almost hyperbolic Hermite manifolds.

1. Introduction :

An even dimensional differentiable manifold ¥,,, on which there are defined tensor
field F of'trpe (1,1) and a metric tensor g, satisfying for arbitrary vector field
M? +E ym

(Lha . N s

(1.Db 8 ¢ i) m.p)&"'tmhﬁmzx

is called an almost hyperbolic Hermite manifold with the almost lsyperbohc
Hermite structure {F,g}. [2]. Let ¥y, be the hypersurface ¥,,, with the immersion
map b and the conespnndmg}acobmmapB Let / be the induced metric tensor
and £ be the induced Riemmian connection enl”;m,i, then we can write the arbitrary
vector fields

X,.Y,Z, v o € ?3.”_.,.
(12)a Dyy BY = BE X+ HOEGDN,
(12)b " DpeN =—BHX
(12x ' &BX.BY)0b=h(X.Y),
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where N is unit normal vector to ¥, ,, H is second fundamental tensor of

V3,1 and H is associate to ‘H and D be the Riemannian Connexion on Vars

(1.3) HX,Y) = WHX,Y) = H(Y.X).
Let us write

(1.4)a FBX=BfX+U(X)N
(1.4)b ' FN==Bv

where [ is a tensor of type (1,1) ¥ is a vector field and U'is a 1-form,
then we have

@ f* =L+ UXV

(b) f¥=0
(1.5) © Uof=-1
(d) U(»)=-1

(€) FN=h(fX,n=-7F(rX),

An (2m-1) dimensional differentiable manifold ¥, _, on which there are
defined a tensor field f of type (1,1),.a vector field ¥, a 1-form U and a metric
tensor field A, satisfying for arbitrary vector fields X, ¥, Z, . . . e V;,_,.

(1.5) a,c and (1.5)b,c is called an almost hyperbolic contact metric manifold
with almost hyperbolic contact metric structure {f; », v, k}[3]. Thus from above we
see that the hypersurface of an almost hyperbolic Hermite manifold is an almost
hyperbolic contact metric manifold [3].

The author have proved the following :

The hyper-surface of a hyperbolic Kahler manifold is an almost hyperbolic
contact metric manifold satisfying

(1.6)a (Ex [)Y=UMHX -FX,Y),
where

(1.6)b (ExV)=fHX

(L.6)e (Ey f)Y=UNHY -UH,Y)V.

The equation of the hypersurface of a nearly hyperbolic Kaehler manifold is given
by [1].
(1.7a (Ex f)Y+(Ey f)x=UGOHY +UHX - ZHX,Y)V.

On this hypersurface we have
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(1L.7)b (Ey TLDUXNUHZ) + UQVHY) = (Ey U)(f2)
+'H(Yf?2) = (E, U)(FD)
(1.7)e (Ex U)(¥)+ (Ey U)X) = —HXf V) -HFX.D)

The equation of the hypersurface of hyperbolic Hermite manifold is given
by [1].
(18)a  (Epx NFYHEx D) -UDEgx V+UD(F HF + FHX
+"(H(FX, f1) ~H(f2X, f 21)}V= 0.
18  (ExOND+ EfO) M+ HEXSD-H X, 1) =0
- The equation of hypersurface of a Quasi hyperbolic Kachler manifold is
given by [1]
(1.9) (Epx Y+ (Efx NY=UNEsy ¥ + (FHf-f*Hf)X
| + { HFX.fY) + H2X.f2)} = 0.
On this hypersurface we have
(110)  (Epx OFY=(Bfx DY+ H(S* X, fH-H(fX,[*1) =0
Definition : An almost hyperbolic contact metric manifold is said to be normal if
(1.10)a (Egx FY=(Ex)Y-UY) (Egx V) =0.
On this manifold we have
(1.10)b (EjxU)(FN= (Ex DY & (EpxU)Y+ (Ex UFY=0.
and Eyf=0,

2. Some Results

Theorem 2.1. If the hypersurface of hyperbolic kaehler manifold is normal, then we
have
fH=Hf and H(XY)=-HX[Y)
Proof: From equation (1.10)b and (1.6)c, we have
(2.1)a U(YHY = UHY)V = UHY) = UX)UHYV)
(2.1b HV = UHV)Y
Substituting from equation (1.6)a,b in equation (1.10)a, we obtain
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U FHf + H)X + { HFX.FY) - HX 7 = 0,
Now putting ¥ for ¥ in the above equation, we get
FHf + Hf = UHX)V
which in a consequence of equation (2.1) yields

(2.2)a THf+ H-UHV) U ® v=0,
(2.2)b HEXFD=HED -UDUDUHD),
Equation (2.2)a and (2.2)b are equivalent to

(2.2)c fH=Hf

(2.2)d H(fXY)=-HXf¥)

This completes the proof of the theorem.
Theorem 2.2. Jf the hypersurface of nearly Hyperbalic Kaehler manifold is normal,
then we have

Uhfxn=0

Proof: Replacing X and ¥ by fXand fY in equation (1.7)c we get
(2.3) Erx N+ By OF X == HEX, £27)-H 2 x £,

Using equation (1.10)c in equation (1.7)c and equation (2. 3) we get

(2.4)a HfXH=0.
Putting ¥ for X in the above equation, we obtain
(2.4)b UHfX)=0.

Which gives the desired result.

Theorem 2.3. If the hypersurface of nearly hyperbolic kaehler manifold is normal,
it is the hypersurface of hyperbolic kaehler manifold.

Proof: The equation (1.7)a of the hypersurface of a Nearly hyperbolic Kaehler
manifold is equivalent to

2.5) (Ex D) (12U HX2)+ UD) HX) = (B, ) o
=UX) H(Y.2)+ U(Y) H(X.2).
Substituting equation (2.5) in equation (1.10)a, we get

Pro.

(28

(2.8)

i
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@6  ~U@HIX D+ ELNEXfD~Ex N XD
~UMN(Ex U) (2)=0.
On an almost hyperbolic Hermite manifold, we have
(2.7 (Ez ) (fX. N+ (Ex ) (XD =UXN(ELUXSY)
~U(Y)(EZU) f(X),
Using equation (2.5) in equations (2.6) and (2.7)a, we get
2Ey f) (¥2) ~UX{(EZ V) (FY) - H(Y.2)}=-U(Y) (EzU) (f X)
HE px UND) -2 HXZ) ~UZ) HFX, 1) + HXD}.
In view of equation (1.7)c, and equation (2.2)a, the above equation takes the form
@b 2Ey VD-UXN{E, U D-HY.D)} - 2U(Y) HX.2)
- 2U(Z) HX.Y)}.
On hypersurfaces of nearly hyperbolic Kaehler manifold

@7  2(Ey FY.2-UX)HZ)+ UZ) UHY) = (EzV) f Y + H(Y.2),
Now when the hypersurfaces is normal, we have £y [ = 0.
Thus from equation (2.2)a and (2.7)c, we have

U(HX) = UCX) UHEW) ;
Hence equation (2.7)b becomes
2.7 (Ex 1)(¥.2)= UMD HX,2) -UZ) HX,Y)

which is the equation of hypersurfaces of hyperbolic Kaehler manifold.
This proves our assertions.

Theorem 2.4. If the hypersurfaces of hyperbolic Hermite manifold is normal, then
we have :

HF X)) -HXf1)=0
Proof : Substituting from equation (1.10)a,b in (1.8)a, we get
(2.8) UY) (FHf + fAHFX+ (H(FX, fH-H(F* X, f21)}=0.
The above equation holds, if :
@8 fHf +f2Hf? =0=HFXSN = HIXSY) HS X, D),
which gives the required result
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Matrix Elements for the One—Dimensional
Harmonic Oscillator and Morse’s
Radial Wave Function

J. LOPEZ-BONILLA , V. GAFTOI AND G.OVANDO

Abstract: We determine in a simp'e form the matrix elements for the one-dimensional
harmonic oscillator and the radial wave functions of the Morse potential. The approach is
performed using the known expression of the associated Laguerre polynomials in terms of an
integral over the Hermite polynomials,

PACS No. 03.65. Db: Functional analytical methods;

PACS No. 03.65. Ge: Solutions of wave equations: bound states.

1. Introduction

We will use the notation and quantities of refs. [1,2,3]. In the literature [3,4]
there is a direct integral relation between the associated Laguerre L and Hermite
H_ Polynomials, given by (m2 n):

~ —ym-n -
O Pen=—D [,
(22) T 2"n!fx
Now we show that this integral representation is useful in quantum mechanics to
calculate in a very simple way the matrix elements

@ 5y=(mlerlny= [ vaessy,max

for the one-dimensional harmonic oscillator (HO), #= 0 is an arbitrary parameter.
This is accomplished in section 2, and in section 3 we show that f (5) allows to
resolve the Schrédinger radial equation for the Morse potential.

fE2
D g ) B a
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2. Determination of (/).

In [2.5-8] are reported special methods to evaluate integrals over HO
quantum states ; this type of calculations are improved with the use of eq. (1), thus
avoiding the requirement of special techniques.

We employ natural units such that i = m = w = 1. The normalized wave

functions of the HO are [7,9]:
3) v, () =(2"Vr ) PP (), n=0,1.2....
We select m 2 n without loss of generality, following the symmetry of eq. (2) in

indices m and n. The substitution of (3) into (2) with the use of (1) implies imme-
diately that:

@) f(B)= Jg () e 1 (£

which is an expression in accordance with the ones reported [2.5.6].
In ref. [2] it is shown that with eq. (4) it is a simple matter to obtain the matrix

elements for the x*, k=0, 1,2,..., forx7=, etc.

We now need to mention that the 2th order differential equation defining to L.;’_
(see [1] page 781) can be used 1o prove that f(f), as given in eq. (4), satisfies the
differential equation :

d? 1 d 1
(5) —{+‘——f———,(54+4-453+40)_f=0
dag= pdp 4p-
where A =m+n+ | and Q= (m—n)* ; that is, (4) is a solution of (5). It is also

possible to deduce (5) using the hypervirial theorem [2. 7, 10 —12] and parametric
differentiation.

3. Morse’s Radial Wave Function.
Morse [3, 7, 13-20] proposed the potential :
(6) Viry=D| e jie o ]
as an approximation to the vibrational motion of a diatomic molecule, where D is the

dissociation energy (well depth), ry is the nuclear equilibrium separation and a is a

parameter associated to the well width. The combination a+/2D /2x gives the
frequency of the small classical vibrations around r,. If we make the change of
variable u = r— r, and use natural units, the corresponding Schridinger equation is

2

2|[E-D(e?™ -2e™)lw=0
" p+ [ (e e ]]f:

@)

{11)

Fros

12
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L

ion. If now we introduce a new

where + Ty is the Morse radial wave
independent variable ,8 at(’?), g&ven by :
(8) B=iN2K et i= I=1; I{--—-\)ZD

and note that the constant K > () is not necessarily an mteger, then we see that (7)
acquires the form _

__ d? 114 2EY
O o g B 4&‘( = y=0
with the same structure that (5)!

Therefore, by formal comparison of (5) with (9) we have :

(10) K=m+n+l, E;.:z——(m.- n)? =——-(k-2n- 1)?

which implies that m = n is not apossiblc choice, because it is forbidden the energy
value E = 0 for the bounded states of the Morse’s potential. From eq. (10) it results
the condition K > 1 for the existence of a discrete spectrum energy [13]. Besides. the
conditions E, #0 and K> 1 give from (10) the inequality (k~2n-1) > 0, that is :

(11) 0<2n<(k-1)

which means a finite number of bounded states [16].

From (5) and (9) it is clear that gv is proportional to the (/) given by (4), therefore :

l *

where rr is nummhzed to unity.
g=Ke "™ b= m-n= k-2n-1

Thus we see that the Schrodinger equation has been easily resolved for the
vibrational Morse oscillator thanks to the matrix elements ( m |e“-“ [n ) for the one

dimensional HO. The exhibited scheme is another example of the multiple corres-
pondences between the Morse and harmonic oscillators [3,18,21].
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Semi Symmetric Non-Metric Connection
on a Manifold with Generalised
HSU-Structure

RAM NIVAS AND GEETA VERMA

Abstract : Semi symmetric metric connection have been studied by various mathematician
including Yano [2], Mishra [3], Imai [4], S. I. Hussain [5]. M. D. Upadhaya and Jaya Pant
[7], etc., manifold. Recently Nirmala S. Agashe and others [1] have defined the notion of
semi symmetric non-metric connection on a Riemannian manifold. Singh and Nivas [6]
studied semi-symmetric non-metric connection on almost para contact metric manifold. In
this paper we study semi-symmetric non-metric connection on manifold with generalised
Hsu-structure. In the first section, I have studied Nijenhuis tensor and integrability conditions
of such manifolds. Some interesting results have been established in other sections of the
paper

1. Preliminaries

Let an n—di_mensional differentiable manifold A" of class C* admits a
C” tensor field F of the type (1,1) a C™a vector field 7and C* 1-form A such that

@) X =a'X +AT,
(i) X=F(,
(i) A(T)=-a’,
(L1) (V) AFX)=0,
(v) FTr=0,
(vi) 8(TX)=AX),

and
(vii) &(X.Y)=-a" &) - AX) A(Y)

where g is a non-singular metric tensor and ‘a’ is any non-zero complex number. Let
us call such a structure a generalised almost contact metric structure
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It follows from (1.1). (vii)

g(X.7) =-a" &(X.1)

Let us define

(1.2) F(X.Y) =8(FXY)

barring X in (1.2) we have

(1.3) F(X.Y)=8&F’XY)
which by virtue of equation (1,1) (vii) yields

(14) F(X,Y)=a"8(X,Y) + AX) A(Y)

Now barring Y in (1.3) we have

FX.Y)=-a"8(X,1) - A(X) A(Y)
or
(1.5) FX.Y)=—(a"8(X,1) + A(X) A(Y))
Thus from (1.4) and (1.5) we have

FXY)+F(X,H=0
Replacing X by T in equation (1.2) and making use of equation (1.1) (v) we obtain
(1.6) F(IN=0
A linear connection V is said to be semi-symmetric connection if its torsion tensor
SXN=V, Y-V, X-[XY]

satisfied the formula

(1.7) S, =ANX - AX)Y
V is said to be semi-symmetric non-metric with respect to the associated metric g if
(1.8) Vy 8(V,2)=—A(Y) 8(X.2) - A(Z) &(X.Y)

We define V to be semi-symmetric non-metric F-connection if in addition
(1.7), (1.8) V satisfies
(1.9) (Vy 1)=0

Suppose V is a Riemannian connection on M " then we can always put [1]

(1.10) Vx¥=VyY+UX)Y)
U being tensor of type (1.2) satisfying
(L.11) SUXNZ) + 8UXDY) = A () &X.Z) + A(Z) 8(X.Y)

obviously we have

(1.12) S(X.Y) = UX,Y)- U(T.X)

o P I Sl

PN el P~ Dy

(3

(1



SEMI SYMMETRIC NON-METRIC CONNECTION ON A MANIFOLD WITH...  [29]

Nirmala S. Agashe and others expressed the value of U(X,Y) in terms of §
and 8’

(1.13) UXN="%[SXN+SXD+S (X +EXNT
where
(1.14) &S @X.) def &SX,12)
It can be verified that
SXY) =AXY-&X.NT
and
(1.15) UX.Y)=A(DX.
Thus we get
(1.16) Vx Y= Dy Y+ ADX

It is easy to verify that
@ Srxn=vn-gxnr,
(i) g(S(X.N,T)=0,

(1.17) (i) S(T)=-X,

(iv) S(TX)=UXT)+4X)T,
and
v SExn-SErxn=sxy

Theorem 1.1. In a generalised Hsu-structure manifold M™ the torsion tensor of
the semi-symmetric non-metric connection satisfies the following identities.

@ S@n=-X,

@ S(X,n=-a"X,

(i) S(X,0)=a" AN X+ 4 (X)ANT,
(1.18) (v) S(X,N+SXY)=a’SXD).

v SX.D=aS(X,D=a*X,

(i) A(SEN)=0,

(vi) S(X,Y) =a’"S (X, V).

Now we will establish certain identities among the (0,3) type tensor defined
as follows

(1.19) @) SKYZ) def ESXN.2)
(i) UXY.2) def &U(X.)),2)
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or equivalently
S ¥~ g(¥Y,T) g(X,T)
T | er.2) g(X.2)
- and
(Y, Z,
Uy - g(x.7) g(Z,T)
g(X.Y) g(X.Z)

Theorem 1.2. The following relations hold in a generalised Hsu-structure non-
metric manifolds

) SKKrZ)=a’Sxr.2)
() UX.¥2)=-a"UXY.2=0
(1.20) aiy U X, F,Z2)=5(X.7.2)=0
(v) S@Erx)=a UErz=0
v U@rx=a' sxry
) S&rz)=U(zrn
2. Nijenhuis Tensor
The Nijenhuir tensor is given by
@2.1) NXD=[X,Y]+[X,F]-[X,Y]- [X.7]
Making use of (1.1) (i) in (2.1) we get
@2  NENH=[X.F]+a XN+ AT - [X,¥]-[X,7]

We now put = I
(23) BN =[X.Y]-[X,T],
(2.4) HXN=[X,¥]-[X,Y],
(2.5) WXN=[XY]-a [XY].

Theorem 2.1. The Nijenhuis tensor and B(X.Y) are related as

26) a’BX.Y)~B(X,¥)=a N (X, ¥)- A(V) [X,T]
+a"ACY) [XT]+ AY YA(X.I)T

Proof: Barring ¥ in (2.3) and making use of (1.1) (i) we get
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@7 BXY)=a"(X.Y)+AY)[X,T]-a [X,T]+ A(N[X,T]
Again barring above equation and making use of (1.1) (i) we get

2.8) B{X,¥] = a"[X,V]+ AD[X.T)- a” [ XY ]
~a" A XYDT-a A (V) [X.]]
—AMAXIDT

Now from equation (2.3) and (2.8) we obtain

29) a’ B(XY)-B(X,¥)=a'[X,7]-a’ (X.T)

—a"[X,¥]- a” [ X,Y]- A(V[X,T]
+a" A(XY DT +a" 4 (Y)[ X.T]
+AX)YAQXT)T

Making use of (2.2) in (2.9) we get the result putting 7 for ¥ in (2.6) and making use
of (1.1) (iii) and (1.1) (v) we have in a differentiable manifold.

2.10) @’ BX.T)=a' N [XT] +a"[X,T]
~a¥ [ X.T] - a" A(XT)T
Theorem 2.2. In adifferentiable manifold M™ we have

2.11) a"HXY) - HIX,Y] = a’ N (D) - AX) [T.F]
+a’ A [1,Y]
+ A ALY DT
Proof : Barring X in (2.4) and making use of (1.1) (i) we get
@12) HX,Y)=a’ [ X.Y]+ A0 [1.7]

- a" [X,Y]- A(0) [T,Y]
Now barring the whole equation (2.12) and making use of (1.1). (i) we have
@13) H(X,Y) = a’ [X,71- Q) [T, T 1-a* [X,Y]
- a" A (KY) T-a" A(X) [T,Y]
— ACOAT,Y) T
Now from (2.4) and (2.13) we have
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(2.14) a” H(X, N-H(X.Y)=a"[X.¥ ]-a’[X,7]
~a'[X.Y]+a* [X¥]
+a" A (IXY)T~ A(X) [T.¥]
+a’ AX) [T.Y ]+ AX) A[T,Y|T

Thus, from (2.2) and (2.14) we obtained the required result,
Replacing X' by 7' in (2.11) and using (1.1) (iii) and (1.1) (v) we get in generalised
Hsu-structure almost contact metric manifold.

(2.15) a" H(T.Y)=a" NT.Y) + &’ [T,Y]
- a* [T,Y]-a" 4 ([T.Y)T

Theorem 2.3. In a generalised Hsu-structure almost contact metric structure
manifold M"™ we have

(2.16) a" WX - W (X.1)=a" N(X, V) - a" A(X, YT
~AQ) [T.7)

Proof : Barring X in (2.5) and making use of (1.1) (i) we get

(2.17) W(X,N)=a"(X.¥)+AX) (T.F)
+a"[X,Y]

Again barring (2.1) and making use of equation (1.1) (i) we have

(2.18) W(X,1)=a" [X.F]+ 4 (X) [1.7]
+a"[X.F]

Thus with the help of (2.2), (2.5) and (2.18) we get (2.16). Replacing X by
T'in (2.16) and using the equation (1.1) (iii) and (1.1) (v) we can show that equation
(2.16) is equivalent to

(2.19) " MT.H=a"N(TY)=a" A(T.Y ) T +a’ [T,¥]
3. The Curvature Tensor

The curvature tensors of semi-symmetric non-metric connection V and the
Riemanian connection D are respectively represented by R & K as follows

R(XY}Z= V.\: V,Z—Vr V_‘-Z_ VI-\!.’-‘ Z

~

Th
cor
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Fro

(4.3

Usit
(4.4
in (4
@5
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(4.6)
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Thus we state the following theorem
Theorem 3.1. The two curvature tensor are related to the following equations
RIYZ= KX )Z+A(Dy Z)X - A(DyZ)Y - A(Z) S(X.Y)
+ X(A2)Y -YAZ)X
4. Integrability Condition
Theorem 4.1. In order that a generalised almost contact metric manifold to be
completely integrable it is necessary that
AQX,TDT =0

Proof: Barring X in (2.2) and with the help of equation (1.1) (i) we get
From equation (2.2) and (4.2) we have
43) NEI)* o’ NGD = A Q0 [T.T -4 [X.FIT

~a" AQX) [1.Y] - AC0) ((T.YDT

Using o
(4.9) NI[T, Y1=a"(T.Y) + A((T.Y)T -[T,Y]
in (4.3) we have bl

(4.5) N(X,D)+a"NXH=-4X)N (LY

-A(X.¥)T
For completely integrable manifold equation (4.5) reduces to give result in theorem.

Theorem 4.2. For a completely integrable generalised almost contact metric
structure manifold we have

46) AR {(T.T |- (T, )+ AQX )T
= AX) {[ X, T}-[X,T)} +A (XY DT
Proof: Barring X and Y in equation (2.2) and making use of (1.1) (i) we get the
following equations
(4.7) N(X,n=a"[X,7]+4(X) [T.Y]
+a" [ X, Y]+A(X,Y])T- [3’:,1:’]
- a’[X,Y]-4(0 [T.Y]
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(4.8) NX)=a [X,Y]+ AX)[X,T]
+a" (XY |+4 (Y DT
- @' [X.Y]-[X.¥]- 4 (V)[X,T]

Now from these two equations (4.7) and ((4.8) and using N(XY) we have
then required result (4.6).
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On Complete and Horizontal Lifts from
a Manifold with HSU-(4,2) Structure
to its Cotangent Bundle

RAM NIVAS AND MOHIT SAXENA

Abstract : Manifolds with [ (4,2)-structure have been defined and studied by Yano, Houh
and Chen [3] and others. Geometry of tangent and cotangent bundles in a differentiable
manifold has been studied by Yano and Ishihara [4]. Hsu-structure had been defined by
Prof. Mishra [2]. The purpose of this chapter is to study complete and horizontal lifts from a
manifold with Hsu-(4,2) structure to its cotangent bundle.

1. Preliminaries

Let M be a differentiable manifold of classC™ and dimension » and let Cryy
denote the cotangent bundle of M. Then Crys is also a differentiable manifold of

class C* and dimension 2» [4]. Throughout this chapter, the following notations and
conventions will be used :

(i) Themap x: Cry —> M is the projection map of Crys onto M.

(i) Suffixesa, b,c,...4,j,...Takethevalue 1 to nand i =i+ n. Suffixes
A, B, C, . . take the values 1 to 2n

(i) JS(M) denotes the set of tensor fields of class C* and of type (r,s) on M.
Similarly J§(Cry) denotes the set of tensor fields of class C* and of type
(r,s) in Crpy.

(iv) Vectors in M are denoted by X,¥,Z, . . . and the Lie derivative by o{y. The Lie
product of X,¥ is denoted by [X,Y].

If A is a point in M, 7~ (A) is a fibre over A. Any pointp € 7-'(A4) is the
ordered pair (4, p ;) where p is 1-form in Mand p, is the value of pat 4. Let Ube a
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coordinate neighbourhood in A such that 4 € U. Then U/ induces a coordinate
neighbourhood 7z ~(U) in Cra and p ez~ (U).

2. Complete Lift of HSU—(4,2) Structure

Let M be an n-dimensional differentiable manifold of class C*. Suppose
there exist on M a tensor field f(z 0) of type (1,1) satisfying
(2.1) =7 rt=0

where A is complex number not equal to zero and » some finite integer. In such a
manifold M, let us put

(22) A=f2A" and m=I- f21 0
where / denotes the unit tensor field. Then it is easy to show
(2.3) A=dhm=mA+m=1im=mi=0.

Thus the operators A and m when applied to the tangent space of M at a
point are complementary projection operators. Hence there exist complementary
distributions L* and M* corresponding to the projection operators A and m respec-
tively. If the rank of *f" is constant everywhere and equal to r, the dimensions of
L* and M* are r and (n—r) respectively. Let us call such a structure as Hsu-(4,2)
structure of rank r.

Let £ be the component of S at A in the coordinate neighbourhood U of

M. Then the complete lift /€ of f is also a tensor field of type (1,1) in Cpy whose
components f# in 7=(U) are given by

(2.4.1) fh=fh

(24.2) fre=g

(24.3) fE=pa(f 1% - a1 P 165
and -

(2.4.4) =1

where (x!,x2,x%, ..., x") are coordianates of A in U and P, has components
(PysP2sP3s - - - » P,)- Thus we can write

v

Sc

2
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) s 0
@.5) Fe=(f$= ’ J g pie
Pa'(ﬁ'fh ‘5h.f;‘ ) Foodel
where & =3/x"
If we put
(2:6) Gfn —Guf{ =20 [if 7).
then the equation (2.5) can be written as
_ 1o 0
@7 SO=Ggr=] oy g
2p8ifn] fh
i h ' i 1
Py 0 fi 0
= (O = : } [ oy
[ 2p.01if k] fa | | 2m0Lirf] fi ]
[ £ 0 ]
| 2015 0LifR1+ 2p.f 5 LF) fifi ]
If we substitute ) :
(2.8) 2p. [} Olif {1+ 2p, f1. 2Lift 1= L;yg
then we can write .
C\2 f‘hf}’ ¢
(2.9) (o & T ied
Ly filfx
Squaring (2.9) again we get
BVARE b TR RO 7y R
@10) (/9 = e e
L Ly fifn )l Ly fiSfS
| s 0 J
| FifELy+fifiL, rirk s
Putting .
(2.11) flfkog+ s Lj=2 Ly

Then in view of equation (2.11) and (2.1) the equation (2.10) take the form

B7
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rfef; 0 i o

(fc)4 - r red et S A gt

ALy, A Sn Ly, ftTh

= (fC)-i:Ar(fC)z
= )= =0

Thus the complete lift 7€ of f also has Hsu—(4,2) structure in the cotangent
bundle Cras.

Thus we have

Theorem 2.1. In order that the complete lift f© of a (1,1) tensor field f admitting
Hsu-(4,2) structure in M may have the similar structure in the cotangent bundle
Cra it is necessary and sufficient that

Firh th"'f;‘ffhl Ly=2Ly,.

3. Nijenhuis Tensor of Complete Lift of /*
Nijenhuis tensor of a (1,1) tensor field f on M is given by
3.1) Npy @D =IXM1-FUXT - FIX M+ £2 (K]
Also for the complete lift of /* , the Nijenhuis tensor is given by
(3.2) N poge opoe (XG0 = [FHE X, (rH°re]
=[G i (TR o8
= (FH° X (rH°re]
+(FHUHT X6, ¥,
In view of the equation (2.1) the above equation (3.2) takes the form
o (XCYO) = (A £ X (A f)°F°]
S G 0 (G A S o
(XA XS, Y
A @ FH XY

Niroe ot

or
(3.3)

Letusn
(3.7)

then the
(3.8)

(3.9
Thus the
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or
(3:3) Nipoye oy (XE¥C) = 2P XC,(F)°FC)
=P XS R XS (F)° ¥
Ll o i 2 e &
We also know that ([4] page 243)
(3.4) DX =2 X0° + v(Lyf),
where v/ has components
AN
In view of (3.4), the equation (3.3) takes the form
(B6) Nipue iy (XEXO)= 22 X0C,(F2DC 1+ [v(Ly 2, v(f2 1))
+IF2X0C, v(Ly 1P+ DLy FRv (L £
=D (F) Ly £2), 1)
- (XN )= (FOCIX2, Ly )]

VX, P,
Let us now suppose that
(3.7 L [2=L 2=0
then the equation (3.6) takes the form

BB)  Nipuge e (XEYO) = 274> X)°, (2 D1 (P (20, 1)
~(FXUDT+ (X Y.

Let us now suppose that f acts as Hsu-structure on M[1]. Then

(3.9) =1L
Thus the equation (3.8) becomes. :
N poge ptye (XS, XC) = 27 ([XC,¥°)-[XC,¥°)

-[xS,¥C1+[XC.¥°3= 0.
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Theorem 3.1. The Nijenhuis tensor of the complete lift of f * vanishes if the Lie

derivative of the tensor field f* with respect to X and ¥ are both zero and f acts as
Hsu-structure operator on M.

4. Horizontal Lift of HSU-(4,2) Structure

Let fand g be two tensor fields of type (1,1) on the manifold M. If f"
denotes the horizontal lift of f, we have [5].

(4.1) Freeg i =(rg+en”

Taking fand g identical, we get

42) (O =0rH".

Squaring the above equation both sides and making use of the equation (4.1) we get

43) M =uH"
Since f gives Hsu-(4,2) structure on M, we have
Fi-xf=0.
Taking horizontal lift in the above equation we get
(44) (FH- 2N =0.
In view of the equation (4.2) and (4.3) the above equation (4.4) takes the form
Py = 2 (1) =0,

Thus the horizontal lift f H of f also admits Hsu-(4,2) structure in the cotangent
bundle Cp,,. Hence we have

Theorem 4.1. Let f be a tensor field of type (1,1) satisfying Hsu~(4,2) structure on
the manifold M. Then the horizontal lift [ H of falso admits the same structure in
the cotangent bundle Cypy, .
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Applications of the Class SDCP with
Plane Harmonic Mappings

CHINTA MANI POKHREL

Abstract : In [2] we introduced and fully characterized the class SDCP (Strongly Direction
Convexity Preserving). In this paper we shall discuss its applications to harmonic mappings
in plane.

1. Introduction to the class SDCP
Let A denote the set of analytic functions in ID. Let

f)=2 a,z" and g(z)= 2. b, 2"
n=0 n=0

be two members of A. Then the Hadamard product or convolution between fand g,
denoted by f g, is defined by

(f x9)(2)= 2, a,buz".
n=0

A domain D & C is said to be convex in the direction €, ¢ e R, if and only if for
every a € C the set
Dn{a+te®:te R}

is either connected or empty. Accordingly we define the classes K(p) c A, p R,
of the functions convex in the direction € as

K(g):={f € A: f univalentand f(ID) convex in the direction € }.
Finally, a function g € A is called Direction-Convexity-Preserving (g & DCP) if
and only if
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g+ feK(p) forall fe K(p)andall peR

Functions in DCP have many intriguing convolunan—typc properties, for instance the
preservation of convex harmonic functions in D, and of Jordan curves in the plane
with convex interior domain we refer to [13],[14] for more details. There one also
finds a complete description of the members of DCP, namely

9e DCP & g (@) +itzg'(z)e k(%) forall reR.
Further it is known, that DCP functions are convex univalent. The class DCP is not
rotation invariant. That is, /€ DCP does not always imply that € fis in DCP,
Va eR. However, fe DCP = Af + B e DCP forall A: R\ {0} and B € C.
Hence we can normalize the class DCP by the conditions £(0) = 0 and | £'(0)}= 1.

Motivated by the non-existent rotation invariance property of the class DCP, we are
interested in studying the subclass of those functions in DCP which are rotation

invariant, _
Definition 1.1. A function fe A is said to be i:} the class SDCP (Strongly
Direction Convexity Preserving) if and only if €“fe DCPforall e e R
Every fe SDCP is univalent and hence fulfills £'(0)# 0. At the same time, it is
clear that

f(2)-7(0)

£'(0)

Hence we can normalize the class SDCP by the conditions f(0)=0and 7’(0)=1.
From now on, by the class SDCP, we always mean the normalized class defined as
follows :

€ SDCP.

SDCP:={fe S:e“fe DCP,YaeR}.
We refer [2] for detail about the class SDCP.

2. Introduction to Harmonic Mappings in the Plane

A complex valued function f(x,y) is harmonic in a domain D in the plane if
it satisfies the Laplace’s equation A /= 0, where

2 2
ALy
ax* By

operators

The complex notation 2= x + iy for points in the plane leads to the differential
: 2. _1a .J )
M % 2w P oy

BEgEER2EP EB28Y T 8

the

In the

simple

as
@)
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and
2.4{22)
A simple calculation gives

2 2
sptdoag el ,
dzdz . 020z
so the Laplace’s equation can be written
af
® = 2oz
For a complex-valued function with continuous first order partial derivatives, the
equation f; =0 is equivalent to Cauchy-Riemann equations. Thus a function fis
analytic if and only if f; = 0. From (3) it follows that every analytic function is
harmonic, and that the z-derivative of every harmonic function is analytic.

The word harmonic mapping will be reserved for univalent (one-to-one)
function. A complex—valued harmonic function f is a harmonic mapping of a
domain D c C if it-maps D unvalently on to some planer domain Q = f (D).
Although harmonic mappings are natural generalization of conformal mappings,
they were studied originally by differential geometers because of their natural role
in parametrizing minimal surfaces, Only in the mid 1980s did harmonic mappings
begin to attract wide-spread interest among complex analysists. Particularly after the
landmark paper [4] by J. Clunie and T. Sheil-Small which pointed out that many of
the classical result for conformal mappings have clear analogues for harmonic
mapping. Since that time the study of harmonic mapping developed rapidly,
although a number of basic problems remain unsolved. In this paper we will only
discuss applications of the class DCP with harmonic mappings in a plane.

If we write f as a sum of two real valued function u(x,y) and v(x,y) say,
f=u+iv, the Jacobian of f is

ux Ux
Uy Uy

5:: Jv Budv

T ox dy Oy ox
In the case of an analytic function we have the Cauchy-Riemann equation

u v Au é‘-u

—_—— ﬂﬂd —_— i

ox dy oy éx
sothat J, =|f,f=|f,?=|/'. In the more general case of harmonic function, a
simple calculation, with the help of (1) and (2), we can express the Jacobian J, of f

Jp=

as
@) Iy =11 =113
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A sufficient condition for a differentiable function to be locally univalent (one-to-
one) near a point zy = X, + iy, is that J,(z;) # 0. For analytic function it is also a
necessary condition for locally univalence at zo as J,(z,) =| f'¢) P £ 0. Lewy [10]
has shown that this property generalizes to harmonic function.

Lewy’s Theorem : If fis a complex valued harmonic function which is locally
univalent in a domain D c C, then its Jacobian J; is different from zero for all
ze C,

Thus a harmonic mapping is a domain D is either sense preserving with Jy > 0 or
sense reversing with Jy < 0. More precisely a harmonic mapping is sense preser-
ving if | fz(2)|>|fz(z)| for all z € D and in sense reversing if [z (2)>|fx(2)| for
allz € D. In particular if a harmonic mapping is sense preserving, then f:(z) # 0 for
allz € D. A mapping is sense reserving if and only if its complex conjugate is sense
preserving. Conformal mapping are sense-preserving.

If f is a complex valued harmonic function on a simply connected domain D c C,
then it has the representation.

) f=G+h ‘
where g and 4 are analytic functions unique up to an additive constant in D, to
justify this simple fact, first recall that since fis harmonic so fiz = 0. From this we
see that f; is analytic, Then let ' = f; and choose an antiderivative 4. Let
g=G—hand obsepve that g; = £, —h, =0, so that g is analytic. If 0 is in the
domain D, we shall choose 4 so that #(0) =£(0) and referto f =h+ g as the
canonical representation of f. We call / the analytic and g the co-analytic part of

3. Application of the Class SDCP with Harmonic Mapping in the
Plane C

Let Sy denote the class of functions f of the form (5) that are univalent harmonic
and-sense preserving in the unit disk D and normalized by f(0) = £.(0)-1= 0, and
let Sf; denote the subclass of Sy for which £:(0)= 0. The class Sy obviously
reduces to the familiar class S of normalized univalent functions in the unit disk D if
the co-analytic part of f is zero.

In this section we shall look at various subclasses of S%. We note that functions in
S} have the form

v

(6) f=g+h, where h(z)=z+ ):_; anz", g(z)= 2. buz", He

n=2
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Let S} and C}; be the subclasses of S consisting of functions £ that map D onto
a starlike domain and convex domain, respectively, and let, as usual, C be the sub-
class of S consisting of those functions which map D onto a convex domain. In [7],
the following theorem was proved.

Theorem 1. If a function f of the form (6) satisfies Y.n=2 1 (|an|+|bal) < 1,

then feSk.

It has been proved in [3] that for e S, the function [, (22} d¢ CJ. Hence we

have the following corollary :

Corollary 1. If fof the form (6) satisfies n=2n’ (|an|+ |bal) < 1, then feSh..

Theorem 2. If a function f of the form (6) satisfies Xn-2 1 (|an|+|bn|) < 1, then
p¥f=p*g+p*heSy, VopeC.

Proof : Let ¢z) =z + Zn=2 cn 2" € C. Then the coefficients of ¢ satisfy the
condition |ca| < 1. Therefore the coefficients of the function ¢ ¥ f =p*g+ @ *h,
whose analytic and co-analytic part have the form

prh=z+2, coa,z" and prg= D, cabnz".
n=2 n=2

respectively, satisfy the condition
3 n(enanl+lonbal) = 2, mleal Qanl+18,D) 35 nant+ 180D < 1

Hence by Theorem 5.4.1, the function @ ¥ f € S}/
Corollary 2. If f of the form (6) satisfies Ta-an” (|an|+ |ba|) < 1, then
p%f =prg+p*heC), VoeCl.
Proof: Let the function ¢ be as in the previous theorem. Then the coefficients of the
function
p¥f=prg+e*h

satisfy the condition

2, 7 (lenan|+enbal) = 25 #*{cnl(lan]+ [bal) < 2 7 (anl+ |bal) < 1.

n=2 n=2 n=2

Hence ¢ ¥ f € Sf; , by Corollary 5.4.1.
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Theorem 3. If fof the form (6) satisfies Tn=z (|an|+|bn|) < 1, then
e* f = q’t:g-l-g_ﬂhes;,_“, Y @ € SDCP.
Proof : Let ¢z) =z + Xn-2 ca z". Since ¢ € SDCP, the coefficients of ¢ satisfy
the condition |c,|< L. Therefore the coefficients of the function
@ ¥ f =@ *g+@*h, whose analytic and co-analytic part have the form
@*h=2+, cnan2", p*g= 2, cabaz",
n=2 n=2

respectively, satisfy the condition

é n({cnanl+enbnl) =;2_ fcal (an|+(ba]) S 2 (an|+|6a]) < 1.
Hence by Theorem 5.4.1, the function @ % f € Sj};.
We need the following result of J. Clunie and T.Shell-Small [4] for our next theorem
Lemma 1. Let f = g +k be locally univalent and harmonic in D. Then f is a uni-
valent mapping of D onto a domain convex in the direction of the real axis if;, and

only if, h—g is a conformal univalent mapping of D onto a domain convex in the
direction of the real axis.

Theorem 4. Let Cy(0) consist of functions f= G + hin Sy which are convex in
the direction € , Then
p¥ f=p*g+p*heCy(b), Vf € Cy(d) and e DCP.
provided the function ¢ ¥ f =@ * g+ @ * his locally univalent.
Proof : Let f =g +he Cy (). Then the function
e f= Eg_ +eh
is convex in the direction of the real axis. Hence, by the above lemma, the function
eh-eg
is a conformal map which is convex in the direction of the real axis. Since ¢ € DCP
the function '
m p*(eh-e"g)=e" (p*xh)-e’ (p2h)
is also convex in the direction of the real axis.
Now, by hypothesis, the function
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pFf=p*g+o*h

is locally univalent. Hence so is the function

e pF f)= (prg)+e (p*h).

If we take into account that (7) is a conformal map convex in the direction of the
real axis, we can apply the above lemma to conclude that

e (@¥ f)=e%(p*g)+e ™ (@*h)

is convex in the direction of the real axis. Hence the function

p¥f=p*g+p*heCy().

This completes the proof of the theorem.

REFERENCES
Brown, E., Le_gel sels for functions convex in one direction, Proc. Amer. Math.
Soc. 100(1987), 442-446.
Cima, J.A. and Livingston, A.E Integral smoothness properties of some
harmonic mappings, Complex Variables 11(1989), 95-110.
Clumie, J.G., and Sheil-Small, T., Harmonic univalent functions, Ann. Acad,
Sci, Fenn. Ser, Al Math, 9(1984), 3-25
Duren, P.L., Harmonic Mappings in Plane, Cambridge University Press 2004.
Goodman, A.W., and Saff, EB.,.On univalent functions convex in one
direction, Proc. Amer. Math. Soc, 73(1979), 183-187.
Hallenbeck, D. J., and MacGregor, T.H., Linear Problems and Convexity
Techniques in Geometric Function theory, Pitmann Advanced Publishing
Program, Boston, 1983.
Hengartner, W., and Schober, G., 4 remark on level curves for domains convex
in one direction, Applicable Anal. 3(1973), 101-106.
Hengartner, W., and Schober, G., On schlicht mappings to domains convex in
one direction, Comment, Math. Helv, 45(1970), 303-314.
Lewy, H., On the non vanishing of the Jacobian in certain one-to-one
mapping, Bull. Amer. Math, Soc. 42(1936), 689-692.

[10] Pokhrel, C. M., On a subclass of DCP, The Nepali Mathematical Sciences

Report 22, No.1 (2004), 67-85.

[11] Robertson, M.C., Analytic function starlike in one direction, Amer. J. Math.

58(1936). 465-472.

[12] Royster, W.C., and Ziegler, M., Univalent functions convex in one direction,

Publ. Math. Debreen 23(1976), 339-345.



[13] Ruscheweyh, St. and Salinas, L., On the preservation of periodic monotonicity,
Constr. Approx. 8(1992), 129—140 _

[14] Ruscheweyh, St.. and Salinas, %, Qn !he preservation of direction c‘anmib:
and the Goodman-Saff conjecture, Ann. Acad. Sci. Fenn. Mflsss), 63-73.
[15] Sllverman,H Harmonic univalent functions with

Anal. Appl. 220(1998), 283-289.




L A

The Nepali Math. Sc. Report
Vol. 23, No. 2, 2004.

A Note on Stokes Drag on Axi-symmetric
Body : Oblique : Angle of Attack

DEEPAK KUMAR SRIVASTAVA

Abstract : In the paper [1], author have proposed a simple formulae for evaluating the axial
and transverse Stokes drag on axi-symmetric bodies. Continuing the efforts in this regard, the
expression for drag has been given when the axially-symmetric body is placed in the slow
uniform incompressible viscous flow with oblique angle of attack ‘C‘. The drags in such flow
have been caloulated for sphere, spheroids (prolate and oblate), deformed sphere, cycloidal
body, egg-shaped body, cassini body and hypocycloidal body.

Key words : Stokes drag, axially symmetric body, oblique angle, cycloidal body,
egg-shaped body, cassini body, hypocycloidal body:,

AMS Subject Classification : 76 D

1. Introduction

In the recent paper [Datta and Srivastava, 1999,1], authors have proposed a simple
formulae, based on the integral [p. 122,2] used to evaluate drag on a sphere, for
finding the axial and transverse Stokes drag on axi-symmetric bodies.

The Axial Flow
The drag on body, when it is placed in axi-symmetric Stokes flow with uniform
stream U along x-axis is given as [1].

1 AlSne)
1.1 F.=————>
(1.1) i

where
(1.2) A=6muU
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and
.
(1.3) h-=3[§) J; R Sin*ada

Here, R is the intercepting length between the point on the meridional curve and axis
of symmetry (x-axis) of the body and ‘o is the slope of normal. In Cartesian
coordinates, ‘h’ ¢an be expressed as

| 3N " -
(19) Jh_( 4) Iu (1+y?)? =,
where, x = a is maximum axial length and dashes represents derivative with respect
to X.

The Transverse Flow

~ Let us consider an axially-symmetric body placed in a uniform stream ‘U’
along transverse axis (y-axis). The Stokes drag on this body is given to be [1].

: 1) A(¥max)?
as) =3 T
A=6guU
and
3 (" ! .3
(1.6) hy=(=2) |_,GR Sina-RSin'a) da,

In Cartesian coordinates, h, can be expressed as

3 | " .
. i % [(lg*)"u::’ﬁ)z]dx'

For the details, the reader is referred to the paper [1). Now, in the next section, the
method for Stokes drag on axi-symmetric body placed in the uniform stream
attacking at an angle *C* with the axis of symmetry, is proposed.

2. The Method

Let us consider an axially symmetric body placed in uniform stream ‘U’
attacking an angle of attack “¢* with the axis of symmetry (x-axis) [see, Fig. 1]

M OASE M e e

wher

Obl:




‘A NOTE ON STOKES DRAG ON AXI-SYMMETRIC BODY - OBLIQUE : ANGLE. .. [53]

Let us consider e, e, as unit vectors representing x and y directions and F,,F, are
axial and transverse drags, then force vector F can be written as

(2.1) F=TF,e, + Ky €y,

where F, and F, (axial and transverse Stokes drags) : are defined in (1.1) and (1.5).
Since the uniform stream U makes an angle ‘C* with the x-axis (Fig.1) then its
components U Cos £ and U Sin § will be in x and y direction and in general we can
have the axial and transverse drag as

(2.2) F, =F, Cos(,
and
2.3) F,, =F, Cos¢,

Then force vector F can be written as
F=FE e+ F, e,

(2.4) =P Cos& e+ FySin Lides
and its magnitude will be given by F =| F | which reduces to axial and transverse
drag as £ =0 and & = nt/2.
Now, in the next section, we use the result (2.4) to obtain force vector with
magnitude for the axi-symmetric bodies.
3. Flow Past Spheroid Prolate Spheroid

Let us consider the prolate spheroid, generated by the rotation of ellipse

(3.1) x=aCostt, y=bSint, 0<t <7,
about the x-axis.

By using (2.4), together with (1.1) and (1.5), the expression for drag will be

b

]

Cots  asin’g J

(3.2)  F=16x uUac? —
v e [{—Zc-i-(l-i-cl')[.}‘z {2e+3e2-1)L)
where.L=ln(—1+—e);

(1-e)

Oblate Spheroid
Let us consider the oblate spheroid, generated by the rotation of ellipse
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(3.3) x=aCostt, y=bSint, 0<t<n
about x-axis

By using (2.4), together with (1.1) and (1.5), the expression for drag will be

-
F=87 uUse’ | —— CO¥¢ -
{ey/(=€?) - (1-2¢2)Sinle]
. 2 -%
G4) " 48in“¢

{'-'e,f.( 1-¢?) +(1+2e?) Sin"’e}2

4. Flow Past a Deformed Sphere
Consider the axially symmetric body defined by

(4.1) r =a[1 +& { do+daPy(p)+ gjdzm Pags (4) H » #=Cos 6,

where (r, 8) are spherical polar coordinates and Py ( u) is Legenedre function of first
kind. For small parameter €, this represents a deformed sphere. By using (2.4),
together with (1.1) and (1.5), the expression for drag will be

1
(4.2) F=Aal:1+_2£{dg+%{1—38inzg)}+0(.sz)]:

5. Flow Past Cycloidal Body of Revolution
A. Let us take the inverted cycloid
(5.1) x=a(t+8int), y=a(l+Cost), -n<t<nm:,

with vertex at (0, 2a), and revolve it about x-axis, the base, to generate the
cycloidal body of revolution. By using (2.4), together with (1.1) and (1.5), the
expression for drag is given to be

12
(5.2) F= 1_58 #Ua [36- 1.1Cos2;']'l..

B. Let us consider the body generated by the rotation about x-axis of the curve
composed of arcs of two cycloidal parts represented parametrically by

3z

(3.4

6. F

a hal

(6.1)

By us

(6.2)

7. Flo

(7.1)
about th
By usin,
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53 x=a(l+Cost), y=a(t+Sint), 0<t<x:
(9.3) x==a(1+Cos ), y =a(t +Sin ), 0<t < 7:

by using (2.4), together with (1.1) and (1.5), the required drag will be

L
Cos?¢ +4(1-Coszg)]3

5.4 F=9%x>uU [ .
(5:4) PR (B3r2+16)2 (972 +32)2

6. Flow Past an Egg-Shaped Body

Let us consider an egg-shaped body in which right portion is in the shape of
a half prolate spheroid given parametrically by

x=aCost, y=bSint, 0<t<7/2.
(6.1) and the left half portion is a hermisphere given by
x=bCost, y=bSint, 7/2<t< .

By using (2.4) together with (1.1) and (1.5), the drag is given by

Cos?¢ _
x
F=8x uUa+1-¢* _{2L 1--?.'*’_(-—2v.=+(1-!—e;3)L)_}2
& 4¢*

62 2 4(1-Sin%g) 2
c {i+,{-1—e2 (z.=.+(3-.-.2—-1)1.)}2 + L
3

4¢3

7. Flow Past Cassini Body of Revolution
Let us consider the cassini body obtained by revolving the curve
(7.1) y2=%(1+3x2)5-x=—§, 0<x<1,

about the axis of symmetry (x-axis).
By using (2.4) together with (1.1) and (1.5), the expression for drag will be
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a1 F~[(08)? Cos’ ¢ +(082)? Sin®¢ 1 2,2= 67 4U }

~[0.6724— 0.0324 Cos? ¢ TF 4

8. Flow Past Hypocycloidal Body of Revolution
Let us consider the body generated by rotating the curve

(8.1) y’2=-—3'x2+(1+8x‘)% , 0=x<1,

about axis of symmetry (x-axis).

Now, the expression for drag can be written by the use of (2.4), together with (1.1)
and (1.5)

2 F~[(1.044) Cos® ¢ +(1.32)* (—1‘—Cos’g)]‘3 A2 A=6xul

' ~[1.7424 - 0.6525 Cos 41‘3 A '

All the above results are found to be new for the axially symmetric bodies lies under
the restricted class [1] and never existed in the literature
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Infinitesimal Variation of Hypersurfaces of
an Almost r-Contact Hyperbolic
Structure Manifold

JAYA UPRETI

Summary: The Infinitesimal variation of the structure tensors of an almost contact metric
structure induced on the hyper surface of a Kahlerian manifold under various conditions has
been studied by Yano. In this paper we have studied the infinitesimal variation of the
structure tensors of an almost r-contact hyperbolic structure induced on the hyper surface of a
differentiable manifold equipped with an almost r-contact hyperbolic structure.

1. Introduction :

Let M™" be an (n + r) dimensional differentiable manifold of differentiability class
C”, Let there exist on M"™*" a C* vector valued linear function #, »C* linearly
independent and non zero contravariant vector fields 7', 77, ... 7" such that

(1.1 F2X=X+2 4T
I=1

for arbitrary vector field X on M™". Also
(1.2) =X

In view of (1.1), let M™*" be endowed with the Riemannian metric G such that it
satisfies the following condition.

(1.3) G(X.Y)+GX, ) + ; A (X) 4 (¥)=0
=1
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Thus M "”sausﬁmrg the conditions (1.1) and (1.3) will be called an almost
r-contact hyperbolic structure manifold [2].
In M™T the following results hold

(@ T'=0,

(14) (b) A4 (X)=0, for arbitrary vector field X.
(©) A4(T™)+80" = 0;

Where &" is Kronecker delta and ¢, mtake the values 1,2, ..., r.

Let us imbed a hypersurface M " into M"*" by the isometric
immersion b : M™ 7' M"™7". Corresponding 1o this we have the Jacobian b* of
b denoted by B which carries %, (M™ ") into 7,(g) M™"" injectively. Since the
immersion is isometric, we have :
(1.3) G(BX, BY) 0 b=8(X..

g being the metric induced on the hyper surface and X.Y denote arbitrary vector
fields, We have

(1.6) G(BXN )= 0.

(L.7) G(NN)= 1.

The transformation equations are

(1.8) FBX = BfX +a(X)N,
(1.9) | FN = BP+ N,

where [ is a tensor field of type (1.1) and « is a I-form on M™™! From equation
(1.8) and the relations
(@) T'=Buy+P N,
(1.10) (b) A (BY)ob=a(X),
() a(X)P=0.
we get

(L.11) X=X+ 2 a(X)
=
The metric g in (1.5) is found to satisfy

)
(1.12) X fY)+gXn+ ‘.-Y_ll-a;m a(¥) =0,
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Consequently an almost r-contact hyperbolic structure gets induced on M =

Let D be the Riemannina connecxion induced on M™*"™'. Then we have
the Gauss and Weingartan equations [1].

(1.13) Egy BY = BDyY + H(X.Y)N,
(1.14) Egy N=-B'HX,
Where His the 27 fundamental form of M™" " and 'H is a tensor field of type

(1,1y associated with H. Let K and K stand for the curvature tensors of the hyper
surface and the enveloping manifold. Then we have Gauss and Codazzi equations.

(1.15) K(BX, BY, BZ, BU)= K(X.Y.Z.U)— H(Y.Z) HX.U)
+ H(X.Z) H(Y.U)
and

(1.16) 'R(BX, BY,BZN)= (DyH) (Y.2)~ (D H) (X.2),

' Vi - 3 T
Where K and K are the associate covariant curvature tensors of M"™"" .

and M™" . Now let us differentiate equation (1.8) along the hyper surface and use
E 5 F = 0 hence

EpyBfY=F(E g BY)={(Dy A)Y+ A(DxY)}N = AN Eg N.
In view of (1.9), (1.13) and (1.14) we get
(1.17) (Dy )Y = HIX.Y) P+ oY) HX,
(1.18) (Dy )Y = H(X,Yyn~ HUX /D).
Covariant differentiation of (1.9) along M"*" yields
(1.19) DyP=n 'HX-"HfX.

Definition 1.1 An almost r-contact hyperbolic structure is said to be normal if
(1.20) SAD =N XD+ X (Dxa) ~(Dra)X}i! =0,
Where NN = (D /)Y = (D £X + f(Dr )X

—F(D Y+ .f% alX.17,
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So that the normality condition (1.20) takes the form
SXN)=(Drx f)Y=(Dp f)X + f(Dy )X
- f(Dy )Y + ?; a[X,Y]4.

+ ?: {(Dya)Y—(Dya)X} # =0.
=1

If almost r-contact hyperbolic structure induces on ™" be normal, from the last
equation and from (1.17) and (1.18) we obtain

X {Hf - f 'HY- o) {Hf - f 'H}X =0

(1.21) Hf=f'H
Therefore it follows that [1]
(1.22) H(P,P)="HP

Showing that H(P,P) is an eigen value of "H and the corresponding eigen vector is
P. Let us denote H(P,P) by 7.

Definition 1.2. An almost r-contact hyperbolic structure is called r-hyperbolic

Sasakian if
(1.23) ; {(Dxa))Y —(Dya) X} =rf(X.Y).
We have, fxn= EFXY).
More generally in a normal r-contact hyperbolic structure hyper surface of M™*"
we assume that [3]
r
(1.24) :z; {(Dya))Y-(Dyay)X}=rf'f(X.Y).
Applying (1.18) to the above equation we have T
(125 ‘Hn="Hf = - r'Bf.
Thus we obtain .
(1.26) ‘HX =-r'Bx+(r+r' ) a(X)P,

Equation (1.17), (1.18), (1.19) then transform as
(1.27) (D f)Y ==r'B (gX NP+ o)X } 2+ r'B) alX) a(Y),
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(1.28) (Dxa)Y =rp f(X,)D),

(1.29) Dy P =-(n-f)rg Xx.

Let /3 be a constant so that from (1.27) and (1.29) we obtain
KX, Y, P)=-r"? p(a(M)X- a(X)D),

which shows that for a normal r-contact hyperbolic structure hypersurface satisfying
(1.24) and involving constant '8, the sectional curvature with respect to a plane

section containing P is r'2 2,

Let us call such a structure a normal r-contact hyperbolic structure with f sectional
curvature r'2 §2,

2. Infinitesimal Variation of a Hypersurface of an Almost r-contact
Hyperbolic Structure Manifold

Let us take the restriction of an almost decomposable killing vector field U
on the enveloping manifold of the hypersurface. According the variation of the
differential of imbedding is given by [4].

(2.1) (6B)X =€Ep U

where € is infinitesimally small number. Splitting U into its tangential and normal
parts as

(2.2) U=BV + AN

and from (1.13), (1.14) we express (2.1) as

(2.3) (6B) (X) = €{B(DyxV~ A HX) + (XA + H(X,/))N}.
Infinitesimal Variation of N is given by [5]

(2.4) ON =eLyN =e BW

The Lie derivative of N (i.e., ;N ) being orthogonal to . Infinitesimal variation of
equation (1.6) yields

G(BDy ¥+ HXV)N + (XAN - AB HX,N) =~ G(BX, BW)
which implies that W= - (‘HV+ A)
Where A stands for the vector field associate to the gradient of A.. Thus we have
SN = - eB('HV+A)
Now varying equation (1.8) infinitesimally, we get




%
1l
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: (6B) (fX)+ B(6f)X=F((6B)X) - (6N ) a(X ) - Sa (X)N.
Making use of (1.8), (2.3) and (2.4) in it we find
B(5f) X+ (6a) X)N = e[{Bf (DxV ~ A HX)N + a(Dy V- A 'HX)N
+ (XA + H(XV) (BP+ nN) + a(X )B (‘HV + A)} ‘
~{B(Dpx V-2 HfX)+(fXA+H(fXV)N}].
Comparing the tangential and normal components, we have
@.5) (SNX = e{f (Dy V- A HX)+ (HX,V) + Xh) P
+a(X) ('HV+A)~Dpy V + ) HfX3.

‘and
(26)  (6a)X =e{f(DxV~AHX)+n(H\+ HX,V) - X A~ Hf X))
Since the derivative of f along ¥ is given by
(L /)X = Ly(f0 - f(Ly X)
= Dy(fX)~DyxV~ Dy X - Dy V).
Therefore equation (2.5) assumes the following form
@n  @NX =e{(ly X+ ACHS~f'HX + XL P+ a(X)A
+2H (X,V)P}

Applying equation (1.18) and the definition

def _ _
(Ly@)X == (Dya)X +(DyV)
2.8) (ba)X =el{(Lya)X-ali HX-(fX) A}
+2HX, V) 1 +2h (V, f 1)
Next varying equation (1.9) infinitesimally, we get
~eFB('HV+ A)=[B(6P)+e(B(DpV'~ A 'HP)+P A+ HP VN }
~enB(HV + A)].
Which by virtue of (1.8) and (2.3) yields
BGSP+e{B(DpV—2A HP)+(PA+HPV)N }-enB('HV+A)
=—e[Bf (HV+ A)+a(CHV+A)N],
whose tangential part reduces in virtue of (1.19) to the form
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(2.9) OP =€ [A'HP+LyP + A(q~f)).

Again varying equation (1.5) infinitesimally, we get

(2.10) (%) (XY)=G((5B)X, BY ) + G (BX, (6B)Y),

which in virtue of (2.3) reduces to

(2.11) (%8) (X1 + e{(Ly g) (X.1) - 2L H(X, 1)},

Thus we establish the following theorem.

Theorem 2.1. When a hyper surface of an almost r-contact hyperbolic structure
manifold varied infinitesimally by means of a vector field U= BV+ AN the struc-

ture tensors of almost r-contact hyperbolic structure hypersurface vary according to
equations (2.7), (2.8), (2.9) and (2.10).

Corollary 2.1. When a hypersurface of an almost r-contact hyperbolic structure
manifold is given infinitesimally tangential variation by means of BV, the variation
of the induced almost r-constant hyperbolic structure tensors on the hypersurface-
are given by their Lie-derivatives along V.

Corollary 2.2. When a hypersurface of an almost r-contact hyperbolic structure
manifold is given infinitesimal normal variation by means of AN, the variation of the
induced almost r-contact hyperbolic structure tensors on the hyper surface are
given by

@ BNX =e[ACHf-f"HX +XAP+ a(X)A+2H(X, V)P,

®) (Ba)X =e[-ai HX-fXA+2H(X, V) n+2HV, fX)],
2.11) () (6P)=€e[A HP+A(n-[)].

() (Gg)XH=-2elHEXY).
The infinitesimal variation is said to be parallel when BX and B.X are both parallel
equivalently and when (8B )X is tangential to the original hyper surface, Since

(6B)X = €[ B(DyV-1 HX)+(XA+H(X,V)N].

Therefore for an infinitesimal paralle] variation it is necessary and sufficient that

2.12) XA+ HX, V)=0.

Corollary 2.3. When a hyper surface of an almost r-contact hyperbolic structure
manifold is given infinitesimal parallel variation the hypersurface variation the
lace
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@ (B)X =e[A(f H~ f"HX +a(X)A],
®) (Fa)X =e[-ad HX],
(2.13) () (5P)=€ A HP,
(d) (dg)XV)=-2elH(XY).
Corollary 2.4. Let the structure induced on a hypersurface of an almost r-contact
hyperbolic structure manifold be a normal r-contact hyperbolic structure with
Jsectional curvature-y'® B then the infinitesimal normal parallel variation of the
hypersurface makes the structure tensor vary as
(BN X =alX)A,
(2.14) (ba)X =- AP,
OP = eltP,

(O (XDN=-2€A{-r'BEXD+ (x+r'f alX) a(Y)}.

3. Variation of r—Hyperbolic Sasakian Hypersurface with
S — Sectional Curvature »? 2

We now assume that an almost r-contact hyperbolic structure induced on the hyper
surface is a r-hyperbolic Sasakian structure with f-sectional curvature »’f, we
have 1] '

@1 HX, HY) =" f2g (X, 1) + (£2 +r? ) alX) a(Y )

and

(2) HXY)=-r'fgXN)-r'f(dg) (XN +(+r'pf)alX) o).
The variation in the connecxions and the second fundamental form are given by [1].

(3.3) (D) (X.Y) =€ {(LyD) (X,))~(DyrA H)Y - (Dy A 'H)Y
+ HX,Y) + AH* (X, 1)}

g H* (X NZ=(Dz H)(X.Y)

where

and
(B4)  (BH)(XY)=e{(Ly H) (X.1)= AH (X, HY )+ XYA— (Dy ¥) A

+ A 'K (N, BX, BY,N)}

If the infinitesimal variation of the hyper surface are normal the variation of D
would be given by [1].

Co
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(3.5) (6D)(XX)=€e[X¥A~(Dy¥) A+ K (N, BX, BY, N) ~AH (X HY)]
Varying equation (3.2) infinitesimally, we have
(3.6) (CH)(XN)= -G r'B)g X, )~ B(5g) (X.Y)
C+E(r+r'B) alX) a(Y)
HE+B{(6a) (X o) + alX) (Sa) (V).
which with the help of equations (2.8), (2.9), (2.10), (3.5) and
3.7 (Ly HYXN)=-r'B (L g) (XN + {(Ly H) (P.P)
+2H (Ly P,P)} o X) a(Y)
+ (AL @) Na (D)

+a) (Iy @) (1},
becomes

€{X, Y A~ (Dy DA+ 'K (N, BX, BY, N)~AH (X 'HY )}
=-2rfe AH(X,Y)+ € (PPA~(D,P) A
(3.8) ~ AH (P,HP) - 2 H(P, \HP —A (7~ f)}+ 67" Bl €} (X) ()
+e(@+r'f) (~ah HX~ f XA+ 2H(X, V) 5
+2H(V,f X} oY)+ (-aA'HY +f ¥ A
+2H(Y,V }+ 2 HV, fY ) a(X),

Conversely if A satisfies the differential equation (3.8) then by retreating the steps
we get (3.3).

Hence we have the following theorem

Theorem 3.1. In order that for an infinitesimal variation (2.1) may have the a

r-hyperbolic Sasakian hypersurface with f-sectional curvature -r?f%ina

r-hyperbolic Sasakian with f-sectional curvature - 12 B2 — 512 B2, itis

necessary and sufficient that the function A satisfies the relation
€{XYA~(DyY) A+ A{ K (N, BX, BY, N}+y 2 (g (X, 1) - @ (X) - a(¥))

+ (PPA-DpP)A) a(X) a(N)+ (v+ ' BY~fX A a(Y)

= [ YAa(X)} f2HX.V) v+ 2HV, fX )} oY)

+ {2H(Y,V)+ 2H (¥, fD}a (X))

= or'f(aX) a(¥) - g(X,1)).
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Corollary 3.1. The infinitesimal normal parallel variation carries a

normal r-hyperbolic Sasakian hypersurface with f-sectional curvature —r'* f§ 2
to a normal r-hyperbolic Sasakian hypersurface with f-sectional curvature
—"2p* -5+ p* ifand only if

(3.9) A e{ K(N, BX, BY, N)}+ r'? B2 (g(X.Y) —a (X) X(Y)}
={a X a(¥)-gX.Y)ér'p

Corollary 3.2. If the enveloping manifold of corollary (3.1) be flat the condition
reducedto 6r'ff =— A € rag.

Hence the proof is obvious.
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