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Abstract: In this paPer we prove that in the plane density topolory exists without power
property.
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Introduction

Let x be a topological space. Any continuous transformation, on a
topological space xwill be called mapping. we say thatf : A + x is light on A c x
if f is non-constant on any non-degenerate continuous mapping inl.

we say that any topolory on x has the power property if for any open set
u c x,any open and light mapping f : u ->x and any pointx e uthere exist a
number n e N and,a nbdYcU ofxsuchthatfor everyy e lT(n\ f {x})l the set

"ft WD has cordiality n. In order way the power property of a topology means that
each open and light mapping on any open set is locally n to one.

Results

1. Family Lemma: For any I e (0,1), we define the family, m = t*: fr > 0). Given
prison set M c (0,r) of the rebesque measure r{m) : }z t e (0,r) with a free
family Ft: Ht I M of cardiality at least n.

Proof : The assertion is obviously fulfilled with M = (0,#). we can try to avoid the

free family of cordiality at least (rrl) with a prison of measure f . For each
I e (0.5,1) there must be at most n members ofthe family Ht = {t / 2k : K> 0} free.
The most efficient way is to build the prison *=(0,$)
Hence the familv lemma proved.
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2. Theorem : The density topologt does not have the power property in the plane.

Proof : Let D : {r (Cos r t + i srn n t) e C : 0 < r < 1, 0 < t < 2) and

define a corkscrew type mapping .f : D -+ C by

/(r(cos rt + i srn rt): r{CosZnQ(t) + i sin 2 ftilt)}. When,

(  t - l , f o r t e ( 1 , 2 1
0G) =\oQ^.',),for 

/ e (# +l,n2|with / decreasing from

2 to I the lower half of D is mapped onto D Anti-clockwise, then the speed of

rotation increases in such a way that,

/ [ { r ( c o s  n t - r i s i n z r ) e  C : 0 1 r  ' 1 , r .  ( # , + ) } ] :  D f o r n > 0 .

We can consider the mapping f : D -+ C with the density topolory on both
D and C. We have
A) D is a density open set (the missing segment has the lebesgues measure zero).
B) / is density continuous at D \ {0}.
C) / is density continuous at 0.

Proof of (C) : For any density open set Z containing 0, the density of a set -ft (n ut
0 can be calculated using the radical segments.

[{r(cos n t + i sn r t)e c : o 3 r < I, t . (#,})}]oro defined by the

segments t . (#, #),,n. density of Zgives the density of f4 (\ atl.

D) / is density open at D\ {0}.
E) / is density open at {0}

Proof of @) : The density of U at o gives the estimate of the lebesgue measure of

U a {r (Cos ttt+ i sin rt) e C : O ( r < I, t e (1,2)l

And we obtain the estimate of the density otf (U) at0.

F) / is a light and open mapping on an open set D on a topological space C with the

density topolory.

G) For any density open set YcD containing 0 am,dn e.Mthere existsy ef (n

such that the set Y a.f-t (y) has cardinality at least n.

Proof of (G) : There is a denslty open set U c Y, containing 0 and a open set G

(Euclidean open) containing the density closed set C\2, such that G and U are

disjoint (See-[2]), the Lusin-Menchoff property of the density topolory. When U

reaches the density (f - *,) at 0 for some R e (0, 1), i.e., X"llr (Cos at + i sin at) e

C : 0 s r 4 r, t e (0, 2))l t (f - *,) . 
" 

f .We can using the polar coordinates obtain

r e (0, R) such that the se!
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M= {t e (0,2): r(cos ttt* isin rf) e Gl

is Euclidean open in (0,2) with r{M= 
+.

By family lemma with M_as the prison set we concrude that there cxists t e (0,1)
with the free family set Fr = {r1,.../,} c (0,t; disjoint with M, b"ld;f ,rrdi#;
at least n.
Then y = .f lr (cos nt,+ i sn n t,)l

= f {:tl.cos rtn + isin nt,) ef(v)duetothedefuritions ofFtard
.f, nd consequent$ .f-' ty) has cardinality at least z.
The mapping.f : D + tr shows that the density topolory does not have the power
property. Hence the theorem
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A History of Fixed point Theorems
R.P. PA}.IT, K. JHA AND A.B. LOITANI

Abstract: In this paper, we preseNrt a brief historical account of the dwelopment of Fixed pointTheorems (fpths), There are about seven thou$qnd r-esults *fiir -J tii, paper includes almostall initial generalizations and extensionl of majoi a1d inleres$ results on.,'plrs, thro'gh different

ffi:.*Hffiffirlike 
contraction; Non-eipansive: Multifiil*"*; Frff"r";f nailpinrs;a;

Keywords and phrases: Fixed points, contaction mapping, non-expansive
mapping, multifunctions, commuting mappings. 

e' ---

l.Introduction:

Let T be a self mapping on a set x. An element u in x is said to be a fixedpoint of the mapping T 
-if 

Tu : u. T\e fpth is a statement which asserts that undercertain conditions (on the mapping r and on the space x), a mapping z of x intoitself admits one or more fxed pointr. History i, u ,""rri"frr rcord of man,sachievement & historical ....utch is the application of sciitific method to thedescription and analysis of past events. In this paper, *, n* *.a briefly to presenta history of fuths. There are prenty of resurts on different cases of fpthsand thispaper is basically a survey work which deals with almost all earlier settings of fpths,
Y1t1l 

sli-table examples. This paper considers some short abbreviation s lfte fpths,Bfth, sfpth, & CMTH for fxed point theorems, Brouwer's fixed point theorem,schauder's fxed point theorem & contraction Mapping Theorem respectivery.
_ Historicaily, the most important resurt in-thJfil is the famous theorem

of L.E.J. Brouwer which. says that every continuous-ser-m*a, of the closed
unit ball in Rn, the n-dimensional Eucridean space, porr.Jr'", a fixed point.
This result, published by Brouwer (1910), was prwiously known to H. pointcar6
in an equivalent form. In 19g6, pointcar6 proved the following resurt: If
.f : En + En is any continuous function with the property that, for some r > 0 and
any o > O,-frx) 4 a x * 0, ll r ll = r then there exists a point xo, llxoll< r such that
-f (x) = xo . Now it is known that this assertion is equivalent ti the nypth. Another
interesting fact is that the poincar6 theorem was also rediscovered by p.Bohl
(1904). Also, A.L. cauchy (1g44) was the first mathematician to give a proof for the
existence and uniqueness of the solution of the differential equations *= .flrr) ,
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/(I0)='/g,whenfisacontinuouidifferentiablefunction.R.Lipschitz(1877)
simplifiedCauchy,sproofusingwhichisknowntodayasthe.LipschitzCondition''
Latter G.peano (1gg0) established a deeper t"r"rt, suiposing of1 the continuity of

F. Eeano's approach is mo'e related to modern Tpin' *tti"A is used to obtain

existence;tl;oti3n.ro"" 
(192S) pror:d the combinatorial geometric lemma on the

decomposition of a d;gi;; ;hih ptays animnortant roli in the theory of fxed

points. Due to its wid;;p;iications, irt3i" 
"t. 

plenty of resuls and still more results

io .o.. ortfpths.fn"r"'*. the most io,poJ*t toots for provingrtre existence and

uniqueness or rotutiJn-r*to lurioor rnutrr".uti.ul models (differential' integral'

ordinary and partial diiferentiat equations, variational inequalities)' other fields are

steady-state t .p.rut*. aistriuution, chemical reactions, Neutron transport theory'

F.conbmic th"ory, g*" tt'*'y' Epidemics' Flow of fluids' Optimal control theory'

Fractals, etc.

2. Brouwer's Schauder's and Tychonoffs Epths:

Brouwer proved his famous theorem n lglz'As such theorems' where the

spaces are subsets 
"f"';; 

Rt are not of m.ch use in Functional analysis where one

is generally 
"on""*.aiitr, 

innrri , di.r*ional subset of some function spaces' The

first infinite dimensronal fpth wasihvestigated by c.D. Bitq-f & o'D' Kellogg

(Igz\).There exist .*iir""r. orth" otigin al Bfpth. Birkhoff & Kellogg gave one

proof of Bfpth *'il 
''t" 

assumption aUout convexity and compacuress'

b.J. schauo 
"' 

n tili eJended trre nirxnorr-xellogg theorem to metric linear

space and in 1930, ;;hil;; gxtended Rlpth to thi result that every compact

convexsetinaBanachspacehasthen*.apoi.tpropertyforcontinuousmapping,as
well as that every weakly compact.oour*"o io a'separable Banach space has the

fxed point prop."y'iJ'*t-unv continuous iapping' An improvement of the last

assertion wa, obtait'eJ UV fvf'Og- &-V' Smulian (1940)'

Amongtheseveralproofsot.!finnanelytopological,analyticanddegree

theoretic, the proof of Bfpth Atp'nOi"g..on 
"*iout 

dtftitioot of the degree of a

mapping (i.". ,otutioln 
"ii 

*ti"t n"rOl-*'"* given !Y 
Brou-wer (1910' l9l2);

J.w. Arexaoo.' iiqzi)' s' Lefscn"t' tiizai; s fgtl 0e2e\; J' r'erav &

J.Schauder (1e34I E'i'othe (1212.:' i'{ili""r (le+-r); J' Lerav (1e50); l!{'

Nagumo (1e51); i5"et'oii 1l?i1]t. 
rri'lc"t itqoo); ̂a' Granas (re62);

P.Whittlesev(1e63;;;A-dtrqo+j;r'rJar(tdzo);F'F''Browder&J'A'B'
poner (r97 Z);Ah;; ;.; l tg22i,*0., irt-i.pt"ssion. a'Uout ryptft was proved for

homeomorphism only, gave an.* proof-ileirrst continuos theorems applicable to

non-linear problems *"ie Arre to Leray & ichaunder (1934), known as "the Leray'

Schaunder theorJ', using the tinearisatioii'itft' 
gut ihi' tt"ot"t cannot be stated

or applied *itfroot 
"'too*-fedge 

of a.g"" t"o.y. Various attempts have been made
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to replace Leray-Schauder theorem by theorems in uftich the degree is not used.
These theorems use conditions which are less general but more easily established in
applications. The most useful result is that of Schaefer (1955) and Browder (1966).
In 1926, Lefcshetz gave an extension of Bfpth to orientable n-manifolds without
boundary, using what is called now the Lefschetz number n(fl, and also efiended
this to the case of n-manifolds with boundary. This result was further extended to
finite polyhedra by Hopf (1929). Lefschetz (1930,42) gave fpth for compact
contractible sets. E.Spanier (1966) gave a modern proof of Lefschetz's resuit in
1942. s.Kinoshita (1953). E.r'. whintesey (1963); R.H. Bing (1969), E. Fadell
(1970) have given fpths on contractible sets with many interesting examples and
references.

Another proof of Bfpth depending on classical method (calculus &
determinants) were given by Birkhoff & Kellog (1922)the most proof of Bfpth is
by simplicial subdivision of an n-simplex due to B Knaster, c. Kuratrvoski c
S. Mazurkiewicz(1929); C. Kuratwoski (1933) and L.M. Graves (1946).Ilirsch's
(1963). Hirsch's proof plays an important role in the algorithms for fixed point in
Bfpth' Unlike CMT, Bfpth .does not give any computational scheme for obtaining
a fpth. However, n 1967, H. scarf gave some sort of algorithm for computing a
fixed point of a mapping with some additional conditions. This gives a new proof of
Bfpth. we find many othei algorithms in a book edited by s.Karamardian (1977).
II. Robbins (1967) gave compliments of Bfpth. The most interesting generalization
of Bfpth is the so called Ii Borsuk- ulam theorem and Borsuk,s theorem about
antipodal points the proof of Borsuk-ulam theorem is that of lVr.D.Meyerson &
A.L Wright (1979).

The condition of compactness in sfpth was a very strong condition. As
many problems in analysis do not have compact setting, it was natural to modifr this
theorem by relaxing the condition of compactness. A.N. Tyechonoff (1935) proved
a generalizations of Sfptlt for the case of compact operators on locally convex linear
spaces, and M. Hukuhara in 1950. Tychonoff need simplicial subdivision method
to prove hisfpth. An interesting extension was obtained by Browder (1959), under
some deep conditions for the iterations of the mappings. H.H. schaeffer (1955) gave
a slight but very useful variation of sfpth for compact mapping on Banach space.
Browder extends Sfpth for the compact sets. Rothe extended it n 1937 and it was
Iatter proved by Potter (1972) to the more general case of convexit5/, adopting the
argument of Browder Branas (1962) considered a general regron for the same
theorem and need the method of Potter.

The generalization of Sfpth conceming set valued mappings was proved by
Ky x'an & r. Glicksbert (1952). A proof of rychonoffs theorem using the fixed
point property for the Hi.lbert cube is given by N. Dunford & J.T. schwartz (19i8).
An interesting generalization of both Sfpth and Tychonoffs theorern was obtained
by Ky Fan (1961). The extension give'n by Ky Fan depends upon a lemma which is

17l
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ess€ntially the infinite dimensional version of the Knaster-Kuratowski-

Mazurkiewicz theorem (lg2g'). Also, a new and important step in extending the

Sfpth to more general class oi mappings was made by G.Darbo (1955). ln L967,

V.N.Sdovski, using a new -,u,*" of non compactness, proved a. generalization of

the Sfpth foi mappings which are known as condensing or densiffing. M Volato

(l95ii egenaed- S6pln to mappings without strong relation with compactness'

bmoo (1953) extended Sfp;h-wiich was generalized by V.Istrdtescu (1978)'

Also, IV[.A. Krasnoselskii trgsgl. M.Altman (1957) and w.v. Petryshin (1967)

p.p"r"a some conditions for the mapping for the computation of fxed point'

6;t-"oo proved his fpth usng Sfpti. A proof of altmann's theorem using the

concept of degree tneory was found by M.l. Berger & M. Berger (1968). Latter on,

lt{. Eielstein (rqoo) has generalized the thcorem of Krasnoselskii' Browder (1970)

used the homeomorphisir as initial condition. Sadvskii (1972) developed the

genetari"eo degree theorem who extended the concept of degree to the class of limit

Iompact op","ioo. B.V. Singbal has shown that the Sfpths is true for locally convex

spaoes in its nrn generality,"using a technique due ro Nagumo.(1951). A paper of

tlust"p"oeetr itgsz) includes different kind of generalizations of Sfpth'

It{.G. Icein & lvlA.Rutman gave results related to the transition from nonlinear to

linear problem. Also N. Aroisza ln Q9a\ gives general regular condition on T

sufficient to establish that the set oi its fxed points is a homeomorphic image of the

intersection of decreasing sequence of absolute retracts'

3. Banach Contraction PrinciPle:

Tl:nerearefpthsthatcanbeapproachedwithoutanycombinatorialtopolory

as backgrormd. One result applies to contraction that is, distance diminishing

mappin; of a complete menic space into itself. The concept of Banach sirace was

introduced by Stefen Banach ani obtained afpth fot contraction mappings n 1922'

famous as Banach Contraction Principle (BCPi or CMTII. Recently there have been

numerous ge,neralization of BCP by weakening its hypothesis while retaining the

oonverg€nce p-p"rry ; ,lr, *.".r.ive iterates to the unique fxed point of the

mapping.One result is due to R'Caccioppoli in 1930' BCP.is-very useful in the

" ' is**anduniquenesstheor ies 'S.C.Chu&J.B.Diaz in |964,65gaveonegeneralization of BcP. The result due to chu & Diaz has been further extended by

v.lu.Sehegel(1969).KrasnoseiskiigeneralizedcMTinlg64.AlsoE.Rakotch
(1g62),D.Boyd & LS.W. Wong (19?9) and Browder (1968) have attempted to

gaaalizn BCp by ,.piu.iog thJlipschitz constant by some real valued firnction

whose values 
"r" 

to. inro tl n is notea th-at the class of Boyd & Wong is srictty

larger than the class of Rakotch, A.Meir & E.Keeler (1969) has generalized BcP

for-the crse of weakly rmiformly stict contaction'

Some signidcant generalizations of Boyd & Wong thegr;m are those due to

slark & B.E.Rhoao., irggrl, s.L Singh & s. Kasahare (1982); s.A. Eusseln

tr1
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& v.M. sehegal (1975); s.p. singh & B.A. Meade (1g77);J. Jachymski (tg4)
and R.P. Pant (1996)' Similarty, some of the well known generalizations of rhe
Meir & Keeler theorem are those due to s.park & J. s. bae (l9gl); park &
Rhoades (1981); r. H. N. Rao (1985); pant (1986); G.Jungck (19s6); Jungctrn
ICB. Moon, Park & Fhoades (1993). Edelstein in lg42 has shown that
compactness of metric space X will guarantee a unique fxed point for a contractive
mapping on s. D. F. Bailey (1966) exterrded this result for conraction mappings.
Edelstein (1961) gave a local version of the CMTH. The generalization oftne nCp
to a class of mappings_ on c-chainabre space is due to Edelstein (1966) and sehgal
(1969). s.P. singh & zomitto (r97r) have obtained more general results by
replacing the metric by some real valued function with continuity condition. Woni
n 1972 proved the result for lower semi continoo* ."ppiog on a compact
Hausdorff space.

R. IGnnan (1968); Hussain & sehgat (1975) and J.v. caristi (1975) have
considered several generalizations of contraction mappings. Rhoades (1977) have
given more results on contractive rrappings and its generalizations. G.E.hardy &
T.D. Regers proved a fpth conceming Kannan-Reich type mapping n tblz.
Hussain & sehgal (1975) proved alpth which generalizes the Kannan-ieich's md
Ciric tvpg of generalized CMTHS. An sxtension of Ilussain & Sehgal's result was
obtained by singh & Meade n 1977. Both results deal with connonfpth of a pair
of mappings. singh & Meade proved fpth under the assumption that o is upper
semi continuous. we have some generalizations due to s.Reich (l9zl), M;ir
(1968), singh (1970) and Hardy & Rogers (1973) for rwo mappings on a complete
metric space. I(annan (1969) proved a theorem in which the completenes, oi tr"
space is not required. Kannanrs results have been generalized by Singh in 1969. we
have fxed point results from L.p. Belluce & w.A. Kirk (1969) and Fukushime
(1970) on diminishing orbital diameters. s.B. Nadter (1969) represented rhe
extension of the BCP to the case of set-valued contraction mapping.

Browder (1965) Eave a result which did not :rssune compactness. The
result remains tnre for the case of a uniforrrly convex Banach spaoe. We have some
more results on fith due to Browder (1965), Kirk (1965) or trc Goebel (1969).
converses of CMTH have been discussed by p.R.Meyers (1967), LJanos (l%7)
and Edelstein (1969). In 1970, L.F. Guseman Jr. gave afpth that was first proved
by Sehgal in l972.Ia 1976, Caristi rediscovered independently a fpth rryhich-tumed
out to be an abstaction of a Lemma of E.Bishop & p.R phelps (l%3). Its
applications were discussed by Kirk & caristi Q97gl'Kirk (1975). D: downing &
Kirk (1977). Caristi's proof involves tansfinite induction. The proof of Cerfuti's
theorem is given by Kirk (1976) and implicit in a paper by A. Br@nsted (1974).
The localization of conbactive mapping condition was given by RD. Holmcs
(1976). David ttjlbert (1895) introduced a metric g'hich is interesting in its orvn
right but also applications to analysis, as was proved by Birkhoff (lgs7) and by

tel
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IJ.Urabe (1956) . It is possible to show that, after a suitable change of the metric, the

firapping is actually a contraction mapping. The first result of this type seems to be

tftai of - B.rr"g. in 1959. Generalizations of Bessage's result as well as of related

results were obtained by Meyers (1970). s.Leader (1977),I.Rosenholtz (1976), etc'

Various applications or trt" CMTH have been given in copson [pp 111-136];

Heuser ]pi n-ztl;Martin [pp 114-117]; pilts tpp 88-891; Simmons [pp 339-340],

Singh [pp 10-1U, Smart fuP al-52].

4. FPTIIS For Non- Expansive Mappings:

As the fundamental properties of c rntraction mapping do not extend to non-

expansive mappings, so it is of gfeat importance in applications to find out if non-

.*i*riu. 
"tupping" 

have fxed points. The study of non-expansive mappings has

been one of the main features in recent development of fxed point properties'

Contractive mappings, isometries and orthogonal projections are all non-expansive

mappings. fne iioblem of the existence of an extension for non-expansive mappings

on Rn was first considered by M.D Kirszbraun (1934) .M. Markov & Kakutani

in 1938 referred to simultaneous fxed points of suitable families of continuous

mappings of compact convex subset of a topological vector space into itself' The

.uppi"ir in the Ir@ must satisff a condition close to line

.ld;ii .tn. f"rt i-pottu"t t toft in the theory of fxed points for non-expansive

mappin! was obtained by R. de Marr_in 1963 who has proved an interesting

extensive of the famous result of Markov-Kakutani. This result greatly influenced to

the development of fixed point theory . R.de Marr gave various fpths concemng

families oi mappings which need not to be affine, using downward induction

argument
Kirkinlg63provedafpthusingacharacter izat iolgfref lexivedueto

v.smulian and a concept (normai structure) of M.s. Brodski & D.P. Milman in

1948 to prove the;p* io. tupping which do not increase distances' Brodski and

Mil-"o'guu. ,onditioo, undei which a convex set in a Banach space has a point

invariant under all isometric self mappings. E.w. cheney & Goldstein in 1959 have

g i " * . t ' " resu l ts fo ranon-expao ' iu "mgp lqg inamel r i c .space.K i rk in1965

provedfprhfo, u noo-.*p*s#self-mapping ofa bounded' 
9lo':d' 

convex subset of

a reflexive Banach ,pu"r. Ao immediate 
"oor"qo.nt" 

of Kirk's theorem was proved

ilJ.p*a"otrv uy nrowaer (1965); D.Gohde & Kirk (1965). They proved that a

non-r*p*ri"e self -"ppioi of a bounded closed convex subset of a uniformly

convex Banach ,p"." n.t a-fxed point. Latter on, I(irk in 1970 proved the sa19

result under sligbtly;;; assumptions that the space is reflexive and a bounded

closed convex subset has normal structure'

Theorems r--;ppr**ating fxed point conceming the convergence of

some sequen.. a.iri using iteiation techniques for general non-expansive

l l0l
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mappings are given by Browder & petryshin (1966,67); Ederstein (1966), Diaz &
x'.T. Metcarf (1967); A. pary 

e97r); s. Kanier ogit); Ex'. senter & w.c.
Dotson Jr. (1974); Reich (1976); Browder (1976). rn recent works include papers
of Browder (1966) dealing with the relationship of non-expansive mappings to the
theory of monotone operators in Hilbert space and, in moie general setting to the
theory of J-monotonq operators and accretive operators. n"ir"o., & petryshin
(1966) proved fpth -t9t 

non-expansive ''o 
"ryrptoti*lly 

regular mappinis in
Banach space. Petryshin (1966) proved that the class of demi cJmpact operatoni is
more general than the compact operators. rn 1967, Browder proved a well known
result in strictly convex Banach space. Browder's result is false in the most general
case of Banach space and a beautiful example for it is due to de Marr. The weak
convergence of successive approximations for a non-expansive mappings is dealt by
Z. Opialun 1967.

Edelstein in 1966 proved some interesting results in uniformly convex
Banach spaces. rn 1972, he gave the original notion of asymptotic centre and proved
some of its properties and used it to prove a fpth for a class of mappings which
includes non-expansive mappings. A semi contraction is a generalization obt-ained by
intertwining of non_-expansive mappings with strongfi continuous mappings.
Browder's result is false in the most general case of ganach space and a beautiful
example for it is due to de Marr. The weak .oou"rgin." of successive
approximations for a non-expansive mappings is dealt by Z. opial n 1967.

Edelstein n 1966 proved some interesting resurts in uniformly convex
Banach spaces. rn 1972, he gave the original notion of asymptotic centre and proved
some of its properties and used it to prove a fpth for a class of mappings which
includes non-expansive mappings. A semi contiaction is a generalization^obiained by
intertrvining of non-expansive mappings with strongf continuous mappings.
Browder n 1966 wgs the frst to develop fpth for semi connaction mappinls.
subsequently, T.c. Lim (19g0), rc yanagi (19g0) and others dealt with Ederstein's
result extensively. Also further contributions on semi contraction mapping were
made by Browder (1968); petryshin (1968); Nassbaum (1969); xirt-ftxly ano
webb (1970). The concept which Dotson Jr. (1972) has iabelled quasi-non-
expansive, was essentially introduced, along with some other related ideas, by oiaz
& Metcalf n l962.It is clear that a non-expansive mapping with at least one fixed
point is quasi-non expansive mapping Sadovski in lgii guu" an example showing
thaf non-expansive mapptng may fail to have fixed points in general Banach ,pu"J
Dotson n 1972 gave an example which is continuous quasi-non expansive but not a
non-expansive. R. IC Bose & R.N. Mukherjee in 1975 showed that Dotson's
theorem remains valid if there is an associated family of compact subset of a
complete metric space. Petryshin & williamson (1972),73) pioved a theorem
conceming the quasi-non-expansive mapping. In a unifcrmly convex Banach space,
Senter & Dotson Jr, have given conditions under which certain types of iterates
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Manp qpe) of a quasi-non+xpansive mappings converge to a fixed points of the

ffi"se 6, wtu*ner;ee in 1981 considered approximation of fixed points of

generalized non-expansive mapping'

Reich in 1976 considered the iteration scheme for non-expansive mappings

in uniformly convex space with a Frdchet differentiable norm. For a commuting

family of non-expansive mapplng", we have results from Belluce & Kirk in 1966

and p.ICF. Kuhfitty in fggO. Xi in 1970 gave aresult for non-expansive mappinq

on cluster set. caristi (1975,76) ; r,i- (tgao); Downing & Kirk (1977) and Yanagl

(1980)consideredinwardmappingsandproved;p/ftforsuchmappingsoothsinq|e
vutu"i and multivalueo. n.uarpern in 1965 first considered inward mapping in his

Ph.D. thesis. Goebel & Kirk n lg72 proved fpth for asymptotically non-expansive

mappings. s.c. Bose in 1978 proved afpth as an extension of opial's convergence

tft.oi"ni n 1967 for non-expansive mappings to the class of asymptotically non-

expa4sive mappings. In lg1i. G.B. Passty extended Bose's result. J. Lindenstraus

in 1975 has constructed an example of a non-expansive mapping defined no a close4

convex and bounded set of a Banach space such that the sequence does not

converge. An interesting class of non-expansive mappings for which the cauchy-

picarisequence of iterations converges, was discovered by J.J. Moreau in 1978'

His result refers to the Hitbert space nonlinear mappings. The extension of

Moreaurs result to the case of uniformly convex Banach spaces was obtained by

B.Beauzamyin lgT8.D.deFiguei redoandPetryshin: r . |967computedf ixed
point ior class of non-expansive mappings'

5. Fpths For ManY Values MaPPings :

IfeachpointxofasetlzismappedontoasetU(x)thenUiscalledamany

valued mappings (4!tlti functionst' 
- 
fnt study of fixed point problem of

multifunction, *u, *tr"tra uv r"kuntani in 1941, when u(x) is compact & convex

in finite dimensional spaces. This is the extension of Bfpth to the point compact

convexset-valuedmappingsonacompactconvexsetinEuclideanspace.Itwas
extended to infinite dimenJionat Banach spaces by Bohnenblust & Karlin in 1950

by a method similar to schauder's ptoof itt 1930 and to locally convex spaces by

KyFantn:rgsl-andbyGlicksberg' in19'2.S.Eilenberg&D.Montgomeryin
1946 allowed U(x) to be the acyclic (homologically ftivial); so did de Begle (1950)

and G6rniewiez & Gran"r (tq70). Ky Fan in 1961 merely requires u(x) to be

compactbuthereU(x)mustdependcont inuouslyonx.R.E'Smi thsonin196:
considers cases wherf i;(*) it finite-valued. Among two sigrificant sets of methods

in the fxed points oi*ottin"toed mappings, the first homological method started in

1946 by Eilnberge c trlootgom."y *hti.tt the second method started in 1935 by

J. Von Neumann.
Fan,s result also generalizes Schauder.Tychonof?s theorem. J.P. Dauer

n lg1zhave considere afin nt multifunctions'providing natural seftings for many
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problems in Control thegv involving differential equations. The developments ofgeometric fpth for multifrrnctions was initiated by Nadler Jr. In 1969 and
subsequently persued by J.T.Markin {r973);Browder (r96s); N.A. Assad & Kirk(1972); Goebel, E. Lami-Dogo (1973) and others. s.c."r. r{immetbert n rgTzgeneralized Fan's result and sehgal & E.A. Morrison has further generalized
rrimmelberg's work n 1973. R.L. p[uket (1956) and L.E. ward Jr. (1961) have
shown the spaces which have fixed point properfy for multivalued contraction
mappings' These theorems do not place servere restrictions on the images of points
and, in general, the space is required to be complete metric space. Freischman
(1970) and Smithson (1972) have given various recint related contributions.

Assad & Kirk and Markin worked on multivarued contraction, while
Smithson worked on contractive multifunctions in 1971, which extends Edeltein,s
fpth for contractive single valued mappings to multifrurctions. Reich (1971) and
Bose & Mukherjee (1977) have extended the work of Nadrer Jr. and obtained
fpths for generalized multivalued contraction mappings. In 19g0, Bose &
Yu!ht"i"" 

ptovedfpth wihich's a generalization of u ttt"-.rn of Iseki,s result for
single valued mappings._They arso gave a generalization of a theorem of wong to
multi-valued functions. s.rtoh & w.Takahashi (1977) and yanagi (19s0) proved
fpth of multivalued non-expansive mappings on non-convex domain, more precisely
on star-shaped domains. Downing & Kirk (Lg77)proved afpth nconjunction with
an elegant approach of Goebel. For single valued mappings,'it is known that a non_
expansive mapping is a pseudo-contractive. Dowing c w.o.nay (l9sr) showed
that the same is not true in the set valued case. J.p. lunin & J.sieger in l9g0 proved
a fpth that has relevance in control theory. For the case of p-seudo contractive
mappings. Browder & Petryshin in 1967 gave methods to compute fixed points.
we have some more results for fpth of pseude-contractive mappings due to
N.G. crandatt & Pazy (1969); T.Kato (rg70); J. Reinerm"no & schoneberg
(1976), Kirk & R.schoneberg(1977) and Kirk & Ray (tg7g).

6. Special Cases on FPTHS:

The first theorem regarding to the continuity of fixed points of contraction
mappings was proved by F.F. Bonsail n 1962. subsequently, Nadrer Jr. In 196g
obtained results conceming sequences of contraction -upping and also gave an
application suggested by Dorroh. The first result about th" conu-ergence ofsequence
for the case s :l/z n (0.1) was obtained by Krasnosetski (1955j. This result was
extended by schaefer (1957) by proving the convergence for any fixed s in (0,1) and
then weakening the assumptions about the mapping. The seconi result of schaefer
was extended by Edlstein (1956) to the case offstutd_SpAggq.

The first result about fxed points for family or mappings was proved by

Yrfur 
n 1936, depending on Tychonoffs theorem (1935i. {akutani in l93g

found a direct proof of Markov's result and also proved, a fpih for groups of affine
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equicontinuous mappings' Thus, for affine mappings' fxe! noinjs have a natural

g,o."t,i. significance and we have famous Markov-Kakutani theorem. Latter

Edward in 1965 gave aresult which includes both Markov-Kakutani theorem and

the case of a solvable gfoup orafffre mappings. M.M.Day's theorem in 1961 is still

more general. Day gr; uconnection betrveen amenability of a group of mappings of

..-i !.oup, and ixed points. An important extension of Markov-Kakutani results

was given by c.RytFNardzewski n Ig67.It is interesting to note that the proof

giu"r;ty Nu.O".r"rt i was probabilities in nature' Latter he found a proof which do

not use probabilistic ideas, and Asplund & Namioka n 1967 have found a

simplified proof. We find some mori fxed point results on-families from N'W'

Riekert(1967);F.F.Greenleaf(1969);R.E.Huff(1970)andT.Mitchel l (1970).
The first extension of topological fixed point theory of continuous mappings

to the case of set-valued mappings was made by John Von Newman in 1937 in

connection *itt tn.lr*FFG fundamental theorem of Game theory' The

behaviour of the fixed points of set valued mappings has been considered by Nadler

Jr. (1969) and Markin (1973). Both established conditions implying the strong

convergence of the tixed poinis of a sequence of set valued contractions' These

results were extended further by Nadler & Fraser in 1969 and H' covitz & Nadler'

Using Urysohn's lemm u und n0ptl', we obtain fpth for a class of set valued

mappings which generalizes ani extends the results of Kakutani, Bohnenblust,

Karlin, Blicksberg and Fan' Also' using the Liapunov -function' Sehgal &

Smithson were able to extend many results from the single valued mappings to set-

valued mappings' ln 1966, Ky Fan gave an analytic formulation of hisfptlt, using so

called quasi-concave functions. ThJweak .onuirg.n.. of fixed points of set-valued

non-expansiv.-uppiog, io,nanachspacewasobtainedbyMarkininl9TSwho

used it to obtain a staiitity result for generalized differential equations' we 
f1e

more results related to this mapping dueio Ng (1968); M. Fuli &. A. vignoli (1969);

singh & Russel trqogl iingn trq?ol;neicn lrezt); G.W. Collins (1973\; Dube &

Singh (1973).

E ldonDyer (1954) ,A l lonSch ie lds(1955)andLesterDub insaskedthe

fol lowingquest ionthatwhetheranytwocont inuouscommutingself f i ' r r rct ions

defined on [0,1] t uu. u .on,-on fixei point or not ? An interesting problem related

tof ixedpointsforfamil iesofcommutingmappingson[0,1]wasnotedbylsbel in

1g57. This *u, u lnuin source of inspiration f- u decade and several mathematicians

tried to solve this problem. However, in 1967, W.M. Boyee q Toot-k9

independently Oisprovid the conjecture. Kakutani produced an example that this

theorem does not hold for infrnite dimensional spaces. Rylt-Nardzewski in 1966

proved a more general form of common fxed pbints in wtri-clr norm topology is

replaced by any tocatty convex topology' Folkmann in 1966 gave results for

common fpth. In 1975, Hussain C ijngaf proved a commollpth and later on' it

wasimproveduponty,siogn&B.A.vreaaein|gTT:rnaslightlydifferentform.An
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iteration scheme which gonlerges strongly in one case and weakly in another case to
a common fixed point of a finite family of non-expansive mapping were obtained by
Kuhfitting in l98l. Another iteration scheme converging weakly in more g"n"r,il
setting then l(uhfitting's were proved by R.K.Bose & b.sahani in r9g4. ThJ study
of common fixed points of non-commuting generalized contraction mapping, *u,
initiated by s.sessa yr r9g2, introducing the notion of weakry commuting mapping.

In ordered Banach space, we find fixed point ,"ruit, due to Krasnoserskii
Q96$; J.A. Gatica & H.L. smith (1977); Gustufson & schmitt (1976); R.w.
Leggett & L.R. wilriams (19g0); H. Amann (1976); Turner (rg75). Amann has
shown that using the asyrnptotic behaviour of a mapping, the existence of fixed
points of the rnapping can be derived. wiliams c r,eggetlobtained some multiple
fptlts whiclt they appried to problems in chemical rJa-ctor theory. The theory of
measure of non-compactness and densitving operators huu" uppti.utions in general
topology' geometry of Banach spaces and the ifreory of aifferentiat equations. The
tttost widely used measure of non-compactness on metric spaces are the c[-measure
introduced by Kuratorvskii (195g) and used by Darbo liessy; Furi & vignori
(1969): Nussbaum (1970); petryshin (tg7t) and otheis. ln t972, sadovskii
introduced the concept ofa condensing operator for mappings defined on subsets of
a Banaclr space ad there by obtained a generalization oi ,/pttr. v"t yshym (197r)
points out that a and the Banach space are different although they have a good deai
i' com'ro'. we fiucl sonre fufther results i.volving densi{ing mapping by Dinz &
Metcalf (1969); Kirrr (r971); singh & Guerra (t97t); singrr & Riggio (1972);
singh (1972); Yadav (t972); singh & yadav (1973). J. Han-e in 1974 obtained a
result concerni'g the continuous dependence of fixed points for densifying
mappings.

In many problems of analysis, one encounters operators which may be
expressed in the form T:A+8, wherer is a contraction mapping and B is compact
and z itself neither of these properties ? Thus neither the Bii nJr the sfpth applies
directly and it becomes desirable to develop fixed point for such situations.
Krasnoselslrii first introduced well known theorem of tiris kind in 1955.In 1967,
Zabreiko & Krasnoselskii proved the stronger variation of Kransnoselskii,s
theorem' Nashed & Wong in 1969 gave extensions of Kransnoselskii's theorem.
Also we have related results due to sadovslcii (1967); Nussbaum (1969); Fun &
vignoli (1970); srinivasa chargutu (t97t); singh (1973). Browder (1965) gave
example which illustrates that a non-expansive mapping under perturbation 6y a
compact mapping loses it fixed point. Then the question uiire., does a non-expansive
mapping have a fixed point under any perturbation ? This question has answered
affirmatively by Edmunds (1967). Zabreiko, Krasnoselskii & Kachurovskii
(1967) and Reinermann (1971).

A comprehensive account of history, properties and applications of convex
functions upto 1946 has been given by BeckenLack (1948). i.w. G"""n (1954)
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publishedanelegantarticleonconvo(fimction.Heremarkedthatconvexfimctions

Lave been consistentlv of value :: 
AndG A;t*ty 1yi' 9ft* 

branches of

mathematics, notably iiaOematicat f*oo.i"rl ;iil. iit Xitft (f969) and Stngh

& Ve*ch have given'#fi;;t"*l" T,t.i"* 
fimctions' Potiak (1966) gave a

useful fxed point result for strongly qr"ri *i".*ity that i1 
n:tural asstrmption for

minimization p.oUr"rnL ri.;;..p,;f *r;;i"G; OittiU"ti* tunction with the

point pairs was first to"a"*a ry rc u"is"t-Ti'ylYd:t }t^ "*e 
"statistical

metric spaces,,. tn"nt ,iiir;;;;e o, 'proi""uitistic Metric spac€s" or PM-spaces'

The important n"n* J;;;il;;i*a +.srtr"t 
in rqoo has given a new impulse

to the theory 
"r**-ipL"r, 

lno"a*Tgi" notion of convergence in PM-Spaces'

The notion of u .on iuo.ii-oo';;;;irg OJfrnea on a PM-Space was first defined by

Sehgal who has also proved *"L*t",":l*"tioo tuppi"g in a complete Nebger

Space has a unrque .xed points. fire notion oid-"ft"i""Uifit[ fot PM-Spaces is first

aerrned by sehgal -i "u"*r.0"-n"io.- The notion of Kuratowski probabilistic

measure or non-to"iJt*'Jt' *^ 
1*otiJ 

iy- nott"o '& 
Constantin in 1873'

under the nu." or rrirlio*rr.i run.tionr. t. ir,t'utescu in 1974 has given a detailed

oitt"tti*.of.P,,Y'l:ili;"",n"9f*1fo, ordinary differential equations are due to

Cauchy-Lipschitz, Nl"int'g (1953) 
-]^Pe"io"pitttO -q-'B"tt 

(1958); Stokes

(1e60); cronin (ieil;;*;'ar'tiq?iit ioo", (1e65);.. Giissefetdt(1e70);

Browder (1973). Similarly, the existence ,nJ"t"t* r", p"ttiut differential equations

are due to cacciof itqig) *a x"-i.r.ii liqto) A fxld point method for

frnding periodic solutio-ns'of.dv""ti':l ##;J;;t *"0 bv Pofocare in 1912' In

lg20,Lawsongaveaformulaiionasanimplicitfunction.'''"]::inabasractspaces
andth isresul t is* iu . , , . t , in thesensethat theconvergenceisprovedforany
arbitrary ioi iu, 'uio"-e l".uf version J i.*ron's theorem was obtained by

ffnd.U."oOt & Grave inl929'
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On the Cauchy Problem For a Sobolev Type
System in Hydrodynamics of Rotating Ftuid

with Heat Transfer
DAL BAHADUR ADHIKARY

Abstract: The solution and properties of various equations or systems of equations in
mathematical physics are generally applied in different fields of natural sciences, such as in the
scienc.e ofoceans, prognosis ofweather, theory ofhydro-nuclear reactors, etc. One ofsuch systems
of equations is the Sobolev system studied by eminent Russian mathematician S.L. Sobolev. Here
the solution of Sobolev type homogeneous system of partial differential equations with initial
conditions, where the heat transfer is also taken into account, has been construCted in explicit form.
For the construction, basically, Fourier-Laplace transformations have been applied. hen, using
Duhamel's principle, the solution ofthe corresponding non-homogeneous system has been found.
In the process of investigation, the uniqueness of the obtained solution has been proved and the
estimation of the solution in Sobolev space is established by using Mareinkiewicz theorem on
multiplicators. The central part is the study of asymptotic behavior of the solution for large time.
Remarkable results have been obtained by investigating the improper multiple integral delending
on parameters. For this, mainly, the method of stationary phase is used.

l. Introduction

We know that the construction and investigation of mathematical models of
physical phenomena constitute the subject of mathematical physics. The solutions
and properties of various equations or systems of equations in mathematical physics
are generally applied in different fields ofnatural sciences, such as in the science of
oceans, prognosis of weather, theory of hydro-nuclear reactors, etc. our everyday
life is full of examples of fluid motion, for instance, stining a cup of tea, flows in
rivers, ocean waves, hurricanes and so on. The equations that describe the most
fundamental behavior of an inviseid fluid-were derived by Euler two and half
centuries ago in 1755. krcorporation of the effects of viscosity leads to versions of
Euler equations, called Navier-stokes equations.The idea of wide application of
mathematical models of rotating fluid to the study of atmospheric processes belongs
to Russian mathematician A. A. Friedman. In the beginning of 20ft century.
Friedman contributed a series of fundamental works in dynamics of atmospheric
processes. Later on, different types of Cauchy problems and initial boundary value
problems for hydrodynamics system were studied by various mathematicians,
especially, S. L. Sobolev, V. P. Mikhailov, O. A. Ladyzhenskaya, V.N.
Maslennikova, M.E. Bogovskii. Eminent Russian mathematicians S. L. Sobolev
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initiated the study of a system of partial differential equations during the World War

II, w'hen it became necessary to study the stability of trajectory for rotating projectile

filled with fluid. Now a days, this system is known as Sobolev system and has the

fol lowingform[lo] '  
(ar *  

* , t ]o
( l )  | i - t ' '^ l+vP 

= F(x ' t ) '  x  e c)  I I

L d i u i = 0 ,

i - velocity fields

6- angular velocity of rotation fluid

P - pressure

l- time

F- mass density of external forces

V. N. Maslennikova, one of the former research students of S' L. Sobolev, studied

the asymptolic behavior of solutions of different linearized systems of

hydrodynamics of rotating fluids with and without the consideration

oi.o.pr"rsibility and viscosity f6,7,8,91. M. E. Bogovskii, a student of

Maslennikova, also studied and is still continuing the study of various types of

boundary value problems in hydrodynamics.The study of a Sobolev type system with

heat transfer has even more practical applications than the Sovolev system itself, M.

L. Marchhuk introduced such a system [5] in his book'Mathematical Models of

Circulation in Oceans" in 1980, in which a numerical approach is suggested for

solution. Here, a Sobolev type system in hydrodynamics with account of heat

transfer is taken under consideration. The solution of a Cauchy problem for the

system is constructed in explicit form. In the process of investigating the solution,

,-iqu.n"r, theorem is established for the Cauchy problem solution and the solution

is estimated in sobolev spaces. The most important part of the work is the study of

asymptotic behavior of the solution for large time. The system undertaken for study

is the following :

(t

T]
fo

(3

n
so

2.

fir

(2)

dvr dP

at  
- 'u r+7 ;=  I t

?vz dP

a t  
-o \+7 ;=  J2

0v^ dP

dt  
-  oT +7;= l t

AT

7 l - T v t =  I

?vr 0 vz ?vt
:---T-+;- = u
dxt dxz oxz

[20]
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ON TI{E CAUCHY PROBLEM FOR A SOBOLEV TypE SySTEM INr,....

where

v1tv2tv3- components of veloCity i

P _pressure

r-temperature (deviation oftemperature from some standard varue dcorresponding to the plane r: = 0)
efree convection coefficient (positive constant)
f -mean gradient of density (positive constant)
ro*constant vector of angular velocity

.fi,.f2,.h- components ofmass density F of e*t.mal forces
f -heat source densrty

wthout any loss of generaligy. we can take 6= (0,0, a),The homogeneous systemconesponding to (2) is as follows:

ov, aP
7 l - tu r *Tr=o
ov, dP

7l+a)vt* a*r-o
ov^ dP

7i+ or +7; = o

AT
jl-14 = o

0v, Ov" 0v^

a\*6* f i=o
!9 

solution of (2) is considered in the domain o = {(r, t): x eN, l > 0} with thefollowing initial conditions :

I qx,t1l,=o= io(x)
(3) 'i r1x,ryl,=o=.ro(r)

L div fo = 1x;

The main results of the work are given in the form of four theorems.Theorem I is on the explicit solution and othei theorems are on the properties of thesolution.

2. Construction of Solution

The solution of th9 cauchy problem e), e) for homogeneous system isfirst constnrcted in explicit form' 1f1. For this, basically, Fourier-Laplace

t2rl
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transformations have been applied. Then, using Dtrhamel's principle, the solution of

the corresponding non-homogeneo$ system is found'

In the pro.*r-oi-constructlon of soiution different specirrl cses are

considercd. For the most gBnoral case, &o fullowing ke'mels are found'

(4)

n12
. f

KrQ,t)=# I cos(l s@DdV
0

- t 1

r f sin(r orult

Kz@,t)=# l f f iav
0
x12

K3(x,t)=# Iffiav.
0

) t:,. .' i' 
where;, i ,.""-i '  

g(W)=ffior,
p-- W'l . x' = (x1,x2). r = lxl . x = (x1,t2,x1)'

Bythehelpofthesekemels,thesolutionof(2'),(3)iswritten.Itisgivenby

(5a) v,(x,r) = I-au,o(Y) Kr(x- Y,t)dY
R 3

. ii,u';{:t') -,ffi . "ffilx rj (x " v' t) dv
*1 L oYi uY2u/3 v't"t3 

\

.  !{ , ,  ry,,  f f i  *"f f i \ '* ' (x- v '  t)  dv
* 1 1 '  o y i

(5b) vr(x,t)= J-1u3(l) K1(x.l,t)dl

. IT -, u';it, -,ffi . "ffi\, rY @ - v, t) dv
i i u'i{ri, a'"g(v')- -^U'"1* +"lt- ffi."rff-"'ffiJ"*'(x-Y't)dY

(5c) v3(x,t)= j-augtrl Kt$. Y't)il

. i, H -, m - "W . ?)* <'>I "'<* 
-t' tw

(sd) P(x,T) = J{,ry-,ry."ry} 
K,@-r't)dr

(

I

I

t



ONTI{E CAUCHYPROBLEMFOR A SOBOLEV TypE SySTEMTN.:...

- 
JI", W. o, ff *,, Wl 4 @ _ y, t) dy

*, I t^.rl<v> _.a$o) droT)l --
: ' \*6- '  un *"-ur: l rQ@-Y't)dY

f
(5e) T(x,t) = l,-lrt Q)J(r(x - y,t)dy - r [-orglry*r@ _ y,t)dy

R '  
R 3

* r ll 
o"l(Y) o2vg(Y) o2To(v\l

*,lr arra* 
- r ayrdh *'--{J *t <* - Y' t) dY'

Now, the solution of the non-homogeneous system (2) with the same initial
conditions, i.e., the solution of the cauctry probrem (z), e) is found from the
solutions (5) of the corresponding homogeneous system by using the Duhamel,s
principle.

In this connection, for the extemal force F =(.fi,"fz,.fg,) e zr(R3), we
assume, without loss of generality that

div F= 0
The solution of the cauchy problem e),e)has the following form:

vi @,t) = v1(x,t)+ i, (r, r)
where,

t

(6) i1@,t) = I I-o 71y,r)J11(x - y,t - r) dy dc
0 n l

. ! J{' ryP -,',f;!l;? . "W}
ICr(x - y,t - r) dy dr

.!il"ry*e*#*Wj
JCr(x -y,t- r)dydr

nxpressions for vi(x,t), vl@,t), p*(x, t) and F(x, r) are found in the same wby as
that in finding vi@,t).

So, we have the following result.

Theorem l. Let the initial data i0(x) and f(x) in e) be stfficiently smooth and
decrease as lx | + q. Then the solution of (2'),e).for at2 2 or is gtven by

Qa) 
- (5c). The solution oIQ). Q) with additiowit corldition div F = 0, where

F = (f1,.fz,f)is asfollows
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vi(x,t) = vr(x,t) + frr (x,l),

rvtere 7,(x,r)-isjiven by (6). Other components vi@,t), vl1x,t),P+(x,t) have

similar forms

2. Uniqueness and Estimation of Solution

In the process ofinvestigation ofthe obtained solution, uniqueness theorem

is proved and then the estimates of solution are established in Sobolev spaces by

using Marcinkiewez theorem on multiplicators' [4].

For Cauchy problem (2'),(s),the following uniqueness theorem holds [2].

Theorem 2 The solutions i(x,t)and T\x, t) of the cauclry problem (2'), (3) are given

in L2 , while the solution P(x, t) is determined up to a function of t. In addition, Y P is

again unique in L2.

The following theorem on the estimation of the solutions holds true [2].

Theorem 3. If the initial data i0 (r), P(x) e V; @ ), then the follow ing opriori

estimatesfor the solutions of the cauclty problem (2'), (3) take place:

||i|1,";1'y1";y + llTll*;y;'r nr+ llY 'Plln;1,,sit

3 C o(t, p,k) t l lnollr irn', l l  ?tl l";,*,, 1,

whereR!, : {(x, t) : x eil€, 0 < t s II'1.

In addition, if F e ry!.i,rl ffrt[, then for the solutions of (2), (3), we will have;

I I i I 141' g 6s y + llzllv;..;tr 14 r+ llY' P ll n; 1, r^r,

< c y(t, p, k) t I Inollrle,y+ ll Pllry1x,,+ | | Fllr;,111n;v I

4. Asymptotic Behavior of Solution

When we consider a Cauchy problem, that is, large voft'mes of rotating

fluids, there arise the problems of deiermining the behavior of solution as time

t + 6. It is very importa,nt, even in numerical methods, to study the behavior of the

solution for larie time. In classical problems of mathematical physics (for example,

the heat conduction equation), the question of whether a solution of the Cauchy

problem for a homogeneous equation with smooth finite data tends to zero as t ) a,

and at what rate, is usually simpty solved. In the case of the system (2',), this questlon

is not so simple Ueoauseif tne iact that the system contains a constantly operating

(

T

c

€
a

S

I

(

(

wl
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Coriolis term and therefore the equation of the damping of solution as t -+ oo for the
homogeneous sysfem (2') even when the initial data are sullicienily smooth and well
decreasing as lxl-+ oo, requfues further investigation. To obtain the asymptotic
expansion of the solution, the kernels (4) are expressed in terms of Bessel's n-"tio*
as follows:

(7)

K,(x,t) = onlaO €),) * B,' I hG p) ry) W rrf

Kr(*,t')=* ! rs?(A!il h(F-rtr)arl
0
ttt2 

l-
Kt(x,t)=# 

! *l t-.o, t"(*)sntrt\

* g t lcos[ a(f) ryrio vj !,Wor]or.
J

Then, in investigating the convolutions in the solution's representation,
change of variables, integration by parts, Chebyshw polynomials anC tfreir properties
are used repeatedly. The integrals are approximated, mainly, by the method of
stationary phase [3] and a watson tlpe lemma proved by Fedoryk is also used.

Before stating the theorem on asymptotics, we need to introduce the
following condition:

condition A. T\e initial data ilo(r) is said to satis& condition A, if 3 a positive
constant C, such that V multi-index p,2 Sl Bl<2t + 4.

I{t*;";y,rn' lDf io (;4le < ca
a3

where / is some given positive infeger.

Theorem 4. If a2 = oT , solution of Q), (3) is periodic in t. In case @2 = oy , for
initial data io(x) and f 1x17ron gzr+r1N) a w/ 1tr1, satislying condition A, the
solution of (2'), (3) satisfies the following properties:

l. The components yl ,v2, P and Zstabilise at a rate (lnt)t-trz as t + @ to some
functions vl(r). v;(x).P*(x) and ?*(x), respectively, which are deterrnined
completely by the prescribed data.

2, ThecomponeNrts vrvanishes at arate ftt2, as /-* o at an arbinary compact
Kc I€.

I2sl



r ,  \  J ;  1 (02v1 (x -y )  02v l ( x -y )
Yt(r)= 

4" :, \--W- A.rar,

. 6 ?2vl(x-y)l dy

r 0x104 | ^lr, p, + nr y?

r7 \  JA g (02v1(x-y)  02v l (x-y)
vr(x)= 

4" :,\-Zl-- Ar,A-,

. , a2ro@- v)l dy- :

f dx104 ) J., p, + al y?

P*(r)=ffiIryX=
a 02To(x- y'11 dy

r 0x2 | ^lr, p, +ory?

vi(x)=*J,lw-tffi!
.  a  ?2zo(x-y) l  dy
-T  

a r?  l J }p r+atq

5. Concluding Remarks

'For any physical problem to be well-posed, that is meaningful, the existence,

uniqueness and stability of its solution are required. Theorems I to 4 show that our

problems is well-posed. fire results obtained for such a problem can be applied in

Various fields, Sirch as, the science of atuosphere and oceans, the weather

forecagting, theory of lydro-nuclear reactors, etc.

Due to the advent of powerful computers and advanced numerical methods,

many problems now can be solved numerically. But at the same time, analytical

methods are not to be underestimated as the analytical and numerical solutions have

to complements each other. Explicit solution and its asymptotics obtained in this

work give the possibility to determine the initial data effectively in each step of

calculatio& which minimizes the time required to solve the problem numerically.
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A Note On Stokes Drag On

(1 .  1)

where
(r.2)
and

(1 .3)

(1.4)

Axi-symmetric bodies : A New Approach
DEEPAK KUMAR SRIVASTAVA

Abstract: In the recent paper [l], author have proposed a simple formulae for evaluating theaxial and transverse stokes drag on axially symmetric Lodies. continuing the etrorts in this regard,the axial and transverse drag forces have Leen evaluated for the cassini ffi, nypo-.y.loidal bodyand rylindrical capsule with circular cross-section of radius 'u' *J *"tirp.t.ri..t caps on both
ends. Further, the moments on these bodies have also been calculated.

Keywords: stokes drag, axially symmetric body, cassini body, hypocycroidar body,
cylindrical capsule.

Introduction:

^In 
th: recent paper [Datta and Srivastava, 1999,1], authors have proposed a

simple formulae, based- on the integrar [p.r22,2] used to ivaluate drag on a spr,erq
for finding the axial and transverse Stokis drag on axi-symmetric bodies.

The axial flow

The drag on body, when it is situated in axi-symmetric stokes flow with
uniform stream (/x alongx-axis is given as [l].

1 4Y^o)2n '= iT '

),= 6ttltU,

E
I  ^ \  .

o=(;)  I  Rsin3ada

Here, .R is the intercepting length between the point on the meridional curve and axis
of symmetry (x-axis) of the body and c is thc slope of normal [see figure l]. In
cartesian coordinates, h canbe expressed as

,=(-fl!ff i*,
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where, x: a isthe maximum axial length and dashes represents derivatives with

respect to x.

The transverse flow

Let us consider ap axially symmetric body [see figure 1] plagef in a uniform stream

Uy atongtransverse *irjr-;*irr. The Stoles drag on this body is given to be [1]

(1.s) Fr=i ' 
)'('Yns*')z '

where

and

(1 .6)

(1 .7)

),= 6n pUy

? f .

h, =* J (zn tino - srn3 a\ da,
'  r v o

in cartesian coordinates, it can be expressed as

The Moment

The moment on the axially symmetric body rotating slowly with uniform

angular velocity C) about axis of symmetry is given as [lJ

/2\ [ (Y'.- )2o l '
(1.8) Mr =\1)l--- i- 

l" 
' ,

where, ̂F; is the axial drag on body'.The result (1'1' l'5' 1'8) have already been used

forthebodies(viz;sphere,spheroid'deformedsphere'cycloidalbodyofrevolution
and egg-shaped body) and are giv:n pper [t]' Now' in 

'this 
continuation' these

results have been *lJfo, .uriini Uoav of rwolution, h;p-ocycloidal body of

revolution and cylindiicui 
"uprut. 

having.semi-spherical caps with same radius' It

has been found here il;#;;hs of Stokes drag and moments are new and never

existed-ur the literature'

2. Flow past cassini body of revolution

Let us consider the cassini bodv (figure 
? "lt"t"1o1 

t"]lt*t *e curve

(2 . r )  , '= l t ) ( l+3r2 ;1  
- * ' -1 '  osx3 l '

aboutx-axis (axis of sYmmetry)'

,,=(i)'!lr#ry-ffi1"

130l
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By using the (1.1) together with (1.4), the axial drag on cassini body will be, with
v  :0 .577
- max

(2.2) F, x 0.8)", )":64tU,

and the transverse Stokes drag on cassini body can be easily obtained by using (1.5)
together with (1.6), y^o.:0.577

(2.3) Fy *082)., )"F 6rpU,
Also, by using (1.8), the moment on cassini body rotating with angular velocity o
about axis of symmetry is given tobe, y^^*:0.577

M, x1.066 rp(2

3. Flow past hypocycloidat body of revolution

Let us consider the hypocycloidal body (figure 3) obtained by the curve

(3. 1) y 2  = - 3 x 2  + ( I + g x a ; 1 ,  0 < x <  l ,
about axis of symmetry (x-axis).

By using (l.l) together with (1.4), /^o:1.0, the axial Stokes drag on
hypocycloidal body will be given to be
(3.2) Fr x 1.044 )", ),: 6npU r.
and the transverse Stokes drag, with same y, on this body can be obtained by using
(1.5) and (1.6)

(3.3) Fy *1.32X, ) , :64tU,

(2.4)

(3.4) M, N 4.176 rp {2.

(4.1)
P A ,  x = b c o s t ,  y = b s i n t ,  0 < t < E / 2
A A ' ,  y = b ,  0 = n / 2
A ' P ' ,  x = b c o s t ,  y = b s i n t ,  z  l 2 < t <  n

about the axis of symmetry, x-axis.

By using (l.l) and /.o.:6, the axial drag on the capsule is comes out to be
(4.2) F, = 6n pU,b
andthe hansverse drag on the body is given by using (1.5), y^o.= b,

Also, the moment on hypocycloidal body rotating with angular velocity Cl about the
axis of symmetry is given to be, with the help of (1.8)

4. Flow past cylindrical capsule

Let us consider the cylindrical capsule (figure 4) with semi-spherical caps on
both ends having same radius '6', obtained by revolving the curves (pA, the circular
segment, AA', the line segment, A'P, , again circular segment)

l
I
J

[3U



(4.3)
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Fy =6x purt.

Also, the results for mome,nt on cylindrical capsule rotating with small angular

velocity o about the axis of symmetry with /,o.: 6, by using ( I .8) comes out to be

M" = 4tt PbtC\'

These result s (4.2, 4.3, 4.4) are s.rme as to that of sphere, it may be happen due to the

fact that straight line segment (AA') occurred in the meridional curve (4'1) which'

does not contribute in the drag force.

It should be kept in mind, while using these results, that the numerical value

of integral (1.4) involve the error of o(lr3), due to the Simpson's one third rule,

where 
'f is the step length. Therefore, all the results of drags and moments for

various proposed axiatty symmetric bodies are in approximation, but to a valid limits'
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(PN, PM are tangent and normal)

Fig. 1 Geometry of axiatty symmetric body.

Fig. 2 Cassini curve (cassini body of revolution).
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Fig. 3 HYPocYcloidal like Profile'
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Fig. 4 Cylindrical body wtth semispherical caps on the ends'
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A Note On The Derivation of A Class of
Bilateral Generating X'unction For

The Konhauser Polynomials By

BIS}VA.TIT KAR

Abrhrct A nerw class of bilatcral gencrding function for the Konhauser polynomials Yf, {x,r) 0l is
obtained.

Keyvords: Special Frmction, generating fimctions, Lie group

1.lntroduction:

Applying L. Weisner's group theoretic method [2] we obtained the
following operator for Yf (x,,t) by giving suitable interpretation to n.

I,ie Group Theoretic Method

n= yfr* ky, f i+@ 
- x+r)y

Rleo nl Yf (x ; k)l = k(n + l)l s\n+t)t Yfir(x ; k)
The q$ended form of the tansformation group is

(1.3) .xp wrt V@, t)l= (l-w161-@+r)/( exp[r{l- (I-w6)atkll

x f (x(t - wb)-v K, 
{l - w6)-t\

rvtere/(t, l) is an arbinary differentiable fimction.

lhc object of the present paper is to derive a general class of bilateral
gcnicratias ftmctions by employing group theoretic method. Actually otr results can
be put in the form of a theorem as follows

Theorem: If tlure exisb o unilateral generatingfwction of theform

G(x,t)=l nle,Yf (x,k) t '

then the following class of bilateral generating fimctions will hold

(1. l)

such that
(r.2)

(1.4)
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(1.5) (l- 6:S-<"*11/r exp[r{l-(1-lr;-ut;1G[x(l- H1-ntr, ry(L- H)-tl

=if 
"#tnv'Yf 

(x'k)
p0rcO

Importance of the result (1.5) is that wbev€r one knows a generating fuuction of
the type (1.4) for a particular value of an then the corresponding bilateral generating
functions can at once be unitteir ftom (1.5).

Thus, one can derive a large number of bilateral generating functions by
setting different values to ar.

2. Proof of the theorem:

Let

(2.1 ' )  G(x, t )= i  , tanYf ,  (x ,k)  tn
n=0

Replacing tby A,wehave

G(x,t)= i rf anYf, (x,k) tn yn
r=0

we operate both sides by exp uR and hence
€

exp wR lc(x, ty)l= expwR I n'! a, Yf, (x,k) tn y"
a=0

Left hand side of (2.2) becomes

(l - wfu\-o +r)/r exp [r {1 - (r - wtu)-tr rc 
} ] "f 

(r{t - (t - w tu)-t t t, t y(t - w H|-r 7
On the other hand, right side of (2.2) reduces to

S wPRP &
L ^  / -n lanYf(x ,k) t 'yn
o=O Pt n=0

:  i  i  o^\ko1r* p)t t . ,+t t  yn Yftr(x,k)
p=0 n=0 y l

g g w@-n)= 
?* Ao^6-dt  

P! kQ-n1 tP Yn Yf r ;  @'k)

equating and substituting, : l, we obtajn (1.5)

Application : Setting ft = 1, we have the following bilateral generating function

for Lfi (x).

st
I f  G(x,t)  = /-  annl Lf t(x) t^

n=0

then we have

TI

t l j
I2l
t3l

BII
47,
Kol
We

(2.2)

t36l
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(t- r;-ro*r; *r[#]"[x(l- 1;-r, ty(r- ty-t1

@ p

=;} 
", #r 

1r v' Lfr (x)
This was derived by Al Salam [l]

t l l
I2l
t3l
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Structure of Ultradistribufion

K.K. SHRESTHA q.

!

Abstract: structure of ultradistribution beronging to (i;,!r,)n*been invesfigated

l.Introduction:

The classical Hankel hansforrration is defined bv

(hoilo)= ! OfylJryt,<.yW, (r=-+)
0

( l . l )

where -r, is the Bessel function of the frst kind and order p. Zemanian tsl
introduced the spaces H| md its dual H', to extend the above transformation to the
space of distributions belonging to H,r. Following the technique of Gel'fand and

Shilov [l], Lee [2] defrned spaces Hp,a.A,nf,,B nd HPr,:.n, pathak and pandey

[3J introduced spaces Hp"or,A, tf;'t aa (d;',!r,^) generalizing the aforesaid

Lce s;races. The dual spaces of Hp,a1,,t, npo''B ana (t;,!) are (Ho.or.,t),,

( u'; 
't 

)' ana ( C; !r,, ) . tn, elements of the dual spaces are called ultradistriburions.
In the present work, we study the structure of ultradishibution.

Throughout the paper, .I denote the open interval (0, *) and all the testing
ltrnctions herein are defined on .L We recall here the spaces Ho,or,n, ttb]'t nd

t;.'fr., defined by Pathak and Pandey.

Let {ap }r.i,v md {bq}q.N be arbitrary sequence of positive numbers which
satisly the following conditions:

(i) LogarithmicConvexity

(1.2) t1, 3 a1,-1 a1,*1, k> I

(1.3) f i ,  <bo-r aq*r, q2l

Immediate consequences of these inequalities are
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(1.4) aoap 3 d6ttp+k; p, k:0,1,2

(1.5) bebq Sho*', p,q-0,1,2

(ii) Stability under multiplication by x
There are constants 

",,,h, 
rt.,T1dftr zuch that & 2 0, q > 0

(1.6) d**r 3 ehk at, 
i i I

(1.7) bqa 3 qhlb,

(iii) Non-quasi analyticity

k,q e INs

2. Sl

belcu

Thec

onty

Lctf

8.drt

Now,

Clcill

DcfD

L b c

CFg
di!

, L

4!r

( 1.8) nT-*
(i9 Stability under Hankel transformations

Conditions (1.6) and (1.7) are replaced by the following sbonger

conditions:

(1.9) dr*k 3 LR'*k arar forall r, fr > 0

(1.10) b,+q 3 nl*q b,b, for all r, q 20

u{rere L, R, h and & are positive constants.

Pathak and Pandey have intoduced spaces Hro,r, tf;'B nd t;,:ir,^.

These spaces are defines as follows :

Let O be an inflnttely differentiable function on f : (0, o). Then

(a) Q e Hp,,r,a if and onlY if

yts@)= sug I xk qx-t Dt 1x- '-vz\p@)lt ct Qq* d\r or; k'  q e IN\)

whefe tho constants I and cl depelrd on /and d> 0 is an arbitrary

constant

(b) Q e tf;'B if anaonly if

rt ,q@)= sup | *t 1v-tDt (x-o-ttz16@)l< c! (B+ p)t bq' k'q e INg

where the constant c/ depend on Q and p > 0 is arbitrary constant,

(c') 0 e n?,!r.nif and onlY if

r f,q@)= sug I xk 1x-t D1e 1t- o-tr166)l

S C r' (A+ d')t (a+ p)t a2br

where 6 md p weas above and cP, A and B are certain positive

constants depending on /.

Proot

integ

(2.r)

[40]
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2. Structure of ultradistribution

In this section we shall investigate the structure of ultradistribution

belonging to (tl;,!,.o)' .

Theorem 2.1 A tinear fwctional u defined on uu|,'!,,nbelongs 
" 

(tl;..!r.^)' ,f o*
only if there exist r e IN and functioo f , e L- Q) e < p < r) such that

u=f,-..,,,(-ol)' * r,.
Proof Let u e (i;,!,.^)' .Then there exists a positive constant c md anon-negative

integer r such that for s{ery O. ti.:i,,n.

l<r,0 >l= c ̂ qpr sup lrtlx-rD'r* *-t'-trzp61l
3{r1'., xel

(2.r)

Let I denote the direct sum of (r +l) copies of L,(I) normed with
L r I

| (4)o.o,l, = 
;g+ ll"4 ll,

nd B be the denote the direct sum of (r + l) copies of L- (D normed with

l(.4)0.,=,1_ =illrll-
Now consider the mapping

h n

F: Ifi ' |,.n +r

0 + F(i l=(xk(x-tD)4 y-a-tt2 0@))o=or,

Clearly the mapping is one-one.

Define the tunction al L on n (t;.!,.n).r Ay

< L, F(O> = < u, (> for O. ii,:,!r1

z is continuous from r (i;'.!,.^\ into C by virtue of (t), wnen li;"l,r) it

equipped with the topolory induce by f. By Hahn- Banach's theorem, we can extend
continuously upto f without increasing the norm. This extension is also denoted
by L. Since I e f', thereforcfor (g)'no e I and for certain .foe E, Reisz's

representation theorem gives

< L,(go)'^ot = i
P=O

@

f
!fo(x)so@)e
0

[4U



l( r+ /)l = c{ 1t+fit(a+ P)q aLq 
BtdL

Hcnce o..(tl;!,,^l'.
This eomplstcs tbc pnoof of the theor-em'

Now,

KIC SIRESTHA

< u , 0 > = < L , F \ O >

r "
= Z I f"G)xl(x-tD)c v-tt-tt2 4Q)e

p o o

= . i  x-p-t2 (-oLl '  ,r f  , ,0,
P'0
I  t  r r {

'. u = Z^ y- tt-v2 
l_oi) rr f o,

pA

[1

12

t3

14

t5
ConversclY,let

<u"O>=f jfrt, xk(x-tD)c x-p-rrz S(x)&' (C(t) t ii'i,,^\
T

Then 
, -

l< u, 04= 2^ 
ll1o{i*r 

1*-t p1t v-a-tt2 4'(") le

fr u'tti1"t""' e i'r-ttz o<ile
Now

o

J lt*(ttP)t' x-r-tt2 ,,')le
0
. - l  o

= 
!pt1*" Drt v-rr-uz 6t"lle + f l"tlt.ra;qv-r-nlQ)l&
0  

- .  
6

o

s rrr I lrrtn+ D)e v-r-ttzl(") l 3y i lt* . 
'1"-t D)t v-r& l!)ll} e

s 0

s r, 1: rl * ilL (B + p)q a*bq I s r 1A + 6)'l {A * p)q a'*zbc 
-

g s r (A + 6)r (t + p)q a*bq a s r 1A + 6)t+2 (B + p)q bt LRt*2 atoz

= sr.(A+ 611 1l + pY arbrlt+ tra + 6)2 arLRk*z|

= cdll+.fi}(r+ P\xaeb4

So fr*

K
D
P.

1421
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(r.2)

bounded.
We shall prove that
Q.r)
Since,

Some Operation-Transform F'ormulas
For ,Sr-Transform

DR.M.M.P. SINGH

l. Introduction:

In an earlier paper 
[l] ,SrrTransform has been defined by

(r.r) sttf G)l= F(s) = I n>ffu, @>o).
where /(r) is a suitably restricted.oon*ot"l fimction defined on the *ve real line
0 < t < oo & 0 < Res < o. It has been generalised in the case oigeNleraised fimctionsas

sttf @l= F(s) =<"f (t),t#2,
Its invention formura has been also derived. Here it is proposed
operation transform formulae of the tansform given by (r.il 

- - -

2. Operation -Transform Formutae for ,Sl,r-Transform

Differentiation : If i e sp, uihere g, is the space of all complex varued smooth
functions l(t) such that for errch ilt) e Bp,we have

p^U)= sup lu0<t) l
0<lco

p,l-Dil= pn*fii l

p"J-D4l= zup lut-oL>l
0<r<o

= -sup lV"teDill
(k <o

= Paf . t l .

Ur>o\.

to discuss some

( n = 0 , 1 , 2 , . . . . )

i
I

;

fl

ta
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Therefore' w€ g€t 
prr-D|l= prrrliil'

From(2.1)itfollowsthat,,+-DlisacontinuorrsmdlinearmrypingofBIonto

itself. Therefo,t, tot t*"t 1'10-1-A'" to T/illmrn%'p'29], the adjoint

mappingl-+' D f isfri' 
" 

*fi[* ana ileu napeing of Pt' on to itself whcrc

B'o rsfuedual of /u andweget

Q.2) <DIQ)', |Q))= u(t) '-Df@>'

Now, we prove that the following opemtion-trahsfum formula

Q.3) 
sr tvf6 K'Stttl/(t)1'

Proof:Using,thegeneraliseddef,mitiorrof,s,u.frmsformmdtherelation(2.2)'

we get 
e-pslt .

solr ' f l=<Yf(t)T t

--<I@'?D)' , f  # '

= (,f (t)' 
|'r(-D)n-' 

e-r' st t(- D)' 
*)

Theref,ore, we get 
e- p s lt P" (t) .

Q.4) s,]vf(t) l=(I(\T'm' '

whereP,'(l)andQ,(t\arcthepolynomiatsintsuohthatorderofg(f)Zorderof
P, (t).Leto' 'unnli"O";* a regular t#t'tt. tunction ot f L' Thercfore' for

ie7o,wehave o

(.f ,o)= J /ol oodt
4

t<J,O>l< J tltot l,ov

l ( / , / ) l  <  ( l / l ' l / l )

and

ConsequentlY, w€ get

Q.5)

An apPealto Q'4\aurdQ5) 
gv€n'u 

rrr rrtffo)t,I #I I *31'
s(/(,)l,l #l),K),

t4q



soME oPEM1IEI-T&${SFORT{ FORMUT.AS FOR .....

r r , f i d A l P ' ( t ) l z y t ^,,--.- 
I e_@ l-.,.-on-t.) 

; 0 <t<o ; 0 <s <o& p 2A.

Therefore, we get

st luf l< K(l f  ( t) ,1#1,

3K.  so l I@l l .
This completes the proof.

Multiplication by an Exponential Functions

Let p be a real number such that p 2 0. Now w€ prove that ftt) -> e-p, 0e)
is a continuous and linear mapping from Eron to itself.

Proof : Let0e 81, We have

D[e-n Sg11= pnv ,-tt D" 0Q)

(_p)n- ,  e- t t  D,  6k)

Therefore, we get

lu[e-uQ(tl l< ir p' O(t)1,
v=0

where lnr(- p)n-" r-rtt | 3 Kfor p20 & 0 < t< oo.

Thus we get 
n

(2 .6 )  p , fe - r ' t  O ( t ) l s " ;  I  p , l \@ l  (n :0 ,1 ,2 , .  .  . i  v=  0 ,  r , 2 , .  .  . ) .

From (2.6), it followthat 0@ + e-P' is a continuous and linear mapping of Boon to
itself. Therefore, from Theo. l.lG-l due to Zemanian [2, p.29] the adjoint mapping

f -> e-r' 7 is also a continuous and linear mapping of Boonto itself and we get.

(?.t1 (e- at f Q), fQD = U Q),e-'' 0@>.
An appeal to (2.7) & the geireralised definition of ^9r-transform.

We get

|w
g
Lflc,

Ihcttfore,

Sole-rt l l) l= (e-rt lG) ,#>

= (f (t),r-r' ffi>

ls rle- rt f (t)ll < ( l/(t)1,1e- p'l 
| 
"# 

l,

a4n

tl

r l
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by (2.5) rf fis aregular generalised fimction
. , : t ,  ,  e - t l s l t
<  M< l I@1 , .  )

, 9,,M:S*il,f(r)1,

where le-tttl<M !, 
,.:

Thus we get an operation-transfon4 fg'rynula

(2.8) stl le-t 'tf (t)l l< M srIl,f( l)]

i ,  i r l i  . i  ,

Multiplication by (,S J 0-' where 2 ? 
pi 0 1 t < a & 0 < s < o.

we prove that 0 @ + @ f.ila! ,il,$\.is.en,a csntinuous and linear mapping ,

of Bron itself, where A> 0 :0 < / < o & 0 <s < @.

Proof: Let Q e Bo, We have 
:

n

D,[(s+ t)-^ O(t) l=4r, ,  Pn-v (s+ t- t  D'OU\

n  , . .  
'

= 2 r.,. (- ).)(- A - l)... (- 1 - (n - v - l) (s + t ) 
- 1-" *' Du 0 Q)

v=0  
- '

Therefore, we get

,5
lD ' (s  + D- l  |U) l=  ,  k lD '  

O Q)1,

where ln",  (--1\  (-) ' - l )  " . (-1-n+v+ l)  (s+t)-^-n+Y l<M'

( n = 0 ,  1 , 2 , ,  . . . .  ;  v : 0 ,  l ,  2 , .  - . . )

Thus we get

( 2 : , g , ) . . ; . : ! ' : ' ] : l ] ] . r ] ' p ; f t s + . r 1 w ; , p ( t \ | : 3 * Z o , I o ( t \ |
: : t : . 1 1 ' r i ; ' , 1 r 1 1 ; r - i '  t ,  ' )  

' ' l  '  f = 0

From (2g) it folbwp thot,c(t) +,('s,fi r)-l o (0'i8 a continuous & liner mappirrg of

Bronio iiself. firerefore, from Theo. 1,10-1 duo to Tl,mdnfm[2.p.291, the adjoint

mapping/+ (s + t)-^ f gf 0 -> (s + t)-r / is also a continuors and linear mapping

of B; onitself and we get

(2.10) ((s+t)-' f'(t) 0O /(t) (s+t)-' 0Q)>

An appeal to (2.10) &the genbi'alised definition of sr-transform gives

st,l6+t|-t'711)l = ((s+l)-x fQ), e-pttt >
.- rttlt

=( Ie) , (s+r) - r  
"+ ,  

)



SOME OPERATION-TRANSFORM FORMUI,AS FOR .....

It f fu a regular generalised function then by using (2.5), we get

l ,s, (s+r)-, I@ll<ilf (t)1, l(s+r)-rl l#l>
< tr(,f(r)l ,# ) < ni sr[l/(/)l],

where 
l(s+r)-, l<nr

Thus we get an operation-tairsform formula

Q.rr) lsr(s+r)-, . f  (t) l l< NS t, l f  (t) l)
Sifting: Let Tbea fixed real number such that 0 <, + T < a &0 < r < o.
\et o @ e /, . Now we wilr prove that (r +f is a continuous & rinear mapping of
F o onto itself.

Proof: Let us consider

D" IQQ + T)l= (d / dt)" lfe + T)l

I  a dU +7"t 1'= 
I  d7.n 'A- l  l t?+Dl

-  ( - d  \ n- 
la*n1 l t?+Dl

:  4r  0Q+T)
= 

4, t0 tr7'ft, = t + Tl,
where 0 < t +T <o and 0 < t < o.
Therefore, we get
(2.r2)

i.e.

(2.r3)

4 [0Q+D= Di  I |e ) ] ,1 t ,= t l
P,lI{(r+Dll= prlq@l

Thus from Q.l2), it follows that ((t) + oQ+ 7) is a continuous and rinear mapping
of po onto itself.Its inners mapping 0Q)+ oe+ Dis also a continuous and linear
mapping of pron to itserf. Therefore, oe) + oQ+r)is an isomorphismof po
onto itself. The adjoint mapping ot Qe) + Q( + Z) is (t) +f (t + tlwhich is alsoa
continuations and linear mapping of B i, ontoitserf due to rn.or.'n l.l0-r of
Zemanian[2.p.29] and we get

(.f(t+7), iO)= (f(t), i lt+D>
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Application in Bio-Mathematics of
Hypergeometrid Type

B.R SHARI,IA

Introduction

In recent research- w9rk, Ronghe [4] has determined the equations of
Atnospheric pressure and harf rife period, making use of Fox's H-fun'ctions. we
shall now here establish certain results involving generalized H-fimctions which lead
in Bio-mathematics. This paper concludes with sJme interesting special cases for G-
functions of the main results established herein. Me[jer's 

-a-nrnetions 

"i-1|ivariables introduced by Agarwal (D was extended by the introduction of H-function
9f yo variables by Mttal and Gupta (3). They have giveir the following notations to
define the H-function of two variables as:

( l )

= -+ 
llec,ilsc)h(q)x€ vnd(flq ,

where,

sG,q)= ,  E ' 'Q-o ' *n '6*o ' ' )

Wo- 
o, + B,( + f fl) j!],rr(a1 

- Ai€ - a p)

mt nl

-, E\ Ir'<ot 
- Drilrqttt- e1+c$)

9lE)= ,

,n.rr(r- 
d, + \€) ,*,rG! 

_ cr€)

C



h(tt) = valid for

,I.rr(r- f, 
+ F1n) 

,I.rr(r, 
- n,n\

(i) I x l< t, lyt < l, O 3 n 3 p, 0 3 m13 g, 0 3 43 s, 0 3 m2< k, 0 3 n23 l'

(ii) AUIfS, B' S, C' S, D'S, E' 8,F'8, o's and p' S uepositive quantities'

(iii) The H-fimction l.l(l) converges provided

(a) u = -,*,n, -frr, *?,o,-,*, o, *fic,-,-i*, c i, o
1  s  s  +  g _  g

(b), = -,7_,.r0, -Er, *L,=rr, -,1_*rr, + 
lon, 

-,?,n,E i' o

( c )  |  a r g x l < | n U ,

(d)  t rs t t<)a '

1.2. In this section we shall determine the Equation of Population Growtli

involving H-firnction of two variables.

Suppose that P@ is the Population size at time t and 6P the growth in the

Population corresponding to time &' then we have

(l) 6P a P6t,which gives the differential equation

@ DPIdF 2P,

where 2 is proPortional constant.

Integration of 1.2(2) Yields.

I# = Ap+ kt, where *1is a constant of integration and therefore

(3) J#tf=,tffi+tr
We can now determine the value of constant t1 at the initial conditions t: 0.

P = Po.When time increases, the population also increases. If we make

P -> P + P1( and t + t + t1(,thenl.2(3) gives

(4) Iffiar'=tffi*t,
Similarly, we can deduce.

f ( l+ t r  + t lq)

B.RSHARMA

,rr2 n2

IIrO - 44) IJ{t-r, + Ep)
j=r l=r

I f f ide=h

C(

(2

dir
eq

ror IJn

= l\.H

where

1.3. Sp

If wepu

c i = L '

+Fz

+ p

+ p

(s) +kz
r(r t  +r l?)
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Combine 1.2@) md 1.2(5) and multiply both sides of it by
I

{ZfiA<6 
,rt)SG)hQD, further, integrate with respect to f and 4 along the

direction of double contours zr aod h nduse l.r(l) to obain the following
equation of population growth involvingH-fimction oftwo variables :

6tI,q,*[fi 'Jf 
l],fil;,.,,ir|,*,,,,,,ti:r,+),^t,<"r,8,)lrao

L I g,, o,),(-p,' pr;ifr, i),Fe,gr) l

(i) nG14), FzF /.hr1, ptF 4k)
md po(= krk) arp all constants
(ii) 4, > 0, g) 0,, tr > 0 and /l > 0.

1.3. Special Ca3es:

I fweput  Aj  = d\= l , ( i  = ! ,2 ,  . .  .  . ,p) ,  4  = Ft  = l ( i  =1,2,  . . .  . ,4) ,
C i  = l  ( i =1 ,2 ,  r " . 11 / )1  D t  =1 . ( l=1 ,2 , .1  .  . ,  r ) ,  E t  = l  ( i =1 ,2 ,  .  . . . , h ) ,

l- I 
(ao; Ao,a o) I= ,,, ]'."nlT;ii,i'.\i,,'t.i,\:i',i,, I ;l 

.',",',",if;,,,r*;,,t,,t',,<"r,') 
Ir- | (d,,4),(l - t);(.fr, f),(t _ r ', l l)J

+ u"H 0.n:(m1+1,n, +l);(m2,n2, lrf ,-r,, , l : ' ; , i \ ir lr,r,f
P .q : (r + l,s+ l) ; (,t, l) 

Lrl ,,,o,lfi;?;,!;rr.,,r,)

+ /,, H l'' :!T :, !!, li:, I' 11,.,, f . I u,, ")i,i1i;,;:ir rr-, I'-'-' p,q:(r,s); (t+ l,l+ l) 
Lrl ,or,",irrtl:;l:ir r,,rltj

l- | (ar;Ao,ao) I
*,,rrf i;',T:,!;"'t[1ir''lNu'if ;,';,0,',;"!rr'l

L | (d,,D,);("fr,4) )
where



4 ol CI-12,....,S,*4,,rolg'@fitcd, S:*r*'ud d = Lin 1.2(6),tbcnueffir*€ (2

- tt.ta frerl * Irt4 +lrm1 + lrm2 +l 
ft= l4v p( r+ l ; *+ l ) ,4 , (s+t ; f+ t )  

l_ f

(a) 
I

(-t),(c,);(-tt),@) 
|

(d,),(t -,1?,'r,,,, -,',..|

. ^ f,rf,t+lrt4rmrtlr ' tn2
+ l4u p,(r +l;t),  g,(s+ I ;  1)

n r n t l b + l r m l r m 2 + l
+  Ptv  p , ( r ;k+ l ) ,q , (s :  I  +  l )

l l  @ )  I
l " l  

(- t \ ,(c,) ;(er) 
|

l / l  (b , )  |
L lt4l,tt- t);(f),J

['kfi:],1

wh

lxt

b f I

W@)r
* o, o 1,,(),:3,'i)#r,l:,,1,

(ap) 
I

(c , ) ; (ek)  
|

(bo) 
|

(d " ) ;U t ) )

where Fr, Fz, tts utd t4 are all cnnsadts and the G-fimctions of two variables in

1.3(l) are valid for
l x < L , l y l < 1 ,
0 3 n 3 prO 5 z1 3 r, 0 3 n23 k, A 1 r\ 3 s, 0 3 mr3 l, 0 3 q. md for conve,lgeirce, we

have
p + q + s  + r < 2 - ( m r + n n + n )

p + q + 1 + f r < 2 ( n r + 4 + n )

l0g/ < tr ln\ + \ + n- (p + q + s + r) | 2l

logrl < r lrh + ry + n - (p + q + l+ ft) I 2l

In particrrlaO if urc talrc p* 0 ud ry = 0 in 1.3(!) we hava

I4l

t r l

t2l

t3l

B.R
Dep
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Dan
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where 7r, , Fz, Ft and /t4 are all constants and the G-functions in 1.3 (2) arevalid for

/ x / < l , l y l < 1 ,

0 < n 4 S  s , 0 <  n t ,  1 r , 0 3 m ,  < 1 , 0 < 1 2 < k

r + s < 2 ( n 4 + n r )

k +  |  < 2  ( n 4 + n r )

largxl < n fm, + n, - (r + s) / 21,

/argt/ < n fn4 + nz - (k + t) / 2l

Finally, I am grateful to prof. y. R. Sthapit, Head of the central Department
of Mathematics, Tribhuvan university, Kathmandu, for his kind inspirations in the
prqarction of this paper.
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(2) II o \I*,,';i".' [, fl;?(|r)" o?i,);?:, lrfi;?$rf*on
= p, c T,**r,r ;? r" [, ],5" ;] l:,,r1 " "?.\,\: !r.r [, 1 fi ]; :: r, ]
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On CR-Submanifolds Of A Trans
Para Sasakian Manifolds

l. rntroduction 
LATTKA BHAT. AND K' K' DUBE

A Bejancu [l] infroduced the notion of CR-submanifolds of a Kachlerian
manifold. c.R-submanifolds of a sasakian manifold have been studied by
Kobayashi [4]. C'R-submanifolds of a Kenmotsu manifold have been studied by
Papaghuic [2]' oubina [5] introduced a new class of almost contact Riemannian
manifold known as trans-Sasakian manifold.

The purpose of the present paper is to define and study cR-submanifolds of
a trans para Sasakian manifolds.

2. Preliminaries

LetM be an n-dimensional ahnost para contact metric manifold with
structure tensors (F, u, u, g) where Fis a (l,l) tensor fierd, a vector field u,a l-form
u and, g is an associated Riemannian metric on M which satisfr the following
conditions [3]

F2 : I -u@(1 ,  u (A : I ,  F (U) :0 ,  uoF :0 .
g (FX, FY): g (X,Y) - u (E u (y),

g(FX, Y)= g(X, FY): 0, u(n: g(X, (r, for allX,y e M
Definition : An almost para contact metric structure (F,u,u,g) on M is cafled tans
para Sasakian if

(2.4) (%ry(Y) :  a(s(x,y)u-u(yyg+ BG(FX,n u_u(y)FX)
for a, p non zero constant and we say that trans para sasakian structure is of
type (a, F).
From the above formula, we get

(2.s) V"tr' : a FX+ F(X- u(X) U).

Definition : A submanifold M of M is called a cR-subminifold if uis tangent to M
and there exist on M a differcntiable dishibution D: .x + D, c nMsatisfing the
following conditions:

Q.r)
(2.2)

(2.3)
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D, isinvarimtuderFthat is FD' c Drfore'achx e M

the complimentary orthogonal disfiibution t:x + D! cT'M is totally real

under f, that is Fft:xc'T,LM for each x e M, where T,M and flM arc

tangent and normal Saeeof ryst fi nap-Fctively'
Mis aninvariant (resp. antilinvarian{)-submanifold of M when dimDl=0

(resp. DimD: 0), where Di€eSpip+)ti.sittie kotrizontal (resp. vertical) distribution.

ffr" p"i, (D,Dttis called U-horizontal (U-vertical) if U, e p' (resp.Ur e D*) for

eachx e M.
For a vector fieldXtangentto M, we put

(2.6') X= PX + QX,

where FX and,QXbelong to dre distrihrtiofi D and DI respectively. Also for a vector

field /Vnormal to M, we Put
(2.7) pls - filt + cN,

where BN (resp. clf)denotes the tangential (fesp. Normal) component of Flv.

The Gduss andWeinganen formulas'are given by

(2.8) i ,Y =Y,Y + h(X,Y); v' i l  = -ANX +V*N, x,Y e TM'N eTLM',

where V' is the normal connection, ft (resp. A) is the second fundamental form

(resp.tensor) of M in M satisfring.

(2,.g) g{ANX,Y\: s(h(X'Y)'n'

lf we denote fhe orthogonal oompon€nt of FDL in TMt by ,ra then we have

7'L Il: FDL (E ,rr. it is obvious that Fp= p'

3. Sonte Bnsic LeP"mas

Lemma 3.1.

we have

(3 .1)

(3.2)

Let Mbea CR-submanifdtd of a trans para Sasakian manifold M .Then

PV .v F PY - PArsr X = FPV x Y + dg (X,Y)PU + P g (FPX'Y)PU

-au(Y)PX-f u(Y)FPX'

QY y FPY-QArsvX= Bh(X,Y)+(ag(X,Y)

+p s (FQK,Y)QU -a a(Y)QX'

(3.3) h(x,FPY)+ vtr FQY= FQY xY+ Ch(x'uf u(a FQX

f o ranY  XYeTM

Proof: From equations Q.4'),Q'6),Q'7\ ffid(2'8)' we have

tr t Fx - Y vf * d (s 6nU + u (Y)X) + P (s (Fx'nU - u (Y)Fx)

or Y xFPY+ h6,rPYi+glFQY-ArsvX-frl xY-Fh(X'Y)

= d s(Xv)PU +a g (X'Y)QU-a lai.Y) Px -a (Y)q(

+ P1(FPX+FQX Y)u -fu(u)FPx-fuA)FQx'

[581
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ON CR-STJBMANIFOLDS OF A TRAI{S PAIL{ SASAIilAN MANIFOLDS....

or PY xFPY+ Qy xFpy+h(X, FpI)+V{rgf_f,epqX_eApsyX
- FPY x Y + FQY x Y + Bh(X,yyC ldX,y)+ a g(X,y)p U + ag(X,y)eu
- au(y)px- au(y)Qx+ pe(Fpx,y)pu+ ps(FQX,y)QU_ B u(y)Fpx_ B u(y)FQX.

Now equating the horizontal, vertical and normal components we get the results

Definition: The horimntal distribution D is said to be parallel with respect to the
connectionY onMif YxYe DforallvectorfieldsX, ye D.

Proposition 3 .l.Let Mbe a U-horizontal CR-submanifold of a trans para Sasakian
manifold ti.ftrenthe distribution D is parallel if and only if
(3.4) h (X, Fy)= h (FX,Y): Fh (X,y),for aLlX, y e D.

Proof: parallel distribution is involutive. that is

(3.5) h(X,FY):ldFx,Y),forallX, y e D.
From (3.3) and (3.5), we have
(3.6) h(X, Fn: Ch(X,Y).

Alsovx FY e D, v v FX eD,v x, Y e D, so from (3.2) and,using D-parallelness, we
get

Bh(X,n =0, V X,Y e D.
From(2.7), we get

Fh (X,Y): Bh (X,Y) + Ch (X,Y).

From (3.6), Bh (X,n: 0 and the above equation, we get

Fh (x,Y) : Cldx, Y): h(x, Fn, v x, Y e D.
Which proves (3.4).

Definition : A cR-submanifold M of atrans para Sasakian manifold M is said to be
mixed totally geodesic if h (X,y): 0, forX e D and y e Dr

A CR-submanifold is mixed rotally geodesic if and only if AN X e D for
eachX e D.

Definition : A normal vector field l[ * 0 is D-parallel normal section if vf i/ : 0, for
allX e D.

Proposition 3.2.Let Mbe a mixed totally geodesic U-vertical Cn-submanifold of a
bans para Sasakian manifold u . nrenthe nomral section N e Fil is a .Dparallel if
and only if V x FN e D, for all X e D.

Proof: Let /[ e FDL md as Mbe a mixed,t"tt geodesic, we have

V x(FN) = Vy(Fif)

vx(ffO = 1vlryv+ FY xN

15el
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Vx(nD= FV* N- A*NX.

Let normal seotion be.Dparallel means Vf lf :0. Let we have AxX e D and
vf rr= 0 then from equation (3.7), we Eet y x FN e D, for alt x e D. conversely,
we have Ap X eD and V x FN e D, then from (3.7), we get V* il:0, for all X e D.

This implies that nonnal section.l{is D-parallel.

This proves our assertion.

4. Integrability of Distributions of CR-submanifold:

Lemma 4.l.Let Mbe a CR-submanifold of a trans para Sasakian rnenifold U.nen
we have
(4.1) AnZ- AnY + Qu(QY-u(Y)4 : Fptyzl, for any yZ e DL .

Proof: wehave 
gryFZ=(vrr) (4t r+ir7.

Using (2.4) in the above equation, we get

Y v FZ : d (g (Y, 4U - u (4n + B @ (FY,4U - u (A Fy) + N r Z + Fh (y, 4
= d(g(Y,4U- u(4\+ FPVyZ+ Bh((Y,4+ Ch(y,A-fue)Fey.

ln view of (2.8) and the above equation, we have

(4.2) -AnY+YiF: : aA$,bu- u(An -Bu(A Fey + Fpyrz+
r FQV yZ + Bh(Y, 4 + Ch (Y, Q, for all Y, Z e DL .

From (3.3), for all Y, Z e t,we have

(4.3) Yf rZ= FQYyZ+ CldY,4+ ft44 FQY.

Now from (4.2) nd(4.3), we have

FPY y7 = - AnY -a g(Y, 4 U + au(4Y - BI{Y, A.
Similarly we have

FPY zY= -AnZ -d g(Y,4 U + au(Y)Z - BI{Y,4.

Thus from the above two equations, we get

FP[Y, 4 = A n Z - Aps Y + a Q4Y)4Y - u (Y)2, for all I/, Z e D .

Theorem 4.1. Let M be a CR-subnanifold of a trans para Sasakian manifold U . fne
distribution Dt is integrable if and onty if

(4.4) ApvZ-Arz Y: a(u(Y) Z-u(4I), for allY,Z e DL.

Proof: Suppose the distribution D] is integrable, therl [I, 4 e D for any Y,Z e DL.
This gives PtY,4 = 0 and from (4.1) we get (4.4).

l60l



(4.5)

Similarly, we have

ON CR..STJBMANIFOLDS OF A TRA}.IS PARA SASAKIAN }iANFOI,DS....

Conversely suppose (a.a) holds. Then by (4.1) we have Fply, 4= 0 for anyY, Z e Dr . From this we 
-have 

pty, 
4= 0, which is equivalent to [y, ee Drfor allY, Z e DL. This implies that Oals iolgr"Uf..

Theorem 4.2. Let M be a (J-horizontar cR-submaniford of a traw para sasahianmanfotd M . rne distribution D 
" 

iriri)ii" f;r;;;;; 
" v'lo vi

h (X,FY): h(y,FX),for allX, y e D.
Proof From (3.3) for allX, y e D, we have

h 6,Fn= FQ y 
*y+ Ch(X,y).

(4.6) h (y, FX) = Fe y yX + C^(X,D.
From (4.5) and (4.6), we get
(4.7) h (X, Fy)= h (y, Fn= Fe IX,n.As the distribution D is integrable, that'is, e IX,4I-:0.' 

"
Using this in equation @.7),weg.t th.,.rf,r.
Conversely we have

h (X, Fn = h (y, FX1
From equation (4.7) and above, we get

FQ(X,y)=0:+ e(X,y)=0

Trris proves our assertion 
is integrable

Now from (2.5), we have

(4.8) Y xU+ h(X,U)= aFpX+ qFeX + B(X_u(XXt).From (4.8), we get the following two equations
(4.9) y s1(J= a FpX+ p(X_ u(X)(r,
(4.10) 

h(X,(r= aFeX.
Now from (4.9) and (4.r0), we get the fonowing two rerations:

V xU = 9 (X - u (n(D, for X e DL,
h (X,(, = 0, for X e D.

(4 . I  l )

(4.r2)

Definition: A cR-submaniford of a trans para sasakian manifold M is caledD-umbilic (resp. D, umbilic) if h (x,y) = g (x,y)Hholds for uu i, y e D (resp. x, y. Dt), where f/is a mean curvafure vector field.
Proposition 4.1. Let Mbe a D-umbilic U-horizontal cR-submaniford of trans paraSasakian manifold M, thenM is D-totalty geodesic.

ii,irJ;|i ,y.be. 
a D-umbilic U-horizontal CR-submanifold, that is h(x,g= dx,nl,

t6t I
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P.mingf=g,urhavc r ',

hW,t{1"*'g(X"U) H''

Using (4.12\ in the above equation, we gst

rhis shou6 rliat Mis E-t"tatry gff*i:' 
(x'Y) = 0'
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On a structure defined by a tensor field

f (* 0) of type (1,1) satisfying

MOIID.NAAIJL ISI-AI\{ KHAN

Abrtrrct Androu IU has studied the sEuctur€ d€fined by ateirsor field/(+0) of tpe (l,l)

$ttog fs + f = 0 .Intbepresatpaper, wehave d€fined md sMied,firfZ*.S,flitt*"i*.
We have also obtsined a positive dcfinitc Riemmian metic with reipect to which thc
corylementary digtributions are orthogonal.

l. Introduction

.f4r(2v +3,1)-Structwe

Ld M' be an n-dimensional difrercntiable manifold of crass c'. suppose there
orists on M' a non-null tensor field/of type (,1.1) of class Cp and of rank r
satis$ing.
( l . l )

Irt us defined on such M"tnsot fields '/'and ,m, of tyrpe(l.l) as follows

(1.2)

Then 
't 

oan be easily shown that

(1.3) 1 2 = 1 ,  # = ^ ,  l m = l m = 0 ,  l + m : l
Tbu the op€rators /and m rvhen applied to tang€Nlt spaqc of M'at t point all
complementary p,rojcction op€rators. Thus there exist complemeirtiry diseibutions Z
and Mcoresponding to projection opcrators I and m respectively. Let us call such
struc{lrr-€ w f a, (2v + 3,1) {tructure.

For:thenanif,old lrf equipped vttth f\t (2v+3,1)-stnrcture, fte following

rcsultcebcp owdcasi$.

(,) y*ffi,!m=W

(f 2v+3 + fr f) (f zv+z + pz f): 0

g:2v+3 + n.D 17zv+t + p2r)=0, A+ p

- y2v+2 a 22 Jt2e+2 + fll
v = f f i

t - l t "  P 2 - *

r { .



(1.4) (ii)

and

(iii)

(2.2)

(2.4)

Thus we have

(2.s)

MOIID.NAZRIJL ISLAM KHAN

. f z l= -  p2 l  ,  f 2m=-  *m

- 2f2n*2 + u2 + fr
i t- L= 

-----;----

p - - r t

2. f t.r(2v + 3,1)-structure in local Coordinates:

we now introduce in the manifold Mn a local coordinate system and
represented by "f !, fi and n{ the local components ofl (. md m respectively. we
also introduce in M', a positive definite Riemannian metric by taking r mutualry
orthogonal unit vectors u! n L(a, b, c . . . . . = r,2, . r) and n - r mutually
orthogonal unit vectors ufr n t1.,1, B, C, . . . .: 1,2, n - r,1 nM. Thus we have

(2.1') (.! , u!6: u!, (! , uls :0 ;
,rt , ui:0, ,rd , ,b : ,8,

Let(vt, v/; uethe matrix inverse to@f;, uhr's.Trren v? and vl arecomponents of
linearly independent covariant vectors satisffing.

vl ,  u '6:  6f  ,  vt  u l  :0 ;
vl , u'6 :0, v!, ul : 6!,

d'j being Kronecker delta. Also

(2.3) vi , u! + vl uX: 6!
In view of equations (2.1) and (2.2'1,wehave

U\, vfr) uL= 6i, (1, vf;) ia :0

@!,v i )  i t :o ,  ( .1 ,v i l  ub:6 i

l h i , v f r : v ! ,  ( h i , v f  : 0 ;

nt , vfr :0, d,, l  :  u l  ,
sncefm:0, we have f! ni = 0. Hence contacting with vj and making use of
(2.5),we obtain
(2.6)

further, since

we have

or

Q; ,
by

Q.l
Let

Q.s

The

whi

Q, I
Ifw

Q.r

We

Q.r'.
and

Q.r:

The

q.r4
and

For a

Q.rs

Q.r6;

Thus'

. f ! , v i :o

fi, u! = u2,

(h1, ut vI = v\, 4

th, , (6!  -v l  u!)= v l ,4
respecl
Cqngp(
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Q.n lht = vfr 4
byvirtue of (2.1) and (2.3). Sinilarly

(2.8)

I;ct rs nowput
o* =ul 4

Q.9) st = vj vi +vj v!

Then gri is globally defmed positive definirc 11i66snnian metic with respect
which @t, ,4) form an orthogonal tame and such that

Q.lo) vj = gt,rlo, vj = gt, ,ln
If we firtherput

Q.rr)
Wehave inview of Q.7) and(2.E)

Q.r2)
and consequently

Q.r3)

(2.r4)

tt = t] go md m1,= ili go,

11 = vj vf , mr,= vl v/

11 * my= gii

The following equations can be proved easily

(r) tL l', go = tx ,
(ir) ti ,rf, 8o = 0

and (iii) ni of go = mt,

For any two vectorc.r,.y with components xt , lt ,let us put

(2.1s) mr (x,y) = moxt yt, g(x,y)= grt x'!t

Q.r6) G(x,y)=# {g@,y)+ g(fx, fy)+

+ g(f 2 x, f 
2 y) + . . . . + g(f 2u*r x, f 

2"*r y) + m*(x, y)|.
Thus we have

m* (u1'u') = 

:r;::,';::::''"'== ^r,n*, uA, f,.*,u.) :0
G(u,a,uo)=A;|5 {E (ue,uo) + g(fuA, fuo) +

+ g(.f 2 u e,.f 
, uo) + ....+ g(.f 2urt u a, .f 

2,*t u oy+ m* (u t, uo):g.

By virtue of the fact that the distributions Z and M are orthogonal with
respect to Riemannian metric g. Thus L and M arc orthogonal with respecito G also.
Concfguently, we have the following theorem.

[65]
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Theorem 2.1. Let Mn be an wdimensbrcl diferentiable monfold equipped with

Ir,o@ +3,1)-Structwe of rank r. Tlpn there exist complementry distributions L

srrd M and a positive definite Riemamian metric G with respect to which the
distributiotts te ortho gonal.

REFERENCES

IU Androq F. Gouli. On a structwe defined by a tensor field f satiilyi4g

f 
t + f :0, Tensor, N.S., Vol. 29 (1982), p. 249-254.

l2l Mishra" RS. On almost product and decompsable manifolds, Tensor, N.S',

Vol. n$n0),pp.255{;60.

l3l Nivm;Ian and Prasad, C.S. Ott a structtre deftud by a tensor field f ot

W g.t) saisfutng 7zr atz = 0. To appear, Analete Universitatea din Timi;

Soarq Romania.

MOIID.NAZRT'L $I.AII{ KHAN
pgpafim€nt of lvfathcmatics
Aninxldaula Islamis Degr€c College,

Iilbadr tuctnow-226fi) I

Gt.P.)Irdis"

fl
. v

4r
A .

t.

ln

cal

Th

I f {

r(p

whr

llxll

l66t



The Nepali Math.Sc. Report
,Vol .19.No. l  & 2,2001

Certain Sequence Spaces and Matrix
Transformations From Sh(p)to c and C.

SHAILENDRA KUMAR MISHRA AND KAMAL IVIANI BARAL

Abstract: Necessary and srifficient conditions have been established for an infinite matrix
A : (a * ) to transform S l_(p) llrlto c and C" .

1. Introduction

The definition and basic properties of paranormed sequence spaces are given
in ([5], [6] and t7l). A paranormed sequence space whose topology is normaSle is
called normed sequence space.
The following sequence spaces will be important in our discussion:

t- = {x = {:r} -:  supelxt l<* }
c = {x= {rr} : lx*l -+ l(ft +o), forsome I e C}
c- = {.r = {rr} : lx*l -+ 0(,t + o)}

g = 
{'= 1'*y,(t'i) i, conurrg"ot}o,trol)

rf lprlis a bounded sequence of stictly positive real numbers, then
( - l

t(p)=1, = {rr},}lxkl,, <a}

l-(p) = {r = {r, } : sup* lx* loe < .}

c(p) = {r = {xr} :l\|fr + t(k e .), for some I e C}

co(p) ={x = {x*} : l+|fr + o (ft  + €)}

1(p) nd co(p)arc linear metric spaces respectively paranonned by

uu: [i||, rlYrf''' ^alHl: supr l*Llr,'^
where M=max(l, sup* pr) l_(p) andc (p) are paranormed by

lhll = supr l*rlo,'^ if and only if pp > 0.

t d
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For detailed dissussioncou these rys we rcfer ([5]' [6]' m md t9])'
We now define s@me sequffiPe spoaes

Givcn sny r = Or ) rve shall $rrite Ar = (xr - r1-1) , rvhe're ro: 0' We defue

. i'q sri ft'" i' s: fi Sa{*},:rfN*{-rr}': Ar e t (P)}

I , , _. , 
sP(P) F-.{ff?{&}: Ar e 4P)}

^Sc"(r) = {x = {x*} : Ax e c"(r)}

we write a i 11:1,i,'l,tj;.$;rnHf, lit{eis .sl-, ̂ sde) = $c md sco(e) = $ao

2.IluitSfhce

Con

for r

Sint

.9

2o
rpl

[3],

IfXis a sequence space, we defme
( - l

X F =t r = to*l E 
arxr isconvergeotforeach.: . * 

I

We'call X p is the F@r,gedElsllbgd'm'die - Toeptitz) dual space of X.

Theorem 1(i). .6ct'p[ > 0,i "frr' vrt$rhfilvtl

^ R 
l -o 

' ' l  o

[St-(p)]p - f){s. {"-} tErt'r"'lconverses 
and lpua l& | . o, /V>l }

6 !

where Rr =\au (w, urrot. that lzr= 0 (t > l)l
v=k \  , : .  . .  

.  
. ,  { !=I

Proof: Suppose thatx. e*St(p,I W,e,c-hflos€ /V> l, so thc supr |&t lo' < iV

We write

s € @
(1) 

Aor*r 
= 

,T*;t, 
'''4*r 

-|-. 
(m= lp,3, . . . .)

sin., i l&lllx&l s i tn*t NttPr a*,'itfo[owsftat
k 4  r ^ .  . "  E t

i***, is absolutely6et6rgddt.gy wolltry 2mpl,thc converge,nce of
k=l

6  r  k  \ " '  
i  :  k

}"- ( 2*''^) 
-nrc'q, iS&.r ,Ilvr/e' 

=0.

Hence, it follows from (1) that
.  . . 6 i 1 - ' . t , t , , , .

Zor*r is convergent for eachr eSt-(p)
h=l

This yields a e (SL*(P))P

Thu

Sinc

now
6

I t
h-l

Thcr

i,q
h l '

;

Zo,
l.l

oonvl

Proo

that I
Wel

Sincr

[681
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Conversely, suppose that a e (St*(p))p, then by definition, 
f"*ris convergent

for each x e,S/.(p). 
k=r

Since e = (l,l,l, . ) e8t-(p) andx- 
[ *"t""J 

eS/_(p), then

i* 
'"' 

*r, [ 2*t'^]are 
respectivelv convergent. Bv using corotary 2 in

[3], we find that

i* 4.' *itut' 
-o

Thus, we get from (r) that the series 
E** 

converges for each x e,s/-(p).
Sincex e Sl-Q)if and only ifAx eS/_(p). This implies that R = {Rr} e (t_(fl)f . Itnowfollows from atheorem 2mf4lthat

6

?=t 
lRkl.frll/p, convergence for all /v> l.

Theorem l(ii). Let Pr > O,for every k Then Sco(p)p = gMo(p), where

sM"(p)= 
IJ, { 

a = {a) ,E,r[k*","lconverges and

i t,t, t N-ttp, < ., ,,'r > l 
)

Proof: Let a e sM"(p) and x e sco (p). we choose an integer .lf such
that lAry,lrr q iy'-t.

Wehave
O O

Zo*r  
=r :4*r*  -4* ,  

[ * -  im=r ,2 ,3 ,4 . . .
Since

o . o a

,T ln*a"* I = 
,T 1", I t*rk 

E lnrl uvr, < o, it fouows that,
o

A*r*, 
is absolutely convergent. The convergence of

m  l h  ' l  -

.T" L E"-t',.J 
impliesthat Jim g* rt*u,^ : 0(t) m + a.Hence 

A**r
converges forcac,h x e gco(p). That is, a a e flC"())F

r r l
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conversely, let a e sc"(p)P. Thalforany'r € sco(p)' L*'rconverges'

( k  l

Since x={ 
} iVt ' , ' }  

bVchoosinge>l lN,N:2,3, "  "  e Sc"(p) i t fo l lows

tnatiar( 
t" 

t") converses. To showthat 
; 

I *rt N-ttp*< co' y'r)ln

$
we suppose that, 

) 
| nrl N-rtp, = o, If >1. Then from Theorem 6 in [8], it

follows that R e M"(p)=lc"(il|| ' Thenthere is a sequence x: lllk\'

k > I eco (p) such tfrat i n f lt does not converge' Although' if we define
k=l

. k
s

y = {y) by yr = /.tln, then Y e Sc.(P)

But 

n=l

s $ f E I s
zo=rortr = 

Aor\Lttn l= kRkrt 
k'

6

Hence, 2ooro does not converge fot y e Sco(p) ' a contradiction to the fact that

k=1

a e Sco(p)p. So,

i  l^- l  N-t tPr <oo, N)1.
k=i

This comPletes the Proof.

Matrix MaPs

Let X md Y be anytwo sequence spaces' Let A = (an'1'\be an infinite matrix

of scalar entries. ff x = txr) e X, then A, =(A,g))l=, e r

where Ar(x) =F,.ou*r converges for each n= l'2'3" ' ' 'We say thatl defines a

mafiix map from Xinto f and we write .,4 e (X' n'By (X'Y) we mean the class of

matricesl suchthatl e (X,n'

The main aim of this section is to characterize the (.s/-(p), c) and (s/.(p)' cs)

Weshallfirstestablishthefollowingsimplecharucterization.Inorderto
charucterize, we needthe following lemma'

Lemma l. LetXand f be sequence spaces' and let

ot

10!

T1

(r

TI

w

Pr
so

w

.Q;

B5

H(

B1

He

n 8

Sit

Th

Fit

170l
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LY = (y = {l*} : Ly = gr-.yr-r}) e Y,lo= 0}. Thenl e (x, I0 ifand
only if M = (ar3 - ant,*) = (bn,) = B e (X,Ly).

with lemma I and rheorem r(i,ii) in [4] or Theorem 3 in [4J or Theorem 5b(i) and
Theorem 7 in [6], acharacterization ofthe ctass. (t1p;; St)or (t_@);,S/_) or
(t@);,S/-(q)) is immediately follows I e t-.

Theorem 2. Let pr > 0,for every h Then A. (^V-1p;, c) tf and only f
(r) R eQ*(p),c)

f k I
(ii) A,l I"-t'* 

f 
e c @,k:1,2,3, . . . .), for all integers, il> t,

(iii) jgg dn.k = ar (k= I,2,3,. . . . . .)

Where,
l _ o  IR=(rn , * )=L2" . ,  

)  
(n ,k=  1 ,2 ,3 , . .  . . . )

Proof: Let us first prove the sufficiency. consider any x est_Q). we choose 1r > l,
so that

sup* | ax* lo' < .lr.
We, write,

@ m m

@  
E o , , r r r :  u Z r r , , t  

M r - r n + t , m  Z  a t o  ( m : 1 , 2 , 3 , 4 . . . . . )

o  f t  
- ' l

By condition (il, 
loa,.2lZ*",0,J 

i, .oorrrrgent for each n : lo2, 3, . . . .

Hence, by corollary 2 in t3l it follows that

By condition (i) R e (l-1p'1,c),and since x e.g/.(p) if and only if A x e.S/_(p).

Hence, by corollary 2 in t3] it follows tn"t i lxn,rl ytt n, is uniformly coufergent in

z and limn-+. r;., exists for each k= 1,2,3, . . .

Since,

,i t"',lla',I < fil',,r| rt'*
o

Thus, from (2) we furd that 
Eo,.r*r 

is absolutely and uniforrrly convergent in n.

Finally, wehave

t7u

(>
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'g io'o','r"*=f 
'n'*xk

This proves the suffrciencY.
The necessitiet oiliii; and (ii) 

fT**Tlv 

obtained bv taking

x: d:(1,1,1, . . . . .) eSt-(p) and t =L }N^'o'l <t= 1,2,3," ' ') eSt (p)'

Now consider the nosessity,of ([). If it is not tnrc, the,n there exists x = {r,} e l-(p)

with supnl xplp' =1 such that I l1,x"]l=, * c' Although if we define a sequence

y = {yk\ by 

ln =i *, (v= r,2,3,. . . . .),
i=l

thenyeS/-(P)butthat, 
Ig g I

lVoo,.,r" 
=l 'n."'" 

)e 
t'

ThiscontradictsthefactthatAe('St-(p),c)andtherefore(/)musthold'

Before charucteiztng the class (st (p), cs) we add one more notation. For any z > l,

we write 
/v o

t, (AX) = }'q,, @) = 
rZoU, 

r x 1,lx e Sl. (p)l'

[g' I
where B = (bn,*\ =lH 

",,r ){', 
k= 1,2,3, ' ' ' ')

Theorem 3. Let p r > 0, for every h Then A e ('Sl-(p)' Cs) f and only tf

(r) C e (/.(P)' Cs) ,
f  t  , l

(ii) 4 LP "tJ 
t Cs (n,k=r'2'3'" ")iv> I

n

(iii) j13g D",r = 
m I 

a1.p = 9t (k= r'2'3' " ")

where, (  n l -  
- l l

c =(cn.p)= t ; LE 
"l 

i 
(n,k= r,2,3,. . "')

This theorem follows immediately from Theore,m 2 and Theorem 2 in [8]'

We remark that in proving theorem 3, we use 
h|',*r 

=fiC''r*r lnP+l 
[t'



CERTAIN SEQUENCE SPACES AI{D MATRX TRAI\TSFORMATIONS FROM....

(m = 1,2,3,. . . . .) and the convergence of

s ,  [ + , . * l  .  . .  s  r
ku,r l,k 

*" 
J 

imnliesrh"t jg Cn,^a L NE :o

characterization of (l(p),sco(q)),q e /- follows from Theorem 5(ii) in ([61) with
Lemma l.
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origin of certarin Generating F'unctions of
The Charlier polynomial C*(a; x)from

The View point of Lie-Algebra

G.K. PANJA AND D.K. BASU

'1.!st-ra9t1 In this paper generating functions for the charlier polynomial cn (a; x)are obtainedwith the help of the representation of a Lie.group q0,l) t2l 
-

A.M.S. subject classification (1991) :33 C 45

Key word and phrases: Generating functions, Special functions, Lie-algebra.

1. Introduction

Let, G(0,1) be a complex 4-dimensionar Lie-group. This abstract goup
G(0,1) consists of abl4 x 4 matrices of the form

I t  c e "  d  r ]

( l . r )  l o  e t  b  o lg =  
l o  o  I  o l d , b , c , r e c
L o  o  o  l _ l

where the group operation is matrix multiplication. We can innoduce co-ordinates
for the elements g in G(0,r) by setting g = (d, b, ,, r). The co-ordinates are valid over
the entire group. The usual lopolory of c iqcuces a topolory in cio,r) and is simply
connected-(Ponhij- agin, ch, g). rtG(O,lI can be idintifiid withthe space of ixi
matices ofthe form:

I o  x 2  x 4  x r l

a= 
l lT  ;  l l , * , , * , , , , , xnec
L o  o  o  o j

with Lie product la, Fl= a F- H t d, p e I [6(0,1)]. The matrices

f  o  o  o  o l  [ o  1  o  o l

, n = 1 3 3 ; S 1 , , = l 3 3 3 S l
L o  o  o  o J  L o . o  o  o J

d



G.K. PANJA AND D.K. BASU

[ o  o  o  r - l  [ o  o  I  o l

l o  1 0  o l  ! o  o  o  o l
g 3 = l o  o  o  o  I  " =  l 9  g  :  :  i

L o  o  o  o r  L o  o  o  o l

form a basis of Lie-algebra I[G(0'1)] : g (0'1) with the commutation relations'

[gr, g*] = g*,lgr,, g-1 = -r-,[r., r-l = -e,le, g*l =le' g-) = [a' 93] =0

where 0 is the 4x4 zerc matrix'

The mappin g d +.*p o i' an analytic diffeomorphism of a nbd' of 0 e L(G) on to a

nbd. of e in G(here a i, ,rr. adiitive identity of I_[G(0,1)] and e is the identity

element of G(0,1)' ;;-# tuppi"g defines a local one to one coordinate

transformation in Ca'

(A)

whe

( r .2

(B)

suclt

exPt g3 =

exPCg- = expde =

[ o  0  0  r l  [ 1  0  0  0 l

i :'; : ! i'expbg*= i I : i liL o  o  o  l l  L o  o  o  I

[ 1  o  d  o l
l o  1 o  o l

l o  o  I  o l
L o  o  o  1 r

( t , b , c , d  e  C )

[  1  o  o  o l
l o  1 o  o l

l o o r o l '
L o  o  o  l J

Fror
diffi
alge

2 . D

Let, p be the representation of g(0'1) on the complex vector space Zand let

let J* = p(g*) , i-  = p(g*) ,E = p(e) 'J3 = p(g3)

These operator obey the commutation relations

t J*, J-l  = -E,lJt,J*l = J*' lJt '  J- l  - -J-

ll. , nl =lJ- ' nl=lf ' nl= 0 *ot" lA' Bl: AB - BA fot the linear operators '4

and B on Z' 
define the Casimir operator Cs,1 on Y by Co,t:. t: ,t- - EJ3 'Let' p

betherepresentationofg(0,1)satisryiog.tteconditions:(i)pisineducible(ii)each

eigen value of "r' nu' iufiipligtry tq*f to one' There is a countable basis for V

consisting of eigen n * of 13. bucn a representation p of g(0,1), for which E * 0'

is isomorphic to the representation nt*,i,-ili"rrnea roiatt w'ffio,p e c such

thatp*0,0< Rerao (  l  andw*.% i toot* in teger '  The spectrumof  th is

representationisthesetS={zo+n;nisaninteger}andtherepresentationspaceV

has a basis {.f^\ , m e S, so that

l?61

reali

Lie-

den<

uniq

mult

(2.r

(2.2

and
(2.3

Als<
(2.+:
Nov

(2.s



ORIGIN OF CERTAIN GENERATING FI.JNCTIONS OF TTIE CHARLIER POLYNOMIAL....

I J* f, = lt.fr*1, J3f^ = mf^, J-.f^ = (w*r).f^_r
(A) 7 "',

I Ef^ = p-f^ , cs.1 7^ = pwf) ;

where the differential operators f, , J3 are given by

l -  =e-r (.*.&)

r *  =e r  ( - *+g -a / r )(r .2)

Jt  =4
ay

suchthat 

I 
t- lc^1oix)entf=ff icn-t(a;x)s(^-Dt

(B) 
I 

t . [c^1o;x) ew)= cn+t (a;x) s@*t)r

I t t [C^1o;x) e^Yl- mC^ (a;x) e^v

From the relations (A) and (B), we have p: r, w: 0. Thus the realization by
differential operators yields a multiplier representation ? of G(0,1) whose Lie-
algebra is g(0,1).

2. Derivation of the generating functions:

It follows that the functions "f^(x,y)=C^(a;x)e'l form a basis for a
realisation ofthe representation R(0, no,l) ofg(0,1). This representation ofg(o,1) by
Lie-derivatives can be extended to a local multiplier representation of G(0,1). If we
denote'cl'the space of all entire analytic functions of .r andy, the operators will
uniquely define a multiplier representation I of G(0,1) on ,cl, . We compute the
multiplier representation and obtain

(2.r)

(2.2>
and

(2.3)

Also,
(2.4)

lT@xpbJ*) .f^l @,0 = eb'(r- bt / x)a f^(x - bt,t) 

i:.-",::r;

fT@xpcr) f^] (r,r) = f^fx(t + c) / t, t + cf

Ir1exp c l3) f,] ec,t) - f^(x,te, )

lT@xpdE) f^l (r,t) = e{^ (x,t)
Now, we have
(2.5) Tl@xpbJ*)(exp6"/-)(expth@xpdQf^l @,0

: rd+bt 0- bt /  x)o .f^[(x- bt)( l+ c I t),  (t  + c)e' f

d



G.K PANJA A}ID D.K BASU

ffit g=(expbJ+)(expa/')(exp tJ}\(expdE)e G(0'1)'

Thematrixelementsofthislocalrepresentationwithrespecttothebasicf iare

uniquely d*errrined by (R(0'no'1) and we obtain the relation'

Q.7) lrb)L'* l(x ' t)= Zluiu;) ' f^* '(x ' t) 'k=0't  I ; t2 ' '  '  '  '

Thus wehave

(2.g) 'a+bt (l-bt I x)o (t + c)n"+k

o _

= ZAr,n-no (g)t^*'
I=a

for  k  2t .

and

(2.10 ) A*(s)=

s(no+k)r C^"**la; (x - Dr)(t + c I t)l '

Cry+t (a ;x) where k = nt- trto

exp [d + (m" + k) 4(b)t-k'F' ( -  mo-  k ;  t -  k+ I  ; -  bc )  fo r  t  > -k

( t -  k ) l

The matrix eleme'lrg A&(S) are given by

Q g )  l , r r ( s ) =  
?  m o -  c ; k -  t + l  ; -  b c \

Thus our result becomes

;;;;- 4t 1r-bt I x\o(t+ c I t)^ cnla ;(x-DrXt+c/r)l

=2( i \  n  'o  ( *o*n ;n+r ;  -bc)  c^ -n(o ;x ) t -n

where k-  t  =n wi th  lb t l f  l< l '  lc l t l< l

*jit t** a new class of generating functions'

Alson we obtain

;; 
eb' 1r-bt l  x\q(t+c l  t)"^lo;(x-br)( l+ c t Dl '

=hX14 { - ' ; f i ! ; -bc)c^*n(a;x \  
t^  where t -k=n

with lb  t  lx l< \ ,  lc l t  l<  I  -  - - - , . -^
which gives another 

"iass 
of new generating fimctions'

3. APPlications

(i) If we take b = 0, c= -1 in (2''11)Ve have

(r- r/ t)^ c^["', " h-])l = inu" (9 c^-n (a;x) t-n

RePlacing ll tb1 t

[78]
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+ ivniv! 'f p" fiJr"* rl- I ,**"r"-.o' Rt n#*'1/v.r-n;4'<'-,r*--( '!1"i-i [(r* #)' ) (r*fr)"-^

The average number of failed units in the system is obtained by
S+K

( r7) E(N)=|,  P^
n=O

=9 * 'on p -L *  * 'o ' ,= 
kA 

P" * E,krn,.r*,*ft114 .
t  R!,

lrsrut {-
+-=  / rR! '#' (" * .e - n)Ro-ax"-"(#)"

. r'rvt($' npn ij{tn*tl-l&o,)r"-"'ho o' R! '#*' 
1N*s-,)Rn-(t-D)R-Dr(#)'t't l. ("#, ) (r*9"1n-^n'o

Case tr: ,9 < R
The failure rate and the repair rate for the model in this case are:

( 18) 4 =

.e) - ={

M.

( N + S - n ) l

(il+s- a(#)'^

(jv+s-n) (#)'^

(il+s-n) (#)'^

frF'

(,t)'^o,

(*u)'r*o+ t'^)

(#l'r*o+ tt,)

0 < n < , S

8 S z < . R

R S n < T

m T  3  n  < ( m + l ) T , l 3 m < r

r T 3 n  < , S + K

0 < z S  R

R < n 3 f

.mT <\3(m+l)T,  13m<r

rT <.n3,S+K

tr6I

t
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Solving equations (3X12), the probabilities for different states are glven by:

ffn
ytn^Po,

R!R(1-DX'-n)\ R!,

0 < n < R

R c n 3 S

S  < n < T

(13)  Pn=

where

(14) ,+ ,- 4*b '

In order to determine the value of Po' we use the normalizing condition'

(15)

Thenwe obtain

S+tr

)uPn  
= l

n=0

(16)P;1=nry.+"i,ffiJ.

.{s-l=JP%*,
Ut*J1'*ff)'"-"

R!( iV+S-n) !Rz- ( t -D)R-Dr \R! ,  rT  <n3,S+K
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Here a and b are the parameters that indicate the degree to which repair rate and
failure rate respectively affected by state of system.

The chapman-Kolmogorov steady-state equations developed by the model
are glven as:

(3 )  -  N) .Po+ p  P1=0,

(4) - [Nl"+ np] P, + N)" Pn. + @ + l) p P,*r -- 0, l < n < R

(8)

(e)

(5) -t 
"(,*f1)' 

^* ̂ uf p*+ NA^-,*(#) *r ro-,=o

(6) -["(*)' n(ft) '  na]r."(*)u ̂  rn-,.(+)' Rtt pn*r=o,

. R < n < . S

(7) -[,"*r-,{;*I)' ^*1o*1' *]*+ (r/+^s-n+ ,>(})o n r^-,.

. (+) '  Rt tP,*r=o s3n<T

-[,"., - D(#,)' ̂*(!*)' *rfr, *(r/ + s - r * e($)u t r,-,

.(#+)" (Rp+ pr)Pr*r=0,

-[,". s -,r(#)' n.(ffi| r*, * p^1) e, *

+ (i/ + s- n + D(M)' t Pn-r *(#*f ,*r:?::;;:; r 

r. ^.,

(r0) -[,".r-,)(FJ' n*(v]-l'r*r* p,-,yf r,*

+ (r/+,s-z+D(#)' ^ *-,r(#)'  (Rp+ p,)p,r., = 0, n:rr

(1r) -[,"*r-,{H\'  ̂ .(#| r*,* r,t)r.*

+ (trr + s - n+r(Y)' ^ ,^-,*(fi)" {*r* p,)pna = 0

(r2) {ff)'t*, + p)r ps-F +(nr- K+ rt (ffi)',r ps*r-r =:" 

n 4+K

rl



A I!,TULTI4OMPONENT REPAIRABTE SYSTEM WITIT SPARES""

Droduction in the system' For model dweloping purpose' we have made in the

i"r"Hr#H#n:in both states laioperating.state 
anr repair (or failed) state'

,r Tbe standby,pJ;;;lace 
the-failed operating units'

rThefa i lurerateof theuni tandrepai r . ra teot tn .permanent(addi t ional )

repairmen s l" rllri-p(pt,) (i 
= | 2'''' " 

r')respectively'

* The repair facility ptJO"t tqlT u:11tdtg to FCFS manner'

* The switch ourr',il", from lailure ,1t*" tg1.1.puto to standby and from

standby to operatiffiiliTt "t:"-t|t 
be negligible 

-^:*

* when there are o 2 r nit"aunits, only R permanent repairmen are available to

rePair them'

* If there ue mT < n3(m+l)T farled units' there will be m special additional apart

from R perm**t 
"pui'^'n 

in the system (m =l'2' "''' r-1)'

r when rT < n=nJ;" ?;ti;'u *t" aitt"'fttt*ent and additional repairmen

: xt:*r*:tl*';'ufi'ffiilil# 
set or standbv units and treated as

m

m

c2

st

N.

pr
sp
sy
D]
sp
sp
nc
rel
TI
de
un

wl

m:

mz

pr(

W

bal

M]

rer
an(

spu
patr
nol
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* Pnrepresentsthesteady-stateproblbilrty.of 
nftstate (n=l'2'' ' ' '^S+K;while

i" is A" steady -state probability of empty'

3. Steady-state Equations and their Analysis

We consider *o '*tt for analvsis pYll-"::::t#" given as below

case I: ̂ l";"ii:"f ieatn rates for the model are given bv
0 < n c R

NA

- - l  R  \ t ,  R 3 n c sN\frt ^, 
,

( / v+s - r ) ( * J  4  s<n< r

( i v + s  - 4 \ W ) "  n ,  m T 3 n < ( m + r ) T ' r 3 m c r

( i v+s-z ) (H) ' t  r r3n<s+K

(r) o"=I (/v+s-'(,*.1,:

a n d  0 < n < R
I n P
I t r \ o -  R < n c T

I [i) 
*o'

(2) rt^=\ (f,J",^o + p^) mr <n3(m+r\r 'r<mcr

(*\ '  lgqo* o' ' 
rT <n3 s+ K
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.u*3".repairmen problems were described by Either I2l. A cost fimction for the
machine interference problem.ias developed uy rvtosne fizl **g and rrsu [19]canied out the cost analysis of machine repair iroblem *itn n non-reliable senrice
stations. The IWGA machine interference model with spares was studied by Gupta
and Rao [5]. Jain [7] introduced diffusion approximation for (m.M) -".hio" r.p"i,
problem with spares 

_and state dependent,rates. I{/IVI/R machine repair problem with
spares and additional repainnen was also considered by Jain tgl. N-policy queueing
system with finite source and warm spares was discussea uy cupta pj. iain anl
Dhyani [9] considered-the fiansient analysis of lvlllWC machine repair iroblem with
spares' Jain considered the fransient analysis of WWCmachine repair problem with
spares. Jain and Ghimire [10] investigate4 machine repair qo"u"iog-system with
non-reliable service stations and heterogeneous service 

- 
aiscipline. optimd

repair/replacement policy for a general repair model was given by Jiang et ai tl3l.They provided the repair costJimit and the optimal uui,"g, cost. iatcasui 
-pot

developed a cost-offreplacement policy for a component demanded by two p*"rr"i
units by taking a minimum total cost function.

In the long queue of failed units, there may be some inconvenience due to
which the failed units may be discouraged to join the queue. It means either they
may balk or renege without being served. some efforts are also made to anilyzn
machine repair problem with balking and/or reneging, (m.M) machine repair
problems with spares and reneging was investigated by Jain and singh tl2l. xe ana
wang [16] suggested cost analyiis of the Iv{AdlR machine repair problem with
bl$ing. reneging and server breakdowns. Recently Jain et 

"r. 
tr+] dweloped

I\4^[/C/K/N machine repair problem with balking, reneging, spares and additional
repairman. The two modes of failure machine repair prourem ouith ,p*"r, reneging
and additional repairman was also tackled by Jain et at. JtS1.

In the present paper we study a multi-component repairable system with
spares and state-dependent rates by using birth-death techniques. The rest of the
paper is organized in the following manner: The temrinolory of the model and
notations used are given in section 2. In section 3, the balancJ equations in steady-
state and their product obtain the optimal number of repainnen *d ,p."r, a heuristic
approach is suggested in section 5. The conclusion and ideas for furtirer development
ofthe work are outlined in the last section 6.

2. The Model

we consider multi-component relrairable system with N operating and s
spare units. There is a provision of a repair facility consisting of R permanent and r
additional repairrren. The system can accommodate only S+f units. The lifetime
and repair time are state-dependent and are assumed to follow negative exponential

fistibutions. There is provision of r special additional repaimen, inni"n tunr on one
by one with the additional load of I failed units in order to maintain the regular

t82l
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A multi-Component Repairable System

With Spares and State-sependent Rates
M. JAIN AND K.P.S BAGIfiL

Abstract: The queue size distribution at equilibrium for a machining system having M operating

*it, iorg *itft S rp.r., is obtained. There are.rR Permanent repairmen available which provide the

*fi;6. units iailed *iit. op.*ting according to Fcps'discipline' The life times and repair

times of all the units t" ^ro."i to bJnegative exponentially distributed with rate depending on

iir. .Jur"g workload. Since the reliability*of the system depends upon the system configuration'

Therefore the provision or" special additional rrpuir-.n, *tti.tt ton,l on according to a threshold

rule depending upon the failei units in the system, is also made. This will help in reducing the

backlog in case of long queue. Expression foi the nlmber of failed units in system is derived by

using steady-state queue size distribution. Some other system characteristics are also reported a

;;d;; appro..r,' is fac .ilitated to obtain the optima number of repairmen and spares

simultaneously by minimizing the cost function

Key words: Markov, Standby, Machine Repair, Reliability, State.dependent Rates,

Cost Function, Queue, Additional Repairmen'

1. Introduction

Intherecentyears, theadvancedtechnologyhasbeendevelopedsuchthat

the system designer .uy -.", out the desired demand of production by improving

ttre retiaUitity and availability of the system. Maintenance has a major impact over a

longrun.Assoonasthesystembecomesmoresophist icatedandi tsuni tsbecome

more interdependent, the impact will increase. In view of such a desigl, the standby

units play an important role so that the system may keep working to provide the

desired grade of service all the time. The standby unit may replace the failed unit

whenever the operatin! unit breaks down. In many applications, the behaviour of the

failed unit to join tne f,ueue may depend upon the number of failed units. when all

,h;;*", are-used *i4r p...-"oi repairmen are busy and a unit breaks down, the

;#;i"r will be effectei. Therefore,lor maintaining continuous magritude of the

iioAuctioo, it is recommended that the special repair facility may be provided'
- 

M*y authors have reported resiarch works in the field of machining system

by using queue-theoretic approach. A cost model for cold standby was described by

Hilliard [6]. lvl/Ir{/C/m/m -oa.t with spares was sfudied by Gross and Harris t4l' A

semi-numerical iterative method for solving a machine interference problem was

gir* UV i"i" and Sharma [ll]. Cherian et;1. tU studied the reliability of standby

iyrt". *i n repair. W;; itgi proviaed-the profrt analysis of the machine repair

firoUi". with ; single selvic" tt"tioo subjeci to breakdown' Optimal policies for



e

ORIGIN OF CERTAIN GENERATING FUNCTIONS OF THE CHARIIER POLYNOMIAL"''

9 (--\

(L- t)^ C^la ;r (1 - l)l = 
A# 

Cr-n (a ; x) {

which can be well compared with a result of Mcbride by Truesdell tnethod.

(ii) Again, setting 6 = l, and c = 0 in (Z.tZ) 
1e "y"t

et (l- t lx1o c^Ia ; x - t l =I 
* 

c^*n (a ; x) tn

This was also obtained by Mcbride by Truesde[ method'
. .  i : '  F

:, .T,

The Cl

(20)

(2r)
(22)

(23)

(24)

(27) -

't

(28)

1

(2e)

We fmd

l l l

l2l

t3l
t4l
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A MT]LTI-COMPONENT REPAIRABLE SYSTEM WITH SPARES..,.

The chapman-Kplmogorov balance equations governing the moder are given by:
(20)  -  N) "Po+ l t  4=0

( 2 1 )  - [ N L + - u p J P n + N 2 p n _ r + ( n + l ) p p , * t = 0  
I  < r < S

(22) - [(N+ S - n)]u+ nplp,+[(N +S - n+t))"]p,_r+et+l)p pnnr: 0, ^S< n < R
f  t  p \ b  I

(23) - 
L(1/+s-n{-*) t+na)pR+(N+.s-R+ r)A pn_1-r

(#) R tt Pn*r:o'

(24) - 
1,".r-")(*) '  ̂ .(#)" *ol, *,"*. i-n + n(|) ' t  a_,*

-  + ( # R p p , u : o  R < n < r

(25) - [,".r-.i(#i)' ^.(1)' ̂ o]", * (i/+s- r* ry(])' t. r,_,*

(26) - [," ., -,r(#), ^.(;]y)',1,1. 
"''.";'.,': ..,,

ef I P^-r+ (#*)" *o + p^)Pnu-]*., : o.

; r < ( m + r ) T ,  r < m < r

l - - - -  -  ( R + r \ b ^  |  n  \ o  I(27) - 
L(li +s-n)(-*1 t.lV;a) <^o+ p,_))p^+

+(1/+,S-r+r)  (* . : - t ) '^4,_, .  (#)  (Rp+ a, l r , . , :0.  N:rr

(28) - (1/ .t-o(#)' ^.(#)'tor* p,>lp,*

+ (N+ s - n+ r(T)' ^ r,-,.(#)o (*, * tt)t p^u: 0. rr <*s+K

(2s) -(#)' ,^o + p,)tps*r * (// - K+ r)(j:?)'z ps*x_, = 0,
we find the probabilities for different states by solving the equations (20)-(29) as :

[87]
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(30)

N ' P n  o  o < n  i s
n l  

r o

N n N t ' P '  o  ^ S c n s R
n ! ( . 1 / + S - n ) ! ' "

+ 4 ,  R < n < T

R!( l f+S-n) !3t r -oxn-n)(4 i )  
,  I

m-,1 (n * t)t f (n + z)(*

: n { f f i }  f f i "
R!(/ f  +^S-n)!^ ' - t ra ln-Dr( f r )  mT <nS(m+t)T, t3 m<t

N s  N l  p n

The norrralizing condition (15) results in

. - . .  n- ,  * lo"p ' - ,  $  /vs /v !  p"  - .Nt I ,  L  
, '  ^  *

(31) Ptt=*T*,k," *-.R, 
z=n-r1/v+s_n)n(r-rr"-",(#)

The average number of failed units in the system

S+K

(32) E(iv) = 
f;n 

r,

- $ " ' r ' ^  *  N " P n '
- 
?=o@-r)iPo*"|.,ffir.*

_ 
\rsryr 4^ npn - o

*lt 
n?nt 

1N+s-n)R(r-rt-t(#)"

ca

o

(3

o

(3

(3

n

:

:

(3

b€

co



4. Some System Characterfsfics

_ u-sing steady-state queue size distribution given equations (13) and (30) for
case I and II, we also obtain some more perfonnance measures as follows:

o The average number of spare.nits in the system is obtained as
s

E(s) = I<r-"1r,

A MT'LTI4OMPONENT REPAIRABLE SYSTEM WITII SPARES....

S+(

t(0) = r- I(z-S)^P,

(33)

o The average number of operating units in the system is given by

(34)
n=Y+l

o The average number of permanent idle repainnen is given by
R-t

(35)

The average number of permanent busy serves in the system is
(36) E(B)= R-E(I)

E(I)=I(n-")p,

o The rate ofproduction per unit is given as

(37) p.R= l- {(n)- 
.l/+,S

o The operating utilization is denoted as

o.u.=#

5. Cost Funstions

our main aim in this section'is to provide a cost fimction, which is to
oe minimized to determine the optimal number of repairmen and spares by
considering differelrt Costs. The total average cost is given by :

(38)

tsel

D
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s+K 
's+K

(39) E(c ' )  =,  ut f , { r -s)P, + cst(s)  + c t  E( l )  + c .E(B) + c o,Ztn- T) I

where.

Cs Cost per unit time when all spares are employed'

C5 Cost per unit time for providing one spare 
Tit, -

Cs Cost per unit time when one permanent renairmll is in busy state'

C1 Cost ier unit time when one permanent repairman is in idle state'

C1 Cost ier unit time of providing one additional repairman'

We can illustrate minimum cost as follows:

,  
* t  (Z*):11R*'S*) '

subject to constraint s A, =prn'- l '

HereAvdenotestheavai labi l i tyofthesystemwhilelshowstheminimumfract ion

of time. Since analyi.uirofu,ion for evaluating the optimal number of repairmen

and spares is very difficult, a direct 
"'"u"i 

technique may be employed to

determine the optimum value of the cost'

6. Discussion

In th ispaperwehavetack led there l iab i l i t y issuesofamul t i -component

system consisting oi s *urnr standby spares along with R pennanent repairmen and

r additional repairmen so that the system m[ provide regular magnitude of

producrion up to a d;;J g;; of demand. The sieady-state probability distribution

of the ave|lrge number oi breakdown units and some system characteristics are

developed.Inthelastsect ionofthepaper,acostfunct ionisalsofaci l i tatedthatmay

be very useful to p'u"titioners and otf'"' f'ttt designers for a stream of tasks in

various manufacturing / production processes'
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Unbiased Estimation of The population

Variance Usipg Midzuno-Sen
Type Sampling Scheme

M.C. AGRAWAL AND A.B. STFIAPIT

Absfract: we have employed Midzuno-Sen type sampling scrreme to propose two unbiased
strategies for estimating the population variance. These strategies have been'conrpared with certainknown ottes. and necessary and suflicient conditions have obiained for their superior performance
as cornpared to the known ones. An unbiased variance estinlator of the estimator the population
variance has also been worked out. Real-life data are shown to yield substantial gains via thesestrategies,

Kcy rvords: unbiased estimation of the population variance ; Midzuno-Sen type
sarnpling scheme.

l. Introcluction

By and large, the estimators of the population variance (based on auxiliary
information ) that have been proposed in the literature *.r. noi mooted from the
point of view of statistical property of unbiasedness. Although unbiasedness should
be an obsessive properry-, yet it desirable to seek unbiasedness of estimators
whenever it is feasible. For the purpose of obtaining an unbiased estimator of the
population variance, we, in this paper, take to Midzuno-Sen type sampling scheme.

2. Some unbiased Estimators of rhe population variance under Midzuno_sen
Type Sampling Scheme.

consider a finite population of 1/ units in which H and x; are the
measurements in respect of the study variable y and the ausiliary variable x taken on
the rth unit (i : 1,2, .. . . . , 1f) of the population from which a sample s of size n is
drawn according to a certain sampling design. Let F and y be the population and
the sample means respectively of the study variable y and letx and y be the
population and sample means respectively of the auxiliary variable x. we now define
the following population and sample quantities:

D
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ltr,"

i l r , ,

(for arry specfud:r dnd s)

-  F) t ,

. Ltnr, - Fzz
FzU)=ff i ,0=f i f i

. i l

r; = +I( y, -v)2

,  1 + .' i=fr!,o,-y)'

We similarly define the quantitie s Pz@),S*2 and ,S,2 for the variable x raAich being

based on the auxiliary information is supposed to be known. Further, later in this

paper, we would, to terms 
"tO 

(;), use the following well-known results :

v(8)=* t i , (8 ,0 ) - r )
a

v (s) =i  t !  (8,@)-r)

cov (s2r,s3) = 
i ti, tl @ -r)

where 1=+

An unbiased estimator of the population variance, under the simple random sampling

*itrront t"pracement design, i^i p",when non auxiliary variable is used, is given by

(2.r) , =1 ,

=*f,', -x)'0,

=*2., .,

UNBIA

where p, is

accordance r

(a)

and (b)

thenwe obta

for scheme (a

for sch@ (b

t.t d l1t

rch.q'e (t)r

(2.3)

and undersch

Q.4)

Both the estimr
can note that

Similarly, the a
Denoting the st
respectively, we

Isaki [2] proposed the ratio-type estimator of the population variance

s;
(2.2) t"= 

1Si
which is based under the sampling design p". Although Agrawal an Sthapit [l]

/ 1 \

alluded to the sampling desigrs which render founbiased, but, to terms of O (;/| ' ft'

variance of lo under these desigtr remains equal to the one under the design p. '

Hence, we would continue to discuss tounder the design p" '

It is known that, under the Midzuno-sen sampling scheme, the probability of

selecting a specified sample s is given by

Ie4l



IJNBIASED ESTIMATION OF THE POPULATION VARTANCE USING MIDZIJNO.SEN.....,

p(s)=#Lo,
l ' ;_i) '" '

where p, is the initiar probability of serecting the ith unit. If we consider p, inaccordance with either of the folrowing schemes for a suitably chosen r (r :r,2, . . . )
(a) p, a. xi

and (b) p, x1x, - X),.

then we obtain

P,G) = ,* 
o''"

l')) 
*'"

for scheme (a) and

(2.3)

and under scheme (b) as

Q.4)

I rt,,o
PzG) = 

/ri 
-

l';1 
0,"

for scheme (b) when fir,o and irr,o arethe sampre-based quantities corresponding to
m,'o and 7-t',, ' Now, we propose the estimators of the population variance under
scheme (a) as

'r=tlX

' r=4#
Both the estimator r, and r, can be verified as being unbiased. For this purpose, we
can note that

E^(t)= | p,(s)r,(s)
se .9

I=t't;";
\ n l

= Eo"(fr)

= S:,

Similarly, the estimator t2 canbe shown to be unbiased.
Denoting the strategies (po,t),(po,to),(pt,tt), and (p2,t2),by 4, Do,4 and D,
respectively, we compare them in the next section.

rmg

by

[e5]
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3. A Comparison of The CompetingStrrteglcr

/ r \
The variance, to terms 

"O 
(;), for the stratcg1D, whcn no auiliary information is

used is

(3.1) re"()=!tl1l/u)-rl

The mean square enor (MSE), to terns 
"f 

o (!) , for the snrdegy D is given by

(3.2) MSE p"$o) = 
* 

ti wz')-r+ p2Q)-r-2@ -r)l

Now, we proceed to obtain the variances of the prqosd estimators t' and t'

defured by (2.3) and (2.4) under the designs p1(s) md pr(s) respectively. For the

strategy. 4 , we can write. 
yo,e) = E p,e?) _ s'

1  s ,  , ,*,n=*^f,f*tf i,)-sj
\ n I

= m, ,o Epo({1f i r , ) -s l ,  
r ,

which, after some algebra, is obtainable, to tetms of O 
[-f ' as

v o,(t t) = * rilp,<r> -,.(* - \ - 4ffi - ll
. i l

where pi,, =*2 xiT,- 7)t '

In manner similar to the above, we can nnfk out the varimce for the stratery 4} as

r e, Q 2\ = *' i' ln,<r> - t.( r# 
- I -,(ffi - ll

I.JNBI

where Ce,

respectivel

and u, and
N

has to be n
Do,Dt and

and (3.8), r

(r) The st

(ii) The st

(iii) The st

ntibfur

cw) 
\r

Whilctcc

4. Unbiercd

Tor

wewrite

whichyields

(4.1)

Now, witha

(4.s) $ =l

(3.3)

(3.4)

expressed as

(3.s)

(3.6)

(3.7i

(3.8)

Now, by setting (yt-T)2= wt,(xt. X!z - t4'xl =vf md nil2 =vt' the various

variance expressions gir€6 ty tl.rl (3.2), (3.3) and (3.4) can alternatively be

Irr,(t)=*r"?,

vool) = LF' (4 + cr2 -2 hcoc),

Y p,Gt) * *W' G& + ctr -2 Pl csc),

v ̂(tz) = 
*r' G8 + C? - 2 p2 co ct)'
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where Co,Ct,C2 and Ca are the coefficients ofvariation of w, u,y* and y
respectively ,nrd po,A nd h are the coefficients of conelation between w and u,w
and u, and w and y* respectively.

Needless to say for employing the strategies e and D2, aproperchoice of r
has to be made. Regardyg th: rerative performance of the competing strategies D,
Do, Dt ^d 4, we can based on the reievant variances given Uy 1i.s ), (3.6), (3.7)
and (3.8), arrive at the following conclusions.

(i) The stratery Do spores over the sfrateg/ D if and only if

I c "
P" >; 

c,
(ii) The stratery e perfomrs better than D, if andonly if

l C ' l C ?  \  /  C n  \
,  

" , \A-t l -1P"f i-  
e,) '0,

(iii) The strategy Dr will outperfonn the strategy Do if and only if
t q l c?  . \  |  c ,  \
,  c,\4-r1-\orf i-  oolso;

while the strategy D, performs better then the strategy Do if and onry if
t q t c ?  . \  t  c ,  \
t c'\4- t1-lPz q 

- Prl3 o; and
(rD The sbatery e fares better than the strategy D if and only if

t C .^, i t ,
While the stratery .Q scores over the stratery D if and,only if

l c ,
h z r c " t

4. Unbiased Variance Estimation

To obtain an unbiased estimator, under the design p,, of the variance of /1 ,
we write

which yields

(4.1)

Yr,(t)= Ee,Gil-sj

to , { t r )= t?-Sj

Now, with a view to estimating ,gf , we first express it as

(4.2) ,i =#,), 
[*rt 

-zrv,fy? + Nzv4 .}rf ,ll

Ien

D
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, T / V . V / V

= -
r\ in Ltt- t) 'Zvf-q(u-DZv?t1+(N2-zN +llvl vi

-z(N-3) i ,?r,ro*L y,yiyryrf
i + i + k - i + i * k * l - J

' 
Since, under the design pt, we have

f " 
n ffir,o rl + 

"F  l { t lLn,l i  
,"" fr*r, )= ?vi '

-  [ l r ( l r - 1 ) ' . ? -  , . f f i , , o ' l  +  , , . ,
no,l 

,1,;; "Yf Yi ,h* )= lotiti'

and so on, can, thus, replace all the terms on the right hand side of (4.2) by the

respective unbiased estimating quantities and then, after somo algebra, we obtain an

unbiased estimator of .Sj as

(43) si=#4X ["](,: -1,,:,,)'
t t n  1 2  n  I  I

+ +c { (Ir,' ),, 
- r}r: }. t'i )

where A: (n -t) (n -2) (n -3)

B: n(n-Dz W -2) (lr-3)

C : (N-  n ) (N+n+ l -Nn)

which, to terms 
"" 

(;), can be expressed as

(4 4) si =H (r.#),t #h!r -l^rtr,\' -#{F,nl n-,},t}]
and the s4me is then inserted in (4.1) to obtain the requisite variance estimator of lr .

In a manner similar td the above, obtain, under the slmPling design p2 unbiased Si

estimator if'we replacb mr,o and ffr," by ltr,o od 4- respectively, and hence the

variance estimator of /2.

5. Empirical Investigation

To illustrate the potelrtial gain that might accrue from the use of the proposed

sfategies 4 and D2 over the known oncs, viz., D and Do,we consider the following

data sets:

qNBTAS

Data-Set I :
178) and the

N :  5 4 ,  n :

#):r.rq
i':,
Data-Set 2: r

treating the gi

N=  17 ,  n : ' ,

I =s.o{E

i';
Drbi8ctt: X
hrrry

N- ZI, n-9,

\(') = n.2r,

i';
In respect ofth

and present then
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i;T;*1i,,yrx#i:1,#,1":?"T#"$;j?"lli:fflionsrromMurrhy(,e67,p

N: 54, n: lg,  fz ' )=3.799, B2@)=.2.012, 0:1.627, y#e=2.557

;t|
+L :2.7ss, 

X 
= 2.20e (for r: 4) and 

T!: 2.557 (for r :2)
; t i ,  i t l  ;s i ,

Data-set 2: we rgfel to the data ava'able in Kish ([3], p. 2r3, Ex.6.6). However,trEating the given data'as unclusterei, we compute the following quantities therefrom

N= 17, n=7, 1z(y)= 1d.078., fze) = 3.079, 9=5.687, $!JL): r.u*

l/(tl v(t.\ ; 
ti

ft 
=s.078, 

* 
:0.370 (for r=D *afl:0.382 (for r:4).

; ; ;  ;si *r l  

- ee- v'

l"*lffi,N'd:hT*:tffi'.1:re in'singh and chaudharv (rsr .p | 4 t) and

N= 22, n=9, fz(y)=13257, 0z@)=5.579, 0 =7.T1,3, 
5f=r.4rc

tr 
=r2'2s7' 

H 
=0'524(forr=t)*a(fl:0.528 

*,,:,
;s;, ;tj lr; 

vL

In respect of the above data-sets, we compute the fotowing percent gains.

o,=[ ff i,],.,00
o,, =l rusE(til'_.]
-' -L 

rrW 
- lJx 100

o,=f f f i , ] , ,00

o'. =l MSE(D -.]-z -L 
y@ - lJx 100

and present them in thofollowing table

X)
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Table l: Percent geins of rl and lrrclative'to t arrd to

Data-set Gl G; G2 Gl

I 26.7r
(4*)

15.75
(4*)

9.46
(2*>

0
(2*\

2 2353.5r
(7*\

625.r4
,(7*\

2276.44
.A*)

602.36
(4*)

3 2239.r2
(7*\

550.76
(7*)

2221.40
(6*)

545.83
(6*)

(*indicates choice of r)

Table I bears it out that, for the estimating the population variance, the newly
proposed strategies, 4 and D2 that make use of Midzuno-Sen type sampling

schemes arc, apart from being unbiased, capable of yielding substantial, gains in
precision as compared to the known strategies D and Ds. However, between Dt aad

D2 the former is slightly beffer than the latter.
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Some Models Reflccting and Projecting

Nepal's Fertility Scene*

DR.JYOTI U.DEVKOTA

Abstract: In this paper Double exponential, Gamma, Hadwiger, Gompertz models are fitted to

the fertility data of Nepal. Further they have been analyzed for their accuracy. While studying the

various .od.ls which reflect the fertility scene of Nepal, rhe results obtained from these models are

also cornpared.

Key words: Age specific fertility rate; Gamma, Hadwiger, Double Exponential ;

Gompertz..

Introduction

Fertility is of interest to demographers and in some cases more interesting

than mortality. The reason for this preference is that mortality as an event occurs

only once in a life time. Fertility on the other hand occurs more frequently.

The word fecudity is the biological capacity to reproduce [3], which varies

from woman to woman, and from age to age. It can be studied either as a function of

maniage or independently. The stigma associated wittr illegitimacy varies from place

to placl and from time to time, so the pressure on a couple to marry in order to have

children or to legitimize a conception out of wedlock will vary corrEspondingly. In

Nepal, for example, the social customs and traditions prevent a couple to have

children outside a wedlock.
In many developing countries a history of accurately recorded fertility data

is strikingly missing. Reliable responses' about illegitimate infants cannot be

expected.-In addition to that, when asked about the number of children, the

information about deceased children, especially girls, are not always remembered.

Numerical Methods

In an effort to find a suitable model, an extensive use of numerous

computer software packages was made. For extensive numerical lrterpolation and

* 
This work was supported by Deutsche Akademische Austauschdienst'DAAD (German

Academic Exchange Service)

n
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extrapolation, ExcEL worksheets were very useful. In addition to that, EXCEL, was
intensively used for data mining and therefore, in the correction of faulty data. A
rigorous use of EXCEL in the production of tables as well as in the construction of
graphs was made. MATITEMATICA the computer algebra system has been used to
f[rd the fast solution of Symbolic mathematical problems (duch as pseudo inverse,
higher order determinants, initial solution of non linear equations). Excel has not
been programmed for symbolic Mathematics. Mathematica has given quick and
efficient solutions of such problems.

NAG FORTRAN library system and SPSS advanced statistical system were
implemented in liner_and non-linear optimization problems and modeling. In some
cases they have complemented each other.

2. The Double Exponential Model

Multiexponential models are single formulations, which can represent a
wide variety of vital events (such as mortality, fertility, marriage). The age specific
fertility rate ASFR, which is a unimodal bell shaped .u-r, .urib" represented by a
four parameter (a, a, p, B) double exponential curve.

m(x) = a .  e-a ' (x-  P)-"-  
I  ' ( ' -  P)

where a is the scaling parameter. p locates the schedule along x-axis and an increase
in its value, while holding all the other parameters constant, moves the schedule to
the right a and l. are the slope parameters.

ASFR

African countries show a high fertility rate in all age groups as compared to Latin
America, Caribbean, Asia, Oceania [5]. This difference in the age specific fertility
rates is prominent particularly in age group s 25-29 and 30-34, where the difference
between the average for Africa and Latin America were 64 and 58 birttrs per 1000
women, respectively. African ASFR are higher than that of Asian in af the age
groups. when the strength of the family plannlng program and the level of
development were considered, the countries with high development (group I) had
lower fertility at all the age groups as compared to the countries with low
development (groups rv). The age specific rates for the groups tr and Itr fell in
between. Nepal, Pakistan, Bangladesh fall in group rV where as Sri Lanka is in
group II.

ASFR with respect to the strength of the family planning program reflected
the same trend' Countries with a strong family planning program lad alower fertility
at all ages then those with a very weak or no program. Nepal, Bangladesh ani
Pakistan fall into the category of counhies with weak efforts, wher"us Sri Lanka falls
into the category of moderate'qfforts.

2 . 1 . 1

paran

( l )
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1 .  t
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2.1. The Method of F'itting

m ( x ) =  a . e - a  ( x - p ) - e - )  ( ' - P )

: h(a, a, p, A, x)

Here x is the independent variable and it represents age. e, c, F, )" are theparameters to be estimated.

(1 ) Q (a, a, p, 1, xi): m (x) - h(a, a, p, 2, x)
The Equation (l) represents the eror e,.

The objective is to choos e (a, d,, p, 2) from sra such that ), ef would be minimar.
I' Simple Least squares : The objective is to minimiz 

"2,"?. 
Here initial varues

,df a, d,, p, )"is choosen. Through iterative scheme I, 
"l 

i, minimized.
Levenberg-Marquardt method of non-linear optimization is used. That value of
(a, d, p, 2, x) is chosen such that I, 

"l 
i, minimum.

2. Weighted Least Squares

The objective is to minimizel,I4, el , orminimize

(2) Zrafr? =Zryr?@(*,)_tdo,a, /r,t)),
where l4l isthe.rlutiu" sir" oi-a.ried women in the r-th age group.

* = !" t  
P

where ̂ ( is the number of manied women in the r-th age group. p is the totar
number of married women.

So it is reduced to minimize \ *{.1r,1- Ido,o, rr,1)),

of' \ (t+)n u,l-(*)+ .n(o,o, p,t)\ '

lr03l

Since social and religious customs hinder the births to be outside the wedlock,
instead of taking women in reproductive age-group, married women in
reproductive age span were taken. The-Levenbirg-yu;ouurot method of non_
linear optim ization was used

2.2.lnterpolation

As seen from the table r, the age distribution for the year 1976 and, 19g6
was interpolated using Polynomial Interpolation (Lagranges interpolation formula),
which states that suppose population n lgTr is p,'an-cl po-pulation'in lggr is po and
population in l99l is -Q, then we use three point interpolation to estimate the
population of 1976. Population in 1976:f (1976).
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+pc

(re16 - re7 r).(re76 - reer)
(1981 - le71). (1e81 - leei)

(197 6 - 197 1). (1976 - 1e8 1)
(r99r - 1971). (19e1 - 1e8 1)

The Table I was obtained from the table percentage of currently married

females [2]. This age-distribution table l, obtained by the above mentioned method

was used as weights in the weighted least square method.

3. The Gamma Density

While testing the efficacy of various models, which best reflect Nepal's

fertility, a step was taken towards fitting a Gamma density. The result was

surprisingly good, better than the results obtained by other models. Hoem [1] has

fitted Gamma density among several functions such as Coale-Trussell, Hadwiger,

Beta to Danish fertility data, and his observation was the same. The performance of

Gamma density was as good as Coale-Trussell, followed Hadwiger, Beta density did

not show very promising results.

Table l: The age distribution married female

(r97 6 - 198 l). fl 976 - l99l)
' a  

0 9 7 t - 1 9 8 1 ) . ( 1 9 7 1 - 1 9 9 1 ) ' o
Let
Let
ad

3.2.

The

h ( . ;

the

h ( . ; t

funcl

Now,
(4)

R i s t i

Tle o

such t

\+'its n

the AS

3.1. The Model

(3)

Here d is the lowest childbearing age'

h(x;b,c,d) = jpO - d)@-.t) 
"--\:!)

rvtere

(5)

Where

u04l

Age t97l 1981 t99l t976
Internolaled

1986
Interoolaled

00-04
05-09
t0-14
l5 -19
20-24
25-29
30-34
35-39
40-44
45-49
50-54
55-59
60-64
65+
Total

843600.66
855078.22
596833.12
499273.86
5050t2.64
476318.74
424669.72
355804.36
309894.t2
218073.64
l95l 18.52
126253.t6
154947.06
183640.96

57445t8.78

tt21107.959
1069815.438
791370.324
630165.258
696112.78s
593527.743
505597.707
432322.677
373702.653
285772.617
249135.t02
161205.066
t75860.072
227152.593

73t2847.994

1334897.7r2
t371978.204
l 121684.883
9t7742.177
862121.439
723069.594
602557.99s
509856.765
435695.78r
361534.797
287373.8r3
213212.829
213212.829
315184.182

9270123

9903 I 9,0028
951518.6355
677r29.5526
545 I 33.8689
603699.1489
533381.6355
463129.67s9
393936.547r
342025.3121
250915.2281
224099.0449
14t597.1309
t63348.5979
19983r.782

1235967.529
1209968.628
939555.4341
754368.0274
782253.5484
656757.0625
552073.8134
470962.7496
404926.t426
322645.8066
270226.6914
t85076.9654
t92481.4824
265603.393
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Let p denotes the mean ortne aisn it*Jo(' 

-l)!

Iatm denotesthe mode ofthe distribution
ddeirotes the Variance.

3.2. The Fttttng

The moder was fitted to ft: 
l|Fn (Age sp:cific fertility rate) data of Nepal. Leth('; Q,02, -.. ,',)be the probability detr-sity-runction on 

" 
,""iiio. 0r,02,...,0, arethe parameters whose optimum value has to be estimated. In this caseh(.;Q,02,...,e) = h (x I b, c, d), as three parameters in the probability densiry

function has to be estimated. O < rdx i b, c, d)< I where r e fr+.
Here x denotes the age component.

Now,
(4)  \@; R,gr ,or ,  . . .  ,0 , )  =  R,  h(x  ;01,02,  . . .  ,e , )
R is the scaling parameter, R= TFR(Total fertility rate)

The ASFR data were fitted to (4).
The objective is to choose that value oi 1'R,0r,er,... ,d,)where

(R,e t ,e2 ,  . . .  ,0 , ) .  g i l  +  I

such that

I(gtr, ; R 01,92, ... , e) - R,h(x ; 01,02, ... , e)),

waS minirnized.
The rates are cvailable for age groups, rather than for single ages. Let zy be

the ASFR for the age group (a 1, o1al, j :_1, 2, . .., & _1. Then

TFR= n=Z@i  -a1+r ) .m i

. 't-l

M = Mean=if,*, .r, ,
rvtere 11 is the mid point of the age govp (a1,a1+rl

I
b.fc

(s) f(x)=(i)'"-"."*
Where Ic is the gamma fimstion of thc parameter c.

-,

fc= J ,-t.uc-r
0

s, =L^f,<'i .mt - Mz

u05l

?
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TlrenMean: p: bc

/uriance: o2 =bzc

Mode: b(c -l) Comparing (a) and (5)

I
h ( x ) = j p O - l ' 1 t t - t t " #

l e t x - d : y

dx: dy

h(y) = iA g)ru', . e-I for y > 0
'  ( b - l )

=J-{z.| '  .c-+-  
f b . c \ c J

wherey > 0. Then

(6)

(7)

(8)

be

su(

whr

B a:.
k lir

I t t
adu
cutr
fast
sucl

Cur

t o a

( l c

wh

From (6), (7) and(8)we get;c= P:mb: + = fr' Substitutingtlie

sample estimates of p,m,ozthe initial values of the parameters b,cd can be

estimated.

4. Hadwiger function

Hoem [l] fitted the Hadwiler density to the Danish fertility data. The performance

of Hadwiger density was second best, right next to Gamma and Coale-Trussell'

Hadwigerlensity showed promising results, when fitted to the fertility data of Nepal

4.1. The Fitting

The model was fitted to the ASFR (Age specific fertility rate) data of Nepal

Let h(.;^t,02, ...,g,) bethe probability density function on a real line'dr '02' "' '0'

are the palameters whose optimum value has to be estimated. In this case

h(.;0t,0i,.,.,0,\ : h (x; H,-T,D\, as three parameters in the probability density

function has to be estimated .O <h(x, H,T,D) < I where x e 9l*'

Here x denotes the age aomPonent.

Mean: p:  bc

Variance: 02 = c2b

M o d e = m = c ( b - l )

g(x;  R, f i ,02, . . . ,0r )  :  R,h(x ;  0 t ,02,  " ' ,0 , )

ll06l

urh,

5 . (

In
frer

Now,
(e)

R i6 the scaling parameter. R=TFR(Total fertility rate)

The ASFRdata are fittedto (9).

The objective is to choose thatvdrre of (R ; 0r,02, "' ,d')where

(R ;  f i  ,02,  . . . ,0r )  €Vr+r .
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s r _

L ( S Q .  ;  R , 0 1 , 0 2 ,  . . .  , 0 , ) -  R , h ( x ; 0 1 , 0 2 , . . . , 0 ) ) 2
I

was minimized.

The rates are available for age groups, ratherthan for single ages.let m,
be the ASFR for the age goup ("i,oi.;l;i : t,2, .. . &_1. Then

T F R =  n = Z @ i  - a i + r ) . n r i
j=l

4.2.The Model

(10) H I T . 1 :
h(x\=------f 

- 
| o-n1(;\+ff-z)- . \ -_,  

fJn \  x_ Dl

where x > D[41. The parametors d1 = ft,

_ (r+r0fl1;_1
oz= D+r_TA__

0 t = T + D

- l T 2
0 q = 4 . ; ,

where 01,02,04 are the mode, mean and variance respectively.

5. Gomperfz Model

In earlier days, in order to smooth the mortality data, Gompertz formula was in
frequent use. It may be written as,

F' = Bek'

where p, is the force of mortality of age at age x ;
B and k are constants qnd
& lies in the vicinity of .09

This law ha{ been used to describe the mortality experience of earlier times.
It takes neither infarit nor childhood mortaiity nor excess accident mortality in early
adult life into consideration. Pollard [4] showed that using Gompertz law many short
cuts and approximations (resulting fron this law), help work out numerical problems
faster. In addition to that, these formula are robrrst. Gompertz function has been quiet
successful in describing fertility experience.

Cumulative Fertility

Cumulative fertility (age specific) is the total nunber of children ever bom
to a woman belonging to a specific age group..

lroTl

r
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The women aged 40-49 in countries of high development and in countrics

with strong family planning program had about 6.1 children, whereas those in

countries in a low development group and in countries with a very weak program had

5 children more at the end of the fertility span.

5.1The Model

Here an attempt was made to fit a Gompertz function Y=K.AB'to the

cummulative fertility rates of Nepal. ln addition to that, the mathematical meaning of

the parameters of Gompertz function was analyzed'

Y  =  K.AB '

the origin is changed to to, so

( l  l ) Y(t'S = K. AB"n

L e t  \ - t o =  P  t 2 - t s = t 2 - \ 4 t 1 ' t s : 2 p

the age points ts, t1, t2 are equidistant and 11 - to = t2 - tF P

Substituting t = ts, t = t,r, t = tz in(l l) respectively, we get:

soM

Dividing (19) b:

or,

So the
following formu

The curye (l l) is

6. Inter;rretatior

While modeling
results, in comp:
performed well.
Figures l-4 show
the comparative
extrapolation. Thr
6 shows the over:
of fertility is gradr

Table 2:
Projected ASFR
200t-20r5;
Nepal

Table 3:
Projected
Cumulative ASFR
2001-2015; Nepal

(r2)
(  13)

(14)

Applying logarithmic
we get,
(15)

(16)

(r7\
From equation (15)

Subtracting (15) from (16)

(18)

OI'

ort

Substracting (16) from (17)

(1e)

y ( t i =y (0 )=  K .ABU ' ,  =K .AB |  =K .A

Y(t )=Y( l )  = K.ABnno

Y(t )= Y(2)= K.AB'no

transformations on both sides of equation (12).(13) and (14)

ln (y)= ln K+ ln A

tn (y)= lnK+ BP . In A.

tn(Y)=lnK+BzP ' lnA

lnK= lnyo= InA

K= elDo-lnA

Inyt - lnyo = lnA(BP 'l)

W='*
A ' e W '

lnyz' lnh= 1tu4.(B2P '  BP\

lnyz - b Yr = BPln. A.(Be - l)

lr08l
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Dividing (19) by (18)

So the starting values of the parameters A, B, K can be found by the

following formula.

^ ltnyz - tnyr\i
t s = l  -  |

\ tnyr - tnyo t

lnI-ln/.

I = g--EFa

K = elnYo-lnA '

The curve (l l) is fitted to the cumulative fertility rate.

6. Intcr;rretltion

While modeling the fertility scene of Nepal, Gamma density showed very good

results, in comparison to Hadwiger. Gompertz and Double exponential have also

performed well. Low M.S.E and R2close to I reflect this fact in the Table 4-6.

Figures l-4 show the performance of all the four models. Whereas Figure 5 shows

the comparative performance. The parameters have been projected using linear

extrapolation. The projected ASFR values can be seen in Table2 and Table 3. Figure

6 shows the overall behaviour of ASFR over time. It can be seen that the modal age

of fertility is gradually increasing.

Iny, -lnv, ln.A.(Bp -l\

Iry;-h;= 
Bo 

tn.A1E;:D= 
Bo

I Inv, - Inv,\in,=\ffi)

Ase 2001 2005 20tl 2015
t7
22
27
32
37
42
47

0.0431
0.0974
0.t824
0.2s69
0.2288
0.0906
0.0070

0,0376
0.0914
0.1767
0,2s28
0.2405
0.t290
0.0298

0.0294
0.07845
0.16r6
0.2440
0.2521
4.rc29
0.0583

0.0246
0.0695
Q.t499
0.2362
0.2572
0.1806
0.0750

Ase 2001 2005 20rl 2015
l7
22
27
32
37
42
47

0.1 186
0.3792
0.6626
yF662
9.9852
1.0480
r.0795.

0.t244
0.3857
0.66t2
0.8547
0.9658
r.0237
1.0525

0.r3?,4
0.3946
o.ts72
018355
0.9353
0.9864
l .0 l  l3

0.1396
0.3999
0.6534
0.8216
0.9142
0960D
0.9836

Table 2:
Projected ASFR
2001-20t5;
Nepal

Table 3:
Projected
Cumulative ASFR
2001-201 5; Nepal
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1081 t91t
Age lvvr

6.3
3r.453748
68.3818
8.2693

)1

6.3
29.924603

s6.4665
7.5144

27

R
M

s2
S

mode

5.6
28.699374
55.6090
7.457r

22

o

28.633499
53.9652
7.346r

22

14.5
6.3

4.453748
3.806625

14.5
6.3

2.924603
5.274084

Initial
d

r

c

b

14.5
5.6

6.699376
2.119507

14.5
6

6.633499
2.130625

Final
R

B

c
D

6.51 I
2.644093
5.812354
14.772587

6.683748
2.081419
6.932186
r6.005439

8.15934
2.4153388.
8.442468

15.085

7.08345353
3.81274r
4.8009388
12.9716545

0.97253 0.9878 0.99012
R 2

6.9013E-04
r Ar-- ET4-f 2.1840F-04

MSE 2.2394E-04

DR. JYOTI U. DEVKOTA

Table 4: Result of Gamma fttting to the A'S'F'R' Nepal

Table 6: Result of Gompertz fitting to Cummulative A'S'F'R' Nepal

ll l0l

6.495693
1.276313.
19.749947
l . l 5 l  191

1916 t97r
Agq

---\Dl r9!!-

0.860293202
0.125221248
l.l 5795045

0.842008546
0.070725666
t.0462962s8

Initial
B
A
K

0.827458706
0.103400063
0.91876153

0.810509347
0.100036289
0.e3e65e!99-

0.843590829
0.072797666

0.872698
0.1061

r.332043

0.87423
0.065043
1.328708

Initial
B
A
K

0.868032
0.094775
r.162837

0.867425
0.094931
r.252469

0.895601
0.063997
1.37882
n qss26 0.99901 0.99956

R 2 0.99918
.000529 .M02224 .!oo-2-666Fo8T-- .ooot386

MSE .UUUT6

IU

tzl

t3l

t4l
l5l

t l l
r.-
Gd

t|r
a
,u
a
,tr
a

- l



ligure 1- Comparison between oUse
fertility rate),Nepal, using Double Exponential model.

ligure 2- Comparison between oUse
fertility rate), Nepal, using Gamma model.

ligure 3- Comparison between obs"ru
fertility rate), Nepal, using Hadwiger model.

4- Comparison between observed
fertility rate), Nepal, using Gompertz model.

Figure 5- Comparison betwe.lr
and Double exponential model, Nepal.
Figure 6- Movement of ASFR (A
time.

t l l

I2l

t3l

SOME MODELS REFLECTING AND PROJECTING NEPAL,S FERTILITY.....

REFERENCES

Hoem, M., Madsen, D., E.M., Nielsen, J.L, E.M., Ohlsen, E.M., Hansen, H.O.,
and Rennermalm, 8., Experiments in modering recent i"iirit"rrttiry curyes.
D e m o gr aphy, 1 8(2):23 | -244, Igg l.
Kathmandu central Burely of statistics. popuration Monograph of Nepat. HisMajesty's Governmenl 

_National Planning Commission l".ret*iut, Central
Bureau of Statistics, 1995.
Kotz and Johnson, Encyctopedia of statisticar science, A wiley-Interscience
Publication ; John wiley and soni, John wiley and sons, Nei, york r9g3,
1983.
Pollard, J.O., Fun with gompertz. Genus,XLV[(l_2):l_lg, 1991.
uniled Nations Department of Economic and sociat'Affairi. Fertility behaviour
': 

!h" "g!t:*t_ 
of devlropyent-evidence from the rlrorrd Fertitity srrvey,

Volume 100 of Population Studies, New york, N.y., 19g7.

t4l
tsl

DR. TYOTI U. DEVKOTA,
Kathmandu University, Nepal
E-mail judevkota@ku.edu.np

l l l u

,



0.35

0.J

0.25

t o.,
u
<0.t5

0.1

0.05

0

r. l99l

DR TYOTIU. DEVKOTA

lr r2l

'0 .15

0.1

0.25

d 0.2

tt)

4.r5

0.1

0.05

0

20 Agc 30

0.3

0.tJ

c,0.2
g

tn

a.r,:

0.1

, 0.05

20 30
Agc

0.35

0.3

0.25

c, 0.2
an
<0 .15

0.1

0.05

0

Ag. 
lo

0J5

0.3

025

e, 0-2
!r
(rt
<  0 .15

0.1

0.05

0

- . -  w e i s h t e d  
' " ' '

+ oredrctecl

2 5  A o a  3 0

0.3

o.25

o2

oP l,
ar
tn
( o t

0.0t

0



q.15

0.3

0.:5

&, 02
!L
o
< 0.r5

0 .1

0.0J

0

r0 :0 
Ag" 30 {0 50

SOME MODELS REFI.ECNNC AND PROJECTING NEPAL,S FERTIUTY.....

lr r3I

0.35

0.3

. 0.25

c 0.2
ll(n
<  0 . t5

0.1

0.05

0

Ag. 30

0.3

0.25

0.2

a9'15
.L

o
(o. t

0.05

j

o l
t0

Ag.'o

0.35

0.3

0:5

do'3
Ir.
.aa
{.rs

0.1

0.05

. 0

lo 20 
Ag"'o 

{) 50

0.35

0.3

0.25

t, 0.2

? o.rs
0 . t

0.05

0

l 0 20 Agc 40 50



0rt

o ,

o 5

t o r

' ?  0 , ,

0 l

0.0t

0

t o f t ] ' r x ! t { r a t r o '
^t3

o:'

ot

o5

c o l
E

{ n,r

0 t

00t

0

l o  I t  r o  
& . ,  

I t  . o  I t  l o

DR. 'YOilU. DEI'KOTA

I
luii
l

o:l'

0 ,

0:t

* o 2
6

1,  o r t

0 l

o0t,

0
r o l s p ^ s t o t t ' o { t

t .2

I

0.t
c
IL
v't

1 o.o
)
' 

0.4

' 
0.2

0

to '2O 
eg, 30 'lll 50

t.4

t.2'

I

h

h 0.8

5 0.6
o

0.{

0.2

0
f0 20 Asc 30 40 50



SOME MODELS REFLEC-IING AI{D PR.OJECilNG NEPAL'S FER1IUTY.....

1.4

t .2

I

4

b o.s

;
5 0.6
(.)

0.{

0.2

0

Age
{ ) ,  50

I , l

.t.3

I

, c .
h o.s

)
5 0,6
(J

0.,1

0.2

0

Agc

t .4

I

h o.s

)
5 0.6

0.4,

'0.2

0

l 5 25 30
Agc

0..?,

0.3

0.t5

4 0.2
a'Jt

<  0 . t 5 '

0 . t

0.0J

0

f 0 20 
Age 30 10,. 50

ort

('t

0:t

4 0.2
.a
f,o 15

o t

. o0,

0

t 7  22  27  t zA#n  . n  . $



DR" TYOTNU. I'EVKOTA

n
I
*

t

0.15

0.3

015

6

< 0 .15

0.1

0.05

0

l 5 25 Ag" 3o

0.35

0.3

0.25

"-O.z

0 . r5

0.1

0.05

0
27 Age 32



. f .

>-!' t.'.

Note for Contributor

"The Nepali Mathemqticol Sciences Report, is a half-yearlyjoumat devoted to the publicationof orlginal research works,.research il";G"rt;l ergository and survey artictes in an fierds ofMathematics and Mathematical Sciences.
confibutors are required to submit ttno cop1"-t:{.the manuscript to the chief Editor, thechairman of the centrar bepatrnent 

"f 
Mil;;T.friu.nuyan U;id;try, Kirtipru, KathmandqNepal through the reeisterelpott r"r-*.ript 

-rrrlurd.be 

r1 
"lgirl, 

and rlped on one side of thelfl'.",!tlil'iliiS',[:f; ;il',iil*$$",1ffiffi1-'-fi ,;;#;,*"""d,5;"s*
References should be listed at the end lith" o*r in alphab*icat order and each reference isto be ananged in the following form:

l. Erdelyi, t, Tables dlntegral Transfonns,Vol. tr, McGraw Hill, (1954)2. Tempts G,Theories and2p*iii"jG*i)arr"a ru*ti*r. J. LondonMath. Soc.28 (1955), t34-14b.

Exchange with other joumars of Math€matics and Mathematicar science is highry wercome.

All communications regarding tlrs l3umat shourd be.made to prof, y.R. sthapit, chairman,central Department ofi4atheiatics, iitiitruri"rrrity, Kirtipur, Kath-anandu, Nepar



I
t

f,

f
i

I

Registered No.

{l/oQl-oQY fu.Or.+r.

CONTENTS

l. StudyofsomepropertyofdensityTopologr Pago
-M.P.Chaudhary. . . .  . . . , .  [U

2. Ahistory offixedpointtheorcms
=. : - - - - - - : - :

-R ' .P.pant ,K.JhaandA.B.Lohmi,  . . . . . . . . tJ |

3. On the Cauchy problem for a Sobolev Syste'm in Hydrodynunics

of Rotating Fluid with Heat Transf€r
-Dal BahadurAdhikary

4. A Note on Stokos Drag on Axi-slmm€Oic bodies: A New Approach

"'tfuepalcKumarsrivastava .......t291

5. A Note on the Derivation of A class of Bilst€ral Genercing Fmction

For the Konhauser Polynomials by Lie Gr,oup Theoretic Method
- B i s w a j i t K a r  . . : . . . . . . . . 1 3 5 1

6. Structureoflltradistribudon
- K . K . S h r e s t h a . . . . .  . . . . . . 1 3 9 1

7, Some Operation-Transform Formulas for Sr-Trandorms

-Dr.  M.M.P.  SinSh. .  . . . . .1451

8. Application in Bio-lvlathemmics of Hlpcrgeometrid $pe
-B.R Sharma . . . . ts l

9. On CR-submanifolds of A Trans Para Sasakian lvtanifolds
-LatikaBhattandK.K.Dube.. ....t54

10. orr a Strusture Defined ty a Tensor field {*0) of }pe (1.1)

Satisrying U2v+1 + fr)Uzv+3 + P2n
-Mohd.Nazrul ls lamKhan. . . . .  . . ' t631

I l. Certain Sequence Spaces and Matrix Transformations From St - (p)

-Shailendra Kumar Mishra and Kamal Mani Baral ' . . .1671'

12. Origtn of Certain Generating Funstions of The Charlier Polynomials

C(o ; x) from TheView Point of Lie-Algebra

-G .K .  Pan jaandD.K .Basu . .  . . . . . . t 751

A Multi-Component R€'pairable System with Spares anil

State-Dependent Rates
-M,Jain and K.P.S Baghel.
Unbiased Estimation of The Population Varimce Using Mdzuno'Sen

Type Sampling Scheme
-M.C. Agrawal andA.B. Sth4it. . .. .1931

Some Models Reflecting and Projecting Nepalls Fertility Scene
-Dr. Jyoti U. Devkota . . . .[l0U ,

I 
Co^put", Typesetting at Union Computers

10/394 Wotu Tole, Tadhmbahal, Katbmandu. Te1.252281
2 Printed at the Tribhuvan University Press

Kirtipur, Kathmandu, Nepal. Tel. 331320, 331321.

13.

14.

15.


