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General Radi.eal for t-Rirrgu

;A .C.  Pau l

A.bstract: Geneial radlcal theory for f  _rlngs are given. .Son9 bf the
.characterizatir5ns of radicals for 1 _rlngs are developed.. We dtrso
descrrbe brlef lv eerrain part icular raarrats 

"t  
r ; ; ;" ; ;  vlz Jacobsoa

radical, .url  radicai l ,  Levttzkl niL radlcal- and..strongl, 
"r; ;"; ; ; ;- ; ; ;r_ 

_
ca1 for f  -r. ings.

1 .  . .  In t roduc t ion

The idea of a f  -r ing bs the general izat ion of a r lng was lntroduc_
ed by Nobusawa 18./ and Barnes /3/. 

'Barfles. 
[3-J, Xyuno 17/, Coppase and

Luh l4l have deftned certaln radicals for f  -r lngs and they have studled' t h e n .

. 
The general radtcal theory for irngs have been lntroduced by Kurosh

lQl and Apitsur l l  ,zJ. rn thl,s paper-qe obtarn the general radlcaL
theory for t  -rrngs. lJe study sooe of t l ie characterlzatl0ri-s or g"o"..r
radlcar's for r -r lngs, r. , '  this connectlon we have ar.so dlscussed part i-
curar radl 'cals such as Jacobson.'radlcal,  Ni l  radlcal,  Levitzkl ni l  radr-
cal arid" strongly.ni lpotent radical.  These radicals !re the general iza_
tlons of the radicals of classlcal r ing theory.

2 .  Def ln i t ton

Let M and. f  be taro obel ian grbups.

(conposit lon). fron M x f x M + M gendlng

that

Strppose that there is a mapplng

( x , , (  ,  y )  i n r o ( x . g  y )  s u c h

( t )  ( x + y 1 4 r "

xQ>( + 'B)  z

a $ + 7 )

(1i) (x d,i l  s z

c  x 4 z + ! e 4 z t

=  x d  z  *  x  B  z

=  x € ( y + x , * z

-  x < ( y I z ) ;

w h e r e  x ,  y , - z  e l 4  a n d . e ( ,  B  e  I ,  T h e n M  i s  c a l l e d  a  f  _ r t n g .
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Every ring !t ls a | -rlng lf ve trke - !{ aad {nterpret the above
operatlon in the natural vay.

A subset  A  o f  the  t  - r iag  i l  t s  a  r lgbr  { :€ fc )  ldea l  o f  H  l f  A  Ls
an addltlve subgroup of M aad A : lr (x I Ar ls coDceloed 1n A. If A td
both a r lght and arleft  ldeal, then ye 8r, tb.r A ts an ideal or cwo
sided ideat of M.

L e t A b e a n  i d e a l  o f M .  D e f l n e H / A -  { r  + A :  r .  H i  t h e s e t o f ,
coseta of A, is agaln 6 y'  _rlng witb respecr ro tbe operatlons.

( x + A )  +  ( y + A )  =  ( x * y )  + A  s r l d
( x + A ) <  ( y + A )  = x . { y + A .

We cal.1 M/A the | _residue cJ.ass r lng of l l  r , l t l  r€spe:t to A.

L e t U a a d  N b e  I  - r t n g s  a n d  l e t - . o  I  H + N  b e  a e a p p l o g .  T h e n G  l sq I -honomorphlsn lf and only if

( x + y )  0 - x 0 + y g a n d  ( x 4 y )  0 -  ( x  g ) . 1  ( y 0 )  f o r a l l  x ,  y  t : l l
and .{ E l.

I f  € ls ooe_to-one and onto, then 0 1s a F _isooorphlsn.

If 0 ls a I _bomoorphls,n of It into N, then the kernel of 0

.  
Oe- l '  t r  e  H :  x  0  -  0 ]  wh ieh  le  a lso  an  ldea l  o f  H .

Nos se state tbre€ theorems coucerr"dng I _honooorphlaDs due to
Barnes f3,l shlch are neede.d for our deveroprnent of geoeral rad1cals.

Theoren 2. I

L e t A b e a n  l d e a l  o f  a  f  - r l a g M .  T h e u a p p l o g  € :  H + H / 1  l o  u
I -homouorphlsn wlth lceroel A.

' Conversely, lf g is e : _bouonorphisn of H onto a i _ring N aad A
ls the kernel of 0 ,  thea H/A ie |  _Lsonorphlsn ro N.

Theoren 2.2

Let I be a | -hononorpblsr of a !. _rlng X olto s I _rlng N wlth
kernel A. Then BtlLs an ldeat of f ,  t f f  B,O-I - B ls ao ideal of M con_
talnlng A. In this case we have vt.  l i /3 '  and (Hli l l$/A) are al l  -
I  - lsonorphic"

{ ,
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A . C .  P a u l

Theoren 2 .3

ca-l I

to A/

a

P.*6ing M and 0 I  M + M/Br the c6non1*

(A o)' e-l ana Ad3 ls r -lsomorphic

General rad{.cals for .il3:c.9.

general radical. theory has been developed by Kurosh l.6J and

Amltsur ( lL./  
" 

lz.D fsr clas.slcal r lngs. In this sectlon we have oblained

the-cor respond i r ;g  theory  o f  rad ica ls  fo r  I '  -a lngs .

Def la i t ign

Let J( be the Ll l ,ass of t  -r ings. A f -r lng M e ( fs cafled (- f

-r ing. '  
I f  I  is an ideal ot ! t  such that I  e (,  then I is caL1ed an f i

- idea1 of a I  -r ing l .{ .  A f -r ing whi.ch does not contain any nonzero

g.{- ideal w111 be cal l-ed (-senlslrople.

A class fr of f  -r inge ts cal led a radlcaL i f

(A) rJ( is I ' -homonorphlcal ly closed, 1.e. i f  M c rf l ,  and I an ideal

of 14, then M/, e f l .

(B) Every ,t  -r lng.M contalns an f l  - lduat R(M) whlch contains al l

other f{ 
- ldeal of M,

(C) M/R(M) contafuIa no non-zeroI{ -faeaf.

/r
rhelf  -rdeal R(M) ls cal led the ff-radlcal of M and anf;-r -rrog

ls cal l-ad an 1f l*radlcal . t-r ing. I f  R(M) = 0, then M ls ca11ed (-semf-

slmple i  -r i-ngs.

I t  l s  c lear  f r -om (B)  tha t  0 ls  an f l - f  -  r lng .  S lnce  0  fs  an( -  f

-r ing, r/ue may say th6t anfl  -semislrnple f -r ing is one whose radicaL ls

zero. anpr-f -r ing ls i ts off ir  radlcal and we celL l t  a radical I ' -r ing.

Cl,early 0 is tshe only I  -r ing wtr i .ch 1s both.(-radlcal I  -r ing and

(i]  -sernisimple.

Theorem 3..I-

A nonempty class f l  of |  -r ings ls a racl lcal class i f  and only i f

Let A aad. B be ideals of the

-homonrorphism tiicu A + B =

e n a .
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(A) f{ r" t -honoaorphlcally closetl

([) If every noniero I -houonorphtc lnage of a I -rlng H coutslna

a nonzero fi -td"al, then M re ln (.

Proof

Suppose thatfl ls a radLcal. Ibeo (A) bolde by defloLtloa. To

prove (D)r.leJ u be a I -rlog.euch that 6/ery drtrteto I -bmouotptic

inage of M contalns a nonzero fl -fa"af . If 
.x 

/ R(lO ' theo 
[.b- 

t"^.

nonzero f -houomorph{c inage of M. Sence 
ffi 

contalna a nonz€rb t( -

ldeal, r'hi.ch ls a contradlctlon. Therefore X'R(X) and H ls 1" fl '

Conversely, Let R satlsfles tbe condltlooe (A) aad (D) of tbe

theorem.

Let M be a I -rlng. Let B be the uolon (er-) of aU n -litesls of

M. tet E be.lrroor"ro I -honomrpbtc hage of d. lten E r B/I, where

I ls en ldeal of I aod s rl t. If B - O, theo B e(, ao 1et B /,Or.then

there exl.sts at ieest oae (-ldeel I. such that I^ <h. fneu 
$ 

fe a

oonzero ideal of + . ,, ,ir*.* ,.r, + = ,tt=l Lo"t.ro." iv Gl
r  + r  

-  - o r ' -
-i- rf,. By (D) s.fl . Thue the condltlon (B) of the deftnttlon le

eatlsf led r l l th R(U) '  B.

. x n
rf 

f 
bae nonzero( -fa.af . Let I/r eltb I / B, I lB vberg I le

an tdeal of U. Let K be en tileal of I slth K I I. If B€K' thea

r l ^
llr = 

# 
by Tbeoreo 2.2. Eeoce by (A) r/x e{

rt B+K, rheo g+{ is a nonzero tdeat of r/x -u"|ftE 
^#if 

ot

Theoren 2.3. slnce B l( , or G) #iT 
e(, tberefore 9fI eft. Thus

every nonzero f -liomnrpblc rrage of I contalaa e &ozero fl -fataf ,

then r e(. Eence r3ll, nhtch 18 a contradlctton' xeace 
f; 

has no

oonr"roff -tdeal. Therefore (c) 1g gattafled. ttur tbe proof of the

theorea is complete"

.Theorern 3.2

A notreopty cleee fi ef r -rinjr 1l r rdlcrl clur lf and only tf

I

ldeal

(

!  f - r

Proof

F

f,os le

l,€t R(

by The

vB(l{)

ll - R(l

&rr, lr

of  Q- :
l l B ( l

rcro R

deflolt

lle

ed (3)

Le

rlre 0

coodltl

t !  C.

L t I b

z e Q l ,

l + Z -

lE

rcf tb

l c l .

lrtlalcr
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A.C.  Pau l

(1) ( f" . f-honomorphicaLly closed.

(2) d(ts elosed under exfstensions, l .e. for a . i-r lng M and an

ldea1 I of M, I  e f tand l t l1 e f t . together inpJ.y ! i  ef i .

(3 )  r t  rLE: rz* rz  g . .  €1"  an  ascend lng  cha ln  o f  f l - tdea ls  o f

a f  -r ing M, t ien yl .^"A

Proof

First suppose that f l  fs a radical class. Then clearly ( l)  holds.

Now let ! f  be a I -r lng and I be an ldeal of M such that I  e f{and +. 
(.

Let R(M) be thefl  -radical- ofr,M. Then Igf(M). Hence 
*6?- 

= 
U#

by Theoren 2,2.. Rtrt  
t f t#n 

ls a 1-hononorphic fnage of l f / I .  Therefore

H/R(M) e4. By the condit ion (c) of the definlt ion M/R(M) = 0 i .e.

H - R(M). I lence u e f l  .  Thus (2) holds.

Now, J-et M be a f -r lng and 1et . \  QIi  gl '  *. . .  .  be an ascendir ig chaln

ot ( -rdeals of M. Let B * 
H 

,: ,^. Let R(B) be the R -radlcaL of B. I f

B I R(B), t-hen A rdo suctr t'iat-1no4-n(s). Then kt#I}} is a non-

zero R - ldea1 of B/R(B). This confradlcts the condlt lon (C) of the

def ln l t lon .  Hence B -  R (B) .  He i rce  S. f i .  Thus  (3 )  ho lds .

We now provg the converse, so, J-et (satfsfy condltJ"ons ( l) ,  (2)

end (3), clearly the condtt ion (A) of the deflnlt lon of radlcaL hoLds.

Le t  C be  the  c lass  o t f r - faeafs  o f  a  1 - r ing  M.  Then C Ls  nonempty ,

r lnce 0 e C. C ls part lal ly ordered with respect to lncluslon, and by

condlt lon (3) every total ly ordered subset of C has,a least upper bound

t! C. Ilence by Zornts Lenma, C hes a naxlmal menber say Z. Then Z e 
Q.

lrt r be .rry fr, -td".l of M. rnen 
ff 

= 
# 

by Theoren 2.3. Slnce

z e ( and 
#.$1, 

.h"r, by.(2) r + z efl.-' irt" naxinallty of Z lnpl"les

I  +  Z  -  z  t .e .  I€2 .  Thus  the  cond l t lon  (B)  o f  de f ln l t lon  ho lds .

Let I  be anf i , -rdeal d+ .  Then r -  
l  n,some ldeal r  of  M

arcb  tha t  ZgT.  S lnce  Tef l .and Z .  & ,  we have by  condt t ton  (2 )

I  € R . Hence IQZ. Thus T - 0. Hence the condltton (c) of t tre

dcflalt lon holds- This proves the theorem

t
I

ts
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branples of radicar-s of 1 -rrogs are deveroped in the forlowrng.

Defir l t lon

A 1 -ring M ls sald to be locally nllpotent f _riDg, if for any
flnlte subset S €l l  and any f lnl te subset ( 91 , there exl.srs a poslt lve
Lnteger n such rhat (S d)os - O.

. An ldeal I of a I -rlng H ls sald to be locelly nllpotent, if lt
1s loca11i Dilpotedt a6 a f -ritrg.

Lemoa 3.3

Every. s'!a1ng and .every 
houorrpblc trage of a locarly nlJ_potent

f -rlng ls local-ly nilpotent I -rlng.

Proof. Obvlous.
L.euoa 3=4

Let l{ be a r -rlng and r be au ideal of x sucb thar both r and }r/r
are 1oca11y nl lpotent r -r ing. Then H rs rocal ly orlpotent t  -r lng.

Le t  S  =  {s1 ,  . . . . ,  
" " }  

be  a  f la l te  subset  o f  H .  Cons lder  l t / I  ana

.  f l r r i te  number  o f  coset  s r  +  r r  1  -  l r2 ,  . . r .  The subr rng  genera ted  by
the cosets ls S whlch is f iol te and also subset of H/r. slnce M/r is
loc.al- l-y nl lpotent, then for any frnlte subset 1d.-t t  there exrsts a.
poslt lve lnt€ger n sucb that

(s  d )as  =  0  1n  
+  

.  There fore  (s  t )ns  g r .  Nos  (S  C)os  ts  genera t_

ed by a f ini te set of ereoents ooely the set of al l  products of n of

s, d, for each 
'dre 

O slth si.

slnce r ls local ly nfpotent r -r ing, then ]a posit lve lnteger

m such that

( ( s  d ) n s  d ) n  ( s  d ) n s  -  o

1.e. (s d)otm+os = o.

Therefore M is a J.ocalJ-y nl lpotent t  -r ing.

L e m a . 3 . 5

Let I l  Q fZ g .. .  1s the ascendlng chaln of local ly ni lpotent

ideals of a I  -r lng M, then 
_QJn ls local ly nl lpotent f  -r ing.

Proot

I..r '

ther€

lhere:

:

exaupJ

fbeore

T

ls kno,

Deflnlr

Ar

po81tf i

l l - r l

po teD t .

t a t ege r

(x

PoreDt l

lheorer

The

hoof

L€t

lbca clet

Let

tUt rre c

.tlFrcat
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,8lt lve

I l t
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conslder a finite subseit s s X. 
r.r . Then s ls contalned rn sooe

Ia. Slnce I;  ls 1ocal1y ni lpoter,t ,  then for aoy f inl te subset d q. l ,

there e; lsts a posit ive integer n such that

( s  d )ns  =  o .

Thereforef fO f" a 1ocal1y ni lpotent |  -r ing.

Thus by Theorem 3.2 ve have the followlng theoren whrch grves an
example of a radlcal of 1 -rings,

Theoren 3 .5

The cLass of local1y ni lpotent I  -r i4gs lq a radlcal.  Thts radlcal

ls known as Levitzklnil radlcal and ls denoted Uy {.

Def i-nltl,on

An eLement a of a r-r ing' ls strongly ni lpotdnt i f  there exi ' ts a

posltirle integer n such thdt

( a  l ) o a  -  ( e  f  a  I  a  I  . . . . .  a  f )  a  =  0 .

A f -r lng M ls strongly ni l  i f  each of i ts,elements is strongly ni1_

potent. A f -r lng M is strongly ni lpotent i f  there exlsts a poslt lve

lnteger n such that

( M  f ) n  M  =  ( M  f  M  r  . . . . . .  M  I )  M  =  0 .  C l e a r l y  a  s r r o n g l y  n 1 1 -

potent f -rlng ls also strongJ-y.,*117.

Theoren 3.7

The cLass of strongly nllpo,tent f -rlng ls a rpdical.

Let M be a strongly nllpbtent f -rtng and I be an id,eal of M.

tten clearly M/I ls strongly nl lpotent.

Let lt be a t -rrng and r be an rdeal oJ il such that both r and

X./I are strongly nllpotent, then we shall proye that M ls strongly

nrrDotent. stnce M/r ls strongJ-y nlr.potent/,  there exists a po81t1ve

rd M/r

i .

F and

Ed by

| I i s

l a  -

Fnerat-

n o f

lger
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Detlalttgq

An eleneat a of a p -rlng M ls eald to be rtght quael_regular
(cbbrerv lated rqr)  i f ,  f ,or  eny r -e . I ,  there ex leta 6r .1,  * r ,  H,
t  -  

{ r2r3, . . .n  such that  xra +.} ,  x  6. ,  xr  -  
.B-  - " " tU,  

" ,  
-

t € t{. -"-- 
--- 'r;l ^ -t xt - 

tll 
*t". 

lr "r : 0 fot all

A B-rlng M ts caued right ftuaet-tlgurai if wery ereuent of !i are
rlght quael-reguler. A gubset S of lt tb rqr if errely elenent {n S ib
rqr.

. '

Ibeoreo 3.9

The claee'of rtght quaelrtegular I -rlng te a radicel.

kdof

Let M be a rqr'f -rlng end I be sn tdeal of lI. _Then clearly M,/I
ta rqr.

Ler lt be a rqr r ;r{ng and r be & ldeal of u auch that both r snd
lVI are rqr. Thea l,{ is rqr. To.prwe thls, l 'et 9 e M, elace M/I te
rqt ,  then for  any r  e f , . , there ex lEtE (x,  + I )  ev, l l . .and.6.  e I ,  l -1 ,
2 r . * . . n r w e h a v e  .  .  

L  '  ' - ' - - - - l

x.ra d1 x, 3 I for all x e M.

le

T; fot

Then

the

that

there

every

that

o f  e  f '

thbt

* i "
of oll

r r r +  f ,  x 6 . x . -  t
1-l tr l

rbstltutlng for c 
"nd 

r".rr*igtog

t t e o c - a ( r l ) 2 + ' 3  
" " " d r ' u , * -  

I  
"l r l  

'  
l - l

If y e M, theu yrd € !l aad hence

n n
(t'ra)rc + 

-X- 
yre tr., Z, - E (yra)

J - l  
J .  J  

J - l

(ra)2 o, x, ls contalned ln

.Pu t  x .  -  a !a . .  .

I .

rc ),1' z5 * 0,

terna, we,o.btiln

yra + (- yra i y ("")2 - y (ral3 * 
i, 

(r.)3 6r *r

r:?J * 
,l 

rra ryg * 
i 

r (ra)2 1rr,

(- y (re)2 - y (ra)' -,y (r.a)4

l y
rrJ

X y
J

(ra)3,df .  * i

(ra)3 rrrry -
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Fotrru.La f,on
Transfoznt

a DistributiortaL

F(s)  -  . f  e -s t  f - ( t )d t
o

ras glven by Saksena [t] tn the forn

@  - ( p - q / , ) s t  c - L l ^
F ( s ) -  I  e  '  

( q s t )  , t , _ ( q s t ) f ( r ) d t

o Krt l

l. I Idtrddu.c.tion

A generallzatlon of the Laplace transforn

S.K. Akhaury
and

V{oy Kuuar

. . .  ( I . 1 - r )

. . .  ( r - r - 2 )

.  .  .  ( 1 . 1 _ 3 )

.  .  .  ( t . l - 4 )

:n:.", "n,. 
t" the Whlrtaker funcrlon filhtttaker & Watson (2)J. We

defloe this transform 6a the generalized Laplace transforn of a distrl-
butioa f(t) ,  whose support ie bounded on the 1eft,  by

F ( s )  =  t f  ( t )

rn thls paper we have extended the complex -'rnversr.on foruura,

%s'+" i - re
( " ) . " - l  a .0

@

r h e r e , 0 ( s )  -  I  ( q r ) " - t F ( s ) d s ,
g

(rnder certaLn condltlons.of f(t) and the paraneters lnvolved) corre6_
goadlng to rhe classlcal l{hittaker 0{

crel rzed runct r ons ;;""::::rlr'r,lll*f 
";ll"lj:il":j' :;'1"'",*-

I
]

---l=--
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,- < r < o and If. f ,e Wj 
U(f), 

ttren

/  < f ( u ) , , r - : r Y  ( e ) d u )
- {

r r
- ' r(u), 

lR .f u-8 Y (e)dr,r >

[E&. lbe proof ts trlvlel forf (z).:- 0.
- -  

f -

t } ) . u - t  > -  Y ( s )

l 5

.  . .  I  ( r .z -a)

. .  .  . ( 1 .2 -5 )

' . . .  ( 1 : 2 - 6 )

(fs, 
.$,

.  .  .  (1 .2 -7)

Now we auppose 
$ frl4'o

.  .  .  ( 1 .2 -8 )

:

S.K. Akhaury and ViJoy Kuner

- dr cqletes the prdbf olttre 1ma;

.2

Lc t e D(I) end r be a flxed reaj!. nunber. If

t  ( r)  -  ! -  
""-L 

o 1.1d"
o

r  -  6+ tu,  {  f ixed and. .*  Z l  > max

- cb ttoduqt of the geaeratlzed fuiction is comutativer'we Can

(f.t-f) tr the forn

<' t ( r ) ,  lor -  (es) ,  (qs)8- l  w(qsu)

,l-t{) 
tr Juettfled g" ,r-" , ,o(rU (r) tor Re s < {. It cen be eeen

E t (r) le srelytle fqr all sifor whlah * , €., nan (6f, t) and

t (lt b orlytlc for all..flnite valuee of s &arelaor 4, p. 196_f9g

" 
d tlcb-?sh 5, p. 9gJ.

_ b, rhe lef t hand slde, ot (L,2-7) ie an lntegral ulth an lnte_
d r a oalytlc functlon over a'flnlte,region and therefore con-

-;r utfor:riy. Now,
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IJe shar'l prove that . the suo.vrt'brn the last expressfon converges

'o'o,u (r) to 
*, -!- '  

,r-" Y 1";d,;, aud this vt1r estatrrsh rhe equaltty

(1 .2-i). t le consta"-l v(u,r), where

!(u,s)  -  gBu {*  f  i  ( - l )n  e"  (s^+1) _____
.Q=o 

& L

-s o_l //^ \ 2r
( s o + n - l ) u  &  

v ( " 1 ) . t

r
I  l - t ) "  s ( s+ l )  - - -  ( "+ r , - t 1  u - " -o , y  ( s )du i J  . . .  ( I . 2_ ro )-r

ue have to prove that v(urm) coaverges unlformly to zero on o(u(or
.s ! + @. For g<0, lt can be seen that,

. ' '  ue (+n  s (s  +  l )  - - - -  ( s  +  n  _  l )  I

t - L
.  . / s  f  

_ {  
|  v  ( s ) d o  J .

! :  . f  (s)dr , r  f  ts  f tn t te and I  0  because d e)  4 g 7. ,

il.i. 
"r".rs 

thar

t r ; ;  
. : u  . 1 + n  d n  

t

= ' - "  u ' " '  
;  

t  
{  

u - t  v  ( " ) d r }  <  e / 3  . . .  ( t . 2 - r l )
ou -r

e l co ,

rsi

a i u  uo (+n  Dn  I
; >L '  - u  5n (u )  |

.  ' i ,  
[ t , v  t s )a r . , l  J  .  f i :  ^T .  Jv  < " . ) ; '  , ' f o "  a l l  n .  . . .  g  . 2 -12 )- g=I 'L

3cace. there exlsts no such that for ,  ,  ,o the rtght_hand side is
Scuaded by 2 e/,

L7

, l
,





_ l
t  t f i -
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@ /

7 6 fueE) ubt srlt rt 
dr.

And,

f  r  -  d(u)  I  -  
*_ j -  *F d( , ,  . t )  -  d(u))  s tg r t  d t .

f since ,* 
tll tt at - 4.7.

r€'auppose

e (,,1 - uBu;{r* 
#* -:* 

t"" ' d(u"t) '- dtuD sle rr dt

tonr. l f  we shal. l .prove thet Qr(u) + 0.unlfgrnly on 0 < u < o ag
r + - ;  n - 0.1.2.-----,  our leurna wll l  be establ ished.

Taking the dtfferentlal operator tnslde the lntegral slgn,

;,:;: *.u" "o* .j- r*f,t ol d(uet) - rl o<ur;r sr3-*. a.

. ! .Bu ,,o(+o }n ,
7< 

-  L-  r ' . .  p\ue )  -  D--  g\ t t )  J  _ dt

.1.tu,** jn"'*'r'r'r' i: ';;:;'ff :'
_!l

' *  
"uu  Sn ' {  [ "d ' r i rd (u" t )  -  r [  o<u lJ  " rE ' . t  a t

n '

-  I i  *  TZ *  13 (sey) .

b, ve aet conslderlag I, flrst

r(t,u) - 
"8. . i{*" ,*{t 

ol ; <**1 - ol otu)
t

By vlrtue of our supposc.tron N(tru) is a cootlnubus fuJctlons of
( t ,u)  for ,  a l l  u  (o < u < - ) 'and t  l_0. .  A1so,  by LrEospl ta l rg ruIe,

I

I
t



l]f, Ntt,"t = t* "* J** o.

Thus assigniag the value

V o l .  - 1 4 ,  N o .  I ,  1 9 8 9

r .6t Dl d(,r.t) J.

"Bu 
;{+n Dt [ "€t 

ol ,i (.re 6') 
J, = o

to  N(oru) ,  we have tha t  N( t ru )  l s  a  cont lauous  funet ion  o f . (q ru)  in

- n <  t  < I , 0 <  u < q o a a d s l n c e d ( u )  1 s s n c o t h , N ( t r u )  l s b b u n d e d ,

say by K. Ilerrce for any e > 0, there ls a n so soa1l that

r r l

l r ,  ( u ) l  -  l *  /  N ( t , u )  s l n  r t  d t  I
-n

, n
.  *  _ {  l w ( t , u l l  a t

I
.  * Z n i  < € ;  l f n t s s o t l x e d

ttt"t n < 2ft

Now, we consLder fr(u)r

I Bu o(*n 
-n /'

r r (u)  =: l  uvu ; ' r '  
_ j '  

t . ! 'o f  d t , r " t )  -  o l  d1u1)  { I !  a t

I Bu o,{r*r 
i"f. o} d(u.t) 

slffi 
63- f r .  u  - o E

-* .uu d* 
-i' 

.6t ol d(u) sl$ at

-  pl(u) -  rr(u),  (sey)

we have

r, (u) - 
* .uu ,f +" tol o rul t ;'n

Bu o(+n -a
Now,  as  {e" ' r i - "  u i  d (u) }  l s  bounded 1o  0  <  u  <  o .aod

o  . .

__! ry 
dz is convergent, Pr(u) rnlforrly tende to zero

Nep. ldath. Sc.

s ln  z  . '- o z .
2

ln

t r l

t : d

- l l
l-

- t' F .

' h  n l

. t . I
i

tl3r. q

t ! | * r 1

* t  r

. h ,

. a l

- . 1

'ft

tqt
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c ., u ( -r 8s r -, -Lslnce llm 
-;n 

U?" 
" dz * a J,

int€iratlng by parts, 
"" 

n".rl 

-@

r .  (u)  -  3 uBu #* r  
F ol  a<u*t)  .o.  r t  - rn.  n  r - - - - - .TJ__

i 3u c(+n :n ^k
- 

tr-  "  
u /  cos rr  o.{  

? on d(uet) }  dt
- 6

51ace y ' (u )  e  D( I ) ,  1 . . .  i s  o f  compact  suDpor t  and 6>I ,  f r (u )

- *6n ol d {ue-n)
P'.u) -II .uu ,f*tt/ - --:;-- . -co!-:L7

l l r  I  Bu  d+n -- 
:* x- " 

u L- "6t 
l l  o <,,"t l glg,

: ju d+n 
-n tL

- 
i? e u r cos rr o. {i- ul d {"ut)} at

-dn ^o
- !u 4+n , 

* u,, 
d (ue-n).  t ; . - -  u " "  f  c o s  r n J

- , . ! ":ru 
;(+n Jn"o" t. o. {+ rl 6 qu"ty} at- r  

-@

becomes

. . .  ( 1 . 2 = 1 4 )

i : : s t

r : : : €

cerr" of (1.2-f4) unlformly tends to zero ln 0 < tr <- as r -+ - r
' aod ( are fixed and.Et S* ol (,r"-n) is a bounded function of u

r < 6 .  A 1 s o ,

,,

,x+o 
,t 

d g6l - u{t r, pl d (,r"t)

f*o * t {ol d ru"t).
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Since each tern is a bounded functl.oa of u and t, 0<u <@; -@ < t < - llr

hence the second tern irr the right hand slde of (I.2-14) also tends

uniformly to zero as r -+ o .

Thus ,  we see tha t  r r (u )  +  0  as  r  *  -  and a lso  Pr (u)  +  0  as  r ' )  @ .

H e n c e ,  t r ( u )  <  0 u n t f o r n - l y i n 0 < u  ( -  
|  a s r + @ .  S l n i l a r l y r  n t e - c a n

show that lr(u) converges unlforoly ln 0 < u < @ r as r '' @ . In viery
J _

o f  a l L  t h e s e  f a c t s ,  w e  s e e  t h a t  
\ ( u )  

<  €  r  r ' r  - ,  0  <  u  <  @  r  e  ?  0 r

belng arbitrary snalL.

Thls proves the 1@4.

1.3 Corirple.x Inversioa Fgrpule

T h e o r e n  1 ; 3 . 1 :  L e t

( a )  f e I r | , U ( I )

(b) F(s) be deflued by

F(s )  =  ( t< "> ,  w (esu )  )

s(qsu) - (qsu) c-L 
e-(p- f )su }rnrt (csu)

(c) d, , B , / be real nunbers wlth

'  ( t )  R e ( d + c t n ) t 0 , o ( , / ,  n a x { / r , t )

( 1 1 ) B <  0 r a n d

( l t i )  R e  ( s  +  c  -  n * + )  >  0 ,  R e  ( s  *  c  t n ) '  
-  l ,

"  
-  d+ l ,u

then for arry d Q) e D(I)

/ , 
61tr 

r(s+c-k+
\zfrT 61* R"T"fril}fu d (") '"-l as' d (z) )

* ( t , O ) r a s r + @ ,

. @ l

where I  (s)  = . r  (q")" - I  r (s)  ds.

t!e.d

I

-i3tt

<*

- Gor. j ,

- (r i.;. iN,

- (fhr. r (.)

-
a

- ;- I "

I
n

J
{

{

I

a

-?

- h

' h

' h

- h ; "
- a

-  ( r i u .  
h
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Proof

We shall prove the theorem by Justlfying steps tn the folloVlog

23

renlpulations;

. (+*

(h 
,!* f, {s) o (") 

""-l 
a', t Q))

'M (s) -

- r F .

: u, -: 
u-r (") o (e) zs-l da d Q) dz

! r

* ; u-l (e) o (e) 7 ,t-t d G) dz d.rrr (s- (+ ny
- r o

+ _.; 
u-l(e) { .r- (qe)"-l , (")a"} x-rs-L d e)dz dw

- (tt,r), 
h _1t 

r-*t j ""-L 6 (z)<rz<rur)

- (rt,r), 
* ,f 

n ,r, 
_{ 

,,-"*1 
""-l 

drd"

- (rr.), * 
"f 

, k) etu)(-, "l"rrtrtrrl" u.

- ( t t  ) ,  J  t u )  
)  1  d 8  E  - ; 6  .

.  .  .  ( r .3 - r )

. . .  ( 1 . 3 - 2 )

.  .  .  (1 .3 -3)

.  .  .  ( r .3 -4)

.  .  .  ( 1 .3 -8 )

.  .  .  ( r .3-e).

. . .  ( r .3 - r0 )

. . . ( r . 3 - 1 1 )
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Now, since the lntegral ln (1.3-I) is a contlnuous funetlon of z

and d Q) 1s a snooth function of conpact support tn (0r-)1 (1.3-1) ts

nothing but (1,3-2). As the lutegral in (1.3-2) ls continuous on a

closed bounded donaln of integratloa, the order of lntegratlon can be

change j  in  ( f .3 -2)  to  ge t  ( f .3 -3) .  (1 .3 -4)  aad (1 .3 -5)  a re  c1ear .

(I  .3-6) can be J ustl f  led by Leoa I .2 .  I  .

F r o n  f E r d e l y l  4 ,  p . 3 3 5 J ,  v e  h e v e I

.3€l

{

* ! r a .

.I

T
o

-s*1
E U

Reader, DeparSment of Mathematics

Ranchi Co1lege, Ranihl,  Ranchl-834008

(q")" - l  (esu;c- l /z  
" - (n- l /2)su 

H,-  -  (qsu)  ds
E r D

t ( s + c + n )  t  ( s + c - n )-.iffi

prov lded tha t  Re (s  +  c  t r )  r  -1 ,  Re (s  +  c  -  k  +  1 /2 )  >  0 .

Thus ,  (1 .3 -7)  l s  a  s lnp l l f l ca t lon  o f  ( I .3 -6)  and (1 .3 -8)  can be

Justi f ied by Lenna L.2.2. Slsce the lntegral ln (1.3-8) coaverges

unlfornly, the order of lntegratlon can be chaaged to deduce (f.3-9)

and (1 .3 -9)  reduces  to  (1 .3 - lO) .  Lema 1 .2 .3  p roves  tha t  the  ln tegra l

withln (f .3-10) converges 1o Yd,g (r) uniforroly to d(u) ln 0 < u ( - r

as r + - and hence (f.3-10) converges ln the sense of weak dlstr lbut{oa-

aJ-  convergence to  (1 .3 -11) .

Thls conpLete the proof.
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Ot the Mas*nnn ReaL patt of an Integrat EunetionRepre sented by, DiriehiLi 
-sL""u"

S.N. Srlvarteva
aad

Poonao Sharaa

l. Conslder the Dtrtchlet setr.es

( l . l )  f (e) .  i ,  ,o 
"u^on-l

* t e e r o * l t .  l -, .  r l , 0 r l n

l l a s u p + E g . D < . i .
D* "n

let oc and oa be the abscy.sga of convergence and abeclsea of abso_t-r 3eo"..neBce, reapectlvsJ.y, of f  (s). ! i le.koow ([LJ, p.4) that| ! oo - o" ..D. If o" . 6 
,. then frou thla lnequallty oo - @r andl(r) rcpres€nts rn integral functlon.

Lt the mrlnuo real part be ae

^(o) '-t;u.o;. 
- Ine r1o + lt) |

ttre log i(o) ie aa locreasing coavex fuoctl.on ot. o f2J , there_
h'r fot A(o) ls dlfferenttable aluost everyvhere wlth an increasing .
-'rttre. Thle enabJ.ee ua to wrtld 1og A(o) tn the followtng forn:

O-t, lq A(o) - 1og A(oO) + / 
-

oo

,

{  } ,  ,  + 6
a+l I

d .

(r.2)

dx.

tllr lntegral representation of log A(o) helps us ln derivLng,lnte-q tsop€rtles of 1og A(o). The results 
"r" ,r.r"r, ln the foru of 

.
--

- ^ )
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2. rn thls art icle we esthate tbe rat io of A(c) for any two postt lve

;:t1." 

of o in teros of tbe rarlo of A'(o) and A(o) for those values of

Theorem_l_. I f  f(s) ls an lntegral function and o < oo, .  ol.  02, then

A ' ( o r )  ,  A ( o o )  A ' ( o . )
(2'L) tGT s qiq roe tA : ffiT

Proof .  F ron  (1 .3 ) ,  ve  have

.,^^ o(or) 
- 

or' 
sl(I) a*t o g  

I q '  o r  A ( x ,

A,  (o. ,  )
: FCn: 

(o, - ot), oL ,o 2

and

A ( o r )  A ' ( o o )

1oc t;16f) : fiG2)3- 
(o, - or), ot ' oo ,

slnce 1og A(o) ls an increaslng functloa of o.

9o.r.o.4.ary. If f(s) ls an lntegral fuactlon, other than a constantr and

0 < a  < l r t h e n

lin +.!og) = o
o-+- 

A(O'',

I f  we pu t .o l  =  o  o  and o ,  -  o  in  (2 .1 ) ,  then

.-o(1-o) #a# = f8P. "-oo-c)

tncr

lr--e!

q l  : !

a:':q.

* t t , .

a r
- _ | i

, ' U - . .

&
-

,rhc 
i,f

:.1

ry llrnf:rr 
r

?he result fol lows on taklng l lni ts on both the sl i les.

3. Theoregl 2. ff f(s) ls an lntegral fuactiou other than an exponen-

tlal. polynonlal and d )oor e > 0, then

A'(o) > {f#5#4 ,

:

lFt!_: 
.

a
i : r
t - &

: f !
--- 

l:{

3 :  l !  ,

*'ft .l :

t t"L--!S!,fa



S.N. Srlvastava & poonali sharna

s h e r e e - e ( o ) + @ a g O - > 6 .

Proof .  F ron  (1 .3 ) ,  we have

1og A(o) < 1og A(oo) . 
#P 

(o - oo) ,

rod therefore

l* 
sun a(fi-ffifrl s I

_ los rfl(g)r
l tm 

suP - A.(ol.  -_

o-)o lnf 
o

ttoof .  Fron (L3)r wg have

P

I

1oe A(o) 5 Log A(oo) + (o - oo) f;#$ , -

d t lerefore uslng the result ({2J, p. L22)

( f  -  i . .

27

j lv lng

rrtere o > o^ and e - e(o) + 0 as o + @ .o

l.  The.or.gn 3. I f  f(s) 1s an lntegral function of. Rltt  order
; (0 < p < -) and lower order l, then

! l

r f

l

,:* lnf

f lr l 
suP 1og lcg. A.(o) = P

c * i n f  o  
I

Iurrr. for an arbltrary flxed .h > 0

ioj e(c + h) - l-oe A(s) - 
:*ffi 'dx 

3 hffi.

d tlrciore

; l .

i
'

9

e(:)r .1"#ntol  < ( t+e)

r1" "'P 
t". ,.fi#lt
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( 4 . 2 ) li,"'P 
t:tf,#',

, 

g''@ lnf a

3 lin 
sue lgJLlgT{liU ' el

6+- lnf

Conblning (4.I) aad (4'2) '  ve get tbe result '

5. f i rep,r.en.a. I f  f [r(s) 1s tbe o-tb derlvatlve of f  (s) and 6'16'f  
(m))

t" airffi',r"aive of A(o, f 
(o);' 

thea fot r 7 6 > 0

( 5 . 1 )  e ( o )  <  A ' ( o )  <  A ' ( o r  f  
( r ) )  '  " '  

'  A ' ( o '  t ( P ) )

almost everJrwhere for o > oo : 0 and

l ( o ,  f  
( t ) )  -  l . u . b '  1 n t  r ( t )  ( o  +  l t )  I

-@< t<@

PrPof: We have from Theoreo 3

( 5 . 2 )  A ( o )  
" o ( l - t )  

'  A ' ( o )  <  A ( o )  
" o ( r + e )

almost everlnrhere for o t ol

I f  I  :  6  >  0 ,  then f ron  (5 '2 )

n ( o )  <  A r ( o )

ahnost everYrhere o > oi :' 0'

Slnl lar ly '  uslog (5'2) for the fuoctioa t( l)1s) '  we have

e ( o , t ( l ) )  '  A ' ( o '  r ( l ) )

almost everlnrhere for o > o, Z 0'

sut (tZJ, P' 126)

e ' ( o )  I  l ( o ,  t ( l ) ) .

*.:,:.

.-_l*

l * . - t

*- lX

{r*r ;

r i q

-Fil

o .

rytr {

i h r I

h l

a{r*, l | :.t

! : : . r l : t .

{
l '

l r t  : .
t

l d i t  
|  -  i .
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I.ace,

A ' ( o )  <  A ' ( o ,  g ( l ) ;

rLtct everlm.here for o > nax (or, or) .

trrrter results can be obtarned for the htgher derrvatlves and hence
GL tbeorern follows for almost aLl vaLues of o > oo I Or

t c t e  o  , . o o  -  m a x  ( o 1 r  o , L r  9 2 r . . .  ,  o O ) .

a. lteoreo 5. If f :..6; >0 and f (s) ts not en exponentlal polynonial.,
tl.r

( . .r)  A,(o, r(n);  , l , (ol  ;-{ f t fQ,I7n ,

r l l r t  everFthere.fo;-) ,  oo : o, e: > 0 aad vhere Af (or1(n); i .s the
lr l lvet lve of A(o, f  

( tr).

hoof .  Us lng  Theoren I  fo r t ( t ) ( " ) , r "  have fo r  o ,  o l

A' (o, s(r)1, ott'S$.'f:lt ',.t itt ',

,  A'(9) loE. a- ' (o)
-  ( r + e ) o  t

r l r c  a ( o , f  
( t ) )  

a  A ' ( o ) .

t}tth tbe above tnequality for the p_th derlvatLve, hre get

' 
"',t'f":ff-t')

h n > o t
P

f t  l .  1 ,2 ,  . . . ,  r  and nu l t ip ly lng  together ,  we have

a,(o, f  ( . ) )  
,  

A '@ 
* t  

1oe. : { l (oreP-r )

tI+e1q1n

* i
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r r l

fo r  o>  Ioax  (o l ,  o2"  " ' ,  o r ) '

I lenpe, ushg (5.1), we have

A'(o, f 
(')) , a'1o1 6{1f;ffiJ' '

almost everYwhere for o > oo I 0'

where  oo  -  6ax  (o1 ,  oZ '  " '  '  o * - l '  o i

7. Theorem 6. rt  f(s) ls ao lotegral

type r and lower t)Pe v r tbeo

sup r*"9r , "o'

113 ,", "* 
= .ou

P.r,oof . Fron (l'3) ve bave for h > 0

rog A(o + h) - o(r) +:i  u#.'

9+h A'(x) ,> . !  i t r d x ' o > o o

=kr,
Hence t

""n 
tffi) Pn suP rog. $JF;!$L

:*;*tr=?-:*;"' "e(c
. ^ph eup loe r1(o +.b) - .J-o'o ,:?:*;f f , fr)- . ,"9h/h',

where  M(o )  =  l . u .b .  l f  t o  +  r t )  |  

"
- 6 <  t < @

Taktng t -  
|  " t  

get (7'1) '

o t  o t . t
' 2 ) m / '

functioa of Rltt order P(0<P<*)'

t .  Let  11

(1)  L

(u) L

lrt, for 0 .

( t . r )  l l
o-+

::

llroncr Z. I
: ( 0 < p . - )

( l )  c lp

( l r )  t  <

(r t r )  r  >

trl t. trtttnl

& l r ( s + b ) -

.  o ( ,

- 0 ( l ) + (

I (; + e )

7 .  r )

-'rt > tn,
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8. Let t(eo) be a slowly ehanglng functloa, l;e.

(1) L(.o) t  0 and.is contLauous for o > oor

(ff)  f ,  ( f  eo)'r , :L(eo) 8s o-ro for every constant I  > O.

k t r f o r 0 . p . -

3 t

( 8 . 1 )
e u p  

L 6 f . - A ( o )  -  
t , ( 0 . t S T < - ) .

l* *, .?v r(.o) t

un suP rft$] P
l l i r n r  f f i ' n  

( o < q s P < - )

Iteoreo 7, ff f(s) ls an Lntegral functlon of Rltt- order

o (0 < p < -), then

( r )  q l p s t s t g p l p

(11) t < q/p log (ep/q), and

( l i t )  r 3 n / " o e q / P .

?toof. l{rittng (1.3) ae

rq A(o + b) - 0(r) + 
i 

t+# uu . 
"'l 

*i*Pdx, o > oo

. 0(r) + (p + 
") 

7 
"0* 

L("*) 6* + {{***} n
oo

"o-  0 ( l )  +  ( p  +  e )  i  * p - 1  L ( x )  d x  
'  A r ( o  + h )  '

.oo 

+ trGTT)- n

* (P + .1 ,ef-ur1.ot + ftffi r'
bY (t3J , Le'na 5).

Irtat{ ,, 
"fL<"o), 

taklng ltnlre iad uelug (B.t) we get

ii

li
I
I
I

1 l

I
I

I

I
||t
t
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( 8 . 2 )

(8 .3 i

NeP. l'Iath. Sc'

" P h r : f + t  " P h

" 9 h t : ' P + h t P h

R e p . ,  V o l .  1 4 ,  N o '  l t  1 9 8 9

P t a D d

q .-rf

SinllarJ.Y we obtaLn

( 8 . 4 )  
" o n  

T  :  q / P  +  h P '  a n t l

( s . 5 )  
. u P h i f  q / P + h q

It can be seen that the ninima of the right hand exptesslons of

(8.2) anal (8..3) occur t t  O - 0 and ePh.- P/q' substl tut ing h = 0 ln

(8.2) and ePn - p/q 6 (8'3)r r"e get the second part of (1) and (1t)

respec t lve ly .  Tak l r ig  h  -  (p -q) /pp  1o  (8 '4 )  and h  -  0  l t r  (8 '5 ) '  we ge t

(111) and the f irst part of (1) respectlvelv'

q -  Theoren 8 .  r f  1og A(o)  tu  T  epo L(eo) '  theo

r*i$t) n, r eoo r'(eo)

Suppose now T - t '  I f  O < 1 <I '  we have frorn (1'3) for o ) oo

n . t*n ti$ 
dx = 1og A(o + n) - 1og A(o)

. , l ra" + n) 11.o + n) -  r"go 11eo) + o("Fo L(eo))

*  T  e p o  { l  +  p n  +  o  ( n 2 ) }  { 1  +  o ( l ) }  L ( e o )

1  gPo  11eo ;  *  o ( .Po  L (eo ) ) .

.9roof .

A ' ( o )
f'fof

- l

Cccct!

lo

t : : r , t j

L!c:cr

-: lcr

. : . '  S : ! r

-').' turd:

h-:*:

.rrrGfl .a1
dar&a /::

Hence,

t&'r
, ' 1 9 '  . 1 1 p + H . ) ,

1lm suP
o+@ ; fo ' ;1"o)  

-

where Il is a constant' Since n ls arbltrary' we get
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rA'  (o) r

: * " ' r ' f f i s r p
Cooslderlng 1ig A(o) - 1og A(o - n) and proceedl.ng as above, rre ger

14 1(o) r
Itn ,o, 

'A(o) '

o - ) o  F i l r ( J r z  
r p ,

od bence,

f r# t  rpJe ' ( "o)
c,o.rgg.a.rr. rf 

ffi9), " p 
"fyr1"o), th.r,

log A(o) .r, t .fPl("o)

Fror (1) of Theoren 7 if p . {r T - t - plp.

lcfereoces-

tlj Bernster'dr v'. : ttlecoae 
egr J-es progres recents de re theorre desserles de Dlrrchlet'!!n cautirrei-vlri.i", 

-i.i i"l-rigs.

tzl Srlvastava, s.N.l.,on.the naxruun real, part of an rntegrar. functronrepresented bv Dtrlchlet serr.es", fr;i";; ili.liiiir." riepano_Anericana )OTXII (1972),,  l l9_127.

ttj Bardv' c'h'r e1i Ro,ga:lnkl' 
Y:I:i.lrNotes-on Fourier. serles (rrr)",_Quarr. Jout. lierh., 16 (1945) , 45-4g.--

-Frfeut of Matheoatlcs and Astronomy
l-L.a Unlvergltyl
f.*bor (Iadla)

33



A Note on Est*Tnt:ryg the Einite population Mean
Using Auniliatg fnfbrrnation

H.p.  S tog

u.ildu"qo"r,r*

Abatract-

A class of est{nators for estluatr.ng frnlte populatlon ,oeaa uslng
alrlllary lnfornatlon on a euppl"lmentary variable ls deflned and studled
Its asynptotlc propertt .es,

l .  Introductlon

Io raoy survey situetlone of practical rmportancd the use of auxrlrary
laforratlon polnts out the use of ratJ.o, dual to ratlo, dual to product
(sce srlvenkataramane (1980)7, regressl.on and generallzed product estl-
rtor8' among othersr {n,order to estl .mate populat l0n uean (or total)
of tbe study character y. conslder d srnple rendom senrle wlthout re-
t l . c€reo t  (sRsI {oR)  t (y '  x r ) ,  1  -  l .2 r  . . . . ,  n }  o f  sLze n  f ron  a  bLva_
rlrtc populat lod of eize N.

>-ote by

Xep. t{ath. Sc. ReD.
Y o l .  1 4 ,  t u .  l ,  t i g a g l , 3 5 _ 4 0

. D
- .  t  r , r

1 - l

n
n i -  x  y r ,  ( N - l )

t=1.

- : i N
l - . 1 r 1  ,  l i Y -  X  y 1 r ( N - l )

l - i  1 - l

- , 2
- x.,

(r, - V)2

1n-1)sr5 = 
,i, 

,rr-O) (xr-i)

D N
s; * 

. t .  
(xr

l ! r

s 2 -  I
r  1- l

N

*tt to '  
,1, 

(v, - Y) (*t - i) '

! J -  I r Josh l  l s  vo rk ing .un le r  t he  p ro je_c t_  N . I .A ,F .E .  o f  I .C .A .R . ,- Lru end rs attachEd to Depit. ' l i 'u"trr" and starlstr.csrJ.N.
lnf . CutversltyrJabalpur.

i
I
I

rt
,
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S = t"*/t i  :  The populat lon regresslon coeff iclent of y on xt

e - 
"r*/"1 

:  The sample regressloo coeff lclent of y oa xt

iur- i  + 6 tI  -  i )  t  Tbe ueual blased regreeslon estlnator of Ti

v ( f s r ) - f v ( i ) - /  :  Ihe variaoce of Ygr'

The probleo here ls to estloste populatloo ueanf of the study

character y uslng auxlllary loforoatloo on a supplfuaentary varlable x'

Srlvastava (f980) proposed a class of estlrators for i as

. . .  ( 1 )

" '  
( 2 )

!

n

!{

t
{

t-

ll

t r 1

i .
I

!r* |

I

3 { l

[:] | l

F-- -l

-€.:a.l

1gr !L

[t3:" tl

tll er c

!r tl

-rrr

h r (

r i"ir .

V--  h  ( t ,  ; )
I

where h (ir i) ls a functloa of !' i such that

h(i, ;) ' i, h, (t, i) ' j uti, ;l | ,-- -= 
- I'  a v  l ( v , x )

and also sattsly certalo regularLty coodltloos' The mlalmuo variance

3 - 
rder 0(n-1), ie glvea by

of T1r to teros ot o

urn. v(ir) - v(itr) - rv(i)

where v(]) . 
{H}o 

sl, v(;)

cov(i, r) - {ffi r*.

I t i s t o b e p o l n t e d o u t t h a t t h e c l a s s o f e s t i m a t o r s ? , - t r ( i ' i ) f s

v e r y v a s t b u t ' i t f a l l s t o l n c l u d e t h e u e u a l b l a s e i l r e g r e s s l ' o n e s t i [ a t o r

ir, whtle its minluuo varlance to teros of order o1o-1) le same as that

o1 9l,r '

- ls"+8t.rrL2:,

N-o ^2
" 5i5; 

o* ,
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The nain obJecti .ve of this note. is tb provrde a clas* of estr.mators

for Y using infornation on suppllmentar! varrabr-e x so qs t0 incrude

regresslon estimator i*, and srivastava (1990) r Asyoptqtle expresslons

for bias and varlance of the proposed class of estr[atorq are obtalned.

optia,m estimator in the class ls also identifled which has snall_er

varlance than that of v- and ?-.. , L T  
I

2. The Class of EstLmetors

Keeplng the for '  of regression estimato-- jk = i  + i  f i_;),  la vlev, Lt
ls quite logical to suggest the fol lowing class of est{metors

r o - h ( Y ,  B * )

for Y, vhere h(!, i, ;) t" a funcrl.on of (g, i, i) 
",rch 

tt.t

h ( ? ,  g ,  D  - ?

hl(?, B,i) * ah .(ii*8., i-) . . .  ( 4 )

rod sati.sfiee the follovlng condltions.

(t) lrhatever be the sanple choeen, let (!, i, i1 .""ure values ln a
bo.-ded closed convex subset p of'the three dlnensronar. real space
c6t  ln ing the polnt  (9,  Fr  i ) ;

37

r  E .  I

(Y, B; i )

. . . ( 3 )

in P; and

g,  x )  ex is t

(t t)  ?he functLon h (f ,  g, i)  is eoattnuous and bounded

(ttl) Tbe firsf asd s.econd partlal derivatlves of h (!,

d tre coDtl-nuous and bbunded in p.

to flnd the blas and varianc" of $n'r" wilr need the followlng

qrr.rloos vhich are easlly derived uslng thb fornulae deveJ.oped by

Sre (1944), we have

rrlr.{ts* -,;i:,.ii;, i

l l

I

I
ar
t
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cov( i ,6)  -  . f f i i r f  ; r  
'

cov(i, B) = S8* tit ;i 
'

vti) - ffi v2o,

v(i) - ffiuo2 ',

where t ,r ,6 = ' -1 
i ,  

t ' ,  -  Y)"(*r  -  i )b '  a 'b = 0 to4 r

and *=sffi

To flocl the expectation and varlance ot Q5' ttt *n":1 
-l(i'B'i) 

about the

polnt (?rBrt) tn a Second Orcler Taylorrs serles we havet

stio) = I * 
"-i"-Il , . rhe or{er ot o-t 

""u'".tt"'n." "ru"t
vhlch shows that the blas of !q t" 

i1-'::';'$:;'" ;*'-

n-l the tttt to""t'i;;;;";-"# 
varlance of Y'' are same

The variaoce of fo ls given bY

.2 _ y)2
v(frr) = E(Yo

f 
vt i )  + v (0) t '2 '  tY'e 'x ' )  + v( i )h2: (Y'B' i )

*  2 cov ( ; 'e) h2 ( f t 'g 'x) h '  (Y;B'x)

+ 2 cov ( i 'B) t t '  (Y'g ' i )

+ 2. cov (!,x) h, 1Y ' O 'x)'/ 
' ' ' (6)

where

h2 ( t ,B ,N)  -#

h3 (Y,ts, i) = ah (1i ' ;)

and

(v ,6 r f  )

(Y, g,I)

T

Lr 3r

-

I

r! r*;:

e . | |

Any parametrlc fuoctloo 1' '1; '6' i )  sat lsfying (4)

(t t t)  can generate est{rator of the class (3) '

conilltlons (i)



l .uoY (,x,F) G.ov (y;x) :  v

| .vci l  v<61 - {cov ( i ,6lt

Ilence the mlnlmum varLance of iO fs glven by

urn v (i,,1 = v (t) - tcd# 
[*ji)/. 

-

- -
u (i) [u 

- " ' (e)

Fron (2) to (9) we have

wnv( f r )  =v  (? l r )  -u rnv  l f r r ;

. Lt<iv (?.i). co:, (I;6):.-, v (I) c,oy (y,6)12. ̂
v  ( i )  :  0  " '  (10)

Also

v (t) - r,lin v 1yrl - v (ir,) - L.q..."u(?*ilJ" o

tlus fron (10) and (11) we have the followlng ineguality

. 1  4 ^
xln v (yo) < r,fln v(yr) - v(ytr) < v(i)

Eence Lt follows troi (tD that the proposed eetlnator le wider
- Ell as nore efflclent than that of Srlvaeteva (19g0) estlnator. irr
r.l blased regresslon estLmator iU" 

"oa 
s€np1e rnean !.

It.p. and U.t), NanJopht

The optinun^values of the parameter, fn t(!r6ri)  whlch nininlzee
the varl.ance of Y_ are glven by. n

h, (?,8,f)  *
" '  ( 7 )

. . .  ( 8 )

. . .  ( r l )

. . .  ( r 2 )

I

I

t
ct
,
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A Note on Boundany Value tuobLens

K.N.  Mur t i
K.R. prased

end
U.A,S. Srlalvae

l. Iorrgdup,trin

Boundary value problens play an inportant role la a varlety of
rc-r rorld probleme. r,a ftadlng so1utl0ns to tlro pornt aad three-porut
bouodary value probreosr the co'structlon of Gteeors functlon re v'tel.
I t  ls suff lclently knowu the conetructLon.of Greenrs functlon for
probleoe rnvoJ.vrng non-slngur-ar squere uatrr.ces. However the theory for
rectangular natrice' lnvolves sr.gnlflcant dlfflcurtles as the lnverse of
utrlx la the ueusl eeoee, doee not exl.$t. In thls peper e new approach
te adopted. By a suitable transfornatl0n, the rectaagular matrr.ces are
traoeforued Lnto a square non_slnguJ.ar rnatrLx and soLutlons are flnally.
crpressed in terms of the rectangular uatrr.cee. Thls appf.oach te sub-
.r8utlaJ.1y new and covers varlous classee of boundary value pnobleos,
vtich are not covered eerller..

rn thts paper we shall be concerned vith the exr.stence and ualquei
ocse of solutionE to two-polnt boundary value problems assoclated wlth
3b. sysrem of first order dlfferentlal equatlons

r . y  =  P ( t ) y '  +  Q( t ) y  .  f ( t ) .  "  .  ( r . 1 )

rtcre P(t)e c2[a, l ] ,  Q(r)e cI[aru] are rectanguLar natr ices of order
- gnd y(t) ts a column matrir( t lth con

u! esauae through out the paper that ,n"nlljltlrtit;rtil"';;"],"]r*u
!'rdependent on 

[a,b]. section 3, deals wlth the exr.stence 
"od 

urriqo"-
*g of sor-utl0's to three-polnt boundary value problems. The results
oftrlned 1n thls peper are gxqnplifled at thp end of thls paper.

, , ,  l

I
o
t



42 Nep '  l ' Ia th '  Sc '  Rep ' '  Vo l  '  14 '  No '  I '  1989

Z. Iti'o;Polnt 
Boug'ldrv Value Probl@s

Deflnit ion 2.1 : I f  PTY(t) C le a fuodaneatal oatr lx for the equatlon

(1.1) then the m'tr lx D defloed bY

D  -  u  P T ( a )  Y ( a )  +  x  P T ( b )  Y ( b )

ls called a characterlstlc aatrlx for the boundary value problen'

In thls sectloat ve conslder the follortlag tuo poia: boundary value

problen:

l y  =  P ( t ) v '  +  Q ( t )  Y ( t )  -  f ( t ) '  a  3  t  :

M Y ( a )  +  N Y ( b ) - o

Theorem 2. I : AnY solutlon of

t y = P ( t ) v ' + Q ( t ) Y ' 0

b (' - 
*-r)

te of the forrn pTt(t) c where Y(t) 1s a fundaaeotal natrlx of

z, = - l- l-r(t) gtt l  lz

where  A( t )  *  p ( t )  pT( t )  and B( t )  =  p ( t )  pT ' ( t )  +  Q( t )  
pT( t ) '

proof : The transfornatloo y - PTz tlansforms (2'3) tnto

LL' = ltzt * Rz '

Slnce A l"s oon'glngular, Lrz - 0

s{t)]  z(t) l t  fol lows tbst z(t)

Hence y ( t )  =  P '  Y( t )  G:

Theoren 2.2 : A part lcular solut lon !(t)  of (2' l)  ts of the forro

: t )  / t  v - r (e )  Lp(s )  
p r ( " ) ] - l  r (s )  ds '

Proof : we seek t ntttl"u"t soLutlon of

z ' ( r )  +  l , - r ( t )  n ( t )  z ( t )  '  a - r ( t )  t ( t )

. . .  ( 2 . 1 )

.  .  .  ( 2 . 2 )

. . .  ( 2 . 3 )

I

. . .  ( 2 . 4 )

I

I

t

I

t

I

I

I

.I

;

t op l l es  z t ( t ) '  -  f l - t t t l

- Y(t) C for sone constant natrlx C'
t

E

rh

h

;lt

trsflil
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ls rt  forr l( t)  K(t).  Then i t  can be easi ly vertf led thai

t
r ( r )  -  

" r ' " - t ( " )  
[p(s)  , t t * ) l - r  r (s)  ds.

bcc tbe partLcular solution of (2.f ) is o.f the form

i t t l  -  pr  y( r )  . r t  y- i ( " )  
l -p(" )  pr(" ) ] - t  r ( " )  a" .

Theoreo 2.3 : Any eolurlbn of (2.1) ls, of the forn

v( t )  -  pT y( t )  c  + t ( r ) ,  where i ( t )  r "  a  par t lcu lar  so lut ion of  (2.1) .

Proof : rr can easlly be verifled rtrrat pT y(t) c + i(t) is a sorution
of (2.1) for any constant natrtx c. Nolr to prove that every sorution
ls of the forro, let y(t) be any solutLon of (2.1) and i(t) U" a partlcu-
lar solution of (2.1). Then it can easlly be vertfied that y(t) _ i<tl
ls a solutlon of (2.3). Hence by

Theorem (2.1) ,  we have y( t )  -  i ( t )  -  pT y( t )  C or  y( r )  -  pTy( t )C + i ( r ) .

Theorem 2.4 : suppoee the honogeneous boundary value problen is in-
compatlble. Then there exlsts a unlque solutlon to the boundary value
probleo (2.1) sattsfylng (2.2) and ts glven by

b
v ( t )  -  

^ t  
G ( t , s )  f ( s )  de

vhere G(trs) fe the Greenrs functLon for the correspondr.ng honogeneous
boundary value problen.

Proof : From Theorem 2.2 and, Theorem 2.3 any solutl.on of (2,I) is

y ( t )  -  p r  y ( t )  c  +  pT  y ( r )  , f  y - r ( " )  
[ p ( " )  p r t " ! - r  r ( " )  u " .

where Y(t) ls a funden"rra* ..arl* for the equarion (2.3) and c rs,.a.
coastant matrlx and wilt be deternlaed unrquely fron the fact that the
solutioo y(r) nrisr satisfy the boundary condltlons (2.2).

; .
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Substltutlog the general foru of y(t) ia the boundary coaditLon

matt ix (2.2) ve get

[ r . l  r rr(e) + N pry(b)]  c + N pry(b)- /b v-r1s; [ r(s) pr(") ]-1r(")4"

a

and thus

c  -  -  D- l  N  pTy(b)  . ro  v - l (s )  [p (s )er t " ) ] - l  
f . (s )ds

vhere D 1s a characr"rr"al" marrlx for the boundary value probleo.

Thus

b

y ( t )  =  I  G ( t , s )  f ( s )  d s

I

t

I

l .  : . :

r  t , -  .  .  , ,1

- t

t t {

lir? r I

r I  , :

Erl: : I

h r d

Y * r , - q 1

. F -  . q

l  - l

b *-{

* r
r"r llrel

l!tr** : 1

s l -a  - l la -

Qr-- ,farl&

i ' {

a'k-.qr
i

* a.e L' t '

i

a

r 7 '
\

where

c  ( t ,  s )

Theoren 2.5 : The Greeare functiqn G(tre) has the followlng proPertl"es:

I ) G ( t , s ) a s a f u o c t l . o n o f t i t t h f l x e . l s h a v e c o n t l n u o u g d e f , l v e t l v e s

every wbere except at t r s. At the polnt t - s, G(t,s) has a Jurnp die-

contlnuity end lts JunP is

c(s+,s) - G"-,") '  pT(") [r<") rTt"f-1

2) C(tts) ls a formal sol-utlon of the honogeneoue boundery value

problern Ly e 0 satlsfylag (2'2) ' G fatls to be a true solution becauee

of the dLscootlnulty at E ' 8'

3) G(t,s) satisfylng propert les (1) ani l  (2) le uaique'

6rrt t )  
y(r)  D-r M pt( t)  v(a) v- l (s) [p(s) r t t") ] - t

)  a < e < t 5 b

n
L-rtt. l  y(r) D-r N pr(t) y(b) y-r(s) [p(s) rrt")]- l

a c t 5 e 5 b

- r  i  . - 1

Hrr ;ci

, .
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3. grcc Eotot Douodaflt velue Problens

t8 thrr rcctlotr, we consl.der the followlng three-polnt boundary

rdr pollcl

Ly = P( t )  y '  ( t )  + q( t )  Y( t )  = f ( t )

'  [y(e) + Ny(b) + Ry(c) = 0

G ( r ,  8 )

tr [",U]

. . .  ( 3 . I )

. . .  ( 3 . 2 )

D e  -  l t s
frcre P(t) ,c ' f i r"J, Q(t) e c' farcf are reetangular matrices of order ' :rn

rod y(t) ls a colunn rostrlx wlth componeats (yr, Yzt ..., Yo) and we

asartrre throqghout the paper that the rolts of P(t) are llaearly lndepeo-

deot and M, N, R.4re ro)rn rectangular natrlces.

Deflattlon 3.1 : If PT Y(t)c Ls a fundslreatal natrlx for the equatloa

(3.1), then the matrLx D deflned bY

D -  u  pT(a)  r (a )  +  N pT(b)  Y(b)  +  n  pT(c)  v (c )

ls calLeal a characterLstlc oatrlx for the boundary value problen.

The pfoof of Theoren 3.1 of thle sectlon ls en81ogous,to the proof

of Theoren 2.5, and hence onLtted. /

Theorem 3.1 : suppose the honogeneous boundery velue problem ie in-

conpatLble. Theo there exLsts'e unlque solutlon to thr€e-polnt bouadary

value probleo (3.f) satiefylng (3.2) enal ls gtven by

y ( t )  -  ! "  c ( t , s ) f ( s ) d e

rhere G(trs) ls the Greenrs functlon for the correepondLng honogeaeous

boundary value probleo and I's glven by

frrvtt) 
y'r(") - p1v(t) o-1 tl pTv(u) Y-r(s)

-  pr y(t)  n- l  n p\(")  v-I(s)]  (P Pr)- l

a j s < t s b < c

pTy(t) o-l lr prY(u) Y-l(s)

- pr v(t) n-1 n prv(") v-l(s)l  (p(") pr(s))-r

5 t < 8 S b < c

pT y( t )  D-r  h pry(c)  y- l (s)  (p(s)  pT(s)) -1

a < t < b < s < c

(

\
I

I
I

l,-

1
'
I

t



c ( r , s ) =

t' [u, "]

Theoren 3.2 : The Greenrs functloo G(trs) has the fol lowing proper-

t ies .

( i ) G ( t , s ) a s a f u n c t l - o n o f t r r l t h f l r e d s b a v e c o a t l . n u o u s d e r i v a t l v e s

ever1ru 'here  except  ac  t  E  s .  A t  the  po lo t  t ' s ,  G( t ,s )  has  a  Junp d is -

continuity and lts JunP ls

c ( s + , s )  -  G ( s - , s )  =  P T  ( P ( " )  P T ( " ) ) - r

(t t)  G(trs) ls a forlral solut ion of the homgeaeous boundary value

probl-en Ly = 0 satlsfying (3' l) '  G fal1s to be a true solut lon because

of the discontinuitY at t  = s'

Nep.  Math .  Sc .  Rep. ,  Vo l .  14 ,  No '  I t  1989

(  l r '  
y(b)y- l (s) -  prv(t)o-1 n prv(")v-r(") ]  [ r t")  rr t") ] - I

\  a < b c s < t < c
't

f - r t r<.1 n- l  R pr  r (c)  v- r (s)  [e t " )  er t " )1-1

I " 
< b s t < s < c

t
\  ; r t " t . l  v -1 ( " )  -  p r  v ( t )  o -1  N  p r  Y (b )  Y - i ( s )

I

I  -  p r  v ( t )  o -1  n  p r  y (c )  y - l (s ) ]  [e t " l  r r t " ) ] - I

i  t < s < b < t < c

( i l )  l s  un ique.

probleu

( , \

\ ' l
t )  - f  o \

\.tl

The equat ion  (3 .3 )

-. r:a.a

df: ,qX

f c

"l
I

-r -r- rg

i  : . r  -

( i f i )  G( t ,s )  sa t ls fy lng  the  prope l t ies  ( i )  and

As an example, consider the boutrdary value

/ t  o  o l  y , + / ' o  r  o \ r =
r v = (  o  r  o J  \ t  o  o )

( :  I  
' \  Y ( d + l ' L  '  

l ] ' ,
\ - r  o  oJ  \o  

o  - i

Now by using the transformatlon Y = PTZ '

comes

( 3 . 3 )

( 3 . 4 )

be-

LL'  = t :) '' . (: :) '=(;)
fttt

1 ,  ' q  - .  
- .

.  crr i

-l
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Io3 tb. frndmtal natrix Y(t) for honogeneous equation

f o  - 1 \
l ,  - l  

I  
, ,

\ - r  o

tr jlrca by

( exp(t) exP(-t) \
Y ( r )  = l  ,

\-exp(-t) 
exP(-t)il

The characteristlc matilx D ls given by

D  E  u P T Y ( O ) + N P T Y ( I )

=( t  
' -  exP( l )  I  +  exe ( - l )  

)

\ - r - r /

llow the solution w111 be ln the forn

r  / z \
Y ( t )  =  

{  
c ( r , 8 )  

t r J . "
vhere

4 7

(', :r)
G ( t , s )  -

uhere

A, - exP(-s) [exP(t) (exP(l) + 2)

- exp(s) fexp(t) 
(2exp(l)

e < s < t 5 b

a c t c s < b

+ exp(2) e*p(-t)]

+ 1)  + exp(2)  exp(- t1] .

:,:)
(:;

I
I
I

t
t
I
i

L

I
I

I

t
t'.r
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f  ,  .  ,  r \  a  a g

Er = -  exp(-s)  Lexp( t )  (exp( l )  + 2)  + exp(2)  exp(- t ) ]

- exp(s) [exp(t) 
(2exp(t) + 1) - exp(2) exp(-t)l '

cl = - exp(-e) lop(t) 
(2o<p(r) + t) - exp(2) exp(-t)]

+ exp(s)  [op( t )  
(2orp(1)  + r )  '  exp(2)  

"xp(- t ) ] '

Dt = exp(-s) 1-exp(t) 
(2exp(l) + t) - exp(2) exp(-t)l

+ exp(s) [exp(t) 
(2exp(r) + l) - exp(2) exp(-t)] '

Lzn -  exp( l )  [exp(- t )  
-  exp( t !  Lexp( I -s)  + exp(s-r ) l '

92 = 
.  

exp( I )  f .xn(- t l  
-  exp( t ) ]  pxn(1-s)  + exp(s-r ) - ] '

c2 * - exp(1) l-"*p(t) 
+ exp(-t)] '  fexp(i-s) 

+ exp(s-l)l '

D, - ,exp(l) i lexp(t) 
+ exp(-t)] [exp(r-s) 

+ exp(s-l)] '
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On llnipalenoe of Certain
Asasiated uith Stazli -e

AnaLytic Funetinns
Fmetions II

M.I .  R lzv l *

l. Let S be ttre cLass of functlons f(z) - z + 
nEZ 

aoZn, whlch ale re-

gular and unlvalent ln the unlt dlsc O t lZl<f),  * l f f .--Stt denotes the

class of functlons In S whtch uaps D onto e Starllke region with respect

to the orlgln. An equlvalent analytic characterLzatloa for functions of

S* haviDg an addltlonal.proierty

( r . r )  * " t € & t  z 9 , z  e  D ;  o :  B s  r

Eere B l-e referred as the otder of Starll-ke functions f(Z), and we lden-

t l f y  S*  =  S : t .

In this peper we are rnainly concerned wlth the radlus of starllke-

ness of the function F(Z). Incldentl-y the resuLts of I'adnanabhat AJ,

BaJpal and Srlvastava /.3J, Bernardi [4J and RLzvL [5J follows fron ours

2, Theorern:-

r,et f (z) * z + ''72 "oZt 
, e(z) = 

" 
* nE, boZt

and F(z) = 
trllh 

Iz ,c-p'q tt(t))P {g(t)}q u. 
.. 

,$u., * ou,

s h e r e o < p r { r B 1 r B 2 < l

then,

f(z) e tt, .tU e(z) e tE, t" the reglon ,

*Th is  
ro rk  has  been suppor ted  by  s .R.F .  o f  C .S. I .R . ,  Nev  De lh l  ( INDIA) .

tl
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(l-p-q)+2 (PP1+qB2) , c - I ,

o < g l r F 2 < l

F(z) - 
ffi 

, ' tc-P-l ir(t))-P {ee)} 
qat

t (z)  = Io tc-p 'q t f ( t ) )p [e( t ) ]  
qat ,

F(z) - 
FB{h 

r(z)

zlt(z> - (c+pt) p'1212-c+nt + (p+q-c-l) z-c+p+q+r 'l(z)]

- 1c+p+q)24+p+q-l fn'@) .' 1p+q-c-l) .r(z)].

+€]- 
zr'(z) + (Ptsf-l) r(z) ,

%-ff i+ 
(p+e-c-l).

L f  C = 2 1 3 r . . .

= .zt r+*.Cr-t:$.1ti(r.o,q)J.1/2 , c=1, Bi = B, - 0

-2- (pF 
r+q8z) 

*{4+(pB r+qBi )2+( r-p-q)2+2 ( i -p-e) (p g 
ttet)+z 

( r-p-q) } 
I/2 

.

PTo.o,f l

( 2 . 1 )

Le t ,

( 2 . 2 )

then,

( 2  . 3 )

Now,

( 2 . 4 )

Thereforet

( 2 . 5 )

or

( 2 . 5 )

t  2  , . L 1 2
- { z- (p p 

r+q82) }+t4+(p8 r+cor) 
z+(c-p-q)'+2 (c-p-q) (pe 

i+q 92 ) +2 (c-p-ql::

l r

: b ? .  
I

; f t  ; {

h {r- l

3 8 .

J _ t  J : : , - : l

l g : !? r .q : : . t

!  art.

i r

l r F
I

(
: -

:'-t-r



Furtb:r, rlnce F(Z) ls a starllke

tb.r. ..lrtr r functioa r,r(Z), which is

rL. cdttLoa of Schwartz Lema, such

L={L-2 (pBl  + qBz)  }
o.r) I  +  ur(Z)

t !o. (f .6) aod (f.7), l t  fol lows that

J (z)

o E r

( 2 . 8 )  f ( z ) ) P 1 g 1 z 1 1 e  =

Dlf f erentlatlng equatlon

ue ge t ,

M.  I . '  R izv l

functLon of order (nO, +

reguler' ln unlt dlsc and

that

a (z )

5 t

{82) ' so

satlsfies

4e+ (pr-c-r) 
1-{l-z lelr}%)l o(z)

,c-r-e+l1r,z) )Pte (z) ]q

(2.s) {W+ry&l

-{ I- (psr+qor) } Ij##} -

r(z) [(C-p-q+2)+.( (C-p-q+l)+2 (ppr+qOr)--I]ur (z)] 
.

[r+,u {21] zc-n-t+r

(2.8) logartthnlcally and sinpllfying, final"ly

- (rou + cB2)

Zhn l

h t ,

( 2 .  t o )

end

( 2 . 1 1 )

. l - r^r  (Z) '  l -  l^(D 12,r?;ctr -. 
l_lmf 

'

,  .  2Zut  (Z)  I'  
[r+tu(zl f(c-p-q+2) + (c-p-q)+2 (nBr+e8r) ]u(z)]'

_2  z  ( t - 'd (z )z )

(mq+2)+{ <.-p-q)+2 tnurfql rii6;'

Re
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. The last inequality is obtalned by uslag the following welJ'

lnequa l i t y ( /6 / ,  p .  168)

I tr '  (z) |  5 (1- lo (z) 12> t tr- lzlz> '

Fron (2 .9 )  aod us lng  (2 ' f0 )  and (2 '1 f ) '  l t  fo11o! ts  tha t  f (Z )  l s  a

starl ike fuactloo of order F' and g(z) of order Brr l f

. ,  . .  -  z l z l  . ( r - 1 , ( z ) 1 2 )  . .

11. , , , (z) l  <r- lz l2 l  l tc-p-q*Z) + l (c-p-q) + 2 (pBt + a8r)  o(z) l

t  -  l ' ( z ) 1 2

il,,r,7

lf v.""r'

1 1  '

!!r- i

! ' . r  )

f r l

frslr

s

or

(2 . r2 )

f+r(z) I

t (z) e tt, .ou

Crqr;i.

.ba::.fr

Lr:--rsr

; r r l

ll S|j{rl}a

!g"t*r"t

,t

!,- h-rl
r !
:1,

-1 l i r . : .  !
d

t€l

'  
h r : : . :

br.

fid' G*.. r-i
tr r,
: - r !

ft trr::. ;- -
| l l -

k ;

Since,

lo(z).1 : lzl
and

rfe have,

( 2 . 1 3 )  I  +

{ (c -p -q)  +  2  (nB1 +  qBz) }  l . -  . ^ ,  
=  l '

i 
/ 

(c-v-*z)

(c -D-q)  +2  (nB1 + t9r )

ffi

'  I '+-=rem-
( C - p - q ) + Z ( p B t +

Therefore frou Q.L2) and (2'13), we obtain that

s(z) e st '  i f
,2

z lzl < [ '(c-p-q+z)+t(c-p-q)+2(nBr+cgr)t lzl . l  ( l- lzl)

t .  e .  l f

(c -p -q+2) -212- (n91t32) ) r -  t (c -p -q)+2(por+qgz) ) '2 '

ot/

qBz)

u^.rrtu'l

0 .

1

1
1
I

I
i



.  M. I .  R izv{

r ,2r p( z )-p(r)-(c-p-q+2) -2{2-( lBr+qer;  }r_{ (c_p_q)+2(nBr+9Br)J

51: . .  ? (c )  r  (C-p-q+2,and pr ( r )  < ,0 ,  the  pos l t l ve  roo t  ro r  fo r  wh lch

tl :)  > O rrst be less than the root of the polynontal P(r) = O, that

al;a Bhc required value of ro and proof of the theoten is complete.

Gorol lary I . :-  Theorem 6 of Bernerdi[4|,  fol lows by taklng p=lr g=o,

F l = o r  B 2 = o  a n d  C = l 1 2 1 3 r . . .

corolrarv 2:- 
I'i"ui'."ir;:1;::':il 

t"?r'.'""o's bv taklng p=l' q=o'

Coro+a_ry 3:- Theorem I of BaJpai and Srlvastava [3J, fol]-ows by taking

P- l r  g=or  and gr=s

Coro]lary.4:- Theorem 2 of Rlzvi L-5J, folLovs by taktng q=o, g=o.

I a'n grateful to Dr. S.N. Srivastava for his'helpfu1 suggestlons

and guldance ln the preparatlon of this paper.
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Integrabil{ty Conditions of a Stmteture

F tufisfytn7.f * E = o

V . C .  G u p t a

Sr.r arv. rshlhara end Yano [2J bav2 obtalned the lntegrablJ.ity condi-

cloos of a etructure f eatlsfytng fJ + f -  0. Gouli-Andreou /I /  has

studied the lntegrabl l t ty condlt lons of a structure f satlsfylng f)+f-0.

The purpose of the pf,esent paper is to establish the integrabllity condl-

t lons of a structure F satisfylng-fK + F = 0r where K ls a poslt lve

lnteger 2 2. FJ.rst ly, the NlJenhuls tensor of F(Krl)-structure has been

studled and then the partlal- lntegrabllity condlri.ons and inregrabillty

conditions of thle structure have been deduced ln teros of its NlJenhuis

Eeosor.

l. Prel-ininarLes

Let us conslder an n-dinenslonal dlfferentlable nanlfoLd Mn of

class C- equtpped with a non-nulL tensor f fel-d F of type ( l , I)  and of

class C- satisfylag

( l . l ) F K + F - 0 ,

shete K ls a poslt ive lnteger Z 2.

Let us put

def -K-l
\ L . z )  S E E : -  r  r t 9 S !  r * o K - l

I

where I denotes the unlt tensor f le1d. Then we have

TheorenJ . rL .  For  a  tengor  f le ld  F  I  0  sa t is fy lng  (1 .1 ) ,  the  operarors

s, t  defined by (r.2) and applJ.ed to the tangent space at each point of

the nanlfol"d are conpLementary proJection operarors.

Proo l .  In  consequence o f  (1 .1 )  and (1 .? ) ,  we have

( r . 3 ) s * t - I r

t
t
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( r .4 )

( 1 . 5 )

( f . 7 )

( r . 8 )

( r .e)

Nep. l{*th. Se. Rep.', Vol' 14, llo' 2' 1989

'e2', 
,g2K-2 . 8K.FK-2

v ,

- - F . F K - 2 - g K - l ' 8 r

t 2 - T + t r 2 K = 2 + 2 F K - l

,  
- I - F K - l + 2 r K - I - L ,

it
; l
I

I
r l

i1

e. t  r  t .s  -  -  ! 'K- l  -  F2K-2 '  0 '

. i

Thla provea the theoreo'

Thus, lf there le,glven a (1rl) teosor fleld F / 0 setiefyfug (1'I):

thentheree' ( ls t t roconpleoeotarydi .s t r lbut l 'ongsaadTcorreopondlng

to the projectloa oPetators g 88d t reepectlvely" Let the rank of F be

cbnstatt a,od be equal to r aneryrhere' thea tbe dLoeoelong of I eud T

a r e r a n d ( a - r ) r e e p e c t l v e l y . T e c a l l e u c h a s t r o c t u r e a r F ( K t 1 ) - s t r u c t u t e

of 
,rank 

rr and ao"'n*roratrf -rtu thr. str,,cture a 'F(Krl)-oan{fori l 'r

Theoq+.f .2.. For a teoeor flelil F f 0 eatlefylng (l'!) aad the opeta-

tors sr t deftneil bY (1'2), we bre

F e r s F - F - r  F t r t F r 0 i

t ? E - 1 2 . ,  F z t - o l '

FK-2E ; 
"Fb2 

- FK-2, I rK-2, t - tr5-2 - o i

( l . l o )  F { - 1  
" ' - r r ' F K - l  

t ' o '

i

Ircof. Thp proof, of the theoreo follove by vlrtue of tbe equatlona

( I .  r )  aud ( r .2 )  .

If the ra,ub of F.te uaxlcelr theo !'[ ' Thue t'Q and F eetlg-

f l e s .  
r  

F K _ r * r _ 0 .

Let F be a F(K;l)-etructute of ruk r 3 theo tbe Nuenluls tcnSol

N(X,Y) of F 1g

,1
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(2.1) r(r,r) - [rx,rr] - r [rx,v] -r fx,rv] * F2[x,q]"

lbn O.t)._ ne have rhe following idenrlries !

O-O tF3.N1t*rty) - FK-3s.N(rx,ty) = - 
"[tx,tr];

i OJt t.N(x,Y) 
.. t [rxrrt] ;

r2.4) t .N(sX,sy) -  t f fx,ry]  ;

(2.5) t.N1FK-zx, rK-2y) . tfsx,gyJ

P.gof.  In consequence of ( l .Z),  (L.4),  ( f .Z; aud (2.1),  we bave

rK-3.N1txrty) -  r I -3.r '  [ .* ,0d, - ,  f tx, ty]
eod

rK-3e.N(tx, ty) -  -s2[tx, tyJ -  -" f tx, ty]  ;

rbence ne get (2.2).

The'proofs of tdenrittes (2.3) , (2.4) and (2"5) folrow by vrrtue
o f  t he  eque t tons  ( l _2 ) ,  ( 1 .7 )  and  (2 . I ) .

fbeoren (1.2).. For any vector ftelds X and y, the foi.lowtng three
condltlone are equivalent to each other:

( 2 . 6 )  E . N ( X , y ) . 0 ,

( 2 . 7 )  r . N ( s x r s y ) - 0 ,

(2.8) r.N(FK-2x, FK-2y1 . 9

Proof. slnce the rr.ght sr.des of (2.3) and (2.4) are equal_, the condr-
l loas (2.6) and (2.7) are equivalent. If we have r.N(sXrsy) = 0 for
rny vector  f j .eLdg X and y;  then f rom (1.2)  and (1,7) ,  t .N(FK-2X,
ii-2y) . 0 and conversely. llence the theorem follows.

The Lle derivatlve*rf of the rensor fleld.F wlth lespecr to a
rcctor fteld T iB a tensor field of the.same rype as F glven by Dl
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x {g! r[x,v] - l .rx,v]

I n  v i e w  o f  ( f  . 7 ) ,  ( 2 . 1 )  a n d  ( 2 ' 9 ) ,  w e  l i a v e

(2 .10 )  N (sx , tY )  =  F ( * r yF )sx  =  F {s (QyF)sx l

and

( 2 . 1 1 )  s . N ( s x , t Y )  =  F i s q t y F ) s x )

3. rnteerabl l i tY Condit lons

In thls sectloni we sha1l obtaln the part lal  lntegrabl l i ty condl-

t ions  o f  F(K, l ) -s t ruc tu re  in  te r rns  o f  l t s  N lJenhu l -s  tensor '

Tlrgor.em.,(3.1)" 
The dlstr lbutlon T is lntegrable l f  and only i f

( 3 . 1 )  N ( t x , t Y ) = 0 ,

or equi.val-entlY

( 3 . 2 )  s . N ( t X , t Y ) - 0 '

for any vector f ields X and Y.

proof. . We know dnat [2J the dlstribr"rtLon T ls lntegrable lf and only

rt s[tx,tY] = 0 for any vector f lelds X and Y' Thus ln vtes,of (2'2) '

tr 'e get (3.2). For any vector f ields X and Y, ue have

s . N ( t x , t Y )  *  N ( t x , t Y ) .  S o  ( 3 . 2 )  t s  e q u i v a l e n t  t o  ( 3 ' l ) '

Theoren (3.2).. ,  The dlstr ibutlon S ls integrable i f  and only l f  one of

the  cond i t lons  (2 .6 ) ,  (2 .7 )  o r  (2 .8 )  o f  Theorem (2 '2 )  te  sa t ls f ied '

pr-o.of. We know thax [2J the distributloa S ls lntegrable tf and only

f f  t [ sx ,sy ]  .  0  fo r  any  vec tor  f te lds  X  and Y.  Thus  ln  v lew o f  (2 .5 ) '

the theorem fol lows.

lheo.ren 
(3..3).. The two distrlbutions s and T arq both lntegrable lf

and onJ.y lf

( 3 . 3 )  N ( X , Y )  =  s . N ( s X r s Y )  +  N ( s X ' t Y )  +  N ( t x ' s Y ) ,

for any vector f telds X and Y.

p.ro.of..  Ir l  conseguence of (1.3), (1.7) and (2. l) ,  the NiJenhuLs teosor

N(X,Y) of F can be exPressed as

j r  
t l r t

ln*tr 6-r),

fl.fu l{r,t)

t rtnra of

=*,

:r rir htc3rrblc
*irtle '.

,{ta"

rI

g l

-r q *rcr ftctdr

-l G.--

.: 
-F'e th.t I

.'---1"'q 
l|atf

E"-  
{ r . r t - l

3-:;ilj:.r
*iqlq,1*;,

,ll"l f t\orl (

_ I ratarsJ
D b lrisrlie 

r
D t -

,61,t)

t l iel 1_

br r  { l - r ) .  A  a
A . r r r O f . n .

-rtllt c+.rtror
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,3 . r i  r ( x , y )  =  N (sXrsy )  +  N (sXr t y )  +  N ( t x , sy )  +  N ( t x , r y )

k.4::GG (3.4), ln consequence bf 
'(1.3) 

takes the forn

r l - ! )  x(x ,y)  = s.N(sxrsy)  + t .N(sX,st )  + t t ( ,sX, ty)  + N(tx ,sy)  +

.  + N(tx .  tY)  .

br  by  v i r tue  o f  (3 .5 )  and.Theorems (3 . r )  and (3 .2 ) ,  the  resu l r  fo l rowi .

Dcflnltrog (3.1)..  r f  the dlstr lbutlon s 1s rntegrabJ.e and moreover, l f
Ebe ' tructure rt  99I F/s induced from F'on each lntegral nanifold of s
lg also lntegrable; then we say that the F(K,r)-structure is rpart lal ly

lotegrabie I

theoreo (3.4)..  A necessary and suff lclent condit lon for a F(Krl)-
atructure to be partlally lntegrable ls that ond of the foJ.l0wlng
equlvalent condit lons be satlsf led:

.N(sXrsY)  
=  I

nlrK-2x, rK-2y) * o, ,
for any vector f lelds X/and y.

Proof. suppose that the dlstr lbutioo s ls integrable. Then F induces
on each lntegral nanifold of s a structure F'defrned by Fr = ' /s whtch
satlsf ies 1pr;K-I = -t .  The NlJenhuls tensor of this structure Is ex-
ectly the saue as N(sxrsy). The lnduced structure is , lntegrable i f  and
ooly l f  l ts NiJenhuls tensor vanishes ldentlcal. ly.

Slnc.e for__any vettor f lelds X and y, th6 condit lons N(sXrsy) - 0
rna nlrK-2x, rK-2y) = 0 are egulvalent. Therefore, in vLew of deflnl_
c lon  (3 .1 )  and Theoreo (3 .2 ) ,  the  theoren fo l lows.

rheoreo (3.5)..  A neeessary and suff lclent condLtr.on for the dlstr lbu_
rlon T to be tntegrable and the F(Krl)_structure to be.part lal ly inte_
3rable ls that

( 3 . 8 ) N(x,Y)  = N(sx, t_y)  + N(rxrsy) ,
for any vector flelds X and y.

( 3 . 6 )

and

( 3 .  i )
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llo.qL The proof of the theorer follove fror defloitlon (3.1) and

theorems (3 .3 )  and (3 .4 ) .

4. coidltig N(sx.tY) . p

In thls sectlorx, we she11 obtaln the lutegreblltty coadltionE of

F(Krl)-structure by means of the condlt lon N(eX,tY) - 0.

$eple.q.(4..t) .  The tensor f  ield s(.rF)s vaatshes ldeatlcal ly for aay

vector f ield. Y, ' l f  and only i f

( 4 . 1 ) N(sX, t I )  -  0  ,

for any vector fielde X and Y.

Progf.- The proof of the theorem follows by vlrtue of the equatlon

( 2 .  r 0 )  .

Suppose that the dlstributlons S and T are both lategrable. Theo

we can choose d locel coordLoate system such that all S are represented

by putting (n-r) Local coordlnates constant apd all T by puttlng the

other r coordLnates constant. Let ue call such a coordlnate'systen an

radapted coordlnate systenl

It can be supposed that ln aa adapted coordluate eystenr the pro-

Jectlon operators s and t have the conponente of the foru

respectlvely, where I. and lrr_, 
"t. 

unlt matrl,ces of order r end (n-r)

( 4 . 2 )

(4  .3 )

respectJ.vely.

S ince  F  sa t is f ies  (1 .2 )

of the forn

[ ' "  o l
s .  I  l ,

Lo o.l

[ '  o ]
l r  IF =  I  I
[ o  

o _ l

t r

and (1 .7 ) t  the  tensor  F  has ,the coaponentg

ln an adapted coordinate syst@, where F. 1s a r x. r square natrlx.

Thus the Lle derivative $arF has conponeots of the forn

r r t - _  
|

* :
- a : . 1  t t
h * _ r {
[ ,

rr r, *rr tt.l
hr, le 1*-I_.J-

t - o i ; ; ;

=rrra. eQ I ao

]:t 
* trru r

rb *-_

_err:r. 
1! L

-- 
:r :: 

"-- D.

- 
u-rtc.u, 

fi *L. !:ridl 1 1o

rRl:i-- &;PFI
-  . L -

rb.----- 
- € 'daP

___ _ 
_- r .tl ttdr

- I ..a.3r.1 
r.att

te

fr *e.. ,r.ra. ;:

ft acg of tbc I

aj rrl

1N|3  t  I  r . i , r t ruc t
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[ r *  o i
l l ,
l o  o J

(4 ,4 ) +
4 t Y F  -

' n *

for dny vector f leld' tY on f ' ,  shere L-- -f , tyF"

Theo.tep.(4t2). suppose thet the dletrlburloos s and r are both inte-

grabre aad that an adepted, coordlnate systeo has been chosen. Then the

cooponents of F are ladependent of the coordluatee ihLch are coaatant

eloag the lntegral oantfold of S if and ooly if

( 4 . 5 ) N(sXrtY) - 0 ,

for.aoy vector fl€ldE X end y.

Ptddf. Let, us suppoae thet N(sXrty) - 0 for any vector flelde X and y.

Then fron theoren (4.1), the tensor fleld s(farF)s vanishes ldentlcally

for any vector fte1d,Y. Thue lre have{arr - o. Thte iuplies tbat the

cooponeut8 of F are lndepeadent of the coordl.natee which are cooataut

alo4g the lotegral oaot.fold of the dlstrlbutlon s. in an adapted coordl-

Eate gysteB

coaversely, lf the c.onpoDeots of F are independent of these coordi-

oates, then 1t cao be easlly sh6lun that the teuso/ fleld e(*arF)e

vanf.F.hea tileutlcally for any vecror fleld y. Ilence N(sX,rty) . g 5o.

ery vector flelds X ard y.

lheoteg (4_:!.L Suppoee thet the dlsrrlbuttons S and T are both inte_
grable.aad that ea adapled coordlnate eystem has been choeen. Then the
compbneats of F are ladependeat of the coordl.natee wtrlch are conara.nr

along the lntegrel naotflde of S if anil only,tt

(4 .6 ) N(X,Y)  -  e .N(eXreY)  ,
for aay vector ftelde X and y.

Proof. The proof of th9 rheoreo followa fiom theorene (3.3) aud (4.2).

i

Degldltldd (4;.1). !{e say thar the !'(K,l)-etructure r.s 'rategrabler 
rf

(1) the F({r1)-structure ie partlally Lntegrable3

I

,I

l

i

I
i l

,|
i;
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(f i)  the dlstrtbutlon T is lntegrable;

(1rr) the compoaents of the. F(Kr1)-structure are independent of

.the coordlnates whtch are constant along. the lotegral nanl-

folds of S ln an adapted coordinate system.

.Theoren (4.4). In ordei thet the F(Kr1)-structure be tntegrable' i t  18

necessary and sufflctent that

( 4 . 7 )  N ( X , Y ) ' 9 ,

for any vector flelds X and Y.

Pr.oof_. The proof of the theorem follows fron deflnltlon (4.1) and

theorens  (3 .4 )  enc l  (4 .3 ) .
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lDatract

3. Let F(z) -  
2Fr 

(-vrv+l;  l -u;  z) = i  .n"*
k=o

" 
(-v)o (v+I)n

where ak 
Tffi r P - 9+1 ana lz l< I

Slnce F(Z) satlsf les the dif ferentlal.  equation,

. .  .  ( 1 )

Foigarrial qnd Rational Approuittwtion to the
i,qendre .Eunetion bA t -MeLhod

R.S.  Praead
and

Dwarika prasad

rr thls artlcle the'poltrtioroial aad Ratlona' ApproxiDarlon to the
Lcgeodre Function hes been obtalned by t_Method. It hae been observed
tbat both the numerator and deno'inator po|lmouiar,s of the ratlonal
rpprorlnatlon' of hypergeo*etrlc'functlon are po11mon1a1s of the hyper-
geoEetric type.

t.  Introductlon

The t-nethoa ror potynoniel and rat{onaJ. approxinatlons has been
auggeeted by Loaczos. such approxloatl'ns are also known as ,rEcononr"sed
approxlnationstr and the nethod obtalnlag ae .the ,econon{gatloa 

processr.
rn thls proceas the functlon 'e approxrnated by the ratlo of tvo polyno-

: il 
":'. ff i:y=;ffi ; Ti"::T: ili':;; 

";., ; :; ; :::T,Tff "of one and two varieblee respecrtvel , ,;^ir" . tl"" /.rameter.
2' noe defrne the Legendre functr.on rn the hypergeonetric forms as:

rf tr) - 2F, (-v,v+l, 
.l-u; 

ltP,

(x) - 2xFrl

shlch convergee for l" l ' t  ag'we know that the geriera. lsed hypergeoine-
..1" 

q*lFq converges for lzl< I  whea p - q*I.
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A, , (6)  r (z)  -  o
L  t L

where A, ,(6) . /o(o-rr) - z (6-v) (6+$+1)jl
L  t Z

, . t . " f i
consider the rglated dlfferentlal equatlon

At,2{o) tro(z) -  r .z Rn Ql1)

Fo(Z) - 
t lo 

bort tk

I{trere Ro(Z) ls a polynoulal la Z of degree n

Let'Ro(z) - 
ryf 

j tt*rt Bo,k*rZk

Purriag (4) and (5) ln (3), we get

or,r{u), , - i -  g, ,?l  - , .2 *Pl , l :  Bo,r.+rLtz 
k-o (k+1) ) k-o

. n

or bb ,* -$ - .<S - 
") r"$; +v+r)l i

t n

- r.z9 j (n*t> sn,k+t Qryrt*

on dlfferent)a{Irrg

I  r v  n  -  L .

ni, 
(or,n*"k) - uni, (bo,k*k) - 

nl, 
,ro,ok2zk+L)

+ v(v+r) 
, .1^{uo,nrk*t) 

- r(-ul . l  
(k+r) Ba,k+l

KEo -K k-o

Equatlng coefftclente of Zk+l from both sides

.  . .  ( 2 )

. . .  ( 5 )

t 1

.qlF

t- - - i

\

q.c

t
I

T : \

th

I
r - l

b j_q

1

t "  ' .

I

h

tile

(3)

c4)

, z , k,7,

b  . z h
n j E

{1r2.+ t< -  v(v + I)}  b- i -  (-u} r .8 ,
bn-k+t . :',.' l 'l * ) l' I","ruft,;"

rlt (k+l)  (k--  u + l )

. l,tuoroLzk*l)

(z/I)k+l ; . .  (6)

,t)oo't k - u . +



R.S. Prasad

X trr (l)

1+r k2+k;u (v+l)
q_ {k+I) (r-u+k) .

K .

ts
Xtf u_ ,, a j#4= q . ..bork+l - 
ff 

-ork - .(ffi)- tsn.k+l

.  k , r  o r l . 2 r . . . r o i  b o r o + I i o  
" '  

( 7 )

55

lb oblalo the velu'es of b- ,- aud 1 we golve the equetioo (7) by succee-

rlvc reductlon-and rnurtrplifng'mar, 
"ta"" 

of. each of rheee equatl.oae by

t  " r  %  " r t %- ' f r , 6 , . . . , q ' {

reepectlvely aod 
.addfug, 

get

b  .  - e .
, o r k  K

puttlng k - n * I and uel.ng bnrn+l - 0r.we.get

(:l) Bo ,

) '

Let ug take b r t
Dro  

+  1  goro

a"{ (l:u)+(r -rry

n+l (-u) g
ak . t. 4::,-:'*
.K 

rrk+i ar{ (t-u)+(r-tVr
.-;TTGilT:r

u+r (-I lJ .Bn.f
. L

rro a_t(r-u)+(r- i ))Tr' . /

. . "  ( 1 0 )

""- (i:
Aleo

F

| .o+f (-:.u)r.g- - n+l
b  .  e -  l ! , +  X  - .  . r 1 r !  -  r
BrK h 

I r-o a-{ (t-u)+(r-t) }r.t 
"-i,*l.  L  E  - _ /

rllph glves oo puttlog the valUe of ,r fron (9),

$
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Now let Fo(Z) be an aPProxlnatlon

nomlal, theo

^ F(z) - Fn(Z) + EeL(z)

V o l .  1 4 ,  N o . 2  t

to F(Z) and Eo(Z)

1989

bg the error Poly-

F"(z)-v#

Takloi

', n*I

h-('/) - - 3 ' E

rron (12) 
| 

tt g".

v (zi()' b(z) ho?'6'",4 ti frffi
n ,k '  

n+l  8o , ( -u)r ( I ) r  
'

i E 4 z E - . - . ' - . , . , : . , . . . : : -
k; 

K 
r-k+t (-y)r(v+f)r1-

.  n  (+ , ) , . ( o+ l )L  . t  , k  n * l

-  E  
" - $#1 -6  

E
g-o \r-F/1 .lj ' 

f 3-S*1

Slbtlar to Fn(Z), 1et us take

EB(z) . s$,

( -u ) t  g r . t (1 ) ,

,-rrr".t)r,f

. . .  ( 1 1 )

. . .  ( i z j

. . . -  ( r3 )

. .  .  ( 1 5 )

h r r

I

\ a

aln r

t. r,

l :  1 r
{k; Gr

T E t

t s
. D : q

h l

t l l r ! .



(-v)rr*O(vtl)r*fo

R.S.  Prasad

otr he(?E'(z) - hog jo "nrn 
- 

n!" "orn,jil r.

where, ,r - 5'd'-u')'o!
( -v) ,  (v+1) . \  "

ha (f 5), we have

o + l € . n . o + I
x o ( Z r 1 ) -  E  P r . E  * * - " - . r . k Z * -  

- x - P r
r-o k'o 

'- 
k-o 

'- 
r=k+l

o . o * I

- .E *k*rZ* E PtzK
KrO rro

67

1,o ' (-v)n(v+l)nz'  n+l.'*f, -irfqffi 
"1.

Agela, we have

o

4^(z,Y) ' r
k-o

e6,, ('u), (1L(-v+k\ (v+r*k\ zr

(-v) 

" 

(v+1), (l-rr+&). (t+tj) 

" 
"(

; . .  ( 1 6 )

. . .  ( 1 8 )

n*l
t

rro

ro,rji)rj,)d
(-v)r(v+1), 

f
whlch oo Lnterchang{ng r and k, glvee

x-(Ery) - "fl to,r(-u){ ' (-v+k)r(v+t+k)"21(l)t

t t " l  k-o r t f f - r - .@

- 
o+l 8rr!(-u)r2l 

.r, (-u*n, 
u*n*r,, 

/r\ ... (17)
t o (t-u)n{k 3't 

Lt-r*n, 
un 

/')
lfe nov speclfy so(z) ee a,a exteDded Jacobt polynoolal. tJe cousider tro
speelel cages abcordtng as g ie, zere or. unlty. We srlte.

f , ro

S o r o - t ,  a - o o t , l

and puttlag

t
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l1t-ul (v+r) Isn,k+l = 
r-6--]

k  =  0 r  1 r  2 r

Now f ron  (13) ,  we ge t

n + l  g - , ( - u ) r ( I ) .

h - ( ^ t ) =  I  ? ' -- n - i '  
a = e  ( - v ) r ( v * t ) r {

(a-n) 
U 

(n+I+a) 
n 

(cf+a) 
n

@

Puttlng the value

h-(t) = a +- t

and o"(tt

o (-u)1+r (r)r*r
= 8 r , , o * n : " m  s n , k + I '

of gork+l fron (19) . .d 8o,o = a rte get

fv?pli-" Fm:rl"
(a-n) 

o(a+l+a) n(cf+a) n 
(-u) 

r*r 
( I ) r*t

(B+r+a) 
k(ds+a) n(2) o(-v) 1*, 

(v+r ) o| 
k+r

Let a = 0 and & = l ,  then fron (Er)

n ( -n)o(n+l )  
o(cf  )o( l -u-a)o

h-(i{) = r Gr)
k=o (B+1) r. (ds) L (1-v-a)k 1v+2-a)f/k #k  

t - 5 ' k

(-n)n(n+I)o (cf)u( l -u+a ) u

t=o (B+1) 
r(dg) * 

(l-v-a) 
n(v+2-a) 61k

Thus from (Et)r G2) and (Er)' ne see that elther a = 0 or l '

, , 1  n  ( -n )n (n+ I ;n ( l - u -a )u (c f )n ( l ) n

hw! =k:"

^  (  -n ,  n+1,  I -p -a ,  c f ,  I  )= 
4+f"3+g 

I  u*r,  , -u-"r  v+2-a,dg /
t

t r ,

n

x l
k=o

G r )

(1e)

. . .  ( 2 0 )

k=o

n

L (Er)

r l l

I

I

l r r ,

raltt a .

| " '

\ r r

I  
* '  I

\1y

lh r ,F!.,

F

t-



1"*
rhen a - lr  we get

Ya(z;y) ' - i  * l-  e/!k

., 
o-kga (.n) 

r*o*" 
(ntl ) r*o*" 

(cf ) 
"*k*a 

( l-S-a) r+k+a
L A

r-o ( B+1 ) r+k+a 
(,1 g ) r+t+. 

( I -v-a) 
r+k+a 

(y+2 -a) 
r+k+q1r+k

Thus we get el.ther a - 0 or a - l.

'"<r,/l'@-:" .?-

/
]r F / -n+e*k, n+tr+a+k, l-p*k, cf+a+k, L | \'1+f '3+g 

|  / )_ |  . . .  (21)
I B+l+a+t, -v+l+k, v+2+k, dg+a+k I n I
\  

t /

--,/
Next lre proeeed to deter:nlne Xo(zrl). We have (21) fron (16)

69

lbs lrcr (ll)

r r ( l , y )  -

R.S.  Prasad

'i*YntF'*"i-ffi
- Ftt{ the value of Bnr"+,. fron (19), lre get

'B(z,y) - 
n!" .n)u (zty)k,i ,rye, (T}S#F-)"

_ 
(-o*") 

r+k 
(n+l+e) 

t'+k(cf 
+a)n*, (.u) 

**t*f
A

( B+l+a ) r*n 
(dg+a) 

r*o 
(-v ) r*n;, 

(v+r ).*o*, 
Yt*n*t

lhea a - 0r then we get

t
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putt lng the value of gor.+1 frsn (1.9), l te get

n
x

(a-n) (n+tr+a)f (cf+8)r(1=}l)r(l=v+k)r (v+2+k)r

xn(z,T) = " oi "ozk + k#i#sr-r'_i' i'llil,"gfi.]

Now since

(-n+a). =ss,

(cr+a) . -#F.

(n+l ) a+r(n+^+arr = 
Gl;l-- ;

d

* f {

t f-il

' a *  
' - ,

t t
,  r - 1 1

;t t-.tlf

rFr-f::..

I  : . 1 ,  t r : 33

,Io t B+r+.; r 
(dg+a) 

r 
( t-v ) r 

(v+2 ) r 
(Z-p+k), (2+k).

(zt\) '

- l

tr

Also (-n). = (-o)" ; a = 0 or l, we have

-  ' - - ,  
G t , )  , , " :  ^  o k + lX - ( Z , Y ) = a  L  a r , Z n

!r r k=o " 
' t1i5Y16i;-r 

11o "k*1'

2(

When a

n

x
rEo

=  U t

(-n)

then fron (22)

<z/.P' . . .  (22)

xn(2,1) = j. "u*r- ̂zk+L-a

f-nrn+^, l-v-a+k, v+2-a+k, l-u-a, cf ,
x-  -F-  t

o+t )+g 
I e+t -2-p-.+kr2-a*k, l-v-arv*2-ardgL " ' - r -

when a = 1, then fuom (22)

@ . @

x o ( 2 , )  = . r  a n z k + . x  
" k k. KEO K=O

L l  \

I ''l . . .  ( 2 3 )



, = t--r.*r,"*^rr*,"r,]*iarlr,.r,-".-,.+r(v+r+k)r+ 
r 

"
r 
; ,t'*t

I rl-r

D

I P

r{ r+r

o '

l.(Zr}) - X ,r1k
&.o

o

'*f tt+t"tk+l-a
(since (-n)n+t = 0]

n+l
- f , P

r-l 
r

"o*r-"'n*t-t

Obvlouely, the approxtmatlon yn (Zry)/hn(y)

,F, 
(-v, v+I ;  t-p i  Z) as n r- forLwe have

epproxlnaElona converge when p - q * l.

Departueat of- llathematlcs
St. Colunbars College, Hazarlbag

converges unlformly to

fron a theoren that these

4

t ,
rro

(z{)

.o
t x

tro
(Q'

. . . ( 2 4 )

r x

k-o

/-orn+lr l-U-a, 1-v-a*krv+2-a+k, cfr l  I  \
x e+tFs+g 

fu+rrr-v-ar2-lr*a+icr2+k -rragru*Z-" 
/ 

''\ 

J

and the error

By deternfnlng ho(y), Vo(zrry1 and Xo(zrJ), we arrl.ve at our
approxfinatlon

Y-(Z ,Y)
Fn(z) - 

tlryi
poJ.ynonial.

x-(2,y1En(z) - 
ry

t

Gu). (-v+k;" (v+l+*),

r (dg) 
r (-v+r -a) 

" 
(v*2*a), (2_u{r{_Ef1ZE641



Or Relatiue Modified Defects of Mernotphi,e
M,i.ons

S.M. Saraagl

t .  t€ t  f (z )  be  a  ueronorpb lc  func t lon  o f  o tder  
t .  

Le t  N( r r f ) ,  u ( r r f ) ,

t(r, f) ,  S(r,f) ,  6 (arf),  
@(arf) 

have the ueual meani.ng of Nevaaliona

tbcory. Letc( beareel number such that o S{.9 f t  o <(, S - and

d - o t f 9 - o .  
t  )

J

Deflnlt lon: For r^ > o,
o

l ( r , t )  
'

I  
' ( r ' a )  -  I ' " ( f l " l  u t 'ryr(r, 6;) - rk(r,a) - 

r: T+A

nn(rrf) and 
|(rrf)  

are deflned elnt larly.

Let 6r,(a,f)-'r- 
lri:"t ffi

( f , . ( " ' t ) ' r -  
F ' ( r ' a )

I'l:"e{fr';l-
To{rrf) ls caLled.the oodifted characterist lc function and 64(a,f) the

nodtf ied d- defect wlth respect to f(z), see [6J.

The advantagee ln nodlfled characterLstLc functlon and the nodtfled

defect Lie ln the fact that the exceptlonal set forf$ deep oot occur

bere. It is known that lf f(z) ls a meromorphLc functLon of lnflalte

order, then S(rrf) -  o (T(rrf)) for al l  r  outslde an exceptlonal set E

of flnlte ll-near measure and such sets exl.st. An exaople of the exlE-

tence of such a set has beea glven by Haynan IS,\ZZJ. But in nodlfied

characterist ic functlon (for al- l  functlons of f lni te or inf lni te order)

re  have Sn( r , f )  *  o  (T4( r , f ) )  as  r  +  -  .

Xep.  lhcb .  Sc .  l cp .
vo l .  l { ,  b .  2  r r ias ) ,  73-g0

,/' 
g(t+ dr

*
7
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x(r, -i-)

4erin-lripn: set oji) {",t) = t- 
:T l"n 

-fCfF

Oj l ) t " r t )  l s  ca lLed the  re la t i ve  de fec t  o f  a  w l th  respec t  to  f r (z ) '

tile extend the ldea of relatLve defect to relatlve uodlfled defeet'

'We deflne

1r.\ wa(r,1{6)
6i^'(a'f ) - t- 

lti 3'P 
-qTi;fi-

We shall. :*t 
Ulio) (arf ) the relatlve nodlf led defect of a rslth

respect to f 
(K' (r) .

rn generel ujf) t"rt l ;r oo{err(k))' As e nstte! of fact usl'ng

i

I
il

ilfr{l

' C t

J
' #

I

a

lh-

a
tt

.ll rrq

* r b {

* . -  t

*nr rrnr

f , {

r*,* a{{* t

* * -

' : t '

the lnequality

/ r - \

T ( r r f \ ^ / )

and

" 

!$"!)'  
. 1 + D (

r o E

lre can deduce that

s  ( k+1 )  T ( r , f )  +  S ( r r f )

d r - o  1 _ 1 ' l g r s t l a t l
r o  t - '

on(f l  (" , t )  > (k+1) do(a,f  
( t<)1 -  t .

Also from the deflnlt lon of 6oa (a,f) and d (a'f)  i f  fol lows

that

f o (a , r1  2  d (a ' f )  " '  ( 1 )

In general equallty tn (1) does not hold see toda [6J "

2. We prove the followlag theoras'

Theorern l : tet f(z) be a transcendental neronorphlc functiou and let

6r(a,f).-- t  (a 
{. i )  

ana @f-'r l  
= t '  Thea for al l  b * a'

o]<u,r(k) l  -  unt) (b,r).

Corol lary :  r f  @a(-rf) 
-  6O(o,f) -  1r thea for al l  b (b t i  or -),

6 7 ( b r f  
( k ) )  

-  o  1 t " - - - t r z r . . . ) .  r n  p a r t i c u l ' . . 6 ( b , f ( k ) ) ' o  e i n c e

oo, t (o ) )  s  on tu , r (k ) ) .



S.M. SaraogJ" t 1

llcorcr 2 : Let f(z) be a transcendental rnerouorphic functlon such that

Q 
"(-,f) 

- l. Then elther f (z) has no flnlte nodified d-def,ect or

:  
L O . f  

' )  .  I  ( b  *  o r - ) .

Drcr 3 : tet f (z) be a tlansceadental neronorphlc function such that

Qat-,t) 
- I aad 

.|_6oa{.,r1 
- t. fhea

t'(r) bes no flnlre oodlfled d -deflclent value except posslbly zero.

l .  $oof  of  lheot3n I  :  T(r r f  ' )  -  m(rr f  ' )  + N(r , f  ' )

+ r
< m(rr  

f - )  + n(r , f )  + N(r , f )  + f r ( r , f )

g l

o m(r ,  i - )  +  t ( r , f )  +  F( r , t ) .

Eeace

t4( r , f  r )  5  nn(r r  f l ,  *  r r , ( r , f )  +  f r4( r , f )

Slnce

no( r ,  
* : ,  

-  o (T4( r r f ) ) ,  see  D. ,sgJ

and sloce 
@o,{-rt) 

- l, we have

. T ^ ,  ( r r f r )

l T : " n r 4 f u - s t '

on the otherhand t4; ZggJ

r ( r , f )  <  T ( r , f f )  *  N ( r ,  
} ; j ,  

-  * c . ,  
* r )  

+  s ( r , f )

Hence slnce 6,1 (arf) - lr we have

t o  ( r r f  )  <  T o  ( r , f  ' )  +  s r 4  ( r r f  ) .

A lso f ron [2,  SZJ for  e l ,  t2 ,  . . .  aq f in l te ,

We have

q t Q r

ul1 
t(t 'au) 5 n(r, 

, : ,  
q) + o ( l)

:  n( r ,  * t ,  * ' , ' ,  ; .  5  + o( t )
v r t  v

. . .  ( 2 )

a
d
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I{eoce
q
I .  on(r ra1,

v G l

Eeoce frorn (2) and (3)

Nep. l ' Iath'  Sc' ReP'I

, ra(t, hl

we ileduce

V o l .  t 4 ,  N o  '

+  o ( T - ( r r f ) )

2 ,  t 989

. . .  ( 3 )

Ileoce glnce

I{e get

:b

:tt{,

| i d r f ' !-

4 O . . .

I r .

- a

a
-- ' . "

b 3:- r.

ht!

|  . .

b

n  .  ' -

n,  14( r r f  ) ,  us lng  the

. . .  ( 4 )

+ u( ' ,  * )

t

I

t

i ,  
ur, .u,r) 4: 1to'r '1 

t2- @o1(- ' t))

ls arbitrarY naklng Q + -

I  od  (a , f  )  (  on(o  ' f  
' ;  t2 -  @4 

( - '  t )  t

a*_

Ilence 6n(orf 
t)  = 1'

Also slnce fr4(r , f  
'1 = fr i l ( r ' f )  and r4'(r ' f  

' )

f lrst par! 'we get 'n tt 

" 

') t To( (r ' f ") '

BY lnituctlon it follows that

.  - ( k ) r

Tn  ( r , f  )  tu  Tr1  ( r ' !  l

Thus the result folloss '

prddf of tle Corollarv : Froo f3' 6'tlJ '

(q+t) r(r ' f)  '  l  Utt ' f)  +(q+1) ntt '  Ir)

{  
" r -  , ,  1  )  a s ( r , f )

+ r N(r, 
l(Ef_6

v i l  L  - v

qrhere atblt  b2' " '  
bo are dist lnctt f inl te and non-zero'

Nov slnce ntr,  1|") 
I  T(r ' f  )  + o(l)  '  ve set

I

q T,*(t , f )  < z frn(r ' f )  + (q+t) s^ (r '  f )

* j, ,n r', fr-ol 
+ sn (r'r) '

. 
since 6,r(orf) - r '  @o<(-'f) 

= 1' lt follows that

n4 ( r , | )  
=  o (T "4 ( r r f  ) ) '  f r o (  ( r ' f  )  =  o (T4  ( r ' f  ) )  '



S.l.l. Ssraogf-

Ecacc

q r
(r+c(r)) roq(r,f) .ul, *d(t, 

ffil 
.

Eeoce frou (4),

N4 (r,sfp6
q < E Il.m 8up -]aTr.

J - I r + -  T ; ( r r f \ * / )

I rr-r
Thue x  6 r (b { ,  6 (k ) ;  -  o  fo r  a l l  b .  such tha t  o .  lb .  l

l - I  
q  J '  J  J '

Thle provee the corollary.

Proo.f of Thedren 2 : Let |  .  dd(brfr) J M and
o< lb l<- 

{-a

l e t M 7 l ,  [  6 ^ r ( a r r f ) - S .
1-l  

'

Sloce S s 2 and M 5 2r we can choose p aod q such thet

@ @

.  i ,  
6 l . rr f )  .  eI? 

T. 
6a(br r f ' )  < e2 .

IrP+r J-q+r

Noir f,ron- Sr rZgg|,w4 heve

q r ( r , f  ' )  .  F(r , f )  + N(r ,  { t l  *  ,n  * ( " ,  t * - l  +  s(r , f )
J- I  

-  -J

Heace e TO(r,f ') . fio((r,f) + lk(r, 
h)

,1 ,  
, t  -  60(  (bJ, f  ' )  +  et l  r4( r , f  ' )  +  s4(r , f  )

Ileoce

(lt - e2 - q .l) ro4(u'J') - u'ra(r,|r) < F4(r,f) + 54 (rrf)

S t o b e  M :  1 ,

(vI - e2- s el) TO(r,fr) - u Nd<"rf l-

< {1 - @4(-,f) + eO} To4(r,f) + S4(rrf)

77

< o

r-*
,'
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Ilence
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u{a n (r' r'' -.- 

:j':1' ],; l^;.?;';', ̂:.::, 

14 (r' r)

. P

Now t 
.: ,1, |(ayf) 

* .t .

Hence

P r

, i , 
nrctt,dq) s (P + tr - s - er) ro'(r,f)

Aleo fron h, zgg| we have

p To(( r , f )  .  T61(r r f  ' )  *  
, ! ,  

*n  t r ,$- r )  .

llence

p  T 4 ( r r f )  <  T r , ( r , f ' )  +  ( p  +  t l  -  s  -  e r )  T o l ( r r f )

- l l r .  tr, tr) + s4(r,f)

lle[oe

(S  -  € t  +  €5)  Td( r , f )  <  T4( r ' f  ' )  -  Nd<t , | t l  +  sn( r , f )  " '  
(7 )

fron (5) and (7) ne get

It(s - e, + er) To,r(Trf) . t ' l  {Tr4 (rrf 
r) - r 'r4(r,}r)} + s6q (rrf)

.  { l  -  
@4( - , f )  

+  eO}  roq  ( r r f )

*  { t 2  +  
" r  { )  r oa ( r , f )  +  s ra ( r ' f ) '

neoce sM .  r  -  
@X 

(- r f  ) .

Nocr by hypothesls @n t-,t) r lr hence S ' 0.

Thua f(z) haE no rnodlfled f-deficient val-ue.

. . .  ( 5 )

. .  .  ( 6 )

h * f  r

s :
t

b t

r fr;J

br

t  or  
" - t

fr Li

t

h
,

!-i

Ie rb*

I

* : : t .
t

. !  .

hr: +--

N i r - r



- S;U. Seraagl

Foof of llotcr 3 ! Ler 

"j-6a(.rf) 

- ,.

d j .,11, (b,r) r N (b f 6, b ; -1

D lru f1, z99J we have

; t ( r , f ) < f i ( r r t ) + q  g

1.1

, 7 9

*,',*;-.,

+ S(rr f) .* '!' ""' -t'
Eeoce

H to((r,f) < fia t",r) * n 
,1, 

Na((r, *;)

* 
,!, 

*n("' ?q) + so(r'r)

llow chooee p eo large that

x- duz (atf) . rl ,
P + l  

r  r -

tbeD
p

,i, 
*n (r, *-1) < (P + D ,2 s - er) rnr-,r)

Algo chooee <4 nuch. * .  
- ; ,  # r ,o r? f )  

. , "3 .
q+ l  4  J :

q ,

*"o 
51, 

Rn (rr *5, < (q + q e4 ' n - er). 14 (r,f)

and F4(r,f) < ( l  - 
OrlC*,r) + er) 14(r,f). ,

Eeuce frou (8) we get

. . .  ( 8 )

n Tn(r,f) < Tn(r,t) tr- @nt-rf) + 9s - q s+q-N) + o(Tn(r,f)).

t

*
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xo
( l )

{ r

, f t )

( b , f )  -  x , . ,  ' 5 d ( b ' f  ' )

o < l D l < -

@

.tLl w.K. ltayneus Proc. Lood. l-{ath. soc' (3) f4 A (1965)' Pp" 93-128'

H W.K. Hayuao! UeroDorphlc Fuactloae (Orford Unlt Preger f964) '

t l l  K.L. l l loog: Sclentla Slnlca, Vol' VII, tu' 7, 1958' pp' 661-685'

L4l Il. l{llIoux: Ecole Normale Superleure' serl'e8 3, Vol' 53' 1946'

PP. 289-316.

tSl R. Nevanllnne: Dee Fonctlons ileroorphea (Gauthelr Vlllare

Parle, 1929),

tOl N. Tocla: Tohoku Math Journal 22 (Lg7}rn pp' 635-658'

Department of uatheoatLcg
Keruatak UnlvereltY
Dhamad-3

N + G)r((.c,f) * q(l-s) + I

T h u s N + q s + 9 ( - ' f ) < q + l '

ilence uelng the hypothesfs, ve get N < 0

Aleo eince @nt*, t)  
-  t ,  

1"f . -  

64(arf)  '  i

So frorn tbeoreo (l),

T h u s o - N  X  6

o ' {b  [  ' -

H e n c e  6 4 ( b r f ' )  '  o

'  
{ , t ' t o , t l

for  a l l  b  I  o ,  b # -  .

$ .  -  4

*:r* 
-

,' .'q
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h tb bnder and, Type of Integral Funetione
ol *wzvl Conplen Vayia,bLee 

-

Ll

( r . r )

( 1 . 3 )

aud

( 1 . 4 )

. . ,

where

( r .5 ) -

M.I. Rlzvt

i
i i
I

I

I ,

t;

l;

be an lntegral functlon of n couplex varr.ablee zLrz2r.. .rziwhoae co-

efflclenta a_ are cooplex nunbere.t l : ' ' t ,

Dzrbafyao, M"u.rl, p.u has showa that a necesaery and eufficrent

condl.tion for.the gerl.es (1.1) to represent an integral -fuuctlou of

varlebles Zrt.- tZo la 
{

(r.2) ltu sun | | 
1/ (nr+; ' '*o)

aur+r.-r{ro* - [ 
.rrr.,.rtrl . - 0.

. l '

order p and type t of an integpal functl.on f have been deflned ae

[2, p. t+oJ

o

f (z)  -  r  a , l t  . . .  z% .
u ,  . . . . . n  ' O  A l "  "  l u o  

- I  '  . .  & [  t

L -  ' n

o r llu eup 
(nt+" '+oo)lob(nr+" 'rarr)

" - . 1 * . . . { 0  + - W

(.oryl/o ",liT.:li, * - /<ur+...*o)t/o
t '

{{ le- '}11(tt*" 'ho)J
I r t r . . . , r r r l

f  *  na: r  lz r t t t  . . .  l ro l  
to  

.

. Da1al, S.s. /S, p. 2L6J hae deftned the lower order I and the
lower bar g for lntegral functloo as
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.  l in  in f  
(nr+. . .+oo)1oe(nt+. . .+$. i_

(1.6) A -  
r r* . . .ho* *  - - - : Ioe 

i .Jr , . . . , ro l

and

(1 .7 )  (ep41/o  =  t l t  t i l  
,  -  [ { r , * . . .+ ro) l /e ig l tn r+ . . ,mo l '1 / (nur r " ' *o ) ]

[ l + . . . { f l n +  @  "  I

srivaetava, R'K' an' l  vlood.Kuoarf4' pp' I6r-r66J' slngh' l 'p '  [5'

pp. ffl-f2f7 and DalaJ', S'S' f3, pp' 2L5-220J have obtatned relatfons

between orders and types of two o! rnore lntegral functions' Io thls

paper we hsve obteloed some oore rer.atlons betweeo orders, typesr lowe-r

bar ordere ag! Iower bar typee of trn ot EDre lategral functi'ons \then

their coeff l&ents are as]tnptotlcally connected '

2. Theoteo 1

Lit @ lDt E

f ' - -  '  
. o t t t r , . . . r t o ) n z ' 1  

" ' z ] '  
( k - t ' 2 " ' p )

* 
trr " '  t8n

be p lotegral functiooe of the ssre fLolte- non zero order p aod flntte

oon-zero types TrrT2r.-rTp respectlve1y' Then the lotegral fuuctton

@. ,l 
o*o

f  r  f ,  a  -  Z L - " ' Z ^  i

m l + . . . { f , n '  o  
l l l l r " ' r o o

where

P  ,  P /  ( n t+ ' ' ' hn )  
|  |

( 2 . r )  
t E r  

o r f ( " r r , . . . , . o ) o l ' .  
- -  

l t r r , . . . , n o l

( 0 < c l n < l t

p' l  (u l+.  "  . *o)

p
E  c u ' l ) ,

k=I 
'-

{}* s**

-* 11

. l r q

I

- r c , , d "  
.  .  ,

t r l l

- --fi

* r t . -

Lo"- r

I

- t

l -

,. t 'q
' t

-a ..i

Ls.euch that

( 2 . 2 )

where pl

P
prT S f ,  a , -pT; ,

ICE I

and T are the otder arrd tYPe of f respectivelY.
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Proof : Strc f, le an Lntegral functloa, therefore, uel,ng (1.2), we

Druc

|  1 t l ( n ,+ . . . - t r * )
t t r s u p  | ( . r t , . . . . o ) n  |  

"  = 0 ( k - I , 2 , . . . p ) .

n+" 
'{tn'} @' -I' - - --n - '

l l- fra (2.f), lre get

u- gup I a ;o 
'/ (nr+. . .hrr)

r l + . . . { 0 + - l  
n I  , " ' t o a  

|  
5

P  r g l n , * . . . { t  )' s X l i n

k-r nr*. .fi i - 
otl (t 'r,...,to)nl r rr

83

Therefore,

Uslag

lln aup
m1+...+|[n->

Ilence,

- 0 .

f Ls an lntegrel fuactlon.

the reletlon (1.4) for rhe funcrlon f6r we get

p / ( a , + . . . { l l  )
(2 .3 )  1 ln  sup  (n r+ . . . L - )  O  

I  n

!tr*. ..{oo+ o -

P  l .  1 o l ( n r + . . . * r r )  ?

nl r  
on 

l ( " r r , . . . , r ' , )k  I  
t  

"  <  ePni ,  coTn'

i

Uslng (2.1)  ta  x(Z.g) ,  
l re  ger

(2.4)  l ln  sup 
I  lP 

'  (n '  * '  '  ' rn- )

-  
, r * . . . { . n + . - ( t t * " ' * o ) I l t r r r . . . , r o l  

n  ^ , "  

t

5, epn[, *k^k'

_ 
(rr* . . . rmrr) tcf  

l , " r r , . . . , ro)n 1io/ tnr+. . .ho) 
.  epTk.

P
E llu eup

k-I nl*...{ i lo+ o
cn(nr+. . . { rno) iq l

' l

P
r  f ,  eoc .T . .

k - l  
K K

,"rr,. . .,.o)n 
Ito"tt*"'*o)

*J
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Agaln, uelng (I .4) ln (2.4), we get

ep't s "p j, *t*

or
p

theoreo 2: Under the hypothesle of Theoreo l, lf

p  |  1 - P l ( u r + ; . . t u o ) l  l - P ' ( t l + " ' * o )
(2 .5 )  

k r r  
o r  

|  
( t  

r , . . . , ro ) r l  
t  

-  

l t  r , . . . , ro  I

P '
. o n . t r n l r s k . l ) ,

then

et-t' -r P .-(2.6) h- : o-- jr e1/r* '

where pr end T ere the order aod type of f reepectlvely.

tfdofr- Slnce fO le ao lategral functt'oo, therefore uelng (1.2)' we

.have for an erbltrerY e >.0 and l,*rge R

-1  m '+ . . . +o -

l ,".rr,..,ro)h l '  

'  
t ,n-.)- '  for o'*"'ho ' h

therefore l  for  ur* . . . { i lo  > h -  nex(brr . . . rbn)

P | . 
). 1-o/ 

( 't+' '  'ho) 
I (R-e)p .(2'7) 

nlrlo I 
(tt," 

" 'to)n I

therefore,  usLng.(2.5)  rn . (2.7) ,  l te  get

r - io .eup 1a-  -  t : l / t t * " '4o -  o.
m l+ . . . { ' no : }  -  |  \ t " ' t t o l

Heace f ls an lategral_func(lon.

Now uolag the relatlon (1.4) for the functlon f6r we get

LQtrr i

| l l t f b r .
!f.r\o o 

-

- O l r r r ,

Ot l - l :  o-

hr rr- hd.G
-b  fc ,DGr

' ! > ,  3  q
b.f I

tr' d ! cc thc or

h rr .trrr-r to



M.&. Rlzvl g5

(.1+. .*o)-t t? 
| 
("rr, 

. . . ,ro)nl 
i 

-o (ot+" '*o) 
- 1epTn)-I.

ltr tnf
al+... .1' lo+ -

fbrctorc,

)
t tb rnf

bf 
1+...{i lo-r 

o
ao(nr+...+.o)-ltql 

| 
("rr*...*o)o 

I 
iel( '1+"'fto)

P t
= 

ni, 
on(.oTo)-r

or r

1ln rof (n,*...*o)-t 
nlr 

rn{gl (.r,,...,ro)n 
1}-el("+'"*-)nr* . . . { to+  o  '

, rh
: (eP)-l 

13, 
'ntll '

Now uelag the relatlon.(2.5) la (2.8), lre get

(2 ,s> l ru  ln f  (ur* . . . rbn)- l {q1. r , , . . . , ro1r-o/ (nt+;"*o)

.  
t1* . . . { i lo+ o

. ("f)-t r onti!

Agala uslng (1.4) ln (2,g), we get

(p'r)- l  :  p-l  B o"{t .
k - l  

K K

3. ' lhedred 
3!- Uoder the hypotheets of Theoreo l, ff girlrr.. jr$

be the lower bar typee of p lntegral fuoctlong .flrf2r...fn reepectively,

then

(3. 1) e'! ,. p X o,_t,_
k-l 

K-{i

where p I end t .ere the order eod lower bar type of the lntegral fuac-

t lon  f .

Proof C.g slnLlar to that of lheoreo l.
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lEeoreo 4: Under the hypotheais of Theoreu 2' lf !1r h "" + 
tlu

lower bar lypes of p ltrtegral functlone f1' f2" "' 
fP respectlvely

th€a

P - 1

n3r 
o& '

where pr snd t are the order aoti loser bar type of f respecttvely'

Proof 1g elnllar to that of lbeoren 2 '

lL - Theoteo 5: Let

Di m-

f k  f i r r l . . , r o *  
a . r r , . . . , r o )o  t r t . . . t " "  ( k -1 ,2 ,  *1P) r

be p lgtegra! fuoctlon of flnlte, poeltlve lower bar typea order

Ir... rl' tespectlvely, theo the lotegtal functlon

o 8l 
oto

f  -  
t r r l . ' r o ' {  " t r , " " t r ,  

t t  " ' L t  I

where

r P

{ros(r{anr, . . . ,no[) ] - t*  
n! ,  

*n {1og(r /  |  ( " r r ; . . . , ro)s l ) i  } - r

p
( o < o n . , , o l , o k - 1 ) .

ls such that

1o'g;-r 5 o-1

p

I t . r .  o , l k  t
Krl

1g the lover !'6r oriler of f'

Uelng the relatlon (1.5) for the lotegral functl'on fnt ve get

* p

*' ":il ;

1'

5r rrq

b q _ :  !

k":_

:
a -

f  I  n - - a

q p  E - .

*n

$ -

t - .

- *rl* "TtG

whete I

Prdof:

(nr+. . .tuo)loB(ur+' ' 'tuo)

l l u l n f  - . - l *
r l * . . . . { \ - }  o  1og 0 / l  ( " r 'u2 , . . . , ro )k l ,

Therefore for anY e > 0, lte gee
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p - l

r i ,  " r { rog( t /  I  
(anr , .  

. . , ro) r l  )  }

> : { (ar+. . . {oo)1og(n,* . . . . .n) }  
I  

J r  
r *eo - . l

for ur*.. .tuo r h-

p k

/ i ,  
{ loe(r /  |  ( r r t ,  

.  .  . , ro) t  |  )  } , , '  Log( t  I  |  
" r r  r , .  . , ro  l ,  .

87

tterefore, for rnrf.:.fro r h - nax (hlr. .hp) aCd uelag (4.1) in (b.2r,

Ye get

(4.3) l-ftn lnf 
(nt+' ' 'roo)1og(o'+i ' 'rt-) P

\ r "J /  ml+. . . {on-}  -  1og( l / l " r l , . . . , r ] i  
t  

n3,  
t& '

Agaln uelng (I.6) fu (4.3)r we get

p

I o n I ,  t ^ f t .

Tfte reEult for p hae been obtaloed by Slngh, J.p, t\J.

Iheorgn 6r Let

- u 1 D -

f t '  t  
o  

, " r r r . . . r ro )k  z r+ ; . .2 ]  (k - I , - . rp )
D1r  . . .  r l 0 . r

be p lntegral fuoctlone havlng fl.nlte positive lower ber ordet 
\r..,r4

respectlvely, then the lategral fuDctlo!.

- u . l !

t  -  
t i r " . ,nnro  

t t1 " " ' to  

"  

"  
' z ]  '

( 4 . 2 )

where

(4 .4 )

Ls such that

(o < ok . t, 
J, 

ok-l),
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l'
ill
iiit

' P o k
t r z  I I  L - - '  ,

k-l 
-

where tr le the lower bar order of f.

Proof : Uel.ag the,relatl.on (1.6) for tbe lntegral fuactl.oo.f. and for

en' E > o' we have 

.-0.. o. -o.

{ loe(l/  
|  
(".r, . . .ro)nl)}*k, qo - r l t  {(ur+;..roo)1og(nr+...+r; l  "k

for-r5+...ho t h,

heace,

p - ._ .,  .  ^4r. i  ,^. _ .)ok(4 '4) 
nlt, 

tlog'(r/ 
l(trr, . . . ,ro)nl) 

] 
" 

rlt 
\3t - 'z

{ (Dl+. ..roo}los(nr+. . .too) }*l .

Therefore,  for  nr+. . .mo I  L 
-  -ar(ht r . . . rhp)  aad ual tg (4.1)  fu  (4.4) ,

$e get

(4 .5 )

o.
r K
4 k '

Agala uelag (1;6) la (4.5), we get

L: H l.,.or .- h - l +

The reault for p haa beeo obtaLned by Srlvaatarrs, R;K. end Vlaod Kuoar

t4J.

. I a grateful to-Dr. S.N. Srlvasteva for hle guldaace aad helpful

auggeetlon la the preperetLon of thls paper.
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fnuense TopoLogies in a euasigroup

phullendu Das

A quaslgroup G can be deflned to be e 8y'teo of three co'posltl.ns
v lz .  p roduc t  ( r . ' ) ,  r igh t  d tv ts ton( f / ' )  and l_e f r  d tv ts ton  ( ,  \ )  such
tbat for every er b, c e G, ab-c€-*) c/b = I ++ a\c = 6

uolese othern'lse stSted throughout the present paper G w'll deoote
ao arbl.trarl.ly glven quaslgroup.

Errery elaent raf ln G hae four fu
-. (a\a)/a, arn-a\a/a), 1r-Gta) 1" *nr;'::: lll;.1*lr)')ilj'lr"
rlght - rtght rnveree, rrght - left 'uverse, Left - rrght lnverse, left-
left lnveree of a. If G is comutatl.ve, then arr _ arL - al, _ 

af..

Let N be the set of all poeltlve lntegers includlng zero.

Let ue now nake a conveatl.on that r
rrght - rrght rnver"" of .(".,n) for *l* l,:";:, 

""u 
a(rrro+r) ls the

Let A be any subset of G. Let p-,_.(A) - {arr i  a e A}. Also 1etn. ulr (o), ulltto) . u"" (ur|<a), ;;: *.., n e N and rr._ U u,fta).
rhe eets fr", ar. cherecterl.eed by the property that a e [ _ 

neN ̂ '

sers whrch ire croee.r !r.r. ro rrght - rrght inver"".r*ull"liriti...
cellEd Rf,.I - eets. [o ls ao RRI _ set. G hae at least one RRI ; subset
vla. G l tseff.

r", , G + N ls deflned by the relat:
- rlghr r.nverse or n eleoenre 'n G r." 

j::; 
i:tl]"" 

lrr a is the rrght

?heote6 I : If A, B be any tvo subsets of G, then

(t) 7rr - 6, 
-%" 

- G i
( f l )  4 G i o ;

( r t l )  A  c  !  r * ) I r "eE.  
;

(r.') (it")", - I.. i

F
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(") 
.i6@ 

CEt' 
fl E', i

<,ri; G.T{ = I" U E*

P r o o f l  ( 1 ) ,  ( i l ) ,  ( 1 1 1 ) ,  ( i v )  a r e  o b v l o u s '

(v) Fol lows fron ( l t t)

(vl) Bv ( l i l ) ,  frru Err€lff i4'

Now, x e u", (AUB) .'-=) x - a* for sone

o r  x  e  u r r  ( B )  = = - = 1 *  e  u t ,  ( A )  U r t . ( B ) '  S o ;

. . .  ( I )

s e A U S = - - - ) . x e u r r ( A )

, ,  
(o U n)Curr(A)V ur t (B)  '

to IrrO Er, ." shovn bY

:*{

r t

* .  " _  n

n i l

f f i t t

r a .  [ {

r*;r

.13* Ib{

|f"- e-"

rqF r,

#' rlF-f

1 -  _ d :

- * ' l {

- a b t i !

t t

i w  - r r  f

nr6,;1

l h P r  t h r  q

J .  - rq ' t

r:J4 i{ f- at

I  * r  - r : -

* - { - :
4r- r,;tf1

x d i : ! i

ar . -1 :.:

w { r  - 4 ?

Qr.t r*
? ,

' '_t: . -4t:

t - a f " "

. - : , t

rhererore CU4F f', U E"

Now (vl) fol lows fron ( l)  and (2) '

{enark } : G-7TE)-rr D'aY oot be equal

. . .  ( 2 )

E:ranple I :  Cooslder the quaslgroup vhose r lult lPl lcat loo table le

^ A

b

c

d

d a c b

c d b a

a b d c

b c a d

L e t A - { a r c } ,  
3 = i c r d }  '  T h e t r

I r "  f l  Er ,  -  ta ,c rd ]  f l  {c ,d }  -  {c 'd } ' l  t c }  =  l i - l1 -E- ) t t '

@ g '

if wr, (a) = I

@1 :

elemeot a ln u*

ffir, = f,.. fl Er, "' 
(3)

for every 
" 

. !r, (A n B) '

The relatlon (3) uay hold even lf there exists an

(AnB) such that wr, (a) > I as shown by
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hrple 2 : For tbe quaelgroup cleflned ln Exauple lr let

A  -  i e ,  b ,  d )  ,  B  -  { b ,  c ,  d }  .  T h e n  u " "  ( A n B )  -  { d }  a n d  q r ( d )  . 2 .

B u t i  n t  . (i:Fi-B)"'

It folloss fron Theorem I that there exlsts a topology rr, ln G

frvlag the fantly of all RRI - sets ae tbe faolly of all closed gets.

r"_ Le eald to be the rtght - rlght lnverge fore - topology ln G.

Stnllarly ooe ca.n deflne RLI - sets, LRI - eete, LLI - eete aod

obtaln three other topologles rrl, rtr, t* having the fanlly of all

RLI - sets, LRI - getEr LLI - eets as the farntly of all closed sets

reepectlvely. trl, rlr, rLL are reepectlvely eaid to be the rtght -

left laveree fore - topology, left - rl.ght lnveree fore - topology,

left - left luveree fore - topology tn G.

Aaother four topologl.es cao be deflneil ln G tn the follorstog.way.

Let a be eoy eleoent of G and let vr" (a) . u;| ,.r. If A C- c,

ter'. v"" (l) -a;Ul, v"" (a) . Let l, - rli (l) , 
"|lt 

tll - vr. {vf, G) )

for every n e N enrl Aj" . {- ul, <ll.

fheoreo I le valted Ll r-r ls replaced by 'lt and y by v . there-

fore there exlete e bpology it" to G whlch ls deflned to be the rlght-

rlght lnverse hlnd - topology 1o G. Cloeed eete of thls topology are

seLd to be RRf, - set8.

Stollarly oae can define the rtght - left lnveree hlnd.- topology

?.r, l"fa - rtght inveree hlod - topology ir", l"ft -.left Lmreree

htnd - r9fuSy tLL to c. Cloeed sets of the topologlee t.1r tl.; Ttl,

are ee*d to be RLH - aetd, LRH - eete, LLH - aete reapectlvely.

The rlght fore - topology, left fore - topologyrrlght hlnd -

topology, left hind - topology 1o G latroduceil by Choudhury [2J vtLL be

deaoteil bX rr, .L, ir, i, respectlvely.

The rtght lalentlty of e e G w111 be denoted by €r. Also let

" "(tro) 
aad let a(rro+l) be the rtght ldeottty of i( t ,o) for wery

a e G a n d n e N .
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'Propo?-ltloo I : If elrerv el3neat-ro G be lileopo:":t' 

:"i

. ,  -  rL = .r,  -  rr l  -  r lr  -r.LL - 
T' '  

t t  -  i rr  -  tr l ,  -  t l . r  = 
"tL -

dlscrete toPologY'

The stralghtforward proof ls ooltted'

pr6DosLtl6d 2 : If any ooe of 
"r' 

it ' rlr ;L be t Tl - topologyt

then every element ia G is ldempoteot'

PTgof :  I f  tr  be e T, - topology' then te) ls closed n;r '  to tr

for every a e G. So \ 
r 8 let a'a'a le' a le ldenpotent for every

a e c. The easee of t1, tr, tL cao be slmllarly illsposed of'

Re$er-k .4 ! rrr, trl, r.,r, 
"LL' 

ir.' itl' ?Lo' tl" *] be dlscrete

topologles eveo if ; ti;"t; ln G le ltleopqteot as shom by

Exe$ple 3 : Cooslder the quaslgroup given by tbe trult{'pllcatlon

table
c

b

a

c

a

b

c

a

c

b

No element of thls quaeJ-group ls lilempotent' But trt - trl, 
"Lt 

- 
"LL

- ?.,  -  i r l  * iL, '  i r"  - .discrete topology'

ProDosLtl-on 3 : If H be a subquaelgroup of G' thea

(f) H ts closed w'r ' to each of the topologLes ttr  rL'  rrr '

t l , r t  tLL

(il) the relatlvLztitlon of, 
"tt 

to II is the rtght - rlght lnveree -

fore topologY in i{ '

The Proof is obvious'

t rL '

*einetk 
5 : Il roay not be closed v'r'to the

irtr, itrr, itl, t" shown bY

topologles r"r- Ttrr Trrr

___-.-

!:|
- " | l t a

_- aqr

# *{{

h

eii

,h*l,
_

L ? :

L ; r : r

tc l

t q l - a :

!re-r

a  : t .  - : : a , j

-  
r - "  a r :  I  a .

I  . ,

l - : l : a : :

r b  r  : r  a  :

tb  : :  , c  - - - .1 .  : .1

L r i  -  . . a i " .  
. 3 i .

t -

- . i r  :
-ra{a t 

r :.1,r

- '  
t ,  :

l"t, I

t ' -  -  :-_
'  : - , r , s : ,
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SrD.lc { : Tbe eet of all ratlonal nunbers R wheo dtetorted by

tbe lrro b - - a - b beeomee a comutatlve quaeLgroup. The set of

.ll .ra tntegers E f,stns a subquaelgroup of'thLs quaslgroup. But E le

Dc elo..d v.a.to ?;, ?*, ?rr, i"L, irr, irr, . slnce 1 e R-E but lr-

t t t r t
l.- - 2 e B aod i 

e R-r Uut (i)rr - (i)rr. - (i)1" - (i)r,r. - - 2 e E .

Ptoto3r.Lldtr.4 : If 6 be e flnlte quaitgroup aod lf wr, (a) - I

for 
errery a e G, then t*, . ?rr.

Pt6of , ff rr, (a) - I for every a e G, then.Irr ls blJectlve.

So F ta cloeed ry"r.to tr, (---) urr(F) - F (-.-) v""(Fl - ul|<fl.r

(;-) F lg closed v.r.to ir, . therefore 
"r, 

- i"" .

neliatlt 6 : Propositlon 4 ney pot be true Lf G be en lufialte quasi-

Sroup 88 ehoun by

gggtk 5 3 Conalder the quaeigroup (t, 
{) 

where R ls tbe set of

all ratloual nuobers aud 
Q 

re deflned by the relatlonl q (ar b)- -a + b

for every ar b eoR' Fot thl'e guaelgroup 
1r(a) 

r I for e\tery a e R

t i l r r  *  t l ,  3 ,  32,  . . . )  le  e loee' l  * t " ' to  t l ]  '  But  'e ioce t i r l )  u ] ]  '

I  - .
- 

| e ti l", tt ta not cloeed.w.r..o ir" . so tr, / irt

SfdSdfUlQLL ! Lf o ts a houonorphlm of G lnto a quaelgroup Gr,

theo a le e contluuoue napplug of the topotogtcal epaee (G, trr) loto

the topologlcal spece (cr, rr;) where trf le the rlght - rlght tnveree

fore-toD$tg$y ln 0'.

&tprrf r !.et I be aay closed set w.r.to tir . New, xeo(-l Cf)
---+* (x) e f --*-)> &(*)7r" -0($*rr) (elnce a ls a,.'.honouorphlen) e F

(elace F .fe clos€d) -r--) 
1", r*t<ii ----) xrr t*-l<rll4d-l <rl

----)d,:l (B) ie elosed *.r.lo 
"* 

. Soc( ls cottlauoqe.

SeOgg&-/- I The converse of the above result 18 oot true as sholra

by

giglte._!. ; tet G be the quaolgrorlp deftaed tn E:<ample 3 aad let

Gr be the quaelgroup glven by the uultLpllcation tabLe
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a

L

c

a b

c a

b c

$lran r - discrete topology 1o {a' b'  c} and the cloeed seta of

rr
r  I  a re  6 ,  la rb ,  c }  ,  {a ,  c }  ,  ib ,  c t  t  {c i  The ldent l t y  napPtng

"it.nl']"."ir,-',-., 
r-s a contlouous oappiog of (G, rrr) onro (G'r r;f)'

But it is not a homomorphiso of G onto G"

Def:lnltlon I 3 A topologY r defloed ln a quaelgroup G le eel''l to

be a quaslgroup topology 1f productr rlght dlvlslon and left illvlsloo

in G 9re continuous w'! ' to T '

Theoter[ 2 : A necessary aod sufflclent condition that rrr @y be

a quaslgroup topology ln G ls tbat for every xt y e G eod P' { e Nr

there exist k, m, n e N such that

* ( r . , p ) '  Y ( t t , q )

* ( t r rp )  /  Y( r t rq )  
t

(x .v)  
1ar ,k)

(x/y) 
larrro)

. . .  ( 4 )

. . .  ( 5 )

. .  '  ( 6 )

the followlng co4dl-

* ( t t ,p )  
\  

Y( t t rq )  
-  (xP)  

( r r ,a )

Prgg! : The conditlona are equivaleot to

t lons :

t;lrr tit* G ffit'

' 
&', / tit,, C 14I"

fi.'\tr]"

f o r e v e r Y x r Y e G '

C r4;r,,

If .r, be a quaelgroup topology 1u G' then elnce pro'luctr rlght

dlvlslon ani l  left  dlvlgloo ere cootlouous w.r.to t , ' ,  (7), (8) '  (9)

hold.

(7)

(8)

(e)

* f i

* {

I

r-l

T

t , r  a

| ' t

.-l

,d-

- t :

:.b

l'|r

. :

r : : F

: t  I

" " t . . : :

;"J

.- :,: 1

I
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Couvereely let the gtven condttlone be eatlsfled. ?hea (7)', (8),

(9) hold. Let A be any eubset of G x G. If the operatlou of nultlpllca-

tlon i.a G be deooted by tf 
, then

q qr) - U {{;}rr ix}rr i (x, v) e A}

cu i1;;Trr i x .y  e  f  
(A) )

- gG)t", .

So f fa,coutLouous !r.r.to rrr . $lnllarly one cao verlfy the

contl.aulty of rtght dlvleloa aail left dlvlslon la G w.r.to r__. There-
rr

fore r", le a.quaelgroup topology ln G .

Tbedt€d 3 i ?", ls a guaelgroup ropolo'gy tn O ff, and ooly tf

for wery 4r X e G and p, q e N euch rhat vlr(x) 1 6, u|r{r) t d there

exl.st k,, [, D e N sucb that

vlr(y) c v|rt*.y) ,

u!r{*) / v$"(r) € vl"t*lyt ,

u!"{*) \ vf"tr) .* v}.(x1r) .

The proof le el.ullar to thet of Theoreo 2 .

RedAtk I : There.'are,.aaalogoue reeults for the topoiloglee

tr, rL, trl, tli, 
"11r 

il, .i, irr,, i"r, ?r, .

PrdD6'+tfgn 6 r 'tr, i" (reep. 
"r, 

?r) are not quastgroup ropolo-

glee tf G be e rlght (reep. left) loop. Moreover, if, there er(isto et

leaet one elenent a ln G such that t2 t 
" 

where e ie the rtght (reep.

left) ldenttty tu G, theo rrr, rrl, i"r, irl (rqep. .L., .LL, irr, irr)

ere Dot quaslgroup topologles fn C .-

Ptgot : Let G be a right loop wlth the rlght tdenttty e .

,".r,,:, :,.1', 
tl "1.".:',"'::: ] til:],r,],l;'ilr";; io*rt.*' 

o'
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Nexr ter x (# e) e G. Then (e) 
" | . t* l  

u i  = G'x = ecp e'x

or (e.x) 
"|  

-  O. So ?- ts not a quaslgroup topology in G"

To shov thet rr"r irt tt" not quaslgroup topOlogiesn 1-et a e G be

" . r " r r t t " t  
t 2  *  e .  i l t " ; ; .  * a a a d  a t r #  a '  N o w l ' e t x * a ' e $ d  Y " ' & x r '

Then x1r r , I ) .  y ( r r ,o )  -  t r r i t r r  * , t  -  l " ' y ) ( r . ' r rn )  fo r -wery  n  e  N '  so

t is not a quastgroup topology 1n G' 
,Uexi 

let 'x * a'g'  )  -  a'  trheo

r r ^ f !
( * )  v - r . (v )  v r ,  =  

" r r ' t r .  
#  e  -  (x ' r )  v l ,  fo r  every  a  e  N '  so  ? t "  l s

not a quaslgrouP toPologY io G'

Slntlarly oae can shoit that rrl, irl af,e noc quaelgroup topologfee

The case of a left loop caa be slmllartrv dlsposed ot''

corol lgut :  r f  G be a loop, theo rr '  
"L'?*'{1, 

*tu^oot qteasi-

group EopoJ.ogles In G' iloreover lf there exlsts an el€oeflt in Gt the

squ&re of whieh ia not the ldentlty eleuent' then fttr itf itr" ;trtr'

rrr,  rr l ,  r l r ,  rLL are oot quaslgroup topoJ'ogLes la G'

Rejereqggg
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on Eiced Point rheorems for Mapping on a 2-Metrie
Spaee rnuoluing Four points of \lru" Spaee

.R. 
ftneh

.  A;K. ghatterjee

The reeults on ftxed porat for napplngs on a conplete bounded
2-uetrlc epace lnvolvlng four porata are etudred here. The reaurts
obtained here generalr.ze those of Acharr fLr2r3L, parll and Achart fr2J,
Ptt-tn€;Juer [L3J.

I. Inttoductlgn

' 
. pltto"rr" t [tlJ hae stu4ied flxed polut rheoreos for a napplag

lnvolvlog four porate of, the epace and recentry Acharl f3J |nas extended
this ldea'further to establish sone frxbd polnt theoreos. Further, som
and MuhherJee [L6f extend therr resulte usr.ng a napplng which ls not
aecesearrly coatr.ououe eud eatlefles a generatrlzed coodl.trou lnvolvlag
flve or elx polnts.

The notl0u of 2+dtrrc space wes rotroduced by Gahlgr ra hrs
serles of papere [6J to tg]. For- furrher 'lrererure we refer to Whlre
[L0; ntuat [5J, DtlrhriLe et el. [4J,:rsete:- er al. hqJ- (rrat 6t1,
srarylh |LLJ and Slogh and Rar! lltsl.

The arn of thle note r.8 to eetablish gone iegults on frxed polat
for geaerallzed coatractLoFt type napptog ou a 2*uetrlc epace iavolvlag
four polale. Tbe reeults obtalned unrfy the eirr.stence of fixed poJ.nt
ln the epace.

Before stetlng o,r, 
"""uit" 

lre glve eone deflnltLous!

Defl.dlttod 1. A Z-rnetric dpece ie a space X ia vhich for each
tr lple pointe arbrc, there existe a real functlon d(arbrc) such that

(la) to each palr of polnte arb (/ b) fron X, there ie c e X
. aatlsfylag d(erbrc) I  p,

, d
t

,
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(1b) d(arbrc) = 0 ooly when at least two of three potnts.are equal '

( 2 )  i l ( a , b , c )  =  d ( a , c , b )  =  d ( b ' c ' a )

( 3 )  d ( a , b r c )  . 5  d ( a , b , e )  +  d ( a r e , c )  +  d ( e ' b ' c )  '

A 2-netric space is calle'l bounded, if there exlsts a conatant M

such tha t  d (arbrc )  S  M fo r  a rbrc  e  X '

Dg!d#ldd.2.- A seque-nce txo) in x ls calLeil Cauchy tf lln

d(xrrxora) - 0 for al l  a e X'

Dd.finltiolS. A sequence {xr,} ln X is convergeot to x e X lf

1tn d.(xrrrxra) = 0 for each a e x'

Ilere the polnt x Is called the llnit of {xo} '

Definijlof 4. A 2-netrlc space ln whlch wery Cauchy aequedce

converges ls call-ed a complete 2-rnetflc sPace'

Then we glve below our main theorems'

firSgtet-L. Let X be a conpactrbouoded2-netric space' Let f !X + X

satlsfy the followlag coadltion

(A)  d ( fu l '  fu '  a )  s  p ,  d (u 'u2 'a )  +  p ,  d (uy fuya)

+  p 3  d ( u r r f u . , a )  +  P 4  d ( u l , f u 4 r a )

+  p ,  d ( u r r f u 3 ' a )  +  P 5  d ( f u r r f u 4 r a )

fo r  a l l  u1ru2ru3ru4 e  X and fo r  each a  e  X  wh6re  g  sP l  t  l '  I ' ' L '2 )3 '

41516 such tha t  t  P t  '  1 '

' 
Then f has a unl"que fixed Polnt'

P foo t .  Le t  x ry  e  X .  Def ln t  t I  '  f x ,  t ,  =  fy '  u3  -  x r  u4  "  I '

Then the exPresslon (A) becones

(B) d(f,2x,f2v,a) s (nr+14+nr+Pr) d(fx'fY'a)

Let To be an arbLtrary. Puttlog fxn-2 o xo-r, fxo-1 - xo'

f*r, = xn+I, n o Lrz.... aoil wrlting xo-l for x and xo-, for y ln (B)

we have

r q D { -

a a

. : t

b{ tt-:r

5  . _  .

* l r 4 I , : d

r  ' . .

h a ;

. t  1 -

i r . : i a  u

|  3 r . r - r 1 , ,

5 t - .
a

'  -  r :  -  !

? r f , : : a  :  .  f u
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(c) d(xrr*1.rxora) s p d(xnrxn_1 ,a)

w h e r e p - p l * p 4 + p 5 + n ,

I'roo (C) ve have for 1 < J

d(x1r \ ,e)  s  d(xrrx l+ l rx , )  *  d l* r* r rx142rx, )

s  (p1+p1*r  + . . .  *J -2 )  d (xo ,x 'x , )

* (pt*pr* l  + . . .  *J-r)  d(xo,x 'a)

. t - ." ' ,  1o)- 
d(*t ,xya) s 2(p1+pt*1 * . . . .  + pJ- l)  u Eince x rebowded where M ls a constant.

Ae lrJ *- r-u,ll:l1r")-* 0 whtch showg that {xo} ie cauchy,Sluce X te.-couplete, t[ei! er(lets I poht u e x auch thet
( E )  l t u x - . u . l e u + b .

a

ldow we cleln thst

( f )  f u - u

' 
Puttt'D$ u, r t3 't, u2 - *n-l , u4 - *o-2 tn (A).we have

d( fu raora)  s  (p t  +  nO)  d (u '  xq_1,a)  *  p ,  d (u , fu re)

* {es + pr) d(xo_,, fu, a)

A e n - l ' - r w e h a v e

( l  -  p2  -  p5  -  p6)  d ( fu ,  u ,  a )  S  o

T h e r e f o r e u - f q .

t 0 l

n
J
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If poeelble, 1et v(l u) be another flxed polnt of f. Then fron

(A) .we ge t  ( le t t lng  t l ' ?  o3 .  t ,  u ,  .  uU -  v )

t \

d(fu, fv, a) s ptd(u; v, a) + P2d(u"fu, a) + ptd(v, fv' a)

+ pOd(u, fv, a) + prd(v, fu, a) + prd(fu, fv, a)

(I-pf-D+-pS-05) d(u, v, a) 5 0 (

, '
u = v

Ilence unlqueness. Thls eonpletee.the proof.

Gotollaly l. If f aad g be adpplngs froo a complete, bounded

2-metrlc gpace X loto lteelf, setlefytog the follorriag coaditlon

(c)  d( fu, r8urra)  s  n1 d(u 'u 'a)  + p2 d(utr fu 'a)

+ P3 d(uir8u4,8) + P4 d(un,gu4,a)

+ p,  d(urr f f3ra) .+ d( furrBuOra)

for all u1ru2ru3ru4 e X and foi eaeb e e X,where 0 s Pt . 1, I - lr?r3'

41516 such that  x  p l  .  l .

. Then f and g have a uolqrre co@oo ftxed poiue.

Cdtdll.ery 2. Coaslderlog. e cosiplete 2-rietric space and naking

p" - 0, the above corollaty reduceg to the theoreo of Patll and Acherl' o

f,L2J ae a eecond corollary.

Itedteq 2.. f,et X be e cooplefe, bouaded 2-oetrlc apsee. Let

f : X'+ X eatlefy the follottlng condl.tlon

(H) d( f -urr f -urre)  S p l  t l ( fur r furra> + p2 d( furr faurre)

+ P3 d( f t2r f2, ro; t l  +  
% 

d( fu l r f2u4,a)

+ p, d(furrf2,rrra) * pO a(t2,r'f2,r4,a)

for'all

4 , 5 1 6  e

,I

, I

R€fetedl

nl Ar

t2J tc

t3l Ac

t4l Dtu

.[sl 
Ehr

tql ceh

n7 3;-,

{eJ

tsl --:--

nAI reer

fttl Khea

[tU Petli

Q3J' Ptrtl
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for al l  u1ru2ru3ru4 e X and for each a
4 , 5 , 6  s u c i  t i " t ' r  i r .  r .  

v h e r e  0  s  P t ' l '  1  -  L ' 2 ' 3 '

Then f has a unlque flxed polnt.

. Itg,proof followe fron that of Theoreo I.
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