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A Simplified Model For General Circulation
In Earth's Atmosphere And Ocean

D. B. ADHIKARY

Abstract : ln order to understand the beliAvior ofthe atmosphere and the ocean, a various types of
mathematical models goveming the motion and the states of atmosphere and ocean have been
already established and studied by different mathematicians. Present paper is devoted to the
construction of a simplified linear model that govems the general circulation of atmosphere and
ocean.

l.Introduction

Mathematical modeling is what physical applied mathematics is all about. A
model is a representation of a process. Usually, a mathematical model takes the form
of a set of equations describing a number of variables.

Mathematical modeling begins with the identification of a problem. Once a
problem is identified, and a mechanism proposed, then one must formulate it
mathematically' Formulation involves equations and boundary conditions. physical
laws governing the motion and states of atmosphere and ocean can be describld by
the general equations of hydrodynamics and thermodynamics, which are very
complicated.

There are essentially two characteristics of both the atmosphere and ocean
that are used in simplising the equations. 

'l'he 
first one is thai for large-scale

geophysical flows, the ratio between the vertical and horizontal scales is very small.
Another small parameter is the ratio of the speed (horizontal) of wind to the speed of
rotation of the earth around the polar axis. This number, called the Rossby number,
is of order of 1/50. The asymptotics corresponding to the small Rossby number leads
to the so-called geostrophic and quasi-geostrophic equations.
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Reduction is the process whereby a mo&l b Glrglilt{ U often byneglecting various smafl tirms. But, wtrats-meant by i--= ? fq crampre ; aspeed of I cm per second is slorv for a bullet trr iu f; car,onn. So. lhervorcl 'snrall' is to be used In a retative mann€r.
I-lnerlzation is a type of rcduoirn, rrfikh 

i h$ b Fdilfly all-onnlytlcrnodels of atnrosprreric moiions. In ft; p*cr* tc tbn 6fl r dh,ided Into 'longitudinally averaged part (zrxral m) rd &tin h t|ral average(perturbatio')' It is then assumed rrrar oc pcrrrurs;.-F--! srnal so that

lnj:ffi,,1]vorving 
producrs of rhe p.'tid"i- ;t .d-d compared ro

It is well known that in ordc.r fo rndcrrd t rLlr br+-vior of theahnos;:hcre altd the.ocean, and to predict ttc ncds rl rua *r nced tocstablish somc rnathenraticar equaiions or_ mo&b Fart t rakn and thcstates ol'trre ntnrosphere and the ocean. tvc ebo Ja .ri* 'd s.rve trrccorespondingnumerica|ntodels(tlren@[cnatherrrolicnt

equalions).

The aim of the author is lo dcriw E dc_ni*r Dodels for thccoupling of the atmosphere and the occa b dt acr &r rl.I)ricet as well asnunrerical viewpoints. As a first step, fiG prcril pcr b 4'd n rhc constructionof a sinrplificcl linear rnathenratical rnod; rhr 3arurr ar g3-rrl circulorio' nfatntosphcre ond ocean. I lcre in lhis paper. a rcD it* slftl cirulatiorr nrodcl oflhe attnosphere and tlte occan i* ouroinec fq-r.li i {.i l;s or-nr.rion lirr.rvind nnrl tcllrperalure are rincar evotulirn cqrrin ,-&; b rhc rir(,ar st.ftcsequal ions.

2. I'Iistoricnl Backgrouncl

As astronomers discover new planers. |hc ptrcr re nanrcd aftcr thenr.similarly, scicntists nante lhe equations after thc 
"; 

or 6Gc mathenraticians,who devclop thgm' Therelr. rutty equations n1a1cd rncr Drhcmaticians such asI-aplace's ecluation, Ilulcr'-D 'Alanrberris 
equatim. Tric:qllr c.p,,,,n. Schnrttilrgcrcqualiorr, Maxwell's eqrration ancl so on.

Euler derived the equations that describe thc nrosr findamcntal bchavior ol'a fluid in 1755' These are the equations of cmscrvetirn of nronrenrunr a'ctconservatiott of mass of a fluid that ls inconrpressibte and is inviscid. .Ihe 
initinl-boundary value probrem for the Eurer equatioy 

ls 
a surprisingrl. diflicurr probrcrrr.Perhaps' it is one ol'lhe. most challenging of all prnhicnu in puniur differcntialequalions tltat arise di'ectly frorn physics. livcn thc tnsic qnsrio's,l-existcnce a'clunic;ueness ol'the solutions irr thrce, jinrensions 

rcntain o;i*rr.
All rcal lluiils nre at least 'ely rveakly 'isc'rrr. visc.sil-r is rrcccssrrr.r, r'genel i r te l lorvs, and i ts i r r f lucnce is very curnpricatcd. 1, ,r , , ,1",r , , , i , , i , , , r  u, .  el lbcts, l

rix
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viscosity leads to the versions of Euler equations, called Navier-Stokcs equations.

Since friction is a fact of nature, it could be argued that only the Navier-Stokes

equations are qhysically relevant. But tlrere is much to learn fronr the Euler

equations.

T'he issue of the stability or instability of a fluid flow became one of the

most basic proplems in fluid dynamics and was exanrined experintentally and

mathematically by such giants of science as l-Ielntholtz., Kolvin, Raylcigh ancl

Reynolds. An elegant mathenratical trealment of non-linctrr stability is given by

Arnold [2], which is applicable to certain two dimensional inviscid lluid rnotiotts"

The idea of wide application of mathematical rnodcls of rotating lluids to

the study of dynamics of atmospheric processes belongs to A. Fricclnran, rvho in thc

beginning of 20th century contributed a series of lbndamental works in this

direction.

The linealized Navier-Stokes systent

(2 .1 )
-1 i i , r i i . f  - r ,A i i  +YJ>=, ,  l ; '

d i v Z = 0

describing the motion ol'a rotating lluid was studieil by V.N. Maslcnnikova [81.
System (2.1) without the,Coriolis'term [i,r.D] was extcnsively stuclied ll 'onr thc

mathemalical point of view by Oseen and Laray. ln particular, Osecn wns the first to

construct the fundanrental solutiorr of syslem (2.1) without taking rotation into

account, the so-talled Oseen lensor. Systcnl (2.1) without viscosity. (i.e., u :0) rvas

first studied by S.L. Sobolov ancl is linown ls Sobolot, s),slem. Evcn itt a systcttt tvillt

viscosity, as we[[ as in a Sovolev system [], the prescnce of thc tcrms [ii,dl catrscs

the solution to have an oscillatory charactcr and leads to thc emergcnce of a vortcx,

whereas in the absence of these terms a solution of systcrn (2.1) is in a definilc scltsc

analogous to a solution of the heat equation.

L. Marchhuk introcluced a linearizecl systent [7] of partinl cliffcrctrtial

equat ions in his book'Mathcnrat ical  Models ol 'Circulat i r , rn in Occitns' in 1980, in

rvhich a nunterical approach is suggestcd lbr its solution.

3. Fnrmulntion of the Mathcrnntical Modcl

Let the whole of the space IIts bc fil lcd with inviscicl fluicl being 0t resl flt

infinity. Let Or be an inertial fi'arnc of re fercncc ztnd Oy be a ll'arttc ol'rcl'ercncc

which rotates wjth respect 1o Ox with constant angular velocity rd. Without loss of

generality, we assume

rD = (0, 0, rrr)

t7V
-

d I
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The dynamics oTan inviscid fluid with r€spect to tbe iErbl frre Ox is gwarnecl

by&eEuler€qfuatiohs

(3.1)

where

and the velocity i=i -[6,i1.

Or,wehave:

(3.3)

With respect to 0y, the

(3.4)

d l / l --;; + (Y,Y,) Y + ; Y,P = Flx.l
( / t  5

fi + div, (6i) = 0,

(
I

l
t

I/ = fluids vchfy H

P: hydrodyumicrp:-

f : flulds dcsfiy

F : rrrr d€rlrity of crrd hct

With respect to the rotating frame Q'. fie dynricr of LYbfl .nukl is known to bc

governed [5] by'the equations

(3.2)

with i,Q and d oonveyingthesamephlnicelr*:i. Pd f' respectively.

In eqgations (3.21 the pressure Q inds t ocmd fqce :

r
Q= P-itD,i l

Since the fiui.l b I lcl r irfrrity with rcspect to

. l im /(r . r )=0.
l .1l+€

l'luid is not at rest al infhly :

J,lj}.(;+lr;''vD=o'

Note that in (3.1), the pressure P(r,/) is bounded rl hhfy. sll L (3.2), lhe pressurc

qy, t) at infiniry becomes a polynomial in y of fu d otdcf. Atd du6 tt)

condition (3.4), the velocity field n Cv, 4 in (3.2) bm r ihiy a polynornial in

y ofthe first order.

Technically, tre condition (3,4) makes solving my pobb frr oquations (3.2) mgg!

complicatd cmpared to the case of lpro condititn r hffiy. To ovelsflF'ffis

technical ob.stde we rQpres€Nlt the sohrtim i of (32) h tbc fun

l a n  |  -

)'ai; 
* (il,v y)fi - z!i.-l+ 

i ", 
Q = G(Y.tl

l; 
+ div, (6 i) = 0.
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f i (y, t )=i l (y, t )  +[6,r ]

uftich reduces eQuations (3.2)to the following fonn:

I

nfiere
f i (y, t )=i l (y, t )  +[6, i ]= i (S*/ ,  r )

p(y, t): P(S* y, t)

with S being a rotation matrix ofthe following form

/ _  \
I Coscot -Sinar 0 I

,S:S(r): 
I 

Sinarr Cosat 0 |
\  0  0  r )

Notice that the equation (3.6) could be derived from equation (3.1) by the change of
variables

y : s ( r ) x ,
where S is an orthogonal matrix :

,S-l =,S*

In equations (3.6), the pressurep(y, t) does not involve the centrifugal force, hence
dy, t) is bounded at infinity as P(x, r), with the velocityrT = iu (/,1) being in fact a
vero-city of the flgid with respect to ox, but measured n q. And only at this point
one can linearize equations (3.6) for sufficiently small velocities :

l a n  -  r
) a 

+ (i,,Y r)fi - zli,,dl* 
t 

o, p = E(y,t)

t a c

I  a , *d i v r (€ f r )=0 ,

( a n ,  l

)  T-  
2[ i , ,6]*  

E,  ,  
p = H(y, t )

l7 - div, (€fr) = o.

(3.5)

(3.6)

(3.8)

where

(3.7)

t

The equations (3.7)'of dynamics are supplemented by the equation of heat transfer
for continuous medirrn :

A T
At 

+(f i ,YyT)=.f  (y, t ) ,

is the temperature,
is the heat source densitu.

T'

f
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The difference in temperature at different points creates a force acting upon the

particles of fluid. One of the simplest models of such force [4] is

(3.e)

where
fo is some standard temperature,

T - To is the deviation of the temperature T from fr ,

tj,t) is the mass density of extemal forces,

E is the vector of free fall acceleration

Equation (3.9) describes the free heat convection in the Earth's atnosphere. We

consider the simple case of vectors ! and ri being collinear.

Now, we restrict ourselves to the cas'e of incompressible fluid, and without loss of

generality, we assume f : I . So. equations (3 .7) - (3.9) take the form '

(3 .  l0)

(3.1O',)

Itecall that the vector product

l i ,61=

FtO,t)=fr(y,t)- E(+\,

* 
-rf i,6r+ Y, p + 

le 
= io,t)

d i v r T = 0

* . ( i , v . "  
/ 1 =  f  1 y , t 1 ,

f#  _1 / ,o1+vp+E( f i )=u
l  d i v Z = 0

l a r
I  n * ( Y , V T ) = f

Let

(3.1

(3 .1

Td

wlrere T': T-ft Equations (3.10) represent a simplified model for general

circulation in Earth's atmosphere and Oceans [6, 7, l0]. Marchhuk and others were

the first to introduce and study the equations (3.10). Another version of simplified

equations may be found in the recent works of Lion, Temam and Wang [6].

Substituting i, P,T,6 and F for x-',p, f ,zd and i respectively, we get

rAr

crF

o. l

TL

o l

i j k
vt Y2 v3

0 0 o )

= avzi - atv,j + oi
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Let Y =(Y1,V2,VI),  F =(F1,F2,4) and

(3.10') can be rewritten as follorvs :

(3 .1 1)

f

t= 
o' tn"nthe dynamics equations in

a4 dP
a Y "  + - = . F ,

dt 
' 

0*,

av" - aP
j + a l l r + - - - = h ; .
0t 

' 0*,

AV" dP
t ' + = - + o T = F t
At 0*,

Taking into account only the vertical gradients of temperature, we furd

. A T A T d T
(V ,Vn=YrZ-  +Vz  *  +V t  

" -
'  ' O X t  ' d x Z  ' O X I

AT dT dT
=T t  

dn  
'  t ak ing  

d \=  a r=o
'  

=  - rY3  ( r>0 '1 ,

lr
where ,=-* is being treated as a prescribed constant' The heat transfer

oxt

equation in (3.10') now reduces to the form

AT

6 r - r V t = 7 '(3.12)

Thus, we have derived the linear system of partial differential equations

(3.13)

dl/, a P
- -  - a t V z l =  = F r
dt 

- OXr

dh  dP
^:  + aV1 +;-  = P,

dt oXz

dV^ AP- ; :+oT+  ^  =  P t
dt dxt

dT
-  - r h =  f

dt

div'l = 0.
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System (3.13) represents a simplified linear model for general circulation of the
atmosphere and ocean [l].
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Probability Models For The Number Of Rural

Out-Migrants At Micro-Level

TIKA RAM ARYALN

Abstract: Probability models have beeu proposed to desclibe the distlibtrtiou of rttral out-

migrants from rural areas of Palpa and Rupendehi districts of Mid-westem Nepal' The maxitnunt

tititittooA estimation technique has been used to estimate the paratneters involved in the rnodels

and asymptotic variances and co-variances of the estimators have also been obtained' The

proposed models fit the data sets satisfactorily well.

l.Introduction.

Demographers and social scientists have given their due attention on the

formulation of models and their applications due to its usefulness and applicability

in social sciences. Several studies in different regions of the developing countries

have dealt with the economic aspects of migration. However, majority of them have

concentrated with the differentials & determinants of rnigration focusing mainly on

causes and consequences of migration (Afsar. 1995 Mehta l99l ; Ivlel,ta and

Kohli, l99l ; wintle, 1992 ; Ya{ava, 1987). Apart from social and economic

impact, migration of an individual produces a demographic impact as well on his/her

household at the place of origin. The physical separation between husband and wife

as a result of migration gives the female partner less scope for conception that results

* 
Dr. Ary.l is associated in the Central Department of Statistics,

Tribhuvan University, Kirtipur, Kathrnaudtr, Nepal.

Email : traryal@rediftnail.com
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in low fertility of the household (Sharma, 1992). Therefore. it is impoftant to
understand intention of migration, extent of migration and its effecr on the growh of
urban population for a proper urban planning as uell as tbr tirrthering rural
development. The macro-level migration studies have thcir ()\\r'. ultponance since
this approach describes aggregate flow or rate of migration enJ rJcnril\ the factors
influencing out-migration (Benerjee, 1986). On the other hani. ::.lr;ro-level (i.e. at
the household level or individual level) studies help to idcnri:r lhc behavioural
phenomena of the process.

Usually, two types of households are obsen/ed accorJir:g ro the occurrence
of migration i.e. (i) male members aged 15 years and abore r:'.:Sr.i:c singly leaving
their wives and children at home and (ii) male members rni.:r.,:c *ith their wives,
children and other dependent members. It is to be urcnti(':rii ::crc that persons

migrating from both types of households maintain closc tic'.r::i: :cnraining (non-

rnigrant) members of the households in their place of origin througi: :egular visit and
sending remittances. It is obvious fact that the first catceor\ nrri;::.i:r:: ;loser tie than
the second category of household. Basically nrathcrurrii:ri l:r,,Jcls are being
frequently used in social sciences to provide concisc rcllrc:cl' lt.rirlrfl: of extensive

data sets. On the view of this, several attempts har c' he cn nreijc ltr :luJ\ the pattern

of rural out-migration through the use of probabilitv nroJ,,'1. r Irr t.rnt'!'. I 995: Sharma,
1988 ;  1985 ;  Yadava, 1993 ;  Yadava and Singh. l9S-1 .  \ ' . iJ. i i ; , r  i . ' . . ' /  l99l  :  1994).

Singh and Yadava, (1981) proposed negat ive binorni l l  J i ' t r ibui ion to dcscr ibe the

trend of rural out-migration for male migrants age d l : r c.r:. .lnJ rh'or c-. The idea of

cluster was incorporated by Yadava and Sin_eh (l9S,rr .r:ri tbund that Thomas

distribution is well suited to describe the nunrber ot' ::rigrlnts fiom a household.

Singh and Yadava (1988) extended the idea ol'elu:tcr and assumed that the

occurrence of migration in cluster varies from houscirolJ to household and the

number of migrants to a cluster follows truncated di:nl.r,cJ gl-onretric distribution.

A probability distribution under such assuurptions tlttcJ u cll rhc' distribution of male
migrants aged 15 years and above"

Most of the studies mentioned above have usL-J rllonrcnt technique or mean-
zero frequency method (equating observed and theorctical zcro'th cell frequencies

and means) to estimate the parameters involved in thcir proposc-d models. Under

these techniques of estimation, it is observed that about 80 to S5 pc'rcent variation in

migration is equated through zero'th cell fiequencies sincc all the non-migrant

households are counted in this cell. So, only about l5 to ltt pcrccnt variations are

explained by tlie estimated parameters when mean-zero frequency method is
applied. Further, molnent estimates are usually consistent. but thel are often less
efficient. Consideling these limitations into account. the maximum likelihood

estimation technique is proposed in this study to estimate the parameters involved in
the rnodels. Needles to mention that the maxirnum likelihood rnethod llas the

advantase that the standard error of the estimators can also be obtained and this

t10l

: t
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merhod measures the total variation of the distribution. Further the estimates

obtained by this method have the optimum properties in terms of consistency and

efficiency.
ihi, pup.r is concemed with mathematical rnodelling to study the pattern of

rural out-migration in the developing countries like Nepal. The proposed model is to

describe the distribution of male migrants aged 15 years and above. Maximum

likelihood estimates technique has been used to estimate the parameter involved in

tbe model. The standard enors of the estimated parameters have also been obtained'

The models have been applied to the data collected from rural areas of Palpa and

Rupandehi distracts of Mid-western Nepal.

2. Probability Modets for Male Migrants Aged l5 Years and Above

Model Mr

A probability model for describing the variation in the nut.uber of rural male out-

migrants aged 15 years and above from a households has been derived on the basis

of following assumptions:

(i) At the survey point, the household is either exposed to the risk of tnigratiotl or'

it is not exposed to the migration risk. Let cr and (l- cr) be the respective

probabilities.
(ii) The probability of migrating one male form a household is greater than the

probability of migrating two males and probability of two males rnigrating is

greater than that of three males from a household and so on. Thus, the pattem

of migration from a household is a decreeising function and follows a

logarithmic series distribution with patameter L

Let X represent the number of male rural out-migrants aged 15 years and above

from a household, then under the assumptions (i) and (ii), the probability function of

x is given by

P ( X = k ) = l - a ,  f o t k = Q  I

I( 1 )  = o l  , , - !  , , - l  
" r o  

= r , 2 , 3 , . . . ; 0 . <  ) . < r ; 0 < a < t  I
L f t l o e ( l - l ) l  )

The log-series distribution has a long positive tail and the shape of the tail is similar

to thaiof geometric distribution for large values of &. The log-series distribution

have the advantage that it has only one parameter instead of two parameters of

Negative Binomial Distribution (Chatfield et aL,1966)'
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Estimation of Parameters

consider a random sample xr,xz,...,X, of n observations on the random
variable x with probability function given in expression (l). Then, each xi
counts the number of male rural out-migrants aged 15 years and above from a
household. Suppose that n1, & 

: 
l, 2, . , m) represents the number of

observations with value f and 
I nk = n. The likelihood function for the given
k=A

sample (Xr, Xz , . . . , Xn) can be expressed as :
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Taking logarithms of (l-) a1a_differentiating with respect to q, and l, respectively and
equating to zero gives the following estimating equations :
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The equation (4) yields the estimator of cl as

d  = ! - t ' o
n

The estimating equation for 2 is obtained by sorving equation (5) as :

(6) ( r -1 )  log(1-  DZ X,  + (n-ns)  ) "=0
,= l
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wb€ Z x, =l nvk
t=r t=l 

, but it can be-solved numerically ancl
This eqution can not b: t_9Y"9 analytically 

mate for 1..
thc numerical solution of (6) is the desired maximum likelihood estit

The second partial derivatives of log L is as follows :
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The expected values of second partial derivatives is obtainecl as :

^ [A' logZl E(noL !9:nr) 
n -. .^-" \-  

aor l=-f f i  
=-, . , t ;=rP" (st t) ' )

n ,

I d2 togll f ( 
E 

nrk) [ l+log (| " 2)l t 'J!:-l ')
_u\6)=--F- '@

l- 1 l+loel1-2)- I
r-ndlm-Eg.?t. t(r-ffiFjf -1 

= rp" (sttY)

t  d2 lo l  L \

Ihe co-ovariance between 4 ?nd X' is zero since E 
\7@ 

= 0 and hence the

variance of a and l, can be obtained as v(ci) =fi una 'dl = 
*'



sharma (1985) has proposed a probability model for the number of rural male out_
migrants aged 15 years and above from a household under follorving assumptions :
(i) At any point in time, let cr be the probability migrating out irom a household

and 1- a be the probability of not migrating from a household.
(ii) If p represents the probability of a single individual migrating from a

household, the pattern of migration from each househ'old follorvs the geometric
distribution.

If X represent the number of rural male out-migrant from a household, then X
follows the inflated geometric distribution with probabilitl densiry function :

l l4l

Model M2

where, S=n1 +)n,
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(10)
P ( X =  0 ) = l - s  + a p

P ( X  =  k ) =  a  q k  p  f o r , t  =  l .  l .  3 . . . .
wherep + q: L
As mentioned above, Sharma (1985) used method of nroments to estimate the
parameters a and p of model (10) and obtained the asvmptotic expressions for
variance and covariance of the estimaiors using multirariate-cenrral limit theorem.
Iwunor (1995) proposed an altelnative estimation technique based on likelihood
function and obtained the variance and covariance ol'rhe estimators. Though he used
the likelihood functiott using rnultinomial combination. but finally estirnated the
parameters by mean-zero frequency method. An altemative estimation techniques
based on likelihood function is worked out by using all the observations to estimate
the parameters. The expressions for exact variance and covariance of the estintators
have also been derived.

Estimation of Parameters

Let (x1,x2 ...t, Xn) denote a random sampre of size n from the above probabitity
model. Then, each xr counts the number of male rural out-rnigrants aged 15 years
and above from household. Further, assum(, that n1, (k:0, 1,2, . ,. , n ) denote the
number of observations with value &. The likelihood function for estimating the
parameters cr and p can be expressed as :

( l  l ) L = (l - d * ap)no fl4g;- pqo )no
k= l

= ( l-  a + a p)^'  an-no pn-no qs
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I
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Taking logarithms of the likelihood function (11) and differentiating with respect to

cr and p respectively and equating to zerc gives the following estimating equations :

(12)

(  l 3 )

Solution of equation (12) provides the estimator of cr as

^ /l- tlo

a = 
'1111

Substituting the value of cr and after rearranging equation (13) yields the estimator

ofp as :
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The second partial derivatives of Log L canbe obtained as
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second partial derivatives of Log L can be obtained as
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_ l | z l o g l \  n

"  \  a "a ,  )= -  1vo  *^=  0"  (saY)

Therefore, by inverting the,inforrnafion matrix, the expressions for asymptotic

variances and covariance of the estimators can be obtained as V(0) = , !L- .
Qr r  Qzz-  Q iz

V(i t )  = h r

Q,, Qrr- Q,' ,
and cov (0,b)=

3. Application

Models M1 and M2 are applied to the data collected from rural areas of Rupandehi
and Palpa districts of Mid-western Nepal. These data were collected under a samnle
survey "Dernographic Survey on Fertility and Mobility in Rural Nepal (DSFM.
2000) : A Study of Palpa and Rupandehi Districts" during January-June, 2000. The
detail about the sarnple survey is discussed in Aryal (2002).

Table I shows the estirnated value of the parameters, variances and
covariatlce, observed and expected number of households according to the number
of nrale rnigrants (aged 15 years and,above) by models M1 and M2 f<rr rural
houschold of Nepal.

The estimated value of risk parameter cr under model M 1 was founcl
0.23lt l126.The conesponding values fbr model Mr were found ro be 0.7004229.'fhe 

estimated value of 2 was found to be 0.530635g from the rnodel M;. The
estiurated value of p was found to be 0.6090391 from the model M2.
Tfre value of xz for the models Ml and Mr w€r€ found to be l.g9 and 0.05
respectively, which is insignificant at 5 per cent level of significance. This indicates
that the validity of the proposed model was found to be a reasonable approximation
to describe the pattem of rural out-migration to the situation ar least at the micro-
level. However, the xz valte suggest that the model Ml u,as found to be more
suitable fbr Nepal data then the model M1.

4. Conclusions

The study indicates that the prpposed models Ml and M. are a reasonable
approxirnation to describe the distribution of household for the male migranls aged
I5 years and above at least at the micro-level. The exact'variances and co-variancc
of the estimators for both the models have also been computed. For thc clevcloprnent
of a tnore effective and equitable rural and urban policies in the developing countries
like Nepal, the policy planners and social researchers may get an idea fiom this
study.

Qtt  Qrr -  Qi t
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PROBABILITY MODELS FOR THE NUMBER OF RURAT' OUT-MICRANTS"'

Table 1 Distribution of observed And Expected Number of

IlouseholdsAccordingToTheNumberofMaleMigrants
(Aged 15 Years and Above) In Rural, Nepal'
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Pasch Geometric SPaces As Orbits

Of Vector Spaces

H. N. BHATTARAI

.{bstract: Pasch geornetric spaces over geometric skelvfields generalise the ustral vectol' spaces

over skewfields. It is shown in this papef tl.rat an abstract Pasch geotlletric spacc o[' approprirrtc

dimensiol over a geometric skewfield nray be represented as orbits of a ttsrtal vector space ovcr il

skewfield.

l. Introduction

The set of double cosets of a group with respect to a subgroup ancl the set of

orbits of a group with respect to a group of automorphisms inherit certaitl stl'tlcttu'cs

from the gioup'which have been studied as Pasch geometries. In patticttlar, tltc

category of the projective spaces form a subcategory of the category of Pasch

geometiies (see [5]). The study of projective geometry in the larrguage ol' l)asclt

geometry has the advantage of dealing with morphisms and homotttorllhisttrs ilr tt

iatural way with availability of homomorphisnt theorems similar to otlrer algcbrlic

structures [2]. The points of the projective space P(14 of a vector spacc l' ovcl' il

(skew)-field F can be taken as the set of orbits V/F* and the inherited strtrcture

provides the geornetry of the classical projective space. However, if f is a rrot'nral

subgroup of the multiplicative group F*, then the geometry of orbits V/f bccomes a

Pasch geometric space over the geometric skewfield /'l/f [3]. Norv a natural

"o,ru".ri 
question woulcl be: what are the necessary and sufficient c<lnclitiorts lbr an

abstract geometric space over a geometric skewfield to be realizecl as atr orbit spacc

of a vector space over a skewfield as above ? lt is classically hnown that an itbstrac{

projective space of sufficient dimension can be realized as P(V), which is thc ortrit

geometry Vll, when f : F*, the whole multiplicative group of the nonzero elemetrts

of the skewfield F. So generalizing the fundamental theorem of projective geometry,

it is shown here that an abstract Pasch geometric space of appropriate dimension can

be represented as Vlf over geolnetric skewfield .F/f'. A similar result ltas becn

prou"d in [4] for an elementary abeiian Pasch geometfy. We wish to point out that
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the prototypes of Pasch geometries are the double cosets and orbits of groups and

that the above results is a step to the broader question : what are the necessary and

sufficient conditions for a Pasch geometry to be represented as the orbit space or the

double cosets ofa group ?

2. Preliminaries

In this section we briefly present the basic concepls and prelinrinary results

on Pasch geometries. The details can be found in the references. particularly in [5].

Definition 2.1., By a Pasch geometry is meant a triple (.-1. e. A) rvherc z1 is a set.

e  e  A ,  and A7 =  LcAxAxA sub jec t to the  fo l low ing  ax ioms :

1. Va e l ,  3 a unique b e Awith (a, b,e\ e L.Let b= an.

2. e# = e and (d#)# : aYa e A.

3. (a,  b,c) e A * (b,  c,  a) e A' .

4 .  (a1 ,a2 ,a t ) ,  (a r ,a4 ,as)  e  A+ 1a6 e  A w i th  (ao .a l  .43) .  (a6 .a5 .a i ;  e  A

The identity element e and the inverse ah are unique. Throughout this

paper. geometry will mean Pasch geometry.

A geornetry is called Abelian if (a, b, c) e A = (b, a. c) e A. A geornetry is

cal ledsharpi f  (a,b,c),(a,b,A e L+ c: d.  Also. a geometry iscal led proiect ive

if a# : aYa e A and (a, a, b) e A + D : e or b : a.

For an abelian geotnetry, we have a useful :

Lemma 2.2. Let A be an abelian geometry. Then (-r' ' .sr ./r ). (x" . s' . /r ).

( x r , x z , x z )  e  A + 3 s 3  , t 3 € A , s u c h t h a t ( s '  . s ' . s 3 ) .  ( l ' . r r . t r ) .  ( s 3 , 1 3 ' x 3 )  e  A .

Examples 2.3.

1. Let G be a group. Define (a, b. c) e A if and only if a. 6. c : l. the

identity of G. Then G becomes a sharp geometry rvith e : I and a* = c.''

Conversely every sharp geometry is a group.

2. LetPbethe set of  points of a project ive space. LetA: P v lel ,e t  l>.

OnA, le t (a ,b ,c )  e  A i fandon ly i f  :  a ,b ,c  a red is t inc tandco l l inearpo in tso fP;or

one of the elements a,b,,Qofl is e and the other two are equal ; a: b: c if the

lines of P have more than ihree points. It verifies that I is a geometry which is

projective. Co\versely, every geometry which is projective is a projective space

including degenerate ones.

2.1. Subgeometry and Factor geometry. Let A be a geometry ancl B g '4.

Tlren 8 is called a subgeometry if e e B and (b1,lt2.x) e A,. bt.b. e B = r e /J. l,et

! r  =  j

li{ I
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Js =l.r n (B x B x B). Then (,B, e, La) is a geometry. The subgeometry B is

;al lcd normal i f rVx, g eA,(b,x,g)eA, forsome 6 e B+3b1e B with (bt,y,x)e A.

Let B be a subgeometry of A.For a, b e l, define a - b if 1\,h2 e B and

r e .{ such that (a,b1,x#\, (x,b#,b) e A. This defures an equivalence relation on

.1 Let Al I B: {fal: a e A} be the set oiall equivalence classes. Let ([a], [b], [c]) e

l {  E  i f  3 x e f a f ,  A  e [ b ] , z e l c l w i t h ( x , ! , 2 ) e  A , a . T h e n  A l l B  i s a g e o m e t r y ,

:he factor geometry.

ln particular, if A : G is a group and B : 11 is a subgroup, then thc geometry
(; H is the geometry of double cosets.

1.2. Morphisms and Homomorphisms. Let f : A -+ B be a nrap lretween

ecometr ies.I t is cal ledamorphism i f  f  (e1):  es and(x,A,z) e A4 = (J6') ,J 'A,) .
' ' i : ) )  e Aa.I f ,  in addit ion, ( f  (x), f  @\b) e L,6.+ 1z e I  with f  (z):  b and

t.y.z) € L,t ,  thenthe map/is cal led a homomorphism. A bi ject ive morphisrn is

::: isomorphisnl if /-lis also a morphism. However, a bijective homonrorphisrn is

r; rsomorphism.

The natural map A -+ A I I B is a morphism and is a honrourorphisnr onll,
..:.sn I is normal in l.

lJ. Geometry of Orbits. Let A be a geometry.l group f is saicl to act on.l if

:<re is a homomorphism from f to the geometry automorphisms of L Thus f<rr o e

i' and a e A,we get ao e I satisffing obvious properties. In such case, \rye call I a

i--eeometry.Fora e A, let(a)= {aa: o e f}  denotetheorbi tof  aand Alf  :  rn\a):

"r e ..t) be the set of orbits. Let ((a), (6), (c)) e L,1r iff fx e (a), lt e (b),: e (c)

rrith (x, A,z) e A7. This makes All ageontetry called thc geometry ol'orbits ol-.,i

b1 I-. In particular, if Z is a (left) vector space over a skewfield F and [' is a not'ntal

subgroup of F, then we get the geoemetry of orbits Ylf . lf I-'= /"*. thcn thc

geometry V/F* is that of the classical projective space l'(V).

2.{ .  Geometr ic spaces over geometr ic skewfields. Let (A,01,A,1) be an

abelian geometry. Suppose, in addition, (1,.) is a semigroup rvith l such that

0.a : a.0: 0. It is called a geometiic ring if (a, b, c) € A, x e A + (ax, bx, cs),

r.ra. x6. xc) e L,1.It is called a geometric sfield if l* : A -{0\ is a group. Supposc

t I'. 0r . A 1' ) is an abelian geometry and the geometric sfield I acts on Iz conrpatibly

es scalars sat isf f ing :  a(bu'1: @b)a :  0,s .  u :  a .0r,  :  0 ;  7 .  u :  a ' .  (u.  a"ru) e Ar

>  ( a u , a u , a w )  e L v ' , ( a , b , c )  e A ,  = +  ( a u , b a , c u )  e A ' y  ; ( a u , b u , c z t )  e A 1  , a + 0

= (a, b,  c) eL1 ;(aa,ba,w) eL,y +10: cz for some c; where a, b,  c e A andu,

r'. r{' € Y. Then Z is said to be a geometric space over the geometric sfield ./. In case

12rl
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V and A have sharp geometries, the geometric space Z is a vector space over the
usual skewfieldl.

Suppose Z is a geometric space over a geometric sfield l, lY e V. Then Zls

a subspace of Vif Zis a subgeometry of Y anda e A,ru e llt+ au e I(.lf X=Y,

then sp(,Y) denotes the smallest subspace containing X. It verifies, using lemma 2.2,

that sp (T)) : {oi, : a e A), sp (a1,a2\: {a : (u,aa1,ba2) e L, a, b e A\ and if W is

asubspace,thensp({a} v W): {a:(u,au, w) e A, a el ,v e l / } .  This def ini t ion

of spanning satisfies all the formal axioms of [7] and consequently there exists a

basis and a well defined dimension of Zover A.If (u,mt,bu2) e L,u1,r,t2 are

independent,then a,6 are unique.

Example 2.4.

Let Vbe a vector space over a skewfield F and f be a normal subgroup of .Fa. Then

Vlf and Flf are geometries. Note that (u,v,tit) e Lyn iff u+ f tu + /17t,: 0 for

some 2/r  , /2 e l .For a,b e Fl l , let  a.b: ab.I t  is wel l  def ined and makes F/f  into

a geometric sfield and for d e F/F and i e V/f , a.u : nu makes l'lf into a

geometric space over F/T.

More generally, if V is a geometrlc space over a gcometric sfield zl, and f

is a normal supgroup of A*, the.n Ylf is a geonrctric space over l/f, Then

ut,nz.. .un in V are tndependent over A i f f  at , i=, . . . in are independent n Ylf

over A/1. So dimlY=dimnrVl1. In particular, the geometry of orbits

V[)l(A*/f) = VIA* is projective and so represents a projective space of the same

dimension. Note that (at ,a2,a) e Ly6 i f f  3f  r . / t  e f  with (a1,y1u2,y2a3)

e A7. Also ,u = ou .

2.5. Semi-isomorphism. Let Y and l/ be geometric spaces over A and B

respectively. A pair of maps (o,6) : (V, A) -+ (Iy, B) is called a semi-isomorphism

if o : Y + W is an isomorphism of geometries, 6: A -+ I is an isomorphism of
geometric sfields. (i.e. isomorphism of geometries, rvith <dab): o(a)6(b)) and

o(na):  6(a)o(a)Va e Y,Va e A. Clearly i f  a1,a2.. .r)r  are independent in I / ,

then o(u1),o(az\,...,o(a,)will be independent in IIl. So a semi-isomorphism

preserves basis and dimension. In particular, if V and I/ are sharp and so vector
spaces, then a semi-isomorphism is a bijective semi-lincar transfornration.

3. Generalization Of The Fundamental Theorcm Of ProJective
Geometry

kr this section, W is a geometric space over a geometric sfield l, dimlllr > 3. The

following theorem is a generalization of the fundamental theorem of projective

geometry.
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Theorem 3.1, LetVbe avectorsPace overaskewfield 4 dimrV>3 andW a

geometric space over a geometric sfield A'. Let 11 and 12 be normal subgroups of

F' and A* respectively, Let

(o,6) : (vEt,F/lr) + (wlfz, Alfz)

bc a semi-isomorphism between geoemtric spaces. Then there exists tt normnl

subgroup f of Ft, f e lr and a semi-isomorphism

,@,0) :'(v/r,F/f ) -r (w,A)

such that it induces the given semi-isomorphism as , ,lr(T) : o(u) anrt

otn= a@\.

Proof :  For  o  e  V ,ae  F ,x  e  W,  ae  A,wewi l !  denote  by  a ,  a , i ,  a  the

conesponding elements of Vlfl,Fllt,lllf2,Alf2 respectively. The proof lbllows

steps similar to those of theorem (2.1) of [a]'

S t e p  1 :  L e t a  e  Y , a *  0  a n d x  e  Z s u c h  t h a t  o ( u ) = i .  F o r  a n y  u  e  Y , L ! , u

nrdependent,3 unique g e Wsucltthat o(rr) = g, o(a- u): t ancl (.tr.y,/) e A

P r o o f :  W e h a v e  ( 4 , u , u - u )  e  A ' r r , ,  s o  ( o ( - r r ) .  o ( u ) . o ( u - u ) ) :  ( . r - " , y r ' i l )

€ Jyrf : .  So 3 71 ,Tz elz with ( .r* ,11 ! ! r , /xt1) e Arr '  
' l 'hen 

71 Ur = lJ t tncl  yyt1 = |

ue as required. Note that y, I are indcpendent. If also (xI , u' ,l') e A rvith sirlt ilar

properties, then fs e W with(s,U'# : g), (s,l ',|fl) e A. lf s * 0, thcn os y' = T.!J, we

get s = og and similarity s: Pt, contradicting independence. So, s : 0 giving

uniqueness : ! : a , t J f .

Thus given u,u'e V,x e W as above, we have $<r,a@): y, a unique element with

c(n) : y . tt is easily seen that Qp.4(u) 
: 

U e fis.s(a) 
: x.

Step 2: Let n,a,ru be independent in Y. T\en 0g.*1@) : g, Q1u.r1|tlt) : z *

C o"s(tu) 
= z.

Proof: Given that o(i):7, o(a):V, o(u,) : l, o(tl4) : f,, o(i-w) = I.r,

( r . ,A , t r ) , ( r# ,  z , t2 )  e  A .The las t re la t ions imp ly  3  \  eW wi th ( t t ,a# ,2) ,

Ut,tt,tl) e A. It suflices to show oilrt - zu\ :13, Let o(u'tu) : 3' We have

(D- 14 i-a,i=w#) e A.'Taking o, we get (F, it,t!\ . A. So I rt,r2 e f" with

(s , / r t r  f  z t l )  e  A .  Abo (6 - -w,4 , * ) .  A ,  so  ( r ,U# , i )e  L ,g iv ing

2.2,
Yis

q

are
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(s,61 g#,621 d A, 51,62 el2' So s' \ e sp(g'z) n sp (t1't2)' Since

7),w, rr -7) areindependent, so are g, z \ and so sp(y, z\ a sp (tr ' tz) has

dimension at most ole. So 3a e A* with s - dtt' So (al3'51 g{ '6'21 e L

giving (t3,a-r 619# ,a-r 62 z) eA' Also, ($'gx '-z) t O'J'1in{eOendent' so by

uniqueness of coefficient'L 
-l' A, -- | = q -td2 giving a e l2'So f : i3 giving

o@:w)= 13. Hence 0<o'0(7t)): z'

Step 3 : There is a surjective geometry morphism Q : V -+ l/ such that O@\--

o(6)Yu eV.

Proof: Choose €1,e2,03e I/ li lrearly independent' Let 'r1 e l/ with o(el)= r1 and

01",, ' ,1(ez)=*r,Og'r , l@'):  
t ' '  NotL that x1'12'x3 nre indcpcndcrrt  in l l1 We f i*

these elements

Now dsfine (: V -+ l/as follows : 0(0)= 0' For 0.* u e.I" choose

€i = €t,say, such thatu,el arcindependent and let 0@)= q4,.r)(u) = x' If also

€1,€2,uatlindependent, then by step 2' \G,'')(u)= x' If e:'€2'tt are dependent

,6tn'rr,nr,uuri'a *o €3,€2,1t are independent' so q.' ' ')(tt ')= x = Qp2"r) (z)' So 4r

is well defined. Note that o(61=i ' so [@: o(u)'

T o s h o w / i s a m o r p h i s m ' l e t ( t t 1 ' u 2 ' x \ ) e A 1 " T h e n u 3 - - ( r r 1 + r r 2 ) ' s q i l

suff ices to show (0@)'((a\ 'Q@+ a)n) e Lv '

Case(1) :Le tu ,abe independ: t tq " " :e isuchtha t r r ' r t ' € ia t } independent 'say

f, ,- :- ri. 1", l, : 7G; u) and t2 : 6G=6' Bv defi nition' (xt' Q Qt\' t t)'

( * \ , t r ,Q@))  eA.  So 3 t  ew wi th  1t ' t \ '61u11'Q' , t l 'Q@)\  e A '  But

_---=-
@(er  

-  t t - u ) '  Q \e l

G6:i4, t(, O@))e A, so Rryf: sP(t:' 
T6 

^ sp(t1' /(t'))'

I l u t  sp ( r2  ,TGD *  sp t ( t1 '  O ( ,D '  so  O@i : t ' - lD  
==  u  t ' i  e  A / f : '  So

@, ; ' . j ,  Q (uDe  A  +  (a t , y t t ! , , v20 (u ) )  e  A '  I Ju t  U 'd ' (@) )  €  A ;  so  a - t  y r :

l :  d- t  yz,  g iv ing a e lz  and OG;-et - t t -a) :  f  '  A lso '  ( ; t+a ' i#  'ao\  e  A +

@p,*ul, O@r , OOlu) e A and similarlv (O@+al'@C=;;6'6GJo) 
=

@6+u), t, i l ) e A' But (t\ 'O@)'t)' (tl 'O(')u'"' l 
,t.A=1t 

t 
".lt:tt.

(s, i lu), i lu)), (s,xt,f  ) e L' So F' OG+a) e sp (LQt) '  0@D a sp(t ' f l ) '
' so  

6Qt+ -p1 :  i s '  Bu t ( t t ' ; , ; l ) '  ( ' u  ' t ' i l )  e  A+  F  
=70  and  so
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, ( i l t , )  = s - . T h u s  o ( u + u ) = s i l ,  o ( e i t r o ) : t " ,  ( . t f l . s # . 1 )  e  A = r  ( Q t + . z t )

= r'. Hence (t,ilu\, i ltt\): (0@+ztlt, fi(tt), ({u)) e L"

Crsc (2) : Suppose tt,u are dependent. Obvious if u:0, ot u:0 ot u * o : 0'

so  le t  u  *0 ,u=au,a  *0 , -1 .  Le t  w e  Vwi tha ,zu independentand le te i :  e1 ,

r il be independent. Then by case (l), @ (t), Q (tu), (Qt+ tu)#), (0 (z')' 0 Go) '

e11 ,+r r r ) r ) ,  ( i lu+u) , f r tu ) ,  S@+a+w)#7,  1Q1u+zo) ,  ( \a ) ,  $Qt+a+zr r )# )  e  A '

Tbrs .  ( / (u  +v* tu )# ,  i lu ) ,  QQt+zu) ) ,  ( f r tu ) , ( \ t ) ,  QQt+ru \ r ) , ($@+a+u" lo  '

stol. ((u + u)) e A, so by lemma 2.2,3s, t e W with (/(?r), /(z'), s), (QQr + ztt)'

i1 u + ru)f ,t), (ilu* u), s,/) e A. Since l&) 
: 6 @) O @) so s : crf(z)' a" e A'

. \ . [ so .  Au +a ' ) - -  6Q*o)  f iu ) ,so  ( l ( t  +  a ) {1 t ) ,a / \u ) , / )  e  I  )  t :p ( (u ) ' I f

J = 0. then from second relation fri), QQt+ to) and So t'' tt + zu woulcl be

Jcp.ndenr, contradiction. So /= 0 ands : ((u+tt)tt tlcncc (LQt+tt)tt, fi(tr),

, : ' l l  €  a .

S-? a : There is a surjective geomctry ntorphisttt $ : F -+ul such that it 1161:
, -

i alt(b)y a,b e F and inducing o, 6@) 
: 3G\

?roo f t  Le t  0*aeF.Then 6@\ :a  fo rsomea eA.Take 0*ae Z .S ince

c1o?') = o{4 o(O: AO@, we get T@: A O@ , so 3 ,'i,,,uv e lz with ilou):

, , -, c,fla).We show T 6,o)ais 
independent of o' Take 0 * u e V' Let rr'u be

ndcpcndent. Then, (au,dlt,- a(u+u)) e A + (/ 
rn.,\at/Qt\, / 1,,.,4 

a({7')'

a  . a \

" . , ' " )  
a Q@+o)) e A. Also, ( f (u),  i la),0@+ u)#)€ A. So comparing uniclue

ccffrc ientsgivesa-l  / ( l ,D /<o,r l  o: l :  a-t  y-1) '"1 Tg., ,+u\agiving Tg.ut&:

7 e ti cL: / 1o.,*u)a.lf 
u,u are dependent, choose zu independent of both to give

., .--, c = / 1a.ru,y a: / (o,,,\d.Let the element be clenoted by y no' Dcl'inc 'it1't\='

7, a and l(O) 
: 0. It is well defincd map such lhat (\ntr): 6k \ {\r.t\ Ytt e l''. Note

'r'- j1a;= 6@)Ya e f.

Let (a, ,a2,at)  € Ar,"  For 0 * u e V'wc get ( t t1t ' t r '7t ' t t tu) e A =)

r i(a, )/(o),)i|,iO<r>,6@)0@)) e A and ila) +0, so (/(a, ) ,$1a,1,$1a,11e

t So i is a morPhism.

l25l
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Also, frabu): O@) ilba): Oto> OO> l(o) shows that $1at1: O<o> 6<tl.
For surjectiveness, let 0 * a e [/. Take 0 * a e Y. T\en3u e y with ilu) : ad(a).
F{ence, u,u are dependent in V also, so u : cto, a e F. Then ilu): O@) O@):
ailr) givns O@\: o.

Step 5: The morphisms (0,f'; induce a semi-isomorphism (V,0: (y/f ,.F/ f) +
(W,A), where f is a normal subgroup of F.

Proof : From above, 6 t F" -+ A* is a goup homomorphism. Let f : ker (il. fet
ti :F*lf + Ar be the isomorphism of groups. Extending the map obviously to FE,

we get a bi ject ion map 0 :  Fl f  -+ A,I f  (d,F d) e Ar,r ,  then (a,yf i ,yzc)eLr,

so 1$ 1a1, O 0,6, Q 0 r4) : @ (o), O @), O @) : (0 @,,i <i l, 0 <eyte A. So fr is a
morphism.

Also, we get the geometry VlT, which is a geomerric space over F/f where
d E = 6 d  f o r Z e f ' l T a n d  d  e V l f . N o w d e f u r e  y : V l f  - + I V  b y  V ( T ) :  d @ ) . t f
d t  =dz ,  then u1  =  /  7 )2 ,  so  Q@)= Q(yaz) :  O( f ) te , . )  =  Q@z) ,so  the  map is

wel l  def ined.I f  ( i i ,7, f i )  e A , then (u,yta,1,z7u) e A. so ( /(r) .  Q(f  o),$(yzto)) :

@(Vt),W@),WGi,)) e A. So r4is a morphism. Thus (V.,y) : (Vt f , Ftf) -+ (W, A)
are bijective morphisms such that v(di) : 

/ta),yft). For isomorphism, remains
to show that the inverses are also morphisms.

Let (x,  y,z) e A,w and V(i)  = x, t / / (T) = g,V(i , ) : : .  We show (7,D, iD)

e Lrrr. Since (i,A,Z) e Lwr* and o is isomorphism, we get (i,i,ru) e A. So

ldr.d: e tr  with (u,6ra,52zu) e A. So (Q@),, i@)O@). 6@z) teo)):
$.yp,yzz) e L,,  y i  = 6@).

Case (1) : g, z and so u, 71, independent. Then by uniqueness, /t = lz : I in I, so
d, e f .  Hence G,Ti,C6) :  ( i , i , ib) e a,.

Case (2) : g, z dependent. Obvious if g : 0, or z : 0, or x : 0. So let g = d x, z :

9 . . : , !  e  A* . r f  v - t (O:  7 ,  then va(O:d i ,  r / r - t (4 :F i ,  where  0g ' l :

a,V(b)= F. Choose t  e Wwithx, /  independent.  Let (x,  I ,s) € A, so / ,  s
i n d e p e n d e n t . N o w ( x , t , s ) , ( x ,  A , z ) e  A +  3 r r  e  W w i t h  ( t t , g # , t ) , ( t 1 , z . s # )  e  A .

By case (1),  (w-1(t . t )  ,  v/- t  (a)u ,V-t  eD, (w-t  e) ,  v/-1 G), w-t  (r)# )  e a, = j i  e

V/f  with ( i .  W-t @)# ,  V-t  @)#),  (6,  t / / - t  ( t )# ,  V-t  ( t )#) e A. Then, 1i ,di ,Ei1 e

A + i : 7 i 7 .  s o  ( V i , t y a ( s ) # ,  V / - t ( a ) # )  e  A +  1 r i , 1 V y x , s # , t o )  .  a .  B u t ( x , s " t )  e

A. So r/(a) = 1r giv ing d: i#:  V/- t( i#.  So from above ( r / t - t (x)r ,  w 
t(a\u,

W-\ k)#) e A which gives the required result. Thus y : y lf -+ I4t isan isornorphism

; i F
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oigeometries. Also let(a, B,Y) e A.l. Take 0 *x e l(. Then (ax, f x, yx) e L'*+

, v - , ( a , ) o  V - t e ) ,  0 - t ( 0 ) V r t ( x ) , , f , " V )  V r t @ D  e  A 1 , 7 1 - ,  s o  ( r 4 - r 1 a ; ,

) ( p l, ,i-t QD e A Frr, Hence tir : FI -+ A is an isomoqrltisttt ol'gconretrlc

,ilr. ' lds suclr that V/(ffi): 0@),ftll.

\o te tha t  i f  y  e  I - ,  the t t  6 (y \ :1 . . r ,  so  6 ( f  ) :1 ,171 ' , ,  s t )  T  e f r '  So  l -g f r '  Notc

a lso  rha t  0$ t  l f )  =  / (n )  
:  l z .

Ilcnce @,0) :\Ylf , Flf) -+ (W,A) is semi.isomorphism of geometric spaces as

rcquired.

In case zl is sharp and hence a skewlield, rve get

Corollary 3.2.LetV be a vector spnce over a skewllelcl /;l dimf i Ii > 3 lrtcl l l/ zr

\ector space overl : pr.Let fr and lz be normalsubgroups sf /rf n|1d I'f

respectively. Let
(o,6) : (v lfr,ri /n )-+ (lv ll-2, I'\ I l 'z)

be a selri-isornorphism between geometric spaces. 
'l'hen 

thsrc c.xists rt sertti-lincar

transformatiotl

@ , 0 ) :  ( v . l t )  - +  ( t Y . t ; 2 7

such that i / ( f t ) :  l i  ancl inducesthe givcn scnt i- isontor?hisrt t  0s: yz(zt)  =" o(t t )

xnd ti@;; = 6@).

Proof : By the tlteorent tlrerc is a scttti-isontorphisttt

Qr,0) :  (r  l t '  .  l , i  l l ' ) -> ( t t '  . l ' i )

Bur  I  i ssharpandthe isomorph ism r l :  I \ l f  + ,F !  in rp l ies  I l i f  i sa lsosharp

rrhich is possible i f f  f  :  { l  } .  so 7 is i ru,r lnrphisnr ol 'skcwl lelc ls ant l  1yz'  r7) is a

bij ective semi-lihear transfornrat iorr as requ ircd.

In pafticular, if fr : 7rl and lz = Iif, , tlren /;i 77rf ancl p= I F! nre tLivial

rnd rve get the well known Funclamental 
'lheorcm 

of Plo.icctive Gconlctry'

Corollary 3.3. If o : Vl Fl -+ W/iri is an isomorphisnr ol" geontetrics, then tltcrc

erists a bijective semi-linear transforntation (V.,i) , (f ,/l ) + (IV, tt;) rvhich

induces the given isomorPhism.

{. The Representation Theorem

Now the following theorcm givcs the lcpt'r.:scnlalion 0f n gctttttelt' ic sl)tlctr ns

orbits of a vector sPace.

f orcm 4.1. suppose II/ is o geornelric spaee |t,er 0 gettntelrit 'slield l,

A)
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dlfi/ IY > 4. Then there ?'xists a vector space V over a skevfielct F ancl a nornral
subrutet of F such that there ls a seml-lsontorphisn (,y,,b: (V/t-, Llf\ +
(v,A), Moreover if also (wr,h) : (v1/l1,Ft/T)+ (lrr, A) is a semi-isottrotphlsm,
then there exists,a semi'linear transformatlon (0,6) : (V, n + (Vr, Fl) strch that
d(F) = fr. If diine W :3, then the-'above is true if W i, a D-geome'ttyiil.

Proof: since zis a geomehic space over a geometric sfierd I, the geometry wAt
is a geomehic space over the geometric sfield ArA* = {o,T). But rhe geometry of
WIA{ is.projective and its non-zero elements form the points of a projective space,
$ay Pvn.By hypothesis, it is Desarguesian of proper dimension, so by a well
known theorem of ppojective geometry [l], there is a vector space v over a
skewfield F such that P(W) is isomorphic to P(I). This isomorphisnr clearly extends
to a geometry isomorphism o : v/F* -+ wA+. Now F/F =to,Tl is sharp if( y/F* is
sharp iff each line of P(Z) and hence of also P(ll)has three poinrs iff A/A* is sharp.
Otherwise both are non-sharp. Since there are only two non-isomorphic geornetric
sfields with two elements {0,1}, sharp or non-sharp, we see in either case that tle
map d: FIF + AIA* by ,i(O) : O,,i(Tl = T i, an isonrorphisrn of geometric
sfields' Tlren clearly 

(o,6) : (v/F*, F/F*) -+ (rvrA],.4rA*\

is a semi-isomorphism. So by theorent 3.l, there is a norrnal subgroup f ol'l* nlcl n
semi-isomorphism 

(,r,0) : (v/r, F r f) -+ (w , A)

which induces the given semi-isomorphism.
Now suppose also there is another semi-isomorphism

(W, Vr)  :  (h l f r ,  n  / \ )  -> ( IY,  A)
Then,

(Vr tov, , i , ; to0)  :  (v / f  ,  F  t f )  -+ (v t t f t , f l  /n  )

is a semi-isomorphism. So by corollary 3.2, there is a senri-linear translbrmation

@,il : (V, F) + (4,.F1) such that /1f; = f,. Thus rhe representarion of (I/y') is
unique upto semi-linear isomorphism of vector spaces.
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Lorentz Bquation For Constant
Electromagnetic Fields

JJT CALTENCO, J. T,6PNZ-BONtr"LA, TT,TARCO A. MARTINEZ, A. XEQI]E-MORALES

Aldrecl: We show that the Lorentz equation aclmits cxact iutcgration rvhen the exteflral
dccrromagnetic field is coustalrt. Oul process uses the eigenvectors ofthe Faraclny tensor and 0
ld ordcr.differential eqtration for the tangent vector to world line, which or.iginntes a rnetSod
re simple conrparated with tlre techniques of plebailski 

Il], syrge [2] a,rd pin; [3].

l . Introduction:

The trajectory of a particle irr Minkowski spacc is given try a scrquc-ncc uf
Gstnts .r, (s) :

0 ) .1' l  =.f , .  .Tr =J/. . l ' j  =:,  . \ . ;  =l/ ,  i  = 
\ [ l

rtcrc s is the proper tiine and the light velocity is equal ltl onc. 
.l 'hcn 

thc
cresponding velocity, acceleration and superacceleration are (rvc s|all emplby tlc
qmtitics and notation of Synge [2,4,5)) ;

d/,,.
' d s

(2)

4.4. = -1 , py)r. = Q, )r.v, = - ltr lt,

trtLc perticle has a charge e, then the Lorentz equation f4,6,7):

1 t r=bF , i ) 11 ,  b= !
n,

n dx,. ilr.
4 ' = * ,  ,  l l r =  

- 1 - ,
AS (IS

o)



( o  h  - 8 2  - , t '  
)

| -u, o Br 'iEz I
<r*)=l a= -Bt o - iE3 

|
\ ,E' iEz iEt 0 )

(4)
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indicate its interaction with an extemal electromagnetic field characterized by the

Faraday tensor [4,8] :

(5)

whose solutions depend of the conesponding Euler's characteristic equation'

Therefore,

(6) 
x ' (s) = x '(0) + 

)o 
) ' \U '  ' 'U

gives us the path in terms of the initial conditions't,, (0) and i., (0)'

b) Tensorial Method

It is immediate the integration of (3) :

(7) 4(s) = exp (bs4, ) L, (0).

i

;

Jlf

f ,

r

9rl

t||

:rN

rt

where E and.D are the electric and magrretic vectors, respectively' In Sec 2 we

introduce the dual ,.oroi of (4) which p.t itt to construct the classification of [6

as proposed by Synge tzt ana rina [i1, with great relevance in the study of the

solutions for (3).

our pioblem is to integrate the Lorentz equation when F"o is constant'

which it may te realized through the following technique :

a) Algebraical Process

Synge lz,g-llTshowed that the curvatures K' ' r: l' 2' 3 of the world line

areconstants ,andfromprenet .Senet formulaet l0-12]heobta insa4thorder
differential equ4tion forthevelocity /" :

{7 o *$l * n" - Aft o - ri ri 7, = o

-L

ry

t r

h

: 3

thus Plebaffski Il] and Pina [3] indicate how to calculate the exponential function o1'

an antisymmetric matrix loriensofl. This deterrnines 2, (s) and then (6) again gives

the trajectory.
In Sec. 3 we exhibit a new process (named algebraical-tensorial method) to

resolve (3), whiph it uses the proper values and eigenvectors ofFaraday tensor'
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3. Algebraic Classification F"6

Using the totally antisymmetric symbol e,,,.,nn of Levi-Civita we call
-onstruct the dual tensor of Faraday [4, 8] :

, 9 r

we

Fou

the

l

r :

: i

S r

;r rth matricial expression

I t - l 1

\  nCf! '

- . 1

=u r l2) is reduced to :

*F,," = 
i a*,, F,, ,

8", -8, ,'8, )

; E, iB, l
I

-8, 0 i4 
|-iBz -i& 0 /

satisfy the identities [1,3,8, l3-l 5]:

=!u'" ' *4"F"=?u""

( o

! -u,
(*F*) =l 

u",
[ - ; ,

antisymmetric tensor and its dual\n)

FrnFr" - *F ,o*  F , ,

It = fl"Fn = 2(E2 - B2). 12 = *Fn"F*. = +n . n

.i:c the unique invariants (under Lorentz transformations ) of {, , which leads to the

.''nsc classification [2, 8, l0] for the electromagnetic field:

Type A

Type B

Type C

Type D

I r + 0

. 1 1 < 0 ,  L  = 0

1r = 0, 1: = 0 Null tjeld

1 r  > 0 .  I z = 0 .

_ l

. l:c crrses indicated in (12) are of interest because the properties of the world line
:-'rrnd of the Type for Fo" plus the initial conditions.
'.\ 

s also can write (l l) in the form of Pifra [3]:

. l t  I r = 2 H C o s y ,  I z = 2 H S i n y .  1 1 >  0 ,  0  < T  < 2 n .

:on o{'

gives

od) to

T y p e A  i y  + 0 , 7 t ,  T y p e p :  y :  l t ,

T y p e C : H : 0 ,  T y p e D : y : A .
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The electromagnetic field is non-null if 11 or/and 12 are differents to zerd,
then in this case there are [4,13, 16-18] two null eigenvectors T , nd ry. with proper

values + 2 :

( ls )

which permits to express F;1 and its dual in terms of their null principal directions :

Fo /" = 1Tr, Fr"e" = -A4r, /rT, = 4re, =0,

i  =r iQl + r j )k = Er,  o.

'  ,  ' ) 1

^=(z -+) =JE snl, o.

. l
Fo = lX(f ,ry"-f 

"ry,)+ip 
e-, f  ̂ q,1,

T "4"

(16) *Fn =Ll-B O,r"-y " ry , )+ i l .e*  /n7n l .
T orlo

,  ,  , k
p  = . l I * i )

We note that always /o4o*O
independence

v
= e V H  C o s  ^ > 0 .  e : t l .

z

because these null eigenvectors have linear

d2 b2 b3 *

dr ,  
t ' r * t  

" l t r= -  
+  

I iP . l ,

d2 6z 6z

*z 
l, * 

T 
rt )', = v,(0) + 

V 
11 )"@)

3. Algebraical-Tensorial method

This method is not explicitly in the literature. and we consider that it is

more simple and elementary than the processes of [-3] because it only involve
relations very known in tensorial algebra.

In fact, if we employ (10) in (3) results a f4rde, differential equation fbr

the acceleration :

(r7)

which perrnits to study easily the types B,C and D because they have 12 = 0, and

thus one integration gives us :

(18)

with more simplicity than (5). The nature of the characteristic roots o of (18)

depends ofthe invariant ll,therefore :
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Tr?e B:

a . : +  b ) " ,  t = . / - *  t O .
r z

Tbcn the 4-velocity solution of (lg) is :

(te) I
) ' , ' (s)= 1,(o)- 

tT 
, ,Q)+ A,ebAS + B,e-bts

ufrere the integration's constants A,. and 8,. ar.edetermined in terms of the initial
conditions :
(20) p ,(O) = bF,"A"(10), v.(0) = b2 F," nJ1,e)

If we remember,that et*' - cosh (Ms) ! sinh.(Dis), then (r9) adopts the form

)", (s) = )", (0) + 
|^ a,. e) s in h (Ms) . 

# 
v,. ej e os h (ils) - r),

and thus (6) implies the path :

I I
x, = x,(0) * 

[" 4, rTry @osh(Us) _ l) F* +

t35I

(2t)

Type C

1227

Tlp. D

. * (#t,"h(us)-r) + n,l a<ot

ln this case we have /r = 0 and it is triviar to resorve the equation ( l g) :
1

h .G)=  l , ( 9 )+p , . (0 )s+  u , (0 ) t i  ,

then (6) give us the worldline :

x,. (s) = x,. (o) + (s a,.,, *\ ,,, *# F,. 4,) he)

a : t  i pb ,  p= . ,F to .
t /

Here r l8) has the solution

1,.1s'1 = 1".(0) + -! p,"(0)Sin(bp s) - 
| ;  v, t0) (Cos (bfi  s) * t).

ul,, o- p -



where:

' r

(23) x,(3) = x,(0) + [s d""

(24\

where

(2s)
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- 
|Ot <'^ (b0 s\ - r\ 4^ -

h(fit*ooe-j 
r*4^14,Q\

NorvwemustconsiderthetypeA,thusweshallsnrdytherightside9|117).
The expressims (16) perrnifi"to write'the Faraday tensor in fimction of its dual if into

them we eliminate the Levi-Civita symbol' then :

* Fn = 
i * -#(o .$\ (r,q" - r "q,')

which with (3) in (17) imPlies

nz

ft ,,+b2H2'^'', tt' = 'f'(s)

F^r
f,$)=;;(r,q"-r"4) 4'

However, ftom (3) afrd (15) it is easy to see that

T 
" 

4 = X,@)Y" e-bt s' 
4" L = L(o)q" ebts

wlrich with (15) and (16) determine f,(s) via(25):

.f,(s) = M, Cosh(bAs) + JV" Sinh(ils)'

(26) M, = b3 (t ,* -*.Ol l"(o)'

tt, = r t"l(I * 3 o* - n, 4^l t {o't.

If vre put (26) into (24) we obtain the solution :

(27)

r,(s) = n,cos(tus *rr\+ c,Srn(uns *tr\*;fu f,@'

I

B, = p,(O)-rrzV M,,
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",=:)n(u",o, 
- #*,\,

bncosi

rib the corresponding trajectory :

r,(s) = x"(0)- l-[(.^(a"' "^t)-t) 
a -

bHCosi
L

(lt)

&c to the following identitY :

t39)

l l l

t2l

t3l

lfl

l5l

16l

m
ttl

- ,*(ur, ,"'t) r,l. jpV(l (s) - M,)

4. , (o)+ 
L-y , , -#TiN,=o

bHCos;

rG s.(0) and,v, (0) given bY (20)'

Thus is completely known the motion of a point charge under the various

rpcs of constant electromagretic fieltl$. -Our 
expressions (21), (22\, (23) and (28)

i cquivalent to (4.6), (4.7), (4'8) and (a'9) of Piffa [3]'
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Any Empty Spacetime Has Not Constant

Timelike Vectors

J.H. CALTENCO, J. L. LOPEZ-BONILLA. R. PENTE-NTWRO

\bstract: Using a Synge's invariant we show that any vacuum geometry accepts constant timelike

i aJlors.

l. Introduction.

Synge [1] deduced an invariant with the property that, when it is zero at a

rrrricular event of the spacetime thep the clrrvature tensor is also zero at these event.

fhis result of Synge is surprising because it means that one zero valued scalar

::lplies nullification of the twenty independent components of the Riemann tensor'

I}us u'e have the :

Theorem, " Let r , be any unitary timelike vector and

1 2 3 3 0
, = 6 n o +  

A ' H z +  * H t

,, = ?i Rob*r R"b"d + 2 R,,6 ll"t' * 
) 

ot ,

I r ,, =,lo*,'n(Ro"''u + ll'' 'tt't') - RPq R1""1 + Rl' Rb, - 
f, 

o2)'" 'u '

R',b R,dl ," ro r' ,d ,

l r

. i  i rh

uo =lnr*,u n,,,,,0 *l
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J

thenforeacheventin &:

(3) H:0 = R; ik^:00"

We remember thair Roa = R'"b" is the Ricci tensor and R = ftl is the scalar

curvatur6. It is clear that H:0 in every point of & implies a flat spacetime,

This Synge's theorern can be very useful in general relativity : we give here

onesry{ieasfu of,*it rsfuooviryg@ ergw€urun metic not a&nia constant'tirnelike
vectors.

. c , l  j ' ' i . "

2. Empty Spacetime.

The ref. [2] nnotivates us to recognize the importance of the existence of

constant vectors :

(4) T '  , c =  0 ,

Thus then0q.comrmltative prtpefly of covariant derivative leads to :

(5)
( 'Rob"d 

,O =0

In this Section we consider the case fio6 : 0, and with the use of I/ ard (5)

we show that there are no constant timelike vectors in empty spacetime. This can be
applied to several 'vaccuni pometries such as those of Taub, Schwarzschild, C.
Siklos, Ken, etc.

h fact we suppose ihere exists a unitary constant timelike vector r " (note

there is no loss of geneiality because the norm of a constant vector is also a
constant), then from (I), (2) and (5).we obtain :

But in [2] it was proved (using a result of Horndeski [3]) that the Lanczos scalar [4]
Rabcd Rabcd for an empty spacetime is zero in presence of a non-null constant vector.

Therefore f/= 0 and thus (3) affirms that our & is flat, that is, only the Minkowski

spacetime admits constant timelike vecton q.e.d.
The proof here presented is simpler than other ones, for example, in [5]

special coordinate systems are required.
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On Algebraic Characterwations in
Shop Scheduling Problems

TANKA NATH DFIAMALA*

Alffect We consider classical .ly'P-hard shop scheduling problems where one of the major tasks
i ro minimize the makespan criterion over the set of all feasible (cycle-free) combinations
l,quences). The collectio[ of all ntachine order matrices (rov latin rectangles) and job order
trices (column latin rectangles) forms the nper sequence group isomorplhic to .Sfi x Sf . The

|foT 
on the r4aximal order of an element of this group is generalized. The investigated

{cbraic characterizations yield a mathematical decomposition that corresponds to a pra-tical
fuifcation of the considered problems.

fcy Words: shop problems, super sequence group, maximal order.

l.Introduction

Inann x n classical  shopschedul ingproblem, each job i , i  e l= {1.2,. . . ,n1
b t o b e p r o c e s s e d  o n  e a c h  m a c h i n e  j ,  j e j : { 1 , 2 , . . . , m )  e x a c t l y  o n c e
rihout preemption for the positive processing time. Here. assume that each
dine can process at most one job and each job can be processed on at most one
tchine at a time. Let sIJ: I x J and P = 

[pii] be the set of all operations o, and

t@ix ofprocessing times pi1 with i e I nj e J, respectively. we denote the
c-rfction time of job f on machines by c, and the matrix of completion times
It c = 

[c,7 ] so'that G = maxy c;7 
'holds. 

T"lte job order on machine 7 is the order

d.ittb6 processed on machine 7 and the machine order for job I is the order of

' lL uhor would like to extend sincere thanks to prof. Dr. peter L. Hammer and to
hof Dr. Fred S. Roberts for providing an opportunity of research visit supported by
IIMACS, Rutgers, USA. The author would also like to extend sincere thanks ro
H. Dr. Heidemarie Brihel.
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machines which process job i. We have to lincl a fiasible conrbination of machiue

orders and job oidnr, (siquence) which minimizes the Irraximum completion time'

A scheduti gilts the corresponding time table. Here. $e consider the strongly

NP-hardshop scheduling problem denoted by al0l1(cf. GnrHev et al. [13]) witlt

a e {o,F,.rf and F: 0.lna job shop problem a:.1all ntlchitre orders are given in

advance, in the flow shop problem a:,F machine otdcrs are iclentical ftrr each.iob'

and in the open .t op proft.,o a: O allmachine or<le's arc arbilt'ar1'. 
'

A set S of sequences is cal led potent ial l l 'opr i t t tul i l ' i t  conlains an opt imal

sequence with respect to the objective 1 independent ot'J'rroccssing litrrcs. Artins/

FnisovrrN [1] coniidered the job shop problern J ln 
- l, (', ',.,. and obtain fl nccessary

and sufficient condition for removing some of the sc(ltrsnces' Some strttctural

properties on the set of possibly optimal seqtlellces tor thc flo$ sltolr Problctn afc

prove,t by CoNwnv et af. 1t01. Different decontpositiotts ol'.iob sltolt seclttenccs nnd

scheclules are presenteA und ltrther analyzecl lirr thcir t cttttlval corttlitiottl ltl '

Asl-rot;n [2 1. one of the aims to stucly irrcclucible sctltrcttccs is to ittvc'slignte tt

pr j tent ial ly opt imal sequt:nce set of  nr ininrr l  cardi tral i l - r  i r rr . l  i t  is t rr tnvoidnblc.  l lut  thc

existence of a urlique unavoiclable seqttellcc sct is not kttorrtt in gcnt:ral'

BnAsel/Kt EtNnu tS] ancl I(t-rtNnt.r t l6l ipr estigatcd l|e irrccluciblc

sequences introducing a dominance relation < on the set ol' all sequences witlt

a nxed formatr n x m. A sequence is called irreducible if there exists no

better sgquence replacing it fbr utbittury processing titnes: othenvise it is a reducible

one. Tl-ris extension depends on the trees of depettrlence $'ltich is valid lbr all

a e  { , o , F , J } . W e f u r t h e r r e f e r t o B n A s e l e t a l .  1 6 . T l  r n d l l , ' r R s o n t t t  l l 5 l t b r t h c

exrended investigations on the reducibilitl and irrcclucibilitl lbr n e {0, J} to
- 

*i"i*ir" it ',, *it".pan criterion.'I 'hey presertt seretrtl sufficicnt conditions lbr

reducibility each of *lri.h ton tre testccl itr pollnonriitl tinte' contptttatiottal results

,fro* tfnut'tr.re ratio of the number of irreducible scclttcnccs to the ttttmber ol' all

sequences decreases as the size o1'the shop problenl instance increases. A new ,

decornposition approach of sequences is introducccl and sottte sufljcient conclilions

fbrthe, i rrecluciui t i ty of  sequences are l l lesenlccl  br l ) r lAN4Al.A l l2 l '  t l l t  to loclr t1" t t rr

polynourial timc algorithrn is litrttlvn l'or the clceisiott rvhctltcr tt scqttcttce is

irreducible in the gen-eral  casc anrl  i t  is st i l l  urtkt t t twtt  i l  st tc l t  i t t t  r t lgor i t l tnt  can exist '

Recal l  that couut ing seqpcnces by cortsi t lct ' i r rg l l rc cirrc l i r r i t l i ty of  s; lcci i l l

latin rectAngles or the chromatic polynomial of tlre I littttttrirtg graplt 4,, x /(,,, is hard

(see Hennonfu t15l). A closed fbrmula for this urtsoS'cd countirtg pr.lrlcnr is

unknown up to no* and only upper and lower bounds are available in general

(e.g.,BnAsel/Dsnve,u[3],DHevnln[12]andHnRsoRru[15]) ' lntroducinggroup

opJrations on the ,.i or all combinations in the open shop problern.

BnAssr-lDsnMALA [3], Dsnvx,e [12], give a mathen-ratical decottrposition rvhiclt

corresponcls to a prucii"al classification of shop schedgling problertts' Irttrtlrerntore '
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they study the maximal orders of the elements in the conesponding groups ol'small
fury"o to decompose the whole group as the union of its zubgroups. Investigations
in the fields of graph theory, algebra, and latin squares and rectangles are coibined
to obtain results in scheduling theory by DHevrru.e [12].

In Section 2, the mathematical models along with some basic notions of
graphs and sequences are summarized. Sections 3 and 4 are devoted to the study of
algebraic charactefizations in shop scheduling probtems and the maximnl order of
tbe elentents in the iespective groups, respectively. Sorne concluding remarks are
contained in the final section.

2. Basic Concepts

Unlike the polyhedral approaches and the clis.junctive graph moclcl we aclopt
the block matrices model (cf. BnAstr- t9l)'in sho;r schecluling pr.o6lern. where lll
graph theoretical structures are basically descrillecl try nrearis ol'spcciirl Intirr
rectangles also balled sequences. Given S1,,/ nncl a ;rail irl' mnchinc urclcr.s ancl .jplr
orders in an n x z shop scheduling problem. we dclinc lhe tnctc.lrirta orrley gr.t:tplr
Gvo =(SIJ,Efis), wherethe set of arcs contains the precedence cohslraints ol,all
machine orders and the job order graph Gn=(sIJ,E7e), where the set of arcs
contains the precedence constraints of all job orders. The acyclic graphs Guo and
G;e consist of n and m acyclic components, respectively . The rank of a vertex in arr
ryclic directed graph is the number of vertices on a longest path from a source to
the vertex itself. Here, Mo: [ntog]and Jo: fjoilrepresent the n x m rank nratrices
of Guo and Gp, called machine order matrix (rov lotin rectangle) arxl job orcler
rntrix (column latin rectangle), respectively. Moreover, jo11 is the posirion of job i
in the job order on rnachineT and moii is the posilion of machine.T in thc ntachinc
order forjob i.

For given (MO, JO), we define the shop graph G 6x1,ro = (SLJ , E ut.t.Ls),
wh€re the arc set Ero,Lo- EuowEro reflects all nrachirrcr orclers alcl all .jo6
ordcrs. The connected directed graph G11.161,1o nlay or nray not lre acyclic. ll.lher shop
Srph is acyclic (cyclic) rve call il a sequence gruph (non-secprcnce gruphl. Ngle tlat
thc sequence graph is an acyclic orientation of the clis.irurctive gr.ajrlr (sce SussvrrN
l20l). nrco, c,* = max {cu lo, e slJl is given by lhe weigrrl ot:a crirical pnth in thc
squcnce graph.'The decision problem whether a given conncctecl clirectccl graph is a
rhop graph is efficiently solved (cf. BnAser-/Due.vnln [3] and Dnerr,lni.e [12]).
llqcover, the recognization of a sequence graph is also a polynornial solvable
Fobl€m (cf. BnAsel et al. [5], HennonrH [15]).

For each sequence graph Gys,Jo, ws can describe the sequence (MO, JO)
by e rank matrix A = laijl which contains the rank of each oli 

'tn 
G ys ,16. The rank

Eix ,{ is a special latin rectangle with seqilence properh): fbr eaclr hteger a,7 >l
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Figure 1: The Sequence,Graph G e Associated to the Sequence I

ftere orists or, - t in row i or in column j or in both. Recall that a latin rectangle

LRfn, m, ql-f#l is a rrrEi*ofdAe'n x mwith its entries tii e {I' 2''' 
"'91-ryh

th$lCocfo integer of fte qymbol'set3&curs at most once in each row 
Td'$.q9o

ffic€ in eaen commn of Zi (see pEr.ws/ Keeowuuu I l]). lf n: m: 4 holds, i*fen&9

matrix is a latin square of order'zr md is denoted by /,s [n]. on the otlrer hand,

givarl,ailylattnreotffigle LRthiwt,ql=uul satisffingthesequenceproperty' we can

" defrne a sequenc€ graph bt' ilbms of lii as a lwel of oT.Therefore, there exisls a

"n"nt+te 
aorruroloaroce Uetrpeen the set of all latin rectangles wffi sequence

prbp'erry bnU'fre: Set of lfi sequdnce gaphs for the open strop problem ("f;P*A:l:

iglj. Mot"over, the transformation of an individual mernber can be pertormed m

!) ,*** (Mo,ro\:,(i i )l ,C
linear time o(nm) (cf. BnAsrl t9l). The compcwabitity graph of a sequence B is

denoted bV lG[ ], where [G] represents the underline undirected graph of a directed

graph G.Note that u ,.qu.ntt contains alhnformation about machine orders and job

orders ofthe corresponding sequence graph'

A sequenci A e i,* (a) is called reducible to B € S- (a) if C'o*(B) <

C^o(A) for att P e Po^,we write B< A' A sequence A eS^ (a) is called strongly

r e d u c i b l e t o B e  S " ( a ) , d e n o t e d b y  B < A i f  B < A  b u t n o t l  {  B ' T w o

sequences A,Be S"(a) are called similu. denotedby A = B' if B< A and

A < B.A sequence A e Sn' (a) is called ineducible ifthere exists no other non-

similar B e S* (a) to which I can be reduced'

I f c i ( { ) sc tu ) fo ra l l ! : I and fo ra rb i t ra ryp rocess ing t imes , then

y (B) < y (l) foi all regular 1 and all P e Pon. A function which is monotonously

nonde"reusirrg with reJpect io all variables G is known as regular objeotive' The

dominance relalion < is m equivalence relation on S"(a) decornposing the

set into disjoint equiviler,rce classes. A sequence I is ineducible if 81 I implies

1 , 5  4
1 = l t  5

\ 6  1

2  2 t ,
3  3 l )
I  l '
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I = B. The irreducible elements are the minimal sequences with respect to the partial
:icr < and hence are the locally optimal sequences" The set of all pairwise non-

.::rilar ineducible sequences is potentially optimal for O ll y. We may choose the
:rr;ographically minimal one for the class representative for a potentially optimal

::r,lu€nce set S?l (a) of stil l smaller cardinality *lS?''(o)l for OllC,,,*. In general, an

::rmal solution of a shop problem is not unique. However, B € Sn"' (a) is optimal
:  : . - r  1 y  i f  B < A f o r a l l A  e S " ( a ) .

A path 'nuA with vertex set,V(zu,1) in the seqLlence I is called macintal if
r: cre does not exist another path zu ,*,t with V(tu ,r'1 c Vltu+,1) . Denoting the set of all
-::rinralpaths in Aby'V,11, one of the paths in W.1 becomes the longest depending
:. p,, . Note that B< I does not necessarily irnply Cn,u* (B) ( C,r* (A) for arbitrary

:  I t remains t rue i f  fo reachcr i t i ca l  pa t l t r t t l  in l . theredoesnotex is tamax imal

::rh in B covering all vertices in VQot). Clearly, B < A, if ancl only if for all
' -  €W6, there exists r .oa ewt such that V(tua)c V(to1). I f  B< I  ,  then there

:r.iStS zlra eWa such that V(to6)cV(ttta) for some rott e Wt. For exanrple.

^.:.ong to a common path in Gi' but not in G'i and whenever certain operations
-.-'.ong to a common path in B. these operations also belong to a comnron path in ,4.

Because of the existence of exponential number of maximal paths in a
.r.luence graph, the decision problem whether a given sequence is reducible, similar
: strongly reducible to another given sequence by delinitior\ takes exponential tinrc.

.::is problem is solved with time complexityO(nlnr2) (cf. BnAsEl et al [7]) using
':: algorithms pn the transitive closures lbr graphs as it has this conrplexity tcr

-r:!'rnrine the transitive closure of a sequence graph and to check il '[Gjj] is a
' - : : raph o f  [G i ' ) .

I heorem t fei ,q,,8 e S"(O). Then A is similar, str-reclucible or reclucible to BJot'
' ,--...,, if and only if [G'i'): [G')), tc'i lc[G')lor [G'a)c fG')'), respectively. I I

- look on some algebraic consequences, we denote by M-t the reversed uratrix

: rhe rank matrix M obtained by reversing the orientations of all arcs in the

:::r'rci3t€d graph. Furthermore, we denote by n,,nr, O, and Y, respectively, a rott,

:a'.mulotion 7T,eSn, a column permutation E" e 5,, a transposition O e Zz, and a
' ; '. e rs ion Y e Zz of a matrix, where Zz is the cyclic group of order two. Two given

;.cquences I and B are called structure isomorphic, graph isomorphic or

:-:.mutation isomorphic, denoted by A =, B, A =n B or A =p B,if there exists a

:.apping such that (trr, 7r", O, Y) A : B, (7r,, 7T, , A) A : B or (tr,., o" ) A : B.
'.jsrecrively (see BnAsel et al [6]). For example, because
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, ( i ) i l , : f t )' 1  3  2 '  , l  3

3 r
t f , the mapping (2 I 3), (2 | 3),ry) is a
2 ' ,

structure automorphism. Note that for given two sequences A and B of the same
format n x m, the decision problem whether these sequences are isomorphic can be
solved in o(min {mnz ,nn2}) time. The concepts of isomorphisms of sequences can
be extended fqr the corresponding machine order niatricesltoo.

Let G(X) be the group of isomorphisms of sequences of a certain type. Then
for each sequencel e S-(O), the sets {f e G (X):f (AtsAl nd {f (A): f e G (X)}
are the stabilizer and the orbit of A, respectively, satis$ing :

lUeG(x) : " f (A) :A\ l . l { " f (A\  :  f  e  G ( ,n} l : lc ( ,R1.

The elements of the stabilizer of A are the sequence automorphr'srzs, whereas the
orbits are the isgmorphic classes decomposing the set of all sequences into disjoint
equivalent classes. Given a system of distinct representatives (SDR) for each
isomorphic class, the total number of sequences is given by the class equation:

ls,,(o)l= Zwt.t>:f eG(x)lt : L,, =)9!*)l;:---:::.
eeson 

-  
^? to* l i f  e  G(X) : f  (A)=  A l l

Therefore, the sequence automorphisms play very important roles for determining
the exact number of sequences for the classical open shop problem. The concepts of
isomorphisrns of sequences can be extended for the corresponding machine orcler
matrices, too.

Given the number s(m,k) of permutations of order,t in lhe synrmetric group
^S', the number of pairwise non-isomorphic machine order matrices with respect to

the permutat ion isomorphism is j , I r (r , .  n ( ' l '+ ' i -  
l  
)  , . ,  [JRAsr, ;r-  cr al  [61

xyt t

and HeneonrH [5]). These concepts are inrplemented for an enunreration of all
sequences in the classical open shop problenr as well. Therelbre. the ordcrs of
elements in the symmetric groups play important roles lbr deternlining the total
number of sequ9nces. In this paper, we are investigating the orders ol'the elements
in the generalized groups.

The properties of isomorphisms and irreducibility play very inrpoftant roles
for an enumeration of isomorphisms and irreducible classes in shop scheduling
problems. The os-ineducibility with respect ro lhe maximum completion tinre
is invariant within edch isomorphic class. Given two isomorphic sequences
A, B eS"^(O), the sequencel is os-irreducible with respect to C,,,, if and only il.B
is os-irreducible (cf. BnAseL et al. [7]). However, if two job shop problenr.l have
structule isomorphic machine order matrices, then there is a one-to-one mapping
between the corresponding solution sets which preserve ineducibiliy.
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3. The SuperSequence Group

The concept of a row latin square (column latin square) was already

daneloped by D.A. Norton n 1952 (see Deues / KeeowELL [11]). A nonempty set X

together with an associative binary operatlon * forms a group G(n:(X, *) if tltere

oriss the identrly element and inverse elements for each of ils member. Tlre

collections of all row latin squares and column latin squares form groups under the

composition of permutations (see [l1]). We denote these groups by G(LSrt) and

G(I-SC ), respectively.

Moreover, the sets JO and MO of all n x m job order matrices and machine

order matrices fbrm groups, calledjob order group and mschine order group. ttnder

6e composition of permutations columnwise and rorvwise, respeclivel.y

(cf. BnAsTIIDHAMALA [3] and DHevele [2]). We dettote these groups by (Jt.f(]t

md G(MO) and the conesponding binaly operatiotts try o and o , respectively.

The identity elements of these groups are denoted tty [* = (e+.e*,...,e*) nttd

E = ( e , e , . . .  ) e ) , w h e r e e * =  (  l ,  2 , . . . , n \  a n d e :  ( 1 , 2 , . . . ,  r n )  r e p r e s e n l  t h e

identity permutations on the sets of n and rn elements, respectively.

The prpduct of thepe two groups is called the super sequence grottp,

denoted by G(MO x JO), which is isomorphic to the product group S# x S,f , where

So denotes the symmetric group on q symbols (cf. [3, l2]). This group hints nrany

interesting algebraic chancteizations in classical shop scheduling problems.

The super sequence group corresponds to the classicnl open shrtp

problem. One of its normal subgroups conesponds to the classical flow shop

problem. An equivalence class with respect to the flow shop normal subgroup

N(E, JO) contains all sequences in a clasiical iob problem. 
'l'aking 

the clnss

representative of the f i equivalent class as the elements (MO*,fx)the factor

group ({[(MOp,E\JE'' ],(*)) with respect to the flow shop normal subgroup can

bc described as follows :

[(MOq,r'*)] (*) I(MO,,r'*)l: [(\vlo,t,I '*) *( L[o,..u*ll= KII),t. A4o,,E*ll.

A subgroup of the super sequence group is calletl sequepee svfigrctry il'lt conlnirrs

crly sequence elements; otlferwise it is called weuk serluetrce subg,roup. llotlr

oormal subgroups N(8, JO) and N(MO, E*) are sequence subgroups ol'the supcr

rcguence group whose all elements are strongly reducible for the open shop problent

wi|[ C,a,. objeotive. The factor groups with respect to both normal subgroups are

bomorphic if n: m. The normal s,ubgroup N(8, JO) n N(MO, E*) conesponds to

n clement of the permutation flow shop.

Let r and t4 be any two permutations on the finite set Xo = {1,2. . ' . , ql

sch that

[4el

. t o

t6l

rl

a l l

o I

total
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l r  2
f t = l

\a r  i l2

q \  l t  2
I AflO 7t-r =l

u q l  
'  

\ 1 ' t  a 2 : , )

We say thnt It-1 is'the permulation reversion ol'n il' ilp -F 7t1 = cl + | ltolds frrr

all k e Xn. Note that(MO,"|O) e G(MO x JO) is a sequence clement il'and only

if its reversion (MO, JO)-1 e G(MO x JO) is a sequcnce elentent. Moreover.

independent of the processing times; C,,rn* ((MO,.fq. P\ =- (',n". l( Al().,1( )l t. Pl

holds. If we consider the following sub-families:

(MO,  W*)  : :

(w, Jo) : -
I (MO,JO) IMO e MO. n i  e  le ,* .e*r l l

tWO.JO) l  r ,  e  le .e r \ .  . tO e JOl .

l,emmn l. Both H(MO. W*) and I|(\V, JO) ure' vcuh :ic(lttcn.'e sttltgrttttp,t d'the

stqer seq uen('e g,'oilp.

The lemma above is straightforward. Thc non-cot't'ltnutative subgroup ll(W. .IO)

represents a job shop like problernn where machine orders are already restricted to

identity machine orders and/or their permutation reversions and the job orders are

arbitrarily allowed. Note that one can easily obtain sequence subgroups on more

restricted sub-families of this structure (cf. BnAser,/DFI/{v[ALd\ [4] and DnavnlR

t I 2l).

I-et )!' and I/ be sirnultaneously nonempty sttbsets of the sets .Y,,, and X,, '

respectively. A combination (tIO, JO) is calletl constanlly ordered subiect to tltc

p a i r ( ) ' , ) ' ) i | ' t t ,  = 7 t € ^ S , ,  ̂ 7 r ' l  = n * e S , , t b r a l l  t  e l ' n l  e l .  A c o n r b i n a l i o t t

(MO, JO\ rvith additional constraints zr (,/) : i r, r'l(i)= i for all (l e ,Y n k. e .\',,)

n ( i e Y n I e X' ) is defined to be a vectontise slabilizcr of the pair (.Y. )') with

respect to the super sequence group. The collection of all constantly otdcrecl pairs

(Aln. JO) rvith respect to (i',,f1 forms a strbgroup denotcd hy l["()'. .Y) ol'ther sttpcr

seclllenoe group. Likewise. thc collectiorr ol' nll vcekrnvisc strtll i l izcrs rtl '(,\ ', l ')

subject t6 the super sequence group is a subgroup dettolctl by l"l, (.\ '" l ) rtl ' l ltc sttpcr

sccFlcnce group.'

Theorem 2. AII possible sequehce elements of H"((,{l}) and H'({ll, r!) are

strongly reduciQle for OllC,n"*. n

Ndte that both subgroups H"(/,X, ) and II"(X,, Q) ate sequence subgroups of

lhe super sequence grodp, since the pair (fu\O. JO) is a sequence if thc conclition

MO = (r , n , . . . , n) ot JO = (tt *, E *, . . . . /r* ) lrolds. Moreover, the se(ltlellcc

subgroup H"(Xn, / ) enumerates the flow shop, whereas the intersection N( |tr, .lO)

n H.(/ ,X, ) corresponds to the pernrutation tlow shop' Clearly. the seqfence
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$bgroup H"(X, , X ̂  ) contains the classes of all constantly ordered machine order
matrices and all constantly ordered job order matrices.

Theorem 3. AII elements of H"(Q ,X^) and H"(X, , Q) are strongly open shop
reducible with respect to the makespan objective.

In particular, each (MO, JO) e H"(X,, X, ) is strongly reducible fbr the open shop
problem with makespan objective. It is remarkable that there exist some sequence
subgroups which contain a potentially optimal sequence set in the sequence space of
tbe flow shop problem f'll y , with y a regular objective. We can restate the results of
coNwnv et al. FOl that a potentially optimal sequence set fbr the problern r'll y is

I(MO, JO) |  MO: E, JO: 1ni ,ni  , . . .  ,  , i , ) |  whero r i  = ni  and 7 is any regular

finction. Moreever, if the objective function is restricted to-the makespan criterion.
6e potentially optimal solution set for the flow shop is {(Mo, Jo) | Mo : E, Jo:
(ri.d ,...,nti-t,n|')\ where trf = ri and E,l,-t = zi. Note that both sets fornr

certain sequencd subgroups ofthe super sequence group in the flow shop.
We refer to Dunvem |l2l for many quite interesting algebraio

draracterizations of shop scheduling solution spaces.

Theorem 4, To each sequence subgroup H of the super sequence group, there
aists an isomorphic group (LRP, #)in the set of all sequences of classicol opert

slnp problem.

Proof : Let H be any sequence subgroup of the super sequence group. We define a
napping I : LR + MO x JO such that A t+ (MO, JO), where LR denotes the set
of all r x ,n sequences in the open shop. Then I is a one-to-one mapping of
saquerce set LR into the product space MO x JO. Let LRt , LRz e LR be any two

saquences. Then we define an operation # on the donrain of the mapping E with

LRr # LItz = I- '  ( (Mor,Jor))  # X-r((  MA.JA))

= X-r((Mor o Moz,Jot . Jo)): LR3 .

Tbc isomorphic group X-' 1ff ; in the set of all sequences is denored by ( Lll t' . # ) . l--t

f. Maximal Orders

In a finite group G(,Y), the order of x e G(,Y) is the least positive inreger.
&oted by o(x), such that ro(r) yields the identity element of the group. Various
icmpts have been made in order to calculate the effective bounds for the maximal
cder of an element and the largest prime dividing the maximal order in the
srmmetric group, but up to now no exact formula is obtained. We refer to (e.g.

Grrrmtnu F4l, Mtllen [l9] and Mnsstns et al. [18]) and the articles cited therein

t5 t l
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for the different improved results. NoJe that more effort has been made for the enor
estimation in the various approximations (see [18]).

The Landaufunction g(n) on the maximal order of the symmetric group ^S,, which

is obviously nondecreasing, is based on the formula

l fu) : max {lcm(nt,nz,..., nr)14 
", 

=r?} = max {f1r", ' l \ r", '  < ry

where (h,nz,...,np)is a.partition of n, pis aredistinctp'rimes, ai) I forall iand

the product lIt p7' represents the decomposition of n into prime factors. We say

that a function fu is asymptotic to a function Q2, denotedby Qt@) - Q2fu),it

6'(nl
lim fr = 1. Note that the relation - is transitive. Already in 1903, LeNonLt
n-+a Q2(n)

los. q(n\
proved that lim -ff = 1, where 9fu1: maxlo(fl | n e Sn ) and log denotes

n+@ v  nrcgn

the natural logarithm.

Theorem 5. Let p be the largest prhne such that the sum of all primes less than

p does not exceed n, and let f(n) be the product of all primes less than p. Then

logg(n)- iogf(n).Moreover, logf(n)- ^[r tog, t l

A proof of Theorem 5 (see Mnlen [l9]) makes frequent use of the Prime Number

Theorem which basically states a deep number theoretic result known in the

literature that, if p(x) be the number of primes p less than or equal to x thbn

p(x) - &'

The maximal order of elements in the group of row (column) latin rectangles is

not frequently considered. For MO: (nr,trz.,...,ltn) e MO,if Ir be the order of

n r  (k  :  I ,2 , . . . ,n ) theno(MO) :  l cm (h ,12 , . . . ,  / , )  ho lds  in the  group G(MO).

Moreover, for (MO, JO) e (MO, JO), we have o((MO, JO)): lcm (o(MO), o(JO)).

LavwNd Muu,sx [17] sketch a proof, referring to J. DaNes and H. RerxrN, on the

maximal order of the gtoup of row latin squares. We define the following functions

of maximal orders by

g ,(n,m): max {o(MO) | MO e G(MO)} & g,(n,m): max {o(JO) | JO e G(JO)} .

Lemma 2. The mmimal order of an element o/ G(LSR ) is g,(n,n): ll'[!l q't ,

vhere qp denotes the kth prime less than or ecpd to n and sp is the largest initeger

s u c h t h a t A " t  <  n f o r a l l k = 1 , 2 , . . . , t ( n ) .  l i

t52)
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For n: m g" (n,n): g,(il,n) as the goups G(LSR) and G(LSc)are isomorphic.
The maximal order of an element of the group of machine (ob) order matrices is
obtained by Dunuel,e [12] and BnAsBr_/Dnervrru_e [3].

Theorem 6. Let G(Mo) be the group of machine ordet. matrices A,Io ln,m,nfl, ancl
lct n 2 t(m) vhere t(m) denotes the number of all primes nol exceecling nr. Then the
twimal order of an element of the machine order group is

(l) g, (n,m):'fr ,';
k= '

vlcreqldenotesthekn pr imelesslhanorequolt t tut .otr lsp isthe lm.gest inlegcr

srch that Q''t < m for all k: I,2, . . ., I (nr).

Proof: 
-First 

we note that the statecl 
'fblnrula 

is nothing but a.unicluc prinre
frtorization of the integer g,.(n,nr). Here, the factors are pairwise relatively priprc
o each other and, therefore, their product gives the least common rnultiple of the
fttors. Furthermore, we construct a machine order matrix of order gr(n,m\ and
sbow that there exists no machine order matrix of higher order than g,(n,nt).

Without loss of generality,let np bethe kn row of a machine order matrix

consisting only of one cycle structure of length q'f and the renrahing ;lnrt of

6is row with arbitrary cycles of lengths not exceeding trre nunrtrer rn-q'f tbr

I = l, 2, . . , t (m).Moreover, each of the remaining rows (if lny) ,rr. . whcrc
L = t ( m ) + l , . . . , n , c a n b e r e p l a c e d b y a r b i t r a r y p c r m u t a t i o n s o n a r s y n r b o l s . T h e r r

- is easily seen that the order of such constructed maclrine order nratrix is g,.(n.n).
Finally. as the least common multiple is already represented by the unique
hcrorization, we further claim that there is no any other rnachine onlcr nratrix with n
lr3er order than g,.(n,nr). n

Coroflary L Let m > s(r), u'here s(n) denoles lhe ttrtntber of oll printe ntrntbers not
acteding n. Then the nnximal order oJ'an clemenl o/ tlrc.lob ordcr grttult Gl(.10) r.r

. r ( r ,

(2) g"(n,m): 
E ,';

tlcre q1 denotes the kth prime less than or equal to n, and t1, is the largest inlerger

rh that A' i  s, for atl  k:1,2,. .  .  ,  s (n). l f

Corol lary 2. Letn> t(m):Lp<,,  l ,andm2s@):| ,1,<, I  where p is upr ir t t t ,

Erbr. Then the maximal order of an element of the super sequence grotrp is

9," (n,m) : rnax { 9,. (n,m). 9,. (n.nt)l

.be g,(n.nfi-and 9"(npt) are given by lrornnilas (l) and (2), respectivel.t,. ll
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The example in Section 2 associated to Figure I has the maximal order 6 for the

super sequence group with n: m : 3. Note that our all formulas on maxirnal olders

depend on the approximation functions of prime number for large values of n anci zl.

On the other hand. if we release the restrictiohs on the number of rows or/and

columns, our results yield only upper bounds on the maximal order of the elements

of the corresponding groups.

5. Concluding Remarks

In this paper, some algebraic concepts of row latin squares are generalized.

We study the machine order group, job order group and the super sequence group in

classical shop scheduling problems which yield a practical classification and some

interpretations of the considered shop problems. As a consequence, coresponding to

each sequence subgroup of the su.per sequence group, there is assocr'ated an

isomorphic group in the set of all sequences in the open shop. We cover the set of

all sequences by sequence subgroups for m : n : 2 but it is impossible in general.

Therefore, to find a minimal set of subgroups containing the minimum number of

non-sequences which covers the sequence space liorn outside is an interesting

theoretical problem in this field. Frorn tlre practical point of view, the sequence

subgroups have to be applied in seaich algorithms for solving the problems.

Moreover, we present results on the maximal orders of the elements of the

investigated groups. The results in this field are of both theoretical and practical

interests.

t1l

tzl
t3I
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Interdependent Machining System with
Spareso Controllable Arrival Rates

and Additional Repairmen

M. JAIN, G.C. SHARMA AND K.P.S.I]AGI.IEL

Abstrect: Tlre provision of spares nn<l rcpair facility has utrrnst significancc lirl rtrlchining
t)|stenls of tnantlfacttlring / prrrduction processes. This paper rlcals rviilt nrlchirre rcpnir systcrrl
-lnsisting of operating units along with spnre rrnits unclcr rhe calc of a r.eplir. lirciltry lrrrvirrg
Pcf,manent as well as rctttovable additional rcpairnrcn. It is consiclcrrcd tlrut rnlclrirrgr alc
interdependent. lhe breakdown tinres arrd renovation tinres of units nre exponerrtially distribrrterl.
Tbe repair facility controls the breakdowr units by rendering the service in'trCfS order. T'he nrern
queue lengtlr is obtained by using recursive nrethocl.

Kcy rvords: i{achine repair, FCFS, Interdepencrcnt, Sparcs, Ilc;rairnrcn, Mcarr
queue length.

l .  Introduction

1'he applicability of nrachines can bc rcaliscrd irr lny nrtnulhclrrring
production organization to fullil the desired requircnrcnts ol'the jobs. 'l'g 

clcsign n
bcter machining system, the system designer rnust havc goocl technical knowlJclgc
of performance prediction apart from suflicient knowleclge ol'various clesigns issues.

Severnl queue theorist have studiecl nrachining systcms in clilTcrcnt frlnre-
*orks. Gaglio and Wagner (1964) gave an approximate solutior; firr thrcc-lnachinc
scfieduling problem, Wang (1990) stucliccl machinc repnir problcrn rvith singlc
svice station strbjecl to brcakclorvns and analysccl tlrc prolit ol'tlrc s.ystcnr. 

' l ' lre 
cgst

aalysis ol' the machine repair problenr with non-rcliablc service sltlions rvrs
iwesligated try Wang and l{su (1995).'l 'wo-mnchinc procluction llne rvltll statc-
dcpcndent rate was considered by Jain (1999). Jain ct ul. (2002) also stucliecl 1
flcrible manufacturing systenr to evatuale its pcrfirrnrnnce incliccs, A littlc bit
llctature rvhatsoever is availnble in which the skillirl rcscarch rvorkcrs conclucterl
6cir research ryorks incor.porating. the provision of spares provisioning. is worlh
uttioning. Some useful works in this direction are also matle by many researchers"
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Natarajan (1968) analysed a reliability problem with spares and multiple repair

facilities. Srinivasan and Gopalan (1973) studied a two-utit system having warm

standby spares and estimated availability and reliability of the system. Jain (1997)

analysed state-dependent (m.M) machine repair problenr with spares.

The facility of additional repairnren may be cosl effective to lmprove the

system avnilability in pnrticular when there is suflicient backlog of fniled unlts in the

system MAd/C/I(N nrach.ine repair problent with bnlking, reneging, spnres nnd

additional repairnran was studied by Jain et al. (2000a). Jah ct al. (2000b) nlso

considered machine repair problenr with spares, reneging, additional repnirmnn and

two modes of failurc. Jain and Baghel (2001) considered a multi-component

repairmen repaipble system with facilitating sparc parts and state-dcpendcnt rntes.

Agnihothri (1989) studied a machining problem with ingenuous repairmen

and interrelationship between lheir perfornlance measures. Gupta (1995) developecl

a queueing system with interrelationship between controlled arrival ancl setvicc

rates. An M/lvl/l interdependent queueing system having controllntrle urivnl rntes

was analysed by Rao et al. (2000). Recently, MlMlc interdependent queueing ntoclel

with controllable anival rates was studied by Begum and Maheswati (2002)'

In present investigation, we consider a multi-component systent having

conelatpd failure and rcpair rates. We have incorporated thc provision ol'spares ancl

two additional repainnen in our rnodel. The whole paper is rnrnified into lbur

sections. In section 2, lve clescribe assumptions altd notatiotts to clescribe thc

mathematical model. 
'fhe 

governing equations ancl thcir solutiotts in exgrlicit lbrnt

are given in section 3. 
'Ihe 

averagc <prcuc length is obtitittecl. 
' l ' lrc 

lasl sectiott 4

includes the scope of futurc researclt work ancl conclttdillg t'crtrltrks.

2. System Postulates with Notations

We consider an interdepcndent machining systcnr consistiltg of M o;rerlting

machines, R permanent repairmen ,and S Warm spares. There is pl'clvision of two

additional repairmen to increase efficiency of the systemr in case of heavy tlalfic of

failed machines. The following assumptions are made to elaborate the ntoclel as :

) There is a correlation between breakdowtt times and repair times of machines,

which are exponentially distributed rvith nrean ratc l/1, and l/p rcspectivcly.

) Whenever a machine fails, it is sent to renovate in repair l'acility in order ol'their

breakdowns.
y, After renovation, the machine is as good as at the tine of failure and.ioins the

group of standby or functioning machines.

) The spare units are assumed to fail according to exponential distribution with

rate o

D Wlren all the spares are used. the operating maclrines ftril with degrndecl thilure

rate 1,.

t

) h d
b l

) h r
fl

lLl

I

T

f:{

n (
n l
n l

I

I
I
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). To reduce the queue srze, the first additional repainnan is
level 76 +l and preceded till queue length ctrops to eo.

i The secondqadditional repairman starts repair at lhreshold
continue till queue length drops to Q

provided at lhreshold

level 1 11 sncl

: the
r t h e

rnd

also

I and

fient

ls.

mterl

bped

tvicc
rBtes

ndcl

tving

t and

four

thc

[ornr

ln .l

n <^S

l l ) ^ S

t ing

trvO

c o f

nes,

heir

the

rith

ure

Q r + 2 < r r < f r ; + l

7 p - t - 2 s i l < Q t

Q t + l < n < I j

3. The Equations and Analysis

and

It, = M()"- e) + (S - n\(a - e\

A ,  = (  l + l + S - n ) + ( 2 , - e )

trl., = 111, rt - e) + ( p 1 - e)

The slcacly-state equations governing the rnocret nre given as lbllows :

( r )  Ao4(0 )  = (x -e )n (0 )

(2 )  f l t , ,  +  n (p-e) lP , (0 )  :  A ,_r  p ,_ r (0 )+( r+  l ) (  p  -e )p , ,4 (0) ,

(3 )  [A , ,+  R{p-e) l  P , (0 ) :  A , i_ r  l i_ r (0 )  +  I t (1 r -e )p , , *1 (0) ,

({)  [A'5,  + / f (4 -  e)]  P5(0) = A.s_r ps_r(0) + R( p -  e)ps*;(0)

(5 )  [A ' ,  +  R(1 t -e ) ]4 , (0 )  :  A i , - ,  l i " r (0 )  +  R(p*e)p , . , . r (0 ) ,
(6)  

lA i r , ,  +  R(p-e) Ipo"(0)  :  A i r ,_r  po, ,  r (0)  + I t (1 t -c)pe, ,n t10)+ / r i {2 , , , r ( l )

(7)  l l t ' ,+  R(p-e) lP-(0)  :  L ' ,_ t  p ,_r(0)  + R(1t -e)p, , r (0) ,  es+t<n<.n
(8) [Ai, + R(p -e)] P6 (0) = Ah,-, 4;_r(0)
(9) [Abu., + RilPno*r(l) = Ri pa,,.z6)

( t0)  lL" ,+ I l ' , l l rn( l )  =  l t i , t  h1( l )+Rip,* r ( l ) ,

( l f  )  lA'r;rr + It : t l  ni,rr( l)= /t ' r i ,Pri,10)+ A'.a, /r7;,( l)+ / l i l rTi,rr( l)

r l l )  1 l f ,  +  t i l / . i , ( t )  :  / \ i , - r  p , , _ r ( t )+  /? l  4 , . ' r ( t ) ,
(  t3)  [Ab, + ni ]  po,( l )= Ab,_r ps, , re)+ Ri  pq,*r( l )  + Rj  pq,*t (2)

r  l - l .v  tn i ,  + ni l4,( l )  :  h int  p, ,_t( l )+ ni4,*r( t ) ,

(15) [Ai ,  + ni ]pr , ( t )=Ai, ,_r  p7i : r ( l )

t l6) [Ai,*r + Rll Pq,*r(2\ = Rz Pq,*z(2)

{ f  71  [h ' , , +  R t lP , (2 )  =  L ;  I  n , - t ( r )+  I { z  l l , r t ( 2 ) ,  e t+zsn<7 i+ l

(f t) lAl i*r + Ri]Pri*rQ)= /t 'r i4i( l)+ Arip; ie)i  R:2pli ,2(2)

( 19) tnl + ni l  P^(2)= L'a p,_te)+ Rlz hnr(2), Tt +2 < n 3 It I  + S

l S n < I l

I S n < R

g < x c e o
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(20) Ah.*r-r Pilr*.s-r(2) = Ri p-*r(21

On solving cquations (lF(4), wEhare

(2t) 4, (0) =

l- l

I'[ n,

f f i ' r ,o\, lszSR

n-l

fIn,
7;oft7rutol, R<ns^s

S-l n-l

ll,l, llnl

f f i y P , ( o \ ,  s " t Q o

Substitufing the values ol' Pr,-- r (0) mrd Pq, (0) fronr c<;uarion (2 | ) in ccplntions (.5)-

O)' ury get 
r-r es.

(22) p^*,ror =7,*ffi;* pc(o) - [,. jffi]pq,,r(r)
and.in general we have

S-l n-l

fln, IIni
(23) P,(O)=ffi

, n-l n-l A', r

P,(o) - [ t*,=fi., E w, - r] "
f  ( p , - " 1 1

xL l+R( / - , ; J  Pq ' * r  " '  ( l )

Q o  < n S T i t

Now substituting the value of %-r (0) and ft (0) from equation (23), equation (8)

yields

(24) P,(0):
s-l To

fIA, fIA,
l=O 

' 
,=S

Po(0)

Rt Rro-n .(tt-rr.[ ,;*, h' fI,,, -,),F*,fi ;l, *,)['- ffi3t ]
t ' . =  

=

- 'l'

'  
) t

wPo(0)
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where

.s_l To

, r =  l

nr n'i - R ( p-",^[,=h-, h f
Now equation (23) reduces to

f .t-, tr_l

I l-tn, ,Un; I u q h,, lf- rr,, _nr ll(2s) a'to):i ffi-*1,=A.,Enrr -iL'.# | | e,o,
L  

' -  - ' ) L  ' J l

(26) !- tr d ^il
4,(0) : 

Lt 
*,=n?,8 

Tl 
Ir n)et eo-r2s n < zi + r

Equation (l l) provides

p,;,*z(,)=[(,., +) {,*,=#, ii f} +f{,.,,#, hlli }] n, t;,(,,)

Using equations (9), (10) and (34), we find

(28 ) /i,.,(r) = (,.?) p,;.,trl 
+, 

ph*,(r)

Q o < n < l o

' l i , + 4 < n c e r

( l )

, t )

(8 )

4,(0)

Po(0)

Pr,(0)

.
m general equation (12) gives

t t i  H Ait  h 'r , ,  t  z-r  n-t  [ f .  ,(2e) 4'(t) ('*,=t.,nfl P,;,,r(1- ^I(t*,=rr",ft,T) P1;,,1o\
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(30)
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Equation (13) provides

Also equation (13) yields to

(3 1)

(37) F\*2(21= 
[l+-

Further equation {19) provides

p?i*;(r) =(t.?) pa,(t)-+ p*-,a)# po,*,(z)

Ps,*z(t)= (, - fu*J pn,ue) - 
+ 

po,e\

Similarly in general, we find

t r:J n-r A" r(32) P,(t)= (t*,=rx,_,ll T)

On solvlng equation (15), we have

Pe,*,(r)-?(' *,=E*gf,) Po ,,,
Q t + 3 3 n < ' I l - l

(33) 
At'-'

4',{t;= ̂t-l Pr,-10)

Frorn equation (16), we find

(34) Ps,*z(2)= ('- ?) ro,.,{r)

Now equation (17) gives

Ps,,t(2) = ('. 
Yl 

rn,.,rD - 
Y 

Po, n (2)(35)

and in general, we have

t d t! A', r A'rr.*t , 'L1 l-r A', r
(36) pn(2)= 

[r*,=rl, Ed 
pct,*z(2)-t(,*,=oT.,]] 

q ) /,o,,r(2)

Theequar ion ( lg )y ie rds  
Q+4sncT1+ l

(38) Pr,,r(2't=(t.?)

Ar, -  Ar ,

i 
rr,(2)-V Pr,(t)

A'rt*,
Pr,*zQ)-*{ Pr,*r(2)

and in general we find
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(3e) 4,12; :  (r* Pr,,2(z)-,nia (,.
n- I  n- .1 [ ' .  . ,

,=r*,lhf) t\,r2l
r - l  n- l  [ ' .  , ,

,=n,EE)

lit 7 i il /.r ,1

t= 
,V*nP,,(o\*, ,=;,  ,  

nl ' , ( l )*, , . f i , ,  nl 'n(21

' 1 , + 4 S n <  
A , [ + S - 1

Now equation (20) and (39) give

(40)

pn,.,(z)-T(t. 
,=il 

^,t,'*) 
Pr,*z(2\

?('. :=;; 
^'F,' 

#) P,,,2(2)

Mean Queue Length

The nrean queue lenglh is obtained as

( 4 l )

4. Discussion

ln this poper, steady slate queue size dislribution lbr re;lnirablc nrachining
systcm with spare provisioning has been dctcrnrincd using recursivc method. By
wing spare parts stlpport and controllnblc aruival ratcs irr the prcscncc of pcnnanent
rs wcll as additional repairmen, we hnve studicd more vcrsatile problem of
machining system. For highcr productivity and e[f rciency, thc convcntionol
machining systcnr has tltc provision of sparc pnft support.'fhe additional rcpairnren
may be lrclpful to reduce the bncklog ol'tltc systenr wlrich is csscnliul lirr econonricnl
rs well as relinbility requirement viovpoints.
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A Generaltzatron Of Unified Common
Fixed Point Theorem

K. JHA AND V. PANT

Abchact The aim of the prese,nt paper is to obtain a conunoD fixed point theorern for a set of four
qpings, which includes all the known contactive definitions as particular cases and employs a
uPschitr tJPe analogue of known contractive definitions. Also we piovide a new qpe of answer to
ttc open problem posed by Rhoades [21] on the existence of a contastive definition.

IGy words and Phrases : common fxed point, compatible mappings, contractive
conditions. 

;.
l.Introduction j'

The sfudy of common fixed point of mappings satisfring contractive type
conditions has attracted a great deal ofresearch activity during the last trvo debadis.
Thlmost general of the common fixed point theorems pertain to four mappings, say
A B, s and r of a metric space (x, d), and use either a Banach type contractive
condition of the form
( l )  d (Ax ,By )<hm(x ,y ) ,0  <h<  t ,

nfrere m(x,y): mal< {d(Sx, Ty), d(Ax, Sx), d@y, Ty), [d(Sx, By) + d(Ax, Ty)!121,
or, a Meir-Keeler type (e , 8)-contractive condition of the form given e > 0 there
aissa6>0suchthat

(2 )  eSm(x ,y )<e+6+d(Ax ,By )<e ,

r, a fcohtractive condition of the form

(3) d(Ax, By) < 0 (m (x,y)),

hvotving a contractive gauge function { :R*+ R* is such ttrat { (t) < t for
crch t > 0.

clearly, condition (1) is a special case of both conditions (2) and (3). A
fotractive condition (3) does not guarantee the existence of a fixed point unless
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some additional condition is assumed. Therefore, to ensure the existence of commonfixed point un{er the conhactive condition 1li, tue f"li;; conditions on thefimction $ have been intuoduced and used by various authors.
(I) { (t) is non decreasing and t(t _ O(t) is non increasing (t2l),
GD 0 (t) in non decreasing and limn f (t) = 0 for each t, q1+j, 1911,
@) 0 is upper semi continuous ([l], [4], [8J, [14]) or 

"quirn 
i"oti,

GlD 0 is non decreasing and continuous from right (t201).
It is now knoram (e.g. [4], [16) that if any of the conditions (I), (tr), (,tr), or (IV) isassumed on $, then a $-contractive condition (3) impries'an anatogous (e,6)_
contractive condition (2) and both the contractive condiiions hold simriltanJ;i
Similarly, a Meir-Keeler type (e,6)-contractive condition does nor ensure the
existence of a fxed point.-The following example illustrates that an (e,6)-contractive
condition of type (2) neither.ensures the existence of u fi;;;oin, no, impries ananalogous $-contractive condition (3).

Example 1. (tl6r) Let X : [0, 2] and d be the Euclidean metric on X. Define
f  :X-+Xbyf t : ( l  +  x) /2 i fx< l ;  f t :0  i fx> l .Then, i tsat is f iescontract ive
condition e S max {d(x, y), d(x, ft), d0, ry), [d(x, &) + dg, fu)]/Z]< e + 6
+ d(ft , ry) < e; with 6 (e) : I for e > I and 6 (e) = l- e for e < I but f does not
have a fixed point. Also f does not satiss the contractive condition

d(ft, n < 0 (max {d(x,y), d(x, ft), d0, ry), [d(x, $,) + d(y,tu)] /2]),
since the desired function f(t) cannot be defined at t : l.

Hence, the two type of contractive conditions (2) and (3) are independent ofeach others. Thus, to eNrsure the existence of common fixed point under the
contractive condition (2), the foltowing condition on the function 6 have beeninhoduced and used by various authors.

(V) 6 is non decreasing ([12], [14]),
(VI) 6 is lower semi continuous ([6], [7]).
Jachlmski t4l has shonm that the (e ,8|contractive coridition (2) with a

non decreasing 6 impries a $-contractive condition (3). Arso, pant et at. fl6l have
$own 

that the (e,6)-contractive condition (2) with a lower semi continuous 6,imPlies a $-corhactive condition (3). Thus, we see that if additional conditions
are assnmed on 6 then the (e,6)-contractive condition (2) implies an analogous
$-conhactive condition (3) and both the contractive conditions hoid simultaneously.

It is thris clear that contractive conditions (2) nd(s) troid simultaneously
whenever (2) or (3) is assumed with additional condition on 6 or Q respectivery.
Besides the contactive condition (2), the {-contractive condition is also assumed
simultaneously with or bven without imposing any additional restriction either on {or on 6 [l3,16J. such theorems not only uniff the Meir-Keeler type fixed point
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theorem and Boyd-wong type fixed point but also improve them. A more general
approach of generalizing these results consists of assuming Lipschitz type analogue
of contractive condition. It follows, therefore, that the known common-fixed point
theorems can be extended and generalized, if instead of assuming one oi the
contractive condition (2) or (3) with additional conditions on 6 and. we assume
contractive condition (2) together with a Lipschitz type analogue of condition (3);
that is, a condition of the form

d(Ax, By) < max {d(sx, Ty), k[d(Ax, Sx) + d(By,Ty)]t2,

[d(Sx, By) + d(Ax, Ty))t2\, | <k<2.

we prove a common fixed point theorem for four mappings using this approach. It
may be noted that all the known results have been dealt with the case k : I and so
all such results are obtained as special case of our theorem.

Two self-mappings A and S of a metrix space (X, d) are cailed compatible
(see Jungck t6]) it lim d (ASx", sAxn ) = 0, whenever {xn } is a sequence in X such

that lim Axn - lim Sx" : t for some t in X. It is easy to see that compatible maps

commute at their coincidence points.

2. Results

We prove the following theorem with the notation M(x, y) defined as

M(x, y) : max {d(Sx, Ty), d(Ax, Sx), d(By, Ty), [d(Sx, By) + d(ex, Ty)]/2\.

Theorem l. Let (A, S) and (8, T) be compatible pairs of setf mappings of a
complete metric'space (X, d) such that

i) AX c TX, BX c SX,
ii) given e > 0 there exists 6 >0 suchthat e <M(x, y) < e + 5 + d(Ax, By) < e,

and
iii) d(Ax, By) < max {d(Sx, Ty), k[d(Ax, Sx) + 619t, Ty)]/2

[d(Sx, By) + d(Ax, Ty)] I 2\, I < k < 2.

If one of the mappings A, B, S and T is continuous then A, B, S and T have
unlque common fixed point.

Proof : Let xo be any point in X. Define sequences {x"} and {y"} in X given by
the rule
( l . l )  l zn  =Axzn:TX2n+t  l yzn+r  :Bxzn* r  =SX2n+2

This can be done by virtue of (i). wg claim that {y" } is a cauchy sequence.

using (ii), we get d(yzn, ]zn+r ) = d(Ax2n, Bx2n*r) < M(xzn, Xzn+r ) < d(yzn-r , yzn ).

167l

IV) is
(e,6F

usly.
the

with a
.61 have

6,
itions

rssumed

o n 0
point



168l K.JHA AND V.PANT

Similarly, we get d(yz"-t,yz"\ < d(yzn-z,yzn-1) and so on.

Thus, {d(yn,yn+r)} is a strictly decreasing sequence of positive numbers and,

therefore, tends to a limit r > 0. If ppssible, suppose r > 0. Then given 6 > 0 there

exists a positive integer N such that for each n ) N, we have

(r.2) r  K d(yzn, lzn*r)  = d(Axzn,BXzn+l)  < M(xzn,X2n*r  )  < r  +6.

Selecting 6 in (1.2) in accordance with (ii), for each n > N, we get

fl(yzn+2,!2,+r ) : d(Axzn*2, Bx2n+1 ) < r. This, in turn, gives

d(yan+3,yzn+z) < d(yzn+r, yzn*z) < r. This contradicts (1.2). Hence,

, l*  
d(Yn,Y"+1), :  o '

We now show that {y"} is a Cauchy sequenog.

Suppose it is not, then there qorresponds an e > 0 and a subsequence

{yn, }of {y;} subh that d(y", ,yn,*, ) >2e. Selectlng 6 in (ii), so that 0 < 6 < e. Since

nl*d(yn,yn*r) :0,  
so there exists an integer N such that d(yn,yn+t)< 6 /6

whenever n > N. Let ni ) N then there exists integer m; satisffing ni < qli ( ri+r

such that d(yni,y.i ) > e + (5 / 3). Ifnot, then

d(yn, , yn,*, ) 3 d(y", , ynr*,-l ) * d(yn,.,-r , yn,-, ) < e + (6 / 3) + (6 I 6) < 2e ,

which is a contradiction. Now, without loss of generality. we can assume ni to be

odd.

Let m; be the smallest even integer such that d(yn, , y., ) > e + (6 / 3). Then

d(]n;,],., ) < e + (6 / 3) and

s + (6 /  3) <d(yn,,  y, ,  )  (  d(yn,,  y, ,  -z )  + d(y,,-2,  y, ,-r  )  *  d(y,n, -r ,  yn,,  )

< e + ( 6 / 3 ) +  ( 6 / 6 ) +  ( 5  1 6 1 :  
" + ( 2 6 / 3 ) ;that is,

(1 .3) e + (6 /3) < d(y", ,y. ,  )  S e + (26 I  3).

A l s o , u s i n g ( i i ) , w e g e t d ( y n , * 1 , y r ; + r ) ( M ( x n , * r , X . i + t ) ( e + ( 2 6 l 3 ) + ( 6 / 6 ) < e + 6 '

that is, e + (6 / 3) < M(xn,*1, X,ni+t )( e + 6. Using (ii), we get d(ynr*r, yrnr+t ) ( r.

But then, d ( y n , ,  j ' ,  )  <  d ( y " r , Y n i + t ) + d ( ! n ; + t ' Y m i + t )  * d ( y . , * t , ] ' i  )

< ( 6 / 6 ) +  e +  ( 6  I  6 ) :  e +  ( 6  / 3 ) ,

wtrich contadicts (1.3). Hence {y"}ir a Cauchy sequence in X. But X is complete

so there eiists a point z in X such that yn + z. Also, using (l.l), we have

(1.4) /2n:Ax21 =TX2n+t +z and Y2n+t =Bx2n*r =SX2n*2 )2.

Suppose that S is continuous. Then SSxzo 4 Sz, SAxzn -> Sz and

compatibility of A and S implies that ASxzn + Sz. Also, since AX c TX.

corresponding to each value of n, there exists zzn inX such that ASx2n = Tzzn.Thus.
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ASx2n =Tz2n ) Sz and SSlzn =iSz. We show that limn Bz2n =Sz. If not, then
there exists a subsequence {Bzz.}of {8"r"}, a number r > 0 and a positive integer
\ such that for'each m ) N, we have d(ASx2., Bzz^)> r, d(Sz;Bzz^)2r and in
view of (iii), we get

d(ASxz.,Bz2m)< mrx {d(SSx2,,Tzz^), k[d(ASx2,,SSx2,)+

+ d(Bzz^,Tzz^)l/2, [d(SSx2, ,Bzz^)+ d(ASxzn ,Tz z)]/2)
rrhich, on letting m -+ o, yields

d(Sz,Bz2^) < k[d(Sz, Bzzil/2 < d(Sz,Bzzn), ?contradiction.
l{ence limn-- Bzzn - Sz. we claim that Az: sz.rf Az+ Sz, then by virtue of (iii),
for sufficiently large values of n, we get

d(Az,Bz2n) < max {d(Sz, T z2n), k[d(Az, Sz) + d(Bzzn.Tz2n)) I 2,

[d(Sz. Bz2" ) + d(Az,Tzz,\] I 21,
:  k[d(Az,Bzr")) /2.

t)n letting n -+ oo, this yields d(Az, Sz) < k[d(Az.sz)]r2 < d(Az,Sz), a contradiction.
llence Az: sz.Again, since AXc TX, there exists a point w in X such that
.\z : Tw. If Bw * Tw, using (iii) we get

d(Az, Bw) < max {d(Sz, Tw), k(d(Az, Sz) + d(Bw, Tw)l12,

: krd(Bw, rw)l / 2 < d(Bw, r-, 
tiffi 

;:r,11fi,il,113j.
i{ence Az: Bw and so, Sz: Az= Tw = Bw.

Since compatible maps commute at their coincidence points, we get
\Sz : SAz and BTw: TBw. Moreover, AAz: ASz : SA;: SSz and
:lB\. : BTw: TBw: TTw.
.i .-\z* AAZ, using (iii), we find

JrAz, AAz): d(AAz,Bw) < max {d(SAz, Tw), k[d(A Az,SAz)+ d(Bw. Tw1ll2,

[d(SAz. Bw) + d(AAz, Tw)]/2].
: k[d(Bw, AAz)) I 2 < d(AAz. Bw), a contradiction.

r':r that Az: AAz: SAz and so Az is a common fixed poi't of A and S. Sirnilarly,
:i.i 1:42; is a common fixedpoint of B and r. Uniqueness of the common flxed
:'-:nt follows from (ii). The proof is similar when T is assumed continuous in place
: S. \{oreover, since AX c TX and BX c sX, the proof follows on similar lines

i:i'n A or B is assumed to be continuous. This establishes the theorem.

We now give an example to illustrate the above theorem.

f rample 2. Letx: f2,201 and d be the Euclidean metric on X. Defrne A. I]. S
r:l T: X --+ X as follows :

quence

Since

< 6 / 6

(  n i + l

, . )

l .

'  r + 5 ;

' o .

3),

mplete

r and
c TX,
.Thus,
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Ax:2 for each x:

B x : 2  i f x < 4 o r ) 5 ,  B x : 3 * x  i f  4 < x < 5 :

S x : x  i f x < 8 . S x :  8 i f x > 8 ;

T x * Z , i f x < 4 o r 2 5 ,  T x : 9 + x  i f 4 S x < 5 .

Then A, B, S and T satisff all the conditions of the above theorem and have
a unique commqn fixed point x:2.It can be seen in this example that A, B, S and T
satisffthe condition(ii)when 6(e): I if e > 6 and 6(e):6-e if e < 6. Thus,6(e) is
neither non decreasing nor lower semi continuous. It can also be verified that the
mappings A, B, S and T do satis$, the contractive condition (iii) with k : 1.
However, A, B, S, and T do not satisff the $-contractive condition (3) since the
required function {O can not be defined at t = 6. Hence we see that the present
example does not satisff the conditions of any previously known common fixed
point theorem for conhactive type mappings, since neither the mappings satisfy a

$-contractive condition nor 6 is lower semi continuous or non decreasing.
Now, as a corollary of Theorem l. we obtain the following Theorem 2.

which provides a new type or affirmative anslver to an open problem (e.g. see
Rhoades [2I], p. 242) on the existence of a contractive definition, which is strong
enough to generate a fixed point but does not force the map to be continuous at their
common fixed point. It may be observed in this context that fixed point theorems
either explicitly,assume continuity of mappings or, as shown by Rhoades [21] and
Hicks and Rhodes [3], the contractive definitions themselves imply continuity at the
fixed point. This makes, the next theorem an interesting result.

Theorem 2, Ler f be a self mapping of a complete metric space (X, d) such that for
anyx,y inX(1) given e> 0 there exrsls 6 > 0 such that

e S max {d(x, y), d(x, ft), d(y, &), [d(x, fy) + d(ft, y)]12) <e + 6 + d(fx, fy) < e,
and

(ii) d(ft, ff) < max {d(x, y), k[d(x, fir) + d(y, ff)] l2,ld(x, fy) + d(fx, y)l l2],

where 0 : R* -) R* is such that O(t) < t for each t > 0. Then fhas a unique fixed
point.

Proof : Theorem 2 follows from Theorem I by taking S: T: I*, an identity

mapping on X andA =B =f, togetherwith k = I in Theorem L

It may also be noted that f need not be continuous in Theorem 2, as
illushated in the next example.

Example3.Le tX:  [0 ,  l0 ]  andd is theusua lmet r iconX.Def ine  f  :  X  +  X as

follows: 1: (x'* 5)l2if x < 5 and ft:0 if x > 5. Then f satisfies all the conditions

i . i . l l J

tl

-t;

J

.I
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ofthe above Theorem r and has a unique fixed point x: 5. It can be verified thatconditions (i) and (ii) of Theorem 2 ari satisfied with 6(e) : i if e ) 5 and 6(e)

;5 
e if e < 5 when k = l. It can be seen thar f is discontinuous at the fixed point

Remarks : As various assumptions either on Q or on 6 have been considered toensure the existence ofcommon fixed points under contractive conditions, so ourTheorem I improves 
-T"_ frlll, of lioyd_and 

_Wong lf l, CurUone et al. [2],Matkowski [9], pant [-lr, 12,15], pant and.pant tB, r?t, parrrla Rhoades [20],
lii4:"d 

K-ashhara tlll, Lryr_S1t [6], Jungck et at. [Tl.Jachymski [4, 5], Maiti andPal [8], and Park and Bae t19l for th; .ur"-*h"n t : t. an ,ucf, ,esutts are obtainedas special case of Theorem r when k = l. Also our theorem, thus, generarizes theresults of panr F5r, panl and pant [13, l4], palt-1tal. 
Jtor, raniand Jha [17, 1g]and all other similar results for fixed points and allows I to'iat<" values other than Iby taking a Lipschitz type contractive condition. Moreover rrr.or.o, 2 provides anew type of affirmative answer to the open problem since our theorem assumesLipschitz type analogue of a plane contractive condition instead of a {-contractivecondition.

l t l

l2l

t3 l
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lel

l{l

t5l

t6l
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On Submanifolds Immersed fn
A Hsu-Quaternion Manifold

RAM MWAS AND MOHD. NAZRT]L ISLAM KIIAN

Abstracl: Integrabilify conditions- of an ahnost quatemion manifold were studied by ya'o and'Aro [a]' Quateniion submanifolds of co-dimension r have been defined and studied byProf. A. Hamoui [l] and otrrers. In trris paper, we truve oen,rea ;il,,-;;;;;*ion maniford andshowed that a submanifold of codimension r of the Hsu quatemion rnalifold admits Hsu-
r F. U, ux , 7/ )-structure.

l. Preliminaries

* 
A Hsu-quatemion mariifold is the manifold M4n admitting a set of tensor

fields F, G,H of type (l,l) satisfying following relations [2].

r  l . l ) i, = u. r", J, = o, r,.
t

. . 2  r -
l 1 - = c '  I n ;  0  <  r  <  n  a n d  c ' = a r b t

In being identity operator ; a, b, c complex nurnbers and r an integer sucrr

r  1 . 2 )

: | .  * , 1 .  * *

b ' F = G H : H G

*  { < { .  * : !

a r  G = H F : F H

: f  * *  * *

H :  F G :  G F
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2. Structure in the submanifold M4n-r

Let M4n-' be a submanifold of co-dimension r of the Hsu-quaternion

manifold M4n. Let t denotes the immersion 144n-r -+ M4n. If B : dr, then a vector

field X tangent to M4n-' corresponds to a vector field BX tangent to M4n.

Let 
{, 

x : 1, 2, . . . ,r be r mutually orthogonal unit normals to M4n-'. The

transformation for 
*FBX 

aod 
*FN 

"uo 
be expressed in the form

, x

*  l *
F BX : BFX + l, u(x)N

x=l x

x

F is a tensor field of type (l,l) and u are r(C') 1- forms on submanifold

Also,
: r r

sr

F N = - B U + Z  r J  N
x  x  y = t  

' ^  y

U, X = 1,2, . .. , r are r(C-) vector fields on the submanifold M4n-'
t * t

Similarly for the tensor fields G and H we have the following set of

transfonnations

o

A r

cir cnsor

ds.larfi

A r

--cifd

U.Y.T. md
l a l

lbrlrl

bf i

b r l t

dl.rrjt

(2.1)

M4n-r

(2.2)

(2.3)

* r
\ a x

(a )  GBX=BGX +Z  vCX)N
: t x

* r

( b )  G N : * B y  *  
E o l y

x

v and Vr(C') l-forms and vector fields respectively. G is the tensor field

of type (1,1) on Ore submanifold M4n-'.

*  
* *

( a )  H B X = B l D ( + * * C * l Y

(2.4)
* s

. (b) HY=-BY * 
* ol Y

x

w, W and H have their usual meanings as in (2.2) and (2.3).
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A manifold Vm is said to possess Hsu-@,u,u*,rrr)- structure if there

existstensorF oftype (r, l) ,  r(c-) vectorf ields u;r(c-) l-forms i,  
":  

r,2,.. . ,r
and scalar functions 7l satis$ing

T

( a )  F 2 = a , I " * I  i e U
x=l x

v J . x
( b )  u o F :  L r t r * u : 0

x=l

+
( c )  F U +  ) , n ! t J : 0.  

T ' , :  
v

(d)  - ;g. I  ry i  r tv- :8 ' rn

A manifold Vm will be to possess Hsu-(F,G,H,y,y,y,i,i,ri,,71y_

structure if there exists tensor fields F,'G, H each of type (l,l), r (c-) vector fields

Y,Y,Y, 
and r(C*) l-forms ;,;,; and scalar functions 17{ satisfies

S *
( a )  G H = b ' F +  L  w @ V

x= l  
x

( b )  i o u =  b , ; - I , i l  i
x= l

-l
( c )  G W +  ) , n ' "  V = b ' U

x  - : . ' '  v  x'=i
(d) -iforrf *'Z ryy. ryi = ryi

*  t=t

, x , y , z = 1 , 2 , . . , ,

3. Some results

In this section, we shall prove some theorems on the submanifold. t4n-r

Tleorem 3.1. A submanifold Mo"-' of co-dimension r of the Hsu-quaternion

rctfutd Mta" admits G,V, i, ryl) -structure.
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Proof: Applying Fto (2.1) and making use of equations (2.2) and (l.l) we get

a,BX=BF2X+le*lN* I  i r" l { -" , , . I  o;  *}
Y  x = t  L  x  

F ' - Y )

Comparison of tangent and normal vector fields gives

$ *
( a )  F 2 = a r I n +  L  u O U a n d

x=l

(3.1)

Again applying F on(2.2) and use of (1.1), (2.1) and (2.2)we get

r  + "  Iu,y=-t"ry *  
i  ug ) ,1 .  

; , i l  { -ny. ; r ;  ry}
Comparing of tdngential and normal vector fields we get

(a) FY* Zrt ' ,u: 0

(3.2\

(b) -;(V) . 'E rl i  4i= a'In

In view of the equations (3.1 (a), (b)) and (3.2(a), (b)) we evidently observe

thatthe submanifold M4n-' of co-dimension r of M4n admits (F,U,;,71)-structure.

Corollary (3.1)

The submanifold M4n-' of co-dimension r of the Hsu-quatemion manifold

M4n also admits the structure (G, 
Y, 

i, Z I ) anc (F, W, i, ? ] ) relative to tensor fields

* . *

G and H respeitively.

Theorem 3.2. An orientable submanifold of co-dimension r of the Hsu-quaternion

manifold M4n admits,F, G, H 3-structures expressed (F, G, H, 
Y, Y, 

W, i, i, i, 7 1 ;.

tl

[r

v S x
( b )  u o F :  L q I u : 0

x=l

*

I'a' - ' i

i
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Proof: From (1.2(a)) we have

[i"" = u, isx
which in vierv of (2.1) and (3.1(a)) yields

(3.3) BcrD(. I ioo)y.I ;ol 
{-ev 

. 
i r, y}

(  , . ,  l
:  u ' {BFX+)  i r x l y }

Comparison of tangential and normal vector.fields yields

(a) cID(: b'Fx* i ,i,1*yu
(3.4) 

x=r x

(b) u' il (x) = i'Aol * | 7'. ,i,1xy
x = f  

x r y : 1 , 2 r . . . , r .

We also have from the same equation(2.2)

rl. * {.

c H Y = b ' F y

l '  + "  I  r  I  t  l
t  "oy 

*Ziry )  j .  ;zr  { -nv.}  r ;  y}
( r l

=  b '  I  -BU+I  r r3  N  f
I  x  7 i ' ' . )

Equating tangential and normal vector fields we set

(a) cY*E r ly= b'y

z l  I  J -(b) - 
" (y,| " ,4 r'r 

,ri = ,ti

(3.5)
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Similarly we obtain

(3.6)

: f  *  * *

G H  B X :  H G  B X

whieh in view of equations (2.3(a)) and,(2.4(a)) becomes

Equating tangential and normal vector fields we obtain

s X

(a)  I IF:a 'G + L u8W etc.
x=l

r
s x

(b)  FG:H+ L v  @U etc.
x=l 

x

Further in view of the relations (1.2(a)) it follows that

BG*D(.I i(o)y*I ;rxr {-ny 
* * 

i  r* t}
r . ,  

+ *  |  ,  l: BHGX* I ;(cx)) . I irxrt-sy . 
P oJ y j

; T t

l r r r

: h
} T

l r h
#

I t r
frn

t l r
fr[

D n
hr
b l
b

(3.7)

Again

(a) (cH-HG)x=-i  { i rx lw*, i ,1x1v}
x = l  

'  x

x Y . l
v(tD{)-w(GX) = L rt'.

x= l

i rrl - -l,r"l )(b)

* *  * *
G H N = H G N ,  x = 1 , 2 , . . . ,  r

x x

BGy tnigrry . 
Eri{-"t.i rt n}

:  
"Hy .n;,yr) * ir l  {-"O.lrtn}

Equating tangential and normal vector fields we get
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(a )  cw-  HV=
X x

_ I
Y=l

rti (y- y)
(3.8)

(b) iru-'i,rul : o
X  

' X -

f o r  x ,  y ,  Z : 1 , 2 , . .  . . r .
In a similar manner, we can prove the following of relations

(a) GrF-FH)x :  -  i i i r " lu+irxrv)

t3.e) (b) ,1, tr*l- il ro,l , ,, {;,*,-;*,
y = l l i

( c )  H U - F w = I  n r  l u - w )
x  x  y = l  

' . .  
\ l  v /

(d) irp - i(u).= o erc.^ \

The theorem follows by virtue of equation (3.5 to (3.9).
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Abstract : In this paper, thefluid motions in which the vortex lines coincides with the stream linespTt 
ryeam line shaped bodies has been discussed and their aerodynamical application as well as

solutions in particular cases are given.

Key words : Sheam lines, Vortex lines, Gradual damping.

Introduction:

, The paper rrcradual Damping of soritary waves" by Garbis H. Kenlegan,
[6], suggests that fluid motions of which the vortex lines coincides with steam liies,
10 

wlich according to Durand [l] represent the state of flow past an aeroprane
wing should be capable of representing the graduate damping of wave motion when
I ship 

Tornes through water. Ramballabh had come across-these motions in their
study of 'superposable fllid motions' published in the proceedings of Banaras
mqthematical society vol. tr (1940).

one of the important characteristics of these motions is that Bemoullis
cquation

F''Iow Past Streamline Shaped Bodies

: Constant.
P  l ^

i * r q "  
+ v

r,tcre p = fluid pressure, p= fluid density

q= fluidvelocity, & y: forcepotential,

i ry'plicable to them although they ma/ represent an unsteady state of flow of a
vfocous fluid. Two such fluid motions are capable of combining in a natural order.
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- v Y 2 u =
07

dx

The results represent exact solutions of the equations of viscous motion and

are capable of aerodynamic application as well.

Derivation

The equation of motion [2]of a viscous homogeneous in compressible fluid

can be written as

0u dX - )

A t - ( v C  
- w q ) = - i ; +  v Y ' u ,

* - r * * - u ( \ = - + * v Y 2  v ,
d t  o v

and

d w  d z  a

*  
- ( u n - v E ) = - f i +  v Y ' w ,

where ( ,r7,( arc the velocity components, v the kinematic viscosity,

P  1 ^
Z  = ; +  

2 O ' + V

d2 a2 d2
and V' = 

dx] 
* 

dy, 
* 

A1,

From these it is apparent that if 4: Xu, ry = 1v 4: l, i.e., if the vortex lines of the

motion coincide with the stream lines, the equations of motion reduces to the simple

(4)

with tu

(5)

and

(6)

which

conten

Now, s

in (4),
zrwa E

(7)

form

( 1 )
du
-
o t

0 v
-
ot

(8)

Bnd

(e)

But

(2)

and

(3)

- v i 2  r = - 4 !
oy

0 v  n 1  d X

d t - v v ' w = -  d t

The necessary and sufficient conditions that these be integrable are

0 ' I  - d ' X . 0 ' X  - 0 ' X  . d ' X  - ! 2
a z d y =  d y a t '  d - d t =  a r a * '  a y a r = - a r a Y

From (1), (2) and (3) we then obtain
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0 raw ?v t  , r (4 t  _4 ! \- l  -  -  -  l - v \
d t \ d y  d z t  \ a y  0 z l '

( 4 )  # = v Y 2 €

* = , , r , ,

# = v Y z c
which shows that the vorticity components .for a motion of the type under

contemplation obey the law of heat conduction through an isotropic medium.

Now, substitutirig

6= lu,

f l  :Lv,

( : h w '

in (4), (5) and (6) and assuming )"tobe independent of the space variables x, y and

wittr two similar equations, namely

(5)

and

(6)

Z,,WQ $et

(7)

(8)

and

(9)

But

So that

fi<^>= v ).Y2 u

fiUr>= v )"Y2 v

fi<ml= v xYz w

0w 0v
t _ - _ -
L - ^' d y d z

aw dv
) , u = ^ - ^

oy oz

d  t ( \
_ - l L l _-  

0y\  ) .1
a (t\
dz\ ).1
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^ .  0 l d v  0 u \  a l d u  0 w \o" :  u r \^ -  a r ) -a l , -  d r ' l

d Idv 0r \  a2u d2u= 
W\dy*  d" l -AF--E

?  + Y 2 u(10)

i.e.,

( l  l )

and
(12)

and

Integrating,

(14

because from the equation ofcontinuity

. 0 v d w 0 u
we nave -+ --= - -- 

dlt dz 0x

It can similarly be seen that

Ou 0v dw
; - +  -  * - ^  = 0
ox ay dz

f r v = - Y 2 v

. 1  1 1

L - W  =  -  V - W

obt

(15substituting for Y2(u,v,w) in (7), (8), (9) we have

f i r^,r=-vfru

-*r^r=-v)Pv

*r^,r=-v frw

o n !

we

Lu= pr- l*z* 1
(13) tv = 6s-!una I

)", = He-[ "^'* )

whqfe, F, G, H are fimctions of x, y, z only,satisSing the equation of continuity

i.e.

I =

flor
visc

ffui

lbe,

dcq

bcg

Aer

shld

the'
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AF AG AH
^-+-;-+--:- = Q
ox oy dz

and the equations

obtained from 6: luetc.
But 2 must be an absolute constant. Solution (13) therefore simprifies to

c n -v72t
AU = I4e

n ^ -vX2t
AV = Lre

onsubstitutingthesevalues of u,v andwintheequationsofmotion (l),(2\and(3),
we get

07 07 07
a*  

=  
dy=  a ,  

= ' '

i.e. 26 is a constant, the value of which is the same for all points of the fluid.
P  l -

I =;+t q" +V, we conclude that Bernoulli's theorem for steady inotational
P L

flow of a non-viscous homogeneous incompressible fluid is applicable to unsteady
viscous flows of the type (15) which possess the following properties

(i) The vortex-lines coincide with stream lines
(ii) The velocity decays exponentially with time, the decay being rapid for

fluids of high kinematic viscosity and slow for fluids of low kinematic viscosity. ln
the case of glycerine [3] (v : 6.9 at20" C) or cylinder oil [3] (v : 10.4 at 20o C) the
decay would be rapid. In the case of water [3] (v: . 0l at 20o C), the decay would
be gradual unless the vortcity bears a high ratio to velocity.

Aerodynamical Application

Attention to flows of the above type has been drawn by Durand [4] in the
study of flow past an aerofoil where he sayS 'steady motion is possible only when
the vertex lines coincide with the line of flow'"

[85]

AH AG
^ - -  ^  = 2 F

oy dz

AF dH- ; - -  ^  = 1 G
oz ox

AG AF
^ -  ^  =) ,H
ox .oy

(14)

( 15)
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If the viscosity effect be neglected and the mgtion be steady, we again have
from (1), (2) and (3)

P 1 ,

i * r q ' + V : C o n s t a n t

at all points of the fluid and the value of the constant will be the same for a(islreant

lines, although the flow will be rotational.

In aerodynamical problems the variations in V ar€ small so that B'qr/roullis

equation can be written as

where po is the rest pressure.

A Particular Case

t86l

P 1 ' , P o

i *  t q -  
= ;

this repracns

line sb+cd bo

gadud rnj.ll

A Spccid Ft

Fbd

rDdLr clr

nro rrrl' m

: - l u c r l L { : r l

D3

nb:  ;  Iz

:eF*{tr

{J-3

r r r i l t ! F
rri*n c( t

lL l

l P

f b q

r d r

To study a particular case, let us suppose r.u : 0
Then from (14),

AF .dG
.  +  .  = 0 ,
ox oy

dG
-  '  =1F '

oz

AF- = ).G.
dz

dG dF

at 
- 

ay 
=o'

the complete solution of which is

where 1 is a function of x

equation

so that from (15),

F = L C o s A z + 7 r S i n ) z

6 = I t C o s ) . : t - 7 r S i n ) 2 ,

and y having continuous derivatives and satis$ing the

I o *  I * = 0

lv= s-v)'zt (7 * Cos 1z + 7, Sin )a)

),v - s-vA2t (X, Cos )"2 - X, Sin )z)

w : 0 ,
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this represents a damped periodic motion anising out of the movement of a stream-
line shaped body through a viscous fluid. The damping in the case of water will be
gradual unless the velocity is large compared with velocity as remarked earlier.

A Special Feature

Fluid motions of which the vertex lines coincide with streamlines have
another characteristic property. If u,v, r = !,2,3 be the velocity components of
two such motions in the same fluid; and A, pz the corresponding pressures, we have
from (1), (2) and (3)

Ou ?It

;  
-  v Y z  u , = - t

and
. dlz

= - -  t

dx

t87l

d v
- = ! - - v Y 2  v

d t f

where Ir, )(z are the values of 26 for the twdmotions and x1,x2,x3 stand for x, y, z
representively.

Adding,
o ^ d

A @, + v,) - vyz (u, + v,) = - 
6r{t,  

* xr1

so that it is possible to super impose one such motion upon another in a way that the
velocity of the resulting flow is the vector sum of the velocities of separate flows.

The pressure P for the combined flow will be given by

t .+f i r ,+v,)2+v

v ]  +V ,

f  3 li .e . ,  p= pr+ pz+ , \ ,  -  
h  " , r ,  J

The pressure head for the combined flow will be in excess of the sum of the pressure

heads for separate motions if the force potential , rt u,v, ,whichcondition may
r=l

be assumed to be true for slow motion under gravity.

=!* i7^" r+r ,+br .+Z
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Since the fluid mOtions are capable of combining rn such a Simple way, it is

expected that an increase in velocity at any point in the fluid will not create any

discontinuity in fluid flow.
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On Complete Lifts of (1,1) Tensor Field F
Satisfying Structure ,u+1 - rt Fu-t =s

SUDHIR KUMAR SRIVASTAVA

Abshact: The complete lifts from a differentiable rnanifold Mn of class C-to its cotangent bundle
T*(Mn) have been studied byprofessor Yano and Patterson [4, 5]. yano and Ishihara [6] studied
lifts of an f-structure in the_tang_ent and cotangent bundles. F-structures manifolds of degree u > 3have been studied by Kim J.B'.t21. The preseit paper deals with some probl.rn, on cornplete liftsof structures rnentioned above both in tangent and cotangent bundles .nd flr, prolongation i' the
third Tangent space T3 (Mn ).

1. Preliminaries

Let Mn be a differentiable manifold of class c- and dimension n. Let
T*(M") be the cotangent bundle of Mn, then T*(Mn) is also a differentiabre
manifold of cla$s c- dnd of dimension 2n. Throughout this paper we make use of
the following notations and conventions.

(i) r : T*Mn) +(Mn) is the projection map of T*(M") onto Mn
(ii) 5l(M") dinotes the set of tensor field of class c' and type (r, s) in Mn and

5l (T * (M" )) denotes the corresponding set of tensor fields in T* (M , )
(iii) vector fields in Mn denoted by X, y, z . . . .. lie derivatives with respect to X

is denoted by 0x

If A is a point in Mn then a-r1Ay is the fibre over A. Any point
P e t-t (A) isanorderedpair(A,pa),wherepisa l-formin Mn and pa is itsvalue
at A. Let u be a co-ordinate neighbourhood a-r6t4 in T*(Mn), then we have
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t l . l l  
(X+9'  :  X'+Y" and

lt.z\ G'XZ)' 
= (F')" + ( o' F)n

letMnbeann-dimensionalconnecteddifferentiablemanifoldofclassC-.

Let there be given in Mn, a (1'1) tensor field F of class C' satisffing

t1 .31  
F ' * t -  tF ' - t=o

where l. is non zero complex number' Also

rank (F) 
: Yz (rankF'-r + dim M" )

: r (a constant every where on Mn)

Let the operators /* and ** b: defined as

t1.41 
/* dp{ (F I  l )"- t '  m* :  |  -  (F |  1)"- t  '

where I denotes the identity operator on Mn. Then the operators I* and m*

applied to the tangent;;;; 
"i. 

p"i"t 
"rthe 

manifold be complementary projection

oPerators'

Agreement [1'1]

In what follows we make use of the following results [6] for any

X. Y e 5l (M")we have

[x',Y'] = [X,Y]' and

pc;1c = [FX]c

F-Structure manifold of degree D (> 3)

Let F be a non zero rensor field of type (1,1) and of class c- on an n-dimensional

Mn such that [2]

t1.61

I l-71

rtrrr
Frc

t t - t l

collll

I e

tl.sl (a)
(b)

t t

b!

[21

t
F ' + ( - l ) ' - r F = o

F u + ( - 1 ) ' - r F + o

and

f o r l < u < u

Whereuisf ixedposit iveintegergreaterthanl.suchastructureonMniscal ledan

F-structure of rank ' unA atg';" J' f tftt rank of F is constant and equal to r' then

Mn is called F-structure manifold of degree u (> 3)' Thp case wfren u is odd has

been considered here'

Let the operators on Mn be defined as follows [2]

n
R

tl

F
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Ir.7l

where I denotes'the identity operator on Mn
From the operators defined by t1.71 we have

t1.81 / + 6 : 1 ,  1 2 = / a n d m 2 = m

For F satisffing [1.6] there exists complementary distribution L and M
conesponding to the projection operators / and m respectively

If rank (F) be r, constant on Mn then
d i m L = r a n d

dim M= n -r

We have the following results

t1.91 ( i )  F/= /F: F and

F m : m  F : 0

(ii) yo-t- -2r2 I and

F ' - l m : 0

2. The Complete lift of F'in the tangent Bundle T(M")

The complete lifts F'of an element of s](M") with local component Ff
has componentsrofthe form [6]

I2rl F": l, {- 
0 

)'  \ z r l  r i , /
Now we prove some theorems on the complete lifts of F((u +l),

l1u -tp- Structure satisffing [1.3].

Theorem 2,1. The complete ltfi of a F((u +l), l(u -t))- structure also has
F((u +l), l1v -t1'l- Structure in the tangent bundle.

Proof : Let F, G e 511(M")then we have

12.21 (FG;" : p"O'

Putting F: G we obtain

[2.2] 1F2;" :1F.;2

l=-(-l)".r 
# 

and

m=l+(-1) '* '  +,
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Putting G = F2 n\2.zland making use of [2.3] we get

(F')' : (F")'

Continuing the above process of replacing G in equation [2.2] by some

higher degree of F we obtain

t2.41 (F")" : (F')"

where u is any positive integer. Jaking complete lift on both side of

equation [1.3] we get

(F ' * ' ) ' - ( lF " - r1"  =g

which in view of the equation [2.4] gives

(F")e* '  -  l (F")u- '  =o

Thus the complete lift of F also has F((u+11, f @-l))'-r-Structure in

T(M")

The complete lift / *' and m *' of /* an{ m* are complementary projection

tensor in T(M").Thus there exist in T(M") two complementary distributions L*"

aird M *" determined by / *c and m *' respectively.

Tlreorem 2,2. The complete lift \4*" of the distribution M* r'r, T(M^ ) is integrable,

iffM* is integrable inM".

t2.61 /* [m*X, m*Y]:0

taking complete lifts on both sides we get

; *c  [ rp*c  X t ,  f i * tY" ]  =  0

/ * " : ( I - " ! * t  
- I - m * t  g 3  I " = I

In consequence pf equation[2.7] M *' is integrabJe in T(M")

In the same way we can proof the theorem

Theorem 2.3. The complete lift L*" of 1*;2 f*(Mn) is integrabte iff L*

integrable inMn.

Theorem 2.4. Tl.e structure F" is partially integrable iffF is partially integrable

in M".

12.71
Where

o N o

Prmf: Wc b

t2-tl
T*4oql

tzel
l b t s i t

TrcrL!

ttgr* t1

ftrj: ftl

lzr0l
€rG!

RtU I

r*io{

rau| fq
-€r

IT

r f - l

t lb.{
E

rd
nFn,rt

brl
nj
I r--

H :b r

Proof: It is well known that the distribution M* is integrable in M" iff
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Proof: We know that F is partially integrable iff

12.81 N(/*X, 1*Y;: g

Taking complete lifts on both sides we obtain

12.el N " 1 / * "  X " ,  ; * t  y t  ) :  o

Hence F" is partially integrable iff F is partially integralbe in Mn.

Theorem 2.5. For ar,/X, V e S16vl'),letE be integrable in Mn, Thus F" is

integrable inT*(M") iff

N"(x" ,  Y ' ] :  o .

Proof : We know that F is integrable iff

[2.r0] N(X,Y): 0

where N(X,Y), the Nijenhuis tensor of F satis$ing [1.3] and it is given by [6]

I2.lll Np,p (X,Y) = [FX, FY] - F[FX, Yl - FlX, FYI + F2 Jx,y1

Taking complete lift of both sides we have

Iz.lzJ N' (xj, y'; = p'x", F'y" l- F" [F"x', y" 1-F" 1x", F"y' 1+ (Ft )" [x., y" ]

also taking complete lift of [2.10] we get

N'(x", Y' l :  o.

which is view of Equation [2.11] and [2.12) andthe fact F is integrable in

Mn shows that F' is integrable in T(M")

3. The compete lift of F((u +I), h2(u- l)-structure in Cotangent
Bundle

In this section we prove some theorems on complete lift of F satisffing
F((u+l), fr @ -l) -stnrcture.

Theorem3.l.TheNijenhuistensorof thecompleteliftof F'*t vanishesif thelie
derivative of the tensorJield F'*t with respect to x andY are both zero andF is an
almost n - struciure on M" .

Proof : In consgquence of (2-11) the Nijenhuis tensor of F'*r is given by

te3l
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N"u+rrc"u+rr" (xo,Yt;  :  KF'*t)"xt ,  (F"*t)"xt l -

(F"*' )" [(F"*t )' x",Y' ] -

(F'*t )t fx", (F"*' )"Y" ] *

(F'* t)"  (F"*t  )"  [x",Y"]

which in view oi 1t.11 takes the form

13.21 N.urrrc 

",+rro 

(X", Y" ;: 2n [(F'-t )" x", (F"-' )" Y" ] -

In Consequence of [.2] we have

I (g'-t )" [(F'-' )' x",Y" ] -

Ao (F'-')" [x", (F"-t)"Y"]+

).0 (F'-t )" (F'-' )' fx",Y"l.

[3.3] (F ' - t ) '  x ' : (F ' - tX) 'x"  + ( l *  F"- ' )u

Hence we get

t3.4] N6,*r;"1p.,*rr. (X',Y"): KF'- '  x) ' .1F'- 'Y;"1+

(X  *  F r - r ) ' (F " - ' , y "1+

[(F'- 'x)", 1f i , ,  F"-r ; '1 +

[(3, ,  n't  )u , (x , Pu-t1v 1-

[(F'- '  ) ' ,  11F"-rx;", Y" 1 -

(F"-t )", [(24, n'-tx)",Y"] -

(F"-t )", [x' ,  (F'-t ,Y)"] -

(F ' - t ) ' ,  X" , (X ,  F, , - t )u ]+

(F'-t )", (F"-t )", [x",Y"]

If the lie derivatives of the tensor field F"-r with respect to X and Y arc

both zero we have

f r  * F'-r  :0 and fr ,  F"-r :  b

Therefore equation [3.4] takes the form
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t3.51 N6*,r""-,*rro (Xo,.y") : KFr-t x)", (F"-ly).]-

(F'- l ; .J1p,- 'x)", y" J -

(F'- l  )"[x' ,  (F'- lY;" 
;  +

(F'-r ;o1P'-t ) ' [x ' ,  Y' I
In view ofequation [1.5] the equation [3.5] reduces to

t3.61 N,.u+r;c"u+r1o (X',Yo; = * [F'-' X, F"-ly]' - (F"-')" JF"-rX,y1"-

(F'-t)' [x, F"-lY1'+ (F"-' )' 1F""r;'JX, y1'

Let F be an almost n-structure on Mn then F2 = t r, where I is unit tensor fierd.
Hence F'-r = t I orl and therefore [3.6] takes the form

N"*rr"",irr" (x',y") = [x,yJ"_ [x,y]._ [x,yJ. + 1x.y.1. = g

Theorem 3.2. The Nijenhuis tensor of the conptete rift o1f p;,rr is eqtnr to
multtplied by th| complete lft of Niienhuis tensor of F,*t-, if"

(3.77 ( D  f * p , , - l : g ,  d r I i , ' - t = g  n n d

(ii) fx,Yl' = 0, D :0
Where

6 
E 

dp,-,y,4F,-t +E r*r,-,r,F, 
, -6,v,rt1r,,.-,

Proof : In view of equatiqn [l.l] and [2.] l] we have

t3.81 Nru-r ru-r (X,y)' : [Fu-l x, F"-ly]. - (F"-l) 1F"-lx,y1"-

(F'- '  [x,F'- 'yJ)" * 1pu-rpu-t H.yJ).
Which on account of [3.3] yield

Nrrrrrr (x,y)" = [Fo-l x,Fr-Iy1"_(r,,-t).  [F,,- 'x.yJ"

-( 4p,-,x.vt F"-t)u - (F"-t)" [x,F,,-ry].

- (6 
n ,nv, F'- ')u * 1F3"-zr' X.yl:

- 1X 1x.vr t2u-2rv
But we have [6J
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13.91 (F'-t)" (F'-')' : Q'u-'\" + [Nr,-, ,,-r l"

Hence in view of [3.9], the equation [3.8] becomes

[3.10] Nrrr.u-r (x,Y)' - [F'-' x, F"-rY]" - (F"-')" [F'-'x'Y]"

- (F"-t)" [x,F'-IYJ" + (F'"-')" [x,Y])"

-(X p*,*."1 F"- ')u * X.,*.,r-," '  P'u-l;v

- 1X ,1x."1 t2u-2 rv

Now from [3.9] we have

(Ft'-t )" 
: (t. ) (F"-t)9 - (N1,,,,-r, p,,-r;)u

Thus

t3.11] Nrurr,-r (x,Y)':  KF'- l  x, Fu-lYl '-(F'- ')" [F'- 'x 'Y]"

_ (F,-t)" [X,F,-ryJ" + (F"- ')" (F,,- ') ' tx,yf

- (N1pu-r.pu-,,)" {x,Y") + ( 6' 'p,*rx,v, F'- ') '

+ (X 
1y,r,- '",  

, ' - t)"-( X (x.Y) F2"-2)'

Inview ofequation [3'11] the equation [3'5] takes the form

N6.u+r;c1pu+r;" (X',Yt) : Nru-t r,-' 
(X'Y)t * (N,r"-r,r'-',)" [X'Y]"

-  {3;p,,- ,1.y1 F"- l  -  X1*., , ' ' ' r ;  F"- '

*  X,g," l  5.2u-2;v

In consequence of [3'7] we have

t3 . l2 l  G{6* ry "1r * ry  (X" ,Y" ) :  f r  (N1p, , - r ,1 ; " - r I  (X 'Y) ' ; ' r  2a(N1p" - r ' r ' - t ; )v

[x,Yl" - D"

Let [X,Yl' 
: 0 and Du: 0 then [3'12] reduces to

(N6'|ry1Rr*r)" (X",Yt) : 'd (Nu,'-',r'-' 
, 

(X'Y)")

Theorem 3.3. The Niienhuis tensor of the complete trft of F'-r,b- equal to the

complete tifi of the Nijenhuis tensor of F'-' tf
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Proof : Since [X,YJ':0 implies that

[ X , Y ] = 0  i f  X *  Y : 0 .

Therefore from [3.2] the result follows.

Theorem 3,4. The process of comptding the Nijenhuis tensor of F"-, ancl taking
complete lift are commutative.

Proof: Theorem follows easily with trre herp of [3. I ] and above the orem.

4. Prolongation of a F((u +l), - t @- l))-structure in third tangent
space T3(M")

Let us denote T3(M") the third order tangent brndle over M,, and let Fr be
the third lift on F in T3(M")then we have

For anf F, G e Sr, Mn the following holds

[4 .1] ( G I I I  F l l l ) x l l l  -  
G l l r l F i l t  X t t r '

GI r ' 1Fx ; " t

(c(FX))r r r

For every X e s'o (Mn), therefore *" nuuJot'"' 

*"'

G l l l  F I I I  = ( c F ) l l l

If P(t) denotes a polynomial of variable then we have

( i )  X *  F ' - r=0 ,

and

( i i )  X *  y :0

X ,  F ' - r : o

D u  : 0

(P(F)" '= P(F) 'rr

F e  s ' ,  (M" )

14.21

where

Theorem 4.1. The third Iirt Fnt defines a F((u+ I ), - rt @ - t)) -structttre in T3(Mn )
ffF defines a filu+ ty,* A' (, - t\)-structure in Mn .
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proof : Let F satisff [1.3] then F defines a F((u+l), -fr @- 1))- structure in Mn

satisffing Pu+l - i F'-t : O.

which in view of P.2ltakes the form

t4.31 lPrrr lu+r 
-  *  (F"t  )"-r  

:0

Therefore FIII defures F((u+l), -f @- 1)) structure in I(M")

Theorem 4.2. The third tift Fttt is integrable in Tt(M") ,ff F is integrable in M"

Proof: Let us denote Srrr snd N Nijenhuis tensors of Frrr and F, respectively'

Then we have [6]

14.41 Nttt(x,D - (N(x,Y))"'

We know that {((u+1) ,-* @-l)) structure is integrable in M" iff N(X'Y):0

Which in view of [a.a] is equivalent to

[4.s] NIII1x,Yl : g

Thus FIII is integrable iff F is integrable in Mn

Theorem 4.3. The third lift Fttr of F is partially integrable in T! (M" ) iff F is

partially integrable in M" '

Proof: we know that For F to be partially integrable in Mn the following holds

N(/* X, 1*Y):0 andN(m* X, m* Y) = 0

Which in view of Equation [4.4] takes the form

[4.6] *tt t  1/ 
* l l l  XIII  ,  /  

* l l l  ytt '  
)  

= 0 and

Ntt l  16*t t t  
" t t t , rn , r , l l l  

y t t t )  = 0

!

Where / *ur , - 
illt are operators in Tl (M" ) which defines the distributions L *lll

and M *rrr respectively. Thus the equation [4.6] gives the condition firr Fril to be

partially integrable'

c
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Lower Radical And Condition

Q of Hemirings

MTJIIAMMAD ZULIFQAR

Abstract In this paper, we genebralize a few results of [7] for lower radidal classes ofrings for
radical classes of hemirings, by using the Lee construction for lower radical classes of hemiriigs.

1. Introduction and Preliminaries :

D. M. olson and r.L. Jenksins [6] discussed general Radical Theory of
Hemirings. The theory was further enriched by many uuthors (see [3, 4, 9]). The
certain conditioh (condition Q) was investigate by t7l for radical classes ofrings.
Here we are interesting to generalize a several results of [7] in the frame work of
hemiring which is quite different from ring theoretical upprou.t discussed in [7].

A semiring (& +, .) is called a hemiring if (i) .+, is commutative (ii) there
exists an element 0 e R such that 0 is the identity of (\ +; and the zero element of
(R,  .  ) .  i .e .  0r=r0=0,  Vr  e R.

Lower radical classes for hemirings can be constructed similar to the
consfuction of lower radicals for rings (see [g, 9]).

If R is a hemiring trren tm,i,6Ry d"oot" the set of all homomorphic
images of R and the set of all semi-ideals of R respectively. Observe that *t is a
homomorphically closed if and only if HR g ,t, V R e %. and ideally closed or
hereditary if and only if D1@)g %,v R e %.lf ris an semi-ideals of R then we
denote I S R.

First we include necessary preliminaries, let co be the universal class of all
hemirings nd fitbe a sub-class of co and let *lo bethe homomorphic closure of nZ
in ol. For each A e ro, let Dr (R) be the set of all semi-ideals of R. Inductively we
define. r

Dn*r (R) = {I : I is an semi-ideal of some hemiring in D" (R)}.
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Let D(R) : 

"U* 

Dn(R), t = 1,2, 3, By using ring theoretical approach

discussed in [7], (see also [5, l0]), we have

f,tl: {R . t t UtfO-A gat* 0, for each proper semi-ideal I of R}' is the

Leeconstructionforlower'radicaldeterminedbyfo|.,andfu|ef9vt,'(seealso[6,9,

iOl). fo, undefined terms of hemirings we may refer (see [1' 2'6])'

2. Condition Q:

Weextendtheresultof[7]byusingtheaboveLeeconstructionoflower

radical for hemiring- *fti.tt i. i"i"ea frovide-s an excellent and different

"ppt"""tt," 
handle ,i" *u"y results of [7]1n the frame work of hemiring'

I f p i sa rad i ca l c lass then i t ssemis imp lec lass i sdeno tedbySp 'The

following iefinition is closely inspired by [7]'

D e f i n i t i o n 2 . | z L e t f u | b e a n a r b i t r a r y c l a s s o f h e m i r i n g s . A n o n s i m p l e

hemiring R is called Hp1 - hemiring if

i )  R/ I  e  gv l , fo tevery( I+0)SR

iil nvery minimal semi-ideal J or R belongsto tut'

A rad i ca l c lasspsa t i s f i es thecond i t i onQfo r fu t . i fHugpUSp.We

assrune that 0 e Hv. observe that a non-zero simple hemiring R e gvlif and only if

R e Hr'l.

I f  R isas imp lehemi r ing ,  Re tu t 'R /R:0  e  to l '  i ' e '  ( i )  i s  sa t is f ied '

Moreover R is minimai semi-ideal of R, i.e. R e 9vl, thus (ii) is satisfied and hence

R e Hv. conversely assume that R e Hv. since (i), (ii) are satisfied. Also R is

minimal semi-ideal of R, therefore by (ii) R e M'

The following;;;;.. *uri-rr.a by H. J. le Roux and.G.A.P Heyman [7]

for rings. Here we grJneralizeit for hemiring, which can be obtained on the lines of

ring theoretical aPProach'

Theorem2,z .Le t tu lbeahomomorph ica l l y , idea t lyc losedc lassofhemi r ings '

whichisfurtherclosedunderf ini tedirectsum.Letpbearadicalclasssuchthat

p n Hr,a 
-* 

0. Then Hr',r c p u Sp if and only if I'le p'

Theorem 2.3 z Let ful be a hereditary class which is homomorphicalty closed and

closedunderthefinitedirectsumsrespectively.Aradicalclassp=f.fo|ifandonlyif

i) p satisfies the condition Q i'e' Hv g p u Sp

i i )  P n H v  # 0

iiil fo, any radical class q satisfies (i)' (ii) implies that p E ("

Def ini t ion

i n l e r s ; : : : - <  -

-:,:g

l - > - - - - - . -  i .

r:: -j i:-*':ca

Tbc":',rl:r ]'.

. ' ' j . ' "  t ,
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h{t
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Definition '2.42 
A hemiring R is subdirectry irrbducibte if and onty if the

intersection of any collection of npn_zero k_ideats of A is again a non_zero k_ideal.
Indeed intersection of all non-zero k-ideal oi subdirectly irreducible

hemiring is non-zero k-ideal which is uniquely determined and is called heart of Rand is denoted by H.

Theorem 2'5. If p is hereditary radical class and A is subdirectly irreducible with
heart H then

i )  H e p u S p

ii) H e Sp if and only ifA e Sp.
iii) Then H is either simple hemiring or a zero-hemiring.

Proof:

i) By [ 6, Theorem 3], p(rD is k-ideal of H. By definition of heart, we have
p(rD=Hor p(fr): 0. This impries that H€ p or He spandhence
H e  p u S p .

ii) Let A e Sp, As H < A, by hereditary of Sp [9, Theorem l] we have H e Sp.
Conversely 

let f{ 
e Sp. This implies that p(H) : 0. Since p is hereditary

radical class. So by [6, Lemma 8] we have p(H) : H n p(A). Thus p(H):0 and
hence H ^ p(A):0. Now, H n p(A) = 0. We claim that'piO): O. If p(A) * 0.
As H * 0 then {H' p(A)} is family of non zero semi-idear of A such that H n
p(A) : 0. This implies that A is not subdirectly irreducible, which is a
contradiction. Hence p(A) :0. This implies that A e Sp.

iii) As H is minimal semi-idear, H2 < H, therefore, we have H2 :{0} or H2 : H. If
H2 : {0} then H is zero hemiring. If H2 : H, iet (I * ol ue non-zero semi-idear
of H. Assume that

I * : I + A I + 1 q  + A I A
then (0 * 1+) is k-idear of A, generated by I. Moreover (I*)3 E I (see [6], Lemma 9,
p ' 2 8 ) ' B y I c  H a n d H < A , w e h a v e A I c  A H c  H , I A  c  T I A s H , A I A c A F I A
cH. This impl iesthat l* : I+AI+IA +AIA c H i .e.  I*  e H. By defrni t ion of H,
wehavelt :HbrI*:0.  As I*  0,  therefore t* l  o ( . , .  I  JI)  *o n"rr ."  I* :H.
Thisimpl iesthat ( I*)1: H3. As ( t*)3 cl , this impriestnJg3 =Ior H2 Hg Iand
hence H2 g I ("'H2 : H). consequently we have H c I. This impries that H: Iand hence H is a simple hemiring.

First we note that Z: crass of all zero hemirings ̂d F": upper radical
determlnedby the class of all prime simple hemirings.

- 
The following theorem provides a necessary and sufficient condition for

given radical class p of hemiring to satisff the condition e associated to certain class
ofhemirings, which is indeed an extension of Theorem 2;iiti. 

---
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Theorem 2.6. Let tut be a hereclitary class 'which is homomorphically closed and

also closed under the finite clirect sum of hentirings and Z e ^vI' A hereditary

radical class 0 * P I F" satisfies condition Q if and only if 'vlg p'

Proof: If gvlg p' then M n p : M* 0, antl hence I'l n, rr p + 0' B)' T'heorem 2'2' p

s atisfie s c ond it ion (Q).

Conversely assume that p'satisfies condition (Q)' I-et us suppose 14 q p'

Now there are two cases :

CASE I : Let toI-] p* 0, as tulg*u'This implies that Hr"r 'r p + 0' As tuIe p'by

Theorem2.2,pdoesnotsat isfy(Q),acontradict iorr tot l reassutt tpt ion.

Hence IvIE P.

CASD II : Let gvtc\ p: 0, we will show that, this is irnpossible'

Let (0 * R) e p. As R can be decomlrosecl into strb-tlirect sttttr of suhdircctly

irreducible hemirings R1' s.

L e t R i b e a n a r b i t r a r y c o m p o n e n t o f | l , a n t l l e t F l b c h c a r t o | . I t , t h e t r

II2 = H or H: 0. If I{2 - H, then FI is a sirnple prime hcrttiring' Sincep': tlppcr

radical determined by all simple prime hemirings. thcrclore II e S/'' Since P 9/]"

rherefore sB, g Sp (see [6])and hence I I  e sp. By' fhcorcnt 2 '5,  l l  e sp i f  art l

only i f  Rre SP.

As R is the direct sum of Ri, therefbre tltcre cxists is a projection nritpping

z i  :R+ R i . I f  ker  a i=  I i  then  R/  I ;  =  R i '  S incc  I t  e  p '  anc l  p  i s  a  r l c l i ca l  c lass '

therefore Ri € p, v i. Silce Rie Sp, tlrerelbre Il;e Sp n p (See [10]). 
'I 'his 

r"lleflrrs

R i = 0 ' A s R i i s a n a r b i t r a r y c o m p o n e n t o f l t s u c l r t l r a t l l i : 0 , t h e r c l b r c t t : 0 . 1

contradiction. Hence H2 * I'I, the minimality of I-I inrplies I'I2 = 0' i'c' I-l is zcro-

l remi r ing i .e .  H  e  ZEto I '  Th is  imp l ies tha tH e  f t '  S inceR ep '  andFI<R and p  is

hereditary. This implies that H e p, this implies that Il € p n Tvt: 0' conscquenlly'

rve have H : 0, which contradicts the definition of heart I-I. Hence p ^ ful: 0 is

inrpossible i.e. Thus p ̂  fr|+ 0, so result follows by case (I)'

Theorem 2.72 A ltereditary radical class p ttncler the hypolhesis of the Theorem 2'6

coincicles vith f'9r'Lif and only if

i) p satisfies condition Q

iD for only hereditary class q satisfying condition Q thcn p g q'

Proof t Let Lfr4:p' By Theore n2'3,p satisfies conclition Q ancl p n Irlv * 0' Lct q

be a radical clasg such ihat g satisfies corrdition Q, then by'l 'heorenr 2'6' gvlg q' This

implies that tuI ̂  q +0. Thus I-Iv n q * 0' Thus q satisfies (i)' (ii) ' ol"l ' lteorettt

2.3. therefore by (ii i) of Theorem 2.3, p g q' cottverscly flssunre that (i)' (ii) of thc

rfl
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statement are valid, p satisfies condition e, therefore by Theorem 2.6, gt c p. This
implies that f,fltc p. Now %.c f.*t. This implies that tftt satisfies condition e @y
Theorem 2.6). By (ii) of the staremenr p c f,tvt This implies that t *t ": p.
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