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The continuity with Respect To A General Displacemnt ln The
Orlicz And The Orlicz-Sobolev Spaces

P. M. BAJRACHARYA

Abstract: In this paper necessary and suflicient conditions for the continuity wrth respect to a
general displacement offirnctions liom the orlicz and the orlicz-Sobolev spaces are obtained.

1. Introduction

A continuous convex function @@ for I e [0, co) is called a young,s
function if it satisfies the following conditions:

lim eg)
- J o  ,  

= 0 ,

rim 9g)
t  +@ 

-J- = oo'

Its complementary function y(t) is also a young's function (see [1,2]).
Let Q be a measurable set in IK. Zr (o) denotes the set of all measurable functions
f , defined almost everywhere in Cl such that

I
p a U ; o )  =  J , ,  o { l f ( x ) l ) d x <  a .

The set Z* (o) is called the orlicz class. The orliczspace z. (o) with the
Orlicz norm

l l f l l  = sup f"r  "Lo(c))  g,pa(g;o) < 1 6 l71t ;  g( f l |  dx < a

is defined to be the linear hull of the orlicz class Z*(o). For a vector-valued
function .f = (-f (r) ,. . . , .f 

(^) 
) we define

sr
p o ( f ; o ) =  L p r ( f D ; a )

r= I
and

lll llr.,n, ll l( ') l lr.ror .
_ t
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l i l , *  -  J  l r ' o ' f  o ( i  t r t ' -  a  r l

fu callcd 6c Lrncfij n $ D t|! - - rfr 'lr! are

equivaleat Dd brrc nc dir

lf [o s l/lr.s s rl'rL*

Norr b o bc r bddr rf to|o t-dr bc the

clcure in Io(O) of 6c s dtl fdd b I O lb lb

E . ( o D c  L O c  t l  0

The following theaa 6 cn--r S

Theorem t.l (See l2l)- FuqYltrr- | :4&

P. l^t .r)  -  /(r) l i  {r  ," '  . r  .  o

A Y o m g . s f i n b o r l d r d | + . * d 6 f r e e x i s t a

positiveconstantlanden-qpcrrl f d-b Jt >-T

o@) s '  qtr

If @ satisfies a Azditir b

f.(o) = f t(D = ,r(n)

and conseque,lrtly theaem l.l b & r- fu bG fr6 I.(O) Tbc thcorem l'l is

not tnre in general for Io(O)' llo*rs r [fl fu folhrrng 6c6cm hss b€eo proved'

Theorem 1.2 If a be bou&d oFt et n F. ilsn for every function f from

Lr(dl) there exists apositivv nu$cr 1 sr,t' tLd

lim
h + o  p o Q U @ + " ) -  f ( x ) ) ' O ' - ( O - l r ) 1  

=  0 '

N o w l e t o b e b o u n d e d o p e n s € t i n f f | . n d l e N T h e o r l i c z - S o b o l e v

spaceW'L*(o)(WlE@(o)) isthesetofal l f i r rrct ions/al lofrr tosegeneral ised

derivatives JJexist andJ"/e I.(9 (J".f e Z.(O)) wh€fe. d = (a' t t,"',4(')) and

lol < /, and also 
\-

llf ll *, ,,rr., 
= 

,"Lo, 
ll l" / ll Ln(o) 

( € '

l
r2l



TTM CONTINTIITY WXTH RESPECT TO.....

In this paper instead of linear displacement x * h we consider a general
displacement Bn@) to obtain the results analogous to theorems l.l and 1.2 for the
Orlicz and the Sobolev spaces.

A fiansformationBl,: o + Ri is said to be almost everywhere one -to- one if
for every two subsets Gy G2 of C)

G, aG2 = i > mes (Br(Gr) n B1(Gr)) = g.

The fiansformaion Bris said to have ly'-property if for any subset G of O

m e s G = 0 3 m e s B r ( G ) = 0

We use also the following notations :

{O}a  =  { reO :  87 ,@)eO}  =  S; t  ( (O n  Br (O) ) .

ln particular, rf Bn @): r * lr, then

{oh= on(o- f r ) .

2. The Orlicz Spaces

Theorem 2.1 Let a be a bounded measurable set in R' and d > 0. Assume that for
all h e R" satisfuing I h | < 6 there is a transforrnation 81,: O + R" which is
almost everywhere onelo--one and has the N-property and its density function ttt
satisfi es the following condi tion'.

(2 .1) f  c , t 0 : Y h e R "  l h l < 6  >  p | ( x ) > c ,

for almost all x e O.
Then

(A) foreveryfunction/from E' (O)

(2.2)

tf, and only rf,

(2.3)

lT, ll f "nr- .f 11,.,,n,,, = o

lT, ilar(') -'11r.,,n,,, = o;

(B) for everyf from Z,(O) there exists2 > 0 such that

lT ,  a  (x ( f  "Bn@)- f ) : {o } r )  =  s .

If and only if, there exists v > 0 such that

lg' p. (v (Bn(x) - x) I  {Qh ) = 0.

Proof : (A)Sinceforevery i e ll,...n\, x(i) € E.(O),itisobvious that(Z.tr\
implies (2.3)

t3 l
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To prove rhc ffidtl o!.-+ b/ b rSfqJrd a aq

a^d A be arbitrary pcdtiw *r fre l)e b

(2.4) i  r  >0 :  v f ,  eF  l l l< t  = l l f t t - r t . - ,  -  t '

since cf (R') isd€EbE (O) (s-pD.btrE3rG rtt")

cl

ft

lf -sluo . I

l f  oar- l | . . * ,  s  l f  ,q- t 'e l . .q,

+  f 3 o t 1 - j l . * , '  |  |  - t 1 , . q . ,

By (2. l) and Rrtu-Nbdltr b ltl * hc

I*.tta-' l.rt 4ttll-3(!.(r)t ) dr

(2.7)

Now if C, < l, tr€n b'y convexity of thc firmim O rre bart

ci t  (D ( tzt) .s o (c;r  tzt)

c f t  o ( t z  t )  <  < D ( c i '  t u t ) .

Thus, in both'oases we assert that there exists C, = min (Ct 'l) ' such that

C t ' O ( u t )  <  1 C ; \ t u t ) .

Hence from (2.7) we get

l l l / oa, -g o.ail l lrxror,r

Now since g € Co- (R') , 8l satisfies the Lipshitz condition with a constant Ct ' So'

(2.

such that

(2.5)

Now,

(2.6)

sj

tr

R

d

ir
t

!

s q' L".,,  
o(t- '  l f  (, 'r-tLl)r)d)' .

l l f  , n r - soBr l l  <  2c ; t  l l 7 -g l l p ,p t .

I

and if C1 ) l, then

Thus,

(2.8)

t4 l



TIM CONTINTIITY WIIIT RESPECT TO.....

ll so Bo-s ll".({n}^) < c, ll 81,@)-xllr.un,r,

Choosing ,, =I C;'

from (2. l) -Q.6), Q.B), e.g)we ger

llf o ar_f llr,n@t^)
which implies Q.2).

The scheme of the proof of the part (B) is analogous to that of the previous
proof.

Remark : In the proof of the sufficienry we have used the assertion that co* 1Rr; is
dense in t" (o)' but to prove it with the help of modifiers we use theorem I . I . Hence
in the above proof we used indirectly theorem 1.1 But under shonger assumptions the
sufticiency of theorem 2;l can be proved by another method ,i,t i"n ao", not use
theorem l.l.

Let an open set G > O. Assume that

l. A transformation Br: G e R', h e Rn is one _to_one, 
Dn e Cr (G) and

its Jacobian satisfies ttre following conditions

o<co = l#  l=  , , .  *
for all r e G, where CaudC5 are.constants not depending onx andh;

2- \(x) uniformly converges to x on e ash tends to zero. Thenforevery
f e E.(A) the property (2.2) hotds.

The proofofthe assertion is analogous to that ofthe assertion for Lebesgue
spaces Zo given in [6].

3. The Orticz-Sobolev Spaces

Lemma 3.1. Let {st}be a sequence of measurabrefunctions defned on a bounded
measurable set d) such that.

(a) 
lT. llfro ll..,n, = 0 and (b) {llg* llr"rnr} isbounded.

Then for any function y e L,(a), lg ll,y sr ll r.rn) = 0

Proof : since the frrnction qz is measurable, by Lusin's theorem for any d >0 there
exists a compact subset O, of O such that

(2.e)

and f i  =(2Clt  .D+

t5l
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?-IrnrcE

-crql<,

and rgis continrnrs o fir' Tbb -lf > O:b

il ,t. Lr s lra f-'q, 
' l;lle+'

s ?' lr-[c l;lt-*"

+ l r lcor  la\a

As /c tends to infinity, fd uy d > O G Flf E

Fi- [vgrlr.,r s ?' lgln-'n l ; l"oo'

Now as d -+ 0 weharc

F- lrsl.a 3 |

which imPlies tbe assertb

Theorem 3.2 Let{rbeabw*dq,o,r.st. ' . fe 
f - a >f L,-c fuforal l

h e R''satisfvtng th i';; bc,,fi-l o <f5 i onelo-

one and has'tl& foWouing PmPcnir'

(a) Br e C' (o)

( b )  3 C 6 > 0 : v i  e { 1 , " ' ' n } ' v a ' 1 5  
r o '  s l

lll" af' 1",. t c'

( c )  l C u  > 0 : V x e O

1JBr, ( r )  I  =c,
l - 1 "  I

Then

(A) for every function/ from W4 e'(Ol

ir.tl lT, ll f oB,- f l;1an r = o

lTj"ttn lT, 1a,(r)-rl ,.trtqt, = o'
Q.2)  h '

(B) for every firnction/from Wc E'(A) 6"s Grit$r > 0 $rch Sat

l g ,  Z  p .Qv"  (108 . - / ) :  t oL )  =  o

la l3 '

if

n
j

t
I
5

I

I

(

I

t6 l



TI{E CONTINTIITY WITH RESPECT TO.....

if and only i{ there exists v > 0 such that

lg '  Z  o . (v^8"  (81(r ) - r )  ;  {o} i )  =  o .
l?,l< t

Proof (A) The necessity is obvious. To prove suffrciency, let f e wtErlay. For
generalized derivatives of the composite function/o Srunder the assumptions of the
theorem the rule of differentiation is the same as thai'for usual derivatives [7]. So
f o B, e wt E ({o}r) and for alnost all x of {o}, the generalised dorivative

. B'.f (Bn(x)) as I a | < / takes rhe following form.

8" f (Bn(x)) = (8" f) (Br(x))

(3.3). + Z ,".p.n @)@Pfi (rr,(x))
r< lpk l " l

ufrere B =$ ('),.... 
EQ,) and functions ?a.p.h are expressed intennsof

B;') ,. . . , Bt^) according to the rule of differentiation. Now we show that

(3.4) lT, llq".n, llr.,n, = o

ln fact, since for any real numbers z;

l r i " '  . . . r | , t"  -r t  = i  oe) lz i  - t lqzi l+t )rar-r
j= l

l lr*,,l l,un, = ll  ̂,#r'r1""'-,l l
!o t r "  

l l  i= l  o :  , ,L . (o )

=f',i l+-,ll dl#ll .,),-,fr llax,t, 
-llr,rn; .ll ar,r, llr,,n,

Hence because of (b) and (3.2) we get (3.4) rf F =a. Now if F *a bearing in mind
the structure of 9a,p .n and discussing in tlie similar.manner again we get (3.4). Note
that because of (b) there exists M > 0 such that for all h e Ru satisSing I h | <6 we

(3 .5 )  l l p " .p . r l l r - rn r  sM.

Further, (3.3) implies that

I7l
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lll" (f o Br)-8'l1"..*,

l2l
t3l

Noordhoff, Groningen' The Netherlands' 196l'

Kufner A. John O., fucik G' Function Spaces' Prague'Akademia" 1977

Luxemburgw.A.J.BanachFunctionSpaces.Thesis,-TechnischeHogeshoolto

Del, The Netherlands, 1955'

t81

+ t ! ee !..xf fvtJ[*,
l < l r l r b l

In the last in€qua| i ty |b i rFdt{ l -J lgobtheorem

2.1. And the second pfi; u& I rrro b b' dff t rr* a the norm

as we did in theorem 2.1 to grr (2't) cb*

l le".,.JQ' rb D,ll. --.,

s  c r l !  |  l i . t  , ,4  l l  .  -  .

where C, depends onty o tb cd Ct d (2t r '' (4 | c I ercnsron of

ga .p .h(Stt) by zero outsi& d O n tr (O) Na * ;uc b rlc nght side

ofthe last inequality tends to zelo 6" d z:ro' q br I t s'ith

\y = J' f . L.(O) and 
o

gr  =  io .P .s  o  B i l

$ e r e  h * 0 ,  h - + 0  a s  / c - + c o ) '

i-oii, Ut*iog in mind (3.5), it is suffigient to prove ther

(3.6) lT.  l lp ' .e. ,  oBi t i l r . ,o^r . ,o, ,  = o

Since againchangrng the variable in the mm rr€ get

l l g " .e .noB i t l l r . . o^ " . ,o , ,  =  G  lo '  p  ' 1 . , , * , '

whereCgdependsonC6and, ' , (3.4) i 'nph€s(3.6).Th'scoptaestheproofofthe
part (A). The scheme oiO" p'ooi of 6e part (B) s anrhgqs o 6at of the above

proof.
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Braid Types Of Periodic Orbits

B. KOLEV

Abltnrct : The last decades have seen an explosion of interest in the study of nonJinear
dynamical systens. lvlany scientists realise the power of qualitative techniques developed during
this penod The main idea is that the gross behaviour of all (at least main) solutions of the system
is mee important than the local behaviour of particular, analytically-precise solutions.

Among these results is the wellknown and surprising Sarkovskii's theorem discussed
below. In this paper', wtrich is a summary sf a tslk grvgn at Tribhuvan University in December
1993, we try to present an overview of the franework inhoduced these last 20 years to study the
structure of the set of periodic orbits of discrbte dpamical systems in dirnensions I and 2.

l. Introduction

A lot of naoral can be described in terms of discrete dynamical
systems. That is, given amapf : X -+ X, we iterate this map, beginning with a point x
e X andwe are interested in the properties of the set:

x ,f (x),fz (r)

which describes the successive states of an evolution process xr*1= f (x,),.re = .r. Th€
set of all these points is the tajectory or'the orbit of the point x under the action of/.
In the case where/is a bijection, we will include, of course,.the iterates of x under/{

.  . . ,  f4 (x ) ,  f - t  (x ) ,x

Among all the orbits, some of them are more remarkable. For examFle, they may form
a cycle:

x ,f (x), . . . ,f" (x): x

These are called the periodic points of /, we write Per (fl,for the set of all these
points.

In practice, it is often diffrcult, if it is not impossible to describe the behaviour
of-all the points of X under the action of/ Usually, we do not know explicitly f nd
€vgn in that.case, the algebrdic expression of the iterates of/may be too ugly to be
abls to undertake a serious investigation. Most of the time, we know only a sample of
the set of all the trajectories of/, for example a periodic orbit. The natural question
which arises then is whether we can deduce from this little source of information more
predictions about the dyoa-ic of /: which means about orbits of other points of X
under/



ts [ua\

This problem has been exrcnsl\el! d rh€ l8r tcr:s From all the

results which were obtained one oarn fu rrecd r.nr DP"r o| orbits force

c o e x i s t e n c e o f o t h e r t y p e s d o r b i s . A c | g | G I | 1 9 | 6 s 6 c r e n ' f a m o u s

Sarkovskii theorem [l 8].

Theorem I (Sarkovskii) Defne the followng lut'n or'xrtza 'n hc nlegers"

3 > 5

Then if f :lR-+ IRis a continuous map uhrch llutr o pnairc 'orolint o'i f rtod n' it has

also a periodic point of period m for all.n > ar

Thisbeautifultheoremshorrsthatsmof6co.b|ts.oG|}periodicorbits

orp"rioa?l"r;-a;dd),;ud,o u,o* cooptor drnarc rrnfruq of perrodic points of

distinctperiods)andthatsomeotlrers(t}'6cofpcnod]'1.;rstfcccr}rcoexistenceof

a finite number of Periods.
Therearesimi larresultsfororrentatrgrrelcrs| l ts,hrcmorphismsof

compact orientable surfaces [10, 2ll. Horrerer a @t of ndlcxron is enough to

realizethat the period:alone is not enough [o charrcrfru€ ! p.nodrc sbit in dimension

two. A euclidean rotation by angle 2rln arrl.rd rbc mgrn has penodic orbits of

period n, onefixed point and nothing else'

Actually, this pienomenon alrea{ e\rsE rn dltrrcn-ctdl I Some periodic

orbits of period 4 of u 
"ontinuous 

map of the inren al force thc ewsle1lcc of all periods

but some of them force the coexistente of just one fired pornt and a penodic point of

period two as ,.quirJ by sarkovskii,s theorem To ralie rnlo account these

considerations, it is necessary to characterize a pcnodrc orbrt $rth a little more

informafion.

2. Dynamical Order

2.1 Cycle Associated To A Periodic Orbit In Dimension I

I n t h e c a s e o f c o n t i n u o u s m a p o f t h e u n i t i n t e n a | / . i t r s t h e p e r m u t a t i o n

induced by/on the points of the orbit, naturally ordered on th:1nl axis which permit

us to refine the oraering defined previously $,4,5.25 ]. l-rt cn be the subset of all

the n-cycles of Sr, the symmetric group and define

6= [J"c;
n € N

Given a continuous mapf ,we define the set of all the c'1'cles of/, noted C (/) in the

following. An n-<ycle, d , belongs to C (f) if there exist reals

X t l X z < . . . < x n

such that f (t,)= rr(,) ftefollowingrelation:

[t2l



BRAID TYPES OF PERIODIC .....

0 ; 4 i fandonlyif yf eC,(I, I),0 eC(f) = ry e C(f)

defines a partial order over cnll,z,4,6l. It is obviously reflexive and fransitive and
can be shovrn that it is antisymmefric [2]. The main tooi in the study of this order

Figurel :0 =(1234)

is the construction for each g e c of amapfs which is simplest inside the class of
maps such that 0 e C (f); in fact, a piecewise linear map (see Figure l).

This map is such that C(fs) = {q ; 0 > rt }, which iustfy thc qualification
simplest given to it. There is a partition of 1 into a finite nunber of intervals
11,-..,/r-, such thatrf f (Io) meets the interior of 1, , it covers 1q once and only once.
We say thatf, possesses a Markov partition. Associated to this Markov partition there
is a (n -1, n -l) fansition matrix (a1;) defined in the following way: cr ,u = | ,f "f (1,)

fl:^ 
Ii.ld o t:i .= 

0 otherwise. It is then easy to compute the successois of d using
lts transrtron maFix and its Markov graph.

/ \

l r  r o l
M ( e ) = l t  o  t l

\ l  o  o )
ln the case of a homeomorphism/: Dz -+ D2, thgfirst problem which arises

is to characterise periodic orbits. It is not longer possible to associate a permutation to
an orbit P : {Pt , ..., P,) of/(there is no naturar way to order the points of p as in the
one-dimensional case). It is therefoie necessary to introduce a new object : the braid
tlpe of P which will play the role of the cycle.

2.2 Artin Braid Group

for i  e Nr= { l - ,2, . . . ,n} , lete,= {2i / (n +l)-1,  0) ,e= {er,er, . . . ,en} md
A;: (l ,(t), t) e D2 x 1 be an arc such that y,(0) and y,( lielong' to Q ^a y ,iq *
f j(t) rf i1 i. n e set A = A, w A, w ... v A n is called a geomeric biaid.

we define on the set of all the geometric b,raias the following equivalence
relation : A - A' if there exists a continuous family l(s) : l, (s) r._., Ar(s) w ...v A,

l l3 l
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(s)(seI)ofgeometricbnidbdl|! ' . ld4D-f.|brlqeration
of stacking together;;;ttrI-Lt*31-r 

nd induce

on the quotient.", B, 
"-gffi 

1-FiH,1q'Ardmt 
of Bo

is just called a braid'

means'JilT ;i:il,ffi Z="J)ED' "Y; tJ ;:'tS
fffiiT"H;. "i,;:,Tffi..; 

-J'L-u 
d r-' i' r*'o crosed

. -:---,r- ,r'--rt-*.in dre solid

ilili"ri Hffi"ffi ;;;-*d'rc in tbe sotid
. i -  - 4  iB - t91 .

[,*',;i: ;; ffiH; i p - w*: i?- .'' rer
Another waY orcogruii a i f F Lc

l i

f't

w,= l {x1, r2 ' - - - ' t  l ;  l  G i (d l r '

of nonordered t+ d - t- r

is a grup d*gp - JIF 
a\q' "- 'ot-t nd relations

r r r l ,

D\D-Tbca 8n=

L
-

rr
I

T
J

I

--

I

D

I

I
t
I

O

O

be tlie set

y (l[n,Q).

B,

6 i 6 j :  O j O i for lt -jf >2 darol',r ot - ot'r 6LoPr

o . 9 t -

t - \ - /
IL T \o|

I

I

f igGl3rllra'

The cenfie of Br,4Br) is6c ffiiE ctdic tq fd V 0 n=(!-t-'62'

... ,cn-tf (u'hich correspmt o afrll twirt)

2. 3 Braid TYPe of Periodic Oilnl

It is Rrfi$ Bmto tl2l (tcc r! Il3' l4l xb frrr dncsised a periodic

orbit p or o ffi 4 y ;il bry dr d/relative to the

orbit P. r'et f e,*';W;'; ;-tttd; ;cg"4 to'oorDt'ism and

P= lP,Pz,-- . 'Pr)  c D\aD|

aoeriodicorbitofllnorderboryer€dabil!'itirgrytofixastandard
.oau for (,p ,^p). Tte doioc c 

" 
tmptl- i': (fr' h + (t, o determines

anete'ment f! =h'ti^ d7uttco+(D'-Q)' rhesubgup d f eHomeo+(D'S

suchthat/(O)=9'@fug'"is|hesarreasreplrcingfiWwofisconjugate

tlll



BRA]D TYPES OF PERIODIC ....,

rn Homeo+ (D2, Q).Therefore, the conjugacy class <a > of the isotopy class a :

lfl I of f! ^ the mapping class group Aut(D2,e), of the homeomorphisms of D2
which preserve Q, is independent of &.

The link with the braid group B, is the following. Let

=,{ro*"1* 
(Dr)  -  ,y,

t  f  H { f  (Q) , . . . , . f  (Q) l

It is not difficult to see that e is surjective and that e(fl: €k) if and only

.f 
-' g e Homeo+ (D, ,Q). This permit us to identi$ Wnwiththe quotient space :

Homeo+ (Dz) / Homeo+ (Dz , e).
The existence of a local section for e at the point Q : e(Id), implies that e is a
fibration:

Homeo * (D' ,Q) -l-+ Homeo * (O') --1 W,

Using the long exact sequences on homotopy groups for this fibration and
remembering that B, = \ (Wn,Q) and Aut(DT,Q) : ro (Homeo+ (Dr,e)), we get an
epimorphism m: Bn -+ Aut(Dz,Q) whose kernel ker(z) is exactly Z(B). We
summarise this fact in the following theorem [9].

Theorem 2 Aut (D',Q) = Br/ Z(Bn)

This isomorphism induces a canonic bijection between conjugacy classes of

the fwo groups. Therefore, we can identifu 1& ) , the conjugacy class of ["f! ] in

Aut(D2, Q) with a conjugacy class f in Bn I Z (8,).

Definition I bt (P,f): F t, the braid type of the periodic orbit p.

Let CBn, be the subset of braids whose closure possesses only one conponent.
We define BTn as the set of all conjugacy class of CBn and we write:

BT = U B7' ,

BT is the set of all braid tlpes of periodic orbits of homeomorphisms of D2. rf 7 e
Homeo- (D2 ), we set BT(f ) = lbt (P,f ) ; P e Per (f )l and we define on BT the
following forcing relation [13, 14, l5]

F, > / ,  i tanaonlyi f  Yf eHomeo+(Dr),  / ,  eBf g)= F, eBf ( f)

Theorem 3. The relation I is a partial order over BT.

l l 5 l
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The problem is now to be able to um* wif |i t. b fr*

Given /, , Fr.8I dG F, > Frn F= > i., '

Construct ld,F > dl

These problems are still open ones. Thcre rc b-rtr c -rtai;, Frtial results-

which have been obtained ifwe restrbordwrc Lff c& o a subset of

BT. T. Matsuoka [23] has solved 6at $E rb fc LE lJ qpcr (|Tt,> ) and T.

Hall [20] did it for (yrym, >) rhe ser dbrid t1p 6 tF r Soale horseshoe

(one main model of two dimensimal dpdc}

Application of Nielsen-Thuntil Ttcrt ro L Sirt of Brrid

Types

Nielsen-Thu rston Tbeory of Mrqi3 Clo

Thurston u I, 19. 22.24.231(oqlcong I FqSn! rnrueed by Nielsen [27,

261gave a beautiful descripion of nnfs tmrytiru of e cmpact surface M

up to isotopy. Two types of lromeoocphisns tc uscd r bricls to build a canonical

representative in each isotory class.

The first type is constituted by dte isomrcs fc a grrur bprbolic metric of

constant curvature -l on M. Given a fixed $pcrbollc meiric, the gfoup of

isometry is finte [29]. Therefore, for eeh ismetry f . M -+ M, there exists an

integer zr > 0 such thatfn : 14.

The other type has been called psetdo-Alt6or \ analogr' with Anosov

diffeornorphisms of the torus. A pseudo'furosov lrommorphism / of a closed

surface is a homeomorphism which preserves tro lransterse foliations F and F"

which singularities *" p-prongs singularities lnith p > 3. These foliations have

transverse measures p' andpa such that/(I', t )= (F, i-' p') andf (F',

Itu) = (Fu ,X p') where l, is a positive real number > l. ln the case where 0M

+ $ each component of OM is a cycle of leaves of borh foliations F" and Fu

separated by singularities oftype spine and each component ofdM has at least one

singularily of each foliation.

A homeomorphism/'. M -+ M is reducible by a system of curves I. of distinct

simple closed curves fr , Fz, ... , f, if:

l. f, is not homotopic to a point nor to a component of 0M'

2. f, is not homotoPic tol- 1 if i + j.

3. f is invariant under/

Theorem 4 Letf -. M -+ M a homeomorphism then f is isotopic toQ : M ) M,

where $ satisfies one of the following properties.

o
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2. $'*ysat&ttnordll.,udh*nmse
3. Q is wductb,lo,bgu ryabmqf#nryr.f .

In tlnt latest case, the followingyoperttes hotd : T has a tubulor neighbourho.od
q (f) iwariant unrfur i and ifiy,...., S, or" the component ofM\q (f\ ;; 

":;,lIre smallest posttWe" ilitegtir":fircht' that 0E(5,) ='5,, then ir' /5, satisfies (l) or
(2). If 4r , ... ,tlq "vite"tke';ibi$Wnerrt of ryW afid W ts tlv"sma{test postflve tnteger
nch that Q^i|(n)=ei, then i^t/(ry) is a twist. (this twist is rwt neceswry.a full
twistforf^ i/Oq,is no{ necessarily thi identity)

A class is said to be irr.eduoible if it has a reprosemtative of 6ope (l) or (2),
both of them, being mutually exclusive. In particular, if a class is of frnite ordpr, o"o ii
possesses a representative of'type (l) t301. $Ve'say that this class is periodib. [fa class
is of infinite mder, then it hac a pSeudo-Anosov representative and we say that it is of
tlpe pseudo-Anqsov, or it has a representative of type (3) and we say that it is
rpducible, both cases being mutually exclusive.

3.2 Classification of Braid Types

r-etD, be the compact surflaaje,obtained b replacing each puncture p; of
Dn = D2 \ 0 bv a eirclE s, (fu oircb of tangemt vectors at this point ) and let
p : D, -> Dz be a surjective continuous map *hich sends ,s, onto e , and which is a
diffeomorphism outside the circles.

Let f be a cr-419'"o*orphism. we can then extend the restrictionfg of f
to D, into a homeomorphism /n: d D;tntne fon'o"ing way ;

in@) 'Ds,  f  .u  / l lDa, f  .u l l  r  e  ,e ,

We can therefore characterise (Q,fiW the isotopy class of /9 on D,

Proposition l. The p"76iss11on map p : Dn-+ D in&tces an lsomorphism between

Aut (D) and Awt (D2, g).

Ia V 
" 

BTn; aconjugspy class in ,Aut(D,e) = Aut(D). since rhe Thwstorr

tlpe of an element of Aut(Dr1is invariant under conjugacy, we can speak of a pseudo-

Anosov (resp. penodic, reducible ) conjugacy class B-.

lr?'
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Letf e Homeo* (A, e\ A 7 V. A. brd lp. tf a ) 2 then the Euler

charaoteristic of Dr, x (D) = | - n l3 EFrc .{ snorc representative

lp e Hom"o+ 1D,1 induces a bmcorp5l Cs e H*o- (1>. p) which is

isotopic to/(rel, to p) and such dur PoIe = Ot o P h proorlar' if fp is

pseudo-Anosov, we will say that )pis pccr&Arer tnd o g). s.* if there is no

really pseudo-Anosov homeomorphism o D. \l'c rrt I8T. fs rhc set of irreducible

elements of BT, and I BT =ll t Ar,

U/ isperiodic, there exists s sE llcs rrctr - e t'srrh that Si = Id and

/p isconjugatetoaeucl ideanrotat iob aqh 7tt  a (0 < tcrz) aroundthe

origin u6, l7] .  Therefore n=zr(si . re )eQ)=gt td p rs conjugateaktn=

1oror...on_lY.There are onl.v p(n) perrodtc dcnds rn 8I,191n1 being the number of

integers which are coprime *ith n and lorrer than n)

Suppose now that ! i. t"a,*lUle. L,er {S,.S, . . S;}.ttt€ decompositon of

D nto invariant (by Q e) subsurfaces, 5o berng tlle componcnt r,rhich contains dD2

and {s1, ..., ̂ $ } the components which boudat} meers s, up to conjugacY, we can

suppose that ̂ S, , 52, ..., Sp are like on figure 3

- (e(D
\ S t S e 5 3

\ r /
-r.t\___-=/-

Figure 3 : invariant subsurfaces by a reducible element

D e f i n e s = b . w e g e t 4 p ( s ' ) = s o a n d / ; ( L ' ) = A ' ( n o t i c e t h a t S f i / A ' a n d

lfrlti are conjugate).Let /, e BT, be the conjugacy class of lip tSolit

q

Aut (Dz\L{ O,)  ̂ d F' theconjugacv classof IQir6,ln Aut (Dz '8^Li)

( D E t

l*'c cl
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ftstr

*rr i
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We write:

B =  [ . / r , 0 ' l
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BRAID TYPES OF PERIODIC .....

(notice |frat /1 ffd F'uniquery determined). By definition, fr is irreducibre.
we can then undertake the same decomposition forf' (see figure a). this prooess is
finite

= ir,t l!]
Figure 4: decomposition into ineducible factors

Theorem 5. Each fi e BT has therefore atmique decomposition

B = t / ,  , . . . , / ,1
*Jere fi is irreducible.

Noticethatif F = t/r, .,f,1 Nd /, e BTo, thenn = gr Q2...g,. Inparticular, if
n is prime, wehave BTn: IBT,

Tteoren6.  Let  / r , . . . , / , ,d ,  F eIBT, then

l .  IFt , . , . ,  V, l  > [Vt, . . . ,  y ' ,-r ]

2. IF, :..., v,,dl > [Fr,..., F,.Fl <) d > F .
cmcerning explicit computationS in (BT, )- ), we mn s'ggest the foflowing steps:

l. Gven a braid type fr e BT,determine whether it is periodic, pseudo-Anosov
or reducible and in that later case, compute the decomposition into
irreducible factors. An algorithm to answer this question exists [3]

2' Gwen y e IBT compute {a ; r > a}. This question is stin the object of
contemporary research [7, g]
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orbit space over commutative Rings And projectivities As
Semi-isomorphism

H. N. BHATTAIIT{ (*)(**)

Abrtrect: For a free module of finite rank over a commutative (local) ring, the group
projectivities of the associated projective space is shown to be isomorphic to tle group
geometric semi-isomorphisms of the associated geometric space of orbits.

l. Introduction

Orbit spaces ofgroups and vector spaces (in particular projective spaces) are
sudied as Pasch geometries ([1],[2],[3]]. Different groups of semi-isomorphisms and
isomorphisms of orbit spaces of vector space are related to classical groups of semi-
lirear and linear hansfonnations [4]. Group of projectivities also arise from the
projective space of a free module over commutative (local) ring ([5],t61). Here it is the
Frrpose to show that the projective spaces of free modules can also realized, as orbit
spoces and the group of projectivities is isomorphic to the group of geometric semi-
isomorphisms of the associated orbit space.

2. Preliminaries

The concept of pasch geomehy,and related developments can be found in
(fl,[2],[3]). For convenience we give a brief discussions here.

2.1 Pasch Geometry : Suppose A is anon-empty set, e € A, L : Lne A x A x A.
Then the system (A, e, L) is said to form a Pasch geometry if the following hold : (i)
For each a e A,3 unique b e A tith (a,b,e) e L,. b is denoted by ar, (ii) e# = e and
( c , Y = a Y  a  e  4 ( i i i ) ( a , b , c ) e  L + ( b , c , a ) e  A ( i v )  ( a t , a r , a t ) , ( a v a q , a s )  e  L

> 3a6 e I with (au, at, az) , (aa, a3, a!) e A. As a consequence one gets (v) (a,b,c)
e A = (c#, bt, d#) e 4 (vi) for a,b e A,there exists c e A.with (a,b,c) e A. The
geometry is called sharp if (a,b,c),, (s,b,4 e A = c : d.In such, letting ab = c#, a
gronp results with e as identity and c# as the inverse of c. The geomeby is called
rbelian iff (a,b,c) e A =+ (b,a,c) e A. Together with (iii) it gives every permutation of
(a.b,c) in A. If ,S c. A, then.9 is called a subgeomebry of A rf e e S and (a,b*) e L,, a,
6 e S=.r € ^S. With 4=,ln ( Sx S x S). one gets a geomeby (S, e, AJ. For an
$elian geometry, a useful consequence is.

(' ) 
. International Centre For Theoretical Physics, Italy.

(") P"t nan*t Address : Central Departnent Of Mathematics,
Tribhuvan University, Kirtipur, Kathmandu, Nepal.

of

of



H.N. BHATTARAI

2 . 2 L e m m t : I f l i s a n a b e l i a n g e o m e t r y ( w i t h a g i v e n A ) ' t h e n ( r 1 ' s t ' / t ) ' ( x " s "

t z ) ,  ( x t ,  x  z ,  x 3 ) e  A  >  3 s 3 ,  1 3  t ' l  * t h  ( ' l  
l  
" '  

s l  ) '  ( / r '  t z '  t t ) '  ( s t '  \ '  4 )  e  L

In abelian geometry e will be usually denoted by 0'

2.3. Extension of A: Let A with a A be a geometr,v. Let A1 = {(e)} c A,, L,:

{ ( r ,  l ) : x  e  A }  c A ' A ' a n d  A r : A '  F o r a n l ' p o s i t i v e i n t e g e r  n > 3 '  w e u s e

induct iontodef ine Lnc'  Ax'Ax " 'xA(nfactors)such 
that (x,  'x7'  " ' 'x ' )  e An i f f

1x  e  Awi th (x ,  , r r , . . . , xnz ,  x )  e  Ar -1  and ( '0 , ' , - r , x , )  e  A '  Thus foreach n 'one

gets A, (extended collinearitY)'

2.4 Geometry Morphisms : Let (A' en'A;) and (B' ea' A6) be geometries' A map/:

A e B i s c a l l e d a g e o m e r r y m o r p h i s m i f f ( e ) = e s a n d ( a ' b , c ) l L o - ( / ( a ) , J ( b ) '

/(c)) e Au. Easily 
"f,""tt, 

that f (ai): f (a)' R !"o*"tt'u morphism/ is called strict if

(f (a),J@),x) e L6-=' t l with \V)= x and (a'b'c) e A'A strict geometry

morphismwillbecalledageometryhomomorphism.Abijectivegeometrymorphism

whose inverse is also a morphism is a geometry isomorphism - ff 
the morphism is a

homomorphism, then ulective implies isomorphism. For a morphism/, (xt,xz, ...,x,)

e An (for l) implies (/(x1),f(xr)^'",J(x')) E A' (for B) We simple write A for A or B

letting the context distinguish'

2.5 Geometric Rings and Modules: Let (R'0'A) be an abelian geometry' Suppose a

m u l t i p l i c a t i o n . i s d e f i n e d i n R w h i c h i s a s s o c i a t i v e a n d 0 . a = a . 0 : 0 V a e R . W e

ca l l  (R ,0 ,4 , . )  ageomet r ic r ing i f  (o "a"a t )  e  L 'a  e  R* - (aa 'aa2 'aa3) ' (o '1a '

a2a,e3a) e A. ff,"g.o'o"t'i" ' in-g i'fan"Otoitt if (aa1'aa2' x) e A - x: c.a3with

(ar, ar, az) eA and sirnilarly for (a1 a' a2a'r) e A' An element t 
]i '^ 

tt *:^Tl

e l e m e n t i f a . l : l . a : a V o ' R ' l f a b : b a Y a ' b ' t h e n i t i s a c o m m u t a t i v e g e o m e t n c

ring. It is called ,ftu,p if int ,toln"'o of R is sharp in which case one naturally gets a

usual ring.

Let(M'O6'A17) be an abelian geometry and R 
^be 

a geometric ring with l'

Suppose R acts on it'1', '1 -) rx e M' Then M is a (left) geometric module over R'

i f  the folrowing hold :  (r)  a(bx):  (ab)x,0n.x :0u= a.07aandl.x=xYa,b e R,x

e  M(r i ) (a ,b ,c ) .  o* , ' t  M-1* ,b : ' ^? )  e  A l " rand a  e  R ' ( t ' , y ' z )  e  L ' '=  (ax '

ay, az)e Ay. we 
"uii'tt " 

module strict if R is strict and (m, bx, w) e L,a, a,b e R, x-

w eMlw:cx forsomec e  Rwi th  (a ,b ,c )  e  A .  we s impty  wr i teAforAporAp l '

W h e n R a n d M a r e s h a r p , o n e g e t s u s u a l m o d u l e o v e r a . r i n g ' C o n v e r s e l y ' e v e r 1 '

moduleoverar ingisastr ictgeometr icmodule.Al lgeometr icr ingsandmoduleswi l l

be strict.

LetMbeageometric module overR andN cM'ThenNis a submodule of M

i f  N  is  asubgeomet ry  o fM andaeR' reN= axeN'Note  tha t fo r re  M 'Rx:

( a x , ' a e R ) i s a s u b m o d u l e f o r a l l x | f M i s s t r i c t . A l s o , f o r t h e s t r i c t m o d u l e M a n d

x, y e M the submoJule 'qp (xy) generated by r and y is given by the set

fitu'
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{z : (2, m,by) e A,, a,b € R }.
induction to show that sp (xr , x z, .
a, e Rl.

More generally, if xt , xz , ..., xn e M, one uses
. . ,xn)  =  {w e  M :  (w,  a14,  a2k , , . . . ,  dnxn)€  Ar ,  r ,

2-6 Homomorphisms and semi-homomorphisms : Let M and N be geometric
R-modules and Q : M t-> N .we car| R-homomorphism if/ is a geometry hbmo-
morphism aurrd, Q (m) : a0 @) V a e R. x e M.If 4-r ;, also a homomorphism, then
/ is an R-isomorphism. Suppose o : R r-.+ R is a homomorphism of the geometric ring
R' Then Q : M r> N is a o*semi-homonorphis'r if / is a homomorphism of
geometries and {(ax): o(o)Q(x) vc e R.x e M.If ( isageometryisomorp6ism
and o is a geometric autontorphrsm of 11. thcn p is called o-semi-isomorphism.
L€tting M = N, we get the set iIR(M : sr(rv\.trrc set of alr geornetric semi_
ismorphisms of M.lt clearly fomrs a group u''ith I(h[) the set of all R-isomorphisms
es a subgroup. In particurar, when R is a srrarp gco'retric skcu,fierd (so a usual
rfrcrvtreld), thenM = v is a vector spacc and ,\(tl rs the group of ail semi rinear
rusformations.

Rcmar*s: An element x e M is R-frec ifl'/l i-+ Rx, cr r-+ cx is an isomorphism of
gmetries. Thus for R-free x, (ax, bx. cx) e A,_ tr.b.c, e /l = (o-b.e e A . In [2] itwts assumed for every element x * 0, sincc./i consiccrccl is a gcometric sker,rficld.

3. Orbit Spaces of Free Modules

3'l Modules over local rings and projectivitics : Hcrc rrc briefly repall facts about(free) modules over (locar) rings and the associarcd group of pro.iectivities ([5],[6[)
Let (R, m,k) be a commutative locar i,ng'ru,th ,i.,a*inral ideal m and

t = Rlm the quotient field. Let v be a freenrodule o'cr ^li of finite rank n > 3. Then mv
rs a submodule of v and vrml'is a f-vector space of dirrcnsion n. Let n : v r+ v/nv
bethenaturalmap. Then xt,x2,. . . ,  x,  € Vforntal l_basisfor Z. i f f  n(x),n(x). . . .
{rJ is a vector space basis for vlmv. Basis elenrcnts are linearly independent over
It lf r e v, x is unimodular if n(x) * 0. ln this case r is /l-fiee and Rr is a clirect
smmand of V. Let P(n : {Rx : r is unimodular}, rhc set of all l-dirne'sional
fi1p6f 5rrmmands of V. The elements (lines ) of 1r(tr4 form the points of the
rssciated projective space. A projectivity rs a map a . t'(n ) p(n such that
Rx E Ry + Rz tff q(Rx) gq(Ry) +a(Rz). Given an automorphis,,rs o : R -+.Ir and
o.-i linear isomorphism ( : v *> z, it induces a projectivity p(Q 

) : p(I) -+ p(v)
Stwn by P(0W = R0 @).The gen-eralisation offundamental theorern of projective

r-"ry 
shtes that given a prqectivity a : p(v) ,-+ Ir(n, there exists a o- semi

l iEar /  :  v v+v withp(o)= q.LetR* denotethegroupof unirs ofR; s(z) the
gtup of all semi linear isomorphisms of v and sp(n,ih. grorp of all projectivities.
Tbca one gets a surjective map SI(V) -> Sp(V),d - p(O) whose kernel consists

[2s]
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of multiplication by unit scalars and so isomorphic to R*. Thus there is an exact

sequence.

1-+R* -+ SI(14 -+ SP(/) -+ I

giving SI(\R* =SP(V).

3.2 Orbit space and the semi-isomorphisms: Now, consider the free module v over

R as above with R'r' u, ,h. group of units. The R* acts on R giving rise to the set of

o r b i t s R / R * : R . I I '  a e R , t h e n a - = { d a :  a  e R * }  i s t h e e l e m e n t o f  R "  ( A , b  ' c )

e Aif f  a*d,blFc:0,d, B e R*makes R intoanabel iangeometrywithd# 
=d

Vd eR. Also, a. b= ZE is well defined and makes R into a strict commutative

geometric ring with T. slmitarty R* acts on / and gives a geometry of orbits

V = V/R* on which the well defined action 7.7= 7v makes it into a strict geometric

module over F-. Here also Vd : iYn e V . lf x e Zis unimodular' we call the point

f projective. Two projective points f and t are independent if r and y are

independent inV.|t easily checks that if f isprojective,then I = y iffRx:Ry

So ifp(z) = {t : , is projective}, then we have a bijection 7 -+Rx betr,veen P(lu )

and p(l),the set of one dimensional direct summands of I/. Also, (i , y , 7) e A' *

RxcRy+Rz.  Converse ly ,RrcRy+ Rz=1 i 'G y 'B  7)  e  L 'where  a  :  T  o r

F: f .lf it,iz,...i, e V and fizis the geometric submodule generated by the

e lements ,  then I l  =  {  x  :  (V ,a t i t , . ' .  d ,7 , )  €  A , *  t ,a ,  e  R}  So i f  e  t '  €  2 '  " '  e  n  i s  a

basis for V overp, then V1 d2,"'dn is ab'asis of V on"' R in an obviously defined

sense.

N o w l e t d : V l - + Z b e a o . s e m i l i n e a r i s o m o r p h i s m o f Z s o t h a t o : R r + R i s a n

automorphismofthering.Sinceeveryautomorphismsatisf iesd(R*)=R*, i t induces

a m a p o : F - + F - b v o ( d ) : ; 6 w h i c h i s w e l l d e f i n e d . I t c h e c k s t h a t o i s a

geometric automorphismof R. Similarly / induces awelldefined,map f :v'->v

bV f 6) 
: T6.f i, a strict geometric homomorphism satisfoing [(a i) :

o @)[ 6). Thus /- is a geometric o--semi-isomorphism of V' lf Q' : V r> V is

another q-semi linear isomorphism with /-: /-" then T6:76 V x e V easlly

checks to give 0 -- ,i, for some constant s e R* and or = o' Let SI(V) be the

group of all geometric semi-isomorphisms of f and SI(V) as above' Then we have a

mapo,-+ffroms(lz)toSI(v),aglouphomomorphismwithkernel isomorphicto

R*. Thus we get an exact sequence'

ra

r , i

i-

a a

: .

F a t

r f t

] 1 1

d

d t

t - l

l ' l

aru

-:!rtt

( . '

- l

7 ]

ir 
_('

: r t )

" t
? - l

-  i l

i':r ' r

l '  i r

126l



I -+R* -+ SIe) -+ SI(V)
For the exactness on the right, one gets the generalisation of the trndamental theorem
as forSP(IJ [5]

3.3 Theorem : suppose v is afree modure over a commutative rocar ring R offinite
rotk n > 3. Let R* be the group of units of R and v = v/R+ be the g"orJrri" ;;;r;
of the orbits over the geometric ringT.suppose t :v r-+f i, o g""*"i;r"
q -semi-isomorphism of v . Then there exists a o-semi linear isomorphism : v *>
Vsuch tha t [ : s .

Proof  :  I -e ter ,€2, . . .  erbeabasis  of  VoverR sothat  drdr , . . .6n is  abasis  of  Z
over R- . Then, r (d),...t (e) is abasisfor Z over F-. For, rf y e V,1 r e V
widr r(f) :  / .  Since (i  dpt,.: .d,e,) e A, d, e R-, so (t(x),r l@)c(e),

q(a,)r(A)) e A, showing that t( i)  = .y- is in the span of r(er),. . .r(V,)and

6ese have the right numbers. Let r (v,) = i, , i = l, ... n. we obviously have
(Vr dz, e., + er1 e A, so (r (Vr) 3 @),r GtT e) e A i.e., ( i , j r , j)  .A where
t(ener) = f. Then .f = a-ft + f .fz, a, F . R*.gyreplacing af1 byfl and

f  f ,  by  . f z ,we  s t i l l  ge t  t (d )=  j , , i =1 ,2  and , r (d r+ez1= j  = f r4 .Do ing

this for every i ) 2, we get a basisl,.l;, ....f,of Zsuch that r 1q + q)=.f,TT,,

Vi >z.Now let a e R.Clearly @t A%, et + oer)e A,so (i ,n @)rt, V) e L, y
= t ( e j @ ) . E r t ( d ) = b , i t g i v e s  

( i , b f  , , y ) . A s o  3 1 1 , . s 2  € R *  w i t h  s ,  y =
.fr+szbf2.clearly for given a,s2b is unique and so defures a map o:Rr+R

V@: 
szD with the propertiqs that r 1er T aer) = f, + o(o) J; nd e (a1 : b =

o(a). Note that o(l)= I and d(0)=0. Similarly choose any i> 2 and define

Q : R r+ R by r @T aet) = frT;W and or@ = tt (a ).It will be shown that
o = o r .

First, the following two relations are easily checked:

1t1 r 1e37e, + a'q) :M 
Qi) r 1ae, I 4 =;@) f, + I

Fc (i), take (et +;e, + aZ ,;+ a", , aZ,y, @, + ae, + a,e, ,4 + a,", , oqlen

v t (et + aq + a'e) = v, then applyrng r gives G,T-+ o-;@)/;,e(d,)f,).

I27l
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G , f,Tffi) f, , n @)Ire A' since n (q:;6' it gives G '7' +6 f; '

;@lI ) , (v,T+A@7, ,i@)fr) e A' These give z = st(fr + o(a) f2) +

s2(o(a') f1:st( f i  + or(a') f i )+soo(a)f2"r;€ R*'  By solving one gets z--st( f i

+o(a)f2+or(a'f)and hence (i)' For (ii)' we take (ae' + q ';n;"' +4 ' 4) e A'

proceed similarlY using (i)'

Now. we showo-is'a homomorphism of rings. Let a1 ,a2 e R. using (D and (iD

tu, (73@i oir, + e,';J;A,;zezi )el we set (7' +;@';;Jfi4 '
- f f i  

,o@Jfr l ,  )  e Agiving A + 6(qt +az)fz+f i+tt17+o(ar)f2) +

t 2 ( o ( a 2 ) f 2 + t r ) = 0 , t 1 , t 2 e R * . B y l i n e a r i n d e p e n d e n c e , t | = t 2 = _ l a n d o ( a ' +

a2)= o(a)+o(a) Also we take (e,+;Pf,. ' f  
"a"A'(;Vz+q;) 

e A to get

(@ ,j,,4(dr)@GJ4*7 )) e ̂  since ?(4):i@i'it

givesl  +o(alazVz+or(ar[ ,+ sf ,  + s '6(ar)(o(a)fz +f ' ) :0 '  
"  

'  s '€ R*'  Again

by linear independence, s : -l,q(ot) = - s'6(at) and o(al az) = -s'o(at)o(a')

=o(a t )o (o , ) .s ince theseare t rue fora l la l ,a2 , tak inga2=|g ives6=o, tandthen

o(a1a2) :o (a t lo (or ) t t tows 'Thus 'o isahomomorph ismof ther ing 'Us ingr - r '

?-r we can define o-r by ,-r 17au1;: "r;;i64,*h"t1!t :T:i:t""j
the inverse of d. Hence o is an automorphism of R such that o(a) = 4 (d) Le" o

induces the geometric automorphism ? '

Now,  r /  :V '+V isdef inedby  (a t  € t *  " '+a 'e ' )=6(a tM 
+" '  +o(a ' ) f " '

Q is o'semi-Iinear. To show that / induces 7 ' it is necessary to show that

rfnp, + -t rn):m' This is done as in [5] bvfrst

showing c<"rT,r"r+:+" i l ' ,>:  f f i  ^a

r ("re, +:; a,e^1= o1or1J;. -+oGffi ro' e*ttnel? t" :t,rT 
flst equalitv'

we use induction where we already have 6 g, * nn1 = ft + o(ct)fz '

Suppose t (e, +or"rT - '+7,q)= f '  + o@Ji'z+ " '+o(a')f '  and' let

'@.t^i*.-,"_j*#'."
"r;;*f 

*+a"4 ,iur"u)e ato get (u,i ioloiJ'+"'+o(a')f '

;G ;J { ;  eA and 1 f f i . '  ' € r *a in te i * t '

* t : .  '

ibgn

!-ra d
d .c

I

t 3r'a S

i . r b
q l l t

Id 5lt:

JeX,

flrrt

5

- t F

: - t

J 8 6

I  . : :

t s r
tc" a
rrlr 5r

1 9 c

frSd

trcl
J r d

rrl d

l r b

J _ . - ,

H
!i

H

G
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d, dr, ... d, e-,) e Ai* r to set 1i,T@ ) T;, ;GJ4,....;CM ) e A, *, .
These give two relations

u = st(fi + o(ar)f" + ... + o(a,)f,) + sz o(a,*r) .f,*r and

u = si(fi + o(a,a) .f,*) + s,2 o(ar) f, + ... + s/ o(a) .f , .
$lT"g these, we get the required. similarly, the second easily checks. For the finalresult, one can even folrow [5]. Thus the theorem is completely irovea

Using the surjectivity giveh by this theorem, *" 
"o.pf"t" 

the exacr sequenc

I -+R* --> SI(v) + SI(Z) _+ t.

h gives SI(n/&* = $(V). Together with S(IrlR * = Sp(V),we get

3-4 Theorem : Let v be afree modute offnite rynk n 23 over a cammutative rocar
nng R with R* as the group ofunits ana irgl tie associateir* of projectivities.
I2t sl(v)_be the group of all geometric semi-isomorphisms of the geometnc space
of orbits v = v/R* over the geometric ring R = NR*.'.\hen sl(v- ) = sp(r).
Rcmark (1). Here the ring considered is local as in [5]. However the generalized
firndamental theorem is availabre for arbifary commutative rings [6] and even over
rome special non-commutative rings [7].The ubon" oouy go thro"ugh i", 

";.*;;"ri;;case but one must check how far it works for non-commutative rings. Also, one could
t*e different spaces v and w over rings R and R' with an isoo,orphiso, o : R r+ R, as
u  [6 ] .

(2)'We believe that a reformulation of the generalizedfirndamental theorem in
the terminology of an orbit space geomety (i.e. Fasch geomeul,j nave advantages.
sire, then, one-could ty to obtain the representation of an arbitrary geomefiy as an
orbit space as done in classical situation, for example, an abstract projective space of
frgft enough dimension is given by the orbit space v/F* of a vector space over the
*c$treld-Funder the action of F. If an absfact space is a geometric space over a
tsnetric skewfield, we have the generalisation thai it is givei as an orbit space V/l
of 'ector space over f'by the action of a normal subgroupl of 

'F. 
on this line, one

oqdd ask: given an absfact geometric module ly over a (tommutative) geometric ring
,{. r+ten does there exist a (free) modul e v over a(commutative) nng R with the group
d nnits R* such that v/R* over R/R* be (semi) isomorphic ,o w orii ,q.

t t l

t2l
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Post-Widdei fnversion Operator Of Generalized Functions .

LAVA CHANDRA SHRESTHA AND R.P. MANANDHAR

Abttract: A.H. Zemanian and many others have extended Laplace transformation to dishibutions
cmsidering the Post-Widder iirversion operator as a differential operator. In this paper, the Post-
Widd€r inversion operator itselfhas been extended to generalized functions.

l. Introduction

Since L.Schwartz lIIl published 'Transformation 
de Laplace des distri-

butions' n 1952., various integral transformations have been extended to distributions
nd generalized functions. But it seems very little works are being done in the
qtension of the real inversion operator to distributions and generalized, firnctions. ln
this paircr, we present some works in this direction.

If the Post-Widder inversion operator Lt ,,Vl ([5], p. 280-283) is given by

I k t
Lo . , [ f ]  =  

01 .  
( ; )0 . '  I  e - r " "  uk  F(u)  du  t>  0 ,k=  0 ,  l ,  . . . . .

@

I

f ( * \ = l t - , ,  F ( t ) d t
0

rc define as in ([6],[7],[8]) a real inversion operator in the sense ofRooney [10] by

( l  l )

urh€re

( 1 2 )

(  1 .3 )

rtcre

( 1 5 )

t k  ?
;  ( ; ) r  

+  |  
J s - k u x / t  u k

D :  '  
O

x ) 0 ,

F(u) du,

n  =  0 , 1  , 2 , 3

u * 0  ,

(r 4) ;ilVl =

A(ki is given by

f  (u  + l \  A(k,n\ f G + u + 2 n + I \

2(k - r\l F ( r - u - D l 2  f  ( p  + 2 u + 2 n - k + 2 )
=  B(k ,n )

p:or" lrl.,Ifrl= A(k,n) ! ," g','iTr?|, L'i,',tfldx
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aad ef 
'r, 

I*lis the Jacobi ftrnction of the second kind (t31,p.170) and defrned by

(l.6)di'p,I*]=ffi(l+x;-l,r,|ii ' ' i],",--|..,u-"l-'l

Ithas bsen shwn in [6], rmdercertafo'@nditions, that

(1.7) lg" p:,r," lt?.,l,fll= F(t)

cr)
IH

- d
h
l r r
ft

foral l  r>0.
The purpose of the present peper is to extend the inversion formula (1'7) to a

class of generalized nrnctiois iotutp*tiog the convergence in the weak distributional

sense.

2. Testing Functions SPace

'In,hi, 
paper, we adopt Zemanian's method [1s] to consfi'ct testing firnctions

space Lo,o,n.W dual space $j,6,2 consists of the Post-widder inversion operator

fansformable generalized firnctions to which (1.7) will be extended in the sense of

weak distributions.
Le t . rde ,no teanopen in te rva lon the rea l l i ne .A f i rnc t i on i ssa id tobe

inf,rnitoly smooth o, si-pty imooth on { if 
i! has continuous derivatives of all orders at

rllpgin; of /. LetJ(4-ie G rpuo, of all infinitely smooth complex valued firnctions

havingcompactsuprportin/.weassigntoJ(0tlrecustomarytopolorythatmakes0re

dual space J'(4 the space of Schwartz's distributions [12]'

For any two real numbers a and b with 0 < a < b' n and ft' non'negative

integers such ftat n 2 b, and u a rcalvariable, define

. t
' t

l r

(2e)-2" s-(ff-ot' u

ko,t,n (u) =

(Ze)'zn' 'tff*dm u

eou

k o , u , n  @ ) =

ebu

I

{
(2.r)

and

(2.2)

0 < u < o o

- o c u < 0

0  < u < o

- o o ( u < 0

C
t

{

Clearly, ko,t,,(u) is an infrnitety smooth firnctions for all u tn - @ < u < @

and has tt e prop.rfy tt ut,'it, < c < d < b and n 1 n, o 1 ko, t,,(u) l- k 
", 

o, ̂ (rl) < 1'.

Define;,,r,,tott"spaceofallinfinitelysmoothcomplexvaluedfirnctions

/ (a) such that

I32l
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POST_WIDDER IN\IERSION OPERATOR ......

(2 .3 )  /a .b .n (0)=r , ( / )=  _ j : l  * l *o . r . , (u )u ,  D i  0@)1,D,=#
is bounded for all u andn, and tends to z-ero as n -) @ .

Clearly, {o,5,, is a linear space under the customary definition of additions
and multiplication by a complex number, the zero element being the identically zero
firnction. The topology of Jo,6,n is generated by a system of semi-iorms {y,}. since yo
rs a norm, the system is separating ([rg], p.g), thereby making ii countably
multinormed space.

lf 0 Q, /) is defined over the euclidean space of the variables v and /, and if it
s smooth with respect to (v, t), we denote, in particular,by Jo,t,n,, and Jo,6,n,1 the
classes of all complex valued fimctions I Q, t) which are differentiable with respect to
v and / anid satisfy the seminonn conditions (2.3) with Di replaced, bV Di nd Di
respectively. lf Jo,t,, is in Jo,r,,,, and Ja,r,n,t both, we denote itby Jo.6,,.,.u

similarly, il.u.n,u , Jl,r.n,, and Jlp.,.u., will denote the corresponding spaces of
generalized functions.

We say that a sequence {O} of testing frrnctions converges ta O n Jo,t,n f
for each 0u e Jo,t,n and for every n, y, (0,-O) + 0 as u _+ oo. By (2.3), the
Fquenc€ {ko,t,n @) u'Dit,(u)\ comprises a uniform cauchy sequence on -oo < r
< r ' Then by ([18], lemma 3.8.r), Jo,6,n iscomprete and therefore Frechet space.

we obsbrve that J(1) is a subspace of Jo,6,,.Therefore, the topology of
-((/) is stronger than the topology induced on J(1) by Jo,t,n and as such the
restriction of anymember of Jo,6,n toJ (1) is in J ,(1).

If a < c < d <6, the inequality

l l l

lK " . r , , (u )u"  D i  0@) l  <  lK" .o . ,@)u,  D i  Q@) l
mplies r",r,n(0) 3 T 

",a,n(Q) 
fromwhich and by ([lg], lemma 1.6.3) it follows that

. i  , . d . n  C  J o , b , n .

Throughout the paper we assume that the parameters f ''du are real and
set is&-3 <u <-2and-I<B *u<0forsomeposit ive p

3. Generalized Post-Widder Inversion Operator

Let F e Jl,t,nfor aoy two real num[e6 a andbwith 0 < a < b.We define
tbe Post-Widder inversion operator of generalized ftnctions as an application of I'to
tic kernel firnction.
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|  . k . , . ,

A  G ) r + r  
u - k u l t  Y k

by the equation

(3.1) Lr. , [ . f ]=1 F(u),  
i .  

(+)r+t  e-ku/t  uk >.

Then we say that F is the Post-Widder inversion operator transformable generalized
function or the L p. 1 [./ ]-transformable generalized function.

If F(u) is locally integrable function such that I la,r, / k 
" .o .,@)l du < a ,

0

F(u) generates a regular member of Jn.u., and

- r r t

( 3 . 2 )  L o  , [ f ]  =  
l  ;  

( ; \ r . 1  u - k u i t  u k  F Q t )  c t u
u

In this section we establish certain results concerning the testing functions

space Jo,6,, and its dual space Jj,6,,

Lemma 3.1 and lemma 3.2 are simple and straightfonvard and can be easily
verified and hence their proofs are omitted.

For each pair of real variables lr and /. and l'. a non-negative integer,

' l k
h 1 , @ , t ) =  

o ( ; ) r ' t  
r - k u r r  , , k .

Pro

wht

The

(3.4

whe

Lemma 3.1

define

(3 3)

Then for any noninegative integer n

(a) (t D,)n hpQq t) : (-uD,-l)' h1, Qt. t)

(b) (- tDrl)' hp@, t): 1uD,)'' h1, @. t)

(c )  t "  D l 'hkQt . t )  =  ( - l -uD, , ) ( -2 - t t l ) , , )  ( -n - r r l ) , , )  h1 ,Qt . t ) .

Lcmma 3.2. For any arbitrary inlinitely dillerentiable f-unction /

(a) ( tD),  t ,  0()  t , ,  (n* tD,),  0 (r)  = l ,  Q,,QD,) QQ)

(b) Q,,QI),)  P,,(-  tD,- l )  0 Q) = l ' , ( -  tDt- l )  Q,,QD,) 0 G),

rvlrcre P,, and Q,, arc polvnomials of dcgrcc n.

Lcnurra 3.3. Lct h{rt.l) bc dcfincd bl (3.i). For anv trvo real numbers a and h rvith 0
1 o 1 b,dcf inc f) ,  as thc sct \ t  :  a < k /  t  < h|  Tlrcn lbr n > k.  hpfu . t )  belongs to #o, 6. ,
lbr cvcn' / in f), and all r in - m < // < cc .

pro\

Cor,
,I
u  a , b

l.rJ I

t,i
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Proof: Leibniz's rule of differentiatiom yields

u n  D X h o ( u , t )  =  u ' D X I 1 ( O ) 0 . '  
" - k u / t  

r k f
k t t -

k

= Z C,.o(p)(ku/t)"*k-p+t e-kutt- x[t .
P=0

where

c , , r @ ) = ( ; ) W e D ^ - o  p < k
' Then, if u> 0,b > klt andn>_ft, it is easy to see that

I k o.u., 1u1 un D! hr fu ,t)l

<  2 - n  , - z n 1 * u l n . , ,  
i  C , . o ( p )  ( k u  / t ) n * k -  p + t  

e - ( k t t - a ) u'o=o

(3.4)

where we have used the following inequality
k

2 - n  I l c , . r t o r = t  k < n
!=v

clearly, the right hand side of (3.a) is bounded for all u,t > 0 and all n,.and
tends to zero as n -) ofor each I in O,.

Proceeding similarly it can be shown that the lemma holds for u < 0. This
proves the lemma.

corollary 3.3. If hdu,t) and o, are defined as in lemma 3.3, hk(h,t) berongs to
J n,b, n, t for every / in O, and for all u n -q 1 u 1 q

Using the identity (c) of lemma 3.1, we have

I  k " . r . , ( u )  t ,  D i  ho@, t ) l

n

=l ko.a.,tr) fI ( r - uD,) ho (u,t) ,
r = l

n

= 2 .q,@) ko.u. ,@) l (uD,) , - ,h1,  @)l
r=0

[351



I.AVA CHANDRA SHRESTTIA A}iID R.P.\4ANANDHAR

3  k o n ^ ( u \ .  ,
= 

i { A,-,(n) 
# @)\ lk".u., @)(uD,)' hp @,t)l

where Aln) is the sum of the combinations of the fnst n positive integers by taking

r (r < n) at a time, r:0,1,2 ... n andAs(n) = l.

Since n n--r < 2n (n-il {or r < n, wesee that

n,-, 
7# 

< (2n-2r)' (2e)-2(n2 
-'2) 

"-zb{'z 

-r2)ut*

Then for every / in o, 

= I

k o , a , n ( u )  -  _ .
n^-, 

ffi 
< (zn -2r\" (Zey-z<"-', r21n2 

- rz1utt

Therefore, 

= I

r < n

r = n

r < n

t : n

right
+ 00.

I

I k 
",u., @) t" Di hi, @, t)l . | 0,.0., @) (uDu)' hr @,t)l

n-l

*  2-z(n-r )  |
r=0

ko.u,r(u)(uD,\ '  hr @, t) l

Now in view of ([9], lemma 1) and lemma 3.3, it is clsar that each term on the

hand side is bounded for all u in -o 11t 1@, all n and tends to 7'ero as n

This establishbs the corollary.

Lemma 3.4. If u + I is not a negative integer and if

ur . , [0(u) l  =  v-k-n D-n uD+n+t  Di  uk-" - ' - t  01u1

and

then

(3.5)

where

(3.6)

and

(3.7)

0 ( t ' x )  =  x - t  Q ( t l x \ '

M,.t le! , x)l = c(k , n) v-t (t / l)-k *' 
Ql!;P,) [l + 2(t / t)-t]

0(t,x) = C(k,n) 
"-t 

1t l*1-o+n+u g(n'f) 1t+21t/*7-t1,

A(k,  n)  f  (u  + l ) f  (F + u + n + I )

f ( u + n + I ) f ( B  + u + 2 n + I )

I

C(k, n) =

withA(k,n) is givenby(1.5). Further, let-3 < v<-2andB + u*l > 0forsome

B > 0. Then for all n 2 k and, alln > 3 the function

l36l
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o

I l

i  C.8) .En(u, r) = J M,.,1.0 (t, x)l ho@, x) dx
l o

i  
belongs.to Io,5,, foreveryl inQ a"d al lu15 -@<r<@.

Proof Let

(3.e)
ttf;)1u,t1 = 

*.,*rr-t 
e-bavtt lf .

Then using (3.5), after a simple clanee of variable, (3.g) beoomes

En(u,t)  = 
I  

,&,n) vu Ogf)  l+2v-t1t t f ; t  @,t)dv
0

l o
l f

= ( J * J l
0 l

= I (u, t) + I' (u, t).

To prove the lenma, it suffices to show th'f., each r (u ,t) and 1,, (u, /) belongs
b Ta,t,n.Clearly.

I r, @, Dl < hr (u, t) c (k ,n) i I n, el,";f) tr + zvalldv.

I If-3 < u I -2, F + v+l > 0 for some p > 0 and n >3, Euler's representation of
i hypergeometric firnction ([2], p.lla) grves- /  - ' - -

i  - F , 1 " + n + 1 ,  
o + n . + l ,  I

I  
t ' t I P + 2 D + 2 n + 2 i  - " . |  t  0

l
i  (3.10)

. f f iv-n-u
fora l lv )0.
Then by (1.6) with (3.10), it follows that

ko. t . , (u)  un DX 1, , (u , t )

1  ko . t . n (u )  u ,  D i  h r (u , t ) i  c ( t c ,n )  ye* , * ,  ( l  +v ) - r  4u ,

where tlre integral on the right hand side is bounded. Then by lemma 3.3 it is clear that
I' (u,t) belongs to lo,6,n for every t in e and all a in -€ < r < co .

I37l
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k..u.,(u) u^ DI I '  (u, t)

= C(k ,  n )  Ko.u . , (u )

k

, Z c,*@)
P=0

u" Q'J;p^ '  u+2v- ' l

(ku  I  t ) '+  
k  -  P  + t  

" -  

kuv  t t  
4u

K

'  =  c (k ,n )  Ko.b .n(u)u- t  Z  c , . r@)  (ku l t ) " ' i k -p+ l
P=o

I

I

x  I  g - tuur t  vn-p+u g f ; f , ,  [ l+2v- t l  c tv

Letu> 0. The use of the inequality of the proof of lemma 3.3 and the relations (3.10)

yeld

k, t  n(u) u '  DX I '  (u,  t )  
, -

1  i l n  k o . r . n @ ) u - '  ( k u l t  + r ) 2 " * t  c ( k  ' n )  )  g o u ' "  ' F  
+ t t + t  6 ! 1 t

0

a u-2n l@u/ t+ t ) - tog(nu / t+Dl  (ku  l . t  +  l )  u - .$ l t -a )u

C(k ,n)
x  

G ; ; t  
' F ' I r ' f  + u + 3 ' ' k u l t l

Since ,F, U,p-+ u * 3; kult) converges by ([13], p.2) and C(k,n) is bounded'

Lemma 3.3 shows that I'(u,t) belongs to [/o,u,, .The case for rr < 0 follows similarly'

The lemma is thus completely proved.

Lemma 3.5.LetQ (u) e J:,.u.,and let k,,u,n (u) be defined bV (2.1) and (2'2)' Then for

a 1c < d 3 b and m 1n, k",a, ,Q) belongs to Jn.r . , .  l f  lO,|  converges to zero in

Jo.u,,the sequence lk",a.^(u) Q,(u))converge to zero functions in[lo,u,,'

The proof follows easily from the following identity

ko  r .n  (u )un  D l  k " .d . ,  (u )  0 , (u )

:  -  k o . a . , @ ) t t -  o  D x  '  k " , . , . ( u )  -
= L  lKn .o . r? t )uo  D l i ,@) l  16  I

p = O  
' a ' o . P \  /

Since for every p,the quantity inside the first brace converges to zero and the quantity

inside the second brace is always bounded.

I

ltn f' - J

0

y r -  p

Lemma 3.6.

It is

I.emma3.7.

Widder inver

(3 .1  l )

is infinitely r

ntege' m

(3 .12)

and

(3 .13)

rr trerel isal

hmf: Since

For some fix
T .

(3 14) " '  '

rrtere

(3  15 )

\\'e

arguncnB s

con\crgcs t

argun^*nt sh

as .\r --+ tl

T o l

boundcd for i

n --+ x lrdc

[38]
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Lemma3 6 I f  0 e Jo,t , ,  andF'e Ji .5, , thenF(u)/ko,6,,(u)belongs toJl . t , , .
It is a direct consequence of the lemma 3.5.

Lemma 3.7. Let F e Ji.u., and let O, be defined as in lemma 3.3. Then the post-
Widder inversion operator

(3 .1 l ) Lo. , [ f ]  =  (  F (u) ,  ho@,  t )  )
is infinitely smooth and belongs b Jo,u,,,tfor every r in o,, and for any non-negative
integer m

(3.r2) Di Lr. , t f l  = ( r@), 
# 

h1,@,t) )

and

(3.13) Lo.,  [ f ]  = s(s-r  t -rr t1 t  --> 0

=  o ( l - r )  r - *
where y is a positive number.

Proof: Since F e Ji.u,, and h1, (u, t) e J o, u, nforevery I in e,, (3. I I ) has sense
For some fixed t is O,, consider

f  r  t r

( 3 . 1 4 )  
L P . t * t t L J ) - L r . , L f )  

a
A l . _  

-  (  F ( u ) .  
a r  

h r @ . r )  )  =  (  t t ( u ) . e , ( t t )  )

where

(3 . l5 )

argunrents simi lar to thosc gir ,cn in (171. p l l2).  rr  rcadi ly fbl lorvs t l tat  e,(u)
convcrges Lrnilornrll to zcro ovcr cr,,en llnitc rr intcnal as Al _+ 0. A siurilar
arguncnt sho',rs that e',"'(t,) con'crgcs unilbrrulr to z.cro o''cr cvcn, linite uinterval
as A/ --> 0.

To provc thc abovc asscrtion rvc nrust show that ko,un(u) u,Di et(u) is
bounded for all u in - m < ?l < co and for Al in any finite interval in ,,1 tends to zero asn -+ @. Indeed. rervriting p. |5) as

l l

e,( r t )  =  -  
J  D,  ho1u, t )dy -  D,  h1, (u, t )

[3e]

, ^  , , \  h p Q t . t  +  A / ) _  h 1 , @ . t )  A
Q t \ L t ) =  

F - 7 h r Q , t )  r * 0

l : 0

We shal l  nrrr  r t rorr  , f r l ,  o,  A1-_>0. pr(a) convergcs in Jo,b., ,uto zcro. By
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4 hr(u, z)dz

we see that

lo..o.^@)u' Di q, @)l < lrul 
" "t'l l- 

o" l o" ' ' '^(u)u" Di fi hu @ ' z)l

which. in view of the fact that for any non-negative integer N

ko. r .n (u)uN 
* '  

D l  hu  (u ,  t )

is bounded for each t in Ot and for all u in - @ < u < oo 'establishes the assertion as

A l + 0 .

Then since F e fl .u 'nthe right hand side of (3 ' 14) is zero and we get

a
D ,  L u . , t . f l  =  (  F ( u ) '  

A  
h o ( u ' t )  )

Uponrepeatedapplicationofthisargument,itisclearrhatLl,,,|fl isinfirnitely.smooth

and that (3.12) holds.

Nowweshal lshowthatLl , , , [ f ]eJo'6' ' '1 'Forthis 'set

L@) 
- -  ko ,b ,n (u) tn  D i  hu(u ' t ) '

Aslvar iesthroughal l realvaluesino,,aninf ini teset{} , , (a)}oftest ingfunct ionsin

Xo,b,n,ris generated' Since hp(u,t) € Ja,b'n'u't for some fixed t in O' and by lemma

3.6, F(u) l  k. ,a, ,  (u) is in Sj,r , , , , ,

k"'a'nQ) '" 
=l;"1:r.:r!11 

"r, 
tko.u.n(u) ,k. r.n@) t' Di ho(u, t))

hassense.Thenitfollowsfromtheboundednesspropertyofgeneralizedfunctionsthat

there exist a constant C and fixed positive number r such that

I k o.o, n Q) t ' D'; L 0 ., lf l l  = k' '0. ' '7t) l< r @)t tc' 'u' n (u)'k @) )l

3 c ko.u,n(l) -*t:,P.* l{t+")' 
1"" @)l

1 C N , , ,

whereN, r isacons tan t independento f tandu ' f romwhich i t read i l y fo l lowstha t

Lr,,Vlbelongs to J o, 6,,, 1'

Finally, an application of the boundeness properly of generalized functions on

Lr,,Vlyields (3.13)' This completes the lemma'

, + 4 ,  y

= t I o, I
N - t t

4

1

(

I

(

t

I

[40]
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4. Main Result

Theorem 4.1 . Let F be a Lr,, tVl- trdnfonnable generalized function and let

( 4 . 1 )  W " , , r c G , x ) l  =  y - t  u n - k * " * r  D X  u "  D X  u - t - D  D - n  , n + u + l

D x  u o - n - t - o  o @ ) 1 , = , , , ,

where d (t,x) = x- | 0 (t lx) nd 0 (u) is given by

(4.2) 0 (u) = C (k,  n) un- 
E +'  

QSU'f)1I + 2u-t l

beanintegro-differentialoperator. Further,let-3 <u (-2, 
F +v+l > 0forsome

B > 0, n > 4 and n > k. Tltenin the sense of convergen ce in Ji.u.,

F(t) = \i\* plo.,', Ilo,,f,fl l
for every / in O,. That is, for any 0 e g (D

( F(t), eQ) ) = 1i3* ( plf. , , ,  [ t?,ul), 0(t) ).
First we need the following result.

Lemma 4. l .Let

(4.3)

where

Sn (u, t) = fY"., [e Q , x)] hu (u, x) dx ,

(4 .4)  w, . , f0( t ,x) l  =  A(k,n)  x- t  ( t  lx ) " -k  ef  
'u . 'n ,  

f l *2( t  /x) - t l

withA(k'n) as given by (1.5) and 0 (t,x) as defined in theorem 4.r. If -3 < u<-2,
- I<  B  *u<0 fo rsome F  >Oandn>4 . then

(4.5)

and

(4.6)
?
I .

J  S, (u ,  t )  d t  =  l .
0 .

Proof: After a simple change of variable (4.3) becomes,

?
5, lu , t )  =  A(k ,n )  

)  
u ,  e |o .o .zn)  f I+Zu- , )  hP (u , t )dv

which on evaluating by the known result ([14, p.205) yields

[4] I
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.  8 ( k , ' )  ( k u r t ) - G + 2 o + 2 n - k + "  
"  I i : : : i ] \ , : n " t t ls , (u , t )  =  

f f i+  u+Zn+l )

where E is MacRobert firnction ([5], p.203).The use of integral representation of E

n 
"tion 

gin"s (a.5) and then (4'6) follows easily from (4'5)'

Proof of theorem 4. 1. If d (z) is given by (4'?)' itcan be readily n1t't"d by formulae

*Ll,p.t02-103) that il" i",!gt"-Oif"t!"iat op".ato. VI,,,lg (,x)l defined bv (a'1)

is the relation gi"* Wl++;lU'**t' if -3 ( p ( -2' -l <p +x < 0 for some

B > }and some fixed ru > k and n >- 4'

(t lx)-t W,.,10 (t ' x)l = o (rl) x -) @r o(1) r + 0

(4.7)
( t  tx lz  w, , ,10( t 'x ) l=o( l )  x->0 '  o( r t )  t -+co '

Now if we denote by Ax, the set {' ; t a I k < x < tb l k\ and by 9A' and'A-' the sets of

rsatisfuing x<talk andx 2 tblk resryivelywith /isO"then

l f l \= A(k,n) 
[n 

of 'u.z ')  l r+zxa1 r ' f ) , t f ldx

=i *, . , r lo(x ' ,  r) l  r t*r  t , r f lat
0

? l l

=  (  J  *  J *  J  I
o A ,  A t  ' A '

= L + 1 2 + L .

?
I  ,- '  W^.u,"" l0(tz lvz ,t  lv) l  Ir. '  l f l  dv

r:'

I

I Yr,.,lo (t , x)l Lo.' lfl dv -
k la

Now,

lr'l = t

By the use of (3.13) and (a'f it is readily.seen that 4 can be made less than an

arbitary positive 
"-;;;;i"oring 

u.r.utt. similarly, choosing b largel3 becomes

also less than an arbirary positive numter. No* 4 is actuatty an integral with frnite

limits whose integrandis 
"intinuoo, 

with respect to 1r,v;.and has 
lartial 

derivatives

with respect to / that i, 
"1" 

l""ti""ous with respect to'(r,v) 
T..n.:, lt !t^111, 

n 
^5],::

may dilferentiate r, unJe, the integral sign with respect to l. Since Lr,tlfl is a testmg

function inJo.a,n,tfor every / is O,, P::,'' ltl'.,tfl|is infinitely smooth for every /

t42l
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in Or by lemma 3.7. Hence for every i e I (4

< P::,'' Lt'l.,tf[ , O(t) ) isanintegral .

We observe that the integro-differential operator can be broken up into
integro-differential operator

M r , , [ 0 ( / , x ) ]  = y - t  y - k - n  D - n  u u + n + r  p n  y k - u - n - ,  0 @ ) l r = r , ,

and a differential operator

N , . ,  I (  G , x ) )  =  v - t  - n - k + D + t  D n  u "  D X  u k - o - t  C  @ ) 1 , = r , r .

where d (u) is given by 9.2) nd ( (u) bV

C@) = c(k,n) s!+o-k A:: . ' j  
' [ r+zu-t l

such that the later forms a polynomial P,(tD) of degree n and that

(4.8) N, . ,  I to  M n, ,  f0  ( t ,x) ) )  =  w, . ,  [0  ( t ,x) ]

Now, formally we have

(4.e)

(4.10)

(4.1 l )

(4.t2)

(4.13)

(4.r4)

(4.15)

(4.16)

< P::, ' '  Lt; l . , t f t l  ,  oe) )

?
= ( J N n., Lf Mn,,le (t,x11 Lr,,. If l  e, O Q) )

?
= < OG),P, ( - tDrDt  I  M, , ,  Ie( t ,x ) l  Lo, ,V l& )

0

?
= ( f P,(- tDrl) Q (t) , l M^., fe (r, x)l ( F(u) ,hp(u,x)) e>

o -

f
= <rP,(- tD,- I )  0 (r) ,  (  F(4,  )  M,. ,  le( t ,x) l  hk@,x) &))

- o
I

= (  F(u),(  r  P,(- tDrI)  OQ),  I  Mn.,  Io( t ,x) l  h1,@g e))
0

@

I:  (  F (u) , (0 ( t ) ,  !  4 , ,  le ( t ,x11  hp(up)  &) )
0

:  (  F(u),  A(u) )  as n-+@

I43l
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Thp theorem will be proved if we justi$ the above manipulations'

t+.gl is equal to g.iol ty virtue of (4.8)L4.lt) is obtained from (4.10) by term by

ie# iotegration within tt e irrtegrat .ign. Thi, is valid since the integral appearing in

(4.10) with the integrand contftuous-with respect to I and x.converges uniformly'

Inde€4 by arguments similar to those used to show that d is less than an arbitrary

potiti* nu-UL u 
*.o" 

exists a potitine number R6 large enouglr such that

I

|  1 w " . , [ d ( r , x ) ]  4 . " [ f l  d x l  <  e ,  R  2  R o '

R

By the fact that i has acompact support, integration by parts yields (4'r2)

fiom (a.ll) and (a.13) is equal to (+.tZ) since the integral appearing in (4'13) belongs

toJo,6,nbylemma3'a.Nowtoshow(4.13)equal to(4.14)weusethetechniqueof

Riemann sum. Forthis, E 0= t" P,(-tDi-l) 0 (t\ nd
--

E,(u , t )  =  I  M , . ,  lo  ( t  ,x ) l  hr  V 'x i  d  x  .
0

Then we must show that ( ( (t)'En(u,t) ) belongs b Jo,u'''

Assume that the support of / is contained in the closed finite interval lA,Bf,

ttren ( (r) has also support 
"ootuitt"a 

inlA ,Bl' For each m = | '2'3 '4 "" ' we partition

ft ,fl into m subintervals whose lengths are Lx u,, (u : 1 ,2,3, "" , m)'Let 11 u.^be

a point in the uth sub-interval and assumethatthemaximumofAx,,..tendsto

zero as m tends to o. Then we need only to show that

lemm

for al

is lesr

*hrcl

Thc t

mteg

a s n

ufuc

Tber

r uI),

B
f

I  4 <t l  E,(u, t )  dt  -

A - '

Z 4 Qt,.^) E,(u, rt,..) ar,,- -+ o
u = l

h Jo.a,n as rn -+ o . That is, we must show that
t r :

( 4 . 1 7 )  k o . o . n ( u ) u '  D x l  I  6 t )  r , ( u , t ) d t  -  t ,  
r  ( 4 , . ^ )  E n ( u , 4 , . ^ )  L " - ^ f

'  u = l

) IKo,., @) u' Di E^(u, t))dt

( n u . ^ )  k o . t . n ( u ) u n  D !  E n ( u , q , . ^ )  L x u . ^

tends to zero uniformly as m :+ o for all z in -o < tt < @'

Byvir tueofunifonncont inui tyofthefunct ionsinvolvedwecanf inda

positive iot"g". ,',s suffrciently large and a positive number R such the absolute value

of m" expression in (4.17) isjess than an arbitrary e' > 0 for all m > ms and I u | < R'

Tlx

B

J 6(t
n^

S ,
L 5
u = l

I44l
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Also, since ko,t,,(u) u"Di D (z,f) tends ta znro as z tends to furfinity by

lemma 3.4, we chooseR suffrciently large such that

lko. r . , (u)u"  Di  En(u,  r ) l  <  
" '

for all lul> R andfor all r e p,Bl.Then the absolute value of the expression (4.17)
is less than

B m

f -
e'  I  I  l (Q) l  dt  + )-  €(r t , .^) l

a  o = l

which prove the assertion because C is arbifary.
The equality between (a.la) and (4.15) is justified by the uniform convergence of the
integral appearing in (4.15) and by the compact support of / .

Now to complete the proof. it remains to show that how (4.15) tends to (4.16)
as n + o . For this, we first note that

(uDo) E,(u,t) = (-tDrl)" E,(u,t)
which is, indeed, true since

(uD,) nf) g,ty=(tDrL),tf) 1u,t1.
Then, integration by parts yields

(uD")( E,(u,t), { p,(-tD-I)fQ) )
: < (-tDrI)^ E,(u,t),r p,(-tDrDO(t) ) ( le--a3.1(b)

: ( E^(u,t),{tD),t" p,(-tDrI)O() )

= ( En(u,t), t" Q,OD)p,(-tDfI)0Q) ) (lemna3.2(a))

= ( E,(u,t), { pi,(-tD,-L) Q,GD)o G) > (lemma 3.2(b))

= ( P,(tD) r E^,(u,t),QnQD) 0O )

f
= (P,(tD) t I M,., l0 (tilhftui e,Q"(D)oG) >

0

&

I
< ! W"., I0 (t*)jhr(ur) &, Q,QD) 0@ >

0

: ( Q"QD) Q(t), S,(u,t) )

Therefore, using (4.6) we have

(uD') ( E'(u't)' 
i i;i l;lr',1)r'o', f ,',"or'r''

(bv (a.3)

[45]
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where Oi"ft> : g,1toS 0 1t7.

Now in view of ([9], lemma 1), we need only to show that

k  
o , b , , @ )  

(  Q i , ( D -  O : ( a ) ' s ,  ( u ' t )  )  - +  0  a s  n  - > @ '

For this, assune that d > 0 be arbifary. Split up the integration (0, o) into the

integrat ionover 0 <t <u - 6,u- 6<t <u* 6 andu + 6< t  < o and denote the

corresponding integrals by J 1 (n,u\, J 2(n,u) and ft(n,u) respectively'

we first dispose of J2(n,u). For this, we suppose that the support of / is

contained in the finite interval fA,Bl,0 < A < B < co'

If B < u - 6 or .A > u*d" obviously J2 (n,u) = 0.Therefore, restricting / on

u - 5 < t <u* d' ' 'we have 
@

lJ,(n,u)l 3 ko.u.n(r),-rturl.,., lfte"OOI ! r,g,,7 o'
) / t o

= d, t lp4 ko.u.n(u)u- t  l i  " , (n)  
(uD,) ' * t  o( 'n l

r = l

n  r + l

= d,t lp"r  lZ ' , r  nbo(r)  
ko.r ,n(u) ut- t  ox 0@)1,

where a,(n\ are the coeffrcients of the expansion (n+uD)nana bo!) the coefficients

obtained in ransforming (uDlr+'r into the polynomial nuP DX '

since / is infinitely smooth function havingcompactsupport nlA,Bl,

0 < A < B < q, by ([l], p.9) it always possible to choose I such that

lot oru>l = lrrol l VV
. satisffing

Therefore,
n - l

.  ca Z @ A-r ) -@-n)  2-N
r = l

l J r@,u ) l  
=  c  6 .

for some positiveN. Then, choosing N2n,we have

J 2 ( n , u )  < C 6

from which it follows that J2 (n ,u) --+ 0 uniformly as d is arbitrary'

I

I

I

k(p)bo( r )

l * n

r : n
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ForrJw sHmffilr€fERAlUR ......

?
4(n,4- fr",r,, (r) J IA:fi - d$l;l so(u, t) dt

':o

o k". t .n(u) [  g:U> s"(u, t )&
u + 8  

@

.  u+6

= Jr(n,u) - Ji@,u)

we mly sroqr&af Ji @,u\ -+ 0 umiftrdy &r u -+ o, since J, (n,u) + 0 unifonnly
asn+oeaerly.Inde64

lf l 'qn,4l < -.l lf., lko,.,to d,rull

s ill. i l": *rffillo"r,, (u) (uD")' r (el
.  r ; O  |  * o , b , r \ s ,  

l ,  
- -

wtdch tods to zero as n -) o nc in amtlary 3.1.
hay ,  ̂

r-et T (y) = e6G 
* 
" (l + y){ .Then z(y) is an integral function of y for u,t > 0 if

p  + u S  0 .

Let G(v) = bE 
*, 

- 
H 

.v: H(u,t>=* r-, + (u2 +sntut k111,

G (H(u,t)) = 0 and G'(r?(z,r))< 0.

Then wp nay apfly ([5], p.2?S) ildth d = T 6(4.5) to ga

(4.1s) lsn(u,t) l  r.  ='ol!(h'd ,- '  1!!p- '  ,  H(u't) ^-kntt(u't)
k\tp +u+2n '  ,  ) ' - '  t f f i  e-T7F+u+2n

lr1r1",r)l' 
G 6n(I(r,CIF

Sinoe

lrgg,t17l
=  o ( t + )  f - ) o ,(- G"(H(ufi))*

I47l
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thereexistapositiveconstantManda te suchthatforall t > ts 2u* 5

l r 1 n g , t 1 l  . .  '
< M t = '

(- G" (H (u,t))\2

Then, writing usfor u* d, we have

| tr1u,t1l .m k,.t.n(u) (ku)t '- '-r l##

kuH (u ,us )  ?

x e-- - rd :  l f  
+o+zn 

J g i t> ;k+u+|  6f t
U

< IMM* B*  (k ,n )  (J - )k -u-3 tz \ {k " .6 . ,@)u i
u + d

.  H  (u ,  u )  - tY ! (u  'uo)

l -# ,-  z im- 
1f 

+u+zn\ '

S U D I * l u x'  ngc,n) kr-"- '
where M* = ,J ' tLq lQ, Q)l  and B*(k,n)=ff i

The right hand side tends to zero as n -+ 6 since the terms in the first brace are

Uounded and those in the second brace tend to zero as n -+ @' This proves that

J3(n,u) -+ 0 uniformlY as n -+ co '

Now to complete the theorem, it remains to show that J1 (n,u) -+ 0'

uniformly as t? -) o. For this, we break up J.(n,u) into Jr (n,u) and "/i (n,z)' As in

the previous case, we only show that Ji (n'u) -+ 0 uniformly as n -+ co since

Ji @,u\-+ o uniformly n -+ o. exactly in the same way as Ji @,u) 
-+ 0 uniformly

a s  / , - + c o .

We observo that for any real number a in | < a <2the function
k

{* n@,t) 
,-!t+P

|  +  H  (u , t )

is strictly increasing for / < z provided .n 
> ft' Indeed

k K

d ,t-* H(u,t)  ̂ -ku|@.t). ,  
t-6 ry9+ ,-A#A Wt-r{ung,q-! l

A t r . H @ n e  
) n t  ) = l + H ( j t , t ) e  L ' "

+ H'  (u , t )  {

[48]

H(u, t )  ( l+  H(u, t ) )
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-  
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where the first term is positive for all / < u andthe second term is alwavs zero.
Then, using (a.18) and nrryitittg vofor u * d' , we have

0

lT(H(u,t))l

? G" (n g,t1yi

(-G"(H(ufl))t

Noting

lt i 1n, u1l = 
ffi 

(ku)r -, - r k..t ., (u) rY:##,- W tF+ o + zn

(  r , * r ( - ,1*L6*u1 l r (n@,Dl
l l . a a n

J  /  / a u / L I / - .  t \ \
dt

L 9 n . !
. r (  

t ) o  f o r t < u

and choose n and ksuch that u + n (Z -t).*@ + u)+t > 0

have

lti 1r,"11 < 1E 1rc, ny (;: 6 )r 
- " -, | { k. .u,, tO tf#h "

where

for l<

kuH (a ,vo)
2mro

a <  Z , -we

l 9  
+u+Zn  

,

E1k,ny = M* r t  B(k  ,n )  l sk -u- l

? k
2 [ u + l + k ( ' - l ) + -  ( p + u ) ]

a a n

The terms in the first brace are bonded and those in the second brace tend to zero as
n -+ a. This completes the proof of the theorem.
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On The Existence Of Desarguesian planes Satisfing
A Condition Of Suetake

HIRA B. MAHARIAN

Abstract The afline plane of the order 4 does not admit a hansitive collineation group G that
par t i t ions l . in to  se ts  A ,  l * \Awi th  lL l=2  and lG(1 . ,1* ) l  =  4 , l c (p , t_y ;  =2  fo r
P = l - \ A a n d  l G ( P , l - ) l  =  I  ( V p e A )

1. Introduction

Let n be a finite affrne plane of order n = 2^ where m > l. Lot G(l_ ,l*)
denote the subgroup of fanslations which are in a group G of collineations of z . Let
G act transitively on the points of n and partition the line l. at infinity into two subsets
A, l-\ A with lL | = z. Then, according to Suetake [4], one of the folrowing holds:
(i) z is a translation plane and all the translations of n are in G, (ii) lG(l*,|_)l= 2^,

lG(P, 1-) l :  I  (VP e A),  lC(P, l -) l  :Z '(V P e l - \A) I t isnotknownyetthatthe
two conclusions are mutually exclusive or that if affrne planes exist that admit
conclusion (ii). But it is known that the affine planes of orders 2 and, 4 are fianslation
planes. The purpose of this paper is to,show the following

Theorem The ffine plane of order 2 admits conclusion (ii) of Suetake white the
afine plane of order 4 does not

Ir -1 2, a figure of the affine plane of order 2 and a fiansitive group of
collineations admitting conclusion (ii) of Suetake are given outright. In 6 3, the non-
existence ofa desired group ofcollineations ofthe affrne plane oforder 4 is shown.
Henceforth, G will refer to a group of collineations of asatisfring condition:

G is transitive on the aftine points
(*) has two orbits A, l-\ A on l- wrth I Ll= 2 and admits conclusion (ii) of

Suetake

2. Affrne plane of order 2
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T h e  g r o u p  G : < ( 2 , 5 , 4 , 6 ) ( 3 , 7 ) >  w h e r e  l - :  { 1 , 3 , 7 } ,  L :  { 3 , 7 \ , 1 \ A :  { 1 } ;

3. Affine Plane of Order 4

Lemma I, Let n be an affne plane of order 2^ ft, m > I. If G is a group of

collineations of n and have property (*), then G has none of the folloiving

collineations
(a) Involuntary homology,

(b) nontrivial homolory with an affrne point as its centre,

(c) nontrivial homology a - (p,l) wherep e 1. \ A and I an afftne line,

(d) nontrivial elation a - (p,l) where P and I are affrne point and affine line

Proof : (a) Use Lemma 4.9 in Kallaher [3, p.103]. (c) If a is in G then a is an

involutory homology by showing that qz fixes a line through any point ot A.(d)

Consider the effect of a on a line through P and any point on l.'

Now, since each collineation in G acts on the partitions of l*, we use the

following notation to show the kind of action: q(l(x), 2U), #) which means that

collineation g acts (x) on A and (y) on l*\ A and has order # choices for (r) are (a)

"fixes A pointwise" and (b) "permutes the two points of A cyclically". Choices for (y)

are (i) "fixes l- pointwise", (ii) "fixes a point and permutes the other two cyclically,

and (iii) "permutes l*\ A cyclically".

Lemma 2. Let nbe an ffine plane of orf,er 4.If G is a group of collineations of n

and has property (*), then the orders ofG are bounded above by 6 and G has no

collinealion of order 5.

Proof : Argue gsing the fact that an appropriate power of <p is a translation and must be

of order 2 oi l. E.g. for # > 5 and # + 6,q(1(a), z(iii), #) e G by Lemma l(b)

because q3 fixes l- pointwise and is of ordergreater than2.Inthe case of

q(l(r), 2(iii), 12) , 92 fixes A pointwise and so 92 permutes the four lines through each

of the trvo points of A. Since the highest order of a permutation pn 4 letters is 4; one of

q2,(q2),, (g,)', (g')o fixes each of the points of A linewise. Then by duality one of

them is the identity, a contradiction to the order of q.

Lemma 3 Let n be an ffine plane of order 4. Let G be a group of collineation of n

and hove property (*). Then the following are the possible collineations in G

together with an indication that it fxes a point or not'.

A. Does not fix an afftne point:

r( l (a),  2(1),2),  m(l(a),2( i i ) ,  4),  p( l (b),  2( i ) ,  2),  c(I(b),  2(1i) ,4),^I(a) '2(111),6)

B I

a

h

hu

t

por!

frrc

trI

uT 6.

l c o

-t xl

:rrL

hm

Prm

;cnd

drffc

islnl
t r  i l

r  i  ( i t

l t '  p

Srrrcr

r re L

'I '  ar,

nootr

Lcmr

,  l r a ) .
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B. Fixes an affine point :

d (r  (a),  2 (11),  2),  b. \ \  (b),  2 ( i ) ,  2),  r(r  (b),  2 ( i i ) ,  2),  a (r(a),  2(111),  3),
h(r (a), 2(iii), 3), e(l(b), 2(iil),6).

Proof

A. If t, m, p, c, orlffixes an affine point, then t, m2
homolory, a contradiction.

,p2, c2, or/3 is an involutory

B' Since b is of order 2,there are lines through each of the two points in A that are
interchanged by b. The intersection of these two lines is a fixed point for D.
Same arguments for d and r.

There are 16 affrne points in n , Collineations a and fr are sure to fix an affrne
point because 16 : l(mod 3). If e has a transposition in its cyclic decomposition, then
fixes an afline point using the same arguments for collineation b.lf itdoes not have a
transposition, then e partitions the 16 affine points in either of the two ways: 6,6,3, I
or 6. 3, 3. 3, l. In each case, s fixes an affrne point.

I"emma 4. Let x be an ffine prane of order 4, ret G be o group of coilineations of x
and have property (*). Let m be a coilineation as stated in Lemma 3. rhen there is a
translation I e G sttch that tm fxes an affine point.

Proof: There is a common orbit behveen m and, G (l-, l-)
Proof of the theorem : Suppose that there exists such a group G. By Suetake,s
condition, lc(l*,1-)l :4. Since a translation does not fi* any affrne point, no two
different translations send a point to the same point. G(l-,1-) iartitions the l6 affrne
points into four orbits, each containing four points. According to Lemma 5 [3.p.3],G (l -, | - ) A G so G/G(l*,,1- ) acts on four brocks (which arJorbits of G( l -,1. ) .
G/G(I*,1- ) is transitive on the four brocks and GrG(r*,1- ) = ̂ go by proposition 7.1
[6 .p .13 ] .

GIG (l*,1-) = Zo,or Z(Klein 4-group) or Aoand.So. Hence GIG(I*,1_) > 4.
since_ v s Ao, ̂ so ' we just consider the minimal nansitive subgroup of s,o.Thus,
we take IGIG(l*, |*) l :4.  Consequent ly,  lc l :4:4: 16. Now, 16 = |  Ni lCr l '
(P an affine point). Since G is transitive on n, I f 1: rc and so lG" | : l, that is, no
nontrivial collineation in G fixes an affine point G. Taking note of the order of G and
Lemma 3 a collineation of G can only be oi

order I identiry
order 2 only.translations, they are already in G(l_,1-), or
order 4 ffi, p, c.
G cannot contain z because for some translation r e G(l* ,l*) tm is of type

(l(a), 2(ii), #) which fixes an affine point bv Lemma a. If p(l(b),'i1r1, +1and c(tiu;,

t  5 ? t
t - ' t
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2 (ii), 4) are in G,thenpc (l(a), 2 (ii), 4) is of type d t m,hcnce c andP q 6' So

tfr" ottfy possibility is either c e G or p e Gbut not bothP ,c e G' In either case'

there are 12 collineation c;, (or p) i = l, ... L2, of the same tlpe' The collinertions

c; ci,i *i areeither of type (t(a), Z(i),2) or of tvpe (l(a),2(iii],3) which canmt be

because it."*" G fras fZ fu*iutio*, G has a homologr or G has a collir4bo of

order 3.
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On The Mean Values Of An Entire tr'unction fn Several Complex
Variables Represented By Multiple Dirichlet Series

MRS. VINITA VIJAI

1. Introduction

The properties of mean values of an entire firnction represented by Dirichlet
series in one complex variable have been studied by various authors to a considerable
exFnt. But the properties of mean.values in the case of several complex variable have
not yet been studied. The purpose of this "paper is to extend the concepts of the mean
values of an entire fuirction represonted by Dirichlet series in one complex variable to
an entire function of several complex vafables represented by nultiple Diric$et series
and to study some of their properties. For the sake of simplicity we consider here the
case oftwo variables instead ofseveral variables.

Consider the doutle Dirichlet series

. s r

.f (sr ,sz) = L on.n op (s, 4, + t, tt,)
m'n=l

(si=oi*i t l  i=l,z)where dm,nG Cthefieldofcomplexnumbers, 4t, p,,t  ae
real:

0 < , 4  <  4 . . . . < t r r + @ , 0 (  l \ <  p z < . . . 1 q t ,  - + s  .

A.L Janusauskas in his paper (Janusauskas 1977) has shown that if

P-ff=,, \\.ff=,,

(1. l)

(r.2)

then the domain of convergence of the series (l.l) coincides with its domain of
absolute oonvergence.

Also, Sarkar [, pp. 99] has shown that the nooessary and suffrcient condition
that the series (l.l) satis$ing (1.2) to be entire is that

(1.3) lin
logla^.,1

= - O ,(n,n)_+o 
h+ t t ,

Throughout F stands for the family of all double Dirichlet series of the form
(l.l) satis$ing (1.2) and (1.3). ften/e F denotes an entire firnction over C2, the
Cartesian product of two copies of the complex plane.
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Corresponding to af e4 the maximum modulus M = Mtand the maximum

term p = lt1 on R2 aredefined [], pp 100] as

M(o)= Mt(ot,oz) = max { l / (s, ,sr;  l :  st ," ,  e C' Re st = dr Re s2 = o2 }

p(o) = F1(o1,oz)= 85 = 
". 

{lo^., | "*p 
(q x'^+ o' P)\'

where lf is the set of natural numbers'

We define the mean values of l/(st,sr) | as

(1.4) Ir(or,o2,f) = Iz(ot,oz)
4 +
' t  t 2

= li.- =L I J tf (o" +i/, ,or+it)1z dtrdt,- 11.r2 -+o aTrT) lr, ln

(1.5) mz.t (ot ,o, ' f) = flz.r (o"o')

o1o2 T1 T2

, Li,q -=+?; JJ J J 176,+it,,x,+it,)12'  T1 ,77 -+ a 4TrT, eea 
o o _Ty _72

v sk\ gbxt' dx, dx, dtt dtz

From (1.4) and (1.5) we can write

4
mr,,r(ot,oz) =7;;t-"

where /r is a Positive number'

2. Theorem | : For the Dirichlet series f (s1 ' sz)'f e F' 12 (o"o') is an increasing

function of ot and o,

Proof : We have

l 7 (s , ,s r )  l '  = , f  ( " , , s r )  / (s '  , s r )

@

= Z o^.n exp t(q 4n + o, P,) + i(t ,  h + t,  l t ,) \  *

m,n= l

o

t dr,* exp {(o, h"r + oz ltN) - t(lr h' + t' lt*)\
, , := ,

= Z lo^,nl' "*P 
{ 2(or 4 + o, It,) \

m,n=l

l56l

s-
d
1 1 r
n t

( 1 1

b

bd

Ca

- t l

E

h'o

6t 6t
t l

J J l r(xr,x2) 
"kx'  

'kx2 dx, dx, '

0 0

L-d
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+ :-  Z-o^. ,  dr .*  ery .ot( \+ 4)+oz(t to+ Hi}
m*M n*M

+ 4 (4 - U) + it, (p, - tt)|.
Sinoe both the series on the right are absolutely conyergent, the resulting series is
uniformly convergent fo1 any finit€ tl and f2 ranges, therefore we may integrate term
bytermforfinite 4 and f2.Hence on integratioqall the terms for whiih m*M,
n * N,vanish as 71, T2+ o a3d we obtain.

e.D lr(o, ,o; = | la^.,|, ery {2(o, 4 + o, p,)}.
m,n= l

It is clear from the value of lr(or,or)that it is an increasing firnction of o2
for a fixed value of or and vice-versa. Hence I, (o,,or) is an increasing firnction of
both q and oz,

Corollary I : For the Dirichlet series f (s1, s2) ,f e F

{  l t (o r ,oz) Iz  S  l r (o r ,o r )  S  {M(or ,oz) }2

This follows from the definitions of M (o, ,oz) , lt (ot ,or) and (2.1)

3. Theorem 2: For the Dirichlet series .f (sr, sz),f e F, mz.r,(or,oz) is an
increasing. function of o, and o,

Proof : We have from (1.6) 
6 6;

mz.r(or,6z) = 

"# 

I  i  r r(x, ,xz) ekxl+ kxz 
dx, dx,

o 0
Using (2.1) we obtain

4  

0 ' o '  @

mz.t (o t ,oz)  = 
*  *  [ [  n , r^ , , | 'e*p 

{2(o,  L+oz F, ) }

x  gkr r *k r ,  dx ,  dxz

4 : . 6 1 6 2
=;;q I  la^ ' , | '  I Iu"^^+b)x '  , (2P'*k)"  dxrdxz

m,n= r  0  0

-  L  +  la^ . , | ' 1 rQL^+k)o1 - l )@tz t " *k )o ,  - l )
= - ; . - )

eKot  sko ,  
4  

,  (2 ) , .  +  k )  (2p ,  +  k )

[s7]
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(3.1) m,.1, (o1 ;cltl

3 . lo^ . ,  1
-ror)

= 4 I t 6*t > (2h+ k)

la

Thus mz.l (o1 'oz)is an increasing firnction of q for a fixed value of o2 and

vice-versa. Hence m2 'v (ot'o') is an increasing function of o1 and o2

4. Theorem 3 : For the Dirichlet series f (s1 ' sz)'f e F' We have

/4 r \  l im sup 
mz'/o,o) 

.  l fu 
' (o1'o2) 4

\"-, 6r.62)* {Ire;E 
= o,'o'-'tYv 

:ftl;S s t=

Proof:Since'I2(xt,xz)isaninoreasingfirnctionofxlandx2andthereforefrom(1'6)

we have ot 02

mr.p(ot,oz) 3 !!f f i  
{{ "" 

ek" dx' dxz

= aL,.l1!:!:) r(uo )<*Jlr= 

,kor+  
ko ,  I

= 
# 

,-r(o1 ,oz) ( l  - s k" ') (t  - e-t" ' ;

Taking limits'on both the sides we get

l im suP 
m' 'o (o t 'oz )  

.  ! ,
o 1  , 6 r  +  *  I r ( O r , O z )  k "

Also from corollary l, we have

(4.3) Ir(ovoz) < {M(o"o')\'

Therefore, from (4'2) and (4'3)' it follows that

l im sup 
rtz '*(ot 'oz) 

.  lh - t lP
6r .62+*  \MG; ; f i  

=  o ' 'o '

5. Theorem 4: For f (s1 ' sz)'f e F'*t h*' 

I
lim (

( q , o 2 ) + -  1 V;C=il;, 
tr - ",) m, .*(o1 ,o2) - mz .

)  =  o ,
r ( a r o t , d z o z )

where d1 td2(0 < at 'qz <l) are constants'

Iss]

m,n= l

i
I

i
I

t
i

rl

?r
I

(4.2) r
c

m z r r ( o t , o z )

I r (o1 ,oz)

4< F
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Wefirstprove the following lemma.

Lemma l.l*t f (s1 , s2) be an entire function, thenfor

(0 < oi  < q < or) and (0 <4 <4 <or)

Ir(6, ,o!r) (ehor - ekar) (shaz - ehazY Ir(4,7) pr4 - ek"i) (ekoz - er41

+ Ir(6r,6171"ro, - ekar) (ek6z - ekozy

k
< ( ;  )z  lekor+hoz  r i l2 ,k  (o r ,o r )  -  

"kd t+k-o ,  
mr , r  1G,  ,Gr )yz

3 lr(or,-or11e*o, - eha'\ (erc4 - t) +lr,(o, ,o2) (eka, - l) (ek", - eka,)

I I, (o, ,or\ (et'", - ekar) (ekoz - skoz)

where /r is any positive number.

Proof of Lemma I : Since .I2 (\ , xz) is an increasing firnotion of 11 and x2 dnd therefore
from.(I.6) wehave

shol+hd2 mz,t (ot ,oz) - ekE+kE h* (4,4)

ordz 4oz
f ? f ?

=  4 J J  l r ( x r , x r )  r h q + k x ,  d x r d x r *  4 J J  l r ( x r , x r )  r k x 1 + k x 2  d x r d x ,'  
q o  o 7 z

6t62

.  o l I  l r ( x r , x r )  ekx t+kxz  dx rdx ,
ot62

Hence

(5.2) ,ko1+ko2 nz,r (ot,62) - ,ki1+ko-2 mz, (4 ,oz)

4
= 

F 
tr(or,6r) (ekot - sr4) (ekdz - l)

4
*  

F 
t r (4 ,or) ( r r - ' - l ) (eko"  -ekd ' )

4
* 

k, 
It(ot,or) (tro, - gLar) (ekoz - ekdr)

Also

(5.3) skol+ko2 mz,* (ot,oz) - eta-+kq h.t (4 ,4)

Isel
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I r (xr ,xr )  
"kr r  

+ kxz 
dx,  dx,

4oz
? F

*  4 J  J  l2(xt ,xz)  
"kx1 

+ kx2 
dx,  dx,

6ia,

otoz

f f

+ 4 J J l r(xr,xr)  ,kx1 
+ kx2 dx, dx,

6toz

4
a 

i  
, r@t,ol)  ("ro '  -  

" 'or l  
lskaz -  ek4)

4
*  

i  
, r (4 ,d ) (eka  r  -eko i ) (ekoz  -ekd ' )

* 
# 

,r(4 ,dr) (ekor - ek4) (eko' - ek4)

Combining (5.2) and (5.3) we obtain the lemma -'

Proofof Theorem 4: Ifwe Put

4 = a t o 1  , f l =  F r o t

4 = d 2 6 2 , d 2 =  F 2 o z

where /r < a, , F, < az inlemma l, we get

4lr(aro, ,  Fror) (ek" '  -  eko'o-) (eko'o'  -  ' * fza1

+ 4Ir(8, or,aror) (eko'o'  -  ekf 'o ' )  ("0" '  -  ' ro 'q)

+ 4Ir(aropar02) (ek" '  -  , ro 'o ')  (roo'  -  ' ro 'o ')

<  f t z  f gk6 t+ko ,  mr ,u  (o r ,o r )  -  
" ka1o1+ka2o2  

mz , r  ( a to1  ,a2o2 ) l

+ 4 I2@,' o' ,or) (skaet 
' 

I) (ek"' - eoo'o')

+ 412(o1 ,or) (eko', - eko',o',) (ek" - 
"oo'o'l

Dividing by ekorot eko,o" ,we get

4 l r (aror ,  Fr02)  (ek" ' ( t -q )  -  1)  ( l  -  'ko2( f2-a2)7

+ 4 I, (9 t or ,q z or) (skozQ-"' ) - 1) (L - ekor@r-"r) 1

+ 41,  (aror ,a2o2) (sko ' ( t - " )  -  L)  Gk6' ( r - " ' )  
-  l )

t60l

6rEz

t l
J J
6Fi

I
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<  k2  f ekq ( t -a )  r ko2 ( t -a r )  r r , o (o r ,o r )_ f f i 2 , *  ( a ,o r ,a ,o r ) )

s  4 l r (or ,a2o2) (ekq( t -at )  -  
D ( l  -  

" -ka2o) 
y

+ 41, (a, o, ,o2) (eko2(l-q?) - l) ( l - 
"-kavr 

1

+ 41,  (o,  ,or)  1"kotQ-at)  -  l )  lsko ' ( t * " r ,  -  I )  ,

Taking limits on both the sides, Theorem 4 follows from the above inequalities.

Corollary 2 : Forf(s1,sz),.f e F,we have

tlp(4,d)|2 ("ro, - 
"t '417s*d, 

- 
"uot)

+  {p (q ,o r ) } ,  ( eka  - sk6 i ) (ekoz  -eka , )

+ {p(4,dr) | ,  l r ro ,  - "hd,11"ko '  - "oa) l

< XIY lskorkoz h.t (ot,oz) - ekE+k62 ^r,o (4,dr)| l

< l{M (o, dr)}, (rro, - 
"*or1 

lskaz - l)

+  {M(q,or)12 (gra - I ) (sko,  -ekd,)

+ {M(or,or)} '  (rro' - 
"ka'1 7"k", - uuu,)f .

The resultfollows by using Corollary I and Lemma l.
I take this opportunity to express my thanks to Dr. S.N. Srivastava for his

valuable suggestions, guidance in the preparation ofthis paper.
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Group -Theoretic Study of certain Generating Function of
Brenke Type Prilynomials

SIJANTI BAJRACHARYA

Abrtract lvlaking zuitable interpretation to the parameter and the index of the Brenke tlpe
polynomial Gy 

'n'(-r) 
in order to derive the elements of Lie algebr4 we have considered a four

parameters' Lie group for 
_this. 

polyromial. Applyrng the grouptheoretic technique some new
generating fimctions tor Gf; 

'o) 
1"; hu""beenderived.

1. Introduction

The Brenke tpe polynoni ul G:" 'p) 
1"; is defined by

( l . l ) cf; 'P)1x1 = II 
(t+_a), (n)1, xk

7u ( l+  a)  r  k l  (n  -  k) t

is the solution of the differential equation

( 1 . 2 )  x ( l + r )  
# . { a + r + ' ( - n + p + r ) x t  * - n p w  

= 0

Generating firnctions of the polynomtal G:"'p)(,) in different forms were
studied bV tie authoress tll throrah analytic and group-theoretio approach.

The object of this paper is to derive some generating functions for Gj" rp)<,1
by applying Weisner-group theoretic method [2] which consist in constructing a partial
differential equation form dre ordinary differential equation by giving suitable
interpretation to the parameter a .and the index n of the polynomial G@.il (") and
finding a Lie group admitted by the partial differential equation.

The following generating firnctions will be. derived for the polynomial

6{". il 1,7

(r.3) (l-4)' GI"'o' f ffl 
=i

r=0 *.  a + p+r),  G: '- : , 'D @) q
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(r.4) (r+r,)(t -xt2)-e Gf," ' t t  (+:/) =I 
*@+1)" 

Gf,o*-," 'D (*)t i

(1.5) (r3 -x)-P t !  1tr+j1t+j{rr+r)) '

l l t

Gl,''"t%l
(r, - r) {l + 

;(lr 
+ l)}

\ f  S  
|  \ - L I w ,

/-/ 4 .s! yl.L/ l-t cl
s=0 r=0
i  i  !G t ! ' ) ' ( n+1 ) "  ( a+p+ r ) ,  G : "_ : : : ' ' 0 ,i - , * "  

" '  ( r )  t j

2. Qroup of oPerators

d a a z
Wereplace ho, ft,avY 

tf,r, nbv tfi andwbY

u (x, z, t) in (l.2) to get the partial differential equation

7zu 02u 02u 0u 0u

(2 .1)  r ( l+x)  #  
-  

"#  
*  r f f i  +  (p+L)  *d ' - 'P7 l r=0

Thus u = (x, t,4 = G:'o'(") zo tn is a solution of the equation (2'l),

6@ 
'n) (r) is a solution of (1.1).

We now use the first order partial aiferentif o7'u'o'" 
U

A i = ( r * ' ) 7 E - t A

' t A A P x t

A c  =  x ( l * x )  
7  A r * t  A r *  ,

A..IG!," 'z) (x) zo tnf=(a + p+t1cl"- l ' 'o '  (") ,

A o l G , " ' r )  ( r )  z o  t , f = ( n + l )  G : " . ; ' ' "  ( r )  z a - t  { t l

To find the group of operators, let us writp l, = t 
fi 

and A2 = ':;such that

ArIGl" ' r )  ( r )  z"  t ' l=n GI" ' t t  1x) z"  tn

srnce

X t i

aLt

o.g

l 1

tr

s t l

c l

{ tD

*cr
) .  t .

$ l r
- t l

t
t

-

H

orD

and

such that

and

t64l
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and

A, [G!,"' 
o) (r) ," t" f = GI" ' il (*) ," t,

we shall find the commutator relations by using the commutator notation with
I A , B l u : [ , A B - B A ) u  a s

fA1 ,A2 l :0 ,  fA2 ,A3 ' l=  A3 ,  [ ,A2 ,Aa, ]  =  -Aa
(2.2)

L A t , A 3 f  - A 3 ,  f r A l , A a ' l : A a ,  f A s , A + f  = A , - A , + p .

3. Lie algebra

The commutator relations show that the set of operators l, A; (i = l, 2,3, 4)
generate a Lie algebra. The partial differential operatorZ given by

( 3  r )  L = x ( t . A  # . , # - , , # + ( p + D , *  - , 0 * = o

can be expressed as

( 3 2 )  ( l  + . r )  L =  A +  4 3  + U  - D A t  + A r  A z .

Wc can easilr, shorv tlrat the operator (l + x)Z couiltutes with each of the operators l;
( i :  1 . 2 . 3 . 4 )  i . c . "

( 3 3 )  [ ( t + x )  L . A i ] = g .

Thc cxlcndcd l 'crrnr ol ' thc group generatedby AiQ:1,2,3,4) aregiven by

( i )  e o t 4 '  t t ( x  - z  . t )  =  u ( x  . z  , e q t  l )

( i i )  e o ? A \  L r ( x , z  t )  =  r r ( x . e h  z , t )

z
x + a , -

( i i i )  s44:  uk 'z 'z )  =  u (  - -n ,z , t -  arz  )
, _  o , 7

I

( i u )  e q L u  t t ( x , z , t ) = ( t  - d +  
i l  

,  
" r r y , 2 + a 4 t , t )

1 _ a + 7

where ai (i: 1,2,3,4) are constants.
Making use of the bbove relations (i).. (iv), we obtain

( 3 . 4 )  e a a A t  s a 3 A ,  u a r A ,  , a r A r  u ( x , z , t )  =  (  t - o o * ) - p  u ( 4  , q , p ) ,

16sl



where

e = eoz (z + aat)

p = ea, l t  
_ ,r(z + aot) l

From the commutation relation (2.2) we observe that

(3 .5 )  exp(aaAa*  a3A3*  asA2+ a1A)

* exp (aaA) exp (a3A) exp (a2A) exp (41 11)

We have used the operator mentioned in the right side of (3.5) to get the

relation (3.3).The order of ,4; (i = I,2,3, 4) can be changed without changing its effect

in the left side of (3.5), while that cannot be changed in the right side of (3'5)' So if we

change the order of AiQ: 1,2,3, 4) in the left side of (3.4) we get a different relation.

4. Generating Functions:

From the relation (2.1) we can easily show-that u(x,z,D = G:"'o) 1x12" t' is

a solution of the systems
( L u = 0  { L u = O  l L u = O

( 4 . 1 )  
l ( , 1 , - a ) u =  o ;  l ( 1 ,  

- n ) u =  0 ;  l ( / '  + A z - n ) u = 0 ;

Since (l + x) L,A;f= 0 , (i = 1,2,3, 4) , we have the result

14.2)  sL(G:" ' , ' )  ( r ) r "  t " )  =  LS(Cl" 'n t  (x)2"  tn  )  =  0,

where
S -  eooAo  eo tA t  eo 'A '  eo tA '

The transformation S IG:".il (x) z" l' I is annulled by the operator L, and thus it

gives generating firnctions

We Put at = dz= 0 in (3'3) to arrive at

SHANTI BAJRASTIARYA

(r + aoil fr- arao) + orl * oroo

€ =
(l - orT) (l - o, 

'7 
- oroo)

eooAo  eo rA ,  IG I " . o>  ( x )2 "  t , ]

=  ( l -  o r t ) - ,  o r ' ( t * o o L ) ( t - o ' o ) * o ' ( ' + a o )  
'
,

x k + aot)f t  -  a. ,  (z + a4t) ln.

( {

r f

c.

l { r

(4.3)

TL
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! a i a i

k ; 
"l 

(r* r)" (a + p +r), el"_ii;"'il <,t

x  z a + / - 8  t n _ f + s

To arrive at the desired resurts, we consider the following three cases
Case l: We set o3 : l,aa = 0 and 

7 
= r, ̂ (4.3) to get :

(4.4) (t-t) '  6@'il f#11 = i -t(  
l_r r  ,  =  

! i . (o  
+ p+l ) ,  G( :_* , ' .D (* ) t {

which is the relation (1.3)

Case 2: We substitute as :0, oq = | ^d : = h in(4.3) to obtain

(l + tr) (l - xtr)- e 6@' D tfft
@

t

= 
I i*+r)" c:1;".D (,)ti

a

_ s
c=0

(4.5)

which is (l.a)

Case 3: Finally we let a, = - 
+, 

dt = | ^d 
t= 

t, , to arrive at

(4 .6 )  Gt -4 -o  t {  ( r+ r )o  { r . * ( r ,  + l ) } ,  x

I ,  I  
"  I

;  ) - ;  t i  - ; t tx(t, + r ) ( r + ] l - 1  , ? - !
6 @ . t )  (

. "  .  
W ,  W  

- 5  
W - 3

( L  - x )  { 1 . ; ( r ,  + l ) }

6  @ 
r_1 ) ,

= :  I  #  
( z + l ) "  ( a + p + r ) , G j ' _ i i ; , . n t

s=0 r=0

which is the relation (1.5).

Thus we have derived all desired results.

a + f - s
(") tt

167l
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A Generalised Laplace Transform Of Generalised Functions

A . K . MAHATO (*) ayp K . M. 5AK5BN6 (*")

1. Ttte Integral Transform

;
.F(s)= 2-"n I Gt)z s-1" o"lJzsr; f (t)dt

where J,denotes Weber', piruboti" cylinder function, studied byTiwari, B.M.L[4],

has recently been extended by the authors to a class of generalised functions. This

fiansform reduces to Laplace transform for I = v = 0 and will be called Weber

transform. In this paper we have proved an inversion formula for the generalised

Weber transform and a uniqueness theorem for it. A structure formula for a class of

Weber transformable generalized firnctions has also been obtained.

Let u = xA 
"- t r '  

r , (Jzry,

where g, ( r )  =  s-1, '  rn  $- ry- ,  
n(n- t )9 :?) (n- l )  - ,

then, using a differential relation for Weber's parabolic rylinder function, we have

, - d , d l t r -
, t r ^  

E l r t  a ,  @ - ^  , ) f  =  
,  

r ^  € - t '  8 , * z ( 2 x )

d "  , ,
s i n c e  

4 r ,  
[ e - t ' "  8 " ( z ) )  =  ( - 1 ) t  { t ' '  8 , * , ( z )  ;  n = r , 2 , 3 . . .

Further, if we define an operator l^ by

where D,

A^. ,  0(x)  =  y t* t  LD," t r  D, l * -^  O@)\7,

then it has been shown in [2] that

(') Marwari College, Ranchi ( India )
(**) Christ Church College, Kanpur ( India )

d
= -

dx

t "

I
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A^., {(st)x "- 
t"' }, dztt)\ = 

; 
(st)t s-i"t .1, *, (6)'

Ai,,  {(st)^ "-t"  
t ,dtrD\ = (;) '  (st) t  s-tr" B,*zn dz't)

n =  0 , L , 2  . . . . . . .

and that

Ai. ,  {(st)^ e-*" 8,  (Jzst)}  < o

for large and small / provided that Re s > 0.

Letaar ' IBberea|numbersandl, ,acomplexnumberwithne},>0.

Let Ko.p(/) bethesetof allthosecomplexvaluedsmoothfirnctions /(t)definedon

.I(0, o) for which the firnctionals.

o l . p . ,  ( o )  =  r : : : -  l g a t l r * "  A i ' , $ ( t ) l

are finite for n = 0, I, 2, .......

With the usual pointwise operations of addition of frrnctions and

multiplication by a complex number, K" , p (I) is a linear space. The collection

M = {01 . p ,,}l=o also forms a countable multinonn on Ko . B Q) and equipped

with the topolory generated by this multinorm, K" , B Q) becomes a countably

multinormed space which is also complete. It also satisfies all the conditions for

being a testing function space and its dual KL . p Q) is also complete. We call / a

Weber-transformable generalised function if it is a member of Ki, . p (I) .

The Weber fiansform F(s) of f e KL . e Q) is defined by

F(s) = (B, , f) (s) = ("f(t), ar(sr) ),

where o(sf )= 2; t  @)^ e- t "  8 ,d-zs i ) ;Re > d,Fte i -+ B >0andseo1

The region Ol is defined bY 
3 3

O r = { s l R e s ) 6 7 , s * 0 , -  
4 o t  

a r g  s <  
T o \ ,

where o, is areal number (possibly of = -co) such thatf e KL, p Q) for every

d r o r a n d f  e  K L . p ( 1 ) f o r  d > o r .

CI/r urll &
xabh n

: r l r J . r ) u
rd rcanrn

d 6c rog

:rElprtdu

+.usarro

l 1 l c m t r

r.  J.  -u

FC I rrsal,

..rr r irrrr g

- - r r l

rblR c)

l.rrr' .: rs.-

- . c l  .  r  (

t L :wre

t#--t cl p

I

lF

fE

: l : r  Ju

rr ol
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D(D wrll denote the standard countable union space fzemanian,6,pp.32,33] of the
countably multinormed spaces DdI), of all complex-valued smooth functions defined
on.I(0, o) which vanish on those points of l which are not in a compact subset K of I,
with seminorms defined bv

r J i l  =  i t o ,  l o o  o @ l , o . D o e )
and the topology generated by the countable multinorm {yr,\T=o assigned to the

corresponding linear space with usual pointwise operations of addition and
multiplication of functions.

2. We now prove an inversion formula which determines the restriction to D(1) of
ny Et., -hansformable generalised function from its Weber transform and then
give-a weak version of a uniqueness theorem.

Let us first prove a few lemmas.

Lemma 2.1 : If f e KL, B (I), then

o

f

!  , - ' ( f ( " ) , a ( x u ) ) d x  =
0

- "  
a ( x u )  d x ) ,

where

Proof:

at(xu)  = 2- t  (xu)A s-* 'u  S, (Jr ; ) ,  Re s>d.  Re Z + B >0.
It is clear that

x - "  ( f ( u ) ,  a ( x u ) )  =  ( f ( u ) ,  x - ' c o ( x u ) )

Let le. * (x) denote both the functions

l o . *  ( x ) : 0 ,  r
: 1 ,  0  <  x  (  m

and the corresponding generalised function belonging to K'",0(1).Tten using the
definition of product of generalised functions lzemanian [6], p.12l], we have

(2 .1)  (  lo , -  (x )  - f  (u ) ,x - '  a t (xu)  )  =  (  lo . *  @) , (  - f  (u ) ,  x - '  a (xu) )

(2 2)

Step (2 l) is justified since &-" a(xu) e K" . s (I) .

Step (2.2) is obvious since le. * (r) is a regular generalised functiorv

?
( f@) .J  x

0

I
a  ,  - .=  J  ( J \ u ) , x - ' a ( x u ) ) d x
0

[7 t ]

!
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(2.3)

Q.4)

(2.5)

A. K. MAHATO AND K. M. SAKSENA

Since the product'of gdneralised functions is commutative, the left hand side

of (2.1) can be written in the form

(f (u) 10.- (x) ,  x- '  a(xu))

=  ( f  ( u ) ,  ( l o , -  ( r ) ,  x - '  a (xu ) ) )

o
I

= (-f (u), I x-' ro(xu) dx )
0

Thus, (2.2) = (2.5) whibh proves the lemma.

Lemma 2.2 Let$ e D(I) and r be afxed real number' Let

?
rz(s) = I r" 0U) dt,

0 .

where,r = c * iT, c ftxed,and max (o r, l) < c < @,- o < Z< oo

lf f e KL.e Q) and d < 0, then

, ,
I  I  I  t . ,

(2 .6)  * ,  I  ( f@),u ' - t  )  y (s)  dr=( f {u) ,  zo,  I  
u ' - '  v (s)dr  )

L l | t  - r

Proof : for i (t)= 0, the proof is rivial. Let 0 0* 0 and let

(2.7) ( f ( u ) , u ' - t )  =  2 ( s )

(2.7)isjustified since z"-r e ko.f (/) for Re s > l-p .It can be seen that l' (s) is

analytic for all s for which max (o1,1) < Re s < o and t/(s) is also analytic for all

finite values of s.

Thus the left hand side of (2.6) is an integral with an integrand analytic

over a finite region and hence converges uniformly' Now

l f

l eo ,  uP* '  AL . ,  {  , *  I  u ' - '  y ($  d r ) l
- r

I  ?  - , .
=l sau up * '  

i r i  I  { ,q i . ,  u ' - '  \  y(s)  dr  I
,,

I  r  3  2 n + I '

=l eou un * n 

" l :  
J ( - , t*"-  l ) ( -  )"+s-1) (-  )"+ s-n)(-A+ s- , - )'  

2 n i  r \

, s - n - t  y $ )  d f  l

172l
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? ,  3
I  1 " " ' r r + s - t l  l e n * s - l ) ( -  ) . + s - ; )
-' 

,-  ̂ + s - n) (- A+ , -'11' ) ry(s) dr Iz

3 .  Z n + IA s  I  e t * s - l ) ( - t * " - i \ . . . ( 4 , + s
_ r  z ,  

. . . ,  _ -  j  _  n ) ( _ ) . +  s  _  
2 _ )  

y ( s )  d r

i s f r n i t e * d o . t l ? .  l " o u  u g + s - r  |  < c o  f o r R e  s > l - p  , a < g , w e s e e t h a t

s u D  I  e r -  

r

o. , l -  |  "ou  
u f  *n  AL. ,  {  I  u ' - ,  vG)  ds  }  |  <o

r
I

proving that J u'-t Y (s) dr asa function of u belongs 6 Ko , p-(I).Hence the right
- r

hand side of (2.6) is also neaningfirt.

Now to prove the equality, let us partition the path of integration on the straight

line from c-ir tsc*ir tntomsub-intervalseach of length !."o sp=c+iTp

be a point in thepth interval. We can write
' r

l f

z l r  J  ( " f  (u ) ,u " - t  )  y (s )  d r
- r

-  l i n  S  t  , " , .  c - ,  2 r= iJ3-  
k  , "  

(J  (u) ,11" ' - ' )  w G)  i

= lg. ( f  (u),>+ u' ,- 'v(, ,) I  >
P = t

m .

V^(u) = Z u'n-'  yrQ 
#

P=l

If we can show that the st'm within the last expression in (2.8) converges in
r
F

K".p (I) b I , ' - '  w6) dT,theequality(2.6)wil lbeproved.
- r

I

2 r

(2.8)

Let us set
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j
t

i
a
i

I
I

t
t

:

[.ot us consider 8(2, z) where

B(u,m) = edu ,F *"  AL.u I

= eat  u f  * "  
IAL. '

,,

V^(u) -  I  u ' - t  y$) dr l
- f f

I

Y^(u)- Ai.." I u'- '  ry($ df l

,  t r  f  ,  '  2 ,  ! ,  r
{Y^(u)ll. I I J I y,G) d4t' ; i l lrr(sn)[

= edu uo., t6-l+, 
- D (-^-* r, -i, ().+ so -n)

P=1

, (-x+ ,, -?41) us,-t-n , tr r> * l
,1 

,
_  edu  np+n  I  f - l +  s  -  l )  1 -1 ,+  s  -  

, )
- f

Q.D .. . .  (-1+ s - r)  (-x"+ s Ah u'- t- '  y(s) dT

Wb have to show thatB(u,n) converges uniformly to z'eto on 0 < I ( @ os m -' @

For a ( 0, we seo that
Z n + l  r

l s d u  n F * n - '  ( - 2 * s - l ) ( - , e  *  r - l ) . . . ( - 1 +  s - n ) ( - 1 . + s - ,  )  |

tends unifornlyto zeroon-r( T< r asu -+@. Consequently,given e > 0, there

exis tsa z '>0suchthat foru>u'> 0and - r  1T S r "
2 n + l  ,

l s d u  y F * ' - t  ( - 1 + s - l ) ( - i  * r - 1 ) . . . ( - x + s - n ) ( - ) . + s -  ,  ) I

€  ? ,  ,  
' t ,  

- - l
. ;  I  J  l , r t " l  dr l l  ^  J lyg)  ar l  is f in i teand*0since/( t )+0.

Itfollows that

(2.10) ::3,

r

l r €

I  u " - t  y ( s ) d T  |  < -
- r 3

|  *  uo . ;  n : . " *

Also for all lll,

(2.11) iil, lrY uf *" AI.o

Thus there exists an rzo such thatm ) mo ,theright hand side is bounded W +
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.Fron (2. I 0) and (2. I l) we see that for m > ttn, tt ) u,, I B(u, m) | < e.

I,"tus now consider the range 0 < z s z' with e fixed innnax (or, r)< Re s < o.
We see that

vF +r- '  eL+s-  t ) ( -x*" - ;  ) . . . ( -x+ s  -  n)  ( - ) "+ ,  - ry)  r (s)
isanuniformly continuous function of (u,r) for0< u<u,and-r <T<r.
This together with (2.9) shows that there exists z1 such that for all
m l t ' n t , lB (u ,m)  l<  e  on  o<u<z ,aswe l l ,
Thuswhen rn>max(mo,mt),wehave lB(u,m) l< e uniformlyon0 < u<a.Hence
me temma.

Lemma 2.3 Let (i) I eD(4, (ii) a,f ,c andrbe. real nunbers such that
max (o7,1)(c(o and a <o.Then

|i ou', ,t, 
'^ ' 'bei 

dt-+Q@)
fr -o t ulogl

in K" , p'(I), as | -) co.

Proof Let
(o

r = ! I o t > < i > "
0 '

Putting u = td in.f we have

t ?
.l = | I i @"-") r(c-t)x Y a,, t x

r ?
r -  i@) = 

;  J 1rG-r)* 0@e-,)_ l@)1 ry
- " * x
f sin rr
J  ,  

d x = a t .

Hence

since

Let

0,(u) = eou uF 
*n 

Ai, .u i ( u e - ' ) - l @ ) l
r ?
i J v'"-" sm /x- d x

x

1

ITsl



Our lemma will be
0 . < u < €  a s  / - + a :
srgn, we have

A. K. MAIIATO AND K. M. SAKSENA

proved if we are ablen = o, 1,2, ... ';;?n"'l,filJ;r:i:f;9.;1,trffiT

^ f
u'*" 

l f  
sG-D, A;. ,  O(ue-,1_ A;.,  0(u)l

0,(u) = 
| 

eou
1' srn /r----- 

dx
T

l - q d @=  )  " "u  , p * ,  [ _J .  J . I l
=  1 r *  f z + \ , s a y  

- d  6

Let us consider l2ftstand set

R@,u)  =  eou  u f  
*n  

[ _
"G-t)'. Ai.u o(u"-')_ Ai., 61x7

for all u in 0 < u. i'ia x * o.

!i!o n6,uy = lTo s..< ,B+,
byz 'Hospi i ; ; " . ' - ' " )  

-  i3o €q t t ' *n  D, !gk- t ) *  AI . ,  l@e-, ) l
flence assigning the value

eou uF*n D, fs(nr)* Ai.,  OG"_,)l lto  R(o,  u) ,  we see that  R(y n, \  :^  _ . .  :=o

i:;,;i*l,ii?/i?f:l."#fr i:T"H"ff u;lr**1.11"i",
It,t,ol = | + I ^(r,u) sinrx dx I

-d

6
I f ,

;  J " lR(x ,u )s in rx !ax
-6

5
I f ,

;  J I R @ , e l d x
-5

if 6 is so fixed that it is less than AS . Now let us
2k

We have

Now as so

convergent

Snce Q (u) <

Q. l2 )  J , l

First term of (l

ftxed and e"u

On integrati

o r ,  r r @ ) <  t 2 6  ( € ,
/a

consrder 4 (u).

[76]
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| 
-t,

Ir(u) = ) """ 
uf *" 

I "@-t)x 
,q;.., O(ue-*) Y! O*E  r  -  - - A , u  y \ -  

X--u

- l  
" o u u 9 ' -  

|  '  s i n r x
, t  

' '  
I  A; . "  Q(u)  -  dx

:  Jr (u) -J2(u) ,say 

{

We have

srnz- d z

0

Nowas  
"au  

u9* 'A : , ,  Q@) isboundedon0<  u<qand .  
IYo r^

- 6 '

convergent, J, (u) tends uniformly to zero in 0 < u ( o as r +.@. since
-16

' t *  
7  z  "

On integration by parts,

I ok-t)x

^ 
J,(u) = 

t "*, uf *n 
l-- 4,, i (r"-,) =# t :

I - i 2+-t)x

f i  
e" ,  uF*"  J  * . t r  D,  { -  A i . ,  g tue- , ) l  dx

Since / (u) e D(I)i.e., is of compu", *lnon, and c > 1

I ^ ,-(c_t)6 Ai., S @e6 )
(2.12) J, (u) = 

- 
ea u 

,F + n
tr  d 

cos rd' ]

-6

+ 0 + !- 
"o' 

ru. '  Icos r.r D. t+ ,q-., O(ue-,) l  dx.o - -

First tenn of (2.12) tends uniformly to z.ero rn0 < z ( o as ,F _+ @, since d and c are
fixed and 

"ou 
AL.u i @e-') is a bounded ftnction of u n0 < a < o.

Jr(u) = 
* """ 

ur*,  l ,Ei. . ,  O@)l

-r5

J

177',1



, -
.& ,/

1 /

,/

Also

=  g a u  , f  
+ n

o@-r)x A

+ eou ue*n "  ;  f ; tet r . ,  0@"-.) l '

Since each term is a bounded function of r'l and x in 0 < I < o'

-o < r ( -6 , tf't 
""ond 

term in tf'" ight hand side of Q'12) also goes

uniformlY to zeto as r -) €'

Thus we see thatJl (u) -r 0 u' | 
-t-*.-d combined with the fact that';2(u)+ 0

as r -> co, we see ttrat /r'di - 0 y!$t: o' 4 ( co oS r -' 6'

Similarly *" '#Jl'u" ttrar4(r) -+ 0 uniformly in 0 < r'r < co as r -+ 6'

Considering all these results we see that 0'(u) I €' t -> to' 0 < u < a' e > 0

being arbirary small' Henoe the lemma'

3. ComPlex Inversion Formula

Theorem:Le t ( i ) f eKL 'PQ) ' ( i i )F ( r )bede f rnedbvF(x )=1F(u ) ' o (xu ) )

( i i i )  a ,F,cbe real numbers with max (or' l)1c1a'd <0 and

R e  ( , 1 . -  , - L * 1 > ' o ' s = c + i I ' R e  
s > a ; R l e l +  F > 0

Then, for Q 0) e D(I),

3 v

|  "*i '  T(L'+i - 
'-  s) r-"

( = - -  I  + Y ( s ) d s ' o @ >'  2ni 
" l i ,  f  (1+ I - s) f  ( '1+ 

;- 
s)

+ U ' O ) a s r - ; c o '

where Y(s) = \ x-' r1x7 d*'

0

Proof : The theorem will be proved by justifring the follomng *pe

[781

(3.1)

u,h€re

Q.2)

(3.3)

(3.4)

(3.5)

(3.6)

a.7)

(3.8)

(3.e)

A. K. }IIAHATO A]'ID IC li{' SAKSENA

A;." i(ue-')l

(cx -  x- 1) s("-  
t ) '

--T- A:." 0(ue-')
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3 v
r  ( / r+ ;  - ;  -  s )  r - "

? 
y(s) ds, 0O >

T ( 2 +  l - s )  r ( 2 + i - s )
z

. l  I
= < zrd J M(s) r-" y(s) ds, Q() )

c-ir

3 y
r ( ) . + ; - Z - n

l'{(3\ =

r ( .1+ l  -  s )  F (2+ 
1- ,

a c+ir

f r f=  J ;  I  M ( s )  Y ( s ) 1 - '  d s ( ( t ) d t
0 

- , " . .  
c- i ,

l ' f  ?= 
E !  M(s) YG) J r"  OG) dt  dT (s=c+iT)

0

l l ' l
= 

r; I M(s) { J r-" F(x) dxl
- r 0

(3.1)

where

Q.2)

(3.3)

(3.4)
@

I
J r ' iQ) dt dT
0

(3.5)

(3.6)

Q.7)

(3.8)

(3.e)

t ? . . .  ?  ?= 
r;  J M(s) {J x-" <f(u),a(xu) > ax} I  ,-"  Oe) dr

- f 0

f

r i  ?  
"

=G !  M(s )  ( f  (u ) ,  I  a@u)a r )  I  { 'OQ)  d t  d r
- : 0 s

l f @
=; I  uG) (. f  1uy, l ,M(s)l- t  us-t I  J r-" oe) dt dr

l f r
("f (u),7; I us-t J ;s O@ dt tT t

- r 0

A f

l f F

(f (u), 
h, I OG) I u'-t r' dT dt >

0 - 1

I

[7el
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(3.10)

(3.11)
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t  ?  z - s i n r l a e l= (r(u) ,* l  oo(; )"  7f f i^>Laa 
o

= ( f (u ) ,0 (u ) ) .

Since the integral in (3.1) is a continuous function of f and / 0) is a smmth fimction of

L.p* ropirt in 1ir, *;, (3.1) implies (32). As the integrand in (3.2) is continuous

on a closed imd bounded j;.; of integration, we oan changt the.*der of intogation

r" t]iii "U"r" 
tl :l ii+l ,ra (3.5) *" obvious and (3.6) is justified bv lemma 2'l

Nowwehave

@

?

= un-t I
0

\

T

I

t

I ,-,,, x-, (xu)t 
"-*'u 

B, (Jzi> a,

(-;tr+l-o-l r-L'" W*,*i._+ (xu) d(xu) by 15,p. 3471

f ( , X . - s + l )  f  q - s + ] 1

= u " - r  
- , P r o v l d e d

f  Q - s -  r + 1 )

Re  (2 -s+1)>0 ,  Re  ( .1 ' -  ' - t *1> 'o  [E rde lv i  , r , p '3371

Hence (3.7) is a simFlification of (3.6) . (3.8) is justified by lemma 2.?. !" the integral

in (3.8) converges *tf",-1t we cttaog"_th" order of integration to obtain (3'9)' After

simplification (3.9) reduoe, to (: fOj Lemma 2.3 shows that the integral within

(3.10) converges in K, ,t (D unifornly in 0 <u < a.to i(n) as r -+ o and (3'10)

implies (3.11). So the theorem is proved'

4. Uniqueness theorem

L e t  f , g e K ' " . 0 Q ) n d

(r) F(s) = (st." f) (s) ' s e o,

(ii) G(s) = (Jr., 8) (s), s e O"

(iii) F'(s): G(s) fors e I ^ Clt
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Then, in the sense of equality in D,(I) ,_f: g.

The above weak version of uniqueness is an immediate consequence of the inversion
theorem.

5. Structure formula

Now we will give a structure formula for the restriction of an elemen tf e K," .p (I) .

Theorem 5'l Let f be an arbitrary erement of K',..Q). There exist bounded
measurable.functions Slx) (x> 0), r = 0, l, 2, ..., 2 q + l, q being a non_negative
integer depending on f, such that, for an arbitrary i e D(D , we have

2 q + l  t

(5  l )  ( - f  ,O)  = (  
I  Gr) ,  DQ*, ,  t  r , ( t )  e*  tp  e ,G)  dt ,  Q@) ) ,r=o  

"
where D indicates distributional derivative, e{t) is a polynomiar in / and a is apositive number.

Proof : In view of the boundedness property of generalised ftnctions there exists apositive constant c and, airon-negative integer g such that for ar Q e D(I)

I < " f  , 0 ) l  = c # l : ,  a 1 . e , r  @ )

< (- max sup
'  -  0=*=q 0<r<o I  e " t  , . t f  

- i  
,1 , ! . ,  61 t1 | |

' 2 k

or l ( f  ,O>l  = c , l rT,  . ' .10. . '  le" ' te 2 o,Q) Q<,t  1t1 l
r=0

@ 2 k

< r  
m a x  s u p  f  -

-  -  o < h < q  o < ! < o  I  D  L l e a  t f  1 G ) O @ @ l  d t
1  r=0

z r  m a x  s u p ; T '  .'  t  0 .0 . ,  o< r . .  J  
! u1 " " '  

tP  Q ,G)  6< , tg1 l  a t ,

where P(r) Md Qlt) are some polynoiniars in r of degree r. Hence,
2q+ l  o

F L
("f ,0) = C Z) I le", ya 0,Q.\ O<,>(t) l  at

r=0 0

(s.2)

t-
1 . .

I

I

I
I
I

I

{
I

l

I

,'
t

I
i :

I

;

I

I
t -

[8  1]



7

A. K. MATIATO A}iID K. M. SAKSENA

Consequently, in view of the Riesz representation theorem and Hahn-Banrch theoren,

there existbounded measurablefirnctions g,\x)'/ = 0, l, 2,..- ,2q + l- defined over

1(0, m ), satisffing

The Ir
Vol l:

tensc

l-fo

(1.1)

(r.2)

for a

(1.3)

wher

(1.4)

Ther

2 . 1
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(g , ( r ) , eo t  1 r  Q ,G)  qa )U \  )

( 5 . 4 )  ( f  , 0 )  =

Here the differentiation sign indicates differentiation in the distributional sense

and a is some positive number. The expression (5.4) is obtained by integrating (5.3) by

parts, since it can easily be shown that the function
t

I  s , ( t )  ,a t  1F Q,( t )  d t
a

corresponds to a regular distribution in D' (/)'
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Study Of Curvatures On Para-Kenmotsu Manifold

K. K. DIJBE

Abstract: In this paper we have defined para-kenmotsu manifold and studied dilferent curvature
tensors on para-kenmotsu manifold and also the property of parallel zr-null planes has been
studied.

l.Introduc{ion

l*t M = IFr be (z+l)-dim. almost para contact manifold with structure
tensor (i , € , e , g),wher.e4 is a tensor field of type (l.I), t is a vector field, 4 is a
l-form and g is the associated metric onM. Then by def. [4] we have

1 2  - t = - q x t ,  r l $ ) = 1 ,  0 €  = 0 ,  4 o 6 = 0

s@X,OY) = g(X,Y) - q(X) rtV),ry6) = s(€,X)

for all vector fields X, Y tangent to M and, I is the identi$ tensor field.
Further, if we have vector field V, Y, Z tangentta M

(1.3) ( v  x  l )Y  =  -q . (Y )  0  x  -  s (x ,0Y)6 ,
whereV is the Riemannian connection nM. and

(1.4) Y x € = X - q ( X ) 6 .

ThenMis called as Para-Kenmotsu manifold,

2. Para*Kenmotsu Manifold of constant /-Holomorphic sectional
Curvature

Let n be the curvature tensor sf the connection v. Then a para-kenmotsu
nanifoldMis of constant/ -holomorphic sectional curvature C if

Rlx,Y)z = ( ? ) lg(y,z)x - s(x,z)yl
C + l

*  (  
+  )  t r rG)q(z )Y -q (Y)nQ)x

r q (Y) s(X,4€ - rt 6) sg,4€

Q.r) + g(X,Q z)f Y - g(Y,Q z)f X +'2g(X,i y) 0 Zl

I

I

I

I

I
I

I
I

i :
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Now,

'R(x ,Y ,z ,n = (+) Isg ,z) s(X 'v) - s(x ,4 s(Y ,Y)l

C + l
* (  +-) Ir t(X)rtQ) sV,W)- 4g)qQ) s(X,w)

+ q (Y) s (X, Dry (D - rt (X) sg, 4q V)

+ s(X,$ 4 s@ Y, W) - sg,$ 4 e(iX,W)

+ 2 9 ( X , { \  s @ z , D l .

Then the sectional curvature Ryis

RTAX,Y):-'R(X,Y,X,D,whereX,Iareordronormalvecton

C - 3  C + 1 .  ^
= (?)  -  (  

n  )  I t t '6 )  +qz(Y\  -3sV, lx) l

and the holomorphic sectional curvature.F/ of para-Kenmotsu manifold.

C - 3  C + 1 .
H(X)  = RM(X'0X)=(  o=)  

-  ( - i )  l7r1 '6)  -3  -344 (x) l '

From (1.3), we have

(2.2)  (Y * ' i )  (Y ,Z)  = 8(Vx O)Y ,Z)  = 'R(X 
,Y ,Z ,6)

and therefore.,

' R ( X , Y  
, 2 ,  € ) :  n  ( R ( X , Y  , Z \ ) =  g ( X , Z )  q  ( Y ) -  S g , 4  n  ( X )

which gives

R(X ,Y)e : ry (x)Y -n (W .

On contracting (2.1) we get Ricci tensor as

Ric(Y,z)  = <QP )  s@Y,O z)-  (n-L)  g(Y,z)

and

(2.3)
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The p

(3.1)

,  = (+) t(c+t)(n +1) -4n1.

From (2.I), we have

' R ( X , Y  , Z  , 6 ) =  q I R ( X  , Y  , Z ) l =  g ( X , 4  r l  @  -  g ( Y , 4  q  6 )

Ifwe put ( for Y ntho above equation then

' 4 (X ,  
€  ,Z  ,6 )=  e (X  ,Z )  -  n  (E  n  (D

I14l

(2.4)



STT]DY OF CI]RVATT]RES ON PARAKENMOTSU......

Now if para-Kenmotsu manifold is flat then

[ s ( X , 4 -  q ( X )  q ( 4 1 = 0 ,

which is not possible. Thus, we get a theorem

Theorem 2.1 A para4enmotsu manifuld M of constant Q -holomorphic sectional
curvature cannot be flat.

If we suppos e that (Y yl X = 0, then from ( 1.3) we get g(X, { I) = - q @ O (X)
Put f for r in ttre above equation we get i x = O,which is not possible and hence we
get a theorem.

Theorem 2.2 In a Para-Kenrnotsu manifuld of constant Q-holomorphic sectional
curvature

(vx i) (f * 0.
Differentiating (2.3) along V, we get

(Yii Ric) (y, e + Ric (yay, e + Ric (y,yi1 e

.  (C + 1)(n +,1)
=  ( -  

o - )  [ g (v , i  Y ,z )+g ( tY ,Y ,

(2.s) - (n-  l )  [g(V, i  Y,Z)+ s(y ,y , i
In view of (2.3) and (2.5), we obtain

(vu Ric) (y ,z) = (g+qll) t1g(vai Oy,O z)- s(W ,O z))
(2.6) +  g @  Y , V i j  0  Z )  -  S ( l y , V i j  Z ) l

Let us ass'me that it admits parallel Ricci tensor then (2.6) gives,

'R (Y,0 2, U, €) +,R (Z,iY, U, () : 0
Putting ( for Y n the above equation and using e.4),we get g (QZ, U) = 0 which is
not possible, hence we get a theorem.

Theorem 2.3 In a para-Kenmotsu mantfuld of coqstant Q 
-holomorphic sectional

curvature, the Ricci tensor is not parallel.

3. Projective Tensor

The projective curvature tensorP is defined by

z)l

z)1

d"f

(3.1)  P(X ,Y ,Z)  = R(X ,Y,Z)
I- 

" 
rl [X Ric(Y ,z) - Y Ric(x ,z)l

l8sl

I

;

1

I
t
I

I
t

- t
f
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which gives

R(X,y ,2 ,6 )  =  .R(X,y ,Z ,€)  
*  [5J ,0  pJc(y  ,e

(3.2) - se ,il Ric(x ,z)1.
Thlr9m 3.1 A proiectively flat Para-Kenmotsu manifold is an Einstein manifold
and also a manifuld of constant Rie,mannean.

hoof : For such aspacep(X,y,q = 0, consequentlyfrom (3.2) wehave

(n -t), R(X, y, Z, € ) = g(X, € ) Ric (y, 4 _ g(, S ) Ric (X, e
> (n-r)Ie(X,z) q(y)-s(y,z) n(U

= g(X , ( ) Ric (Y,4 - g(y, ( ) Ric (X, Z) .

Putting $ for X n(3.3), we get

(3.4) Ric (Y,4: - @ -t) g(y, Z)

Hence. the Para-Kenmotsu maniford is an Einstein maniford.
Now by virtue of (3.4) and (3.3), we have

'R(X, Y, Z, E):g(y, 6) S(X, D _ S(X, €) S g, Z).
Hence a manifold is of constant Riemannian curvarure.

4. Parallel Fietd of Null planes

It is easy to see that the tensor field/ satisfies

and we can see that the ranx of the ̂ u(l*: 
'

(4.1) def
( (y) )  = (@-I ) )

is (zr + l) overMwhere.I is the identis map. Let )" be avector field satisfting
(4.2) y ( 1 ) = o

and take a field of z-planes r.n overM spanned by the vector field, A. we call this
plane as n-plane field.

Now if n-plane fierd is paranel and, x's are basic vectors of n-prane then 2,s
satis$

(4'3) (v x t) = a(X) t

where @is acovariant constant.
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STT]DY OF CURVATT]RES ON PARA KENMOTSU ......

Theorem 4.I If a Para-Kenmotsu manifold a&nits n-plane field then its vectors are
orthogonal to ( .

Proof : From(4.1) aurrd,(.2)wehave

(4.4) i Q ) :  ^

Operating both sides by (a.a) byg and using (1.1), we get

t -  r tQ)  6  :  0 (1 ) :  x

= ,t (X) :0, that is
(4.5) g ( A , 6 ) = o
which shows that the vectors of z-plane field are orthogonal to f .

Theorem 4.2 In a para-Kenmotsu nanifuld, the n-plane feld is parallet if the
tensor Q is covariant constant over M.

hoof: Let / be covariant constant and hence

(4.6) (v*il(x) = o
Taking covariant derivative of (4.4) w.r.t.V and using (4.2),weobtain

( v x i ) Q ) + y ( Y * 1 ) = 0 ,
which gives from (4.6)

(4.7) y ( Y x l ) = 0

On comparing (4.7), (4.3) and,(4.2),we get

(v * l) = a(x) ).,
for somecovariant vector 0 andn-plane field is parallel, which proves our theorem..

Theorem 4.3 In a Para4enmotsu manifold of constant ( *hotomorphic sectional
curvature, the n-null planes are not parallel.

Proof: Since, we know that a Para-Kenmotsu manifold of constant / -holomorphic

sectional curvature does not admit

(v x i) (D = o; as theorem 2'2

and hence n-null planes are not parallel.
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on rntegrar operators Associated with Generarized
Poisson Transform And The Operator 11"

B. C. BAJRACHARYA

Abstract: various interesting properties relating the integral operators associated withgenetalaedPoisson transform and the operator Hohaveueen estautistred. These properties havethen been used in inversion by the limiting process.

l. Introduction

The Poisson transfonn studied by H.pollard [2] is

(r .r)  Fe)=+l=.1-- f( t)dt.o  l - l + ( z - , 1

The generalizahonof (l.l) studied by Charles Standish [3] is

( t . 2 )  r e \ = !  l * : t ) + B
7r  Lc '+ (z - tY  

f? )d t '

The Poisson operator and'its conjugate for the transform (r.l) defrned by G. o.Okikiolu [1] is as follows 
@

(r.3) F"(f (,)) = + I_?TG _g f o dt.
and

(r.4) O"u@))=+ I?#g r(t)dt.
In this paper, we study certain operators dr;; a the poisson operator and the
fansfonn H" ("f) definedby G.O. Okikiolu [l]

The Poisson Operator and its conjugate for (1.2) when c = I is

(r5) p"u@))=+i_#i# f(t)dt

TI
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and

r I  o A - u ( . - ' )  f ( D a .
(1 .6)  Q.U@D = -o 

l_  , , . ( . - ty  
r  \ "  - '

Also, we define Hilberttransform HV\W 
-

r f [g) dt.( l .Z)  I t ( f (x) )  =  -  P.v .  
L , - * ' "

ThespaceLn(-*,o)willbedenotedbyLP,andfuepairofnrrmbcrspsetdp,

will be connectedby the equation 
+. += 

1 andthe norm

@

f l

t J lftOlo dr )7 "'iuuedenotedbvllll[.

2. Preliminary *";;,

In this section, we obtain certain properties of operators P, ' Q" , Ir o and

K" which will be aPPlied later'

Theorem 2.1 Letf eI!,p> | LctPo(flondQ"(f)be definedDy(l'5) and (l'6)

respectively,then PoVi? rt *a g'i> t itffii = p' Further' for g e L|"we

have 
o -
? ?

(i) J e(r) P-" (I(t)) dt = - I t<'> P" (s(t)) dt

: ;
t ?

( i i)  I  e(r) Q-.U$Dlt=- I t<'>Q"@())dt

proof : nu r,rrtiurt of the theore,m fono;. mm otitigfu ([l], theorem 1) 
T]:

secondpartcaneasilybeobtainedbychuogingtheorderofintegrationwhichisvalid
due to tie absolute @nvergence of the integrals involved'

Theorem 2.2 Letf e LP,p > | and a andb be positive numbers' then
-*- -O -r"g<i1l 

= H{P"(f)l = Q"U)

(ir) Q"lH(f)\ = HIQ"U)\ =- P'(I)

( i i r )  P" lPtU))  = -Q"lQaCf))  = Pi . 'U)

(rv)  h lQacf))  = Q"{P'( ' f ) }  = QI. 'U) '

where I

pi (r) ,
2AB ant

Proof: (

Similar\

The prm

P" lPoQ

Now, usi

l

Similarly

For (iv),

Again in

This com

Corollar;

the theot

teo1



ON INTEGRAL OPERATORS ASSOCIATED WITI{ ...,.,.

where P'a, Q'(/) andHa are defined by (1.5), (1.6) and (1.7) respectively. And
pI <f> and 8*o U) Nedefined by (1.5) and (1.6) with constant s A and, Brepraced fy

2 AB and 82 - 12 respeotively.

Proof : (i) In view of (1.3) and (l.a) and using okikiotu ([l], theorem 2), we have

P" {H(f)l - - A 0" @U))+ B F, @(.f))

=  A  1 U ) + B  0 " V )
:  Q,(f).

Similarly,
H{P"( f ) }  =  Q"U).

The proof of relation (ii) is exactly similar to (i). For (iii), using (1.3) and (l.a)
p. {pbUD = Az Oo {OoU)}- AB O,(e(n)- AB F"(Orfn>+ 82 Fo@u(n)
Now, using Okikiolu(lll, theorem 2) , we have

P,{PbU) l  = (82 -A\  
1*rU)-2AB 0, .0( . f )  =  p} . ,  ( . f ) .

Similarly,
-  Q,  {QtU))  = Pi - r ( . f ) .

t .  Po{Pt( - f \ ' }  =  -Qo{QbU) l  = p l ,oT) .

For (iv), in view of (i), we have

.Pr lQuU)\  =  1{Pu@UDlr  = P"{H(Po(n) I  =  e . lpb(n\ .

Again in view of (i) and (iii),

1{QrU)} = 1{pu(H(f))l = p}* (H(f)) = Ql.u ("f) .

This completes the proof of the theorem.

9otottury 2.2 Let f e I!, p > | and a and b be positive numbers. IfA = 0 and B = l,
the theorem 2.2 reduces to the foltowing theorem due to ohkiolui\

o 4wu>l = H{qU)l = 0"(f)
(iD 0.tn(nl = H{O.(f)l = -F"u)
( i i i )  F,{FoU)} =-0.t ju(n} = F"*u(f)

( iv )  F. {0r ( f ) l  =  O"tprU) l  =  O, .u( f )

[el]
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3. Representation Theorems for 0@ nd pf)

In this section, we express the generalized Poisson Operaton P" (f) and its

conjugate Q.(f) interms of the integrab pf) Cf(x)), 0l') (f (t)), 'pl") (f ('))

and, Foto> (/(r))which we shall define below. Lastly, we use these integrals to obtain

/ by the limiting Prooess.

3.1 Definition

Wedefinetheintegrals pP (f@)) and'6<o Cf(x)) asfollows

@

I | - Aas(a arctanf,) Bsin(a arctar Z\

Q D qLd ( f (i) = i a !;fffs-. ffit 
f Q + x)dz

e.2) eg)u(r)) = ^+ \ ,B"o'("*"ty'i) -Asn(aarctyl) lf Q+ x)dz ,
A\t- a) :* (az + zz)z (az + zz)z

where rp(ct) : 2 f (o.) ,inff and the principal value of arc tan r lying between

- ! and4 i, tuk"n throughout. Further we define the integrals
2 2 @

I  f  . , . c o s ( d w c t n f f )  c o s ( a a r c t a n i ) ,

(3.3) 'pf) UGD = 
a(r- o) )_,^' ,* , ,  _ ,rrr; 

- 

@* ,\+ 
t

^ . sin (aarctanff) sin(aarctana) ,-,
+ b \-------; 

- ---;- y fG)dz

(a2 + (z - x)z)z (a2 + zz)i

(

a

(:

e
fi

L

a

(i

(ii

(3.4) 0,<rt (f (x))=#,

@ ,

i - - cos(a arctanf) cos(a arctanf) .,
s lo t- " 

- ------- q t
- -  ( a2  + (z -x )z \1  (a2  +22 )z

. - sin(a arcrrnf) sin(a arctanzr
- , a { 5 :  

" - -  ; o ' l l f @ a z '
(at + (z - x)z|z (a2 + z2)z

Next. we define the transform H" (f (x))and the operators related to it'

These are given by

Pr
ler

(3

Ie2l



(3.5)

(3.6)

4.7)

and

(3.8)

(3.e)

ONINTEGML OPERATORS ASSOCIATED WIIH .......

@

H" (f (x)) =

K" (f (x)) =

L" (f (x)) = f (t)dt

M"(f(x)) = I f(t)dt

B s i n ( a a r c t a n f ) ,- - _ - - - - - " - J

(a2 + x2)1

I  f  l t -x l
va 1- t-x f(t\dt

l ?
,@ IIt-xl"-' 

f (t)dt

I  i  , l t  
-x l  

] ,1" .
, @ L 1  t - x - t )

l ?
,@ !^{lt-xl"- ' 

- lt l"-l

Weshallnowexpress p[.) (f (x)) ?ft (f(x)) tp!"t (f @)) and

e 
"'' 

(f (*)), in terms of generalized poisso'n operator *a n,-transform. The

following lemma will be employed frequently in later developments.

Lemma3.l Let 4()=-## and h,(t)=##

and let cr ) 0, Then we have

(r)  H,-o (hr(x))  =- (  * t ;  ra )  K,-"  (hG))

= -r(q) l43r9g#f .
(a2 + xz)T

( i i )  H , - " (h r ( x ) )  =  (  * t | r o )  K , -o@r@))

=  T (a ,  J  
Bcos (oa . " tan# )  

_Asn(aa rc tan* ) . ,

(a2 + x2SZ fr, . rrr+ 
t

Proof : Let / denote the Fourier transform of a function /. Then by okikiolu ([l],
lemma 2 )

H,(.t@)) = -# I+ f u) e-i,, dt
tl Zr --

Ie3]
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and

(3.10)

(ii) - ( sj

u @ q

Proof: Th

(3.1 l )

(3.12)

Nor usinl
ralid by d

P" {4_

nrtich inp

Abo, usi4

P . l H t _ o

w, i  tq  t

K,(f(x)) ==ff J trr- fQ) e-d dt'

Now, it is lnown that 
r f:

i'i'1 = - n' lt "-attt 
I n ,li e-ad

. E -,., F -,., ltl -
and hQ) = n 

l; "-attt 
I u' 

trt 
e-att' - '

wherehlQ)mdh2(t)aretheFouriertransfonirsofftr(r)ndh,(t)respectively.
Using (3.9) and (3'10), we have

Hr- , (h( r ) )  =  -cot+ nd Kr-o(k@))

-' 

, - ! Vl,'-t e-at, e-'xt -+ + ,-ottt 
"-ixt 

I dt
= J  L  z  

- 2  
t  

o

=l ,n! ,-" , '- '  cosxt dt. u i  
-at 'a-t snxt dt I

o o

- A as,(aarctanf) I tin (o u*h*) r
r (a l [ -7--- - - - - - -T- ' '- \-'l r 

@2 + xz)i (az + x21z

SimilarlY-, Ye can Prove (ii)'

Corol lary3.|WhenA=0,8=|,wehavethefol lowinglemna&letookikiolu(|I | ,
lemna2) 

I sin (a arctan *)

( t  Hr-"(h(x))=-(* t ;  nr l )  Kt-"(h@D=-f(a)  
-A;F

I cos (a arctzn *)

( i ' )  Ht-,(4(x)) =(*t; xa) K,-o(4(')) = r(a) -A;T

Theorem 3. l  Let f  eLp, P>t '  Let  0<l-  
"  

t+ anda>0'Then

( i )  ( r i t ;  na)  Po{Hr -o( f ) }  =  ( * ' ;  nd)  Q" {Kt - " ( ' f ) }  =  pPU@))

md

te4l



oN h{TEefre,w.&mas ASS@IATED WnH .......

I
( i i )  - (  tk ] , , to)  Q,{Hr-o(D}  = t * . }  na)  p. { \ - "  ( .Dt  = e laU@D,

ufi€Ge gf6@)) eil fjo (1(x)) are defined bv (3.1) and (3.2) respecti'elv.

Proof: The mults of lerntna r.r.r* be vnitbn as

I t lt -4t-" -At + aB

M>j"  ,_,  TqTdt

gai L.*;'.. :

(3.u) = - 
'"!ri"? 

[ h- *l-" N-at
g l r - d )  L '  

'  
a 2  + t z

I coc(a arctan#) B sin (a arctan*)- - = -

(a2 + xz)T (a2 + xzli

= _ r(d)

and

Q.I2)

I  f  l t -11n- '  u4+Bt

M l  ' - , ' f f i d t

_ w , * o o  i , _  t - a  - A t + a B
>@ 

_J 
t r - r  

a lTd t

=,f (a) , 
ocos(arct{F#) _ / st (drctf #) 

f
(az + xz)i (az + xz)V

N9y 
lrtog (1.5), (3.5) and (3.11) and irrerchanging the order of intqgration which is

valid by tho absolute conv€rgence ojttrc inbgrcls, ie have 
--'

P.{H,-" (.r)t = 
ffi !# o, 

!lz-e+ x1l-" y1z1az
= * t*  ra  g; {Kt_, ( / ( r ) }

which implies

(rio * t ta) po{Er_o 
U)t = (.o, * xa) e,lKt_" (f) l  .

Also, using (3.11)

P"{Hr_"U)}=Y t '
4 cog(e qotao ?)

a

(az +Q-x)z) i

B sm(o arctan 4t
+ - - - \ - E r - .  4 , / ' l f e ) a

(a2  + (z -4 '1 t

Ies]
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(r i"* na) Po{H,-oCf)} = PP U@))

The proof of (ii) follows similarly'

Corollary 3 .2 Wen A' 
"=-;; 

= l, we get the following relations due to Okikiolu (fll'

theorem 5).

Le t f  e I ! ,  p>  l '  Le t  0< t -  
"  

t ;  anda>0 'Then

( i )  ( r io*  na)  F ' {Hr-o( f l \  =  (* ' }  na)  O"{Kt-oCD} 
= pP U@))

( i i )  - ( r io  t roo)  O' {Hr-" ( , f ) }  
=  (* ' }  ra)  F {K ' -oCf) }  

= 0[ " )  ( f (x) ) '

Theo fem 3 .2  Le t f  eLp ,  p> I '  Le t  0< l -  
"  

t+anda>0 ' then

( i )  (s in  j  na)  Lr -o{P"( f ) \  =  (cos t roo)  M' - " {Q"Cf) }  = 'p lo  ( f  ( * ) )

( i i )  - (s in  ioo)  Lr -o{QoCf)}  = (* t *  na)  M' -o\P"( f ) \  =  e}4 Cf(x) ) r

whereL" ( f ) ,M ' ( f ) , 09 ( i l ande !4U)a rede f i nedbv (3 '7 ) ' ( 3 ' 8 ) ' ( 3 ' 3 )

and (3.4) resPectivelY'

Proof :Useof(1.5),(1'6),(3'7)and 
(3'8)andthearguementsusedsimilartotheorem

3.1, establishes theorem 3'2

Corollary3.3WhenA=0andB=|'wehavethe.fol lowingresultsduetookiwolu
(fll; theorem 6)'

Let f  eLp,  P>1'  Let  0<l -  
"  

t landa>0'  then

(D Ol" )  U$D=(s in  too)  I " - , {F, ( f ) )  =  (cos ioo)  M' - " \0"U) \

Gi )  e" ( ' )  ( / ( r ) )=- (s in  * ro)  In- " {O"U)\  =  (* t *  / ,a)  M' -o t4t t>y '

Theorem 3.3 Letf eLp, p>l '  Let 0<1- 
" 

<l. anda>0'Then

(i) Ht-o {Pof(x))} 
= Po {Ht-of(x))}

(iD Ht-o {Q'f(t))} 
= Qo {Ht-o ("f(x))}

(iiD Kr-" \P, (/(x))) = Po {Kt-of(r))}

( iv) K,-" \Q"U(x))) 
= Qo \Kt-of(x))) '

Ie6]
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ProoJ: The proof of the theorem 3.3 easily follows on using (r.5), (1.6), (3.5) and
(3'6) and changing the order of integration twice which u"-giuiia due to the absolute
convergence of the integrals involved.

4. Inversion Process

we shall now obtain resurts expressing p and, e operators in terms of g[")
6Q Q@) operators and we try to obtain/ by the limiting process.

Theorem 4.1 Letf  eLo, p>1. Let t -* .a <l  and letaand6beposit ivep

numbers, then we have

(i) ,p[4 {p{'_)" (/(x))} = -{o{o) {e,g), 171ry1y
x

= -  j  ls in 
"")  )  

g i .u 171ty ar

(ii) ,1"t p,!), (f (x))t = go{o) {,plo,, (.f faD
J

=- j1s in  ,o l  I  r ) . u111 t71ar
0

Proof : Now p, {,p{?" U@))} , O",{0,!)" U@))} , et, {e,?" 171r1yy srr6
e"al {g{!), U@)} can be obtained from theorem 3.2. Hence by subsfitution for

,p lu)" U&)) and \rt)" U@)) from expressions similar to those given rn theorem
3.1 and using theorems2-2,3.2,3.3 we have the foilowing relations

,p:") {e{u_)" Lr(r))} = (coS } 
"0- 

o)) e:.) llu (K, f (x))l
= (sin * oo), L,_" ln {0b (K" f (x)))]
= (sin * oo), L,,_, {e1., (K" ,f (x)))

= (sin ioo), L,_o {Ko el.u(-f@)))}.
Again,

,p:") {p{!), (f(x)l = (sin t"e-"D e:') {pu(H, f(x))}
- (cos I o4t M,_" le" (pu @, (f (x)))l
- (cos * ,O, M,_" {el*u (H, -f (x))}
- (cos * oo), M,_o lHo (el.u (-f (x)))t.

[e7]
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= (sin i na)' I"-" {K' (QI.u f QD\

(*.* ra\2 Mr-o {H' (Q)'uf(r)))} '

Hence,r^vrrv:' 

pP {q\u)"(/(r)} 
= - eg'{a{bl" (,r(x)}

= (sin i oo)' \-" {K" (01.u U(t)))}

= (cos i ,,o)' M.-o {Ho @1*.' U(")))}'

Now, in view of Okikiolu ([U; theorem 4)' 
,r.'

p:') @[?, U@))] = - e]o {o;:;

SimilarlY, we can show that

- F@> taf) Ut'lll
=

(it

= - t 6 i n n  a )

= - ljp.'o* eld lo{:)"

= - lif-o* trGnna)

lTp-o* 
g"<o -1e[b-), f(r))]

= l$-o* ,9 g{!)"

= - IP-o* * Ga na)

f

f

= ABsrnna I  n61
0

H(f (t)) dt

dt. This establishes the theorem

Mathem

ul oki
and

p p . l

[2] Poll

541

[3] Star
pp. l

Departtr

Amrit Sr

Thamel,On the same way' we can show that

oP 6\2"f(r))) = - eg'te[?" ut'lll
= (sin * oo)' I'r-" \K' (Pi.u U("D)

= 1.o. irro)' Mt-o {Ho (PJ.' /(rD}
x

= - j (sina d I Pi., (f (t)) dt

:

Re,mark 4.1 By letting u ryg 
b tend to zero in theorem 4'1' we have

iii rjp-o* ,@ {p['-)" (/(r))]

(/(r))
r
?

I gI-, (f (t)) dt.
0

(x)))(f
T

J
0

(r)))

ri.., 171tY at

(f
T

J
0

r))

Ie8]
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on characterisation of A Generarised Directed Divergence of
0rder a,

11. 411y1qp (')

Abstract: A generalised directed divergence of order a, involving three discrete probability
d ish ibu t ionsp =  (h , . . . ,p )^ .  Q7. (q , . . . ,  Qo) .  R  =  (  r r , , r ) ,  was  de f inedu iNatn  n" .A characterisation tleorem for this directed divergence is provi'here with the hetp oi;
fimctional equation.

1. Introduction

Shannon [9] enhopy measure

(1 .  l ) H(Pr  , . . . ,  P" )  =  - ltoe 4

of a discrete probability disribution (4 ,...,1 ;4 >0, i ,=r, has been
i = l

characterised in several ways (see Aczel and Daroczy [2]).chaundi and Mcleod [5]
characterised it through the firnctional equation.

m n m n

;  I  
F (x ,v )= I t , r ,  *Zr r r , t ,

i  t ,  =  i  r ,  = r , x i 2  o , v , >  o .
i = l  r = l

generalised shannon's enfropy by intoducing the additive enhopy of

1 n

H " ( P r , . . . , p , ) = : j -  l o g  (  F  p , l )  q > 0 a * l
L - a  ; ;

which reduces to shannon's enfopy when a -+ l. This additive enfiopy of order a
was characterised by Ahmad [3] through the firnctional equation

T
i = l

(r.2)

where

Renyi [8]
order q

(1 .3 )

C) Institute of Social Sciences, Agra University, AGRA-2S2004 INDIA
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m n m n

( r .4)  t  I  F@,v)=( I r (a) ) ( f  r { ' , ) ) ,
t = l  j = l  i = l  i = l

m n

where  I  q  =  ZY,= l ,x i  2  o 'Yr2  o '
i= t  i= l

Renyi [8] defined the directed divergence oforder d

l s .
H o ( p r , ' - . , P n i  Q t , " ' , Q n ) = ; - t  b g  (  

l  
p i  q l - "  )

2 . C

resul

I€mr
othet

(2.r)

wh€rt

Prool

l < a

Takin

t  ( t . 7 )

d b

(1 .5) d  > 0 ,  d  *  I

of two given discrete probability distibutions P = (P, , ". , P,) Q = (qt, "', q,)' Note

that for a + l, (1.5) reduces to the directed divergence

H  ( P t , . . . , P n ' ,  Q t , " ' , Q n )  =  I  P , b g ( P '  l q ' )
i =  I

of Kullback [6]. This directed divergence of order (I was characterised by Ahnad [a]

through the firnctional equation
m n m n

(1 .6 )  Z  U  F (x , t i , u , v i )  =  ( :  F (x , ,u , \ )  (Z  r (Y , ' ' , \ )
i = l  " r = l  

t = l  J= l

)u 
e;n"tAise the firnctional equation (l'6) to 

n

( 1 . 7 )  t  t  F ( x , t i , i l i v j , s i r r )  =  (  I " f * , r i ' s , ) )  (  
I  

o f r 1 v , ' t ) )

r= l  j = l  i = l  i = l

and use (1.7) to characterise the generalised directed divergence oforder a

I  . +
( l . s )  H " ( P t , . . . , P n , Q t , . . . , 8 , ' t 1 , " ' , \ ) = ; t b g  (  

I  
p ' q i - t  r | - "  )

d ,  > 0 , a  * I ,

defrnedbyNath[4,forthreegivendiscreteprobabilitydistributions

P=(Pr , . - . . ,Pn) ,Q= ' (q r , . . . ,q ; ,R  
=( r r  ' . . . , tn ) .Note  tha t  fo r  d  - -+ l ' ( l ' 8 )  reduces

to the generalised directed divergence 
m

H  ( p t , " ' , p n , Q t ' " ' t Q n  ;  r " " ' ' r ' )  =  I '  A  b g ( q '  t  r ' )
i = l

ofTheil [10].

t l  l r

l l02l
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2. Characterization

we first determine continuous solutions of the firnctional equation (1.7). Theresult is given in the following Lemma.

Lemma : rhe continuous sorution F : I x I x I + R of the functionar equation (r.T),other than the trivial solution F =,,for all positive integeis m and n, is given by
Q'D F(x,y,z) - 1sr 1F zv ,
where y ,d and v are arbitary constants, andldenotes the closed unit interval [0,1].Proof Let a,b,c,d,e,"f and a, ,b,,c,,d,,e,,.f , be positive integers suchthat

+ t r ;  
1 a , l <  b ' <  b , r <  c ' 1 c , ' t s ' ; ' <  d , t <  

" , <  " , l = f , < . f
I

x ,  =  
) '  

i = 1 , . . .  , f r - l ,  r ^ = :

I
Y ,  =  

i '  i  = 1 , . . . , n - 1 , y ,  = f

I
u ,  =  

i " = 1 ,  , . . , m - t ,  r ^ = l

t d ,
' i  =  

7 l  i  = 1 , . . . , n - I ,  u ,  = ;

r e ,
s t  =  

7 '  
i = 1 , . . , , i l - l ,  t ^ = T

l f ,

"  

=  
7 ' i = 1 , . . . , n - 1 ,  r , = ?

in (1.7) we get

(2 2)

(m - t )  (n - t ) ,  ( * ,  
* ,  ; )  

+ @ -  t )  F r#,  #,  4 t

+  ( n - r )  r (  # , * , 4 t . r ( # , # , { t

=  l (m- r )  F  + , : , ) r * r ( : , ; , ; r ,
,  [ ( n - r )F (+ ,+ ,1 )  *  F ( y , ! ! , 1_ r ,

and then pu*ing a, = b, : 
", 

= o! = :, =i = | in eL,rl 
"*d^"

ll03l
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I  1 ,  t  
) = r 1 l , l , l ) r ( + , 1 , 1 1Q . 3 )  , ( * , ; o  

e f  a  
" ' i , ' r b  

d  f '

Again taking only d : c' = e' : I in(Z'Z)'we get

m(n -D r  (  : r ,  *  
'+ )  +  mF ,h '  # '  + ,

(2.4)

= fmF e , '+ , ] l t  t ( n  - l )  r  l '  1 '+ )  +F  r+ '+ '1 "
q  S  e " - '  

' b  
d  f

Using (2.3), (2.a) giws

b '  d " f '  ) - F ( 1 ' l ' l ) "  r + ' + ' + '( 2 . 5 )  , ( * , " 0  
e f  o  

" ' " , ' . b  
d  j '

Similarly taking b' = d = f' : I in (2'2) and once again using (2'3)' we have

e s \ '  F  ( L , c ' , ' '  )  =  F  ( L , " ' , L )  r t l ' 1 ' l l
' a b  

c d  e f '  
-  ' a  

c  e  
' b  

d  f

Now (2.2)with (2.3), (2-5) and (2'6) vields

-  . a ' b ' , " ' d ' , ' ' f '  \  =  F  ( L , " ' , ' '  )  F  ( 1 , I , 4 ,F (  
o b  c d  e f  

, i ' "  

" ' " b ' d  
f '

or

(2.7) F(rY 'uv,st)= F(x ,u 's) F(v'Y't)

f o r  a l l  r a t i o n a l s  x , ! , ! , V , s , t  e [ 0 ,  1 ] , w h e r e  L = x ' O r = r '
a b

'' 
= u, L =v' 

€ 
=.s ard | =,yhichisthefirnctiondlequation (2'Dhan:Iflg

c d e f
the continuous solutions (refer Aczel [l])

where

with

Proof

(2. l0)

for sor

FU/:

Coodit

r  = 1 ,

r ' = l -

sha

dcrrnl

F(x,y ,z) 
-  Yr 1f zv ,

1,8, and v being oonstants.

Weareno."ioup*itiontogiveacharacterisationofNath'sgeneralised

directed divergence of order 4'

Theorem;Nath'sgeneraliseddirecteddivergenceofotdera'isgvenby

Ho (Pt , "' ,P, , Qt ' "' 'Qn ' tt ' "' 'ln)

r l
=  

f_ ,  r *  t  I  
F(p,q , r , )1 ,

(2.8)

(2.e)

t l l  Acr
Ple

Fl .{c:
ch

trl ,tr
Ur

l.l AL
a'

t r l t
TC

l.| r.{
d

14 \d
r l9l

ll04l
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m m

where I  I  F(x, t i ,u;v i ,s;rr)  = (  
I  

aO,,ui ,s;))  (  I  F(y, ,v1, t ) )
t=t  . l= l  t= l  

'  
r= I

wrth F(l/z, 1/2, 1/2) : l/2, F(l, llZ, l/Z) =I and; (1,1, l/Z) = .f_ .
2 r - o

Proof : By the lemma proved above we have

1 '

( 2 . 1 0 )  H o  = ( p r , . . . , p n ) Q t , ; . . , Q n i r t , . . . , h ) =  
o a r o g  

(  I  p {  q f  r i )

for some constants y, 6 and v. Using the condition 

'=r

F(I/?,l/2,l/2): l/2 gives (UD"t e/D6 e/Z)" = t/2 i.e.y * 6 * v = l.
Condition,F(I ,l/2,I/2)= I gives6 + y - 0. Hencewehave

T =1, 6 *v : 0.Finally, F(l,l,I/2) = 
# 

gives (l/2), = 
#

v = I - 4 . With these relations (2.10) reduces to generalised directed divergence of
orderd ofNath [7].
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On Viral Disease-A Simple Mathematical Model

s. SI]NDA& S. TIWARI AND MTCHAEL rrACK

Abstract This report highlights some important results related to an investigation of a simple
mathematical model of infectious diseases.

1. Introduction

This section desoribes the main concept ef immunolegy. By immunolory we
literally mean that the study of resistance to infectious disease. Inmune response is
related to the universal character ofthe organisms defence against bacterial and viral
attacks, as well as against poisoning by products of viral-bacterial activity or
intoxication by foreign agents ofbiological nature.

The immunocompetent cells (lyqphocyte and leukocyte) and blood cells
produced in bone marow. One part of the gells traversing "iursa" fiansform into
"B lymphocyteu. The second pirt of the cells passes through the "Th5flnus" and causes
the production of "Th-llmphocyte helpers" (which interact with specific antigen and
promote the hansformation of B cells into plasmacytes), "Tk-lymphocyte killers"
(which are responsible for the genotic purity of ceils of tie organism) and
"Ts-lymphogrte suppressors" (which maintains the level of sensitivity and also play
an important role in controlling the immuns response). The remaining part remains in
the bone mafrow turns into matured "A leukocyte". ln our model we are considering
B and A are homogeneous population.

In a healthy organism, plasma cells are formed continuously producing.
immunoglobulins which are actually antibodies capable of binding and neuratising th!
antigens.

Bacterial and viral diseases fnst of all presupposes a latent period of the
course of the disease when tke antigen that have penetrated the organism multiply but
have not encountered a sufiiciently pronounced reaction on the purt of the immune
system. During this latent period the immune system adjust to the neutralisation
reaction of the specific antigen. In the presence of Th-lymphocyte and of the inductor
of the immunodiseases the B lymphocyte starts to divide and differentiate towards
plasma cells. Such a cascade process of cloning plasma cells takes several hours to
several days.

In this paper we are mainly examining the immune response to an antigen for
"subclinical form", "acute form with recovery", "acute forrn wittr tettrat out-come" and
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"chronic form". ln subclinical fonn the multiplying population of the viruses or the

baoteria is suppressed by the available resogrces and the antigen is destroyed before it

r,cmhct tha igvol rf eoncmnftion to oouro on obrorvcblc inFuno or phyriologie

riactiorrr oe tho organirm. If tho antigon ia unfamiliar to tho organirm itt oonsontration

increases which accompanied by a process of recognition and of formation of B cells

producing antibodies. This process takes several days during which the antigen

concentration -achieves the levels of surpassing the level of the appreciable

physiological and pathological changes. This is the case of normal acute form of the

disease. The cause of lethal outoome is when the immune response has been delayed

for various reasons so that the organ attacked by antigens can no longer maintain the

normal efficienry of organ's responsibility for the formation of antibodies. The

chronic diseases are the most serious and debilitating forms of a disoase and often last

many years.

The layout of the paper is as follows. In section 2, a simple mathematical

model is pr"r"ot"d. The analytical results are carried out in section 3' The ensuing

section comprises the numerical results. The concluding remarks are given in the final

section.

2. Mathematical Model

The main factors of the infectious disease are the follo*ing :

V(t) - Concentration of viruses. By viruses we mean the multipll'rng pathogenic

antigens.

F(t) 
' 
- Concentration of antibodies. By antibodies we mean substrates of the

immune system. neutralising viruses.

C(t) - Concenfation of plasma cells.'This is the population of carriers and

producers of antibodies.

n(t) - Relative characteristics of the damaged organ,

(Let M be a characteristic of a healthy organ (mass or area) and,letM

be the same characteristic of healthy part of the damaged organ'

,  Thenm=I -MlM,and c lear ly  03  ms l ;m:0 imp l1  thehea l thy

organ ; z = I implies entirely damaged organ)

The model is given by the following system of ODE with time delal':

# = o ' -  P w '

Where a-the rate of antigen multiplication, p-the rate of contact between antigen

and antibodies.

l l08l

( l )

(2)

where

antibo

antibo

(3)

where

damal

p-m
(T -r

(1 )

rvher,

of da

, 5 )

J .  Ar

llm

i qn
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dF

d t = B C - y p V F - a F
(2)

(3)

where f -the rate of antibody production by one prasma cer, y-the amount ofantitodies necessary for the neufralisation of the andgen, a-mean life time ofantibodies.

dC

7 l  
=  -  p ( C - C * ) + q ( m ) . x . V , - " . F , _ ,

where q(z) describes the dysfunction of immune system due to substantial organ. damage: 0 < q(n) < l: q(0) = l: q(l) = g.

q ( . )

(

l '  0 for  r< r

v,_, .F,_, = 1 voFo for t =r
I

I  V,_". .{_" othenvise

p-mean life time of plasma cells. r-the coefficient of immune system stimulation.
C* -normal level of the plasma cells.

i

(4) en
E = o v - q m

where o-the rate of organ injury by antigen, r7 -therate of regeneration of the mass
of damaged organ.

With the initial condition that at t = to= 0
( 5 )  V ( 0 )  = V 0 2 0 :  . F ' ( 0 ) = 4 >  0 :  C ( 0 )  =  C o >  0  n d  n ( 0 )  =  m o 2  0 .

3. Analyticat Results

We shall see the validigy of the following theorems.

Theorem r: If the initial values are non-negative, then the solution of the system
(eqns. (\-()) are-also non-*egativefor alt t 2.0

lrOel
l

i -
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Proof : From the equation (1), we have
t

( 6 )  v = v r " r y t J  @ - p F ) d t l > 0 f o r a l l r > 0 .,  - r (  

0

Forthesolutions F(t),C(t)andz(r)wedividethetimeintenyalslnr,(n+L)7)where
n = 0, l, 2, ... . Let t = [0, a ), then eqn. (3) becomes

dC

T = -  
p ( C - C * ) .

Assume that C(t) < 0 for all t > 0. Since the solution is continuous there exists

t1 e [0, e)suchthatC(t1)=o*a *l < o.Butfrom(7)it isclearthat
dI let ,

d c l
-  |  =  pc*>o which isacontradic t ion.Therefore,C( t )  >0for  t  e [0,g) .

dt  l ,= , .

Similarly, we can show that F(t) > 0 and n(t) >0 for all / e [0, r ).

Now let t e fr,2r). Noting that.f,-" 20,V,-., > 0 for t e fr,2r). Then in

the similar way as above we can prove the solutions are non-negative in the interval

[r ,2r).By induction, continuing in the same way it can be proved for the subsequent
intervals.

Theorem 2 For all t > 0, the system (eqns.(\-@)) has unique solution satisfuing the
initial condition (5).

Proof : From the above theorem it is seen that if the solution of the system exists it

is non-negative. Here also we consider the sub-intervals f nr, (n + l)r),
n = 0,1,2,. . .  .  On [0,r)  we have

I  v = a v - p v F < a v

I  i  =  p C - y p V F - a F  s  B C - a Fl '

( s )  i i = - a ( c - s * y
|  * = o V - q m

On [0,r).eqns.(l)-(a) satisffing the initial condition (5) is dominated by the linear
syltem (8) subjected to the same initial condition whose solutions y(t) : (y (t),

yz (t), ytfi, y4$)r is continuous and exisis for all t > 0. L€t x(t) = (V, F, C, m)r and
let f (x) = Vr,fz Js,nr be the RIIS vector of (8).

ll 101

On [O,r ;  1r , '

theorem guaren

@card-Lindt
D then there o'
integral curye €
w.r.t.y,the solu

Nowwe ht

the solution car

t
F

3 . r -  Y  =  I
0

R//,SV

(e)

Since /(r) =/

(r0) llf (x)-"

This estimatior
A(t), B(t) dnd

solution x(f) =

t = f (x (t), x(t

x :  f (x( t ) .SQ
< l. x(t) is non

s]'stem x: lac -

and uniqueness

the same way

f o r t > t . H e n t

(  I  l )

In the

I
I
I

t
I
I

I
I
I

I
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4
on[0,t) i lr l l  = 

I,r, 
l , l l f l l=r lI L sin"./e c!.r (0,x0)picard_Lindelof

t i

thoorem guarentees the local existence and uniqueness ofthe solution.

@icard-Lindelof rheorem : r-et D c trp open./ : D -+Rconstant. Given (xs, ye) eD then there exists at reast-one int"gral curve 
9f-y' 

=.frx, y)tr,rougt, (xo, yiand theintegral curve exists up t3 the boundary. In addition, irfi, 
"ontooously 

di:fferentiablew.r.t.y, the solution is unique ).
Now we have the situation x=f (x), f'(r) and v = F(x) with x(0) =.y(0) = rs. So

thesolutioncanbewrittenas r=ro * J .f  dc,!=lo* [ ,0,
0 9

I
=x- y = I U -F)dr =) r(r) < y(t).

0

RII,S vector dominated by the linear terms 3 .f (x) < A (t) x + B(t)
(e) =lt f(x)n < A(t1lxn a 3r,,
Since /(r) =.f(xr) + (x - x*) f, (€ ) >
(10) l l " f  (x)- f  (x*) l l= l - f  'G) l l l r -x* l l< ma* l f , (€) l l lx-r*  l l= L(t) l lx-x* l l
This eshmation implies the existence and uniqueness of the solution for / ) 0. Here,
A(t)' B(t) and L(t) are the positive continuous firnctions for / ) 0. Then the 'nique
solut ion x(t) : tO<yG) exists on I0,r) .For t2 r , ,he model is given by
x = f (x (t), x(t - r )) and we have x(r ) = 

i( r ). We can reduce this system to (g). i.e.,
x = f(x(t) .0 (-r) = 7 (r) for x (c) :l 

G).Taking into account that 0 s q (m)
< l'x(t) is non-negative and arso the fonn (eqns.(l)-(4). we can construct the linear
system x: lu + I (t) > /1r;. so, establishing the conditions (9) and (10) the existence
and uniqueness of the solution of x= 7 (iis implied rf x (r):i (r) on [2, 2r].In
the same way we can extendfor the interval fnt,(n +l)rl,n= 1,2,3, ..., i.e.,for t > ?. Hence, the unique solution on [0,r] extends ,-iquely for aI t >_ r :

In the stationary case we have the fofiowing 
"quution, 

fo, i= t
( ,  

" f  
- p V F = g

I  n r
I  P C - f  p V F - a F  =  0

( l l )  
i  

- p f C - c * ) + x V F = 0

I  oV-qm =  0

lr l rl

ir
tr
h
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After solving (l l), we get the following stationary solutions
) -ia

F{ro})r.1

(18)

Consider

(le)

- 4 =
ts)lnptol

dcoreo.

Thccr

s&nu

(201

stcre

e = P l t

stsbiliq

rn [1.

Theoret

arympl

satisfie

,0. Nun

(r2)

(13)

Vlst:0 : Fq st = B C*l a: Clst= C* : rat st = 0

V2st= p(aa - p B C*) / (o(9 x - ppy )) : F2st : &lp'.

C2st = (ma - p'fQ\ / @(Fx - WT);mzst = o4(ad - pN\ | jta(fu - pr)

In (12) we have Zl st =..0 andmyst:0 which implies the state of healtlry organism.

Aut 1tf; implies the chronic'form of the disease when Zzst > 0.The sufftcient condition

for the second stationary solution to be positive is

(14) aa > ppC*: Bx > ppf ; d'xa > Pzf PC*

Now we shall discuss the stabillty of the stationary solutions' Let Xst = (Vst, FsL Cst,

zst)r be the stationary solution of (1)-(a). W9 linearize.this 
.near 

tr" eoilt

X = Xst.Letr = X - Xst=(l/ - Vst, F - Fst, C - Cst, m - mst)' : (xt, x2, xz, xq)"

This yields the system

| ,, = (a - pFst)x, - pVst.x"

|  , ,  =  - ypFs t . x r - ( ypVs t+a )x r+  Fxz

(15)  
i  

t ,  =  xFst .x , ( t  - t )  +xvst 'xz( t  - r )  -  pxs

L  x +  =  o \ - r y x 4

In (15) we have the term xr(t-t) and x2(t-r).To express these in

terms of tr(f) and x2(f) respectively. We use the Fouri.er fiansform' Note that

f

F{f\ = I "f Q)"'"'dt; F(h = - id F{/\; Ftf Q -r)l= e'"' F(t) So, taking

Fourier transform of (15), we get

f -io16; = (a - pFst)F{xr\- PVstF{xr\

) 
-io fg; = - y pFst.F{x,\ - (r7 pV st + a\ F{xr\ + B F{xtl

(16) 
i 

-r" F{x) = x Fst .e'"" Flxrl +'x,vst .ei"" F{xrl - pF{x)

|  - ,orpo\  = oFlx l l .qF{xc}

?

viruses

n(o) =

have tl

(  a-pFst

l- 'oon
(17) t1 

*"t"" Frt

\ o

- pVst 0

-(y.pVst +a) p

xe 
-o' Vsl - tl

0 0

[ffii j
| ",',t i
\ F{ro} /

r {x ' } ' )
F{xz\ 

|
F{xr} 

i
r{*} )

o )

: )

=  - l d

l l  r2l
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3 :if 
,r the eigenvalue of the matrix with eigenvector (F{x1}, F{xz}, F{xr},

F{xel)' . Thus we have the characteristic quasi polynomial

I
I

I
;
I
t
t
I
l
t
1

,,

(18) P(X) =

a - pFst - )" -pVst 0 0
-y pFst -(ypVst+a)-A 

B 0

xe-L" Fst xe-A, Vst - p - ), 0

o  0  0  - q - ) "

- 0 '

Consider the equilibrium solution (12), then

( l r l  P ( 1 ) = - ( a  -  p B C * / a - X ) ( a +  x ) ( p +  A ) ( q  +  A )  =  s

=  4 = - o t  4 = - p ,  4 = - r t :  h o = q - p B C * / a . . 3  t h i s  s o l u t i o n  i s

asymptotically stable rf A4 <0ea <pBC*la which leads to the following
theorem.

Theorem 3 A sttficient condition for the asymptotic stability of the stationary
solution (12) is that the inequality d < p B C* /a is satisfied.

Consider the second equilibrium solution (13). then

(20)  P(1)=- (q  -  X) ( - ) :  +b f r  - i l .+e-+ f  )c -7 ,  -  qe-1"1=g

w h e r e  b :  F * y p V z s t * a > 0  ;  d =  p  O p V z s t + a ) - y p d V z s t > 0 ;
e = p p ay vzst> 0 ; .f= x F vzst> 0 and q : a x B hst> 0. For the asymptotic
stability of second equilibrium point, the validity of the following theorem is given
in [U.

Theorem 4: A suficient condition for tlie stationary solution (13) to be
asymptotically-stable is that the inequality0 <(q _ e\ /(b _fr) < d_f _ qr is
satisfied for p r < l.

4. Numerical Results

we simulate here the infection of a heal0ry organism by a small doses of
viruses Vo . T\e initial condition is taken as Z(0) = Vo:-F(Q) = F* : C(0) = C* and
m(0) =0 with F = I and C* = l. Also, we have taken in general that B= a. Thus we
have the system

V =  d , V -  p W

l :  FG-n -vpvF
c = - p(C -I) + q(m) . x . V(t -t) . F (t _t)

m :  o V _  r y m

ll r3l

t-F\
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We solve the above system using Runge-Kutta fourth order method [2]' In all

the following cases we assune thatm* = 0, l'

Case 1: (Subclinical Form)

In fig.l., the simulation shows that the nature of elimination of the viruses

from the o.g;irr for suffrciently small infectious doses I/s with stimulation' The

condition of occurrence is when a < p.From fig.Z., itis observed that when a = p the

stability of elimination of the viruses is not violated in the presence of stimulated

immsls syStem.

Case 2: (Acute Form with Normal Outcome)

In th iscasethev i rusespass throughthe immuno log icbar r ie randthe i r

concentration in the organism goes upward during several days. The viruses effectively

stimulate the immune system and the quantity of antibodies becomes suffrcient to

eliminate the antigens completely. The damage of organ is not massive enough to

quutitutin"ty change tha process. when the antigen concentration decline to zero, the

antibody concentration and the characteristics of the damaged organ tend towards their

normal levels (See figs. 3a,3b,3c). Figure 4 shows several acute fonn of a disease

with distinct doses of infection. i.e., for Vs: l0-5, l0-7 and l0-e'

Case 3: (Chronic Form)

Figures 5a, 5b, 5c show a typicat chronic form of a disease for which the

condition of occurrence is when a > p andx F > pi,p. Since the viruses have flaccid

dynamics, the non-effective stimulation of the immune system can be a function of

small infectious dose I/s of viruses. In fig '6 we show the chronic form turned to acute

form when the initial antigen dose is more, i'e' l'o = l0'(!)'

Case 4: (Acute Form With lethal Outcome)

It occurs when immune response is delayed so much (i.e., for latger) and that

the complete damage of the organ b.,onl", inevitable (Sec figs. 7a,7b,7c) under the

condition d >Pfftd Bf >TPq'

5. Concluding Remarks

Withtheabovesimplemathematicalmodel,wearemakingthefol lowing

conclusions.
The subclinical form of a disease is characterised by a stable elimination of

viruses from the organism and resembles the vaccination by non-pathogenic

prolil

the o

\m$

n t h

: : J

r l

1

rl
-

A

L

6

{
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{
q

;t

l l
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proliferate antigen which can be interpreted as utilisation of live vaccine. In this case
the organ is practically intact and the antigen concenfation tends to zero in time.

The acute form of a disease is characterised by expressed dynamics of the
viruses: rapid growth and sharp decline to zero. An effective immuns response occgrs
in the organism leading to recovery. onry considerable damage of the organ can lead
to chronic form or the lethal outcome. Hence the treatnent oiacute fornneeds to be
directed towards suppressions of pathogenic properties of viruses.

The presence of non-zero population of viruses possessing flaccid dynamics
of the organism with the slight damage of the organ characterises-the chronic form.
This is caused by insufficiently effective.stimuration of the immune system.
Apparently, in some cases the chronic form oia disease should be heated by making
the disease aggr avated.

The lethal outcome of the disease is connected with severe damage of the
organ which is no longer capable of securing a normal vital activity of the organism.
severe damage of the organ is caused either by high pathogeneity or viruses (i.e., the
coefficient o large), by weak stimuration (i.e., for smalir) and untimery -;;
response (i.e., for t large). Both acute and chronic forms can iead to lethal outcome in
case of severe damage of the organ.
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