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Abstract: General radicall_ theory for 1 —rings are piven, Some of the
charueteﬂ:aﬁons of raﬁcals for 1 -rings are Melape«l. We also
deseribe br:Leﬁly gertain particular radicals of interest viz Jacobson

radical, Nil radical, Levitzki nil radical and stmngly nilpotent radi-
cal for 1 —ringm -

1. Intreduction

The fdea of a T ~ring as the generalizatfon of a ring was intrmlnc-
. , ed by Nobusawa /87 aud Barnes [3]. Barnes (3], Kyuno [7}. Coppase and
Luh /4/ have defined certaiu radicals for I'=rings and they have studied
* them.

_The general radical theory for rings have been introduuﬂ by Kurosh
gs_,? .:u;é' Amitsyr Ll.ﬂJ in this paper we obtain the general radical
theory for p —rings. We study some of the characterizatiods of general
radicals ﬁw ¥ -rings. Iu this connection we have also discussed parti—
1 cu&ar radicals such as meson. radical, Wil radical, Levitzki nil radi-
cal and strongly nflpotent radical. These radicals are the ‘generaliza-
tions of the radicals of classical Ting theory,

2. Definition

B —

Let M and) IPbe tuo obelian groups. Suppose that there is a mapping
(composition) from M x Ix M - X sending (x, ol y) :Lnto(x ¥) such

that
(1) (x =+ y)n( Z . = X zHySz,
o x{d +8)2 = ,(_g +x%x B2
xx (y + z) = XNy dxx 2

where x, v, z e MandexX, B ¢ T , Then M is called a T -ring.
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Theorem 2.3

Let A and B be ideals of the T -ving M and € ; M + M/B, the canoni-
gall T —homomorphism they A %+ B = (A 8) _B-l and 5—-{-—-5 is I' ~isomorphic
to A/AMlB .

3.  General radicals for I ~rings

A general radical theory has been developed by Kurosh /6/ and
Amitsur (/1/, /2)) for classical rings. 1In this section we have obtained
the corresponding theory of radicals for I' -rings. -

Definition

Let R be the class of [ -rings. A T —ring M ¢ R is cal’led-ﬁ-!‘
~ring. If 1 16 an #deal of ¥ such that T ¢ J, then I is called an R
~ideal of a T -ring M. A I -ring which does not contain any nonzero
R -ideal will be called X -semisimple.

A class ﬂ of I -rings is called 2 radical if

(A) Jz is [' ~homomorphically closed-, 1ie. 4f M e ﬂ, and T an ideal
of M, then _H-fl € LQ

(B) Every [I'-ring M contains an u‘{ -ideal R(M) which contains all
other ] ~ideal of M.

(C) M/R(M) contaits no non-zero (A -ideal.

The ({ -ideal R(M) ts called the R -radical of ¥ and anR-T -ring
is called an (R ~radical [-ring. If R(M) = 0, then M is called { -semi-
simple [-rings. '

It is clear from (B) that 0 is anf-T - ring. Since 0 is anﬂ- T
-ring, we may say that an® -semisimple T -ring is one whose radical is
zero. An{fl-T -ving is its owa radical and we call it a radical I -ring.
Clearly @ is the only I -ving which {s both R -radical I -ring and
(R -semisimple.

Theorem 3.1

A nonempty: cln!}sﬂ of [ -rings 1s & radical class If and only If




4 Nep. Math. Sc. Rep:, Vol. 14, No. 1, 1988

() Ris 1 ~homomorphically closed.
_ (B) If every nonzero [ ~homomorphic imege of a I -ring M contalus
a nonzero (R -{desl, then ¥ 1s in ﬂ

Proof
Suppose i:hata"is_ a radical. Then (A) holds by definition. To
prove (D) ..135 M be a T -ring such that every nonzero T —hnuamrph'ic
imege of M contains a mnzemﬁ«ideal. If M ¢ R(M), then T - 45 a
nonzero I ~homomorphic image of M. Hence i-%‘-)- contains & nonzérp Q o’
ideal, which is a contradiction. Therefore M=E(M) and M is in €.

Conversely, let R satisfies the conditions (A) and (D) of the

theorem.

Let M be a T -ring. Let B be the union (sum) of all { -ideals of
¥. Let B be a nonzero I' ~homomorphic imsge of 8, Then B « B/I, where
I is an ideal of Band B ¢ I. If B = O, then B €f, so let B ¢ 0, then

- I
there exists at least omne ﬂ-ideal Io such that Io - Tbm-—-‘%i is a
I 41 I
nonzero ideal of ']i!' « By Theorem 2.3, —9-i-- = T?h_l . Therefore by (4)
o

I 41 :
“—c®. By @ B e . Thus the condition (B) of the definition is

satisfied with R(M) = B.

If % has nunzaxoﬁ -idesl, let I/, with 14 3, 128 where I is
an ideal of M. Let K be an ideal of I with K ¢ I. If B LK, then
I/
B .
/g = —— by Theorem 2.2. Hence by (A) I/x e -
K5l ‘ y x =

: B+ K 2+ K K
If B%K, then is a nonzere ideal of I/ =nd —-—;—- # T3 by

Theorem 2.3. Since B ¢ § , by (A) _inﬁ efl, therefore -"—;—E eR . Thus
every nonzero I -homomorphic image of I contains a nomzero R -ideal,
then I (. Hence I £ B, which is a contradiction. Hence % has no
nonzeroff -ideal. Therefore (C) is satisfied. Thus the proof of the
theorem is complete.

‘Theorem 3.2
A nonempty chssﬂ of T-rings is a radical class if and only if

Now le
Let R(
by The
M/R{N)
M= R(

Bow, 1
of & =
B ¥ R(
zero R
definiy

We
and (3)

Le
since (
condit]
in C.
k=t I b
£ (ﬂa

I+ =

sach th
TER .
definic
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(1) R is T -homomorphically closed.

(2) ﬂ is closed under existensions, i.e. for a '-ving M and an
tdeal Tof ¥, I e R and /1 ¢ R together imply ¥ = Q.

(3) I1f I1 __C__.-I2 C.I &... & is an ascending chain of R-—:ld.eals of

a T-ring M, then UIAE'R

R

Proof

First suppose that ﬂ is a radical class. Then clearly (1) holds.
Now let M be a 1 -ring and I be an ideal of M such that 1' € ﬂand —CR
Let R(M) be the R —rad;}:?l of M, Th@ IERM). Hence W ﬂ')'
by Theorem 2.2, But RODTT is a p -homomorphic image of M/I. Therefore
M/e(M) efR. By the condition (C) of the definition M/R(M) = 0 i.e.
M= R(M). Hence ¥ ¢ . Thus (2) holds.

Yow, let M be a | -ring and let L er, (=R £..... be an ascending chain

of f ~ideals of M. Let B =V 1,. Let a(n) beithe B —redicaljof B, I
+ R(B)

3 # R(B), then T Iy such that L S R(B). Then - =

zero R -ideal of B/R(B). This contradicts the nond:l.tion (C) of the

definition. Hence B = R (B). Hence B ¢ . Thus (3) holds.

is a non-

We now prove the converse, so, let [ satisfy conditions (1), (2)
and (3), clearly the condition (A) of the definition of radical holds.

Let € be the class of@ ~ideals of a 7 -ring M. Then C is nonempty,
since 0 € C. C is partially ordered with respect to inclusion, and by
condition (3) every totally ordered subset of C has a least upper bound
iz C. Hence by Zorn's Lemma, C has a maximal member say Z. Then 2 Ea.
Let I be any (R -ideal of M. Then -5—%—% Inz by Theorem 2.3. Since
2 e Qand T ), then by () T+ 2 c(]. The maximality of 2 implies
142=21.e. 1€2Z. Thus the condition (B) of definition holds,

tet T be an (R -ideal of J . Then I =+ for some fdeal I of M
such that 2 € 1. Since Te({ and Z & f , we have by condition (2)
¢ 2. Hence 1 2. Thus I = 0. Hence the condition (C) of the
definition holds. This proves the theorem.
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Examples of radicals of I -rings are developed in the following.
Definition
A p -ring M is said to be locally unilpotent r -ring, i1f for any

finite subset S ©¥ and any finite subset ¢ €1, there exists a positive
integer n such that (S #)%5 = 0.

An fdesl T of a T -ring M is said to be locally nilpotent, if it
is locally nilpotent as a [ -ring.

Lemma 3.3

EBvery. subring and every homomorphic image of = locelly nilpotent
T -ring is loeally nilpotent I -ring.
Proof. Obvious.
Lemma 3.4

Let M be & T -ring and I be an i{deal of M such that both T and M/T
are locally nilpotent [' -ring. Then M is locally nilpotent I —ring.

Let § = {sl, vesoy 8.} be a finite subset of M. Consider M/I and

, ficite mumber of coset 8 + I, 1 = 1,2, ..r. The subring generated by

the cosets is 8§ which is finite and also subset of M/I. Since M/I is
locally nilpotent, then for any finite subset # < ¢, there exists a
positive integer n such that

s H% =0 m-’Il . Therefore (S $)”S £1. Now (5 #)7S 1s generat-

ed by a finite set of elements namely the set of all products of n of
54 ﬁ:.i for each ‘dis ¢ with Sy-
Since I is locally nilpotent T' -ring, then Ja positive integer
m such that
(s )" ™ (s )" =0
.

1.e, (s $)y20g _ o

Therefore M is a locally nilpotent I' -ring.
Lemma 3.5
Let I, & I, £ ... 1s the ascending chain of locally nilpotent
ideals of a I' -ring M, then (J Iy fs locally nilpotent T ~ring.
X
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Proof

Consider a finite subsct S & V 1,. Then S is contained in some

I, . Since Iai- is locdlly nilpotent, then for any finite subset g LT,

A
there exists a positive integer n such that

(s¢)s = 0,
Therefore gld is a locally nilpotent T -ring.

Thus by Theorem 3.Z we have the following theorem which gives an
example of a radical of p -rings,

Theorem 3.6

The class of locally nilpotent I —rings 15 a radical. This radical

is known as Levitzkinil radical and is denoted by~f.
Definition
An element a of a T'-ring is strongly nilpotent if there exists a
positive integer n such that
(@aMfa=(ralfal.....aTl) as=0.

A T -ring M is strongly nil if each of its elements is strongly nil-
potent. A I -ring M is strongly nilpotent if there exists a positive
integer n such that

MD" M e MOMT .o MT) M= 0. Clearly a strongly nil-
potent T -ring is also strongly =ail.

Theorem 3.7

The class of strongly nilpotent I —ring is a radical.

Proof

Let M be a strongly nilpotent I' —-ring and I be an ideal of M,
Then clearly M/I is strongly nilpotent.

Let M be & I -ring and I be an fdeal of M such that both I and
M/L are strongly nilpotent, then we shall prove that M is strongly

silpotent. Since M/I is strongly nilpotent, there exists a positive
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Definition

An element & of a I ~ring M is said to be right quasi-regular
(abbreviated rqr) if, for any re T, there 'ﬁféitﬁ 8 ¢, x; & N,

1 =1,2,3,...n such R R f xra 8, x, =0 for all
x £ M, .

A T-ring M is called right quasi-regular if every element of M are
right quasi-regular. A subset S of M is rqr if every element in § iz
Tqr.
Theorem 3.9 . _

The class of right quasi-regular T -ring is a radical.

i

Proof

Let M be a rqr I -ring and I be an :ldbxl of M. Then clearly M/I
is rqr.

Let M be a rqr I -ring and I be an ideal of M such that both I and
K/1 are rqr. Then M i,s xqr. To prove this, let a ¢ M, since M/I is
rqr, then for any r ¢ r . there uiats (xj_ + I) € M/I and 81 £ I‘ s d=L,
P B n, we have :

n
xta + I x 8§ g..-.-_s xra 5- X; €1 for all x € M. Put x = ara.
1= 1 M ' '

e Ga? 6, x, is contatned in I.

Then ¢ = a (nhjz + Z ‘ara ﬁiris - I
' i=1

11 !
1f y € M, then yra ¢ M a&tdl".hmce

l(;n)rc-i—jflyulj jl-j:: (yra) re Ay z3 = 0,

‘substituting for ¢ and rearranging terms, we obtain

yra + (- yra - y Gl -y @+ 5y () 5y x
i

- I y(m) Gi :._ 1434- iyxn ajzdéiy(ta) a;zj

* -'15 y (1’&.) Ayzg) = (= y .'G.'m}'"' - _'y. (ra)” -y (rg-)' '

| .
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4 4 2 £
+ I ¥y (ra) 61 2, = T v (ra) Ei X, :‘jzj + Ly (ra) ljzj
i 1,3 i
5
+£y(ra)3xz +£y(ra)".&2-0. '
23 3%
b i
76,
Hence a is rqr. Therefore M is Tqr. -
| Let I1 < 129 135 «+»+sv. 18 an ascending chain of tqr ideals of a &7
! T ~ring M such that each Ji‘ is rqr, then 3'%{ is rqr.
/87

To prove this let a & UI‘. Then a is in Idfor some of .  Since
I*:ls rqr, then for all r & I', there exists 615 I and %, & M such that

n n
xra + E_xﬁx-Exradx-G.Eoraller.
; {=l Ol ¢ =1 o

Therefore a is rqr. Hence‘liz o is rqr.
The radical is known as Jacobson radical and is denoted by J.

Thecren 3.10
Every nilpotent element 4n a T -ring M is rqr.
Proof

Let & € M be nilpotent. Then for any r £ 'we have (a r)"a = 0

for some n. Let §, = §. = ;.. m § = rand let x. = -a, X, = _(ar)j.-la
1 2 o 1 ) i
: n
for 1 =23, ..... n. Then xra + I xdéd, x, - £ xrad, x

=1 i1 ful > G ¢

=xr (ar)%a=0 for all x & M. Hence s is rqr.
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Complex - Inversion Formula for a Distributional
Generalized Laplace Transform

S.K. Akhaury
and
Vijoy Kumar
1.1 Introduction
A generalization of the Laplace transform
F(s) =  f e %% gee)de s (EI=D)
o
was glven by Saksena [1] in the form
o —(p-qlz}st e=1/,
F(s) = | ‘e (gst) Wi i (¢st) f(t)de aos (151=2)
o ) ]

where, W is the Woitraker function [Whittaker & Watson (2)]. We
define this transform as the generalized Laplace transform of a distri-
bution £(t), whose support is bounded on the left, by

F(s) = Lf (t)

~(p-a/,)st o=l :
=< fi(t), e (qst)l W o (@st) > von (1,1-3)

o this paper ve have extended the complex - inversion formula,

£(t + d) + £(t - o) 0 e}im (s + ¢ -k +%)
2 27 '(s +c+m) I'(s +¢c -—m) *
c—fw ,
] (sl)'t'.a-'l ds cen (Lo1-4)

vhere, ¢ (s) = / (q8)®! F(e)ds,
o
(under certain conditions of £(t) and the parameters involved) corres-
ponding to the classical Whittaker Cﬁc k.m) - tremsform (1.1-2) to gen-
1 | Bt |
eéralized functions in the Eesting function spaces (defined as in
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A# the product of the generalized function is com
§1.2-1) in the form

o
1.2-3) = (1.2-6)

e, ), @ wes > nst L2280
=< fw), <1 (g8), €qa)"'1 wigsu) ves (1.2-5)
. < flu), _-' {Q‘BJQ"L w(gsu) > e @ .2-6)

®his completes the proof of the lemma.
1.2.2 i
et § ¢ D(I) and r be a t'{:i:éd--vrea:i"mmﬁgr. If

L e R
o

.-r+1w,(mm&md-x>€> max (€g, 1),
m'wue-musswd.scn then |

T
I < i), v > ¥ (s)dw
-* -

- Ef@), 3 £ WY (o) > (s Q225
=T
~ The proof is trivial for § (2)= 0. Now we suppose § (2)4 0
leg : '
T > = Y (8) _ o= JCE2-8B}
) is justified as wTew ”d.fS (I) for Re s < X, It can be seen
Wi T (s) is analytic for all s for whichy( > € > max (64 1) and
%) is amslytic for all finite values of s [Carslaw 4, p. 196-198
- Tichmarsh 5, p. 997.

-

- A Thes, the left hand side of (1.2—7) :!-:8 an integral with an inte-
geeed as an analytic function over a finite regim and therefore con-
ges uniformly. Now, i
I i







o Wl S ! e v : .

We shall mmﬁk 'dnﬂdztﬁin 'the"‘laaf ‘éﬁ&m rges L
l
da ¥, o @ to : : ¥ (e)di, and this witl eama,m m'rﬁw:,
= ‘g n
(1.2-7). onsider V(y ___'f, where )
Viom) - of §om o} -(&-ﬁf‘a () e
aeo
£~a=l-1nr13ﬁq = (*!"“_' -
- f M)’" ;{m@' - lotue1) w5y (®du ... (L.2-10)
. e have to prove that V(u,m) converges unifornly to zers on o<u<e,
. ®s ==, For W,itmtsmwl ; ! B
BT . .
[0 X aﬁ+19 —— Esq-n— mll
< ef, r .r 1 ¥ (s)du J LA %
rrl ¥ (.)a»]u finite and .wmmmg (2) #07.,
m clears that * S _ .
: . o gRitm i-‘fa»{ IouT W (s)du) < T i f:‘@'[‘!"?;-ll
du” -r P :
Bu o{*ﬂ T ; - 4
[ u™ gt B | : )
1y L)Y el . %’- _éxf||l:v.-4_ugd. wofor allm L. (L2-12)
Bence, there exists m, mw&ma > m the right-hand side 1s
wisd by 2 e/ = :
: . SRR
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'y end Vijoy Kumar
Teg L4 St o g,
~= : ' - :

. M. : _.. . : -
L3-s@d= 3 -"‘ &t

=.0,

du %) - poy e e

 inse  p BiBXE
Z."sinoa -if = —dt = nJ.
we “suppose 14 o

q @ U £ :u .ﬁ J' [ef 5 Mua" e i(uﬂ —-—-—- de

lw.ﬁweama‘.gmehﬁmzqr{n}*ﬁmﬁbhlymb<ﬁewn ik
r+»;n-&.12g-—-,mimvﬂlkeasmnshﬁ'

Bu d‘ﬁl ! {th'ﬁﬂ

Fe ﬂue‘) n‘ $) 7 M at '

n | 0
s e WX f&"’n‘ﬁm‘) D“if(u?.?'"

-

-u e q‘mf @(tn“i(ue") DY atu)_?-—-—at

- ‘l + t + I {msd
!
Sow, we set considering 1, first,

.ft n
P Ty ZM

By virtue of our supposition N(t,u) is a continuous functions of

fE,%) for, all u (0 < u<«) and t # 0. Also, by L'Eospital's rule,

x
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wod Vijorr Komar

0<u <=, as 1>l since lin T ‘*“ Tz =07

solE L2

Integrating by parts, we have

: = ,gﬁ o Lo
Byl ‘%-‘3“ ‘f"mz:e B_:":t‘??' ) ma-'r._tj"“

T S
e M g
F R m%{-é‘é- D% $(ue®) ) dt .

Since $(u) e D(LT,) i.e. is of compac
o gtan a"‘ n“ $ @

3 au%mz‘.—: and &>1, P (u) becomes

sy

'1(‘) - R" e T

I, L fus r_,____l_i__“_ m:u 7

o - - .
% -—.;-_{hgi';y'; (ve5)} dt

spe . — -“‘f‘:"- 2 cos ]

w0+ L FTR fae e, if.'?f-“é-t‘fﬁ?; 6 ehlae ... (24

First term of (12-1ﬁ)untfnmiyhan&nmmtn0¢umasgg-h
Since u and ¢ are £ixed and o G V0 " 5% (ue™ 1s & bounded function of u
a0 <cu<=, Algd,

afs o -"'{tn # (uet) 7
- oY Kin. E...‘.._‘E_ﬁ_}.) 3(:: );f

i S 3.
e P 2 L o8y Gty




|

| -

|

| 1
|

|

|

_ <

|

|

_

|

q -

_”WIIH = = I i : - — —— - = — .|| — - — - —— = - =
| e = T TN e e i D ST e ——




Proof

‘We shall prove the thﬁomby Justifying steps in the following
manipulations;

Erir - |
<ot S FECERC AR RO os (143-TY

p M) 80 12l ) dedw (s= 6+ 10) ... (1.3-3)
o sen @

1
- -}-,-‘- wls) ¢ ; @w"l F (s)ds) r Ly ez dw ... (La3-4)

- %TK— i wt (s) { I (etl:s}"'1 <Hu}, w(qsuw)) ds} .r z"'l ¢ (z) dzdu
. (1 :3-5)3

T f b e S
= @KW, 1 @ wasnas ) ;2 g (ayazen

1 T —~ > | 3 L : _
R -£ wl () { £y, M(s) u'”’-‘}' I} 21y (z)dzdw . ... (1.3-7)

- {1, -;f : Flae ; =y (2)dzduy > cen (1.3-8)

o

= 2w, ;fo, s@ s o L s cee (1.3-9)

r&{ﬂ-l. ﬁ‘ ¥ i (2) (z/, )‘" o v (€130

- <m’ ¢ (u) > y 85 T 4 o o e (1;5-11-)
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o the Mazimm Real Fart of an Integral Fy
Represented by mmmet Series

S.N. Qr;tml:avu
Poonam Sharma
f.  Consider the Dirichlet series

1.1) f(s) = F a e B

n=1 ‘a :
Where s = 0 + 1t, A 20, ’ﬁn < Jh-ltl - o
axd

S 1.5
.2 1in sup 'XL" B wDcw
e '

Let o and o, be the abscissa of Sonvergence aud abscissa of abso-
Iste converveace, respectively, of £(s). We know (A7, p. 4) that
Sfa -0 <D 1t 9, ==, then from this inequality 5 =(=, snd
#18) represents an integral function.

fet the maximum real part be as

A(o) = 1.u.b, [Re £¢o 4 1t)] .
-w < te @
Sisce log 4(%) 1s an increasing convex function of o /27,
fove log A(0) is differentiable almost everywhere with an incr
#erivative. This enables- us to write log A(v) in the foll,

there—
owing form:
] o A (3

530 log A(9) = log A + f 5
o

This integral Tepresentation of log A
Weaticy propertics of log Alo).

(o) helps us in deriving inte-
The results are given in the form of
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where ¢ = €(0) + was o> .

Proof. Fromw (1.3), we have

e e ey
log A(s) < log Alo,) ""i‘(ﬁi“l (6 -0),
and therefore

lim  sup AL 108 A()

where o > o and e = (o) >0 as o> =,

&. [Theorem 3, If f(s) is an integral function of Ritt order
¢ 0 <o < =) and lower order ), then
At

Froof, From (1.3), we have

log A(0) < log Ale)) + (o = o) A0

el thecefors using the result (2], p. 122)

et lmlwae s
o= inf i A

¥, for an arbitrary fixed h > 0
a+h

. dog Ale + h) = log A(O) + S
O

refa;
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Sence,
A'(0) < A'(o, £1))

aimost everywhere for ¢ > max fai_, 'o_l_j..

$imilsr results can be obtained for the higher derivatives and hence
*8e theorem follows for almost all values of o > a, 20,

shere o >g = max (ci. Oys Tga een crp_)_.

#. Theorem 5. If A > 6 >0 and f(s) is not an exponential polynomial ,
then

€D A, £®) 5 A /£

N .
#lsost everywhere for g > g, 2 0, £ > 0 and where .&'(b.-fw) is the
derivative of Aoy f‘(ﬂ)'.

Precf. Using Theorem 1 :E_p_t-f(l} (s),we have for o > oy

=isce A(c,fu))_ = AV(o).
Sxiting the above inequality for the p-th derivative, we get

A'(o f(?))' .
I A'(o,f pel )
]
L
ez g > -’

Bekiag » = 1,2, ..., mand multiplying together, we have
]

m ot
@, | A" (o) DEI.J..OB.A'@.S )

A" (o,f — —
[(4e)o/™
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T
for o> max "(c-l, Tps *ots am).

Henge, using (5.1), we have

o 195 > 410 CRED T

almost everywhere for ¢ > ¢, 2 0,
0o -

g g' o

where o = max (0., Oy «+= - o
o ; Lt =1 1 2 m) -

7. Theorem 6. 1f f(s) is an {nregral funct
type T and lower type v , them

sup { (ﬁ ] ept

7.1) lim <
g+ inf er:o epy
Proof. From (1.3) we have for h > 0
o+h :
A'(x)
A(c #h) =0(1) + J- ]
log A( ') (1) Ué S )
RPN CS) .
> I KTET_ dx , 0> 9,
A' (o
& L
' Hence,
!
sup { (@ Ph su’p log A{g + h)
lim h pio + h)
g+ inf e g inf

ol 4 59P 1oB M(o+h) _ é?h}“

=51 ; CEL))
g inf p 9 ?h;h

where M(o) = Lou.b. [£(o +18)]
o e

Taking b = %,we:get ..

1, 1989

4on of Ritt order p(0<p<e),

8. Let L
(1) L

(11) 1

Let, for 0 -
&y a4
W

14s

o

hm 7 1

(11) ¢t <

(144) 1 >
Imset. Wricin,

log Az + b) =

< 0(

= 001) + {
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8. Let L(”) bea slowly changing functiom, i.e.
(1) L(e%) > 0 and is continuous for o > Oy
(11) L (2 %) nL(e% as g+« for every constant £ > 0.
Llet, for 0 <p <o

s (0 <t<T<w);

(8.1) "

P
= (O<qsp<=)
q

Iheorem 7. 1If f(s) is en integral function of Ritt- order
o (0 <p < m), then

(1) qfp < t < T = plo

(11) t < a/p log (ep/q), and
(144) T > plep VP,

Proof. Writing (1.3) as

: dﬂ g > G
» 929

- a ¥ m. ]
log A +h) = 0(1) + J -#-é;l_ ® 4x+ s A
% et ¥ o

g N . 4
<O + (o) S PR L) ax+ MO LMLy
' £ g a +

; o
a -

e .
S0+ e £ T e ax+ 8t

%

~ (p+¢) E!p—- Ia.(eé}' + 7 B

by (37, Leama 5).

: e
Btwidisg by o L(e”), taking limits and using (8.1) we get




h
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(8.2) epth‘E--rhephp.and

(8.3) PPt < §- wh D

Similarly we obtain
@.4) €Tz q/p +hp, and
@®.5) Mg > qfp + hg .
It can be seen that the minima of the right hand expressions of
(8.2) and (8.3) occur at h = 0 and ™M . p/q. Substituting h = 0 in

(8.2) and eph = p/q in (8.3), we get the second part of (i) and (i1)

respectively. Taking h = (p-q) / pp in (8.4) and h = 0 in (8.5), we get

(411) and the £irst part of (i) respectively.

9. ‘Theorem 8. If log Aa) ~T e”? L(e”), then
A'(e), G ¢ a0
Grshy AT 7 LD -

Proof. Suppose mow T = E. 1f 0 < n <1, we have from (1.3) for @ > 9,

4 o A vitx)
%(s)-n<£ i—(%}—dx-logA(u+n)-logA(u)
op 200+ pe? 0y 1ef? (e + a(e”® L(e))
=1 e’ (L 4+pnto {n-z)} {1 + ofl)} L(e™)

PO .ep"-'.- D(ea} + D(epo L(eo))-

Ao
Rowe }
lim sup = < T(p + Hn) 4

g o 1%

where H is a constant. Since n is arbitrary, we get

Hence,
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Considering log A(v) - log A(c - n) and proceeding as above,

A' (o).
s 1ee BT

g i L(e%)
and hence,
fff’ U LS [
Corollary: 1f 828 & b f¥1(e%) | then

log Alo) v B of#y9),

we ‘get

Tp,

From (1) of Theorem 7 if p = q, T=t=pl. '
hferen‘ceg

{1/ Bernstein, V.: "Lecons sur les progres recents de la thesrie des
Series de Dirfchlet", Gauthier-Villars, Paris, 1933,

{2] Ssrivastava, S.N.: "On the maximum real part of an integral function
represented by Dirichlet series”, Revista Matematfca Hispano-
Americana XXXIT (1972), 119-127. :

{3} Hardy, G.h., and Rogasinki, W.W.: "Notes on Fourier Series (III)",
‘Quart. Jour, Math., 16 (1945), 45-48.
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A Note on Estimating the Finite Fopulation Mean
. Using Auxiliary Information !

H.P. Sing
and -
U.D. Namjoshi

Abstract

4 class of estimators for estimating finite population mean using
' suxiliary information on & supplimentary variable is defined and studied
its asymptotic properties, ‘

1. Introduction

In many survey situations of practical importance the use of ‘auxiliary
faformation points out the use of ratio, dual to ratio, dual to product
{See Srivenkataramana (1980)], regression and generalized product esti-
‘®ators, among others, m_oﬁﬁ' to estimate population mean (or total)
#f the study character y. Consider & simple random sample without re-
placement (SRSWOR) -{-:ﬁy__-i.- X0y 1= 1.2, ...., n} of size n from a biva-
‘#iate population of slze N,

Sescte by

N N _ 2 N e
oM. Ix, N 151 Yyo (8-1) Ll 151 (x, = Xx)

n 3 N
- ER R : 2
s Lox,oye oy, W) Ste 5 (y -T)?
gl i 11 ngh y 1=1 i .

S I -0 x -0, Vs = 1 (y,5) (x,-%)
~ £ (y1 ) Wy > ) v 1o (,_1 Y ‘1 R)

Semjoshi is working under tlmpnject N.I.A.F.E. of I.C.A.R.
Selki and is attached to Deptt. of Maths and Statistics:J.N. !
Pmiversity,Jabalpur.
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ﬁ = S fﬁi : The population regression coefficient of y on X,

3 = syx!si : The sample regression coefficient of y on X,
§§L-r = ; +-§ AR = x) : The usual biased regression estinator of ?,
/ _ i

- .
— 7 + The variance of 3, .

‘The problem here is to estimate populaticn -myo! the study

‘character yum auxiliary {nformation on & supplimentary variable x.
Srivastava (1980) proposed a class of estimators for ¥ as

E b (G, ® cow (1)
whmh (CA %) is a function of Vs % such that

R - IR - IR T [ R
ﬁ T 9y T, O

and also satisty certain regularity conditions. The minimum variance
of ¥, to terms of order 0™, 1s given by
v _

“as (2)

B .‘-_
It is to be :Liiﬁeﬂ out that the class of estimator:

ve:y vast hut it fails to include the usual hﬂnﬂ ragrmm eﬂt-__."'j -or
xhﬂe ztammmincsto terms of order o(n ) is same as that
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The main objective of this note is to provide a class of estimators
for ¥ using information on supplimentary variable x so as te include
regression estimator ;.Er and Srivastava (1980). Asymptotic expressions
for bias and variance of the proposed class of estimators are obtained, I
Optimum estimator in the class is also identified which has smaller
variance than that of Yor and %

1

2. The Class of Estimators "

Keeping the form of regression sstimator ;'Rr =y + B (¥-X), 1n view, it
% quite logical to suggest the following class of estimators !

fu = hiy, B %) sus 1(3) |
for ¥, where h(¥, f;. %) is a function of & .E. %) such that !

n(¥, 8, » =% : :

~ I|

2y o 3h (5, B, ¥) _ 1
b &, 8,0 = =l am_1 daw )
'(Yt By X) *
and satisfies the following conditions. l}
|

(1) Whatever be the sample chosen, let (y, B, %) assume values in a
I bounded closed convex subset P of ‘the three dimensional real space
sestaining the point (¥, B, %);

££4) The function h (¥, B, %) is continuous and bounded in P; and |

(£41) The first and second partial derivatives of h (3, §, %) exist
#58 are continuous and bounded in P.

O N . :
To find the bias and variance of ¥, ‘we will need the following
wspressions which are easily derived using the formulae developed by
Besatme (1944), we have

- 2 ¥, 0 2y
¥(E) = :“?g P oh - 1: ik
i p'i_l Ha2 1 Sk 1 A
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The optimum values of the parameter, in h(5,8,%) which minimizes
the variance of in are given by

by (€,8%) = A2 GED) Cov G0 - 1) cov G

eee (7)
v V(@) - {cov (&, 5)) 2]
: [v(i) V(S) - {Cov &, 8} ]
Hence the minimum variance of %h is given by
Min V (éﬁ-)_'- V(G5 - =
2
_ ooy G®) cov GB) - v ®) cav_cmzl__ e ®)

VE [V V@) - fcov G812
From (2) to (9) we have

Ma VT =V (T - Hin v )

v (y,%x) Cov x,ﬁ) -V (%) Cov (¥ tﬁﬂzp 0
0 ... (10)
. VE V@ V@ - fcov &Y T

Also

' - o g 2D

Thus from (10) and (11) we have the following inequality

a v (@) < V@) =vd,) < V6 vee (12)

Hence it follows from (12) that the proposed estimator is wider
#% well as more efficient than tlmt of Srivastava (1980} estimatoyr Y

1.
wswal biased tagr&asion estimator yu and sample mean y,

=«
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A Note on Boundary Value Problems

K.N. Murtd '
K.R. Prasad |
and
M.A.8, Srinivas

i. Introduction

I
i
!
Boundary value problems play an Amportant role in a variety of J
real world problems. In finding solutions to two point and three-point '
boundary value problems, the construction of Green's function is vital.

It 1s sufficiently known the  onstruction ‘of Green's function for

problems involving mon-singular square matrices. However the theory for .
rectangular matrices fnvolves significant difﬂculties as the inverse of I
matrix in the usual sense, does not exist,
is adopted.

In this paper a new approach
By & suitsble transformation, the rectangular matrices sre [
transformed into a square non-singular matrix and solutions are finally '
expressed interms of the rectangular matrices. This apptoach is sub-

stantially new and covers vs_ri;oﬁé classes of boundary value problems, o
I which are not covered earlier,

In this paper we shall be concerned with the existence and unique-
sess of solutions to two-point boundary value problems associated with

the system of f£irst order differential equations '
Ly = P(t)y" + Q(t)y = £(¢) soe @) f
Shere £(e)5 2 [R;b], (Q(E)s C2[a;b] are Fectangulsr matvices of odec

o and y(t) 15 a column matrix with components ('yl_, Ygs +eey ¥,) and
we assume through out the paper that the rows of P(t) are linearly
fedependent on [a,b]. Section 3, deals with the exfetence and unique-

I--u of solutions to three-point boundary value problems, The results ‘
#&tained in this paper are examplified at the end of this paper.
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fa the form ¥(c) K(t). Then it can be easily veriffed that
€ ey F T, =k o
£(t) = 7 ¥ (s) [B(s) P (s)] ™" £(s) ds.
= Pis)
Hence the particular solution of (2.1) is of the form
& e AE
Fe) =2 Y £ v ey [pee) PR(e)] ") (o) ds.
a

Theorem 2.3 : Any sclution of (2.1) fs of the form
y(t) = Pt ¥(t) C + J(t), where -?(t‘) is @ particular solution of (2.1).

Proof : It can easily be verified that p° Y(t) C + y(t) is a solution
of (2.1) for any constant matrix C. Now to prove that eyery solution
is of the form, let y(t) be any solution of (2.1) and y(t) be a particu-
lar solution of (2.1). Then it can easily be verified that y(t) - y(t)
is a solution of (2.3). Hence by

Theorem (2.1), we have y(t) - 5(t) = BT ¥(t) C or y(E) = PUY(E)C + F(t).

Theorem 2.4 : Suppose the homogencéous boundary value problem is in-
compatible. Then there exists a unique solution to the boundary value

problem (2.1) satisfying (2.2) and is given by

_ b
y(&) = [ G(t,s) £(s) ds
a
where G(t& ,s) Is the Green's function for the corresponding homogeneous
boundary value pmblen.

.

Proof. 3 xos! Phissen 202 andThastel 2.3 any solution of (2.1) is
y(t) = T m) c+ 2T Y(t) ; Y i) [Pts) # e £(s) ds.

where Y(t) is a fundamental matrix for the equation (2.3) and C is a

constant matrix and will ba deternined uniquely from the fact that the
solution y(t) must satisfy _t_t__le_ boundary conditions (2,2).

—— e —

e —————
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Iz this section, we consider the following three-point boundary
walue problea '

Ly = P(E) y' (&) + Q(r) y(£) = £(t) ven (B11)

My(a) + Ny(b) + Ry(c) = 0 v ((2)

where P(t) ¢ ng.c). QL) e t:l"z;-,cJ are rectangular matrices of order mim
end y(t) is a column matrix with components (yl. Fps sees y-n) and we
sssume throughout the paper that the rows of P(t) are linearly indepen-
dent and M, N, R are mxn rectangular matrices.

Definition 3.1 : If PX Y(t)C is a fundamental matrix for the equation
(3.1), then the matrix D defined by

T T W o s v

D =M P (a) Y(a) + N P (b) Y(b) + R P"(c) Y(c)
is called a characteristic matrix for the boundary value problem.

The proof of Theorem 3.1 of this section is analogous to the proof
of Theorem 2.5, and hence omitted.
Theorem 3.1 : Suppose the homogeneous boundary value problem is in-
compatible. Then there exists a unique solution to three-point boundary
value problem (3.1) satisfying (3.2) and is given by

y c .
y(t) = [ G(t,s) £(s) ds
i a 1

where G(t,s) is the Green's function for the corresponding homogeneous
‘boundary value problem and is given by
[ehrcey (o) - 2Rece) p71 W pTr(r) ¥ (o)

-2 vy o7 R PTve) Y )] pTy~t
a<s<t<b<e

s
R (CES IO AR RS U SO
R T 2 (CR R CI RO Pt

ast<psb-<c

Lo of ooy 07t & PN (e) Y is) (Bes) PRGN
- a<t<b<s<ec



B R I e e A i

-

—— oy = S —
- &

= =

-
 ——— et

=
——

—_

Glr,8)_ f

46 ‘Nep. Math. Sc. Rep., Vol. 14, No. 1, 1989

/" vt - Ty v 2Tr@y(9)] [B(s) ¥ ()]

ac<hc<s<tce

I e B L IO RO OB A
a<bst<sc<e
te[b,e] &71-(;) !"?"_(_3) e ) o~ w et ¥) (s)

vy ot R ET ¥(e) Y (e)] [R(e) RO i
a<s<b<t<ec

‘Theorem 3.2 : The Green's function G(t,s) has the following proper= pr= -

ties.

Ci) G{i,s} as a function of t with fixed s have continuous derivatives
where except at t = s. M:thspoint t = s, G(t,s) hasajmpdims

mﬁiﬂi&y mﬂ its Jump is

o(st,9) - G(sT,) = " (o) PR

(11) G(t,s) is a formal solution of the ‘homogenecus boundary value
problem Ly = 0 aat:l.ﬁfyﬁm (3.1). G fails to be a true solution because

of the discontinuity at t = s.

, the properties (i) and (i1) is unique.

(111) G(t,s) satisfyin

&s an example, consider the boundary value problem

/1 0 | e
1y g( ke ) Y ( ) ( ) e (3.3)

(B' b J Y(o) + [ g ) () ( ) vae (340,

\-t o o] x__u a ; r

ransformation Y -rtz The equation (3.3) be-
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Sow the fundsmental matrix Y(t) for homogeneous equation
o -1 :
It = [ 4
-1 0

exp(t) exp(-t)
¥(t) =
—exp(-t) exp(-t) J

The characteristic matrix D is given by

D = MPLY(0) + NP YQ)

(a 1-expd) 1+ exp.(-..x})
. ) 21

Now the solution will be in the form

1 2 _
Y(t) = [ G(t,s) ( )ds
o 1

where
81_
o a<a<stsh
G(t,s) =
Ay Dy
1% %
0 0 a<t<sc<hb
where

A, = exp(=s) [exp(®) (exp(1) +2) + exp(2) exp(-t)]

- exp(s) [exp(t) (Zexp(l) + 1) + exp(2) exp(-t)].




” l.-'l :
. :
By =- exp(-s) W) (exp(l) +2) + exp(2) exp(-t)] .

= mﬁs) [exp(®) (2exp(l) + 1) - exp(2) exp(-B)].

¢, = - exp(-s) [exp(t) @exp() +1) - exp(2) exp(-t)]

+ exp(s) Em(ﬁ) (2exp(l) + 1) - exp(2) a&p(—t)]
D, = exp(-s) [exp(t) (2exp(1) + 1) - exp(2) exp(~t)]

4 exp(a) [exp(®) @xp(D) + 1) - exp(@) exp(-6)].
Ay = - exp(l) E.gpﬁ..:) - exp(t)] [g;y'cl-.-s) + exp(s-1)].
B, = -g_nget-).: [exp(-£) -wml ]:mf'(i-si + exp(s-1)].

nz- exp(1) [exp(t) wmwﬂu [exp(1-8) + exp(s-1)].

[1] Cole, R.H.: "Theory .of ordinary differemntial equations", Appleton-
entury Crafts, New York (1968). 7

: "Non-linear !l'iwrs

T ] K.N. Murty, B.D.C.N. Prasad and P. V.S. Laks
i oint Boundary Value mblm‘hand‘meir pplicab}.nns tq
Pamﬂamn Dynamics, Nep. Math. Sc. Rep., Vol. 11, No. 2
(1986), p. 87-9.
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On Univalence of Certain Analytic Functions
Associated with Starli e Functions II

M.I. Rizyi*

1. Let S be the class of functions £(z) = Z + I, a 2", which are re-
gular and univaleat in the unit disc D {|Z|<l}, while S* denotes the
class of functions in § which maps D onto a Starlike reglon with respect
to the origin. An equivalent analytic characterization for functions of
§* having an additional property

£V

ay)  re®Ey .5 ,zep;0s5821

Here B is referred as the order of Starlike functions £(Z), and we iden-
tify S% = S%.

¥

In this paper we are mainly concerned with the radius of Starlike-
ness of the function F(Z). Incidently the results of FPadmanabhan /27,
Bajpal and Srivastave /3/, Bernardi (4] and Rizvi /5] follows from ours

2, Theorem:~

Let £2) = 2 + 5, a2z, g@ =2+ & b2
. 2 _
and £(2) = SSRHD_ 1 CPT (e ey )P (g))? b £ 8%

ZC-p-g¥l o PRyt aBy

where o < l’u‘h.sl isz <1
then,

£(Z) € BE and g(2) ¢ 3‘; in the region ,
1 : Vi

1'F’]rhj.s work has been supported by S.R.F. of C.S.I1.R., New Delhi (INDIA).
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a8y’ +(ﬂ-p-q)z+2 (€50 T

}112

(1*3"13“("93:@32) IM]
0< B,y <1

O ) ) Y .

PN et s
@ =1 EPU @) w) Y,
[+

280 (2) = (Crpr) [1'@2 CPH 4 el a1 (I8

= )z TP 230 @) + (pra-c-1) 3@
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Purther, since F(Z) is a starlike function of order (pg; + qgﬁi)_, so
there exists & function w(Z), which is regular in unit disc and satisfies
the conditions of Schwartz Lemma, such that

1-{1-2 (pB, + qB,)} w(2)
ZF'(Z : 1 2
.7 F(Z ” 1 + w(Z)

¥rom (1.6) and (1.7), it follows that

71 (2 . e Al A=RD
K76 T Sl T+ 0(@)

cr

8P M) 1P(g(2) 1Y (Cop-gt2) +(C-p-a-1)42 (pB,+a8,) ~1}u (2)
1(Z) = ()

or,
3(2) [(C-p-q#2)+{ (C-p-q+1)+2(p B1*+aB,) 1w ()] y

(2.8) £@)Pg2))? =

Differentiating equation (2.8) logarithmically and simplifying, finally

we get,

(2.9) LA BB (e, 4 a8y

_ oy pleu(z) 220" (2)
O-ee 4a8y) 1 TE) - TR @ ] [CEp-ar2)H (-T2 (o8 #a8,) T ()] °

But,

20 i 2
{2.10) Re {%} u le@ ]

.' ll-m(z-)lz i

and

22" (2) )

@10 R A TG par2) + (C-p-a)¥2(ohy a8, Va D]

27 (Lu(@)?)
(1= ]2 ?| 140 (2) | | (C-p-grb2)+1{ (C-p-q) +2 (pB 48, u(2) |




=y

52 Nep. Math. Se. Rep., Vol. 14, No. 1, 1989

| The last fnequality is obtained by using the follovis
ualiey(/6], p. 168)

@] < a-la@ P 1 a-lzh.

From (2.9) and using (2.10) and (2.11), it follows that £(2) is a
sta:lﬂ‘.e function of order £, ‘and g(z) of order Bz, :
______ _alz] a-le@(®)
1]1%)‘1 et-lzl"'lltc—wﬁ + {(c-p-q) +2 (96 +aBy} @l

-

S P o
}1 + mr(?-)'l---=

. ] (G—?-q)ﬂ{pﬂ
i mamwjlh ﬁa‘)m(z) | / [140@2) |-

el

{(c-p-a) + 2 (9B + qsz)l/ A0

(C-p-q+2)

+ 2 (pBy + 98,)

= /{1+iz|)

/@]
Therefore from (2.12) and (2.13), we obtain that £(2) ¢ -?Ggl and
8@ = %1 if :

2 Jz] < [(C-p-at Mm{e@@mmagn lzl] u-} 1y

'iLr! 2 . g
(C-p-a+2)~2(2-(pBy +agy) Jr= { (C-p~

)+2(p8 +aBy) } erz > 0.




e H- i- Rim

Lot PUIE | bop (x) = (C-p-qt2) ~2{2=(pB +aBy) o= (C-p-a) +2 (b8 +aB))) £

Sisce #ic) = (C-p-q+2 and P'(r) < 0, the positive root T, for which
#isl » U must be less than the root of the polypomial P(r) = 0, that
#fwss the required value of r and proof of the theorem is complete.

Lerollary l:~ Theorem G of Bernardi /4], follows by taking p=l, g=o,
Bi=oy By~o aund C=1,2,3,... t

Corollary 2:~ Theorem of Padmanabhan [2], follows by taking p=l. g=o,
o> B < 1/2, By=o and O=1,

Corollary 3:- Theorem 1 of Bajpai and Srivastava /3], follows by taking
“p=l, g=o, and By=o

Corollary 4:~ Theorem 2 of Rizvi /57, follows by taking g=o, f=o.

I am grateful to Dr. S.N. Srivastava for his helpful suggestions
and guidance in the preparation of this paper.
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Integrability Conditions of a Structure
F Safisfying,i’x +F=0

V.C. Gupta

Susmary, Ishihara and Yano /2] have obtained the integrability condi-
tions of & structure f satisfying £ 4 f = 0. Gouli-Andreou (17 has
studied the integrabllity conditions of 2 structure f satisfying f5+£-0.
The purpose of the present paper is to establish the integrability condi-
tions of a structure F satisfying:FK + F = 0, where K is & positive
integer > 2. Firstly, the Nijenhuis tensor of F(K,l)-structure has been
studied and then the partial integrability conditions and integrability

conditions of this structure have been deduced in terms of its Nijenhuis
tensor,

1. Preliminaries

Let us consider an n~dimensional differentiable manifold M" of

¢lass ¢ equipped with 2 non-null tensor flald F of type (1,1) and of
class C satisfying

(1.1) 4 r=0,
where K is a positive integer 2 2.

Let us put

= n
(1.2) s Sef _ g&1 ¢ def ¢, gK-1

where I denotes the unit tensor field, Then we have

Theorem l.1. For a tengor field F # 0 satisfying (1.1), the cperators
s, t defined by (1.2) and applied to the tangent space at each point of
the manifold are complementary projection operators,

Proof, In consequence of (1.1) and (1.2), we have

(1.3) s+t=1,

‘-'l
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= =2
B2 28-2 EK.EK 2

= ¥

B L L <

=TI+ an..z R e

. I-‘K-i ZFK“" =t ,

(1.6) it == - P o pF a0,

This proves the theorem.

Thus, if there is given a (1,1) temsor £ield ¥ ¢ 0 satisfying (1.1)%
then there exist two complementary distributions s and T corvesponding
to the projection operators s and t respectively. Let the renk of ¥ be
constant and be equal to T everywhere, then the dimensions of § and T
are r and (n-r) respectively. We call such a structure a "F(K,1l).-struckure
of rank r' and the panifold M~ with this structure 2 '¥(K,1)-manifold.’

Theorem 1.2. For a temsor field F ¢ 0 satisfving (1.1) and the opera-
tors s, t defined by (1.2), we have
L) Fs =sF = F , Ft = tF = 0 ;

(1.8) s = F* , Fe =0 ¢

(1.9) RS R A T A

¥

(1.10) Kt on gy Pt

Proof. The proof of the theorem follows by virtue of the equations
(1.1) and (1.2).

If the rank of F is maximel, then r = n. Thus t = 0 and F satis-
fies

FK"1+I-.0.

2. _Ni-jenhuis‘ tensor of F(K,l)-structure

Let ¥ be a F(K,1)-structure of rank r ; then the Kijenhuis tensor
N(X,Y) of F is.
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NOLY) = [FX,FY] - F [FX,¥] -F [X,F7] + #2[x,1].

We have the followlng identities :

PN, ) = P s (R, tT) = - s[ex, Y]
£.0(X,Y) = t[FX,FY] ;
t.N(sX,s¥) = t[FX,F¥] ;

e NE2R, ¥0Y) - t[ex,sv]

In consequence of (1.2), (1.4), (1.7) and (2.1), we have

K-3

Pl (R, tY) = ¥ 72 [ex,e7] = - [ex,ev]

FK-33.N{tX,tY) = —az[ﬁx,tfl " —s[tX,tf] :

whence we get (2.2),

The proofs of identities (2.3), (2.4) and (2.5) follow by virtue
of the equations (1.2), (1.7) and (2.1).

Theorem (2.2). ¥or any vector fields X and Y, the followlng three
conditions are equivalept to each other:

tN(X,Y) =0 ,
t.N(sX,sY) = O ,

e N2, 5y -0 .

Slace the right sides of (2.3) and (2.4) are equal, the condi-

tions (2.6) and (2.7) are equivalent. Tf we have t.N(sX,sY) = 0 for

A
¢ vector fields X and Y3 then from (i.2) and (1.7), ELN(FT X,

g

¥) = 0 and convaersely. Hence the thesrem fallovs.

The Lie derivative aevf of the tengor f#ield:F with respect to a

vector field ¥ 1s & tenscr field of the same type as F given by /37
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der

(2.9) (g F) X p[x,Y] - [FX,¥] -
3 i —
th view of (1.7), (2,1) and (2.9), we have [ S— s
= - - { -l
(2.10) N(sX,tY) = Fl&, F)sX P.s(.tﬂ,?)sx] - )
and
(2.11) g . N(sX,tY) = FisthYY)sX} - -
h ﬁﬂ- of
3. Integrability Conditions
_ tize ¢
in this section, we shell obtain the partisl integrability condi- : M
tions of F(K,l)=structure in terms of its Nijenhuis tensor. ‘ o e At
istegrable
Theorem (3.1). The distribution T is integrable if and only if ‘ Ll
(3.1) N(tX,tY) = 0 i 8. 4.
ar equivalently et te be par
(3.2) s.N(tX,tY) = O , etonlone Soaditio;

£ t ields X and Y.

or any vector fields X an Wy

Proof. . We know that /2] the distribution T is integrable if and only -
=

if s[tx,tﬂ = 0 for any vector fields X and ¥. Thus in view of (2:2)
we get (3.2). For any vector fields X and ¥, we have
s.N(tX,t¥) = N(£X,t¥). So (3.2) is equivaleat to (3.1).

Theoren (3.2). The distribution § is integrable if and eonly 1f ome of - s Aegral
————— R Baz(f
the conditions (2.6), (2.7) or (2.8) of Theorem (2.2) is satisfied, -, o1 _ ;

proof. We know that /2] the distribution S is integrable if and only
1f t[sX,sy] = 0 for any vector fields X and Y. Thus in view of (2.5),

the theorem follows,

Theorem (3.3). The two distributions S and T are both integrable if e - Thecren {

and only if
A Lrlegg,
(3.3 N(X,Y) = s,N(sX,sY) + N(sX,t¥) + N(tX,s¥), - Samagras)
“€ g
for any vector fields X and Y.
Proof. In consequence of (1.3), (1.7) and (2.1), the Nijenhuis temsor 5x, v,
L

N(X,¥) of F can be expressed as
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(3.4) B(X,¥) = N(sX,8Y) + N(sX,t¥) + N(tX,Sy) + N(tX,tY).

Bguatise (3.4), i;.consaquence of (1.3) takes the form

B8 B(EY) = 5.N(sX,SY) + £.N(sX,s¥) + N(sX,Y) + N(EX,s¥) +
+ N(tX,tY).

Wow by virtue of (3,5) and Theorems (3.1) and (3.2), the result follows.

»

. Sefinition (3.1). If the distribution S is integrable and moreover, if
the structure B' det F/S induced from F'on each integral manifold of S

is also integrable; then we say that the F(K,1)-structure is 'partially
iutegrable'.

Theorem (3.4). A necessary and sufficient condition for a F(K,1)-
structure to be partially integrable 1s that one of the following
equivalent conditions be satisfied:

(3.6) N(sX,sY) = 0 I
- v - ]
o K- 2, K2 ' ' ]
(3.7) c o NEE2, 1% ., _

for any vector fields X and Y. (1

Froof. Suppose that the distribution § is 1ntegrable. Then F induces i

on each iﬁtegral manifold of § a structure F' defined by F' = F/S which

i
satisfies (F') = -I. The Nijenhuis tensor of this structure is ex- L‘

@ctly the same as N(8X,sY). The induced structure is integrable if and :
only if its Nijenhuis tensor vanishes identically. | I
. : ]

Since for any vector fields X and Y, the conditions N(sX,sY) = 0 i

and N(FK'Z K'ZY) = 0 are equivaleat, Therefore, in viey of defini- ‘

tiom (3.1) and Theorem (3.2), the theorem follows.

Theorem (3.5). A necessary and sufficient condition for the distribu- L

tion T to be integrable and the F(K,l)-structure to be partially inte-

grable is that

{3-8} N(X'Y) = H(Bx.ﬂ) i N(tx,st).

-
e 3
i

for any vector fields X and Y.
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Proof. The proof of the theore=m follows from definition (3.1) and
theorems (3.3) and (3.4).

-n
4, Condition N(sX,tY) = 0 i
In this section, we shall obtain the integrability conditions of ey
F(K,l)-structure by means of the condition N(sX,t¥) = 0. i
Theorem (4.1). The tensor field s(£ _F)s vanishes identically for any h& .
IR X EX ..
vector field Y, if and only if et o
“.1) N(sX,t¥) = 0 e
ot ' e B
for any vector fields X and Y. =a
Proof. The proof of the theorem follows by virtue of the egquation [ - -
(2.10). v fia
Suppose that the distributions 8 and T are both integrable. Then L.

. . I h‘
we can choose & local coordinate system such that all S are represented . ¢
by putting (n-r) local coordinates constant and all T by putting the I —— -t frels
other r coordinates constant. Let us call such a coordinate system an g e ¥ are

+ 'adapted coordinate system'. - , e =
It can be supposed that in an adapted coordinate system, the pro- - .
jection operators s and t have the components of the form , - -y . o 1f o
: a2 be
. - I. 0 0o 0 — ens
T - Icaliy ¢
“%.2) . = . o . e, T e
0 0 UE R, '
i S 22 Seppe
s
respectively, where I and L _, are unit matrices of order r and (n-x) ‘. T are e
respectively. : . e
eeral Bang¢

Since F satisfies (1.2) and (1.7), the tensor F has the components
of the form :

(4.3 F= W et ot thg

in an adapted coordinate system, where ?r is a r X r square matrix. i

. LY
Thus the Lie derivative & F has components of the form ~®truct
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.4 L =

0 0

: *

for any vector field tY on M", where L =% Ty
Thedrem (4.2). Suppose that the distributions S and T are both inte-
grable and that an adapted coordinate system has been chosen. Then the
components of F are independent of the coordinates which are constant
along the integral manifold of S if and only if
4.5) N(sX,tY) = 0 ,
for any vector fields X and Y.

Proof, Let us suppose that N(sX,tY) = 0 for any vector fields X and ¥,

Then from theorem (4.1), the temsor field s{&ﬂ.r)s vanishes identically

for any vector field Y. Thus we haveiur = 0. This implies that the
components of F are independent of the coordinates which are constant
along the integral manifold of the distribution § in an adapted coordi-
nate system. >

Conversely, if the components of F are independent of these coordi-
nates, then it can be easily shown that the tensor field s(§ ,F)s
vanishes identically for any vector field Y. Hence N(sX,tY) = 0 for
any vector fields X and Y,

Theorem (4.3). Suppose that the distributions S and T are both inte-
grable and that an adapted coordinate system has been chosen. Then the
components of ¥ are independent of the coordinates which are constant
along the integral maniflds of S if and only {f

(4.6) N(X,¥Y) = s.N(sX,sY) ,
for any vector fields X and Y.

Proof. The proof of the theorem follows from theorems (3.3) and (4.2).

Definition (4.1). We say that the F(K,l)-structure is ‘integrabnle' if

(1) the !’(K.,l)-..-structure is partially integrable;

e —
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(11) the distribution T is integrable;

(iii) the components of the F(K,l)-structure are independent of f
the coordinates which are constant along the integral mani- . M
folds ¢f S in an adapted coordinate system, Fenire

THeorem (4‘.42'-.- In order that the F(_K,l)-—atructure be integrable, it is
necessary and sufficient that

4.7 N(X,Y) = 0, e

for any vector fields X and Y. ' el - - P
Pro . . v Lrw "‘flan
of. The proof of the theorem follows from definition (4.1) &nd e oy
— Wi F % the o
theorems (3.4) and (4.3). Se—
h_u
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Folymomial and Rational Approximation to the
Segendre Function by t-Method

R.S5. Prasad
. and
Dwarika Prasad
Abstract

In this article the Polynemial and Rational Approximation to the
Legendre Function has been obtained by T-Method. It has been observed
that both the numerator and denominator polynomials of the rational
approximation of bypergeometric function are polynomials

of the hyper-
geometric type. .

R Introduction

The T-method for polynomial and rational approximations has been
suggested by Lonczos. Such approximations are also known as "Economised
spproximations” and the method obtaining as the "economisation process",
In this process the function is approximated by the ratio of two polyno-
=ials and hence the name "Rational épproximation"”, These approximations

are of the form wu(z,:.p}-hn'(v) where h (=) and ¥ (Z,a7) are polynomials
of one and two variables respectively a 7[13 a free parameter,

2. We define the Legendre function in the hypergeometric

forms es:
P:(z) = 2!1 (=V,vl; 1-p; =3 )
(X) = 2:F1A

vhich converges for [2|< 1 as ve know that the generalised hypergeome-

frie oq1fg converges for [z[< 1 when p = gil.

3. Let F(2) = ,F (-v,V4l; Iy 2) = 2 a z
k=0
"h“e‘-k'm'p'q“ and |z|< 1 veandd)
k -

Since F(Z) satisfies the differential equation,

N\







;o= B, k+l '
2 _ : stes 73
k =0,1,2,...,n; bn,n+'17°

Let us take Bﬁ' =14 Ea,0 _ «vs (B)

To obtain the values of b, Nk and % we solve the equation (7) by succes-

sive reduction and Iﬂlltiplying both sides of each of these equat:lons by
Fhe S S
St gt T

e
respectively and adding, get

hn.k = ak [; +
putting k-n-l-lmdusingb
il TG e =l _’
sutl 8 e ‘ v (9)
 r=o nr;{-u-u)ﬂz-al)y :
Also . ' '
| o4l ()T g 1 T (=p)
by ma [l 2 Sax ; > By —]
, rmo a ((1-w)+(e-1)) ; Nkl » e e=1)) J

which gives on putting the value of © from (9),

o+l (~1) gn
‘k b4
r=k+l a f(luu)-r{r—l)f ' vaa (10)
e = ni—‘l G0 e, '

o a i (1-u)+(r.£1_), }jr

-
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" BPE(Z)=h(yY) I aZ - I az I o
=P% “pmak .ln-»aak rek+l T
(=p)_(1)
where, Py ..g_“l.?.__"__ir
(=), (1) X
from (15), we have
at+l = k n K n+l
Tz, )= & P § g9°=- = a2~ g P
Ly 'Y r=0 rh-o.a'k k-foak o
® & ntl K
= I Z° & P
Ir.-oakﬂ =0 :z

L)

(=9 (W), 25wt gy () (1), (94 (wlie) 2F

I e & : e (16)
kmo PN reo (-v):(wl)r(l-u-l-k)r-(l-i-k)_rw("

u‘m. we have
w -y \ . "3 »
X (Z'T) w I (':)'M(w:)mz “;1 a,_.l‘_-r(-.-u).ttl}rz
n K=o (-u)':-_n-;:Li! =0 (-v)r(wl)r.r??

which on interchanging r and k, gives
k r
ol g (=), 2" @ (~y4k) (vHl4k) 20
xn(zl-f) w I gﬁ.tl -, kr I o k): (1):
keo (1) N o (o) (140 I£

k
ot g (1), 2 —vule, vHetl, 1
- I = 1 a4 6
kmo (1), Y© 72 (1-;.—&_, 14k /z )

Ve now specify R n(Z) as an extended Jacobi polynomial, We consider two
speclal cases according as g.  is zero or unity. We write
n,0

Bﬂ,ﬂ - ‘! a=o or 1 LN (18)




- Let a =0 and a = 1, then from (E,)

Thus from (E,), (‘Ezi and (E), we see that either a = 0 or 1.
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0 U= ‘a S
31 [aeer]] @it (et
(8+1)dg (B-.I-l-i-e}'h(da_-l-a)k(z)k

k i _0_, 1. :2'__ rwe raw (19)

Now from (13), we get
 onHlg. (=w)_(D)
h) = I - s
0 (=9), (k)
3O Wy

8ot I ———————7 & 1"
10 kmo (W) D) (¢

Putting the value of By from (19) and 8o =8 we get ‘-.ﬂ

Sk Al pe . a
o n g.\’\'%ljll .-ﬂﬂ*l-lgf
o ot B By gD Y

(&)

C Gy @) (o) (pea) -
hn&?':m T — o o L aaK (Eqy)
L keo(B+), (dp), (1-v=a), (v42-2) 5}

0 () (@eh), (ef), (L-uta), ;
U ko (B41), @p), (1v-0) (vi2-a) (ke

D G, O, 6D, (), R
hﬂ =1L - -
T ko (84), (), (o) (v12-), [k




Now from (14)
2k ° By pal “’r+1mr+1

”2)”' }: "k‘f (7) E

=k (-v) _ 1(v+1)r ﬂ\{

W= petting the value of Bl from (19), we get

nr-k : a
(-.mamrmm)m(cm}m(-uam -

(BHl4a) ., (Agta) L g (V) g D) Y

X THRFL

When a = 0, then we get

‘“-Y"lf s\ T

n—k—s (-n) (n+A=) (cf)

rikta ‘T
(B+1), +k+a{dg)r+k+au'v'n)r+k+a(“+2"a)r+k-l-a .

+k+a
Y1:

rikta A i T

when a = 1, we get

!n(z;)/) - kfo ﬂkfy (zljf)
n—kia (ﬂn)f+k%e‘&+x)t*g+a(cf)r+&*‘ 1“ﬁ‘a)t+k+a
Tmo (B41) . () . (1-v-a) . _(v+2-8)_ _*"_SY!*H-;

Thus we get either a = 0 or & = 1.

X

n-a (-.—n{-a)k(n-kl-l-a]k(-u)k(wl}k(cf-l-a)k Z.k
z > = g £ G?
B ko (B+140) (1-1), (v42), (dg+a), 1=

X _F ~ntatk, nidtatk, l-ptk, cfia+k, 1
4+f"3+3 LR (21)
Btleatk, -vl+k, vi2+k, dg+atk '?'

Next we proceed to determine X (2,7). We have (21) ftom (16)

=




——— e ———

'x (z‘l) "x “k-i-l-a

when & = 1, then from (22)
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]:ll £ (*”’k+1'(“+1"k+rzg+;'
D imo iy Mgy

Also (-n), = (-n)® j a = 0 or 1, we have

(z.gi)-!’ e (22)

When s = 'uf;' ‘then from (22)

Jetl-a

_ -n,n4h, 1-V-a+k, vi2-atk, l-p-a,cf, 1
ﬂs{ﬁﬂ. 2—ﬁ-aa+k,2—a-l‘k 1-vea,v+2-a,dg
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= (-n) l(ﬂk)rﬂ(cﬂr-l-l( u)ﬂl( v+k)t+1(V+1+k)

z T+l (%rﬂ
e PP _(dE)_ el V) L G =) 41 HO)
= pdsce
-1 n+l
£ »r = L p
rwo el r=1 © !

T n (—n) (m-i} (cﬁl = u) = u+k) (v+l+k)
Layp - : ‘k" L vy (ds) (-v: ) u—ma u-m) 2n*

k+1—e {since (-n)n+1 = 0}

E ak'bl-a

x 0 @) (6), (1opa) (v4lthea) (W2tk-a) (1) ,
R Covmcry M e ey O = eEn =) T T R

- k+l-a
k! ak+1—nz
]

=0, nek)d | l-j-a, I-v-a+k, v+2-—a+k cf
Zj oo (26)
X 6+f?5+g B-I-.I,1-u-a,2-wa+k‘,‘2+k~a,dg-,v-l-Z-a \(
By determining hn(_Y), ‘fn (Z,:'r) and xncz,'T). we arrive at our

approximation
', (zn )
¥ (2) - Y

a
and the error polynomial
B (2) = e
n

Obviously, the approximstion 'l' (z, I}/h (Y) converges uniformly to

2?1 (=v, v#l 3 1-y ; Z) as n + ® for we have from a theorem that these

epproxinations converge when p = g + 1.

Department of Mathematics
5t. Columba's College, Hazaribag
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m Relative Modified Defects of Memorphic
Pmctions

S.M. Sarangi

i. Let £(z) be & meromorphic function of order 57 Let N(r,f), m(r,f),
Te,), S(r,£), 8 (a,f), (H)(a,f) have the usual meaning of Nevanlinna
theory. Let<~/ beareal number such that o <o -c? if o <§) < @ and
o= :I.-f5J = 0.

Definition: For T, >.Qy

r
B [N5)
D = £ St
o

rl@i:a

1 :
Nd(r, ?:i') = lk(r.a) = f e dt,

$
ro

o (r,£f) and %{ﬁr,f) are defined similarly.

Hd\(r,a)
Let ﬁd (a,f)= 1= lim sup w

T >

N,(x,a)
@ds (a,f) =1 ~ 3:.:{1 :up —,ﬁ(—)— o

Id(r,f) is called the modified characteristic function and Gd(a,f) the
nodified of - defect with respect to £(z), see [6].

The advantages in modified characteristic function and the modified
defect 1ie in the fact that the exceptional set forf=tw does mot occur
here. It is known that if f(z) is & meromorphic function of infinite
order, then S(r,f) = o (T(x,f)) for all r outside an exceptional set E
of finite linear measure and such sets exist. An example of the exis-
tence of such a set has been given by Hayman [1,1227. But in modified
characteristic function (for all functions of finite or infinite order)
we have So{(r,f) =0 (Td(r,f)) as r + =,
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- H(r: —%")
Detinttions Set 552 (a ) = 1= 1im sup —r—irs
sﬁ‘lﬁ.ﬁ'y; is called the relative dsfect of a with respect to £'(z).
We extend the idea of relative defect to relative modified defert,
We define

(g F) = 1- 1im sup -

We shell call %(ﬂ:(-k ) (a,£) the relative modified defect of a with
respect to £ (2).
Tn general 689 (,6) ¢ 64(a,%). As a matcer of fact using
the inequality .
7(r,£ ®) s (1) T(x,8) + 5(x,6)
and - |
_ T o : : b e

Ty b RS = t

we can deduce that
s,f:) (a,£) z (kH) sdﬁ.fw) - k.
© Also from the definition of &, (2,) and § (a,f) 1f follows
that " '
§(a,8) > 8(a,f) see (1)
In general equality in (1) does not hold see Toda /6].

2. We prove the following
Theorem 1 : Let f£(2) be a transcendental meromorphic function and let
o arf) = 1 (o f ) s @ (0 = 1. Then for a1l b £ n,
0,69 = 60 ©,0.

54,5 =0 (k= 1,2,..). In pereicular §(0,610) = o since
56,69 < 56,690,




Thecrem I @ Let f(z) be a transcendental mercmorphic function such that
(¥ "%} = L. Then either £(z) has no finite modiffed o(-defect or

1 $‘ﬂ.f') <1 (b4 o,wj.

Thessem 3 : Let £(2) be a transcendental meromorphic function such that
(8 (=5 =1 and ahSx(8,E) = 1. Then

#7028} has no finite modified X ~deficient value except possibly zero.

3. Proof of Theorem 1 : T(r,£') = m(x,f') + N(r,f'")

g - .
s mir, ) + mlr,£) + N(r,£) + N(r,f)
= n(r, £ + 16,0 + B(r,0).

Hence

To(E,£) S m (£ + Ty (r,) + Ny (x,0) v (2)
Since

m (e, £ -0 (r,6)), see [5,697
and since @*(ﬁ'&,f} = 1, we have

Ty (6 .
1 . - -
oot TX@H

On the otherhand [4, 2987
T(r,£) < T(r,£') + Nir, $=2) - Ner, 1) + 8, 0) .
Hence since &, (a,f) = 1, we have

T, (x,f) < 'J:o_-('(r,f") + 8 (x,f).
Also from /2, 337 for a1, 8, ... aq finite,

We have H
T b st 3 gk + o)
LI mfrya ) cw(r, T —) +o(l]
ve=l v b v=1 'f-av

1 3 £ .
< m(r, ) o+ alr, !1:1 Fa) +o(l)
= 5]



:| I
|
1; i
I r
I8 v
1
-
L 1
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- “(:.aa ule, g0+ o)

vhl

Hence £rom (2) and (3) we deduce
) 2= @)y D) -

Hence since q 18 arbitrary making 4 7 L)

e get |
ai' 5o (8aE) % 500,812 @y =

Bence (0" = 2
£ = Ry @5 and Ty (5, £ ™ T4 (7sE), vsing the

Also ama Ry (24
£') v 'r“_l'.r,f "

§irst part we get To( (x,f

By induction it follows that
R (‘ﬁ}

hus the result follows:
: From [3, 6717
) + (@) N(x, l) + Nz, _{___)

where a!b"l'l bz'i Fici ’q ar
Y
" Now since N(r, .F’b-) ¢ T, B + o), ve gt

aty (:,s) 4'-2“3&(: £) + (@) N t«:.%

1

since .‘5&(@,11 =1, @a( (=) = 1, 1t follows that




S.M. Sarang!
Bence
(grol1)) T4 (if) < £ N C -n-—l )
T < ¥ N_(r - »
K V=l S £ k =bv

Hence from (4),

1
q N CovFrRy=57
qg & 1lim sup

ol ¥ 5 Ta-(t.f. )

(k)
Thus I i&-(bj,f ) =0 for all b

guch that o < ijl < ®,
I=1

3

This proves the corollary.

zoof of Theorem 2 : Let I S (b,f') = M and

o<|b| <=

o
let M3 1, & §,(a,,f) =S,

Since S £ 2 and M < 2, we can choose p and q such that
T S 4a,,8) < ey, B S(b,,E") < e, .
Now from [4,2997 we have

. |
q T0e,€) < B(r,£) + N(r, $0) + I N(r, grip=) + 8(r,6)
j=1 3

Hence q Td(r,f'-) < ﬁa{r,f) + K‘(r.,_ 'ilrr)

e P 1 ; *
+ jf]. {1 = 8y by, ') + 5} Ty (r,E") + 80 (r,8)

Hence

M = €y - q-cs) 1:0( (x,£') = N-&(r,%-.—)' < Rd (,£) + so( (e E) »
Since Mz 1,

(H = Ez = q ts} Iﬂ(rni ") - M N“(rl.lgr)-

2 - a((a,f) +.24} To((r.f) o so‘(r..f)
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Ml @) = Ny (o) = 0= @0 + ) Ty 50
< ey +a £g) T (r,f") + 8 (r,5)
Yow 8% NGt s

T &

g n,‘,ﬂr 3 £ {p + zl -8 = £5) Ty (r,f)

! ] | e 1
P To(e,f) < Tylr,£') + & N (ryg—7) -
p Ty lr,f o (T, f, i ot .g_:;;
P Ty () € Ty (£,E') + (p+e) — 8 =eg) Tylr,f)
- Ny (rigm) + S (r,)

From (5) and (7) we get
HCS - g+ eg) T (EE) < M T, (r,E) - Hg‘fq'f-rﬂ + S (x,8)
< (1= @) (oD + ) T 16 :
(55 D Ty D)+ S D).
ence $K < 1 = @g (0.
Yow by hypothesis ()¢ (=,£) = 1, hence 5 = 0.
Thus £(z) has no modiffed o -deficient value.

<is (5)

e (6)

¢
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Procf of Theores 3 ¢ Let [ &(a._ﬂ o
afo

= i“,“!: (3,£) =N (b fo, bgw)
Bew frem [A, 2997 we have

. P 1
P T, 8) < N(x,8) +q Bt(r.?-—-—)
{=l =8y
P 1
+ I N(r, ?‘:F-) +8(r, £).
=1 3

Hence

Pe T, (2,6) < K (5,8) 4 jx N, (x, 2‘.1;‘;)

+ g N e ) + 8§ .(x,f)
jup K EEY T X
Now choose p so large that

pEl 6“ (si:f) %26y
then

5 1 . :
151 Ha((r, ?"-‘—1.) <(p+p €y =8 -¢) T“(r,f}

Also choase q much that I am'(bj,f) -

{
q+10( 3

q
L

Then P NK (r, F:]:Sj-) < (qg+q 2 N - 53)_ Td (x,£)

and ﬁd(r,f) < (1 = ®“(m_.f.) + e.) Ty 8.

Hence from (8) we get

e (8)

Pq &tr.ﬂ < Td'(g.f)' {1- @K(ﬂ.f) + pq - q S+g-N} + °(T#(' (r,£)).



i\

80

Hence

Thus N + q 8 + @(-“"‘ﬂ <q+l.
Hence using the hypothesis, we get N« 0 .

Also since @xga-,ﬁ'- 1, f b @®) =1 .

: e (_y F 1)

Tuso=N I 69 G0 = B 8y,
Hence G'x(b'.-f‘)' =0 forallbgo,bée=.
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On the Order and Type of Integral Functions
of Several Complex Variables

M.I. Rizvl

Let

o m
(1) £@) = & i £d 2
m.l,...,un-ﬁ o

be an integral function of n complex variables _zl,zz,...,zu whose co-
efficients a, n 2ve complex numbers,
ool
Dzrbaryan, M.M./1, p.1] has shown that a necessary and sufficient
condition for the series (1.1) to represent an integral function of
variables Z1s eyl 18

14 (mi-i-. . .+an

(1.2) lim sup e

-I+,...,41nn+ ® | ‘ﬁll, syl
Order p and type T of an integral function f have been defined as
[2, p. 146]

T auy (m;+...4m )log(m +...4m )
(1.3) p -'ll1+u-ﬂn S = pors .am | :
Py, .
and
14 (en'e. nyten i, + = L@ty 1/P
ml....,mni
where m

Illl :
(1.5) @ = max [z,| R LA

Dalal, §.8. [3, p. 216/ has defined the lower order X and the
lower bar t for integral function as
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T T s e (my+e . )

(1«53 -1.. s '1+...4ﬂn"' = -108 l‘l_llno--.llnl

and
% (epg) /P o 1im inf 1/ 1/ (my+e o)
an (@ = e [yt tm) Piqlay 4. 0 |? e biiin

Srivastava, R.K. and Vinod Kumsr/4, pp. 161-1667, Singh, J.P. G,
PP 111-1217 and Dalal, §.5. /3, pp- 215-220] have obtained relations
between orders and types of two or more integral functions. In this
paper we have obtained some more relations between orders, Lypes, lower
bar orders and lower bar types of two or more imtegral functions when
their coefficlents are asymptotically connected.

"

2. Theorem 1

W e
(‘“t;o-o.‘n)t 31 -..zn. » (k - 1.2,..9_3

£ = I
£k -1'-00'“-“”
be p integral functions of the same finite mon zero order p and fimite
non-zero types 1:1_,12,_.. ,_I‘p respectively. Then ‘the integral function
@ m m
. . ) AT , 0
f_‘ - E a e e ok
PR e L St
where
P el (m1+. “ ~hln) , p '?'(ni-l-. cedm )
(z 1} k=1 uk' (‘ﬂlgnao.ﬂh}k‘l' b I‘hl.n.,mn

P
© <o <1, hfid!‘-l) ,

is such that

S
BT

(2.2) p'T <
 k

where p' and T are the order and type of £ respectively.
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Proaf: Sisce £ is an integral function, therefore, using (1.2), we
have

|1.;(m1+...+mn) - 5 thtla ey

lim sup I(& )y
R ml....mnk

Alse from (2.1), we get

iim sup
B, 4...Mn *+ =
1 n

am m
b e enlly

D'/(m1+. «otm ) :

p{m1+. s .m“}

P
s I lim sup o |(a )
k=1 'Ill'l‘i'. . .'|'Il.n-l- o akl m].' e .ﬂn 13

= 0.
Therefore, f 1s an integral functiom.

Using the relation (1.4) for the function fk' we get

lim sup (my#e o odm ) {q) 1P/ (e s A )

= epT, .
w4+, .oty o+ @ k
1 n

(aml,...,nn>k |

Hence,

g 1im su o+ y ( R ) }Pf(ml+. . .'ﬂnn) !
P (e " :
k-l nl"‘oc -hn"“ L 1 L q | nl!" «ym k ]

n
1. |
= ep .
k=1 &
1
or -
of (m +...4m_)
(2.3) 1im sup <m1+“ 'Wu)q ml n
m1+...'iqa+ o )
g l ( > lo.f (il1+. . .-l‘mu) p
L < b e
k=1 % Byieinealiy k Epk_l "
! L )
Using (2.1) in (2.3), we get
p'(m+...4m )
(2.4)  1im su +otn) @ | I 1 n
m1+...+m:+- © i o ¢ a‘“).n-o.llu s

p T.
2 epl %k
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Theorem 2: Under the hypothesis of Theorem 1, if
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Again using (1.4) in (2.4), we get

ep'T < ep kiﬁ a T,
kel

or

P
AESR L Sl

(2- 5) k:l nk (anl. it ..nn)k N sﬂl' - '2-11
(0 gzl g 1)
< o2 V) -
O » et b 1
- o1, aa P
(2.6) g— >p L I 'qgf Te s

k=1
where p' and T are the order and type of f respectively.
Proof:- Since f, is an integral function, therefore using (1.2), we
have for an arbitrary ¢ > 0 and large R

"_!'-o u"ﬂ' - 0 o :
> (‘g-.-g_)n" n , for myt...dm > hy

1 "&n_l-, Soor .hjhj:k l

therefore, for my+...4m > h = max(h,,... .hp).

@.n 4 « =p/ (m+o oA ) ;
-k kE’.Jk | am.l.-_-.,mn)ﬁ; II z (R"'E) -

Therefore, using (2.5) in (2.7), we get
1im sup a . -1fm1+- . -"‘Illn -0
31""-"'4',“"'" [ mllll"..n__ .
Hence £ is an integral function.
Now using the relation (1.4) for the functiom f , we get
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E -1 =P (m b L J
1im inf (m,+...4m ) { (a )k} 1 n -1
e 1 o tpl Myyeeeam 'k -(epi'k) >
Therefcre,
¥ . i~-|:n'(mI-l-...-l-mu)

lf' inf “k“‘l"’“'*‘“nrl{q’|(‘m1+...+mh’k I}
n

T oo eom
= ep
e G leP iy

or,
lim 4nf = E {@|¢ ) Pl Egrenny)
+...4H0 a &
Bt e T ml ad = PR
-1 -1
> (ep) z > .
iy Tkt
Now using the relation (2.5) in (2.8), we get
e 'pf(m *oae )
(2.9) liminf  (mg+...4m) *{@Iam w|? i
N
Wyt bm @ 1 n
> (ef)-l z uk'l';l' .
Again using (1.4) in (2.9), we get
i ok -1
') 2p B T
Vet
3. 'Theorem 3:- Under the hypothesis of Theorem by $£ 5—1'-5%""'-59

be the lower bar types of p integral functions 'fl'fz'“'fp respectively,
then l

P
.1 p't 2p I apt
o1 kK

where p' and t are the order and lower bar type of the integral func-
tion f.

Proof is similar to that of Theorem 1.

e s —————— M




I ) o

—

f—"
- — ———

e

_._,.,_._
g M W

- b
—
e —

X W T

T

F—a ————_—
- a .

m_-a_ Under the hypothesis of Theorem 2, if tl‘ Ly wees 'EI'
lower bar t:ypas of p integral functions fl,
‘then

ma u‘gh‘v sﬁ. m.' Vﬂl. 14. No. 2, -19‘9

s £p rupac:iwly

) R ¢

(p‘-t) Sep: P ; ~
GRS i ’
where p:"?" and t are ‘the -'qrdar_ and lower bar type of £ respectively.

Proof is similer to that of Theorem 2.

£ = 1 « St 28 2
t‘i"".‘nﬂ ‘il'..."n i’ 1 nl.zn (k-' ¥ _’.-")_’_

be p integral function of finite, positive lower bar types order

_“.. ..z’ respectively, then the 4integral function

£ “1,_§.-.In'@ ";1..-. ,thzl e zn ’

(oo, ... " 1\, z hk{bs“’l{.nl o)k by

0.< 4 < 1, hz'l o, = 1)y

where ) 1 the lower bar order of f.

‘Proof: Using the relation (1.6) for the integral fumction f,, we get
- (nﬁ...mn)m(uﬁ..m )

ul-l-....ﬂh*" ® J;a.;(au'lta,tl Byree ».nn)kl)

Therefore for any & > 0, we get

AL -
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» ST
(&.2) I a{log(l/|(a, a2 Dt >
k‘l 1..'-. n

1

=i P
> { (uli-l-. . .-I-nn)lag (I'n'l_-l-. . .-Hnn)} kf-:]. o Gy = @)

for 111.1-|-...+mIl > I:E

Therefore, for my+.. i > h = max (hl,...hp) and using (4.1) in (4.2),

we get

(“‘*t .ot )103 (m +i..4m ) P
1 n 1
(4,3  lim fnf = >

R log(l/ | .“1' > | '“nl) l:fl
Again using (1.6) in (4.3), we get
P
=D kel e ¢

The result for p has been cbtained by Singh, J.P. [5].

Theorem 6: Let

fk = I (a
My yessyB =0

=

be p integral functions having finite positive lower bar order Ayse

respectively, then the integral fumction

m m
f= ¥ a 2 1...2 e
‘I’.'.’mn-o nl""‘nn 1 3 :
where
(4.4) g {log(l 3
: Ll og( Il(ali....,n:kI)} & lugflflaml““.

m
o
“1’---."n}k zl "'zn (hl'*’p)

.

m
o

P
(0 <a <1, S5 a=1),

is such that

Tgk

=
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_y
Az T -

T kel Ao
where ) 4s the lower bar order of f.

Proof: Using the relation (1.6) for the integral ftmction_'t‘k and for
any £ > 0, we have

! 1 {;Iog{'_lfl(_'I';-p.“‘h),k_[)}-uk > (_A_k = .z)ak' {&_n]'_-h..'mn)lo'g(ulh..-l-nn)jdk
|

‘ I . fb'r_lll-b-...-imn > 'hk'

b ‘hence,
P %
A L ok, I - &)

| DI ] (R L e @y
| | ' {(my+. . 4 Yogmhe. ot )i ™%

l ’ Therefore, for m +...4m 2 hk = .m(h'l,...,-hp) and using (4.1) in (4.4),

we get

| | I -'.+.Il : )103(“ +o...+m ) p

l %.5) R Tok “11_0{:’?.. Ea ¥ i
‘1 o ot dn o & | ml..-..,mu] k=1

| Again using (1.6) in (4.5), we get

I
q P e

N 10 kel
i | T

L The result for p has been obtained by Srivastava, R.K. and Vinod Kumar

B ).
‘- o - 2 .
. ‘ 1 I am grateful to Dr. S.N. Srivastava for his guidance and helpful
l ‘suggestion in the preparation of this paper. -u
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Inverse Topologies in a Quasigroup

Phullendu Das

A quasigroup G can be defined to be g system of three compositions

viz. product ('."), right division('/') and left division ('V\
that for every a, b, ¢ € G, absc €w==p e/b = a &=Pa\c = b

Unless otherwise stated throughout
an arbitrarily given quasigroup.

)} such

the present paper ¢ will denote

Every element 'a' in G has four inverses viz

- (a\a) /a, aLr-a\ga/a), au-(a)‘a){a- which are res
right - right Inverse, right - left inverse,
left inverse of a.

- a_ =a\(s\a), a.
pectively called the

left - right inverse, left-
If € 1= commutative, then g a5 = 4. = a .-

Let N be the set of all positive integers including zero,

Let us now make a convention that a = a

(rr,o0) 3% 8¢y 14y) 18 the
right - right inverse of a

(rr,n) for every n e N,
Let A be any subset of G, Let U (A) = (& : a ¢ A}, Also let
A= vpe W LA = (,7W) for every e N and £ = U 1 T
Hre W Moy rr “rr y Ar nmurr :
The sets I." are characterised by the pro .

Sets which are closed w.r. to right - right inverse elements will be

called RRI - sets, In is an RRI - set. G has at least one RRI — subset
viz. G itself.

perty that a ¢ Xﬂ_-—-) a_ ek

Yer ¢ €+ N is defined by the relation:

wrr(a)-n 1ff a is the right
= right inverse of n elements in ¢ for every

ace@G,
Theorem 1 : If A, B be any two subsets of G, then
™) é. =4, (SR

(1) Aic= In :

(111) A T B --)KHC:EH :
(1v) (Irr)rr = I1::: ;




—_—
- oy

— - —
-

g B

e eI =

=
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(“3WCI:: nE, s
w» WO B, =5, Vi,
Proof: (1), (38), (111), (iv) are cbvisus.
(v) Follows from (1ii) .
wi) By (), K VB CTWUD, woni )

for some a £ AU B ====d>x & 1 _(A)

(AUB) wm=wd x = 8_
avBCu . (AV vﬂm.

(A) Uu (3. Sou..

or x € -}_Lit'ﬂ')’ === X € W
Therefore AU B)_— A, Us_

Now (vi) follows from (1) and (2).

- (2)

nm! k1l : mﬂ may oot be equal to Irrn i1:r as shown by

‘Example 1 : Consider the quasigroup whose multiplication table is

Ia_'bcd
a d a ¢ b
b |ec d b a
c a b d ¢
d b ¢ a d

et A= faycl,  B={ed) . The
B 05 = faed) 0 {ed) = (5dh4 e} = TN By

'ﬁ"ﬁ'ﬂ';r = x_ﬁ n iﬂ wes 1£3)
(A4 N B).

Remark 2 :

if V# (a) = 1 for every a € Vpy

The relation (3) may hold even if there exists an

Remark 3 @
(ANB) such that w__ (a) > 1 as shown by

element a %’n--‘-un
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Exsmple 2 : For the quasigroup defined in Example 1, let

A=la, 5,4 , B={b,c,d}l. Theny (ANB) = {d} and w_(d) = 2.

sut X_N3__ = &PD),, .

it follows from Theorem 1 that there exists a topology Vo in 6
baving the family of all RRI - sets as the family of all closed sets.
T is said to be the right - right inverse fore - topology in G.

Similarly one can define RLI - sets, LRI - sets, LLI - sets and
obtain three other topologies T, T, , T,, having the family of all
BLI - sets, LRI - sets, LLI -~ sets as the family of all closed sets
respectively, Topt Tppr Tpp 8Fe respectively said to be the right -
left inverse fore - topology, left - right inverse fore - topology,
left - left inverse fore - topology in G.

Another four topologies can be defined in G in the following way.
Let a be any element of G and let . I (a) = u;# (a). If A G,

let v A) =Y v (a). Let A =2 (a), v::1 ) = v 2 @)
for every n € N and A“__r = n?n v.:r (4).

Theorem 1 is velied if '—' i replaced by '/' and y by v . There-
fore there exists a topology :E'rr in G which is defined to be the right-
right inverse hind - topology im G. Closed sets of this topology are
said to be RRH - sets,

Similarly one can define the right - left inverse hind - topology
;rI.' left - right inverse hind - topology ;I.r' left - left inverse
hind -~ topoliogy T in G. Closed sets of the topologies T rLr; T
are said to be RLH - sets, LRH - sets, LLH - sets respectively.

LL

The right fore - topology, left fore - topology,right hind -
topology, left hind - topology in G introduced by Choudhury [27 will be
denoted by T, T, T,, T, respectively.

The right identity of a £ G will be denoted by & . Also let

il ) and let 8(r,0+1) be the right identity of 8¢r.a) for every
8¢ Gand n e N.

-~ J
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e L i qI.‘L- Sl e Ter ™ T T e ™ "IL -
discrete topology:
The straightforward proof is omitted.
proposition 2 : If amy ome Of T, T Tp» T, be aT, - topology,
then every element in G is idempotent.
of : If 8 be a-!l_ - topology, then {a} is closed w.r. to 79
So g = & ie, s.a=a le. a s idempotent for every

for my-_'n € G.
T can be similarly disposed of.

a € G. The cases of T, T

Rmkﬁ t T T Yo T ?E“, T 't'u,, ?ﬂ_- may be discrete
topologies even if no element in G is idempotent as shown by

Example 3 : Consider the quasigroup given by the multiplication
table

b
c

b

._a
i
b

o B o | @
t-vn[o

No element of this quasigroup is idempotent. Bub T, = Ty = Trp -
= d:l,maf:& tﬂm‘wt . :

R Ml T - A
position 3 : If Hbea subquasigroup of G, thea

(1) H is closed w.r.to ‘each of the topologies T, Tps Tops Tpps

1

-J‘L:.' T t i
(&1 the relasivizdtioniof 7, to § is the right - right inverse -
fore topology in H.
The proof is obvious.
Remsrk 5 : M mey ot be closed w.r.to the topologles T, Tyy Trpe

-

Trr? “ur?
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Exsnple 4 : The set of all rational numbers R when distorted by
the law a o b = - & - b becomes a commutative quasigroup. The set of
all even integers E forms a subquasigroup of this quasigroup. But E is
sot closed w.r.to T o ?L, T o 'rrL, T :' :En.' since 1 & R-E but 1 =

Low-2cBadgrREbut Gy = @ Gy Gy --2ek.

Proposition 4 : If G be a finite quasigroup and if v (&) =1
for every & ¢ G, then t_ =7

Proof : If w_. (a) = 1 for every a € G, then u_. is bijective.

So F is clnud'w.r.t:o't Q--?u (r)-r (--)v (F)-u (?}-lr

€===d F 1s closed w.r.to ? . Thetef.ore Ty ™ -rn B

Remark 6 : Proposition 4 may not be true if G be an infinite guasi-
group as shown by

Example 5 @ Consider the quasigroup (R, q-) where R is the set of
all rational numbere and q is defined by the relation: G (a, b)= -a + b
for every a, b £ R, For this quasigroup w_ (a) = 1 for every & £ R >
(I}“ = £1;095 32, «+s} i85 closed w.r.to Trr . But since ({1}) u =

" ; £ {I}rr {t is not closed w.r.to :Err . SoT 'trr

‘Propogition 5 ¢+ If @ is a homomorphism of € into a quasigroup G',
then a is a continuous mapping of the topological space (G, -rﬂ) into
the topological space (G', 1 1) where ¢ ry 18 the right - right laverse
fore.~ topology du G'.

Proct : Let F be sny closed set w.r.to T! . Now, xe '{-1
wemed A (%) € F w=mnd @((x)] d(x ) (s:lnce o is a ho‘momnrphism) £ F
(since 7 u closed) wu=sd xn, eof (?) —— (of (F))r_'_‘_'_e(
_-.}g{ (P) is closed w.r.to Ter + Sool is continuous,

Remark 7 : The converse of the above result 1s not true as shown
by

Example 6 : Let G be the quasigroup defined in Example 3 and let
G' be the quasigroup given by the multiplication table
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a b ¢

o
& o 0
T -

a b e

| " -
l Then T = discrete topology in {a, b, ¢} and the closed sets of
it x ! are ¢, (s, b, 1, (&), b, ¢} , (e} The identity mspping
e - of the set {a, b, ¢} is a continucus mepping of (G, t,) cato ', ";-r’:"
| But it is mot a homomorphism of G onte 6.
{ . _Definition L : A topelogy T defined in a quasigroup G is said to
! ' ‘be a guasigroup topology if product, right division and left division
| in G are continucus w.r.to T .

! “Theorem 2 ¢ A mecessary and sufficient condition that T__ may be
_" a qm!.-g:ébup'wlbgy.h ¢ is that for every X, ¥ € G and p, 9 & N,

| there exist k, m, n N such that

e (&)

1S R (o MG 2

ven (6)

- (*v) (:r.n)

" Eee,p \ er,0)
‘ﬁ Proof : The conditions are equivalent to the following condi-
i | tions: _
@) Gy — ThY,
B\ & e
for every X, y € G .
| 1£ 7 be a quasigroup topology in Gy
division and left division are continuous w.r.to T,
hold. -

e a"
e (’8)
e 9)

then since product uct, right
@), ),
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Conversely let the given conditions be satisfied. Then (7), (8),
(9) hold., Let A be any subset of G x/G. If the operation of multiplica-
tion in G be denoted by '§' , then

P&y =~ Jun, . v, 3 Gen
CcUmST, ¢ xyep®)
So ?13 continuous w.r.to T . . Similarly one can verify the

continuity of right division and left division in G w.r.to T There-
fore t e is a quasigroup topology in G .

Theorem 3 : T_. is a quasigroup topology in G if, and only if
for every x, y £ G and p, q € N such that vzr'(!_t)- ¥ i, vgr(y) # ¢ there
exist k, m, n £ N such that '

V@ ) S v ey
v VI T Vi Gy

P q n
Ve 0 \ Var ) T Ve &V .
The proof is similar to that of Theorem 2 .

Remsrk 8 : There are analogous results for the topologies

Teo TLr Tenr Yie Tope T Toe Yo Tree Yoo

Proposition 6 : T ;1: (resp. ‘IL, ?_L) are not quasigroup topolo-
gies if G be a right (resp. left) loop. Moreover, if there exists at
least one element & in G such that a> # e where e is the right (resp.
left) identity in G, them t_, T, Err’ T (resp. t

et T Tie o)
sre not quasigroup topologies in G ,
Proof : Let G be a right loop with the right identity e .

Let x,y (¥ e) € G. Then Xie o) * Yix 1) =X.e=x ¥ Xy or
3 »
(x.y) (c,1) =€ * So t_ 1s mot a quasigroup topology in G .
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Next let x (# e) € G, Then (e) .v:-.(il_. \_a: = fux= :G:.:¢"d.‘fl‘.-

or (e.x) vl‘ = ¢. 39 E: is not a quasigroup topology in 6.

To show that T ., "-“ are not quasigroup topologies, let a € G be
.suefh :hat iz + e. -'fhm-aﬂ :.|l a and a5 # a. Now let ::- a end y l‘_tr’
Then X(pp 1) Y(rr,0) T et # & = ) o gy 0T WREY 815 N 8o
Ny SO BCLR pasigroup topology im G. Next let x =8,y =8 ‘Then
(x) VS () Vi = 8 8, $e=(x.y) vy foreverynelN. SoT., 18

" pot a quasigroup topology in G.

Similarly one can show that T, ?ﬂ' are not quasigroup topologles
in G. .
The case of & left loop can be sindlarly disposed of.

group topologies in G. Moreover if there exists an element in G, the
square of which is not the identity element, them T __, Ty, Trer TLL?

Tyrd Trr? TLr? 1!-!. are not quasigroup topologies in G.
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On Fixed Point Theorems for Mdpping on a 2-Metric
Space Involving Four Points of the Space

M.R. Singh
“and
A.K. Chatterjee

The results on fixed point for mappings on a complete bounded
2-metric space involving four points are studied here, The results

obtained here generalize those of Achar{ [1,2,3], Patil and Achari nzj,
Pittnauer [13].

T Introduction

Pittnauer [13] has studied fixed point theorems for a mapping
involving four points of the space and recently Achari /37 has extended
this idea further to establish some fixed point theorems. Further,
and Mukherjee [16] extend their results using a mapping which is not

necessarily continuous and satisfies a generalized condition involving
five or six points,

Som

The notion of 2-metric space was introduced by Gahlegr in his
serles of papers [6] to [9]. For further literature we refer to White
(177, EBhret [5], Diminie et al. /47, Iseki et al. [1QZ, Khen /117,
Singh /147 and Singh and Ram /157,

The aim of this note is to establish some results on fixed point
for generalized contraction type mapping on a 2-metric space involving

four points. The results obtained unify the existence of fixed point
in the space.

Before stating our results we give some definitions:

Definition 1. A 2-metric space is a space X in which for each
triple points a,b,c, there exists a real function d(a,b,c) such that

(la) to each pair of points a,b (¥ b) from X, there is c ¢ X
satisfying d(a,b,c) # 0,
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(1b) d(a,b,c) = 0 only when at least two of three points are equal,
(2) dla,b,c) = d(a,c,b) = d(b,c,a)
(3) d(a,b,e) < ;a-(g,s:_,\jg') + d(a,e,c) + d(e,b,e).
A 2-metric space is called bounded, if there exists a constant M
such that d(a,b,c) < M for a,b,c e X.
Definition 2. A sequence {x } in X is called Cauchy if lim
d(x,x,a)-ﬁfurallaex '
Definition 3. A sequence {x } in X 1s convergent to x € X if
lim d_(xn,l::,,a) = 0 for each a & X,
Here the point x is called the limit of {x }.

pefinition 4. A 2-metric space in which every Cauchy sequence '

converges is called & complete 2-metric space. |

Then we give below our main theorems. - 4

ey 2 Let X be a comp. 'ggt;-ibound'éﬁ'z-ﬂﬁftic space. Let f:X + X Shows

Ho satisfy the following condition ' _ i
@) d(fu, fuy, a) s p; d(uj,u,,8) + 1y da(u; ,fuy,8) '

+ ps 'd(llz,_ftlajll) + D.{‘ d'(”l pfn'ﬁ .a.)- -

o we <)

ke Ps ﬂ(ﬂz;.ﬁls._&) - Pg d(fuatfug. a)
for all uj,u,uy,u, ¢ X and for each a ¢ X whére 0 <p, < 1, 1 =11,2,3,
4,5,6 such that ¥ p,; < p I .
'Thmfhﬁ a unique £ixed point, ‘ -
1:'1 = w | .“J
| r ‘Pfoof. Let x,y € X. Deﬁneul-fx,uzufy, 3-:,1.:&--;;_
Then the expression (A) becomes

®  dEx,E25,0) 5 (ppiptpgtog) dEx,Ey,0) -,

8-y, -

e

Let X, be an arbitrary. Putting fxbz X 10 f‘n S
.- fy

iT .fx -: 1l.1:11-124,....l:m’n:ﬂ:i.t'.ing:: turxandanzfn:'yihﬂ)-
. | wéhm'e

b

i

Ir*_

I8
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(CJ d(xu‘f'l'.xﬂ-.aj = P d'(_xn’.xn_‘lia)

where p-pl +p4 +p5+p6
From (C) we ha'\'e for 1 < §

d(!-ilzj »8) = d(x:[’x:['l-l Ixj} + d(xi+1’xi+2’xj)

Ty e d(xj_z,xj_lng) + d(xi'xi+1’a>

+ d(x

141°%442008) + Loiil + d(xj_l,xj,a)

< (pi-i-piu W e +pj—2) d(xn,xl,xjj
+ (;.141;1""1 £ -ij-l) d(xo,xl 4a)
Lo @) dGxy,x,0) < 2™ 4

Sl tte pj"l) M since X is
bounded where M 1s a constant,

Ae 1, + =, d(xi,xj,a.} * 0 which shows that {x

o) 18 Cauchy,
Since X is ‘complete,

there exists a pofnt u € X such that
(E) H.nxn-uun-*'ﬂ.
Now we claim that

(F) fuwmuy,

Putting u, = W, wm Uy =%, o in (A) we have

d(fu,:n.a) < (pl + Pﬁ) d(.ul, X 108) + Py d(u,fu,a)

+ (pg + pg) d(xn_l, fu, a)
As 0 + @  we have
1 - Py = Py = V&) d(fu, u, a) =0

Therefore u = £y »

101

ul
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If possible, let v(# u) be another fixed point of f. Then from
(A) we get (letting.pl =uy =u, U, =u = V)
‘d(fu, fv, a) s-pld(u, v, a) + pzd(u,-fu, a) q-pad(v, fv, a)
+ p,d(u, fv, a) + pgd(v, fu, a) + pgd(fu, fv, a)

(1-py-p,~Ps-Pg) d(u, v, @) <0 ’ H

i u=wv

Hence uniqueness. This completes the proof.

‘Corollary 1. If f and g be mappings from a complete, bounded
2-metric space X into itself, satisfying the following condition

(G) d(ful,guz,a) <p d(ul,ua,s) + 7, d(ul,fu3,a)

+ Py d("'zigu »8) + By d(“108u4ta)

+ ps d(uz,fu3,a) + d(fuy,gu,,a)

for all Uy alp U,y € X and for each a ¢ X where 0 = p; < iy 1w 1238
4,5,6 such that I p, < L.

Then f and g have a unique common fixed point.

Corollary 2. Considering a complete 2-metric space and making
Py = 0, the above corollary reduces to the theorem of Patil and Achari
[12] as a second corollary.

Theorem 2. Let X be a complete, bounded 2-metric space. Let
f : X+ X satisfy the following condition

2 2 ) 2
(B) d(f ul,f uz,a) LN d(ful,fuz,a] + 9, d(ful,f ua,a}

+ Pg d(fuz,fzua,a) + By d(fnl,fzua,a)

2 g 2
+ s d(fuz,f u3,a) + P d{f u,, £ ua,a}

for all
4,5,6 ¢

47 pi
_{&? Ehz

(6]  Gah

8] -

107  Isel
[11] Kuan

127 pati

37 Pite

—]
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for all UprlpeUsu, € X and for each a ¢ X where 0 Spp <l 11,273,
4,5,6 such that 3 p; < 1. ]

Then £ hes a unique fixed point,

Its proof follows from that of Theorem I.
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