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A Mixture of-Two Displaced Geometric
Distributions for describing the

.Distribution of the Total Number
of Migrants at Micro_Level

TIKA RAM ARYAL
Abstract: The aim 

9f 
this- paper is to study the disbibution of the total n,mber of ruraroutuigrants from a nou..r,i,rd. 

-prob"bil;;"d.r 

n., u""o ffi"f", this purpose. Thema'ximum likerihood 
"jri-",i"" 

L.h,d.'il u".o p.oporlal" 
"rJ_o" 

the paramerers

"T*::1"-T*H*.ntn 
jlfllm,*l-:;.ilfi ";;;,"o"rpa,erandRupandehi

to be 0.5238r 'n"i'u, in" uu"*i. iuJ#;ilH*fhTHffiYJl:TXT,r'*,1*Tasvnnptotic variances u"a 
"o-'.tiroro 

Jitn". 
"14";;;;;ar" i"#"orained. A rdixtureof two dispraced geometric.disriil;; 

ft; da,u sets satisfactor'v rffi*"[.;?Tffi f H*:[":,"jff *,fu r,.,";;;i;;;i;il,l'fl :JH;'f3ff :i
ffilnffi:t' 

model' probability, frequency, maxim'm liketihood,.rirt, p*."n.t r,

l. fntroduction

Researchers have given their due attention 
9n the formuration of moders andtheir applications due to it!.ur.nro." *i.pprr:ru'iry i" ,oJrr's.i"n.", [r]. Themacro-rever migration studies rt.* ,rrJ, *' importance 

[2]. These approachesdescribe aggregate flowrate orn,igrruon, io-...o*ize the l;;";, motivating out_migration [31. Micro-rever (i.e. ,, fi. r-#rlrr,ourlrrorJ;#il;""r) 
studies herpto classify the behaviourar parameter 

"irrgr"i:, 
pro""rr. Til[i a rare study inHfl":L:1,x"#;[]iiil;yi];{il;;;';;,h"ffi 

'";int",.,ioia-"
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several attempts have been made to documents the pattem of rural out-
migration through probability models f2, 4, 7 , l l I. The idea of cruster was integrated
in the model by Y{ava and Singh t101. It was found that Thomas disrribution is
well suited to describe the number of migrants from a household.

Yadava and yadava 
[9] further extended b1' assuming lhe occurrence of

migration in cluster varies from household to household and the-number of migranls
to a cluster follows truncated displaccd geomeri'ic distribution. Under such
assumptions, probability model fined r+'ell to the distribution of male migrants ageJ
15 years and above. However, thesc modcls do not fit the distribution of total
number of migrants including thcir nife and children from a household.

Sharma [5,6] proposed a probabiliry moder with some assumptions : (i) the
number of male migrana aged 15 years and above follows negative binomial
distribution and (ii) thc disribution of alive children to a 

"oupl, 
be known.

Ho$'ever, the prior \nowledge about these two distributions is difficult since the
distribution of children alive to a couple has not yet been derived theoretically.
Singb t8l proposed a probability model for the totai number of migrants under the
assumption that there are two types of households i.e. the households from where
male msmbcrs aged 15 yean and above migrate singly leaving their wives and
children at home, and the households where male membiir rnigtuG with their wives,
children and other dependent reratives. yadav 

[12] proposed a'probability model to
describe the disribution of households according to iotut number of migrants.

Moment techniques or mean-zero frequency method have been used to
estimate tbe parameters involved in their proposed rnodels. About 80 to g5 percent
variation in migration is equated through zero'th cell frequencies i.e. all the non-
migant households are counted. About 15 to 20 percent uuiiution, are explained by
the estimated parameters when mean-zero frequency method is applied Jzj. uoment
estimates are generally consistent, but they are often less efficient. By taking such
limitations, fte 64{6tm likelihood estimation technique is applied to estimate the
parameters involved in the proposed model. Maximum likelihood method provides
standard enor of the estimatorslas well as me:Bures the total variation of the
distribution.

The main aim of this paper is to study the distribution of the total number of
rural out-migrants through probability model. Maximum likelihood estimate
technique has been proposed to estimate the parameter in'oh,ed in the model. The
asSrmptotic variances and co-variances of the estimators have also been discussed.
The suitability of the model has been tested to the data of palpa and Rupandehi
districts of westem Nepal.

2. Model

Yadava [12] proposed a probability model to describe the distribution of
households according to total number of migrants. Mean-zero frequency method

t

a
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A MXTURE OF TWO DTSPLACED GEOMETRTC DTSTRtsUTrONS. . . . . t3l

:as.l:sed-to 
estirrqte the parameters involved in the model. Here we used maximum

likelfhood-eslfuatigntechnique to estimate the parameters involved in the modet byavoidlrrg thp liurltation. of.mean-zero frequency method. In brief, the model alon!
with their dssumptions is given below :-) 

At the survey point, let pbetheproportion of househol<ls which poses at_least
one migrants

(ii) out of p proportion of households, let f be the proportion of households,
which poses only one migrant at the survey point.

(iii) out of (l-Qp proportion of househords, rei n be the proporrion of households
from which only males > 15 years migate and (l-r) be the proportion of
households which poses both types of migrants (males > 15 years as weil as
males with their families).

(w) The number of migrants from a household follows a mixture of two disptaced
geometric distributions with a propo(ion of households from which only
males aged l5 years migrates and (r-n) be the proposition of househords from
which both fype of migration occur.

(v) Let p1 md pz be the probability of migration of a person from n and (r-z)
proportions of households respectively.

Under these assumptions, the probability distribution for the total number of
migrants, X, is given as

P(X:k): l-F if ,t:0
--  6B i f  k=I
: e-OB {r pt qrk-2 + (t-tt) pz qzk-z } if k:2,3, .

This model involves F, €, n, pr,pz parcmeters, which is difficult to estimate from
the observed data set. Assume that p1= p2: p,which is equivalent to the probability
of migration from both types of households is same and (l) becomes

p(X= k\: l-P for ,t:0

(2) = qp for ,t: I
:  Q-OP Pqt'-z for k:2,3,. .  .

3. Estimation of Parameters

Model (2) involves { B and p parameters that are estimated by using
observed data. Let X1,X2, . . . Xn denote a random sanlple of size n from the
expression (2). Suppose, n*(k= 0,1,2, . . . , m) be the number of observations

conesponding to the value of /r such that t nr.=n. Likelihood function for the

given sample is 
rTo

(1)
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f i s 1

L= Tllp(Xr=&)lnt = (t- il"" (€B)", nrc_ Op *k-21nt
t=2

(3) : (l- p)u €q p"-"" (l- Ey-no-n, po-,r-nn OE<*-zt*

Taking log in (3) and differentiating w.r.t. g, € ndprespecrively and by equd/ing it
to zoto, then we get,

(4)

(5)

(6)

6logl no n-

6p r-p 
-f=o

6 l o g  L  n 1  n - n o -

6€ €  , -63=o

or?u, =n-t 'o-^ -E<'-,1r, -o
6p p  r -p

By solving (4),(5) and (6), the estimaton of f, (rrrdpis obtained

f=i l -no ,  t=- \ -  ud f i= 
n-no=q

n n-th 
@-no-zr)+ t  <r-r)r ,

t=t
The second partial derivations of log I is givea as

(7) 62rogt --  h = - ! -y
69 '  0 -  i l2  p ,

(8) ry=L€,-w
(e) 62togl --(n-no--nt) fu!

6p' p2 e- p)2

(ro) u:ti?! -62tosl -! ltol! =o
6Bdg 6F6p 6f6p

Herb, E(4) = EtI tlxr-o1l =L ror*,= o)= I (t- p) = dt-p),in similar
f-l ,=l r=l

mdmer we can unite .E(nr)= n(8, E(n) = n(l-il f Ht-2 for k=2,3, . . . , n,
E(n- nil = np,E(n- no - nr)= np (l-() slfid,
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fn

E t>, ft - 2)a,l = Efry + 2na 1 3n5 + ... + Qn - 2)n^f
F3

.  : ' = n ( 1 * € \ F p q l l + 2 q + 3 q 2  + . , .  + Q r T ) : Q n l

(r r) 
I : ,(fl-C) B q 

LT 
- (m- 2\ qo'-z 

J 
for small m

(r2) 
p

By using these facts, the pxpected values of the second partial derivatives are

rdz logr\ E(ni n@=D-=*_=/u (say)( r 3 )  -E l  
l = f f i - - p2  p ( r -  p )  r ,

- r 6zrosl\ E(nl) . r("- +3 =:+ = Qu (say)(14) -El 
6€, l=!* 1w p1, e0-{) 

'

^ t6 ,  l j i l _  E(n- r -a )  *p  
r la -z )nr l

_El_:
,  o f  t -  t  Q - D 2

np (l- €)q + n(r - €) f pU - q'-2 - (m - 2) pq^-2 1
= -

--.0n @) (say), for small n

and l

(16) -r(ry)=ry=/$ o)(sav) ror tarsem

Covariance between the estimators equal zero since

4w\=,(r#)=,(w)*
and the asymptotic variances of the estimators can be obtained as: :

^  |  ^ =  1 ' a n d '
Y(P)= 

,,u, 
t/(€) 

Qzz

I
v(b)=ffi when z is small

= 
1 

when z is large,
0n(b)

(15)

(17)
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4. Applications

The probability model discrss€d in this paper for describing the total
numbqr of migrants from a housdold b fftcd using the maximum likelihood
estimators to the data collected from nnal areas of palpi-a nup"no.ht ffi;;;
Nepal. These daa were collcced'nder a sample s.dey ,Demo-faphic 

survey on
Tr-n{q and Mobility in_ Rmd Ncpar (DSFtvr, jooo) : astudy of-paipa and Rupan_
dehi Districts" during Jmuary-Jrmg 2000. The detail'abouithe sample survey is
discussed in Aryal tU.

Tablc 1: Dffibrtlor of obrcrvcd ud Erpected Number of Househotds
Accordlry to *c Toter Number of Mare Migrants in Rurar, Nepar.
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99.00
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9.6t

6.57

7.49

x '
d"f

i
€

p

Y(p>

ve)
tl(p,)

Covariances

Arrerage Number of
migrants per households

9.13

4

0.23305

0.5238t

0.32143

0.00Gt

0.m132

0.m79

0.0fln0

0.5783t

r.]afFlrj:",11.
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The observed and expected number of households (along with the variances

and co-variances between the estimators) according to the total number of migrants

is presented in Table 1. The proportion of households that poses at-least one

migrants (/) was 0.23305 and out of which the proportion of households having

only one migrant (f) was found to be 0.52381. The probability of migration of a

person from households (p) was found to be 0.32143. The higher propofion of

households having only one migrant may be due to higher cost on travel arld higher

cost of living at the place of destination along with their families. Moreover, most of

the migrants move for a certain period of time and after completion of their te{ure

they have to return back to their home. Further, the higher value of B indicated that

a higher rate of migration was observed in the rural migrant's households.

The average number of migrants per household can be obtained as
^  ^ l  1 \

iB +0-il81t*f). The average number of migrants from the household was

found to be 0.57831. The chi-square value was found insignificant which confirms

that the model fits the data sets reasonably well. Thus the model is a reasonable

approximation to describe the distribution of the total number of migrants from a

household for Nepal.

5. Conclusions

A mixture of two displaced geometric distribution was found a reasonable

approximation to describe the distribution of the total number of migrants from a

household at least at the micro-level. The exact variances and co-variance of the

estimators for the model has also been computed. The proportion of households

having only one migrant was found to be 0.52381. Whereas the average number of

migrants from the household was 0.5783 1. For the development of a more effective

and equitable rural and urban policies in the developing countries like Nepal, the

policy planners and social researchers may get an idea from this study.
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Uniform Version of the Wiener-Tauberian
Theorem for Real Line

CIIET RAJ BHATTA

Abstract: The wiener-Tauberian theorem for R says that the closed translation invariant

subspace generated by n .f e Zl ln; is Zl (R) if and only if the Fourier transform / of

f never vanishes. In this paper we prove a uniforrn version of this result for R-

Kcy words : Wiener-Tauberian theorem, locally compact abelian groups, translation
invrriant subspace.

l. Introduction:

The general Tauberian theorem proved by N.Wiener [ll] says that
if g e rl@ is 6 rmiqueness function in the sense that its Fourier transform f
vanishes nowhere on R(and thus the closed translation invariant subspace generated
by g is z'(B and 0 e f,G) is such that g * 0(x) -+ AgQ) (l is a complex number)

as .x + oo then for every f e t, @,.f* {(x) + e} fOl as .r + o. Here the Fourier

transform of a tunction ,f . zr(B is defined bv j@l= 
I] r,r, exp (-2n ixg) dx

fory e IR. For agenerulization of the above result for locally compact abelian group
see [1], [4] and [7]. Various analogues of the Wiener-Tabuerian theorem for non-
abelian groups are given by Ehrenpreis and Mautner [2], Kaniuth and Steiner [5],
Hauenschild, Kaniuth and Kumar [3], Sitaram [9] and others, see [8] for survey.

In section 2, we obtain uniform version of the Wiener-Tauberian theorem for
locally compact abelian group IRreplacing {g},{/} by suitable subsets of .C(IR),{Q}
by suitable subsets of .f(IR). The techniques include figuringout equicontinuous
subsets of Z-@) in ll l[- topology.
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We continue these investigations and prove a uniform version of the wiener-
Tauberian theorem as given in Reiter and Stegeman.

2. Uniform Version

LetIR be a locally compact abelian group with Haar measure p Here in
this case Haar measure is ordinary Lebesgue measure. For basic notations and

terminolory, we refer to [4]. Forx elRand /e IP@), | < p Soo, let rf , be the

translate of f.Let Q, : R+ /,R) be defined by 0t (x) : f,,r € IR,,f e f,($.

We denote by 51 and ,S., ihe unit balls of Zr(IR) and .f,@) respectively.

Define U : {g € .c (IR) : for c e B n C, g * a:0 + a: 0).

Where B and C are the sets of bounded and continuous function on lRrespectively.

The following result 2.3 may be thought of as a uniform version of the Wiener-
Tauberian theorem as given in Widder ([ I 1], theorem 3. I ).

Definition 2.l.Let $ be a collection of functions on a metric space Xwith metric

p td a metric space I with metric pl . We say that f is unifonnly equicontinuous if

toevery e >0correspondsad>0suchthat pr61y1,. f(y))<e forwery f  ef  and

for all pairs of points x,y with p (x,y) < 6.

Example 2.2 z lf X: R Y = LrB), f a set offunctions on X to lufiich is

(i) Equicontinuous at some point and

(ii) Translation-invariant i.e., for .f elF,r € R .f, elF , then f is uniformly

equicontinuous.

For x, g e lRwith ly - xl < d we have

llf (r)-f (y) ll: ll"f,(o) _ f,1t _x111

= ll.f,-,(z) - f,-,(z + y - x)ll < e

So equicontinuity of lF at any point is equivalent to uniform equicontinuity of 4

Theorem 2.3 z Let H c. Lt (R 6e such that

(i) {pn: h e I{ given by pn(x) : h, , x e IR is uniformly equicontinuous.

(ii) There exists 16 e 51 with l r(t) | < | h(t)l for all i e fI and forall t elR

Letg e51 n U. Let u c .S. be a family of bounded continuous function on R.
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Supposethatg*a(x)+0asx+'oouniformlyforainutherrh*a(x\+0as

r + co uniformly for ft in H and a rn u.

Proof: Assume on the contrary. Then there must exists d> 0 such that for every n

there exists xrre Rwith xn) tr, hn e Hmd an e ll' satisffing lh* an(x")l> d'

Now consider, g * (h* a) = (g* h) * a"

Let us consider the sequence

s o ( x ) -  ( h * a )  ( x + x r r ) ,  n : 1 , 2 , 3 , . . . ,  - o ( t ( o '

We shall show that it is bounded and equicontinuous on R'.

Now, lls,,ll-= ll(h* o")'^ ll-

- ll4,*o'll-
s llhllr llr'll. < ll4ll, < t.

.'. so is bounded on R'.

Also for.r,/ e IR.

lso (x) - s' (y) l = l(fr^* an\(x + x) - (h"* a)(y + x")l

?-

= I l--tat" + xn - t) an(t)- h0 + xn - t)a^()ll

= lj,n," * xn - t) - hU + xn - t)ldt

Since x -> h, isuniformly equicontinuous o:r IRto lt (IR)' so given

e > 0 3d'>0 such that for l4 - rzl < 6' ,llh,, - tt,rllrt e (by taking

rr=x+xn2 12= !+xn) ,So,  lso(x) -s" (y) l  <  e for  ly  -x  l<  5 '+ s"  is

equicontinuous on IR

ThusbyAscoli,sLemma[6]'wenowselectfromthesequencesn(x)asubsequence
s*(x) which tends to a limit s(x) pointwis e as k -1 o and continuous on R'

Fa crch fixedx e R and I e IR,

sn* (x - t) I slx - t), k 4 o, and therefore

s,.* (x- r)3(/) -+ s(x - t) g(0' ft + €'

Now tur crcb t € R, ls* (r- l)g(t)l< lg(r)l
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Thus by Lebesgue dominated convergence theorem for each x e R,

fo

L ",0('-t) s(t)at+ Ils(x-l) s(t)dt, r-+o

Now, 
=s * 3(x)

,0o
I  t @

L ",,"(t 
- t) sQ) dt = 

L (ln,* on,Xr^.* x - t) g4l at

: [[.:;:i:l];:|.,
f @

:  
L 

(g *a, , . ) (x*+ r  _ i l  fu,( t )dt

Put J*,*(t) : (g * o^,)(r^,* r - ,) h,ul

Since we know, (S * a) (z)+ 0 as /z + o uniformly for a in U. we have for a given
e >0 3 A : lg * a(z)l< e Vz>A, and arn uThereforc

IG * o^-)("*+r-r)l .. for x,,* +x- r > a.
Thusforfxedx and t, g*dnt (*nr+*-t) -+0ast_+.o andtbcrefore

Jx.,Q) + 0 as k+ q.

Now for each k,lls * 
"".lf < il s ll, ll"".ll < I and rherefore

lJ*.r!)l = 
| g * an,(r,,n+ r - t)n^, Ol

< I  g*  ann(xn,+ x- r ) t ta .  t r l l

< lh r ( r ) l<  lh t r l l

T* 
uy fpplying Lebesgue dominated convergenoe theorem for each.x e R,

f @

L Jk,x?)dt-+0as k->q andtherefore s* g(x)=0.Sincege U,wegets=0.

But ls(0)l=J11g l*.fol l=lg (h,*on,) (r"^)>6>0

which is a conhadiction. Therefore
l -

\ h(x - t) a(t) dt-+ 0 as r -+ @ uniformly for i in H & a n U.

This completes the proof.
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Corollary2.4.Letg e Srn Ubefixed.

(D ll,1be afamily of bounded continuous frrnctiorts such that g.x a(x) + Ao
l @

l* s{Dat as x + oo uniformly for a in rh ind M = sup (ll 
"ll- 

+ llol)< -.

(ii) For //' cZl($ suppose there exists fr6 e I'(S's .t. lh@l 3 lfu(r)l for all

h1 e Hl and t e 1R and rest is as above in the theorem, then h* a(x) -> A"

f -

l^ l,1t1at as x -) o uniformly for ft in H and a m U1.

Proof zLet H c Zt(n) be such that

H: ( l lh l l ,  +9-t  Hr = {( l , f ro l l ,  + j - '  h:h e H}

Let h e I/be arbitrary then h: (llh ll, +'t)-t lrt

Since

Therefore,

Thus

Taking

Now for every f e 4

l/, (r)l < lfto(t)l for all r e IR

=, (llh ll, + 1) &1r1 < lh(t)l for all t e IR
t . , , 1

:+ | h(t\l <l 
thlt) 

| for all t e R.
I l lhl l '+ I I

= lh'o(t\|, where h'o = --b-
lhol l '  +t

,a r ,_ l l  a  l l_  l l f t l l '  . rll/brlr = 
ilnrJl, - t ll 

= 
l*1r,01,

frfi e ̂ S1.

I
u =  

, * t { a -  
A o I : a  e u 1 \

f  - a - A ' t  f o r s o m e  a e  I ) 1-  
M + l

f ( x \ = a ( x ) -  
A "

M + l

1 M
l " f ( x ) l<  , - ( l a (x ) l+ lA " l )  

<  
u * t . t .

Therefore, ll/ll- < I implies .f e S..Hence rtr c S-.
l

I

I
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Nowfor o e l,\,

s. #{ =#;ils * a- A" L g@)du] ro,*"o 
#.u

Butweknowthatg * a(z)- U" 
Cg@)duasz-+ o uniformly foraetZl,So

(t - 
#) Q) + 0 as z +oo uniformly for a e tL1

That is G'*"f) (z) + 0 as z +o uniformly for a e y,

So by the above theorem applied to H & U,,
(h * f ) ( z )+0asz+ooun i fo rm ly fo r / i nuandhnH 

. . . . .  ( l )
Now for any h, e H, and, a e Ll4,we have

__!, . a- A,I

1hlF e //and 
ffi.,

Thus from equation (l) we have

(  h ,  
* a _ A . I t ,

t lllblldl 
'ffiJQ) + 0 asz+ cormiformly fora e rll and t\ eHr.

i.e., (14* @- A"I))(z)+ 0 as z + @uniformly for a in tL1 and h h[r.

i.e., (h * a)(z) - n" I: h1(u)du, as z +o uniformly fora in U; and h ni.r.

This completes the proof.

If we take IR: G, a locally compact abelian group with Haar measure p, the
following result can be proved.

Theorem 2.5. U c S- such that {Qo:a eu}given by [o(x)= a,, x e G is
unformly equicontiruous from G to f, (G) .

HcLt(G),thereexists h eSr , lh(t) l<lth@lforal lhe f/and t e G.Let
g €si^ U' suppose that if g * a(x) -+ 0 as.r -+ o in G uniformry for a in lr,,then
h * a(x)+ 0 as.r -+ o in G uniformly for a in U and h n H.

Proof: The proof of this theorem follows from theorem 2.3.
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Normalify of the Hypersurface of Almost
Hyperbolic Hermite Manifolds

F2 = 12.,

'F(L,ii='S 
(\J,p)= -'F (p, A.)

K.K. DUBE AND B.B. PANIDEY

Hyperbolic Hermite manifold have been studied by Dube [2]. Hypersurfaces of aLnost
hyperbolic Hermite manifold have been studied by Pal and Mishra [7] and Dube and Mishra

[3] Bhatt [] Dube [4]. The propose of the present paper is to study the normality of the
hypersurfaces of almost hyperbolic Hermite manifolds.

1. Introduction :

An even dimensi6nal fiffErentiable manifold Y2., oawhich there are defured tensor
field F oftype (1,1) and a metric tensor g, satisffing for arbitrary vector field
L, lJrv . . .  e Y2,

(1.1)o

(1. l )b

is called an almost hyperbolic Hermite manifold with the almost [yperbolic
Hermite structurc {f A\,I?l.LeJ V2^-1be the hypersurface Yr^ with the immersion

map 6 and the conesponding Jacobian map B. Let h be the induced me;fiic tensor

and E be the induced Riemmian connection onV2^-1, then we can write the arbitrary

vector fields
X , Y , 2 , , .  .  c Y z r - t .

DsyBY= BE*Y+'H1X,DN,

DaxN =- BHX

g(BX,BI}oib= h(x,l),

(r.2)a

(12)b

(tzF
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where l{ is unit nonnal vector loyrn.-r,'H is second fundamental tensor of

Yr^-, andIl is associat e to 
'H 

and D be the Riemannian Connexion on I/2r,

(1.3) 
'H(X,Y): 

h(IIX,Y):'H(y,n.
Let us write
(r.4)a FBX= BfX+U(X)N

( 1 . 4 ) b  F N : - B v

where./ is a tensor of type (1,1) Zis a vector field and U is a l-form.
then we have

(a) f2 - Iz^_t* U(X)V

( b ) f V = 0

(1.5) (c) U of : -1

(d) U(II'S: -1

(e) 
'f 

(X,Y): h(f X,Y): -'f (Yl),

An(2m-l) dimensional differentiable manifold Yrn, on which there are
defured a tensor field/ of type (1,1),.a vector field Y, a l-form U and ametric
tensor freld h, satisffing for arbihary vector fields X, Y, Z, . . . G yznt.

(1.5) a,c and (1.5)b,c is called an almost hyperbolic contact metric manifold
with almost hyperbolic contact metric structure V, u,v, n)[3]. Thus from above we
see that the hypersurface of an almost hyperbolic Hermite manifold is an almost
hyperbolic contact metric manifold [3].

The author have proved the following :

The hyper-surface of a hyperbolic Kahler manifold is an almost hyperbolic
contact metric manifold satis$ing

(1.6)a (Exf)Y= U(fiHX-'F(X,Y)Y,

where
(1.6)b (EyY)= f I IX

(1.6)c (Eu f)Y= U(Y)HY-U(H,\Y.

The equation of the hypersurface of a nearly hyperbolic Kaehler manifold is given
bv [1].

(r.7)a (ExfiY+(Evf)x= U($HY+U(YYX-2'H(X,nr.

On this hypersurface we have



(1.7)b

(1.7)c

l.tORMArxTy oF fitE nffiUtp{Cf OfuafJUOgr ril'prnsouc HERMITE... tlgl

{Ev 
'f)(Y,44ttdt$t + U@X(fin = {Er'u)u 4

+'H(Yfz4'= @z|r(fy)

(E x U) (Y) + (8, U) (X) = -' n(xJ D -' H(f X,n

u(!)HY= U(HY)Y - U(Hn= ug)u(w

HY=U(HI)Y

uctnring fiom equation (1.6)a,b in equation (1.10)a, we obtain

Theequationofthehlryersrrrface,ofhyperbolicHermitemanifold.is6irlen
bv tll.
fi.g)r (Eu fif Y+(Exf\(Yl-u{YlErxl/+u(nT2Hf' + f HfV

Thus we have 

'lwx;'f 
Y1-'1472)t, f 2Y)\v = 0' 

':

(1.8)b (Eyyv)(fv)+ @]xU)(Y)+'H(fXLfn=nU2x,f'n=0

, The equation of hlpersurface of a Qu*si hyperbolic Kaehler manifold is

given by [1]

(r.e) (Es f\f r+ @]x flY- u(Y)Eyx I/ + (f Hf -f'nf'\x

+ l' wx^f g +' n1fLY,f2Y)\ = o.
On this hypersurface we have

(1.10) (Erx WY -t|i*qY +'H((I'x,fY)-'H(f x,fzY) = o

Delinition z An alnost hyperbolic contact metric manifold is said to be normal if

(1.10)a Q ru flf Y -(E x flY -WY) (E rx Y) = 0'

On this manifbld we have

(1.10)b (EsU)(f Y)= @xAY e (EqU)Y+ (EssU)FY=0'

nd Eyf =0,

2. Some Results

Theoren 2.l,If tlp'lyperstrfuce 6We*AX fuehler manifuld is normal, thenwe

hary

f H = H f and'HgX,\= -'H(X.fh

Proof: From equation (1.10)b and (1.6)c, we have

(2.I)a

(2.1)b
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(2.2)a
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u(nu,Hf+ H)X+ {,H(fxJn_'H!X,Y)lv = 0.
Now putting V for y inthe above equation, we get

FHf+Hf=(J(HX)V,
which in a consequence of equation (2.1) yields

f i l f+H-U(Hryu @v:0.
(2.2)b 'H 

(f X,f y) =,H(X,n _ugWnUGIn.
Equation Q.Z)a and (2.2)b arcequivalent to
(2.2)c 

f H= Hf

Putting Vfot Xnthe above equation, we obtain
(2.4)b
which gives the desired resurt. 

u(Hf'\ = g'

Theorem 2'3' If the 
w^"{t:, of nearry hyperboric kaehrer manfotd is normar,it is the ltypersurface of hyperlolic iaehler'mnnfotd.

Proof: The equation (r.7)a of the hypersurface of a Nearry hyperboric Kaehlermanifold is equivalent to

(2.s) (E x'f) (Y,4-U(y)'H(X,q + U(4'H(X,Y) = (E z 
,f) 

(X,f)
-u(E'H(yz) + u(y)' H(X,4.

Substituting equation e.S) nequation (1.10)a, we ger

(

(

Q.2)d 'H(.fX,n:-'H(Xrf 
y)

Thjs completes the proof of the theorem.

Ti:";:T::' 
If the hvpersurface of neartv Hvperbotic Kaehter maniftrd is normat,

U(hfxy= s
Prooft ReplacingX nd yby fX nd f y in equation (1.7t we get
(2'3) (Etxu)(fv) + (Eryu)fx. = -'Hg,x,f2y>'HC2 

x fn.
Using equation (1.10)c in equation (1.7)c and equation (2.3) we get

Q.4)a 'H6x,4: g.

In

(2

o

(2.

N(

Tb

ltc

(2-"

trti
Thi

Ttr
w c l

Pru

(zt)

fbc

(at)

rtic
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(2.6) -u(q'H(fx,fv)+ @2fr$x,fn-@xfiVZl
:  -u(f)(EtxU)(4=0.

On an almosthlperbolic Hermite manifold, we have

(2.7)a (E z'f) (fx, f y) + (E x'f) (x,r) : u(x)(E zu )(f n

Using equadon (2.5) in"Wtstim,(Aq aod(2.T)A ute get

2(E x'f) (Y,4 -U(X)I{(Ez(J) (f n -'H(vhl= -u(Y) @zA (f x)

. +(EpTIJXE)-2tIt{X,4-U(4t'H(fX,f n+'H1x,gy.

In vierru df equation (1.7)c, md equation (2.2)A,the above equation takes the form

Q.7)b 2(E x'f)(Y,Z)-U(X){(EzU )(f n-'H(Y,41 - 2U(Y)'H(XZ)

-2U(A'H(X,n|.

On hlpereurfaces of nearly hyperbolic Kaehler manifold

(2.7Y 2(Ev'f)(Y,ZTU(v)(It4+ U(4 U(W= (Ezn f Y+'H(Y,Z),

Now when ihe hyfiersurfaccs is normal, we haveEylf = 0.

Thus from equation (2.2)aand(2.7)c,we have

U(IDI= tk$UQ{m:
Hence equation'@.7P bdoomes

(2.7)d ( E x' f)(Y,4 = u(Y)' H(X,4 -U(4' H(x,n

which is the equation of hypersurfaces of hlperbolic Kaehler manifold.

Thisprovesourassertions. - 
. : ' il

Theorem 2.4.If the nypeiswfaces oihypeib,olic nermiile manifold is normat, thiir

we have
'H(f 

X,Y) -'H(X^f Y) = 0
. : : . ,

Proof : Substituting from equation (1.10)a,b in (1'8)a, we ge!

(2.S) U(n (filf+ f' uf')x* {'H(fx,fn -'H(fz x, f',nY o.

Thc above equation holds, if

(2.8)b f Hf +f2Hf2 = 0 = 
'H(fXJn: 'H(fX*fY) 'H(f'X,f'n,

shich gives the required result
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Matrix Elements for the One-Dimensional
Harmonic Oscillator and Morseos

Radial Wave Function

J.LOPEZ_BONILLA, V. GAFTOI AND G. OVANDO

Abstract: We determine in a siinple Yorm the matrix elements for the one-dimensional
harmonic oscillator and the radial wave functions of the Morse potential. The approach is
performed using the known expression of the associated Laguene polynomials in tirrns of an
integral over the Hermite polynomials.

PACS No. 03.65. Db: Functional analytical methods;

PACS No. 03.65. Ge: Solutions of wave equations: bound states.

l.Introduction

we will use the notation and quantities of refs. U,z,3l.In the literature [3,4]
there is a direct integral relation between the associated Laguene Li and Hermite

.F/" Polynomials, given by (m) n):

(t) Ltr-^(-">= ^S . ,_ !_- "-u.,[rr' u^(*) H^(x\&
(22)T  2"n !^ l t r

Now we show that this integral representation is useful in quantum mechanics to
calculate in a very simple way the matrix elements

(2) f( f)=(* lr-n, lr)= l-  v:,@)e-e,tyn(x)dx

for the one-dimensional harmonic oscillator (Ho), B > 0 is an arbitrary parameter.
This is accomplished in section 2, and in section 3 we show that "f (p) allows to
resolve the Schrddinger radial equation for the Morse potential.
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2. Determination of -f @).

In [2,5-8] are reported ,p""iul methods to evaluate integrals over Ho
quantum states ; this type of calculations are improved with the use of eq. (l), thus
avoiding the requirement of special techniques.

We employ natural units such that ft = m: 7u: L The normalized wave
functions of the HO are f7,91l.

(3) t y ,1x) : (2 'JV n ! ) - t t z  e - " /2Hn1x1,  n :  0 .1 .2 .  .  .  .

we select m ) n without loss of generality, following the sy'mmerry of eq. (2) in
indices m and n. The substitution of (3) into (2) with rhe use of (l) implies imme-
diately that:

(4) "f$)=l#,r#\"'-",,n LI rn;l
which is an expression in accordance with the ones reported t2. j.61.

In ref. [2] it is shown that with eq. (4) it is a simple maner ro obtain rhe matrix

elements for the xo , k :'0. 1, 2,. . . , for:x-l'2 , etc.

we now need to mention that the 2th order differential equarion defining to z/

(see [1] page 781) can be used to prove that f (h, as given in eq. (.1). satisfies the
differential equation :

d 2 f  I  d f  I
( 5 )  ; j ; *  ^ : : -  ^ ( p a + 4 A B r + . l Q ) / = 6d P '  P d P  4 P ' ' "

where A: m + n * 1 and Q= @t- n)2 :  t lut  is,  (4) is a solur ion of (5).  I t  is also
possible to deduce (5) using the hypervirial theorem [2.7 . t0 - l2] and parametric
differentiation.

3. Morse's Radial Wave Function.

Morse [3,7 , 13-201proposed the potential :

(6) V(r)= Df e-2"('- 'o) - ', le-a(r-ro) 
|

as an approximation to the vibrational motion of a diatomic molecule. where D is the
dissociation energy (well depth), 4 is the nuclear equilibrium separation and a is a

parameter associated to the well width. The cornbination a.[2D l2ngives the

frequ'ency of the small classical vibrations around re. If we make the change of

variable u: r - rs and use natural units, the corresponding Sclirtidinger equation is

d2
( 7 )  l = , y + z l B - D ( s - 2 " "  - 2 e - o ' ) l , z = o

du' irt 
'' j,t

rrb

rd

I

rci

r.t

9 r

l:d

:1.x

.0r

rhr

r elu
rlr r

J'OTX

l i r

th ic

! :on

. - l

4 
-_{:

. - )

. :r}

: r . rLJ

: '  I
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where I W it the Morse radial wave function. If now we introduce a new
M

independent variable B at(7), given by :

F = iJzxe- t ,  i=n /_1 ,  *=Z lzo
a

t { :  yn*  n*  r ,  n^=-{ {^-n)2 =-{<n-rn- t l '

I abnr. It
vn(r) =tffi 

I ,o'' e-q/2 tb^(q)

[25]

(8)

and note that the constant K > 0 is not necessarily an integer, then we see that (7)

acquires the form

d 2  |  d  I  t ^  ? ) E \
(e) p, y,.; oB ,"-fr lB+ +4KF2 -i)y,=,

with the same structure that (5)!

Therefore, by formal comparison of (5) with (9) we have :

(10)

which implies that m * n is not a possible choice, because it is forbidden the energy

value E:0 for the bounded states of the Morse's potential. From eq. (10) it results

the condition K > I for the existence of a discrete spectrum energy [13]. Besides' the

conditions Eo + 0 and K> 1 give from (10) the inequality (k-2rtI)> 0, that is :

( t  1) 0 < 2 n < ( k -  l )

which means a furite number of bounded states [16].

From (5) and (9) it is-clear that y is proportionaltothef (87 given by (4), therefore :

(r2)

where t/ is normalized to unitY.
M

q= Ke-o( ' - 'o),  b:  nr-n: k-Zn-l

Thus we see that the Schriidinger equation has been easily resolved for the

vibrational Morse oscillator thanks to the matrix elements (mle-n *1t 
) fot the one

dimensional HO. The exhibited scheme is another example of the multiple corres-

pondences between the Morse and harmonic oscillators [3'18'21]'
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Semi Symmetric Non-Metric Connection
on a Manifold with Generalised

HSU-Structure

RAM NIVAS AND GEETA VERMA

Abstract : Semi symmetric metric connection have been studied by various mathematician
including Yano [2], Mishra [3], Imai [4], S. L Hussain [5]. M. D. Upadhaya and Jaya pant

[7], etc., manifold. Recently Nirmala S. Agashe and others [l] have defined the notion of
semi symmetric non-metric connection on a Riemannian manifold. Singh and Nivas [6]
studied semi-symmetric non-metric connection on almost para contact mehic manifold. In
this paper we study semi-symmetric non-metric connection on manifold with generalised
Hsu-structure. In the first section, I have studied Nijenhuis tensor and integrability conditions
of such manifolds. Some interesting results have been established in other sections of the
paper

1. Preliminaries

Let an n-dimensional differentiable manifold M" of class C- admits a

C- tensor field Fof the type (1,1) a C-avector field Tand C* l-formA such that

( 1 . 1 )

( i )  x :a,x+A(x)T,
(iD x= F(D,
(ii i) A(I): -a' ,

(w) A(FX):0,

(v) FT:O,

(vD s$n*A(8,
and

(viD gv,Y) : -a' g(x,n - A(n Ag)

where g is a non-singular metric tensor and'd' is any non-zero complex number. Let
us call such a structure a generalised almost contact metric structure
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It follows from (l.l). (vii)

' 
s(V 'h : -ar s(X 'V)

which by virtue of equation (1,1) (vii) yields

(1.4) F(X,n: ar g(X,Y)+ A(UAQ)

Now baning f in (1.3) we have

F(X,T ) : - ar g(X,Y) - A(n A(n
or
(1.5) F(X,y ) = - (ar g(x,Y) + A(n Ag))

Thus from (1.4) and (1.5) we have 
_

F(X ,Y)+F(X ,Y \ :0

ReplacingXby Iin equation (1.2) and making use of equation (1.1) (v) we obtain

(1.6)  F (T,Y) :0

A linear conneciion V is said to be semi-symmetric connection if its torsion tensor

S(XD =Y xY-YrX- IX ,Y\

S(X,n: Ag)X- A(nY

Let us defure

(r.2)
baningXin (1.2) we have

(1 .3)

satisfied the formula

(1 .7)

(1.e)

(1 .10)

F(X,n=S(FX,Y)

F 6,n=g(F2X,Y)

(

t

(

I

a
(

T
(

11

( l

V is said to be semi-symmetric non-metric with respect to the associated metric g if

(1.s) v x s(Y,4=-A(ns(X,n-AQ)8(X,\

We define V to be semi-symmetric non-metric F-connection if in addition

(1.7), (1.8) V satisfies

T
th

( l

( V y  l ) = 0

Suppose V is a Riemannian connection on M" thenwe can always put [l]
;
Y  xY:V xY+ U(X,Y)

U being tensor of type (1.2) satisffing

(1.1 l) s(U(X,Y)q + s(U(X,Z)v): A (\ s(X'A + AQ) s(X,v)

obviously we have

(r.12) S(X,Y) : U(X,Y)- Ugn

ils

( l



and,Y

(1.13)
where

(1 .14)
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Nirmala S. Agashe and others expressed the value of (I(X,Y) in terms of .S

U (X,n = Y, fS (X,n + i (X,Y) + ! (yn F s (X,y)T

s(S (z)t),Y) det s(i (X,n,q

SW,n- A(x)Y - g(x,Y)T

U (X,n= A(Y'V.

VxI= DxY+A(Y)X

It can be verified that

and
(1 .15)

Thus we get
(r .16)
It is easy to veriff that

(r) !g,x)= u(x,n-g(x,y)T,
(it) s(S(,gD,f)=0,

(r.r7) (iit) S (X,T)="-Y,

(rg !gn=U(X,T)+A(x)7,
and

(v) !6,D- l<rn= s (x,y)

Theorem l.l. In a generalised Hsu-structure manifold Mn 1he torsion tensor of
the seni-symmetric non-metric e@meetion sati$es the following identities.

(r) S (X,n= -V,

(ii) S (X,D= -a' X ,

(iii) s(7,D = a' A(Y)X+ A (n A(Y)T,

(1.18)  ( rg  S(7,D+S(x,7)=a '51X,4.

(v) S(7,D = a'S(X,D= a2'X,

(vi) A (S (X,Y)) = 0,

tvii) ffi = d's(x,n,

Now we witl establbh ccftain identities afirlong the (0,3) type tensor defined
as follows

(1.1e) (i) {1x,r,4 4g! g(s (x,n,4

(ii) r/1x,r,4 def g(u(x,Y),Q
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or equivalently

!1x,Y,4=
g(Y,T) g(X,T)

g(Y,Z) g(X,Z)
. and

rJ tx.y.n -l sT't) s(z'r)
I s(x,Y) s6.z)

Theorem 1.2. The following relations hold in a generalised Hsu-structure non-
metric manifolds

(i) S (x,Y,Z)= a'!1x,Y,4

(ii) t/(V,Y,4 = -a' r/ 1x,r21 : o

(r.20) (iii) rl (T ,r ,27 = ! 1x ,v ,V1: o

(iv) S' 12,Y,:X7 = a' [-/ 1X,Y,4 = 0

(v) rJ12,r,4: a' !7x,Y,4

(vi) !1x,r,Vy = t/1V,r,x1

2. Nijenhuis Tensor

The Nijenhuir tensor is given by

(2.r) N (x,n=[X,V]+ tTn-t-Vn-Fjl
Making use of (1.1) (i) in (2.1) we get

(2.2) N (X,y):lX,rl+ ar fx,y1+ A(IX,yl)T- E,n-dvl
We now put

(2.3) B(X,n:IX,V)-1rt1,

(2.4) H 6,n = IX ,V] - tx,yl,

(2.5) W (X,y) : IN ,V ] - a' 1X,y 1.

Theorem 2.1. The Nijenhuis tensor and B(X,Y) me related as

(2.6) a' B1X,y'y - B1x ,y y= a' N 1x, y ) - A(y) l-x ,rl

+ a' A(,y \ lx,T l + A(y )A(Ix,T\r

Proof: Baning Y n(2.3) and making use of (l.l) (i) we.get

RAM MVAS AND GEETAVERMA

I
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(2.7) B(X,y): ar (x,y)+ A(y)[x,T]- a' 1vj1+ Untxn

Again barring above equation and making use of (1.1) (i) we get

(2.8)
- - - _ = = - : -

B[X,Y] : a' 1X,4+ A(nlX,T)- a,' I X,Y )
- a' A ([x,yDT - a' '11l1l1x,t1

-A(Y)A([X,TDT

Now from equation (2.3) and (2.8) we obtain

(2.e) a'  81X,Y) - B(XX) = a' IX ,YI- a'  (r t)

-  a '  tx ,y l -  a2'  1x,y 1 -  A(D1N Jj

+ a' A ([X,YI)T +a, A (y)[X,T)

+  A(y )A(x ,T l )T

Making use of (2.2) n (2.9) we get the result putting T for Y n (2.6) and rnaking use
of (1.1) (iii) and (1.1) (v) we have in a differentiable manifold.

(2.10) a' B1x,T 1 = a' N [x,71 + a' tx :r]
-a2' 1 x,r 1 - a',e11x,41r

Theorem 2.2. In a dffirentiable manifold Mnwe hove

(2 .11)  a 'H1X,Y7-HWn=a 'N1X,g-A@tzX)

+ a'A(n[T,Yl

+ A(n A(V,yl)T

Proof : BaningXin (2.4) nd making use of (l.l) (i) we get

(2.r2) H(N,Y : a' 1 x,V 1 + A(n [T,y 1
- a'[x,n-A(nIT,y)

Now baning the whole equation (2.12\ and making use of (l.l). (i) we have

(2.r3)
--_ ---= -----:
H(X,n = a' lx,YJ- A(n V,Yl-a" 1X,Y 1

- a'A qx,yl) T-a.'A(n[T,Yl
- A(n A$T,YD r

Now from Q.\ nd (2.13) we have
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(2.r4)

(2.18)
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_ - - - - - - - - : -
a' H(X,n-H(X,n: a'1X,7 1- a'1X,V1

- a'1Vfu+ a2,1x,y1
+ a, A qx,n)T - AW trtl
+ A, A(E [T,Y ] + A(N A[T,Y]T

Thus, from (2.2) nd (2.14) we obtained the required result.
Replacing x by T in (2.11) and using (1.1) (iii) and (1.1) (v) we get in generalised
Hsu-structue almost contact metric manifold.

(2.rs) a' H 1T,g = a' N1T,g + o' lr,yl

- a2' 17,y 1-a',e 117,41r

Theorem 2.3. In a generalised Hsu-structure almost conlact metric slrttcture
manfold Mn we have

(2.16) a' W7X,9 - W fXn = a' N 1X, y) - a' A([X, y))T

- A(n vJ-l
Proof : BaningXin (2.5) and making use of (l.l) (i) we get

(2.r7) W6 ,n: a' 1X,V y + A(n e,y )
+ a ' IX,y f

Again baning(2.1) and making use of equation (l.l) (i) we have
. : - - - - - - - - - = _ l :

W(X,Y): a'1X,Y1+ A (n [T,Y)

+ a' lX,7l

Thus with the help of (2.2), (2.5) and (2. I 8) we get (2.16). Replacing X by
r n Q.l6) and using the equation (l.l) (iiD and (l.l) (v) we can show thar equation
(2.16) is equivalent to

(2.re) a' ltr1T,q = a' N 77,y 1 -a' A11T,y 11 r +a' lr ll

3. The Curvature Tensor

The curvature tensors of semi-symmetric non-metric connection V and the
Riemanian connection D are respectively rcpresented by R & K as follows

R(X,Y)Z: V xV yZ -V rV yZ - Ytx.yl  Z

K(X,Y)Z: Dx DyZ-Dr D.rZ- D6.r1Z

Prr

Fro:

(4.3

T1

TI

4.

Th
cot

Usil

(4.4,.

in (4

(4.s"

Proo
follor

(4.7)

For r

Ther
struc

(4.6)
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Using

(4.4)
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Thus we state the following theorem

Theorem 3,1. The two curvature tensor are related to thefollowing equations

R(X,Y)Z: K(X,Y)Z + A(Dy ZV - A(D,Z)Y - A(Z) S(X,n

+ xu(a)Y -Y@(av

4. Integrability Condition

Theorem 4.1. In order that a generalised almost contact metric manifold to be

completely integrable it is necessary that

A ([X,YDT :  0

Proof: Baning Xlrr.(2.2) and with the help of equation (1.1) (i) we get

From equation(2.2) md@.2) we have

N1-x,r1+ a' N7x,g : A (h V,y l- A IN,Y )T
-a' A(n [r,Y] - A(n {T,vDr

N [7, Y): a' (T,y) + A ([T,Y])T -trll

in (4.3) we have

(4.5) N 1X,g+ a' N 1X,9 
- -'A (n N (T,Y)

-  A ( [X,Y])T

For completely integrable manifold equation (4.5) reduces to give result in theorem.

Theorem 4.2. For a completely integrable generalised almost contact metric

structure manfold we have

(4.6) A(n {V,V!- IT,n}+ A[7 ,n)r

= A(h {[X ,n1x,71Y + 't (IX,Y])T

Proof: Baning X and I in equation (2.2) and making use of (l.l) (D we get the

following equations

(4.7) N (N ,D: a' lx,Tl+ A (n V,Tl

+ a'  1x,Y f + A ([X,Y]) r  -  tX l l

- a'l-x:Yf- A@ V,n
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(4.8)
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N (X,V)=  a ' IN ,Yf  +  A  (Y) IN,T ]

+ a'1X,V l+ A (IX,YDr
*- :-=

- a' lx,,Yf- [x,y]- A (Y )lx,T)

Now from these two equations @.7) nd ((4.8) and using N(xI) we have

then required result (4.6).
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On Complete and Horizontal Lifts from
a Manifold with HSU-( 4,2) Structure

to its Cotangent Bundle

RAM NIVAS AND MOHIT SAXENA

Abstract : Manifolds with/(4,2)-structure have been defined and studied by yano, Houh
and Chen [3] and others. Geometry of tangent and cotangent bundles in a differentiable
manifold has been studied by Yano and Ishihara [4]. Hsu-structure had been defined by
Prof. Misbra [2]. The purpose of this chapter is to study complete and horizontal lifts from a
manifold with Hsu-(4,2) stucture to its cotangent bundle.

1. Preliminaries

Let Mbe a differentiable manifold of classC- and dimension n andlet C7,
denote the cotangent bundle of M. Then Cru is also a differentiable manifold of
class C* and dimension2n [4). Throughout this chapter, the following notations and
conventions will be used :

(i) The map n: Cru -+ M is the projection map of Cru onto M.
( i i )  Su f fxes  a ,b ,c , . . . i , j , . . .Taketheva lue  I  ton  and |  = i+n .  Suf f i xes

A, B, C,. . .take the values I to 2n

(iii) J[(M) denotes the set of tensor fields of class C' and of type (r"r) on M.

Similarly J[(Cra) denotes the set of tensor fields of class C* and of type
(r, s) n Cru.

(iv) Vectors in M are denoted by X,Y,Z,. . . and the Lie derivative by !r. The Lie

product of X,Iis denoted by [X,Y].

If I is a point in M,n-t 1A) is a fibre over A. Any point p e a -t (l) is the
ordered pair (A, p ) where p is l -form n M and p n is the value ofp at A. Let U be a
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coordinate neighbourhood in Msuc.h thatA e u. Then t/induces a coordinate
neighbourhood tt1(U) n Cra andp err(U).

2. Complete Lift of HSII-(4J) Structure

Let M & an z-dimensional differentiable madifold of class c- . suppose
there exist on M atensor field l(* 0) of type ( l, I ) satisffing

f o - 1 ' f 2 = o  
' j

where 2 is complex nuiibernu equal to zero and r some furite integer. In such a
manifold M, let us put

(2.2) 7= 72/A, and m.- I- f2/A:

where.I denotes the unit tensor field. Then it is easy to show

(2 .3 )  22  =  1 ,m2=m,?u+m=1, ) *n=mX"=0 .

Thus the Operators ?,, and m when applied to the tangent space of M at a
point are complementary projection operators. Hence there ixist complementary
distributions L* and. r1,y'4 conesponding to the projection operators )" and m respec-
tively. If the rank of f is constant everywhere and equal to r, the dimensions of
z* and J8 are r and,(n-r) respectively. Let us call such €"structure as Hsu-(4,2)
structure ofrank r.

Let f ! be the component of f at A in the coordinate neighbourhood u of
M. Then the complete lift f 

c of/ is also a tensor field of type (l,l) in cru whose
components 7t a E-t(U) are given by

(2.r)

(2.4.r)

(2.4.2)

(2.4.3)

and

(2.4.4)

where (xt,x2

(h ,Pz ,h ,  . .

I
(

tl

7!=t l

7? =0

= p"[af t taxi - ati taxnl

i l=ri
,x3, ,.., xo) atecoordianates of AnUand pnhascomponents

. , p). Thus we can write

S(

ir

hx

Q.

Thc
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Q.s) fc = (f i) =

where 0i = 0/?xi .

If we put

(2.6) atf fr - an-f i =2a Iif tl.
the,n the equation (2.5) can be written as

(2.7)

Ifwe substitute
(2.8)

then we can write

Q.e)

r "=< ja t= l  r !  ' l
L2p"atiftl f; l

u'2 =l,j),nr,; 
] |,,,tj,r,,; ]

= 
l, o" rr rror!:, - rL a urlt r^0,, il

2 paf j a tif frl + 2 p, f i d tjf ,i! = Lni.

(.rc)2 - l trn I
L Lni f!  fLJ

Squaring Q9) aganwe get

(2.r0)

Putting

(2.rr)

Then in view of equation (2.1l) and (2.1) the equation (2.10) take the form

( . r c )4= l r i r i  o  
l l r t n  ' l

L zu rifi )l- ,,^ firi l

: l  , r r i ' f i r t  ' o  
I

Lr ' r tLni+f !  f i ta f l f j r i  r i l

ft* fI Lni + f ! fi Ly1= )t Lni
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(.f ")n 
=

e ( f")n=t( fc)2

:+  ( fc ) '  - f ( f c )2 ,= .0  : '  -  - ' " ,  .  : .

Thus the complete nn 7e of / also has Hsd:64,4 structut'e in the cotangent
bundle Cnr.

Thus we have
i

Ilreorem 2,1. In-order that tlrc' comptete tifi fc o! o (l,l) tensor Jield f admitting

Hsu-(4,2) struchbe'tn M mai.have the slmilo stnrctwe in the cotangent bundle
Cru it is necess&!,ard sffictent thA 

'

frk fi Lni + f! fi ta= xr Lm.

. '
3. Nijcnhuis Tonsor of Complete Li&oI fa

Niie,nhuis tinsor of a 1[,1; tensor fietd / on Mis giveir by

(3.1) lv1,1tf,,I)*'tflf:In-ffxll-ftx,fil+ f2 lx,n 
{

Also for the oomplete lift of /1,, the N{cnhuis tensor is given by

(3.2) ilrr.).,<.rl. 1xl,r\ 
= Kf4)c f ,(fn)cvcl

- (tt)" Kfn)c xc,f | '

+ (fn)"(fn)" lx",y"!,

In view of the equati o"6,ithe above equation (3.2) takes $" O*t

ffr.f.).,o.1. (xc ,yE) = l(f f2)c x" ,(f"l')" y"J

- (f, f2'tc 11;f 721c Xc,r\

- 
$ f .2f EXc,(tr f2)c Ycl

:: .: ,. * {[ f2\:c (f,fzlc [xc,Y\

lrrfr: o I ffffi o I
l, r^ x:rltil= ! L ,^^ r! ril

ot

(3.3)

Ycd

(3J)

rtcc

(3.t

h vtct

(3.O

Let us n

Q.7)

then the

(3.r)

(3.e)

Thrsthe

Hcncewe
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O f  : .

(3.3) N(f,)",,,r" (xc,yc) = 12, {Kf2)" x" ,(f.)",'*l

- (f2)c Kf')" x",vcl-uz)c [xc,(fr)" y.]

+ (f2)c (f2)" [xc,yc)].

src also know thc (al pgl 2a3)

(3.4) (f,)" xc =(f2 x)c + v(Jxf2),

wherev/ has componcnts

(3.5) vf = (o!rf)

Inview of (3.4), the oquation (3.3) takes tho form

(3.6) ff<r.l",rr.lj (xc ,ycy 12, {Kf2 x)c,(f2 ncl+ [v(tx fr), r(f, n

+ l(f2 x)c ,v(ty f)21+ lv(ly fr),r(t, fr)l
- (f ')" Kf2nc,f !- u2)cw(!r fr),yrl
- $,)" [x" ,(frn"]- (F2)c [x2,v(Jyfz\l

+ (f ')" (f ')"[x' ,r ' l l .
Let us now suppose that

Q.7) J * f ' - l y f 2 = o

then the equation (3.6) takes the form

(3.8) ilcr.)",cr.). (xc,yc) = t2' {Kf2 x)c,(f2 Dcl- U2)" Kf2 x)c ,r2l
-(f')c lxc ,(f'nc j + $2)c ff')"\x" ,r"!1.

Let us now suppose that/ acts as Hsu-sbucture on M[l]. Then

(3.9) fz=ft .
Thus the equation (3.8) becomos.

t,rr,(fr)" 1x9,tcy = x!' {Ix" ,f 1-1xc ,tc1

1xc,tt1+[xc,rc11= g.
Hcnccwetave.
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Theorem 3.1, The Nfenhuis tensor. of the complete lif of fa vanishes if the tte

derivative of the tensorfield f2 with respect to X and Y are both zero andf acts as

Hsu-structure operator on IuI

4. Horizontal Lift oI HSa-(,2) Structure

Letland g be two tensor fields of type (1,1) on the manifold M,ff fH
denotes the horizontal lift of f ,we have [5].

(4 .1)  f^g ' *g^ fn  =( f  g+ s .DH

Taking f and S identical, we get

(4 .2 )  ( f ^ ) ' = ( f2 )H .

Squaring the above equation both sides and making use of the equation (4.1) we get

(4.3) (,f n)n = (.f 4)H

Since/ gives Hsu-(4,2) structure on M, we have

f o - 1 . ' f ' : 0 .

Taking horizontal lift in the above equation we get

(4.4)  ( ,Fn)"  -  X ' ( f2) '  :0 .

In view of the equation (4.2) and (4.3) the above equation (4.4) takes the form

(,f ")4 
- 1'(fH )2 = o'

Thus the horizontal lift /H of / also admits Hsu-(4,2) structure in the cotangent

bundle CTna.Hence we have

Theorem 4.1. Let f be a tensorfield of type (l,l) satisfying Hsu-(4,2) structure on

the manifold M. Then the horizontat tifr f 
H off also admits the same structure in

the cotangent bundle CTna .
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Applications of the Class SDCP with

Plane Harmonic Mappings

CHINTA N4AM POKHREL

Abstrect : In [2] wc intoduced and fully characterized the class SDCP (Sfongly Direction

Convexity neientngl. In this paper we shall discuss its applications to harmonic mappings

in plane.

l.Introduction to the class SDCP

Let .r4 denote the set of analytic functions in D. Let

f(z)=ho^r" and g(z\=fiu^r"

be two members of ,4. Then the Hadamard product or convolution between/and 9,

denoted by f * 9, is defined bY

(.f *g)(z)=f anbnzn.
n=O

A domain D c C is said tobe conaex in tlu ditectiorr €@ , p €R , if and only if for

everyaeCtheset

D  n {a+  te ie :  t  e  R ' }

is either connected or empty. Abcordingly we define the classes K(p) c A, I ers^,

of the frrnctions cotnex in the direction e'q as

K(9): = {f e A: / univalent and /(D) convex in the direction et' ;'

Finally, a function g e Ais called Direction-conoexity-Presen ins @ e DCP) if

andonly if
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g*.f e K(9) forall f e K(@ndall peR

Functions in DCPhave many inniguing convolution-type properties, for instance the
preservation of convex harmonic functions in D, and of Jordan curves in the plane
with convex interior domain we refer to U3l,[14] for more details. There one also
finds a complete description of the members of DCp,namely

I e DCP e g Q) + itzg'(z). k(t) for all I e R.

Further it is known, that DCP functions'are oonvo( rmivalent. The class DCp is not
rotation invariant. That is, f e DCP does not always imply that eirtis n DCp,
VaeR.However ,  f  e  DCP+Af +B e DCp fora l lz4:  R\  {0}  and B e C.
Hence we can nonnalize the class DCP by the conditions/(0) = 0 and l./'(0)l= L
Mo{ivated by the non-existent rotation invariance property of the class DCp,we ue
interested in studying the subclass of those functions n DCP which are rotation
invariant.

Definition 1.1. A frrnction f e A is said to be in the class SDC? (Shongly
Direction Convexity Preserving) if and only if ebf e DCp for all a e R

Every f e SDCP is univalent and hence fulfills .f'(0)* 0. At the same time, it is
clear that

f (z)- f (o) 
e sDCp.

.f'(0)
Hence we can normalize the class SDCP by the conditions .f(0) = 0 and /'(0) = 1 .
From now on, by the class sDcP, we always mean the normalized class defined as
follows:

SDCP i= {.f  e S: etuf e DCp,ya €R}.

We refer [2lfor detail about the class SDCP.

2.Introduction to Harmonic Mappings in the Plane

A complex valued function f (x,g) is hannonic in a domain D in the plane if
it satisfies the Laplace's equation A.f= 0, ufrere

d,=4*4.
d x z '  a g z

The complex notation z= x + rg for points in the plane leads to the differential
operators

at

Q

A

s

(3)

Fq

c[I|)

&t

hart

firnr
don
Altt
they
i n p
begi
land
the ,
mapl
altho
discr

f=a

(1)
a  r l a  . d \
A=t ld* - 'A l

In the

ro ths
.i-pk

!

(.)
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and

(2)
a  r l a  . a \
a= r \a r " t  aa l

4 simple calcul4@n gives

a, t  =+4-=4d2'f- 
dzdZ fr02

so the Laplace's equation can be written

c
r l .

(3) f*=4:0.
azoz

For a complex-valued fimction with continuous first order partial derivatives, the

equation fz=O is equivalent to Cauchy-Riemann equations. Thus a function /is
analytic if and only if .fz=O. From (3) it follows that every analytic fimction is

harmonic, and that the z-derivative of every harmonic function is analytic.
The word harmonic mapping will be reserved for univalent (one-to:one)

firnction. A complex-valued harmonic function f is a harmonic mapping of a

domain D c C if it maps D unvalently on to some planer domain A = f (D).

Although harmonic mappings are natural generalization of conformal mappings,

they were studied originally by differential geometers because of their natural role

in parametrizing minimal surfaces. Only in the mid 1980s did harmonic mappings

begin to attract wide-spread interest among complex analysists. Particularly after the

landmark paper [4] by J. Clunie and T. Sheil-Small which pointed out that many of

the classical result for conformal mappings have clear analogues for harmonic

mapping. Since that time the study of harmonic mapping developed rapidly,

although a number of basic problems remain unsolved. In this paper we will only

discuss applications of the class DCP with harmonic mappings in a plane.

If we write f as a sum of two real valued function y(x,g') and o(x,g) say,

.f=,tt + i o,the Jacobian of / is

du 0a 0u 0a
J r =

dx 0g dg 0x

In the case of an analytic function we have the Cauchy-Nemann equation

0 u  0 a  , 0 u  0 a

e = A a t r o - = - A '

so that Jf =l.f,l2 =l.fclz =l.f '12 .In the more general case of harmonic function, a

simple calculation, with the help of (1) and (2), we can express the Jacobian J1 of f

Jt =l.f,l'=lfalz .

ux ax

us ac

as
(4)
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A sufficient condition for a differentiable function to be locally univalent (one-to-
one) near a point zo=xo+iyo is thal Jl?i:c0. For analytic function it is also a
necessary condition for locally univalence at zo as Jf (zi =11t,(zi l2 * 0. Lewy [10]
has shown that this property generalizes to harmonic function.

Lewy's Theorem : If /is a complex valued harmonic function which is locally
univalent in a domain D c C,then its Jacobian "/7 is different from zero for all
z e C .

Thus a harmonic mapping is a domain D is either sense preserving with J1 > 0 or
sense reversing with Jf .0. More precisely a harmonic mapping is sense preser-
ving if l.f,(z)l>lf,(")l fot all z e D and in sense reversing if lfTe)l>lf 

"(z)l 
for

all z e D. In particular if a harmonic mapping is sense preserving, then f,(z) + 0 for
all z e D. A mapping is sense reserving if and only if its complex conjugate is sense
preserving. Conformal mapping are sense-preserving.

If / is a complex valued harmonic function on a simply connected domain D g c,
then it has the representatiorr.

(5) 7 = g + h ,

where g and' h are analytlh, functions unique up to an additive constant in D, to
justiff this simple fact,first recall that since/is harmonic so f,z = 0. From this we
see that /" is analytic, Then let h' = f, andchoose an antiderivative h.Let

g =6 - h and obseffe that g 1 =7 - t, =0, so that g is analyic. If 0 is in the
domain D, we sh,all choose ft so that r(0) :/(0) and refer to .f :, + A as the
canonical reprgcentation of I We call & the analytic and g the co-analytic part of ,"

3. Application of .the Class SDCP with Harmonic Mapping in the
PIa(e

Let SP denote the class of functions/of the form (5) that are univalent harmonic
anOsense preserving in the unit disk D and normalized by /(0) = 

.f,(0)-l:0, and

l€t Sft denote the subclass of S71 for which -f,(0):0. The class Ss obviously

reduces to the familiar class S of normalized univalent functions in the unit disk D if
the co-analytic part of f is zero.

In this section we shall look at various subclasses of S9. We note that functions in

Slr have the form

€

f  =d +} ,  where h(z)= z+ |  anz" ,  g(z)=Z bnz" ,
n=2 n=2

H

c

(6)

Pr
fr!

5al

i{a
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Let Sif and Cf1 be the subclassds of Sfr consisting of functions / that map D onto
a starlike domain and convex domain, respectively, and let, as usual, C be the sub-
class of S consisting of those functions which map D onto a convex domain. In [7],
the following theorem was proved.

Theorem l. If a finction f of the form (6\ satisfies Dl-z n ( la" | + lD" l) < 1,

tlcn f eSff.

Ithas been provcd in [3] rhat for /eSil, the tunction I: (+t dE Ch.Hence we

have the following corollary :

Corollary l. If f of theform (6) satisJies 2Lzn2 (lanl+ lr"l) < l, then /eS&..

Theorem 2. If a function f of the form (6) s atisfes IiLz n ( | a" | + 16" | ) < L, then

e i f  = F A + p * h e S i ! ,  V g e C .

Proof z Let g(z) = z + fr)z cn zn G C. Then the coefficients of p satisS the

condition lcnl 3 1. Therefore the coeffrcients of the function g7 .f =Fd + g * h,

whose analytic and co-analytio part have the form

e*h=z*  i  " ,  
anzn  and  g*g=Lr^k "^ .

n=2 n=2

respectively, satis$ the condition
' o o o

2 n(cnanl+ lc^kD = I nlc,,l (4,, | + I 6,, l) < I r(a" | + | D" l) s 1.
n-2 n=2 n=2

Herrce by Theorem 5.4.1, the fuirction gr f e Si!

Corollary 2. If ! of theforn (6) satisfies fr=zrlz (la"l+ lt"l) s I, then

p 7 . f  = f f i + p * h e C ' | ,  V  p e  C .

Proof: Let the firnction pbe x in the previous theorem. Then the ceeffrcients of the
firnction

g T  f  = f g + p * f t

satisff the condition
o 6 0

I n2 11cn o,,l + lc" D" l) = 2 n2 lcol(f a" | + lD" l) < Z n' (a" | + lD^ l) < l.
n=2 n=2 n=2

Heirce pT f eSPr ,UyCorollary5.4.l.
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Theorem-'3. If f of theform(6)sdgus Etz (la"l+lt,l) < I, tlren ;'t :

g i . f  = F d * e * h e S i ,  V  g e S D C p

Proof : Let f,z) = z * !|oz c,, z'. Since p e SDC P,Se'sddficients of psmisfi

the conditisn lc"lS*. Therefore the coefficients of the function :
g i .f = p, g + P | ft, whose analytic and co-analytic part have the form

h= z * 
*tro., 

t^ zn, I. g : 
Lcnbn 

zn,

respectively, satisfy the condition
6 0 0

I  n(c^a^l+lc^kl) =l  nlc^l( lo^l+lD"l)  < I  (a^l+16"1) s 1.
n=2 n=2 n=2

,  ) :
Hence by Theorem 5.4.1, the function pr f e Sf .

We need the following result of J. Clunie and T.Shell-Small [4] for our next theorem

Lemma l,' I;a;f = j + h be locally univalent qd homonic in D. Then f is a uni-

vaXent mapping of D onto a domain convex in the direction of the real mis il and
only if, lrg is a conformal univaleit mapp@ of D onto a domain cowex in the
direction of the real nis.

Theorem 4. Let Cn(0) constst offinctions f: Q + hin Sn vhich are convex in

the direction eio , Then

I ' l  f  =p 'g+9*heCn( i ) ,  Y f  eCn(0 )  and  pe  DCP,

provided thefunction Qi .f =rp*d+ 9*his tocallywtivalent.

Proof z Let f =0 + h e Cn(0). Then the function

t-tt .f 
'- efr g + e-u h

is convex in the direction of tho real a:ris. H€nce, by the above lemma, the function

e-tth- 
"n 

g

is a conformal map which is convex ii'r the diiection of the real axis. Since

the function

(7)  pt le-nh-en 9)=e-P (p*h)-e io ( rp* .h)
. . 1  : 1 , . i .

is also convex in the direction of the r'eal axis.

Now, by hypothesis, the function

:

ge DCP

4''

,it"

Jf,

I

I

t

t,
tl

t(

I7

t8

te.

ll(

l l l

Ir2
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e 7  f  = / , * g + p * h

is locallv univalent. Hence so is the function

,-te (pi -f)= r" (e * g)+ e-io @ * h).

If we take into account that (7) is a conformal map convex in the direction of the

real axis, we can apply the above lemma to conclude that'

,-n (gi f) = 
"n 

(p * g) + e-io @ * h)

is convex in the direction of the real axis. Hence the function

p V . f  =  p * g + e * h e C n @ ) .

This completes the proof ofthe theorem.
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A Note on Stokes Drag on Axi-symmetric
Body : Oblique : Angle of Attack

DEEPAK KUMAR SRIVASTAVA

Abstract : In the paper [], author have proposed a simple formulae for evaluating the axial
and transverse Stokes drag on axi-symmetric bodies. Continuing the efforts in this regard, the
expression for drag has been given when the axially-symmetric body is placed in the slow

unifonn incompressible viscous flow with oblique angle of attack '('. The drags in such flow
have been calculated for sphere, spheroids (prolate and oblate), deformed sphere, cycloidal
body, egg-shaped body, cassini body and hypocycloidal body.

Key words : Stokes drag, axially symmetric body, oblique airgle, cycloidal body,

egg-shaped body, cassini body, hypocycloidal body.

AMS Subject Classification : 76 D

1. Introduction

In the recent paper fDatta and Srivastava, 1999,1f, authors have proposed a simple

formulae, based on the integral [p. 122,2] used to evaluate drag on a sphere, for

fmding the axial and transverse Stokes drag on axi-symmetric bodies.

The Axial Flow

The drag on body, when it is placed in axi-symmetric Stokes flow with uniform

stream U along x-axis is given as [].

(1 .1 )

where
(r.2)

-  I  2(Y,no* )2
* * = j - _  

h  
'

) ,= 6npU
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t 7 t  t t

h=[;, 
L=oR sin3ada

Here, R is the intercepting length between the point on the meridional curve and axis
of symmetry (x-axis) of the body and 'o. is the slope of normal. In cartesian
coordinates, 'h' can be expressed as

o=(-fl1,#*,

Is2',l

and

(1 .3)

(1 .4 )

where, x: a is maximum axial length and dashes represents derivative with respect
to x.

The Transverse FIow

Let us consider an axially-symmetric body placed in a uniform stream .u,
along transverse axis (y-axis). The stokes drag on this body is given to be [l].

I

a

(

u

S
q

h

a
I

(2

T!

(2.

an(
dra

No'
mal

3 . 1

(1 .5 )

where

and

(1 .6)

In Cartesian coordinates, h, can be expressed as

/ I \ 2(Y,,,"*)2

" ,  
= l z /_  

hv  
,

) , :6t tpU

/  2  \  n o

tr, = (-J Jo_o{zR Sin a - R Sin3a ) da ,

=(*) I; f#-#1*(r.7)

For the details, the reader is refened to the paper [l]. Now, in the next section, the
method for stokes drag on axi-symmetric body placed in the uniform, stream
attacking at an angle '(' with the axis of symmetry, is proposed.

2.The Method

Let us consider an axially symmetric body placed in uniform stream .U'

attacking an angle of attack '(' with the axis of symmetry (x-axis) [see, Fig. l]

(3.1
abor

B y r

(3.2)

wher

obt:
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rely consider ex'ev as unit vectors representing x and y directions and \,F, are
axial and transverse drags, then force vector F can be written as

(2.r) F:  F*e*  *  Fre '

where & and F, (axial and transverse Stokes drags) : are defined in (r.l) and (1.5).
Since the uniform stream u makes an angle.(,with the x-axis (Fig.l) then itscomponents U cos ( and U Sin ( will be in x and y direction and in generar we canhave the axial and transverse drag as

(2.2)

and
(2.3)

(2.4)

F*, = F* Cos (,

F r , = & C o s ( ,

Then force vector F can be written as

F =  F* ,e**  Fr ,e ,

= F* Cos ( e*+ F,Sin ( e'

and its magnitude will be given by F = 
| F I which reduces to axial and transverse

drag as ( = 0 and (= n/2.

Now, in the next section, we use the result (2.4) to obtain force vector with
magnitude for the axi-symmetric bodies.

3. Flow Past Spheroid prolate Spheroid

Let us consider the prolate spheroid, generated by the rotation ofeilipse

( 3 . 1 )  x : a C o s t t , V : b S i n t , 0 ( t ( n ,
about the x-axis.

By using (2.4),together with (l.l) and (1.5), the ex

(3.2) Cos2 5

( -2" * ( l  +  e2)L  }? 2e

6

1)r
1 - -

{

where, L : ln 
(l + e) '

( l - e )

Oblate Spheroid

Let us consider the qblate spheroid, generated by the rotation ofelripse

bewill

_ l
t 7

I' l  
,

I
I

drag

---:;

) L | -

ion fo

S in2 ,

? e 2  -

presslor

4 S i

2e + (3e

for

F =16o uua"3l
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DEEPAK KI.'MAN, SRIVASTAVA

x = a C o s t t ,  y = b $ i n t ,  O S t < n
about x-axis

By using (2.4),together with (l.l) and (1.5),the expression for drag will be

(5.:

(5t

(3.4) 4 Sin2g

{-eill 
- eT+ (l + 2e2 )sio-'. }'

4. Flow Past a Deformed Sphere

Consider the axially symmetric body defined by

| r l l
(4.1) r=af t+"J ao +d,2p2(p)+.I-dzr*rpzt*r(p) l l ,  r :cos0,

L l. 
'k=0 ' 

))

where (r, 0) are spherical polar coordinates and pu(D is Legenedre function of first
kind. For snoall parame0er o, thiv represants a deformed sphere. By using (2.4),
together with (1.1) and (1.5), the expressicn for drag wilt be

a.l

ehd

(6.1)

By rx

(6.2)

7. Flo'

(7.r)

about th

By usinl

(4.2)

5. FIow Past Cycloidal Body of Rwolution

A. Let us take the inverted cvcloid

(5.1) x = a(t + Sin t), y = a (1 + Cos t), -n 3t3rc: ,

, = ulr * r" {0, . *,r 
- :sin,6y} * o(", )l

with veitex at (0, ?-a), and revolve it about x-axis, the base, to generate the
cycloidal body of revolution. By using (2.4), together with (l.l) and (1.5), the
expression for drag is given to be

r  =Y pua [36- l  lCos2ql* .
1 5 '

(s.2)

B. Let us consider the body generated by the rotation about x-axis of the curve
composed of.arcs of two cycloidal pafis reprerented paranretrically by.
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(5.3)

(5.4)

by using (2.4), together with (1.1) and (1.5), the required drag will be

x:a( l+Cos t ) ,  y=a( t  +Sin t ) ,  0  <t  < n ;  I
x =-a(l +Cos t), y :a(t +Sin t), 0 <t s r; I

l -  r l

F = 9 6 , 3  u n u  I  
c o s 2 e  

*  4 ( l - c o s 2 r )  f  
2

'  
L  (3n2 + lq2  

'  
Q7T2 +3D2 l

6. Flow Past an Egg-shaped Body

Let us consider an egg-shaped body in which right portion is in the shape of
a half prolate spheroid given parametrically by

x = a C o s  t ,  y = b S i n t , 0 < t <  n  / 2 .  I
(6.1) and the left half portion is a hermisphere given by I

x : b C o s t ,  y : b S i n t ,  r / 2 < t < 2 .  
)

By using (2.4) together with (t.l) and (1.5), the drag is given by

f_

l{;.
Cos26

F =Br puallry Jt- i ' (-ze+(r+e2)r)] '?
4e3 

-l

v '  =!o+3x21*-x,  -+,  osx-(  l ,

+ L

(6.2)

7. Flow Past Cassini Body of Revolution

Let us consider the cassini body obtained by revolving the curve

. ,  4( l  -  Sin25)
Y -

It,,[r:7 (2e+ (3e2 - l)L) ]
r F r
f :  4e3 )

(7.r)

about the axis of symmetry (x-axis).

By using (2.4) together with (l.l) and (1.5), the expression for drag will be
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I

f r[(0.8)2 Cos2 6+(0.82)2 S}rnz61i )",X"=6tt plJ
I

x [0.6724 - 0.0324 Cos2 512 X".

8. Flow Past Hypocycloidal Body of Revolution

Let us considbr &e body generated by rotating the curve

(8 .1) y 2  = - 3 x 2 + ( 1 + t x a ; * ,  o s x s  l ,

about axis of sYmmetry (x-axis).

Now, the expression for drag can be written by the use of (2.4), together with ( I ' I )

and (1.5)

(8.2) 
po,[(1'044)2 Cos2 5 +Q32)z ( l-Cos2e)]* 1")"=6t prJ

N U.7 424 - 0.6525 Cosz 51I a

All the above results are found to be new for the axially symmetric bodies lies under

the restricted class [1] and never existed in the literature
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Infinitesimal Variation of Hypersurfaces of

an Almost r-Contact Hyperbolic

Structure Manifold

JAYA UPRETI

Summary: The Infrnitesimal variation of the structure tensors of an almost contact metric

structure induced on the hyper surface of a Kahlerian manifold under various conditions has

been studied by Yano. In this paper we have studied the infinitesimal variation of the

structure tensors of an almost r-contact hyperbolic structure induced on the hyper surface of a

differentiable manifold equipped with an almost r-contact hyperbolic structure.

1. Introduction :

Let Mn*' be an (n + r) dimensiorral differentiable manifold of differentiability class

C* .Letthere exist on Mn*' a C- vector valued linear function F, rC- linearly

independent and non zero contravariant vector fields Zl , T2 , . . " Zt such that

^ s -
F z X = x * L A 1 ? ) T I

l = l

for arbitrary vector fieldXon M'*'. Also

(r .2) F ( h =  Y

In view ot (l.l), let Mn*' be endowed with the Riemannian metric G such that it

satisfies the following condition.

(  1 .3) G(X,y)+ G(X,y)  + 4(x)4(r)=0

( 1 . 1 )

I
l= l



I ; J

(1.4)

[60] JAYA UPRETI

Thus Mo*' satisffing the conditions (l.l) and (1.3) will be called an almost
r-contact hyperbolic structure manifotd [2].
In M'*' the following results hold

(a) Tt : o,

(b) At6)= 0, for arbitrary vector fieldX.

(C) 4(Tn)+6f *  s '

Where d'fr isKronecker delta and t,mtake the values 1,2, . . . , r.

Let us imbed a hypersurface Mn*'-l into Mn*' by the isometric

immersion b : Mn*'-t + Mn*' . Conesponding to this we have the Jacobian 6* of

b denoted by B which carries Tq(M"*'-r, nb Tb(il M"*' injcctively. Since the

immersion is isometric. we have

( 1.s) G(BX, BY\ o b: g(X,n.

g being the metric induced on the hyper surface and X,l/ denote arbitrary vector

fields, We have
(1.6) G(BXN): o.

(1.7) G(/{JO: l.

The transformation equations are

FBX=BfX+A(X)N .

F N  =  B P *  q N ,

wh.ere/ is a tensor field of type (1.1) and a is a l-form on 74n+r-t. From equation

(1.8) and the relations

(a) TI = BtiPt N,

(b )  A t@X)  o  b= ap(X) ,

(c) o (X)P= 0.

r

. f 2 X = x * Z a 1 ( X ) t t
l=l

The metric S in (1.5) is found to satisff

(r.r2) sCX:Y)+ s(x,Y)*Eot(X) at(I ' )  = 0'

(  1 .8)

(1.e)

Cq

-c

(LID

H "

bl
(utl
rbr

( t - t t

rd

(t. lo

!

afr M^4

ErF 
-

In view o

(1.17)

( l . lE)

Coradmt

(r. le)

Ihfinitio

(r.20)

Where

(1 .10)

we get

( 1 . 1  1 )
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consequently an almost r-contact hyperbolic structure gets induced on Mn*'-t .

Let D be the Riemannina connecxion induced on tr4n+r-t. Then we have

the Gauss and Weingartan equations [l].

(1 .13 ) E sy BY = BDrY + H(X,[N,

(1.14) Eax N =- B'HX,

Where I/is the 2nd fundamental form of Mn+r-r and f/is a tensor field of type

(l,l) associated with H.Let Kand rt. stand for the curvature tensors of the hyper

surface and the enveloping manifold. Then we have Gauss and Codazzi equations.

(1.15) kgx, By, Bz, Ba= 
'K(x,y,z,(D - H(Y,Z) H(X,(D

+ H(X,Q H(Y,('

and
, -

(1.16) X(nX, BY,BZ,I'D= (DxI{)(Y,4- (Dym(X,Z),

$here k and 
'k 

ur"the associate covariant curvature tensors of Mn+r-l

and Mn*'. Now let us differentiate equati6n (1.8) along the hyper surface and use

EXF : 0 hence

EByBfY= F(EBxBn-{(DrA)Y+ A(Dxn\N - A(Y)EBXN'

ln view of (1,9), (1.13) and (1.14) we get

(Dx f )Y : H(X,Y) P + a(Y)' HX,

( D y a)Y = H(X,Y) q - H(X, fY)'

Covariant differentiation of (1.9) along Mn*'-l yields

(1.1e) Dxp: q'HX-'H[X.

Definition l.l An almost r-contact hyperbolic structure is said to be normal if

s (XD = N (x,n * i 11o* o)Y - (Dv a) x| tt : o,
l= l

Where N(X,n: (Dfxf )Y-(Dfyf )X + f (DYf)X

f

- f  (Dxf  )Y *Z o, lx 'Yf  I  '
h l

(1 .17)

(1.18)

(1.20)
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(1 .21)

Therefore it follows that []

(r.22)

So that the normality eorf{iti9n (1.20) takeqthe form

s (x,,D : (D1y!)Y- (Dfuf )X + f (Dy f )X

f  (Dx. f  )Y *L o , [x ,n l  .
l=l

f

+l 11o*o)y-(Dya)x) rr = Q.
EI

If almost r-contact hyperbolic sfiucture induces on Mo*' be nornal, from the last
equation and from (1.17) and (1.18) we ohain

a(n{'Hf - f 
' 
H}Y- a{Y) {'Hf - f 

' 
HIX = 0

'Hy:7'H

H(Pn:'HP

i t@* o r)Y - (Dr a )X| = rT (X,r).
bl

'.f (x,n= g cx,n-

(r.24)

(r.2s'.
Thus we obtain

(r.26\

Showing that H(P!) is an eigen value of 
'flmd 

ftc corresponding eigen vector is

P.Letus denote H(P,P)by r.

Delinition 1.2. An almost r-Co4tact lrytperbolic strtchre is called r-hyperbolic

Sasakian if

(r.23)

We have,

More generally in a normal r-contact hyperbolic sfiucture hyper surface of Mn*'

we assume that [3]

Z {@*o,)Y-(ha)Xl=rf 
'f (X,Y).

I=l /

Applying (1.18) to the above equation we have

'Hr l= 'Hf : ' r ' f f  '

'ID( = - r'B x+(r +r' B) q(EP,

Equation (1.17), (1.18), (1.19) then transform as

(1.27) (DxnY = -/f {g(X,Y)P + 4YWr+ 2(r + r'p ) 4n d(n,

\ 1 _ .
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(1.28) (Dxa)y : r,B f (X,y),

(1.29) Dx p : - (q -f) r,f X.

Let B be a constant so that from (1.27) and (1.29) we obtain

whichshowsthatror:':;::,*::::;"::,::.1"1;;urracesatisff ing
(1.24) nd involving constant r'p ,the sectional curvature wittr-iespect to a plane
section containing P is r'2 f ?.

Let us call such a structure a normal r-contact hyperbolic structure with.F sectional
curvafure r'2 f 2.

2. rnlinitesimal variation of a Hypersurface of an Almost r-contact
Hyperbolic Structure Manifold

Let us take the reshiction of ari almost decomposable killing vector field U
9l the enveloping manifold of the hypersurface. Accoiding the variation of the
differential of imbedding is given by t4l.

(2.r) (8BV = eErr.U

where e is infinitesimally small number. Splitting U into its tangential and normal
parts as

Q.2)  u:  BY + ) . t I

and from (1.13), (1.14) we express (2.1) as

(2.3) (68)(X)= e{B(DyV- L'IIX)+ (X}u+ H(X,\)M.

Infinitesimal Variatronofffis given by [5]

(2.4) 6 N = e L u N : e B W

The Lie derivative of^V(i.e.,Zgil) being orthogonal to 1/. Infinitesimal variation of
equation (1.6) yields

c(BDxf + H(X,\N + QftFf - ?uB'IIXil):- G(BX, BW)

rryhichimplies thatW= -('HV+ L)

where A stands for the vector field associateto the gadient of 1,. Thus we have

6N = -eB('HV+tr)

Nowvarying equation (1.8) infinitesimally, we get



JAYA I'PREN

(68) (fx)+ B(6f)x: r({6r|,n- (div) 4x) - 5a(x)N.

Making use of (1.8), (2.3) and (2.4) in it we find

B(6f)X+ (6a)(X)N = el{Bf (Dyll - L'HX)N+ a(DxV- l,hny

+ (J0, + H6n (BP + rt N) + 4X).8 ('Hl/+ A)l

- {B (DyxI l -  1 'HfX)+ ( l 'X}\+ H(f  XnMl.

Comparing the tanggntial and normal Qomponeeits, we have

(6fV = e{f (DyT- L'HX)+ (H(X,n+ nu) P

+ 4,Y) (' Ht' + try - DplY + )u' Hf n.
'and

Q.6) (6a)X = e{f (DxY- L'ID()+ tt(IIt"+ H(X,\-X X"- H(f X,n}

Since the tlerivative of f along Zis given by

(Unx = LvVn-f Qv X)
= 4,(f &-E1x,Y-fl,\,X - Dxr\.

Therefore equation (2.5) assumes ttre folbvfiirg fornn

(2.7) (6fW = e{(LvnX+ h('Hf -l 'Hy +XLP+ 4,y)A
+zH(x,nP\

Applying equation (1.18) and the definition

def
(Lya)X : (D,,a)X+(.DxY) 

'

(6 a) X = ell(h a') X - a )"'HX'- (f X)' l,l

+2I4X,n q +2h(t/,f nl

Next varying equation (1.9) infmitesimally, we get

- eFB('Hy+ A)= [ B(ip)+ efl(Dpv,- ). 'HP)+p n+ H(p,nNl

-€rtn( 'HY+ tr ' )1.

Which byvtutue of (1.8) atd.(2.3)yields

B 5P + elB(Dpl/ - ). 
'HP 

) + (PI + ff'nt If l- eq B('HV + A'1

=- 'eI  Bf  ( ' I rV+ I t )+ a( 'HY+A)iv] ,

whose tangential part reduces'in virhre 6f Ct.19) to *re form

czs
t5

o.r

(2.s)

(2.8)
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6P : e I A'HP + LuP + L(ry -fl].

Again varying equation (1.5) infuritesimally, we ger

(2.10) (6s) (X,Y): G ((6 BV, By) + G (BX, (68)y),
which in virtue of (2.3) reduces to

(2.rr) (69) (X,Y) + e {(Ly g)(X,n - 2}' H(X,Y)}.

(2.r2) X) .+P1Y,V)=0 .

(2.e)

Thus we establish the following theorem.

Theorem 2.1. When a hyper surface of wt almost r_contqct hyperbolic structure
maniftldvaried infinitesimally by means Of avectorfieldU: bf + )"N the struc_
ture tensors ofalmost r'contact hyperbofip structure hypetsurface vary according to
equations (2.7), (2.8), (2.9) and (2.10).

corollary 2.1- when a hypersurface of an armost.r-contact hyperboric structure
manfold is given infinitesimally tangential variation by means'of Bv, the variation
ofthe induced almost t-constant hyperbolic structure tensors on the hypersurface
are given by their Lie-derivatives along V.

corollary 2.2, when a hypersurface of an almost r-contact hyperbotic structure
mayfold is given infinitesimal normal variation by means o1-fiv, *r, variation of the
induced almost r-contact hyperbotic structure tensors on the hyper surface are
given by

(a)  (6 f )X:  e [X,( 'Hf - f  'mX +X1p+ a(X) t t+ZH(X,np] ,

(b) (6a'y X = eL-d A'IIX -fX )"+ zH(X, I) ry + ZH(V, fX)1,
(2.11) (c) (5r 1: ef ). 

'Hp 
+ L(rt - f )].

(d)  (5s)  6 ,D= -  Z eL H (X,y ) .

The infuritesimal variation is said to be parallel when BX and BX are both parallel
equivalently and when (dB )xis tangential to the original hyper surface. Since

(68)X :  € [B (DxV- ) . 'HX)+ (Xt ,+ H(X,nN] .

Therefore for an infinitesimal parallel variation it is necessary and sufficient that

corollary 2,3.\v'hen a hyper surface of an almost r-contact hyperbolic structure
manifold is given in/initesimal parallel variation the hypersujice variation the
hypersudace
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(a) (6f) X : el X(lf 
'H - f 

'mX + a(X)Ll,

(b) (6a)X = ef-a). '1fr,1,

Q.l3) (c) (dr 1= e A" 
'HP,

(d) (5s) (X,y,'): - 2 e Arr (X,y ).

Corollary 2.4. Let the structure induced on a lryperstrface of an almost r-contact
hyperbolic structtre nqnifuld be a normal r-contaci hyperbottc structure with
f-sectional arvattre-Y'2 B2 then the infinitesimat normai parallel variation of the
hypersurface makes the structure tensor varv q:s

(6 f )X  :  a (X ) I r ,

(2.14) @eX :- Ar p,

6 P :  e ) , r P ,

iag) (X,y) : -2 e?u {- r, f g(x,n+ (r + r, p) a(x) a (y)}.

3. Variation of r-Hyperbolic Sasakian Hypersurface with

/- Sectional Curvature r'2 F2

We now assume that an almost r-contact hyperbolic structure induced on the hyper
surface is a r-hyperbolic sasakian structure with f-sectional curvature r, B, we
have []

(3.1)
and

H(X,'HY)= r '2 p2 g (X,Y) + (r2 +r'2 pzld\) a(y)

(3.2) H(X,Y)=- r'f g(X,Y)-r'F(65)(X,y) + d(r + r'f) a(X) a(y).

The variation in the connecxions and the second fundamental form are given by [l].
(3.3) (6D)W,n= e ttIuO) (X,n-(D1L'H).Y- (Dx 1'H)y

where 
+ II(X,Y)+ )uH* W,n)

g IF (X,Y)Z= (Dz m(X,Y)
and

(3.4) (6H)6,n= e{(LrA (X,Y)- i l I(X,'HY|+Xn"- (Dxy) ),

+ x.'K(N,BX,BYJOI

If the infinitesimal variation of the hlper surface are normal the variation of D
would be given by [1].

(

\

C

I

I
I

t

G

bc

(3.

Co,
we

He

Th,

r'14

r-fu
nec
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(3.5) (5D) (X,Y) = e[X yt. -(Dxy) ). +'K (N, BX, By, N) -XH (X,Hy)i.
Varying equation (3.2) infinitesimally, we have

,Q.6)  (5H)6 ,n=- (0r , f )s (X ,y ) - r , f (6g) (X ,y . t  i
' + 6G + r,f) 44 dg)

+ (r + r' f ){(O a) (X) a(y) + a{X) (6 a) (v)t.
which with the help of equations (2.8), e.g),1g.t1),(3.5) and
(3.7) (L,, n (X,y) = - r, p (Lv g) 6,n+ KLv n e,p)

+2H (Lvp,p)|d(n 4n
+ (t+ r'F){ev a)(X)a(y)

becomes 
+ 4n Qv a) (Y)|.

e{X, y )"- (Dx y)t,+ ?,,'ft(N, BX, By, M _AH (X 
,Hy)}

= -2rf  e AIIW;n+ e (ppL-(Dpp) )"
(3.8) -\uH(P,HP)-2 H(P,LHF-L(?t-,f))+ 6r'Bt et W) a(y)

+ e (t + r'f ) (-a),'HX- f x ).+ zt11y, yy ,
+ 2 H(l/,f X| ag+ (-ah'Hy + f y ).
+ 2fl(y,f l+ 2 H(I/, fy I a(n,

conversely if l, satisfies the differential equation (3.g) then by retreating the steps
we get (3.3).

Hence we have the following theorem

Theorem 3.1. In order thatfor an in/initesimal variation (2.1) may have the a
r-hyperbolic sasakian hypersur/ace with f-sectional curttature -ri, B, i, o
r-hyperbolic Sasakian with f-sectional curttature - r,2 f 2 - 6 r,i B z , it is
necessary md sfficient that thefunction )"satisfies the relation

e{XY}'-(DxY) )"+ X{'K1N,BX, By,Ig,y+y'z 92 @(X,n_ a6)_ a(y))
+ (PP t.-Dpp)A) a(X) d(n+ g+ r,p){_fX,L a(y)
-  f  Yrd$) l f  {2H6,nr+2HV,fX)}dn
+ {2Hg,n + zH (y, f y)} a V)l
= 6r'B(a(Xy a(y)- g6,n).

- . I
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Corollary 3.1. The infinitesimal normal parallel voriation carries a

normal r-hyperbolic Sasakian hypersudace withf-sectional curvoture -r'2 F2

to a normal r-hyperbolic Sasakian hypersurface withf-sectional curvature

-rtz B' - 6r' ' p2 if and only if

(3.e) ). e {'K (N, BX, BY, N)+ r'2 B' (g(X,n -a (n X(n\

: {a(X) d(Y) - g(X,Y) 6r' B

corollary 3.2. If the enveloping manifold of corollary Q.\ be flat the condition

reduced to 6r' B : - ). e r'2 B2 .

Hence the proof is obvious.
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