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Reliability of Repairable System with

Removable Multi-Repairmen

MADHU JAIN AND R.P. GHIMIRE

Abstract: In this investigation, the explicit expressions for reliability function and mean time to
failure (MTTF) of repairable system with provision of spares and removable multi-repair facility
have bden established. In removable repairmen strategy, the repairmen tum on when there are N or
more than N units fail and tum-offwhen system is empty. The failure times of operatingispare units
and repair time offailed units are exponentially distributed.

l..Introduction

The provision of spare part support in repairable system is important in

order to increase the reliability of the system. Some interesting results on the

reliability of the standby redundant system can be found in Gopalan |9751, Kumar

and Agarwal [1980] and Gupta et al. [990]. Goel and Srivastava [1992] provided

the transient analysis of multi-unit redundant system. Jain and Sharma [1986] and

Jain [1993] established diffusion equation for multi-repairmen general machine

repair system with spares. Sivalion and Wong [989] gave cost analysis for lvl/lvf/R

system with warm standby spare machines. Cost analysis of a two cold standby

system with three modes of failure was discussed by Singh and Singh |l994l.
Agrafiotis and Singh U9951 investigated the stochastic behaviour of a two units

standby redundant system with nryo spare units from cost analysis view point.

Agnihotri et al. [1995] considered two units redundant system with n-failure modes

and developed fault-detection method. Gopalan and Bhanu U995] gave cost analysis

of a two units repairable system subject to on-line preventive maintenance.

In many real life problems, the provision of full-time repairmen costs the

system which will inherently not important from the reasonable cost analysis view

point. Yadin and Naor [1963] frst introduced the concept of removable single-server

system with exponential inter-anival and service time distributions. Bell [971]
studied the IWG/I queueing system with provision of removable server. Recently

Hsieh and Wang [995] tackled removable single-repairman system with arbitrary

spare units. In some situations, there may be multi-repairmen facility in which

repairmen tum on only when a threshold number of units are in failed condition. This
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motivates us to dwelop the reliability characteristics of a repairable system in u,hicn

there me removable multi-repaimren and spare units. Such type of problems can be

encountered in machining systems in the production processes.

2. The Model and lVlathematical Analysis

We consider a multi-repairmen service facility with the following assumptions :

i) There are M operating and ̂ 9 spare units in the system.

ii) The facility have C repairmen.

iil) System fails if there are less than K operating units present in the system.

rO The operating (spare) units have exponentially distributed failure time with

mean rate A{a). T\e repair times of failed units are exponentially distributed

with rate p.

v) Repaired units are assumed to be as good as new one.

vi) The repairrren turn on when there are .lf or more than .lf units fail and tum off

when system is again empty.

Our main objective is to derive the explicit expressions for reliability

function R(l) and mean time to failure (fvtnD by using Laplace transform

technique.

We denote

Po,^ Q\ = Probability that the repairnen are turned off and there are n

failed units (n:0,... , /f-l) at time t.

Pr , 
" 

(t) : Probability that the repairrren are tumed on and there are z

failed units (n: 1,2, ... , L) at time /.

F,. n (S): Laplace transform of P,, ,(t), i = 0, I .

The main failure rate and repair rate are respectively glen by

(

I  
M*(s -n)a  i f  n=0, i , . . . , r

4 = l  { U + s - n ) ) .  i f  n  = s + 1 , . . . , L - l

L O otherwise

and
(

|  
0 ,  i = 0 , 0 < n < N - l

P , = 1 ,  f l F ,  i =  l a n d 1  < n 3 c - l

l " p , i = l a n d c < n < L

I2l
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Ury

;r i--: 
lr+ ft ii<t-:z

F1o1= tito,o(o)

uuqgffiffiffi*qaffib resolmlng'{Wqgq d-L'Xrysf
p"u[*@l fq ory fib&fu fffi'h6 :

(1) o

(r.2,
i a *

(1.3)

(1.4)

(1.5!, Q.+ Ttct)^&/,(i' - h-t A*t(sl- cpEr*r(s) = plr(0). C 6n3N-l

(1.6)'* (tr+ 4 +ctr)-fru(*,irv-r pr.n-r6 )- h-Fo.n-raFFt.n*ls) -9,,,61(0)

U.7) (s+ 4 + cp)pr.ng)- 4.t Ar;r1rr'l- "pAn rG)= pr,,(0).

(t.S)E: (v+ 4,t+cpffir|nqy'1sr-cp &t + A.-zG) pr:i-z(4 -pr,r-r(Q) .,. .:

(1.9)'. .' qpr-r(s)- \-fs)gp-r(s) = &,r{0).

A4tIFwp i}qtc eS 
c i) .. : . : r {. :

po.o(O) - t;pur,(O) =.0 forT= 1,2, . ., , JV-l
(:

,.:, $ . 
' f.@)-1 

* forz o l,;.. ..7&r, .
; a _ ' ( ' ; } $ ' : l

.:, b€shosclerdfcsfrfu.$J*t9)cetb€ i4@nmrSurErac*

(2) 
'* .:r r.-

: ; ' :
where Z is A.e sqtrane mnfix of''qdgr (d + Z) x (d + O asd F(s) Ad O(0)are

cohmn vectgs of mder (N4!).x l. The matrix A is shown in figrre l,-the"matrices

Fi'r"t6u'"eic"''ditvavt"= 
:: " i .

:  ; : r ,  ,  < )  * i  { }  d ; 5  , :  ( ) .  - , 1

P(r):{4.'g}-=;nq#L.-;qqo* " -.a1+[il-..-,-pr+*r-(s) a,ar*aft) .1, 41tY_
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Equation (2) om be solved by crame,r's rulofor,p,,pr(A)rg*iii,,: ;|";1r,;nr,.; s:i'$

(3) F,.r(,r=#
Before giving the solution for llr*r(s)l it ir better to constnrct,tsd',

sequence of tridiagonal maftices

Ar t (a r r )  .

" 
A, *l 

an atzl
, ,  

-  a A 2 l  4 n )

l o u o "  
o  

l
At =l ort an azt 

I
L 0 a3, ar;)

.,, ,]
t -

^m-l -

drr at2 0 0
' j  

i  ,

ail,$zz azs 0

0 " ,

where

0

.1, i

Also let
A1(s) = l l, l

a2@)=l4l

{ . t  ;  ;

A,*r(s) =lA^-rl
i .  .

For As(s) =!u ,r\d ri$lng recursive formula, we'dbtdin : ;

Ap(s) = as Le-1$)- 4t Pr Ar-z(s,y,

0

0
.  ; l

4n-2,n-l

dn-l,n-l

0

0 ,

i j ,, ,,{:,ru;,* ir.?r:r ^!i=r.,
.. : , i .wbrj,_4_", . * 

foi 
-p=f 

: l
L o for lp-'kl>2.

tfl
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The complete solution for I l"*r1s) I is given by

tl-l I

I ln*, {s) | = 
[8 4 (41 A*=r(s)

rr&ere

s + 7 r + p - 2 P 0 - 0 0 0 0 0 - 0 0

-72 s+ l - r+1 t  -3P-  0  0  0  0  0  -  0  0

I  I  l -  I  I  I  I  l -  l 0  I

0 0 0 --1.r s+'to-,+(c-1)e -Pc 0 0 - 0 0

0  0  0 -  O  - l o - ,  s + 7 o + 1 r c  - l E  0 -  0  0

0 0 0 - 0 0 -I*,  *7*1P -F- 0 0

l  I  l -  I  I  I  I  I  -  I  I

o 0 o - 0 0 0 0 0 -s+)nur+1t -Pc

o  o  o -  o  o  o  o  o -  - \ "  * u - i p

Now we solve numerator l,e(s)1. tt i, clear that s:0 is a root of lZ(t)l:0 which

is nivial solution. For non-trivial, let s = -y, frreln we have

(6) A(-y\:A(0)tI,

wherp 7 is an eigen value, /being identity matrix' from (2) aod (6)' we have

A(-D FG\= (A-rI) F(s) =P(0).
(

t

I

(7)

Let /t,lz,...,Ti bc i distinct non-zero real eigen values and (f'"'f-'*')

(rrrz,f,*z),...,(T,*1,/'*;)be.l pairs distinct conjugate complex eigen values where

i + 2j : N +L-1. Hence H (s) is given bY

;r l ) '(8) l , l(s)l=s II I1s+zr)] ([ , tsz +(/ i**+fur)s+Ti**,r

Using equations (5) and (8), equation (4) gives

rl-t r

E''(") =

(e) =+.#."'.#+ffi
t61
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C f s + d j  . , i r , 1

+ . . . + -

' : t '  ' '  ' lnhere

(10)

(14)

(15)

and 'rjr_,

ItS4la"-'{-r')
( l l )  b , = T  t r j  - , l S r S i

FD l$0 * 
- r )llEJrT + Wt* + l,*r)(r ) + r,*t f,*A

Similelyfromoqrtffi{$'wehavs :

cr(:f*r\#r= 

tL_r r

lFJ lan-' ?r,n,)
\ --.,

Fr ,*,)l!r{, r- , ,.,,1 LgJ- t,.' \2+(r ,**'+ l,*1l!r *)'+{r urr-,*) f
Inverting Laplace trinsform t eqiiiitloir (9), vb get

: .l r d.-c;t.e-+'sin(%t I(13) pr.tG)=tr*\Q,Q-t ' t  *\ '10,,* '  cos(v'r)+- 
J'

uihere q Md v, repr.went'&E renil,md imadnary parts of comple,n number 7*, 8d

bo,b,,c,, fid dr, all are'tedt fitmb€rs.'

since the system h6s tHred rfuing the infinite p€riod of time, frerefore

,B A.rtr) = do= l.Hbncethe frfi[Uifity ftrnction is even by

'&(r; = t- Pt'"(t)'

The meantimetb systeni failure (IvffTD is $venby

MTTF =-l ne)a= 6a Flsy
; 

" r-ro

t , i

i D * ' i  d *
= -  /

i 4 t u H-*=t 
T* lf, T;*1,fs2

rvhere bp md ft can be determined by equations (l l) and (12) respectively.

m
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3. Discussions
uOl r:

m

pl

l l l l  K

o
l l2 l  s i

s,

s)

l l 3 l  s i
m

Rr

u,tl Y,
sl

Repairable units and removable repairmen policy 
-employed 

in this

investigation may be oi,,"ut importance-in',r*io.6 complex problems of machining

,Vr,"nl'in the ptoAuJiii p,o""t'"' of n:w technology world to minimize the

e"xpected cost firnction. Weiave developed reliability characteristics which may be

i"fn*t for system designer to determine the optimal number of repairmen and spare

units.
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Simulafion of Adaptive Optical Systems

MT'HARLMMOV R G.

Abstract A problem of bimulation for an adaptive optical system realized as a discrete mirror
consisted of a finite number of identical elemeNrts is solved. Discrete miror element is considered
as a nonsymmetrique rigrd body, thb position of urhich is defined by six generalized coordinates.
The control is realized by three parallel forces applied in fixed points o? element or by forces,
acting along directions given in the immobite spac-. The purpose of control is a displacement oi
mirrors,{ements in accordance with variation of wave front set. The method of construction of the
discrstermiror ele,ment dynamics equations as a mechanical system with programmed constraints
and coriesponding discretization schemes henceforth is recommended.

1. Simulation of Adaptive Optical Syste{s

It was shown in [l-4] that Adaptive optical systems (Aos), designed as a
telescope with variable form of reflecting glace, suppose essentially reduce the
perturbations of urave front, evoking by nonhomogeneous atmosphere. AoS,
consisting of a finlte number of .mirrors, making motions of translations along
parallels directions was considered [l].

Here the sqlving of, discrete AoS simulation problem had been proposed.
Discrete mirror element is considered as a nonsysrnmetrique rigid body, thi position
of which is defined [4] by six generalized coordinates Qr: x" , Qz: !" , Q 3: Z" ,
4 c:W 4s:9, e s:,e. The displacements ofelement are limited by three holonomic
constraints, keeping its three points in corresponding directions. The control is
rcalized by three parallel forces, applied in fxed points of element or by forces,
acting along fxed directions in immobjle space.

The use of well-known Lagrange equations for elements dynamics
description does not guarantee asymptotic stability of the integral manifold
conesponding to the consfraint-equations and purpose of control [5-7]. Naturally, by
numerical integration, the integral manifold pr6ves to be unstable. For the
stabilization of the constraints, it is necessary to consider simultaneously changes
of the deviations from the consfiaint-equations and their respective derivatives.
The deviations of the consfiaints and purpose of control are accounted by
theequat ionsofprogrammedconstraints 

" f(q, t) :  d(t \ ,  f : (" f t  , . . . ,  . f^) ,m<6.
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Thechangesof thecons t ra in tsaredescr ibedby theconst ra in tp€r tu rba t ion

airr"r"otiui"quations ci = a(ri,a 'g'q't)' a(0'0'i1'q't) = 0

The dynamic equations of elements programmed motion is constructed in t4l

t5 l

i,

I

h

A

E

where t = e ,

general form
d d T  d T

A;- i=  
Q(v 'q ' t )  +  G( r ' ' s ' t )R '

q = (x",1",2",v,s ,Q), 2T -- ntl ' : '  'at; - Btl + c(t '

,t/: = *? + j,7 + 2?, A + B + c * o, ̂Q* 
t1"-'"::::t:::::"i.":i-'l;"rll 

:ffi;
Jtiul "t.' i "t"tt"t"t for""t vector' ]rr1 nrgrammll,T:'^11- :'':: i:.:l3ti::
il""fi,i,;;il' b;^;iluiioJ or'"n""tine'"v' dl:lli::T:"::i"'::i,f::
:l;:#J::ilX#;'"?d";;;ry:il"""4f y.:TiLTl,iil7'''ji;'i:
:iTtiilill#;ffJffi:"Y?;;": ,"?* rectangurar matrir r r =(ru\ '

u2l

af,
f , , : - ?  .  i : ! , . . . , f f i ,  j = I , . , . , f t  r f f i 1  n ,  i s  c o n s t r u c t e d  i n  o r d e r t o

oei

determinate a set of all possible displacements dq of the system. The substitution of

the obtained 
"*pr"rri#oitfr. 

n..io, of possible displacemenrs of the s1'stem into

the expression of 
"ndd; 

mechanital principle makes possible to obtain

conesponding equations of dynamics' - .
Discretization schemes of solving equations-of.cons:aTts and dynamics

equations are defined LV tf'" 
"t'"ite 

o11.numerical method and b1' the right hand side

expressions in the .#*io, perturtation. 
"-q*tionr. 

Intoductiol of programmed

constraints allows ," 
""tt*tt 

,rte stable discretization schemes' The possibility of

construction of nu-"ii"J;;th;t of solving 
"9tgi*: :1T::To 

t no wav the

evaluationoftheinverserrratrixisdemonstrated.thecorrespondingconditionsof

ffin.ntiuf stability of the integal manifold are defined'

Software,whichmakespossibletodefinethecontrolledforcesvariations,

transient complying ;il il; given index of quality and reactions of constraints' is

develoPed.
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On the Existence of Desarguesian
Planes of Order 8 Satisfying a

Condition of Suetake

HIRAB. MATIARIAN

Abstratt The affine plme of order I does not admit a trmsitive collinedion grory G &*

partitioned l- into sets A and l.\A with lAl :2 and l(/- ,I-):8. |(P, U)l--2for P e l-\A, md

l q P , U ) l : l v P e A .

l.Introduction:

I-et rbe an affine plane of order 2',v,rhere m> l.Let GQ-, /J denote the

subgroup of translations which are in a group G of collineations of r- I-eJ G acl'.

transitively on the points of n and partition the line /* at infinity into two subsets

A , /-\A with lAl 
:2.Then according to Suetake [5] one of the following holds:

(i) zr is a translation plane and all the translations of r are in G (ii) IGQ-,1-)l:2n,

lG (P,U)l: l(P e A), lG (P, t-)l:z (P e /-\A). The non-existence of Desarguesion

plane satisffing condition (ii) of suetake is studied in [4]. The purpose of this article

is to showthe following.

Theorem: An afine plane of order I has no transitive collineation group satisfiing

Suetalre's condition.

We accomplish the proof by classi$ing the collineations in terms of the

length of their orbits on the line at infinity using matrices and then deriving

conclusion using order of collineations and coordinatizing P using GF' (8) and set

/-: < (1,0,0) > < (0,1,0)> and A: {< (1,0,0) >, < (0, l, 0) >}.

2. Preliminary:

Let F : G F(q)be Galois field of order q : 2m for some m > l - I-et Y(3, q) &

a 3-dimensional vector space over the field F. The projective plane P(Y) is denoted

by PG(Z,q) which is Desarguesian of order q (see 2). Points of PG(2,q) are

l-dimensional subspace of Y(?,q) and lines are 2-dimensional subspaces of V(3,q).
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Delinition:

Apermutation2ofl/(3,q)calledasemilinearautomorphismofZ(3,q)with

respect to the automorphism I of the field F if

(x + y) )": (x) l+ (y) )" Y x e V(3' q)' y e V(3' q)

(ax) 2= (a\ 0(x) )'(x e Y' a e n'

In particular ,if 0 isan identity automorphism of 4 rhen A is linear

Remark:

Let {a1, d2, d3}be a basis of V (3'q)' ll ft '.&-' B3 are arbitrary vectors m

I/(3,q)(thought of u, itugts of thebasis a' )anaif x:Lixia' is anarbitrary

vector of V(3,q),then l

(x)).=2g,)oF,

is a semilinear automorphism of Y(3'q) if andonly if B1' s form a basis of V(3'q)'

The group of all semilinear automorphism of I/ is denoted by fI(If' The

fI(Z) contains the gt*""i fi"*t group Gt(n as subgroup' 
1T"" 

the underlying

field F is Galois, trr.r. ur. m field automorphisms and the index [fr(z): GL(Y)\: m'

. L e t Q b e a " o t t i * u t i o n ' o f t h e p r o j e c t i v e p l a n e P : P G ( 2 ' q \ ' T \ e n l m a p s

onedimensionalsubspacesofZ(3,q) intoonedimensionalsubspacesofZ(3,q)and

i f  ( I rc . (J2 , then(Ur )  Qc(Uz)  Q:  .  .
Supposg )': V(3,q) -+ V(3'q) is a semilinear automorphism of V(3'q) and

we define (O 0c((l) )"

W e s a y 4 i s i n a u c e a b y 2 . T h e g r o u p o f a l l i n d u c e d c o l l i n e a t i o n s / i s

d e n o t e d b y P f L ( v ) p r o v i d e d d , y . v > . 3 . I n o t h e r w o r d s ' e v e r y c o l l i n e a t i o n s i s

induced by a semilinear automorphism'

Let rbean affine plane and p: tT u l*be its projective extension' Let us

choose l*: < (1,0, 0) > < (0' 1, 0) > then Aut @) 
= Pf L (3' q)'Let cls [0' g] be the

element of Pf L(3, q) induced by [0' 8] ; (x' y' z) -+ (x0' 
l0' "-0)g' 

where d e Aut (o

and g e GL(Y(3,qil ft particular' ttltit g = cls lid' gl' set P' : < (1'0'0) >'

Pr:".(0, t, 0) ), A : {P1, P2}and H = At'fi (n)'

IlyPothesis:

(r) G < H (G is a subgroup of I/:Auto (a)'

i6 G acts iransitively on affine points of a'

iiiil c has fivo orbits A and /'\A on /''

i i" i  P 0-, Dl : q:2', lG(Pr '  Dl
:  G(Pz; Dl  = 1

and lG(P1 , Dl :2 for all P e /-\A

[16 ]
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ON TIIE EXIS]ENCE OF DESARGUESIAN PLANES OF ORDER...

Result 1. G (l *, Q is an elementary abelian 2-group and lG (l ., U)l > 2.

Proof : See [6, 5], lemma4.2page275.

Result 2.

(i)

(ii)

t l -  ( " , a 4  o ) l  I

"=1 "'L''[;i 2 l)" 
e aut(DJ

F : GF (q), dt , a2, a3, a4, d5, ct6 € GF (q), a1 a5 * az a4 * 0l

I  l ( r o o \ l  l
H(t-,t*)= 

t ",1[ : : :)],",u 
. cr<e>J

(iii)

Proof : See [(6), Lemma 1. Page 1].

Result 3.

H(<(',a,0)>,t-)={ .*[[, 
; i)] 

'= o.(u)]

foral laeGF(q).

Let  ̂S:  {Q e HIAl :  A}

|  |  ( o , o ) l  |  ( "  o o ) l l
(i) '=1.'.1r,[: 

: l),.*Lr,[.: : )l
a, b, c, d e GF (q), ab + 0, 0 e Aut GF(8))

I  l (  r  o  o ) l l
IY,(G(t*, t*)r j  . r r l I  o r  o | | f  r r ,a eGF(q),

L  L \  '  r  r ) ) )

ab + 0, (a,b'S * (0,0))> G.

3. Affine plane of order 8:

Lemma L Let G be a collineation group of an affme plane t of order 8 which is

transitive on the affine points of nand let F: ltv l-be its projective extension. If G

has two orbits A and f on /* such that lAl 
:2lfl = 7, which satisfies the following:

u7l
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(r) lG(l-,tJl :E.

( i i )  l G ( P , t - ) l : l V P e A
(iii) lG (P, rJl :2.Y P e I.

Then the collineations in G have the following orbits on f:

l. The collineations fixing each of the points of A.

(a) collineations oftlrye 

f( , o o )l

crsl l  o ,  o l l  .
L \ "  a  r ) J . -

rvilerer,y e GF(SI{O} : GF(8)*,.r *yhave f as an orbit and fix each ofthe points

ofA.

(b) collineations of type 

[( , o o )1

" r - l l  o ' o  l l
L \ c  d  r / J ,

wherex e G,F(8)*.and fix all the points of t-

(c)col l ineat ionsoftype 

f  (roo) l

" r r l a , l  o ,  o  l l
L  \ c  d  r ) ) ,

ufierer,y € (8)*, and dis anautomorphism of GF (8)- And fx < (1,1,0) > e I and

two cycles of length three of the points of f\ {< (1,1,0) >}.

(d) collineations of type 

| ( . 0 .0 )l

" r r l  a , l  o ,  o  l l
L  \ c  d  r J J ,

where x e GF (8)*, x * y fxthe points nl, )rr r, 0)> of f and have two cycles of

length thre,e of the remaining points of I.

IL The collineations interchanging the poinb of A.

(a) Collineations of 6'pe

f/o ' o.\l

"b l l  '  o  o l l
L \ c  d  l / l '

rryhere

th€y fi

(b) Cc

rtere:

thc pon

(c )  Co l l

rtcre r
point <

(d) Collr

rAcre.r,

ad fix d

(c) Collir

rlcrer c
rir of poi

(f)Collto

frrc r,y
t pdrs

n8l



ON TIIE E)ilSTENCE OF MSARGT'ESIAN PI.AI{ES OF ORDM...,

ufrere x e GF (8)* and map the point <1, P, 0p to point <(1, P-r" 0P. In particulr'

they fix (1, 1,0)> e I.

(b) Collineations of type

f( o r o)-l
, l t  l l

c l s l l  x  0  0 l l
L \ c  d  r ) J ,

where x e GF (8)* and map the point <(1, P, 0P to point <1, tr fr,0)> and fx

the point <1, F,0)> where F : rt.

(c) cillineations oftype 

[( o , o )l
cr- l l  r  o o l l

L \ c  d  r ) ) ,

where x e GF (8)* and map the point <(1, P, 0)> to point <(1, xFr, 0)> and fix the

point <(1, 4 0)> where F = x.

(d) Collineations of type

[ ( o ' o ' \ l

" r ' l l r  o  o  l l  
'

L \ "  a  r / 1 ,

where x, y e GF (8)*, x *y and map the point <1, P, 0)> to point <1, rJtr) Ft,0)>

and fx the point <1, F,0)> rifiere F = Drr.

(e) Collineations of type

|  ( o  ' o ' \ l
c b l  d , l  x o o l l

L  \ .  d  r ) J ,

ufrere x e GF (8)+0 is a nontivial automorphism of GF(8) and have cycle of length

six ofpointsof F and fix <1, l, 0P.

(f) Collineations of tlpe

|  (  o '  o) l

" ls l  
a, l  /  o o l l

L  \ c  d  r ) J ,

ufrere r, y e GF (8)1, x + y fix the point <(1, 4 0)> and have a cycle of length six of

fte points of I where F : qrr.

l lel.
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So

l l r ) :

l l D l :

. , 1 " 1

b l

l lct:

Proof: [f , o o\-l

I(a) : Let <(1, P, 0)> e f, then P * 0' and <(r' P'o) t"hl[ 
2 : 

'r)l <@'f '0)>

= <(1, rt yP,0)> + <(1, P, 0)> because x *y'

( l (  . o  ' n '
Arso <(r, p, o)> 

[-L[ I ; I J]J

f ( '  o  o \1
:1(x,yP,o) .bL|, 

: I ijf 
ot 'fP',o\' * <(r' P' o)>

Otherwisewegetl:xaf--(*-ty\2-whif impliesthal-x'=r1'forcGF(8)*' '>isa
group of odd order. since for anv clement ,i 

"tGF(8)* ff"j"; ;\f" 

equation

1: (x-r y)k = rk f implies that k=7' we conclude that 
"-L|. : f))has 

r as an

orbit.

I(b) : Let <(1, P, olt 'il 
ltJ , ff

<(r, P,ol''o'L[ 
: ; : ,Ji: 

o''xP' 0) > = <(r' P' 0) > even when P = 0'

(  |  ( '  o o)r t '

r(c) : Let <(r, p,0)> e r. rhen <(1, P, 0)> 
['-L' 

'[ 
i ; : J],J 

= <(1' P0* 'o)'

SincedisanautomorphismofGF(8)andisoforder3,thepoint<(1,1,0)>isf ixed

by this collineation;ffiffi;;;"i"tt 
belong to orbits of length three'

I(d) : Let <(1, P, ort t 

| 

*i, 

, , tt
<(r, P, ol> crsla '[i 

; : ,)l= 
o"'' o ) '

= < (rl x, x.t YP,01> 
= < (1' Y-r YPo'}\>'

( l  1 , o o ' f t ^ '
<(r,p,o> 

["r,la,\.: ; :,l]J 
= <1xx0,yyep0,0)>

t20l



ON TTIE HflSTENCE OF DESARGI]ESIAN PIANES OF ORDER...

(  |  ( ' o o ) T \ 3
<(r ,p ,oy> lcr {  0 ,1  o ,  o  l l l :  <(xx0y02,wrye,0>,<(1,p,0)>

\  L  \ s  4  1 / J )

So

|  _  ( *  o  o ) l
c t l  a , l  o ,  o  l l r x t nepo in t< ( l , y r x , o )> ,

L  \ "  a  r / J

II(a) : Let <(1, P,0) > e f. Then

[ ( o  "  
o ) l

< ( r ,P ,o ; t . t l l  r  o  o  l l : . ( ' " , r ,0 )>
L \ c  d  r ) J

Ir(b) : Let <(1, p, 0)> e f. fhen 

= <(l'p-r' 0) >'

l (  o 1 o) l
<(r, P,0)> chl | .r o o I F.(r", 1, 0) >

L \ c  d  t / - J

: <(1, rt P-t,0) >, which means that the collineation fxed the point
< (1,4 0) > e f when f :x:r .

tr(c) II(d) : The proofs of tr (c) and II(d) are similar to that of tr (b)

tr(e) : Let <(1, P,0)> e f. Then

l -  (o  '  o \ l
<( I ,P,o)>chl  0 ,1  *  o  o  l l

L  \ c  d  r / J

[ ( o  '  o ) l
:<(1, Pe,O)>.kl l  .* o o I I  :(xPo,x, 0)>

L \ "  d  r ) )

= (po,1,0)  >:  < (1,  (p \ - r ,  0)  >

(  |  (o  ,  o ) l )2
:< (1 ,P ,0 )> l . r s la , l  '  o  o  l l l : . ( t ,Po ' ,o )>

\  L  \ c  d  r ) Y

(  |  (o '  o)T\3
,  :< ( r ,P ,O)>  

lc ts l  0 ,1  r  o  o  l l l : . ( t ,Pr ,0 )> '
\  L  \ c  d  r ) Y

l2rl



EIRAB. MAIIARIA}I

Similarln after mofrer&rce stqr, re gst

(  f  ( o '
: { l ,Pt,oP lcr l  a, l  '  o

\  L  \ .  a

<1, P, 0) >.

tr(f): Irt<(1,P, 0) e L Then

lil 
:<(r'(Fr rr 'o)>

|  ( v '  o ) l
nr,P,ol ' "5la ,l: 

: :Jl
l -  f  o ' o ) l

:(r, po,o)7"*Lr,[. 
:: lf 

*r','o>,

(  |  ( o  ' o ) J f
:(r,P,op 

l."*Lt,[.: : IJJJ
|  (  o '  o) l

: <grPe, x,o> crsle ,[ 
: : I JJ

= <)r po,,*r,-ol, "-[( I 
j 

I [ 
<o*e.,r,be,, op,

nt,P,oo *[r,[l j lil
: 41oo,,vbo2,o)>*[r,[ 

; I I )]

:<1ro*o2,rorez Oo2 ,O)t "*[( : I l)]
= < (gx0 y02 OO2, ry?,x02, 0) >

: < exo yo2p,, ryo *e',0) > : < (1, f t' p-r, 0) >'

I
t!
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ON TITE E)CSTENCE OF DESARGUESIAN PU}iIES OF ORDER...

$ i m i r s l Y '  

(  |  ( o , o \ T l ,
<(r,f ,r3p-r,0)> 

l"^Lr,[: : llJJ
=<(1, (f r l)(f  f tpa )-1,0)>
: < (1, f ,r3) (f )rtY Xp"r )-r, 0) >

= < ( 1 , P , 0 ) >

Lemma I tells us how a collineation of a desired group
F (hence of l.;.

Remark2:

LeJ G be a transitive collineation group of the
satisffing Suetake's condition.

partitions the poinm of

affine plane of order

Then a collineatioir of G partitions ,@ in either of the following ways:

Tvpe Partitions of l- Tvoe Partitions of l-
l(a)

lo)

l(c)

l(d)

(1,  1,7)

(1, 1, l, l, l, 1, 1, l, 1)

(1, 1, l, 31 3)

(1 ,  l ,  1 ,3 ,3 )

tr(a)

tr(b)

trG)

tr(d)

tr(e)

tr(D

(2 ,1 ,2 ,2 ,2 )

(2,1,2,2,2)

(2 ,1 ,2 ,2 ,2 )

(2 ,1 ,2 ,2 ,2 )

(2,L,6)

(2 ,1 ,6 )

Now we put a bormd to the orders of the collineations of the desired goup.

Lemma 2 z I-et n be m affine plane of order 8 and P. : E >>lo be the erdeNded
projective plane of zr. I*t Gbe a collineation group of zrrvtich is traositive on aand
satisfies Suetake's condition. Then there is no collineation of order greater than 14.

Proof : The possible number or partitions of l. by a collineation of xareas follows :

( l )  (1 ,  l ,  l ,  1 ,  1 ,  1 ,  1 ,  l ,  l )

Q )  Q , 1 , 2 , 2 , 2 )
(3 )  (1 ,  1 ,  1 ,3 ,3 )
(4) (2,1,6)

(5) (1,  l ,7).

I23l
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L e t a e G a n d J 4 l > 1 4 . A l l t h e a b o v e c a s e s c a n n o t h a p p e n s i n c e a ' d 2 ' d d 6

and d fx /- pointwise in l), 2), 3),4), 5) respectively' But in 
-any 

case the orders of

o, d, d, i,'d *"greater than 2, so they cannot be a translation of G since they are

translations of order 2.

Lemma3:Letnbeanaf f inep laneofordersSand le t ]P :xwr -be thepro jec t ive

extension.Let G be atransitive collineaticn group of n such that G- has two orbits A

and r-\A with lAl 
= 2, lG(t-,Dl 

: 8, lG(P'',Jl 
: I for all P e a and lG(P' $l : 2 for

l ( o  ' o ) l

all p e r_\A. If G contains u .rci | *-r o 9 | l, 
tn"o there are no collineations of

L \ o  ,  r ) J

Remark3:  
l (o  eo \ l

From lemma 3, we seethat ifG contains 
"tL[i' : : J]' 

then G cannotcontain 14

* ,  
" , [ [ ;  ; : i ]  

* . . * [ [ ; '  
:  : ] ]wherev 

*zatdw*. . 'z inG

collin

s G

Fti:!

Ifcal

cE atttl

$tu,
,qrl*

r i i  G

, = t  G

' a "  G

fr*
tr:c t

L a f
rd :
tul
t ! .

-
h tloa

:-ral,
r r l

ar? d

G t i . {

*

t \ :

rho

I

- . :

proor: Let the co'ieation 
"*[[ ;' I l]] 

be in G'

crearry, its inverse ,*[i_1, 
: :j]is 

in G

rhen,heproduc,*ffi' ii]] '-[i' it]]

=",[.-,"i., :ll*.*[[:-,, : :jj "-[[;' ;:l
: 

",[ i , i, I )]"" 
not erements orG bv pemma 3r4ll'



ON TIIE E)CSTENCE OF DESARGTJESIAN PI.AI.IES OF ORDER...

corineationsortherorm 
",,f[ 

i, ; ;ll, 
".f[ 

i-, ; :ll y+z endw*r,2,
L \ o  y r ) J  L \ ,  o r ) J

so G can contain at most 50 collineations of the form 
"rr[[: 

' ; :.l.l", 
"L \ "  a  r ) )

particular value of x e GF(8)*.

Theorem: Let r be an ffine plane of order I and let P: 7t v l- be its projective

extension. There exists no collineation group G of n which acts transitively on the

ffine points of 4 has two orbits L, and l-\o^ with I Al : 2 and which satisfies

Suetalre's condition
( i )  lG,( l - ,Dl= 8.
(ii) lc (P, /.)l = lfor all P e L,
(iii) lG (P, Dl =2.for all P e t*\A .

Proof: Suppose that there'exist such a grbup G. By hypothesis lG (l -, l-)l : 8 and
since no two different translations send a point to the same point. lG (t. , rJl divides
the 64 affine points into eight orbits each consisting of eight affine points.- By
Result 3 (ii), G (1., tJ is a normal subgroup of G, Since G (l*,/J is intransitive in

affine points cif n G is imprimitive and GlG (I -,1*)= d< ,Sr. Then C is fiansitive on
the set of blocks of G (l-, $. [see [7] page 131.

Now, we need only to consider the minimal transitive subgroup of ,Ss. Tht
minimal transitive subgroup gf ,S3 are regular and there are just 5 of them (fumished

by Professor C.E. Praeger, The University of Western Australia). Since the Sylow

2-subgroup of Ss are transitive, the minimal transitive subgoup are 2-groups. They

are as follows :
Zg , Zax Zz, Zzx Z2x 22, Da (dihedral group of order 8) and Qs (quaternion

group oforder 8). They are regular.
Hence, we take lGlG(l*,Dl=8 and conclude that lGl:lG/G(/.,tJl

lG (l-,/-)l : 8.8 :64. Since, lGl:64, the collineations of G cannot be of orders
multiple of 3 or 7. So they must be oltype I(b),tr(a) fila;, U1c; or tr(d).{see Remark 2)

f( o * o)l
rhey are all of form 

"'L[: : l) ,
Where 0 + x, y e Gf'(S) except for I(D) which are translations of the fomr

f( r o o)l
cff I o I 0 | lwherecanddarcbothzeroorbothnonzero.

L \ "  d  r ) J

Izsl
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[ ( o ' o ' \ l  [ ( o ' o ' \ l  [ ( o ' o ) l

" "*L[ : : 
o,Jl *tG,the,ritssquare *L[: 

; lJ.]*L[ : : i))
l ( ,  o  o) l

: " h l l  o  r y  t l l
L \ a y + c  c x + d  l ) J

is in G and must their be of type 1(D) (See Remark 2), which is a tanslation. So

ry : I which implies y : r-r.Hence, the nontanslation of G are type tr(d) for
particularvalue y:r-r.

Hira E
Depan
Institu
Tribhu
Kathm

suppose there exist collineations 
",rf[, 

:-' ; : ll for two different values of x say
L \ "  d  r ) J

pndqinG rhentheproduct *f[;' ; :l.l ",,fl,;, ; :llL \ "  o ' , 1 )  L \ "  a t ) J

l( *-' o o'\l
: chl | 0 w-t o | | ** pq -t +l so it is not a translation. From which, we

L(." r ,)]
conclude that there exists only one fixed 

"jtj 
t 

}Jff. 
G has 8 translations, the

remaining 64 - I:56are of the form 
"tt]-[:-' : l). 

Not one of them shall be

l( o r o)l
of the form cls ll u-t o o | | by Remark 3 nor shall they be of the form

L \ 0  "  
r ) )

l ( o  r o ) l  l ( o  t o ) l

rrr l l  t - '  o o l lwhichareof theinverseof crcl l  t - '  o o l l  rhus,from

L [ * - '  o r l  L \ o  
" ) J

the 64 choices of collineations of the form 
",, 

[[-t-' : :l.l, 15 cannotbe in c'

L \ . "  d  r ) )

Hence, the remainin E 49 cannot make up the 56 nontranslations in G' Therefore'Q

does not exist.

[26)
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Some New Identities of The
Roger's -Ramanujan Type

BHASKAR SRTVASTAVA

1. Introduction:

Bailey [3] showed that by starting with the simple identity

( 1 . 1 )  
a  6

Zo,r^=Zg,o^
n=0 n=0

where

( r . z )  B = i . ,  o '
Yn - 

# (Q)n-,(de),*,

and taking

6,=(pr),(pzr,(h) '

and using Gauss' 4-summation formula

r  - r
,o,lzr, o,*)=ffi , p / abt <t,

we get

fob, 
p2)e)nlt'*J B,

(1.3) -((q 
/pt 'dq /p';q)- 

]  
(4' pz;q)'(dr/p'p')an=@qwm.kw

subject to the convergence of the infinite series and products mdlq l< I always.
We shall take

(1 .4 )  '  @) ' (b ) ' ( c t ) ' l d \ '
4=Tla)
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and shall use the srttnmation formula due to An&€ws tU

. t
,orl".!.! ,0,*l

'  
, , .  r j ' E

( d l a , d l b : q ) - 1 .  d  d  d
(r.5) ,,0", '=EFJffiil 

Lr-A-'lv*A*

to provethe main T'heorem.
lle notation used is

and 
r r-l

(At ,4 , . . . ,4;q)-= g ,q0- 4qu)

wteir not indicetedhe bgse will be q, boses oter ft"n 4 will bc written.

2. Theorem:

$ 
(a)"(6)"(cq)" (L\" ^

ft r+ \obl P'

cd(l-aXl-

abq(l-c)
2l

q
h

fl

3. Ul
o|t'
h

Q.t)

o.l)

o3)

Froof : Taking 6as given in 0.a), ther. h. s. pf (l.l) is

A_ (H'o^

=nw6rzffi

- l

't
' I
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_ $ (a),(a),(cq). (Ll' - i (q'),(tq')^("q'*\, 
1a 1"= L,* (+(cq)2, \abl 

-' 
H (q),(cq'),(4nz''+1, \abl

Using the sgmmation formula (1.5) to strm the pseries on the r.h. s., urs finally

harre

i@),q)o@il" (41" p,
'=J (c), \abl

(dq t a,dq lb;q)- 
f 

(a),(6)"(g{),._. I d\"

(d,ct dq ;q)- H @)Jdq | 
"\(dq 

tb), \tbl 
d'

' [ , -+-+.d*n+W, )
vvhich prove the theorem.

3. We shafl take the following six sets of Bailey pain and insert them in(2'U to

obtain some intersecting identities, fte first five are due to Bailey [2] and sixth dttp to

Slater t4l

(t an =(-r)'(l -dqz\Wo" qoel_.

(3.1)

(3.2)

(3.3) (iii)

=l

I
Fr=6,

(-r) (dq3,q\ ^-t dq*) 
a, oYorn=ft)n a

drn - t=  d t i - 2=0  ,  n>  |

d o = l

u  = % - , n 2 1P" - (q;q\^(dq ir)zn-t

- (dd^-r(e), dnqn'
an = (t- dqr"\ 

f f iaq t D, en

d o = l

n 2 l

n = 0

n 2 l

t3u

J



Q.4)

d o = l

(3.5) F , =

(v) d 2 n =

(dq ; g)2,

(et ' ;r}),{dtet ;  et)rn

(dqz ; qz),-r(f ; q2),(t - dq4")

BHASKAR SRTVASTAVA

(+,,1
\  -  t n

t ' "  -  
(q2 ;q2\ , ( -dq;e)r , (da t  e ;q\

, :__\  -  
( - l ) " (1-dq2\(dq) ,_t , -  n(32-r )

( tU  o"=Td"e  2

(al

l-

ffl'0,"'

n > l

n > l

";

b

H
f-

bl,

bt

I
'h

t

a
a

(q2 ;qz)^(dqzlf  ;q2)n

- 0d2n-l

f o =
(dal-f ;q2)

(3.6)
(q ; q),(dq ; e2),(da lf ; il^

(d) orn-, = -q6n2-5n+l

or ,=-qun' -n qo6n2+n

d!n_2 = -06n2-7n+2 n2 |

(3 .7)  Fn=L(q)2,

4. Inserting the Bailey pair in (3.1) and in (2.1), we have

$ {o)"{a), @q), ( d \"
?' @)J'\ Wl

(+,+,0)-[r.  d d=  
|  d i l  t t - ; -  u + d +
lout  ro tq l_ '

. $ (a),(b),(cq), / d \" (-l)" (r- dq2\@q),-rd'qry-k 
r"r.g,1,1g^wl @"

cd(r- a)(l-,b

ab(l- c)

I32l

't
' t
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.. a\ [ , dq' dqn r ,- cd q'(t- aq')(t- bq\l]
(4 . r )  x l l - ; -  b*dq" "+@l l

Letting a,b + o, wehave

(dq)_n%-
5n2-3n

(4.2) = (l- c + d'S+ieDq--T- 
(l'- cq')d2"(l* dq2')(dq)'-l

n=t (q),

' { ,  *  dq2n + 
'a o*I

t  | - c q n )

Case l. Putting d=l andusing Jacobi's Triple Product Identity we have

i * * " t
,1 (q),-='*r'{loasl 

(l- qn1-r + (l- 
")'*o''I*to 

(l - q"I-r

Dividing by c and then taking the limit as c+€ , we have the famous,Roger's-

Ramanujan identity

i n " -
f!=o (il;- n*o'z'Tt'oas, 

(1 - {' )-r'

Case 2. Putting c- l,wehave

iq"-t-('t_-q") = ^.lr ._, (L_qn\-,
^1 Q)" n*o't'?(moas) 

'-

Case 3. Putting d= q ,we have

nw=n*o,z,f;(.oas1(I_q^1_t-cn*o'r 'F(.oa,,(1-4,)- l

Dividing by c and taking the limit as c9@, we have another famous Roger's

s-Ramanujan identity.

(1-q';-r

t33l
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Case4.Irtting b +o andp'fiing o=-JA mdthenprlfing 4= q ndc:1in

(4.1) we have
n2-n

f .qT(-!)_"(r- 
q^) 

:(;u!- (0, ;q4)2-(q. iq.r-.
k @), (q)- "

In this case if we Put c:0 we get

n2-n

>,w=*I(q,;qn),.(qo;qn,).+(q;qa).(q';qn)-(qn;qo)-|
Combining the ahve two idelrtities we get

n2+t

$ 
q-z-(-q), -(-q2;!2)-

H (q),  (q;q ' ) -

an identity atnibute to kbesque.

Case 5. Irtting b + oand putting d: -!, d: I mdc : I in (4'l)

n2-n

f 
q'r ?-r),(r - q') - (- {)- 2(q, ; qr)-(qt ; qr-(q ; q1)-.

k @)^ (q)- -

5. Inserting the Bailey Pair in (3'l) md (2'l) we have

(5 1), . Ie#(H"f f i
@ e ^ l\ ; ,  b\ I l r_n"_+.0.f f i1

=  

( * - , * , 0 , -

3@u@.-k 
(.';et)^

t &u dq3n ..- "@1' t t - ; - -T*dqoo+@JJ

Case 1. Leiltmga"D + o in (5'l) we have

t34I

crl

I

:
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alt'
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b:
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(s.z) r*'lr.ZWl
cd S !tn2-en

=t+ d + 
G;+ \ {-t)'q---T- (t- cqt")d4"(dq3iq3),-ro- aatuY

( 
"dqo"  

l1
x 

[r+dq* 
+T4l 

)
Crse 2 Putting d: gt, in (5.2), we have

(5.3) (q)- I
$ 442+24 (l- cq')(qt ; qe)\ r -

(q),)n(q)zn*z

t . 7  ' n

: II (L-anl-t -c tl (l-onl-l
ttt0,6,2l(rn,od2jll n*0,3,24(mod27)

For c * 0 and dividing by c and then taking limit as c -+ € we get Rogers-
Ramanujan tlpe identities due to Slater [4,eq.(91) and eq.(90)].

Case 3 Putting d: I and c: I in (5.2) we have

nffi:nro,s,il l,"odzz) 
(r-q'.-r

Case 4. Letting b + q and putting o : -(, d : q3 in (5. l) we have

n2+a

$ q-l-(t - cqn)(-q)^*r(qt ;qt)n
t -

7* (q),(q)z^*z

r  _  - l: (-e)-[,*o,orll,*,r, (l- q")a + (q.- c),*o.r.rll,"arey (l - q\'l

Case 5. Putting c : q hcase 4, we have

n2 +n

$ 
q-T-( l  -  q ' \ "* t ( -q)^*r (qt  ;q t l

u -
a=0 (Q)n(4)2n*2 

' i l  
:(-e)-'*o'u' ' [f 'oars1 (1-9n)-r

C"ry 6. Letting 6 -+ o and putting a = 4, d : q3, c :'-8, in (5.2) we have

n2+n

$ (-t)"q-t (q3 ;qt)
Lr t^\

=l*Zqtnz+u -loenz-tn
,1 (q)zn*z

[35]
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6. Similarly inserting the Bailey pair in (3.3), (3.4), (3.5) and (3.6) in (2.1) and gving

s.rituUf" rnut*t to a,b, c, d,wehavethe following identities

S  q2n2-2n  (q r ,qu ,q ;d ) - * (d ,q t ,q ' ; d \
(1) 

hedW,=-------Gji ;q)-
*  -2nz-2n

s Y
k@';q')^(-q\zn-t

(q, ,  qu,  q;  qr  )  _  + (q, ,  q5 .  q ,  ;  q7 )  -  + (q7,q4 .  q3 ;q7 )  *

(ii1) 
A"#^;

(q,-q;q)-

(qn ,q ' ,  q ;qn ' )  - - *  ( !o ,q ' '  q '  ;q t  )  -

(iv) Ao#3%;=

(q3,q3)*

(qn ,qt  .qu;qn)- -  q(qn ,q '  ,q '  ;  qn')-
: -

( q t  t q ' ) -

{ qY o- ot"ltf>rJ-:f tn'>" I qqt)-(qu'qo{;qu)-
(v) 

Afr\n(q,;qr),n*, 
=@

+ (-r)q# 11- qtt\(qtt2 ;q)-(q6 ;qa ,42 i46)-

(vD heffi:-----(q,q')*

(vii) tal- ! #:r= 
(q'o,-q"'-q";q3o)- + 7q30'-4t7'-q";q'o)-

-nt 1q3o ,-Q2, ,-q ;qto)*- q(qto ,-q" ,-q' ;q'o)-'

Conclusion

ManymoreidentitiescanbeobtainedbygivingSuitablevaluestoa'b,c,d.

ManyRoge',-**"5*Trnei|entitjesobtainedearlierbySlater'Varmaetc.
follow as a special case ofa general result'
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Mathematical Models and Algorithms
For Certain Open shop Problems

With Unit Processing Times

TANKA NATH DIIAIvTAIA

Abstract: Objective is to revise and present blockmatrices model and give algorithms for ppen
shop problems with unit processing times in sche.duling theory. Cinsiderk problems are
minimfuing the completion and total completion times on machines. Furthermore, maximal idle
time and total idle-times on machines are minimized. polynomial algorithms are presented in the
case of total operation set with unit processing times.

Key words: Scheduling; open shop problems; sequence gaph, polynomial
algorithms; Latin rectangles

1. Introduction

In classical open shop problems we have in machines j e J: {1,2, ..., ml
and n jobs i e I = {1, 2, . . ., n}. The machine order ofjob i is the order of all
machines in which the job i is processed, and the job order on machineT is the order
of all jobs on machinej. An example of such a graph is shown in figure (2.1). In this
example we have the machine order M2) Ms -+ M4 + Ml for J1, andon machine
Mqwe have the job orders J4+ J5 + J1+ J2+ J1. By sequence, we mean feasible
combination of machino and job orders whereas by schedules we mean eompletion
times of all operations. Let cl denotes the maximum completion time and e denotes
the minimum completion time of operation on machine ; respectively, md pt1
denotes the processing time ofjob ; on machine 7'.

With J1"/: I x J, it is considered the following open shop problems
( P r )  O l p i i : l l  &  ,
( P )  O l p i i : l l  g z ,

(P3) Olpi i : l l  r t  ,
(P+)  O lp i i : l l  . f z ,

where the objective functions g1 , gz, .f1, .fz are defined by

g1r= rrrxTe.r {Cr},grt=Zr.rdr,.frr=rlaXyer {dJ - C j}, anrdf, =Zr.r{d, -g).

The machine and job orders can be chosen arbitrarily (open shop problems) and the
usual assumptions'is made : each job can be processed on at most one machine at a
trme and each machine can process at most one job at a time.
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T h e p r o b l e m s l O l p , i = l l C r o a n d O l P i l = l l l , . t C , ] a r e s o l v e d i n t 2 l

with polynomial time algorithms and here we present modified polynomial

atgorittrms and methods foitne problems Pr , Pz, P3 and Pa ' whele C1 denotes the

,o".pt"tioo time ofjob i. The used mathematical techniques and algorithms in order

to solve considered problems are based on [5]'

Var iousat temptshavebeenmade inschedu l ing theoryby thehe lpo f

blockmatrices model in which connection between latin rectangles [4] and sequence

graph [3] is established-

2. On the Blockmatrices Model

We apply the blockmatrices model [1, 2] for modeling lhe considered open

shop problem t-pi , pr, P3 and Pa . For convenience we give its brief discussion here

too. rirstly, the concept of latin matrix is introduced and then its connection with

sequence graPh is established.

A latin rectangle LRfn, m, rf : laiif is a matrix of size n x m with entries au

e ^S: {1, 2,. . ., r} such that each integer of the insertion symbol set S occurs at

most once in each column and at most once in each row of zR. lf n = m: r holds the

matrix is called latin square of order n and is denoted by ZS [n]'

Let LR1n, m,)1: lagf be any latin rectangle in r symbols au e S = {l'2.' ' 
.

. ,  r ) .  W e  d e f i n e  I :  { 1 , 2 ,  .  . ' ,  n \  a s  a s e t  o f j o b s '  J :  { l ' 2 '  " ' '  m  }  a s a  s e t  o r

machines, and ,S/,/= i *' J as a set of operations for open shop problem. For a graph

G: (V,4 with vertex set Y =,SIJ, we defure edge set E as follows:

Theoperation(lKl)isanimmediatesuccessorofoperation(y)ifanyoneof

the following conditions is satisfied

(a) i :k,ai i  <a, andthereisnov€"/suchthat ai i la iu 1ct i1 'ot

(b) .l: l,au <a, andthereisnorr c'Isuchthat aii 1a" I on'

Thenthevertex,setZinthegraphrepresentsthesetofoperationsandedge

set E represents tUe set oijob orders iO -u"[io" orders. Since we can interpret each

a,J N level of .'n rto iltl' *"r" o{v exisl edges from lower level to higher level.

Therefore, tt 
" "oort 

o.i.i gaph is acyclic and such acyclic graph corresponds to

feasible tJ;";]it= 

[by ] and 16 = rdir be r x m matrices of given machine orders

and job orders r.rp.rii*ty : Dii is tireposition of machinei in the machine order for

job i and d; is the poriri* ofjob i in-tneiou order on rnachinei. Here, in each row

of Mowe have pennutation of th, iot"g"ts 1,2, . . . , m, in each column of Jo we

have permutation of the integers 1,2, ' ' ' , n'

For given machine irders and job orders and a set of operations sIJ = I x J,

we have a gaph c =-(i, A, iaere v J,s/J is the vertex set consisting of operations,

FJ: :

:--r\-:

lf r: :t

i "  r : j

r;tt I

llrlrt

Fr ;.t

h:r-!l

tl b:rn

-Et 
a

?;i.I{

Trrfi

:|:r:

I ::rr,r

llcr:r1t
-r.".rt

/ : Y '  i i

I r-n;:

[80]
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and E as edge set reflects machine ordets 6nd job orders. A combination of a given
machine order with a given job order is pot necessarily feasiblg, it is called feasible if
and only ifthe graph G does not contain any cycle. In such a case the graph G is
called sequence graph.

It is also possible to obtain an h x m mattx [ay ] satisffing the properties of
latin rectangle for given sequence g:aih.

We define rank (source)': 1 ,and rdnk of otheg vertex (iD by maximal
number of vertices of a path from a source !o it. since tre gaph does not contain
any cycle, we can determine the rank a,, of each ver0ex (n n G. Also being only
horizontal and vertical arcs in G, there do not exist any two vertices of the same rank
in some row or column. Therefore the matix loil = LR ln, m, r'l So formed by the
rank of each vertices satisfies the following property (2.1) and indeed it is a latin
rectanile.

Property 2.1 rf aii > l, then there exists integers arj - 1 in row i or columnT or in
both.

It is also very clear that a latin rectangle LR [n, m, r f satisfying the property
2.1 easily produces a sequence graph for open shop problem.

Following theorem connects open shop problems and latin rectangles.

Theorem 2.1 There exists a one-to-one conespondence between the set of Tatin
rectangles LRfn, m, r'l with the property 2.L and the set of sequence graph G for
open shop problem.

Example 2.1 Following example illusfrates the fact in the case of V : SU = I x I

LR15,4,6l=

6 1 3 4

t 2 4 s
3 4 2 6

4 5 6 1

5 6 1 2

, n = 5 r m = 4 r r = 6

Figure 2.1 The Seque,nce Grqh G = (, E)

[81]
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The horizontal edges represent the machine orders and the vertical edges
fepresent the job orders respeclively.

Note that we will consider here such latin rectangles satisfing the property
2.1 unless otherwise stated.

If we assign in a graph G: (Y, @, a venex *st pu to each (r) e SIJ, we
can consider different objective functions on the set of all sequenc€ gaphs and hence
on the set of corresponding latin rectangles. For example, if c = [cq ] be the matrix
of completion times ; C,oo: max {c,7 | i e I, j e .I} is given by the weight of critical
path in G = (V, f) in the case of pi1= 1. Then the problem here is to determine a latin
rectangle-with minimal cardinality of insertion set.. If we consider an objective
function Li.r ci, then the problem with p17 : I is to determine a latin rectangle with
minimal sum of the geatest elements of each row. In particular. if p ,i = lfor all i and
for all j, then we have C : LR fn, m, r'l andthe problem is relatively' iimpte.

3. Minimizing the Completion and Total Completion Times.

In this section, the completion time and the total completion times on the
machines are optimized in polynomial time algorithms if we have p,, : I for all i a4d
for all j. we consider the problems P1 and P2 with objective fr:nctions g1 and 92 d,f
maximum completion.time on machines and the su'n of maximum completion times
on each machines, respectively to be minimized. Here it is presented a polynomial
time algorithm (see [5]) for the solutions of these open shop problems p1 and p2.

Let LB(g1 ) and LB(92 ) denote the lower bounds for objective functions 91
md gz respectively.

Lemma 3.1 consider the open shop problems P1 and P: . Then. the lower bounds
are

(a) LB Gr ): max {m, n)

[ r .  i f  m l n
L B ( S ) = j * 1 * * r y  1  , ,

I tn "  +  (k+ l )  n l  i f  m= b t  +  l .

Proot Let m Sn be the first case. Since each machine and each job are available at
zero time level and since each machine can complete the last job of its job order

earliest at time n, we have Ct 2, and LB(g1) : n. Also, since there ue exactly m

machines all on processing we have LB(g2): nm.

As a second case, let the number of machines m be greater than the number

of jobs r so that m: kn +1, (0 < k,0 I | < n). Since each machine and job are
available atz.ero time level and since each job.can be completed earliest at time m we

have, LB(g) = m, dnd at most n machines with C/ > rz. After removing n machines

t82l

thr

nm

bor

AtG

Inpr

Orrtl

SO:

SI:

32:

53:

Bn

Io
10h

r
:D

S5

Theor
probh

54:

Proof
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there will be at most z machines with C/ ) m-n. After rt steps the ldwer bound is

nm* n(ry-d+. . . + n(m-(k-l)n).Fortheremaining I machinesO.e.tiviattower
bormd is C, > n. Since, there are exactly z jobs we have the lower bound is.

h

LB(sz)=16z'-(s- 1)22)+ d - ffnz +(k+t)nt:

Braesel /Kleinau presented n [2] apolpomial algorithm for solving the problems

[olpu = 1l C,o and olP,r=rlX,.tc,].By changing the roles of machines and

jobi we obtain the following algorithm for the open shop problem [Olpa = 1lC.*,

lZ,.'7 C) with time complexity O(nm). Here, C,oo also de,notes the objictive

function 91

Algorithm3.l Solutionoftheproblem Olpu=l I C,*, lli.t d, .

rnput n, m, and p ii = I for all 1,7
Output: Matrix of completion times C = fcy )

SO: I f  m<n, thenC::  LRfn,m,n l
go to55 ;

SI :  Determinef tandlwi thz=kn*1, (0< k,03 lcn) ,
choose Kr e {0, 1,2, . . . , k-l} arbitrarily ;

52: Insert in C, &* latin squares with the insertion sets
S q :  { ( q  - 1 ) n  + 1 ,  . . . , e n l , g = 1 , . . . , F ,

53: trnsert in C otrc latin rectangle with z rows, z.tl columns, and the insertion
set
,S = {ft* n }L, . (&* +l)n +l }
and the following two properties:

- in 1 columns the greatest integer is (,t+ +1)n
- rn n columns the greatest integer is (ft* +l)n + 1;

54: Insert in C, k- lC -1 latin squares with the irsertion sets:
S q :  { q n  + 1 + 1 ,  . , ( q + l ) n + l \ , q :  l C  * 1 , . . . , k -  l ,

s5 End

Theorem 3.1 The polynomial algorithm presented above exactly solves the
problem Olpu =l l91,gz.

Proof: In order to show that the lower bounds LB Gr) and LB(gt calculate above
are tight; we look the insertion sets in the presented algorithm 3.1.

t83l



TA}iIKA NATH DI{AMALA

Since the greatest integer in all insertion sets is given by max {n, m}, we

have Cr=n for all j if mSn ande, =z otherwise. Therefore we have LBGr ) =

max {n, m\ : e^o.

Obviously, the lowerbound satisfies-trBCgt : nm:Ei.te ,, if m< n since there

are exactly m jobs,onfrocessing.

Finally, if m: kn + /, observing each insertion sets in the algorithm we get

k; k-l

S ;  S  '  .  , / ,  t . 1 \  .  t / L *  
s r

LC i = Lnjn + l(k * +L\n + nl(k * +l)n + Il + )-n l(i + l)n + ll
jeJ 

' 
j=l i=k*+l

k4  k

S  '  t  .  , / r  t , r \ , .  - - r l l i  
s r

= L jn2 + I(k* +1)n+ n[(k* +l)n+ I]+ ]-nl in+ l)
j=l i=k*+2

k . k

. S s=nz L j  + ( f t+  l )n l+nzKk*+l )+ n ' ,  L t
J=l i=k'+2

=f fnz+( f r+ l )n t= LB(! r ) .

Thus obtaining the lower bounds as our objective function values the

theorem is proved.
It is remarkable that all optimal schedules of the problem O lpu =Il&,gz

can be constructed by the algoritttm 3.1'

Example 3.1. Let there be n = 3 infonnation sources and ,n : 11 receivers, where all

receivers are required to receive all the informaions for unit time. It is assumed that

no source will transmit the information to more than one receiver at the same time

and no receiver can.receive more than one information at a time. Then we have the

objective value g1 = 1.1 and gz: 78, and the following matrix c of completion times

for the optimal schedules given by the above algorithm 3.1.

Here fr : 3 and / : 2 so that we can choose fr* e {0, l, 2}.

r l t

Ft
**r

! potl
fu tn1

problcr

I-emml

lower b

Prooft
earliest
time lel

so that r

availablr

time n u

be proce

have, LI

The lowr

Now we
algorithn

Algorithr

1 0  1 1  8  :  t  , )

9 1 0 1 1 : 8 7 1 , k * = 2

l l  7  l 0  : 9  8 )

4  6  :  9  l 0  t t l

5 4 : 1 0 1 1 9 1 , t * = 1
"6 5 :  l l  g rc)

( r

"=[. i
( r

" = [ :

2 3

3 1

t 2

2 3

3 l

t 2

4 5 6

5 ' 6  4

6 4 5

7 8 5

6 7 8

8 4 7
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l0

l 1

9

a. lffnimizing the ldle-Time and Totalldle-Times

Let S/ be the idle-time of machine j. In this section we oonsider the

problems P3 and Pa (see [5]) to minimize the idle -time ,9ro of machines and total
idle-times X;."r Sr of machines. respectively. The considered problems are solved
in po$nomials time algorithms in the case of processing times pu = 1 for all i and
for allj.

Let LB (f) nd LB (fr) respectively denote the lower bounds for these
problems.

Lemma 4.1 Consider the open shop problems P3 and P4 with SIJ =.I x "I, then the
lowerbounds areLB (fi)-r*L andLB ff2):m(rl-l).

Proof: Suppose that m < n. Since each job can complete the last job of its job o;der
earliest at time n units and since each machine and job can start its proeessingat z,erc
time level, we have

LB (fi): n-l andLB (f)= n (wl).

Suppose that the number of jobs n is less than the number of machines ra
so that m = kn* 1, where 0 < fr and 0 S I < n. Since each machine and jobs are
available at zero time level and the last operation completes of the job i earliest at
time z units, the ffivial lower bound LB (fi) is rel.

Because in each m machines exactly n tine unit operations must

be processed ei - 9i +l > n, i.e., C, - 9j >n -l has to be satisfied. Therefore we

have,LB ffz\>n(n-t).

Norv we define the following objective.functions

S1,o: = 
fi 

- (rrl) and I;."r 51 :: f2-m (rl).

The lower bounds for each of these objective functions is zero.

Now we present the following polynomial algorithm wittr slight modifications of
algorithm 3.1. The time complexity of this algorithm is again O(nm).

Algorithm 4.1 Soluiion of the problem Olp,t = I l,t *, lXi., S, .

1 l )
I

9  
1 , f t * = 0

l 0 /

8 : 9

6 : 1 0

7  ; l i

( g

"=[ i
4 5

5 1

2 4

6 7

7 8

8 6
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Input: n, m, andP ii = | fot all i,i

Output Matrix of completion times C = lcu I

SO: If m < n, then C :: LRln, m, nl,

s I :  3 : :# ; " f tand/w i th  m:  tu t+ / , (0 ,  <k ,o<t<n)

choose lf e .10,1,2,- .. , /r ) arbitrarily;

52: Insert in C, F latn squares with the insertion sets :

M q :  { ( q  
- l ) n  + I , '  .  . ,  Q n ) ,  Q  

: 1 ,  .  . ' ,  F ,

53: fniert in C one latin rectangle LR* f n, l, nf with the insertion set

t r4 :  { l fn+ I , . .  .  , ( lC+I )n \ ;

54: Insert n C, k-lf latin squares with insertion sets:

M q =  { q n * l , . . .  . . . . , ( q + l ) n } ,  q : l {  * 1 ,  - ' . , k ;

35 End

Theorem 4.L The algorithn presented above exactly solves the open shop problem

Olpt i  = 11,S,*,  lX;=.r  57 .

Proof: In order to show that the lower bounds calculated above are tight we look for

the lower bounds in.each insertion sets of given cardinality n'

For m 1r, iin"e the latin rectangle LRfn, m, n] in algorithm contains exactly

once z in each m columns (it is matrix of permutations) we have

F,no : 0 = LB (f) - (rrI\ ,E i.t S, = o :LB (fz) -n (n-l)'

Also, in Order to show that the lower bounds are tight in the case of m = lil + / wittr

0 < ft, 0 3 I < n, we observe the insertion Sets in the algorithm 4.1 again' Since we

have tlatin squares of size nx n and one latin rectangle of size r x / in n elements,

obviously S,"o:0 :LB (fi) - (n-1)'

'-Finally we havg,

s r _

Lsi  = LB(f)-m(n-r)
j e J

k r K
sr

= lg r -  i r+n -1 )  + I l k *n+n-k+n- \+n  ) - . f j n+n -  i n - l l -m(n -  1 )  =  0 '

j=l i=k'+l

Example 4.lLetbe there 10 books of scheduling theory and 4 students willing to

read these books in a library. Assume that each student can read at most one book at

a time and on each book at a time only at most one student can read' All students are

*qrft"a to read all the books for unit time and no-idle time on books is accepted'

Here, the students can be taken as jobs and the books can be taken as machines'
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Spheroid In An Elastic Medium

S{.]NIL DATTA AND DEEPAK KTJT4AR SRTVASTAVA

Abstract : In the pr€s€rf paper solution to the displacement proble'm of m imperfect rigid

spheroidal particle in an infinite elastic nedium is constnrcted by the help of singularities ofthe

eiastostatic equations. The malysis rweals that for small deformity n'hile the force on the particle

renains rmchanged, a couple gets generated.

l.Introduction:

The elastostatic equations goveming the displacement Tare

Singularity Method For An Imperfect

pl*s ddiv,+Y2,l* l  = o,

ur( , ; r r=g-y.g#,  n=l r I

( t . l )

where p is the shear modulus, v the Poisson's ratio and I Ae Uoay force per Unit

volume. The fundamental solution 'Kelvin Solution' of the above equation

corresponds to the solution of (1.1) when f is the point force

(r.2) jr @) = r6rp(r- v)d(i)d ,

where i is the fluid position, {i) the three dimensional Dirac delta function and

d chancterizes the stength of the force. Kanwal and Sharma [4] have extended the

singularity method used by Chwang and Wu [1] for stokes equations to elastostatics

ani apptied it for solving displacement problems involving a rigid'qPheroid' The

problem of a spheroidal inclusion in an elastic medium under torsion was later

considered by Datta and Kanwal t3l. In these problems the body is perfectly a:rial

symmetric. But in practice it is seldom so, and in this paper we have investigated the

effect of such imperfections.

For the sake of convenie,nce we collect below the basic singularities that we

shall exploit here and refer to the paper of Kanwal and Sharma [4] for details.

Kelvin Solution:

(1.3)
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Centre of Rotation:

(1.4)

Stresslet:

(1 .5) uk ' " ( i ; o  ,  F )

Centre of Dilatation:

(1 .6 )

Doubtlet:

(r.7)

(1 .10 )

- r , -  f  x X
u  \ x : y ) = - ; -

-t(

( r -zv ) t (B  . i )a  +(a  . i )p ) -@ .  B) i
r

3 ( a  . x ) ( p  . x ) i

R5

i
u" ( i )=  "

Kan,

dI'spl

Cupl

ra;

r l  l )

-d

t :-2)

l t I

Kehi
( + c . t

(2.3)

r+fien

(2.4)

and

(2.s)

where

(2.6)

Now, I

As explained in [4] the force on a control volume enclosing a Kelvin concentrated
force of Btrenglh a is given by

(1 .8) F :  - l6 rp ( l -v )  a

and the couple due to a ce.ntre of rotation of strength 7 by

(1.e) lrt = -Bn py .

Let the imperfect spheroid be given by

x2 v-  e h2(x\  22
$ = - ; + - -  -  + - = 1 . ( a > b l

a '  b '

for e : 0, this represents a prolate spheroid with focii at (+ c, 0), where c: ae,

e = tl l-42/a2 being the eccentriclty. In the sequel closed form solutions, when
h

h(x)=t*@'-.' *'), have been derived for small deformity parameter e. This

represents a non-axially symmetric body with centre line y : eft(x) in the ry plane
(z : 0) symmetric about the y-axis. But in a similar fashion, when the centre line is
anti-symmetric about the y-axis, solution may be attempted and the scheme extended
to more general situations.

The body .S will be given the general uniform displacement

( 1 . 1 1 ) O =U*e"+UyAy+(JzAz

[48]
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observe that since the body is not axially-symmetric, unlike the case

Kanwal and Sharma [4], there is need for introducing all the three components of

displacement. On account of linearity we can find the solutions corresponding to the

displacement s (J 
, , (J 

,and U" independently and than super impose them.

2. Displacement Parallel To x-Axis:

In the case we have to solve eq. (1.1) for the surface,s given by (1.10)

subject to the boundary conditions.

i = U r d r o n S

i =0 at infinity.

Let us first consider the displaoement w due to a uniform distribution of

Kelvin solution and a parabolic distribution of doublets on x-axis between

(! .  c,0,0) ,  i .e. ;  Set

(2.r)
and
(2.2)

(2.3)
wherp

(2.4)

and

(2.s)

where

(2.6)

w = A i k + B i d ,

f  _ .
J r  =  J U r ( i - ( e , ; 6 , ) d (

-c

= [(3 - 4v') Ar,o + x2 Ar,o - 2xAr,, + A3,2f A 
"

+(ils,0- At,t) (Ye, + ze,)

c

a

i o  =  I  @ ' - € ' ) u * ( * - ( e , ; e - ) d t

= L" n,, - 
"2 

At,o - 3 {x2 ( Ar,, - c2 A5,s') - 2x( Ar,., - c2 A5,1)

+(As3 - c2 A|,SY1A,

- 3 [x(4.2 - ,' 4.) 
- (As.t - t' Ar,)7 (ve, + ze,),

A^,r=

Now, for points on ̂ 9, we have the approximation

* r'l^''
t^d6

) '+y 'l@- €
J

t4el



(2.7)

(2.8)

where, with l, = t (+-),

(2.r1) io,=z e y h(x)e l{W- *ffig}r.
(3a2+" ' r ' \ ,  -  - . - l-G':W1Yer+ze') 

) '

(2.12) id, = 4y ^o"l{* #w 
-#*} r.

e2x I
- 

T#??f 
{(5 - 3e2)a2 - e2 1r + e2 1x2 }1ve, + za ) )'

Next, it may'be verified that the equation

(2.13) 
' 

Aiko + Bido =u,6,

is satisfied provided we choose

SI'NIL DATTA AI{DDEEPAK KI.]MAR SRIVASTAVA

i r  = i ro+ eih '+qe2)r

jd = jdo+ e jd, +O(e2.),

Furthcr,

(Llt

ft

(zlo

rd

CLI?

h naybc

(2.1t)

Now,-we

Q.re)

uficr,e il
(2.19) is

Adding u
lhe net fo

Q.20)

md addin

(2.2r\

(2.e)

(2.10)

2e2 F €2U,
(2.r4)

andthis gi-ves on surface S

8yh^eB f t+z(t-zv)e2 -
AJk, + BJo,  =f f i1L- 

e_"\  " ,

L x e 2 l
-mF 

l -erb 'ev+ze,)  ) '

14,(az - ezx2'1
ldx)= 

", 

'

Is0]
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Further, consider the expression

?

q  = -  N  I  @ '  -  6 z 1 u b ( 7 - €  e , , e y )  d 6

I zr}-2"'l I "'
(r.r5) +(l-2v),iv+ rI5#t-ttJ,v' J ("' - 6\u'(*-E e' ;e,)dt

I  aue
- (L-2e)Nt I @' - tz)2 

* 
(*- €e,;e,\d6 ,

AO- *f n -8e(3-e2)(r-2e2)L+8e213-4e21 4B
t r -n = 

7; 
"z 

11311 4 1 E - 4b(3 - 3e2 - ea ) L + 4ez (3 - 2e2 )l' a'

where

(2.16)

and

(2.18)

Now, we get

(2.re)

(2.20)

3{(2e - (l- e2) Ll + 2(r-2v){2e + 4e3 - (r- e2V\ 48
Q. l7 )  l f r=

@)L+4e2(3-2e2)  a2

It may be shown that for Points on,S

q  =  A ik '  +  B id '+  o (e ) .

i  = w -  e d ,

where ilis given by (2.3) and q by (2.15i. It may be verified that 7as given by

(2.19) is the required solution satisffing the boundary conditions (2'I)nd(2.2)

Adding up the contibutions of Kelvin solution 7e occuning in (2.19), we find that

the net forceg;perienced by the body is along x-axis and is given by

c

I
F,--- l6trp(1-v) I  Ad€

=32r p ( l-v)ae3 [11t+re2; -4u"'1l-2"1-t

and adding up the contributions of centre of rotations, tLe net couple along z-axis is

" n f  ( o o ( q , - l o 2 \  l l

(z.zr) M, = -tne r J l_rr- 
zv)N +rITf-ttlNt @2 - €2)dt

[5 1]
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= 32 e n p l4ae3 [112" 
- (t - e2 ) L] {2e - (3 - 2"2 ) - 3 (r - e\ L\

+(t - 2v) {s 
g - r' 1' L2 - 4e19 - 9 e2 - 2e4 1 L + 4ez 19- seo 1}l t

|  (  ^  ^ )
[3t3(t 

- e4 ) E - 4e(3 - 3e2 - ea) L + 4ez (3 - 2ez)l

{ r1r * 3e2 - 4ve2) - z"ll-'

It is seen that while net force is same as given by Kanwal and Sharma [4]
for the underformed spheroid, a couple M, given by (2.21) gets generated on

account of the imperfection.

In the limiting process v + + gives the results, for the conesponding

hydrodynamical solution involving stokes flow studied by Datta [2], with some

corrections in the values of y'/ and-l/r. For e: 0, (2.20) provides the well known

valueof force on a sphere, while the couple Mris seen to vanish, this confirms to the

fact that for e : 0 the equation (1.10) still represents a sphere.

The results for a slend^r body are obtained from the foregoing ones on

applying the limiting prooess c +1. The force f, reduces to that obtained by Kanwal

and Sharma while the couple M"has the asymptotic form

where

(3.2)

For disple

(3.3) i

(2.22)

where d = *

M,=16etrp,raffi

is the slenderness parameter.

3. Displacements Parallel To z and y Axes

Following the above procedure, we can construct the solutions for

displacements parallel to z and / axes. Thus, we have for displacement parallel to

z-axis

(3 .1 )  i =  A ; e , ) d ( + B ;4,)  d4

e hnBe3 | +1t-zr1---7-\ffi

c

f -
J G r _ 6 2 ) U d d ( x _ 6 e ,

- c

t -
J u k ( i - 6 4 ,

-c

c
I

l@ ' -4 \u ' ( i - 6a ,
-c

;a) d6

(t - sz 1 13 rz 1t - e2 \2 L - zea (3 - 5sz 1 + 4(l - 2v) es {2e -

zlse-ez\z r-ze(s-sez)-s(t-ziesl I
(r-sz1zL-zea(3-s"@)

ls2l



w!ere

G.2)

For displacement parallel to y-axis:

c

I

( 3 . 3 )  i =  A  l i k 6 - g d , ; d r ) d ( + B

SINGIJI.ARITY METHOD FOR A}I IMPERFECT...

c

I

" I @2 - 6\ u" (t - €v* ;ay,a) d€
c 

2(L-2v)lz"-1t-rr1t +2etl
' 

3e2 (l - ez )z 1 - 2se (J - 5e2 ) + 4(t - 2v\es {2e - L(t - ez 1l

"f aoe
x I @2 - €\2 dy 6 - (v. ;d,)d€

-c

2etB r
A = - 

# 
= zu,e2f2e - (t - 7 ez + Bv) Ll-t .

c

J @ 2
-c

- 627 U a 6 -V, ;V,) dg

I e hBes l- "t
_  

- - ' ! _ _ -  
= l  r  l g z _ € r ) u ^ ( i _ ( d , ; d r , e r ) d 6

( l -  e2 \2  o '  L " t  :

c _

, I  A U M
* C, 

!(c? 
- 6zYz a, 6 - (d, ;er)d€

-r"

I  AUM
+ C, I @z - 6z7z A, @ - |d,;d,)dt

:
f

+ co  I  @z -  6z1U k( i  -  (v , ;e , ;a )  d€
-""

I  AUi l
+ C ,  l . @ 2 - 6 2 ) 2  A *  6 - ( d , ; e , ; A ) d 6

n"

f - l
+ cu  J  @z -36z7Ud( i -€a )d6  

I ,
- c J

[53]
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n = -ft B = 2u ye2l2e - (r-lez* B*, )rl-t ,

Ct= Dsl2.D? ,

c, = lDD6 + (l- e2)2 (DD| + DrD)l I 2DDr'

,Q = [&4 + DrDr\t 2DDr' ,

C4 -- lD2Ds + DnDol | 2 DD7,

c, = (l- e2)lDzDs + D^Dnl I 8* D4,

Cc = 8l4Ds+ D3D6ll2DD7,

Dr = 2(r -  2v)  (L -  2e)(3 t l ,  f t to  
-  e)  L -  6el ,

' 

D2 = 36L2 (t+2e2 - rr' -ffQ $E -2&1+ l0e5)

l6eL
+ffi(g-12& -2k' +3?c6 -tet)'

f z"tg-s"rl1
4 = _r2(r - 2v) (L - ze)lL - 

6 )

6. r @-1+7[e-e2)L-6elLL-@1,

24eL
D+=252(l+2e2 -e4)E -@tg0-108e2 +l2lea -52e6 +3at)

l6e2
+ 

ffi 
(90 - 288e2 + Tl 5e1 - 43e'6 - 32et)'

ges f z"tg_s"rl1
Ds=(r -zu)@-3LL-@J,

2et f z" 
-l

Du = (r- 2v) 
7;6+ <t- v)lp - L 

J,

(3.4)

uy addi
tr/-alon

(3.5)

hydrody

also inter
deforme

by (3.5).,

addidom
stok€s fli

with it i!

the situat

is plaped
6enet fo

The beha

in nftich

(Fornrhic
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tes  I  z "  - l  .  6 " t1 ,  x?-x2) f
n, = 1r- v) @Lfr 

- t l* 14lt-g 1.

D = 16 (r - 2v) r, - rnlft (3 + 6e2- er I - 3(l + 2"2 - sa 1 I')

* ft rc - e2 1 r - oi1l5 + e2 - 2e1 l.

Theresult(3.1)showsthatthedeformityin|hesphe,roiddoesnotprodrrce

-V .A6ti*"f Oor foi" Oitpf"".-*t parallel to z direction but Foduces a couple

M', along the x-axis gven bY

(3.4)

64r e pa(l-2v) e6

(3.5) M r =
Wr-le2+Eve\Ll

f tmsyhver f f iedthat theresuh(3.1)agreeswi ththecorresponding

hydrodynamical case obtained by Datta [2] rmder the limiting process ' + ]' ft-is

also interesting to note that for stokes flow parallel to z-axis there is no corple on the

deformed particle i" .p;U; to the couplc,j}f in the elastostatic situation as give'n

by (3.5).
Theresult(3.3)showsthatfordisplacemrcrrtalong.the{.dtherbisno

additional force or ;;il- It may a\o be pointed but that since the corresponding

stokes flow result * gin* io pi it in error, expression (3.3) does not correspond'

with it in the timiting pto"ot v + +. ecnratly the value of ;:as given in [2] is for

the situation when the deformed spheroid

xz y2 z- e h2(x) i

7+V+--  6z-= 
|

is placed in a stream along ydirection. Further it is defined lhat drag coefficie'lrt of

OJ"a force orperienced byrhe body along x-ar<is is given as

# -QF=
The behaviorn offtis drag coefficient and aspect ratio ofthe body is gilen in fig (l)'

in which it is clear Oat i4 increases gradually as aspect ratio d = | md material

@orwhichPoisson's ratio 0 <'' * ) changes

16 (1-v)e3

3 ( l+ 3e2 -4ve2)L-2el

t55l
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Min-constant For PolYnomialsx

careNDR4 B.THAPA

Abrtracfi Let gi be some set of analytic functions / in the unit disk p normalized by the conditions

i(o) 
= o, f 

,(oi = l.Let qu denote the set of univalent firngtions in f' we infioduce the qumtrty

which we call the

trinomials.

t (o ) ='iI 
^otff ,l {"'(,) l},

min-constant of Q'We discuss \r'r), where y'rconsists of the

saqz?+b f

and obtain A\{r)= 0.032 . . . .

1. Introduction:

Let Abe the set of non-constant functions f analylic in the unit disk

I z | < land normali zedbythe conditions,/(0) = 0, /'(0) = 1' Lgt 4, t Abe the

subclass of firnctions which are univalent inttre unit disk. Let e". A \ 3o consist

o fa l l po l ynomia l so fdeg reea tmos t r ,wh icha rep roper l yno rma l i zedand

non-univalent in D. For f e Arlet

*, = yy.l1'<41,

In= sttp mt

f  . 6 n

We call .In the min-constant for polynomials of degrq n' The value of 1'

could serve as a univalent criterion: it M;> in fot tot* normalized polynomial/of

* This paper forms part of the author,s ph.D. thesis written under Prof' St. Rusctreweyh and

submitted to Tribhuvm UJr*tay, f"tn -d', Ne,pal. Th1 au1lor acknowledges the support.of

thc German Acadenic n-.n*g"'s.*rce 1Deep) 

'ganted 
to him during the preparation of his

thesis at W0rzburg University, Gernny'

( l)

and set

Q)
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degree n,th@, ;f is rmivalent in the unit disk (and he,nce the name minimum

condition constant, or min-constant, for short). Clearly, In is m increasing fimction of
n and limr-- ln = f , where

I = sl'rp mr.

f e A\4"

It is easily verified that Iz: 0, The main objective of the present paper is to
establish'the following identification of .I3 .

Theorem l. We have

L = L - .  = 0 . 0 3 2 . . . .-  18 .J  3

Furthermore, f 3 = n.f , wheref is the (univalent) polynomial

-f (z\= "*ff"'**r'.
The extremal polynomial f is unique in the following sense : ,f -f, e Q, satisfi

*f, - I, then there is a subsequence f j^ and an x e C with lxl : I such that

fi^@) -) x-r f (xz) inD -

Our proqf of Theorem I admits a generalization to the sets /r of trinomials

of tlie form

z * a z k  g S 2 2 k _ r ,  k : 2 , 3 , . . .

However, the forrnulas involved become so complicated with increasing ft that no
closed expressions for the extremal polynomials nor the values of

(3) Ar r: ),(rk\="|Z 

"rrrs^,
are available, Numerical results can be achieved [2] such as

(4) A Q : 0 . 0 5 5  . . . ,  A T ) : 0 . 0 6 9 . . . ,  i l d  
) t n _ *  A f t )  : 0 . 1 1 9 . . .  .

The following sections are organized as follows : in Sec. 2 we reduce the set

of candidates n lo which are extremal for A* in the sense described in Theorem 1..

In Sect. 3 we prove Theorem I for polynomials with real coefficients, and Sect. 4

extends this to the general complex case. Lemmas 4,6,8 and Relation (13) have now

been published as part of the author's [3] paper on the John Constants for

Polynomials. We reproduce the short proofs, however, for completeness and to make

for independent reading.

t58l
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MIN.CONI}TA}IT FOR P!OLYNOII'[ALS...

2. Roduction of tLePrebhm

fu this section we derive a general result rvhich in fact replaces the search
area for the supremum in (3).

I4 5f k = fr\ 4 , i.e. the set of non'rmivalent fimctions in fL . We make a

conve,ntionthdwhe,nwer Y* is aoy subset of lfr,then

T| = {p= z+ar +bz2L-r eykla,b ar ieteal\

yf = {p= 
" 

+ -r afu221-r . yrla is complex and D > 0}.

At=sup mp, Ll=sw mp
p.Nt peI{f

Then Ap > A't as also Ar > n!. fn fact

(6)  A.ZAf  ,

for given any polynomial p in lrf r we can fin4 by rotation, a polynomial g n Nf,

such that frp = frs.

The following is aparticular case of atheorem of Quine [4].

LemmalFor r >0,let

4 = {1a,a; . szlz + ut +b2L-t is nivaled in l rl < rl

and ̂9 : Sl . Ifp is a polpomial whose coefficient p an (a ,b) belongs to the boundary

0,S, of S,. , thenflr) : p O) for some points x,!,lx | : ly | : r, or p'(z): 0 for some
point4 lr l= r.

Wenowprove

L1grma 2 l-g- ttL be the subset of polpomials p(z) = z + Eh * 6"2k-r in fr for

.which (a,b) e 0S mdp'(z)*O,lz l: l. Then

"I*!'=Y*:''
Here tlu Iefr side is takcn to be zero tIh{kis empty.

Remedr 1 In view of Lemma l, each polynomial ia t{k assigns the saqe value to

some two points ntich lie on the rmit circle. The pairs (a, b), p e t{k, are said to

form the double point cun'e in C2.

[5e]
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Proof of Lemma 2. First we prove the inequality.

(7)

Case L Suppose

done.

srup mp )- sruP frlp (= Ar ).
P.|'[r P.!'(*

*o=0 for all p n fr[*. The right side is then zero, and we are

CaseI I .Suppose mf  +0  fo rsome f  hJ , to .Then " f ' ( z ) *0 ,1"1  
<  l .Weset

r:  sup {0 < t< I  |  / is univalent nl  z l< t  \ ,

then r > 0, and l, | < , is the largest disk centered in the origin where f is univalent.

Hence r ( 1, and the coefficient pair of f belongs to d,S, . We define

I
p(z) =; f (rz) .

Then the coefficient pair of p belongs to 0,S. MoreoverP e3{1, , stnce p'(z) * 0,l rl <

f . Now again, as r is less than 1,

nf lp, @) l = at 17, 14 1 > m lf ' O l.

That is, ̂ o)-mf . Given .f h Jrf o, m, *0,wehavethus found ap:rr- 3{kforwhich

mr 2 my. This completes the proof of (7).

To prove the opposite inequality consider first the possibility that 3{, is

empty. The left side of (7) is then zero, thus bringing the proof to an end' So suppose

p e 3{k. ByRemark I, p(*) = p(y) for some points x,!,x *y,Vl = M = 1. For small

e > 0 ,  l e t
I

p"(z) = 
1* 

" 
nl[+ e)21.

The inequality

l x  \  / . v \
n " \ t * " ) =  P " \ p 6 - )

shows that p, is not univalent in I z l< t, and so is an element of -ffp . Hence

l\1 2 mo, = inf I P'Kl+ e)41''.
' 

lzl<l

Letting E -+ O,we find L1,2 mo. Asp e g{r it arbinary, we have

A* ) sup rzo.
pe g{*

Remar
real co
That is

(8)

and

The las

(e)

3. Mini

aim her

set 3{i

Lemma
(10)

where a

Lemma

(t 1)

Proof:
ofthe f<

It follol

and onl

which s

lemma.The proof of tire lemma is now complofe.

t60l
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That is

(8)

and

MIN-CONSTA}IT FOR POLYNOMIALS...

Remark 2. A similar result holds when all the polynomials considered have either

real coefficients, or complex fust coeflicient and nonnegative second coefficient.

sW ffip = sup mp(= A?)

pe}{f p.9{t

su| mp = sup tnp(= Af,) .

p.s{F p.*f

The last relation in conjunction wittr (6) yields

(9) Ar = suP rno
p.9{f,

3. Mini-constant for Third degree Polynomiats with Real coefficients

polynomials considered in this section all have only real coefficients. Our

aim here is to determine A!. As (8) suggests, our first step should be to determine the

set t{f .The following theorem of Brannan [1, Theorem 2(b)] serves this purpose'

Lemma 3. Suppose
(10)

where a md b te real, Then p is tmivalent in I z | < | f and only it

, ,  f  0 * z a \ t z ,  - * b < !
la l<f  2. , [ t f f i  yt=q

lff consists of polynomials (10) such that

lo l  =zr [ t1t-  t1,  1.  a .  * '

proof : By Lemma 3, the coefficient patr (a, b) of p belongs to d^9 if and only if one

of the following holds :

l o l =  ( l  + 3 b ) t 2 ,  - * < a < . * '

lol= 2^m-b\, *.a.1'

t=tr.

Lemma 4. The set

(t l)

P(z)=z+azz  *b t  ,

t61l

It follows from Lemma 6(b) (see below) that p'(z's: 0 for some point z, I z l: l, i!

and only if a, b satis$ titi i"tt or third relation above. Therefore, numbers a, D

which satisry the second relation daermine the polynomials inSff . This prove the

lemma.
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Now suppose p, gtv€n by (10), is a polynomial h t{i. Thcn (ff) hotds by

the above lemma For definiteness, we take a20 ; the case a < 0 is rymmetric. To

determine mp wenote that for my polpomialp, rf 1@): 0 for some point 4 I z | 3

1, then *p:0. Otherwise, by the lvlaximrtm Principte'

(r2) mr=ffilp'Q)l

lf z = eie isa point on the rmit circle M^q denote | /(r)P.Tha

P(0)=l+4a2 +9b2 +4acosd+60 cns20 +l2obcns9

Its derivative 
p'(0) = 4sm 0(a+60 cos 0 + .',b)

is zero rlrhen sin d:0 or cos d= -a(3b + ly (6t). Clearly, P(4 afiains its naximum

value whe,lr 0 :0.If a Qb +l) > 60, 4q B minimized nfren d: a; otherwise when

cos d : - a Qb + l) I (6b).Consider the polpomial

I

F (b) = 
fr G' ttt * r)2 - 36b2)

:  -9b3 +3b2 -4b+1.

we seethatF(0,):0, where b1=0.261. . .  is apoint in (+'+)'Abo F'(D) < 0 for

b> 0 ;so F(b) is a decreasing fimction. As a result

a(3b + l )> 6b,  *<b <b,

a ( 3 b + l ) > 6 b ,  b r < b < I '

Accordingly

(13)

L+3b-2a,

hb

mP

We

Prol

coeJ

Pro

4. IV

whe

rs sd

0-3D&b4

Using the relation o: ZJd6, we finally obtain

[ * n - +,[t1t-- t1, t < b < b,,

" 
=t 

o4b)+' b,<b'tr

mo is increasing on the interval (*'btl' its derivative there being positive' The

maximum value of rzo on [4,+) is hence tht ma:rimum on the whole int€rval (+'+)'

fo [4,1) the derivative nfo s z4owhen

^r=l I < b < b , ,

,  brSb<+

anol

Len

(a)

(b)

L62l
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or

mp attaitrs its maximum value at

We comenowto

Proposttion l. Tte min-constant

coeficients is equal to

wluref is tlw polynmial

.f (z) = r*!9r' *1r' .
9  

'  ' 1 8 '  '

Proof: By the very consfuction of ;f,

m7 = supk.

But the right side is equal to A! by (8).

4. Min-constant for Third Degree Polynomials

In view of (9), our fint task this time should be to deterrrne Hf . We quote
another result of Brannan [1, Theorem 2(a)1..

Letnma 5. Supposep (z) =, + (a + id)22 + bz2, wherc a, b, mdd are real. Then:

(a) IfO 3 b 3 t, p is tnivalent inl z | < I f and only if

a2 a2 I

1* t t y+1116y<4 '
rO) l f  * <b<t,p is tmivalent inlzl<l i f  andonty f

C+8+@ 
= r* ,

is satisfiedfor all t suchthat # < t <3;inptticular,p is univalent inlzl<l if

a2 4d2
. . . . : : . : - ? - > 1 ,

4b(L-b) e_z6yz 
- -'

t63l

54b2 -33D+5=0

(3t- 1X180-5) =0.

a = *. The coefficient a =# *O mo : 0.032 . . .

A! (= ti)for third degree polynomials with real

I
f f i f  =7.7=0.032. . .  . ,'  1 8 { 3

4za2
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Remark 3. Let us denote by St the section of the coefficient rcgion S with a ftred

value of b. If + < b 3 +,,St is the intersection ofthe ellipses.

x2 v2 | l-2b

@ +  0 - ; , ;  
' t * r '  

b  
< t < 3 '

and 0Sb is the closed curve enclosing it. If 0 <b < +,then /SD is the ellipse

x 2 y 2 l

(ft3bf 
+ 

{rl-3bY 
=i'

A

L

b;

m

(14)

Lemma 6' Suppose p(z) = z + (a + id)22 + bz3, where a, d oe real and - + < b < +'

(a) If z: eie , then

I p'Q)l =, I l ' + ff coso) .la - |'n e) D

L

€

P

(t,

p

P:

P

3

( l

It

pl

h

c

lt

hr

P

(b)

(c)

p,(z):0 for some pointz,lzl= I, if and only if (a,d7lies on the ellipse (14).

If p'(z) + 0,1z | < 1, then no is equal to two times the minimum distance form

(a, d)to the ellipse (14).

Proof : Clearly

P'(z)- f  =Z +2(a+id)+3bz

if lzl: LPutz= eie andseparate real and imaginaryparts. Then

p'(z) 
=cos d + 2a + 3b cosl+ i(- sind + 2^d + 3 sn 0).

,

Part (a) is now obtained if we take absolute values'

Part (b) follows from (a) by eliminating d between the equations

l + 3 b
a+-Z-cos9 =0,

1-3b
d'-V-cosd = 0.

To prove (c) suppose p,Q) + 0, | " 
| < 1. We can then use (12) to waluate mo.'I\e

required result now readily follows from (a) if we note that

* = - * " o r o ,  Y = * " n | ,  o 3 o  <  2 r ,
2 - z

are parametric equations for the ellipse (14).

t64l
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A simple method for evaluating moisto use Part (c) in conjunction with

LenmaT. Let

x2 v2

p + 7 = I ,  0 < D <  A ,

by the equation to an ellipse and (q,0), 0 < q < A, a point on the major mis. Then the

minimurn distance from the point (q,0) to thb ellipse is given by

,  0  < g < + ,

# s q <  A .

The proof, which is elementary, is omitted. if we take A=t1t+101,

D : + $- 3b), and q = a, we obtain (13) as required.

Lemma 8. Suppose p(z)= z+(a+id)22 +bz3 is a polynmiat in 3{f . Then a * id

e 7 S b , w h e r e t . a . * .

Proof: The point (a, d) lies on ?Sb , by the very definition of 1{f . By Remark 3,

(a,d)lies also on the ellipse (14) if 0 < D < + or if 6: +.In view of Lemma 6(b),

p e 3{f in such cases. Hence t < t < }, which completes the proof of the lemma.

Proposition 2. L2 = t\$.

Proof : Obviously, Az > A?. Assume tha! given ny p nt{f. we can find an/ in

9ff suchthat

(15) mi 2 mo

It would then follow from (8) and (9) that A! 2A2, and the proposition would

proved. So let

I\z)= z+(a+id)22 +bzt

bea polyromia l  n t { f .  Lemma8shows that  a+ide 7Sb,where} .a.* .

Consider the polpomial

f(z)=3+qz2 +b23,

where q = 2^ti@" Then"f en{f by Lemma 4. It remains to show that (15)

holds.

Put I = L!* and D = *, -d consider the ellipses

t65l
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(16)

(r7)

Lemma 5 (b) shows that the ellipse (16) ries inside or on lsb,ufiile d,stin turn lies
inside or on the ellipse (17). For definiteness, we take a, d > 0, other cases being
symmetric. Let a1,a2be non-negative numbers such that the point p, : (ar,d) (see
Figure l) lies on the ellipse (16) and the point g : @*d) lies on the ellipse (17).
Then ar  la lazand

x2 y2
- 7  + V = 1 ,

x2 y2

7+  , y  
= l '

ufrerer

since r
proposi

Propos:

tll D.
M

t2l G.

"K i
13] G.

l l

t4l J.
po

Gajendr
Central
Tribhuv
Kathma

a? d2 a? d2

7 + g = 1 ,  f i * E = t .
Hence

(18)

We note that a, - dr = 0 if and only

ellipse (17). By Lemma 6(b), mr:0

a >  0 .

d 2 - d t

A - q

if a:0, which implies thar (a, d) lies on the
in this case and (15) holds trivially. So assume

a1 CI2

( I A

Figure I

Le! R be the point on the ellipse (17) which lies nearest to the point
P : (q,0). The point R may be different from the vertex e: (A,0) of the ellipse. In
any case dist (P, R) : hdist (P, Q),where h > 0.

The least distance from the point P': (avd) to the ellipse (17) is not greatef
than dist (P', R'), where R' is the point on the ellipse such that pr is parallel to pn.

Suppose dist (P', R'): h'dist (P', Q'),wherc h' > 0.It is easy to see that h, < h.
In view of Lemma 6(c), we nowhave

m, : dist (P, R) : h(A - q)

t66l
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mo < dist(P', R) = ft' dist (P, E) = h'(az - a) .

Hence
mD ht
+ < - .

m t -  h

hl

h

since a1 3q and h' < h. This proves (15), and so completes the proof of the

proposition.

Propositions I and2 together finally prove Theorem l.
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A Study of Special Function with Lie Theory

S.K. ACHARYA AND D.K. BASU

Abstract In this paper we give new proof of some properties of the parabolic cylindrical special
functions using a few operators defined on a Lie algebra We also $ve a new teffient of the
Parabolic cylindrical special functions and some of its properties, r'vtich will be done by using
some properties ofoperators defined on Lie-algebra.

Let End Ybethe Lie-algebra of endomorphisms of the vector space Zendowed with
the Lie bracket [ , ] defined by

lA, B l: AB -BA,for every A,8 e End Z. We denote by /the identity operator of Z.

Theorem l. Let A, B e End V be such that lAzB I : - I. We define the seqyence

{ln}cVasfollows i Ays=0 and Blr-r=-fn.br every n2l. Then y, is an eigen

vector of eigenvalue nfor BAfor every n2l.

Proof : We shall show firstlv that

AYn = nYn-1 for everY n>1.

For n: l, this equality is evident because

lA ,  B l l o=  AB lo -  BAyo=-  Ay=- lo .

We suppose that AY, = tUn-t.

We may write similarity,

LA, BlNn=-ln or,  AByn- BAyr?- ! /ot ,  Aln+t tnBln-r= ! ,

ot, Ayn*, = (n+l)!n.

BAyn= Bnyn- t=-n !n .

This completes the proof.

Let V = C- (R). We defirc the operators A, B e End.Z by

Thus,

(Af) x :.f ' @ * ry, (Bf) x =.f'(x) -ryfor wery x e R.
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We prove that these operators satisS the commutation relation fA, 81: - 1.

[A, B ] f (x) : AB f (x) - BA f (x) : .n lf 
, o> 

"?l 
nlt, <,t. ryl

: -f (x).

Therefore, f A, Bl: -L

The Parabolic cylindrical function Dn(x) =2-nt2 
"* 

(x2 | 4)H(2-rt2 r7, where
H,(*) =(-l)n exp (r2) (d'/dx') exp (-x2) is the Hermite polynomial of degree z,
is a solution ofthe differential equation

y '+(n+l /2-  x2 I  4)y  = g.

y' + (I/2- x' t +)y = -ny .

Also, from Bln = -!,t+t

[] Erdel;

Comp

[2] Radul

Stud

Therefore,

S. K- Ach

2UlF+B.r

Belgtdt

md

DJC Basr

Departue

Bangabasi

19, Rajku

Calcuta-'

Now, we have Ay = y' * 
7. 

Aho, By : y' - 
+

/  x \ l  n t \
or ,  

\ t . iJ lAy-T)=r '  
or  BAy=y '+( r /2-x2 t+7y-- r ly .

By theorem 1, it follows that yn is a solution of the differential equation of the
Parabolic cylindrical function. Again, from the definitions of the operators I and B it

follows that Ayn = nyn-, and (AJ) x:y' * 
l, 

we have

l', = nln-t -+ i.e. 4@) = nDn-1(x) -g#

which is a differenti4! recursion relation for the Parabolic cylindrical fimctions.

and @f>*= y' -4,*"obtain
z

yi,=?-y*r.  i .e. D,,(x)=g* - D*r(x).

This gives another differential recursion relation for D,(x).

From the two recursion relations obtained above we readilv obtain

4*r(x); xDn(x) + nDn_r(x) = 0.

[70]
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BHAGWAT PRASAD

Abstract Recently Mshra [1] defined normal quasi-sasakian (zq.r) manifold and nearly nqs

manifold. The purpose of this paper is to study some properties ofthese manifolds.

1. Introduction

I,r:t M & an r-dimensional d-manifold and let there exist on M a vector

valued linear function / of type (l,l), a vector field f, and a l-form ? such that

(1 .1 )  a )  02 : - r+  r78 -  (

b )  q ( 6 ) : r ,

for arbitrary vector'field X. T\en M is called an almost contact manifold and

structure (0; € , ril is called an almost contact structure [2].
It follows from (1.1) that the following hold in M: rank (O = n -1, n is odd

i .e . ,n :2m+ t  and

( r .2 )  a )  q (0X)=0 ,

b )  0 € : 0 .

In addition, if in Mthere exist a mefic tensor g satisffing

(1.3) s (0X, 0Y) : g (X, Y) -ry (X) rt g),

uihich is equivalent ta g ($ X, Q Y) : - g (fX, I) and g (X, 6) = q (X),then Mis

called an almost contact metic manifold nd (0 , € , 4, g) ah almost contact metric

structure [2].
The fundamental 2-form 'F of an almost contact metric is defined by

(1.4) 'F (X,n= g(0X, Y) .
Thus we have

(1.5) a) 'F (0X, 0Y) ='F(X,Y),

b|F (X,Y) =-'F (Y, X)

It can be easily proved that on an almost contact metic manifold [3].

On Normal Quasi-Sasakian Manifold
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(1.6)  a)  (Dx 'F)(Y,6)- - (Dx t t )  ( iYt

b )  s ( (Dx  Q)Y ,Z ) :  (Dx 'F )  (Y ,4 ,

(1.7)  (Dx 'F)(0Y,  0Z) : : (Dx 
'F) (Y,Z)  + t t (Y)(Dx 4)@4

' n

- tr(4@x 1r)(0D.

Further in an almost cmActnetric mmifoHtbc njcohub tensor is given by

( l .s)  a)  N(x,Y):  (D* Or@-(Da i l (n-  i lDx i l@

+ ((Dt ()(X),
whe,nce

b) W (X, Y, Z ) : (D ax' F ) (Y, q - (D t' F) Qd 4 + (Dx' F ) (Y, I 4
-(Dr'F)(X, )4,

'N (X,Y, Z)= g(N (X,Y),4,

and D is 1[s Riemannian connection ofg.
Aor alnost co:,hct maffic rnanifold is saidto be quasi-Sasakim mmifold if

(l.e) (Dx ' ,F)(Y,Z)+ (Dy ' ,F)(Z,X)  + (Dz ' ,F)  (X y)=0.

An almost contact metric manifold satisSing

(1.10) (Dx e) @Y): - (D6x tt) (Y): (Dv 4) Gn €

(Dx 4 ) (I): - (Dox ri @Y'): - (Dr ,D (n .

(a) is called nqs manifold if

(Dx 'F 
) (Y, Z ) = rt (Y) (Dz rt) (O X) + ,t (4 (Dx ry) (I), and

(b) is callednearly nq+manifold if

(Dx' F ) (Y, Z) : q (Y) (Dax q) @) + 2rt (Q @r 0 QX)

= (Dy'F) (Z,X) - : q (,X) (Dfi rD (4.

In this class of manifolds the following results are true pl

(1.13) a) Dq e :0, b) De 6:0, c) De 'F :0.

2. Properties:

Theorem Q.D nqs manlfold Is quast-Sasahtan manfold.

Proof: In consequence of(l.l 1), we find

(1. l  1)

(1.12)

Utdng(

ThsG

Pr'''oof :

(zt)

Ir&tg(

rdbG!

Thm

tttic

-d

c2',,
Dtvit

e3)

Olrr-

I ' t r q

,std

@1'

kocf:

(L'

v4l
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(Dx 'F) (Y,Z)+ (Dt  'F) (Z,E+ (Dz 'F)(X,n

: q (Y) I(Dz q) @X)+ (Da ril 6)l

+ tt(4KD* tt)(r)+ (Dx i l  @x)l

+ tt$) l(Dv q)@z)+(Dt tD (z)1.

Using (1.10) in above eqiution, we get Theorem (2.1).

Theorem (2.2). nqs mmifgld is tucessoily a netly nqs manifutd.

Proof : Again by virtue of (1.11), we get

Q.D (Dx 'F) (Y,z)+(Px 'F) (X,z)= q(n(Dz r i l@X)+q(X)(Dz r i l@Y)

+ry(41(D* tt) g)+(Dn Tt) (x)1.

Using(1.10) in (2.1), we get

(Dx' F ) (Y, Z ) + (4 F ) (X, z ) + 2Tt (4 (Dy til @ X) + rt Q) (D ax tD (D

+ rtW)[(Doy Tt) (Z):0,

and hence nqs manifold is a nearly nqs manifold.

Theorem (2.3). nqs manifold is completely integrable.

Proof: The condition for an almost contact metric manifold to be completely
integrable [3] is

(2.2) 'N (N, iY,i4:0.

By virtue of (1.8) and (l.l l), we get

Q.3) N (X, Y, Z) :2q (Y) (Dz rD (n - 2q (X) (Dz rD g)

- 2tt (4 @x ril V).
Operation 0n(2.3),we get the result.

fheorem 2.4. The necessry condition for nearly nqs manfold to be completely
integrable is that

Q.4) 2(D* 'n(0X,(Z)= (Dpy'F)(0X,02 4- (Dozx'F)(0Y,02 4.

Proof: From (1.8)b), we have

(2.5) N(QX, 0Y, 0Z): (Dpx'n(0Y,04- (Dozy 'n(N,02).

+ (D* 'n  (0Y,  024-  (Dov 'F)  (N,  02 4.

ITsl
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In consequence of(1.7) and (1.10), (2.5) yields

(2.6) N(AX, Oy, OZ)= (Dx 'n(Y, D-(Dv'n(X,4-(Dox'n(Y'04 t l l

+ ( D * ' n ( X , 0 4 .

Now from (2.6) and(r.:z),we obtain 

' \u)Y ' ' \'L ' Ypt' 
I2l

(2.7) N (AX, OY, OZ): -2 (Dv 'F) (X , 4 - (Dox 'n g ' 0Z) t3l

+ (Dov 'n(X,04-n(E(Dn t i (4

-n Q) (Dox ri (z) - zrt (4 (Dv d @n

Thus, from (2.7), (2'2), we obtain (2'4)' 
Bhal

Theorem 2.5. On a nearly nqs manifold, 
Depi

(2.s) N (AX, ;rY) = al(Dov il @D + dr1 (QX ' On 6f f;til

Proof : From (Llz),we have 
PIN-

(2 .s)  (Dx Q)(D=- @v 0(o^)-n( \ (Dox i l - ' t (h@or 6)
-2(Dox t i (1)  6 .

Now, (Dy il (W= Dv 02 X- QDr 0X

: D y 0 2 X - 0 D v  0 X +  Q @ D Y  X ) - 0 @ D v  Q ) '

Thus,

(2 .10)  (Dv 0) (0x) :  (Dv r t6D€ +q(E(Dv i l -0(Dv / )cx)  -n(Dv D6'

Using (2.10) n(2.9),we find

( 2 . 1 1 ) ( D u i l ( I ) = - ( D v 4 6 D € _ q ( n ( D v 6 ) + 0 ( D y 0 ) @

+rt(Dr n 6 + rlV)(Dx i l+z(Dx D(1) 6'

Hence inconsequence of (2.11) and (1'8a), we get

(2 . r2 \  N(X,Y)=20KDv O\X- (Dx OQ) \+zr tV)@x € ' )

- zrl V) (Dv 6) + 4dq (X, Y) €"

:2Q (Dv il(f iD+ (Dv 0)(E+ rtV)@ox 6)

+ry@@ov €)+2(D61 '?)  (Y)6) +2nQ)(Dx 4\

-2rt (E (DY il + 4dr7 (X, Y) 6'

(2 .13)  N(X,y ) :40(Dy o)@+ t tg )0  (Dox € \+  r t6 )0(Dor  6 \

+2q (v) (Dx 6\ - zrt (X) (Dv 1) + 4dr7 (x' Y) 6 '

Now operating on (2.13), we get (2'8)'

[76]
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Mathematical Models and Algorithms
For Certain Open shop Problems

With Unit Processing Times

TANKA NATH DIIAIvI{L{

Abstract: Objective is to revise and present blockmatrices model and give algorithms for gpen

shop problems with unit processing times in scheduling theory. Considered problems are

minimizing the completion and total completion times on machines. Furthermore, maximal idle-

time and total idle-times on machines are minimized. polynomial algorithms are presented in the

case of total operation set with unit processing times.

Key Words: Scheduling; Open shop problems; Sequence gtaph, Polynomial

algorithms; Latin rectangles

1. Introduction

In olassical open shop problems we have in machines i e J: {L,2, ..., m\

and n jobs i e I = {1, 2, . . ., n}. The machine order ofjob i is the order of all

machines in which the job i is processed, and the job order on machineT is the order

of all jobs on machinej. An example of such a graph is shown in figure (2.1). In this

example we have the machine order M2 ) Mt 1 Mq -+ M1 fot 4 , and on machine

Ma we have the job orders Jo + J5 -> J1 + J2 ) $. By sequence, we mean feasible

combination of machine and job orders whereas by schedules we mean eompletion

times of all operations. Let C1 denotes the maximum completion time and Q denotes

the minimum completion time of operation on machine ; respectively, and pu

denotes the processing time ofjob i on machine j.

With ,9L/: I x J,it is considered the following open shop problems

(P r )  O lp i i : l 1  g r  ,

( P z \  O l p , i = l l  g z ,

(Pr )  O lpu : l l  f i  ,
(P4) Olpt i :  I l  fz ,

where the objective functions Er, gz, fr, .f, are defined by

g, : = maX;e.r {C r), gr,= Z 1.rd r, frr= m?Xye J {C J 
- C j), and f, = E r., 

(d, - 
9 )'

The machine and job orders can be chosen arbitrarily (open shop problems) and the

usual assumptions'is made : each job can be processed on at most one machine at a

time and each machine can process at most one job at a time.
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The problems[Olp, i=1lC.o and OlPi l=l l I t . rC,]  are solved in [2]

with polynomial time algorithms and here we present modified polynomial

algorittrms and methods forthe problems Pr , Pz, P3 and Pa , where C; denotes the

"ol-pl.tion 
time ofjob i. The used mathematical techniques and algorithms in order

to solve considered problems are based on [5]'

various attempts have been made in scheduling theory by the help of

blockmatrices model in which connection between latin rectangles [4] and sequence

graph [3] is established.

2. On the Blockmatrices Model

we apply the blockmahices model [], 2] for modeling the considered open

shop problemi-P, , P, , P3 atdPa . For convenience we give its brief discussion here

too. iirstly, the concept or utitt matrix is introduced and then its connection with

sequence graph is established.

A latin rectangle LRln, m, rl: fai) is a matrix of size rz x rn with entries au

e S: {1, 2,.. ', r} suchthat each integer of the insertion symbol set,S occurs at

most once in each column and at most once in each row of ZR. If n: m: r holds the

matrix is called latin square of order n and is denoted by ZS [r]'

Let LR fn, m, rl: laii)be any latin rectangle in r symbols a, e

. ,  r ) .  W e  d e f i n e  I :  { 1 , 2 ,  " . , n )  a s  a s e t o f j o b s '  J :  { 1 , 2 ' ' ' '  n

machines, and sIJ: I x J as a set of operations for open shop problem.

G = (Y,E) with vertex set Y:.1/"I, we define edge set E as follows:
.-Theoperat ion(rKl) isanimmediatesuccessorofoperat ion(y)

the following conditions is satisfied

a

r

o

c

r

T

i

r

:

S :  { 1 , 2 , .  .

) a s a s e t o f
For a graph

if any one of

(a) i :k,ai i  <ao andthereisnove'Isuchthat aqlct iv <oi1 'ot

(b) j :  l ,a i1 fa,  andthereisnoue lsuchthat ai i  1d, j  1dki .

Then the vertex.set Zin the graph represents the set ofoperations and edge

set E represents the set ofjob orders and machine orders. Since we can interpret each

ay asievel of vertex (D, there onll exilt edges from lower level to higher level'

Therefore, A" construcied graph is acyclic and such acyclic graph corresponds to

feasible sequence.

]';et UO: lbii I and JO = l&i 7 be n x rz matrices of given machine orders

and job orders respectively : Du is the position of machineT in the machine order for

job i and du is the positio; of job i in the job order on rnachinei. Here, in each row

of MOwe have permutation oith. iot"g"o 1,2, ' ' ' ' fl' h each column of JO we

have permutation of the integers 1,2, ' ' ' , n'

For given machine orders and job orders and a set of operations sIJ : I x J,

we have a gaph G: (Y,^E"), where v = stl isthe vertex set consisting of operations,

[80]
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and E as edge set reflects machine orders 6nd job orders. A combination of a given

machine order with a given job order is pot necessarily feasiblg, it is called feasible if

and only ifthe graph G does not contain any cycle. In such F case the graph G is

called sequence graph.

It is also possible to obtain an h x m matix [a,7 ] satisffing the properties of

latin rectangle for given sequence gaph.

We define pnk (source)'= I'and rdnk of other vertex (lj) by ma:<imal

number of vertices of a path fiom a source lo it. Since fte graph does not contain

any cycle, we can determine the rank a i, of each vertex (t, in C. Also being only

horizontal and vertical arcs in G, there do not exist any two vertices of the same rank

in some row or column. Therefore the matrix faiiT: LR ln, m, rf So formed by the

rank of each vertices satisfies the following prOperly (2.1) and indeed it is a latin

rectangle.

Property 2,1 If aii > l,then there exists integers aii * I in row i or columnj or in

both.
It is also very clear that a latin rectangle LR [n, m, r ] satissing the properly

2.1 easily produces a sequence graph for open shop problem.

Following theorem connects open shop problems and latin rectangles.

Theorem 2.1 There exists a one-to-one correspondence between the set ofTatin

rectangles LRfn, m, rf with the property 2.1 and the set of sequence graph G for

open shop problem.

Example 2.1 Following example illusfiates the fact in the case of V = su = I x J

LR15,4,6l=

t 3 4

2 4 5

4 2 6

5 6 1

6 1 2

t81l

6

I

3

4

)

, f l = 5 r m = 4 r r = 6

Figure 2.1 The Seque,nce Gtaph G = (V, E)
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The horizontal edges represent the machine orders and the vertical edges

iepresent the job orders respectively.

Note that we will consider here such latin rectangles satisffing the properly

2.1 unless otherwise stated.

If we assign in a graph G : (Y, E), a vertex cost p,; to each (y) e SIJ, we

can consider different objective functions on the set ofall sequence graphs and hence

on the set of corresponding latin rectangles. For example, if C : [cu ] be the matrix

of completiontimes i C'o:max {c,7 li e I,j e "I} is given by the weight of critical

path in G: (V, E^) in the case ofpu : L Then the problem here is to determine a latin

rectangle with minimal cardinality of insertion set.. If we consider an objective

function Li.tCi, then the problem with p,1: 1 is to determrne a latin rectangle with

minimal sum of the greatest elements of each row. In particular, if p ,t: lfor all i and

for all j, then we have C = LRfn, m, rl and the problem is relatively simple.

3. Minimizing the Completion and Total Completion Times.

In this section, the completion time and the total completion times on the

machines are optimized in polynomial time algorithms if we have p, : I for all i arqd

for all7. We consider the problems P1 and P2 with objective functions 91 and 92 of

maximum completion.time on machines and the sum of maximum completion times

on each machines, respectively to be minimized. Here it is presented a polynomial

time algorithm (see [5]) for the solutions of these open shop problems P1 and P2.

Let LB(g1 ) and LB(g2 ) denote the lower bounds for objective functions 91
md gz respectively.

Lemma 3.1 Consider the open shop problerns P1 and P2 . Then. the lower bounds

are
(a) LB (gr ): max {m,n\

there w

n m t  n

bound i

Braesel

lo',p,,
j obs  ue

I . .  C

Algori t l

lnput: n,

Output:

SO:

SI:

S2:

53 :

S5

Theorem
problem

Proof: Ir

are tight,

ln
LB(g) =\orL*r, 

,, + (k +t) nI

i f  m 1 n

if m= lcn + l.
S4:

Proof: Let m <n be the first case. Since each machine and each job are available at

zero time level and since each machine can complete the last job of its job order

earliest at time n, we have et 2 n and LB(g1) : n. Also, since there are exactly m

machines all on processing we have LB(92): nm.

As a second case, let the number of machines m be greater than the number

of jobs z so that m: kn +1, (0 < k,0 f I < n).Since each machine and job are

available at z.ero time level and since each job. can be completed earliest at time m we

have, LB(g) = m, andat most n machines with C/ 2 m. After removing n machines

[82]
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there will be at most ,t machines with ar 2m-n. After & steps the lbwer bound is

nm + n (m -n)+ . . . + n (m - (t-l)n). For the remaining I machines th.e.nivial lower

bound ir c, > n. since, there are exactly n jobs we have the lower bound is.

k

LB(sz') =lg*-(s - 1)n2) + d = Y n' + (k + l\nt :
s=l

Braesel /Kleinau presented n l2l apolynomial algorithm for solving the problems

lOlp,i = 1l C.o and O lpii =l lX,.tC,l.By changing the roles of machines and

jobs we obtain the following algorithm for the open shop problem lolpu = lld'o,

126 Cl with time complexity O(nm). Here, C'no also denotes the objictive

function 91

Algorithm3.l SolutionoftheproblerOlPii= I I C,o, lZ1.t C, .

Input: n, m, and p y = 1 for all d,j

Ouput: Matrix of completion times C = lc,i 7

SO: l f  m<n, thenC::  LRfn,m,nf
go to ̂ S5 ;

SI: Determine ftand lwithrz = kn* l, (0 -< k,0 < l<n),

choose Kt e {0, 1,2, . . . , k-l) arbitrarily ;

52: Insert in C,ld latln squares with the insertion sets

Sq=  { (q  * l ) n+1 , .  i . ,  7n l ,  Q  =1 ,  .  . ' ,  F ,

53: Insert in C one latin rectangle with n rows, n +l cQlumns, and the insertion

set
S= {ft* n*1, .  (f t* +l)n +1}

and the following two ProPerties:
- in 1 columns the greatest integer is (ft* +1)n
- rn n columns the greatest integer is (,t* +l)ta + 1;

54: Insert in C, k - lf -1 latin squares with the irtsertion sets:

Sq :  {qn+ l  +1 ,  .  , ( q+L )n+ l \ , q  =  / r *  *1 ,  - .  . , k -  l ,

55 End

Theorem 3.1 The polynomial algoritlm presented above exactly solves the

problem O I pii = | | 91, gz.

Proof: In order to show that the lower bounds LB (g1) and LB(gt calculate above

are tight, we look the insertion sets in the prese'lrted algorithm 3.1.

t83l
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Since the greatest integer ilall insotion sets is given by ma:r {n, m|,we

have e, =, tirAij if m 3 n arrd e,= z otherwise' Therefore we have LBGr ) :

man {n, m}-d^o.

Obviously, the lower bormd satisfeslfi@) = 'xr' = 21.-te , -rf m 3 n since there

are exactlY m job5lrProcessing'
gffiIly, it * J-i i t,of,serving each insertion sels in the algorithm we get

ht 
t-l

TF = l rin + t(k* +r)n+n[(ft *+1)n+4 * IT [(.l + l)n+r]

f:i"!- fr''" 
' ' ' '- '-''- i=-r*t

k

=frr'+ /(ft * +1)n + nKft + +1)n+ 4.,ET Lin + 4
J=1" '  

J=k '+2

k r k

=n'Li+ (ft+ l)nl+nzf(k*+1)+ "' ,lrJl=r

=9n, +(t+ t)nt = LB(!r).

Thusobtainingthelowerboundsasorrobjectivefimctionvaluesthe

theorem is Proved.
It is rgmarkable that all optimal schedules of the proble'm olpv =ll&'82

can be constucted by the algorithm 3'1'

Erample3.l.Letthereben=3informationsourcesand',.=!|r@eivers,whereall
receivers *. r"qorcii;;;;in'"11 the infrrm6ions for unit time' It is assumed that

nosourcewilrtransmittheinfor.mationtomorethanonereceivetatthesametime
andnoreceivercan.receivemorethanoneinformationatatime.Thelrwehavethe
objective value 91 

= f .il;;::1 *l the fqllowins Pltti* 
C of completion times

i; tlt; optimal sctredutes giv€n Uy the above algorithm 3'l'

Here ft:3 and I = Zso ttrat we can choose ft* e {0' l'21'

{

F
il

a
I

s

L
t

I
a
I

- (

e')

i l
t t )

e  I ,
L 0 )

4 6 :

5 4 :
"6 5..-l

Ii
( r

= [ :

2 3

3 1

t 2

2 3

3 l

1 2

4 5 6

5 6 4

6 4 5

7 8 5

6 7 8

8 4 7

l 0 l l 8 : 7

9  1 0 1 1 : 8

1 1  7  1 0 : 9

9 1 0

10  l l

l l  9

k *  = 2

k *  = t
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t0

1 l

9

4. Minimizing the Idle-Time and Totalldle-Times

Let ,s-,- be the idle-time of machine j. In this section we consider the
problems P3 and Pa (see [5]) to minimize the idle -time ,9ro of machines and total
idle-times I;."r ,S7 of machines. respectively. The considered problems are solved
'in polynomials time algorithms in the case of processing times prj = | for all i and
for allj.

' 
Let LB (f) md LB (f) respectively denote the lower bounds for these

problems.

Lemma 4.1 consider the open shop problems P3 and P4 with SIJ: r x "I, then the
lower bounds are LB (fi) - r;-l and LB (f) = m (rL).

Proof: suppose that m < n. since each job can complete the last job of its job o;der
earliest at time n units and since each machine and job can start its proeessin g at znro
time level, we have

LB (fi) : r'1 and LB ffz) = m (n-l).

Suppose that the number of jobs n is less than the number of machines zn
so that m: br * 1, where 0 < ft and 0 < I < n. since each machine and jobs are
available at zero time level and the last operation completes of the job i earliest at
time n units, the trivial lower bound LB (rt) is 11.

Because in each m machines exactly n time unit operations must
be processed Ci - Qi +l 2 n, i.e., d, - 9j >r -l has to be satisfied. Therefore we

have, LB (fz)> m (n -l).

Now we define the following objective functions

Sl,o:: fr -QrI)and X;..r 51 :: f2-m(wl).

The lower bounds for each of these objective functions is zero.

Now we present the following polynomial algorithm wittr slight modifications of
algorithm 3.1. The time complexity of this algorithm is again O(nm).

Algorithm 4.1 Solution oftheproblemOlptt = I lFo,o, lEr., Sr.

( s
c= l  q

I s

4 5

5 1

2 4

6 7

7 8

8 6

: 1 2 :

: 2 3 :

: 3 1 :

l l ' \
I

9  
1 , f t *=0

l 0 /

8 : 9

6 : 1 0

7  :  l i

[8s]
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Inpuf z, m, md P q : I for all i,i

Output Matrix of completion times g = lcil 7

SO: If m <n, then C : = LRln, m, nf,

g o t o 5 5 ;

SI :  Determine/cand/w i th  m=kn+/ , (0 ,  <k ,0  < l<n)

choose lf e {0, 1,2,' .., ft } arbitrarilY ;

32: Insert in C,l* lattn squres with the insertion sets :

M q =  { ( q - L ) n + 1 , .  .  .  , Q n \ , Q : 1 , '  '  '  , H ,

s3: Iniert in c one latin rectangle LR* ln, /, n] with the insertion set

14: { l {n* l ,  .  .  . ,  ( f t t+l)n};

54: Insert n C, k-l* latin squares with insertion sets:

M q :  { q n * l ,  .  .  .  .  .  .  . , ( q  + l ) n ) ,  g :  I C ' r t , ' ' ' ,  k  ;

55 End

Theorem 4.1 The algorithm presented above exactly solves the open shop problem

Olp, i  = l  lS-,o, l I ; . "r  Sr .

proof: In order to show that the lower bounds calculated above are tight we look for

thelowerboundsineachinsertionsetsofgivencardinalityn.

Fot m 3n, since the latin rectangle LRfn, m, n] in algorithm contains exactly

once nin each m columns (it is matrix of permutations) we have

S-*o :  0 = LB Vt) 
-  @-l) ,2 i . t  $ 

:  O =LB (fz) -m (n- l) '

Also, in Qrder to show trrat the lower bounds are tight in the case of m: kn + I with

0<k ,03 . .<n ,weobserve the inser t ionsets in thea lgor i thm4. laga in .S incewe

haveklatin squares of size nxn andone latin rectangle of size n x I rn n elements'

obviously S'o:0 : LB 6) 
- ("-l)'

Finally we have,

LS, 
-- LB(f)-n(n-r\

j e J

kr
sr

=LU"- jn+ n- 1) + / [ft * n* n- k* n-If+ n

i=r

k
st

L Un* n- in-l)- m(n- 1) = 0'
j=kr+l

Rr
P4

sc

5(

CI

c(

Example 4.1Letbe there l0 books of scheduling th6ory and 4 students willing to

read these books in a titrary. Assume that each student can read at most one book at

a time and on each book at a time only at most one student can read' All students are

;.q;; to read all the books for un-it time and no-idle time on books is accepted'

Here , thes tudentscanbetakenas jobsandthebookscanbetakenasmach ines .

a

T

CI

n
t

il

[86]
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Required is an optimal schedule with its optimal value for the consideted problem

Pa. We have optimal objective value j : 3 and f2 = 30, and exanplee of optimal
schedules are give,n by

5 6 7 8

6 7  8  5

7 8 5 6

8  5  6 7

c -

C -

( r  2

i : ' r
[ o  r

( t  2

l r  3

l r  4
\ 4  I

( t  z

l : ' -
[ o  1

Q -

e ro 1r  tz)
l o l l 1 2 g l
l l  12 9 ro  l " t r=o

I
t 2  9  l 0  t t )

rz )

ir ,,|'-.= '
r o )

ii)"='

9 1 0 1 1

r0 l l  t2

l l t 2 9

t 2 9 1 0

3 4

4 l

t 2

2 3

3 4

4 r
t 2

2 3

5 6

6 7

7 8

8 5

5 6

6 7

7 8

8 5

7 8

8 5

5 6

6 7

9

10

l l

12

In order to show that the algorithm presented above constructs all pos,sible

solutions, we consider some further resfrictions. I'et fi = max {Cr } be the maximum

completion time of job , with respect to no-idle time. Then itLB$5\-denotes the

corresponding lower bound,

LB(f)={I*,-, o.!_il1",
which is tight. Therefore we have the following optimal solution

f ,  i f  m < n
C'o = 

l *+n- t  r f  m= bt+ I

forthe opeq shop problem Olpu = I , no-idle lC'o.

Proof of the followingtheorem can be found in [5].

Theorem 4.2 AIt optimal schedules of the problem Olpa=llrt,Iz,fs can be.

constructed by the algorithm 4.1.

Remark 4.1 Optimal solutions of the froblems OlPy = I | ,S'o,O lPy =ll21.t 5,,

and O lpil =t no-wait lC.* .* be obtained immediately using the algorithms of

this section by changing the roles of machines and jobs.
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5. Concluding Renarks

It is knorm from literature that many scheduling problems are very hard
with respect to their computations. In this iaper the p-olynomial algorithms are
presented for the considered open shop problems with unit processing iimes pu : 1
for all i andj. But the corresponding problems with partial operation sets ̂S1,/c 1 x -/
have been studied and a heuristic insertion algorithns based on branch and bolnd
method are presented in [5]. The concept of partial latin matrix is very important in
this case. In such insertion algorithm the insertion of one new operation is equivalent
to fill anew non-occupied cell in apartiallatin matrix. Such insertion algorithms are
verifie<i with small number of n an m in [5], but their computer implementation for
large number of machines andjobs could be a topic for further research.
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Some Constructions of Group Divisible
and Rectangular Designs

RAVI R SA)GNA AND B. L. MISRA

Abshrct: In ttis research pap€r, an att€ryt has bea made to construct the grory divisible md

rectogular designs through balanced incorylete block desip md other*ise. Tables for r, t S 15
have also beeir prepared.

l. Introduction

Constructions on group divisible desrgnS, which is the simplest of 2-class
association scheme, started with two research papers; one by Jobn and Tumer [4],
rvto gave solution of 15 designs not listed by Clatworthy [2] and anothri by
Freeman [3] who consfructed them by cyclically generating m initial block. Later
work on such constructions are due to Bhagwandas & Parihar [], Kageyama and
Tanaka [6] etc. The constructions on rectangular desrgns is mainly due to Vartak [7l,
Kageyama [5] etc. In this paper we have given the pattemed construction of semi-
regular group divisible (SRGD), regular group divisible (RGD) and rectangular
designs (RD) through balanced incomplete block designs (BBD) and othernise in
the section-3. Some of these desigs are beliwed to be new non-isomorphic
solutions of the existing designs.

2. Definitions and Notations

Definition.2.l An incomplete block desrgn with v* treatu€Nr8, ananged into 6*
blocks, equi-replicates rt and equ-blick sized ** (ft* < v*), no heafineNrt occurs more

than once in a block and each pair of tream€lrts occurs together in 2* blocks is
called balanced incomplete block @IB) desrgn.

The symbols v*, b*,r*, ft* and A* are called the parameters of the design.
They satisfies the following relations:

t )  f : b * F

ii) x* 1v*-l):f (rf-l)

iii) D* > v*.
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A BIB design with v*:6* and hence r*: ft* is called symmetric BIB design,
or SBIB design and is denoted by (vr, F, ).*).

Delinition 2.2. A group divisible (GD) scheme is an arrangement of v: mn
treatrnents divided into m groups of n treatments each, such that any two treatments
in the same group are first associates and any two treahents from different groups
are second associates.

We denote a group divisible design of trvo associate classes by GD (v, b, r, k ;

7t,4;m,n).the parameters of GD scheme are v: mn,nt: bl, plf n-2, ph:0.

The group divisible designs are classified as :

t) A GD is singular or SGD rf r= 2,,

ii) Semi-regular or SRGD if rk: Lzv

iii) RegularorRGD if r> )., andrk> )qv.

Delinition 2.3. The rectangular scheme of l/artakl7l is defined as follows :

Let there be v: mntteafrnents arranged in a rectangular form in rz rows and
z columns. For any treatrnent 0, n -l other treafuents in the same row as d are its
first associates, m-I other treafuents in the same column as d are its second
associates and (n-I)(m-l) remaining treatrnents are its third associates i.e.

nt= n -1, nz: ffi -f, nz: (n -1) (z-l) with

0

m - l

(m-r)(n*2)

n - I

0

(m-2 ) (n - r

and

3. Main Results
Construction of Group Divisible Designs:

Theorem 3.1 If N is the incidence matrix of order v* x b* and N is its compliment
of a BIBD with the parameters ln :2F,'r*, F, A* : (fr*-l), then the incidence
pattern

l , - z  o
4 = l  o  o

L 0  m - l

[ o  
o

P, = i  0  m-2

L n - l  0

[ o  I  n - 2  1
pr= l  I  o  m-z I

L n-2 m-2 (n-2)(n-2\J

I
I
l '
I

I

)j

is the incidet

design (SRG,

I

)

Proof: Let,S

a GD desigr

utere .VM =

parameters vi
SRGD. Henc,

Remark 3.1

holds. therefo

In p:

SRGD desigr

n = 1 . O u r  g

Clanrorthl [!

Tlrcttrcn : l

:r: lr rrrirr

-{5 r

i )  BTBD I1

i i )  BIBD rr,

i i i t  BIBD r6.

Rcurrt 3J

SR 7l of Clat,

Theorem 3.3
f =2F - tlcn

[e0]
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is the incidence matrb of order v x b of a resolvable semi'regulo group divlglhh

design (SRGD) with parameters.

V:4 l ' ' *  ,b : l2r* , r :6(zF- l ) ,k :2F i  h t :  '6( t * - l )

h :3(2 l f - t ) ;m:2,n:v* .

Proof: Let ,S be the incidence matrix of order v x 6 having row (column) sum r{&) of

a GD design with parameters given above and,s' be the tanspose of ̂ 9, then

where NI I :  ( r+-1*) Iu+1*J, ,  we get  1r=61,*  Md k:3r* .The othpr

parameters viz.v,b,r,k are obvious. Since rft - l"v:0, the resulted desig4 is a

SRGD. Hence the theorerh.

Remark 3.1 In the design constructed'in Theorem 3.1, the relation b>-v -m * r

holds, therefore resulting design is a resolvable SRGD desrgn.

In particular, if we consider BIBD (2,1,0) then the resulting resolvable

SRGD design has the parameters v= 4,b= 12,  r= 6,k=2;Lt=0,  k :3;m=2,

n: 2. Our solution is a new non-isomorphic solution to the design sR 3 of

Clatworthy [2].

Theorem 3.2 If N r a BIB (v*, b*, t*, F, )'*) design with v* = 2F, then

l-rttt frl
t =1" 

r,tl

in the incidence matrix o/a SRGD des ign Qv*, 2b*, 2r*, 2F ; 22v*, r* ; 2, v*)'

As.an illustration of this theorem, starting from

r) BIBD (2, 2, l ,1,0) yields SRGD (4,4,2,2 ;0, l ;2,2'1

i i) BIBD (4, 6,3,2,1) yields SRGD (8,12,6,4; 2,3 ;2'4)

i i i )  BIBD (6, 10, s,3,z)yields SRGD (12,20,10,6 ;4,5 ;2,6)'

Remark 3.2 The designs are the new non-isomorphic solution of SR l, SR 38 and

SR7l of ClatworthY [2].

Theorem 3.3 If N i:t the incidcnce matrix of a B,IB design (v* , b'*, f*, F , 7* 7 with

v*ll!,then

l-iv lv /v iv n ivl
t=1" /r t n lv ivj

I o,rvlv 3i I
ss'=L ,o 6/0t/'I '

[e1]
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, J=

is the incidence matrix of a SRGD design (10ft*, l6r1,8f ,5k+,8A*,4r* ;5,v*)-
As an illusfiation of this theorem starting from a BIBD (2,2,1,1,0), we get a

SRGD (10, 16, 8, 5 ; 0, 4 ; 5,2) a new isomorphic soluion of design SR 54 of

Clatworthy [2].

Remark3.3 Compliment ofthe above design also yields a SRGD desrgn.

If iV be the incidence matrix of BIB desrgn with parametets v*2F,

b*- 2r*, r*: t (2F-l), ft* and 1*: t (l{-l) for a positive integer t, then incidence

structure

,S* =

yields SRGD desrgn with parameten :

v = l0 lf , b = 16 t (zl'-l), / : 8 t (2 k*-l), k: 5l.*;

) .1 =$t(f t*- l )  ;  k :  4t  Q l*- l )  i  n:  5,n:2ff .

Now, if /v is the incidence matrix of resolvable BIBD, then ^s* is also the

incidence matrix of a resolvable SRGD desrgn.

Theorem 3.4 It N denofe (0, 1) ircidence matrix of order y* x b* of aB,IB.D (v*, b*,

r*, F, 1+) and J is a vt x b* matrb of writies, then the matrb

J

il JV iV /V /V /V iV .lr

i l N N / V / V . / V N / V

/V N iV /V iV iV .rf lV

iV /Y iV N /V JV itt iV

/ v i v i v i v N n r l v . | r

/ V J V i V N l t t N f f n f

iv t iv iv iv ,,tt nr ir

N N .l|/ ftt 1V .ff N ,tt'

,ttt /tI /tt iV iV M iV il

/f iV ltr nf iV N N ftr

$ =

J

J

I
J

/Y

J

J

I
JV

J

I
I

J J V

N ' J

l l
J J

J J

J

I
J

J

le2l

t  x l  
'

{

I
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where t ) 2, apositive integer, is an incidence matix of a regula,r group divisible
(RGD) design with the parame'tqs:

v:f i i ,b=tbt,r:f  +(t- l)b*,k=ft* + (t- l)vf ;
Ar : A.++ (t-1) bi, h : 2t* + (t -2)b+ i m: t,n:vt.

An illusfration, for t = 2, rf we consider a BIBD (4,6,3,2,1), we get a regular
GD design (8,12,9,6 ;7 , 6) r,lhich is a new-isomorphic solution for R 164 given in
Clatworthy [2].

Remark 3.4 Replace iv by iv in Theorem 3.4, we again ga a incidence marix of
RGD design (tv*,tb*,tb*-f ,tv*-h* ;tb*-2f + F,tb* -h*.;m: t,n=v*.

Remark 3.5 If N is an incidence matix of a symmetric BIBD (y*, ft*, ,1t), then ,S
will be'an incidence matrix of a regular GD design (tv+, h1+ (/ -t)r* ; ,* + (t -1) v*,
2F+( t2 )v * ;  m : t , n : v * .

We have the following corollaries :

Corollary 3.1 Existence of a qrmmetrio BIB design (n, l, 0), z >l implies the
ercistence of a slmmenic RGD design {nt, n (n-1) +1, n (t -l), n (t - 2) +2 }.

Corollary 3.2 Existence of a symmetric BIB design (4p+3,2fr1, pl implies.the
existence of a symmetric RGD design {t(4p+3), (4pt-2p+3t-2) ; @pt+3t-3f3),
(4pt -4p+3t-4) \ .

Corollary 3.3 Existence of a symmetric BIB design (4P -1,2F, P ) implies the
existence of a symmetric RGD design {t (4P -D, (F t-zf - t +l) ; (4P t-3pz -t

+l),(4/t- 4Fn + t+z)l

Corollary 3.4 Existence of a slmmetric BIB design (8m+7,4m*3,2m+ l)
implies the existence of a symmetric RGD design {t (8n + 7), (\mt - 4m + 7t'- 4),
(&mt - 6m + 7t -6), (8nt - 8zr + 7t + 8)),

As an illustation, if we take symmetrio BIB design (4, 3, 2) \4'e get a
symmetric RGD design (8, 8, 5, 5 ;4,2), a new non-isomorphic solution to R 133 of
Clatworthy [2].

Theorem 3.5 If N is tlp incidence matrb of aBIBD (v*, 6*', f , F,1\ and 0 is ttte
f x b+ matrb of zeroes, then mdrix

] , . ,

,=l/ v 0 -

0 i l

t l l
0 0

L - ' t

0 0  0

0 0  0

t t l
0 0  N
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is an incidence matrb of a regalo group divisibte (RCD) design with 
'the

ptrameters:

v : fu * ,  b= tb * ,  r - r * ,  k :F ;  L t=  1 * ,  k=0  ;  m : t ,  n : v * .

Since, for this design rk > vXa and r > 21 , hence the resulting design is
regular GD design.

As an illushation, for / = 2 from a BIBD (3,2, l), we get ,S, the incidence

matrix of a slnnmetric RGD design with parameters v: b:6, r: k:2; )"1: \,

h = 0 ) 2, 3.The blocks of the design are (1, 2), (I, 3>, (2,3), (4, 5), (4,6) and
(5,6) .

Corollary 3.5 Symm€tric BIBD (p, p -1, p - 2) yields a symmetric RGD v : b = pt,

r = k = p - l ; h = p - 2 ,  L z . : 0 ;  m = t ,  n : p .

Construction of Rectangular Designs :

Theorem 3.6 Let us arrange r? treotments in a run square. Write all possible blocks

of rows and also of cqlumns, taking A ,2 I Q 3 n -l of them at a time, then we get a
PBIB desigtt based on rectangulr association scheme with pooneters:

v  =  n2 ,  o  =r (A ,  t=  2 (L_ ' r ) ,  k :  @ n ,

A, = k = (2--Zr, (#\, h : 2 (A--7\
As an illusfation , for Q = 4 and n = 6, we get the parameters of the design

v=36 ,  b10  r=20 ,  k=24 ,  Ly :12 :16 . ,  h :12 .
The blocks of the design are (R1 Rz fir & ), (Rr Rz Rr & ), (ftr Rz Rr & ),

(Rr Rz&Rs ), (Rr Rz&& ), (Rr Rz&& ), (Rr Rr &Rs ), (Rr Rs Rs & ),
(Rr Rr & & ), (Rr &?s & ), (Rz Rr & Rs ) and (R3 & Rs & ). Similarly, for

oolumns replacing R by C,with same suffix.

Corollary 3.6 lf A =2, then parameters of rectangular desrgn are rF fr, b: n (n -l),

r 7 2 (n-1), &= 2n ; ).1= k= n, h = 2.

Corolfaty 3.7 If a= 3, then parameters of rectangular desip are v = ,t' , b 1(\),

,=(n- l ) (n-Z) ,  &:3n i \=  h= { (z+ l )  (n-2) t2 l ,h=2(n-2) .

Renark 3.6. lf n= o ,lhenrectangular design reduces to complete block design.

Theorem 3.7 If iV is the incidence matrix of order v* x 6* of a BIBD (v* , b* , 7* , F ,
1*), then t

r t l
-l

I

t

I

te4l
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is the incidence matrix of a three associate class rectangular PBIB design with
parameters :

y= 5v* ,  b=5b*, r :4b*  -3r* ,k :4v*-3F I  h=4b!-Br*  *  5  A+,

Lz, : 3(b* -r*), h : 3bt'-4r*+ 1* .

As an illustration, we hdve
(i) BIBD (4,6,3,2, l) yields 3-PBIB desrgn (20,30,15,6 i5,9,7)
(iD BIBD (4,4,3,3, 2) yields 3-PBIB desrgn (20,20,7,7 ;2,3,2)

Remark 3.7 Replace iV by 0,.,6' (null matrix) then, we get a tbree associate PBIB

design with parameters:

y= 5v* ,  b=5b*,  r :4(b*- r* ) ,  k :4(v*-F) i  1r=4(b*-27*+A;) ,

Lz: 3(b*-r*'), k: 3(b*-2r*+X* ).

Remark 3.8 If lf is replaced by.]\fandilby Ou*,6' (null manix), then again we get

a three associate rectangular PBIB design with parameters :

v :  5u* ,  b :5b* ,  r=4 r * ,  k=4F  i  L t : 4 ) , ' * , ,  L2=3r * ,  L t=31* . .

Remark 3.9 If in Remark 3.1 r* : A*,we get a RGD design with parameters :

v :  5v* ,  b :  5 l * ,  r :4) , * ,  k :4F ;  ) ,1 :44* ,  Lz:311 ;

f f i : 5 ,  n :  H .

Theorem 3.8 If N is the incidence matrix of aBID.D (v*,b*,r*,F, )'*), andO is the

v* x b* matrix of zeroes, then

irt JV iV /V lV

,,rt fi If iV iV
- : :
. V 1 / N / V / Y

/t/ 1/ /rt lV .lV

I{ I/ ,,f iV fY

s -

$ =

0

0

0

il

JV

0 0

0 0

TT JV

0 / r
n 0

0 0

/f /V

0 0

0 i v

n 0

l

t95l

iv ^rr iv
0 0 n
0 l r 0

/ v 0 f '

0 0 0

0 . | r
irl 0

N O

0 0

0 i v
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is the incidence matrix of a three associate FBIB desip with parameters :

v = 5 v * ,  b : l l b * ,  r : 4 r * ,  k : 2 l f  ;  ) " 1 : 4 ) , * ,  k : r * ,  L t : l * .

As an illustration, BIBD (4,6,3,2, l) yields 3-PBIB design (2A,60,12,4 ;4,3,l).

Remark 3.10 If we put r*: A,t (r* : F, b* : r*, i.e. CBD) then above parameters
will represent a singular GD design

v :  5 * * ,  b : l 0 r * ,  r : 4 r * ,  k : 2 F  ;  ) , 1 : 4 r * ,  k : r * ;
f r = 5 ,  n = F ,

Theorem 3.9 : If N is the incidence matrix of aBBD (v*, b*,/*, F, X*), then

[ . n r  r /  N  o  o  o l
l "  o  o  o  i l  r " l

s=l  o /r  o 
I

L o  0  , ,  i l ;  i l j
is the incidence matrix of a three associate PBIE design with parameters :

v= 4v* ,  b=6b*,  r :3r* ,  k :21*  ;  ) ,1 :3.1* ,  k : r * ,  h  :  A* .

As an illustration, we have
(D BIBD (4,6,3,2,1) yields 3-PBIB design (16,36,9, 4 ; 3,3, t)
(ii) BIBD (7,7,3,3,I)yields 3-PBIB design (28,42,9,6 ; 3,3,1\.
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[7] Vaxtak, M. N. (1955) : "On an application of Kroneckcr product of matrices to
statistical deslgns.* Ann. Math. Stat., 26 pp.420438.
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Trblc I : Group Dlvislblc Designs for

. In Clat*,orthy (1973)

S l v : r k b m n L r n 2 E Remark

Basedon lListoddr
2  t 2 2  2  0  3  0 . 6 0
2 4 2 2 0 1 0 . 6 0
4  t 2 2 . 4  2  3  0 . E 5
6  2 0 2  6  4  5  0 . g l
E  2 t 2  8  6  7  0 . 9 3
5 1 6 5 2 0 4 0 . 8 8
4  2 4 2  4  4  6  0 . 8 5
3 4 2 2 2 2 0 . E 9
6  r 2 2  4  7  6  0 . 9 5
9 m 2  6  n  . l0  0 .97
7 8 2 4 6 6 0 . 9 E
7 2 0 2 5 1 1 8 0 . 9 5
9  1 0 2  5  8  8  0 . 9 9
rr t2 2 6 t0 t0 0.9!,
l 0 [ 4 2 7 8 6 0 . 9 7
l l  1 4 2  7  9 I  0 . 9 8
13 14 2 7 12 12 0.99
5 6 3 2 4 4 0 . 9 6
l0 lE 3 4 13 12 0.9t
lt t2 3 4 l0 l0 0.99
14 15 3 5 13 13 0.99
5 8 2 4 4 2 0 . 9 0
6 1 0 2 5 5 2 0 . 9 0
7  2 0 2  5  1 l  8  0 . 9 5
7  1 2 2  6  6  2  0 . 9 0
8 1 4 2 7 7 2 0 . 9 0
9  1 6 2  8  8  2  0 . 9 0
ll 20 2 t0 t0 2 0.90

l r .  4  6
1 2 . 4 2
1 3 .  8  6

1 4 .  1 2  l 0
1 5 .  1 6  1 4

l o .  ro  8
17 .  8  12

l r .  4  3
l e .  8  e
I  ro. 12 15

| i l . . 8  7

I 12. l0 14

l l 3 .  l 0  9
14. t?, ll
15. 14 l0
16. t4 l l
t7. 14 13
I t . 6 5
19. t2 t5
20. t2 ll
21. 15 . t4
2 2 . 8 5
23. l0 6
24. l0 t4
25. t2 7
26. 14 t
27. t6 9
28. 20 t.l

T.h.3.l sR-3
1\.3.2 sR-l
Th.3.2 sR-38
Tb.3.2 sR-7t
Th.3.2
Th.3.3 sRr54
Th.3.3
Th.3.4
Th.3.4 R-164
Th.3.4
Th.3.4
Th,3.4
Th.3.4
Th-3.4
Th.3.4 R-204
Tb.3.4
Th.3.4
Th.3.4
Th.3.4
Th.3.4
Th.3.4
Th" 3.4 R-133
Th.3.4 R-166
Th.3.4
Th.3.4 R-173
Th.3.4 R-lE7
Th.3.4 R-195
Th.3.4



Trblc 2.: Xcclugdrr Dc@ns for r' i 3 15

It Ned
Vo|. 17.Ii

r\ Brc€d on

4 Th. 3.7
t2 Th. 3.7
t2 Th. 3.7
16 Th. 3.7
m Th. 3.7
21 Th. 3.7
2t rh- 3.7
36 Th" 3.7
,00 Th. 3.7
4 Th. 3.7
t2 Th. 3.7
t2 Th. 3.7
t2 Th. 3.7
20 Th. 3.7
24 Th. 3.7
21 Th. 3.7
u Th" 3.7
36 Th- 3.7
12 Th" 3.7
4 Th. 3.E
t2 Th. 3.E
t2 Th" 3.E
21 Th- 3.8
3 Th. 3.9
9 Th" 3.9
15 Th" 3.9
9 Th. 3.9
t2 Th" 3.9
t2 Th. 3.9
15 Th. 3.9
15 Tb" 3.9
lt Th. 3.9
It Th" 3.9
24 Th. 3.9
30 Tb" 3.9
36 Th" 3.9
60 Th" 3.9
45 Th" 3.9

4 'lz

t 4
3 4
3 4
1 1
5 4
6 4
7 4
9 4
1 0 4
t 4
3 4
3 4
1 4
5 4
6 4
6 4
7 4
9 1
3 4
l 4
3 1
3 4
6 4
l 3
3 3
5 3
3 3
4 3
4 3
5 3
5 3
6 3

, 6 3
E 3
1 0 3
1 2 3
2 0 3
1 5  3 .

t h L r a
1 0 . 0  3  2
3 0 '  5  9  1
2 0 2 3 2
2 s 3 3 2
3 9  1 3 2
3 5  5  3 , 2
& 6 3 2
5 0 t 3 2
5 5 9 3 2
1 0 0 3 0
3 0 4 9 3
20 0 3 0
2 5 0 3 0
3 0 0 3 0
3 5 4 9 3
35 0 3 0
' 4 0 0 3 0

5 0 0 3 0
m 8 9 6
m 0 l 0
6 0 4 3 1
4 f . 8 3 2
m 4 3 l
t2 0 I 0
3 6 3 3 1
6 0 6 s 2
2 1  6 3 2
6 0  3  4 ' l
: x t g 4 3
9 0 3 5 1
3 6 1 2 5 4
42 3 3 I

. # { 6  4  2
r'T2 3 4 I

6 6 6 5 2
7 t 3 4 1
126 3 5 I
rm 3 5 I

5
t0
7
t
9
l0
l l
l3
l4
4
t
4
1
4
12
4
4
4
t2
2
4

. 6
6
2
4
6
6
1
t
4
l0

'6

8.
6
l0
t
l0
t

7

r
l5
7
t
9
10
l l
l3
l4
4
t2
4
4
4
t2
4
4
4
t2
4
12
t2
t2
3
9
t5
9
t2
t2
I5
l5
9
t2
12
l5
t2
t5
l5

v

lo*
m
m
25
30
35
rl0
50
55
l0
20
2A
25
30
35
35
40
50
20
l0
20
m
35
t
l6
u
l6
m
20
u
24
28
2t
36
u
32
t4
t4

sl
r
2.
3.
4.
5
-6.

7.
t.
9.
10.
l l .
12.
13.
14.
15.
15.
t7.
It.
19.
2fi.
2t.
x2.
n.
24.
25.
25.
27.
7E.
2e.
30.
31.
32.

,33.
34.
85.
36.
37.
3t.

#
tilp
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On A Differentiable Structure Satisfying

f2'*4 +.f' : o, f * o and of rype (1r1)

K.K. DUBE

l.Introduction:

In t3l A. Pefakis has studied the subordinated hermitian structures of

n f (2v + 3, 1)-structure. In this paper we intend to study/(2v +4,1)-structtre in

order to find the above conditions in the title such that ([2], [3]) K.Yano did for

ttre structure 04 t 02 : 0 and [] for the structure fs t f : 0. Here v + 0 but weir

when v: 0 we get [3].

2. Let Mn be an r-dim. differentiable manifold of class C mdf (*0) a tensor field

of type (1.1) and of rank r such that

(2.1\  72v+a1f  =0

Let (1,1) tensor ( andm

(2.2)
del d4

|  = -1 f2v+2,p  =  72r*2  +  I

where /being the identity operator, have the properties

12= l,  m2: m, lm : ml= 0, L + m: I.

Thus, the operators l, m are complementary orthogonal projections.

At each pointx e M,

T,: Im /x @ Ker k, tn(x):.r V r e Im lx

and
Tr= Im ll,h @Ker mx,Mt{x)=x.V x e Im mx.

Consequently, if there is a tensor fieldf *0 satisffing (2.1), then there eldst oa Mn

two complementary distributions L md M, Conesponding to / and m respectively,

withdim L:randdinM-n -r. Suchstructutc,wecall *f Qv +4l}-sfructure.
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of rank r.If r= nthen (.: L,m:0 and /satisfies 1:2va 
- -1. Thus, /'+r defines

on Mn an almost complex structure and n must be even'

Theorem 2.1. Forf satisfy@ Q.L) and L , m defined by (2'2), we hqve

(2.3) f l: lf : -f"*t ,

.f*:^f: f"*t +.f ,

. f 'nn L :  -(J"* '  m: mf2'*2 :  o,

that is/'*l acts on L as analmost complex structure operator and on M as an almost

tangent structure oPerator.

Proof (2.3) follows easily in view of (2.1) and(2'2)'

Theorem 2.2 Forf satisfying (2.1) and m defined by (2'2)' we hove

(2.4) (* +.f '*t  ) (* -. f '* '  )  :  l ,  f2'  = mfz = 0'

Proof: Proof follows easily in view of (2. 1) , (2'2) nd (2'3)'

Theorem 2.3, If m is a projection operator and f a tensor field on Mn such that

f2 m = m.f2 : 0 and (m +.f'*t ) (. 
- f'*t ) : l, then

(2.s) 72v+a a .f2 
:0

Proof: Now (rn + .f"t \ (^ - f'*t ) = |

+ mz -.frr*, : r

= ,-.lou*t: 1(because m2 : m)

+ f m-.f '*o:f

+ .fon*t + f 
:0 (because /2 m= 0)

which proves the theorem.

Theorem 2.4. For tensor p and q defined by

P= .f"*2 + f i l  z,  4:. fn*2 -fh[t

- t =
p q =  q P = - ( Q +  d . J  2 , f  *  q 2  =  0 .

[100]

(2.6)

we have,

Q.7)

Fr-
- . -

rfsf

: g t

*'tsur

r r l

: f

u t

H

"tr 
(

:b

tth

: r l

rrE

:}C

H

: .ol

\rr

conversely, if there are given in the manifol.d two distinct tensor fields p and q both

of type (l.l) satisff mg(Z.1\,then we can-fihd out a f *0 such that fz*a + 'f : O

anap ana q coincides with those of given by (2'6)'
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Proof If there are given in the manifold two distinct tensor fields p and g both of
type (1.1) satis$ing (2.7)then,

f= (p- i l / J i

we have the relations

Q.8)

so that f"< d

Proof

(2.r0)

Now,

satisffing .f"*o * .f : O.Furthermore, since fu*' = p + q'{r,we have

p: fu*t +f lfi and q=fn*'-f lJt

yn- 72v+2 +l and 7 =l1s-.ty.

The proof of the rest part is trMal. 
\

Theorem 2.5 For tensors p and q defined by

p=m+Jfn+ l  and q=m- fu* r

Pq = w :  L,  f  -  p +l  = Q, 4 -8 * l  = p

f  - p + l = Q n * f v + r ) 2  - m - j i v ' + r  + l

-  
7 2 v + 2 - J : v + r + l = Q

d - q +L= (m -"f" )' - m +fv+r - p.

From this we have the fact [5], that oa M, there exists a tensor field/of
tpe (1,1) satisSing .f4 +f =0 t3l.

Theorem 2.6. If there te given on Mn, two distinct tensorfulds s trd t of fipe (l,l)
defined as
(2.e)

where

s=mI f  md  t=m- . f ,

Then we can find out a tensor field, f + 0 suc[ l*rut "f"n * f2 = O.

Proof From (2.9) after computation" we get

, 2v+2  - s *  1  =  t ,  12v+2 - t+  I  =s

.S /= iS ,  S2 :P  and  g12v+ l  =g2v+ l t : 1 .

7 =| 1s-t'y

+ Jiz = i6, * t2 -^t): t" (s - ry =17

+ f3: s.fz = s?f

+  . f 4  
=  S2  f2 , . . . ,  f r u *o  

:  S2v+2  J ! ' 2

[101]
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s2v+2  - -  /+s - l  * t ' = : ' ) . ^ : ( r - s -  

1 ) i rG- r )2

-  7 2 v + 4  
- | ( t  * t -  1  ) s  ( s -  l )

: - | s ( s - / )

: -.f'

, .f'u*o + 1:2:0, he,nce Proved'
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Relation Between Pad6 Approximations and

Continued Fractions of Generalised

Laguerre Functions

DR V. K. PANDEY AND DR D. S.I.AL

Abstraet In this paper we have established a relation betwe€n Padd tables and continued fractions

of generalised Lagurere fimctions Ljt'), *"have also obtained Pad6 approximations from

continued fraction of Z$ 1t;

1. Introduction:

l.l. The so-called 
'Ge,neralised Laguerre functions' which arises in the theory of 

-

paraboloidal reflectors, is denoted and defured by

r(1+ P+v) o f- ' I
LV)Q)=ff i1 n1*"1' , '  Lt* pt  *  

)

- r ( l - + p i l ) - [ ' * - ,  1 ,  
- v ( - v + l )  

" ,  
I:  

, ( r * p ) f ( l + v )  L -  
'  

l +  p  
'  

U +  G +  t t ) Q +  D '  l J  
* " ' I

where v is not necessarily an integer. I{'@)is a solution of the differential equation

l I + u  \  v  -
y , * l - - t | t ' + ;  .  !=0 .

1.2. Pad|Approximations 
tl 

,

The L, M Pad6 Approximations to a power series l(r) is denoted and

definedby

(1)

where pl(x) is a pollmomial of degee at most L and Qu@) is a polynomial of

degee at most M.T\e formal power series

I r l  P r @ )
LM)=m'
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Q) A@)=i o, 
",J4

ae*gqqinm,ttee+effipg$$lr) d en@) W&e equation

(3) 
*; ' , : ,  .  . , [ ! : ,  r t  A(r\ , - f f i=o(rr+ff+r).

1.3. Pad6 Tabhs or {Dft"1" 
'

i ; l i f i ; * i ;  , '  i r i ' i  r :  " . i
Thus'

; ; 8 f 006 f J . :  
' .  

;  . i , , '  ,  i r r '  . . . , :

. . t ! .  
i . i :  1  

,  , . r r . .  
'  

.  
. - V

A(x\= 4@)=t+fr

Nowputtfulg L= M= I in 1.2(g), $rc get

A(flQ@)_Pr ft):gr ft)o(t')

l- -v 
'-v(-v+l) 

x2 IL e '  
L ' * r * , '  

x + m 6 '  
p + ' " J ( t + n x ) - ( P o + p r x )

= (1 + E, r) 0 (x3).

From this id€fltity we getthe following equations

rot 
"o"i${Sr6tfirfld*'t"tro 

or ̂ 4o.)(r) u,e proceed in the following

,", {;

r  ! 1  .  i

i i l i f . " v , '  . :

.a _ 
-y 

4 
-v(-v+ l) 

_ r,:'r t+ p 
- 

4l+ pX2+ p) 
- u.

Solving these equatims u,E get

P o = l

P t = - T -zg+' p)(2+ p)

' ., ' .,1., v- 1

,., *fr 
*'6@4i

P o = l

, , ' '  
t '  t '  

v

erj i lp- Pt=o

i \  h : r , ;  i  r r , , f i l f  4+4X
I l l :  r + w ,

=

tlo4l
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Proceeding in this manner we compute the following Padd Table l.

In particular we put v: -i nd p:0 and compute the Padd table 2.

1.4. Contlnued Fractions from Pad6 Tabte

Following are the relations betweeir Padd table and continued fraction

[Baker (l)]

( l )

,.(+)',(#)
dzn+'=HA

rruncations ofthis **l#] * 
[#]Padd 

approximations ofthe tunction.

Qsbeng constant term in the Padd denomination.

l n + l \  - - , !  ^ ,  ,  . h , ,  f n + t lp,l;): coeffrcient of rr in the numerator of Padd approximation 
L;l

ln \  |  
"1q"l;l: coefficient of/ in the denominator of Pad6 annroximation 

l:J.

We proceed to obtain three different types of continued fractions for the
Laguene function as follows:

Type I : Corresponding or Stielties Type Continued Fractions

This type of continued fraction is gv€n by

f (* )=bo+arx

l +  a r x

l +  a rx

I  +  . . . . . . . . . . .Q)

tl05l

, " ( : ) , " ( =

',(:)n"-,(T)
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. '  ' , i

Type II:' Aseocietfd q{:Jasobi' Typo Continusd Fractions

f (x)=bo+arx

l +  a r x  -  a r a r x 2

'(j)
l+ (ar+ an)x -  anarx2

*1" ; t r !x '  " " " " " '

Truncations of this give the 
l#)r"napproximations 

i.e., diagonal elements of the

Padd table.

Type ltr: Equivalent or EulerType Cqntinued X'ractions

This type of cohtinued figctiod'is diven by

f(x)= go

t+ (&  l go \x - (g r l g t ) *

t+  (gz I  gr) ,  -  . . . . i t

_(&/g \ r )x  ,
l+  Gn lg ,_ r )x

where ' , f ( r ) '=  go*  grx+ 92*+, . ,  +gn *

.T{uoqations of this g;rve the.fust colunn of Pad6 Table'

1.5. Pad6 Approxlmatlon from Continueil Fraction

Thecontinuedfraqtioninno{uwdbvViskovatoff[3]isgivenby

sr
, ],Jtn x*

I@)---
s ,  - k
Ll tok -

t=0

= t ' o  ,  
"

t@ + tzox

ffi
tm+ t/r x

I  : i t i

l ro  *  - " " " " " '

tl06]

*q

t

(1)



where

Q)

RELATION BETWEEN PADE APPROKMATIONS'''

I t ̂ -r,o t n-z,n+t I
t^n=- u"t  

i  t r -r ,o t^-n,n*t l '

t M\ , [-]/-]Pudd approximations'
Truncations of this give the 

ltl 
*o 

lT*t _( u\.

2. Continued Fractions of Generalised Laguerre Function td'(.:r\t

By using Padd table 1 and relation 1'4(1) we get

b o = l
v

a t = -  
l +  l t

",=ffiffi=#' i
^='ffiffi=ffi
"^= f f i f f i

12+ p) (v -2) (7v2  +  Puz  
- r?v-  P+1)

f f i s v + p - r )
_ t-v , ,1 of rl,r) (r) .

We have considered only the portion ' 4 [r * p "" I 
- -

Type I i Conesponding-ot Stieltjee type tontfoti fraction is obtained by 1'4(2) as

follows:
r(1+ p) I.( l+-v) 

rfr l(x)
f ( l+  P + v ;

v
- 1 - -  n

l + p

(v- 1)
r ,  t r' - 212+ p1

( p v - 5 v +  P - l )  *
G<z-  DG+ p)

i

I
I
I
I

\
i

l -

l + r)
(1)

1 +

[1071
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Associated or Jacobi Type continued fraction is obtained by 1.4(3) asType tr :
follows

f( l+ p) I( l  + v) , ,  .
16;;;- 4t)@)

v

1 +  p *
- 1 -

( v - l )
r + 4 *  

^ x +

( v - l ) ( p + 5 v +  p - l ) x 2

r2(2+ p)2(3+ p)

(2)

Type Itr : Equivalent or

follows:

r( l  + p) I(1+ v)

I(1+ p + v)

(3)

in Particular, if v: -* , p:0

and l.a(l) are as follows:

( 2 +  p ) 2  ( v - 2 ) ( 7 v 2  +  p 2  - l z v -  p + 5 )

-(4 - p) (v -l\Un + 5v + p - l)2
l + x

( p v + 5 v +  p - L ) . . .

Euler type continued fraction is obtained by 1.4(4) as

1'
I$) @)

l +  p '

I  u  ( -v+1)  I
L ' *  r *  o x -  r 1 2 *  o ' 1 x  )

(-v + l)
t +  

, 1 2 a  p ' 1 ' r -  " .

, the conesponding results obtained fiom Padd table2

1+

Using Padd table and relation 1.4(l), we get

bo=| ,  a t= i

q, (rlr)qr(O/0) 3
a 2 = i ; @ = - B

llsl



REI,ATION BETWEEN PADE APPROXTVTATIONS..

p z ( 2 / r ) q r ( r / 0 )  7
' 

Qo (2l l) p, (t/ 0) 
- 

72

q, (2 t2) qo (2 / r) 8s
A , = +" 4 -  q o e t 2 ) q 1 l | | l  

= -  
5 0 4

p r ( 3 / 2 ) q o Q t r )  5 t
-) 

eo (312) pz (2 | t) 
- 

23500

pr(3/3)qoQt2)  Zr6s3la6 = 
q; eN;(zJ zt 

= - 
mloo etc.

Type r: corresponding or stieltlpes type continued fraction is given by

t ' : ]<4=r+*,

3
1 -  g ,

7
I + 7 x

85
l - * x

5 l
I +;r;05 x

r- 2t653tx /2267800.

Type tr: Associated or Jacobi type continued fraction is given by

4? r, l  =r*),

r-;" *s*,
t-+x+ffix,

251889
. l _ _ Y

- 
2698682"

tl0e]
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(3)

(t)

1

4?t" l=--  r - r *
I

t - i-un
, ,TT

'  . " . ,1 rV-  768*

. l
'  

, . , t i i  
'  - G +

r r r ; i i { t ' . : .  r i  
'  r : :  - I

Truncations of'uiit ioniinued 
-fraciion 

re:

. ' r i  ; l : . : ' r i*  pr; lr : , j : '4i i l  L,:ul";r ;1'  ; ' t {J/) i

2 8i ; ' "  
' - " '+glsx 

l l lg+72x+37x'

;*'* 
"' 

+8-r;T7 x',' frIf,ill;Tssx'"

which are padd approximations [*]' [+], [+]' [], li]* 'are respectiverv or

ttre tunction 4j ttl.
-  

; . -
.  t . .

, *t --,..- i. i'  
{ - ! ' ' i  1 ' r l

: n ;  ,  '

, r i r i r i i ' i

, ? o l i

, . :

11 101
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