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Reliability of Repairable System with
Removable Multi-Repairmen

MADHU JAIN AND R.P. GHIMIRE

Abstract: In this investigation, the explicit expressions for reliability function and mean time to
failure (MTTF) of repairable system with provision of spares and removable multi-repair facility
have béen established. In removable repairmen strategy, the repairmen tum on when there are N or
more than N units fail and turn-off when system is empty. The failure times of operating/spare units
and repair time of failed units are exponentially distributed.

1. Introduction

The provision of spare part support in repairable system is important in
order to increase the reliability of the system. Some interesting results on the
reliability of the standby redundant system can be found in Gopalan [1975], Kumar
and Agarwal [1980] and Gupta et al. [1990]. Goel and Srivastava [1992] provided
the transient analysis of multi-unit redundant system. Jain and Sharma [1986] and
Jain [1993] established diffusion equation for multi-repairmen general machine
repair system with spares. Sivalion and Wong [1989] gave cost analysis for M/M/R
system with warm standby spare machines. Cost analysis of a two cold standby
system with three modes of failure was discussed by Singh and Singh [1994].
Agrafiotis and Singh [1995] investigated the stochastic behaviour of a two units
standby redundant system with two spare units from cost analysis view point.
Agnihotri et al. [1995] considered two units redundant system with n-failure modes
and developed fault-detection method. Gopalan and Bhanu [1995] gave cost analysis
of a two units repairable system subject to on-line preventive maintenance.

In many real life problems, the provision of full-time repairmen costs the
system which will inherently not important from the reasonable cost analysis view
point. Yadin and Naor [1963] first introduced the concept of removable single-server
system with exponential inter-arrival and service time distributions. Bell [1971]
studied the M/G/I queueing system with provision of removable server. Recently
Hsich and Wang [1995] tackled removable single-repairman system with arbitrary
spare units. In some situations, there may be multi-repairmen facility in which
repairmen turn on only when a threshold number of units are in failed condition. This
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motivates us to develop the reliability characteristics of a repairable system in which
there are removable multi-repairmen and spare units. Such type of problems can be
encountered in machining systems in the production processes.

2. The Model and Mathematical Analysis

We consider a multi-repairmen service facility with the following assumptions :

i)  There are M operating and § spare units in the system.

ii) The facility have C repairmen.

iii) System fails if there are less than K operating units present in the system.

iv) The operating (spare) units have exponentially distributed failure time with
mean rate A(«). The repair times of failed units are exponentially distributed
with rate z.

v) Repaired units are assumed to be as good as new one.

vi) The repairmen turn on when there are N or more than N units fail and turn off
when system is again empty.

Our main objective is to derive the explicit expressions for reliability
function R(f) and mean time to failure (M7TF) by using Laplace transform
technique.

We denote

Py, () = Probability that the repairmen are turned off and there are »
failed units (» =0, ... , N-1) at time ¢,

P, . () = Probability that the repairmen are turned on and there are »
failed units (n= 1, 2, ..., L) at time 1.

P, (S)= Laplace transform of 7, , (1), i=0, 1.

The main failure rate and repair rate are respectively given by
' Mi+(s-nma ifn=0,1,...,s

A=) (M+s—n)a ifn=s+1..,L-1
0 otherwise

and

0, i=00<n<N-1
p#,o=3 np, i=landl<n<c-1

cu, i=lande<n=< 1L

[2]



(1) (s+4) Pop(8) — # pyy(5) = pyp(0)

(2)  (s+24) P ()= AiPopi ()= Py, (0),  1<n<N-1
A3 (54 4+ 1) By (5)~ APro(8) =24 P2 () = Py, (0)

(14) (54 Ay + =1 1) Pt ()= Ao Prn-2(8) =14t Pra(5) = P1pa (0)

2¢n<C-1
(1.5)  (s+4 +c) Pryp() = At Prai ()=t Prua($)=pa(0). C<n<N-1
(1.6) s+ 4 +c)Py ()= Ay Py (8) = Ay Po i et Py (8) = py v (0)
A7) (s+ 4 +ci)Py y ()= Ay Piat(8)= €1 Py (5) = 2y (0)-
N+1<n<L-2
(.8)  (s+ A +c)Py ()=t Py = A _5(5) Priy2(8) = P14 (0)
(1.9)  5py_ ()= A1(5) By i-1(5) = p1,1.(0)-

Poo(0)=1:p2,(0) =0 forn=1,2,...,N-1

CPO=0  forn=12..,L

@) ' A($)P(s) = P(0),
where 4 is the square matrix of order (N + L) x (N + L) and p(s) and P(0) are

colmnnveeﬁorsofnrdarwq-z)xl ThemmAmshmmﬁgurel ﬂlemntnces
P(x)andp(o)amgtvm'__' ectively

P()=[Pya(s) oyl - Poyar P Prya(®)  Prnea(®) ooy ]°

and

P(0)=[Pys(®) poy(0).--Popy 21y i) Pyyia(0) ... py T
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)
where k=12, ..

For =&,,:-;(.-x)-_a_] “and &shgmems ursive formula

by Cramer’s rule for p,, (s) as

T‘""-y&-“ for p=k+1

Niswa b for p=k

‘ l'ﬂ‘mdﬂb ;Tg J" ﬂ‘? |p
= fﬂf pwk 1

Lo for lp-K22.

3

A =14l
A (5) =y ]. '
T
A =ay Aw-«*ﬁ-“) et M ﬁt z(ﬁ’}. _
,mhi’fm‘c‘.‘ﬁ

(5]

IxtupDminy 9 ]
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The complete solution for | Ay, L(s)| is given by

L-1
| Ay, 0)1=[ LA GO} Ars®)

where

[s+d b 2p¢ 0 - 0 0 0 0 o - 0 0o ]

A, s¥dppp 3p- 0 0 0 0 g - 0 0

1 1 1 - 1 1 1 1 1 = 10 1

0 0 0 -, stAy Mel)p -nc 0 0 - 0 0

A, (8= 0 0 0 - 0 =dgy std tpe  —pe 0 - 0 0

0 0 0 - 0 0 —Ag SHAy tpe —pe — 0 0

| 1 1 - 1 1 1 1 1 - 1 1

0 0 0o - 0 0 0 0 0 —sed,, tpe  —pc
L 0 0 0 - 0 0 0 0 0 - -4, sHh rpc

Now we solve numerator | A(s) | . it is clear that s = 0 is a root of [A(s) | = 0 which
is trivial solution. For non-trivial, let s =—y, then we have

(6) A=9)=A0) 1,
where ¥ is an eigen value, / being identity matrix. from (2) and (6), we have
@) AP P6)=A-rD p&)=p0)-

Let ¥,,%2,.,¥; be i distinct non-zero real eigen values and F o 7in)
(Fis2sT1a2) 5--s (Fix 57145 ) DC J PRITS distinct conjugate complex eigen values where
i+2j=N+L-1. Hence |4 (s)| is given by

i J
8) |A(s) =5 {gi(s+ Vi )} (g[.&'2 S G N L ,fM]).

Using equations (5) and (8), equation (4) gives

L1
[ kl;lo"[k Ay(s)

51‘1,(3): i J L _
3[&,(-"" Vi )] [};l'(-"'z + (Fiak Y4 )SH Visk Visk )]
= + it +73 — =
(9) A { +3+}’| s+y;, § +(5.+|+71+|)5+71+1 Yis1

(6l
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Inverting Laplace transform in equation (9), we get

@) mw?;,bm;l[wmm _

where , and v, represent the real and imaginary parts of complex number y,,, and

by.b,.c,. and d,, all are real numbers. :
Smoeﬁesymhﬁﬁﬁedﬁrhgﬁmu:ﬁmtepﬁiodofm therefore

lim p,_L(t) =a,=1. mmmmﬁww

(14) . ﬂ(x) 1- p, ,_(t)

d,—cue ' sin (v, l
v, ¥

Mz = f Ry =iy R6)

5 oy iyl
b= h =t Yk s?‘m

(15) ==
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3. Discussions

Repairable units and removable repairmen policy employed in this
investigation may be of great importance in various complex problems of machining
system in the production processes of new technology world to minimize the
expected cost function. We have developed reliability characteristics which may be
helpful for system designer to determine the optimal number of repairmen and spare
units,
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Simulation of Adaptive Optical Systems
MUHARLIAMOV R. G.

Abstract: A problem of simulation for an adaptive optical system realized as a discrete mirror
consisted of a finite number of identical elements is solved. Discrete mirror element is considered
as a nonsymmetrique rigid body, the position of which is defined by six generalized coordinates,
The control is realized by three parallel forces applied in fixed points of element or by forces,
acting along directions given in the immobile space. The purpose of control is a displacement of
mirrors ¢lements in accordance with variation of wave front set. The method of construction of the
discrete mirror element dynamics equations as a mechanical system with programmed constraints
and corresponding discretization schemes henceforth is recommended,

1. Simulation of Adaptive Optical Systems

It was shown in [1-4] that Adaptive Optical Systems (AOS), designed as a
telescope with variable form of reflecting glace, suppose essentially reduce the
perturbations of wave front, evoking by nonhomogeneous atmosphere. AOS,
consisting of a finite number of mirrors, making motions of translations along
parallels directions was considered [1].

Here the solving of discrete AOS simulation problem had been proposed.
Discrete mirror element is considered as a nonsysmmetrique rigid body, the position
of which is defined [4] by six generalized coordinates G =X, 5 Q=Y. §3=2.,
g4~ gs=9, qs=@. The displacements of-element are limited by three holonomic
constraints, keeping its three points in corresponding directions. The control is
realized by three parallel forces, applied in fixed points of element or by forces,
acting along fixed directions in immobile space.

The use of well-known Lagrange equations for elements dynamics
description does not guarantee asymptotic stability of the integral manifold
corresponding to the constraint-equations and purpose of control [5-7]. Naturally, by
numerical integration, the integral manifold proves to be unstable. For the
stabilization of the constraints, it is necessary to consider simultaneously changes
of the deviations from the constraint-equations and their respective derivatives.
The deviations of the constraints and purpose of control are accounted by
the equations of programmed constraints f(g,#)=a(f), f=(f, ,..., f, ), m<6.



MUHARLIAMOV R.G

The changes of the constraints are described by the constrant perturbation
differential equations & = a(d,a.q,q.1), 2(0,0.4,9.1) = 0
The dynamic equations of elements programmed motion is -constructed in

general form

d or_or i

df av 3" aq =5 Q{V,q'f) + (‘-q;') -
where v=q, 4= V2. ¥:9.0) 2T = m2? + Aw? + Bl +Co},
92 =x2+yi+il, A#B# C+ A, Qis the vector of extemal forces, G is @ matrix
and R is a control forces vector. The programmed motion is given by equation
of constraints and by equations of reflecting rays displacements. In consequence
of expression complexity the symbolic computation was used. The general  solution
of a linear-algebraic equation F&g = da with rectangular matrix F, F=(£,),

B, v
” ﬁqj’l ¥

determinate a set of all possible displacements &g of the system. The substitution of
the obtained expression of the vector of possible displacements of the system into
the expression of appropriate mechanical principle makes possibie 10 obtain
corresponding equations of dynamics.

Discretization schemes of solving equations of constraints and dynamics
equations are defined by the choice of a numerical method and by the right hand side
expressions in the constraint perturbation equations. Introduction of programmed
constraints allows to construct the stable discretization schemes. The possibility of
construction of numerical methods of solving equations connected in no way the
evaluation of the inverse matrix is demonstrated. The corresponding conditions of
exponential stability of the integral manifold are defined.

Software, which makes possible to define the controlled forces variations,
transient complying with the given index of quality and reactions of constraints, is
developed.

..,m,j-—*l,...,n,ms n,is constructed in order to
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On the Existence of Desarguesian

Planes of Order 8 Satisfying a
Condition of Suetake

HIRA B. MAHARJAN

Abstract: The affine plane of order 8 does not admit a transitive collineation group G that
partitioned /,, into sets A and I \A with |A| = 2 and |G(L, , L) = 8. |G(P, Lo)| = 2 for P € I\A, and
IG(P,l)|=1V PeA.

1. Introduction:

Let 7 be an affine plane of order 2", where m > 1. Let G(l, , L) denote the
subgroup of translations which are in a group G of collineations of 7. Let G act
transitively on the points of z and partition the line /, at infinity info two subsets
A, I\A with |A| = 2. Then according to Suetake [5] one of the following holds:

(i)  isa translation plane and all the translations of 7 are in G (ii) |G, L)= 2",
|G (P, 1) = I(P € A), |G (P, I.,)] =2 (P € I,\A). The non-existence of Desarguesion
plane satisfying condition (ii) of suetake is studied in [4]. The purpose of this article
is to show the following.

Theorem: An affine plane of order & has no transitive collineation group satisfying
Suetake’s condition,

We accomplish the proof by classifying the collineations in terms of the
length of their orbits on the line at infinity using matrices and then deriving
conclusion using order of collineations and coordinatizing P using GF (8) and set
L=<(1,0,0)><(0,1,0)> and A = {<(1,0,0) >, <(0, 1, 0) >}.

2. Preliminary:

Let F = GF(g) be Galois field of order g = 2" for some m > 1. Let ¥(3, q) be
a 3—dimensional vector space over the field F. The projective plane P(¥) is denoted
by PG(2.9) which is Desarguesian of order ¢ (see 2). Points of PG(2,q) are
1-dimensional subspace of ¥(”,q) and lines are 2—dimensional subspaces of ¥(3.g).
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Definition:
A permutation A of ¥ (3,q) called a semilinear automorphism of ¥(3.q) with
respect to the automorphism 8 of the field F if
(x+yA=(x) A+ (WA VxeW3,9.y€ ¥(3,q)
(ax) A=(a) O(x) A(x € ¥V, a € F).
In particular, if @ is an identity automorphism of . then A is linear

Remark:

Let {&, @, a3 ybe a basis of V(3.9). 1 By, B, P are arbitrary vectors in
¥(3, q) (thought of as images of the basis @ )and if x=T,x;a, isan arbitrary
vector of ¥(3,9), then

3
(x)A= Z:.tx!)ﬁﬁ,‘

is a semilinear automorphism of ¥V(3,q) if and only if /3; 's form a basis of ¥(3.9)-

The group of all semilinear automorphism of V is denoted by TL(V). The
I'L(¥) contains the general linear group GL(V) as subgroup. Since the underlying
field F is Galois, there are m field automorphisms and the index [T L(V): GL(V)}= m.

Let ¢ be a collineations of the projective plane P= PG (2, q). Then ¢ maps
one dimensional subspaces of ¥(3, q) into one dimensional subspaces of ¥(3,¢) and
ifU, c Us, then (U,) ¢ = (U2) P

Suppose A : V(3.9) > V3, 9)is a semilinear automorphism of ¥(3.9) and
we define (1) ¢ (U) 4.

We say ¢ is induced by A. The group of all induced collineations ¢ is
denoted by PTL(V) provided dim V' = 3. In other words, every collineations is
induced by a semilinear automorphism.

Let 7 be an affine plane and P = 7 U 1., be its projective extension. Let us
choose 1.=<(1,0,0)><(0,1,0)> then Aut (P)= PI'L (3, g). Letcls [0, g] be the
element of PTL (3, ¢) induced by [0. g]; (x. y,2) = (x9, v, z%) g, where fe Aut (F)
and g € GL(V(3, ). In particular, set cls g = cls [id, g), set Py =< (1,0,0) >,
P,=<(0,1,00>A={P, P5}and H=Aut (7).

Hypothesis:

(i) GSH(Gisa subgroup of H= Auto (7).
(ii) G acts transitively on affine points of 7.
(iii) G has two orbits A and L)\ on I,
(iv) |G o1 =q=2"+|G(P1 )
=|G(Py i 1) =1
and |G(P , )| = 2 forall P € L\A

[16]
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Result 1. G(IW,I,QiBanelmemyabahanzmgroupdeG(ImIJ 22
Proof :  See [6, 5], lemma 4.2 page 275.
Result 2.

[ [ (& a o]
(i) H=\cls|8, a a 0 |||6ecAut(F)f
- vay ag 172

F= GF(q}t a ’az va.ha-h as, das GG.F (q), a, as ta; ag #0}

[ [(10 a" | |
N a b l

SN _
(iii) H@-‘(a,;a:,u),_a,fg):{ cls[[a_ 1 OJ] |x e GF(q)}
' B G

for all a € GF(g).
Proof : See [(6), Lemma 1. Page 1].

Result 3.
LetS={¢e H|A*=A}

| ’ "0 a0 = a 0 0]
()  S=Ycls|@.| b 0 0l|csl,|0b 0]

a,b,c,d e GF (q), ab#0, 8 Aut GF(8)}

100)])
(i) ,(G((,. .,)\{ [[ 010 J] } la,b € GF(q),

ab #0, (a ,b)#(0,0)}> G.

3. Affine plane of order 8:

Lemma 1. Let G be a collineation group of an affine plane 7 of order 8 which is
transitive on the affine points of wand let = 7\ I, be its projective extension. If G

has two orbits A and T" on /,, such that |A| = 2|T| = 7., which satisfies the following:

07
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(i) |G(a.1)] =8.
(ii) |G(P, 1) =1V PeA
(iii) |G (P, 1)] =2.V P eT.

Then the collineations in G have the following orbits on I':
1. The collineations fixing each of the points of A.

(a) Collineations of type
x 00
cls|| 0 y 0 )
adl/d,

where x, y € GF (8)\{0} = GF(8)*, x # y have I as an orbit and fix each of the points

of A.
x 00
cls|| 0 x O
-] -

(b) Collineations of type
where x € GF (8)* and fix all the points of /,,

(¢) Collineations of type
x 00
cis|:9 ,(0 ¥ 0}]
cd 1 s

where x, y € (8)*, and @ is an automorphism of GF (8). And fix <(1,1,0) > € I" and
two cycles of length three of the points of I'\ {< (1,1,0) >}.

(d) Collineations of type
x 0-0
c]s|:9,[0 ¥y Ole
cd1/1

where x € GF (8)*, x # y fix the points <(1, y! x, 0)> of I" and have two cycles of
length three of the remaining points of T".

IL The collineations interchanging the points of A.
(a) Collineations of type

they fi

(b) Cc

where .
the poi

(<) Col

where x
posnt <(

{d) Colk

where x,
and fix o

{c) Colin

where x ¢
sx of poi

(1) Collin

where x_ 3



where x € GF (8)* and map the point <(1, P, 0)> to point <(1, !, 0)>. In particular

they fix <(1,1,0p> e T
(b) Collineations of type
cls|{| x 00
Ne d 174

where x € GF (8)* and map the point <(1, P, 0)> to point <(1, x™" P™', 0)> and fix
the point <(1, F, 0)> where F2=x"1.
(c) Collineations of type -
"0 x 0
100
':.'.E' d 174,

]

where x € GF (8)* and map the point <(1, P, 0)> to point <(1, xP~', 0)> and fix the

point <(1, F, 0)> where F2=x.
(d) Collineations of type
0 x 0|
cls{| ¥ 0 0
Ne d 1

where x, y € GF (8)%, x # y and map the point <(1, P, 0)> to point <(1, ') P1,0)>

(e) Collineations of type _
0 x 0
ch[ﬂ,(x 0 OH
c d 174,

where x € GF (8)*0 is a nontrivial automorphism of GF(8) and have cycle of length
six of points of T and fix <(1, 1, 0)>.

e

where x, y € GF (8)*, x # y fix the point <(1, F, 0)> and have a cycle of length six of
the points of T where F%=xy.

(f) Collineations of type

9.
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Proof:

x 00
I(a) : Let <(1, P, 0)> € T, then P #0, and <(1, P, 0):-.:1{(0 y 0]} <(x, yP, 0)>
cdl

= <(1,x yP, 0> #<(1, P, 0)> because x # ).

x00) ;
Also <(1, P,0)> |cls|| 0 ¥ 0
c d 1
Ii{a) :

x 00
=<(x,yP, 0) clsH 0y 0}} <(x?,)*P,0)># <1, P,0)>

¢ d 1

Otherwise we get 1 = x 232 =(x"! y)* which implies that x =y , for < GF(8)*, >is a
group of odd order. Since for any clement x, ¥ of GF(8)* where x =y, the equation —
x 00 |
1= (! )t =x*y* implies that k=7. We conclude that cls{| 0 » © has I' as an
cd |l
orbit.
I(b) : Let <(1, P, 0)> € I'. Then
x 00 .4
<(1, P,0)>cls|{| 0 x 0 |[=<x,xP,0)>= <(1, P, 0) > even when P=0. ki |
¢ d 17 Bee
2:

x 0 0 p
I(c) : Let <(1, P, 0)> € I'. Then <(1, , 0)> [cis[e .[0 % om <1, P, 0>
c d 1

Since @ is an automorphism of GF(8) and is of order 3, the point <(1, 1, 0)> is fixed
by this collineation and the other points belong to orbits of length three.

1(d) : Let <(1, P, 0)> € I'. Then

x 00
<(1,P,0y>cls| @,| 0 y 0 = <(x,yP?,0)>
cdl

=<(x'xx'yPO>=<(l, ! yPl oy

x 00 2
<(1, P, 0)> [cls[é?,[o y O]D = <(xx?, yyoP?, 0) >
cd 1

[20]

i



[ (=00 | '
<(1,P,0> [d{ [o ¥ em =<(xx’, yy%%,0>, <(1, P, 0)>
oy c d 17447

afo [

Ii(a) : Let <(1, P,0) > € . Then

a x0Y
<(1,P.0)> cls x 00 ||=<(xP,x,0)>
e d 1/4

= <(1, P L0)>

x 00
0y0 ﬁxﬂxep;_simqi,y—'x, 0)>.
ecd 1/

>

II(b) : Let <(1, P,0)> € I. Then

(0 1 0)
e g1/

=<(1,x™! P,0) >, which means that the collineation fixed the point
<(1,F,0)> eTwhen F=x".

1l(e) II(d) : The proofs of II (c) and 1I(d) are similar to that of II (b)
I(e) : Let <(1, P, 0)> el 'ﬂl

Orn\'—'
<(1, P, 0)>cls| @ s xOO

e ld 1A

[(ox 0Y]
=<(1,P%0)>cls|| x 0 0 ||=&P%x 0)>

N¢ @ 1/

T (0 x 0)]
=<(1,P,0> |cls| 8,/ x 0 0
\ \¢ d 1/l

=<1, P?, 0>

| .'D x 0] *
=<1, po}> 6, x 0 o [|[=<q,P,0p
e d 17
[21]
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3
J]] =<, F')',0)>

-0 O

0 x
=<(1, P, 0> [cls[e,(x 0
L c d

<(1,P,0)>-
I(f): Let<(1, P, 0) € I'. Then

0Ox 0
<(1,P,0)>cls| @, 00
cd 1l

(0 x 0
=<(1,P8,0)>cls| 8, y 0 0]]=<(ype,1,0)>:

(0 x 0)\]Y
=<(1, P, 0> [cls 8,y oo
ke \c d l)_

=<(yP%,x, 0> 018[9, yo'e

= 2 9,0 6% N
=< ?x?,x0y9 p? 0)>cls|| y 0 0

cd 1
=< (00’ p?’, xy0x0",0)>
= <(afy0’p, 030, 0)>=< (1,2 y p,0)>

[22]



i ul" : ) | 0 * 0 ,
<(L,2y3p1,0)> |cls[8,] » 0 0 |||
cdl1l

=<1, ) @y ), 0)>
=< B @y ), 0>
=<(1,P,0)> |

I (hence of 1, ).
Remark 2 :

Let G be a transitive collineation group of the affine plane of order 8
satisfying Suetake’s condition.

Then a collineation of G partitions /,, in either of the following ways:

_Type Partitions of I, ____ Type __Partitions of 1,
1(a) 1,17 | (a) 2,1,2,2,2)
1(b) (1,1,1,1,1,1,1,1,1) () (2,1,2,2,2)
1(e) (1,1,1,3,3) 1i(c) 21,2,2,2)
1(d) (1,1,1,3,3) T(d) .1,2,2,2)
1I(e) 2,1,6)
() 2,1,6)

Now we put a bound to the orders of the collineations of the desired group.

Lemma 2 : Let x be an affine plane of order 8 and P. = 7 »le be the extended
projective plane of 7. Let G be a collineation group of 7 which is transitive on 7 and
satisfies Suetake’s condition. Then there is no collineation of order greater than 14.

Proof : The possible number or partitions of /, by a collineation of 7 are as follows :

@G 4, LLLLLLLT)
2 2,1,2,2,2)

3) (1,1,1,3,3)

4 2,1,6)

(5) (1, 1,7).

29
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Let @ € G and |o > 14. All the above cases cannot happen since a, @, & &
and o fix I, pointwise in 1), 2), 3), 4), 5) respectively. But in any case the orders of
a, 2, &, cf, o are greater than 2, so they cannot be a translation of G since they are
translations of order 2.

Lemma 3 : Let 7 be an affine plane of orders 8 and let P= 7 I be the projective
extension.Let G be a transitive collineation group of = such that G has two orbits A
and 1\ with [A]=2, |Gl 1)l = 8, |G(P, )| = 1for all Pe A and |G(P, I,)| = 2 for

0 x 0)
all P e I)\A. If G contains a cls\:{ x1 0 0 :\, then there are no collineations of
0] =1

0 x0 0 x 0Y]
type cls|| x* 0 0 || and cls x' 00 ||wherey#zandw#x'zinG.
0 y1 w0l

(=]

0 ||beinG.
1

Proof : Let the collieation cls| | x

isin G.

1
f (0 x 0
cols|| ' oo
\w 01
B 1 00 0 xO- AT )
=cls 0 10 |landects|| »* o0 o [{ecls{[ " 00
\_ Lew 01 = 0 y1
[ 0

Clearly, its inverse cls{| x

1
L=
L 5
a
o, 9 &
o ©
B | SO

x 0
Then the product cls k.vc“ 00
0 z1

x 'z 01

L
=cls (0 1 0 ]:lare not elements of G by [Lemma 3[4]].

0. zHyd
Remark 3:
0 k0O
From lemma 3, we see that if G contains cls k' 00 ||, then G cannot contain 14
0 =z1

[24]

collin



ON THE EXISTENCE OF DESARGL

0" x0Y) (0 x 0
collineations of the fmnds oo |l,esl| 0o y#zandw#x'z,
(VR y 1 w 01

0 x 0
so G can contain at most 50 collineations of the form cls[[x“‘ 0 Dﬂfm a
e d 1
particular value of x € GF(8)*.
Theorem: Let 7 be an affine plane of order 8 and let P= 1 \J I, be its projective
extension. There exists no collineation group G of = which acts transitively on the
affine points of x has two orbits A and I)\A with | Al = 2 and which satisfies
Suetake’s condition '
() 1GUx,la)| =8
(ii) |G (P,1)|=1forall P € A
(iii) |G (P, 1)) = 2. for all P € I\A .

Proof: Suppose that there exist such a group G. By hypothesis |G (I, , I,)| = 8 and
since no two different translations send a point to the same point. |G (/. , I,)| divides
the 64 affine points into eight orbits each consisting of eight affine points. By
Result 3 (ii), G (/ , )) is a normal subgroup of G. Since G (I, L) is intransitive in
affine points of 7 G is imprimitive and G/G (I, I,) = G < Sq. Then G is transitive on
the set of blocks of G (1., L,). [see [7] page 13].

Now, we need only to consider the minimal transitive subgroup of S;. The
minimal transitive subgroup of S; are regular and there are just 5 of them (furnished
by Professor C.E. Praeger, The University of Western Australia). Since the Sylow
2-subgroup of Sy are transitive, the minimal transitive subgroup are 2—groups. They
are as follows :

Zy , Zyx Zy, Zy x Z x Z, , Dy (dihedral group of order 8) and Qg (quaternion
group of order 8). They are regular.

Hence, we take |G/G (/,.l.)| =8 and conclude that |G|=|G/G (I, L)l
|G (L. 1)| = 8.8 = 64. Since, |G| = 64, the collineations of G cannot be of orders
multiple of 3 or 7. So they must be of type I(),1I(a) Ii(b), 1(c) or II(d). (see Remark 2)

0 x 0
They are all of form ¢Is|| » 0 0
\e d 1/4,
Where 0 # x, y e GF(8) except for I(b) which are translations of the form

) i |
cls|I0 1 OJ]threcmddarebothwoorbmhnonzero.
c d 1-

[25]
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0F =0 0x0 0 x0
If cls]] » 0 0 isin G, thenits square cls{| v 0 0 [[cls[| » 0 O
e d 1 cd 1 cd 1.

Xy 0 0

Wiph

dy+ec ex+d 1

is in G and must then be of type 1(b) (See Remark 2), which is a translation. So
xy = 1 which implies y = x~!. Hence, the nontranslation of G are type II(d) for
particular value y = x~1.

0

Suppose there exist collineations ¢ls { &

x
x 0
c d
. 0 p
p Q
d

0 0 g o0
pand g in G. Then the product ¢ls|{| ™ o 0 ||cls|| ¢’ 0 0
c 1 c d 1
pg' 0 0
=cls{| 0 gp~' 0 || with pg =' # 1 so it is not a translation. From which, we
e I 1
conclude that there exists only one fixed value x = k. Since G has 8 translations, the
1 kO
remaining 64 — 8 = 56 are of the form cls|| ¥ 1 0 ||. Not one of them shall be
e dn
(0 k0
of the form cls|| ¥ 0 0 || by Remark 3 nor shall they be of the form
S8 I
0 ko) 0. kO
cls|]l &' 0 o || which are of the inverse of cIs|| &' 0 0 ||. Thus, from

0 & 0
the 64 choices of collineations of the form cls [k" 00 H 15 cannot be in G.
T N |

Hence, the remaining 49 cannot make up the 56 nontransiations in G. Therefore G
does not exist.

[26]
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Some New i'ﬂentiﬁes of The

Rager’ —Ramanujan Type
ASKAR SRIVASTAVA
1. Introduction:
Baﬂey[?]showadﬁawystamngmﬂl the simple identity
(L1 Z“..?.. Z ﬁ,, 5”
where
42 Py ?.;fcq),,_, (dg),,,
and taking
5= (o, (52
and using Gauss’ g-summation formula
c | (elaclbiq)y .
o [” ’q’ab] (elabsg), " 1°/@I<L
o0 . o dq \n
_goﬁp]:Pi.,Q)n [?P:) ﬂ_u
(g1 pda!p;q). < (P Pyd),(d 1o ) e,
. _ (dg/p,dq!py;q)., 3 (P P239), (4, Py 2y)" @,

" (da.dqlppya)., = (dqlp.dalpya),
subject to the convergence of the infinite series and products and |g | < 1 always.
We shall take

(@),®), (e, (Y
o =0, (ab)
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and shall use the summation formula due to Andrews [1]

3¢2( ‘:.dq lq:abq)
&5 (d/a,d/b;q), [1 d d d cd(l—a)(l—b)]
; T el ol e 14 L I S Bl
@dlabg3q)., L ag bg" g abg(i-o)
to prove the main Theorem.
The notation used is
4,8y,.--, 8,595, 1\ _ E (al’al""‘ar;qk)utn
A W )= =  —
= (gb....b,30Y),
where
r n-l
(A,,Az,...,A,;q*),,:’_:nI Eﬂ(l*d,-q")
and

r n-l

(A4 5005 4, 59), =1 TH(-4,4%)

when not indicated the base will be g, bases other than g will be written.

2. Theorem:
(@),®),(q), (d)"
,,z_;' (o), (ab) P,
_(dgla,dqlbiq), i (a),(b),(cq), (i)"
= "dg.dldb;q). = (c)(dgla) (dg/b), \ab)
dg" dg" odq*(l—aq"xl—bq")]

Proof : Taking &as given in (1.4), ther. h. s. of (1.1) is
(a),(0),(cq), (d)
; (), (ab) 3

> (a),(),(a), @,
=§ ©, () @, (da),,,

(30]

L 8%

(.1

62)

(33)




(a),(b)rw) ( ) 2 (ag"),(59"),(cg" "), [ )
r-'-u' () ("'q)z, ab = (q),(cq"), (dlzrﬂ) ab

Using the summation formula (1.5) to sum the n—series on the rh. s., we finally
have

(d) (2)!(04) (ab) s,

_dg/a,dalb;q), Z (a),(6),(cq), d)’
(d,c/abq:q), (c),(dq ! a),(dq !b), \ab

) 39"' dﬂ"' edq"(1- ag™)(1- bq")
X [1 5 T ey ]

3 WcMmkeﬂmcfunuwhgmmofBaﬁeypwsmdmmtﬂam in (2.1) to
obtain some intersecting identities, the first five are due to Bailey [2] and sixth due to
Slater [4]

n(3n-1)

O a =cra-dy e g g

(9),
=1 n=0

@.1) B, = (;)_

. (-1)"(dg*.q 3) (1 dq&') Foey
W = 7S q’) o
a,, =0, ,=0, nx1
ay= 1
(dq® ;9),.,
5% P = @0, D

_ ) (@), dg”
G3) i) a,=(-dg* )(S';(d;,,,, o

n21

nz1

an=l

31]
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)

e Pu= (9% :4%),(-dq;q),,(dg/e;q)
-n o v (3n-1)
& s ¥ ( (:t; )(dg), , Pl
a,=1
- (dg : q)
(3.3) ﬁ:_: = (93.;‘;3)"(6{3;;;?3)2 4
; @q® :4%),,(f :9%),(1-dg") (d\’
ST T (¢ :4°),(dg*lf ;q%), (f) a
%on-1 = 0
/£ 2
(3-6) — (dq f;’q )"
(9:9),(dg:q%),(dq!f ;q),
(Vl) ah_ q6n3—.‘m+1
@, = _qﬂn‘m _I_q&n‘m
Ay = qﬁa’-‘?MZ
3.7) B, = (‘?)z

4. Inserting the Bailey pairin (3.1) and in (2.1), we have

(a),(8),(cq),
; (©),(c), (ﬂb)

(4.4

z(dq;%;r;)w

R {1 d_d__ cdi-aX1-b)
a5 %Y ai-o

nzl

n21

a(3n-1)

(9),

o (a),(0),(cq), [d\" (~D)"(1-dg*")(dg), ,d"q 2
b ) {E) :

Halff

32]

(4.}

a.n

Fi

Case 2.

Case 3.



e dg" dq" cdg"(1-ag")(1-bg") |
(4.1) "{1- 8 = dqm' ab(1-cq") }]
Letting a, b — =, we have
5 (1= cgnd"gm "
“ § (@),
oy d? (1 dg*
] 1y 7 n
o e d)+Z( ya 7 (- cq(;) (1- dg™) (da),.,
x{l-i-dqz"*l- e £ }
1-cq")
Case 1. Putting d =1 and using Jacobi’s Triple Product Identity we have
g " "(l-cq") o i~
,;g @, midtnos 07 )+ 0=0) g Py (12"

Dividing by ¢ and then taking the limit as c—>w , we have the famous Roger’s—
Ramanujan identity
n’- q,'k
(q)a n-n.z,scmlsl
Case 2. Putting c =1, we have

(1-¢g")™"

gﬂ l(l n) kol
2_—__4).. m“m,) (1-¢g")"
Case 3. Puttmgd--q- we have
q"’(l eq") .
Z )n = mo2staoss 179 ey U

-by ¢ and taking the limit as ¢—>c0, we have another famous Roger’s
s—Ramanujan idmnhy

S il 4
§ @, = morsmots (179 o

331
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Case 4. Letting b —» mdpuﬁinga=-—@ and then puttingd =g andc=11in
(4.l)wehave

(g% :9*)2(a" :4%).-

Zq (q)(l q") (—q)..

@, @.
lnﬂliscaselfweputc=0weget
= S ) U LN e T
Z (@), @)., [(¢%:9")2 (%9, +(@:9").(a7:9"). (9" )]

Combining the above two identities we get
wlen
il g2 (9, (939"
e AR ) 5 (9:9%).
an identity attribute to Lebesque.

Case 5. Letting b —> o and puttinga=—1,d=1 and ¢c=1in (4.1)

Zq T ED,a-9" _ o,
(9), (9),

5. Inserting the Bailey Pair in (3.1) and (2.1) we have

& (a),(6),(cq), (d\" dq’;9°)n
CONEEDY ©, ( )(q),.(dq)z,,_,

2q* :9%),.(¢%:9%).(q:4%),

=(d?q'?"’)m [{l_i_g_+d+cd(1—agl—b)}
(dq’:_b;q)w a b ab(l1-c¢)
. @Byt T (,,,,] (1) (dg*sq), (1~ dg*)d"
’
G ELE e

{ dg™ dq?"' cdg™ (1 - ag)* (1- bg)™" H

L s 6n 4
'"a >4 ab(1 - cg™)
Case 1. Letting @, b — « in (5.1) we have
[34]

(32

Case §

e n



(52) (d9), |1 [ Z (1 G)(q).f"?)zu-l ]

n‘-—'h

=1+d +—+ Z (-D"g z (1-cg™)d*(dgq*),,(1- dg*")
On
x {Mn;f; ]
Case 2 Putting d= ¢°, in (5.2), we have
b qn’a-!n (1 r_rxqa ; qa)”
63) @ Z @ @ns
ms.zIzImm) (A=gt)e ms,mmdm U=d™r

For ¢ # 0 and dividing by ¢ and then taking limit as ¢ — o we get Rogers—
Ramanujan type identities due to Slater [4,eq.(91) and e‘_q_.(9Q)].

Case 3 Puttingd=1 and ¢ = 1 in (5.2) we have
" (@ 14%), LY
S (@t @0 n#0,9,18(mod27)
Case 4. Letting b — oo and pntt’mg_._a=-wq1,_d=q3 in (5.1) we have
nien
i g7 (1-¢¢")=9),.(d* 4%,
n=0 (9),. (9).1',“:3

L (_QJ-”[-«o:a;':g([wu)- A=) 4@ s b, O q")-_ll
Case 5. Putting ¢ = g in case 4, we have

(1-g")"!

| nien
i qT(l -q" ) i ‘("'_Q),,.Ll(q 2 ;qg)”
' (9),(@)3,,2

Case 6. Letting b — o0 and putting a=¢%, d=¢*,c=—¢,in (5. 2)wchave

=(-9) (1-¢")"

“ 10,6 lz(nodu}

n’u

Z .(—--1_)‘? | 2 (q ,43)“ o Zg ke Z&%’—S& \
@D3ns2 - ~
5] |
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6. Similarly inserting the Bailey Pair in (3.3), (3.4), (3.5) and (3.6) in (2.1) and giving
suitable values to a, b, ¢, d, we have the following identities

6 - Yo e @.4%9:9").*+(a":4".4* 39" )w
“~ (g%4%),(-D1n (9:-959).
s 2ni-2n o ke 7 o5 LT s s, e e
(i) z 3 q; =(q .4%.9:97).+(a".¢° 959" ).+ (@,9".9739 )
~=(49%:9),9) 2 (9.-9:9).,
N g @°.4*.4:4°). +(a°.q4".4:4°)
(l.l.l) = o -]
n; (9:9),(@%:a%),, (q*.4°),
. X g (g) (¢°.q°.qa%4°). -9a°-9".9° 39°)
(W} ; In+l = o @
,,Z:.; (9:9%),@% 8> )2nn (q*:9%),
o Int=3n
w Y T (1- ¢ )gY),(-0* 39, (9:¢°).(a%4".9%4")s
=] (9:4°),@% 98 )2na i (¢%:.9%).,
2n*-3n
- o (-)'g T _ (1-4"2)q" :9).(q°:9":4* :9")w
&~ (-4'"),(a), (9.9)..

n*-n
q

(i) (@) ; @ — (q®-4°~4":19®), + (@ ~4" ~4":0")

-¢*(g*-9%-4:9"). -4(@*° 4> 9":0).
Conclusion
Many more identities can be obtained by giving suitable values to a, b,c,d.

Many Rogers-Ramanujan Type identities obtained earlier by Slater, Varma efc.
follow as a special case of a general result.
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Mathematical Models and Algorithms
For Certain Open shop Problems
With Unit Processing Times

TANKA NATH DHAMALA

Abstract: Objective is to revise and present blockmatrices model and give algorithms for open
shop problems with unit processing times in scheduling theory. Considered problems are
minimizing the completion and total completion times on machines. Furthermore, maximal idle-
time and total idle-times on machines are minimized. polynomial algorithms are presented in the
case of total operation set with unit processing times.

Key Words: Scheduling; Open shop problems; Sequence graph, Polynomial
algorithms; Latin rectangles

1. Introduction

In classical open shop problems we have in machines j € J= {1, 2, ..., m}
andnjobsie I={1,2,...,n} Themachinemmrnf_jobi'istheordcr of all
machines in which the job i is processed, and the job order on machine ; is the order
of all jobs on machine j. An example of such a graph is shown in figure (2.1). In this
example we have the machine order M, — M; — M, —> M, for J; , and on machine
M, we have the job orders J, — Js — J; = J; = J; . By sequence, we mean feasible
combination of machine and job orders whereas by schedules we mean completion
times of all operations. Let C; denotes the maximum completion time and C, denotes
the minimum completion time of operation on machine Jj respectively, and py
denotes the processing time of job ; on machine j.

With SI/=1x J, it is considered the following open shop problems

@) Olp=1]g , (P)  Olp;=1| £,

P)  Olp=1| g, Py Olp=1] £,
where the objective functions &> & fi, f are defined by

g=max,, {EJ}-31:= Z}eJ-EJ'-ﬁ:=mxjeJ'-{EJ =C,}, andf, = Z;e..r (-C_.:"Qﬂ-

The machine and job orders can be chosen arbitrarily (open shop problems) and the
usual assumptions is made : each job can be processed on at most one machine at a
time and each machine can process at most one job at a time.
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The problems [0 |p; =1|Cpy and O|p; =1 | Zie1C,] are solved in [2]
with polynomial time algorithms and here we present modified polynomial
algorithms and methods for the problems P, , P,, P; and P, , where C; denotes the
completion time of job i. The used mathematical techniques and algorithms in order

to solve considered problems are based on [5].
Various attempts have been made in scheduling theory by the help of
blockmatrices model in which connection between latin rectangles [4] and sequence

graph [3] is established.

2. On the Blockmatrices Model

We apply the blockmatrices model [1, 2] for modeling the considered open
shop problems P , P, , P3 and P, . For convenience we give its brief discussion here
too. Firstly, the concept of latin matrix is introduced and then its connection with

sequence graph is established.
A latin rectangle LR[n, m, r] = [a;] is a matrix of size n x m with entries g
e §S={1,2,...,r} such that each integer of the insertion symbol set § occurs at

most once in each column and at most once in each row of LR. If n=m=r holds the
matrix is called latin square of order n and is denoted by LS [7].

Let LR [n, m, r] = [ai]] be any latin rectangle in r symbols a;, € §={1,2,..
.,r}. Wedefine I={1,2,...,n} asasetofjobs. J={1,2,...,m} as a set of
machines, and SIJ= I x J as a set of operations for open shop problem. For a graph
G = (V, E) with vertex set V'=SIJ, we define edge set E as follows:

The operation (K /) is an immediate successor of operation (if) if any one of
the following conditions is satisfied

(@) i=k,ay <a, andthereisnove€ Jsuchthat ay <a, <ay ,o0r

(b) j=1,ay <ay andthereisnou € Isuchthat a; <a, <dy.

Then the vertex set ¥ in the graph represents the set of operations and edge
set E represents the set of job orders and machine orders. Since we can interpret each
ay as level of vertex (i), there only exist edges from lower level to higher level.
Therefore, the constructed graph is acyclic and such acyclic graph corresponds to
feasible sequence. _

Let MO = [by ] and JO = [dy ] be nx m matrices of given machine orders
and job orders respectively : by is the position of machine j in the machine order for
job i and dy is the position of job i in the job order on machine j. Here, in each row
of MO we have permutation of the integers 1,2,...,m, in each column of JO we
have permutation of the integers 1, 2,...,0n.

For given machine orders and job orders and a set of operations SIJ = I x J,
we have a graph G = (¥, E), where ¥ = SIJ is the vertex set consisting of operations,

[80]
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and E as edge set reflects machine orders and job orders. A combination of a given
machine order with a given job order is not necessarily feasible, it is called feasible if
and only if the graph G does not contain any cycle. In such a case the graph G is
called sequence graph.

It is also possible to obtain an 7 x m matrix [ay ] satisfying the properties of
latin rectangle for given sequence graph.

We define rank (source) = 1 and rank of other vertex (if) by maximal
number of vertices of a path from a source to it. Since the graph does not contain
any cycle, we can determine the rank a; of each vertex (jj) in G. Also being only
horizontal and vertical arcs in G, there do not exist any two vertices of the same rank
in some row or column. Therefore the matrix [ay | = LR [, m, 7] so formed by the
rank of each vertices satisfies the following property (2.1) and indeed it is a latin
rectangle.

Property 2.1 If ay > 1, then there exists integers ay — 1 in row i or column j or in
both.

It is also very clear that a latin rectangle LR [, m, r ] satisfying the property
2.1 easily produces a sequence graph for open shop problem.

Following theorem connects open shop problems and latin rectangles.
Theorem 2.1 There exists a one-to-one correspondence between the set of latin
rectangles LR[n, m, r] with the property 2.1 and the set of sequence graph G for
open shop problem.

Example 2.1 Following example illustrates the fact in the case of V=SIJ=1xJ

6134]
1245

LR[5,4,6]= n=5m=4,r=6

3 4
45
L5 6

u/ i ; l:'___:}d’

i i T
b \,t

[ Y - '
’(j—PJR 33—)——;

Figure 2.1 The Sequence Graph G = (¥, E}
[81]
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The horizontal edges represent the machine orders and the vertical edges the
represent the job orders respectively.
Note that we will consider here such latin rectangles satisfying the property -
2.1 unless otherwise stated. 5o
If we assign in a graph G = (¥, E), a vertex cost p, to each (i) e SIJ, we
can consider different objective functions on the set of all sequence graphs and hence
on the set of corresponding latin rectangles. For example, if C = [cy ] be the matrix
of completion times ; Cmax =max {c; | i € 1, j € J} is given by the weight of critical Br:
path in G = (¥, E) in the case of p, = 1. Then the problem here is to determine a latin [0
rectangle with minimal cardinality of insertion set.. If we consider an objective 10h
function Z<;C,, then the problem with Py =1 is to determine a latin rectangle with -
minimal sum of the greatest elements of each row. In particular, if p, = 1for all i and -
for all j, then we have C'= LR [n, m, ] and the problem is relatively simple. f
3. Minimizing the Completion and Total Completion Times. Alg
In this section, the completion time and the total completion times on the i Inpt
machines are optimized in polynomial time algorithms if we have p, = 1 for all i and Out
for all /. We consider the problems P, and P, with objective functions g, and & of
maximum completion time on machines and the sum of maximum completion times SO:
on each machines, respectively to be minimized. Here it is presented a polynomial
time algorithm (see [5]) for the solutions of these open shop problems P, and P;. SL:
Let LB(g; ) and LB(g; ) denote the lower bounds for objective functions g;
and g, respectively. S2:
Lemma 3.1 Consider the open shop problems P, and P, . Then, the lower bounds S3:
are
(a) LB (g, ) =max {m, n}
‘ {nm if m<n
He)= o2y (k4 Dnl i m=kn+ L. e
Proof: Let m < n be the first case, Since each machine and each job are available at
zero time level and since each machine can complete the last job of its job order S5
earliest at time n, we have E‘, 2 n and LB(g, ) = n. Also, since there are exactly m
machines all on processing we have LB(g, ) = nm. Theor
As a second case, let the number of machines m be greater than the number probl
of jobs n so that m = kn +1, (0 < k, 0 £ 1 < n). Since each machine and job are
available at zero time level and since each job,can be completed earliest at time m we Pl‘ﬂ?f
have, LB(g,) = m, and at most » machines with C, 2 m. After removing n machines are tig

(82]



there will be at most n machines with C, > m—n. Afier k steps the lower bound is
nm + n (m—n)+ . . .+ n (m — (k=1)n). For the remaining 1 machines the trivial lower
bound is C, 2 n. Since, there are exactly » jobs we have the lower bound is

k
LB(gy) = D (nm~(s D) + nl = 240 2 4 (k4 Dy
a=1 :

Braesel /Kleinau presented in [2] a polynomial algorithm for solving the problems
[0]p; =1| Cpe and O| p; =1|Z; e C,]. By changing the roles of machines and
jobs we obtain the following algorithm for the open shop problem [0 | p, =1|C,pyy
|Zies €] with time complexity O(nm). Here, C,,, also denotes the objéctive
function g,

Algorithm 3.1 Solution of the problem O|p, =1 | C,\yr |Zjes C, .

Input: #n,m,and p, =1 forall i, j
Output: Matrix of completion times C= [c;; ]

80: Ifm<nthenC:=LR[n,mn]
goto S5;

S Determine kand I with m=kn+1,(0< £, 0< 1<n),
choose K* € {0, 1,2, ..., k—1} arbitrarily ;

§2:  Insertin C, k* latin squares with the insertion sets
Sy={(@=Dn+L,...,qn},q=1,.... k%,

S3: Insert in C one latin rectangle with » rows, n +1 columns, and the insertion

set
S={k n+l,...... (kR*+Dn+1}
and the following two properties:

- in | columns the greatest integer is (k* +1)n
- in n columns the greatest integer is (k* +1)n + 1;
S4: Insert in C, k— k* -1 latin squares with the inisertion sets:
Sg={gn+1+1,....... J(gtDn+l),g=k*+1,..., k-1,
85 End

Theorem 3.1 The polynomial algorithm presented above exactly solves the
problem O|p, =1|g;.&,.

Proof: In order to show that the lower bounds LB (g;) and LB(g;) calculate above
are tight, we look the insertion sets in the presented algorithm 3.1.

(83]
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__ Since the greatest integer in all insertion sets is given by max {n, m}, we
have C, = n for all j if m < nand C, =m otherwise. Therefore we have LB(g, ) =
max {n, m} = C,,

Obviously, the lower bound satisfies LB(g;) = nm = Z e, C, , if m < n since there
are exactly m jobs on processing.
Finally, if m = kn + /, observing each insertion sets in the algorithm we get
k-1

t.
DG, = D nin+ [k *+ D+ nl(k* +Dn+ 11+ D n((+Dn+]

jeJ J=1 J=k*+1

k* k
=N jn? ik 4D [k D 1+ Donljn+)

= Jok®+2

k* k
=Y j+ (k4 D+ [(k*+1)+n? D
=

j=k'+2
= 28D 2 4 (k+ )l = LB(g,).

Thus obtaining the lower bounds as our objective function values the
theorem is proved.
It is remarkable that all optimal schedules of the problem O |p; =1]g;,8;

can be constructed by the algorithm 3.1.

Example 3.1. Let there be n =3 information sources and m = 11 receivers, where all
receivers are required to receive all the informaions for unit time. It is assumed that
no source will transmit the information to more than one receiver at the same time
and no receiver can receive more than one information at a time. Then we have the
objective value g; = 11 and g, = 78, and the following matrix C of completion times
for the optimal schedules given by the above algorithm 3.1.

Here k=3 and /= 2 so that we can choose k* € {0, 1, 2}.

12 33 405.6: 10012 8 : 79
C=|2 3 : 56 4: 9 1011 : 87
\312:645:11 7 10 : 9 8/

k*=2

wn

(123:785:46:9 1011)
c=l231:678:54:1011 9 | k=1
6 5:11 9 10)

[84]
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345:12:678:9 10 11
C=[451:23:786:111 9 |,k*=0
52 4:31:8617:11 9 10/

4. Minimizing the Idle-Time and Total Idle-Times

Let S, be the idle-time of machine j. In this section we consider the
problems P; and P, (see [5]) to minimize the idle -time S, of machines and total
idle-times Z ;. S, of machines. respectively. The considered problems are solved
in patﬁynomnh.ﬁme algorithms in the case of processing times p, = 1 for all i and
for all /.

" Let LB (f;) and LB (f;) respectively denote the lower bounds for these
problems.

Lemma 4.1 Consider the open shop problems P; and P, with SIJ =  x J, then the
lower bounds are LB (f; ) = n-1 and LB () = m (n-1).
Proof: Suppose that m < n. Since each job can complete the last job of its job order
earliest at time » units and since each machine and job can start its processing at zero
time level, we have \

LB (f;)=n-1and LB (f,) = m (n-1).

Suppose that the number of jobs # is less than the number of machines m
s0 that m = kn + 1, where 0 < k and 0 < 1 < n. Since each machine and jobs are
available at zero time level and the last operation completes of the job i earliest at
time » units, the trivial lower bound LB (f; ) is n-1. _

Because in each m machines exactly » time unit operations must
be processed C; ~C, +12m, ie, C;~C, 2n~1 hasto be satisfied. Therefore we
have, LB () 2 m (n-1).

Now we define the following objective functions

Smax:=fy —(n-Dand Z;es S, := fo-m(n-1).
The lower bounds for each of these objective functions is zero.

Now we present the following polynomial algorithm with slight modifications of
algorithm 3.1. The time complexity of this algorithm is again O(nm).

Algorithm 4.1 Solution of the problem O | p; = 1| S |Z e S,

(85]
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Input: n,m,and py = 1 foralli,j
* Qutput: Matrix of completion times C = [cy ]

SO: Ifm<n,thenC:=LR[n, m,n],
gotoS5;

SI: Determine k and /with m =kn+ 1, (0,<k,0</<n)
choose k* € {0, 1,2, ..., k} arbitrarily ;

82: Insert in C, k* latin squares with the insertion sets :

_ My={(g-Dn+1,...,qn},q=1,.... K%,

S3: Insert in C one latin rectangle LR* [ n, I, n] with the insertion set
M={Fn+l,...,(kK*+1n}; ”

S4: Insert n C, k—k* latin squares with insertion sets:
Mg={gn+l,....... J(g+m},g=k*+1,....k;

S5 End

Theorem 4.1 The algorithm presented above exactly solves the open shop problem
OIP{! =18 5 |E]EJ Sy

Proof: In order to show that the lower bounds calculated above are tight we look for
the lower bounds in each insertion sets of given cardinality n.

For m < n, since the latin rectangle LR[n, m, n] in algorithm contains exactly
once » in each m columns (it is matrix of permutations) we have

Suex =0=LB (f;)—(n-1), Z ey S, =0=LB () -m (»-1).
Also, in order to show that the lower bounds are tight in the case of m = kn + I with
0 <k, 0 < I < n, we observe the insertion sets in the algorithm 4.1 again. Since we
have k latin squares of size n x n and one latin rectangle of size n x [ in n elements,
obviously Spx=0=LB (f;)— (n-1).

- Finally we have,

2.5, = LB(f;)-m(n-1)

jeJ

k* k
=Z(jﬂ—jn+n—-1)+l[k‘n+n—k'n—l]+n Z [jn+n—jn—1]-m(n—-1)=0.
=l j=k+1

Example 4.1 Let be there 10 books of scheduling theory and 4 students willing to
read these books in a library. Assume that each student can read at most one book at
a time and on each book at a time only at most one student can read. All students are
required to read all the books for unit time and no-idle time on books is accepted.
Here, the students can be taken as jobs and the books can be taken as machines.

[86]
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Singularity Method For An Imperfect
Spheroid In An Elastic Medium
SUNIL DATTA AND DEEPAK KUMAR SRIVASTAVA

Abstract : In the present paper solution to the displacement problem of an imperfect rigid
spheroidal particle in an infinite elastic medium is constructed by the help of singularities of the
elastostatic equations. The analysis reveals that for small deformity while the force on the particle
remains unchanged, a couple gets generated.

1. Introduction:
The elastostatic equations governing the displacement u are

1 =
(1.1) H I:'l—_;;gmd div F+V2?i]+f:-—- 0,

where  is the shear modulus, v the Poisson’s ratio and f the body force per unit
volume. The fundamental solution ‘Kelvin Solution’ of the above equation
corresponds to the solution of (1.1) when f is the point force

(1.2) fr@=16m=-vs@®a,
where ¥ is the fluid position, &(x) the three dimensional Dirac delta function and
& characterizes the strength of the force. Kanwal and Sharma [4] have extended the
singularity method used by Chwang and Wu [1] for stokes equations to elastostatics
and applied it for solving displacement problems involving a rigid spheroid. The
problem of a spheroidal inclusion in an elastic medium under torsion was later
considered by Datta and Kanwal [3]. In these problems the body is perfectly axial
symmetric. But in practice it is seldom so, and in this paper we have investigated the
effect of such imperfections.

‘For the sake of convenience we collect below the basic singularities that we
shall exploit here and refer to the paper of Kanwal and Sharma [4] for details.

Kelvin Solution:

= G-4E (@ xDF
(13) THE s 7) =~ R,V)a+(a;f)x,x=|'f|
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Centre of Rotation:
(1.4) TG )= 7;3:':
Stresslet: v ) )
- - 129 PV e DFsta. 5%
(1.5) Uk.a(i;g,ﬁ)___( VI8 .x)a R(;z X)fl-(a.p)x
3(@ . 3B . )%
+ 25
Centre of Dilatation:
ke E"(i):—}%
Doubtlet:
— - — a 3a.x)x
@7 U'”(x;cz)-——F+—Rs—-

As explained in [4] the force on a control volume enclosing a Kelvin concentrated

force of strength a is given by
(1.8) F=-16mu(1-v) &
and the couple due fo a centre of rotation of strength 7 by
(1.9) M=-8xuy.
Let the imperfect spheroid be given by
x* y-eh*x) 22
+

(1.10) SE;{ —bf—+b—2=1.(02b}

for € =0, this represents a prolate spheroid with focii at (+ ¢, 0), where ¢ = ae,
e=+ 1-b%/a? being the eccentricity. In the sequel closed form solutions, when

h(x) = '?;—-(az—- €? x?), have been derived for small deformity parameter €. This

represents a non-axially symmetric body with centre line y = e/(x) in the xy plane
(z = 0) symmetric about the y-axis. But in a similar fashion, when the centre line is
anti-symmetric about the y-axis, solution may be attempted and the scheme extended

o more general situations.
The body § will be given the general uniform displacement

(1.11) U=Ue, +Ug, +Ug, .

[48]

———
————— e,

- e Sseanaaem—m___—[S—_—n_—_au K s:—

Kan
dispi

Kelvi
(e,
(2.3)

where

24)

and

(2.5)

where
(2.6)

Now, {



SINGULARITY METHOD FOR AN IMPERFECT...

Observe that since the body is not axially-symmetric, unlike the case
Kanwal and Sharma [4], there is need for introducing all the three components of
displacement. On account of linearity we can find the solutions corresponding to the
displacements U, , U, and U, independently and than super impose them.

2. Displacement Parallel To x—Axis:

In the case we have to solve eg. (1.1) for the surface § given by (1.10)
subject to the boundary conditions.

@1 u=Uge, onS
and
22 u = 0 at infinity.

Let us first consider the displacement # due to a uniform distribution of
Kelvin solution and a parabolic distribution of doublets on x-axis between
(£¢,0,0),i.e; Set

(2.3) w=AJ*+BJ,
where
(24) JE= I U*(x-¢e, ;e )dE

=[(3-4v) A 4+ X2 Ay —2x45,+ 43, ] e,
Hxdy o — 45,) (ve, +ze,)

and
(@.5) 7= [ (- T -¢7, 16yt
=[4;, — 2 Ay g = 3{x?(As; —? A ) = 2x(As 5~ et 45,)
HAsy =P A5 M E,
= 3[x(dsy — P A ) = (453 — 2 4 )1 (e, +2e,),

where

g
(2.6) A= .ll s dt

S lx=82+y? +'32];E '
Now, for points on S, we have the approximation

[49]
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@ Tt = Jhoy e JH +0(e2),
2.8) J4 = Jhoy e J4 +0(€?),

il kel

l—e
Tk =| a  2e(@-x)] _ 2ex . _ . _

(2.9 Jk = Ml—..v)-L-m‘ e§_+m(yey+zez) s
- = 4a¢ | _ 4a’x ol
(2.10) J%=| 2L+ a? —ex? ¢&+ﬂ_ez)(az_ezx2)(y9y+zea)s

b [{a‘+3e"1a2xz—3a=x2-e3x" 2(3-4v) }&
2= Ji=: € y hix)e (az_ezxz)a = (I_eZXa-Z _92’:'2). €

(Ba®+e*x?) . _
_m(yey+ze,) 5

312) ey s |:{ 1 . a.z +3e?x? } B
- v (l—e’)(g’-e'*’.x?)z (@+eix2)y | &

e’x
FA (1- ez:)z ( a_i — e-i xz_.)a {

Next, it may be verified that the equation

(5-3e*)a® —e?(1+¢?)x*}(ye, +zé',):|.

@.13) e o IR B SULE,
is satisfied provided we choose
> 14 JunBE s s
(2.14) ATT A=) T [La+3e2 - 4ver) 2]
and this gives on surface S
_ . 8yheB [1+2(1—2v) el
3 BJ% —ata €,
AW+ BIS =0 oy | T sy &
1 xe?
=Fiaf 1-a 05t}
hy(a? — e2x?
where Pox} =-}i_—;2_h_)

[50]
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Further, consider the expression

i=-N J@-enTrG-eq, .5

= 3262 [ f
(1.15) +(12v)N +-2{%?—)-—3L} N! I (P =-EU (x—Ee, ;e,)dE
| ou“
~ -2 [ (@£ G x e, e ),
where i
woa © 6(1-e?)? 2 —8e(3—?)(1-2¢%)L+8e*(3-4¢?) KB
2:16) N = ) B-e" P —4e(3-3¢* ") L+42°(3-26))] * a®
and
=" 3{(2e— (1-€?) L} +2(1-2v){2e + 4> - (1-¢?) L} hB
o T 3(1-e*) P —4e(3-3e? —e*) L+ 4e?(3—-2¢?) a
It may be shown that for points on S
(2.18) G=AJ% +BJ% +0(€).
Now, we get
(2.19) u=w-€eq,

where Wis given by (2.3) and 7 by (2.15). It may be verified that was given by
(2.19) is the required solution satisfying the boundary conditions (2.1) and (2.2)
Adding up the contributions of Kelvin solution U * occurring in (2.19), we find that
the net force experienced by the body is along x-axis and is given by

(2.20) E, =-167 p (1-v) I Adé
=327 u (1-v)ae® [((1+3e?) - 4ve?) L—2¢]
and adding up the contributions of centre of rotations, the net couple along z-axis is

k —2¢2
(221) M,=-8rz€ u j '[(1 —2V)N+2 {'2%'_)—:_31.}] N'(c? - &)dE

(511

f
l
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=32 e 7 u hyae® [3(2e— (1- €2) L} {2e — (3 - 2¢?) - 3(1-€?) L}
+(1-2v) {9(1—e?)? 12 — 4e(9—9¢> —2¢*) L+ 4¢*(9-8¢*)} ] x
[3{301-*) 2 — 4e(3-3¢2 ) L + 402 (3-2¢%)]
=1
{£(1+3¢? — dve?) - 2¢]
It is seen that while net force is same as given by Kanwal and Sharma [4]
for the underformed spheroid, a couple M, given by (2.21) gets generated on
- account of the imperfection.

In the limiting process v —>J2' gives the results, for the corresponding
hydrodynamical solution involving stokes flow studied by Datta [2], with some

corrections in the values of N and N'. For e = 0, (2.20) provides the well known
value of force on a sphere, while the couple M, is seen to vanish, this confirms to the

fact that for € = 0 the equation (1.10) still represents a sphere.
The results for a slend~r body are obtained from the foregoing ones on
applying the limiting process ¢ —>1. The force f, reduces to that obtained by Kanwal

and Sharma while the couple M, has the asymptotic form

o)

12 (3]fs0-vm(3)-1

where & =~ is the slenderness parameter.

3+(1-2v) [1+4|n(3)]

(2.22) M, =16 € 7y hya

3. Displacements Parallel To z and y Axes

Following the above procedure, we can construct the solutions for
displacements parallel to z and y axes. Thus, we have for displacement parallel to
z-axis

(3.1) u=4 IE*(E—éEx;E,)df-z-B I(cl—éz)ﬁ*“(f—ﬁ, ve,)dé

=L

€ hyBe® [ 4(1-2v)
- {

a’ 2e—(1—e2)1.+(1—e=)}_{(cz“gz)v'(f-féxzéx)dg

2[3(1- e2)2 L - 2¢(3 - 5¢2) - 8(1- 2v)es] }
T (1-e2) [3e2(1-e2)2 L—2¢*(3 - Se?) + 4(1-2v)e5{2e — L(1-e2)}]

(52]

where
3.2)

For displ:

(33)



% I (P =EH)URE-¢e, ;8,,8)dE

2(1-2v)[2e~ (1-2) L +2¢3]
Y Sans AL 2e4(3 —5e2) +4(1-2v)e’{2e - L(1-¢?)}

- _ |
x _{ @y er e,
where |
32 A= -lzfi;f- =2U,e? [Ze'- (1-7e% + S\ae)L] B

For displacement paralle] to y-axis:
(3.3) a‘=x.-,['ﬁ*(§-g j€,)dE+ B I(cz —ENUU(3-¢ e3¢, ds

8¢ hyBe’
'FE;'?E?[C f(c’ - UMGE-EE, 38,8, d

+G .f @9 ez, 5 e

¢ =)
dd

- U
ve Jw-er S -G-e

e ;e )dé

+c, I (¢2=82) Th(5-65,:5,:5,) de

AUy dd

+Cy J(c’ ﬁ’)’ L (x-de. e e, Ydé
G I (2-3E)U(X-¢e,)dE :’ :

[53;




where
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3
1-¢*
C=02D:;

C, =[DD;+(1-¢*)*(DD, + D; D))/ 2DD, ,
C, = [D,Ds+ D;D;}/2DD, ,

C, =[D,Ds+ D,Dy1/2DD, ,

C, = (1-€*)[D,D; + D, D;]/8e*DD, ,

C, =8[D,Ds+ D;D;]/2DD,,

A =——— B=2U e 2e-(1-Te? +8ve?)L]

2e de
D,=2(1—2v)(L—2e)( L]-I-l_ez [(3-¢*)L—6e],

1-¢e?
‘16eL
1-¢2

D, =362(1+2¢% -¢*) - (9+ 3% — 26¢* +10e%)

44-(1_—82)?(9—1282 —23e* +32¢° - 8¢%),

2e(3—5e2)
Dy =—12(1-2v) (L-2€)| L= 37"

2e(3-5€2 +4e‘)]

6
+37[(3—82)L—6e]|:l.— )

D, =252 (1+2¢* - )P =3

2

(1-¢2)?

+

8e 2e(3-5¢?)
Dy =(1-29) =y —3 L 3y

2¢* 2e
Dy=(1-20) Gy + -9 =7 - L}

[54]

L
(30— 108e? + 121e* —52¢° + 3¢%)

(90— 288e? +275¢* — 43¢® - 32¢%),

(34)
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geS [ 2e 6e> [ ze(_s—s.ez)]
D, =(=-v)q"ay [l—ez-L]+ = L 3=y I’

S 2e
D=16 (1——21!)(12—21:)[1_‘2

(3+6e=—5¢‘)-3(1+ze2'-e4)1:]

16e
34 a2 [(3-e‘)L—6e][5+e‘-—2¢‘].

The result (3.1) mmmmnymmc spheroid does not produce
myad:ﬁﬁmﬂfomfmadisphnmmtpm‘aﬂﬁ!wzdi:uﬁmMpmd:nRamuplc

647 € pa(l-2v)es
M =
3[2e-(1-e?) L] [2e-(1-7¢? +8ve?)L |

Itmaybcveriﬁbdﬂmﬁcmh(ll)wwiﬂltheeoﬂwpmdﬁ;g
hwmmwmplm-mmmvar}.nm
alsoimmuﬁngwnotethatforsmkes'ﬂowparalleltoz-axisthercismcoupleonthe
deformed particle in contras t to the couple M, in the elastostatic situation as given
by (3.5)-

The result (3.3) shows that for displacem ent along the y-axis there is no
additional fnrceorcm:ple.ltmyalsobepoinwdbutthgtsinccﬂ:emeapom;_, i
stokes flow result as given in [2] is in error, expression (3.3) does not correspond,
withitinﬂ:elimiﬁngpmomv—r}.AetmItyﬂ;cvalueofias'givwin[Z]isfm
the situation when the deformed spheroid

LAl s il
2R B
isplwedinaﬂrmdongy-dhecﬁomFmitisdeﬁnedthatdmgcoetﬁeianof
ﬁenntforeeexpcrimcedby'ﬁebodyalongx—axisisgivenas
F 16 (1-v)é?

tnpUa- =3 (1436 ~4ve?)L-2e]
mbdnﬁomofﬂﬁsdmgweﬁuientmdaspectmﬁooﬁmebodyisgivwinﬁg(l),
in which it is clear that CF, hcteﬂmgraduallyasmpectmﬁoﬁ:% and material
(Fnrwhkh?«imm’anﬁo.0<v<-})dmnges

(551
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Min—constant For Polynomials*
GAJENDRA B. THAPA

Abstract: Let ¢ be some set of analytic functions £ in the unit disk D normalized by the conditions
f(©)=0, f'(0)=1.Let G, denote the set of univalent functions in ¢. We introduce the quantity

2@ =sup {inflf )}
f€G\Gu lzl<l
which we call the min-constant of . We discuss A(T,), where Tconsists of the
trinomials. _
z+ az? + bz?
and obtain A(7;)=0.032....

1. Introduction:

Let Abe the set of non-constant functions f analytic in the unit disk
| z| < 1 and normalized by the conditions £(0)=0, f'(0)=1.Let A, c Abe the
subclass of functions which are univalent in the unit disk. Let Gy A\VA, consist
of all polynomials of degree at most n, which are properly normalized and
non-univalent in D. For f € A, let

) m; = inf (),
|z|-cl
and set
(2) I =supm,
S €Gn
We call I, the min-constant for polynomials of degree 7. The value of 7,

could serve as a univalent criterion: if M > I, for some normalized polynomial f of

* This paper forms part of the author's Ph.D. thesis written under Prof. St Ruscheweyh and
submitted to Tribhuvan University, Kathmandu, Nepal. The author acknowledges the support of
the German Academic Exchange Service (DAAD) granted to him during the preparation of his
thesis at Wilrzburg University, Germany.
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degree n, then f is univalent in the unit disk (and hence the name minimum
condition constant, or min-constant, for short). Clearly, /, is an increasing function of
nand lim, I = I, where
1= sup mg.
f e A\A,

It is easily verified that /, = 0, The main objective of the present paper is to
establish'the following identification of I; .

Theorem 1. We have
1

=0032....
1843

Furthermore, I, = m, , where fis the (univalent) polynomial

I,=

6 5
f(2)=z+ 3 z’+ﬁz3.

The extremal polynomial f is unique in the following sense : if Iy e G, satisfy

m, —> L, then there is a subsequence f}... and an x € C with |x| = | such that

!
Fim(@ = x" f(xz) inD.
Our proef of Theorem 1 admits a generalization to the sets 7, of trinomials
of the form
z+ @k +bz2,  k=23,....

However, the formulas involved become so complicated with increasing k that no
closed expressions for the extremal polynomials nor the values of

3) A, = A(T,)=sup m,
feT\A,
are available, Numerical results can be achieved [2] such as
4) MT5)=0.055..., (T,) =0.069...,and Jim MT,)=0.119....

The following sections are organized as follows : in Sec. 2 we reduce the set

of candidates in T, which are extremal for A, in the sense described in Theorem 1.,

In Sect. 3 we prove Theorem 1 for polynomials with real coefficients, and Sect. 4
extends this to the general complex case. Lemmas 4, 6, 8 and Relation (13) have now
been published as part of the author’s [3] paper on the John Constants for
Polynomials. We reproduce the short proofs, however, for completeness and to make
for independent reading,

[58]
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2. Reduction of the Problem

In this section we derive a general result which in fact replaces the search
area for the supremum in (3).

Let N, = T,\ A, , i.e. the set of non-univalent functions in T, . We make a
convention that whenever 'V is any subset of 7, , then

Vi ={p=z+a* +bz%" ¢V, |a,bare real}

and
Vf={p_=z+m*+&z“*-le'\ilaisconmlexmdbkﬁ}.

Now set
) N} =sup m,, AG=sup m,

peN? peNt
Then A 2 A% asalso A, > A In fact
© Ay 2AT,
for given any polynomial p in 2V, we can find, by rotation, a polynomial g in N
such that m, = m,.

The following is a particular case of a theorem of Quine [4].

Lemma 1 For r >0, let
3’2'{("’5)5(:-'1]2.{_@*...&1*-' is univalent in |z|<’}

and § = 5, . If p is a polynomial whose coefficient pair (a,5) belongs to the boundary
as, of S, , then p(x) = p (y) for some points x, y, | x|=|y|=r, or p'(z) = 0 for some
pointz, |z |=r.

We now prove ;
Lemma2 Let 7, be the subset of polynomials p(z)=z+az* +bz**" in T, for
.which (a, b) € 8S and p'(z) #0, |z | = 1. Then

sup m, =sup m,.
peH, peN;

Here the left side is taken to be zero if Hy is empty.

Remark 1 In view of Lemma 1, each polynomial in 7, assigns the same value to
some two points which lie on the unit circle. The pairs (a, b), p € 3, , are said to
form the double point curve in C.

[59]
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Proof of Lemma 2. First we prove the inequality.

7 sup m, 2sup m, (=A;).
peH; peN;

Case 1. Suppose m, =0 for all p in N;. The right side is then zero, and we are

done.

Case II. Suppose n1, # 0 for some f in IN,. Then f'(z)#0,|z| <1. We set
r=sup {0<t<1| fisunivalentin|z|<t},

then » > 0, and | z | < r is the largest disk centered in the origin where f is univalent.
Hence r < 1, and the coefficient pair of f belongs to 45, . We define

1
p(z) t;f (rz).

Then the coefficient pair of p belongs to 85 . Moreover p € H, , since p'(z) # 0, | 2| <
L Now again, as r is less than 1,

i llp'(z)l=§qfl lf02) | 2inf | f1(2) .

lzl< Izl<]
That is, m, = m; . Given f in Ny, m; # 0, we have thus found a p in 7, for which
m, > m,. This completes the proof of (7).

To prove the opposite inequality consider first the possibility that H; is
empty. The left side of (7) is then zero, thus bringing the proof to an end. So suppose
p € H; . By Remark 1, p(x) = p(y) for some points x, y, x # y, [x{ = ) = 1. For small
e >0, let

P& == pl1+£)z].
The inequality

(rve)=7 (i
Pelleg) = Pe\14¢
shows that p, is not univalent in | z | < 1, and so is an element of N, Hence

Ay 2 my, =in | PI(1+£)2)].

|zl<l
Letting & — 0, we find A, > m,. As p € H, is arbitrary, we have

A2 sup .
pei,

The proof of tne lemma is now complete.
[60]
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Remark 2. A similar result holds when all the polynomials considered have either
real coefficients, or complex first coefficient and nonnegative second coefficient.
That is :

®) sup m, = sup m,(=A%)
pedE peNE

and
sup m, = sup m,(=A%).
peHf  peNf

The last relation in conjunction with (6) yields

© Ay = supm,

peHE

3. Mini—constant for Third degree Polynomials with Real Coefficients
Polynomials considered in this section all have only real coefficients. Our

aim here is to determine A% . As (8) suggests, our first step should be to determine the

set 2{%. The following theorem of Brannan [1, Theorem 2(b)] serves this purpose.

Lemma 3. Suppose
(10) p(2)=z+ az? + bz,

where a and b are real. Then p is univalent in | z | <1 if and only if
uuvnmm-mg
24 b(1-b), i=<bsi

Lemma 4. The set M2 consists of polynomials (10) such that

an la| =2/61-8), %<b<}:

Proof : By Lemma 3, the coefficient pair (a, ) of p belongs to oS if and only if one
of the following holds :
lal=(+38)/2, -3sb<3

lal=2vb(1-8), L<b<is
la|= 24b(1-b), b=1.

It follows from Lemma 6(b) (see below) that p'(z) = 0 for some point z, | z | = 1, if
and only if a, b satisfy the first or third relation above. Therefore, numbers a, b
which satisfy the second relation determine the polynomials in #{3'. This prove the
lemma.

(611
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Now suppose p, given by (10), is a polynomial in #{7 . Then (11) holds by
the above lemma. For definiteness, we take a 2 0 ; the case a < 0 is symmetric. To
determine m, we note that for any polynomial p, if p'(z) = 0 for some point z, [z | £
1, then mp=0.0therwise,byﬁ|cMaximnmPﬁnciple,

(12) = min |p'()|
lzl=1

Ifz:e”isapointonﬂ]elmitcircle,letp(ﬂjdenotelp’(zﬁz.mm
P(0) = 1+4a* +9b* + 4a cos 8 + 6b cos 26 + 12abcos
Its derivative
P'(8)=—4sin 8(a+ 6b cos @ + 3ab)

is zero when sin 8= 0 or cos 8=—a (3b + 1)/ (6b). Clearly, P(6) attains its maximum
value when @ = 0. If a (35 +1) = 6b, P(6) is minimized when 8= x ; otherwise when
cos @ =—a (3b+ 1)/ (6b). Consider the polynomial

F(b)= 41—&(;:;z (3b+1)* —36b%)

=—9p> +3b% —4b+1.
We see that F (b,) = 0, where b; =0.261 . . . is a point in (£,3) . Also F '(5) <0 for
b>0; so F (b) is a decreasing function. As a result
a@b+1)26b, $<b<b,
a(3b+1)26b, b <hb<i
Accordingly .
1+3b-2a, $<b<b,

13 =1 (1-3b)3b—a?
(13) m, ( \){3_5 a,b‘sbs%-

Using the relation a= 2/b (1 - b), we finally obtain

1+3b—44/b(1-b), $<b<

m, = Jab-1
1-3)—3 blsbs%

n, mmcreasmgonﬁlemjmfal( b.] its derivative there being positive. The
maximum value ofm,on[b,,s) is hence the maximum on the whole mterval(,,
In [bl,g)ﬂledmvauve m, is zero when

[62]
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545 -335+5=0
(35-1)(185-5) =0.

m, attains its maximum value at b= 75. The coefficient a =& and m, =0.032.. .
We come now to

Proposition 1. The min-constant A% (= I ) for third degree polynomials with real
coefficients is equal to '

1
where fis the polynomial
y6s5 , 5 .
f(z)—z.-l-"'—g 2" +18%
Proof: By the very construction of £,
My = BOP M.
peHF

But the right side is equal to A3 by (8).
4. Min-constant for Third Degree Polynomials

- Inview of (9), our first task this time should be to determine #C. We quote
another result of Brannan [1, Theorem 2(a)].

Lemma 5. Suppose p(z) = z+ (a+id)z" + bz*, where a, b, and d are real. Then:
(a) IfOSb-S‘},pis_ung’vafem!MzH 1 if and only if
a @ 1
A+3) T (-3 %
(b) If+ <b< %, pis univalent in| z| < 1 if and only if
a’ d? & 1
A+m) T (-1b)2 ~ 1+t
is satisfied for all t such that ‘3= < t <3 ; in particular, p is univalent in| z| < 1 if
a?  44?
ab(1-b) (1-35)?

=45

[63]
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Remark 3. Let us denote by S° the section of the coefficient region S with a fixed
value of b. If + <b<+, §° is the intersection of the ellipses.

x? e 1 1-2b .
A+ T (-1b): = 1+1 o LT
and AS? is the closed curve enclosing it. If 0 < b < +, then #5° is the ellipse
14 . e 1
(14 (1+3b)2 T (1-3b)° 4

Lemma €. Suppose p(z) =z +(a+id)z* + bz>, where a, d are real and -1 <b< L.

(@) If z=¢", then

1+ 3b ; 1-3b
lp(z)| =24 la+ ) cosd +(d- 5 sin#

-

2

(b) p'(z)=0 for some point z, | z | = 1, if and only if (a, d) lies on the ellipse (14).
(¢) Ifp'(z) #0,|z| <1, then m, is equal to two times the minimum distance form

(a, d) to the ellipse (14).

Proof : Clearly

'z
p£)=§+2(a+id)+3bz

if| z| = 1. Put z= ¢'"’ and separate real and imaginary parts. Then
p'(z)

=cosf +2a+3bcosl +i(—sinf +2d +3sind).

Part (a) is now obtained if we take absolute values.
Part (b) follows from (a) by eliminating & between the equations

1+3b
2
1-3b
2
To prove (c) suppose p'(z) # 0, | z | < 1. We can then use (12) to evaluate m,. The
required result now readily follows from (a) if we note that

a+ cos@ =0,

d- cos@ =0.

1+3b 1-3b
X=-—7 cos@, y= 3 sinf@, 058 <2x

are parametric equations for the ellipse (14).

[64]



A simple method for evaluating m,is to use Part (c) in conjunction with
Lemma 7. Let

2y
-2-2-+-52"= I, 0<D< A4,

by the equation to an ellipse and (g, 0), 0 < g < A, a point on the major axis. Then the
minimum distance from the point (g, 0) to the ellipse is given by

.'A'Z'_D_Z _q2

1_pa
m=i PV g-pz > 059555,
A-q, LD cqsA.

The proof, which is elementary, is omitted. if we take A=+(1+3b),
D= % (1-3b), and g = a, we obtain (13) as required.
Lemma 8. Suppose p(z)=z+(a+id)z*+bz> is a polynomial in HE. Then a + id
€3S, where + <b<+.
Proof: The point (a, d) lies on 2S°, by the very definition of #5. By Remark 3,
(a, d) lies also on the ellipse (14) if0 < b < '}- orifb= -} In view of Lemma 6(b),
p ¢ HE in such cases. Hence + < b < T, which completes the proof of the lemma.
Proposition 2. A; = AS.
Proof : Obviously, A, = A%. Assume that, given any p in 3 <. we can find an f in
3 such that
(15) m; 2 m,
It would then follow from (8) and (9) that A5 = A,, and the proposition would

proved. So let
p(z) =z +(a+id)z* + bz

be a polynomial in #H¥. Lemma 8 shows that a+id € A8®, where + <b < +.

f(2)=z+qz +b2°,

where g = 2,/b(1-b). Then f € {3 by Lemma 4. It remains to show that (15)
holds. '

Put 4="3 and D="3%, and consider the ellipses

[65]
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2 g2
(16) il

S
(17) Fhgel

Lemma 5 (b) shows that the ellipse (16) lies inside or on 5, while #5%in turn lies
inside or on the ellipse (17). For definiteness, we take a, d > 0. other cases being
symmetric. Let @, a: be non-negative numbers such that the point 7' = (a,,d) (see
Figure 1) lies on the ellipse (16) and the point ( = (a3,d) lies on the ellipse (17).
Then ay < a < a> and

Bl i B &
q,+Dz—1, A.2+D2_]
Hence
s a_@m _@m-a

q A A-g

We note that @, —a, = 0 if and only if @ = 0, which implies that (a, d) lies on the
ellipse (17). By Lemma 6(b), m,= 0 in this case and (15) holds trivially. So assume
a=>0.

Figure 1
Let R be the point on the ellipse (17) which lies nearest to the point
P = (g, 0). The point R may be different from the vertex O = (4, 0) of the ellipse. In
any case dist (P, R) = h dist (P, 0), where k> 0.
The least distance from the point P'= (a;,d) to the ellipse (17) is not greater

than dist (7', R'), where R’ is the point on the ellipse such that P'R' is parallel to PR.

Suppose dist (P', R") = K’ dist (P', Q'), where &’ > 0. It is easy to see that &' < A.
In view of Lemma 6(c), we now have

mg =dist (P, R) = WA —q)

[66]
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m, < dist (P, R") =} dist (P, @) =H(a—ay) .
Hence
”’:p k' a, — a
mg = h  A-gq
2, byas)
q £ ]
< I

since @; <q and A < h. This proves (15), and so completes the proof of the
proposition.

Propositions 1 and 2 together finally prove Theorem 1.
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A Study of Special Function with Lie Theory
S.K. ACHARYA AND D.X. BASU

Abstract: In this paper we give new proof of some properties of the parabolic cylindrical special
functions using a few operators defined on a Lie algebra. We also give a new treatment of the
Parabolic cylindrical special functions and some of its properties, which will be done by using
some properties of operators defined on Lie-algebra,

Let End ¥ be the Lie-algebra of endomorphisms of the vector space ¥ endowed with
the Lie bracket [ , ] defined by

[4, B]=AB—BA, for every 4, B € End V. We denote by I the identity operator of V.

Theorem 1. Let A, B € End V be such that [A, B | = — I. We define the sequence
{va} ©V as follows : Ay, =0 and By, ; =-y, for every n 21. Then y, is an eigen
vector of eigen value n for BA for every n 21.
Proof : We shall show firstly that
Ay, =ny,_, forevery n21.
For n= 1, this equality is evident because
(4, B] y, = ABy, — BAy, =— Ay, =-Y,.
We suppose that Ay, = ny,._;.
We may write similarity,
LA ) B] Yn =—Yn Of, ABy, — BAy, ==y, 0f, AYp +nBy,1 =Y,
or, Ay, ,=(n+1)y,

Thus, BAy, = Bny,, =—ny,.

This completes the proof.

Let ¥ = C* (R). We define the operators 4, B € End.V by
xf (%) xf(x)

M_ﬂx=f’(x)+-T,(Bf)x=f’(x)— 2 forevery x € R.
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We prove that these operators satisfy the commutation relation [4, B] =— L.

[A, B f(x)=ABf(x)-BAf(x)=A4 [f,(x)_%x_)]_ B[f’(x)+ xfz(x)]
=-f().
Therefore, [4, B]=-1

The Parabolic cylindrical function D,(x)=2""2exp (-x*/4)H(2""2x), where
- H,(x)=(-1)"exp (x*) (d"/dx") exp (—x?) is the Hermite polynomial of degree n,
is a solution of the differential equation

Y +(n+1/2—x* [4)y=0.

Therefore, Y+ 2-x* 1 4)y=—ny.
x* x
Now, we have Ay = y’+Ty_ Also, By =y,_?,v
x xy )
or, (B + 5) (Ay“‘i') =y"’ or BAy = y-+ (lfz—x‘ },4}}_ = —ny.

By theorem 1, it follows that y, is a solution of the differential equation of the
Parabolic cylindrical function. Again, from the definitions of the operators 4 and B it

X
follows that Ay, =ny, |, and (AHx=) + '?y, we have
e . xD, (x)
Yi=ny, - T" ie. Di(x)=nD,_,(x)- ”T
which is a differential recursion relation for the Parabolic cylindrical functions.
Also,flom  Bpo=-y,y  ad  (Bx=y -2, weobtain

Xy, . an(x)
V=0 —Ywi- i&  DiG)=—"7—~D,(».

This gives another differential recursion relation for D, (x).
From the two recursion relations obtained above we readily obtain

D, (x) = xD,(x)+nD,_ (x)=0.

[70]
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On Normal Quasi—Sasakian Manifold
BHAGWAT PRASAD

Abstract: Recently Mishra [1] defined normal quasi-Sasakian (ngs) manifold and nearly ngs
manifold. The purpose of this paper is to study some properties of these manifolds.

1. Introduction

Let M be an n—dimensional G™—-manifold and let there exist on M a vector
valued linear function ¢ of type (1,1), a vector field £ and a 1-form 7 such that
(1LY a) #=-1+n®¢

b) n(&)=1,

for arbitrary vector field X. Then M is called an almost contact manifold and
structure (¢, &, 7) is called an almost contact structure [2].

It follows from (1.1) that the following hold in M: rank (@) = n -1, n is odd
ie.n=2m+ 1and

(12) a) n(gpX)=0,
b) ¢&=0.

In addition, if in M there exist a metric tensor g satisfying
(1.3) g@xX, ¢Y) =gX, H-n(X)n@),

which is equivalent to g (4.X, ¢ V) =-g (#X, ¥) and g (X, &)= 7 (X), then Mis
called an almost contact metric manifold and (¢, £, 77, g) an almost contact metric

structure [2]. _

The fundamental 2-form 'F of an almost contact metric is defined by
(1.4) FX,N=g@@X, D).
Thus we have

(15) a) 'F (¢X, p1) ='F(X, Y),
b) 'FX,T) SEF T X)
It can be easily proved that on an almost contact metric manifold [3].
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(1.6) a) (Dx 'F)(Y,§)=-(Dx 1) (¢ 1)
b) g((Dy ¢)Y,Z) = (Dy'F) (¥, 2),
(1.7)  (Dx'F)(PY, ¢Z)=-(Dy 'F)(V,Z) + n(Y)(Dx ) (¢2)
=n(Z)(Dxn)(4Y).
Further in an almost contact metric manifold the Jijenhuis tensor is given by

(1.8) a) N(X.Y)= (Dgx ¢)(X)—(Dyy ¢)(X)— ¢(Dx ¢) (1)

+9(Dy 6)(N),
whence
b) 'N(X,Y,Z)= (Dyy 'FYV,Z)~(Dyy'F)(X,2)+(Dy 'F) (Y, $2)
-(Dy 'F) (X, ¢ 2),
where

Ir"‘v(‘ys Y; Z)=S(N(X’ Y),Z),

and D is the Riemannian connection of g.
An almost co: lact metric manifold is said to be quasi-Sasakian manifold if

(1.9) (Dy'F)(Y,Z)+(Dy 'F)(Z,X) +(D; 'F) (X. N)=0.
An almost contact metric manifold satisfying
(1.10) (Dx 1) (@Y)=—(Dyy M (Y)=(Dy n) (6X) =
Dy n)(¥)=—(Dgx M(¢Y)==(Dy n) (X).
(a) is called ngs manifold if
(1.11) Dy 'FYX,Z)=n(X)(Dz n) (¢X)+ 7(2Z) (Dygy 1) (Y), and
(b) is called nearly ngs manifold if
(1.12) Dy 'FYX,Z)=n(Y) Dgx M) (Z)+2n(2) (Dy n)($X)

=(Dy 'F)(Z,X)—=n(X)(Dyy 1)(2).
In this class of manifolds the following results are true [1]
(1.13) a) D; n =0, b) D; § =0, ¢) D;'F=0.
2. Properties:
Theorem (2.1) ngs manifold is quasi-Sasakian manifold.
Proof: In consequence of (1.11), we find

[74]
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Dy FYX,Z)+ (Dy 'F)ZX)+ (D, 'F)(X,D)

=N Dz 1) (@X)+ Dy n)(X)]

@) [Py 1) (Y)+(Dx 1) ($X)]

+ () Dy 1) (@Z)+ Dy m) (Z)].
Using (1.10) in above equation, we get Theorem (2.1).
Theorem (2.2). ngs manifold is necessarily a nearly ngs manifold.
Proof : Again by virtue of (1.11), we get
2.1) Dy 'F)XZ)+ Dy 'FYXZ)=0(¥)(Dz n) ($X) +1(X) (D7 n) (4 1)

+n(2)[(Dgx 1) (Y)+ Dy 1) (X)].
Using (1.10) in (2.1), we get

(Dy 'FY(X.Z)+(Dy F)X,Z)+2n(2)(Dy n)($X) +1(Y) (Dgy 1) (D)
+nX) [(Dyy 1) (Z)=0,
and hence ngs manifold is a nearly ngs manifold.
Theorem (2.3). ngs manifold is completely integrable.

Proof: The condition for an almost contact metric manifold to be completely
integrable [3] is

2.2) ‘N (¢X, ¢Y, ¢2)=0.
By virtue of (1.8) and (1.11), we get
(2.3) NX, Y. Z) =2n(Y)(Dz n)(X)-27(X) (D, 1) (Y)

=21(2) Dy M (D).
Operation ¢ in (2.3), we get the result,

Theorem 2.4. The necessary condition for nearly ngs manifold to be completely
integrable is that
24) 2Dy 'F)(PX,92)= Dy 'FYPX. 4> 2)~ (Dy2x 'F)($Y, §2 D).
Proof: From (1.8)b), we have
(2.5) N(éX, ¢¥, ¢Z)= (Dy2x 'F)($Y, $2)— (Dy2y 'F)(¢X, ¢2).

+Du "D GY, $22)~ Dpy "D (X, $* D).

73]
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In consequence of (1.7) and (1.10), (2.5) yields

(2.6) N(gX, ¢Y, $2)= (Dx "B (Y, 2)- Dy "F) (X, Z) = (Dgx 'F)(Y, ¢2) [1]
+(Dgy 'F) (X, 92).

Now from (2.6) and (1.12), we obtain [2]

@7) N(gX, ¢Y, ¢2)= 2Dy 'F)(X, Z)~ Dy 'F) (Y, 92) 3]

+(Dgy "F)(X, $2) -1 (X) Dy 1) (Z)
—n (V) Dy M) (Z)=27(2) (Dy 1) (9X)
Thus, from (2.7), (2.2), we obtain (2.4).

. Bha,

Theorem 2.5. On a nearly ngs manifold, Dep
2.8) N(8Y, ¢V)= 4[(Dyy @) (9X) +dn(¢X, ¢Y) £] E’LE
PIN-

Proof : From (1.12), we have

(2.9) (Dy ) (N=-(Dy HX)=-n(N) Dy &)—n(X) Dy &)
-2 (Dgy m(Y¥)<.

Now, (Dy ¢) (¢X)=Dy $* X— ¢ Dy ¢X

=Dy $* X— ¢ Dy pX+ ¢ (¢Dy X)— ¢ (6Dy ).
Thus,

@.10) (Dy ) (#0= Dy n(X) & +n X Dy &)~ ¢ Dy $) X)-n(Dy X)¢.
Using (2.10) in (2.9), we find
(2.11) (Dgx 9) (D)= —Dy nXNE =X Dy &)+ ¢ Dy ) (X)
+7(Dy X) & + (N Dy E)+2(Dx M(N &
Hence inconsequence of (2.11) and (1.8a), we get
(2.12) N, Y)=2¢ (Dy ¢)X— Dy (N +27 (1) Dy &)
—2n(X)(Dy &) +4dn (X, Y) &.
=24 (Dy ¢) (O) + Dy ) X))+ 1 (1) Dgy &)
7 (X) (Dgy E)+2Dgy M) (Y)E)+2n(1) (Dx &)
—2n(X) (Dy &) +4dn (X, Y) &
(2.13) N X Y)=44 (Dy $) X+ n(X) ¢ Dgx £)+n(X) (D &)
+27(Y) (Dy &)-2n(X) (Dy §)+4dn (X, 1) ¢.
Now operating on (2.13), we get (2.8).
[76]
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Mathematical Models and Algorithms
For Certain Open shop Problems
With Unit Processing Times

TANKA NATH DHAMALA

Abstract: Objective is to revise and present blockmatrices model and give algorithms for open
shop problems with unit processing times in scheduling theory. Considered problems are
minimizing the completion and total completion times on machines. Furthermore, maximal idle-
time and total idle-times on machines are minimized. polynomial algorithms are presented in the
case of total operation set with unit processing times.

Key Words: Scheduling; Open shop problems; Sequence graph, Polynomial
algorithms; Latin rectangles

1. Introduction

In classical open shop problems we have in machines j € J= {1, 2, ..., m}
and n jobs i € 7= {1, 2, ..., n}. The machine order of job i is the order of all
machines in which the job i is processed, and the job order on machine j is the order
of all jobs on machine j. An example of such a graph is shown in figure (2.1). In this
example we have the machine order M; — M; — M, — M, for J; , and on machine
M, we have the job orders J;, = J; = J, = J, = J;.. By sequence, we mean feasible
combination of machine and job orders whereas by schedules we mean completion
times of all operations. Let C; denotes the maximum completion time and C; denotes
the minimum completion time of operation on machine j respectively, and py
denotes the processing time of job ; on machine j.

With SI/=1xJ, it is considered the following open shop problems

®) Olp=1]g ., (P3)  Olpy=1| A,

(P)  Olpy=1]| &, Py  Olp=1| £,
where the objective functions g,, g, f,, £ are defined by

&= max, {E;}'Sz:= ZJ_EJEJ'fl':":maxjeJ {EJ "g;}' and f, = Z,‘e._f(EJ '_EJ)'

The machine and job orders can be chosen arbitrarily (open shop problems) and the
usual assumptions is made : each job can be processed on at most one machine at a
time and each machine can process at most one job at a time.

i
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The problems [O|p, =1|Cpy and O|py, =1|2Ze1C,] are solved in [2]
with polynomial time algorithms and here we present modified polynomial
algorithms and methods for the problems P, , P;, P3 and P, , where C; denotes the
completion time of job i. The used mathematical techniques and algorithms in order
to solve considered problems are based on [5].

Various attempts have been made in scheduling theory by the help of
blockmatrices model in which connection between latin rectangles [4] and sequence
graph [3] is established.

2. On the Blockmatrices Model

We apply the blockmatrices model [1, 2] for modeling the considered open
shop problems P, , P, , P3 and P, . For convenience we give its brief discussion here
too. Firstly, the concept of latin matrix is introduced and then its connection with

sequence graph is established.
A latin rectangle LR[n, m, r] = [a;] is a matrix of size n x m with entries a;
€ §={1,2....,r} such that each integer of the insertion symbol set S occurs at

most once in each column and at most once in each row of LR. If n=m=r holds the
matrix is called latin square of order n and is denoted by LS [n].

Let LR [n, m, r] = [ay] be any latin rectangle in r symbols @, € $={1,2,..
.,r}.WedeﬁneI={1,2,...,n}asasetofjobs..f= {1,2,...,m}asasetof
machines, and SIJ = I x J as a set of operations for open shop problem. For a graph
G = (V, E) with vertex set V= SIJ, we define edge set £ as follows:

The operation (K ) is an immediate successor of operation (i) if any one of
the following conditions is satisfied

(a) i=k,aj <ay and there is no v € Jsuch that ay <a, <ay ,0r
(b) j=l,a5 <ay and there isno u € Isuchthat ay <ay, <ay.

Then the vertex set ¥ in the graph represents the set of operations and edge
set E represents the set of job orders and machine orders. Since we can interpret each
ay as level of vertex (i), there only exist edges from lower level to higher level.
Therefore, the constructed graph is acyclic and such acyclic graph corresponds to
feasible sequence. _

Let MO = [by ] and JO = [d ] be n x m matrices of given machine orders
and job orders respectively : by is the position of machine j in the machine order for
job i and dy is the position of job i in the job order on machine j. Here, in each row
of MO we have permutation of the integers 1,2,. .., m, in each column of JO we
have permutation of the integers 1,2, ..., 7.

For given machine orders and job orders and a set of operations SIJ = I'x J,
we have a graph G = (V, E), where V= SIJ is the vertex set consisting of operations,

[80)
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and E as edge set reflects machine orders and job orders. A combination of a given
machine order with a given job order is not necessarily feasible, it is called feasible if
and only if the graph G does not contain any cycle. In such a case the graph G is
called sequence graph.

It is also possible to obtain an # x m matrix [ay ] satisfying the properties of
latin rectangle for given sequence graph.

We define rank (source) = 1 and rank of other vertex (if) by maximal
number of vertices of a path from a source to it. Since the graph does not contain
any cycle, we can determine the rank a; of each vertex (i) in G. Also being only
horizontal and vertical arcs in G, there do not exist any two vertices of the same rank
in some row or column. Therefore the matrix [a; ] = LR [n, m, r] so formed by the
rank of each vertices satisfies the following property (2.1) and indeed it is a latin
rectangle,

Property 2.1 If ay > 1, then there exists integers ay — 1 in row i or column j or in
both.

It is also very clear that a latin rectangle LR [n, m, r ] satisfying the property
2.1 easily produces a sequence graph for open shop problem.

Following theorem connects open shop problems and latin rectangles.
Theorem 2.1 There exists a one-to-one correspondence between the set of latin
rectangles LR[n, m, r] with the property 2.1 and the set of sequence graph G for
open shop problem.

Example 2.1 Following example illustrates the fact in the case of V=SIJ=IxJ
(613 4]
: [l s
LR[54,6]=| 3 4.2 6 |,n=5,m=4,r=6
4 6
5 1

5 1
6L 2]

.
L

i 1; > I" 14
e
R — JJ< 34
v © '
A A543 ) 14
¥ /
Hf—>32 53—y 54/

Figure 2.1 The Sequence Graph G = (¥, E)
[81]



TANKA NATH DHAMALA

The horizontal edges represent the machine orders and the vertical edges
represent the job orders respectively.

Note that we will consider here such latin rectangles satisfying the property
2.1 unless otherwise stated.

If we assign in a graph G = (¥, E), a vertex cost p; to each (i) € SIJ, we
can consider different objective functions on the set of all sequence graphs and hence
on the set of corresponding latin rectangles. For example, if C = [¢; ] be the matrix
of completion times ; Cmax = max {c; | i € I, j € J} is given by the weight of critical
path in G = (¥, E) in the case of p; = 1. Then the problem here is to determine a latin
rectangle with minimal cardinality of insertion set.. If we consider an objective
function Zi<; C,, then the problem with p;, = 1 is to determine a latin rectangle with
minimal sum of the greatest elements of each row. In particular, if p, = 1for all / and
for all j, then we have C'= LR [n, m, r] and the problem is relatively simple.

3. Minimizing the Completion and Total Completion Times.

In this section, the completion time and the total completion times on the
machines are optimized in polynomial time algorithms if we have p, = 1 for all 7 and
for all j. We consider the problems P, and P, with objective functions g, and g, of
maximum completion time on machines and the sum of maximum completion times
on each machines, respectively to be minimized. Here it is presented a polynomial
time algorithm (see [5]) for the solutions of these open shop problems Py and P;.

Let LB(g; ) and LB(g; ) denote the lower bounds for objective functions g,

and g, respectively.

Lemma 3.1 Consider the open shop problems P, and P, . Then, the lower bounds

are
(2) LB (g, ) = max {m, n}

{nm if msn
LB(g,)=.
BN UED S R, Emdn sl

Proof: Let m < n be the first case. Since each machine and each job are available at
zero time level and since each machine can complete the last job of its job order
earliest at time n, we have C, 2 and LB(g, ) = n. Also, since there are exactly m
machines all on processing we have LB(g, ) = nm. -

As a second case, let the number of machines m be greater than the number
of jobs n so that m = kn +1, (0 <k, 0 £ 1 < n). Since each machine and job are
available at zero time level and since each job, can be completed earliest at time m we
have, LB(g;) = m, and at most » machines with C, > m. After removing n machines

[82]
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there will be at most » machines with C, 2 m—n. After k steps the lower bound is

nm+n(m=n)+ ...+ n(m=(k=1)n). For the remaining 1 machines the trivial lower
bound is C, > #. Since, there are exactly n jobs we have the lower bound is

k
LB(g,)= Zl:(m"_ (s—Dm2)+nl =52 n2 + (k4 1)nl:

Braesel /Kleinau presented in [2] a polynomial algorithm for solving the problems
[0]p; =1| Cpy and 0| p; =1]Zic1C,]. By changing the roles of machines and

jobs we obtain the following algorithm for the open shop problem [Olp; =1 Em,
|Zies C,] with time complexity O(nm). Here, Em also denotes the objective
function g,

Algorithm 3.1 Solution of the problem O |p, =1 | Civos [BFes, €, -

Input: n, m,and p;, =1 for all 4, j
Output: Matrix of completion times C = [¢; ]

SO: Ifm<n then C:=LR[n mn]
goto S5 ;

Sk: Determine kand Iwithm=kn+1,(0< k£ 0< 1<n),
choose K* € {0, 1,2, ..., k—1} arbitrarily ;

S2: Insert in C, &* latin squares with the insertion sets
Sy={g-Dn+1,...,qn},q=1,... . k¥, _

S3: Insert in C one latin rectangle with n rows, n +1 columns, and the insertion

setl
S={krn+l,..... S (X +D)n +1}
and the following two properties:

- in 1 columns the greatest integer is (k* +1)n
- in n columns the greatest integer is (k* +1)n+ 1;
S4: Insert in C, k — k* -1 latin squares with the insertion sets:
Sqg={qn+1+1,....... ,(g+Dn+1},g=k*+1,..., k-1,
S5 End

Theorem 3.1 The polynomial algorithm presented above exactly solves the
problem O |p; =1]&,,&,.

Proof: In order to show that the lower bounds LB (g;) and LB(g;) calculate above
are tight, we look the insertion sets in the presented algorithm 3.1.

(83]
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_Since the groatest integer in all insertion sets is given by max {n, m}, we
have C, =n for all j if m <nand C, =m otherwise. Therefore we have LB(g; ) =

max {n, m} = Cpppy-
Obviously, the lower bound satisfies LB(g;) = nm = z Jg;EJ , if m < n since there
are exactly m jobs on processit
Finally, if m = kn + I, observing each insertion sets in the algorithm we get
- - e k-1 '
ﬁz;cj = ;}yﬂ Ik * +1)n+ nl(k*+Dn+ 11+ I;*? [((G+Dn+1]

k* k
=3 ot + 1k *+n Ak * +Dn+ 1]+ > nlin+1]
j=l J=k*+2

k* .
Py ”sz +(*+1)rd+-ﬁ’[(-k *41)+n? ZJ'

J=1 j=k*s2
SHED o o (k+ ynl = LB(&,)-

Thus obtaining the lower bounds as our objective function values the
theorem is proved.
It is remarkable that all optimal schedules of the problem Olp;=11818
can be constructed by the algorithm 3.1.
formation sources and m = 11 receivers, where all
informaions for unit time. It is assumed that

no source will transmit the information to more than one receiver at the same time
and no receiver can receive more than one information at a time. Then we have the

objective value g, = 11 and g, = 78, and the following matrix C of completion times
for the optimal schedules given by the above algorithm 3.1
Here k=3 and 7= 2 so that we can choose k* € {0, 1,2}.

Example 3.1. Let there be n=3 i
receivers are required to receive all the

(3423 s+a95 6510000, 8 = T 9
cal2'3 1564y 9 08 7)k=2
_312:645_:11710:98
123:785:46:9 1011
Cal 203, 1318, 7,8:.5 4 0 1.9 =1
312:847:65:11 910

[84]
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345.:12:6 78 :.9.10:14
C=l451:23:786:10 11 9 [, k*=0
524 :31:867:1 9 10/

4. Minimizing the Idle-Time and Total Idle-Times

Let §; be the idle-time of machine j. In this section we consider the
problems P; and Py (see [5]) to minimize the idle -time S, of machines and total
idle-times X, §; of machines. respectively. The considered problems are solved
in polynomials time algorithms in the case of processing times py; =1 for all i and
for all /.

~ Let LB (f}) and LB (f;) respectively denote the lower bounds for these
problems.

Lemma 4.1 Consider the open shop problems P; and P, with SIJ =  x J, then the
lower bounds are LB (f; ) = n~1 and LB (£;) = m (n-1).

Proof: Suppose that m < n. Since each job can complete the last job of its job order
earliest at time » units and since each machine and job can start its processing at zero
time level, we have

LB (fi)=n-1and LB (f,) =m (n-1).

Suppose that the number of jobs » is less than the number of machines m
so that m = kn + 1, where 0 < k and 0 < 1 < n. Since each machine and jobs are
available at zero time level and the last operation completes of the job 7 earliest at
time » units, the trivial lower bound LB (f; ) is n—1.

Because in each m machines exactly » time unit operations must
be processed C; ~C, +12n, e, C;~C, 2 n~1 has to be satisfied. Therefore we
have, LB ()2 m (n-1).

Now we define the following objective functions

Smax:=f —(-1)and Z ey S, := fo—m (n-1).
The lower bounds for each of these objective functions is zero.

Now we present the following polynomial algorithm with slight modifications of
algorithm 3.1. The time complexity of this algorithm is again O(nm).

Algorithm 4.1 Solution of the problem O [p, = 1| Sy, [Z s S
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Input: n, m, and py =1 forall i, j
" Output: Matrix of completion times C = [cy ]

80: Ifm<n, thenC:=LR[n, m,n],
goto S5,

SIL: Determine kand I with m=kn+1,(0, <k, 0=1<n)
choose k* € {0, 1,2,..., k} arbitrarily ;

S2: Insert in C, k* latin squares with the insertion sets :
My={(@-Dn+l,....qn},q=1,. ... k*,

S3: Insert in C one latin rectangle LR* [ n, I, n] with the insertion set
M= {k*n+1,...,(K+1)n}; h

S4: Insert n C, k—k* latin squares with insertion sets:
Mg={gn+l,....... J(gtlmy, g =K+, . kg

S5 End

Theorem 4.1 The algorithm presented above exactly solves the open shop problem
infj =1 | Smlx'l |ZJEJ S..f :

Proof: In order to show that the lower bounds calculated above are tight we look for
the lower bounds in each insertion sets of given cardinality n.

For m < n, since the latin rectangle LR[», m, n] in algorithm contains exactly
once n in each m columns (it is matrix of permutations) we have

8. =0=LB () - (1), Zjes S, =0=LB (f) -m (n-1).
Also, in order to show that the lower bounds are tight in the case of m = kn + I'with
0 <k, 0 <1< n, we observe the insertion sets in the algorithm 4.1 again. Since we
have k latin squares of size n x n and one latin rectangle of size n x [ in n elements,
obviously Spx=0=LB (f;) = (#-1).

Finally we have,

;EJ=LB(f2)—m(n—1)
"

k
=Z(jn-jn-i-n—l)-l—f[k*n+n—k"n-1]+n Z [jn+n— jn—1]-m(n—1)=0.
J=l J=k+1

Example 4.1 Let be there 10 books of scheduling theory and 4 students willing to
read these books in a library. Assume that each student can read at most one book at
a time and on each book at a time only at most one student can read. All students are
required to read all the books for unit time and no-idle time on books is accepted.
Here, the students can be taken as jobs and the books can be taken as machines.

[86]
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Required is an optimal schedule with its optimal value for the considered problem
P, We have optimal objective value /; = 3 and £, = 30, and examples of optimal
schedules are given by

(172 : 56 7 8 9 10 11 12)
c=23 G uT sl acS 1011129k‘_0
S S T8 LS i 11121 9 10 P TEE
(4 1 : 85 6 7 :12 9 10 11)
VR T TR RS A 9 10 11 12)
C_23.41 6 7 101‘129,,»,_1
T B R RS S § e o S () Al
\4 1 2 3 :8 5 :12 9 10 11/
(1.2 3 4 : 5 6.7.8: 9 10
C_2341«r‘.?t&S:muM_2
G i g (g o8 R AP
U i TR R

In order to show that the algorithm presented above constructs all possible
solutions, we consider some further restrictions. Let f; = max {C, } be the maximum
completion time of job i with respect to no-idle time. Then if LB(f;) denotes the
corresponding lower bound,

IB(EY= { n ifm<n
()= m+n—1 ifm=kn+1
which is tight. Therefore we have the following optimal solution
_{n ifm<n
Conax = min—1 ifm=kn+l

for the open shop problem O [p; =1 , no-idle | Cpyy -
Proof of the following theorem can be found in [5].

Theorem 4.2 All optimal schedules of the problem O|p; =1 |/, , o , /s can be
constructed by the algorithm 4.1.

Remark 4.1 Optimal solutions of the problems O py=1] S0 py=1| Zjes S
and O|p; =1 no-wait |C,,,, can be obtained immediately using the algorithms of
this section by changing the roles of machines and jobs.
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5. Concluding Remarks

It is known from literature that many scheduling problems are very hard
with respect to their computations. In this paper the polynomial algorithms are
presented for the considered open shop problems with unit processing times Py = 1
for all i and j. But the corresponding problems with partial operation sets SIJc 1 x J
have been studied and a heuristic insertion algorithms based on branch and bound
method are presented in [5]. The concept of partial latin matrix is very important in
this case. In such insertion algorithm the insertion of one new operation is equivalent
to fill a new non-occupied cell in a partial latin matrix. Such insertion algorithms are
verified with small number of n an m in [5), but their computer implementation for
large number of machines and jobs could be a topic for further research.
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Some Constructions of Group Divisible
and Rectangular Designs

RAVI R. SAXENA AND B.L. MISRA

Abstract: In this research paper, an attempt has been made to construct the group divisible and
rectangular designs through balanced incomplete block design and otherwise. Tables for r, £ < 15
have also been prepared.

1. Introduction

Constructions on group divisible designs, which is the simplest of 2—class
association scheme, started with two research papers; one by John and Tumner [4],
who gave solution of 15 designs not listed by Clatworthy [2] and another by
Freeman [3] who constructed them by cyclically generating an initial block. Later
work on such constructions are due to Bhagwandas & Parihar [1], Kageyama and
Tanaka [6] etc. The constructions on rectangular designs is mainly due to Vartak [7],
Kageyama [5] etc. In this paper we have given the patterned construction of semi-
regular group divisible (SRGD), regular group divisible (RGD) and rectangular
designs (RD) through balanced incomplete block designs (BIBD) and otherwise in
the section-3. Some of these designs are believed to be new non-isomorphic
solutions of the existing designs.

2. Definitions and Notations

Definition 2.1 An incomplete block design with v* treatments, arranged into b*
blocks, equi-replicates 7* and equ-blick sized k* (k* < v¥), no treatment occurs more
than once in a block and each pair of treatments occurs together in A* blocks is
called balanced incomplete block (BIB) design.

The symbols v*, b*, r*, k* and A* are called the parameters of the design.
They satisfies the following relations:

i) r*=b*k*

i) A* (v*=1)=r* (k*-1)

iii) &% > v*,
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_ A BIB design with v*= b* and hence 7*= k* is called symmetric BIB design,
or SBIB design and is denoted by (v*, k¥, 1*).

Definition 2.2. A group divisible (GD) scheme is an arrangement of v = mn
treatments divided into m groups of » treatments each, such that any two treatments
in the same group are first associates and any two treatments from different groups
are second associates.
We denote a group divisible design of two associate classes by GD (v, b, 7, k ;
Ay s A5 ; m, n). the parameters of GD scheme are v=mn, n, =n-1, p|,=n-2, pf,=0.
The group divisible designs are classified as :
i) A GD issingularor SGD if r=4,
if) Semi-regular or SRGD if rk=4,v
iii) Regular or RGD if > A, and rk> A, v.

Definition 2.3. The rectangular scheme of Vartak [7) is defined as follows -

Let there be v = mn treatments arranged in a rectangular form in m rows and
n columns. For any treatment &, n —1 other treatments in the same row as @ are its
first associates, m—1 other treatments in the same column as @ are its second
associates and (#-1)(m—1) remaining treatments are its third associates i.e.
n=n-1, m=m-1, n,=(n-1) (m-1) with

(a2 0
B=|0 0 m-1 |,
L 0 m—=1 (m—1)(n-2)
[0 0 =1
B=l0 m-2 0
L n-1 0 (m=2)n-1)
and s
0 1 n-2
B={. 1 0 m=2
| n-2 m=2 (m=2)(n-2)
3. Main Results

Construction of Group Divisible Designs:

Theorem 3.1 If N is the incidence matrix of order v* x b* and N is its compliment
of a BIBD with the parameters V* = 2k*, r*, k*, A* = (k*-1), then the incidence
pattern
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_[E N N N N N]
LN NN N N N
is the incidence matrix of order v x b of a resolvable semi-regular group divisible
design (SRGD) with parameters.
V=1d4k* b=12r* r==6 (2k*-1), k=2k* ; 1, =6 (k*-1)
A= 32k*-1); m=2, n=v*.

Proof: Let S be the incidence matrix of order v x b having row (column) sum 7(k) of
a GD design with parameters given above and § * be the transpose of S, then

6NN 3rj
SS' = " T s
3% 6NN

where NN'= (r* — %) I, + A* J,, we get A, =6A* and A, = 3r*. The other
parameters viz. v, b, r, k are obvious. Since rk — A, v =0, the resulted design is a
SRGD. Hence the theorem. |

Remark 3.1 In the design constructed in Theorem 3.1, the relation b 2 v —m + r
holds, therefore resulting design is a resolvable SRGD design.

In particular, if we consider BIBD (2,1,0) then the resulting resolvable
SRGD design has the parameters v=4, b =12, r=6k=2;4=0,4=3;m=2,
n=2.Our solution is a new non-isomorphic solution to the design SR 3 of
Clatworthy [2].

Theorem 3.2 If N is a BIB (v¥, b*, r*, k¥, A*) design with v* = 2k*, then

e

S=|x |

in the incidence matrix of a SRGD design (2v*, 2%, 2r%, 2k*; 22%, r*; 2, v¥).
As an illustration of this theorem, starting from

i) BIBD(2,2,1,1,0) yields SRGD (4, 4,2, 2 :0,1;2,2)

ii) BIBD(4,6,3,2,1) yields SRGD(8,12,6,4; 2,3;2,4)

iii) BIBD (6, 10, 5, 3, 2) yields SRGD (12,20, 10,6;4,5;2,6).

Remark 3.2 The designs are the new non-isomorphic solution of SR 1, SR 38 and
SR 71 of Clatworthy [2].

Theorem 3.3 If N is the incidence matrix of a BIB design (v*, b*, r*, k¥, A* ) with
vE=2k*, then
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is the incidence matrix of a SRGD design (10k*, 16r*, 8r%, 5k*, 81*, 4r* ; 5, v*).

As an illustration of this theorem starting from a BIBD (2,2,1,1,0), we get a
SRGD (10, 16, 8, 5 ; 0, 4 ; 5, 2) a new isomorphic solution of design SR 54 of
Clatworthy [2].

Remark 3.3 Compliment of the above design also yields a SRGD design.

If N be the incidence matrix of BIB design with parameters v*=2k*,
b*= 2r*, r*=t (2k*-1), k* and A*= 1 (k*-1) for a positive integer ¢, then incidence
structure

(N N N N N N N N|
N N NN NN NN
s*<|{ N N NN N N N N
N N N NN N NN
N N N NN N N N
yields SRGD design with parameters :

v=10 k*, b=16 1 (2k*-1), r=81 (2 k*-1), k=5k*;
A =8t (k*-1); 4, = 4 (2Kk*~1) ; m=5,n=2k"
Now, if N is the incidence matrix of resolvable BIBD, then §* is also the
incidence matrix of a resolvable SRGD design.

Theorem 3.4 It N denote (0, 1) incidence matrix of order v* x b* of a BIBD (v*, b*,
r*, k* , A*) and J is a v* x b* matrix of unities, then the matrix

J J'=='=J J N

J J N
| | | |
N === J J
J J J

SN — 5

J
|
J
| N

~pxt 2
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where 1 2 2, a positive integer, is an incidence matrix of a regular group divisible
(RGD) design with the parameters:

v=% b=0* r=r*+ (-Db*, k=k*+ (t-1v*;
A =A%+ (@-1)b*, =27+ (-2Db*;m=1t,n=v*
An illustration, for ¢ = 2, if we consider a BIBD (4,6,3,2,1), we get a regular
GD design (8, 12,9, 6 ; 7, 6) which is a new-isomorphic solution for R 164 given in
Clatworthy [2].

Remark 3.4 Replace N by N in Theorem 3.4, we again get a incidence matrix of
RGD design (tv*, th*, th*— r*, tv*—k* ; th*-2r* + 1%, th* —2r* ; m=1, n=v*.

Remark 3.5 If N is an incidence matrix of a symmetric BIBD (v*, k*, 1*), then §
will be an incidence matrix of a regular GD design (tv*, k*+ (£ —1)v* ; A*+ (1 —1) v*,
2k + (1 =2v*; m=t,n=v*

We have the following corollaries :
Corollary 3.1 Existence of a symmetric BIB design (n, 1, 0), » >1 implies the
existence of a symmetric RGD design {nt, n (n—1)+1, n (t=1), n (t=2) +2 }.

Corollary 3.2 Existence of a symmetric BIB design (4p+3, 2p+1, p} implies the
existence of a symmetric RGD design {/(4p+3), (4pt-2p+31-2) ; (4pt+31-3p-3),
(4pt—4p+ 31— 4)}.

Corollary 3.3 Existence of a symmetric BIB design (4p2 -1, 2p2, p? ) implies the
existence of a symmetric RGD design {f (4p2 —1), (4p2 1-2p2 — t +1) ; (4p2 +-3p2 —t
+1), (4p? £ — 4p? + 1 +2)}.
Corollary 3.4 Existence of a symmetric BIB design (8m + 7,4m + 3, 2m + 1)
implies the existence of a symmetric RGD design {t (8m + 7), (8mr — 4m + 7t — 4),
(8mt — 6m + Tt —6), (8mt — 8m + Tt + 8)},

As an illustration, if we take symmetric BIB design (4, 3, 2) we get a
symmetric RGD design (8, 8, 5, 5 ; 4, 2), a new non-isomorphic solution to R 133 of
Clatworthy [2].

Theorem 3.5 If N is the incidence matrix of a BIBD (v*, b*, r*, k*, 1*) and 0 is the
v¥ x b* matrix of zeroes, then matrix

gl =g
7 N R
I
0

Qo — o o
o — o o

0
0
I
N dyxi
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is an incidence matrix of a regular group divisible (RGD) design with the
paramelers: !
v=n* b=th* r=r* k=k*; 4L =2* 4L=0; m=1 n=v-
Since, for this design rk > vA, and r > A, , hence the resulting design is
regular GD design.
As an illustration, for = 2 from a BIBD (3, 2, 1), we get S, the incidence
matrix of a symmetric RGD design with parameters v=56=6,r=k=2; 4, =1, f
A, =0 ; 2, 3. The blocks of the design are (1, 2), (1, 3), (2, 3), (4, 5), (4, 6) and

(5, 6). - g

TaraTey
Corollary 3.5 Symmetric BIBD (p, p -1, p — 2) yields a symmetric RGD v=b = pt, , ‘
r=k=p-1;A4=p-2, ,=0; m=t n=p. i

Construction of Rectangular Designs : ‘

Theorem 3.6 Let us arrange n® treatments in a nxn square. Write all possible blocks :
of rows and also of cqlumns, taking @ ,2 <@ < n-1 of them at a time, then we get a
PBIB design based on rectangular association scheme with parameters: i
(n soglim=1 5o
v=n’, b=2(ﬂ) 5 r=2 (ﬁ"l) ,k—@ n,

n-2\(n+@-2 n—2
w=a=(a ) a=2(523)

As an illustration, for @ = 4 and n = 6, we get the parameters of the design
v=36, b=30 r=20, k=24, A=A=16, i=I12.

The blocks of the dexign are (R] Rj'. Rg- Ry), (R] Ry R} Rs ) (R] Rz R_; Rﬁ ),
(Ry Ry RyRs ), (Ry Ry Ry Rg ), (Ry Ry Rs Rs ), (R, Ry Ry Rs), (R Rs Rs Ry ),
(Ry R3 Ry Rg ), (Ry Ry'Rs Rs ), (R, Ry Ry Rs ) and (R; Ry Rs Ry ). Similarly, for
columns replacing R by C-with same suffix.

Corollary 3.6 If @ =2, then parameters of rectangular design are v= %, b=n(n-1),
r=2(n=1),k=2n;41=4=n2=2. |

Corollary 3.7 If @ =3, then parameters of rectangular design are v=n?, b =2 (g],
r=n-1)(n-2), k=3n; 1 =4={n+t1)(n-2)2}, 43 =2(n-2).
Remark 3.6. If n=0 , then rectangular design reduces to complete block design.

Theorem 3.7 If N is the incidence matrix of order v* x b* of a BIBD (v¥, b%, r*, k*,
A*), then -
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=) 2| 2| 2
=2 22| 2
2 =2 = |
TR T
2| %] | 2 2

=

is the incidence matrix of a three associate class rectangular PBIB design with
parameters :

v= 5v* b=>5b% r=4b% - 3r*, k=4v*-3k* ; A, = 4b*-8r* + 5 A*,
Ay = 3(b*-r*) , A3 =3b*—4r*+A*.
Ags an illustration, we have

(i) BIBD (4, 6,3, 2, 1) yields 3-PBIB design (20, 30, 15,6 5,9, 7)
(ii) BIBD (4, 4, 3, 3, 2) yields 3—PBIB design (20, 20,7,7;2,3,2)

Remark 3.7 Replace N by O,.,;+ (null matrix) then, we get a three associate PBIB
design with parameters:
v=5v%, B=5b%, r=d4(b* —r¥), k=4(v*—k%); A =4(b*=2r% + %),
A =3(b*-1r*), A3=3(b*-2r*+i*).

Remark 3.8 If N isreplaced by N and N by O, (null matrix), then again we get
a three associate rectangular PBIB design with parameters :

v=5v¥, b=5b% r=4r% k=4Kk*; Li=4A% AL=3r*, A3=31%.
Remark 3.9 If in Remark 3.7 »* = A*, we get a RGD design with parameters :
v=5v¥ B=S5A% r=43*% k=4k* ; A, =41%, A4=31%;
m=5 n=k*
Theorem 3.8 If N is the incidence matrix of a BIBD (v*, b*, r*, k*, A*), and O is the
v* x b* matrix of zeroes, then

0 0 0 0 0 0 NN NN

0 0 0 NN N 0 0 0 N

S=l 0 N N 0 0 N 0 0 N 0
N 0 N 06 N 0 0 N 0 0
| N N 0 N 0 0 N 0 0 0.
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is the incidence matrix of a three associate PBIB design with parameters :
v=5v¥, b=10b% r=dr*, k=2k* ; A =4i*, L=ErY, L =A%
As an illustration, BIBD (4, 6, 3, 2, 1) yields 3-PBIB design (20, 60, 12,4 ; 4, 3, 1).
Remark 3.10 If we put r*= A* (r* = k*, b* = r*_ ie. CBD) then above parameters
will represent a singular GD design
v=SKY, b=10r%, r=4r%, k=2k* ; A, =4r% d=r*;
m=35, n=k*

Theorem 3.9 : If N is the incidence matrix of a BIBD (v*, b*, r*, k*, 1*), then

N NN 0o 0 0
N 0 0 0 N N
0O N 0 N 0 N
0 0 N NN 0 ,

is the incidence matrix of a three associate PBIB design with parameters : _
v=EAvX, b=6b% r=3r%, k=2k* ; A4,=32% A=r%, 1 =i~

As an illustration, we have
(i) BIBD (4,6,3,2,1) yields 3-PBIB design (16, 36, 9,
(i) BIBD (7,7,3,3,1) yields 3-PBIB design (28, 42, 9

4;3,3,1)
.6 : 3,3, 1) ~
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Table 1 : Group Divisible Designs for r, k <15

S1 v r k 6 m n A4 n E Remark :
Based on | Listed as*

1 4 6 2 12 2 2 0 3y 0.60 Th.3.1 SR-3
2 4 2 2 4 2 2 0 1 060 Th32 SR-1
3 B 6 4 12 2 4 2 3 0.85 Th.3.2 SR-38
4, 12 10 6 20 2 6 4 5 0.91 Th.3.2 SR-71
5. 16 14 8 28 2 8 6 7 0.93 Th.3.2

6. 10 8 5 16 5 2 0 4 0.88 Th.3.3 SR-54
7. B 12 4 24 2 4 4 6 0.85 Th. 3.3

I | 3 3 Al 12 s (22 0.89 Th.3.4

9. 8 9 6 12 2 4 7 6 0.95 Th.3.4 R-164
10. 12 15 9 20 2 6 12 10 0.97 Th. 3.4

11. 8§ 7 7 8 2 4 6 6 0.98 Th.34

12. . 10 14 7 20 2 5 11 8 0.95 Th, 3.4

13. 10 9 9 10 2 5 8 B 0.99 Th.3.4

14, 12 I8 I 12, 2 6 10 10 0.99 Th.3.4

15. 14 10 10 14 2 7 8 6 0.97 Th.3.4 R-204
16. 14 11 11 L1, e Y S - SR 0.98 Th.3.4

17. 14 13 13 4 2 7 12 12 09 Th.3.4

18. 6 5 y 6 3 2 4 4 0.96 Th.3.4

19. 12 15 10 18 3 4 13 12 098 Th.3.4
20. 12 11 11 12 3 4 10 10 0.99 Th. 3.4
2L, 15 14 14 15 3 5 13 13 0.99 Th.3.4

228 5 5 () 4 4 2 0.90 Th.3.4 R-133
23030 6 6 R s 85 2 0.90 Th.3.4 R-166
24, 10 14 7 20 2 5 11 8 0.95 Th. 3.4
25002 JT 7 12 276 & % 0.90 Th.34 R-173
2. 14 8 8 2 7 B 2 0.90 Th.34 R-187
27. 86 49 9 15 2 8§ & 2 0.90 Th.3.4 R-195
28. 20 11 11 20 2 10 10 2 0.90 Th. 3.4

* In Clatworthy (1973)
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Table 2 : Rectangular Designs forr, & <15

Bl falinii T kb A4 A A m m ny Based on
1. 10 5 5 10 0 3 2 1 4 4 Th. 3.7
2. 20 15 10 30 5 9 7 3 4 12 Th 37
5. 2 9~ ¥ .20 ¥3F "2 3 4 12 Th 37
s AR B S S T 8 4 16 Th. 3.7
5 30 9 9 30 4 3 2 5 4 20 Th 37
6 '35 0, 10, 38 & 3.2 .6 4 26 Th 37
7. 40 11 11 40 6 3 2 1 4 286 Th 37
8. S 13 13 s 8 3 2 9 4 3 Th. 3.7
9. 55 14 14 55 9 3 2 10 4 40 Th 37
0. 10 4 4 10 0 3 0 1 4 4 Th. 3.7
1. 20 12 8 30 4 9 3 3 4 12 Th 37
12 20 4 4 20 0 3 0 3 4 12 Th. 37
13. 25 4 4 25 0 3 0 4 4 12 Th 37
14. 30 4 4 30 0 3 0 S5 4 20 Th. 3.7
15. 35 12 12 35 4 9 3 6 4 24 Th. 3.7
16. 35 4 4 35 0 3 0 6 4 24 Th 3.7
17. 40 4 4 40 0 3 0 7 4 28 Th 3.7
1. SO0 4 4 SO 0 3 0 9 4 3 Th 3.7
190 20 12 12 20 8 9 6 3 4 12 Th 37
2. 10 4 2 2 0 1 0 1 4 4 Th. 3.8
2. 20 12 4 60 4 3 1 3 4 12 Th 38
22 20°°12 . 6 4 & % 2 3 4 12 Th 38
23. 35 12 6 70 4 3 1 6 4 24 Th. 38
IOy R N e ¢ ¥ 3 3 Th. 39
a4 N6 9 4 Vg ¥ 3 F 3 '3 9 Th. 39
9% 4 18 6 & & § 2 5 3 15 Th 39
27. 16 9 6 4 6 3 2 3 3 9 Th. 39
28. 20 12 4 60 3 4 1 4 3 12 Th 39
2. 20 12 8 30 9 4 3 4 13 12 Th 39
30. 24 15 4 9% 3 5 1 5 3 15 Th 39
3. 24 15 10 36 12 5 4 5 3 15 Th 39
2.2 9 6 4 3 3 1 6 3 18 Th 39
3. 28 12 B & .6 .4 2 .6 3 18 Th. 39
34. 36 12 6 72 3 4 1 8 3 24 Th. 39
35, 44 15 10 66 6 S5 2 10 3 30 Th 39
3. 52 12 8 78 3 4 1 12 3 3% Th 39
37. 84 15 10 126 3 5 1 2 3 60 Th. 39
3. 84 15 8 120 3 5 1 15 3 45 Th. 39
Ravi R. Saxena B. L. Misra
Dept. of Statistics & Mathematics, Dept. of System Science & Statistics,
IGAU, Raipur (M.P.) RDVYV, Jabalpur (M.P.)
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On A Differentiable Structure Satisfying
¥+ =0, f+ 0 and of Type (1,1)

K.K. DUBE

1. Introduction:

In [3] A. Petrakis has studied the subordinated hermitian structures of
an f(2v+ 3, 1)-structure. In this paper we intend to study f(2v +4,1)structure in
order to find the above conditions in the title such that ([2], [3]) K.Yano did for
the structure ¢* + $2 =0 and [1] for the structure 5+ /2 = 0, Here v # 0 but even
when v=0we get [3]. _

2. Let M, be an n—dim. differentiable manifold of class C” and f (0) a tensor field
of type (1.1) and of rank r such that

(2.1) At 2 =0
Let (1,1) tensor ¢ and m

o def i
(2.2) g == = f My
where / being the identity operator, have the properties

2=t m=m, tm=mt=0,{+m=1

Thus, the operators £, m are complementary orthogonal projections.
At each pointx € M,

T,=Im {x ®Ker Ix, in(x)=xVxelmix

and
T, = Im Mx ® Ker mx, Mn(x)=xV x € Im mx.

Consequently, if there is a tensor field f# 0 satisfying (2.1), then there exist on M,
two complementary distributions L and M. Corresponding to ¢ and m respectively,
with dim L = r and dim M = n — r. Such structure, we call as f (2v + 4, 1)-structure
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ofrank r.If r=nthen £=1,m=0and fsatisfies f>*?=-1. Thus, f** defines
on M, an almost complex structure and » must be even.

Theorem 2.1. For fsatisfying (2.1) and ¢ , m defined by (2.2), we have
@3) re=g=-f">,
fm=mf=f*"+1,
fzwz ! =_!,fzv+2m=mf2v+2 =9,

that is £ *' acts on L as an almost complex structure operator and on M as an almost
tangent structure operator.

Proof (2.3) follows easily in view of (2.1) and (2.2).

Theorem 2.2 For fsatisfying (2.1) and m defined by (2.2), we have

24) m+f ) m=f") =1, f" =mf?=0.

Proof: Proof follows easily in view of (2.1), (2.2) and (2.3).

Theorem 2.3. If m is a projection operator and f a tensor field on M, such that
fPm=mf*=0and m+fY*"y(m—=f"")=1, then

@5) =0
Proof: Now (m+f"")(m-f"")=1
o g2 =]
= m—f>" = | (because m? = m)
= fem—f"" =1
= M2 =0 (because f2m=0)
which proves the theorem.
Theorem 2.4. For tensor p and q defined by
26) p=r"+ N2, q=f"* -2
we have,
@7 pa=ap=- @+ 2 ,PP+q>=0.

conversely, if there are given in the manifold two distinct tensor fields P and ¢ both
of type (1.1) satisfying (2.7), then we can find out a f# 0 such that e =0

and p and g coincides with those of given by (2.6).
[100]
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Proof If there are given in the manifold two distinct tensor fields p and ¢ both of
type (1.1) satisfying (2.7) then,
r=-2
satisfying /'™ + f* = 0. Furthermore, since f”**= p + ¢/\[2, we have
p=/""+f2 and q=f""-fN[2
The proof of the rest part is trivial.

Theorem 2.5 For tensors p and q defined by

p=m +_‘_fv_+l and qﬂm_fwbl

we have the relations
28) pa=gp=1,p -p+l=q,g*-q+1=p

Proof P pHl=(m+ [P —m—frH 4]
— fzwz_f,.,_l +1=g
¢ —q+1=(m—f") —m+fra=p.
From this we have the fact [5], that on M, , there exists a tensor field f of
type (1,1) satisfying f* + /2 =0 [3].
Theorem 2.6. If there are given on M, two distinct tensor fields s and t of type (1,1)
dgﬁwdas
(2.9) s=m+fand t=m—f,
where m=f**2+1and f =+ (s-o).
Then we can find out a tensor field £+ 0 such that £ ™ + f2=0,
Proof From (2.9) after computation, we get
s s l=t 1P 244 1=5
(2.10) st=ts,s2=£ and st =g¥+1y=1,
Now, f=7 (1)
=1 =1(? +22st)=Fs(s-)=sf
= ==ty
= fi=s2f2,..,, f+ = sv¥2 f2
{101
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but s*2 =t+s-1(by 2.10)
= = (t—s—1)1s(s—1)2

= =@ +s-1)s(s—10)

= f¥*+ f2=0, hence proved.
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Relation Between Padé Approximations and
Continued Fractions of Generalised
Laguerre Functions
DR. V. K. PANDEY AND DR.D.S. LAL

M':h&ispmmhmmbﬁmﬁarﬁﬁmbmmmmdmﬂnudﬁm
of generalised Lagurerre functions L{#), we have also obtained Padé approximations from

contimued fraction of L. (x)
1. Introduction:

1.1, The so-called ‘Generalised Laguerre functions’ which arises in the theory of |
paraboloidal reflectors, is denoted and defined by |

| T+ g +v) gy
L) =T gy T+v) 'F‘[H-.# ' x:l I

I(l+ p+v) [ v x . ow(vdD) 2 ]
T T+ B T(A+Y) T TR TE o T I L

where v is not necessarily an integer. I (x) is a solution of the differential equation :

(14 p v
¥+ -—x"—'-l 'y'+;' ‘ y=0.

1.2. Padé Approximations S g
The L, M Padé Approximations to a power series A(x) is denoted and
defined by
_ L ] P, (x)
™ [M'%m'

where P, (x) is a polynomial of degree at most L and 0,,(x) is a polynomial of
degree at most M. The formal power series
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@ A= a, %!

=0
determines the coefficient of 2, (x) and 0, (x) by the equation
& | ': A(x)-é——;((’z =0 (xLemsry,
1.3. Padé Tables of 1.*(x)

—v iy -v(-v+1l)  x?
AR T hhes 72t
Now putting = M= 1 in 1.2(3), we get
ARX) 0, (x) =P, (0)=0; (x) 0(x*)
[l -v (v +]) :\f_
i u x'f' A+ p) 2+ p) ° 12
=(1+4,%) 0(x?).

+... ]‘(l+qt x)—(B+p x)

From this identity we get the following equations

~v —v(-v+1) s
DT 1w T 20w w2 p)

B=1
H+3v4 pv+1
T2+ ) 2+ )
N |
LRy

n A

l+gx

2(1+ p) 2+ p) —(p+3v+ vu+hx
T 2014 w) @+ p)+ (O p)v-Dx

(104]
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Proceeding in this manner we compute the following Padé Table 1.
In particular we put v=—+ and 2= 0 and compute the Padé table 2.

1.4. Continued Fractions from Padé Table
Following are the relations between Padé table and continued fraction
[Baker (1]
n+l’ n
() alz5)
n+1 n
( n )P "( =1
n n-1
afs) ol
( ) q""(n—- 1)

qubeﬁ:gconstmnteminﬂwl!ﬂlédmommaﬁnn.
+1 +1
L = coefficient of x" in the numerator of Padé approximation ["n ]

9
(1)

4, (‘E) = coefficient of x" in the denominator of Padé approxima t:onli%]
We proceed to obtain three different types of continued fractions for the
Laguerre function as follows:
Type 1 : Corresponding or Stieltjes Type Continued Fractions
This type of continued fraction is given by
f(x)=b, +ax
l+a,x

I-‘i‘-aa_;_:.
) B e eevas

M M - e
Truncations ofthmglve[%] md[j-“}-]l’adﬁappmmm(ms of the function.

[105]
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Type I: Associated or Jacobi Type Continued Fractions
f(x)=by+ax
1+a,x—a,a,x*

®3) - 1+(a,+a,)x—a,as x2
e
Truncations of this give ths[-j‘-] Padé approximations i.e., diagonal elements of the
Padé table.
Type II: Equivalent or Euler Type Continued Fractions
This type of continued fraction is given by
Fx)=g
1=z /8%
1+(g /g)x—(8,/8)x

| 1+ (g, !g_Hjx '
where f()=g,+gix+g@x*+... +g *"
Truncations of this give the first column of Padé Table.
1.5. Padé Approximation from Continued Fraction
The continued fraction introduced by Viskovatoff [3] is given by
i_ tg.-.t“
f@="g—

NS
- ok X

(1
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where
Laao [fm2an \

@ 1,,, =—det

lyio  lmennst
Truncations of this give the [—g] and l—ﬁ] Padé approximations. |
2. Continued Fractions of Generalised Laguerre Function lf,”’(x)-,

By using Padé table 1 and relation 1.4(1) W i |
by=1 |
i e |
Q=T 1y p |
2 g, /D g O70) ~ 22+ 40 |
B gy 21D 4 (1/0) ~ 6(2+ H) G+ p l
4T g, 212)4, 1D | |

2+ p)v=2)Tv" + pvt=12v—p+3)

63+ p)(4+ ) (v —D(pv +5v+ u=1
| |

g x] of I (x):

We have considered only the portion | £ [‘: u
obtained by 1.4(2) as

Type 1 : Corresponding o Stieltjee type continued fraction is
follows &
r(+ )+
B Sl o et IS VL
T+ pu+v) L(x)
v

T

1+ u
l+——-———"(v-1) x
202+ M)
62— 1) G+ 1)
———EZ-I- )y =27V + vt —12v = p+5) .

(1) 145G+ w @t @) Ort v A 00D
1+

{1071
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Type 1 : Associated or Jacobi 'rype continued fraction is obtained by 1.4(3) as

follows
T+ m)TA+y)
T(1+ g+v) L (x)
T i
=1- —
i Sl S 0s D (pv+5v+ p—1)x?
e T 2@+ G+ )
@2+ )P (v=2)(TV + w? = 12v—u +5)
5 +'-=:_‘('4;,-_-" B (v=D( v +5v+ p—1)2
"6+ w) G ) @ pv-1)
2) : (puv+5v+ u-1).

Type Il : Equivalent or Euler type continued fraction is obtained by 1.4(4) as
follows :

T(1+ @) T(1+v) 1

Taspaw, 0 @Y=
' 1-+-‘u’x
WO

[ v (v4D) ]

AT et

-v+1

3) 1+ :5(2 S #.))-x—

in Particular, if v=—%, #=0 , the corresponding results obtained from Padé table 2
and 1.4(1) are as follows:
Using Padé table and relation 1.4(1), we get
by=1, @ =%
e L O e
%=, (/1) g, (0/0) ™" 8
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P 2IDg,(1/0) 7 |
5= p 10" 72
_9:(2/12)q,(2/1) 85 .

=g 212)g, (/1) ~ 504

_p(B/2)g, 2/1) 51 |
%= 4 G/ 2) p, (271) ~ 23800

- ps(3/3),(2/2) 216531 J
%= 9313 q, (2/2) = 2267800 |

Type I: Corresponding or stieltypes type continued fraction is given by

LS? (x)=1+ —;—x i

1-23

i

s
"Ts0e t

51

1-216531x /2267800.

Type II: Associated or Jacobi type continued fraction is given by

1
0) = =
L 3 @=145x
I RREN
1 51
Y — - —_— 2
= ** Tz *
,_ 251889
@ ~ 2698682 *
[109]
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