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Multiplier Theorem Revisited

PARTHA PRATIM DEY

Abstract: An abelian (v, k, A)-difference set in an abelian group G is a set D consisting of k group
elements with the property that the list of the “differences™ xy -1 with x,y € D contains every non-
identity element of G exactly A times. We investigate these sets from the viewpoint of the group
algebra KG. Using the idempotents in K(; we give a new proof of the Hall Multiplier Theorem.

Introduction

For every known (v, £, A)-difference set, a prime p is a mulliplier if
p divides n = k-4 and (p, v) = 1. This fact known as multiplier theorem was first
proved by Hall in 1951 in his paper on Cyclic Incidence Matrices [1]. In this paper,
we use idempotents in KG to provide a new proof of the multiplier thcorem.
Throughout, G will denote an abelian group of exponent 4 and K will be a field
containing a primitive x4 th root of unity. Notice that this necessarily requires that the
characteristic of X does not divide p.

Preliminary Results

A character of G is a homomorphism ¢ from G to a multiplicative group of
K. For example, the trivial character (or principal character), denoted by ¢, is the

map such that #4(g) =1, V4 € G. It is not difficult to determine all the characters of
& To see this, let us decompose G as a product of cyclic groups.
G:G| x ...xG"

where G, is generated by g,. A character ¢ must carry each g toa |G| 1) root of

unity, and conversely ¢ is completely determined by knowing to which root of unity
cach g is carried. Hence there are precisely |G | = |G| x...x|G, | characters of G.

In fact the characters form a group isomorphic to G under the rule (¢y)g) =
p LU g)
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Lemma (2.1) [2]. Let G be an abelian group and ch(G) be the group of characters of
G with values in K.

(i) For Y, G
_[|6] if gis an identity element
g“z,,.;‘m 9(6) *'l 0 otherwise
(ii) For V¢ e ch(G),
|G if ¢ =40
Z “G):{ 0  otherwise

geCG

Proof: (i) Let S(g) denote the sum in question. If g is the identity element then 5(q)
certainly equals |G]. So let g be a non-identity element. Choose a character v such
that y(g) # 1. Then

Slg) 2. $(6)= 2. (4w)(@)=w@)( 2 é(G)=w(g)S(g)

#ech(G) # ech(G) ¢ ech(G)
Hence S(g) = 0.
(ii) If @ is the principal character ¢, then cle‘arly
> #(9)=1G.
geli

Let ¢ be nonprincipal and let S(¢) be the sum in question. Choose / € G such that
é(h)# 1. Then

S()= Y. 4(G)= 2 dlah= 2 (@)= (k) (2 $(g)=#S@)

gel geli geG get

Hence S(¢) = 0. QED.
Another concept that we will use in our proof of the Multiplier theorem is the group-
ring KG which consists of all formal sums

z agg

gelG
with a, €K. Addition is defined in the usual manner. Multiplication is defined by
using the distributive law and the group operation of G:

(Z agg) (Z buh) = Z Z (ag hn)gh.

geC heG geG heG

Clearly KG is a ring with identity and is commutative as G is abelian. The characters
of G can easily be extended to be maps from the group-ring KG onto K and it is
convenient to do so. If ¢ is a character of G, simply let
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(2. agg) =D agh(9)

gel geC
We should also note that any subset 4 of G can be identified with an element in KG
by setting
A= Z g.
ged
Under this definition, a (v, k, A)-difference set D may be written as

D=, d.

deD

Also if 4, B< G and ¢ is a character of G, then (AB) = #A)#B). For any intcger (
and subset A of G we define:
At = Z g'.

geG

Lemma (2.2) [2]. Let D be a (v, &, A)-difference set in an abelian group G. Then
DD =(k=A) e + AG = ne + AG.
where k—1 = n and ¢ is the identity element of G.

DD = ny" + ny"

Xey 17y

where x. y € D. Since |D | =k, we have
ny“' = ke
3=y

and the definition of difference set yields

ny" = UG -e).

X2y

Proof: Note that

Hence
DD =ke+ A(G - e) = (k-A) e + AG = ne + AG.QED.

Lemma (2.3) [2]. Let D be a (v, k, A)-difference set in an abelian group G and let ¢
be a nonprincipal character of G. Then

¢(D)p(D™") =n.
Proof: We apply ¢ to both sides of DD~' = ne + AG. Then
$(D)g(D')=nhe) + A $(G)=n
as ¢ (G) =0 by lemma (2.1). QED.
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Lemma (2.4) [2], Let G be an abelian group of exponent x and let K be a field
containing a x th root of unity. Given ¢, a character of G. we define e, as follows :

1
=g 2. e

ge
Then (i) If e is the identity of G, we have

Z¢¢=9

dech()

A=Z‘-’99

getG

(ii) Moreover for any 4,

in KG, we obtain
A= D ¢(A)e,

$ech(G)

Z o5

dech(G)

Proof. (i) Note that

_ ch =
‘ﬁsah{G) (}G[ QZ:G ¢(g g))

1
=Gl Z ( Z #(g")g)
$ech(G) g-G
1
=76 Zg( Z #(g7'g))
geG  dech(G)
_ 1 -
<TG “;m;a(e )
1
= [-(—;" e|G]
=e
Note that for g = e.
2. #g)=0
¢ech(G)
by lemma (2.1).

(ii) Let h € G. Then
he,g



Hence

=h(— |G] % 4evo)

geG

Z $(g™Vhg

ge@

== Gg)P) pltihg
16l &

=— $(8) X, #lg" e (hhg
} G‘ gelC

s iy
= @ $(h) 2. #(g™ " Yhg

g=G

]G.l G ) Z $(hg) kg

=45 LY 4thayhg)

gsG

= ¢(h)ey
Aey

=( Z agg)ey

g0

= Z aggeg
geC

= 2 agb(9)es

geG
= (2 ag () ey
geG
= g(A)ey
i
= Ae

=A( D ep)

$ £ch(G)
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= D, e
pech(G)

= Y #(A)ey .QED.

#ech(G)

3. The Muitiplier Theorem

Finally we are ready to prove the Multiplier Theorem by Hall.

Theorem 3.1. (Multiplier Theorem). Let D be an abelian (v, k, A)-difference set of

an abelian group G, Suppose that p is a prime such that (p,v) =1, p > A, pln = k=-A.
Then p is a multiplier of D.

Proof. Let K be a field of characteristic p such that K contains a primitive x™ root
of unity, where x is the exponent of G. Then D? = D(P)in Z,G,which implies
#(D)? = ¢(D)? = ¢(D'P)) for any character ¢ of G. We now compute D'») Dg{~1),

D(?) Dg{=1,

= 2 ¢ (DP))Dg' Ve,
$=ch(G)

= D $(DP)p(Dg)ey
dech(G)

= Y $(DP)g(D)p(gM)e,

pech(@)

= 2 4D D)D) g (g Ve
dech(G)
If ¢ is nonprincipal, then ¢(D)#(D"")=n=0 by Lemma (2.3) and the fact that p

divides n. Hence

= g0 (D)P go(D) do (D7) 6o (6" ) ey

SOy



Because | D'”) ~ Dg| is the coefficient of e in D"’ Dg(-", we have | D)~ Dg| =
5. Further k(k-1) = A(® -1) implies k2 — n=Av. If p divides k, then p divides v
and since p > 4, p divides v, a contradiction. Hence p does not divide . Finally
k(k=1) = Aw 1) implies k=0 (modp). Thus

kPt lpﬁ-l

i

Hence | D' nDg|= A+ ip, Asg>ﬁ,themeg«rhasmbemnneganvc which
shows [ D)~ Dg| 2 4. As D'P) intersects every block Dg in at least A points, D(¥)
is a block of the development of D. Thus p is a multiplier. QED.

[1] Hall. M. and Ryser, H.J. (1951). Cyclic Incidence Matrices, Canadian J. Math..
3. 495-502.

[2] Lander, E.S. (1983). Symmetric Designs: An Algebraic Approach, London.-
New York-New Rochelle-Melbourne-Sydney: Cambridge Press.
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Blood Flow Through Diseased Artery

DR. SMITADEY AND DR. SUTAPA CHOUDHARY

Abstract: Lacalized narrowing in anyartery,commnﬂyrefmedtoasastmnsis,isaﬁ'equmt
result of arterial disease. It is caused mainly due to the intravascular atherosclerotic plaques, which
develop at the arterial wall and protrude into the lumen of the vessels. Such contractions disturb
normal blood flow through artery and there is considerable evidence that hydrodynamic factors
such as wall shear stress, pressure distribution, separation etc. can play a significant role in the
development and progression of this disease. Hence considerable attention has been given to the
theoretical and experimental studies of stenotic region flow under different conditions, [Young
(1968), Caro et al 1971), Deschpande et al (1977), Nerm (1974), Fox & Hugo (1966), Roadbard
(1970). Rodkiewiez (1974), Stéinman (2000), Gijsen F.LH (1999),

Many authors have investigated analytically the flow characterisation of
bloed in artery with mild and non-critical stenosis.

In the above mentioned studies only the effect of single stenosis was
considered and the tube has been taken to be of uniform cross-section. However, it
may be noted that many of the blood vessels either converge or diverge slowly along
their lengths. Also it is possible to have multiple stenosis in a series along the length
of the tube.

In view of this, in this paper, the flow through tubes of non-uniform
cross-section and with multiple stenosis is investigated. Solution for very mild
stenosis have been obtained and the effects of heights of stenosis, number of
stenosis etc. on the resistance to the flow A and wall shear distribution y have been
studied.

Analysis

Let us consider the flow of blood through an artery having mild multiple
stenosis in its lumen. We assume that the artery has two stenosis in series along the
length and is such that the first stenosis is in a portion of uniform cross-section and
the other one in a portion where the tube radius varies axially i.e. R=R*(z). Thus
assuming that the two stenosis have developed symmetrically and are very mild, the
geometry of the tube can be defined as:

R;:0<z<d, and di+IL;<z< B,
{R(z): B<z<d, and dy+L,<z<B

() R@e)= (Ry~(6/2) {1+ Cos 2t/L;) (z~d; — L2} :dy < z<d + I,
(R(2)~(6,/2) {1+ Cos @ IL;) (z=dy = L, /2)} :dy < 2 <.y 4 1,
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Where R(z) is the tube radius at any cross-section, R, is the constant radius of the
first portion, R*(z) is the tube radius in the second portion, &, and &, are the
amplitude of the two stenoses and Z; and L, are their lengths such that :

(2) &) < min (Ry, R out) < I,
The basic equation governing the flow in a tube with mild constriction is,
3) S dpldz=(ulr) é18r (Ewlér)

Where w is the axial velocity, p is the pressure, u is the coeff. of viscosity.
The boundary conditions are provided by the no-slip condition at the boundary of
the tube and by the axial symmetry of the tube i.e.,
“4) owl dr=0 atr=0

w=0 atr=R(z)
The axial velocity w on solving eqn. (3) along with the conditions (4) is obtained as

(5) @={(=1/4) 9pléz)} (R*(z) -r?)
The volumetric flow rate is defined as -
Riz)

0= _[2:::' w dr
0

Which on using eqn. (5) is given by following expression :

(6) dpldz=-8u QxR (z)
Integrating (6) alongwith the condition
L p=py at z=0
and pP=p, at z=8B
We get
B
(M Pi=po=Q@uQ/r) Icfsz‘(z)
0
Which gives the resistance to the flow A as,
B
(8) A=(py=po)/ Q=@8ulx) .I-a‘zf’R*(Z)
0
The shearing stress, 7, on the wall of the tube is given by,
9) v ={(1-d Ridz)* | (1+d Rld:)*} [4Qu/x R*(2)]

Let 4, and 7, be the resistance to the flow and the shearing stress at the wall for the
flow of blood in a tube of uniform cross-section of radius R, and with no stenosis.

(I
(1]

(12

(13

FR 5

Whe
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Then
(10) A, =8 B/m Ry,
(11) t,=4p QlaRy
Thus from equations (8) ~(10) and (9)-(11) we have,
E.

(12) A=AlA=RiIB fdz/x*(Z)

. 0
(13) 7 =1 /7, = {Ry/R)Y[(1~dR/ de)*| (1 + dRidz)" ]
Discussion

The total resistance to the flow A and the shear stress acting on the wall 7
are given by equations (12) and (13). To see explicitly the effects of the various
parameters on the resistance to the flow and the wall shear the following function
has been assumed for the tube radius in the second portion,

R*(2)=[e" W]
Where K is the wall exponent parameter.
Numerical calculations have been done using the following values of the

parameters:

B, =04

B =1 K = -0.1,0.0,+0.1

L= 0.04

L, = 0.06

8= 0.0-02

&, =0.0-02
The resistances to the flow and the wall shear stresses are plotted in figures and the
following effects have been observed :

(1) 7 increases with the heights and the numbers of the stenosis.

(2) A is more in a convergent tube compared to its value forastnughttube
whereas far a divergent tube it decreases.
From the figures it can be seen that the sheer stress acting on the wall of the

second region, 7, increases with the heights of the stenosis. For a convergent tube
r, is more compared to its value for a straight tube. However 7, decrease for a

divergent tube compared to a straight tube.
Same behaviour is observed for the shear stress acting on the wall of the

first region 7, These observations have been found to be in conformity with the
experimental findings of Talukdar etc. al (Ref. 12).
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Recognition and Isomorphism Algorithms
of Shop Graphs

TANKA NATH DHAMALA®

Abstract: Shop graphs are the graphic representations of classical shop scheduling problems. We
present mcmciemﬂaomhmhdadda-wheﬂwagimdhmm is a shop graph. This
extends a result on the recognition algorithms of sequence graph (acyclic orientation of the
Hamming graph K, x K,,). Orientations of the K, x K, play important roles in practical shop
problems. Moreover, we give a short review on the concept of sequence (acyclic shop graph)
isomorphisms.

Key Words: shop problems, recognition algorithm, isomorphic sequences.
1. Introduction

In an n x m shop scheduling problem, each jobiwithie I={1, ..., n})
has to be processed on each machine j with j e J= {1, ..., m} exactly once
without preemption for the processing time Py > 0. We assume that, at a time, each
machine can process at most one job and each job can be processed on at most one
machine, Let SIJ= I x J be the set of all operations o; with i I A j € J. The matrix
of processing times is denoted by P = [ p; J,.m.We denote the completion time of job
¢ on machines by C; and the matrix of completion times by C = [cy]unm so that
€ =max,(cy) holds, where ¢y is the completion time of operation oj. A
scheduling problem is denoted by a triple o |#] ¥ . where & describes the machine
environment, /3 gives the job characteristics and y represents the objective function
(L. [11]). The machine order for job i is the order of machines which process job i,
Whereas the job order on machine j is the order of jobs processed on machine J.
We have 10 find a feasible combination of machine orders and job orders

'mmmmmaM'mmm-nm,mdmmmdemew
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(a sequence) which minimised the makespan Cuux = ming {Ci}. A schedule give the
corresponding time table.

A computational problem is a function [1: Z— Y, where Z is the set of all
problem instances / and Y is the set of solutions both reasonably encoded as strings
of symbols in predefined alphabet. A problem [T is called decision problem
if ¥'= {yes, no}. Each optimisation problem has its decision counterpart which is
associated by defining an additional threshold value y for the corresponding
objective function y. For example, given an additional threshold value y for the
objective function y we ask : does there exist a feasible solution x € X such that
v (x) < y ? The significant meanings of each of the space and time complexities from
the computational point of view are systematically analysed in [9]. Informally, a
decision problem is said to be in class 2 if there is a polynomial time algorithm
solving it. A decision problem belongs to the class V2 if a positive answer can he
verified in polynomial time. One of the major open problems of modein
mathematics is whether 2= N2 . A decision problem in N is called N@-complete if
it can be solved polynomially only if 7= N?.

In Section 2, we summarise the block-matrices model and give some basic notions
of graphs applicable in the considered shop scheduling problems. In the block-
matrices model, all graph theoretical structures in shop problems are basically
described by means of special latin rectangles. For a detailed description of these
structures we refer to [5] and to http:ﬁfma2.math.uui-magdeburg.def ~ lisa.

In section 3, given a connected digraph we mainly deal the problem of deciding
whether it is a shop graph in a shop scheduling problem. We give an efficient
recognition algorithm with linear time and space complexities. One of the objectives
to consider such a problem is to investigate some interesting properties of Hamming
graph in shop scheduling problems.

The problem of efficiently recognising whether a given graph is a Hamming .

graph is often treated in the literature (cf. [1,13,14]). A first non-algorithmic proof
is : up to isomorphism, all finite connected graphs have unique prime factorisation
(cf. [21]). Recall that none of the algorithms which belongs to the class of gencral
decomposition algorithms of graphs with respect to the Cartesian produet is lincur.
Several algorithms for recognising Hamming graphs have already been proposed in
the literature. The running time complexity of the first algorithm is bounded by
O(VF ) (cf. [23]). The fastest known approach for recognising whether a given
graph is a Hamming graph, by solving prime factorisation algorithms with respect to
the graph Cartesian product, is presented in [1]. Given an undirected connected
graph G = (V.E) in its adjacency list data structure, a (unique) prime factorisation of
G is obtained with respect to the Cartesian product in O(E | log (\V'])) time (cf. [1]).
An algorithm with linear time complexity with respect to the edges of the graph is

™ & B W B W
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presented in [14] and [13]. Note that the space complexity is also linear in [13] with
adjacency list esentations. In this way, the considered Hamming graph
recognition problem is solved in linear time. We refer to a couple of algorithms in
the cited articles for detailed descriptions and the references therein for many
striking characterisations of Hamming graphs and several other classes of graphs
closely related to Hamming graphs.

In section 4, we consider the decision version of a sequence graph
isomorphism problem arising from shop scheduling problems. The decision version
of the graph isomorphism problem is to decide whether given two graphs G and G2
are isomorphic. The Graph automorphism problem is : given a graph G, decide
whether its automorphism group contains non-trivial automorphism.

Much effort has been made to find efficient algorithms for the graph
isomorphism problem but no polynomial algorithm for this problem has becn
developed and it is unknown if such an algorithm can exist. The graph isomorphism
problem belongs to the class NP but it is still unknown whether it belongs to the
class 2 or Ne-complete. However, for certain special subclasses of graphs, the
isomorphism problem is efficiently solvable. For example, planar graphs solved by
1. E. HOPCROFT and J.W. WONG in 1974, undirected graphs generated from latin
squares solved by G.L. MILLER in 1978, graphs of bounded valence (cf. [17]),
cyclic tournaments (cf. [19]) and graphs of bounded average genus (cf. [6]).
Because all undirected edges can be replaced by two anti-parallel arcs. the
isomorphism problem for undirected graphs is polynomial time reducible to a
corresponding isomorphism problem for the directed graphs. On the other hand, the
directed graph isomorphism problem is polynomial time reducible to the problem of
undirected graph isomorphism (cf. [18]); the problem of directed graph isomorphism
and undirected graph isomorphism are polynomially equivalent.

Some concluding remarks are contained in the final section of the paper

2. Basic Concepts
Given a combination of machine orders and job orders in a shop problem of
» jobs and m machines, we define the following pair of acyclic digraphs with vertex
set SIJ.
«  Machine order graph Guo = (SIJ, Exo ), where the set of arcs contains the
precedence constraints of all machine orders.
« Job order graph Guo=(SLJ.Ei), where the set of arcs contains the
precedence constraints of all job orders.
The graphs Guo and Guo consist of n and m acyclic components, respectively. We
represent by MO =[moy] and JO = [ joy] the m x m rank matrices of given graphs
G and GJo, called machine order matrix and job order matrix, respectively. The
rank of a vertex in an acyclic directed graph is the number of vertices on a longest
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path from a source to the vertex itself. Moreover, joy is the position of job 7 in the

job order on machine j and moy is the position of machine j in the machine order for

Job i. The collections of all job order matrices and machine order matrices are.

respectively, denoted by JOand MO.

e For given MO and JO, and the set SIJ of operations we define a digraph
Guo,00 = (SI1, Epo.sc), where the are set Exoso = Exmo U Esn reflects all
machine orders and all orders.

= 4

Figure 1: The Transitive Graphs Gyo, Gio and Guo .10

Note that , the graph Guo.J0 is connected and it may or may not be acyclic. We use
[G] for the underlying undirected graph of a digraph G.

Definition 1. For any pair (MO, JO), the graph Guo .o is called a transitive shop
graph. If the graph is acyclic (cyclic) we call it a transitive sequence graph (non-
sequence graph).

If we consider only direct precedence constraints in the foregoing graphs,
the attribute “transitive” is dropped. The pair (MO, JO) is a sequence (non-
sequence) if the shop graph is acyclic (cyclic), respectively. Here, transitive shop
graphs and shop graphs are denoted by the same notations for the easiness. The
graphs in Figure 1 illustrate the transitive graphs of machine orders, job orders and
non-sequence graph with m =n = 3.

For each sequence graph Gue.s0 we can describe the sequence (MO, JO)
by a rank matrix, too. The corresponding matrix 4 = [a;] contains the rank of the

vertex o; for each operation o, in the sequence graph Guo.s0. Note that the rank
matrix A is a special latin rectangle with sequence property : for each integer /r; > 1
there exists the integer /n—1 in row 7 or in column j or in both. Recall that a latin
rectangle LR [n, m, q]= [In;] is a matrix of size n x m with its entries [, € {1.2, ...,
q} such that each integer of the symbol set occurs at most once in each row and at
most once in each column of LR (cf. [7]). If n = m = g holds, then the matrix is a
latin square of order » and is denoted by LS [#].

i Gl e G man aamas  mal ams
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On the other hand, given any latin rectangle LR [n, m, q] = [ly], we can
define a sequence graph by means of its entries /n; as a level of the vertex oj.
Therefore, in particular, any latin rectangle satisfying the sequence property
obviously produces an acyclic digraph for a shop scheduling problem with n jobs
and m machines. Therefore, there exists a one-to-one correspondence between the
set of all latin rectangles with sequence property and the set of all sequence graphs
for the open shop scheduling problem (cf.[5]).

The sets of all sequences and sequence graphs of format » x m in
machine environment a are denoted by LZ(o ; n, m) and by Ge(w; n, m),
respectively. If the context is clear from the considerations, then we
may denote these sets simply by L2 and G, respectively. If m = n = g, then the
set of all latin squares £.S [#] concentrated in machine environment  is denoted by
L5 (a ; n). Clearly, all latin squares satisfy the sequence property. Each element of
[@(a;n,m)is also called sequence. A sequence contains all information about
machine orders and job orders of the corresponding sequence graph. The terms like
source, sink, operation, path, etc., are interchangeable in the sequence graph and the
sequence accordingly. By the one-to-one correspondence, we sce that the
determination of the cardinality of G e (e ; #, m), which in general is an unsolved
counting problem, can also be described as the problem of determination
of cardinality £ (o ; m, m) in the open shop scheduling problem, but the latter
problem is also quite hard. One possibility to handle the former problem is the
chromatic polynomial of the Hamming graph K, x K,,, however, the calculation is
hard (see [12]).

Note that an infinite set of schedules can be assigned to each sequence. On
the other hand, each schedule contains all information about its unique sequence.
More formally, we can define an equivalence relation 2 on the set of all schedules
as:

S,2S, & both schedules S;and S, base on the same sequence LR.

It is clear that each equivalence class contains an infinite number of
schedules but the number of classes is finite; a trivial upper bound is (n))™(m!)"; we
refer to [8, 12] for some improvements. In order to find a set of distinct
representatives, we may use the semiactive schedules under unit processing times,
ie., all sequences. A schedule is called semiactive if each operation o5 € SIJ is
started as early as possible with respect to the given machine orders and job orders.
However, to every sequence of a shop scheduling problem, we can associate a
umique semiactive schedule C = (4, P) in linear time O(nm) (cf. [5]). The same time
complexity holds for the calculation of the weights of a longest path through the
operation oy for each operation oy € SIJ (ef. [5]). Given a sequence of certain
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format, determining the associated semiactive schedule is a polynomially solvable
problem. Therefore, the main difficulty on the complexity of shop scheduling
problems lies also to the construction of appropriate sequences.
The transitive sequence graph is an acyclic oriented digraph of the disjunctive
graph (see [22]). where all vertices oy € S/ have unit processing time weights.
Disjunctive graphs are widely used to represent certain schedules for general
shop scheduling problems. On the other hand, if we assign in a graph
Gz (SIJ,Eyp.0) @ vertex cost p; to each oy € SIJ, we can consider different
objective functions on the set G, (a ; n, m) of sequences graphs and hence on the
set £2 (a; n, m) of sequences, too. In particular, if p, =1 for all / and j, then we
have the equation C = 42 [n, m, r]. Moreover, Cy,, = max {¢;|o; € SIJ} is given by
the weight of a critical path (the length of a longest path from a source to a vertex
itself) in G, in the case of operations set SIJ = I x J. Then the problem in this case
is to determine a sequence with minimal cardinality of the insertion set, for instance.
The graph [G Jcorresponds to the linegraph of bipartite graph G = (/'L J, £)
with edge (i, /) € E if and only if job i with i € {1, 2, ..., n} is processed machine j
with j € {1, 2, ..., m}. For example, the underlying graph [G ] for O2 |n=2| y is
isomorphic to the 4—cycle Z,. The linegraph L(G) = (V,, E ) of a graph G=(V, E) is
a graph with ¥, = £ and {ab, xy) € E if and only if {a,b} and {x, y}belonging to
the edge set E are adjacent in the graph G. A graph G = (¥, E) is a bipartite if there
exist disjoint subsets U and W of V with ¥ = U U W such that {u, w}e E implies
either (u e U A w eW) or (welU A u € W). The graph [G];] of the transitive closure
GY of a sequence graph Gy is known as a comparability graph. The transitive
closure of a digraph G=(V,E) is the digraph denoted by G”" =(V,E") such
that for each are (x, y)e E" there is a path w; = (v,,v,,...,v; ) in acyclic digraph
G = (V, E) with x=wv, and y=v,. An undirected graph G = (V,E) is a comparability
graph (cf. [10]) if there exists an acyclic orientation E* of edge set E such that the
corresponding digraph G* = (¥, E*) is transitive closure.

Two graphs G; = (¥, E;) (i =1,2) are said to be isomorphic denoted by
G, =¥ G, if there exists a bijection y: ¥} — ¥, such that for all v,w € ¥; we have
{v, wye £y if and only if {y(v),w (w)}e€E: ; the bijection y is called graph
isomorphism. A permutation on the set of vertices of a graph is called an
automorphism of a graph G = (¥, E) if it is adjacency preserving,

The Cartesian product G == G; x G2 of two simple finite graphs G, and Gz
is the graph with vertex set ¥ := ¥; x¥; and edge {ux, vy} € E; x E; =: E whenever
{up }eE, and x=y, or {x, y} €E; and u= v. It is easy to see that the graph
Cartesian product is commutative and associative and has the one-vertex simple
graph K as a unit such that Kj x G=G=Gx K for any graph G. Because of the
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associativity property, one may write G = Gy xGa % . . . x G, for a product G of
graphs and the vertex set of such a product the set of all r-tuples uu,. . . u. where
u; is the vertex in the k-th component. Moreover, the Cartesian product of two
graphs is connected if and only if both factors are connected. A graph G is called
prime if G = Gy x Gy implies Gi = K; or G: = K. A set {Gi,Ga,..., G, } of r-graphs
is called a prime factorisation of G if G = G; x G x . .. x G, and Gy # K, for all
k=12,...r, where G, is a prime graph.

A Hamming graph H(G) is the Cartesian product of complete graphs, and
the Hamming distance, which is the shortest path distance in graph H(G), between
two r-tuples ¥ = u, . .. 4, and ©=0,0; ..., is the number of positions in which
the entries in u and v differ. More formally, Hamming distance is defined as the
following discrete metric function:

forall u, v € H(G), du(uv) = |{k: u # vi}l,
so that the Hamming graph H(G) is a discrete metric space. In terms of
Hamming distance one may characterise two adjacent vertices u = w ;. . . u and
2= v, ...v, in HG) if and only if dy(u,v)= 1. For example, the Cartesian
product of r copies of the complete graph K is a special Hamming graph, called
hypercube Q,(r-cube for short) or binary Hamming graph. This class of graphs
is a well known object in the field of graph theory as well as computer science.

The definition of Hamming labelling can be described as follows. For all
k=1,2,...,r let # > 2 be given integers. Furthermore, we consider the vertices of
a r—dimensional Hamming graph as all [T;_,#x such r—tuples u = uu,. . . u, with
1<u <t forallk=1,2,...,r where two vertices are adjacent if and only if they
differ in exactly one place. Then, this type of labelling of the vertices of Hamming
graph is called a Hamming labelling. Note that the product graph

H(G)= Ky, x K, x...x K,, is an (ng —r) —regular graph on }Ilr,, vertices, and
k=1 : =

r

hence it has -%tl:llr,_ (X%-: tx —r) edges. Moreover, the neighbourhood of a vertex v
in this graph H(G) induces a disjoint union of complete graphs.

Let G = (¥, E) be a connected digraph. A topological sorting of the vertices
of ¥ is a mapping o: ¥ => {1, 2,...,|V|} such that o'(v) < o (w) for all (v, w) € E.
For example, o (v) = 1 for all sources v € V. It is well known that a digraph G is
acyelic if and only if there exists a topological sorting of G. The Topological Sorting
Algorithm is implemented in O(|E| + [V]) time (cf. [15, 16]) using an appropriate data
structure.
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3. The Recognition Algorithm

In this section we present an efficient algorithm for the following decision
problem:

Given : A connected digraph G = (V, E).
Question : Is G a transitive shop graph ?

Moreover, if the answer of this question is “yes”, the algorithm yields the
matrices MO and JO for the (transitive) shop graph G 0_1.

We use two well-known algorithms, namely, the Hamming Ciraph
Algorithm (cf. [13 14]) and the Topological Sorting Algorithm (cf. [15.16]). for
solving this problem. Here for our purpose, the prescribed labelling algorithm is
applicable to the Cartesian product K, x Ky of two complete graphs starting from
the label 0y, for the first chosen vertex (cf. [2.8]).

A clique in a graph is its subgraph which is isomorphic to a complete
graph and a tournament is an oriented complete graph. We call E” a transitive
tournament if for all vertices (x.y) € £ and (y, z) € £ implies (x.2) € £”. Clearly.
a tournament is transitive if and only if it is acyclic. Each 2-dimensional Hamming
graph K, x K, which is of order mm, contains m disjoint subgraphs isomorphic to
K (so-called n-cliques). and n disjoint subgraphs isomorphic to K, (so-called
m-cliques). On the other hand, a transitive shop graph contains m disjoint subgraphs
1somorphic to transitive tournaments of order n (so-called column tournaments) and
n disjoint subgraphs isomorphic to transitive tournaments of order m (so-called row
tournaments).

Now, we are able to formulate the following algorithm and verify its validity.

Algorithm 1. Transitive Shop Graph Recognition
Input : Connected digraph G = (V, E).
Output : MO and JO, if G is a transitive shop graph.

Step 1. Call the Hamming Graph Algorithm for the graph [G] of = (V. E).
If |G] is not a Hamming Graph, then goto Step 5;
else output of the Hamming graph Algorithm:
nm, forallve V:iabel()=0; withl1 < i S 1<j<m;

Step 2. Identify each vertex v with the associated label (v) = 0y ;
the cliques K{ and K are the complete subgraphs of G=(V, E) induced by

m n
the vertex sets U{oy}, i=1,2,...,n, andH{oﬂ}, j=12,....m,
J=i =

respectively ;




RECOGNITION AND ISOMORPHISM ALG

OF SHOP ..... [25]

Step 3. Forallie {1,2,...,n}do

begin

Call the Topological Sorting Algorithm for the clique K ;

if K contains a cycle then goto Step 5;

else output of this algorithm : rk(oy ) for all oy € V(K]);

insert the values rk(oy ) into row. i of matrix MO

end;
Step 4. Forall je {1,2,...,m} do

Call the Topological Sorting Algorithm for the clique K ;

if K} contains a cycle then goto Step 5;

else output of this algorithm : rk(o;)for all 0, € V(KS);

insert the values rk(oy ) into column j of matrix JO,

end;

Output : G is a transitive shop graph ; MO, JO ; stop.
Step 5. G is not a transitive shop graph | stop
Because a tournament is transitive if and only if'it is acyclic, it provides a linear time
complexity for recognising transitive (equivalently, acyclic) tournaments (cf. [10]).
The matter is first to caleulate the in-degree (or, out-degree) of each vertex. and then
to verify that there are no repetitions among the in-degrees (or, out-degrecs), It is
well known (cf. [20]) that each tournament contains an oriented Hamiltonian path.
Moreover, such an acyclic (equivalently, transitive) tournament contains exactly one

Hamiltonian path. Afterwards, each tournament which is a subgraph of a transitive
shop graph is spanned by a unique path.

Theorem 1. Let G = (V, E) be a connected digraph. Then the probfem of deciding
whether G is a transitive shop graph is solvable in O (max {mn®,m*n}) time.

Proof: Given a connected und:rected graph G = (V, E), the problem of deciding
whether [G] is a Hamming gmph is solvable by the Labelling Algorithm and the
Hamming Graph Algonthm in O(|E]) time complexity (cf. [13, 14]). Here, given the
connected digraph G = (¥, E) we consider the underlying undirected graph [G].
Afterwards, we call the Hamming Graph Algorithm [13, 14] and decide if it is a
Hamming graph of this kind.

Total time complexity for the Steps 3 and 4 is approximately the same as
that of Topological Sorting Algorithm, namely, O(| VI+E]) and this bound can be
reduced to O(|E)) in this case, because |V] < |£| in our shop model. Because each
acyclic orientation of a complete graph contains exactly one Hamiltonian path (cf.
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[20]), by calling the Topological Sorting Algorithm [16] for all cliques in the
Hamming graph we determine the ranks of vertices which reflect the precedence
constraints. Thus, since the Steps 2 to 4 do not need more time than Step | in the
algorithm, the overall time complexity of the algorithm is not worse than the
complexity of the Hamming Graph Algorithm.

‘Moreover, since the total number of edges in a hamming graph associated
to any classical shop scheduling problems of our interest in #(%) + m(%). the time

complexity reaches O (max {mn>,m’n}). [ |
Clearly, the presented recognition algorithm is linear in time with respect to
the arcs of the input digraph.

A transitive sequence graph is an acyclic orientation of the Hamming
graph K, x K (cf. [3, 12]). Therefore, if we consider the transitive sequence graph,
then the number of arcs of such a digraph Guo_o is n(%)+m(3), and it is
reduced to 72 (m=1) + m (n=1) in the case of a sequence graph without transitive
arcs. Therefore,

Theorem 2 For a given digraph G = (V. E), the problem of deciding if it is a
transitive sequence graph is solvable in O (max {mn® .m*n}) time. Moreover, the
computational complexity of the sequence according 10 a given n x m (ransitive
sequence graph is O (max {mn” .m>n}).

Proof: The prescribed algorithms in the cited references [3, 12] are the Hamming
Labelling Algorithm and the Hamming Graph Algorithm [14], and the Topological
Sorting Algorithm [16]. The focus point of the proof of stated statement is to
consider the problem into two different algorithmic parts. In the first part, one
considers the former two algorithms in order to check and label the vertices if it is a
Hamming graph. The final part is to calculate the rank if it is acyclic which can be
performed by topological sorting. Precisely, the rank of the vertex labeling oy in the
sequence graph is associated with the value of the element 0y in the sequence. In
this sorting algorithm, we have to mark all sources instead of a single source at a
time and delete the marked sources and the adjacency arcs. The time complexity is
clear because of the number of arcs in this specific sequence graph. Moreover, the
space complexities remain O (max {mn*,m’n}) by using the advantages of the
algorithms in [13], where the adjacency lists data structures are implemented. ™

However, note that the complexity O(mn) is correct in the case of given
1 % m sequence graphs without any transitive arcs. Furthermore, it is also clear that
if the number of jobs is completely dominated by the number of machines (#<<m).
then the computational time complexities O (max {mn*,m*n}) and O(mn) reducc to

O(m?*) and O(m), respectively.
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4. Isomorphism of Sequences

In this section we review an efficient algorithm (cf. [3, 12, 8]) for the

decision problem :
Given : Two sequences of the same format.
Question : Does there exists a sequence isomorphism ?

Moreover, if the answer of this question is “yes” the algorithm yields an
isomorphism. We denote by z,,7.,®, and y, respectively, a row permutation
7, € 8,, a column permutation 7. € Sy, a transposition ® € Z,, and y € Z:, of'a
matrix, where §; is the usual symmetric group on {1,2, .. ., #} and Z: is the cyclic
group of order two. The transposition of a matrix means reflecting in the main left-
to-right diagonal. Note that ® maps sequence 4 to the transposed sequence A7, For
matrix reversion of sequence A, we have to replace each arc (0y,011) € Eno.so by
an oppositely oriented arc (ox/,0;) in the sequence graph G, = (SLJ, Exp o). 1o
order to classify the main structural differences and to get deeper study of equivalent
sequence properties between shop scheduling problems, the following definition is
more useful (see [4]).

Definition 2 Two sequences A and B are called structure isomorphic. graph
isomorphic or permutation isomorphic, denoted by A=, B, A=, B, or 4=, B, if
there exists a mapping such that (,, 7., ®.V)A = B, (7,7, P)A = Bor(m.n:)A
= B, respectively.

For the sake of simplicity, we simply say that two sequences A and B are
isomorphic if they are isomorphic under any one of the above isomorphism
relatio.is. The notion A =. B is used to represent such an arbitrary isomorphism.
Note that the collection of all isomorphisms of the same type under the same formats
forms a group. Therefore, there are three groups, namely, Sy X Sy Sn %Sy x Z> and
Sy xS x Za x Zy according to each isomorphism type mentioned above. The order
of the group of permutation isomorphisms is always nlm!, whereas, for m # n, this
number is n!m!, and 2n!m! if we consider the group of graph isomorphisms, and
group of structure isomorphisms, respectively. Furthermore, if m = n, then the latter
two numbers are exactly doubled, because transposition of a sequence is also
applicable in this case.

Clearly, each of the relationsA =, B, or A=, B and A=, B defined
above yields an equivalence relation on the set L® decomposing the set of
all sequences into disjoint isomorphism classes. We denote by 21, GI and ST,
respectively, the collections of all permutation isomorphism  classes,
graph isomorphism classes and  structure isomorphism classes. Obviously,
|2I| 2 |GI| 2 |SI|, since the relations A=, B= A=, B = A=, B hold. The
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sequences of an isomorphism class in 2 are equivalent with respect to an arbitrary
reindexing of the machines and of the jobs. Also, the sequences of an isomorphism
class in GI are equivalent with respect to an arbitrary renumbering of the completely
interchangeable machine set and job set. Finally, any two sequences belonging to the

same isomorphism class in S are equivalent in the sense that the orientations of

each operations are also allowed in addition to an arbitrary reindexing of the
completely interchangeable machine set and job sét.

If an isomorphism =. applied to the sequence A results to the same sequence
A, it is called a sequence automorphism. Naturally, there corresponds to three types
of sequence automorphisms, namely, permutation automorphism. graph
automorphism and structure automorphism. The collection of all automorphisms in
each class forms a subgroup of the group of isomorphisms with respect to their
corresponding classes. Because, ((2, 1, 3), (2, 1, 3). @) 4 = 4 holds if we have the

2 3

sequence A =| 1 2 3 |, the mapping ((2, I, 3), (2, 1, 3), ®) is a graph
T

1
3
automorphism,

Definition 3 A sequence A = [ay |nm is called in normal form if @y, =1, ay; <ay
2= j<l < m)anday <ay < i <k < n).

Two sequences 4 and B are graph isomorphic if and only if their associated
(transitive) sequence graphs G, and Gy are isomorphic in terms of graph theory. In
[3] a polynomial time Sequence Isomorphism Algorithm (S/4) is presented in order
to decide whether two sequences are graph isomorphic. The main idea of this
algorithm is to put one of the given sequences in normal form and to make
appropriate permutations of the other so as to put it as the first. If there is no success.
one concludes that the given sequences are not graph isomorphic. In this way, for
given n x m sequences A and B, the permutation isomorphism of 4 and B is
decidable in O (max {mn® ,m*n}) time. With the same time complexity, the: graph
isomorphism of two sequences 4 and B as well as the sequence graph isomorphism
between the transitive sequence graphs G, and Gp are decidable.

The validity of the following theorem follows from the summarised S/A4 (cf.
[8]). The summarised SI4 is'a compact form of the S/4 in [3] and the concept of
structure isomorphism of sequences in [4]. Moreover, the time and space
complexities of compact S§/4 remain similar to that of S/4. Therefore,

Theorem 3 Let A and B be n x m sequences. Then the isomorphism of A and B is
decidable in O (min {mn?,m*n}) time. |

Algorithm 2 The Sequence Isomorphism (SZ4)

Inps
Step
Step

Outpy
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RECOGNITION AND IS

Input : Two arbitrary n x m sequences A = [a;] and B = [b;].
Step 1 : Find [x,,,7c4] such that (1, ,7c, ] A=A", where sequence A" is normal,
Step 2 : For all entries o with b; =1 in B do:
1. Fh}d [’fm.sxca] such tha{ [N,' ,-ﬂ'ﬁ_] B-='.B", where bl" = by and B" is
normal, |
2. If B" = 4", retumn the isomorphism (7., 7, 7., 7;,), stop:
3. Form=n, if B""= A", return the isomorphism (x,, n, 7., ;D).
stop
4. If B" = A%\, return the isomorphism (x,, x,,' %, m.\, W), stop
5. Form=n, if B"'= A", return the isomorphism (r,, x; . x. 7| .®.\W),

stop |
Output : An isomorphism (x,, 7., DY) if it exists.
i) | (2
631Gy () G2
S 6 GBY (13
G3) [ Ga) G352

Table 1: Class Distribution of 2 x 2 Sequences

Table 1 Illustrates rowwise distribution of all sequences for O2 | n = 2 | y into
different sequence isomorphism classes. Namely, four different rows represent the
four permutation isomorphic classes whereas the last two rows together give one
class of graph isomorphism as well as structure isomorphism; here, four permutation
classes and three graph/structure isomorphism classes. Clearly, the class
representatives form a system of distinct representatives for the isomorphism classes
of sequences. The number of nonisomorphic sequences can be calculated by
applying Algorithm 2 on the set of all sequences, but this procedure is not sufficient
from computational point of view. We refer to [4, 12] for its implementation with
small formats. However, a set of sequences generated only on the class
representatives (for example, the lexicographically minimal) of their equivalence
classes plays an important role for further investigation . In [4, 12] , properties of
sequence isomorphisms are applied to investigate a set of sequences which contains
at least one optimal solution independent of processing times.
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5, Concluding Remarks

In this paper, we have considered recognition algorithms for special class of
graphs, so-called transitive shop graphs arising from shop scheduling problems.
Investigations of such efficient algorithm, allow us to study interesting properties of
the 2-dimensional Hamming graph K, x K, in shop problems. Namely, both cyclic
as well as acyclic orientations of K, x Ky provide useful hints for further structural
analysis of shop problems. A study of isomorphic properties of sequences not only
provides a decomposition of sequences but also gives some useful hints for further
structural analysis of sequences from algebraic point of view. On the other hand. a
study of isomorphic properties of cyclic orientations of K, x K, could be one of the
interesting subjects from theoretical point of views. Results included in this ficld are
again of both theoretical and practical interests.
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Cox’s Regression Model for the Growth
of a Tumour Followed by Death
from that Tumour

GURPRIT GROVER AND NEETA MAKHIJA

Abstract: In this paper we introduce Cox's Regression Model to study the growth process of a
tumour and death from that tumour. The hazard rate is taken to be a function of the explanatory
variables and unknown regression coefficients multiplied by an arbitrary and unknown function of
time. Formulas for the density function, the distribution function and the expectation ot lifetime
are outlined. An equivalent reformulation of the model is also given in terms of the intensities of
counting processes. Estimation procedures in the model are discussed and large sample properties
of the estimators are outlined.

1. Introduction

A tumour is a swelling of any kind in any par of the body. Tumours occur
when the cells of a tissue or organ multiply in an uncontrolled fashion unrelated to
the biological requirements of the body and not to meet the needs of repair or of
normal replacement. The growth of tumour in man is supposed to depend upon an
interplay between factors in the environment and the genetic component of body
cells. When an individual is exposed to one or more environmental factors (or
carcinogenic agents ) such as different occupations, lifestyles, exposure to injurious
chemical agents, drugs, ultraviolet light, certain tumour inducing viruses etc., the
body’s metabolic and other biological reactions render most of the absorbed
molecules inactive and are excreted from the body system, but a few metabolites
remain and become carcinogenic which are responsible for the growth of tumour in
man. The potential carcinogenic metabolites bind with DNA in cells to cause
mutation of DNA and result in tumour. The formation of tumour is a manifestation
of this continuous biological process that depends on the amount of toxic material
retained in the body.

The appearance of tumour cannot always be detected, either because the
tumour has not yet reached the detectable size, or because it is hidden in the body.
The retained amount of toxic material in the body becomes carcinogenic only after a
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specified period of time which may be months or years. The shortest period of time
is known as the Latent Period. Suppose this period is denoted by [0, #,], where ¢, is
the length of this time.

For every 1 > 1, the amount of toxic material absorbed during the interval
[0, £—1,], will be carcinogenic at time 7 and the amount absorbed during the interval
[t—1,,¢] will be potentially carcinogenic.

The growth process of tumour can be explained by using Cox’s Regression
Model. Cox’x Regression model, based on the method of ‘Partial Likelihood’, for
analysing censored survival data allowing for covariates, is beautifully adapted to
the kind of data obtained in clinical cancer trials. By incorporating time-varying
random covariates, it becomes a highly flexible tool for model building. The hazard
rate at any point of time does not depend on time only but also on a host of
explanatory variables or covariates, some of which may not be expressed in
quantitative form.

2. Development of the Model

Suppose 7,i=12,..., n, are independent continuously distributed positive
random variables representing the times of death of » individuals suffering from
tumour, each of whom is observed for a fixed time interval [0,¢,] for certain
censoring times ¢;,i =12, ..., n. Suppose that individual i has hazard rate.

(2.1) A,(:):_E}}-p[-z <t+dt|T 21| j
which can be written as

22) A(0) = Ay(t)eh =0

where

A(t)= hazard rate for the /' individual at time ¢ which isa function of overall
hazard rate 4,(¢), a function of time ¢ only irrespective of other covariates,
and hazard rate e/'=(") with respect to p factors having corresponding
time independent intensities (f,, 81, ..., #,) with which the i individual
will be affected at time 7. f' is the transpose of the column vector S of p
unknown coefficients and z, is a column vector of p time-dependent
covariates.

Let

Rt)={i:T 21,621}
denote the risk set at time 4 i.e., the set of individuals 7 under observation at time ¢.
Given R(f) and that at time ¢ one individual in R() is observed to die, the probability

\a)
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that it is individual i or the probability of death of the i individual at time ¢ when
his censoring time is ¢; can be calculated as:

B el ™
SO
IeR(t)

Thus. the likelihood function is given by
o o exp[f'z(1)]
U= 2 exp[B'z(1)]

JER()

This likelihood function, according to Cox (1975) was an example of Partial
Likelihood

3. Distribution of Time to Death
Since 7, is a random variable representing the lifetime of the it individual,
who is observed for a fixed time interval [0, ¢, ], therefore, for every £, 0 <1 < ¢, the
hazard rate at time ¢ is given by (2.2) , i.e.,
A1) = A(r)es =

The cumulative hazard function is given by

r 18
G.1) . [ @ ac= ] A errax 05 i<,

0 0

The survival function is given by

$ (1)= P (of survival of i individual atleast time /)

(3.2) : =exp'{—nf A(x) dx}'; 0<r<¢
0

(3.3) = IS(HE {-—I Ap(x)2f 50 dx} ; 0t ¢
o .

The corresponding distribution function and the density function of the lifetime 7; of
the /' individual can be obtained from the following expressions:
F(H)=1-5(1)

t
= F()=1-exp {-—- J- Ao(x) ePH ) dxy s 0st<¢
0




(361 GURPRIT GROVER AND NEETA MAKHIA

and
) t

(34) 10= -2 exp(- [ty etrc0 a| ; 0sisq
0

The expectation of lifetime of i individual, 7} for T} < ,, can be obtained by using
the following expression

36) E[f]7se]=( I  f@ar) Fee))
g

4. Formulation of Cox-Regression Model Based on Counting Process Theory

Cox’s Regression Model can be reformulated as a model for the random
intensity of a multivariate counting process. The original hazard rate definition of
Cox’s model can be interpreted as specifying the stochastic intensity of multivariate
counting process (counting occurrences of the event “death” for each of the
individuals under observation).

The observation of the it individual may be considered as the observation
of a counting process.

Ny={N(1);12 0}
where N, counts 1 if death is observed in the i individual, otherwise zero, i.e.,
L, ff<e, <S¢
0. otherwise
The counting process V, has a random intensity process.
A ={A(1); 120}

4.1 Ny =

defined by
A, (1)dt = P {death is observed in the it individual in a time interval of
length dt around time 7| F;.}

1 .
(4.2) A(t)= lim = P{N(t+dt)~ N,(dt)=1|F}

where
£} denotes the past upto the beginning of the small interval d, ie., everything that
has happened until just before time .

Now, given what has happened before the time interval dr, if the ith
individual dies at the observed time 7, <7 and 7, < ¢,, or if the i* individual was
censored at time ¢, <t then

P(of death of the i individual in the interval df) = 0

2 B B B mes o
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But, if the i individual is still alive and uncensored, 7, & dtor 7, >, then by (2.1)
P(of death of the i individual in the interval dr) = 4 (t)dt

Define .

1, if individual 7 is under observation just before time ¢
43) m):[o, i ¢
From (2.2) and (4.2) we get

A, (n)dt =Y (1) A(t)dt
(4.4) = A()dt =Y (1) A(t) e dt
Given the past upto (but not including) time 1, ¥ (¢) & A,(r) are fixed or non
random, Thus ¥ and A, are predictable,

Now, N; is a simple multivariate counting process, each component of
‘which jumps utmost once, with intensity process A, satisfying

(4.5) A (1)dt = Y(t) Ao (1) e? =" dt
where

The fixed covariate z;(r) is replaced by a random covariate Z;(¢). N,
and Z, are processes that can be observed and ¥ and Z; are predictible since ¥, (¢)
and Z,(¢) are fixed given what has happened before time 7. Thus, the Cox’s Model

is reformulated by
N, (1)

| 2| @ exp(B'Z 0
(4.6) um-T1I1 = P ORPTe)
;lj(r)exp (82,00}

where dN,(t) is the increment of N; over a small interval dt around the time t and
the product over ¢ is a product over disjoint intervals. So (4.6) reduces to a finite
product over all / and ¢ for which N; jumps at time ¢, i.e., death is observed in the ith
individual at time £(dN,(1) =1); elsewhere dN;(t)= 0. Now, (4.6) is the original
likelihood function for S, which is the true value f. Let / be the value of
maximising L(f). Define L(fu) as the likelihood function for f based on the
observations on the time interval [0,u], in which the product over £ 2 0 in (4.6) is
replaced by a product 0 < ¢ < u. From (4.6) we have

dN (t)

| | X(e) exp (B4 Zi(0)
@7 L(_ﬁn.,u)=£(ﬁ-u)=£g RAL A
- ;Jr,-m exp {84 Z, (1))
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5. Large-Sample Properties of /

Taking logarithm of the Cox’s likelihood (4.7) we get
(
Y (t) exp (B Z, (1)

-\;‘Eﬂm) exp {4 Z,(0)}

=1

1) log L(By.u) =§ ;d?‘-"r(!)los

= logL(fo,)=2, ZaNi0) | log (1)) exp (53 Z,(1))

.
~log Elgw exp {f§ Z}(‘)}ﬂ
Now, X
o PR £ | Bz () ePEO
(5.2) Dlos-L{ﬁu-s");Z- ng O | "y () eh%

gmt)zm exp (B4Z, (1)}

Encr) exp {B4Z;(1)}

: a
where Dlog L(f) denotes the vector of partial derivatives glog L(p) evaluated

at f.
. n er(f)zf(t) ebszi(t) |
w2 Diog L(fo)=n""% 2, Vi) | 23
il ¥, (1) et
J=1

2 Z Z[ Zi(t)— Eo(1)] dN.(2)
i=1 tsu

53) = n' DlogL(Bg)=r" ;H{.[Z@)-Eo.(f)] dN (1)

5 7

Fiwsse

-
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where,
21(0Z,(0) exp[BiZ, ()]
(5.4) E0) =
?::136:) exp[BiZ, (1]
= n "2 Dlog L( Bg.u) = Z In-w [Z,(t)- E,()]dN, (1)
=l =0

Now, since N,(#) is a counting process with the corresponding intensities A;(7),
therefore, M,(r) defined as

I
(5.6) M;(t) = N(t) = IA:(f)df
0

is a Martingale.

n u

6cn = n'? DlogL(ﬂg..u)_=Z I n2 [Z,(1) - By (1)] dM, (1)

i=l =0
since
dM;(1)=dN,(1)— 4 (t)dt
and

Z[Z: (1) Eg(1)] A (1)

=l

T ;Z; (1) () 22 exp (B3 Z,(1) - Eo(t) IZ}};‘(:),a,,._(:) exp( 32, (1))

- gﬁz 0 KA1 exp BIZ(0) - D Z, O,y exp (B3 Z,(0)
J=1

=0
Now. n~ "2 [Z,(1) = E,(t)] is a vector of predictable processes and it only depends
on the fixed parameter /i, and the predictable processes ¥, and Z;, j=1,2....,n.
Therefore, by Martingale Transform Theorem, M™ (¢) = n™"* Dlog L( Sy.1).
considered as a stochastic process in ¢, is the sum of # (vector) martingales, hence
also a martingale.

Now, expanding Dlog L(f3, u) around J,, using Taylor’s expansion, we get
(58) Dlogf.(ﬂ. ")=910'3L(f3m u)-‘{(ﬁ*s") (ﬂ“ﬁu)




i T T ——
where A* is on the line segment between fand f,, and the positive semidefinite
matrix 7 (3, u) is minus the second derivative of log L(f, u) with respect to fi.e.,

2 =3
(B0 =T BUBD 0 oy,

Then, I(fB,u)= I P

0

zl’ (t)ep"zfm ZY (!)Z (!)meﬂ z'm—ZY (I)Z {;kﬂ Z,(n) 21;(:)2 (’)eﬁ Z |

( 35, () e mn)

x dN (1)
where for a column vector ‘a’ the matrix aa’ is denoted by a®?or a ® a where

a=(a,a, ,...,a,)" isap-vector and ﬁ=§;m
n 1 VL @2 T
E‘ﬁ-(r)z (1)®2 121 -{:,K‘-.('!)Zj'(f) eprzin =
(59) = I(B,u)= ,[ o | dN (1)
' JE:I]G'(") eBzin _ %}g_(:) epzin |
Now, from (5.8) |
Diog L(f.u)~ D log L fo.) =~ 1(B*u) (f = Bo).
Inserting _5 we get
(5.10) Dlog L(f,u)-D log L( fo, W)=~ I(B*u) L(B . Bo)
But Dlog L(f ,u)=0

since ﬁ is the solution of the likelihood equation % log L(B,u)=0

= Dlog L( B, )= 1(B*u) (B~ By)

= n"2Dlog L(Bg,u) = {n I(B*,u)yn' (B — Bo)-

Now, to prove the asymptotic normalky of nm(ﬁa. fo)we have to prove that

the martingale n~2 Dlog L(f,,u) weakly converges to a Gaussian Process and
n~'I(B*,u) converges in probability to a non-singular matrix. This can be derived

by using the Martingale Central Limit Theorem (Rebolledo, 1980) and the counting
process approach of Andersen and Gill (1982) with some regularity conditions.

B

4]
3]

(6]
(7]
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Thus. /i is consistent and asymptotically normally distributed as » — co under mild
regularity conditions on the covariate processes and the variance of fcan be
estimated consistently from the second derivative L(f) evaluate at B.

Consistency and asymptotic normality of the maximum partial likelihood
estimates of the regression parameters can also be established by using the weak
convergence results as suggested by Tsiatis (1981).

6. Conclusion

The purpose of this paper is to develop a model for the study of growth of a
tumour followed by death from that tumour based on partial likelihood method of
Cox. It has been shown that how this model can be developed further by using
counting process theory. Distribution of time to death has also been outlined. The
model also permits the estimation of parameters affecting the growth process of
tumour. Consistency and asymptotic normality for the maximum partial likelihood
estimate of the regression parameter in Cox’s Regression Model can be established
by using Martingales techniques suggested by Andersen and Gill (1982) or by using
weak convergence results suggested by Tsiatis (1981).
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A Cylindrically Symmetric Cosmological
Model with Cosmic Cloud Strings in
Bimetric Relativity

V. MAHURPAWAR AND S.D.DEO

Abstract: In this paper a cylindrically symmetric cosmological model is studied in the context of
bimetric relativity taking the source as cosmic cloud strings and is found that the model does not
exist in bimetric relativity
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Bimetric relativity.
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1. Introduction:

Rosenl® proposed a bimetric theory of relativity where there exist two
metric tensors at each point of space—ﬁme—gg. , which describes gravitation and
background metric —y, , which enters into the field equations directly with mater.

Accordingly, at each space-time point one has two line elements

ds® = g, dx' dx/
and do? =y, dx' dx/

This theory is based on a simple form of Lagrangian and has a simpler
mathematical structure than that of the general relativity.

Deol!l studied this model with the source perfect fluid distribution and
found that the model does not exist in this theory.

Here a cylindrically symmetric non-static Einstein-Rosen cosmological
model is studied with the source cosmic cloud strings and obtained the vacuum
solutions.
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2. Field Equations and Model
Field equations of bimetric relativity formulated by Rosen[3! are
(2.1) K/ = N/ - Y Ng! = -8xk7’
where
(2.2) Nf =Yyab (8% 81ia) ip
(23) N=N§ k=(g/y)}

g=det (g,) and y =det (r;)
and a vertical bar ([) denotes the corariant differentiation with respect to ;.
The energy-momentum tensor T/ for cosmic cloud strings is given by

= Tsings
24 T, soigs = PVV) = Axxs
Here p is the rest energy density for a cloud of strings with particle attached
along the extension.
Thus P=p,+4,

where p, is the particle energy density, 4 is the tension density of the cloud strings,
v is the four-vector representing the velocity of the cloud of particle and x' is the
four-vector representing the direction of anisotropy i.e. Z-axis,
So that vy v = —1Lx3x% =1 and v x' =0

Now consider the cylindrically symmetric non-static Einstein-Rosen
cosmological modell?) given by
(2.5) ds? = e2a-P)(dT? - (dRY)— R2e2P dp? — o2 472
where @ and fare functions of R and T and the convention is

=R x*=¢,x*=Z andx* =7

The flat metric corresponding to (2.5) is

(2.6) do® =dT? —dR? - R*dg? - dz*
For this model non-vanishing Christoffel symbols are
2 2 |
.7) l'|2= ['2_!_ = -‘R—|"r22= -R
Using equations (2.1) to (2.7) the field ‘equations are
(2.8) R sin h(2a) =0
(2.9) a"+R'a' -~ R sinh(2a) = 0
(2.10) a"+R'a'-a"-28"-2R"' B'+ 25" =87 kA
(2.11) 0=_8xkp,

[40]

ﬁ

ie.

cyli
(2.1
(2.1
(2.1

(2.1
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where a'=daldR, a"=d’aldR® etc.
and a'=da|dl, a"=d*a /dT* etc.
By using equation (2.11) |

p=0

i.e. there is no contribution from energy density for a cloud of strings to the
cylindrically symmetric non-static Einstein-Rosen cosmological model.
Thus the vacuum field equations are

(2.12) R sin h(20) =0
(2.13) a"+R'a'-a"- R*Sinh(2a)=0
(2.14) a"+R'a'—a"-2B-2R'B'+28"=0
From equation (2.12) we get
(2.15) a=0
Equation (2.14) and (2.15) gives
(2.16) B'+R'p'- =0
For solving equation (2.16)
Case I: Let us consider B=H(r, )+ G(?)
Then (2.16) gives the Bessel equation
(2.17) H"+(1/R)H-H™=0
representing cylindrical waves provided
(2.18) G =0
The Bessel equation (2.17) results
(2.19) H = a Jy(hR) Cos (ht +¢;) + b¥,(hR) Sin (ht +¢,)

where Jo (hR) and Y (hR) are Bessel functions of first and second kind of order
zero respectively, h is the frequency and a, b, ¢, ¢z are arbitrary constants
On integration , (2.18) gives

(2.20) G=act+c4

where ¢3, ¢4 are arbitrary constants of integration

Then

(2.21) B =aJy(hR) Cos (ht +c;) + b, (AR) Sin (At +¢;) + est +¢4

Case II: Let us consider
p=Hir, )+ glr)

In this case again we obtain equation (2.17) provided
(222) g"+R'g'=0
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It gives us

2.23) g=cslogR

where c; is arbitrary constant of integration

Now the solution tumns out to be

(2.24) P =aJy(hR) Cos (At + ¢ )+ bX,(hR) Sin (ht + c;) +cslog R,

where constants could be found using initial as well as boundary conditions from the
above equations.

[1] DeoSD, TECNICA No.~ 1/94, (June 94), 37-39.
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On Induced Structures and Curvature
Tensors In the Tangent Bundle

RAM NIVAS

Abstract: In this paper, we have studied structures induced In the tangent bundle T(M) if the base
space M admits almost GF-contact structure, Certain results on curvature tensors on T(M) are also
studied assuming that M admits the Riemannian connection.

1. Preliminaries :
Let M be an n-dimensional differentiable manifold and 7{M)denotes tangent
bundle of M. Then 7{M) is also a differentiable nanifold of dimension 2n [3]
Suppose over the basespace M, there exists a tensorfield F of type (1,1), a
vectorifield £ and a 1-form 7 satisfying.
() F=a%,+n®¢
(1.1) (i) F&E=0 and
(iii) (&) = -a
‘a’ any complex number not zero. Then we say that the basepace M admits almost
GF-contact structure.

(12) If F2=al,,

we say that M admits GF- Structure [2].

It is well known that F€, F:" .FYetc are complete, vertical and horizontal lifs in
(M) of (1.1) tensorfield F or M if we define

(1.3) P=F°+%n“®€“+%nc®§°
and
(14 Q=FC 4o 7" O +on"OL"

then it is easy to show that P and Q define almost GF-structure on T(M) [1]. If G be
Riemannian metric on M then G€ given by
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(1.5) GE(XE,Y%) =G(X, V)¢
for each X.Y € J}, (M) defines the Riemannian metric on T(M)
2. Induced Structures in T(M)
In this section we shall prove the following theorems.
Theorem 2.1. If F gives an almost GF-contact structure on the basespace M then
(1,1) tensorfield K given by

= ﬂ'“l)--v-cﬁc i B ugsv, t cesc
K=F+( ) nesc+ncest -Lnreev s Lncos
defines GF-structure an T(M), £,y € R,y#0.
Proof: Proof follows easily by virtue of equation (1.1) of previous section and
equation on (3.26) on page 20 in [3].
Theorem 2.2. For (1,1) tensorfield F admitting almost GF-contact structure on M,
the (1,1) tensorfield L given by
241
R )_'v vil vari_ B _ugsv L ngs
L=+ (B pveey + Tnvest-Laveev i Lytes
gives on almost GF-structure on T(M).
Proof: Proof follows easily in view of equation (1,1) of previous section and
equation on page 119 [3].

Theorem 2.3. The (1,1) tensofield J defined as

(2:3) XY =ax®, JXH =axV
for each X € 3} (M) gives almost GF-structure on T(M)
Proof: We have in view of equation (2.3)

_]-zxv = aJxXH =a2xV
and J2XH = aIXY = a?X"¥
Hence, J? = a? I,, on T(M) which proves the proposition.

3. Curvature Identities

Suppose the basespace M admits the Riemannian metric G and the
Riemannian connection V. It is well known that G€ given by
(3.1 G(XC,YO)=GX.Y))*
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defines the Riemannian metric and V€ given by
G2 GSe Y =(VxY)©

defines the Riemannian connection in T(M). If R(X,Y) Z be the curvature tensor of
M with respect to connection V.

(33) R.(X..Y)Z: VXV YZ—‘Vyv xz—le‘YIZ

It is well known that

(3.4) RE(XS,YC) Z€ = V5 Ve Z€ = Ve Ve Z€ = Ve ye Z€
is curvature tensor in T(M)

Theorem 3.1. If R(X,Y)Z be the Riemannian curvature tensor for the basespace M
then.
RE(XC,YC)ZE + RE(YC,Z€)XC + RE(ZE,XC)YC =0 in T(M)

Proof: We have _
Taking complete lift, we have
RE(XC,YC) Z€ = V5 VS ZC - Ve VR Z€ — Ve ye 26
Interchanging X, Y, Z cyclically and adding all the three equations we get
RE(XC,YC) Z€ +RE(YC,ZC) XC + RE(Z€, XC)Y©
= Ve {V5e Z6 - V5 Y€}
+ V5 {V5eXE = V5 Z€)
= Ve 2eXE = Vige xey Y = Vie ve 26
Since VS Y€ ~ VS X€ =[XC,YC] as V€ is Riemannian connection in T(M) hence
RE(XC,YC)ZE + RC(YC,Z€)XC + RE(ZC,X)YC
= (VS [Y€, 261 Ve 20X} + {V§c[2€,XC] - Vizexe) Y}
+ {V% [xl: ’YC]__ v[cxclyr:l Zc}
=[XC,[YC,ZC]]+[YC,[2°, X T)+[2€,[XC, YO

=0
by Jacob Identity.

Hence the proposition.



1501 RAM NIVAS

Theorem 3.2. If in the basespace M for each X.Y € 3} (M)
ek BOGRELY)Y)
K = 300) (Y. V)~ (X 1))

Then in T(M), for each real numbers s, t '

KC{xC y YC')- =KE€ (xxc s 1YC ).

X RIX, Y)Y)
g(X, X) g(Y.Y) - {g(X.Y)}?

K(K,Y) =

Taking complete lift we obtain
g.c (XC,RC (x(_‘ ! Y(. ]YC
g-e-otc, X'_(') gC(YF-‘. b 'l = {g{;(xv‘:’ YO)?

kc-(xc,yf )=

It is easy to show that
KE(sX€ 1Y) = KE(XC, Y°).
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On A Class of Bilateral Generating Function
For Hermite Polynomials of Two
Variables® H,(x,y)

G.K. PANJA AND D.K. BASU

Abstract: A new class of bilateral generatin® functions (3) for Hermite polynomials of two
variables H, (x, y)is obtained. Applications of our result are pointed out.

Key words & phrases : Special functions & Bilateral Generating functions.

1. Introduction

Noticing the existence of the following type of generating function of
Hermite polynomials of two variables /, (x, y) (4)

e (2 a2 0]
(1.1) e = x a| X\ 1— x » YA x
i Hyon(x,9) 1" p— ..
i —!—, where « is a non negative integer.
n=0 n
We are led to investigate a more general class of generating function by Lie
group-theoretic method.

The main result of our investigation is the following theorem :

Theorem 1. If there exists a linear generating function of the form

(1.2) Glx,y,1)= 2, n Hyan(x, 1) 1"
n=0

then the following new bilateral generating function (3) will exist.

* A. M. S. Subject classification ; 33C 45
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P g . P

n k
Y H et thhlzz- <1
Ly o Gyt e x

For H,(x, y) we have the following differential operator
_ & fi 8 2y 0
(@4 B Z{y é‘x x 8y x Jz 2x) ®
such that (3) _
2.2) B[ Hn(x,y) 2] = Hyu(x,) =
The extended form of the transformation group generated by B'is (3)

(2.3) [exp bB] f (x,y, z)

ISR R R S

3. Derivation of the generating functions

Let us consider the generating functica
G.1) Gt = Dan a5
Multiplying both sides by 1, we get ':m
62) :-*G(x,y.-r:)=§-a,'. Hon(.3) 157
Replacing by ¢z, we get

(3.3) 1% 28 G(x, y,12) = Z a, H,4.(x, D) el s

Operating both member of (3.3) by exp (bB)

(exp (0B)} [1°2°G(x, y, )] = {exp (bB)}Z 4y Haon(x,y) 2041 1000

T-h'e left hand side of the last equation becomes

byz

X

/]

Also f
@1
Again
(4.2)

From (

4.3)
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o (12" a1 2212 (-2 -2 ]

Onthcotlmrhandusing(Z.Z)therighthand side is reduced to

Z 2 an ¢+n+k (x, }’) z¢ +n+k e

k=0 n=0
Hence we get

(z-”%)’“m{m(l-Z—’:)} o< |
y(l-%)*,a(x-ﬂ*-f]

== Z Z a, 7., k! aﬂu-l (x y) zn+k r

k=0 n=0

Now putting b = 1 we get (1.3) using Lemma 10 of Rainville (Page 56, 57)
4. Application

1 = Hyal(x,p) 1"

If we consider a =1 then G (x,p, 1) =Z Ll

n=0 n!
Also from (4) we have

la i
@1y G G, P = e (1'%) [ (‘ !xi) ”’(l‘yf‘) ]
Again we obtain from (4)

42) G[x(I-L:')-I,y(l—%r,fz(l—-}f):]
= plmt-2yu —yiis (ﬁ%‘i)h.
o 22 2
From (1.3) & (4.2) we obtain
43) exp [2xz (1 +8) - y2* (1+0)"] {1-&?1)}2“
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[y o]

X X

k

"" 1 _
= E 2 nl(k—n)! Hoor (x,) 1" 25

n=0
Now applying the relation H, (x,y)= y"? H,(x /+[ ) we get on putting y = 1.

(4.4) exp [2xz (1 + 1) — 22 (1+1)?] H, [x—z(1+1)]
o K 1
= _ n =k
| E; i Hawe W18 22,
which is a new bilateral generating function for Hermite polynomial of Single
variable.
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Applications of Fixed Points To
Approximation Theory

R.P.PANT AND K. JHA

Abstract: The theory of fixed point is a very extensive field, which has various applications. Also,
there is an interesting relation between fixed point theory and best approximation. This paper is the
survey work on some applications of fixed point theorems in approximation theory.

Key Words and Phrases : fixed points, best approximation, non-expansive mappings, invariant
point, star-shaped set.

1. Introduction

Fixed point theory is an important area of analysis. If T is self mapping of a
metric space (E, ) then a point x in £ is said to be fixed point of T'if 7x = x ; that is,
a point which remains invariant under a self mapping is called a fixed point. Theory
of fixed point is a very extensive field that has various applications. Fixed point
theory has played a central role in problems of non-linear functional analysis and it
provided power tools in demonstrating the existence of solutions to a large variety of
problems in applied mathematics. Also, approximation theory is concerned with the
approximation of function of a certain kind (for instance, continuous functions on
some interval) by other (probably simpler) functions (for example, polynomial). A
natural setting for the problem of approximation is as follows :

Let E be a normed linear space and C is a non-empty fixed subset of E
and x € E. An element y in C is called an element of best approximation of x
(by the elements of the set C) if we have x| =d (x, C) = inf {|x - 2)| ;z € C};
that is, if y is ‘nearest’ to x among the elements of C. We see that a best
approximation y is an element of minimum distance from the given x. Such a y in C
may or may not exist. This raises the problem of existence. Also, if 7: C —> Eisa
function such that, forx € C,

*) | 7 x| = d (Tx, x) = inf {|| Tx —]| : y € C}.
Then y is called a solution of (*) if and only if y is a fixed point of P, 0T, where the
set valued mapping £ is the metric projection on C. The set of best approximation
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to x is given by B, (x) = {z € C : |x — z|| = d (z, O)}. There is very interesting
relation between fixed point theory and best approximation. S. Park [15] established
that if 7 satisfies a suitable boundary condition, for example, Tx € C forallx € C
that is 7': C — C then the set of solutions of (*) coincides with the fixed point set
of T.

Fixed point theorems have been used in many instances in approximation
theory. To prove existence of ‘best approximates, we have results from Brandt [1],
Brosowski [2], Ky Fan [12], Hicks and Humphries [8], Reich [16], Sahney, Singh
and Whitfield [18], Singh ([19], [20], [21]), Singh and Watson [22] and
Subrahmanyam [24]. For different types of applications of fixed point theorems
(mainly Schauder’s fixed point theorem), we find results from Brosowski [31, Klee
[9] and Subrahmanyam [24]. Also, application of the fixed point theorem to
simultaneous best approximation is given by Sahney and Singh [17]. For further
references we refer to Brosowski [2], Cheney [4] and Dhage [5]. Between the fixed
point theorems and their ultimate application in approximation theory, there is often
another level of abstract theorems, usually stating that under suitable condition, a
non-linear mapping has a root. Some examples of theorems on this intermediate
level have been given by Cheney [4]. In this paper, we briefly present some
applications of fixed points to approximation theory.

2. Basic Definitions

We have following basic definitions and well-known results on best
approximations.

Definition 2.1. If P-(x) is non empty for every x € E, then C is called proximinal. f
P (x) contains at most one element for every x € E then C is called a chebyshev
set.

Definition 2.2. A subset D of E is called boundedly (weakly) compact if,
for every x € E and every r >0, the set K [x, r] n D is (weakly) compact, where
Kix, 1= e E: [ x| <7},

Definition 2.3. Let X, Y be Hausdorff spaces and let A(Y) be the set of all non-empty
and closed subset of ¥. A mapping 4 : X — A(Y) is called lower (or upper) semi-
continuous on X if, for every x in X, the set {x € X : A(x) N U # ¢} is open (or
closed) whenever U is open (or closed) subset of Y.

Definition 2.4. A normed linear space E is called uniformly convex if, given £> 0,
there exists & &) such that ||x — | 2 & for |jx|| < 1 implies [|(x +¥)/2|[ = 1 - S(e).Itis
noted that every inner product space is uniformly convex. However, the converse is
not true. For example, /” spaces are uniformly convex for 1 <p <, as they are not
inner product spaces for p # 2.
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Definition 2.5. A normed linear space E is called strictly convex if,

Ax+ (1-Apf| < 1 forall 4, 0<A<1 and all x, y in E such that |jx|| = |pj| = 1. It is
noted that uniformly convex normed linear spaces are strictly convex. However, the
converse is not true [25, p. 111].

DcﬁniﬁonZ.é.ABmachspaceissaidmhaveOshmnMif,ﬁwmetﬁc
projection on every closed convex subset is upper semicontinuous.

Definition 2.7. A subset K of E is called star-shaped, provided there is a point
p € K such that for each x € K, the sequence joining x to p is contained in K. Itis
noted that if K is convex, it is star-shaped. However, the converse is not true [19].
Definition 2.8. A mapping T of a metric space E into itself is said to be locally
contractive [7] if, for every x € E there exists £> 0and 4, 0 < A< 1, which may be
defined on x such that p, ¢ € S(x, &) = {y € E : d(x, y) < &} implies d(Tp, Tq) < 4
d(p.g). Also, T is called (&,A)-uniformly locally contractive if it is locally contractive
and neither £ nor A depends on x.

Definition 2.9. A metric space £ is called 7-chainable if, for every a, b in E there
exists an 7-chain; that is, there exists a finite set of points a = x< X< X;<...<X,=b,
n may depend on both a and b, such that d(x,_;,x;)<npfori=123,...,m

Definition 2.10. Let E be a locally convex Hausdorff topological linear space and let
2 be a (fixed) family of continuous seminorms which generates the topology of E.
Let C be a nonempty subset of £ and let p be a continuous seminorm. For x € E, we
define d,,(x,C) = inf {p(x -y) : y € C}and P(x)=peC:px-))= d,(x,C)}.
Then, the set C is said to be proximinal with respect to p if, for all x in E, Po(x) is
nonempty [16]. It is called approximately compact with respect to p (approximately
p-compact) if for each y € E, every net {xq:@ € A} C such that p(y—x,) =
d,(y-0) has a subnet that converges to an element of C.

Definition 2.11. Let C be a nonempty subset of E, and letF" = {f.}4cc be a family
of functions from [0,1] into C having the property that for each @ € C, we have
fd(})=a.SuchafamilyFissaidtobec_um_cﬁxg,providedﬂ;emmdﬂsaﬁmcﬁon
¢:(0,1)—)(O,I)suchﬂmtforaandﬂinCandforallth[D,I]mdphp, we have
p(f, () - f5 (1) < g(t) pla — B). The function F is said to be jointly continuous,
provided that if 7 — 7 in [0,1] and @ — ayin C, then f, (1) = fa, (£)in C.
Deﬁnition2.12.Amapping-T:C—)CissaidmbcpﬂnMSifformhphP
there is a k,, with 0 < &k, <1 such that p(Tx -Ty) < k, x —y) for all x, y in C. If
p(Tx - Ty) < px —p), for each p in 2, then T'is called p-nonexpansive.
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Definition 2.13. Let {x, }be a sequence in £. Then x, is Cauchy if and only if for
each p in @, p(x, —x,) —> 0 asn,m—> . Also, E is sequentially complete if every
Cauchy sequence in E converges o some element in E. Moreover, E is quasi
complete if every bounded, closed subset of E is complete. Clearly, every complete
space is quasicomplete and every quasicomplete space is sequentially complete.
However. the converse is not true [9].

Definition 2.14. A mapping T: C > C'is said to be demicompact if, each bounded
net {x,} in C such that (I-T)(x, ) converges, has a convergent subnet. T is called
compact if T is continuous and maps bounded subsets of C into relatively compact
subsets of C. It is noted that every compact mapping is demicompact. However, the
converse is not true [19].

Definition 2.15. Let C be a subset of £.and 7' C - E be a mapping. Then mapping
7 is said to be demiclosed if, for any net x,in C such that x, — x weakly and
Tx, —> . it follows that y = Tx. In other words, the mapping T is demiclosed if its
graph in C x E is closed in Cartesian product topology induced in C x E by the weak
topology in C and the strong topology in E.

Definition 2.16. Letx € C [a, bl and y € ¥, where Y is a subspace of the real space
C [a,b]. A set of points fo, 4,12 1.y lg in [a,B], where fy <f; <t3<,...,<lg 18 called
an alternating set for x—y if x(£;) - ¥(t;)has alternatively the values + || x| and
— || x| at consecutive points ;.

Definition 2.17. A finite dimensional subspace Y of the real space C[a.b] is said to

satisfy the Haar condition if, every y € ¥, y # 0, has at most n = 1 zeros in [a.b],
where n=dim Y.

3. Existence of Best Approximations

We have the following well-known results on the existence of best
approximations.
Theorem 3.1. If C is a finite dimensional subspace of a strictly convex normed space

E then there exists at most one best approximation to an x € E out of C.

Theorem 3.2. If C is a finite dimensional subspace of the real space E = Cla,b] then
the best approximation out of C is unique for every x & E if and only if C satisfies
the Haar condition.

Theorem 3.3. Let C be a subspace of the real space E = C[a,b] satisfying the Haar
condition. Givenx € E, lety € C be such that for x — ¥, there exists an alternating
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set of n +1 points, where n = dim C. Then y is the best uniform approximation to x
out of C.
Theorem 3.4. If C is a closed linear subspace or only a closed non-empty

convex subset of the reflexive Banach space E, then for every x € E, the equation
[x=y]| = d (x, C), for y € C is solvable in C.

Example I. Consider R with .I§ norm. Setting x = (1,1) and x; =(1,0), we have

llx—ax]|| = |[1-a, 1]| which is minimum iff @ =1. Thus x; is the unique best
approximation to x in the closed linear subspace spanned by x,, denoted by [x, ].

Example II. Consider R’ with /5 norm, with x = (1,1) and x, = (L.0)we have
[[x=ax||= max (J]l-a ,1) which is minimum iff [I-o < 1 or equivalently,
0 < @ < 2. Thus there exists infinitely many best approximations of x in [x,] of the
form {(a,0): 0< a<2}.

Here, the example II shows that the element y;, for which [[x— v, is
minimized, may not be unique.

Theorem 3.5. Let C be a non-empty closed convex subset of the uniformly convex
Banach space E. Then, for every x € E, the equation || x —y|| = d(x,C), where y € C,
is uniquely solvable. That is, there exists exactly one y, € Csuch that ||x— y|| <

|| x=y|| forally € C.

Theorem 3.6. Let E be a strictly convex normed linear space and C a weakly
compact convex subset of E. Then for every x € E, the problem || x || = d(x.C) for
y € C is uniformly solvable. That is, there exists exactly one y, € Csuch that
llx=yoll <[l x -l for ally € C.

Theorem 3.7. Let C be a closed convex subset of a Banach space E with the Oshman
property. If T : C = E is continuous and T(C) is relatively compact, then there exists
a point y € C such thatd (Ty, C)=||Ty -

Theorem 3.8. A convex boundedly compact subset of a normed linear space is
proximinal [3). Also, a W*- closed subset C of a dual space E* is Proximinal.

Theorem 3.9. Let C be a non-empty subset of E, and let x be an element of E. The
mapping A,: C — A(C) has a fixed point iff x has a best approximation by means of
elements of C.If y, is a fixed point of the mapping A, , then every element in

A () is a best approximation of x by the elements of C, where A, (y,)=C ™

K{x, [llx=wll + 2 (x)] 12}, a non-empty and closed set (in C) for every y in C.

A similar theorem was proved by Brandt [1].
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Theorem 3.10. If C is a boundedly compact subset of E, then the mapping
A, : C = A(C) is upper semicontinuous on C for every x € E. Also, if C is a closed
convex subset of E, then mappings A, : C —> A(C) is lower semicontinuous on C for

x e E.

4. Invariance of Best Approximation

In the subject of best approximation, one often wishes to know whether
some useful property of the function being approximated, is inherited by the
approximating function. Meinardus [13] seems to have been the first to observe the
general principle that could be applied and the first to employ a fixed point theorem
to establish it. We have the following well-known results of Meinardus.

Theorem 4.1 [13] Let C be an approximately p-compact convex subset of a locally
convex Hausdorff topological linear space E, and let T: C — E be continuous. If
gither C is compact or T(C) is relatively compact, then for each continuous
seminorm p in E, there is a point y in C such that d ,(Ty, C) =p (Ty—y).

Theorem 4.2. [13] Let C be a non-emply weakly compact and star-shaped subset af
a Hilbert space E. Suppose that T is a nonexpansive mapping of C into itself. Then

T has a fixed point.

Theorem 4.3.[13] Let T : B —> B be continuous where B is a compact melric space.
If C[B] is the space of all continuous real or complex functions on B with the
supremum norm. Let A : C[B] = C|B] be of Lipschitz class with Lipschitz constant
1. Suppose further that Af (T(x)) =1 (), AW(T(x)) € V, where h(x) € V, where V' is a
finite dimensional subspace of C[B). Then there is a best approximation g of. fwith

respect to V such that Ag(T(x)) = g(x)-
This Theorem 4.3 was extended and simplified by Brosowski [2].

Theorem 4.4. [2] Let T be a nonexpansive mapping (contractive linear operator) on
a normed linear space E. Let C be a T-invariant subset of E and y a T invariant

point. If the set of C-approximates P.(y) to y is non-emply, compact and convex,
then it contains a T-invariant point.

For generalised rational approximation in a space C(T), we have the
following analogue result due to Brosowski.

Theorem 4.5.[2] Let U and V be finite dimensional subspace of C(T) and Y be the

set of function ulv, whereue U,ve V,andv2 &€, & being fixed and positive. Let A

be a contractive linear operator on C(T). If Y contains an A-invariant and if x is an

A-invariant, then Y contains an A-invariant best approximation 10 X.
Subrahmanyam [24] and Singh [21] have given further extensions of

Meinardus results.
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Theorem 4.6. [24] Let E be a normed linear space, C be a finite dimensional
subspace, and T': E — E having a fixed point f be such that |[x || < dy (C) implies
|| Tx=T¥|| <|lx =||, where d(C) denotes the distance of ffrom C. If T maps C into
itself, then f has a best approximation in C, which is another fixed point of T.

Theorem 4.7. [24] If T : E — E be a nonexpansive operator with a fixed point f and
leaving a finite dimensional subspace C of E invariant, then f has a best
approximation in C, which is a fixed point of T.

Theorem 4.8. [17] Let E be a locally convex Hausdorff topological vector space and
let T: E — E be a p-nonexpansive mapping. Let C be a T-invariant set and y a
T-invariant point. Assume that for every p € P, P.(y) is non-empty, weakly compact
and star-shaped. If I-T is demiclosed, then T has a fixed point, which is a best
approximation to y in E.

As condition on P.(y) is nonempty and compact, and it may be difficult to
verify in some instances. So, this leads to the consideration of special cases when it
is possible to replace compactness by weak compactness as in the above
Theorem 4.2,

Theorem 4.9. [18] Let E be a locally convex Hausdorff topological linear space and
let T: E — E be a p-nonexpansive mapping. Let C be a T-invariant set and y a
T-invariant point. Assume that for every p € 2, P.(y)is non-empty, sequentially
complete, bounded and star-shaped. Further, assume that at least one of the
following holds : (i) (I-T) P.(y)is closed (ii) T is demicompact and (iti) T is
compact. Then, T has a fixed point, which is a best approximation to y in F.(y).

Theorem 4.10 [19] Let E be a locally convex Hausdorff topological vector space
and let T: E — E be a p-nonexpansive mapping. Let C be a T-inivariant set and y a
T-invariant point. Suppose that for every p € 2, P.(y) is non-empty and compact,
and there is a contractive, jointly continuous family of functions associated with
star-shaped P.(y).Then T has a fixed point, which is a best approximation 1o y in
F(y):

Dotson, Jr. [6] has noted that star-shaped subsets have the property of
contractivenss and joint continuity. Thus, the immediate consequence of the above
result is the following theorem in [20].

Theorem 4.11. [20] Let E be a locally convex Hausdorff topological vecltor space
(T, —lts) and let T : E - E be a p-nonexpansive mapping. Let C be a T-invariant
subset of E and y a T-invariant point. If the set of best C-approximants 1o y is non-
empty, compact and star-shaped, then it contains a T-invariant point.
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Theorem 4.12 [21]. Let E be a normed linear space and T : E — E be a mapping,
Let C be subset of E such that C is a T-invariant and x be a T-invariant point in E. If
the set of best C-approximants to x, FP.(x) is non-empty, compact and starshaped
and T is : (i) continuous on P,(x) and (ii) ||z || Sd (x, O) = || Tz =Ty|| < || z |
for z, y in P.(x) U {x} ; where d(x,C) denotes the distance of x from C ; then it
contains a T-invariant point, which is a best approximation to x in C.

Theorem 4.13 [21] Let T be a contractive operator on a normed linear space E. Let
C be a T-invariant subset of E and y a T-invariant point in X. If the set of best
C-approximants F.(y)to y is non-empty, compact and starshaped, then it contains a
T-invariant point.

Theorem 4.14 [21] Let E be a normed linear space and T : E — E be a non-
expansive mapping. Let T have a fixed point, say y, and leaving a finite dimensional
subspace C of E invariant. Then T has a fixed point, which is a best approximation
toyinC.

Clearly, Theorem 4.3 follows from Theorems 4.7 and 4.13 by defining a
mapping F : C|B] — C[B] by F(g (x)) = A(g(T(x))), as it satisfies all the hypothescs
of Theorem 4.3. A theorem similar to Theorem 4.11. was proved by Narang | 14] in
case of metric linear space as follows

Theorem 4.15. [14] Let T be a contractive map on a locally convex linear metric
space (E, d), C a T-invariant subset of E andy a T-invariant point. If the set of best
C-approximants to y is non-void, convex and compact then it contains a T-invariant
point. .

Also, the paper of Narang [14] deals with the following applications of
fixed points to approximation theory when the underlying spaces are metric linear
space.

Theorem 4.16. Let (E.d) be a metric linear space with strictly monotone
metric d(i.e, d(tx, 0) < d(x, 0) for every x # 0, 0 <t <l)and let T: E — E be a
p-nonexpansive mapping. Also, set C be a subset of E,T:3C - Candy a
T-invariant point. If the set P.(y) is non-void, compact and star-shaped then it
contains a T-invariant point.

Theorem 4.17. [14] Let E be a strictly convex metric linear space (i.e., d (x0) S r,
d(y.0) < r imply d((x + y)\2,0) < r unless x=y ; x, y € E), y a T-invariant point. If the
set F.(y)is non-void and star-shaped, T: C — C and T satisfies d(Ty,Tx) < d(y, x)
Jor allxin F.(y) then F.(y)= {y,} with Ty, = y,.

Theorem 4.18. Let C be a non-empty compact convex subset of a strongly locally
convex metric linear spaces (E.d) (i.e., each open sphere in E is convex set). Then

(ol A |

[4]

(5]
(6]
(7]
(8]
[9]
[10
[11

[12

[13]
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for any continuous mapping [ : C — E, there exists y, in C such that
d(yo.f(¥o)) =min,.c d(y, f(y)). In particular, if f(C) c C then y, is a fixed
point of f.
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Baro-diffusion and Thermal-diffusion
in a Binary Mixture Near A Stagnation
Point—A Numerical Study

B.R. SHARMA AND G.C. HAZARIKA

Abstract: The effects of pressure gradient and temperature gradient on separation of a binary
mixture of incompressible viscous fluids have been discussed when one of the components of the
fluid mixture is present in a small quantity. The flow has been discussed when a stream of such a
mixture impinges on an impervious wall at right angles and flows along this wall in all radial
directions. Equations of motion and energy together with the equation for species conservation
have been solved numerically by Runga-Kutta shooting technique: It has been found that there is
no separation effect when pressure gradient and temperature gradient are ignored. The effects of
the pressure gradient as well as the temperature gradient are to separate the two components of the
mixture in such a manner that the heavier and more abundant component gets deposited near the
wall.

1. Introduction

Consider a mixture of two components of fluids the composition of one of
which is described by the concentration ¢, defined as the ratio of mass of that
component to the total mass of the fluid in a given volume element. In the flow of
such a mixture the diffusion of individual species takes place by three mechanisms
namely concentration gradient, pressure gradient and temperature gradient. The
diffusion flux 7 is given by Landau and Lifshitz [5] as :
(1) i=-pDVe,+k,V,+ky VT]

where p is the density of the binary mixture, D is the diffusion coefficient, k, is
baro-diffusion ratio, k,D is the baro-diffusion coefficient, p is the pressure, kr is
thermal diffusion ratio, k;D is the thermal-diffusion coefficient and 7" is the
temperature, The first term in the right hand side of equation (1) represents the
ordinary diffusion whose contribution to the mass flux depends in a complicated
way on the concentration gradients of the substances present in the binary mixture.
The second one representing the pressure diffusion term indicates that there may be
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a net movement of the ith species in the mixture if there is a pressure gradient
imposed on the system. The last one representing the thermal diffusion term
describes the tendency for species to diffuse under the influence of a temperature
gradient. The effects of the last two terms are quite small, but devices can be
arranged to produce very steep pressure gradients and temperature gradients so that
separations of mixtures may be effected.

Much interest has been attached to the separation processes wherein one of
the components is present in extremely small proportion in normal occurrence of the
mixture. Separation of isotopes from their naturally occurring mixture is one such
example. It is well known that because of their small relative mass difference the
isotopes of heavier molecules offer greatest practical challenge to isolate the rarer
component. Sharma [7] has discussed the problem of baro-diffusion in a binary
mixture of viscous incompressible fluids when an infinite disk rotates with a
constant angular velocity and there is a suction of the mixture at the disk. Srivastava
[10] has discussed the baro-diffusion in a binary mixture confined between two
disks when one of the disks is rotating and the other is at rest. Sharma and Gogoi [9]
have discussed the effect of curvature of a curved annulus on separation of a binary
mixture. Shrivastava [11] has discussed the baro-diffusion in a binary mixture in an
axi-symmetric stagnation-point flow also. All these problems have been discussed
under isothermal conditions. To investigate the effect of the temperature gradient in
addition to the pressure gradient on separation of species of a binary mixture of
thermally conducting incompressible fluids we have considered in this paper the
flow discussed by Srivastava [11] when a stream of such a mixture impinges on a
stationary impervious wall perpendicular to the stream and flows away in all radial
directions. The equations of motion, energy and also the equation for conservation
of species have been reduced to ordinary differential equations and numerical
solutions of these ordinary non-linear differential equations have been obtained for
various values of Schmidt number, baro-diffusion number, thermal-diffusion
number and Prandt] number. Thus in this paper we have discussed the diffusion of
the rarer component of the binary mixture under all the three effects namely the
concentration gradient, the pressure gradient and the temperature gradient. Thus, the
analysis provides a more accurate picture of the separation of the binary mixture of
incompressible viscous fluids in the problem than the usual analysis under
isothermal conditions.

2. Mass Transfer Equation

We consider here the case when one of the components of the binary
mixture of incompressible fluids is present in a small quantity, hence the density and
the viscosity of the mixture are independent of the distribution of the components.
The flow problem of the binary mixture is identical to that of a single fluid but the
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velocity is to be understood as the mass average velocity v = (o1 Vi + pav2)/p and
the density p= p,+ p, where the subscripts 1 and 2 denote the rarer and more
abundant components respectively. The equations of motion and the equation of
continuity in the steady case are :

2) P . V)v==V,+uVivy,

(3) V=0,

where u is the coefficient of viscosity of the binary mixture. The equation
goveming the temperature is given by

0 pe,(3.V)T =k V2T +¢,,

where c,is the specific heat at constant pressure, k is the thermal conductivity of the
fluid and ¢, is the viscous dissipation function. The additional equation for the
species concentration is given by

(5) p(V. VYo =-V.i
Substituting i from equation (1) in (5); we get the following equation for ¢,
6) p(5.9)¢, = pDIVi ¢, +V.(k,V )+ V.(k,VT)}

The explicit expression for the baro-diffusion ratio has been given by Landau and
Lifshitz (5) as:

(7 k, = (my —my)[(c;/ m)+(c2 /my)cier /pu,

where p_denotes the pressure in the working medium, m and m, are the masses of
two kinds of particles and ¢, is the concentration of the second component of the
binary mixture given by

(8) o +e =1

since ¢, = py/p and ¢; = py/p. Assuming ¢, to be small so that its square is
negligible, we get the following expression for k,, :

(9) kp = (my—m)c/ (m po).
The expression for k has been suggested by Hurle and Jakeman [4] as :
(10) kr =¢ sr(1-a),

where s is Soret coefficient Neglecting the square of ¢, in this case also, we can
write the expression for the thermal diffusion ratio kr as:

(11) kr =157

3. Boundary Conditions on ¢,

The boundary conditions on ¢; are different in different cases. At the solid
surface of a body, insoluble in the fluid, the mass flux of the rarer component of the
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mixture normal to the solid surface is zero. This boundary condition can be written
mathematically as ;-

(12)  pvaci— DU (On)+ ky(Fpldn)+kr(ET/Em)]=0  at the surface,
where v, is the fluid velocity normal to the surface and &/Zn denotes derivative
normal to the surface. The first part represents the convective flux and the second
part in the parenthesis denotes the diffusion flux. If, however, there is diffusion from
a body that dissolves in the fluid, the eqmllbnmn is rapidly established at the surface
of the body and that the concentration in the fluid adjoining the body is. therefore,
the saturation constant ¢;. The boundary condition at such a surface is, therefore.

(13) 6 = ¢5.

4. Formulation of the Problem

In this section we discuss the flow, heat transfer and diffusion of a binary
mixture of incompressible viscous fluids when a stream of such a mixture impinges
on an impervious insulated wall z = 0 and flows away in all radial directions. We
consider the temperature of the rarer component of the binary mixture, far away
from the surface of the wall, to be constant. We take here cylindrical polar co-
ordinates with stagnation point as the origin and the flow direction as negative
z-axis. We denote the radial and axial component of the velocity in the frictionless
flow region by U and W respectively whereas those in viscous flow region are
denoted by u = u (r;z) and w = w (r, ). The boundary conditions on velocity and
temperature fields are
(14) u=0,w=0,(2T /72 )=0 atz=0andu—>U,T—> T _asz— .
For frictionless case we have [See Schlichting and Gerston [8],
(15) U=ar, W=-2az, B = P+(pa*l2)(r’ +4z%),
where a is a constant and 7 is the total pressure at the stagnation point. We take the
following form for u, w and p in the viscous region :

(16) u=(av) E¢'(77), w=-2(av)"” 4(n),
(17) P—Py= pm'P(g,rf).
(18) T-T, = (pc,/k)0(5.1).

where 7 = (a)"?z. &£ =(av)"?r. v = wp and T, is the temperature at a large
distance from the surface of the wall. _ _

Substituting expressions for u and w from (16}, p from (17), T from (18), &,
from (9) and k; from (11), the equation of motion (2) becomes
(19) 20— +1=0,

and also the expression for P(£ .7 becomes

IR TR T

cor
for
(26
and
(20

coe
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2

@) P& =-S5 287 +4),
the equation of energy (4) reduces to

fi?- .‘.?_0; [ i i@- f_zﬁ 2 2 402
oy wlewTe-205) =556 o) ) rraze e e
and the diffusion equation (6) becomes

de de; g dey

o ] & 5 U VEUIOR, 4o (7™
(22) Sm(§¢ ﬁg)—ZSm(cpa,)-géé(é §§)+

i

ve(2{2a 52))+ 2o 52)

where Pr= pcp/k is the Prandtl number, Sm = (v/D) is the Schmidt, /3 is the baro-
diffusion number given by

my—m  pa
P=mp. 2
and 7 is the thermal diffusion number given by
T = i:i - Sy
The boundary conditions (14) on velocity and temperature become
(23) ¢=0, ¢'=0,8"=0 atn=0: ¢'—>1, 8>1as g«
and the boundary conditions (12) and (13) on ¢, become

ae aP a8
(24) E+ﬁcl-éq—+rclgq—=03tn=0; and ¢ ¢ asp >«

5. Solution of Equations

To get solution of partial differential equations (21) and (22) we, at first,
convert them to ordinary differential equations. For this we assume fand ¢, in the
forms: .

(26) (&' 7) =6, +£%6;
and
(20) ei(&m) = cof (&om) = ol fom)+ E2fa ().

Putting these values of #and ¢, in equations (21) and (22) and equating the
coefficient of £9 and £2 separately from both sides, we get.
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@7 03 +46, +2Pr (96} +64") = 0,

(28) 67— Pr(2¢4'6, 296} - ") =0,

@9)  Sm(-2015)=Fy+41,~28 (24,4201, +209" £,+200' f+ 6" £ +4°F,)
+ (4,6, + /o601 + £564)

G0)  25m(pf- p11)=25 (212 + 2021+ 209" 12 + 260" f5 + 4" F2 + 4" 1)
+ 7 (8£,6, + o032 + £303 + 100 + f163)
The boundary conditions (23) and (24) in terms of &,,8,, f, and become

85 = 0,8,(0) = 0]
@1 93=0,.91(°°)=0]
and
(32) fi-28¢"fo=0 at n=0; and f; > 1 as n > o,
(33) F-2¢"f2=0at p=0;and f, >0 as p >

It is not possible to get analytical expressions for ¢ and hence for 8,,0,, f; and f;.
Equation (19) was first solved numerically by Homann [3], and later by Frossling
[2] under the boundary conditions (23). Here we have solved equations (19),
(27)~(30) under boundary conditions (23), (31)~(33) numerically by using
Runga-Kutta shooting technique [See Conte and Boor [1] Robert and Shlpman [6].

6. Discussion

For f=0 and r= 0 the function f (£, 1) becomes 1 throughout the fluid,
which shows that there is no separation effect in the binary mixture when pressure
gradient and temperature gradient are ignored. This confirms the results of Sarma
[7]. Srivastava [11] and Sharma and Gogol [9]. The value of f,(#) is found to be
zero for all values of # hence from (26) we can conclude that the concentration of
the rarer component is independent of the distance from z axis. Taking Schmidt
number Sm = 1, Prandti number Pr = | and Thermal diffusion number 7 = 0, the
function f(7) has been plotted for baro-diffusion number = 0.025,0.050,0.075 and
0.100 in Fig. 1. The graph reveals that the value of fis always less than | near the
upper edge of the boundary layer and its values at the wall are 0.777254, 0.603558,
0.467569 and 0.360866 respectively for the above mentioned values of f. This
means that the concentration of the rarer component is much less near the wall than
that maintained at a large distance from it. But, ¢; +¢, =1 which shows that the
heavier component gets deposited more near the wall. This again confirms the
results of Srivastava [11]. _

By taking Sm = Pr=1 and = 0.025, f(n) has been plotted in Fig. 2 for
r = 0.000, 0.025 and 0.050. In this figure we see that the curves for above-

TMINIMNIT]
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mentioned values of r intersect at 77 = 0.2. This indicates that the effect of the
thermal diffusion number is to decrease the concentration of the rarer component
from the upper edge of the boundary layer to the points corresponding to = 0.2 and
to decrease it beyond these points to the surface of the wall. The points
corresponding to 1= 0.2 are some special points, since concentration at these points
remain unaffected by the thermal diffusion number.

In Fig. 3 we have plotted £ (#) for Pr= 0.7, 1.0 and 2.0 by taking Sm = 1
and B= v=0.025. Fig. 4 represents the graph of f(7) for Sm = 0.50, 0.75, 1.00, 1.25
and for fix values of f= 7= 0.025 and Pr = 1. These graphs show that by reducing
the values of Pr and/or Sm the rate of change in concentration of the rarer
component of the binary mixture can be enhanced. Hence, we can conclude. from
above analysis, that the effects of the pressure gradient and the temperature gradient
are to collect the heavier component of the binary fluid mixture near the surface of
the wall, i.e., to effect the separation of the species in the binary mixture. The rate of
separation can be enhanced by reducing the values of Prandtl number and Schmidt
number.

1.2

1.2

A = —t=0.000
0.4 '.‘/ — = 0.025 0.4 —===1=0025
-===p=00solf | o 1=0.050
0.2 cevesen B 0075 0.2 4
————— p=0.100
0 +——r——r—r—r——
0 02 04 08 08 1 0 +———r————r—
0 02 04 08 08 1
1 > , T
Fig.1The graph of f(n) against for Fig.2The graph of f(n) egainst for various

various values of values of ¢
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1.2

1.2
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Modeling Incompressible Navier—Stokes
Flows by Least Squares
Approximation

* ¥k
SUDARSHAN TIWARI AND SANDRO MANSERVISI

Abstract: In this paper the least squares particle method (LSQ) is used to model incompressible
flows. We present a constrained least squares approximation for the reconstruction of the flow and
show reliable and accurate simulations of the viscous Navier-Stokes equations. The corresponding
incompressible limit can be implemented and its accuracy tested against numerical and analytical
solutions. The incompressible Poiseuille and viscous multi-vortex flows are studied and compared
with analytical solutions. Furthermore results for cavity flows at different Reynolds numbers are
presented and discussed.

Keywords: Navier-Stokes equations, Particle method, Least squares approximation
AMS subject classification: 76D05, 76M28

1. Introduction

The study of incompressible fluid flows is one of the main field of
computational fluid dynamics. This subject becomes even more appealing when one
can see the incompressible flow as limit of the compressible, viscous Navier-Stokes
equations. The aim of this paper is to show how the compressible, viscous Navier-
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Stokes equations can be simulated by using the least squares method in the
framework of particle method and the incompressible flow can be reproduced as
limit of small Mach numbers.

The particle method has certain advantages over other methods. This
method is a meshfree and a fully Lagrangian method and numerical solutions are
computed over a moving grid defined by particles treating the geometry and the
corresponding moving boundaries in a natural way. However the classical particle
method, smoothed particle hydrodynamics (SPH) [11], is based on an integral
interpolant with sufficiently smooth symmetric kemel function and has two
fundamental problems: the approximation of derivatives of order larger than one and
the implementation of the boundary conditions.

In the classical particle approach the approximation of derivatives near the
boundary is not accurate. Alternatively, the approximation of derivatives in a grid
free structure can be obtained by moving least squares methods [1, 3, 10]. In [10] it
is shown that the moving least squares method gives a good approximation of the
function and derivative near the boundary. Both of the approaches are similar to the
finite difference discretization but show well known problems of instability and
artificial viscosity should be introduced in order to stabilize the scheme. In [11]
viscosity is introduced in the momentum and energy equations and in [10] an
artificial viscous term is proposed for all the equations of the system. Both
approaches do not give good approximations of the second order spatial derivative
and therefore, they cannot compute efficiently the Navier-Stokes equations. In this
paper, we approximate the first and second order derivatives by a constrained
weighted least squares method and the natural Navier-Stokes viscous term is used.
In this approach the solutions of the compressible Euler system can be obtained
from the Navier-Stokes equations by letting the viscosity and heat conductivity tend
to zero. In [15] the scheme for the 1D case is shown 10 be stable and numerical
solutions converge to the Euler solutions when the number of particles tend to
infinity and the viscosity and heat conductivity tend to zero.

The particle method should reproduce the results obtained by other well
known methods with comparable accuracy. Many treatments of the boundary
conditions are “ad hoc” implementations and cannot be reproduced easily. In this
paper we propose to reconstruct the field over a fix grid and impose the boundary
sonditions over such a field. The fix grid can be used over the entire domain or only
over part of the domain containing the boundary. We show that our method is
consistent and it is a solid starting point for a moving particle method. In this paper
we are discussing only the method over domains with fix boundaries leaving to
further works the discussion of the rules necessary for consistent moving or adaptive
particle grids. For further applications of the particle hydrodynamics 10 moving
boundary problems we refer to [10].
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The particle scheme is used to find the velocity and pressure fields and a
new constrained least squares method is used to reconstruct the function and the
derivatives. The use of the constrained least squares approximation allows us to
compute with accuracy the second order space derivatives and the solution of the
viscous Navier-Stokes equations. Since most of the numerical and analytical works
are in the field of incompressible flows over bounded domains we apply this new
method to incompressible flows. We solve basically the compressible Navier-Stokes
equations in the low Mach number limit.

The paper is organized as follows. In §2 we introduce the compressible
model and the incompressible limit. In §3 the constrained least squares method is

2. Model

Let © be an open bounded domain in I’ (s = 1, 2, 3) with boundary T". Let
A0 and p be the density, velocity and pressure fields representing the state
variables. The compressible Navier-Stokes system in the Lagarangian form can be
written as [6]

@ L o8
A Dﬁ -~ = Py
(2.2) DL =Vp+ uV.&(0),

where 4 is the dynamic viscosity. By D/Dt we denote the Lagrangian derivative and
) A ]

by & the stress tensor Gy =j{fj+ﬂ&x—j—§é_‘ﬁ V.u. The system (2.1-2.2) is closed by
the state equation p= p(p). In this paper we assume a simple linear state law
P=Ap+B with A=c? and B constant where ¢ is the characteristic sound speed.
For an ideal compressible fluid a power law P=Ap” + B can also be used when
Aly is set to be equal to ¢2. The Lagrangian form of the equations in (2.1-2.2) can
be easily implemented over fix or free boundary domains. However, before solving
problems in complex or moving geometries we would like to show that the method
is accurate and it can be used to simulate incompressible flows.

The Navier-Stokes system for incompressible fluid flow is a different set of
equations which can be written as
(2.3) V.i=0

&

2.4) P—=-Vp+uV.5.

=]

t
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Under appropriate conditions over some data one expects that the system (2.1-2.2)
converges to (2.3-2.4). We denote the nature of (2.1) is deeply different from (2.3)
and we should expect the limit to be singular.

Numerical simulations of compressible flows at low Mach numbers is not
easy due to the multiple time and length scales involved in the computation. In order
to rewrite the system (2.1-2.2) in a more suitable form we use an asymptotic
expansion which also gives a good insight into the solution behaviour of the
compressible equations in the limit of vanishing Mach number. To cover small scale
flow as well as the long-wave phenomena a single time scale is performed. Similar
results can be found in literature in many forms and flavors. For details one can
consult for example [8, 9, 13, 7].

Let prer, pros, Vg be the reference state. We consider the state
variables (p, ¥ , p) in the non-dimensional form, namely p =5/ p,;,U = 0/F, and
p= P/ prr. By taking a typical speed ¥} of the incompressible flow and the length
scale L of the flow we set the time scale &= L/Vrr. We note that Vwr should be in
some way related, but not necessarily equal, to ¥, or ¢. This leads to write the non-
dimensional Navier-Stokes system, for the state variables ( p, p, U), as

D
(2.5) 3‘} =—pV.0
Dv Pref H =
P Dt == i V:f Vo+ LVM Py V.o

(2.6)

Since we use the linear state law, we write p = c2( B —prr )+ V6 prer . In the limit of
P =Py Wehave p=V ¢ prer, which is normally used as reference pressure in the
incompressible flow. Now by solving (2.5-2.6) through an explicit method we
should take into account the fact that we have quasi-incompressible flows and not
fully divergent free flow. Let j,, be the approximate average value for p then we
can define APy = Py — Pry. In this numerical limit the reference pressure is
defined by prs =2 Apy +V§ pry which agrees with the incompressible reference
pressure when A7, tends to zero. From the definition of p,,, we have pry/pry=
¢?Apy+V;. The state equation in the non-dimensional variable becomes
p=((p=1)+ M2)/(Ap, + M), with the Mach number defined by M2 =VWyle2.
The Mach number as a global parameter characterizing the non-dimensional limit is
defined with respect to ¥,y by M =V, /(dpldp)"*="\/Apy + MZ , which is equal
to M, in the limit of Ap, tending to zero. We note that M —> 0 implies both
M, —> 0 and Ap, — 0.If we set V2 = P/ Py the system (2.5-2.6) becomes
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D, .
2.7) -D_f =-pV.0

Dy M
2.8 Ty VDR
il P Dt 4 LV p Pref

If M, is small then V, is equal to cv/Ap, and the time is scaled with a
characteristic time for sound wave propagation. We have M = /Ap, and the non-
dimensional velocity cannot be of order 0(1) in the limit of vanishing M,.

If Apy is small then ¥, is equal to ¥ and M = M,. The time is scaled
with a characteristic time for the incompressible flow propagation and the pressure
term is singular (proportional to 1/M2). If one expands the variable p as
P=po+M;p, (see for examples [8,9,13,7] and references therein) there is no
longer one single pressure term to influence the leading order velocity in the limit of

low Mach number but a clean separation of different physical effects associated with -

these pressure terms. The leading term py tends in the limit to be spatially
homogeneous and acts as a thermodynamics variable satisfying the state equations.
The second order term p; represents a balance between the inertial and viscous
force and also guarantees the free divergence motion. In the vanishing limit this
term should be decoupled completely from the total pressure and therefore from the
state equation.

In spite of the fact that M, — 0 and Ap, — 0 are both singular limits
the limit M — 0 is nice if the ratio Ap,/M2is approximately constant. The limit in
Apy is the most difficult to be imposed and in general a projection over a free
divergence velocity field should be used [2, 12]. In this paper we use an explicit
method to solve the Navier-Stockes system and therefore an asymptotic form of the
(2.3-2.4) and the pressure state equation is appropriate. In (2.8) we take the limit
Apy — 0 and in the state equation the limit M, — 0. The system (2.3-2.4) and the
pressure state equation become

D
2.9) #{’»:_pv.a
_. Dv L i
(2.10) E:—Vp+ﬂ'v.a‘.
(p-1)
(2.11) i

where Re = Lpy Vo/u is the Reynolds number and & a positive small real number.
The (2.10) is clearly the limit equation for M tending to zero but the (2.11) should be
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understood in the limit of small 6. We note that the (2.9—2.10) has the same form of
the compressible system in (2.1-2.2) and therefore suitable for a Lagrangian particle
method.

We would like to remark that (2.11) is not anymore a state equation but an
equation for the incompressible pressure which is completely decoupled from the
compressible state equation. The constant & determines the pressure in agreement
with the variable p which is not anymore representing the real density but a sort of
error in the divergence field.

3. LSQ-particle Discretization
3.1. Least Squares Approximation of the derivatives

The least squares method has been used to approximate the first order space
derivatives and solve the compressible Euler equations in fix and moving geometrics
(see for example [4, 5]). The aim of this paper is to approximate the full Navier -
Stokes equations and therefore both first and second order space derivatives. The
main advantage of the least squares methods is that it is very general and can be
applied to very irregular moving geometries. The idea is to substitute the smoothing
functions used to interpolate particle solutions with a very general least squares
interpolant which can cope with a large class of mesh configurations.

Let f(t,%) be a scalar function and f(¢) its values at ¥; fori=1,2,. .. N
and time ¢. Consider the problem to approximate the function and the spatial
derivatives of the function f(z,X) at ¥ in terms of the values of a set of neighboring
points. In order to limit the number of points we associate a weight function
w=w (%, — X ; h)) with small compact support, where A determines the size of the
support. In the classical smoothed particle hydrodynamics method, A is known as
smoothing length. The weight function can be quite arbitrary but in our
computations, we consider a Gaussian weight function in the following form

fx—<¢ . -EP
== <
w=w (X —-%;h)= { e"%( a ;:lsc), =%

with @ a positive constant. The smoothing length defines a set of neighboring
particles around X. Let P(¥)={¥:i=1, 2,...,n} be the set of » neighboring
points of ¥ . The distribution of neighboring points needs not to be uniform and it
can be quite arbitrary. For consistency reasons some obvious restrictions are
required, namely for example the particles should not be on the same line.

We approximate the function f (%) by fi (,X) as fi (1.3) =YX fi(0) g (%i,x),

where the shape function ¢ (%, %) is computed at each point ¥ by the least squares
method over its own compact support. It is important to stress that this expression
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is consistent only if the function ¢ is 1 at %, namely ¢ (%,,%;)= &; for all
iy =12, .0y IV

The approximation of the first ‘and second order derivatives can be
computed directly from fi(#,X) or directly by using the least squares method. The
first method is known in literature as moving least squares method [3, 10]. Usually
the function fi(,¥) and its derivatives fus(2.,%) are not smooth enough to be
differentiable and therefare the second order derivatives cannot properly computed.
In this paper we approximate the derivatives 81 (6,X)/Axx by fu(L.X)
=FX fi(D e (%,%) for k = 1,2,3, where 7 (%, %) is directly computed by the
Jeast squares interpolation. In a similar manner we define the approximation for the
second order derivatives 821 (1,%) / 9xi Ixy by fun(tL.¥)= X fi(Dyn (5, X) for
k= 1. 2. 3. The determination of the functions Filt®), S, %), and fin(0.5)
(=fun (%)) for & 1= 1, 2, 3 can be computed easily and accurately by using the
Taylor series expansion and the Jeast squares approximation. We write 2 Taylor’s
expansion around the point 7 with unknown coefficients and then compute these
coefficients by minimizing a weighted error over the neighboring points. The
optimization is constrained to satisfy ¢ (%, %1)=1 where x is the closest point,
namely the approximation must interpolate the closest point.
In order to approximate the function and its derivatives at ¥ by using a
quadratic approximation through the » neighboring points sorted with respect to its
distance from X we let

-
FUE) = T+ 2 St E) Gony = %)
k=1

3
+ k§1 Fun (1, %) (e — xi) (g — 1) + €5

Mit—-

where ¢; is the error in the Taylor’s expansion at the point ¥;. The unknowns fi, fus
and fiy for k, 1= 1,2,3 are computed by minimizing the error ; for i = 7.2
and setting the constraint ¢; = 0. Our method to solve this constrained least squares
problem is straightforward. By subtracting the first equation with e,= 0 to all the
other equations the system can be written as &= Mz — b, where

Axl, A2, Ax3; Axlly Ax12; Ax13; Ax22; Ax23, Ax33,
Axl; Ax2s Ax3; Axlly Axl2; Axi3; Ax22; Ax23, Ax334

Axl, Ax2, 4&x3, Axll, Ax12, Ax13, Ax22, Ax23, Ax33,
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where @=[fis fns Sons Jirns Sians fisns Fozns Fosms SoundTs & =Lfo = FisCfa=Sids oo
fi—=£), e=les,es,...,€]7. The symbol Axk; denotes xi — xk1, Axkl; denotes
(xus — x4 ) (xy —x;) and Axkk; the quantity (xu —¥x)(xy; —x,)/2 fork, 1=12.3 and
=23, cusil

For n > 9, this system is over-determined for the nine unknowns fin and
San for k. 1=1.23. :

The unknowns & are obtained from a weighted least squares method by
minimizing the quadratic form J = Zi.y wy & . The above equations can be expressed
in the form J = (M@~ bB)" W(Ma-b) where W = &yw;. The minimization of J
formally yields @=(M"WM)~'(M7W)b. Now from the equation for the closest
point x; we can compute the value of fu(¢,X) at X as

'y el 2 = '3 N
ﬁn(f.l')=f(f-x|)"tzﬂfu.(f;x)(xu“xk)—'i'kéifm(hx)('xn—xk)(xu“x&)

since fux and fi for k, /=1,2,3 are now known..

The solution of the constrained least squares problem is straightforward and
more sophisticated techniques can be used. For example minimization or singular
decomposition techniques can be very helpful to determine efficiently the
unknowns.

We note that if the approximation is computed at x; we have f,(t.x)
= f;(t)which implies P(x,,%,)=9, foralli,j=12,...,N. Also we note that if
the weight function is chosen in a suitable form then the constraint
#(X;.%,) = 6;can be approximated very closely performing the unconstrained
Jeast squares minimization over all the 7 equations.

3.2. LSQ-particle discretization

The idea behind the least squares particle method is to approximate a space-
time function by mans of an expansion which is represented by scaled and displaced
approximate delta functions at the particle position.

Let f(#,x) be a scalar function and f;(¢) be the set of its values at the
particle points ¥, fori=1,2,... , N and time 7. We approximate the function
f(,5)=T140,5=Z fi() ¢(X;, %), its derivatives fi and fy as fi(t,X:2) =
e fi(t, %)= 2, fi(0) 1 (%, ) and fiup (1,3 :2) =10y fi(£.X) = I, SOy (%, %)
respectively. The functions ¢, 7k and y;; are computed at each point through the
constrained least squares approximation described in the previous section by using
the neighboring points over their compact support. The operators 1,11, and IT; for
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k 1 =1, 2, 3 are well defined and give the values of the function and its derivatives

as a linear combination of the neighboring points.

We can summarize some abstract properties for [1 which allow us to write
the discrete particle approximation. The operator [] satisfies the following
properties:

1) the operator I] is linear and the approximation depends linearly from the particle
point values ;

2) the approximation obtained by applying the least square method is consistent
and the evaluation at the particle points gives the interpolating value. Therefore
Nf(t,%)= f,()= f(1,%) foralli=1,2,...,N.

3) From the above formalism we have I1f, (r x) = Iy f(¢,%) and 11 fiy (1,x) =
n; f(,%) forkl=1,2,3.

Consider the system in (2.9-2.11), by introducing the least square
approximation and by using the properties in (2-3) we have

G.12) 200 - _ o .(.5)
l( ) ACUNIE ) | b, 1 mylh
(3.13) a0 =-IIVp (r,.x,)-:»ﬂﬂv.a-(v(r,x,))
( (z) 1)
G.14) =25
at x, foralli=1,2,. NSmcethepartialduivaﬁvesontherhsawappro-

ximated by the Operators rr m Iy for k1= 1,2, 3 the system of partial differential
equations reduces to a time dependent system of ordinary differential equations.

In addition to the Navier-Stokes system the equations that determine the
particle positions should be included as

d 3
(3.15) SLopifor  i=1,...,N,

with 0< A< 1. Fo:thecase B =1 each particle moves with its own velocity along
the streamlines ; if #< 1 the particle moves with reduced velocity field and if 5=0
the motion is considered with respect to a fix particle grid. It is clear that if £ is not
equal to 1 the fields must be reconstructed over the points of interest. This approach
allows a great variety of possibilities: the particles can be traced along their
streamlines or traced at fix positions. For problems over fix domains the use of
moving grids could be not effective since the grid may deform and the solution may
loose accuracy. Furthermore the implementation of the boundary conditions which
is easy in the Euler formulation cannot be done efficiently in the Lagrangian
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formulation. Our approach is to apply the boundary conditions always over a fix grid
of particles. This grid must cover fix boundaries but can also be extended to cover
all the domain that does not have free surfaces.

After the approximation of the spatial derivatives in (3.12-3.15) these
equations reduce to a system of ordinary differential equations. This system can be
solved by a simple integrations scheme. One can use the explicit Euler scheme, but
it requires very small time step. The simple explicit forward Euler scheme is in some
cases insufficient to give satisfactory results and, if posmble, higher order methods
should be used. Here a two Runge-Kutta time steps is proposed which is sufficient
for many of the tests proposed in the next section [14].

Lety; =[¥, p.4,] and
v,
E (1,y,Vy,Ay)= - pIIV.0(1,%,)
-0V p(t,%,) + 3 16 (0(1, %))
fori=1,2,...,N. In agreement with the notation introduced above the discrete
system can be rewritten in a compact form as

(3.16) % =F,(1,y,Vy.Ay),

fori=1,2, ..., N, where F denote the discrete approximation of the right hand
sides in (3.12-3.13) and (3.15).
4. Numerieal Tests

In this section we present some numerical tests. We always consider
discretizations over bounded domains with N particles at x; fori=1.2,..., Nand

constant time step A,
In this section *ve denote by f[" the values f(¢,X,) with 1 = mAt for
= 0.1, ... The discrete form of the Navier-Stokes equations are the discrete

version of the asymptotic equations in (3.12-3.15) for Runge-Kutta two time steps,
namely we solve

mad At A
(4.17) pr = pi = Pl V.. 5]
il T N T (mm——
(4.18) ot =5 -5 (v + oV )
omi
: mad (g 1)
(4.19) -
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(4.20) ez S
@21) P = pr -t oy 5
—msd —_ N " 1 p e
(422) T . T (mvp + V.56 )
4
(M-
23) P ===
(4.24) xp = 2+ At

fori=1.2.....Nandm=0, 1,2, ..., where the initial conditions are given by
(p!,67) foralli=1,2,..., N and &small positive number.

Many strategies can be adopted. One possibility is to perform two time
steps along streamlines and then interpolate the solution over a more regular grid of
points. This is convenient in order to control the grid points and keep them regular.
In this case the boundary conditions can be imposed simply fixing the velocity at the
boundary. Another possibility is to move continuously the particles over the
streamlines with its own or reduced velocity. The boundary conditions must be
imposed through special boundary particles which are sitting over a boundary fix
erid.

First we propose Poiseuille flow in order to test the constrained least
squares method where we compute the viscous and body forces. In particular this
flow tests the approximation of the second derivatives in space. However in these
two tests the pressure does not play any role and the incompressibility constraint acts
in a straightforward manner. Then we test the solution for moderate distribution of
pressure against analytical solutions. Finally we test the driven cavity flow againsl
the corresponding finite element approximation where the distribution of pressure is
not trivial as in the previous cases.

4.1 Poiseuille Flow

The first test case is a stationary forced flow through a channel between two
infinite paralle] plates. The solution & = (u,v)of this simple flow can be written in
series form as

F
(4.25) u(x,1) = 20Ylu—-L)+
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Figure 1: Test 1. Exact flow and solution for Poiseuille flow

AP 5 o] xy ) ( (2n+1)2 72 )
i b m === ama  § —— I 1
uml ~ (2"_.-*_1)3 L (2N+l) . exp|-v !

(%,2)=0,

where L is the width of the channel and F the force. We note that, we have to add
the body force F in the momentum equation.

The test was performed with L =5, =1 and Re = 1. Fig. 1 shows the exact
and computed solution. We note that the solution obtained by the particle method
approximates closely the flow. The solution has been computed both reconstructing
the solution over a fix point grid at each time step or letting the particle flow along
streamlines. In both cases the matching is excellent.

In Fig, 1 we plot the exact and particle solutions obtained by reconstructing
the velocity field over the initial regular particle distribution at each time step.
The solutions are plotted at 1= 0.041 (A), 1= 0.201 (B), 1= 0.401 (C), t = 0.601 (D)
1= 1.001 (E), and ¢ = % (F) respectively. The limit in & does not present particular
problems and the fact that the pressure is constant allows the viscous term to
dominate the pressure term even for very small values of &.
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4.2. Flow in a Square

The Poiseuille flow is
in dynamics pressure. In those cases the
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Figure 2; Test 2. Exact flow (right) and solution (left)




The flow consists of four vortices rotating in different parts of the domain.
In order to obtain this solution we use a fix particle grid generated at the initial time.
The boundary conditions are imposed simply by setting zero velocity at the
boundary and reconstructing the fields at each time step. Since the flow is extremely
complex the grid has been improved to 41 x 41 particles.

In Figs. 2-3 we have the solution obtained by the particle method against
the exact expression. We can see that the solutions match perfectly: the » component
is shown in Fig.3. In these figures all the 41 sections are plotted along the x-axis
showing a high degree of symmetry and accuracy. The pressure, which is assumed
to be parabolic is matched almost perfectly. Again the smoothing length A is 2.5
times the characteristics mesh length Ax. The ideal value for A over a regular grid
should be evaluated on the basis of the number of neighboring particles necessary to
compute the unknowns quantities. Usually /= 1.5 Ax is sufficient in the interior of
the domain but not on the boundary, where the number of neighboring particles
available is reduced. Therefore the values of h is dictated by the topology of the

o az a4 06 i 1

boundary or h should be taken space variable. Another advantage of the use of fix
particle grids is the possibility to strictly control the number of neighboring particles
and therefore the approximation error. In this computation the pressure is obtained
by 5= 10° and density error less than 0.1%.
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Figure 5: Test 3. U-component along the y-axis at z = ().5.
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with homogeneous Dirichlet boundary conditions over the rest of the boundary.
Computations have been performed with the iterative method described in the
previous sections and solutions are compared with finite element numerical
solutions with different Reynolds numbers.

The solution obtained with the particle method has been performed for
Re 10,100,400, 1000. In Fig. 4 the u-component is plotted along the vertical line at
x = 0.5. The particle grid used here is 41 x 41 but only half points are shown. We
remark that for high Reynolds numbers this grid cannot be considered sufficient to
reproduce accurately the Navier-Stokes solutions.

Comparison with Reynolds number equal to 10 and 100 is shown in Fig.5.
In this range the grid is sufficient to reproduce the results and the finite element
solution is reproduced closely. The value of & is set 10° which is enough to
reproduce the pressure in the incompressible regime with density error below 0.1%.

s =
o5 ’ ol
(13 f s I P N
AR ) g Ayt .
1 AL | NS ! |
tbl“q‘\ F4rE “l] PGS Yk L !
TER AT iyt . LRI } J \g
ISR W N o A J“‘]i bt ey o YN x‘-.__-.-::,fﬁ'}r’ 4o
sir 'y v,}\\ B 4 Yt n8 TR R P70 I
4 4 \\\\\-..-."ff-._/{gjg £ R NN 7 oy
e oA NN o e A R SO R 2 ',?/‘f hg
‘“‘ \\\"’ = /-/ {’J Ja‘l‘. 4 ‘:'\\ » : ey T— ‘-::r//./ /4 "‘I
a4 < ‘\‘-\\ -~ __,w:-_’/ 2 :r f 44 & X Bag SR - z { e
Ve B o ; A ST i
P W ot B R R rLs g i
e L e i SRR TR T e g
L2 = :-_ = . nl~ St
o, T o‘: 93 as T s a1 h.n o "-; M 82 . T a5 a8 0F & o0 |

Figure 6. Test 3. Flow for Re = 10 (left), 100 (right) with moving particle grid.

The computations has been performed with different resolutions, for different
smoothing lengths and for different weight functions. These results can be
reproduced over a large range of values. Similar solutions have been obtained for
moving particle grids and are shown in Fig. 6. In order to enforce the boundary
conditions for the moving particle mesh a boundary fix grid of particles must be
generated around the cavity. If the particles move with high velocities it is not easy
to contain the particles inside the cavity and “ad hoc” techniques should be used (see
for example [10]). For low Reynolds number the particles can be forced to stay
inside the domain and the results are very close to those shown in Fig. 4 and the
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velocity profiles in Fig. 5 are matched by the solutions shown in Fig. 6. However for
higher Reynolds a robust “ad hod” strategy is necessary to keep the particles inside
the boundary. For these reasons, if ﬂow; are investigated in fix domains, it is always

representation of the flow which is consistent with the Euler representation given by
the least squares reconstruction o ‘the field. By simulating the compressible flow the
incompressible limit can be easily reproduced inside the limitation of the explicit
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= OBITUARY

Prof. Dr. R.P. Manandhar
(1933-2003 A.D.)

Prof. Dr Rameswor Prakash Manandhar
was born in a middle class business family at
Pakanajol, Kathmandu in 1933 AD. His father Bir
Bahadur Manandhar used to trade commercial items

with the village food stuffs brought by the villagers.
| R.P. Manandhar used to help his father in his early
days. Later, he developed passion for learning and
started his education in his teens. on his own
effort. He passed M.Sc. degree in Mathematics in
S| 1963 and under Colombo Plan he was awarded a
ies Eaior fellowship for Ph.D. degree in India (1965-1968).
Thesl'ﬂc?pall Mathematical From Ranchi Univcrsityfnune?ier the gudance of Prof,
ences Report. !
(1988-1998) K.M. Saksena he was awarded Ph.D.degree in
Integral Transform in 1968,

After returning from India, he joined Tri-Chandra College as a
lecturer and then he joined the Central Department of
Mathematics as a permanent staff of Tribhuvan University in 1970. He
became professor in 1986 and then took charge as the head of the
department in 1988 and continued to be in the chair till 1998. In the same
year he got retirement from the University service but he helped the
department as a contract professor for the last four years. Because of his
deteriorated health he was unable to attend the department since February,
2003. He passed away after a short illness on 7" J une 2003.

Prof. Manandhar has produced two Ph.Ds in Generalized Integral
Transform and Distribution Theory. He has published nearly a dozen of
research papers in the Mathematical Journals in Nepal, India and abroad.
Dr. Manandhar has contributed a lot in the development of Central
department of Mathematics and his contribution for the upliftment of the
research journal Nepal Mathematical Sciences Report, is highly appreciable.

As a person he was a determined scholar who affected the lives and
thoughts of his collegues and students equally.
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