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Multiplier Theorem Revisited

PARTHA PRATIM DEY

Abstract: An abelian ( u, ,t, 2)-difference set in an abelian group G is a set D consisting of k group
elenrents with the property that the list of the "differences" rU-r with x,g e D contains every non-
identity elernent of G exactly 2 times. We investigate these sets from the viewpoint ol'thc group
algebra KG. Using the idempotents in KG we give a new proof of the Hall Multiplier Tlheorcm.

Introduction

For every known (u, k, l)-difference set, a prime p is a multiplier if
p divides n: k-).and(p, o) = l.This fact known as multiplier theorem was first
proved by Hall in 1951 in his paper on Cyclic lncidence Matrices [l]. In this papcr,
we use idempotents n KG to provide a new proof of the multiplier thcorenr.
Throughout, G will denote an abelian group of exponent p Md K will bc a field
containing a primitive p th root of unity. Notice that this necessarily requires that the
characteristic of K does not divide rz.

Preliminary Results

A character of G is a homomorphism / from G to a multiplicative group of
K. For example, the trivial character (or principal character), denoted by'l,,, is the

ntap such that r/n@) = l, Vg e G. lt is not difficult to determine all the charactcls of
(j To see this, let us decompose C as a product of cyclic groups,

G  =  G r ,  . . . x G u

uhcre G is generated by 9,. A character /must carry each gi to a lGil th root of

uniN. and conversely / is completely determined by knowing to which root ol'unity
cach g, is carried. Ilence there are preciscly lG l: lc,l " 

...x lG,,l charactcrs of G.

fn fact the characters form a group isornorphic to G'under the rulc (tlVr\(g):

2  |  q )Ag) .
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Lemma (2.1) 121. Let G be an abelian group and cldc)be the grup of characters of

G with values in.r(.

( i ) F o r Y n e G

\. f lcl if gis an identity element

nkorQ((') 
= 

I o otherwise

(ii) For Yi e ch(G)' 

= rtcl if Q = Qo
L 0G) = 

t'o' otherwise

proof: (i) Let S(gl) denote the sum in question. If g is the identity element then ,S(g)

certainly equals |Q. So let I be a non-idantity element. Choose a character yz such

that y\g) * l. Then

s(g) Z xo'l= Z or>tnl= v(s)t Z o<cl)= v@)s(g\'
Ject(G) )Gdt(G) lech(G)

Hence .{g) = O.

(ii) If Cis the principal character /0, then clearly

Zost= lcl.
g e G

Lnt Q benonprincipal and let S(/) be the sum in question. Choose h e G such thrtl

0@)*  l .  Then

s(/)= Z Oro>=Z O@D= Z O@)0&)= 0&)f I  OOll  = OQ)5(O)
g e c  g . G  g e G  g t G

Hence S(/) = 0. QED'
Another concept that we will use in our proof of the Multiplier theorem is the group-

rng KG which consists of all formal st'ms

Z onn
g e G

with an eK. Addition is defined in the usual manner. Multiplication is defined by

using the disfiibutive law and the group ope, ation of G:

(Zond(ZuD: I  t  (aohn'1sh.
g e c  h e G  g e G  h e c

clearly KG is a ring with identity and is commutative as G is abelian. The characters

of G can easily be extended to be maps from the groupring KG onto K and it is

convenient to do so. If Qis a character of G, simply let
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o(L ass):Z "no@)g . G  g e G

We should also hote that anv subsetl of G can be identified with an element n KG

by setting
!r

A =  L g .
g e A

Under this definitiofi, d @, t, 2)-difference sbt D may be written as

n = Z  d .
d e D

Also ifl, B e G and / is a character of G, then ilAB) = ilA)il,B). For any integer I

and subsetl of G we define:
sr

A t =  L g t .
g . G

Lemma (2.2) lzl.Let D be a(a, k,2)-difference set in an abelian group G. Then

DD-t : (k-X.) e * lG : ne + lG.

where k-),: nand e is the identity element of G.

Proof: Note that

DD-t =Lrn. *Zra-t
xeg  r+g

where x, A e D. Since lDl: k,we have

lxs-': P
x=U

and the definition of difference set yields

Z * a - t : l ( G - e ) '
x+g

Hence

DD-t = ke + ).(G - e): (k-A) e + ).G: ne * ilG.QED.

Lemma (2.3) l2). Let D be a (a, k,2)-difference set in an abelian group G and let /

be a nonprincipal character of G' 

\Torrro-,) = ,.

Proof: We apply / to both sides of DD-t : ne + )'G.\\en

0@) 0 @-t ) = n 0@) + )" { (G) : n

as /(G):0 by lemma (2.1>. QED.

t3l

-" -*
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(ii) Moreover for any A,

n KG,we obtain

Proof. (i) Note ttrat

PARIIIA PRANM IEY

Lemma (2.4) Izt. Let 
! 

be an aberian group of .*pod p d |., r be a fierdcontaining a p th root of unity. Given /, a cnaracter of G rre dcfine e; as fo[ows :
l r -

e( =lEi L Q@-\s
Then (i) If e is the identiry of G, we nu;' "o

2 " r = "
(ec*(G)

. l = \  ens
geG

A= Z ou'tr,
lech(G)

2",
Sech(G)

=,Ao,(id,} o(s-'d)

=#,2t',Z^orn"nt)

l s t=8," 
o 1^l@-')

I=El" lo l

= e

Z o@\=,
)ed(G)

hro

rl

i

I

i
i

Note that for g* e.

by lemma (2.1).

( i i )Let  heG. l \er r th.

isrl&
,/,,a

ffi
.ry
$l
.,w



MI.'LTIPLER,IIIEOREI\{ REVISITED

- l s ' r= h(A L o@a)s)
t v t  g i G

l s
= t.,t L O@-')hs

t _ t  g e c

l s
= 

t.'t L 0@-')0(h-') Q(h)hs
r _ r  g e c

l s -
=40(h) L O@-\$(h-t)hs

t - t  g e G

l s ,=e0@) L 0@-'h-')ns
t v t  g e G

l s t=A oQ) L o(ns\tns
t " t  g e G

l s t
= Q(h)(m L Q(hd.\ns)

r " t  g e G

= Q(h)ee

Aei

=(I asg)eo
g e G

=Z onsro
g e G

= | anf @)e6
g e G

=( I  as |@))et
g e G

= ((A)e6

A

= A e

= A (  Z t r >
( ech(G)

151

Then

Hence
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s
=  L A e o

0 ech(G)

= Z OU)rr.eED.
( ech(G)

3. The Multiplier Theorem

Finally we are ready to prove the Multiplier Theorem by Hall. 
H

d

Theorem 3.1. (Muttiplier Theorem). Let D be an abelian (u, k, ).)-difference set of b

an abelian group G. Suppose that p is a prime such that (p,a): l, p > )", pln = k-7.
Then p is a multiplier of D.

Proof. Let K be a field of characteristic p such that /( contains a primitive pth rool

of unity, where p is the exponent of G. Then ptn = p@\y1 ZoG,which implies 1ll

0@)p = 0(D)e = 0(D@)) foranycharacter (of G. Wenowcompute D@)DgGt).

I l l
D@) Dg?t).

= Z o<orrrDs?t)s,
(ech(G)

= Z O<rr^ra.(DseD)el
( ech(G)

= 2 Oror^r0@)Q@cD)et
I e ch(G)

= z o <r>u, o@) o (d-D) 0 @-t)eo.
lech(G)

If / is nonprincipal, then 0@) 0@?'))= , = 0 by Lemma (2.3) and the fact that p

divides z. Hence
DQ) Dg(t)

= ̂ o(D)rt 0o@\ ho(il )\ ro1n{-t)\en

- l r
= ftp+r ,-,  Z S

lvl s.c

ftP*l s= 1 -  L g
"  geG

I

a

t

?t
" q
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Because lptn) oDgl is the coefficient of e n D@) DgGt) ,we have lDQ,'t nDgl :

$. rurttt". Kk-l): \a -r) implies k2 - n:la.Ifp dMdes k, then pdivides lzr
and since p > 2., p divides a, a contadiction. Hence p does not divide t. Finally
,(f-l) : l(a -l) implies k: a (modp). Thus

ftn+t Ap+l- 
)" 

= 1r : )'(modP)

Hence 1iln)r-tDgl: )"* tp. Asp > 2, the integer thas to be nonnegative which
shows 1p{D ̂Dgl > },". As 2r(r) inlslseels every block Dgin at least 2points, 2(a)
is a block of the development of D. Thusp is a multiplier. eED.
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I t ' o  
<  z  <d r  and  d1+  In  <  z  3  81

i  I  r  p ( q \  _ l $ ( z ) :  B r < z < d ,  a n d  d z +  h < z <  B

I 13_ @r/z) {r+ Cos (2r/L,) (z - dt - hD)t ; d1 < z 3 dr + h
t{R(Z)-(62t2) { l+Cos (2n /I) (z_dz_ h/D;}:d2 < zs dr+ ro

Blood FIow Through Diseased Arterv
DR. SMITADEY A}.ID DR. STIIAPA CHOUDHARY

ADstrrct: Locarized nryy-s in any artery, commonly refened to as a stenosis, is a fiequentresult ofarterial disease. It is caused mainly due to the innavascular atherosJerotic plaques, whichdwelop at the arterial watl and protrude into the lumen of the ;t;1" 'il;h contractions disturbnormal blood flow through artery and there is considerable evidence that hydrodynamic factorssuch as wall shear stress, pressure distribution, separation etc. can ptuy" rigrrin"-t role in thedevelopment and progression of this disease. Hence considerable atteniion has been given to thetheoretical and experimental studies of stenotio region flow unaer ditrereni conditions. [youngj.tlj!.),-cq:.o ar r97l),Desphpande 
-et ar (1927), Nerm (1974), F;tHugo 11966), Roadbard(1970). Rodkiewiez (1924), Stcinman (2000), Cijsen r.l.n irSSSi. 

---r

Many autho.l- 
!uv. 

investigated analytically the flow characterisation ofblood in artery with mild atrd non-critical stenosis.
In the above mentioned studies onry the effect of singre stenosis wasconsidered and the tube has been taken to be of uniform cross-section. However, it

may be noted that many of the blood vessels either converge or diverge srowly along
their lengtls. Albo it is possible to have multiple stenosis ii a series along the length
of the tube.

In view of this, in this paper, the flow through tubes of non-uniform
cross-sectiorl and with multiple stenosis is investigated] solution for very mild
stenosis have been obtained and the effects of hJights of stenosis, number of
stenosis etc. on the resistance to the flow l, and wall shear distribution y have been
srudied.

Analysis

Let us consider the flow of blood through an artery having mild murtipre
stenosis in its lumen. We assume that the artery has trvo stenosis in series along the
length and is such that the first stenosis is in a portion orunirorm cross-section and
the other one in a portion where the tube radius varies axialry i.e. R:R*(z). Thus
assuming that the two stenosis have developed symmetricaily ana are very mild, thegeometry of the tube can be deflred as:
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(5) a= {(-r /4p) 6p/62)} (R2Q\-12)

The volumetric flow rate is defured as :

R(z)

f .

e =  l Z r r  w  d r
0

Which on using eqn. (5) is given by following expression :

(6) dpldz=-SpQlrR(z\

Integrating (6) alongwith the condition

and

We get

i . p =  p t  a t  z : 0

p :  p o  a t  z : B

(7) pt-  po = gpel  n)

Which gives the resistance to the flow l, as,
B

I

2= (pt- p) / e= $p t4 I at n4gy

The shearing stress, rre , on the wall ofthe tube is ,r.rJ Or,

(9) r =l(r-d R/d42 /Q+d R/d42| VQpttrR3(z)l
Let ), and r, be the rpsistance to the flow and the shearing stress at the wall for the
flow of blood in a tube of uniform cross-section of radius & aod with no stenosis.

ll0l

where R(z) is the tube radius at any cross-section, jlo is the consmt radius of the
fnst portion, R*(z) is the tube radius in trre seconi portion, 4 and d, are the
amplitude of the two stenoses and h and L2 are their lengths such tha :
(2) 4 < min (&,R out) < Z,
The basic equation goveming the flow in a tube with mild constriction is,
(3) dpldz: (1t/r\ dldr (7w/dr)

where w is the axial velociw, p is the pressure, p is the coeff. of viscosity.
The boundary conditions are provided by the no-slip condition at the boundary ;f
the tube and by the axial symmetry of the tube i.e.,
(4) A4'l dr:0 at r: 0

w :0  a t r :  R (z )
The axial velocity u on solving eqn. (3) along with theconditions (4) is obtained as

TT
( l (

( l  I

Th

(r2

(13

Ih

-t

rr
t - l

TL

F

Lr
h
o f t
@ 1

t

d
1 3  - r

-qr

- q

ari

B

I

J a'tnoG)
0

(8)
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x n = 8 p  B l r $ ,

tn=4 p QlrRi

B

I= ) . t  h=Ri /B  Idz /n4g1
0

7 = r I r n = {Ro/ R(z)l3yt- an t a42 / (l+ dMdz)z l

uu

Then
(10)

( l  l )

Thus from equations (8) -(10) and (9)-(l l) we have,

(r2)

(13)

Dbcussion

The total resistance to the flow )" ndthe shear stress acting on the wall i

are given by equations (12) and (13). To see explicitly the effects of the various

parameters on the resistance to the flow and the wall shear the following function

has been assumed for the tube radius in the second portion,

R* (z) =lexv-i l12

Where K is the wall exponent parameter.

Numerical calculations have been done using the following values of the

parameters:

K = -0.1, 0.0, +0.1

h= 0 '0+

h= o.oa

dr = 0.0-o.z

6-z= 0'0-0'2

The resistances to the flow and the wall shear stresses are plotted in figures and the

following effects have been observed :

(l) , increases with the heights and the numbers of the stenosis'

(2) 2 is more in a convergent tube compared to its value for a straight tube

whereas-far a divergent tube it decreases.

From the figures it can be seen that the sheer sffess acting on the wall of the

sccond region, 12 increases with the heights of the stenosis. For a convergent tube

12 is more compared to its value for a straight tube. However t2 decrease for a

divergent tube compared to a straight tube.

Same behaviour is observed for the shear stress acting on the wall of the

firS region 11 These observations have been formd to be in conformity with the

crycrinental findings of Talukdar etc. al @ef. l2).

Er= o'4

h = t

qhr
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Recognition and fsomorphism Algorithms
of Shop Graphs

TANKA NAttt Ottlir,tAte*

Abstrect: Sho,p graphs arerhe graphic r€presentations ofclassical shop scheduling problems. We
P*t-i an efficient algorithm to decide wtrether 

I 
gven directed slprt it a shop graph. Thisext€nds a result on the recop.ition atgorithms of iequence g"ph- (;t"li. orientation of the

Haouning graph K,, x K, )' Orientations of the K,, , K, play important roles in practical shop
Foblems' Moreover, we give a short review on the concept of sequence (acyclic shop graph)
isoanrphisms.

Kcy words: shop problems, recognition algorithm, isomorphic sequences.

l.Introduction

Inann xmshopschedul ingproblem,eachjobi with i  e I :  t l ,  . . . ,n)
bas tobeprocessedoneach mach ine  j  w i th  j  e i :  {1 ,  . . . ,m\  exac t lyonce
*ihout preemption for the processing time pii > 0. we urr*" that, ata time, each
machine can process at most one job and each job can be processed on at mosr one
mrhine. LetsIJ:IxJbethesetof alloperations oi7 with i e Inj e,/. The matrix
of processing times is denoted by p: 

fpufn",.wedenote the completion time ol..irb
r qr machines by c and the matrix of completion times by c : 

fcii)n*, so that
c = max.,(cry) holds, where c,7 is the completion time of operation ot.i. A
scbcduling problem is denoted by a triple a lf I r, where a describes the machine
carirooment B gives the job characteristics and ,, represents the objective function
(cf- [ I I ]). The machine order for job i is the order of machines which process job r,
rtcreas the job order on machineT is the order ofjobs processed on machLe;.
T'e bave to find a feasible combination of machine orders and job orders

' 'nc 
rtbo. r*ould like to extend sincere thanks to DAAD, and to prof. Heidemarie Biasel



TANKA NATH DHAMALA
[18 ]

(a sequence) which minimised the makespar C'u* = mini {G}' A schedule give the

corresponding time table.

A computational problem is afunctionfl: Z-+ L where Z isthe set of all

problem instances I and Y is the set of solutions both reasonably encoded as strings

of symbols in predefined alphabet. A problem fl is called decision problem

if y: {ges, rw\.Each optimisation problem has its decision counterpart which is

associated by defrnrng an additional threshold value y for the corresponding

objective function y. io, example, given an additional threshold value y 1br the

objective function I we ask : does there exist a feasible solution x e x such that

y(X)<g?Thesignif icantmeaningsofeachofthespaceandt imecomplexi t iesfrom

the cornputational point of view are systematically analysed in [9]' Inforrnally, a

decision problem is said to be in class P if there is a polynomial time algrtrithrn

so lv i t rg i t .Adec is ionprob le rnbe longs to thec lassNPi fapos i t i veanswerc i t t the

verified in polynomiut ,inl"' One of the rnajor open problems of tttodetn

nralhematics is whether ?: N?. A decision problem in NP is called N?-comliete 7l'

it cirn be solved polynomially only if P: N?'

In Section 2, we summarise the block-matrices model and give some basic notiotrs

u l 'g ,up t ' sapp l icab le in thecons ideredshopschedu l ingprob lems ' ln theb lock-

nra t r i cesmode l ,a l lg raphtheore t ica ls t ruc tu res inshopprob lemsarebas ica | |y

described by means of special latin rectangles. For a detailed description ol'these

structureswereferto[5]andtohttp:/ / fma2.math.uni.magdeburg.de/- l ist t .

Insec t ion3,g ivenaconnectedd igraphwemain lydea l theprob lemofdec idhrg

whether it is a shop graph in a Joi scheduling problem. we give an efficient

recogrrition algorithm riitr, Un.u, time and space complexities' One of the objectivcs

to consider such a problem is to investigate some interesting properties of Hamming

graph in shop scheduling problems'

The problernof"efficiently recogrising whether a given graph is a Hamnthg^ .

graph is often treated in the literature (cf. tli3,14l)' A first non-algorithntic proof

is : up to isomorphism, all finite connected graphs have unique prime factorisation

(ct'. [21]). Recall that none of the algorittrms wtrictr belongs to the class ol gencli'rl

decomposit ionalgori thmsofgraphs*i th," ,p." t totheCartesianproduct is l incrrr .

S*eral algorithms f- r."og;ri"g Hamminggraphs have already been proposed in

the lirerature. rn" ,rrn"i"g"time 
-complexity 

or tn" first algorithm is bourrded 5y

O(lVf ) (cf. t23l). The fastest known approach for recognising whether a given

graphisaHamminggraph,bysolvingprimefactorisationalgorithmswithrespectto

the graph Cartesian ?r"J".,, is preintea in t1]. Given an undirected connectcd

graph G : (V,E)in its'adjacency list data structuri, a (unique) prime factorisation of

G is obtained with t;;;ti" 'h" cunt'iun product n o(lE l- log (l z l)) time (ct ' [ 1 l)'

An alg'rithm *itt l#a. time complexity with respect to the edges of the graph is

I

{

I

I
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presented in tl4l and [13]. Note that the space complexity is also linear in [13] with

"dj""*.y 
list representations. In this way, the considered Hamming graph

recopition problem is solved in linear time. We refer to a couple of algorithms in

ttre cited articles for detailed descriptions and the references therein for maty

striking characterisations of Hamming gaphs and several other classes of graphs

closely relatedto Haraming gaphs.

In section 4, we consider the decision version of a sequence graph

isomorphism,problern arising from shop scheduling problems. The decision version

of the graph isomgfphism problem is to decide whether given two graphs Gt and Cn

"re 
iso-morphic. ilri Graph automorphism problem is : given a graph G, decide

whether its automorphism gfoup contains non-trivial automorphism.

Much effort has been made to furd efficient algorithms for the graph

isomorphism problem but no polynomial algorithm for this problem has becrn

develoied und it it unknoWn if such an algorithm can exist' The graph isomorphisrn

problem belongs to the class NP but it is still unknown whether it belongs to the

lUss p o,. ,rpro.plete. However, for certain special subclasses of graphs, the

isomorphism problem is efficiently solvable. For example, planar graphs solved by

J. E. HbpCRbFT and J.W. WONG n t974, undirected graphs generated front latin

squares solved by G,L. MILLER in 1978, graphs of bounded valence (cf. [17])'

cyclic tournurn.nts (cf. t19l) and graphs of bounded average genus (cf' [6])'

Because all undirdcted ldges can be replaced by two anti-parallel arcs' the

isomorphism problqm for undirected graphs is polynomial time reducible to a

conesponding-isomdrphism problem for the directed graphs. on the other hand, the

airectia grupt irororphism problem is polynomial time reducible to the problem of

undirectJrl graph isomorphism (cf. [1S]); ttre problem of directed graph isomorphism

and undirected graph isomorphism are po$nomially equivalent' .
some coniluding remarks are contained in the ftnal section of the paper

2. Basic ConcePts

Given a combination of machine orders and job orders in a shop problern of

n jobs and ''? machines, we define the following pair of acyclic digraphs with vertex

sct.s/I
. Machine order graph Guo =(SIJ,Euo), where the

precedence constraints of all machine orders'

c Job order graph Go=(SIJ,Eo), *vhere the set

precedence constraints of all job orders'

set of arcs contains the

of arcs contains the

Thc gnphs Qys md'Gn consist of n and m acyclic components, respectively' We

,.pru, by Mo=lmoill md Jo=lioifl the n x m rank maffices of given graphs

Gro and Gn, calledmachine order matrix and job order matrix, respectively' the

ral of a vertex in an acyclic directed gaph is the number of vertices on a longest
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path from a source to the vertex itself. lvloreover, joil is the position of job i in the
job order on machineT and mal is the position of machine j in the machine ordcr ftrr
job i. The collections of all job order matrices and machine order matrices are.
respectively, denoted by JOand, MO.

o For given MO and JO, and the set 5L/ of operations we define a digraph
Guo,to =(SIJ,EuoJo), where the arc set Euo.to = Euov En reflects all

machine orders and all ordbrs.

E  R R
t 6  6 t  6 l
i l  |  l )
\t )1 ){
a r w a l

Figure l: The Transitive Graphs Guo,GLo and Guo_Lo

Note that , the graph Guo,to is connected and it may or may not be acyclic. We use

[G] for the underlying undirected graph of a digraph G.

Defurition l. For any pair (MO,JO), the graph Guo.Lo is called a transitive shop
graph. If the graph is acyclic (cyclic) we call it a transitive sequence graph (non-

sequence graph).

If we consider only direct precedence constraints in the foregoing graphs,

tlre attribute "transitive" is dropped. The pair (MO, JO) is a sequence (non-

sequence) if the shop graph is acyclic (cyclic), respectively. Here, transitivc shop
graphs and shop graphs are denoted by the same notations for the easiness. The
graphs in Figure I illustrate the transitive graphs of machine orders, job orders and
non-sequence graph with m: n: 3.

For each sequence graph Guo.to we can describe the sequence (MO,JO)

by a rank matrix, too. The corresponding matrix A : ["u] contains the rank of the

vertex oU for each operation ou in the sequence graph Guo,Lo. Note that the rank

matrix A is a5pecial latin rectangle with sequence property '. for each integer ln1 > |

there exists the integer ln1-l n row i or in column T or in both. Recall that a lal in

rectangle LR[n,m,qf:  [ / ry]  is amatr ixof s ize nx mwith i ts entr ies l i1 e {1,2,. . . ,

4) such that each integer of the symbol set occurs at most once in each row and at

most once in each column of ZR (cf. [7]). If n : m : q holds, then the matrix is a

latin square of order n and is denoted by LS fnl.

of @;-b
^ r / ^ \
VffiH2)

oft>@

:

I

!

I

I

I

(

\

3

L'
a

V



RECOGMTION AND ISOMORPHISM ALGORITHMS OF SHOP '".. [2r]

On the other hand, given any latin rectangle LR fn' m, 4f 
= [/4], we can

define a sequence graph by means of its entries lni as a level of the vertex o,7.

Therefore, in pa(icular, ffiy latin rectangle satisfuing the sequence property

obviously produces an acyclic digraph for a shop scheduling problem with n jobs

and m machines. Therefore, there exists a one-to-one correspondence between the

set of all latin rectahgl'es with sequence property and the set of all sequence graphs

ior the open shop scheduling problem (cf.[5]).

The sets of all sequences and sequence graphs of format n x m in

machine environment o are denoted by LR(a ; n, m) and by 9o@; n, nt).

respectively. If the contpxt is clear from the considerations, then we

nray denote these sets simply by LR and Q o, respectively .lf m : n: q, then the

set of all latin squares LSInJ concentrated in machine environment a is denoted by

LS(d; n). Clearly, all latin squares satisff the sequence property. Each element of

LA.a; n, m) is also called sequence. A sequence contains all information about

machine orders and job orders of the corresponding sequence graph. The terms like

source, sink, operation, path, etc., are interchangeable in the sequence graph and the

sequence accordingly. By the one-to-one correspondence, we see that the

determination of the cardinality of Qo(a ) n, m), which in general is an unsolved

counting problem, can also be described as the problem of determination

.rf cardinality LR (s. ; n, m) in the open shop scheduling problem, but the lafler

problem is also quite hard. One possibility to handle the former problem is the

;hromatic polynomial of the Hamming graph Knx K,, however, the calculation is

i iard (see [12]) .
Note that an infinite set of schedules can be assigned to each sequencc' On

:he other hand, each schedule contains all information about its unique sequence'

\lore formally, we can define an equivalence relation R on the set of all schedules

J S :

SrRszebothschedulesSland52baseonthesamesequenceZR.

It is clear that each equivalence class contains an infinite number of

.;hedules but the number of classes is finite; a trivial upper bound is (n!)'(rn!)'; we

:.,ter to [8, 12] for some improvements. In order to find a set of distincl

:epresentaiives, we may use the semiactive schedules under unit processing times,

: e . all sequences. A schedule is called semiactive if each operation oii e sIJ is

:iarted as early as possible with respect to the given machine orders and job orders'

lltr\\,€\,€r, to every sequence of a shop scheduling problem, we can associate a

-rique semiactive schedule c = (A,P) in linear tlme o(nm) (cf. [5]). The same time

:omplexity holds for the calculation of the weights of a longest path through the

rerarion oil for each operation oy € SIJ (cf. [5]). Given a sequence of certain
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format, determining the associated semiactive schedule is a polynomially solvable

problem. Therefore, the main difficulty on the complexity of shop scheduling

problems lies also to the construction of appropriate sequences.

The transitive sequence graph is an acyclic oriented digraph of the disjunctive

graph (see l22l), where all vertices oa e SIJ have unit processing time weights.

Disjunctive graphs are widely used to represent certain schedules for general

shop scheduling problems. On the other hand, if we assign in a graph

9r*(SIJ,Euo.to) a vertex cost pU to each oii e SIJ, we canconsiderdifferent

objective functions on the set Q o(a ; n, m) of sequences graphs and hence on the

set y'R(a; n,n) of sequences, too. In particular,if PU = I for all i and j, then we

have the equation C : y'R ln, m, rl. Moreover, C-r" = max {c1ilo;1 e SIJ} is given by

the weight of a critical path (the length of a longest path from a source to a vertcx

itself) in G 7p in the case of operations set 5L,I: 1 x .I. Then the problem in this case

is to detennine a sequence with minimal cardinality of the insertion set, for instancc.

The graph [G4 ]conesponds to the linegraph of bipartite graph G : (l v J, D

with edge (i, j) e E if and only if job i with i e {1,2,... , n} is processed machine 7

with j  e {1,2,. . .  ,m\.  For example, the underly ing graph [G4] for AV:21y is

isornorphic to the 4-cycle Za.The linegraph L(G): (Vt, E t)of a gaph G= (V, E) is

a graph with V2 = E and {ob, ry) e E 7 if and only if {a,b\ and {x,y}belonging to

the edge set E are adjacent in the graph G. A graph G: (V, ̂ E") is a bipartite if there

exist disjoint subsets U and W of V with V: U w I/ such that {u, w}e E irnplies

either (z e(J n w ell) or (weU n u e ,I/). The graph [Gfp] of the transitive closure

Gt[o of a sequence graph G6 is known as a comparability gaph. The transitive

closure of a digraph G:( V,E) is the digraph denoted by Gn = (Z,E//) such

that for each are (n de Et' there is a path w6 = (t)s,u1,'..,ut) in acyclic digraph

G: (V, E) with x= uo and U: u*. An undirected graph G: (Y,E is a comparability

graph (cf. t10l) ifthere exists an acyclic orientation E* ofedge set E such that the

corresponding digraph G* : (V, E*) is transitive closure.

Two graphs G1 =(V1,Et) (i:1,2) are said to be isomorphic denoted by

Gt =v Gz, if there exists a bijection y: V' + I/2 such that for alla,w e ( we have

{u, wleh if and only if {y\a\,y (w\\eEz; the bijection ry is called graph

isomorphism. .A, permutation on the set of vertices of a graph is called an

automorphism of a graph G : (V, E) if it is adjacency preserving.

The Cartesian product G := Gr x G2 of trvo simple finite graphs Gr and Gz

is the graph with vertex set V := Vr xVz and edge {ux, aAl e Et x Ez:: E whenever

{u,a \eEr and x: a, or {x, a\ eEz andu: u. It is easy to see that the graph

Cartesian product is commutative and associative and has the one-vertex simple

graph & asaunitsuchthat KxG:G:Gx K fgrany graphG. Becauseof the

Irl!.:
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associativity prope4y, one may wdte G : Gr x Gz x . . . x G, for a product G of

gfaphs and the vertex set of such a product the set of all r-tuples quz. . . a" where

ti is the vertex in the /c-th component. Moreover, the Cartesian product ol'two

gaphs is connected if and only if both factors are connected. A graph G is called

prime if G: Gt x@ implies G -- K or G2 = Kr. A set {G,G2,...,G,}of r-graphs

is called aprime factorisation of G if G = GrxG2 x.. . x G, and Gr ;t Kr for all

k= 1,2,., ̂ . r, where G is,a prime graph.

A Hamming graph I(G) is the Cartesian product of complete graphs, and

the Hamming distance, which is the shortest path distance in graph /{G), between

wo r-tuples u= n1u2, . , tr, and u =v11t2. . . o" is the number of positions in which

the entries in n and u differ. More formally, Hamming distance is defined as the

following discrete metric function:

for all z, u e H(G), d a(uP\ := l\k : tu + ulll,

so that the llamming gaph /{G) is a discrete metric space. In terms of

Hamming distance one may characterise two adjacent vertices n: trtu2. . . tt7 and

o: u()2...a, h H(G) it and only if dn(u,u)= 1. For example, the Clartesian

product of r copies of the complete graph Kz is a special Hamming graph, called

hypercube Q,(r-cube for short) or binary Hamming graph. This class of graplu

is a well known object in the field of gaph theory as well as computer science.

The definition of Hamming labelling can be described as follows. For all

t: L,2, . . . , r,let ttr 2 2 be given integers. Furthermore, we consider the vertices of

a r-dimensional Hamming gaph as aU f[=, t* such r-tuples u t: u1u2. . . u, with

I S rr < t* for all k= L,2,. . .,r,where two vertices are adjacent if and only if they

differ in exactly ong place. Then, this type of labelling of the vertices of Hamming

graph is called a Hamming labelling. Note that the product graph 
r

H(G) = K,, x Kt,x... x Kr, is an (7,tr -r)-regular graph on fl/* vertices, and
k=l

r

bcace it has * fl r, (}Lq tr - r) edges. Moreover, the neighbourhood of a vertex u
- k = l -

in 6is graph H(G) induces a disjoint union of complete graphs.- 
1'et G = (l/, E) be a connected digraph. A topological sorting of the vertices

of Zis a mapping o i I/ + ll, 2, . . .,114\ such that o(v) < o(ur) for all (u, w\ e E'

For example, o(v) = I for all sources u e v. It is well known that a digraph G is

*yclic if and only if there exists a topological sorting of G. The Topological Sorting

nfgoritn is implemented in O(lfl + 14) time (cf. [15, 16]) using an appropriate data

structufe.
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3. The Recognition Algorithm

In this section we present an efficient algorithm for the following decision
problem:

Given : A connected digraph G: (l/, E).

Question : Is G a transitive shop graph ?

Moreover, if the answer of this question is "yes", the algorithnr yields the
matrices MO and JO for the (transitive) shop graph G tu1o.1o.

we use two well-known algorithms, namely, the Hamming (iraPh
Algorithm (c1. F3 l4l) and the Topological sorting Algorithm (cf. [l5.t6l), 1or
solving this problem. Here for our purpose, the prescribed labelling algorithm is
applicable to the Cartesian product Kn x K* of two complete graphs starting frorn
the label 011 forthe first chosen vertex (cf. [2,8]).

A clique in a graph is its subgraph which is isomorphic to a complete
graph and a toumament is an oriented complete graph. we call E/' a tralsitiye
tournament if for all vertices (n0 e Et' and (a, z) eE" implies (nz) e f 

,, 
. Clcarly.

a tournament is transitive if and only if it is acyclic. Each 2-dimensional Ilanrnrbrg
graph Kn x K,, which is of order nm, contains m disjoint subgraphs isomorphic to
K. (so-called n-cliques), and n disjoint subgraphs isomorphic to K^ (so-called
rn-cliques). on the other hand, a transitive shop graph contains m disjoint subgraphs
isomorphic to transitive toumaments of order n (so-called column toumaments) and
n disjoint subgraphs isornorphic to transitive tournaments of order lll (so-called row
tournaments).

Now, we are able to formulate the following algorithm and veri$ its validity.

Algorithm 1. Transitive Shop Graph Recognition

lnput : Connected digraph G: (V, D.

Output : MO and JO, if G is a transitive shop graph.

Step 1. Call the Hamming Graph Algorithmfor the graph lcl of: (V, E).

UICI is not a Hamming Graph, then goto Step 5;
else output of the Hamming graph Algorithm:

n,m,for all u e V : label (u): ou with | < i < ry | <j < m ;

Step 2. Identify each vertex u with the associated label (u): ou ;

the cliques Ki and K'1 are the complete subgraplis of G: (V, E) induced by

the vertex sets l) {oi1\, i = 1,2,
j=l

respectively;

,n ,  and f - ,1 {o , t } ,  j=  1 ,2 , . . . ,  m,
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S t e p  3 .  F o r a l l  i e  { 1 , 2 , . . . , n } d o
begin

Call the Topological SortingAlgorithmfor the clique Kt ;

f Ki contains a cycle then goto Step 5;

else output of this algorithm : rk(oy)for all os e tr6{);

insert the values rk(oi1) into row i of matrix MO;

endj

Step 4. For all,/ € {1, 2, . . . , m} do
begin

Call the Topological Sorting Algorithmfor the clique Kj ;

if Kj contains a cycle then goto Step 5;

else output of this algorithm : rk(o) for all o,7 e V(Kj);

insert the values rk(oii)into column j of matrix JO;

end;

Output r G is a transitive shop graph; MO,JO ; stop.

Step 5. G is not a transitive shop graph; stop

Because a tournament is transitive if and only if it is acyclic, it provides a linear time
complexity for recognising transitive (equivalently, acyclic) toumaments (cf. Il0l).
The matter is first to calculate the in-degree (or, out-degtee) of each vertex, and thern
to veriff that there are no repetitions among the in-degrees (or, out-degrecs). tt is
well known (cf. [20]) that each tournament contains an oriented Hamiltonian path.
Moreover, such an acyclic (equivalently, transitive) toumament contains exactly one
Hamiltonian path. Afterwards, each tournament which is a subgraph of a transitive
shop graph is spanned by a unique path.

Theorem L Let G = (V, E\ be a connected digraph. Then the problem rf deciding
whether G is a transitive shop graph is solvable in O (max {mn2 ,m2n}) tinrc.

Proof: Given a connected undirected graph G : (V, E), the problem of deciding
ufiether [G] is a Hamming graph is solvable by the Labelling Algorithm and the
ttamming Graph Algorithm in O@l) time complexity (cf. [3, 14]). Here, given the
connected digraph G : (Y, ^E") we consider the underlying undirected graph [G].
Afterwards, we call the Hamming Graph Algorithm [3, 14] and decide if it is a
Hamming graph ofthis kind.

Total time complexity for the Steps 3 and 4 is approximately the same as
6at of Topological Sorting Algorithm, namely, O(lV1+lEl) and this bound can be
rcduced to QlEl) in this case, because 14 < lEl in our shop model. Because each

rcyclic orientation of a complete graph contains exactly one Hamiltonian path (cf.

lzsl
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[20]), by calling the Topological Sorting Algorithm [16] for all cliques in the

Flalnrning graph we determine the ranks of vertices which reflecl the precetlcncr

constraints. Thus, since the Steps 2 to 4 do not need more time than Step I in the

algorithm, the overall time complexity of the algorithm is not worse lhalt the

complexity of the Hamming Graph Algorithm.

Moreover, since the total number of edges in a F.amming graph associatcd

to any classical shop scheduling problems of our interest in n(i) + m(5). the tinre

conrplexity reaches O (max {mn2 ,nr2 n\) ' I

Clearly, the presented recognition algorithm is linear in time with respect to

the arcs ofthe input digraPh.

A transitive sequence graph is an acrclic orientation of the llanrmiltg

graph Knx K, (cf.13,l2]). Therefore, if ue consider the transitive sequence graph,

then the number of arcs of such a digraph Gr,, , - ; , ,  is n( ! \+nt( i ) ,  and i t  is

reduced to n (m-l) + m (n-l) in the case of a sequence graph without transitive

arcs. Therefore,

Theorem 2 For a given digraph G : (I'. E). the prohlen of deciding if it is a

transitive sequence graph is solt'able irl O(mar ',ntrt:.ttt:tt\y) time. Moreover, the

conrputational complexitl' of tlrc sequence ac'cordirr! ttt rt given n x ttt lt'tttt,tilive

sequence graph is O (max {nm: . nr: nl) .

prool': The prescribed algorithms in the cited ret'erences [3. 12] are the llanrnrilrg

Labelling Algorithm and the Hamming Graph Algorithnr Il'l]. and the 
'fopological

Sorting Algorithm [16]. The focus point of the proof of stated statement is to

consider the problem into two different algorithmic parts. In the first part, one

considers the former two algorithms in order to check and label the vertices il- it is a

Hamming graph. The final part is to calculate the rank if it is acyclic whiclt ctnr be

pe.formed byiopological sorting. Precisely, the rank of the vertex labeling o1, in the

sequence graph is associated with the value of the element o, in the sequence' ln

this sorting algorithm, we have to mark all sources instead of a single source at a

time and delete the marked sources and the adjacency arcs' The time complexity is

clear because of the number of arcs in this specific sequence graph' Moreover, flre

space complexities remain O(max {mnz,mzn\) by using the advantages of the

algorithms in [13], where the adjacency lists data structures are implemented' I

However, note that the complexity o(mn) is correct in the case of givcn

r? x ,r, sequence graphs without any transitive arcs. Furthermore, it is also clc:lr lhal

if tlre number of jobs is completely dominated by the number of machines (n<"'ntl,

tlren the computational time complexities o (max {mn2 ,mznl) and o(mn) reducc to

O(m2) and O(m), respectively.
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4. Isomorphbm of Sequences

In lhis section we rwiew an efficient algorithm (cf. [3, 12, 8]) for the

deision proble'm :

Given : Two sequences of the same format.

Question : Does there exists a sequence isomorphisrn ?

Moreover, if the answer of this question is "yes" the algorithm yields ap

isomorphism' We denote by Er,nr,cD, dtrd V, respectively' a row perlnutalion

rr G Sn,acolumnpermutation Ec G Sn, atransposition Oe 22, and y e 27, ol'a

matrix, where Sr is the usual symmetric gfoup on {1,2, . . . , tl and Zz is the cyclic

group of order two. The transposition of a matrix means reflecting in the rnain lelt-

to+ight diagonal. Note that (D maps sequence I to the transposed sequence A7" For

matrix reveision of sequence A, we have to replace each arc (oi1 ,otr) e E no.Lo by

an oppositely oriented arc (op1,oi1) in the sequence graph 6n=(SIJ,Euo.Lo)' ln

order to classiff the main structural differences and to get deeper study of equivalertt

sequence propirties between shop scheduling problems, the following definition is

more useful (see [4]).

Definition 2 Two sequences A and B are called structure isomorphic, graph

isonorphic or permutation isomorphic, denoted by A =, B, A =s B, or A =p B, tf

there exists a mapping such that (n,,x",(D,Y)A = B' (n"n"'lD\A: B or (n''t'')A

: B, respectively.

For the sake of simplicity, we simply say that two sequences A and B are

isomorphic if they are isomorphic under any one of the above isotllorphism

relatio.rs. The notion A =. B is used to represent such an arbitrary isomorphisln,

Note that the collection of all isomorphisms of the same type under the same fomrats

forms a goup. Therefore, there are three groups, namely, S, x S', & x S' x 22 and

& x S, x Zz x Zz according to each isomorphism type mentioned above. The order

of the group of pennutation isomorphisms is always nlm!,wheteas, for m * n,this

numbei is nlml, and 2nlml if we consider the gtoup of graph isomorphisms' and

gtoup of struch[e isomorphisms, respectively. Furthennore' if m = n, then the latter

two numbers are exactly doubled, because transposition of a sequence is also

applicable in this case.

Clearly, each of the relationsA=, B, or A=, B and A=p B dehned

aboVe yields an equivalence relation on the set LR decomposing the set of

all sequences into disjoint isomorphism classes. we denote by ?r, Qr and sI,

respectively, the collections of all permutation isomorphism classes,

8Juph irororphism classes and structure isomorphism classes. obviously,

lnf l r- lg.rl > fS-rl,sincetherelations Az, B+ A7, B+ A =' B hold' The
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sequences of an isomorphism class in ?I are equivalent with respect to an arbitrary
reindexing of the machines and of the jobs. Also, the sequences of an isomorphism
class in Er are equivalent with respect to an arbitrary renumbering of the completely
interchangeable machine set and job set. Finally, any two sequences belonging to the
sanre isomorphism class in Sr are equivalent in the sense that the orientations ol'
each operations are also allowed in addition to an arbitrary reindexing of the
completely interchangeable machine set and job set.

If an isomorphism =. applied to the sequence A results to the same sequence
A, it is called a sequence automorphism. Naturally, there corresponds to three types
of sequence automorphisms, namely, permutation automorphism, graph
automorphism and structure automorphism. The collection of all automorphisms in
each class forms a subgroup of the group of isomorphisms with respect lo thcir
cor respond ing  c lasses .  B .ecause,  ( (2 ,1 ,3 ) , (2 ,1 ,3 ) ,  O) . {  = .1  ho lds  i f  we have the

1 2  3  r l
sequence A :l | 2 3 l, the mapping ((2, l, 3), (2. l, 3), O) is a gruph

\ 3  ' . t  2 )

automorphism.

Definition 3 A sequence A: faiiln", is called in normal form if cr r = l, o,1 11ct11
( 2 <  j < l  <  m ) a n d a t < a y ( 2 <  i  < k <  n ) .

Two sequences I and B are graph isomorphic if and only if their associatcd
(transitive) sequence graphs G4 and Ga are isomorphic in rerms of graph theory. ln

[3] a polynomial time Sequence Isomorphism Algorithm (Sla) is presented in order
to decide whether two sequences are graph isomorphic. The main idea of this
algorithm is to put one of the given sequences in normal form and to make
appropriate permutations ofthe other so as to put it as the first. If there is no success,
one concludes that the given sequences are not graph isomorphic. In this way, for
given n x m sequences A and B, the permutation isomorphism of zl and r9 is
decidable in O(max {mn2,m2nl) time. With the same time complexity. the graph

isotnorphism of two sequences A and B as well as the sequence graph isonrorphisrn
belrvecn the transitive sequence graphs Gt and Gn are decidable.

The validify of the following theorem follows from the summarised S/'l (cf.

[8]). The summarised S1l is a compact form of the SIA in [3] and the concept o1'
structure isomorphism of sequences in [4]. Moreover, the time and spaoe
conrplexities of compact SIA remain similar to that of SU. Therefore,

Theorem 3 Let A and B be n x m sequences. Then the isomorphism of A and B is
decidable in O (mn{mn2,m2n}) time. I

Algorithm 2 The Sequence Isomorphism (,SZ)

I lpr

St.p

Sir"

Outpr

Table I
differen

tour per
; lass of
;lasses

rcprBs€n

of scquc
rpplf ing
:rom cor
lgull fo

r?res€Tlt

;frsscs p

iegt.Enc€

r ices or
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Irprt:Twoarbitraryn xrn sequencesA: [a;7] and B:[bul.

Srep I z Fbd l,n,^ , E"tl such that f./tr^ ,tt"nl A: A, , where sequence A, is normal;

Stcp 2 : For all entries oi; with h1 : I in B do:

l. Find [z," ,tr""J such that fno,8""f B:Bn , where ilt = h and B, is

normal;

2. lf B' : An , tetumthe isomorphism (nrn nr| ,E"n n;)), stop;

3. For m : n, tf Bn' = An , refrirn the isomorphism (n rn 7t ot , tt "n 
E;1, ,O) ,

stop;

4. If Bn : A!1, return the isomorphism (n,^ Tot ,tt"n n;),Yy, stop :

5. For m=n, if B'7 = A!1 , return the isomorphism (nr, Elot ,ft,., rr,.,1 .,D,Yr),

srop;

Output z An isomorphism (n r,n",O,$ if it exists.

Table l: Class Distribution of 2 x 2 Sequences

Table I Illustrates rowwise distribution of all sequences for 02 | n = 2 | y into
different sequence isomorphism classes. Namely, four different rows represent lhe
four permutation isomorphic classes whereas the last two rows together give: one
class of graph isomorphism as well as structure isomorphism; here, four pennutation

classes and three grapl/structure isomorphism classes. Clearly, the class
rgpresentatives form a system bf distinct representatives for the isomorphism classes

of sequences. The number of nonisomorphic sequences can be calculated by
applying Algorithm 2 on the set of all sequences, but this procedure is not sufficienl
from computational point of view. We refer to [4, 12] for its implementatior; with

small formats. However, a set of sequences generated only on the class

representatives (for example, the lexicographically minimal) of their equivalence

classes plays an important role for further investigation . In [4, 12] , properties of

sequence isomorphisms are applied to investigate a set of sequences which contains
at least one optimal solution independent of process'ing times.

$ ' ) ftil
(t ?) G l  3 t )  G ? )
(i ?) (31)  ( ; i )  f t t )

i)( ; i )  f ,?) f t ! )('
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5. Concluding Remarks

In this paper, we have considered recogrition algorithms for special class ol'

graphs. so-called transitive shop graphs arising from shop scheduling problenrs.

investigations of such efficient algorithms allow us to study interesting properties o1'

the 2-dimensional Hamming graph K, x K,, in shop problems. Namely, bolh cyclic

as well as acyclic orientations of Kn x K, provide useful hints for firrther structu'al

analysis of shop problems. A Study of isomorphic properties of sequences not only

prouid., a decomposition of sequences but also gives some useful hints for l'urther

structural analysis of sequences from algebraic point of view. On the other hand' a

study of isomorphic properties of cyclic orientations of Kn x K, could be one ol'tlte

inteiesting subjicts from theoretical point of views. Results included in this field ale

again ofboth theoretical and practical interests'
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Cox's Regression Model for the Growth

of a Tumour Followed by Death

from that Tumour

GURPRIT GROVER AND NEETA MAKHIJA

Abstract: In this paper we introduce Cox's Regression Model to study the growth process ol a

tumour and death from that tumour. The hazard rate is taken to be a function of the explanatory

variables and unknown regression coeffrcients multiplied by an arbitrary and unknown functiorr of

time. Formulas for the density function, the distribution fi.rnction and the expectation oi lifetime

are outlined. An equivalent reformulation of the model is also given in terms of the intensities of

counting processes. Estimation procedures in the model are discussed and large sample properties

of the estimators are outlined.

l.Introduction

A tumour is a swelling of any kind in any par of the body. Tumours occur

when the cells of a tissue or organ multiply in an uncontrolled fashion unrelated to

the biological requirements of the body and not to meet the needs of repair or of

normal replacement. The growth of tumour in man is supposed to depend upon an

interplay between factors in the environment and the genetic component of body

cells. When an individual is exposed to one or more environmental factors (or

carcinogenic agents ) such as different occupations, lifestyles, exposure to injurious

chemical agents, drugs, ultraviolet light, certain tumour inducing viruses etc., the

body's metabolic and other biological reactions render most of the absorbed

molecules inactive and are excreted from the body system, but a few metabolites

remain and become carcinogenic which are responsible for the growth of tumour in

man. The potential carcinogenic metabolites bind with DNA in cells to cause

mutation of DNA and result in tumour. The formation of tumour is a manifestation

of this continuous biological process that deperlds on the amount of toxic mhterial

retained in the body.

The appearance of tumour cannot always be detected, either because the

tumour has not yet reached the detectable size, or because it is hidden in the body.

The retained amount of toxic material in the body becomes carcinogenic only after a
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specified period of time which .", u. months or years. The shortest period of time
is knou,n as the Late,lrt Period. Suppose this period is denoteil by [0, rs], where ro is
the length of this time.

For every t) to, the amount of toxic material absorbed during the interval

[0, t - t0], will be carcinogenic at time I and the amount absorbed during the interval

It - to,tl will be poteutially carcinoge,nic.

The growttr process of tumour can be explained by using cox's Regression
Model. cox'x Regression model, based on the method of 'Partial Likelihood', for
analysing censored survival data allowing for covariates, is beautifully adapted to
the kind of data obtained in clinical cancer trials. By incorporating time-varying
random covariates, it becomes a higbly flexible tool for model building. The hazard
rate xt any point of time does not depend on time only but also on a host of
explanatory variables or covaridtes, some of which may not be expressed in
quantitative form.

2. Dwelopment of tlie Model

Suppose \,i = 1,2,.. ., n, are independent continuously distributed positive
random variables representing the times of death of r individuals suffering from
tumour, each of whom is observed for a fxed time interval [0,c1] for certain
censoring times c,, i = 1,2, .. . , n. Suppose that individual i has hazard rate.

&(t )  =  
m* , [T  =,  +  d t  l \  >  t l

I
t

w

L

(2.r)

which can be written as

Q.2)
where

4Q)= hQ)ee'z$t

4Q)= hazand rate for the itr individual at time t rryhic.h is a function of overall

hazardrate )nQ),a function of time r only irrespective of other covariates,

and hazard tate eQ'qU) with respect to p factors having conesponding
time independent intensities (B1 ,92,... ,9;with which the ift individual

will be affected at time t.B' is the transpose of the column vector f of p

unknown coefficieng and z, is a column vector of p time-dependent

covadates.
Let

R ( l ) =  { i , 4 > t , c i > t \

denote the risk set at time t, i.e., the set of individuals i under observation at time l.
Given R(t) and that at time I one individual in RO is observed to die, the probability

n

(3

TT

(3 .

(3-

TL
6c

(3.1
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rhat it is individual i or the probability of death of the is individual at time t when

his censoring time is c, can be calculated as:

h(De! 'zvt

Z h@"P'"'
,€R(r)

Thus, the tikelihood function is,given by

L(B\= f l  ;  
exPl0 'z ' ( t ) l

r'<c' i=t 

"*'<'l"*P 

Io'z'(t)l

This likelih.ood function, according to Cox (1975) was an example of Partial

Likelihood

3. Distribution of Time to Death

Since d is a random variable representing the lifetime of the ith individual,

who is observed for a fixed time interval [0, c, ], therefore, for every t, 0 3 t 3 c, , the

hazndrate attime / is given by (2.2) , i.e.,

) . , ( t1= h(t)e9'z '( t t

The cumulative hazard function is given by

f f

I  n , @ ) *  =  J  & ( x )  g F 4 Q ) 6 t ; 0 3  t 3 c ; ,
0 0

The survival function is given bY

[35]

(3.2)

(3.3)

(3.5)

The conesponding distribution function and the density function of the lifetime T, of

the ith individual can be obtained from the following expressions:

S (t) : P (of survival of iff individual atleast time l)

(  t  . l- . * p l -  J  4@)dx l ;  o3 t sc ,

t I \

I ' l
: )  s ( r ) :  l -  J  a t r l  s \ ' 2 , ( x )  e l  ;  o< t1c i

L o  )

F@: 1- s(t)

( ' f  . . . , - . . 1
+ F( l ) :  I  - . *p  

t -  I  h t  >sfz i?)  eJ ;  O<t3c,
0



[36]

The expectation of lifetime of ith individual, \ for \ s c,, canbe obtained by usill19
the following expression

(3.6)

4. Formulation of cox-Regression Moder Based on counting process Theory

. cox's Regression Model can be reformulated as a model for the random
intensity of a multivariate counting process. The original hazard, rate definition of
cox's model can be interpreted as speciffing the stochastic intensity of multivariate
vv^ r urvsvr v4u us'rrcfprcl9s as speclrymgthe stochastic intensity of multivari
gounting process (counting occurences of the event ..death" 

io. .J ui'
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d t  |  
' f  

\ r
f ( t ) :  - i \ , " *o( -J  

a f ' l  s fz t )  * ) l  r  0<t<c,

length dt arumdtime rl {.}

I
Ar( t )=  

Ma P{N, ( t+d t ) -  N , (d t )=  l l4 }

and

(3.4)

EtT l1s cil = ( 
!, 

turo,)[rr",t]-,

individuals under observation).
of the

The observation of the ith individual may be considered as the observati
ofa counting process.

/ y , = { / V , ( r ) ; / > 0 }

where -l/r counts I if death is observed in the i6 individual, otherwise zero. i.e..

( 4 . 1 )  
( l '  i f T < t , T i S c i

" t= lo ,  o therw ise

The counting process //, has a random intensity process.

A , = { A ; ( / ) ; t > 0 }
defined by

Ltt)dt, = p {death is observed in the ift individual in a time interval of

(4.2)

where
,{ denotes the past upto the beginning of the small interval dt, i.e., everything that
has happened until just before time r.

Now, given what has happened before the time interval dt, if the fr
individual dies at the observed time f < l and T 3 c,, or if the lth individual was
censored at time c, < / then

P(of death of the is individual in the interv al dt1: g

frio

',4l r,

I

!

P

u

h

tr

o{

rc
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But if the rrt inaMdual is still alive and uncensored, \ e dt or 4 > t, then by (2.1)

Define

(4.3)

(4.4)

(4.6)

From (2.2) and(4.2) we get

L,(t)-& = nQ) hft)at
: r  L,( t)dt  =E(t)  fu(t)sf  

'a(t)  
f , t

Given the past upto (but not including) time t, \(t) & A'(t) are fxed or non

random. Thus X and A, are predictable.

Now, ly'i is a simple multivariate counting process, each component of

which jumps utmost once, with intensity process A ;, satisffing

(4.5)

where

Lt(t)dt  =&(t)  fuQ\eq'z{t)  dt

The fixed covariate zi(t) is replaced by a random covariate Zi(t). Nt, fr

and Zi are processes that can be observed and I and Zi are predictible since f (t)

and Zi(t) are fixed given what has happened before time l. Thus, the Cox's Model

is reformulated bv

P(of death of the ift individual in the interval dt1 : |Q)dt

f 1 , if individual i is under observation just before time /
Y(t) = 

lo, ,,t..r"ir"

( 
, exp (p'2,(t)) l*""L(F)=i l | I l+,

"o 
'=' 

,Itr(r)exp {B'zi@) )

ZY,Q)exp {B[z',(t\
j=t 

'

where dNt(t) is the increment of y'fi over a small interval dt around the time t and

the product over t is a product over disjoint intervals. So (4.6) reduces to a finite
product over all i and t for which //r jumps at time /, i.e.n death is observed in the ith

individual at time t(dNt?)=1); elsewhere dNi(t):0. Now, (4.6) is the original

likelihood function fot Bo which is the true value B. fet p be the value of B

maximising L(p). Define L(B,u) as the likelihood function for p based on the

observations on the time interval [0,2], in which the product ov€r t > 0 in ( .Q is

replaced by a product 0 < t < z. From (4.6) we have

4(r) exp (fi,z,(t))
(4.7) L(90,u ' )  =  L(Fo)  = i lfrl

Osr<r r=l 
(.
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5. Large-Sample Properties of /

Taking logarithm of the Cox's likelihood (4.7) we get

(s.1)

Now,

(s.2)

(5.3)

r )
tog L(ps,u) =i >o*,1ryrogl -\(t) exp (fd z'(D 

Ii=t tsu 
[]trttl exp {Bd zi@l )

IiQ)ZtQ) sFi'4u)

+ tog l (ps ,u )= iZ* , , , ,  I  to* (4 ( r )exp  (96z ,1 t ) )
i=t t<u L

( ,  ) l
-rog I l,rrt t) exp {B[ zj(t)t ll

\ j= r  /J

N

rh

r 5 ,

t i i

sm

rn€

\
I

t-
Dlog L(Bs,ul =I lals,trl Ii=t t3u 

L

ir,r,
j=l

\Q1 sfi'z'ttl

)z j(t\ exp {P[z1Q)l

tr,<,> exp {B(z/t)\
j=r

I
I
I
I
I

I

where Dlog L(f) denotes the vector of partial denvativesftbg L(F) evaluated

at P' 

t fn"' 'u\ eooz'('11
n-'t' Dros L( 9 o) =,-tt2 

E E*' Url^, - 
T; )

= n-tt2 ZZt ,f,,1 - Eo(r)l dNt(t\
t=l tsu

+ n-ttz DtosL(Fi= ** 
hJtzt4)- 

Eo(t)ldN{t)

t\ttra

: f d

tu
Jlt

I t i

r t )
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l,r, {t1 z, {ty exp t B I z /t)J
E o \ I ) = -

Irrtr) explB[z1e))
l = l

n 
u,

= n- ' tz DlogL(F.,D:Z J n;rz[2,( t ) -Eo(r) ]  dN,( t )
i=l r=0

Now, since N,(f) is a counting process with the corresponding intensities Ai(l),

therefore, M, (l) defined as
I

M i ( t ) = N , ( t ) -  I  n , g 1 a ,
0

n l

- v z . -  s  f
( ) . / . ,  2  n DlogL(Fo,u)= L I  n- t ' ' [2 , ( t ) -EoU)]dM,( t )

i= l  r=0

since
dM,(t)= dNiG\- Li$)dt

and

J.
Llz,e)-  Eo(r) l  Aj(r)

+  / - -  \  T= Lz,U\ \e\h@ "*p(p6z,1t)) 
- ro(r) Lti<,lh<,1e*p(Pdz,@)

i= l  i= l

+  / - . - - . \  +: Lz,G) ri@h(t) 
"*p(B;,2,1t) 

- Lzi@Yj(t)h?\ "*p(BdztG\)

sttere.

r  5 . {1

(5.6)

is a Martingale.

: 0

Now, n-rl2 lz,(t)-to(l)] is a vector of predictable processes and it only depends

on the fixed parameter Bs andthe predictable processes Y, md Zi,i:1,2.. . . , h'

Therefore, by Martingale Transform Theorem, ,al g) - n-t/2 Dlog L(Bs.t\,

considered as a stochastiO process in t, is the sum of n'(vector) martingales, hence

also a martingale.

Now, expanding Dlog L(9, u) around Bo, using Taylor's expansion, wc get

(s.8) DlogL(B,u)= DlogL(Bo,u)-  I (p* ,u\  (9  -  f  o)
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rvtere B* is on the line segmat between F nd f o, and the positive semidefmite

matrix I (f, u) is minus the second derivative of log L(p, z) with respect to p i.e . ,

I(F ,u) =!3#@ =-J ,b, L(F ,u)
op- op

u

f
Then,  I (F ,u )=J  

"
0

f"r,{ry"o',,o 
Lr,tt)2,(t)@2eP'zi(t)-p,r,rrr,rt1efl'2,<''t !r,(t)2,{ty9'z,al

I
(f,y,(,\  re'r,<,))" I'  \ f : 1 - J  r - z  -  

I

* mQ)

where for a column vector 'a' the matrix aa' is denoted by a82or a I a where

a = (a1,a2,... ,  dn') '  is ap-vector and /V =,I",

' u n

, 2,rt61z11\oz sP'211t1

( 5 . 9 ) : +  I ( 8 , $ = l  #
o LY'( i l  eq'z ' ( t )

i - 1  " '

t

c
q

I

E

q

bJ
s

1
I
t _
lor u>
I

,l*'
)

n

2v,(t\2,(t\  e9'2,(t
J = l  

-

(
I
I

t n

2.Y,(t)  s9'z i{ t )
J = t  

-

Now, from (5.8)

DloeL(F ,u)- DlogL(Bs,u\= - I(p*,u\ (i - Fi.

Inserting f we gEt

(5.10) DlogL(f ,u\'-DlogL(Bs,u)= - I(F*,u) t '(9 ,90)

But Dlogl(f ,Q=0

since f is the solution ofthe likelihqod equation *ro, L(B,u) = s
dlt

+ Dlogl(Bn,u)= I(P*,u> fi - Bo>

+ n-v2DloEl(Fo,u)= {n-t l(p*,u)}nu2(g - Fi.

Now, to prove the asymptotic norrrality of nrt2(9o,Fo)we have to prove that

the martingale n-rt2 DlogL(Bs,u) weakly converges to a Gaussian'Process and

n-rI1B*,u'l converges ur probability to a non-singular matrix. This can be derivcd

by using the Martingale Central Limit Theorem (Rebolledo, 1980) and the counting

process-approach of Andsrsem urd Gill (1982) with some regularity conditions'

" I
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t3l

t4l
l5l

16l

17l
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ft,s, I is consistent and asymptotically normally distributed as n + oo under mild

r€gulaity conditions on the covariate processes and the variance of f can be

csrimxed consistently from the second derivative L(Bl .o^b,u,te at p .

Consistency and asymptotic normality of the ma:rimum partial likelihood

estimates of the regression parameters can also be established by using the weak

convergence results as suggested by Tsiatis (1981)'

6. Conclusion

The purpose of this paper is to develop a model for the study of growth ol'a

tumour followed by death from that tumour based on partial likelihood method of

Cox. It has been shown that how this model can be developed further by usiltg

counting process theory, Distribution of time to death has also been outlined' Tlte

model i'tso permits thi estimation of parameters affecting the growth process of

tumouf. Coniistency and asymptotic normality for the maximum partial likelihood

estimate of the regfession parameter in Cox's Regression Model can be established

by using Martingales techniques suggested by Andersen and Gill (1982) or by using

weak convergence results suggested by Tsiatis (1981)'
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A Cylindrically Symmetric Cosmological
Model with Cosmic Cloud Strings in

Bimetric Relativity

V. MAHURPAWAR AND S. D. DEO

Abstract: In this paper a cylindrically symmetric cosmological model is studied in the r:outext of
bimetric relativity taking the source as cosmic cloud strings and is found that the model does nol
exist in bimetric relativity

Key Words: Cylindrically symmetric cosmological model, Cosmic cloud strings,

Bimetric relativity.

AMS SUB, CODE : 83C05 (General Relativity)
PACS' CODE -04.20-q, I 1.2y. +d, 98.80,-k

1. Introduction:

Rosenl3l proposed a bimetric theory of relativity where there exist two
metric tensors at each point of space-time-gu , which describes gravitation and

background metric -/ij,whichenters into the field equations directly with mater.

Accordingly, at each space-time point one has two line elements

ds2 = gti dxi dxi

and 'doz = yu dxi &i

This theory is based on a simple form of Lagrangian and has a simpler

mathematical structure than that of the general relativity.
psslll studied this model with the source perfect fluid distribution and

found that the model does not exist in this theory.

Here a cylindrically symmetric non-static Einstein-Rosen cosmological

model is studied with the source cosmic cloud strings and obtained the vacuum

solutions.
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2. tr'ield Equalfuac and Modol

(2.1)

where

(2.2)

(2.3)

Field equations of bimehic relativity fonnulated by Rosen[3r are
Kl = N! _%*r! =_8rkTi

d,' + R-t d.' - a" - R-2 sinh(2a) = e

d '+  R- ta ' -  a ' -28 r  -2R- t  p '  +2 f ' "  =gnkL

0=Bnkp,

wh

and

By

i.e.
cylir

N! = /t7'"B (ghj gna") p

N '=  Nf  ,k=(g ly | )12

g = det (Sr-) and y = dd (f ii)
and a vertical bar (l) denotes the co','ariant differentiation wittr respect to rij .

The energr-momentum tensor Tf for cosmic cloud strings is given by

\J = T,r.,,ng"

(2.t ' .

(2. t :

@.11

Fron

Q.ts

(2.16

For sr

€ase

Q.tzl
repres

Q.rg

(2.1e)

where
T,€.rO te

Q.20)
trytere,
Then

Q.2r)

Case trl

In this c

Q.22)

Here p is the rest energy densrty for a cloud of strings with particle attached
along the extension.

P =  P r + 1 ,

where po is the particle energy density, 2 is the tension density of the cloud strings,
r" is the four-vector representing the velocity of the cloud of particle and .r, is thefour-vector representing the direction of anisotropy i.e, Z-axis.

(2.4) firrings = pvivi - ),x,xi

So that v4v4 : - l , x3x3  :  I  and v ;x ,  =  0

Now consider the cyrindrically symmetric non-static Einstein-Rosen
cosmological rne6slt2l given by

(2.s) ds2 =ez(a-f)(dT2 -(dRj)- Rze+Fdtz -e2pdZ2

where a and p are functions of R and T and the convention is
.xl = R, x2 = 0,x3 = Z and xa = T

The flat metric corresponding to (2.5) is
(2.6) dd = dT2 -dRz - R2d62 -422

Forthis model non-vanishing Christoffel symbols are

(2.7\
lir=l:,= R-',fr'r:-R

Using equatioqs (2.1) to Q.7)the field equations are

(2.8) R-2 sin hea):g

(2.e)

(2. r 0)
(2.rt)

t40l
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u/hse a' = da I dR, a' = d2a ldR2 etc.

rd 4 '=daldT,  a"=dzal f i  erc .

By nsing equation (2.1I)
p : 0

i.e. there is no contribution from enerry densrty for a cloud of strings to the

cylindrically symmetric non-static Einstein-Rosen cosmological modei.

Thus the vacuum field equations are

R-2 sin h(Za):0

a' + R-t a' - o" - P-2 Snh(2a) = o

ot q P-rot -  a ' '  -2 B -2R-r B'  +2 f  
'  = o

From equation(2.12) we get
(2.r5)

Equation (2.14) and (2.15) gives

(2.t6) p'+ R-t B',- 9" =o

For so- - Lng equation (2.16)

Case I: Let us consider f = H (r, t) + G(t)

Then (2.16) gives the Bessel equation

(2.r7) H" + (l/R) H- H"=0

representing cylindrical waves provided

(2.1z',)

(2.r3)

(2.14)

(2.r9)

(2.te)

d : 0

G " = 0

The Bessel equation (2.17) results

H = a Jo(hR) Cos (ftt + cr) + bY6(hR) Sin (ft1 + cz )

where Jo @R\ and Io QR) arc Bessel functions of first and second kind of order

zero respectively, & is the frequency and a, b, q, c2 are arbitrary constants

On integration , (2.18) gives

(2.20) G -  c t t + c t

where c!,c4 ate arbitrary constants of integration

Then
(2.2r) f  = aJo(hR) Cos(ftt+ c)+bYs(hR) Sin (tu +c2)+ cat+c4

Case ft Let us consider

f = H(r, t\ + g(r)

In this case again we obtain equation (2.17) provided

(2.22\ g'* R-rg'=0



t4q

It gives us
(2.23) g =  c 5 l o g R

where c5 is arbifary constant of integration
Now the solution turns out to be

(2.24) f = a J '(hR) Cos (ftr + c, ) + bYo(hR) Sin (&r + c, ) + c, log R,

where constants could be found using initial as well as boundary conditions from the
above equations.
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On Induced Structures and Curvature
Tensors In the Tangent Bundle

RAM NTVAS

Abstrect: In this paper, we have studied structures induced In the tangant brmdte T(M) if the base
space M admits almost GF-contact structure, Certain results on curvature t€nsors on T(M) are also
studied assuming that M admits ttre Riemannian connection.

1. Preliminaries :

Let M be an n-dimensional differentiable manifold and (M)denotes tangent
bundle of M. Then T\M) is also a differentiable -nanifold of dimension?nf3l

Suppose over the basespace M, there exists a tensorfield F of type (l,l), a
vectorifield ( and a l-form 4 satisffing.

( l . l )

( i )  F2  =a2 ln+q@6

(ii) Ff=0 and
(iii) q$): -a2

oa' any complex number not zero. Then we say that the basepace M admits almost

GF-contact structure.

(r.2) rf F2 = a2ln ,

we say that M admits GF- Structure [2].
It is well known that Fc,Fv,FHetc are complete, vertical and horizontal lifts in
(n4 of (l.l) te,nsorfield tr oi.l,lif we define

P=Fc +!nvc.6u +!nce.6"

Q=Fc  + !n '@6 '+ !n "@€"

then it is easy to show that P and Q define almost GF-structure on T(M) []. If G be
Riemannian metric on M then Gc given by

( r.3)

and

(1.4)
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(1.5) Gclxc,Yc; = G(X,Y)C

for each X, Y e 5[ (M) defines the Riemannian metric on T(M)

2.Induced Structures in T(M)

In this section we shall prove the following theorems.

Theorem 2.l.If F gives an almost GF-contact structwe on the basespace M then

(l,l) tensorfield K given by

^  l g 2 + t \  n  .  B  y
K : F c  . l t ; ) q ' @ 6 c  + i n c @ 6 "  - ; r t H s - € v  + L u n c s ^ 6 c

defines GF-structure an T(M), F,T e & y + 0.

Proof: Proof follows easily by virtue of equation (l.l) of previous section and

equation on (3.26) on page 20 in [3].

Theorem 2.2. For (L,l) tensorfield F admitting almost GF-contact structure on It[,

the (l,l) tensorJield L given by

^  1 0 2 + t \  n  B  y
L :  F c  . \ t *  

)  r y v @ 6 '  * T t t ' @ € "  - T r " * 1 '  * - u n H 8 4 H

gives on almost GF-structure on T(M).

Proof: Proof follows easily in view of equation (1,1) of previous section and

equation on page I 19 [3].

Theorem 2.3. The (l,l) tensofield J defined as

(2.3) IXV : aXH. y;(H = aXv

for each X € 36(M) gives almost GF-structure on T(M)

Proof: We have in view of equation (2.3)

J 2 X v - a J X H = a 2 x v

J 2 X H - a J X v = a 2 X H

Hence, J2 = a2I2n on T(M) which proves the proposition'

3. Curuature lientities

Suppose the basespace M admits the Rlembnnian metric G and 0re

Riemannian connection V' It is well known that Gc given by

(3. 1) Gc(xc,Yc) = G(X,Y))c

and
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dfu tbc Riemannian metric and Vc given by

(32) c!"Yc : (VxDc

Gfocs the Riemannian connection in Tovt).If R(X,Y) Z be the curvature tensor of

M wift rcspect to connection V.

(3.3) R(X,Y)Z =YyYyZ-VyVxZ'Ys.v'12'

It is well known that

Rc(xc,yc) zc = Vi.V?.zc -v$.vtr,Z" -Vlx.,y"tzc

[4e]

(3.4)

is curvature tensor in T(M)

Theorem 3.1. {fR(X,Y)Z be the Riemannian cwvature tensorfor the basespace M

then.
Rc (xc , yc )2c a pc 1Yc ,Zc)xc + Rc 1Zc , xc )Yc = 0 in T(M)

Proof: we have 
R(x, Dz = y xy vz- v yv xz-y 6yyz

Taking complete lift, we have

Rc(Xc,yc) Zc = Vi.Vg ,Zc -V?"Vtr"Zc - vfx",y.tzc

Interchanging xc ,Yc ,zc cyclically and adding all the three equations we get

Ac6c,yc) Zc +Rc(yc ,Zc)Xc aAc12c,Xc)Yc

= vi" {v?"zc -vt.yc}

+ v!" 1v!.xc -vi.zc)

+ v!. {v!.Yc -v$.xc}

- vfy.,2.;Xc - v&.,x.lYc - v&.,y.lzc

Since V!.Yc - V9"Xc = [Xc,Yc] as Vc is Riemannian connection in T(M) hence

Rc (xc , yc )2c * gc (yc ,zc)xc + Rc 1zc , xc ;Yc

= {vi. [Yc , zcl- Yly" ,2. rXc ] + {v$" [zc , xc ] - vfz.,x. rYc ]

+ {vh tX",Yc 1- vf*",""r zc1

= [Xc,[yc, zc 11 + 1Yc, 1zc, Xc ]l + [zc,lxc, Yc ]l

= Q

by Jacob ldentitY.

Hence the proposition'
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Ibrt
vd,!'llreorem 

3.2. If in the basespaceM' for etieh X,y € 36(M)

KrK \n _ g(X,RCX'Y)Y)
-\-- r'' 

g(X,X) g(Y,Y)- {g(X,y)}2
Then in T(M), for each real numbers s. t

Kc (Xc, Yc ) : Kclsxc, tYc;.
Proof: As given

K(K,Y)
g(X,R(X,Y)Y)

s(X, x) g(Y, Y) - {g(X, Y)}2

Taking complete lift we obtain

/ c \ -  -  -  gc (xc ,Rc (xc ,Yc )Yc
Kc(xc, I  r  -  

*c1xc,X.)  g . (y . ,yc)_ {gc(xc,yc)} ,
It is easy to show that

Kc 1sxc. tYc ) : Kc(xc, Yc ).
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On A Class of Bilateral Generating Function
For Hermite Polynomials of Two

Variables* Hr(x,A)

G.K. PANJA AND D.K. BASU

,A.bstract A new class of bilateral generatin3 functions (3) for Hermite polynomials of two

variables H,,(x, y)is obtained. Applications of our result are pointed out.

Key words & phrases : Special fuirctions & Bilateral Generating functions.

1. Introduction

Noticing the existence of the following type of generating function of

Hermite polynomials of trvo variablesf/, (x,y)(4)

,2x,-yz (r-']) '" r"1- (r-f)-',, (r - +)- ]
$ l/"*' (t' y) tn 

, where a is a non negative integer.= k  ^
We are led to investigate a morg general class of generating function by Lie

(r.2\

( l . l )

group-theoretic method.
The main result of our investigation is the following theorem :

Theorem l.If there exists alinear generatingfunctionof theform
€

sr
G(x,y, t \= L an Ho*n(x,y) tn

n=0

ttren the following nerv bilateral generating function (3) will exist.

'A. 
M. S. Subject classifcation : 33C 45



lszl

(1 .3 )
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(, - o)'" exp (2xz - *'t ol*(t - f,)', rF- 1)'' "(t- 1|) , . t

O '
=i i  #-"  Ho*p(x,v) tnzk

r=o Ed \K-n)\

2. Group Theoretic Discussion

l y z l
w i t n l - l c t

(2.r)

such that (3)

(2.2)

Fot H,(x, y\wt have the following differential operator

n=z(tfi.+:r-+fi*r,) <o>

nlnn6, y1 z"\ : Hn*r(x, Y) zn'l

tbc

(3.r1

Nowl

f.Apt

Also I

(4.1)

Again

(4.2)

The extended form of the transformation group generated by B is (3)

(2.3) lexp bBl .f (x,Y,z)

(3.1)

(3.2)

(3.3)

: 
"*p { xxz(t-*)\ ,1.('-Y\'

3. Derivation of the generating functions

Let us consider the generating functicr

G(x,y,t) =Zo, Ho*n(x,Y) tn
n=O

Multiplying both sides bY t" , we get

ta G(x, y,t\ =Z o, Ho *n(x, Y) to*n
n=0

Replacing tbY t z, we get

s
to zo G(x,y,tz) = / an Ho*n(x,y\ za+n 1a+n

n=0

Operating boih member of (3'3) by exp (bB)

g

{exp (68)} lto z" G(x, y, tz)l : {exp (bB)} L on Ho*n(x'y\ za+n tu'n

n=0

The left hand side of the last equation becomes

,r(,- ry\','(t-+l)

From (

(4.3)
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,, u(r-v)- *n{ ,o*(r-fr)}"[, F-Y\-' ,r(r-Y\' ,r(r-+\']
On tb€ o&er hand using (2.2) Ore right hand side is reduced to

t X 
t,# Ha*,*k(x,y)za+n+k ta+n

Hence we get

(3.4) (r-Y\'" "*olrootr-'*llo['(, 
-+\-' ,

t blo\u I tt"\'1
Ytl- ; l  , tz\ t - ; l  l

$ S  b *
= 

A h 
a' 

V 
Ho*'*k (x'Y\ z'*k t'

Now putting D - I we get (1.3) using Lemma l0 of Rainville (Page 56,57\

4. Appllcation
a

s Ho*n(x,Y) t '
t h e n G ( x , y , t ) = L

n=o nl

(4.r)  G(x,y, t)= s2xFvz (r-{ j ) ' "  , "1*(t-+) 
' , r ( t -*)" ]

Again we obtain from (4)

(4.2) c['(t-f,) 
',r(r-1\',o(, 

I)'f

- s2nt-21n2-** (1.-F_7ol'" .

,"1*{r- r(l+ rr}-',, 
{t-zlut1'1

From (1.3) & (4.2)we obtain

expl?.n(r +,) - to'(r*Ollr-49j['"

Ifweronsider nr=*

Also from (4)wehave

(4.3)



[54] G.K. PANJA AND D.K. BASU

I  t .  yQ+t)1- t  ( .  yz( r+r ) l * - l
o " L * l r -  r  i  , / i t -  ,  I  J

g g  I
= ) ) Ho*1, (x,y) t" zk' f i  

f r  nt (k-n) l

Now applying the relation Hn(x,y\ = yntz Hn(x t Ji) weget on puttingy : l.

S g  r
- ) ) - Ho*r (x) tn zr' '- 

fi ?- nt(k-n)t

which is a new bilateral generating function for Hermite polynomial of Single

variable.
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Applications of F'ixed Points To
Approximation Theory

R.P. PA}.IT A}.ID K. JI{A

Abstrabt The theory of fi1ed_noint is a very extensive field, which has various applications. Also,
there is an interesting reldiontetween fixed point theory and best approximation. itis paper-is tni
survS work on some applications of fixed point theorerns in approximation theory.

Key Words and Phrases : fixed points, best approximation, non-expansive mappings, invariant
point, star-shaped set.

l. Introduction

Fixed point theory is aq important area of analysis. If z is self mapping of a
metric space (8, d) then'4 point x n E is said to be fixed point of rif Tx:-i; that is,
a point which remains invariant under a self mappiag is called a fxed point. Theory
of fxed point is a very efiensive field that has various applications. Fixed point
theory has played a central role in problems of non-linear functional analysis and it
provided power tools in demonsfiating the existence of solutions to a large variety of
problems in applied mathematics. Also, approximation theory is concerned with the
approximation of firnction of a certain kind (for instance, continuous fimctions on
some interval) by other @robably simpler) functions (for example, polynomial). A
natural setting for the problem of approximation is as follows :

Let E be a nonned linear space and c is a non-empty fixed subset of E
and .x e E. An element y \ c is called an element of best approximation of x
(bythe elements of the setC) if wehave llxTll :d(x, O= inf {llx-4f, ;z e Cl
that is, if y is 'nearest' to .r among the elements of c. we see that a best
approximationy is an element of minimum distance from the given x. Such ay in c
may or may not exist. This raises the problem of ex[stence. Also, if r : c -y E is a
function such that, f{rr e C,

(*) 'll Tx -"ll = d (Tx,x) = inf {ll Tx -yll: y e Cl.
Then.v is called a soluti[n of (*) if and only ify is a fixed point of p" oz, where the
set valued mapping P" is the"mgnic projection on c. The set of best approximation
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tor is givenby P" (x): {z e C: llr - 
"ll: 

d (z,C)\. There is very interesting

reliation between fixed point theory and best approximation. S. Park [15] established

that if T satisfies a suitable boundary condition, for example, Tx e C for all x e C

that is T : C -+ C then the set of solutions of (*) coincides with the fxed point set

of T.

Fixed point theorems have been used in many instances in approximatiOn

theory. To prove existence of'best approximates, we have results from Brandt [l],

Brosowski [2], Ky Fan u2l, Hicks and Humphries [8], Reich [16], Sahney, Singh

and whitfield u8l, singh (t191, 1207, lzlD, Singh and watson I22l and

Subrahmanyam l24l.For different types of applications of fxed point theorems

(mainly Schauder's fixed point theorem), we find results from Brosowski [3], Klee

[9] and Subrahmanyam 124f. Also, application of the fxed point theorem to

simultaneous best approximation is given by Sahney and Singh [17]. For further

references we refer to Brosowski [2], Cheney [a] and Dhage [5]. Between the fixed

point theorems and their ultimate application in approximation theory, there is often

another level of abstract theorems, usually stating that under suitable condition, a

non-linear mapping has a root. Some examples of theorems on this intermediate

level have been given by Cheney [4]. In this paper, we briefly present some

applications of fixed points to approximation theory'

2. Basic Definitions

We have following basic definitions and well-known results on besl

approximations.

Definition 2.l.If P6@) is non empty for every x e E, then C is called proximinal' I1'

Q. (x) contains at most one element for every x e E then C is called a chebyshev

set.

Definition 2.2. A subset D of E is called bounaeaty (weat<ty) co it

f o r e v e r y x e E a n d e v e r y r > 0 , t h e s e t K [ x , r | n D i s ( w e a k l y ) c o m p a c t , w h e r e

Klx,r l :  $ e E: l lx i l<r | .

Defrnition 2.3.LetX,Ibe Hausdorff spaces and let A(y)be the set of all non-empty

and closed subset of L A mapping A : X -+ A(Y) is called lower (or upper) semi-

continuous on X if, for every x in X, the set {x e X : A(x) nU + O\ is open (or

closed) whenever U is open (or closed) subset of I.

Definition 2.4. Anormed linear space E is called uniforml)' convex if, given 6. > 0,

rhereex is ts {e)suchtha t l l x -y l l>e for l l . r l l< l imp l ies l l (x+y) lz l l< l -d (a) . I t i s

noted that every inner product space is uniformly convex. However, the converse is

not true. For example, /p spaces are uniformly convex for I <p < @' as they are not

inner product spaces for P * 2.
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Defmition2.5.AnormedlinearspaceEiscalledsrictlyconvexii

lliu + (l-1b4f < 1 for aU r' 0 <-1< land all x, ! hE such 6d lltll : lfil : 1' It is

notea tnat r-ifottoty oonvex normed linear spaces are sfictly convex' However' the

converse is not true [25' P. I I l].

Definition 2.6. A Banaoh space is said to have Oshmm oroperly |I', the melric

projection on every closed convex subset is upper se'micontinuous'

Definition 2.2. A subset K of E is called star-shaped. provided there is a point

p e Ksuch that for each x e K,the sequence joining x to p is coffained in K. It is

noted that if K is convex, it is star-shaptd. Ho*"oo, the converse is not true [19]'

Definition 2.8. A mapping T of a metric space E into itself is said to be locally

contractive [7] il for .urryl e E there exists e> 0 and /' 0 < X'< I, urhich may be

defined on x such tlMlt p,-q e S(x, s\ = {y e E : d(x, y) < e\ implies d{Tp, Tq) < )'

itr,o).Also, zis cattei (e,l)-rrniformly locally contractive if it is locally contactive

andneither enor )'dePends onx.

Definition 2.g. Ametric space E is called ?-chainable if, for every a, b in E there

existsan rychain;thatis,thereexistsafinitesetofpoints 
a=Xo< x11 x21...<.xn=b,

n maydepend on both a and b,such that d(x,-r,x) < q fot i : l'2'3''''' n'

Definition 2.ll.Let Ebe alocally convex Hausdorff topological linear space and let

iU" u(fixed) family of continuous seminorms which generates the topolory of E'

LetCbea nonempty subset of E and letpbea continuous seminorm' For x e E we

define dr(x,C)= inf {p(x -y):y e C} and Pc@):ly e c:p(x-y)= dr(x'c)l'

Then, the set C is said to be proximinal with respect to p rf, for all x in E,P6(r) is

nonempty t161. It is called approximately compact with respect to p (approximately

p-.o.p*tiif for each y e i,everynet {xo:a en}cC such that p(y-xo) -+
-d 

eO 
-C) has a subnet that converges to an element of C'

Definition 2.ll.Let C be anonempty subset of E, and.let F = Uolo.c b a family

of functions from [0,1] into C having the property that -f9r-e1h 
d' e C' we have

7"e) ; 
". 

Such u i:uo,1y F is said to 6e contaitive. provided there exists a function

7l to,rl -+ (0,1) suchthat for a and pmc and for all r in [0,1] andp in P, we have

p(f"'(t)- f p(t)'l < 0@p@ 
- F). The tunction F is said to be jointlv continuous'

provided that if t + toin [0,U and a + aoinC,b* foQ) + f""(t)nC'

Definition 2.12. Amapping T : c + c is said to be Econfractive rtfor each p m?

there is a ftr, with O i-*o-<t such that p(Tx -Ty) t koft -y) for tllx'! in c' If

p(Tx- fD!fu-y), for eachp in 2, then lis calledp'nonexpansive'



L58l RP. PANT Ar(lD K' JHA

Definit ion2.l3.Lettx")beasequenceinE'Thenr' isCauchyifandonlyiffor

e;ach p rn Q, p(xn - i>"- O as n, m + o' Also' E is sequentially complete if every

Cauchyseque, l rce inEconvergestosomeelement inE'Moreover 'E isquasi
complete if wery uo*lJ, 

"ror"uJ 
subset of E is complete. clearly, every complete

space is quasi"omptae *a 
"urry 

quasicomplete space is seque'lrtially complete'

Iiowever, the converse is not true [9]'

Definit ion2.|4.AmappingT:C+Cissaidtobedemicompactif ,eachbounded
net {.xo} in C sucU tnai $ln,) converges' has a convergent subnet' T is called

compact if I is continuous and maps bounded subsets of c into relatively compact

subsets of C. It is noted that every compact mapping is demicompact' However, the

converse is riottrue [19]'

Definit ion2.|5.LetCheasubsetofEandT:C+Ebeamapping'Thenrirapping
r is said to be demiclosed if, for any net xorn c such that xq-> x weakly and

Txo -+y, it follows that y = Ix' ln other words' -ttre mapping I is demiclosed if its

graphinCxEisclosedinCartesianproducttopoloryinducedinCxEbytheweak
;;;l"gy in C and the strongtopologv in E'

Del in i t ion2. |6 .LetxeC|a,b]andyel ,where l isasubspaceof therealspace
C la,bl.A set of po# '  'o, ir, , ' ' r i  " ' tr 'n1a'b1'where 

ts <tr <t2<.'" ' '1tp' is cal led

an altemating set for x-y if x(l;)-y(/;)has altematively the values + ll x-yll atd

- ll x-Yll at consecutive Points tr '

Definition2.lT.AfinitedimensionalsubspaceloftherealspaceC|a,b]issaidto
satisff tn. rrut 

"oniiiion 
if, every y e Y' y +0' has at most tt - I zeros rn la'b7'

where n:dimY.

3. Existence of Best Approximations

Wehavethefo l lowingwel l .knownresul tsontheexis tenceofbest

approximations.

.Theorem3.|.IfCisafinitedimensionalsubspaceofastrictlycofNexnormedspace

E then there exists at tnost one best approximation to an x e E out of c '

Theorem3.2.ifCisafinitedimensionalsubspaceoftheryal.spaceE:C|a,b]then
the best approximatioi out of C is unique foi every x e E if and only if C satisfies

the Haar condition'

Theorem 3.3. Let C be a subspace of the real space E = Cla'bl satisfying the Hau

condition. Given x e E, let y e c be such that'for x - y, there exists an alternating
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set of n +l poittts, wlbre n: dim C. Then y is the best uniform approximation to x
ou of C.

Theorem 3.4. Y C is q closed linear subspace or only a closed non-empty
corntex subset of the reflCxive Banach space E, then for every x e E, the equation

lF-/l : d (x, C),for y e C rs solvable in C.

Example I. Consider n2with tl norm. Setting x : (l,l) and x, = (1,0), we have

llx-ar1ll = lll-cl, lll which is minimum iff o:1. Thus x1 is the unique best

approximation to x in the closed linear subspace spanned by x1, denoted by [x1].

Example tr. Consider E2with /i norm, with x : (l,l) and x1 =(1,0)we have

llx-ax1ll= max (ll-ol ,l) which is minimum iff l1-ol < I or equivalently,

0 < a< 2 . Thus there exists infinitely many best approximations of x in [x'] of the

form { (a0)  :0  < a<2} .
Here, the example II shows that the element y6, for which llx-.voll is

minimized, may not be unique.

Theorem 3.5. Let C be a non-empty closed cowex subset of the uniformly convex

Banach space E. Then, for every x e E, the equation ll , fll : d(x,C\, where y e C,

is uniquely solvable. That is, there exists exactly one yoeCsuch that llx-),oll S

l l x - y l l f o ra l l yeC.

Theorem 3.6. Let E be a strictly convex normed linear space and C a veakly

compact convex subset of E. Thenfor every x e E, the problem llx -yll= d(x.C)for

y e C is unifurmly solvable. That is, there exists exactly on€ lseCsuch that

l lx-yol l  <l lx j l for al ly e C.

Theorem 3.7 . Let C be a closed cornex subset of a Banach space E with the Oshman

property. If T : C + E is continuow and T(C) is relatively compact, then there exists

apointy e C suchthatd(Ty,C):llA1rll

Theorem 3.8. A corvex boundedly compact subset of a normed linear space is

proximinal f3l. AIso, a W- closed subset C of a dual space E* is Proximinal.

Theorem 3.9. Let C be a rnn-empty subset of E, and let x be an element of E. The

mapping A,: C + A(C) has afixed point iffx has a best approximation by means of

elements of C. lf ys is afaed point of the mapptng A,, then every element in

A,(y) is a best approximation of x by the elements of C, where A,(ys): C n

Klx, |l x - yo | | + Pc $)i 12\, a non-empty and closed set (in C) for ?very y in C.

A similar theorem was proved by Brandt [1].
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T h e o r e m 3 . | o . I f C ' s a b o u n d e d t y c o m p a c t s u b s e t o f E , t h e n t h e m a p p i n g

A" : C -, A{C) x uppir semicontinuous on C for every x e E' Also' tf C' is a closed

convex subset of E, then mappings A, : C -> A(C") is lower semicontimtaus on C far

x e E .

4. Invariance of Best Approximation

In the subject of best'approximation' one often wi$1 to know whether

some usetut prop",ty ;?;; frinction bein! approximated, is-inherited by the

approximating function. Meinardus t13l seem-s to iave been the first to observe the

general principle tfrat 
"oufJ[e 

appliid anf-the first to employ a fxed point theorem

to establish it. we rravelrre follow'rng well-known results of Meinardus.

Theorem4.1t13]LetCbeanapproximatelyvcompactconvexsubsetofalocal ly

convex Hausdorff topological linear space-n' odiet T: C -+^E be continuous' If

either C is 
"o-pac:t "i 

ffq is reiativety compact' tlen 
\ 

each continuous

seminorm p in E, there is a point y in C such thot d e(Ty' Q: p Qrfl'

Theorem4'2.||3lLetCbeanon-enptyweaHycompactandstar+hapedsubsetof

a Hilbert space E. Suppose that T is a nontexpLnsivi mapping of c into itself' Then

T has aftxed Point.

. |heorem4.3.t13]LetT:B-+Bbecont inuot lswhereBisacompac|metr icspace.

lf Cl,Bl is the space of all continuous -real 
or complex functions on B ruith the

supremum norm. Le't i : clrl -+ cIBl be,of Lipschitz class with Lipschitz constant

I. supposefurtnr, *i ei(F<.>11\i-yAhfuil e z' where h(x) e v'where v is a

finitedimensionalsubspaceofC|B|.Then.thereisabestapproximationgoffwith'respect 
to V such that AglT\x)) = g(x)'

' This rrr"o"*i'i*ut 
"*i""a"d 

and simplified by Brosowski [2]'

Theorem 4.4.l2l Let T be (t nonexpansive mapping Ggnttacltye linear operator) on

a normed nn"o, ,por)-n. fr, C [e a f-**iiant subset of E and y a T-invarianl

point. If the set of ;---a;'o*i**" P"(y) to y is non-empty' compact and convex'

then it contains a T-iwariant point'

Fo, g"oeral'i'J iuiiinur approximation in a space c(T), we haVe the

foltowing *"logo" result due to Brosowski'

Theorem 4.s.t2l Let g and v be finite dimensional subspace of c(T) and Y be the

set offunction utu,'h"" u elJ'i e V'andv2 e ' ebewfrxed and positive' Let A

beacontractivelinesoperatoronC(Q'IfYcontainsyA;ilwyiantandif'lisEn
A-irwariant, tl'e' V cintiins an A'iwariant best approximation to x'

sourut-uov"url'tial ia singtr pit rti"" given turttrer extensiqrns 0f

Meinardus results'
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rNce.

h the

,atanl

l ' i s a

lwith

I'be the

. L e t A

{ x k E n

Theorem 4.6. l24l let E be a normed lineu space, c be a fnite dimensional

subspace, odT: E + E hav@afuedpoint f be suchthatl|ot-y1l< *(C-) implies

ll7x4yll-<lF Ull, where dt(C) dcnotes the distance of ffron C' If T maps C into

ixetf, tlen f hos o best approximation in c, which is anotlrcrfued point of T.

Theorem 4.7. lz4luf T : E -> E be a nonexparutive operator with afuid point f and

leaving o ftnlte dimensional subspace c of E fuwariant, then f has a best

approximatlon ih'Q, which is afaed paint of T'

'fheorem 4.S. t17l LetEbea locally convex Hausdorff topological vector space and

let I: E _> E be ap-nonexpansive mapping' LetC be aT-invariantset andy a

T-invariant point. Assume thatfor every p e ?, P"(y)is non-empty, weakly compqcl

and star-shaped. If I-T is demiclosed, then T has a faed point, which is a best

approximation to Y in E.

Ascondit iononP"(y) isnonemptyandcompact,anditmaybedif f icul t to

veriff in some instances. So, this leads to the consideration of special cases when it

is plssible to replace compactness by weak compactness as in the above

Theorem 4.2.

Theorem 4.9. tlS] Let E be a locally convex Hausdorfftopological linear space and

le tT :E+Ebeap.nonexpans ivemapp ing .Le tCbeaT- fuwar ian tse tandya

T-irnariant point. Assume that for every p e ?, Pr(y)is non'empty, sequentially

complete, bounded and stu.shaped. Further. 
ryu^". 

that at least one of the

f o i l o w t n g h o l d s : ( i ) k r y P " O \ i s c l o s e d ( i D l r d e m i c o m p a c t a n d ( i i i ) T i s- 
ro*pori. Then, T has afrxed point, which is a best approximation to y in P,'(y)'

Theorem 4.10 [19] Let E be a locally convex Hausdorff topological vector spac:e

andletT:E-+Ebeap-nonexpansivemapping'LetCbeaT' invariantsetandya

T-invariant point. Suppose that for every p e ?' P"(y) is non-empty and compact'

and there is a conlictive, jointly continuous fa ity of functions associated with

star-shaped pr(y).Then T'ias afaed point, which is a best approximation to y in

P"(v).
Dotson,Jr ' [6 ]haSnotedthats tar 'shapedsubsetshavetheproper fof

contractivenss and.loini continuity. Thus, the immediate consequence of the above

result is the following theorem in [20]'

Theorem 4.11. t20l Let E be a locally cowex Hausdodf topological vector space

(72 _ tts) and lit T : E + E be a ynonexpansive mapping. Let C be a T-irwariant

irrurr, of E and y a T_ir,oiant point. df the set of best c-approximants to y is non-
-r*i, 

iompact:ond str-shaped, then it contains a T-irwriant point'
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Theorem 4.12 [21]. Let E be a normed linear space and r : E -+ E be a mapping.
Let C be subset of E such that C is a T-irwariont and x be a T-invariant point ii a.-y
the set of best c-approximants to x, P"(x) is non-empty, compact and starshaped
and Tis:  ( i )  cont inuous on P"(x) and(i i ) l lz l l lsd(x,C)+ l l  Tz-Tyl ls l lz- ,y l l
for z, y in P"(x) u {x} ; where d(x,c) denotes the distance of x from C ; then it
contains a T-invariant point, which is a best approximation to x in C.

Theorem 4'13 I2ll Let T be a c:ontractive operator on a normed linear space E. Let
C be a T-invariant subset of E and y a T-irwariant point in x. If the set of best
c-approximants P"(y)to y is non-empty, compact and starshaped, then it contains a
T-invariant point.

Theorem 4.14 (2ll Let E be a normed linear space and r : E -+ E be a non-
expansive mapping. Let T have afixed point, say y, and leaving afinite dimensional
subspace c of E invariant. Then T has a faed point, which is a best opproximaticm
toy inC.

clearly, Theorem 4.3 follows from Theorems 4.7 and 4.13 by defining a
nrapping F : C[B] -+ c[B)by F(s @D: A@Q@))), as it satisfies ail the hypothescs
ol'l'heorem 4.3. A theorern similar to Theorem 4.1l. was proved by Narang It4] in
case of metric linear space as follows

Theorem 4.15. [4] Let T be a contractive map on a locally convex linear metric
space (8, d), c a T-invariant subset of E and y a T-irwariant point. If the set of besl
C-approximants to y is non-void, convex and compact then it contains a T-invariant
point.

Also, the paper of Narang [14] deals with the following applications of
fixed points to approximation theory when the underlying spaces are metric linear
space.

Theorem 4.16. Let (Ed) be a metric linear space with strictly monotone
m e t r i c  d ( i . e , d ( * , 0 ) < d ( x , 0 ) f o r e v e r y  x * 0 , 0 < t < l )  a n d l e t T :  E  - +  E  b e  a
p-nonexpansive mapping. AIso, setC be asubsetof E, T:0C -+C andya
T-invariant point. If the set P"(y) X non-void, comptact and star-shaperJ then it
conlains a T-invariant point.

'l'heorem 
4.17. |41Let E be a strictly convex metric linear space (i.e., d (x,0) < r,

d(y.0)<r imply d((x+ y)V,0)<runlessx:y:x,! e D,! aT-invariantpoint.If the
set {.(y) is non-void and star-shaped, T : il -+ C and T satisfies d(Ty,Tx) 3 de, x)

.for all x in P"(y) then P"(y): lyslwith Tyo = yo.

Theorem?.L9. Let C be a non-empty compact convex subset of a strongly locally
convex metric linear spaces (Ed) (i.e., each open sphere in E is convex set). Then
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for ory contimnus napp@ .f : C + E, tlpre exists ys in C such that

djo,f Or)\ 
- miDyec d(y,.f 0)). In poticdr, tf "t(C) c. C then ys is afued

pint of .f.
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Baro-diffusion and Thermal-diffusion

in a Binary Mixture Near A Stagnation
Point-A Numerical Study

B.RSHARIVIA AIiID G.C. IIAZARIKA

Abstrrcfi The effects of pressure gradient and temper*ure gradient on separation of a binary

mixture of incompressible viscous fluids have been discussed rry-hen one of the components of the

fluid mixture is present in a small quantity. The flow has beqr discussed when a stream of such a

mixture impinges on an impervious wall at right mgles and flows along this wall in all radial

directions. Equations of motion and energt together with the equation for species conservation

have been solved numerically by Ruga-Kutta shooting technique. It has be€n formd that there is

no separation effect wh€n pr€ssure gradient and temperature gradieirt are iggor€d. The effects of

the pressure gradent as well as the temp€rature gradi€nt are to separate the two coryonents of the

mixture in such a manner that the heavier and more abundant oomponent g€ts deposited near the

wall.

1. Introduction

Consider a mixture of two components of fluids the composition of one of

whioh is described by the cono€ntration c1 defined as the ratio of mass of that

component to the total mass of the fluid in a given volume element. In the flow of

such a mixture the diffirsion of individual species takes place by three mechanisms

namely concenfation gradient, pressure gradient and temperature gradient. The

diffusion flux i is given by Landau and Lifshitz [5] as :

(1) 7'= - p DlYq + kiYo + ftr rn

where p is the density-of the binary mixtureo D is the diffirsion coeflicient, fto is

baro-diffirsion ntto, koD is the baro-diffusion coeffrcielrq p is the pressure, fr7 is

thermal diffirsion ratio, k7D is the thermal-diffirsion coefficient and Z is the

te.mperatur€. The first term in the right hand side of equation (l) 
'represents 

the

ordinary dilfision whose contribution to the mass fltx depends in a complicated

way on the concentation gradients of the substances preseirt in the binary mixture.

The sccond one r€presenting the pressure difrrsion term indicates that there may be
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a net movem€,lrt of the lth species in the mixture if there is a pressure gfadient

imposed on the system. The last one repres€nting the thermal diffusio'n term

deicribes the tendency for species to diffirse under the inllueirce of a temperature

gradient. The effects of the last two terrrs af,e quite small, but dwices can be

inanged to produce very steep pressure gradients and temperature gradients so that

separations of mixtures may be effected.

Much interest has been attached to the separation processes wherein one of

Ore componelrB is present in entremely small proportion in normal occurrence of the

mixture. Separation of isotopes from their naturally oceuning mixture is one such

example. It is well known that because of their small relative mass difference the

isotopes of heavier molecules offer greatest practical challenge to isolate the rarer

component. Sharma Fl has discussed the problem of baro-diffirsion in a binary

mixture of viscous incompressible fluids when an infinite disk rotates with a

constant angular velocity and there is a suction of the mixture at the disk' Srivastava

[10] has discussed the baro-difhrsion in a binary mixture confined between two

Oi*tr *n* one of the disfts is rotating and the other is at rest. Sharrra and Gogoi [9]

have discussed the effect of curvafi[e of a curved annulus on separation of a bbary

mixture. Shrivastava [11] has discussed the baro-diffusion in a binary mixture in an

axi-symmetric stagnation-point flow also. All these problems have been discussed

under isothermal conditions. To investigate the effect of the ternperature gradient in

addition to the presswe gradient on separation of species of a binary mixture of

therrrally conducting incompressible fluids we have considered in this paper the

flow dislussed by Srivastava [ll] when a steam of such a mixture impinges on a

stalionary impervious wall perpendicular to the steam and flows away in all radial

directions. The equations ol motion, enerry and also the equation for conservation

of species have been reduced to ordinary differential elyatiols and nurrerical

solutions ofthese ordinary non-linear differential equations have been obtained for

various values of Schmidt number, baro-diffrrsion number, thermal-diffusion

number and Prandtl number. Thus in this paper we have discussed the difhision of

the rarer componeNrt of the binary mixture under all the three effects namely the

concentation gradient, the pressure gradient and the temperature gadient' Thus, the

analysis provides a more accruate picture of the separation of the binary mixture of

incompressible viscous fluids in the problem than the usual analysis under

isothermal conditions.

2. ltfiass Transfcr Equation

We consider here the oase when one of the componeNlts of the binary

mixnre of incompressible fluids is present in a small quantity, hence the density and

the viscosity of the nixture are itdependent of the distribution of the components'

The flow pioblem of the binary mixtute is identical to that of a single fluid but the
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velocity is to be understood as the mass average velocity i = (ptit + pziz) / p and

the density p = p r Ip, where the subscripts I and 2 denote the rarer and more

abundant components respectively. Thd equations of motion and the equation of

continuity in the steady case are :

p ( n  . g n  = - Y n +  p Y 2  i ,

V. i l  = 0,

where p is the coefficient of viscosity of the binary mixture. The equation

goveming the temperature is given by

(4) p c r ( i . V ) f  =  k Y 2 T + Q o ,

where co is the specific heat at constant presswe, ft is the thermal conductivity of the

fluid and Qa is the viscous dissipation function. The additional equation for the

species concentration is given bY

(s) p ( i . Y ) c 1 = - V . i

Substituting i from equation (1) in (5); we get the following equation for c1

(6) p ( i  .Y) cr = p DfYz cr + Y .(k rYp) 
+ V .(krVT\).

The explicit expression for the baro-diffusion ratio has been given by Landau and

Lifshitz (5) as:
(7\ k, = (mz - m)l@t I ry) + (c2 I m2) qc2 lp-,

where p-denotes the pressure in the working medium, ml and m2 dra the masses of

two kinds of particles and c2 is the concentration of the second component of the

binary mixture given by
(8) Q * c 2  = l

since c1 = Alp and c2= hlp. Assuming c1 to be small so that its square is

negligible, we get the following expression for ko :

(e) k r = ( m z - m t ) e l ( m z p * ) .

The expression for ft1 has been suggested by Hurle and Jakeman [4] as :

(10) k r = c r s 1 ( l - c 1 ) ,

where s1 is Sret coeffrcient Neglecting the square of c1 in this case also, we can

write the expression for the thermal diffusion ratio ft7 as:

( l  l )  k r  =  QSr .

3. Boundary Conditions on c1

The boundary conditions otr c1 dro different in different cases. At the solid

surface of a body, insoluble in the fluid, the mass flux of the rarer component of the
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mixture no(mal to the solid gurftee is zero. This boundary condition can+e written

matlrematicslly as :

(12\ pvnh - DKOq,lOa)+ ko(O p/dn)+ kr@Tl0n)l = 0 at the surface,

where vn is the fluid velocity normal to the surface and dl?n denotes derivative

normal to the surface. The first part represents the convective flux and the second

part in the parenthesis denotes the diffusion flux. If, however, there is diffusion from

a body that dissolves in the fluid, the equilibrium is rapidly established at the surface

of the body and that the concentration in the-fluid adjoining the body is, therefore,

the saturation constant cs. The boundary condition at such a surface is, therefore.

(13) cr = co.

4. Formulation of the Problem

In this section we discuss the fldw, heat transfer and diffirsion of a binary

mixture of incompressible viscous fluids when a stream of such a mixture impinges

on an impervious insulated wall z : 0 and flows away in all radial directions. We

consider the temperature of the rarer component of the binary mixture, far away

from the surfaoe of the wall, to be constant. We take here cylindrical polar co-

ordinates with stagnation point as the origin and the flow direction as negative

z-axis. We denote the radial and axial component of the velocity in the frictionless

flow region by U and II/ respectively whereas those in viscous flow region are

denoted by u: u (rt) and w : w (r, z). The boundary conditions on velocity and

temperature fields are

( 1 4 )  u = 0 , w : 0 , ( 0 7  I  0 z ) : 0  a t z : 0 a n d z  + U , T - +  T - a s z - > a .

For frictionless case we have [See Schlichting and Gerston [8],

(15)  l J :a r ,V [ : -2a2,  Po= P+(pa2/21112 +422) ,

where a is a constant and P6 is the total pressure at the stagnation point. We take the

following form for u, w and p in the viscous region :

u = (*)tn 10'Ol\, w = -2(av)tt' 0(rl),

P- Po= PqvP(6'ry) '

T-T-=(pco/k)0(( , r7 \ ,

o
a

a
r

Q

wl

dil

(16)

(17)

(18)

Th

(23

an(

(24

5 . !

cotl

fon
(26

and

(20

Put

coe

where r7 =(alv)tt2z, 1=1a/v)tt'r, v: plp md 4 is the temperature at a latge

distance from the swface of the wall.

Substituting expressions for z and w from (16),p from (17), Ifrom (18), lp

from (9) and k7 from (11), the equation of motion (2) becomes

( le) o" '+200"  -  Q '2 + l= 0,

and also the expressionfor P(( ,q\ becomes
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(20) P(6,tD=-+-2(02 +0),

the equation of e,nergy (4) reduces to

(zt) n(*'# -rr#)=(&(tf).#\+ Pr(t2Q'2 + €'0"2\

and the diffrrsion equation (6) becomes

(22) ,*(eo'ft\-rr*(r+\=&(tE\.
* #*o(&('"#).*("#\.

.'(&('"f)\.*("#\'
where p1 = pcplk is the Prandtl number, Sm = (vlD) is the Schmidt' B is the baro-

diffusion number grven bY
-  n \ -m1 P2' - - -

, _ 
,rhp_ z

and r is the thennal diffusion number given by

" =ff's;,
The boundary conditions (14) on velocity and temperature become

( 2 3 ) 0 = 0 , i ' = 0 , 0 ' = - 0 a t q = 0 ; i ' + l ' d + 1 a s q + 6

and the boundary conditions (12) md (13) on c1 become

0c, AP d0
(24 ' )  

f r *Or t f t+ r t rdn=0^ tn- -0 :  
and q)cs  asry+6 '

5. Solution of Equations

Togetsolutionofpartialdifferentialequations(21)and(22)we,atfirst,

convert them to orOinuty Oiifoential equations. For this we assune d and c1 in the

forms:
(26)

and

(20)

o(€"q) = oo+ €2oz

c(6,n)= cof (1,i l = co(fo?l' l+ €'fr?l)\ '

putting these values of d and c1 in equations (21) nd (22\ and equating the

coeflicient of f,o and €2 sepantely from both sides' we get'

[6e]

I
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(27)

(28)
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0{ + 40, + 2k (0e(, + 6Q,2) = g,

oi -Pr (zO'e, -z4ei. 0") = o,

dd=0 ,d0 (o )=01
0 i=0 ,02 (q )=01

fd-2p 0 ' . fo=0 at  r7  =0;  and " fo  +I  as ? - )@,

f i - z P Q ' . f z = 0  a t  r 7 : o ;  a n d  f z + 0  a s  ? - ) @

q
E
O .
I
-

(2s) sn (-z p 4) = f{ + t 7, - z B Ofo + 2 0,2 fo +2QQ, fo+2g5, f;+ S, 7o+ 6,7r)
+ t(4foe2 + fooi + fdoi)

(30) zsn(Ofz - 0 fll=z F (2"f, *2i'2.f2 +2{i'.fz +2OO'.f; + 0'.fz + O' fi')
+ t (ty'e, + foui + f,foi + fret + fiui)

The boundary conditions (23) and (24\ nterms of 0o,0z,.fo and become

(3 1)

and

(32)

(33)

It is not possible to get analytical expressions for / and hence for 0o,9r,fo and f2.
Equation (19) was first solved numerically by Homann [3], and later by Frossling

[2] under the boundary conditions (23). Here we have solved equations (19),
(27)-(30) under boundary conditions (23), (31H33) numerically by using
Runga-Kutta shooting technique [See Conte and Boor [1] Robert and Shlpman [6].

6. Discussion

Eor p: 0 and r: 0 thQ function/(f , 4) becomes I throughout the fluid,
which shows that there is no separation effect in the binary mixture when pressure
gradient and temperature gradient are ignored. This confinns the results of Sarma

[7], Srivastava I l] and Sharma and Gogol [9]. The value of .fzftt) is found to be

zero for all values of 7 hence from (26) we can conclude that the concentration of
the rarer component is independent of the distance from z axis. Taking Schmidt

number Sm = l, Prandti number Pr = I and Thermal diffirsion number r = 0, the

function f Q}has been plotted for barodiffrrsion number B= 0.025,0.050,0.075 and
0.100 in Fig. l. The gaph reveals that the value of/is always less than I near the
upper edge of the boundary layer and its values at the wall arc 0.777254, 0.603558,

0.467569 and 0.360866 respectively for the above mentioned values of B. This

means that the concenfration of the rarer component is much less near the wall than

that maintained at a large distance from it. But, e*.e2 = I which shows that the

heavier component gets deposited more near the wall. This again confirms the

results of Srivastava Il].
By taking Sm: Pr: I and B:0.025, f (r)has been plotted in Fig. 2 for

r : 0.000, 0.025 and 0.050. In this figure wd see that the curves for above-
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mentioned values of z intersect at 4 = 0.2. This indicates that the effect of the

thermal difrrsion number is to decrease the concentration of the rarer component

from the upper edge of the boundary layer to the points correspondingto ry:0.2 and

to decrease it beyond these points to the surface of the wall. The points

correspording to q = 0.2 arc some special points, since concelrtation at these points

remain waffectedby the thermal diffirsion number.

In Fig. 3 we have plotted/(ry) for Pr = 0.7, 1.0 and 2.0 by taking Sm : I

nd f = r= 0.025. Fig. 4 represents the gaph of/(r7) for Sm: 0.50, 0.75, 1.00, 1.25

and for fix values of F: t:0.025 and Pr: 1. These gaphs show that by reducing

the values of Pr and/or ^Snr the rate of change in concentration of the rarer

component of the binary mixture can be enhanced. Hence, we can conclude, frorn

above analysis, that the effects of the pressure gladient and the temperature gradient

are to collect the heavier component of the binary fluid mixture near the surface of

the wall, i.e., to effect the separation of the species in the binary mixture. The rate of

separation can be enhanced by reducing the values of Prandtl number and Schmidt

number.
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Modeling Incompressible Navier-Stokes

Flows by Least Squares
Approximation

*  * tF

SIJDARSHAN TIWARI A}.ID SA}.IDRO MANSERVISI

Abstrrct In this paper the least squar€s particle msthod (LSQ) is used to model incompressible

flows. We preseNtt a constrained least squares approximation for the reconstruction of the flow and

show reliable and accurate simuladons ofthe viscous Navier-Stokes equations. The corresponding

incompressible limit cm be impleme,nted and its accurary tested against numerical and analytical

solutions. The in6oryressible Poiseuille and viscous multi-vortex flows are studied and compared

with analytical solutions. Furthermore results for cavity flows at different Reynolds numbers are

presented and discussed.

Keywords: Navier-Stokes equations, Particle method, Least squares approximation

AIVIS subject classllicatlon: 76D05' 76M28

1. Introduction

The study of incompressible fluid flows is one of the main field of

computational fluid dynamics. This subject becomes even more appealing when one

.ao ree the incompressible flow as limit of the compressible, viscous Navier-Stokes

equations. The aim of this paper is tb show how the compressible, viscous Navier-
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Stokes equations can be simulated by using the least squares method in the

framewo* of particle method and the incompressible flow can be reproduced as

limit of small Mach numbers.

The particle method has certain advantages over other methods' This

method is a meshfree and a fully Lagrangian method and numerical solutions are

computed over a moving grid defined by particles treating the geometry and the

conesponding moving boundaries in,a natural way. However the classical particle

methoi, t-ooth"d particle hydrodynamics (SPH) [ll], is based on an integral

interpolant with sufficiently smooth symmetric kernel function and has two

fundamental problems: the approximation of derivatives of order larger than one and

the implementation of the boundary conditions.

In the classical particle approach the approximation of derivatives near the

boundary is not accurate. Alternatively, the approximation of derivatives in a grid

free strutture can be obtained by moving least squares methods [1, 3, 10]' In [10] it

is shown that the moving least squares method gives a good approximation of the

function and derivative near the boundary. Both of the approaches are similar to the

furite difference discretization but show well known problems of instability and

artificial viscosity should be introduced in order to stabilize the scheme. In [11]

viscosity is introduced in the momentum and energy equations and in [10] an

artificial viscous term is proposed for all the equations of the system' Both

approaches do not give good approximations of the second order spatial derivative

ani therefore, they cannot compute efliciently the Navier-Stokes equations' ln this

paper, we approximate the first and second order derivatives by a constrained

*.igt-,t"d least squares method and the natural Navier-Stokes viscous term is used'

ln t[is approach the solutions of the compressible Euler system can be obtained

frorn the Navier-Stokes equations by letting the viscosity and heat conductivity tend

to zero. In [15] the scheme for the lD case is shown to be stable and numerical

solutions converge to the Euler solutions when the number of particles tend to

infinity and the viscosity and heat conductivity tend to zero'

The particle method should reproduce the results obtained by other well

known methods with comparable accuracy. Many treatrnents of the boundary

conditions are "ad hoc" implementations and cannot be reproduced easily' In this

paper we propose to reconsiruct the field over a fix grid and impose the boundary

"orrAitionr 
ovir such a field. The fix grid can be used over the entire domain or only

over part of the domain containing the boundary. we show that our method is

consistent and it is a solid starting point for a moving particle method. In this paper

we are discussing only the method over domains with fx boundaries leaving to

further works the discussion of the rules necessary for consistent moving or adaptive

particle grids. For further applications of the particle hydrodynamics to moving

boundary problems we refer to [10]'
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The particle scheme is used to find the verocity and pressure fierds and anew constrained least squares method is used to ,""o*t ,r"t irr" function and thederivatives. The use of the constrained least squares approximation aflows us tocompute with accuracy the second-order space derivatives and the solution of flreviscous Navier-stokes equations. since most of the numerical anJ anurytical worksare in the field of incompressible flows over bounded domains we appty this newmethod to incompressible flows. we solve basicaty th, ;;;;sible Nuuier_Stokesequations in the lowMach number limit.
The paper is organized as foilows. In $2 we introduce the compressibre

loael Td 
trg incompressibre rimit. In g3 the cdnstrained r"uri ,quur", merhod isdescribed and the discrete set of equations are written. In $4 we presenr somenumerical tests.

2. Model

Let c) be an open bounded domain in Irf 1s = r,2,3) with bo'ndary f. Letp,0 and p be ttre density, velocity and pressure fields representing the statevariables. The compressible Navier-stokes system in the Lagarangi* ro'r,n .-;;witten as [6J

Db
;= -bv 'a
^ D 6
Pi l= -vF+ pY .d (6) ,

where p is the dynamic viscosity. By DlDtwe denote the Lagrangian derivative and
by d the stress tensor a, =,***-iu, v.0. The system (z.r-2.2)is crosed by
the state equation i= bti>.In this paper we assume a simpre linear stare raw
i,= Ab+B with A=c2 and B constant where c is the characteristic sound speed.
For an ideal compressible fluid a power law fi = Ab, +.8 can also be used when
Aly is set to be equal ty c2. 

\e 
Lagrangian form of the equation s n (2.1-2.2) canbe easily implemented over fx o, fr"" b=oundary domains. ilo*"uo, before solvingproblems in complex or moving geometries we would like to show that the method

is accurate and it can be used to simulate incompressible flows.
The Navier-stokes system for incompressible fluid flow is a different set ofequations which can be written as

( 2 . 3 )  V . 0 = 0

^ D a
P d = - V i , +  p V . 6 .

(2.r)

Q.2)

Q.4)
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Under appropriate conditions over some data one expects that the system (2.1-2.2\

converges to (2.3-2.4\. We denote the nature of (2.1) is deeply different from (2.3)

and we should expect the limit to be singular.

Numerical simulations of compressible flows at low Mach numbers is not

easy due to the multiple time and length scales involved in the computation. In order

to rewrite the system (2.1-2.2) in a more suitable forrn we use an asymptotic

expansion which also gives a good insight into the solution behaviour of the

compressible equations in the limit of vanishing Mach number. To cover small scale

flow as well as the long-wave phenomena a single time scale is performed. Similar

results can be found in literature in many forms and flavors. For details one can

consult for example 18,9,13,7f.
Let prel , pof , V,"l be the reference state. We consider the state

variables (p, i,p) inthe non-dimensional form, namely p=blp*r,6=AlY,"1 and

p = P I p,"t. By taking a typical speed Zo of the incompressible flow and the length

scale I of the flow we set the time scale 9: L lVn1. We note that Y,"y should be in

some way related, but not necessarily equal, to Vs or c. This leads to rvrite the non-

dinrensional Navier-stokes system, for the state variables ( p, p, i), as

: l

(2.s)

(2.6)

Do- = - p y . A

DA Pot p
P  D t = - ; m v P +  L h r  p r e r v ' o '

' -r-

-!r

ffi

r {

!t:

,q

,.E

-

a.a

;!.

:on
: :
(-|!'

Since we use the linear state law, we write p = cz(P-p,"t)+V& pq. In the limit of

p -+ p ref wa have p = VB pd. which is normally used as reference pressure in the

incompressible flow. Now by solving (2.5-2.6) through an explicit method we

should take into account the fact that we have quasi-incompressible flows and not

fully divergent free flow. Let pm & the approximate average value lbrp then,we

can define Lb^= bn^- p*t. In this numerical limit the reference pressure is

defined by p,"f = c2 Lptt +Yt p*t which agrees with the incompressible reference

pressure when Ap; tends to zero. From the definition of p,"7 we have P,"I/P*t=

c2 tfio + Vl . The state equation in the non-dimensional variable becornes

p=((p- l)+ M3) l (A,py+ MZ), with the Mach number def ined by M1 =Volc2'

The Mach number as a global parameter characterizing the non-dimensional limit is

defined with respect to Vn1 by M =V)a /@p/dp)v':'JLph + ML which is equal

to Mn in the limit of L,ph tendng to zero. We note that M + 0 implies botlt

Mo ) 0 and A,p6 + 0.If we set Irfu = Pollpt the system (2.5-2.6)becomes

;

Jnr

:':oct

.L\

, l 9

r l  I

( 2 . 1

whe

The
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(2.7)

(2.8)

Do- = - p y . A

D i a
P  D t = - v r + 7 U  * V  

. d

rf Mo is small then vo1 is equal to cJ tpl and the time is scaled with a
characteristic time for sound wave propagation. we have M = J Lph and the non_
dimensional velocity cannot be of order 0(l) in the limit of vanishing M".

If A,pl is small then Vn1 is equal to Vo and M: Mo. The time is scaled
with a characteristic time for the incompressible flow propagation and the pressure
term is sin^gular (proportional to l/M2). If one expands the variable p as
p= po+ M|pz (see for examples 11,g,r3,7l and references therein) there is no
longer one single pressure term to influence the leading order velocity in the limit of
low Mach number but a clean separation of different physical effects associated with
these pressure terms. The leading tenn p0 tends in the limit to be spatially
homogeneous and acts as a thermodynamics variable satisffing the state equations.
The second order term ;2 represents a balance between tne inertiat and viscous
force and also guarantees the free divergence motion. In the vanishing limit this
term should be decoupled completely from the total pressure and therefol from tlre
state equation.

In spite of the fact that Mo ) 0 and Lpn -+ 0 are both singular limits
the linrit M -+ 0 is nice if the ratio LphlM2is approximately constant. The limit in
Lpn is the most difficult to be imposed and in general a projection over a free
divergence velocity field should be used [2, lz]. kr this paper we use an explicit
method to solve the Navier-Stockes system and therefore an asymptotic form of the
(2.3-2.4) and the pressure state equation is appropriate. In (2.g) we take the limit
Lpn -> 0 and in the state equation the limit Mo i 0. The system (2.31.4) and the
pressure state equation become

Do- = - p y . A

D i r
d 

= -Yo* 
R. 

V .4.

(p -r)
p = - -  

5  
-

where Re = Lp4 vslp is the Reynolds number and d a positive small real number.
The (2.10) is clearly the limit equation for"Mtendnlto zgto but the (2.|L\should be

(2.e)

(2.r0)

(2.r l)
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understood in the limit of small d We note that the (2.9-2.10) has the same form of

the compressible system n(2.1-2.2) and therefore suitable for a Lagrangian particle

method.
We would like to remark that (2.11) is not anymore a state equation but an

equation for the incompressible pressure which is completely decoupled from the

compressible state equation. The constant d determines the pressure in agreement

with the variable p which is not anymore representing the real density but a sort of

error in the divergence field.

3. LSQ-particle Discretization

3.1. Least Squares Approximation of the derivatives

The least squares method has been used to approximate the first order space

derivatives and solve the compressible Euler equations in fix and moving geometrics

(see for example [4, 5]). The aim of this paper is to approximate the full Navier -

Stokes equations and therefore both first and second order space derivatives. The

main advantage of the least squares methods is that it is very general and can be

applied to very irregular moving geometries. The idea is to substitute the smoothing

functions used to interpolate particle solutions with a very general least squares

interpolant which can cope with a large class of mesh configurations.

Let f (t,i) be ascalarfunction and fi(t) itsvalues at ii for i:1,2, ' ' ' , N

and time /. Consider the problem to approximate the function and the spatial

derivatives of the functi on f (t ,i) at f in terms of the values of a set of neighboring

points. In order to limit the number of points we associate a weight function

n) = n) (;r - t ; fr)) with small compact support, where ft determines the size of the

support. In the classical smoothed particle hydrodynamics method, h is known as

smoothing length. The weight function can be quite arbitrary but in our

computations, we consider a Gaussian weight function in the following form

( . oE;L), irtrfl < r
tn = w (i, - i . h)): I "*o 

t-
"' L o, else,

with a a positive constant. The smoothing length defines a set of neighboring

particles around f . Let P(i)= {ii ; i = 1,2,... ,n\ be the set of n neighborin!

points of i . The distribution of neighboring points needs not to be uniform and it

tan be quite arbitrary. For consistency reasons some obvious restrictions are

required, namely for example the particles should not bb on the same line.

We approximate the function/(t,i ) by -fn (t,i) as fn (t,i) =Zle fiQ) 0n (ii,x\,

where the shape function fin(it,i) is cornputed at each point i by the least squares

method over its own compact support. It is important to stress that this expression

I
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is consistent only if the function 0n is I at ii, namely Qn(ii,i1): 5'i for all

i , j : L , 2 , . . . , N .
Theapprox imat ionof thef i rs tand;econdorderder ivat ivescanbe

computed airectty n'o"ilrtAil or directly by using the least squaxes method' The

frst mathod is known inliterature as moving least squares method. [3, l0]' Usually

the funotion fn(t,i) *O itt derivatives ia,(t,i) are not smooth enough to be

differentiable and therefore rhe second order derivatives cannot properly computed'

In this pup", *. approximate the derivatives Of (t,i\|?x* by fnQ,*)

=2{=1f {t\ ryn (it,i) for ft = 1,2,3, where 1n(ii'i) is directly computed by fte

least squares interpolation. In a similar manner we define the approximation for the

second order derivative , 6z f (t,i) 1 Qv1 0x* by fan1,i ): E[r fi Q) Vm (fi ' i) for

k = 1,2, 3. T"he determination of the fuitctions fn1xi)' fm?'i)' and fwnv'i\

F-fm Q,.i)) for ft, I = !,2,3 can be computed easily and accurately by using the

i;ti;t'series expansion and the least squares approximation' We write a Taylor's

expansion around nr p"i"t t with *too*n coefficients and then compute these

coeffrcients by mininrizing a weighted error over the neighboring points' The

optimization is const aineito satisry qn(it,i)=L where ir is the closest pofurt,

n'urnrty the approximation must interpolate the closest point'

Inorder t " "pp ' " - i 'a te thefunct ionandi tsder ivat ivesat ibyusinga
quadratic approximatiii ttr""gn the n neighboring points sorted with respect to its

distance from i we let 
3

f (t , i ,)  = fh\, i ' )  *17*g,l) (x*i - x*\
k=l

.+ ri, fw|,i) (xa - x*) (x1, - xp)+ ei'

where ei is the enor in the Taylor's expansion at the point it' The unknowns fn'fn

andfunfork, l : | ,2 ,3arecomputedbymin imiz ingtheol rofg i for i :2 ,3, . . . ,n

and sefiing the constaint €r :0' Our method to solve this constrained least squares

problem is straightfor*ard. By subtracting the first equation with e1: 0 to all the

other equations the system c?ur be written as d = MA -6 ' where

332

332
Lrclz

Axlr

&ln

' = [

MZz M3z A'x112 L'cI22 Lxl32 Lx22-2 Lx232 Lx

L*2; 4"3; ar113 Lxr% 4x133 Lx24 Lx23t Ax
)

I

)
M2n M3n 4111, Axlz, Lxl3" Lx22n Lx23, Ax33,
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where d=l,.frn,fzn,.ftn,.frn,.fpn,.fnn,-fzzn,.fztn'f:3nfr ' b =l'fz- 'ft '( 'ft- 'ft\ ' "' '

. f^-- fr l , ,  d-fe2,q,. . . ,enfr .  The symbol Ax,t i  denoteS r&i-xn,Lxkl i  denotes

(xri - xr,)(xti - x) and Lxkki the quantity (xri - xt') (xt, - x1) 12 for k' I = l'2'3 and

i - - 2 , 3 , . . . , n .
For n > 9, this system is over-determined for the nine unknowns frn and

fp11, for k, l: 1,2,3 '

The unknowns d are obtained from a weighted least squares method by

minimizing the quadratic form J = >?=t wi;? . The abo're equations can be expressed

in the form 1: (Iufr-h' WQun-6; *h"t" W = 6iitDi' The minimization of "I

formally yields d =(MrIfM)-t(MrW)6. Now from the equation for the closest

point x1 we can compute the value of fnQ'i) at i as

In(t,i) = f (t, i) - t'o f *r,, onx u - x k, - i rir, *(t, r)(x*, - x 1)(x 11 - x 2)

since /*r, and fun for k, l: 1,2,3 are now known"

The solution of the constrained least squales problem is straightforward and

more sophisticated techniques can be used. For example minimization or singular

decomposition techniqu", .un be very helpful to determine efficiently the

unknowns.
We note that if the approximation is computed at t we have flQ'i')

= l(l)which implies 0(i,,i) = 6,i for all i,7 : 1,2," ' , N' Also we note that if

the weight fiffrction is chosen in a suitable form then the constraint

61i,,i1i=6qcan be approximated very closely performing the unconstrained

least squares minimization over all the n equations'

3.2. LSQ-particle discretization

The idea behind the least squres particle method is to approximate a space-

time frmction by mans of an expanslon which is represanted by scaled and displaced

approximate delta functions at the particle position'

L e t f ( t , i ) b e a s c a l a r f u n c t i o n a n d f r ( t ) b e t h e s e t o f i t s v a l u e s a t t h e

p a r t i c l e p o i n t s i f o r i : | , 2 , ' . . , . l f a n d t i m e l . W e a p p r o x i m a t e t h e f u n c t i o n-f 
(t,;'s:11t*Q,i)--2!!, rt@0(i,,i),its derivatives /t and fl1as frnu'*;z) =

nr frir,*>='E!!rf,(t\ 4r(i,, i) andfpv,(t, i;z):lrn, fnQ'i)=LLr ft?\wtr(i i ' f  )

respectively. The fuirctions i, ryr, and yrt are comprrtbd at each point through the

constrained least squares approximation described in the previous section by using

the neighboring points orr.i th.i, compact support. The operators fl,flt and fI11 for
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h I = 1,2,3 are well defined and give the values of the function and its derivatives
as a linear combination of the neighboring points.

We can srrmmariz€ some abstact properties for fl which allow us to write
the discrete particle approximation. The operator fI satisfies the following
properties:

l) the operator II is linear and the approximation depends linearly from the particle
point values ;

2) the approximation obtained by applying the least square method is consistent

and the waluation at the particle points gives the interpolating value. Therefore

nf (t,i,)= f,-(t)= f (t,i) for all i: 1,2, . . . ,N.

3) From the above formalism we have flf 1, Q,i) : nk f (,i) and tlfu(,i) =

nu f  Q, i )  for  k  l=  1,2,3.

Consider the system n (2.9'2.11), by innoducing the least square

approximation and by using the properties in (2*3) we have

at it for all i = 1,2, . . . , jV. Since the partial derivatives on the rla ate approl

ximated by.the operators II,[I* ,fln for k l = 1,2, 3 the system of partial differential

equations reduces to a time dependent syst€m of ordinary differential ecluations.

In addition to the Navier-Stokes system the equations that determine the

particle positions should be included as

ry =- p,e)rY.D(r,i,)

p,(Dry = -rrYp(t,itt +frnv . a@(t,i))

(p,(t)-r)
Pt$) = 

5

#=  B f i , f o r  i =  1 , . . . , y ' f ,

(3.r2)

(3.r3)

(3.14)

(3.15)

with 0 < pS l. For the aase p= I each particle moves with its own velocity along

the strearnlinesl if p< I the pirticle moves with reduced velocity field and if B: g

the motion is considered-with respect to a fx particle gnd. It is clear that if B is not

equal to I the fieids must be'reconstructed over the points of interest. This approach

allows a great variety of possibilities: the particler can be naced along their

streamlines or taced at fx positions. For problems oVer fx domainS the use of

moving grids could be not effective since the gnd may deform and the solution may

loose accuracy. Furthermore fts implem€Nrtation of the boundary conditions which

is easy in the Euler formulation cannot be done efficiently in the Lagrangian
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formulation. our approach is to applytlre boundary conditions always over a fix grid
ofparticles. This grid must cover fix boundaries but can also be extended to cover
all the domain that does not have free zurfaces.

After the approximation of the spatial derivatives in (3.12-3.15) these
equations reduce to a system ofordinary differential equations. This system can be
solved by a simple integrations scheme. One can use the explicit Euler scheme, but
it requires very small time step.,The simple explicit forward Euler scheme is in some
cases insufficient to give satisfactory results and, if possible, higher order methods
should be used. Here a two Runge-Kutta time steps is proposed which is sufficient
for many of the tests proposed in the next section [14].

Let.y, =|fl, pi,il if and

for i : 1,2, . . . , 1{. In agreement with the notation introduced above the discrete
system cm be re*titten in a compact form as

I t
4ir,y,vy,ay;:i -r,r:r'' '.i1,,0,1 |

L- nv . p(t,i)**nat;tr,;,llj

for i = I,2, . .. ,Iy', where E denote the discrete approximation of the right hand
sides in (3.12-3.13) and (3.15).

4. Numerical Tests

In this section we present some numerical tests. We always consider
discretizations over bounded domains with N particles at ii for i : I,2,. . . , ly' and
constant time step Af.

In this section '.'e denote by "fi the values f (t,ii) with t : mA,t for
m : 0,1, . . .. The discrete form of the Navier-Stokes equations are the discrete
version of the asymptotic equations in (3.12-3.15) for Runge-Kutta two time steps,
namely we solve

t :g(t,v,vv,Av),

pT*tr = of -+ pi nv .nT

iT*' =ir -#fuvpi +Snv .66D:)

^** (Pit -t>
p i - =  

5

(3 .16)

(4.t7)

(4.18)

(4.re)
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(4.20)

(4.2r)

(4.22)

(4.23)

(4.24)

(4.2s)

-n++
X i  

-

pi*tr = pf - Lt pi*t rw .iY*t

ii*+ =0, -ft(noo14.** .a6i.+))

pT*'=#
xT*t =iy + ttii.+

u(i,t)=fiv@- L)+

= 4 + | a y

for i  = 1,2.. . . ,  Nand m:0,1,2,. . .  ,  wherethe init ial condit ions are given by
( O'l ,A?1 for all i = 1,2,. . . , y'y' and d,small positive number.

Many strategies can be adopted. one possibility is to perform two time
steps along streamlines and then interpolate the solution ou., u -"* ,.g"r. ;tJ;;points. This is convenient in order to conhol the grid points and keep them regular.
In this case the boundary conditions can be imposid simply fixingthe velocity at theboundary. Another possibility is to move continuously ae 

-partictes 
over the

streamlines with its own or reduced velocity. rhe bouncary cinditions must beimposed through special boundary particles which are siuinj over a boundary fix
sid.

First we propose poiseuille flow in order to test the conshained least
squares method where we compute the viscous and body forces. ro putti.ur,u, iii,
flow tests the approximation of the second derivatives in ,pur.. trowever in these
two tests the pressure does not play any role and the incompressibility 

"""ro.i"i".i,in a straightforward manner. Then we test the solution for moderate distribution ofpressure against analytical solutions. Finally we test the driven cavity flow against
the corresponding furite element approximaiion where the distribution of pressure is
not hivial as in the previous cases.

4.1 Poiseuille F'low

The first test case is a stationary forced flow through a channel between two
infinite parallel plates. The solution 0 - (z,u)of this simfre flow can be written in
series form as
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Figure l: Ttsst L E*est flow ad solution for Poiseuille flow

. #: * sn(ff <z' *r)) oP ('%')'

( i , t ;  = 6,

where I is the width of the channel and F the force. We note that, we have to add
the body force F in the momentum equation.

The test was performed with L:5, F: I and Re = 
[. Fig. I shows the exact

and computed solution. We note that the solution obtained',by the particle method
approximates closely the flow. The solution hasbgenl computed both reconstructing
the solution over a fix point grid at each time stgp or letting the particle flow along
sheamlines. In both cases the riratching is excelient.

In,Fig I we pl6,&e exret and prticle solutions obtained by recurstructing
the velocity field.owr dre inifial rogutu partiole distribution at eadl time step.
The solutions are plotted at t = 0.041 (A), I = 0.201 (B), I = 0.401 (C), I = 0.601 (D)

l: 1.001 (E), and l: o (F) respectively. The limit in f does nol present particular

problems and the fact that the pressule is constant allows the viscous term to

dominate the presiure term even for very small valrros of'\d.

0 , 1

A o
B +
C o
D x
E A
F x
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4.2. Flow in a Square

The Poiseuille flow is one-dimensional flow and do not produce variationsin dynamics pressure. In those cases the incompressible limit defined b1, dtending tozero cannot be tested 
11. 

a proper way. In this subsectior, *" pr"r*, a test where
St nryttyt is changed in agreiment *itr, 

" 
smooth quadratic distribution. we testthe solution against the analyticar solution for a flow drir* t a given forcein the square (0,1) x (g,ll wijh lomogeneous Dirichret ila* condirions. Ler0a = (ua,ua) be the desired velocity deirned by

(4.261 dt@,u\ 
_ _d,G,a)* =--ii- u4 

dx
where d@, d is d&, d = @(x) @(s,) and O(z) is

{z) = (l - cos (4n z)) (t- zz1 .

The pressure is given by pa = los (x2 -.2sil . For given (aa, pa),the corresponding
body force is

F=(oa.V;0,+ry ;f,ou1oo1
(4.27)

:lir
::lii
,rl .

.  , ; ; : : : : : : : : : : :  :  .

r iii777:i\\iii r i
, i t i { { l . . r t t r t t t ,
;  I  |  |  I  I  :  _ - , ,  I  t  |  |  '  ,

: i i i l l i = : ; ; ; r ; :
: : : i : : : i : i : : : : :

Figure 2: Test 2. Exact flow (right) and solution (left)
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The flow consists of four vortices rotating in different parts of the.domain.

In order to obtain this solution we use a fx particle grid generated at the initiat time.

The boundary couditions are imposed'simply by setting zero velocity at the

bounday and reconstructing the fields at each time step. Since the flow is extremely

complex the grid has been improved to 4l x 4l partieles.

In Figs. 2-3 we have the solution obtained by the particle method against

the exact expression. We can see that the solutioni match perfectly: the a component

is shown in Fig.3. In these figures all the 41 sections are plotted alottg the x-axis

showing a high degree of symmetryand accuracy, The pressure, which is assumed

to be parabolic is matched almost perfectly. Again the smoothing length ll is 2.5

tirnes the characteristics mesh length Ax. The ideal value for h over a regular grid

should be evaluated on the basis of the number of neighboring particles necessary to

compute the unknowns quantities. Usually h: 1.5 Ax is sufficient in the interior of

the domain but not on the boundary, where the number of neighboring particles

available is reduced. Therefore the values of h is dictated by the topolory of the

boundary or ft shoriid be taken space variable. Another advantage of the use of fix

particle grids is the possibility to sfictly confol the number of neighboring particles

*O tnoifot" the approximation error. In this computation the pressure is obtained

by d'= lOe md densrty error less than 0.1%.

:e.-!;,,''^s;

i:t5#
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.4.3. Driven cavity flow
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Figure 5:
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Figure 4: Test B. U-cornponent along the y_axis at r :0.b.

The flow in a cavity drive'by the verrocitr-onthe top has become a pop'rar

:ffi?[i1fiilTf.il*"#taring nume'icat miooos. n'i ..,Jo.ity aon thi top

o.4

t 
':!::?::::l:d::::tr::: 

*11;.i'J):l
'  

' J l l ' - '

,-.-;.li:t"

u ,

n" ro iil -l--.
ne roo ffi .-*-...

u(.r,1)=0 u(x,l)= l6x2 (l_ x)2,

Test 3. U-component along the y_axis at z :0.5.
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with homogeneous Dirichlet boundary conditions over the rest of the boundary.

Computations have been performed with the iterative method described h tr:

pr"rnio* sections and solutions are compared' with furite element numerical

solutions with different Reynolds numbers.

The solution obtained with the particle method has been performed for

Re 10,100,400, 1000. In Fig. 4 the z-component is plofted alongthe vertical line at

x:0.5. The particle grid used,here is 41 x 4l but only half points are shown' We

remark that for high Reynolds numbers this grid cannot be considered sufficient to

reproduce accurately the Navier-Stokes solutions.

Comparison with Reynolds number equal to 10 and 100 is shown in Fig.5.

In this range the grid is sufficient to reproduce the results and the finite element

solution is ieproduced closely. The value of d is set 104 which is enough to

reproduce the pressure in the incompressible regime with density enor below 0.1olo.

'f
o.rl-

I*f
cri-

",1i
- - l-i
n.f

I

"'f
orl-

I
o.tf

Figure 6. Test 3. Flow for Re = l0 (eft), 100 (right) with moving particle grid'

The computations has been performed with different resolutions, for different

smoothing lengths and for different weight frrnctions. These results can be

reproduced orr"i u large range of values. Similar solutions have been obtained for

moving particle grids and are shown in Fig. 6. In order to enforce the boundary

conditions for the moving particle mesh a boundary fix grid of particles must be

generated around the cavity. If the particles move with high velocities it is not easy

io contain the particles inside the cavity and'oad hoc" techniques should be used (see

for example tlOD. for low Reynolds number the particles can be forced to stay

inside the domain and the results are very close to those shown in Fig' 4 and the
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velocity profiles in F1g. 
I ge-ytgrred by the solutions shown in Fig. 6. However forhigher Reynolds a robust "ad hod"str-at'egy is necessary to keep the particles insidethe boundary. For these.reasons, if flows ire investigated io n* l*uios, it is arwaysconvenient to reconstruct the field over a .ocontrolled,, 

particle grid and let theparticles move freery only if moving boundaries are presenti 
-----'

5. Conclusion

The resurts of the computations show that the constained least squaresmethod can be used to computJ the second order derivatives *rd ,""onrrruct thevelocif field. No artificiar viscosity *J no ,.ad hoc,, boundary conditions arcnecessary to reproduce the viscous, incompressible flow The Navier-stokcsequations can be simurated with good accuracy and over a quite arbitrarydistribution of particres. The 
-least rt"il: particie 

rgfroo gives a Lagnurgiunrepresentation of the flow which is consistent irF q. rurer repierentation given bythe least squares reconstruction of the field. By simulating tn.ffir"rsible flow theincompressibre limit can be 
_rTily ,"p.oauc.o inside thi limita;; of the expricitscheme. within the proposed formulation tlis timitatio" ;;t be improved bythe development of an. innplicit or projection ,.t rrr. a' i-i.ou"rent in thisdirection can be reached byenforcini ttir in"^orpressibility constraint directly intothe conshained least square approximation or mi neto. air" a"r. scheme can beeasily extended to probrems with non-isothermar flow, complex geoemtries andmoving boundaries.

tu
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prof. Dr. R.p. Manandhar
(1933_2003 A.D.)

Prof. Dr Rameswor prakash Manandhar
was born in a middle class business family at
Pakanajol, Kathmandu in 1933 AD. His father Bir
Bahadur Manandhar used to tade commercial items
with the village food stuffs brought by the villagers.
RP. Manandhar used to help his father in his early
days. Latea he developed passion for learning and
started his education in his teens, on his own
effort. He passed M.Sc. degree in Mathematics in
1963 and under Colornbo plan he was awarded a
fellounhip for ph.D. degree in India (1965_196g).
FromRanchi University, underthe gudance of prof.
K.M. Saksena he was awarded ph.D.degree in
Integral Transform in 1969.

After returning from India, he joined Tri-chandra college as alecturer and then he joined the centrar Department ofMathematics as a permanent staff of Tribhuvan university in r 970. Hebecame professor in l9g6 and then took charge as the head of thedepartment in 1988 and continued to be in the chair till r99g. In the sameyear he got retirement froni the university service but he helped thedepartment as a contract professor for the last four years. Because of hisdeteriorated health he was unable to attend the department since February
2003. He passed away after a short illness on 7,h June 2003.

Prof. Manandhar has produced two ph.Ds in Generarized Integrar
Transform and Distribution Theory. He has pubrished nearly a dozen of
research papers in the Mathematical Journals in Nepal, India and abroad.
Dr. Manandhar has contributed a lot in the deulropment of centrar
department of Mathematics and his contribution for the upliftment of the
research journal Nepal Mathematical Sciences Report, is highly appreciable.

As a person he was a determined schorar who afTected the
thoughts of his collegues and students equally.
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