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The Continuity With Respect To A General Displacemnt In The
Orlicz And The Orlicz—Sobolev Spaces
P. M. BAJRACHARYA

Abstract: In this paper necessary and sufficient conditions for the continuity with respect to a
general displacement of functions from the Orlicz and the Orlicz-Sobolev spaces are obtained.
1. Introduction

A continuous convex function ®(t) for ¢ € [0, %) is called a Young's
function if it satisfies the following conditions:

lim 0
=0 i =3
lim @)
rli.:ﬂn -—}_‘tm-

Its complementary function ‘¥(7) is also a Young's function (see [L.2]).

Let Q be a measurable set in IR”. Z, (€2) denotes the set of all measurable finctions
/. defined almost everywhere in Q such that

2o (39 = | o0y de< .
The set Ly, (€2) is called the Orlicz class. The Orlicz space Ly, (€2) with the
Orlicz norm
I Vi = ¢ potarey <1 b V@ 2@ ax < w

is defined to be the lincar hull of the Orlicz class L,,(9). For a vector—valued
function f = (™, £ we define

pulf ; Q) = Z o (SO ; Q)

Il e = ,Z_;: 1N .
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The following theorem on contimuty holds

Theorem 1.1 (See [2]). For any fumcoon [ = E4050
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Theorem 1.2 If Q be bounded open set inR", then for every function f from
Lo(Q) there exists a positive number A such that

et P (A(f(x+h)- f(x):Qn(@Q-AN)=0
Now let Q be bounded opem set in K" and £ ¢ N The Orlicz-Sobolev
space WELo(Q) (WEE(Q)) is the set of all functions / all of whose generalised
derivatives §° fexist and §° /€ Lo(Q) (8°f € Lo(QQ)) where, @ =(a'",...a™)and
|| < ¢,and also
> sl g <=
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In this paper instead of lincar displacement x + 4 we consider a general
displacement B;, (x) to obtain the results analogous to theorems 1.1 and 1.2 for the
Orlicz and the Sobolev spaces.

A transformation B;,: Q@ — R" is said to be almost everywhere one -to- one if
for every two subsets G,, G, of Q

G, "G, = ¢ = mes (B,(G,)~ B,(G,)) = 0.
The transformation B, is said to have N-property if for any subset G of Q
mes G =0 = mes B,(G)=0
We use also the following notations :
Q= {xeQ: B,(x)eQ} = B, (Qn B,(Q).

In particular, if B, (x) =x + A, then
Q}= QN (@Q-h).

2. The Orlicz Spaces

Theorem 2.1 Let Q) be a bounded measurable setin R™ and 6 > 0. Assume that for
all h € R” satisfying | h | < & there is a transformation B, : Q — R” which is
almost everywhere one—o—one and has the N-property and its density function i,
satisfies the following condition -

@1 3C,>0:VheR" |h| <6 = mkx) 2 C,
for almost all x € Q.

Then

(A) for every function / from £, (Q)

@2 w17 0By=11, 0, =0

if, and only if,

@3) Mo 1By@-xl,,, =0;

(B) for every / from L, (€) there exists A > 0 such that

P (A By (D) - ) :{Y,) = 0.
If and only if, there exists v > 0 such that

Hm oy (v(By ()= %) {Q),) = 0.

Proof: (A) Since foreveryie {l,..n}, xU) e E,(Q), itis obvious that (2.2)
implies (2.3)
[3]




To prove the sufficient condition. let f b -l £.5,
| and & be arbitrary positive numbers, Froes (2 1) we have

@4 37 >0-vheR i<’ ﬂ;ﬂ'—‘uu_- £,
Since CZ (R") is dense in £,(0) (See [2]), there oy & fhmemom ¢ 1 & (R7)
such that

(2.5) Ui-gl o <%

Now,

lrema-1l, < Vol -Mlk“

+ M-"’“’ i l!"t‘m )
By (2.1) and Radon-Nikodym theoress [5] we e

fmﬂt" LABeN-g(Baxn ) dx
| s =<
@7 <Gq' .L‘,_ﬂ o 1 F-2)Ddy.
Nowif C; < 1. then by convexity of the function ® we have
G ®(ul).< @(Cihul)

(2.6)

andif C; =1, then
G @ (u)) < (G ul).

Thus, in bothcases we assert that there exists C; = min (C, ;1) . such that
Gt @ (i) < (G-

Hence from (2.7) we get

Il oBy-g "'B"m_-'i.cmm

_ =1 il
< Cl mf—'g[llb_‘(_gnﬂj,‘{ﬂ})
< G Mr-gll -

(2.8) lroBi-goBill < 26" 17-gl 0

Now since g € Co” (R"), g satisfies the Lipshitz condition with a constant Cs. So,
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2.9) leoBy—gl, ) < G lBy)-x] o

& : £
Choosing & =5 G' ad £=02G"+)75
from (2.1) ~(2.6), (2.8), (2.9) we get
| IfoBu-11, 1, < &

which implies (2.2). _ -

The scheme of the proof of the part (B) is analogous to that of the previous
proof.
Remark : In the proof of the sufficiency we have used the assertion that C, (R") is
dense in E_(€), but to prove it with the help of modifiers we use theorem 1.1. Hence
in the above proof we used indirectly theorem 1.1 But under stronger assumptions the
sufficiency of theorem 2.1 can be proved by another method which does not use
theorem 1.1.

Let an open set G © €. Assume that

I. A transformation B, : G - R", h e R” is one ~to—one, B, € C'(G) and
its Jacobian satisfies the following conditions
B, (x _
0<C, <| ;jx) ls Cs< ®
forallx e G,whereaandcsm-cmstantsnotdependingunxandh;
2. B (x) uniformly converges to x on Q ash tends to zero, Then for every
S € E,(Q) the property (2.2) holds.
The proof of the assertion is analogous to that of the assertion for Lebesgue
spaces L, given in [6].

3. The Orlicz—Sobolev Spaces

Lemma3.1. Let {g,}be a sequence of measurable Jfunctions defined on a bounded
measurable set Q) such that.

@ % gl o =0 ad @ (I, )} isbounded

Then for any function e L(Q): ilfm Iy g, "h(ﬂ) =0
Proof ; Since the function y is measurable, by Lusin's theorem for any & >0 there

exists a compact subset Qs of O such that

(5]
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if and only if, there exists v > 0 such that
imy 2 e (vE® (By(x)-%) ; {Q}) = 0.

lal<et
Proof (A) The necessity is obvious. To prove sufficiency, let f & WEELQ). For
generalized derivatives of the composite function /o B, under the assumptions of the
theorem the rule of differentiation is the same as that for usual derivatives [7]. So
fo B, € W E, ({Q},) and for almost all x of {Q}, the generalised derivative
S%7(By(x)) as |@| < ¢ takes the following form.
5 f (B, (¥) = (5°1) (B, (x))
v 2 Gapn (DG 1B, ()
(33). i fen B,
where f=(f". . B™) and functions %« .5 are expressed in terms of
B, .B" according to the rule of differentiation. Now we show that

"
In fact, since for any real numbers z,

[ 2 a? 1511z +1 et
J:’-‘

lowsal, g = |A Coiren” -1
Pec.tp Lg(C2) F=t (5_.‘U1 ) Lo()
@R
"o | 287
< a 0 ( x') HE
= Mz o0y Lo(@)

Hence because of (b) and (3.2) we get (3.4) if # =a. Now if f #@ bearing in mind
the structure of %= .4 .» and discussing in the similar manner again we get (3.4). Note
that because of (b) there exists A > 0 such that for all & € R satisfying | » | <5 we
get

(3.5) Vocpal, o < M-

Further, (3.3) implies that
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) In the last inequality hﬁﬂ_n‘h*iﬂ.mbym
2.1. And the second part also tends to zero. s fact chumgeyg e vanablc m the norm
as we did in theorem 2.1 to get (2.5) we have

lowsal@ el

<G 177 thamll
where C, depends only on the constant €, sad Pus.0 VB) i 3 cxicnsion of

@u.p.n (Bi') by zero outside of 0~ B, () . Now we prove that the nght side
of the last inequality tends to mnkuﬁmﬂb?l with

v =258"reL, (@) and

&= 6.'.}.1. o B!
(here h=0, h—0 as k—>wx).
Foritbwinsin'mind_(&S),itisSMhm&l
.(3'5) H" Il?“'ﬁ-" 08;1 |L.to--l.(ﬂu =
Since againchanging the variable in the norm we gt
1
1005 n 0 Bi by omeay S G 10 ad
where Cs depends on Cg and /. (3.4) implies (3.6), This completes the proof of the

part (A). The scheme of the proof of the part (B) s analogous to that of the above
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Braid Types Of Periodic Orbits
B. KOLEV

Abstract : The last decades have seen an explosion of interest in the study of non-linear
dynamical systems. Many scientists realise the power of qualitative techniques developed during
this period. The main idea is that the gross behaviour of all (at least main) solutions of the system
is more important than the local behaviour of particular, analytically-precise solutions.

Among these results is the wellknown and surprising Sarkovskii's theorem discussed
below. In this paper, which is a summary of a talk given at Tribhuvan University in December
1993, we try to present an overview of the framework introduced these last 20 years to study the
structure of the set of periodic orbits of discrete dynamical systems in dimensions 1 and 2.

1. Introduction

A lot of nawral phenomenon can be described in terms of discrete dynamical
systems. That is, given a map /: X — X, we iterate this map, beginning with a point x
€ X and we are interested in the properties of the set:

%, /@1 E).- ...

which describes the successive states of an evolution process x,,,, = /'(x,), X, = x. The
set of all these points is the trajectory or-the orbit of the point x under the action of /.
In the case where fis a bijection, we will include, of course, the iterates of x under /-

oy fRE SV E)x
Among all thé orbits, some of them are more remarkable. For example, they may form
a cycle:

%@ M (@)=%
These are called the periodic points of f, We write Per (f), for the set of all these
points,

In practice, it is often difficult, if it is not impossible to describe the behaviour
of all the points of X under the action of / Usually, we do not know explicitly / and
even in that case, the algebraic expression of the iterates of / may be too ugly to be
able to undertake a serious investigation. Most of the time, we know only a sample of
the set of all the trajectories of /', for example a periodic orbit. The natural question
which arises then is whether we can deduce from this little source of information more
predictions about the dynamic of /' : which means about orbits of other points of X
under [




Il

This problem has been extensively studied these last years. From all the
results which were obtained one main idea snsed some Gypes of orbils force
coexistence of other types of orbits. A classical examples s the very famous
Sarkovskii theorem [18].

Theorem 1 (Sarkovskii) Define the following lincar ordermg om the integers.
TIPS ) (R UL 0 ST S E g I o =221

Then if [: R— Ris a continuous map which has & periodic point of period n, it has
also a periodic point of period m for all n > m

Thsbeauuﬁdmm&amdhm‘d\pmodmorbm
of period g - 2¢ (¢ odd), lead to a very complex dynamic (mfmty of penodic points of
distinct periods) and that some others {those of period 24) just force the coexistence of
a finite number of periods. _

Thﬁemshuﬁarmﬂufuaimmmwmphismsof
compact orientable surfaces [10, 21} However 3 moment of reflexion 1s enough to
realize that the period alone is not enough 1o characterize a periodic orbit in dimension
two. A cuclidean rotation by angle 27/n around the ongm has periodic orbits of
period », one fixed point and nothing else.

Actually, this phenomenon already exists in dimension | Some periodic
orbits of period 4 of a continuous map of the interval force the exstence of all periods
but some of them force the coexistence of just one fixed pomnt and 2 periodic point of
period two as ‘required by Sarkovskii's theorem To take into account these
considerations, it is necessary to characterize a periodic orbit with a little more
information.

2. Dynamical Order
2.1 Cycle Associated To A Periodic Orbit In Dimension 1

In the case of continuous map of the unit interval I it 1s the permutation
induced by fon the points of the orbit, naturally ordered on the real axis which permit
us {o refine the ordering defined previously [1,4,5.25 ]. Let €, be the subset of all
the n—cycles of S, . the symmetric group and define

¢=Uec,.
neEN

Given a continuous map /, we define the set of all the cycles of f, noted C () in the
following. An n-cycle, 6 . belongs to C (f) if there exist reals

X <X <..<X,

such that f(x;) = x,,, The following relation :

2]
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0 = n ifandonlyif VfeCI,1),0eC(f) = neC(f)

defines a partial order over C,[1,2,4,6]. It is obviously reflexive and transitive and it
can be shown that it is antisymmetric [2]. The main tool in the study of this order

Figure 1: 8 = (1234)
1s the construction for each 8 € C of a map fy which is simplest inside the class of
maps such that & € C (f); in fact, a piecewise linear map (sce Figure 1)

This map is such that C(f; ) = {5 ; 8 > 5 }. which Justify the qualification
simplest given to it. There is a partition of / into a finite number of intervals
I, .. 1, such thatif f (Z,) meets the interior of 1) . it covers /; once and only once.
We say that /; possesses a Markov partition. Associated to this Markoy partition there
is a (n -1, n ~1) transition matrix (a,,) defincd in the following way: @, , = | if f)
covers /. and a,; = 0 otherwise. It is then casy to compute the successors of @ using
its transition matrix and its Markov graph.

]
M@)=11 0 1
| B
In the case of a homeomorphism /- 1)> — D the first problem which arises
i1s to characterise periodic orbits. It is not longer possible to associate a permutation to
anorbit P={P,,...P}of f (there is no natural way to order the points of 7 as in the
one—dimensional case). It is therefore neeessary (o introduce a new object : the braid
type of P which will play the role of the cycle.
2.2 Artin Braid Group

Fori e IN,={1.2, ...}, let 0= {2il(n +1)-1,0), 0= {0, , Oy, ... , 0} and
A =(y,(0,1) € D*x1I be an arc such that y,(0) and y,(1) belong to Q and y,(1) =
1DIf i) Theset A =A;, U A, .. U A, is called a geometric braid.

We define on the set of all the geometric braids the following equivalence
relation : 4 ~ A" if there exists a continuous family A(s) = 4, (s) v A v..ud,

[13]




is just called a braid.

We can clmagembhﬁdbﬁ*-wmwhich
m&anslookingatthcpmjecﬁmd]hh#ﬂﬂ‘tﬂﬁ&)- :
i« colid torus), What we obtain we call i & closedl beaid nd wrote 4. Two closed
braids A et A" are equivalent (ie mm##dnlmindw solid
torus (D*x §') if and only if p=A)and p~ =] e cospegate in B, [9].

Andthermyofm&ih“m
W, = {4x,  BypaXahs 5, € w(FLx, =2},
be the set of non ordered n-tuples of distinct powsts m D°\3D° . Then Ba=
'n1 (WMQ)
B, is a group of finite wﬂﬂmﬁ.ﬁ, -
0,0, =0,0; for li —j1 22 and 03 Giey T = T a,0,.;

Tt and relati ions

oo e =
o - ( o = o
Figure 2: generator o

The centre of By, Z(By) is the infinite cyclic group gemerated by B,.=@'ls°"2’

< 10,,1)" (which corresponds to a full twist)

2.3 Braid Type of Periodic Orbits
It is Rufus Bowen [12] (see also [13, 4] who first characterised a periodic
oﬁﬁ_P.ﬁf-aWIdamuwhwmdfnhﬁwmﬂw
mﬁitP.LethHamﬂD’),bomormmwm
P={P,,P;,...Pa}c DF\3D’
-awiadicorbitofflnadubmmﬂabhs,hismmﬁxam&
_niodelfar(D’-,P).Thechoiwofahmaphimh:(D’,P]—r(D’,Q)dmminu
an element [} —hof o™ of Homeo™ (D%, Q), the subgroup of / € Homeo+ (D)
m.wfta)'='ﬂ-mhhhwum f} by one of its conjugate

(14]

= H
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in Homeo™ (D2, Q). Therefore, the conjugacy class <a > of the isotopy class & =
[7# 1 of /# in the mapping class group Au(D%0), of the homeomorphisms of 1?
hick O ek e
'I‘helmkwnhthebmdgmup}! ,is the following. Let

{Hmeo"‘ (D?*) - -'W,'g .

Sk i B S s SO}

It is not miaulttosee that € is surjective and thate(ﬁ €(g) if and only

/' g € Homeo™ (D? Q). This permit us to identify W, with the quotient space -
Homeo™ (D?) / Homeo™ (D, Q).

The existence of a local section for € at the point Q = e(/d), implies that € is a

fibration:

Homeo ™ (D*,0)——> Homeo ™ (D*)—=5 W,

Using the long exact sequences on 'homotopy groups for this fibration and
remembering that B, = m; (W,,,0) and Aut(D?,0) = m, (Homeo™ (D*0)), we get an

epimorphism m: B, — Au(D*.Q) whose kernel ker(m) is exactly Z(B,). We
summarise this fact in the following theorem [9].
Theorem 2 Aut (D*,Q) = B,/ Z(B,)

This isomorphism induces a canonic bijection between conjugacy classes of
the two groups. Therefore, we can identify <cr > |, the conjugacy class of [/} | in
Aut(D?, Q) with .z-myagaey class ff in B,/ Z (B,).

Definition | 7 (P, f) = / is the braid type of the periodic orbit 2.

Let CB,,, be the subset of braids whose closure possesses only one component.
We define B7}, as the set of all conjugacy class of CB, and we write:

BT mﬂ:esetofallbrmdtypesofpmadmerbttsofhom“_”' rphisms of D* If f €
Homeo™ (D?), we set BIYf) = {bt (P, /) ; P € Per (f)} and we define on BT the
following forcing relation [13, 14, 15]

B, > B, ifandonlyif V[ e Homeot(D?), B, € BT (/)= f,  BT(f)
Theorem 3. The relation - is a partial order over BT.

[15]




B KGREV

The problem is now to be able to work with this crder In particular
e Given f§,. f, BT . does B, > f.ox f. =87

e Construct {@ .8 > @)

These problems are still open ones. There arc bowever some micresting partial results

which have been obtained if we restrict ourselves on the mduced order on a subset of

BT T. Matsuoka [23] has solved that question for thres bead types (BT, > )and T.

Hall [20] did it for (BI{H). ) the sct of braid types whach appear in Smale horseshoe

(one main' model of two dimensional dynamics)

3. Application of Nielsen—Thurston Theory to the Study of Braid
Types

3.1 Nielsen—Thurston Theory of Mapping Class

Thurston [11, 19, 22, 24, 28] (complcting 2 program imtiated by Nielsen [27,

26] gave a beautiful description of surfaces homeomorphisms of a compact surface M

p to isotopy. Two types of homeomorphisms are used as bracks 1o build a canonical

representative in each isotopy class.

e The first type is constituted by the isometries for a given hyperbolic metric of
constant curvature -1 on M. Given a fixed hyperbolic metric, the group of
isometry is finte [29). Therefore, for each sometry /= M — M, there exists an
integer # > 0 such that /" = Id

e The other type has been called pseudo-Anosov by analogy with Anosov
diffeomorphisms of the torus. A pseudo-Anosov homeomorphism / of a closed
surface is a homcomorphism which preserves two transverse foliations /~ and /

which singularifies are p-prongs singularities with p > 3. These foliations have

transverse measures 4* and #* such that f(F°, u* )= (F", » ' g') and [ (F",
u")=(F* A u") where . is a positive real number > | In the case where M
# ¢ each component of @M is a cycle of leaves of both foliations /* and F*
separated by singularitics of type spine and each component of @M has at least one
singularity of each foliation.
e A homeomorphism /: M —> M is reducible by a system of curves I” of distinct
simple closed curves Ty, Ty, ... Ty if:
1. T, is not homotopic to a point nor to a component of /.
2. T, isnot homotopic to I, if =/.
3, I is invariant under /
Theorem 4 Let /' = M — M a homeomorphism then [ is isolopic tog M — M,
where ¢ satisfies one of the following properties.
[16]

i

e om

Ty

e of




L. ¢ is an isometry for hyperbolic metric of constant curvature 1 on M,
or

2 s T —T—

3. ¢ is reducible by a system of curves T" .
In that latest case, the following properties hold : T has a tubular neighbourhood
7(T) invariant under ¢ and if S, ..., Sy are the component of M\n () and nis
the smallest positive integer such that $™(S,) =S, , then $" /S, satisfies (1) or
(2)0.If my ... ,m, are the component of 1 (T') and my is the smallest positive integer
such that ¢ "I/( )=, then $™/(n) is a twist. (this twist is not necessary a fill
wwist for f™ 1/n, is not necessarily the identity) _

A class is said to be irreducible if it has a representative of type (1) or (2),
both of them, being mutually exclusive. In particular, if a class is of finite order, then it
possesses a representative of type (1) [30]. We say that this class is periodic. If a class
is of infinite order, then it has a pseudo—Anosov representative and we say that it is of
type pseudo-Anosov, or it has a representative of type (3) and we say that it is
reducible; both cases being mutually exclusive.

3.2 Classification of Braid Types

Let D, be the compact surface obtained by replacing each puncture Q; of
1, = D*\Q by acircle §; (the circleof tangent vectors at this point ) and let
P B" —> [)* be a surjective continuous map which sends S, onto Q, and which is a
diﬂ’cnmurphism outside the circles.

Let / bea ("~diffeomorphism. We can then extend the restriction Joof [
10 /)_into a homeomorphism 7 of D, in the following way ;

Jowy=Dy, [ uilDy, ful ues,
We can therefore characterise (Q, /) by the isotopy class of fo on D,
Proposition 1. The projection map p . D,— D? induces an isomorphism between
Aw (D)) and Aut (D, Q).
Let E € BT, ., a conjugacy class in Aut(D* () = Aut(D,). Since the Thurston

type of an element of Aut(D, ) is invariant under conjugacy, we can speak of a pseudo-
Anosov (resp. periodic, reducible ) conjugacy class J .
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Let f'e Homeo * (D?, 0) and B (7, Q) its beasd type 1 > 2 then the Euler
characteristic of D,, % (D,) =1 - m is megative A canomic representative
¢y € Homeo™ (D,) induces a homeomorphism #5 ¢ Homeo™ (D7, Q) which is
isotopic to f (rel, to ) and such that pods =9, 0p In particular, if dp is
pseudo-Anosov, we will say that @ is pseudo-Anosoy (rel w0 (), even if there is no
mallypseudo—AmsovhommmﬂﬁmmIP,WewieBT.fu&cmofhmducible
elements of BT}, and mr=g IBT,

If  is periodic, there exists a smallest imteger m € N” such that ¢5 = /d and
@5 is conjugate to a euclidean rotation by an angle 2kx/m (0 < k < m) around the
origin [16, 17]. Therefore n=m (since ¢4 (Q0)=0Q) and § is conjugate @y, =
(0,0, ,)F. There are only g{n) periodic elements in BT {(~) being the number of
integers which are coprime with # and lower than »)

Suppose now that f is reducible. Let {S;.5,, .. . Sa}, the decompositon of
D2into invariant (by ¢, ) subsurfaces, 5, being the component which contains 0
and {5, , ..., S, } the components which boundary meets 5, Up to conjugacy, we can
suppose that 5}, S5, ..., S are like on figure 3.

Figure 3 : invariant subsurfaces by a reducible clement
Define g=2%. We get #5(S,) = S, and ¢ (A,)=A, (notice that ¢jj/A; and

3 /A; are conjugate). Let 7, € BI; be the conjugacy class of [¢5 /So]in
9
Aut (*\ U A,) and 3" the conjugacy class of [#/, ] in Aut (D*, 21 4,)

‘We write: B B
B =1rn.p1

(18]




(notice that 77 and /3" uniquely determined). By definition, 7 is irreducible.
We can then undertake the same decomposition for /7 (see figure 4). this process is

Theorem 5. Each f e BT has therefore a unique decomposition
B =i

where 7, is irreducible.

Notice that if E= G| and y; € BT, thenn=g, 42 ... 4, In particular, if
# is prime, we have BT, = IBT,, '

Theorem 6. Let 7, ,...,7,,&, f e IBT. then

14 [ﬁ : Tt ﬁ] - [ﬁ yrvey Frhl]

207 s 70581 = [7),n 78] © @ 5 F.

Concerning explicit computations in (B > ), we can suggest the following steps:

1. Given a braid type B € BT, determine whether it is periodic, pseudo-Anosov
or reducible and in that later case, compute the decomposition into
irreducible factors. An algorithm to answer this question exists [3]

2. Given y € IBT compute {@ ; y » a}. This question is still the object of
contemporary research [7, 8]
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Orbit Space Over Commutative Rings And Projectivities As
Semi-isomorphism
H. N. BHATTARAI ()(*%
Abstract: For a free module of finite rank over a commutative (local) ring, the group of
projectivities of the associated projective space is shown to be isomorphic to the group of
geometric semi-isomorphisms of the associated geometric space of orbits.
1. Introduction
Orbit spaces of groups and vector spaces (in particular projective spaces) are
studied as Pasch geometries ([1],[2].[3]). Different groups of semi-isomorphisms and
isomorphisms of orbit spaces of vector space are related to classical groups of semi-
linear and linear transformations [4]. Group of projectivities also arise from the
projective space of a free module over commutative (local) ring ([5],[6]). Here it is the
purpose to show that the projective spaces of free modules can also realized as orbit
spaces and the group of projectivities is isomorphic to the group of geometric semi-
isomorphisms of the associated orbit space.
2. Preliminaries

The concept of pasch geometry and related developments can be found in
([1].121,[3]). For convenience we give a brief discussions here.

2.1 Pasch Geometry : Suppose A4 is a non-empty set, e € 4, A=A, CA x A x A.
Then the system (4, ¢, A) is said to form a Pasch geometry if the following hold : (i)
For cach @ € 4, 3 unique b & A with (a,b.e) € A . b is denoted by a*, (ii) e* = ¢ and
(@) =aV aed, /i) (a,b.c)e A= (b.c,a)e A(V) (a,, &, @), (a). ay, as) € A

= 3ag € A with (ag, a5, ay) , (as, a5, @5) € A. As a consequence one gets (v) (a,5,¢)

€ A= (% b, a*) e A (vi) for a,b € A, there exists ¢ € A4 with (a,b.c) € A The
geometry is called sharp if (a,b,¢) , (abd) € A = ¢ = d. In such, letting ab = ¢*, a
group results with ¢ as identity and ¢/ as the inverse of ¢. The geometry is called
abelian iff (a,b,¢) € A = (b.a,c) € A. Together with (iii) it gives every permutation of
(abc)in A If S A, then S is called a subgeometry of 4 if ¢ € S and (a.bx) € A, a.
beS=xeS WithA, =5~ (5x5xS). one gets a geometry (S. e, A,). For an
abelian geometry, a useful consequence is.

*) International Centre For Theoretical Physics, Italy.
**) Permanent Address : Central Department Of Mathematics,
Tribhuvan University, Kirtipur, Kathmandu, Nepal.
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2.2 Lemma : If A is an abelian gcometry (with a given A ), then (X, 51, L), (xz, 52,
t), (% X2 %) EA=385, €4 with (51, 82,5) . (f. 2. 15) 5 (53, t3,%) €4
In abelian geometry ¢ will be usually denoted by 0.
2.3, Extension of A: Let 4 with a A be a geometry. Let A, = {(e)} c A4, Ay=
{(r, ) x e A} cA XA, and A, = A For any positive integer n > 3, we use
induction to define A, = A x A x ... x A (n factors) such that (¥, , X, ..., X,) € A, iff
Tx & A with (X, X 20 o X2 » X) € By and (", X, 1. %,) € A. Thus for each », one
gets A, (extended collinearity).
2.4 Geometry Morphisms : Let (4. ey, A,) and (B, ep. Ag) be geometries. A map /.
A +> B is called a geometry morphism if / (¢,) = ez and (abc) € &= (Ra), fb),
fic)) € Ag, Easily checks that f(a*)=f(a)". A geometry morphism / is called strict if
(f (@), j(B), x) e Ag=>3ce A with flc) = x and (a,be) € A. A strict geometry
morphism will be called a geometry homomorphism. A bijective geometry morphism
whose inverse is also a morphism is a geomelry isomorphism. If the morphism is a
homomorphism, then bijective implies isomorphism. For a morphism /7, (X , X2 .- Xn)
e A, (for 4) implies (fx;), f(x2) ... fix,) € A, (for B). We simple write A for 4 or B
Jetting the context distinguish.
2.5 Geometric Rings and Modules: Let (R.0,A) be an abelian geometry. Suppose a
multiplication . 1s defined in R which is associative and 0. a=a 0=0V aeR We
call (R, 0,A,.) ageometric ring if (), @y, @) € A, a € R= (aa, aa, aay), (a, a.
a.a, aza) € A The geometric ring 1S called strict if (aa, , aa;, x) € A= x = aa; with
(a,,ay, a;) € Aand similarly for (a a, @:a, X) € A. An element 1 in R is the unit
clementifal=la=aVaeR Wfab= ba Y a,b, then it is a commutative geometric
ring. It is called sharp if the geometry of R is sharp in which case one naturally gets a
usual ring,
Let (M.0y. Ay) be an abelian geometry and R be a geometric ring with 1.

Suppose R acts on M : (7, x) = rx € M. Then M is a (left) geometric module over R,
if the following hold : (1) a(bx) = (ab)x : 0. x =0y =a Oy and l.x=xVab € Rx

e M (ii) (abgc) € A, x EM = (ax, bx, cx) € Ay and a € R, (x, v, 2) € Ay = (ax,
ay, az) € Ay We call the module strict if R is strict and (ax, bx, w) € Ay, ab € R, X,
w e M= w = cx for some ¢ € R with (abc) e A We simply write A for Ag or Ay
When R and M are sharp, one gets usual module over a ring. Conversely, every
module over a ring is a strict geometric module. All geometric rings and modules will

be strict.

if N is asubgeometry of M anda € R.x € N= ax € N. Note that for x € M, Rx =
{ax:aeR)is a submodule for all x if M is strict. Also, for the strict module M and

x,y €M the submodule sp (xy) generated by x and y is given by the set
[24]

Let M be a geometric module over Rand NcM. ThenNis a submodule of M
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{z:(z, ax,by) € A, ab € R }. More generally, if x;, x;, .., x, € M, one uses
induction to show that sp (x, , x .. X)) ={weM :(waix, ax, ..., a,x,) € Ay,
a; ER}

2.6 Homomorphisms and semi-homomorphisms : Let M and N be geometric
R-modules and ¢ : M N We callg R-homomorphism ifg is a geometry homo-
morphism and ¢ (ax) = ag (x) Ya e R.x ¢ M. If ¢~ is also a homomorphism, then
¢ is an R—isomorphism. Suppose @ R > R is a homomorphism of the geometric ring
R Then ¢ : M > N is a o—semi-homomorphism if ¢ is a homomorphism of
geometries and ¢ (ax) = o(a)¢ (x) ¥ o e R.x e M_II @ 1s a geometry isomorphism
and o is a geometric automorphism of R. then ¢ 15 called a-semi-isomorphism.
Letting M = N, we get the sct S(M) = SKM). the set of all geomeltric semi-
isomorphisms of M. It clearly forms a group with /(A1) the set of all R-isomorphisms
a5 a subgroup. In particular, when R is a sharp geometric skewfield (so a usual

skewfield), then M = V is a vector space and SI(17) 1s the group of all semi linear
transformations.

Remarks: An element x € M is R—frec iff i v Rx. @ i ax is an isomorphism of

geometries. Thus for R—free x, (ax, bx. ¢x) € A aube e R — (abe) € A In (2] it
was assumed for every element x = 0_ since R considered is a geometric skewlicld.

3. Orbit Spaces of Free Modules

3.1 Modules over local rings and projectivitics : Here we briefly recall facts about
(free) modules over (local) rings and the associated group of projectivities ([5],]6]).
Let (R, m. k) be a commutative local rimg with maximal ideal wm and
&= R/m the quotient ficld. Let ¥ be a free module over & of finite rank »# > 3. Then m )
is a submodule of ¥ and V/m}’ is a k-vector space of dimension », Let 7w Vs Vimb
e the natural map. Then x, . X3, ... X, & V form a R-basis for Vol m(x, ), mxs ) . ..
®ix,) is a vector space basis for VimV. Basis clements are linearly independent over
R If x e V, x is unimodular if n(x) = 0, In this case x is R-frce and Kx is a dircct
summand of V. Let P(V) = {Rx - x is unimodular}. the set of all l-dimensional
direct summands of V. The clements (lines ) of (V) form the points of the
associated projective space. A projectivity is a map & - P(V) — I ¥) such that
Rx C Ry + Rz iff a(Rx) CA(Ry) +a(Rz). Given an automorphisms o - R — R and
@-semi linear isomorphism ¢ : ¥+ V. it induces a projectivity P(¢ ) - P(V) — P(V)
given by P(9 )Rx = R¢ (x). The generalisation of fundamental theorem of projective
geometry states that given a projectivity o P(¥V) — P(V), there exists a o~ semi
lincar ¢ : Vs V with P(4)= & Let R* denote the group of units of R ; SI(V) the
group of all semi linear isomorphisms of ¥ and SP(V). the group of all projectivities.
Then one gets a surjective map SI(V) — SP(J),é —> P(¢) whose kernel consists

[25]
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of multiplication by unit scalars and so isomorphic to R*. Thus there is an exact
sequence.

1= R* - SI(V) = SP(V) > 1
giving SI(V)/R* = SP(V).
3.2 Orbit Space and the Semi-isomorphisms: Now, consider the free module V" over
R as above with R* as the group of units. The R* acts on R giving rise to the set of
orbits R/R* = R .If a< R, then@ = {@a: & € R*} is the element of R. (@. b, ©)
e Aiff a+ab+pc=0,a, f € R* makes R into an abelian geometry with @* = @
V@ eR. Also, @. b= ab is well defined and makes R into a strict commutative
geometric ring with T. Similarly R* acts on V and gives a geometry of orbits
7 = VIR* on which the well defined action @ .V = av makes it into a strict geometric
module over R . Here also ¥* = ¥ V¥ & ¥ . If x & ¥ is unimodular, we call the point
¥ projective. Two projective poinls X and ¥ are independent if x and y are
independent in V. It easily checks that if ¥ is projective, then ¥ = ¥ iff Rx = Ry.
So if P(7) = {¥ : ¥ is projective}. then we have a bijection ¥ —>Rx between P(V)
and P(V), the set of one dimensional direct summands of V. Also, (¥, 7,2 e A=
Rx c Ry + Rz. Conversely, Rx c Ry + Rz = (%, @ y,fz)eAwhered@ =T or
E =T. X .%;,.-%X € 7 and Wis the geometric submodule generated by the
clements, then W = { 5+ (%,8, %;.... @, %,) € A, ,@, € R} Soif ¢.e,..¢,0s 2
basis for V over R, then € .€; .... €, is a basis of V over R in an obviously defined

sense.
Now let ¢ : V> V'be a o-semi linear isomorphism of ¥ so that & : R+ R is an

automorphism of the ring, Since every automorphism satisfies o'(R*) = R*, it induces
amap & : R—>R by (@) = o(a) which is well defined. It checks that G is a
geometric automorphism of R . Similarly ¢ induces a well defined map §: VoV
by #(¥) = ¢(x). 4 is a strict geometric homomorphism satisfying ¢ (@ X) =
(@)@ (%) Thus ¢ is a geometric & —semi-isomorphism of V. If g, : V> Vis

another @;—semi linear isomorphism with #=4,, then ¢ (x)= $,(x) ¥ x € Veasily
checks to give ¢ = s¢, for some constant s € R* and 9 = 0. Let SI(V) be the
group of all geometric semi-isomorphisms of ¥ and SI(V) as above. Then we have a
map ¢ +> ¢ from SI(V) to SI(V ), a group homomorphism with kernel isomorphic to
R*. Thus we gel an exact sequence.

[26]
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I > R* > SIV)— SKV)

mecexmsmﬂwﬁghgomgemthesemﬁsaﬁmufthe-fundamemﬁlthmmm |
as for SP(V) [5]

3.3 Theorem : Suppose V is a free module over a commutative local ring R of finite '
rank n 2 3. Let R* be the group of units of R and V = V/R* be the geometric module

of the orbits over the geometric ring R. Suppose T -V v V is a geometric

7 —semi-isomorphism of V . Then there exists a o—semi linear isomorphism : Vi

Vsuchthat ¢ = 7.

* Proof : Lete;, e, ... €, be a basis of V over R so that ¢, .2, ,... 2, is a basis of 7/ \
over R . Then, 7 (&) ,...7 (&) is a basis for 7 over R For,if y eV Ix eV

with 7(¥) = y. Since (%,4¢,,...d,¢,) € A, @, € R, so (7(X).7(@)7(g), .. 1
7(@,) 7 (&) € A, showing that 7 (¥) = ¥ is in the span of 7 () ,...7 (2,)and

these have the right numbers. Let t@)=1,i=1,.n We obviously have

(8.2, e +¢) € Aso(1(3),r(5),7 (5 +6) € Aiec. (fi o S) € A where
Tle+te)=f.Then f=afi +pf, @, B R" By replacing afj by f; and

AL by [, westill get 7(2)= 7, ,i=12 and 7(ey+e;)=f =1, + f,. Doing

this for every i > 2, we get a basis /; , /4 v Sy of Vsuch that T(E,Te;)-—:f,T_fT s
¥i 22.Now leta e R. Clearly (g, ae, & +ae;) e Aso(f.1(@)fi, 7)€, 7
= f(m)‘.lf"’?'(t?):!?, it-gives(f;,gz,f)-e Aso 35,5 € R* with s v=
fi + 538 f;. Clearly for given a,s,b is unique and so defines a map o : R R
by o(a) = 5,6 with the properties that 7 (& +ae;) = f; +0(a) f; and 7(a) =5 =
@la). Note that (1) =1 and o(0)=0 Similarly choose any i>2 and define

7 R R by T(e, +ae ) = Ji +01(a) /; and 0,(a) = 7 (@), It will be shown that
g=0;

First, the following two relations are easily checked:
0) Tl +ae; +a'e,) = [ +o(@) o+ ai(@) [ (i) T(ae, +e,) =a(@) o + ],
For (1), take (e, + ae, + a'e; . ¢ +ae, ,EFZ), (e, +ae, +a'e, e +a'e, ,a_é:)eA

If T(e, +ae, +a'e;) =7, then applying 7 gives (Z, f, +a(@)f, n(@)f),

127]
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@, Fira@ i , 1(@)]; € A Since (@) o (@), itgives (7, fi+o@f;

@7, ). &, fira@) fi,ol@f) e b These give z =8 (i + 0@fh)+
s;(al@)fi =53 (i +oy @) )+ s 0@ f. 5€ R*. By solving one gets z =5, (fy
+o(a)f +o,(a')f)) and hence (i). For (1), we take (a;é: te .0 tae te, &) Eh

proceed similarly using (). -
Now. we showo is a homomorphism of rings. Let a .a: € R. Using (i) and (i1)

for (e, + (a, +ay)e; +€;, € +@&;, HE + ¢ yeA, we get (f, +ola va) fa+ 1,

T o@) T @) fo v, ) e Agiving i + 0l +a Yo +fi* U +o@ Va) +
tL(o@)h+f)=0.h.6b€ R*. By linear independence. / =16 = -1 and o(a +
ay) = o(a) +o(a). Also we take (e, +a,d€; +@€; ¢,.a,(aze; +¢;)) € Ato get

(f +o(@ma,) s +ay(a)f; -f_'pﬂ (@) (U{Gz)fz + /i )) € A. Since (@)= o_'(.';»!ﬁa it
gives /i +0(a, a2 Vs +Oi(@)fi + ofi + $'0(@ (@l +£) =0, s'e R*. Again
by linear independence, s =—1,0i(@) = - s'o(a) and o(a; a) =5 0(a)o(a)
=o(a, )o(a; ). Since these are true for all a, , a, . taking a,= 1 gives 0 = 0 and then
ol(a; a; )=0(a, )o(a,) follows Thus, o is a homomorphism of the ring. Using 77",
7' we can define o' by 7' (F+bf)=e+o ' B)es, umgef‘ indeed gives
the inverse of . Hence o is an automorphism of R such that o(a) =N (a)ie, o
induces the geometric automorphism 7.
Now. ¢ : V— V is defined by (aye) + ... ta,e,) = ol@)i +..+ o@)fa

@ is o'~ semi-linear. To show that ¢ induces 7 . it is necessary to show that

T(@e, + ...+ ap€,) = ala)f; +-..+ola,) [, Thisis done as in [5] by first
showing 7 (e, + @y + ... +a,e,)= f, vol(ay) fo+...+o(a,) ], and

T(@ze; +...+ 0y€,) = olay) fo+..+ola,) f, For example, to show first equality,
we use induction where we already have T(& D)= fi +ola)fi
+..tae)=h+ ola)f» +...+o(a;) f, and.let

Suppose 7 (& T a2,
T(e + @y + ...+ @i € )= i . Then, we take (& + @€ + ...+ a8,
€ +Gyey+.. +A€; L Aiy1€i41) € Ato get (u, 1, +o(a,) [+ +ola)f;

——— y
o(a,,)fi.,1 €A and (e + @8y F ... T @i1€101 e +a,.1€i41,

(28]
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@, 8,,...3,8) € Ay, to get (#, /; +0(a,) fis, 0(ay) f--0(@)f; ) e,
These give two relations
u=s(fi +o(@)f; +...+0(a)f)+s,0a,,) fiey  and
u=5i(fi +0(@1) fia) + 5y o) f + ...+ 5/ ola,) [,
Solving these, we get the required. Similarly, the second easily checks. For the final

result, one can even follow [5]. Thus the theorem is completely proved.
Using the surjectivity given by this theorem, we complete the exact sequenc

15 R* > SIV) > SI(F ) - 1.
It gives SI(V)/R* = SI(V"). Together with SI(V)/R* = SP(V), we get

3.4 Theorem : Ler V be a free module of finite rank n >3 over a commutative local
ring R with R* as the group of units and SP(V) the associated group of projectivities.
Let SI(V') be the group of all geometric semi-isomorphisms of the geometric space
of orbits V = VIR* over the geomelric ring R = R/R* Then SI(V') = SP(V).

Remark (1). Here the ring considered is local as in [5]. However the generalized
fundamental theorem is available for arbitrary commutative rings [6] and even over
some special non-commutative rings [7]. The above may go through for commutative
case but one must check how far it works for non-commutative rings. Also, one could
take different spaces ¥ and W over rings R and R” with an isomorphism o : R R’ as
m [6].

(2)-We believe that a reformulation of the generalized fundamental theorem in
the terminology of an orbit space geometry (i.e. Pasch geometry) have advantages.
Since, then, one could try to obtain the representation of an arbitrary geometry as an
orbit space as done in classical situation, for example, an abstract projective space of
figh enough dimension is given by the orbit space F/F* of a vector space over the
skewfield F under the action of 7*. If an abstract space is a geometric space over a
g=ometric skewfield, we have the generalisation that it is given as an orbit space VI
of vector space over F by the action of a normal subgroup I" of /*_ On this line, one
could ask: given an abstract geometric module W over a (commutative) geometric ring
A, when does there exist a (free) module ¥ over a (commutative) ring R with the group
of units R* such that V/R* over R/R* be (semi) isomorphic to W over A.
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Post-Widder Inversion Operator Of Generalized Functions
LAVA CHANDRA SHRESTHA AND R.P. MANANDHAR

Abstract: A.H. Zemanian and many others have extended Laplace transformation to distributions
considering the Post-Widder inversion operator as-a differential operator. In this paper, the Post-
Widder inversion operator itself has been extended to generalized functions.

1. Introduction

Since L.Schwartz [11] published ‘Transformation de Laplace des distri-
butions' in 1952, various integral transformations have been extended to distributions
and generalized functions. But it seems very little works are being done in the
extension of the real inversion operator to distributions and generalized functions. In
this paper, we present some works in this direction.

If the Post-Widder inversion operator L, ;[/] ([15], p. 280-283) is given by

1k
n L= O Ie**"“ 1 F(1) du
= 0

where

(1.2)

we define as in ([6],]7],[8]) a real inversion operator in the sense of Rooney [10] by

a3) POV B N=4m [ =0
0

where

” )
(19 B0 =5 (P Jeore it Fyan,

Alkn) is given by

T(v+1) A(k,n)

1>0,k=0,1, ...

f(x) = I e* F(f)dt
0

n=0,1,23

F(g+v+2n+l)

) —Ze-u

T [T(k-v-DPT(B +20+2n—k +2)
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and 0" [x] i the Jacobi function of the second kind ({3].p.170) and defined by
1 ey @B 2etP @+ o+ )T(B+0+) - - 5 L feserost
a6 g Pl L(a + # +20 +2)(x )=+ ey o [a + 842wz 0P l]

It has been shown in [6], under certain conditions, that

(%) lim P& L 1N=F()

for all 1> 0.

The purpose of the present paper is to extend the inversion formula (1.7) to a
class of generalized functions interpreting the convergence in the weak distributional
sense.

2. Testing Functions Space

In this paper, we adopt Zemanian's method [18] to construct testing ting functions
space 7,5, The dual space J; 5 , consists of the Post-Widder inversion operator
transformable generalized functions to which (1.7) will be extended in the sense of
weak distributions.

Let / denote an open interval on the real line. A function is said to be
infinitely smooth or simply smooth on [ if it has continuous derivatives of all orders at
all points of 1. Let 2(/) be the space of all infinitely smooth complex valued functions
having compact support in /. we assign 1o H(1) the customary topology that makes the
dual space /' (J) the space of Schwartz's distributions [12].

For any two real numbers a and b with 0 < @ < b, n and k, non-negative
integers such that # > &, and  a real variable, define

Qo O 0<u<e
2.1) ka5 ()= .
an* _
(2e) %" Ty —o<u<0
and
emt 0{“(m
(22) ka. bon (ﬂ)"—‘
& —w<u<(

Clearly, k; » »(1) is an infinitely smooth functions for all ¥ in -0 <u<x
and has the property that, ifa<c <d<bandm<n,0 <k pn) [ Keoaim (1) < 1.
Define ¥, 5, to the space of all infinitely smooth complex valued functions

¢ (1) such that

(32]
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LA
du

23 Vs @) =1, =_ 22, |K, . )" Dl $w)|, D, =

15 bounded for all # and », and tends to zero as 7 — o .

Clearly, #,, , is a linear space under the customary definition of additions
and multiplication by a complex number, the zero element being the identically zero
function. The topology of 7, b, 15 generated by a system of semi-norms {v,}. Since v,

s a norm, the system is separating ([18], p.8), thereby making it countably
multinormed space.

If ¢ (v, 1) is defined over the euclidean space of the variables v and t, and if it
is smooth with respect to (v, ), we denote, in particular, by 7, , , , and Ja b.n the
classes of all complex valued functions ¢ (v, 1) which are differentiable with respect to
v and 1 and satisfy the seminorm conditions (2.3) with D} replaced by D7 and D"

respectively. If Ja.5,s is in Jo.b.my and  Ja.b,m. both, we denote it by 7,

b.ontv
Swilarly, 74y + Jabne and 44, will denote the corresponding spaces of
generalized functions.

We say that a sequence { ¢} of testing functions converges to ¢ in 7, , if
for each ¢, € 7, , , and for every n, T, ($,-4) > 0 as O > . By (23), the
sequence (K, , () w' D] #,(u)} comprises a uniform Cauchy sequence on — < i
<= . Then by ([18], lemma3.8.1), 7, 5, 1s complete and therefore Frechet space.

We cbserve that (/) is a subspace of Ja,5,n Therefore, the topology of
A1) is stronger than the topology induced on H(I) by 7,,, and as such the
restriction of any member of 4, , , tof () isin 8'(J).

If a<c<d<b, the inequality

Koo.n@w D7 )| < | K., () w D7 )
mplies v, 4, ,(#) < ¥4 (¢ ) from which and by ([18], lemma 1.6.3) it follows that

'Tf..i_u c '?a.b,n.

Throughout the paper we assume that the parameters £ and v are real and
satisfy -3 <v<-2and-1 <g +v <0 for some positive g

3. Generalized Post-Widder Inversion Operator

Let ¥ & 4], , for any two real numbers @ and b with 0 < a < 5. We define

the Post-Widder inversion operator of generalized functions as an application of F to
the kernel function,

33]
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| T
E (_I_)i‘ | ekl gk
by the equation
G e 1= P, 35 GO e )

Then we say that F is the Post-Widder inversion operator transformable generalized
function or the L; , | [ }-transformable generalized function.

If F(u) is locally integrable function such that _[ IF(u) Tk, ()] du <o,
o

F(u) generales a regular member of Jr y, and

I & .
(32) bt =]t et F d
)

In this section we establish certain results concerning the testing functions

space 7, » , and its dual space 7, , ,

Lemma 3.1 and lemma 3.2 are simple and straightforward and can be easily
verified and hence their proofs are omitted.

Lemma 3.1. For each pair of real variables « and 1. and k. a non-negative integer,
define

(3.3) h;,(u,!)zz%(%)*"' e

Then for any non-negative integer n

(a) DY htu. ) = (=ul,~1Y" by (1)

(b) (=D =1y B )= (ud)" hy Gty

(c) D ) = (l=uD ) (=2=uD,) (= =uDy ) by (et )-
Lemma 3.2. For any arbitrary infinitely differentiable function ¢

(a) (DY 1 gty = " (n+d)y gty = 1Q, () p/(1)
(b) O, (D) P, (=1D,-1) (1) = P.(=tD=1) O (D) ¢ ().

where P, and O, arc polynomials of degree n
Lenuma 3.3. Let f(0-1) be delined by (3 3) For any two real numbers a and 5 with ()
<a<h. defing ©, as the set {1 - a<k/t <h} Then for n = k. ly(u.t) belongs to 3,5,
forevery # in € and all win — ¢ <y < =

|34]

- ————

——— i —

B — o — —

whi

(3.4
whe

tend

proy

Cor




I
Proof: Leibniz's rule of differentiation yields
I w Dy b (u.t) = u" DR [%(«“—’-)M et yX |
kYt
| k '
" = Z Ca.k(p) (-‘Eu;‘ﬂwk-pn e-—h'u u—l s
p=0
| where
. \ k(=D ..(k-=p+1) . ;
=/fn . _ )P <k
| Cos @ = (1) - -1 p

Then, if u>0,b > k/t and n > £, it is casy to sec that
| K b, ()10 DY By (1)
k

< 2°h - Inlmbulk +1) Z C,,;,(P) (‘k“;_![)u-&_g..'pu e~ kit —ayu
p=0

< eI ) (g 1) KU (g 4 1)

(3.4) < g'fzi‘.l{(?_'"ﬁ 1)~ log (/e + 1)) (hkult+ !) glklr-ayu :
where we have used the following inequality
k.
28 Z IC(p) <1 k<n
p=0

Clearly, the right hand side of (3.4) is bounded for all w, > 0 and all n, and
tends to zero as # — a for cach ¢ in 0.

Proceeding similarly it can be shown that the lemma holds for « < 0. This
proves the lemma.
Corollary 3.3. If Ayu.t) and ©, are defined as in lemma 3.3, hy(h,t) belongs to
Ta.b,n,o Torevery tin ©, and for all u in —0 < u < o

Using the identity (c) of lemma 3.1, we have

| Ka b a1 DY by (1)

=| Ko (1) n (=r—ub,)h (1) |
r=i

n
s Z Ar(") -'ké.b.n (") kmn)n"h;k (H!I)I

r=l

135]
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Z{A,.,()L“"E;} koo, (W) @D,)" i (0,0)

where 4,(n) is the sum of the combinations of the first # positive integers by taking
r(r< n)yatatime,r=0,12 .. nand4,(n) =1
Since n " < 2" (n—r)" for r < n, we see that :

ka.b. (“) - =2 o ,
oy B (2n-2r)" (2¢) A=y mer =y r<n '
a'b,r(“)
= 1 r=n
Then for every 1 in £,
kd b ﬂ(u) " 3 2

T e W ] ’ =2 (n=r) 20" = r it
AL %o s @) <(2n=2r) (2e) (4 r<n
| = 1 r=n

ki (@) 8% Dy Gty 0)] < | Ky () (uDR0)" B (0.0 |

e 2—2{n-r} Z
r=1{

Now in view of ([9], lemma 1) and lemma 3.3, it is clear that each term on the right
hand side is bounded for all uin—co <u <o, all 7 and tends to zero asn — .
’ This establishes the corollary.

Lemma 3.4. If v+ 1 is not a negative integer and if
M,,_, [_9(“)] = “-.i‘.vrl D“-n uunﬁ] Dn ui‘-u-n‘l g(")

‘ Therefore,

ko b () (uD,) hy (u, r)| . |

and
8(t,x) =x" 0(tlx),
then

35 M, 180, 0] = Ck,n) x (t/x)*+e QOB [1+2(t/ %))

v+n

where
(3.6) 0(t.x) = Clkn) x~ (t/x)™** "0 98 [14+2(0/x)"],
and
A(k I( nr 1
37) Gy A L@ DT s 040+

Fo+n+DIT(S +v+2n+])

with A(k.»n) is given by (1.5). Further, let -3 <v < -2 and g + v +1 > 0 for some
B >0, Then for all »>k and all # = 3 the function

36



(3:8) E (u,1) = f M, [0, %) b (u, x) dx
belongs to ,,,, for mtmq;d allwin —co<u<oo,
P W) = % ('f")m Rk
Then using (3.5), after a simple change of variable, (3.8) becomes

E,,0) = [ Clkn) v Q05 [14291] K (w0 dv
o

-

T
) +I Yo

=TI (1) +I'(u1).
To prove the lemma, it suffices to show that each I'(u, 1) and 1" (u,t) belongs
10 %, 3, . Clearly.

[1" . 0)| < B (u, 1) €, m) [ [v 8 1+ 2v) | dv.
1

If-3<v<-2 s il ;&u-ﬁl )ﬂfmm A >0and n > 3, Euler's representation of
hypergeometric function ([2], p.114) gives

| ', vAmal, vEmstl,
2F' B+ Ine 2. ""] >

(3.10)
¥ C(f+2v0+2m+2)
T T+n+) T(B +vtn+l)

~n-b

forallv=0,
Then by (1.6) with (3.10), it follows that

Kapn (@) w0 DI I (u, 1)
< k) 0 DY, 0) [ ek, m) A0 (1 vy A dy,
|

where the integral on the right hand side is bounded. Then by lemma 3.3 it is clear that
T" (u,1) belongs to J,,,, , for every tin 0, and all u in —0 < u < oo .

Ey
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Next, ko o @) w" DT (u, 1)
!

= Clk,n) K, , () " I ve 02 [1 4+ 2]

(i}
k
X Z Cl'l.k (p) v" 7 (ku! pyred=pell gebail gy
p=0
£
= Clkn) Kaup.w@u™ 2, Coi (p) (kufry**ort!
p=0

W

L wird (0.8 g
% Ig—kmh pn=pro Qt“i" [1+2v 1l dv
0

Let > 0. The use of the inequality of the proof of lemma 3.3 and the relations (3.10)
yield
ky oy o) u DY I (u. 1)

!
< w" kg, @u Ckele 17" C(k.n) _[e“‘"" e

< e-ln[(nﬂf.’ + 1) = Tog (nule 4+ 1]] (kh‘ f'f a 1) e (it = )

. Clhn)
(B +v+12)
Since F, [1,4- + v + 3; ku/f] converges by ([13]. p.2) and C(k.n) is bounded.
Lemma 3.3 shows that 7(u, ) belongs to 7_ , . The case for n <0 follows sinularly.
The lemma is thus completely proved.
Lemma 3.5. Lotg (u) € J, , ,and let &, , . (1) be defined by (2.1) and (2.2). Then for
a<c<d<bandm<n, k., ,(u)belongsto §, , .. 1f{¢, } converges to zero in

)

a,b,.n

F LA +v+3ckult]

the sequence {k. ;. (1) ¢, (1)}converge to zero functions inJf, , .
The proof follows easily from the following identity

kl’l’.h.n‘ {".} "n 1): lkc,u"_m (") ‘61.- (H)

S iy on 0" DIV K, 00
= 2 1Ky pwu? DI, )] | T -

p=0

Since for every p, the quantity inside the first brace converges to zero and the quantity
inside the second brace is always bounded.

(38

Lemma 3.6.
Itis

Lemma 3.7.

Widder inve:

(3.11)

is infinitely ¢

mteger m

(3.12)

and
(3.13)

whereyisa

Proof: Since
For some fix

N L
3.14) —

where

(3.15)

L |

\”1 c
argumenis s
CONVCTREsS 1L
argument she
as Al — U
To |

bounded for
n—x Inde



Lemma 3.6. Ifgﬁ € anandFeﬁjJ,thmF(u)!k“,.(u)bdmw Ia.b.m
Ituaduwtomqnmcanfthelmmﬂs

Lemma 3.7. Let F e 3”,,,andletn,bedﬁnedasmfemma3.3 Then the Post-
Widder inversion operator

(3.11) Lo f1 = CFu), by (u, 1) )

is mﬁmteb'smnothandhelongsm“f 5, ”ﬁarevaryrmﬂbmdformymn-negahve
integer m

i DI Ly [f1 = Fu), Ta%? By (1) )

and

613) T y
D =

where v is a positive number.

Proof: Since e 7, , , and Ay (u, f)e.? .aforevery in Q, (3.11) has sense
For some fixed 1 is Q,, consider
Gty Drailfl= Lols)

Al = ( F(u). “—h*(rf 1) ) = F(u). p,(n) )
. e A=k (na) g
(3.15) @i () = X = oy %0

= ] =1
We shall first show that as Ar— 0. ©,() converges in J, , (o #cro. By
arguments similar to those given in ([17). p.112). u reacily follows that @, (u)
converges  uniformly to zero over every finite 1 interval as Ar — 1A similar
argument shows that "' (1) converges umformly 19 zero over ov ery linile u interval

as Af — (),

To prove the above assertion we must show that &, , , (%) WD} Pi(u) is

bounded for all 1 in — = < 1 < w0 and for Az in any finite interval in £, tends to zero as
n— o0, Indeed, rewriting (3.15) as

AL

=5 | Dy, Wiy =D, h,

139)
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4

1+4¢
1 ' T
=— I dy I D; h (u, z)dz
N ' { I
we see that
., _ sup
Ky GO D 9, )| < 18 L irinn

k,y.q )" Df D? hy (u, z)

which, in view of the fact that for any non-negative mteger N

K,y yu" " D) by D)
is bounded for each ¢ in €, and for all & in — o0 < u < o establishes the assertion as
At —0)-

Then since F € 7 4.» the right hand side of (3.14) s zero and we get

7]
Dr LL‘,:[I] = F(u)‘:ﬁ—f hk(“. N )

Upon repeated application of this argument, it is clear that Ly (\f] is infinitely ‘smooth

and that (3.12) holds.
Now we shall show that Ly ([f] € Za b.n,1- For this,set

A () = ko p p ()" D k().

As { varies through all real values in £, an infinite set { A (1)} of testing functions in
Fopou 18 generated. Since byt t) € Ja,p,nyu,s fOr some fixed # in €, and by lemma

3.6, Fu)] Ky n Q)18 0 Tg 4 0
bup () 17 D7 Ly 1)
= ku‘h,n U) ( F(") / ka‘b.n (N) L] kn.l‘s.n (“) t" [‘J:' hk (u' I))

has sense. Then it follows from the boundedness property of gencralized functions that
there exist a constant C and fixed positive number 7 such that

| kyp.n )" DY Li LS = Kaip.n8) |CF )k m (1) 20 ()
< Ckypn(l) _ms.uf_q. l(1+ltt2 i (u)l
< C Nm’ ]

where N,, 1s a constant independent of ¢ and u, from which it readily follows that

Ly \f] belongs 10 Fo b, .-
Finally. an application of the boundeness property of generalized functions on

Li (If] yields (3.13). This completes the lemma.

[40)
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4. Main Result
Theorem 4.1. Let Fbea L, ,B‘}—mnfermable encralized function and let
@1 W, 1600, x)]=x" L S Q" un B" ﬂ-i-u D;" u R

Dr ot " G l_u:: i
where 6 (1,x)=x"" 6 (t/x) and 6 () is given by
“2) 0G)=Clk,m) ™" QP+ 207')
be an integro-differential operator. Further, let -3 <v<-=2 g +v+l>0 for some
B >0, nz4audnzk Thwmﬂ:esensaofcanmmoem,?;, b

Fy= R, i (0T
for every £ in ©,. That is, for any ¢ €h () '
(CF@, 0@)) =" (o0 (1 171, 60 )
First we need the following result.
Lemma 4.1. Let

@3) Sy = | W, 100, 0] b, 9dx,
where .
@9 W 00,0 = Akm) & @0 00" T e 20w

with A(k, n)asgwenby(l 3) and & (¢,x) as defined in theorem 4.1. If -3 < v<-2,
-1< B +v <0 forsome f >0andnz4 then

Bk, n) f (ku/t)~* & Furit i vovan

(4.5) S i & ) - k_ﬂ (l +y}ﬁ+ v 2mal ‘é}
and
(@.6) J S, (uy ) dt = 1.

Fysoe-AReraiitaple Wﬂf"aﬂaﬁle (4.3) become

'gn (. 1) = Ak, n) J. v ng'ﬂ*h) |1+ 2"-"] hf’ (ur’l)d\’
which on evaluating by the known result ([14, p.205) yields

[41]
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B(k,ﬂ) o= (B +2u+2n-k+1) Aro+atl

0 D e (kul 1) E[ﬂw+,+,..kufr]
where E is MacRobert function ([5], p.203).The use of integral representation of E
function gives (4.5) and then (4.6) follows easily from (4.5).

Proof of theorem 4.1. If 8 (u) is given by (4.2), it can be readily verified by formulae
([2], p.102-103) that the integro—differential operator W, .16 (.x)] defined by (4.1)
is the relation given by (4.4). Moreover, if =3 <v <=2, -1<f +v <0 for some
B > 0 and some fixedn >k and n 2 4,

(t/x)?! W"J[B(r,x)]-—*o(x") x—m, ofl) t—=0

(4.7)
(!/x)’Wn_,[e(r,x)]=o(l) x—0, oft") t>=®.

Now if we denote by A,, the set {x:talk <x<tblk} and by oA, and A, the sets of
x satisfying x < fa/k andx 2 th/k respectively with 11s £, then

P9, (1] = Atk m) [ 2 Q07 26T L 1/
0

i .[ W, 2 [0, 9] x* L [f1dx

=:I+I+I)....

oy By 1be
- I; +I2 +13.
Now,

ol

1| = ¢ Iwﬂ W, aps 1002 1V 010)] Ly o 1] dv

kia

B I W, [0, ) Ly [f]dv.
kila
By the use of (3.13) and (4.7) it is readily seen that /; can be made less than an
arbitrary positive number by choosing a small. Similarly, choosing b large I; becomes
also less than an arbitrary positive number. Now L is actually an integral with finite
limits whose integrand is continuous with respect to (f,v) and has partial derivatives
with respect to # that is also continuous with respect to (#,v). Hence, by ([14], p.3), we
may differentiate 7, under the integral sign with respect to 1. Since Le.¢[f] is a testing

- . (F.0) £) . ’
function in J,,», »,¢ for every /18 Q. P, "L, 1/1] is infinitely smooth for every f

[42]
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in Q; by lemma 3.7, Hence for every ¢ € J (I)
CRAV LN, () ) isanintegral
Weobsmathat&cmtegm«dxﬂ'ﬁemalommrmbebm“plntum

’” [9.(”,:)]_.:—.4 yk=n B;" yutnel D} u*=v="-1 @ (u)
‘and a differential operator
Noo [€06,0] = 27 ar=t+0%1 DR un DY a0~ £ (u)
where @ (u) is given by (4.2) and & (u) by
C@) = Clle,ny weo=t Q2 (14201
such that the later forms a polynomial P, (D)) of degree n and that

lu=t/x

u=tlzx >

“3) Ny 10" M, [6¢,)1=F, , [6(,)],
Now, formally we have
4.9) CRA B 1, 60 )

@10 =< J Noo [ M, [6,2) Ly, [[]dx, () )

@) = $@), P I)f'f My, 00,0 L lfds )

@12) -<r'P,(—wf—1)¢cr)f My [06,20) (PO, l,x) ) o
@13) = (PPDA) 6(1), ( Fw), J M, , 160, hew,x) o))
@14) = (F,( P PDA) $(0), f M, , [6,9) heGex) de))

(4.15) = ( Fu),(¢(), .[ o [0 (LD)] by (ux) dx))
(416) =( Fu), $(1) ) as n—w

[43]
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Thnﬂtoommwillbepmvadifwejusﬁfytheabovemanipulaﬁons.

(4.9) is equal to (4.10) by virtue of (4.8). (4.11) is obtained from (4.10) by term by
term integration within the integral sign. This is valid since the integral appearing in
(4.10) with the integrand continuous with respect to f and x converges uniformly.
Indeed, by arguments similar to those used to show that I, is less than an arbitrary
positive number & there exists a positive number R, large enough such that

W 160,91 L 1dx1 <5, R2R,.
R

By the fact that ¢ has a compact support, integration by parts yields (4.12)
from (4.11) and (4.13) is equal to (4.12) since the integral appearing in (4.13) belongs
to 7, 5., by lemma 3.4. Now to show (4.13) equal to (4.14) we use the technique of
Riemann sum. For this, & (f) =" P, (~tD;~1) ¢ () and

E (u,t) = IM” [6(1,x)] A, Lu,x') dx.
0

Then we must show that ( & (1), E, (u,1) ) belongs to 7, 5, .

Assume that the support of ¢ is contained in the closed finite interval [4,B],
then £ (1) has also support contained in [4 B Foreachm=1,2,3.4 ..., we partition
[4,B] into m subintervals whose lengths are Ax, | (v=1,2.3, ..., m). Let 7, , be
a point in the vth sub-interval and assume that the maximum of Ax, , tends to
zero as m tends to o, Then we need only to show that

B "
[ ey Byuydi= X €01 ) Eaty 0y ) A%y >0
i =

in 7, 5, » as m —> o . That is, we must show that

B m
@1 kw01 O B0 AT 6000 B0 1) 5]
A u=

B
_ [ e 1k, ., G Dy E, G, 0)d
A

=3 ey ) Kapn (W)U D Ey @1y ) AXy
v=l

tends to zero uniformly as m — co for all u in —o < u <.

By virtue of uniform continuity of the functions involved we can find a
positive integer m, sufficiently large and a positive number R such the absolute value
of the expression in (4.17) is less than an arbitrary ' > 0 for all m > mo and |u|<R.

[44]
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Also, since , ; ,(u) "D} E* (u,1) tends to zero as  tends to infinity by
lemma 3.4, we choose R sufficiently large such that
|k, 5,0 ) u" D} E, (u,0)] < &'
for all | u | > R and for all f € [4, B].Then the absolute value of the expression (4.17) .
is less than .

e[ ! £ dt+ 2 6, ) ]

which prove the assertion because & is arbitrary.
The equality between (4.14) and (4.15) is justified by the uniform convergence of the
integral appearing in (4.15) and by the compact support of ¢
Now to complete the proof. it remains to show that how (4.15) tends to (4.16)
as n — oo . For this, we first note that
uD,)" E (u,t)=(~tD-1)"E, (u,t)
which is, indeed, true since -
@D,)" b (u,t) = (~tD-1y" b (u,0).
Then, integration by parts yields
WD) { E 1), (' p(~D-1)$(t) ) | |
={ (-D-1)" E, (u,1) , 1" p(~tD-1)¢(t) ) (lemma 3.1(b))
= ( Efu,t) , (D)1 p(-1D-1)¢ (1) )
=( Eun), r QD) p(-ID-1)p(t) )  (lemma 3.2(a))
=( Eu1), 1" p(~tD-1) O, (tD)p(t) ) (lemma 3.2(b))
={(p,(ID)IE, (u,1),Q, (D) ¢ (1) )

TN e N em _E_n

= (P.D) | M, , (6] i) s, OXIDYF (D) )
i

2 ('I W,. [0 (tx)] by (ux) dx, 0, (D) ¢ (1) )
0

=( QD) ¢(), S,(u,r) ) (by (4.3)) '
Therefore, using (4.6) we have !
@D ( E (uf), t p, (~tD~1) §(t) ) - O, (uD,) ¢ (1)
= (G -0 ], 8,0 ).

[4 5] n
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where Q,, (1) =Q,(tD) #(1).
Now in view of ([9], lemma 1), we need only to show that

kn o @ ( Q:(r)~Q:(u),S,,(u,t) y—>0asn —>w.

For this, assume that > 0 be arbitrary. Split up the integration (0, ) into the
integmﬁonoverﬂ-::<u—é‘,u—6<:<u+éandu+é‘<r{wanddenotethe
corresponding integrals by J; (), J; (n,u) and J5 (n.u) respectively.

We first dispose of Jy(nu). For this, we suppose that the support of ¢ is
contained in the finite interval [4,B],0 <4 <B <,

IfB<u—Sor A>u+8, obviously J; (nu) = 0.Therefore, restricting  on
u—6<t <u+d,wehave
d
EQ" (20)

su
A (3 T ) s o

_[ S, (u. t)dt

<648 Kap.n®) u I Z_:, a,(n) (uD,)*" @ (u) |

r+l

sup

£ D i IZ:, a, (1) 2 b, () kupn@) ur™ D $@) |,
r= p=0

where a,(n) are the coefTicients of the expansion (n+ uD,)"and b,(r) the coefficients

obtained in transforming (10,)" ' into the polynomial in 2" D[ .
Since ¢ is infinitely smooth function having compact support in [4,B],
0<A<B<w,by([1], p.9) it always possible to choose A such that

pr ¢ < [k(p| 14r”

satisfying
Z k)b, ()|
p‘.-u AF il
Therefore,
n-l
<Cs ), (}’) (n = r)r N =N ren
r=1
|J; (n, u)|
=Cd r=n
for some positive N. Then, choosing N > n, we have
Jy (nu) <Co

from which it follows that J; (n,u) — 0 uniformly as & is arbitrary.

[46]



Next

)=k, . @) I 10} ()-8} @] S, @, yar

bt | l0 S0

utd

) el
= Jy(n,u) = J;(n,u)

’ Wamlyﬁwﬁat.!, (n,4) — 0 uniformly as n — o, since J; (#,u) — 0 uniformly
asn—-)aomﬂ‘ylndeed,

Il 'J’”()g,uﬂ < -mtsﬂo l abu(u) qc")l
< 22 % ez ||, @ @y s
r wm@mwm&ndmusmouuﬂmy.ﬂ
Let T'(y) = e""“u ’(ﬂ+y3”'mmm)1mmwa1fnmﬁmafyfmurao:f
, B +o< 0.

Let G(y) = log % = f—;:% If Hu,1) = 2—1,‘ [-u+ @+ Snw}'kl_}ls-

G' (H (u,t)) = 0and G" (H (u,1))s 0.
'Iheawewmlyﬁﬂlmﬂﬂ)mﬂlf =T to(4.5) to get
! 4 H‘(“ r) l‘lFf('lst)
B '( )k Il-l—H(u N ¢

x l"T.W(ﬂ-is’ﬁ‘ .
TG H@ )t

@.18) |8, (.0 <

]p«-m-zn

|7 @)
— T h
-G H@opi - ") =

(47
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there exist a positive constant M and a such thatforallt >, 2u+d
T(H(u,t
| | 7(H )',1<Mr¥-
(- G"(H (u,1))
Then, writing u, for u + & , we have
Mt B(k.n) H(u,u,)
i 22 / W e =
|J3 (“J)l < m ky () (ku) [l-t-H(u,uu)

_kuH(n.uu) 2
% e 2nuy ]B+u+1r| I Q: (1) f——kﬂ)-r-_'i di
]

< (MM* B*(k,n) (— )2k, , (ut
o %

; bk (4.1 )
[_H_(Eﬁ‘!)_ ] 2»1," ]ﬂ+u+3a}_
1+ H(u, uy) ;

s Mzt Bk,m) k*0!
Ty :
T dp+v+2n (k-v-3/2)

The right hand side tends to zero as n —» % since the terms in the first brace are
bounded and those in the second brace tend to zero as # — . This proves that

J4(n,u) — 0 uniformly as n — .

Now to complete the theorem, it remains to show that J, (n,u) — 0.
uniformly as » — oo, For this, we break up J; (n,u) into J; (n,u) and J) (n,u). As in
the previous case, we only show that J) (7,u) — 0 uniformly as n = < since
J; (n,u) —> o uniformly # — w. exactly in the same way as J; (n,u) — 0 uniformly

as n—>aw.,

We observe that for any real number @ in 1 < a < 2 the function
k

o kut(u,0)
! Hu,l) - S i
1+ H(u,l)
is strictly increasing for 1 < u provided n 2 k. Indeed |
k k

: sup
where M* =, ) g

o' (] and B*

d o H(u,g) _wfwn  (en H(u,t) ke 2
dt C 1+ H@u) ¢ G I+ H@.t) 2w ikt {uﬂ(u,f)—a}

. 1 .
+H @0 Cga D e Hu,D) 20t

B

[48]



POST-WIDDER INVERSION OPERATOR ...

Whereﬂwﬁmtmispmmforaﬂlcumdthemandmmatmsm
Then, using (4.18) and writing v, for # — & , we have

) M* 7 B(k,n) vy mH(ﬂ V) -Eae)
Jil - ;_-u k-v-1 f Znvy Aro+n
et ,}ﬁ-l— +2n (k) o L 1+ H (u,v,) d ]

Ej‘a iu{»k(;—l}«t;(ﬂ«-u) |T(H(u:‘))'

X .
0 (- G"(H (u,0))}

\T(H (1))
(- G"(H (u,0)*

On L
<5 (F)* fort<u

and choose 7 and £ such that -u+.k(;—l)+;(ﬁ§+u}:+l >0forl<a<2 we

have
( VO ) el (0 vy

fJ (n, “)I‘({B(k ”)( )* v} (ks n(“)[m e Im  Beusan
where

M * 7 o (2ya
M* 7t B(k ,n) k¥-v- &
2[u+1+k-(?--1)-+.£(ﬂ+u)-] J-ﬂ-c-u+.2n
a an

B(k.n) =

The terms in the first brace are bonded and those in the second brace tend to zero as
n — o . This completes the proof of the theorem.
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On The Existence Of Desarguesian Planes Satisfying _
A Condition Of Suetake

HIRA B. MAHARJAN

Abstract: The affine plane of the order 4 does not admit a transitive collineation group G that
partitions 1, into sets A, 1,\A with |A|=2 and |Gle, 1) = 4, |G(P, 1) =2 for
P=1\Aand |G(P,1,) = 1 (Yped)

1. Introduction

Let 7 be a finite affine plane of order n = 2" where m > 1. Let G(1,,,1.,)
denote the subgroup of translations which are in a group G of collineations of = . Let
G act transitively on the points of = and partition the ling 1., at infinity into two subsets
A, 1.\ A with |A | = 2. Then, according to Suetake [4], one of the following holds:
(i) 7 is a translation plane and all the translations of 7 are in G, (ii) |G(1.0,1.)| = 2",
IG (P, 1)l =1 (VPeA), |G(P,1,)|=2 (VP e 1,\A) It is not known yet that the
two conclusions are mutually exclusive or that if affine planes exist that admit
conclusion (ii). But it is known that the affine planes of orders 2 and 4 are translation
planes. The purpose of this paper is to show the following

Theorem The affine plane of order 2 admits conclusion (ii) of Suetake while the
affine plane of order 4 does not

In § 2, a figure of the affine planc of order 2 and a transitive group of
collineations admitting conclusion (ii) of Suetake are given outright. In £ 3, the non-
existence of a desired group of collineations of the affine plane of order 4 is shown.
Henceforth, G will refer to a group of collineations of 7 satisfying condition:

G is transitive on the affine points
* has two orbits A, 1.\ Aon 1, with | A |=2 and admits conclusion (ii) of

Suetake

2. Affine plane of order 2
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The group G=<(2,5,4,6)(3,7)>where 1,={1,3.7}, A={3,7}, NA= {1},

3. Affine Plane of Order 4

Lemma 1, Let = be an affine plane of order 2" for m = 1. If G is a group of
collineations of x and have property (*), then G has none of the following
collineations

(a) Involuntary homology,

(b) nontrivial homology with an affine point as its centre,

(c) nontrivial homology o — (p, I) where p € 1, VA and | an affine line.

(d) nontrivial elation o. — (p. I) where P and 1 arc affine point and affine line

Proof : (a) Use Lemma 4.9 in Kallaher [3, p.103]. (c) If & is in G then & is an
involutory homology by showing that @’ fixes a line through any point of A.(d)
Consider the effect of & on a line through # and any point on 1.

Now, since each collineation in G acts on the partitions of 1., we use the
following notation to show the kind of action: ¢(1(x), 2(y), #) which means that
collineation ¢ acts (x) on A and (¥) on 1.\ A and has order # choices for (x) are (a)
"fixes A pointwise" and (b) "permutes the two points of A cyclically". Choices for (¥)
are (i) "fixes 1., pointwise", (ii) "fixes a point and permutes the other two cyclically,
and (iii) "permutes 1.\ A cyclically".

Lemma 2. Lef 7 be an affine plane of order 4. If G is a group of collineations of x
and has property (*), then the orders of G are bounded above by 6 and G has no

collineation of order 5.

Proof : Argue using the fact that an appropriate power of ¢ is a translation and must be
of order 2 or 1. E.g. for # > 5 and # # 6, @(1(a), 2(iii), #) € G by Lemma 1(b)
because ¢ fixes 1., pointwise and is of order greater than 2. In the case of
@(1(k), 2(iii), 12) , ¢? fixes A pointwise and so ¢* permutes the four lines through each
of the two points of A. Since the highest order of a permutation on 4 letters is 4; one of
@ (022 (97, (¢?)* fixes each of the points of A linewisc. Then by duality one of
them is the identity, a contradiction to the order of .

Lemma 3 Let © be an affine plane of order 4. Let G be a group of collineation of m
and have property (*). Then the following are the possible collineations in G
together with an indication that it fixes a poinl or not:

A. Does not fix an affine point:
(1(a), 2(i), 2). m(1(a). 2(ii), 4), p(1(b), 2(1), 2), c(1(b). 2(ii), 4), A1(a). 2(iii). 6)

(2]
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B. Fixes an affine point :

d(1 @), 2, 2), b (1 (6),2 ), 2), (1 (b), 2 (i), 2), a (1(a), 2i), 3),
h(1 (a), 2(iit), 3), e(1(b), 2(ii).6).

A. If £,m,p, e, or ffixes an affine point, then t,m* p* ¢ or f* is an involutory
homology, a contradiction.

B. Since b is of order 2, there are lines through each of the two points in A that are
interchanged by b. The intersection of these two lines is a fixed point for 4.
Same arguments for d and . _

There are 16 affine points in 7, Collineations @ and  are sure to fix an affine
point because 16 = 1(mod 3). If ¢ has a transposition in its cyclic decomposition, then
fixes an affine point using the same arguments for collineation 4. If it does not have a
transposition, then e partitions the 16 affine points in cither of the two ways: 6, 6,3, 1
or 6,3, 3,3, 1. In each case, e fixes an affine point.

Lemma 4. Let 1t be an affine plane of order 4, let G be a group of collineations of n
and have property (*). Let m be a collineation as stated in Lemma 3. Then there is a
translation t € G such that tm fixes an affine point.

Proof: There is a common orbit between n and G (§ PR )
Proof of the theorem : Suppose that there exists such a group G. By Suetake's
condition, |Gi(1,,.1.,)| = 4. Since a translation does not fix any affine point, no two
different translations send a point to the same point. G(1.,.1.,) partitions the 16 alfine
points into four orbits, cach containing four points. According to Lemma 5 [3.p.3],
G (lo.12) A G S0 GlG(1.e. 1) acts on four blocks (which are orbits of G(1, 1, ))
G/G(1., 1. ) is transitive on the four blocks and GIG(1,, .1, ) = 8, by proposition 7.1
[6.p.13].
GG (1..1.)=Z,, or V’(K]ein-4—gmup) or A, and S, Hence GIG(1..1,) = 4.

Since ¥ < A, .S, we just consider the minimal transitive subgroup of S, .Thus,
we take |G/G (a1, )| =4. Consequently, |G| = 4.4 = 16. Now, 16=| 7G| [G,|.
(P an affine point). Since G is transitive on 7, | 7°| =16 and so |Gy | =1, that is, no
nontrivial collineation in G fixes an affine point G. Taking note of the order of G and
Lemma 3 a collineation of G can only be of

order | identity

order 2 only translations, they are already in G(1,,,1.,), or

orderd m,p,c.

G cannot contain m because for some translation ( & G(lg.1,) tmis of type
(1(a). 2(ii), #) which fixes an affinc point by Lemma 4. If p(1(b), 2(), 4) and c(1(b),

1531
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2 (ii), 4) are in G, then pe (1(a), 2 (ii), 4) is of type d or m, hence ¢ and P ¢ €. So
the only possibility is either c € Gorp € G but not both p , ¢ € G. In either case,
there are 12 collineation ¢;, (or p)) i = 1, ... 12, of the same type. The collineations
¢; ¢, i ] are either of type (1(a), 2(i), 2) or of type (1(a), 2(iii), 3) which cannot be
because it means G has 12 translations, G has a homology or G has a collineation of
order 3.
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On The Mean Values Of An Entire Function In Several Complex
Variables Represented By Multiple Dirichlet Series

MRS. VINITA VIJAI
1. Introduction

The properties of mean values of an entire function represented by Dirichlet
series in one complex variable have been studied by various authors to a considerable
extent. But the properties of mean values in the case of several complex variable have
not yet been studied. The purpose of this paper is to extend the concepts of the mean
values of an entire function represented by Dirichlet series in one complex variable to
an entire function of several complex variables represented by multiple Dirichlet series
and to study some of their properties. For the sake of simplicity we consider here the
case of two variables instead of several variables. ‘

Consider the double Dirichlet series

an Fs,8) = Z. Gy €D (5 4y +5, 11,)
(5= 0, +it, j=1,2) where ay, » € C, the field of complex numbers, 4 s, 4 s are
real:

0<A<Ah<.<qo00<py<p<.<p -0 .

AL Janusmmk'asinhispaper(lmmkhs 197‘7)hasshownﬂmtif
( - ) m—»m ’L n-—sw F! L]
then the domain of convergence of the series (1.1) coincides with its domain of
absolute convergence.

Also, Sarkar [1, pp. 99] has shown that the necessary and sufficient condition
that the series (1.1) satisfying (1.2) to be entire is that

: log|a,_, |

(13) e ap ="

Throughout F stands for the family of all double Dirichlet series of the form
(1.1) satisfying (1.2) and (1.3). Then f € F denotes an entire function over C*, the
Cartesian product of two copies of the complex plane.
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Corresponding to a f € F,ﬂ:emaximummod;ﬂnsM=Mfandthemaximm
term 4 = My on R? are defined [1, pp 100] as
M’(U)=Mf(ahdz') = max {|f(51,5'z)|¢5|,5: € C,Res =0 Res; =0 )
(@)= 1, (0,0 = B o Hay, | o9 (0 Ayt 1))
where N is the set of natural numbers.
We define the mean values of | f(s;,5,) | as
(1'4) I;(G’],U’z,f) = Iz(alsaz)
T T

_[ j |f(¢r, +ily ,0y -Hfz)l dt, dt,

_ lim
e L

(15) My (0,05, ) =m (4 ,03)

T

o
_ lim
= Lh.hs® 41']" e'“" eka J.JII I lf(x5+r!1,xa -H‘fz)l
0 0-T;-
x ekn efn dx, dx, dt, di,

From (1.4) and (1.5) we can write

o 03

(16) mz.k(dl ,O'z) kﬂl ek_ﬂ': Ij f' (x] 'L-;) ek-"‘; ckn dx] dx,, ~

where k is a positive number.

2 Theorem 1 : For the Dirichlet series /(s s2),f € F.I; (6,,%2) is an increasing
function of o, and T,

Proof : We have
'f(sl ,Sz) Il *_‘f(s| 152) f(-‘} ‘3;)

- Zl 0y o P U@ Ay + 05 ) +i(l) Byt 15 1)}

S g exp (0 Ay + 0y i) =10 Ay 1 )
M N=1 i

=Y |a, 1200 {2003 4, ¥ 03 1)

mn=1

[56]
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+ 2 X Ay, Ty LG Ry + A) + 0yl + i)}

mEM ned
+ity (A, = Ag) +ity (1, — py)},
Smboﬁﬁamm&er@htmabmmw@mergmt,ﬂmmulmmm
uﬂfmmiycmvecgmtforauyﬁﬁteqmdtzrmtbuefwewemyiumwm
by term for finite #, and #, Hence on integration, all the terms for which m = M,
n#N, vanish as 7}, T, —  and we obtain.

@1 L, (0,00 = 2, lam? exp {2(0; 4, + 0, u,)}.

ms=1
It is clear from the value of /; (0} ,0; ) that it is an increasing function of o,
for a fixed value of 0} and vice-versa. Hence 1, (0; ,4,) is an increasing function of
both &} and o, .
Corollary 1 : For the Dirichiet series f(s,,s),fe F
{u(o,.0) 1 < I,(0,.0,) < {M(o;,0,)
This follows from the definitions of M (g ,0,), H(oy,0;) and (2.1)

3. Theorem 2 : For the Dirichlet series f (s; , s5). fe F,m (0,,0,) is an
increasing. function of o and o,

Proof : We have from (1.6)

o &
4
My (0).0;) = ek gko: .f 1 (ix*,xz)e"'“ iy dx; dx,
00
Using (2.1) we obtain
4 a o, — , |
M 10,03) =——— [ [ 3 lan exp {200, 4, + 0, 1)}
i U S e

x eNitEn dx, dx,

oy

(Lo
4-. 2 L (24, k) (2 -
i P 1 2, v kyxy g
T efa gk 2 land I I s § a%; 8%;
mn=1| 00

B B Ve
L etos ~TEL (2:1”' i k) '(2)"" + &)

[57]
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(B1) Mk () .07}

o

- \“m,n‘i (e”‘ g kM) (ehr. o _gkar)

=42 Q) @A+ R J

mn=1

Thus m, (0} ,0,) is an increasing function of & for a fixed value of o, and

vice-versa, Hence 72 .k (o ,0,) isan increasing function of o, and &>
4. Theorem 3 : For the Dirichlet series f(sy 52, € F. We have

"’1,*(51’0'2)

(4;1) o sup lim _,sup -

-——-—'—_______ —_—
3 {M(O'I,O'-‘\_)}z = = Iz(ﬂ'ndz) kI

Proof * Since I (x; ,x2) is an increasing function of X, and x; and therefore from (1.6)

we have
ay oy
41, (o, ,03)
2 (0} G
m, (61,07) < kot ko II ekn ohn dxy dx
00

41,(0,,0,) eka —1_ et -1

eka‘ +kay [ (T) (___r) ]

I

I

4 .
-;;? I, (o ,Uz) (1= e ko) (1- eka1)

Taking limits on both the sides we get

lim sup mz.g(‘"wo’z) A

(42) crl_az—-rca I;(alsag) —3 }_‘

=

Algo from corollary 1, we have
(4.3) L (o,.0;) < {M(0,,0,)
Therefore, from (4.2) and (4.3), it follows that

lim sup m, 4(0),92) m, 4(0,,02) 4

e e GAR lim gip: R 18 S ¢ e
e THGME T e = Rl F
5. Theorem 4: For f(s:, 5;), [ € F, we have
lim 1

(o . —» o { ko (1= key (Il -2
i U e afrsmal mi,k(a'laaz)“mz_k(aidtaazo':)
where @, ., (0<@;.02 < 1) are constants.
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We first prove the following lemma.
Lemma 1. Let (s, , 5,) be an entire function, then for
(0<0{<5j <)) and (0< 0} <5; <a;)
1, (0,,0%) (e* — ekd1) (e4@: — gkoi y+ I, (0] ,0y) (4% — e*i) (ko — ok7i)

+1, (EI' ’.Ez_) (Cadt 1) (ko — ghoz)
k o, - — —
< (;)2 {eka]q’td’g m (d-’i.d,)—-e”'”'i m (U'[ ,O'g)}

S L(0,,3,) (51 ~ k) (5 ~ 1) 4,(5,.0,) (7 1) (k7 k)

""Iz ("-"1 _,o.z) (8*"1 = ek&; ) (e.hr, - eki,_)
where £ is any positive number.
Proof of Lemma 1 : Since I, (x,, x;) is an increasing function of x, and x; and therefore
from (1.6) we have
ernttn my y (0,07) - 454 my , (57,55)
@& G0

=4 II L (x),%) gttt dx; dx, + 4 II 1, (x,x;) g1tk dx; dx,
” @0 00,

L
+ 4 II 12 (xl ,xz) e“' Xy dx‘ dxz

G
o
62 Emy, (01,0) - R my (6,5)
4 _ _ _
= 'k—:' Iz(ﬂi ,a-a) (efor — k@) (e*o - 1)
4 I ke, ka ko,
55 I, (0,03) ("™ —1) (e"* — ")
+ 55 12(01,03) (e — ) (et — i)
(5:3) etattam, , (0,,00) - etk my , (5,5)
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.'vl #3,

> 4I I L(x.%) gtnthn dx, dx,
T

%0

+ 4 .[ I L(x,,x;) et dxdx,
o5
ne

+4 .[I L (x,,%,) e 5% dxdx,
EES

P RACEAICKERUICEE
4 i K

b (3 .5) (¢4 - o) (et — et2)
Combining (5.2) and (5.3) we obtain the lemma ..
G =@, 0,01 = p, 0
0, =0,0,,0,= [0
where By <@, . B3 <@, in Lemma 1, we get _
I‘Hz (a0, Bray) (€ ka _ ghmery (ehas —etho )
+ 44, (B, 01,2, 0;) (M — gty (k% — gh®i%)
v i‘a (_ﬁ.-; 0 .a, 0'3-) (g_k;q . ein,_q )( é_ki& _ efh‘d’l
< k2 [ekahm oy o (0y,0) — etk % my , (@) 0,,0, ;)]
2 aly(o7,ay o) (e = ) (e**% - 1)
1] X 4‘(1 ﬁaya', ,52)(6“‘“ -1 (e""" . eh:;q )
4 41 o) (6" —afmm) (ke — gthamy
Dividing by e*«1% ef@:® we get
41, (a, 0, B, ;) ("7 - 1) (1—tuibeny
+ 41, (@,0,,2,0) (€ -1 (7 1)
160]
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ON THE MEAN VALUES OF AN ENTIRE

< k2 [e*a(-m) gkay(1-a3) m, . (0).0;) - my (@ 0, .a,0,)]
| < AL(0; @, 0,) (XM 1y () - g Fem) )
+ 41 (@, 0,,0,) (%) _ 1 - et
| + 4L (a,0,) ("% ety |
Taking limits on both the sides, Theorem 4 follows from the above inequalities.
Corollary 2 : Forf(s,s.), [ < F, we have
l [{u (3 .09)) ("% - &) (F — etet)
+ {u(ol,3)}? (€5 —e*al) (ebon — ko)

+ {u(5,,5;) 1 ("7 - Ty (" - "y

k g —
| < [(3)2 {ei‘di-u:o‘, my, (0,,0,) - ekatka o @250}
< [{M(0,.3) ) ("7 - e*3) &+ - 1)
+ {M(5],0,) ¥ (" = 1) (" - &*™)
| + {M(0;.0,) (€5 — ") (&' - 7))
The result follows by using Corollary 1 and Lemma 1.

‘ [ take this opportunity to express my thanks to Dr. S.N. Srivastava for his
valuable suggestions, guidance in the preparation of this paper.
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Group —Theoretic Study Of Certain Generating Function Of
Brenke Type Polynomials
SHANTI BAJRACHARYA

Mmmmmmmmm%mm-mmdmmm
polynomial G (x) in order to derive the clements of Lie algebra, we have considered a four
parameters. Lie group for this polynomial. Applying the group-theoretic technique some new
generating functions for G\ " (x) have been derived.

1. Introduction

The Brenke type polynomial G{**#)(x) is defined by

5 (+a), (p),

(@.p)py -

(L.1) G, () gﬂ (+a), k! (n-k)!

is the solution of the differential equation

(12) x(1+x) ﬂd-{a +14+(=n+p+Dx} ﬂ—npw =0
dx? dx

Generating functions of the polynomial G'“ ) in different forms were
studied by the authoress [1] through analytic and group-theoretic approach.

The object of this paper is to derive some generating functions for GE% Py
by applying Weisner-group theoretic method [2] which consist in constructing a partial
differential equation form the ordinary differential equation by giving suitable
interpretation to the parameter « -and the index # of the polynomial G**” ;) and
finding a Lie group admitted by the partial differential equation.

The following generating functions will be derived for the polynomial
G'Ea'. i) (x)

X+ - 1 :
3 (=K" GH P (735 =2 5 @+p+D), G2 (x) g
r=0 )

g B L



(14) (+)(A-x6)7 G ”(m”‘)) Z S D), G P 08

(15) (1, =) " 15 (15 +'1)'c-'1+,-lwus +D)" GeP(

2. Group of operators

1
x(r,+l)(l+-—)—; = w )

- x){i+— (r,+1)}

@ ™
1 lfw)r Fr=d, at+r-s
-2 2 5 TR e aepen, G

wo é é
Weteplaee'—d—bya byza—,nbyr and w by

u(x,z, 1) m(l Z)mgetthepama!dnﬁmnalequanm
: e au J*u d%u 5 au iﬂ__
@1 *U+x) 57 —xga vigas t (P Xa =g =0

Thus u = (x, t, 2) = ,.C' ”(x)zf' {" is a solution of the equation (2.1), since

G“ P (x) i a solution of (1.1).
We now use the first order partial differential operators

i

such that

ALGEP @ =@ pe G @

and
(@-1.p)

A4, 16" ()2 "]=(+1) G,y (%) P

'I‘oﬁndthegmupofoperam,letuswnw&—r é‘ anda!z z%mnhthat
A G (0)2° "]=n GV (x) 2° 1"

(64]



and

We shall find the commutator relations by using the commutator notation with

AIGEP ()2 1" =GP (x) 2*

[4,B)u=[AB~-BA|u as

(2.2)

3. Lie

The commutator relations show that the set of operators 1, 4, (i = 1, 2, 3. 4)

[Al ,A2]=0,

[4; A3 =4,

[42,44] =-4,

[Al ’AS] _"43_1.- [A'I vA#] =‘449 [‘43 ,A4] =Al “Az + P

algebra

generate a Lic algebra. The partial differential operator Z given by

(3.1)

D

=

L= x{( +z =
x(l+ x) o Tz

can be expressed as

(3 2)

We can easily show that the operator (1 + x)/. commutes with each of ‘the operators A,
(i=1.2.

(3.3)

The extended form of the group generated by 4, (1= 1,2, 3. 4) are given by

(1)
(11)

(i11)

(1v)

— 1z

oxcz é

(I+x)L= Ay Ay +(1 —=p) A, +A4; Ay.

3die.

[(1+x) L.4,]=0.

e y(x.z.4) = ulx.z,e? 1)

e M yx.z 1) = aifx.e™ 2,1)

e y(x.2.ty =u (

Xt
e Ui wx.z.)=(l-a, —) 7 ¢

2
X+ay T
=2, 0= 8,7 )
= =
| !
x(l+a, -
(1+a, )
2 xt
l—-aq_—z-

where @ (7=1,2,3,4) are constants.
Making use of the above relations (i).. (iv), we obtain

4 aydy pagdy pands WAy = 1 x_' L
B4) e s gty M u(x,z,1) = (1 ay )" u(€,n,p),

[65]
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I z
x (l+a‘;) (1-asa,) +a;,  +a;a,
gi= xt z
(l—a,‘-z—)(l—a;?—ﬁ;a,,)

n =e% (z+asl)

p=e% [t—a,(z+a,1)]
From the commutation relation (2.2) we observe that
(3.5) exp(aydstasAs+ay A, taAy)
# exp (as4,) exp (a:43) exp (ay4;) exp (@, 4y)
We have used the operator mentioned in the right side of (3.5) to get the
relation (3.3).The order of 4, (i = 1, 2, 3, 4) can be changed without changing its effect

in the left side of (3.5), while that cannot be changed in the right side of (3.5). So if we
change the order of 4, (i = 1, 2, 3, 4) in the lefi side of (3.4) we get a different relation.

4. Generating Functions:

From the relation (2.1) we can easily show-that u(x,z,1) = G,(,ﬁr 2 (x)z® 1" is
a solution of the systems
| Lu=10 Lu=10 Lu=0
(4.1) (A —@)u=0; | (A —myu=0; | (4 +4,-n) u=0;
Since [(1+x)L,A4]=0,(3(=1,2,3,4),wehave the result
4.2) SL(G™ P (x)z* ") = LS(Gy*' ™ (x)z“ 1") = 0,
where

= ea.. Ay ea,zi; ea:zi, e"l"l
The transformation S [ G(*** (x)z* 1" ] is annulled by the operator L, and thus it
gives generating functions
We put a; = @, =0 in (3.3) to arrive at
(4.3) e g4 (G (@) (x)2% 1" ]

1 4
x(l+a4;)(l—a3a¢)+a3(?+a4)

xt
(1"04;)(1_“4;"“3“4)

x (z+a,t)[t-a,(z+a,1)]n.

[66]
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GROUP THEORETIC STUDY OF CERTAIN

= Z Zn D), (@ pal), GO
% za-l»r—l- rn—r+_l
Toamhwﬂﬂiedeﬁredmum,m'mﬁderﬂwfouowingﬂnﬁem
Case 1: Weseta; =1,a,=0and = 7= in (4.3) to get :
X+ 1

n=r

@8 @4y 606G ) = 2 $(a+p+n, Gy G
&7

which is the relation (1.3)

Case 2: We substitute a; =0, a, = 1 and 1::, in (4.3) to obtain

x(1+1¢,)

(4.5) (1+8) A-xt,)? GU-P (—22 =

c 1 a-s
- Zﬂ D, GETEP
which is (1.4)

Case 3: Finally we let a_,,-—-- ! , a3 =1 and -r,,toarriveat

(4.6) =2 (t, +1)= [I+£’-(r3 +1)}" x

1 1 1
x(!‘ai-l)(l-!-:;)—; tg—‘;fa

6 ( :
(6 =) {1+ (1, + 1))

(_1

T

=0 r=0

which is the relation (1.5).

(n-l-l) (a +p+1), GB+r=a.p) (:}a‘;”ﬂ

A=r+as

Thus we have derived all desired results.

1
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| A Generalised Laplace Transform Of Generalised Functions
A.K.MAHATO () AND K .M. SAKSENA (*

1. The Integral Transform

W F(s)=2""" f (st)* et 8§, (2st) fit)dr

where 4, denotes Weber's parabolic cylinder function, studied byTiwari, B.M.L[4],
has recently been extended by the authors to a class of generalised functions. This
transform reduces to Laplace transform forA =v = 0 and will be called Weber
| transform. In this paper we have proved an inversion formula for the generalised

Weber transform and a uniqueness theorem for it. A structure formula for a class of
Weber transformable generalized functions has also been obtained.

Let u = x* e¥* 8, (JZ:) ;
nn-1 nmn-1)(n-2)(n-3)

22 2.42° “rml
then, using a differential relation for Weber's parabolic cylinder function, we have

where g, () = et 2 {1-

d d -
xs}-&l .‘E [x% d—x- (x -2 u)] = E‘ x* e_*" -S,._,,z (‘\/2_:)

dz"

since [e"*’: 8, @] =) e te B, (2 3 m=12.3"

Further, if we define an operator 4, by
A, ) =2 [D,xt D Ax" g0}],

d : p
where D, = ax then it has been shown in [2] that

*)  Marwari College, Ranchi ( India) (**)  Christ Church College, Kanpur ( India )




A. K. MAHATO AND K. M. SAKSENA
4, {6t e du b, (’Jsz'.)} = ';‘ (s et 5, , (V2st)

AL, ((s0* e 5, (fast)} = (g)n (st et 5, (st
n=0,1,2 ... ‘

and that
AD, {(s0)* e ¥ 5, (V2st)} < 0

for large and small 7 provided that Re s> 0.

Let « and B be real numbers and X , a complex number with Re 2> 0.

Let K, 5 (1) be the set of all those complex valued smooth functions ¢ (1) defined on
X(0, o) for which the functionals.

B2 pn @) = gerce e 177 47 4]
are finite for n=0,1,2, .......

With the usual pointwise operations of addition of functions and
multiplication by a complex number, K, , (/) is a lincar space. The collection
M = {82 ; Yo, also forms a countable multinorm on K, 5 (/) and equipped
with the topology generated by this multinorm, K, s (/) becomes a countably
multinormed space which is also complete. It also satisfies all the conditions for
being a testing function space and its dual Kz 4 (/) is also complete. We call /'a
Weber—transformable generalised function if it is a member of X, 4 (/) .

The Weber transform F(s) of / € K 5 (1) is defined by
Fs)= (8, ,f) &)= (f®).0(s0)),
where o(st)=2"% (st)* e ¥ 5, (J2st) ;Re >, Re A+ f >0andseQy
The region € is defined by
Q,={s|Res>o; ,s:tﬂ,—%.rr < arg s< %x},
where O, is a real number (possibly ;- =~ o) such that /' € K, 5 (/) for every
a>a, and [ & K, 5 (1) for & > o

[70]
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A GENERALISED LAPLACE TRANSFORM '

"
—.._-._ s I .

D(Z) will denote the standard countable union space [Zemanian, 6, pp.32, 33] of the |
countably multinormed spaces Di(J), of all complex-valued smooth functions defined
on /(0, c0) which vanish on those points of 7 which are not in a compact subset K of /,
with seminorms defined by

1@ = o) |0* ¢, ¢ < D) ! '
and the topology generated by the countable multinorm {74 }i_, assigned to the ‘

corresponding linear space with usual pointwisc operations of addition and
multiplication of functions. )

2. We now prove an inversion formula which determines the restriction to D(I) of r
|

any 4, , —~transformable generalised function from its Weber transform and then

give'a weak version of a uniqueness theorem.

Let us first prove a few lemmas. "'

Lemmall:ﬂ'fEK;.ﬂ (1), then l'

o

J- x T (f (), (xu))dx = (f(rl),j x " w(ou) dxe) ,
0

0

where o(xu) = 274 (xu)* g i 8, (Jz_x-u'), Re s> Re i+ 8 >0
Proof : It is clear that

(), @) = (), x* o(xu))

Let 1, . (x) denote both the functions £ 1
ly «(X)=0. x < 0
=1, 0 €£x < o T

and the corresponding generalised function belonging to K%, 5 (). Then using the
definition of product of generalised functions [ Zemanian [6], p.121], we have |

@) (o (x) [0, o@xu) ) = (1, . (), (fW), x* o)) &

(2.2) = _[ (f(u), x* w(xu) ) dx
i

Step (2.1) is justified since k* @ (xu) € K, , (1) .
Step (2.2) is obvious since 1, ., (x) is a regular generalised functiony

(71]
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Since the product of generalised functions is commutative, the left hand side
of (2.1) can be written in the form

2.3) (fG) 1y o (x) . ¥ o(xu))
(2.4) = (), (Y, (X)), ¥ @lxu)))
(2.5) = ( f(u), I x* @(xu) dx )

1]

Thus, (2.2) = (2.5) which proves the lemma.
Lemma 2.2 Let¢ € D) and r be a fixed real number. Let

v = ] g at,
[i}

where s = ¢ +iT, ¢ fixed, and max (g, ) <c <%~ < T<w
If fek, 5 () and @ <0, then

i
2mi
Proof : For ¢ (1) = 0 , the proof is trivial. Let ¢ (1) = 0 and let
@7 (S, u" ) = A(s)

(2.7) is justified since w*~' € k, 4 (I) for Re s> 1-4 . It can be seen that A(s)1s

e | ¢
[ Cr@.wty v ar=C 1, 5 T poar)

—-r -F

(2.6)

analytic for all s for which max (g.1) <Re s < and ¥ (s) is also analytic for all

finite values of &.
Thus the left hand side of (2.6) is an integral with an integrand analytic
over a finite region and hence converges uniformly. Now

1
| e uf*" A7, s Iu"l wis) dT}|

Jn l 5=
=| ¥ 4+ 7 f {47, u' 'Y p(s) dT |
P 1 .[ L PRy ’ 1, 2l
=|e*u I ai _,(_ +5=1) (= +s—~2}.._(— +y=n)(-A+s- 2 )

W= w(s) dar|

[72]
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ENERALISED LAPLACE TRANSFORM .....

< -2—2- I_[e."-"-uﬂ“"'l '|('-,1:+s-l)(-).+-s—g~)-.._,.

=

2n+1
(A+s-n)(-A+s5- 7 ) v ar |

As .f (A+s-D(-A+s- %)‘---'(—'«'F-+-s--n)'(—1 igh i 2";1 )y (s) dT

is finite and , 5 | jau 0+5-1| <o forRe s> 1 - , @ <0, we seo that

i s ’"A" _{.f () ds)| <o

O<u<em

pmvmgﬁ:at.[ e ‘I’(s)cﬂ‘asaﬁmhmofubehngsmx . (1). Hence the right

hand side of (2.;_6) is also meaningful.
Now to prove the equality, let us partition the path of integration on the straight
2.
line from € ~ir to C +ir into m sub-intervals each of length - Let 8= C+ i
be a point in the pth interval. We can write
77 4 (S,u") p(s)dr

i 2
- Xogg U@, )y, ;f

l
(28) = !n—no <f(u)s e W(S ) == )

Let us set
= i 2r
v, cua-—-Eu**' wis,) —
stmshow&ﬂﬂmmmﬁmﬁehﬂmlmm(zs)mwsm

a.p () wfu' w(s) dT, the equality (2.6) will be proved.

73]
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Let us consider B(u, m) where

r

B(u,m) = e®* u”*" A3, [V, (W) - Iu“’ v(s) dT ]

=eu?*" (4], V,()- 4, fu**' w(s) dT]

c 3
= em uf " D [(-A+s, ~D(A+s,—5 ) (-A+s, —n)
p=1

2n+1 2r
x (=A+s,——5—) uv" wisp) ;]

r

— gau yB+n I(—l+s-—l)(—ﬁ.+s—%)

2n+1
2

We have to show that B(x, m) converges uniformly to zero on 0 <u <o as m —
For & < 0, we see that

2.9) o (A S —n)(~A+5— ) u' =" y(s) dT

P 3 2n+1
| e** u (-—Z.+s—l)(—l-l-s—i)...(.-A.+s—n)(—3.+s— 5 )|

tends uniformly to zero on —# < T'< r as u — . Consequently, given € > 0, there
existsa «' > 0 suchthatforu>u'>0and —r < 7T < r,

au B rs=1 1 2n+1
| e%* u (-j'.+s—l)(—-).+s-—2),..(—A+s~n)(—l+s— 7 )

< % [ I |W(~T) dT[}" as I |w(S) dTI is finite and # 0 since @ (f) = 0.

It follows that

. 1
210 fup, a'u B0 R £=1 E_
(2.10) >4 Ie___ u A . 7 J:u ;y(s)dﬂ <3
Also for all m,

T R (= r 2r !
@) 35 |2t A WG} < S Ilw(s) arj1 = > lwes,)
-r p=1
2
Thusthereexistsanmnsuchmatm>ma,thaerighlhandsidcisbuundedbyTE

{74



‘From (2.10) and (2.11) we see that for m > my, u> u', | B(u, m) | < <.
Let us now consider the range 0 < < «’ with < fixed in max (6,,1)<Re s<oo.
We see that

uf =1 (=A+s-1D)(-A+s- %) wl=A+s—n) (-A+s- 2";1 ) wis)
is an uniformly continuous function of (,7) for 0<u <u' and—r < T<r.

This together with (2.9) shows that there exists m, such that for all
m>my, |B(u,m)|<eono<u<u aswell

- Thus when m > max (mo, m,), we have | B(u,m) | < e uniformly on 0 < < o, Hence

Lemma2.3 Let (i) ¢ € D(I), (i) a, B, c andr be real numbers such .
max (07,1)<c<w and a <0.Then

~ [0 By BIE 4

in K, .p'(])-,-as--r — o,

L sin 7x
A== .f ¢ (ue) elms —— gy

sin rx
P o '

) = v B oy
I-¢@) =— ) [ gue™)- g ()] dx

4 =g

sin rx
oz

I dx = .

-0
Let
sin rx
x

b —s

6, (u) = e u?*" 4], ;:'_ [€7"% g (ue™) - ¢ ()] dx.

1751




differentia] operator inside the mntegral
sign, we haye
1 _ " - sin rx
6r) = Zemv o [ potee o Pue -4, pay) =2 4

1 = I S
tewo JL L
- -5

&

=W+ 9 +1;, say

Let us consider 7 first and set
(e~=tx  n -x n
€ Ay 0 (ue V-4, ¢(x)
R = env yfom | ey,
By virtue of our supposition it is evident th

forall uin (< 4 <

atR(x, u)is a continuous function of (x, u)
Also

Wandx = (),
E.i.i-;u R(x,u) = -E'I‘l—l’iﬂ ea_;‘, uﬁ'+u D‘ [e(c_nx
by L' Hospital rule.

Hence assigning the value

-0 <x<§
0<u<w and since # (u) is smooth R(x,u) is bounded, say by k. Hence for any
E>0,thereexislsa§>0.§osmallthm

&
1
]11(11)' = [ ~ J-R(x,u) sinr.rdxf
-5
;@
< = _”.R(x,u) sin rx!dx
n
=
[ %
s = f]R(x,u)ldx

or, I, (u)< kﬁ <€,1f & is so fixed that it is less than 7 < . Now let us
z 2k
consider /, ().

We have

Now as pa

convergent

On integrat;

Since ¢ (u)

@12) g,

First term of (¢
fixed and e=*



sin rx

1 +n e—1)x
I (u) = - e yu” I (e=1) Az . @ (ue™)

-}

sin rx

1
e ytes IA“.;;(u) dx

_ = J, (1) ~1; (u), say
We have
=rd

B =% e P A7, g)] f

sinz

dz.

NuwaseﬂuﬂnA ¢(u)1sboundedon0<u<waud_[£n_zdzm

convergent, J, () tends uniformly to zeroin 0 <u<w as r—w , since

—r8
im [ S0,
2
On integration by parts,
1 au fon PAsil " o, Sosrx .
S = —e™ """ [ Ay ¢ ue™) ]
=
1 (c )=
= iy uf+n _[oosrxD {*———A,_ w Plue=x)} dx
' Since ¢ (1) € D(]) i.c., is of compact support, and ¢ > |
L s pen E AL $ ()
(212)  J,(w) = 2 €W [ 5 cos 70 |

-5
1

+ 0+ — g ﬂ”'_[cosrxD[
r

—t0

(c 1)x

A, @(ue™)] dx.

First term of (2.12) tends uniformly to zero n 0 < u < % as r —» oo, since § and ¢ are
fixed and e“* A; , #(ue™) is a bounded function of u in 0 < & <,

[77]
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(c—1)x
au G H+n f_..._.— i -x
e u D, e Ay, 9 (ue )]

{e-1)x

. 5y (ecx-x-1) ¢ -

= e” Ilﬂ 2 A,z,,.,' ¢(“e_x)
au o ,B+0 e(f-l)'x 4 n A 5o i

+e“" u = Wz [A; , ¢(ue )}

Since each term is a bounded function of wandxin0<u<ew,
—on < x < -5 , the second term in the right hand side of (2.12) also goes

uniformly to zero as r —> .
Thus we see that J; () > 0 asr — = and combined with the fact that Jau)—= 0

as r-—)w,wesecthnth(u)—+0mxiformlyin0<u4mas r—>o.
Similarlywccanprovethall;(u)—mmﬁfomﬂy in0<u<wasr—>e.

Considaﬁngaﬂthescresultswesecthat 0,(u)< €.r s, 0<u<xw,e>0
being arbitrary small. Hence the lemma.

3. Complex Inversion Formula
Theorem : Let (i) f €Kz 5 (I), (ii) Flx) be defined by Fx) = ( Flu). o (xu) )
(iii) @, f .c be real numbers with max (I, 1)<e< 0,0 <0 and
3
Re (4 -s+1)>0, Re (R.—s—-l;wi) > 0,s=c+il ,Res>a :Red+ >0
Then, for ¢ (v) € D),
“ir (L 3 v .
( e z—s) t

1
(551 : —— o) ds. $0) )
et T(A+1-5) F(l+~2——s)

—{f. ¢ Yasr—==,

oy

where Y(s) = I x* F(x) dx.

0
Proof : The theorem will be proved by justifying the following steps
(78]
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(3.3)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)



G -

(B2

(3.3)

G4

(.5)

(3.6)

B7)

(3.8)

(3.9)

c+ir

3 v
= (A +_I-s_) I"(),.'.E -5)

iy
, 1 .
= (55 I MO 2 ¥ as, ) )
e=ir

T(A+ :
M(s) = 5
F(A+1-5) T(A+ 2" 5)

e

- ! El;f °_-[r M(s) W(s) 1~ ds ¢ (t) dr
= ‘%; [ me ¥(s) f:—-q_i-(r)dt dT (s=c+il)
= 0

r
"
r

R

M) {I £ F(3) dx) Tr $(0) di ar

= 5% jM(a) {Ir <f(w),o(xu) > ax } Ir' ¢ (1) dT
= 51;:' _j M(s) (f (v),-.z @ (xu)dx ) I II-I'_' ¢(1) ar dT

= '2'1; .[ M(s) (f @), [M@ET w*") ]:r () dt dT

I
= <f(u)-,f2;; fu-*"' fr-'-¢(r) dr dr )
-r o

L[ T
= (fw,5- I ¢ (1) Iu"" t* dT dr )
: i =

[79]
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(3.10) QR pe 8 u sinrlog i
<f(u>,2,,£¢m(,) o &)
(3.11) = (f(w),¢u)).

Since the integral in (3.1) is a continuous function of  and ¢ (f) is a smooth function of
compact support in (0, =), (3.1) implies (3.2). As the integrand in (3.2) is continuous
on a closed and bounded domain of integration, we can change the order of integration
in (3.2) to obtain (3.3). (3.4) and (3.5) are obvious and (3.6) is justified by lemma 2.1

Now we have
I 2-¥2 x* (xu)* edx g (1}2xu) dx
0
= I ot = W (o) dxu) by [5,p.347)
0

3
I'(A-s+1) l"(ﬂ.—s+5)
=) , provided

v 3
Tase—g13)

=

v 3
Re (A-s+1)>0, Re (A-s-7+7) >0 [Erdelyi,1,p.337]

Hence (3.7) is a simplification of (3.6) . (3.8) is justified by lemma 2.2. As the integral
in (3.8) converges uniformly we change the order of integration to obtain (3.9). After
simplification (3.9) reduces to (3.10). Lemma 2.3 shows that the integral within

(3.10) convergesin K, (I) uniformly in0<u<eoto ¢ (1) as r — 0 and (3.10)
implies (3.11). So the theorem is proved. :

4. Uniqueness theorem

Let f,g8¢€K, 4 (I) and
@) F(s)=(8,N06), s €
() G(s)= (8 ,8)(), s ey
(iii) F(s)=G(s)fors € O Ny

(80]



A GENERALISED LAPLACE TRANSFORM ..

Then, in the sense of equality in D) .f=g.

The above weak version of uniqueness is an immediate consequence of the inversion
theorem.

5. Structure formula

Now we will give a structure formula for the restriction of an element /" e K, 4U).

Theorem 5.1 Let f be an arbitrary element of K, (). There exist hounded

measurable functions g (x) (x > 0),r=0,1,2,...2 q +1,q being a non-negative
integer depending on f, such that, Jor an arbitrary ¢ € D(I) . we have

g+ r

G.1) (f.¢) = ZO: (=1 DY Ig,(f) e 11 Q.(0) di, g(r) ).

where ) indicates distributional derivative, Q1) is a polynomial in ¢ and a is a
positive number.

Proof : In view of the boundedness property of generalised functions there exists a
positive constant (" and a non-negative integer ¢ such that for all ¢ & D(J)

.80 <c 22 a2 (9

DSk g
€ ocrayngimer 22 7 2 b)) |
2k ‘T
or [(f.¢)] <c 02,8:? D.iu!'zm | e= 1# E p,(1) ¢ (1) '
e
i BN I 2 le= 12 .y g0 a

@ k4]
max  sup

< Cobrag tercn f 2 le® 5 0.0 ¢ )| i,
I r=0

where P() and O,(1) are some polynomials in 7 of degree ». Hence,

294) =

(5.2) (f.4)<C Z [ et 15 00 $(0)| dr
r=0 p

(81]
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Consequently, in view of the Riesz representation theorem and Hahn-Banach theorem,
there exist bounded measurable functions g(x),r=0.1,2,...2¢* L, defined over

I(0, =), satisfying

2g+1
(5.3) (f.9)= Z;<g,(r),e"‘ 8 0,(t) $0(1) )
or
2g+) T
(5.4) (f.9)=( Z;(-l)' D+ f.g,(r)e“'tﬂ Q,(t) dt.$(z) )

Here the differentiation sign indicates differentiation in the distributional sensc
and a is some positive number. The expression (5.4) is obtained by integrating (5.3) by
parts, since it can easily be shown that the function

Jg,(f) et 17 Q1) di

corresponds to a regular distribution in D' (/).
The authors are thankful to the referees for their helpful comments. The second
author (**) is also thankful to the University Grants Commission, New Delhi for

financial support.
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Study Of Curvatures On Para—Kenmotsu Manifold

K. K. DUBE

Abstract: In this paper we have defined para-kenmotsu manifold and studied different curvature
tensors on para-kenmotsu manifold and also the property of parallel m—null planes has been
studied.

1. Introduction

Let M =M™ be (m+1)~dim. almost para contact manifold with structure
tensor (¢ , &, 77, g). whered is a tensor field of type (1.1), £ is a vector field, nisa
1-form and g is the associated metric on M. Then by def. [4] we have

(1.1) pr-I=—nx¢&, n(&)=1, $£=0, no&=0
(1.2) g(BX,¢Y) = g(X.,¥)-n(X)n(¥),n(X) = g(&,X)

for all vector fields X, ¥ tangent to M and / is the identify tensor field.
Further, if we have vector field ¥, ¥, Z tangent to M

(1.3) (Vy @)Y =-nY)p X -g(X.4Y)¢ ,
where V is the Riemannian connection in M, and !
(1.4) Veé=X-n(X).

Then M is called as Para—Kenmotsu manifold,

e ———

2. Para—Kenmotsu Manifold of Constant 4 —Holomorphic Sectional
Curvature

Let R be the curvature tensor of the connection V. Then a para—kenmotsu
manifold M is of constant$ —holomorphic sectional curvature C if

C-3
R(X.Y)Z = (T) [8(Y,Z)X - g(X,Z)Y]
C+1 ! 4
4

+( ) [1(X)n(2)Y -n(Y) n(2) X
tn(Y) sX,2)¢ -nX)gY, 2)¢
2.1) teX92)pY-g(Y.92)p X + 2g(X ¢ Y)pZ]
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Now,
£~3
'ROX.Y,Z,W) = (—) [e(Y.2) g(X.W)-2(X.2)g(Y.P)]

C+1
+ (5 X 7@ g0 W) -0 (1)1 (2) £(X. 1)

+n (0 gX,Zm (W) -7 X) &Y, 2)n (W)
+gX,02) g(o¥, W) —g(Y.9 Z) g9 X . W)
+28(X.¢Y) g(pZ,W)].
Then the sectional curvature Ry, is
RfX.Y)=—R(X,Y,X, ¥), where X, Y are orthonormal vectors
-3

C+1
= () - () [P0+ 7)) -3g(Y ¢ X)]

and the holomorphic sectional curvature H of para-Kenmotsu manifold.

C-3 C+1
H(X) =Ry, (X $X)=(—5) - () (T3 (X) =3=3p° ()],
From (1.3). we have
(2.2) (Vy '9)(Y.2) = g(Vx DY ,Z) = 'R(X,Y,Z,8)
and thercfore,
RX,V,Z,E)=nRX,Y,Z)=gX,2n()-g(.2)nX)
which gives
RX,Y)E =n (XY —n(N)X.
On contracting (2.1) we get Ricci tensor as

C+1 1
Rier.2) = (S g9 .42~ (r-D 21,2

and

(23) r= ("—;}-) [(C+1)(n+1)—4n].

From (2.1), we have
RX,Y,Z,6)=nRX,Y,Z)=gX.2) n(N-g(X.2) n(X)

If we put & for ¥ in the above equation then

(2.4) RKX,¢.Z,8)=gX.D)-n(X)n(2)

[84])

(2.5)

In vie:



STUDY OF CURVATURES ON PARA KENMOTSU ...
Now if para-Kenmotsu manifold is flat then
[gX,2)-n@)n@)]=0,
which is not possible. Thus, we get a theorem
Theorem 2.1 A para—kenmotsu manifold M of constant ¢ —holomorphic sectional
curvature cannot be flat.

If we suppose that (V,x# )Y = 0, then from (1.3) we get g(X, ¢ ¥) =7 ()¢ (X)
Put £ for ¥ in the above equation we get ¢ X' =0, which is not possible and hence we
get a theorem.

Theorem 2.2 In a Para~Kenmotsu manifold of constant ¢ ~holomorphic sectional

curvature
| (Vx $)(¥) # 0.
Differentiating (2.3) along ¥, we get
(Vi Ric) (Y, 2) + Ric (V;Y, Z) + Ric (¥, V; 2)
C+1 -1 _

= ((—%—)) [&(V, ¥.Z)+g(¢¥,V, 2)]
(2.5) =(n=1) [&(V, ¥.Z)+ g(t,V, 2)]
In view of (2.3) and (2.5), we obtain

C+D)(n+1 —
(V, Ric) (¥,Z) = ((—"—i("—*-’—’) e (V;$7.42)-2(Y,Y.42))

@.6) +8(#Y.V,82)-g(4Y.V,7)]

Let us assume that it admits parallel Ricci tensor then (2.6) gives,

R(Y.$Z, U E)+'R(ZPY. U, E)=0
Putting & for ¥ in the above equation and using (2.4), we get g(#Z, U)= 0 which is
not possible, hence we get a theorem.
Theorem 2.3 In a para—Kenmotsu manifold of constant ¢ —holomorphic sectional
curvature, the Ricci tensor is not parallel.
3. Projective Tensor
The projective curvature tensor P is defined by

def

P(X.Y,Z) = R(X,Y,Z) - —— [X Ric(t,2) ¥ Ric(X.2)]
(3.1) n-1

[85)
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which gives
1
R(X.Y,Z,§) = "R(X,Y,Z,¢) - -1 [8(X,8) Ric(Y,Z)
(3.2) -&(¥,&) Ric(X,2)].

Theorem 3.1 A projectively flat Para-Kenmotsu manifold is an Einstein manifold
and also a manifold of constant Riemannean.

Proof : For such a space P(X , Y,Z)=0,consequmﬂyﬁ-om(3.2) we have
(n-1)'RX,Y,Z, £)=g(X, &) Ric (Y, Z) - g(¥, &) Ric (X, 2)
= (-D[eX,Z) n(H-gY.2) nX)]

(3.3) = g(X, &) Ric(Y,2)- g(¥, &) Ric (X, 2).
Putting & for X in (3.3), we get
G.4) Ric (Y,2) =~ (n-1) g(¥, 2).

Hence the Para—Kenmotsu manifold is an Finstein manifold,
Now by virtue of (3.4) and (3.3), we have
RX,Y,Z, &)=g(Y, &) glX, 2)-g(X, &) g (V. 2).

Hence a manifold is of constant Riemannian curvature.

4. Parallel Field of Null Planes

It is easy to see that the tensor ficld¢ satisfies
$* =¢

and we can see that the ranx of the matrix

def
@“.n @) = (¢-1)

is (m + 1) over M where I is the identify map. Let A be a vector field satisfying
(4.2) y(A)=0

and take a field of m—planes 7 over M spanned by the vector field 4. We call this
plane as n—plane field.

Now if n—plane field is parallel and As are basic vectors of n—plane then A's
satisfy
@43) (Vy ) = 0(X)4
where @ is a covariant constant,

[86]
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Theorem 4.1 If a Para-Kenmotsu manifold admits w—plane field then its vectors are
orthogonal to & .
Proof : From (4.1) and (4.2) we have
) $(2)=2
Operating both sides by (4.4) by ¢ and using (1.1), we get
A-n(A)§=¢(1)=12
= pg(4) =0, thatis
(4.5) g(,i, &)=0
which shows that the vectors of n—plane field are orthogonal to & .
Theorem 4.2 In a para—Kenmotsu manifold, the n—plane field is parallel if the
tensor ¢ is covariant constant over M.
Proof: Let ¢ be covariant constant and hence
(4.6) (Vi) (A) =0
Taking covariant derivative of (4.4) w.r.t.V and using (4.2), we obtain

(Vi @)D + 7(V 2) = 0,
which gives from (4.6)

(4.7) y(Vy =0
On comparing (4.7), (4.3) and (4.2), we get
(Vy H=w(X)A,
for some covariant vector @ and n—plane field is parallel, which proves our theorem.,
Theorem 4.3 In a Para-kenmotsu manifold of constant ¢ ~holemorphic sectional
curvature, the n—null planes are not parallel.
Proof: Since, we know that a Para~Kenmotsu manifold of constant ¢ —holomorphic
(Vy@)(¥Y)=0; astheorem2.2
and hence w—null planes are not parallel,
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On Integral Operators Associated With Generalized
Poisson Transform And The Operator #,

B. C. BAJRACHARYA

Abstract: Various interesting properties relating the integral operators associated with
generalized Poisson transform and the operator /, have been established, These properties have
then been used in inversion by the limiting process,

1. Introduction ,

The Poisson transform studied by H.Pollard [2] is

1 1
(1.1) F(z) = = Jm f(t)de.
The generalization of (1.1) studied by Charles Standish [3] is
| I A(z-t)+ R
(1.2) F(2) = = m f(t)dt.

The Poisson Operator and its conjugate for the transform (1.1) defined by G. O.
Okikiolu [1] is as follows

= | b a
(13) RU@ = | o roa
and
=L 1 T =%
. (L4) Q.(f(x) = — Im St

In this paper, we study certain operators allied to the Poisson Operator and the
transform #, (f) defined by G.0. Okikiolu [1]

The Poisson Operator and its conjugate for (1.2) when ¢ = | is
1 J‘ A(x-1)+aB
(L.5) B = — oy T
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ol
o =ln aAd-B(x-1)
(1.6) 0,(f®) xi——————*a“(xﬂ‘)i f@y .
Also, we define Hilbert transform H(f) by
I 0
an H(e) =5 Py ] oy

The space L” (—m,w)uﬁﬂbedmowdbyl’,andthepairofnumbuspmdp'
willbécmnectedbyﬂ:eequaﬁon—;;+-;;=1mdﬂmnom

% 1
(J 17l )7 winve denoedby 7],

2. Preliminary Resuits
Inthissection,weohtainoeﬂainpmpeﬂiesofoperatm‘s?,,Q.,Hﬂr and

K, which will be applied later.

Theorem 2.1 Letf € I, p>1 Let P, (f) and Q,(f) be defined by (1.5) and gl.&)

;ﬁcmb, then P, () € Land Q.(f) € 1? for q > p. Further, for g € L7, we

o swer.gaova=-] ror e

@ | swo.oa=-] roe e

- -t

Proof : The first part of the theorem follows from Okikiolu ([1], theorem 1). The
second part can easily be obtained by changing the order of integration which is valid
due to the absolute convergence of the integrals involved.

Theorem 2.2 Letfe LF,p >1and a and b be positive numbers, then
(@) P{H(f)} = H{R(N} = & ()

G) Q.{H(N) = HIGW} =-FK )
@iy PAR(NY=-0.{0(N} = Py ()

@ PRGN = G {RW) = 0.5 (),

(90]

where F
L)
2 AB an
Proof : |

Similarl

The proc

P {P,(J
Now, usi

!

Similarly

For (iv),

Again in

This com

Corollar
the theor

|



where P.(f), Qu(f) and H(f) are defined by (1.5), (1.6) and (1.7) respectively. And
P;(f) and @* (1) are defined by (1.5) and (1.6) with constants A and B replaced by
2 AB and B® — A% respectively.
Proof': (i) In view of (1.3) and (1.4) and using Okikioh ([1], theorem 2), we have
PAH(f)} = -4 Q,(H(/N)+B B, (H())
=A P (NH+B 0, (/)
=10.(F)
H{P, (N} = 0, ().
The proof of relation (ii) is exactly similar to (i). For (iii), using (1.3) and (1.4)

E AR} =4 0, {0, (1)}~ 4B O, (P, (/)- AB P,(@,(f)+B* P, (P, (/)
Now, using Okikiolu(| 1], theorem 2) , we have

BAR (N} = (B~ 4%) Py ()-24B Q,.,, (f) = P\, ().

Similarly, :
-0, {0, (N} = Bou ()

& AR} = =0, (0,0} = BLy ().
For (iv), in view of (i), we have
RAQ, (DY = PARHUN = PAHE, ()} = 0, (P, (1)},
Again in view of (i) and (ii),
EAONY = BARGHUN = B, (HUN) = @1 (D).
This completes the proof of the theorem.

Corollary 2.2 Letf € L', p> 1 and a and b be positive numbers. If A =0 and B= 1.
the theorem 2.2 reduces o the following theorem due to Okikiolu [1]

@ EAH(NY= HBU)) = B,()

() O {H(N)} = H{D,(N)) = -B(N)

(i) P AP} =-0,40,(N)) = By (/)

) PAG, N} = T AR = C,., ()
191]

Similarly,




B. C. BAJIRACHARYA

3. Representation Theorems for 6. and ¢

In this section, we express the generalized Poisson Operators 7, (/) and its
conjugate @, () in terms of the integrals ¢ (f(x)). 8. (f(x)), @2 (f(x))
and @,(® (f(x)) which we shall define below. Lastly, we use these integrals to obtain
f by the limiting process.
3.1 Definition

We define the integrals @ (f(x)) and 6% (f(x)) as follows

oy

I Acosla arctan,,) Bsin(a arctan “)]f(z+x)dz

3.1 P ()= (l ey

(az 4z )1 (a1+.,2)-s

1‘ } Boos(@arctan§) _ Asin(@arctang), oo, o

?

(3.2) 50 (f(x)) =

a

pl-a) % (a2+22)2 (a® +2%)2
where (o) =2 T () sin -ﬁ—:— and the principal value of arc tan x lying between

= —';5 and i;— is taken throughout. Further we define the integrals

v cos (¢ arc tan £=%) _cos(aan:tan—j-)
(3.3) ‘Pa Y (f(x) = (l-— ) a [ {(az +(z_x)1) s a }
w 2 (a* +2%)2
B sm-(a_arctangg—? sm(aan:tan )}] f(o)ke
(@ +(z—x)*)2 (a? + 22 )1
= - p cas(a arctan %)  cos(a arctan ;)
G007 w(l @) j : S e
- (a-+(z—x) )2 (a* +2°)2

sin (@ arctan%—‘) sin (& arctann) \ @)

(a‘+{z—x)‘)% (@*+ 2 )‘

Next. we define the transform H, (f(x))and the operators related to it.
These are given by
(92

¢

(i

(3



J'l—xf‘

(3.5 Ha(f(x)) w( ) [—x f(t)ar
6 K U@ = 5oy | [l
| =5l e
67) L U@) = = f{' =y roa
and
a9 M, (@) = f (=st" =} f(e)at,

We shall now express @2 (f( (IJ) 0 (f (I)) @47 (f(x)) and
6,59 (f(x)). in terms of generalized Poisson Operator and H, ~transform. The
following lemma will be employed frequently in later developments,

_ = aB _ ad + Bt
Lemma3.1 Ler hl(f)=W'fmd hz(f)=az+;z

and let o >0, Then we have
1
@ Hia @) ==(eot5ra) K _, (h(x)

A cos (¢ arctany;) Bsin (a arctan Y)
+

= r(a) [ . a a ! ]
(@* +x%)2 (a® +x)7
|

(i)  H_, (h(x) = (cot= 7 7a) K, (h(x)

- Ta) [ Bcbs(a-afcljn‘:}) - Asin (a amt:n%) ]

(a* +x2)2 (a® +x%)2
Proof : Let f denote the Fourier transform of a function /- Then by Okikiolu ([1],
lemma 2 )
(3.9) H, (f(x) = - e g
[93]
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and
(3.10) st

K, (/) = J“—ﬂ“ I e £y e db.
Now, it is known that

;:1 (t) = —Ai ‘j; e=dail &+ B J; e-altl
5 T = Il
and hz(‘) = e *airl + Ri E e—.:l;! —r—

where A; (f) and 7 (1) are the Founa’ transforms of A, (1) and by () respectively.
Using (3.9) and (3.10), we have
Hy_, (h(x)) = -cot‘%:za K, (7 (x))

[ A Bi ® _
= I ["‘2’ =t et ™ —-2—I — e ™ ] dt

—-[AI &’ al'lt:os.i:lfdi'-l—ﬂj ) sin xt di ]

Aoos(aarctan ) Bsm(aarctan )]

=-T() [
(a* +x2): (a* + x* )2

Similarly, we can prove (31).

Corollary 3.1 When A =0, B= 1, we have the following lemma due to Okikiolu ([1],
lemma 2)

. 1 sin (z arctan 7)
Q) Hy_o(GE)=—(cot57a) Ko ()=-Te) —— =«

(a* +x*)2
) H,_, () = (oot 7@ ) Ko (4 () = T@) e REt)
(a® +x')1
and @ > 0. Then

Theorem 3.1 Letfe I”, p>1. Let O0<l-a <—

: 1 .
@ (sinyma) P {H . N = (w_s;m ) 0, {K_o (N} = 92D

(94}

(3.11)

(3.12)

Now usin,
valid by tl

FLUH,.

which img

Also, usin

¥ {H!—a
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(i) (m 27a) Q. {H, _, (f)} = (008 ma) B AK_, (f)} = 62 (f(x))»
where @) (f(x)) and 6% (f(x)) are defined by (3.1) and (3.2) respectively.
Proof: The results of lemma 3. Imhewmienas

[l‘ ﬂl i -_df'f"GB
P(l S I t-x @+ &

B __ Sotyza « aA+Ef
(3.11) p(l-a) * ."]' ﬁr a? _Hz

A cos(a mtan“) Bm-(a arctan)
(@ +x)7 (@ +x%)T

= -T(@) [

1 J‘ =" at+Bt
pl-a) = t-x &+
eotv} | — At +aB
(3.12) = o x:; .fl @+
X
= T'a }[Beos(amlm ) Asm(aactau ]
(@ +x2)2 (a? +x2)z

Now using (1.5), (3.5) and (3. ll)andmmngmgthanr&a‘dmtegm&onwhchm
vahdby!henbmlutewnvwoﬁhemﬁ@s,mh&ve

l
S aA + BT
P {Hr-a (f)} ?FP(I d) a? +3"3

=cotyra Q,{K_, (f(x)}
which implies
(sm 2 f“) P {H‘r—c (N} = (m: Ta) Qa{xl-a (f)}

Also, using (3.11)

dT f le=+0[™ f()dz

=x g :
FAH _(N}= r(“) | [‘”""“("’mmm 2} Aun(aain ")]f()dv
i (a2+(z x)?)z (ﬂz-}-(z x)z)ﬂ
[95]
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which gives.
(siniza) PAH,_, ()} = ¢” UE)

The proof of (ii) follows similarly.
Corollary 3.2 WhenA=0,B= 1, we get the following relations due to Okikiolu ([11,
theorem 5).

Letfe I*, p>1. Let 0<1-a <-‘% and @ > 0. Then
() (sintza) P {H ()} = (costma) 0,1K o (N} = 0 (f(X)
Gi) —(sintza) Q. {H (N} = (costma) PiKio (N} = 82 (f).
Theorem 3.2 Letfe I”, p>1. Let 0<l-a <—:; and a> 0. then
@) (sintma) L, (RN} = (costra) M, {0, (N} = #” V()
(i) - (sin T 7wa) Lo {Q. (N} = (cosina) My, (P (D) =02 )

whete L, (). My, (£), & & (f) and 8™ (f)are defined by (3.7), (3.8),(3.3)
and (3.4) respectively.

Proof : Use of (1.5). (1.6), (3.7)and (3.8) and the arguements used similar to theorem
3.1. establishes theorem 3.2

Corollary 3.3 When A=0 and B = 1, we have the jollowing results due to Okikiolu
([1] ; theorem 6.).
1

Letfe L, p> 1. Let 0<l-a <-; and a > 0, then
@ 7 (e =(sinzza) L, {P. ()} = (cos7 ) M, ,40,(N}
Gi) 6. (f(x)=—(sin3 &) L, {0,(/)} = (cos3 7t) M,_ B (N}

L.
Theorem 33 Letfe L’, p>1. Let 0<l-a <; and a> 0. Then

G) Hi_o {RGN} = B s (f(xD}
Gi) Hi_o QN = QM4 (N}
i) K, (P (S} = Po Ko (FGDI
(v) Ki_o {Q(fCN} = (K, _o (S(xD}.

196]
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Proof : The proof of the theorem 3.3 easily follows on using (1.5), (1.6), (3.5) and

(3.6) and changing the order of integration twice which being valid due to the absolute
convergence of the integrals involved.
4. Inversion Process
We shall now obtain results expressing P and Q operators in terms of L
and 6{*) operators and we try to obtain / by the limiting process.
1

Theorem 4.1 Letf e I7, p>1. Let 1- ; <@ <1 and let @ and b be positive
numbers, then we have s

O 2 e CE) = -6 {68°, (7))

=7 (sin 7a) .[ o, () di
0
() 79 6” (f) = 6 (6” (rien)
*
=~ (sin za ) f Py (S (1)) dt.
a

Proof : Now @, {0*), (/N3 . @, {6 (/Y. 619 {6, (£(x)} and

6™ {o® (f (x)} can be obtained from theorem 3.2, Hence by substitution for

# 1% (/) and 8, (/(x)) from expressions similar to those given in theorem

3.1 and using theorems 2.2,3.2, 3.3 we have the following relations
2.7 40 (S} = (cost 7 (1-a)) 7 {8, (K, f(x)}
= (sinzra)® L_, [P {Q, (K, [(x)}]
= (sinzza) L_, {0}, (K, f()}
= (sinz7a) L_, {K, (O, (F)),

2 A9% (f@)} = (sint (1~ ) 5 (P, (H, ()
= (coszma)’ M, , (O, (P, (H, (f(x)}
= (cos3 7a)® M, {0, (H, f(:)}
= (cosyma)® My, {H, (O, (f(x))}.

ll‘
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Similarly, we can show that
—g@ {82, (f(MN = (smsz L, (K, Qoo S}

= (003 ra) M, {Hq (Qa+b (f(x)))}'

Hence,

7@ (o, (fN} = - 8@ (67, (S}
_ (sintra)? L_q (K, (@ (G

_ (costra)? My, (Hy Qs SN}

Now, in view of Okikiolu ([1]; theorem 4).

7@ (o (faN} = - 087 (6% (F()}

=—3(sin7a) I 05, (S(0) dt-
0

On the same way, we can show that
7@ (@, (SN} = - 8@ {7, (SN}
= (sinz Lrza)® Lia {Ka (P, (SO

= (cost )’ M o {H, (s S}

B o) f PY, (f()dt
0

Remark 4.1 Byletlingamdbtendm zero in theorem 4.1, we have
® im o (o (FGN}
lim @ (67, (SN

= = ab—=0#

__lm 4 (sinra) I HU @) d

@ lm 6@ (g UGN
lim  Z@ (8, (fO)

= ab-0+

7 (sin wax) I Py (S dt

__lim
a b0+ 2

= ABsinma .( H (f(1)) dt. This establishes the theorem
]

198]
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On Characterisation Of A Generalised Directed Divergence Of
Order o

R. AHMAD

Abstract: A generalised directed divergence of order a, involving three discrete probability
distributions p=(p; ,...,p, ). 0= (g ,...q,). R= (7 ...,r,), was defined by Nath [7].
A characterisation theorem for this directed divergence is proved here with the help of a
functional equation,

1. Introduction

Shannon [9] entropy measure

(1.1) H(R ,..,P)=~ 2, Plog P

n
of a discrete probability distribution (7 ,...,P,: P >0, 3. P=1) has boeen
1=l

characterised in several ways (see Aczel and Daroczy [2]).Chaundi and McLeod [5]
characterised it through the functional equation.
(1.2) 2 L F@y) =2 FE)+ X FQ,),

=l j=1 =1 =i
where

m n

Zx,: ZyJ=l,x,2 0,y,20.

i=l j=1
Renyi [8] generalised Shannon's entropy by introducing the additive entropy of
order &

n

1
log ( 2. P7) a>0a=l
a

(13) H,(P,...,P)=

i=1
which reduces to Shannon's entropy when @ — 1. This additive entropy of order &
was characterised by Ahmad [3] through the functional equation

(*) Institute of Social Sciences, Agra University, AGRA-282004 INDIA
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(1.4 Y Y e y)=( X FE) (2 FEx)),
i=1 =1 i=1 i=
where Y % =2 y=1x%20.y20.
i=1 j=1
Renyi [8] defined the directed divergence of order @
1 - g
Ha (pl 3'“530;;; Q} !-"7qR)= o _l log ( ZI p;“ q
(1.5) a>0,a =1

of two given discrete probability distributions P = P,....P) O=(q),.... gn). Note
that for @ — 1, (1.5) reduces to the directed dwergence

H(Pysos Py s @ oeenlln) = Z p; log (p, 14;)
=1

of Kullback [6]. This directed divergence of order & was characterised by Ahmad [4]
through the ﬁmctlonal equation

6 2 Z F(xy;.1v) = ( Z Fx; u)) ( Z F(y;»v))

=l Jj=

We generahse the functional cquatmn (1.6) to

an 2. > Fx ¥y 54 = ( Z F(x,1.5)) ( Z FQ,.v,0)
=l j=1
and use (1.7) to characterise the generalised directed divergence of order &

7 log ( Z 2

a>0,a =1,

(1.8)  H (PyseosPr 39y 330 3Ty 5esTn) =

defined by Nath [7], for three given discrete probability distributions
P=(Py, . P, O=(q1 - Gn)s R=(r,, .., ry,) Note thatfor & =1, (1.8) reduces
to the generalised directed divergence

H(P) sowes Py s Gy sevesBn 3 Tiseeala) = 2. plog (g, /1)
i=1

of Theil [10].

[102)

]
_I* &

2.C

resul

other
(2.1)

wher

1< ¢

Takin

m(1.7)

= then
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2. Characterization

We first determine continuous solutions of the functional equation (1.7). The
result is given in the following g

Lemma : The continuous solution F:IxIxI- R ofthe Junctional equation (1.7),
other than the trivial solution F = 0, for all positive integers m and n, is given b 'y
(2.1) F(x,y,z) = xr yo zv

wherey .8 and v are arbitrary constants, and 7 denotes the closed unit interval [0,1].

Proof Let a,b,c,def and a.,b' . ¢’ . d.e [ be positive integers such that
lsaf'Sa,le'Sb,lSc’Sc,lsd'sd,lse'Se, l< fr'<f

Taking
ai
X, =‘-'!=l,...,m~—l, Xy ="
a a
I b
y}' =3"f:l,---,"“’l,y,, =F
1 &
= "ti=l,....m-1, 4y =—
c ¢
1 d'
v =E*;=l,. ,n—-l,vn—"}—
1 e’
5 =gri=lo m-1, 5, -—
e e
t : 1 1, ¢ A
i | = P - ———
J f J » £ > ' f
n (1.7) we get
1 1 1 b’ 4’ '
(m-1)(n-1)F( s = ) F(—.— . Ly
ab cd ef ab cd ef
r ’ ’ lbr Id! r r
..|.("_l) F(E_,-c_,f_)+p(a__,£_,£.};)
ab cd ef ab  ed ef
(2.2)
| ) ([ | a o ¢
=[m-D F (== )+F(=.=.2y
a c e aiiSech' e
I 1 1 b d 2
X [(n——l)F(—s—’—~)+F(——,—-.L)]
b d f b d f

and then putting @’ = p' = ¢' = g* =e'=f"=11in(2.2), we obtain
[103]
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1 1 1 1 1 1 I "
(23 F(—»r—>»—) = — ==Y F(— 53— »—
) (ab cd ef) (a c e) (b d f)

Again taking only &’ =¢’ =¢’ =1 in (2.2), we get

(2.4)

141 11 1 b d I
=[mF (—v=:— 1) F(=>—:—)+F(—>—>
[ffw (e e)][(.ﬂ ) FA f)+ A g f)]
Using (2.3), (2.4) gives
b d S 111 bod S
(2.5) F 2 - =F = — ) M B F — ) —
(ab cd ef) (a c e) (b d f)
Similarly taking 5 =d = /" =11in (2.2) and once again using (2.3), we have
(2.6) AN L AN 111,
( ) (a " 8) (b : f)

Now (2.2)with (2.3), (2.5) and (2.6) yields

ab' cd ef’ a d
F( L) g f :F(—!——’——) F(——-q-——s
ab cd ef a ¢ e b d f

or

(2.7 Flxy , uv, sty = Flx ,u,s) F(v,,10)

for all rationals x.y.u,v,s,t €[0,1], where i:xsE:y»
a b

¢ o d e oL _ i whichis the functional cquation (2.7) having

—_—=lUr—=Vr—=

c d e
the continuous solutions (refer Aczel [1])

2.8) F(x,y,2) = x7 y° 2%,
y, &, and v being constants.

We are now in a position to give a ch
directed divergence of order &.
Theorem : Nath's generalised directed divergence of order & is given by

H, (PysesPy s Gysesln 5 Tioeessln)

aracterisation of Nath's generalised

1 L]
29) =g e [ 2 F@an],

[104]

where

with

® >

k'

| % %
sEREEPREEERE
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:
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where Z“Z; F,.4v,,51,) = (g Fx.4.5)) ( 2} F(,.9.1,))

with F(1/2,12,12)= 12, F 12, 1/2)=1 andF(1,1,1/2) = ;_1_—,
210) H,=(p,....p, 4 seor oy 1B seensly) =';1_—1 log ( ; pla’ny)
for some constants v, & and v. Using the condition

F(172, 12, 112) = 112 gives (172 )" (122)° (172)' =12 ie.y +5 +v=1.
Condition 1., 1/2, 1/2)=1 gives +v = 0., Henc we have
v =1, 8 +v = 0 Finally, #°(1,1,1/2) = -i-,-l— gives (1/2)* = ZIL,

v=l-a. wsmmmm(zm) reduces to generalised directed divergence of
orderer of Nath [7].
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On Viral Disease—A Simple Mathematical Model
S. SUNDAR, S. TIWARI AND MICHAEL HACK

Abstract: This report highlights some important results related to an investigation of a simple
mathematical model of infectious diseases,

1. Introduction

This section describes the main concept of immunology. By immunology we
literally mean that the study of resistance to infectious discase. Immune response is
related to the universal character of the organisms defence against bacterial and viral
attacks, as well as against poisoning by products of viral-bacterial activity or
intoxication by foreign agents of biological nature.

The immunocompetent cells (lymphocyte and leukocyte) and blood cells
produced in bone marrow. One part of the cells traversing "Bursa” transform into
"B lymphocyte". The second part of the cells passes through the "Thymus” and causes
the production of "Th-lymphocyte helpers” (which interact with specific antigen and
promote the transformation of B cells into plasmacytes), "Tk—lymphocyte killers"
(which are responsible for the genetic purity of cells of the organism) and
"Ts—lymphocyte suppressors” (which maintains the level of sensitivity and also play
an important role in controlling the immune response). The remaining part remains in
the bone marrow turns into matured "A leukocyte”. In our model we are considering
B and A arc homogeneous population,

In a healthy organism, plasma cells are formed continuously producing
immunoglobulins which are actually antibodies capable of binding and neutralising the
antigens.

Bacterial and viral diseases first of all presupposes a latent period of the
course of the disease when the antigen that have penetrated the organism multiply but
have not encountered a sufficiently pronounced reaction on the part of the immune
system. During this latent period the immune system adjust to the neutralisation
reaction of the specific antigen. In the presence of Th-lymphocyte and of the inductor
of the immunodiseases the B lymphocyte starts to divide and differentiate towards
plasma cells. Such a cascade process of cloning plasma cells takes several hours to
several days.

In this paper we are mainly examining the immune response to an antigen for

"nou

"subclinical form", "acute form with recovery”, "acute form with lethal out-come” and
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"chronic form". In subclinical form the multiplying population of the viruses or the
bacteria is suppressed by the available resources and the antigen is destroyed before it
rosches the level of concentration to cause an observable immune or physiologic
reactions of the organiam. If the antigen is unfamiliar to the organism its concentration
increases which accompanied by a process of recognition and of formation of B cells
producing antibodies. This process takes several days during which the antigen
concentration achieves the levels of surpassing the level of the appreciable
physiological and pathological changes. This is the case of normal acute form of the
disease. The cause of lethal outcome is when the immune response has been delayed
for various reasons so that the organ attacked by antigens can no longer maintain the
normal efficiency of organ's responsibility for the formation of antibodies. The
chronic diseases are the most serious and debilitating forms of a disease and often last
many years,

The layout of the paper is as follows. In section 2, a simple mathematical
model is presented. The analytical results are carried out in section 3. The ensuing
section comprises the numerical results. The concluding remarks are given in the final
section.

2. Mathematical Model

The main factors of the infectious disease are the following :

V(fy — Concentration of viruses. By viruses we mean the multiplying pathogenic
antigens.

[(1) — Concentration of antibodies. By antibodies we mean substrates of the
immune system. neutralising viruses.

C(f) — Concentration of plasma cells. This is the population of carriers and
producers of antibodies.

m(f) — Relative characteristics of the damaged organ.
(Let M be a characteristic of a healthy organ (mass or area) and let M'
be the same characteristic of healthy part of the damaged organ.

' Then m = 1- M'IM, and clearly 0 < m <1;m=0imply the healthy
organ ; m = | implies entirely damaged organ)

The model is given by the following system of ODE with time delay:

av
1 Sl e i
(1) 't aV - pVF,

Where @—the rate of antigen multiplication, p—the rate of contact between antigen
and antibodies.

[108)

(2)
where
antibo
antibo
(3)

where

JIEs
C*

4)

wher
of da

(3)

3. A



- "

damage: 0< g(m) < 1: ¢(0) = 1: g(1) = 0,

@ G ~PC-ypVF-aF
where /§—the rate of antibody production by onc plasma cell, 7 —the amount of
[€)) a = HC-CHrqm).xV,_ F_

on of immune system due to substantial organ

q(m)

"0 fort<
V Wh for t=1¢
| ¥ -F_, otherwise

—mean life time of plasma cells. x~the coefficient of immune system stimulation.
C* —normal level of the plasma cells.

@) TV qm
With the initial condition that at ¢ = 1,= 0
®) ¥(O) =¥ =20: FO=F>0: C0) = C,> 0 and m(0) = m, > 0.

3. Analytical Results
We shall see the validity of the following theorems.

Theorem 1: If the initial values are non-negative, then the solution of the system
(egns. (1)~(4)) are also non-negative Jorallt >0
[109]
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Proof : From the equation (1), we have
(]

(6) V=lf],e)q:[f(a—pF)dt]20forall120.
0

For the solutions F{r), C(r) and m(r) we divide the time intervals [n7, (n + 1)7) where
n=0,1,2,.. .Lett=[0,7), then eqn. (3) becomes
dcC
=— p(C-C*)-

@) =

Assume that C(f) <0 for all 1 > 0. Since the solution is continuous there exists

dc
#, € [0, 7) such that C(#,) =0 and == < 0. But from (7) it is clear that
=1,
dc
— = uc*>0 which is a contradiction. Therefore, C(f) 2 0 for ¢ € [0,7).

dt =4

Similarly, we can show that F(f) 2 0 and m(f) = 0 for all € [0.7).

Now lett e [7,27). Noting that ¥, >0, V., > 0fort € [T, 27). Then in
the similar way as above we can prove the solutions are non—negative in the interval
[7, 27 ) .By induction, continuing in the same way it can be proved for the subsequent
intervals.

Theorem 2 For all t 2 0, the system (eqns.(1)—(4)) has unique solution satisfving the
initial condition (5).

Proof : From the above theorem it is seen that if the solution of the system exists it
is non-negative. Here also we consider the sub—intervals [ n7, (n + 1)7),
n=0,12, ... On[0,7) we have

V=aV-pVF < aV

F=pC-ypVF-aF < BC—aF
(8) C =-pu(C-C%

m= oV —nm

On [0,7 ).eqns.(1)—(4) satisfying the initial condition (5) 1s dominated by the linear
system (8) subjected te the same initial condition whose solutions y(f) = (v, (),
Y2 (D), ¥3 (1), ys ()" is continuous and exists for all = 0. Let x(1) = (V, F, C, m)” and
let f(x) = (f; S>./5./3)" bethe RHS vector of (8).

I

[110)

P = e ——

On [0,7) jix|

(Picard—Linde
D then there e

integral curve ¢
w.r.L.y, the solu

Now we h:

the solution car
]
sx-y=]
0
RHS v

)
Since f(x) =/
(10) | f(x)-.
This estimatior
A(n), B(t) and

solution x(7) =
x =[x (f), x(t
x= f(x(f) .4
< 1. x(1) is non
system x = kx -
and uniqueness

the same way
fort2 7. Hen
In the

(11)



4 4
On[0.%) x) = 3 |x,| AVAESNIAL Since /'€ (% (0,x,), Picard-Lindelof
i ¥

theorem guarentees the local existence and uniqueness of the solution.

(Picard—Lindelof Theorem : Let D ¢ R open. /- D — Rconstant. Given (x,, y,) €
Dﬁlenthereexistsatleasloneintegmlcurveuf V' = fx, y) through (%o, o) and the
integral curve exists up to the boundary. In addition, if /s continuously differentiable
w.r.t.y, the solution is unique ).
Now we have the situation x = '(x) < F{x) and v = F(x) with x(0) = 3(0) = x,. So
r 4

ﬂ:csohxtiOncanbcwﬁttenasx=xo+ Ifdr,y=yo+ IFdr
0 0

Dx-y= .[ (f = Fldr = x(1) < y(1).
0

RHS vector dominated by the linear terms — &) <A@ x+B()
®) 2N/ < A Nx1 + B(r)
Since [(x)=f(x*) + (x-x*) f'(£) =
AQ) S-S ) =1£E) %~ x* || < max [ = x*]| = L(1r) [l — x*|
This estimation implies the existence and uniqueness of the solution for ¢+ > 0. Here,
A(n), B(r) and L(r) are the positive contimuous functions for ¢ > 0, Then the unique
solution x(f) = ¢ () < }(f) exists on [0,7). For 127, the model is given by
x=f(x (f), x(t =7)) and we have x(7) =¢ (7). We can reduce this system to (8). i.e.,
x=f(x(0) .¢((~r)= f (x) forx (7)=¢(r). Taking into account that 0 < g (m)
< 1. x() is non—negative and also the form (eqns.(1)~(4)). We can construct the linear
system x =kx+1(f) > F (x). So, establishing the conditions (9) and (10) the existence
and uniqueness of the solution of x = 7 (x) is implied if x (7) =4(7) on[T,27]. In
the same way we can extend for the interval [n7, (n+1)7], n= 1,2,3, .. ie,
for 1> 7. Hence, the unique solution on [0,7 | extends uniquely for all 1 > 7

In the stationary case we have the following equations for g = 1.

aV - pVF = 0
BC—-ypVF —aF =(

(11) ~u(C-CH+xVF = 0
oV —ngm =0

[111]
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After solving (11), we get the following stationary solutions
(12) VISt.=0:FlSt=ﬁC*/a:C|8t=C.:ml8t'—"0
(13) Vast=p(aa -pBC¥) I (a(px-pupy)): Fast=alp:

C,st = (axa— p*yuC*) | (p(Bx— ppy ) ;myst = ou(aa — ppC*) | (na(fe— ppy)

In (12) we have ¥, st = 0 and m, st = 0 which implies the state of healthy organism.
But (13) implies the chronic form of the disease when V2st > 0.The sufficient condition
for the second stationary solution to be positive is

(14) aa > pfC*: fx > ppy ; axa > p*y uC*

an we shall discuss the stability of the stationary solutions. Let Xst = (Vst, Fst, Cst,
msl) be the stationary solution of (1)-(4). We linearize dus near the pomt
X = Xot. Letx=X - Xst=(V - Vst, F— Fst, C - Cst, m — mst) = (x), X3, X3, .n.)
This yields the system

x, = (a - pFst)x, — pVst .x,

x, = ~ypFst.x, = (y pVst + a)x, + p x,
(15) x; = xFst.x(t—t)+xVst.x,(t —7) = px;

Xy = OX 1%,

In (15) we have the term x,(r—7) and x;(f -7).To express these in
terms of x;(f) and x,(f) respectively. We use the Fourier transform. Note that

Firy = | f@e a, B = - iat Figy; Fif @ -0))= €°° RT). So, taking

Fourier transform of (15), we get
—iaF{x} = (@ — pFst)F{x} — pVstF{x,}
—ia F{x,} = -y pFst.F{x,} = (npVst +a) F{x,} + p F{x;}
(16) —ia Fix,} = x Fst ¢ F{x}+xVst.e"™ F{x,} - uF{x;}
l —ia F{x,} = oF{x}.nF{x,}

=
a-pFst - pVst 0 0 Fix} Fix}
—y pFst ~(ypVst+a) f O Fix,} 1 _ Ff{x,}
A7) | eepy  xe-wwst —p 0 || Fled || Flx)
o 0 0 -7 Flxg} J Fix,}

[112]
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= - is the cigenvalue of the matrix with eigenvector (Fix}, Fix}, Fix;},
F {x,,})r. Thus we have the characteristic quasi polynomial

a—-pFst—4 —pVst 0 0
—y pFst —(ypVst+a)-A yéi 0
(18) PA = e 153 =0
xe~** Fit xe v Vst —f=A
o 0 0 -7—-4 |

Consider the equilibrium solution (12), then

(‘19) P(A)=—(a-pBC*la-D)(a+A)(u+D(n+A) =0

D A=-a: h=-pu: A=-n: A=a-pBC*/a: = this solution is
asymptotically stable if 4 <0 & a < pfC*/a which leads to the following
theorem.

Theorem 3 A sufficient condition for the asymptotic stability of the stationary
solution (12) is that the inequality @ < pf C*/a is satisfied.

Consider the second equilibrium solution (13). then
(200 PO =-(-A) (-2 +bA —di+e+ fie* —ge-ir)=(

where b=pu+ypVst+a>0: d= pu (ypVist+a)—ypaVst>0:
e=puayVist>0; f=xfVist>0andq= a xf Vast > 0. For the asymptotic
stability of second equilibrium point, the validity of the following theorem is given
in [1].

Theorem 4: A sufficient condition for the stationary solution (13) to be
asymptotically stable is that the inequality 0 < (g — ¢) / (b =ft)<d-f-qr is
satisfied for 7 < |
4. Numerical Results

We simulate here the infection of a healthy organism by a small doses of
viruses V5. The initial condition is taken as V(0) = V,: F(0) = F* : C(0) = C* and
m(0) =0 with 7* =1 and C* = 1. Also, we have taken in general that 4 = a. Thus we
have the system

V= a V- pVF

F= B(C-F)-ypVF

C=—u(C-1)+q(m).x. Wt-7).F(t-1)

m=0oV-nm

[113]
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We solve the above system using Runge—Kutta fourth order method [2]. In all
the following cases we assume that m* =0, 1.

Case 1: (Subclinical Form)

In fig.1., the simulation shows that the nature of elimination of the viruses
from the organism for sufficiently small infectious doses V;, with stimulation. The
condition of occurrence is when @ < p.From fig.2., it is observed that when & = p the
stability of elimination of the viruses is not violated in the presence of stimulated
immune system.

Case 2: (Acute Form with Normal Outcome)

In this case the viruses pass through the immunologic barrier and their
concentration in the organism goes upward during several days. The viruses cffectively
stimulate the immune system and the quantity of antibodies becomes sufficient to
eliminate the antigens completely. The damage of organ is not massive enough to
qualitatively change the process. When the antigen concentration decline to zero, the
antibody concentration and the charactetistics of the damaged organ tend towards their
normal levels (See figs. 3a, 3b, 3c). Figure 4 shows several acute form of a disease
with distinct doses of infection. i.¢., for V=107, 107 and 1077,

Case 3: (Chronic Form)

Figures 5a, 5b, 5c show a typical chronic form of a disease for which the

condition of occurrence is when @ > pand x f > u y p. Since the viruses have flaccid
dynamics, the non-effective stimulation of the immune system can be a function of
small infectious dose V; of viruses. In fig .6 we show the chronic form turned to acute

form when the initial antigen dose is more, i.e. Fy = 1072 ().

Case 4: (Acute Form With lethal Outcome)

It oceurs when immune response is delayed so much (i.e., for large7 ) and that
the complete damage of the organ becomes inevitable (Sec figs. 7a, 7b, 7c) under the
condition & >pand Bf >y pq.

5, Concluding Remarks

With the above simple mathematical model, we are making the following

conclusions.
The subclinical form of a disease is characterised by a stable elimination of
viruses from the organism and resembles the vaccination by non-pathogenic

[114]
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proliferate antigen which can be interpreted as utilisation of live vaceine, In this case
the organ is practically intact and the antigen concentration tends to zero in time,

The acute form of a discase is characterised by expressed dynamics of the
viruses: rapid growth and sharp decline to zero. An effective immune TESponse occurs
in the organism leading to recovery. Only considerable damage of the organ can lead
to chronic form or the lethal outcome. Hence the treatment of acute form needs to be
directed towards suppressions of pathogenic properties of viruses.

The presence of non-zero population of viruses possessing flaccid dynamics
of the organism with the slight damage of the organ characterises the chronic form.
This is caused by insufficiently effective stimulation of the immune system.
Apparently, in some cases the chronic form of a disease should be treated by making
the disease aggravated.

The lethal outcome of the discase is connected with severe damage of the
organ which is no longer capable of securing a normal vital activity of the organism.
Severe damage of the organ is caused either by high pathogeneity of viruses (i.c.. the
coefficient o large), by weak stimulation (i.e., for small x) and untimely immune
response (i.e., for 7 large). Both acute and chronic forms can lead to lethal outcome in
case of severe damage of the organ.
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