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On the Radius of Starlikenese of Schlicht
Functions

Poonam Sharma®

Abstract. In this paper, we find the region in which the function

£(z) =z 4 & 2P, such that F(z) = S § %% (£(e))™e, 18
z o

p=1 %nip
a starlike funetion of order § where F(z) is a member of S:B. This re-
sult is sharp and contains the theorems of Livingston [6], Bernardi [47,
Bajpai and Srivastava [37, Singh [2] and Rizvi /1] as special cases.

1. Let § denote the class of functions f(z)= z + n§2 anzn which are

analytic and univalent in the unit disc D = {|z| < 1}, while s* denote

the ¢lass of functions in S which map D onto a starlike region with !
respect to the origin. Let §* denote the class of functions £(z) in g%

g
having the additional property

zf(z]

Re { > B3 0< B35 1.

Here P 18 referred as the order of starlike function f£(z) and we iden-
tify s* = 5%. Livingston [6] showed that if F is in s then £(2) =
5 [z F(zl}‘ is univalent and starlike for [z| < E 3 This was generalised

by Bernardi [&4] who proved that if F is in S then f£(z) = -(—-3- [zc'F(z)] [
-2 +(34c2)1/2
(e-1)
C=1. This result was further_e&téndéd by Bajpal and Srivastava [3] to
cover the case when F is in SE. The result of Bajpai and Srivastava has

been further generalised by Rizvi [1].

s starlike for [z| < where c-2.3 byseuy end |2| < 5 for |

Let f(2) = 2z + p?l an+ P e regular and univalent in D. Singh
/2] further extended the earlier results. In this paper, we find the ?
region in which the function £(z), such that F(z) = gt:+1-£g go
. 2

{£(t)}%dt, is a starlike function of order P where F(z) is a member of
S:;. Our theorems further extend the earlier works of Livingston [67,
Bernardi [4], Bajpai and Srivastava [3], Singh /2] and Rizvi [17.

#This work has been supported by J.R.F. of C.S.I.R. (New Delhi).
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a =n+p £ S*

2. Theorém 1. If f(z) = z + p£1 s 8

ot z _c-a a #
(2.1) and F(z) = zC—a+1 £ t {£(r)} dt, then P(z)esuﬁ,

where ¢ = 1,2.3,..., 0 sa¢ < 1l and 0 < £ 2 1.

Proof Let J(z) = £% t< {£(1))” ae.

Then
I'(z) = 257 {£(2))°
and
(2.3) F(z) = gf:+1 J(z)
Z
Now .
o = o £ S 50
C=0 a v
. 2z (£(2)]) (c—a+l)
= e i ol " ea (®) 7
Hence,

252 pritzyem (ora) 50 (£(2))% = (coas1) 2(2) 7

Now, \
L5 R G = (ora) [e-atl) 2572 (21" +

+ 257 e T 1) - (ematt) 3@

= (e 25 (202197t g1 (2)

Hence,

c-042 K ] T
z F'iz) J' _ zf' (=)
1;__37T;Ti_l;} (cta)a G

Therefore using (1.1), we get

a2y oian Vs
2.9 re LB lBDL L (era)a ReZELIT s (cradat

Therefore from (/5], p. 431) and (2.3) we get

|3

(3

Fm

¥

(3.
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c-a+2
Re fz—:ﬂz%ﬂ} > (c+a)up

Hence,
2i (2

¥y | 2 °F

Re {:

-, 5 o
which gives F(2) ¢ Sﬂﬂ'

3. Theorem 2. If f£(z) =z + % a . z"'P and

p=1 “ntp *

Flz) = then

L5 £ {£(6))" dt such that F(z)e 8%,

se-u+1
f(z}ssg for |z| < r, where r_ = min (r;,r,), r; and r, are the smallest
Positive roots of the equations

(3.1) (c420-)r?® 4 2(n-1-cB)r™ ~ (c-0t2) = 0

and -
(3.2) 278 QD) P (2) +n1)]m0, B () m LEHRIH(CHE- L
respectively. This result is sharp if T s-rz.l al

Proof. By the hypothesis of Theorem 1, we have

(3.3)

zF'(2) _ 23'(2) - (e-a+l)J(z)
F(z) T J(z)

Further, since F(z) is a starlike function of order af , so there exists

a function w(z) which is regular in the unit and satisfies conditions of

[(2), Lemma 1] such that

Gy @ | 102002 )
F(z) 14 0% u(z)

From (3.3) and (3.4) it follows that

(£(2)}" = tc—u+23+{(c-u+2uﬁ)znf1_m(z)}'J(z)
a*zn"l' m(z)‘?zc—ﬂ‘l‘l

Differentiating logarithmically, we get
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- =1
azf'(z) _ 2J'(z) . 2z (ag-1) " "u(2)7"
*ﬂér - 7}%— - (e—0+l) +

[1+zu"1w(zl?[E-a+2}+(c-a+2;E)zn-lm(zly

Making use of (3.4), we get

1 n=1
(3.5 2L _ o L (1gp) zi:E-Tiiiil

™ (z)

2201 wlz)?"'

- _ 7
{_1+zn'1m-(zf)l {(c~a+2)+(c-a+2a8) 2™ s (2) )
But _
_ ) 1-fafzn"zlu(2)lz
(3.6) Re { = } = s 5
2" 5(2) 1+ 27" w(z)
and e
(3.7) Re [ =i 2z{z wlz)} — }
{142" w(z)} {(c=a42)+(c-a+2a8) 2 w(z)}
= Re ;_r .zznu'(Z) J?
142" 4 (2) H(e-at2) 4 (cart2an) 25 w(z))
1y 01
+Re [ : 2(n-1)z w(z) —~ 7
(142" w(z)} {(c-a+2)+(c-a+2ag)2" wiz))
Now
Re { 2211'))'(2) }
{1+z“'1m(z)}'{(c-a+2)+(c-u+zgs)z“‘1Jr:}»
; 2|z]"u(z) | _
| |1+zn”1w(z)| l{c-a+2)+(c—a+2a5)zn_lu(z)
From a well known lemma (/77 p. 168), we have
2
1.8) o' ()]s Lla@]
1 - [zi
Hence,
22" (2) 5
(3.9) Re [ . J

(142" u(2)} {(e-0+2)~(c-at208) 2" Tute))

and

(3.10)

From (3.€

(3.11)

< -

Xow, since

we have

(3.12) i

from (3.1}

25



22]® @-lo@ |4
<1~[ %) |1+z““1m<=)| | (e-at2) 4 (c-at2a8) 2™ u(2) |

and
(3.10) Re [~ 2(n=1) 2" w(z)
'(1+2n-1tﬂ(2) ¥ {(c-u-I-Z)-I-(c-q-l-zug)zn"lm(z)}
< 20-1 [2* o)
btE ) | | (e-a+2)+(c~o+2aB) 2 ace) |

From (3.6), (3.9), (3.10) and (3.5), £(z) is starlike of order B, if

+ 2(n-1) |z [n."l fuw(z)|

O Y ol P05 I(e-u+z)+(c—a+zaa)z Loyl

|14z Y (2) |
Now, since |w(z)| < |z] aﬂd%%"i‘ L
we have
S j(c-mﬂ-!-(c-ﬂ*zﬂ_g)* m_@:‘) [, (c=a+2)+({c—a+2af) |z|®
[ 1427 m(ﬂl - L+ [2]*

Prom (3.11) and (3.12) we obtain that £(z) = s; if

2+ 21 |2[* o2 |

< (1-]z |2“"2|m<z}| ) ,(e-u+z}+(c—a+2u8) |z|® )

L+ [2]®
. -
Putting Izl =T, lm\(&)l = t and P(r) = _{(c-eu+2_)+(c—;+zaa)= )
I+
we get
n 4
(3.13) __(.L_._l 2 2(!:-1):'“"1 ..u_r_.Zu~ztz) By <6

lr
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n 2
2L (It ) 5 oty L (1222 p(r) ,

Let q(t) =
ler EEE
n
q'(t) = - fE'-LT . gpln-2 P(r)/t + 2(:1—1)1.-“'l
l-r F(z,
and

Since 0 < t g 1, q'(t) > O 1if

21:2 sz
=5 = @ P(r) - (n-1) < 0
1-t

It is satisfled if r = rz.where T, 1s the smallest positive root of

202 - [la-1) + 2 p(e)] (1xd) = 0 .

Hence, if r < T, the maximum of q(t) is attained for t = r. Now (3.13)

holds 1f This
These
2nr® - (l-rn) {(c-a+2) + (c=a+208)x"} < O showir
or,
2n ’ oI |
(c-a+2aB)r™" + 2(l-apdn)r" - (c=a+2) < 0 B
It holds if r < T where 3 is the smallest positive root of Singh
%0 o Coroll;
(e=ot2af)r™" = 2(14n-0aB)r” - (c-a+2) = 0,
thea f{

If T; £ T,, sharpness of the result is shown by the function

F(z) = z(14z%)~2(1-a8)/n £ S:B' for the corresponding function f(z) for |z|

we get, oot of
" ) o 2n
azf'(z) e=a+2) =2 (1-af4n)z" - =z (c—a+2aB) . ..
z) ~ °B = (l-ap) [ = = 2 . x> -
(1+z7) [(c-a+2) + 2z (c-a+2aB)7
'
Clearly E%?£§l = B=0 for z = L hence, f(z) cannot be starlike of Rpec:]
order § in any circle of radius greater than r . B
4s a corollary of Theorem 2, we get the following Theorem of Seggestic
Rizvi /17 which includes a result of Bajpai and Srivastava [37 for
Bt o
@ = 1 and Bernardi /4] for a = 1, § = 0. ———ce
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n

Corollary 1 [Rizvi]. If £(z) =z + E, a 2" and

e+ L,z o=t a =
F(z) = e -é* t {£(t)}  dt, where ¢ = 1,2,3,.., 0 <& < 1
and 1if F(z) ¢ Sus then £(z) is starlike of order g in the region

o =(2-aB)+ {3+u262+ (c-cn+1)2 + 2(c-o+l) of - 2af 1-1"!2
(c-a+2dB)

if ¢ = 2,3,...

|z| <z,

= %. ifec=1, and g = D
o =f2-aB) + (4 + ap?)1/2

T s if c=1land 0 < B < 1,0 ¥ 0.

This result is obtained by taking n = 1 in equation (3.1) and (3.2).
These equations become identical, es can be easily verified, thus

showing I, Ty =T,

By choosing o = 1 in Theorem 2 gives the following result of

Singh [2].

zn+p£ S*

Corollary 2 [Singh]. If F(z) =z + pzl 8

then f£(z) -;—o_-l- [zc'l"(z)_?‘ is univalent and starlike of order £
(e+l)z '

for |z| =< T where L min(rl. rz), T, and r, are the smallest positive

root of the equations (c+28-1) r2n = 2(n+l—8)rn - (l+c) = 0

n
2r" - (1—:2) P (r) + (n-1)]= 0, P(r) = Z-(1+CJ +1(c:25—1)r‘:
+r

respectively. This result is sharp if T T, .

It is my privilege to thank Dr. S.N. Srivastava for his valuable
suggestions and guidance in the preparation of this paper..
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cimum Likelthood Estimation in Branching
EvaZutwm:ry Markov Processes in Discrete-
Time
H.B. Shrestha

Abstraet

The individuals in a certain population reproduce according to a
Galton-Watson (GW) branching process and disperse spatially smong states
of a finite discrete Markov process. When the dispersals occur according
to & Markov chain or an autoregressive chain, the process is observed, for
n generations and the dispersals of the individuals are observed at the
time of branching. The maximum likelihood estimates (MLE) of the para-
meters of the dispersal component are derived amd the asymptotic proper-
ties of these estimates as the number of generations increases to infinity
are discussed,

1. Introduction

Dharmadhikari (1982) has studied the inferential aspects of a few
branching differential processes where the particles grow according to
linear birth or birth and death process and the dispersal processes have
stationary independent increments. Shrestha (1984) studied the problem
of estimation of the parameters of the dispersal components of some branch-
ing evolutionary Markov (BEM) processes where the particles grow accord-
ing to some branching laws but have Markov dependent dispersals. In this
paper, we shall study two discrete BEM processes where for each process
the numerical increase of the population of individuals (particles) is
described by a GW branching process while the dispersals of the particles
follow a discrete Markov chain (MC) for the first process and an autore-
gressive chain for the other process. Inference in BEM processes where
the dispersals oceur according to semf-Markov chain and compound geometric
distribution may be found in Shrestha (1984).

Consider the GM branching process whose n consecutive generatfon
slzes are {'go, El" S -E;n_}-. Let the offspring distribution be given by
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fak, k=0,1,2,...}, then 8 = P {Ej = k} for all § = 1,2,... We assume
that at the zeroth generation there is only one ancestral particle., Let
p denote the probability of branching of a particle. The probability of
k offsprings at the first generation is
(1.1) P e P o

=a.p+ (1-p), k = 1.

Since the probability of branching of a particle does not depend on the

generation time or the generation number, we may assume that the offspring

distribution is given by {bk, k=1,2,...} where b, is given by (1.1) and
bk'a are known.

The problem of estimation of parameters of the dispersal component
of a discrete BEM process may be studied by exploiting the underlying
structure of independent and identically distributed offspring sizes of
the successive generations. Also the numerical increase in the popula-
tion represented by the GW branching process and the spatial distribution
of the particles are governed by independent probability lsws, Because
of this assumption of independence of the two components, parameters un-
derlying the former can be studied independently .of the parameters under-
lying the latter. We also assume that the life span of all the particles
are same e.g., the life span of some organism, bacterium, neutron etc. At
the end of the life span, each one of the particles produces progeny in
accordance with the probability laws of the particles of the previous
generation. The offspring particle occupies the same state occupied by
the parent at the time of its birth. The particles simultaneously move
about some appropriate state space to be defined later on for each dis-

persal process.

In the next Section 2, we define the GW branching MC and derive the
likelihood function for the process. We obtain the MLE of the parameters

and show that-the MLE's are strongly consistent and asymptotically normal,

In Section 3, similar analysis {s carried out for the GW branching auto-

regressive chain.

Th
studied
compone;
that the
branchir
affect t

Componen

2. GW

A G
in the p:
the part:
over the
& process
the GW br
F=((p (
instantan
distribut
populatio
for n

caly at t}

Suppc
“encte the

w2ether or
t=Zegenden:

dispersals
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The MLE's of the parameters of the GW branching process have beén
studied by Dion (1972). Since her results are applicable to the branching
component of the present process, we shall not discuss them. We assume
that they are known. Because of the assumption of the independence of the
branching and dispersal components, this additional assumption will mot
affect the inference problem concerning the parameter of the dispersal

component of the observed processes.

2 GW Branching Markov Chain

A GW branching MC describes a situstion wherein the numerical change
in the population is described by a GW branching process and each one of
the particles in the population disperses simultaneously and independently
over the countable Section I of integers according to a discrete MC. Such
a process is defined by an offspring distribution {bk, k=1,2,...} of
the GW branching process and the transition probability matrix
P = ((p (a,b))), a,b e I of the MC. It is assumed that the MC has no
instantaneous state and that it is ergodic with {"i] as the stationary
distribution, w, > 0 for all i, We also assume that b, = 0 so that the
population does not become extinct. The branching process is observed
for n generations and the dispersals of the particles are observed
only at the times of branching.

Suppose the process is observed till the nth generation. Let Ei
denote the number of particles in the ith generatlion. Let m (a,b) =

121 ;z} 51 (a,b) denote the total number of transitions from state a to
state b duving the n generations, and where 611- 1 or 0 according as
whether or not the stated transition occurs. Since the particles move
independently of each other, the likelihood function describing the
dispersals of the particles may be described as

mn(a,b}]_

m )
(2.1) LD(P) s abel {p(a,b)

Thus was see that {mn(a,b), a,bel} is a-sufficient statistics for P.
The parameter space is given by {0 < p(a,b) < 1, I p(a,b) = 1, a,bel]}.
The MLE of p(a,b) is given by
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@2 B (ab =W @Y wab ,

where mn(a) = bgl mn(a,b). Let m o= aEI mh(g) = Nn-l‘ Since there is no

extinction, n>= implies m oo, This is so because there are no instanta-

neous states in the MC and P {mh(a,b) >0, a,b € 1}> 1 ag n+=, This also
implies that for each a £ I, mh(a)ﬂﬂw a.s8., because as n+'=,

-1

(2.3) (m) " o (a) + w(a) >0.

For glven mn(a), {mn(a.b}. b e I} is multinomial with index ma(a)
and parameters {p(a,b), b € I}. Hence {mn(a,b) - p(a,b) mh(a)} is a

zero mean martingale sequence. Therefore asn + = ,

(2.4) ﬁn(,a,b) + p (a,b) a.s.

thereby proving the strong consistency of the MLE's. Alsc using the

central limit theorem for random sums, we have

(2.5) mn(a)% (8, (a,b)-pla,b)) + N(0,p(a,b)(1-p(a,b))) = Z, (say)

where + denotes the convergence in distribution. This establishes the
asymptotic normality of the MLE's. Further the joint distribution of
{mn(n)H (pn(a,b) - p(a,b)), a,b eI} is asymptotically multivariate normal
with the {(a,b), (a',b'")}th element of the covariance matrix given by

(2.6) é(a,a') pla,b) (6 (b,b') - p(a,b')) for a,b,a’',b'e I.
To study the asymptotic distribution of the MLE's when non-random

norms are used, we need the following results, We have

, B 5151
.77 Em(a =8, I B 8 .(ap) =@ EN , .

Also from Athreya and Ney (1972) it follows that E Nn—l -+ o a,8. as
n + =, Therefore as n > =, Em (a) + « a.s.
Also let 6ij{a) be 1 or 0 according as the jth particle of the ith gen-

Eq-1
n

- L, 8 :
eration is in state a or not then mn(a} s=1 45§ .sij (a)

Since

1f we
8.8.,

it fol

(2.8)

and he

(2.9)
Theref:

{]

where .
weighte
asymptc

normal

In
W is ex
distrib
t-distr

3. GW

In
fnto the
of these
sive sct
fa=ily ¢t
the part
generati

of this



H.B. Shrestha 13

Since n = implies Nn__1+w a.s., we have

lim.N_l
u—
n+ @

1 mh(aJ = q(a) a.s.

1f we recall from Athreya and Ney (1972) that asm =+ = , Nn_le Nﬁ-l*'w
a.s., where W > 0 is a non-degenerate random variable with E(W) = 1, then
it follows that, as n + <« ,

(2.8) mn(a)!E Nu—l + q(a) W

and hence that

(2.9) mn(a)!E mn(a) + W a.s.
Therefore,

(Em () (5, (a,0) - p(a,b)) » 2,/ VW

where » holds stably. The asymptotic distribution of the MLE's is thus
weighted normal (or mixed normal) when normed by E mn(a)_%. The joint
asymptotic distribution of {Emu(a)'& (ﬁn(a.b)-p(a,b)), a,bel} is weighted

normal in the sense that its limiting covariance matrix is N_l times (2.6).

In the particular case when the offspring distribution is geometric,
W is exponentially distributed with E W = 1 and we find that the asymptotic
distribution of the estimate of the parameter p(a,b) converges to Student's

t-distribution with 2 degrees of freedom.

3, GW Branching Auto-regressive Chain

Tn this section, we consider a situation wherein particles are born
into the population according to a GW branching process and the dispersals
of these particles on the real line IR occur according to the auto-regres-
sive scheme of first order. The data for such a process consist of the
family tree of the particles in the population and the pesition vector of
the particles existing at the end of each generation., Consider the ith
denote the magnitude of dispersal of the jth particle

3 )
of this generation. Let X = izl Y. . denote the position of the jth

i-1,3 el

generation., Let ¥,

ki
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particle at the (i-1)th generation with L denoting the position of the
ancestor particle at the zeroth generation. Let the dispersals of the

particles be expressed as follows.

(3.1) a{Yij = xi_ld +zij, fxi <, ls]s 51-1"’(’ 1
where {Z, ,} are i1.i.d. random variables with zeroc mean snd variance unity.

1
We may write

+ @1+ z $oureee + (1 +ey Z;4

T 1-1,3

13~ P13
so that {Xij} is a first order Markov autoregressive scheme. Given
e - ol
(Ylj""’Yi—l.j)’ Yij is normal with mean xi—l. and variance unity
for all 1 £ 3§ g Ei—i and 1 < 1 < n, The likelihood function of the dis-
persal component of the observed process up to the nth generation may thus

be written as

o a Sg-1 o2 0 S,
(3.2) L mexp {§ § Y, X 5 5 T X )
S fo1 ge1 4 1L AR

The sequence {Yij; l=3 % '§1~1' 1 <1 < n} 1s a sufficient statistics

to estimate©(, The MLE of & is given by

P o Fi1 2 1 B i1
(3.3) & =1z P X X {x A, S ¢ ) S
B el 4eg R T O Bt

To establish the strong consistency'of-qfn asn -+ = , we use (3.1)

to rewrite (3.3) as

n el o on G
wo-&=48 E X .0 I (e S S
n o1 4e1 11s3 f=1 gm1 171s3 "4
We note that X denotes the position of the jth particle of the ith

i-1,3
generation prior to a displacement by Yij during the ith generation.

Therefore,

P X, | Eppoeeeees Xgg gb =%

me

th

s B

a.e
nor
Thu

By

Sinc
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and {X, 6 } is a martingale sequence. Also -{Zij} is a sequence of standard

ij
normal variates which are distributed independently of the xij's. Thus
[ zij xi 1,3 dengfeh a zero mean martingale with the conditional variance
s 24-1 '
2 :
xi_l’j. Also jil Zij xi_l’j 1513 random sum of martingales with zero
i-
mean and conditional variance I xi_l e By Lemma A.2 of Shrestha (1984),
=1 o Bt
the sum of the random sums of martingales [ B Lyp X is thus a
i=1 j‘l ij i-1 lj
martingale with zero mean and conditional variance
n 5151 2 = 1 (say)
151 =1 i-1,3 n

Also since xi-l .

1 = @ a2t a -Hi)z(i_l)—l) is a sequence of
non-negative random variables for A > 1 and Z is a N(0,1) variable.

e ~
is a N(Q.Ai_l} variable such that Ai—l xi—l,j -+ Z

a.s., where A

Thus we have

-1 2 2
Ay xi—-l—.j + Z~ a.s.
By Toeplitz lemma,
n f1-1 ; n F1-1 R
(L I & D)L =(z I A ) (I I (A7 X, )A)
o ger TV R g g EY g g MR TELITTES
»zz a.s.

Since n + « implies En—l + @ a,5.,, for £>1lasn+=,

n gi—.l n
by TR = I E, . A 5= 8.5
RS = R

Hence In + wag,5., as n -+ = and In is the increasing function assoclated

3
n i-1
with the martingale I z zij xi—l S An application of the martingale
q4=1 4=1 3
strong law of large mumbers yields of ~>» o a.s. Also
n
E In - 151 E Ei—l &i-l -+ a,8, as n -+ o, Next

__----IIIllIllIll..lllllllllII!Iiiii'iii-
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n 1 n Ei-l 2
I1 /BT = (2 EE A ) (E £ X )
n n 1=1 i-1 "i-1 41" de3 i-1,3

n =1 n 2
+ 1im ( £ E & Aoy = LE & A )F Z° aus.
e S SR S S

-+ czz a.8.

n n
where ( Z E Ei—l AI—I)_I I & 4 &1_1} + ¢ a.s. as n + = by
= =] d

i=1 i
Kolmogorov 0-1 law. Therefore we have the following

Theorem. Asn + =, o +& a.s. Further -v’fn(q"n -ol) has
asymptotically a standard normal distribution and \/EIn(a{n -d) has
asymptotically a weighted normal distribution.

Remarks., When |Q|< 1, the auto-regressive scheme would be a stationary
one, In such a model, the MLE of the serial correlation of the auto-
regressive scheme and its asymptotic properties would be of interest.
The inference aspects for such a process would follow on the lines of

argument presented herein.
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Analyticity Theorem for a Distributional
Generalized Laplace Transform

S.K. Akhaury
and
Vijoy Kumar

1.1 Introduction

A generalization of the Laplace transform,

Be) = {7 ™" £(r) at oo (LE-1)
was given by Saksena /1] in the form

F(s) = g"" g {ogld)et (c;_s_;t)""‘l"'2 W, (gst)E(t) dt vow K1.1-2)

where W, . is Whittaker function 27 -

By analogy with this we define the peneralized Laplace transform of
a distribution £(t), whose support is bounded on the left, by
F(s) = L £(t)
= < £(r), sPYDSE (/2 g o (as)> L. (L.1-3)
In this paper, we have established the Analyticity Theorem for the
generalized Laplace transform (1.1-3). Firstly, we shall define some
testing funection spaces and shall quote some theorems and properties re-

lating to them.

1,2 The Testing Function Spaces 1&’3 (1), ﬁd,a(”

Definition 1.2.1

We define tbnﬂ (I) as the set of all those complex-valued smooth
functions @ (t) defined on (0,=) for whicbh the expression,

5
sup| _BEt toH-r 9—ur£l
dt

O<t<w

-
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where ol , § are suitably fixed real numbers, 1s finite for each non-

negative integer r,

i.e. 'wd,ﬁ (1) = {0 : P e ¢ (0,») and

sup Bt o+ T c‘lrg(t) L
O<t<a g t P2 <=} siens Kb 2=1)

(I) is a complex-linear space. It can be seen with the usual

W
ols B
ctions and multiplication by a

pointwise operations of addition of fun

complex-number.

For @ & "&,B () and r = 0, 1, 2, -
let us define functionals Yc'k'm [{'}]
o, B,T e
X
by o,k,m _ sup gt e&tr d P(t) _
Yd-,ﬁ,r M =gcees | & & ae* cee (1.2-2)
(1.2-2) clears that for each r = 0,1,2, —— ,
Yc,k,m is a semi-norm on W (1), while
ol ,B,T o ,B .
‘I'.':E:l;:‘: is a norm. Herce, the collection

C,k’m s T = 0.1'2’______ “aw (1-2"3)

Wep D= Ype

is a countable multinormed space. Sequential convergence and cauchy-

sequence in Hd 8 (1) [defined as in Zamanian 3, p: 5-6/
E ]

x | T
clears that if mn}nrl. converges to ¢ in %(,B (1), then

{9 } ., is a Cauchy-sequence in W, ; (I). But it is not immediately

obvious whether the converse 1s true.
Theorem: 1.2.1

‘:‘3{ g (1) is complete and therefore a Ferchet-space.

proof: The proof is trivial.

aw

is
th

0
o

a3
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Corollary: 1.2.1

If {¢n}m_l be a sequence of functions in (1) converging to zero

it
[the zero function of

e,
Ei 8 (I)7 when n + =, then for each non-negative

»
integer r, {p® Qn}:-l converges to zero uniformly on every compact subset

of (0, =) as n+ = .

Thus, E< 8 (1) satisfies all the three conditions for being a testing
functions space, Ziemanian 3P 3@7. We call elements of ﬂ* 8 (I) as test-

ing function.

Definition: 1.2.2

Ed 8 (1) is the set of all those complex-valued functions ¢ (t)
t ]
defined on I(0<t<=)such that, for each non-negative integer r, the ex-
pression
sup Bt - O - .
gctew | € T () 6 (B) |

where ol , B are suitably fixed real pnumbers, is finite.
Le.ﬁ*s(l)-{ﬁz ¢ €6 C and

sup

J<t<w eEt =

d .t
t (tgp ¢ ()

< @ ]

W g (I) is a complex-linear space with the usual pointwise operations

and multiplication of a function by a complex number.

For ¢ € Ei 8 (I) and ¢ = 0,1,2,-~———; we define semi-norms
r ]
E(,B,r (g), by %i.ﬂ.r () -Dzzzm oFt %t %E'r é (1) e (1.2-6)
Since s(,B.U is a norm, the collection ﬁi.B = (Ei.ﬂ.r 1 =10,1,8 Seme)

is a countable multinorm and Ei 8 (1) with the topology genmerated by the
= t]

the countable multinorm g*, g is a countable multinormed space. The

concept of convergence and the completeness of Ei 8 (1) are defiried in a
)

way similar to those of W

a8
and is seen to be a testing function space.

(I). Hence, the space 8 (I) is complete
]

%
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Lemma 1.2.1 T
| Suppose W (1) and W (I) are testing function spaces as given
. a8 A, 8 B f
in definitions 1.2.1 and 1.2.2, ol s8 being same fixed real numbers for ; e
‘ both. |
(8 W, (1) =W, (1) in st £ el d
| a) 08 Ls ) in store o ements, ’
(b) the Eqpolpgy-Tl generated by
W, = {Yc k,m} in W (I) is the same as the topology T
\B o, I=0. ol 8 2 W
| =
generated by
o - «© Pro;
e {%{,B.r}r-o i E{,.s (@, 250
Proof;
Suppose 8§ = t 4
dt
By the method of induction it can be observed that for k = 1,2 ,~——==
£EDE § (£)im B (8-1) — (b= k4 1) &) e (2]
k 13 or

so that t" D" ¢ is a linear gcombination of :
56, 628, 83§, —— % 4 . Also, e see that

2
€ g = b, 5 +b, 298 , b, (t‘“"* er (1.2-8)
de2

dek

where bi 's are integral constants, Now, (a) is clear from (1.2-7) and
(1.2-8). Also, from these relations we can see that

¢y kym _ . )
gﬂ.ﬁ.r (#) = A max {24,530 (4), . Z{,B,r (#)) ven (1.2:9)
and
(#) < xSk (,s) ¢Cak,m ) 12510 where
i B max d BN d'a-’ﬂ (ﬁ} ERR) ( 2~ )
for some suitable constants A and B, r and ¢ depending upon the choice Thus,
c,k,m . _
of W at g,y Tespectively [Zemanian 3, Lemma 1.6-37. This E:ﬁ

proves (b)
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suppose ol , B be such that
(1) Re (l+ctm»0,Remz0; |
(i1) Re s > @, s not lying on the negative real axis, then
l w(gst) ¢ %L,B (1), where,

wigst) = (qst)° 12 ~(p-a/2)st W o (ast)

W, being the Whittaker function as mentioned in sec. 1.1.

- Proof:
We have

v _ a5 pe-1/2 -1/2x .
=F et T &, w7 |
d" rem x L I
=S LT T Y (el /2 5 2wblix)] |
% [from Erdelyt, 5 p. 264] | '

or

|
]
|

T v r i
4 (8, TE - 1 T (DT e ¥ (Ctmtl/2; 2utlix)
I dx n=0 i

. (ctm) === (cimirsn+]) xCHITHR

[from Erdelyi, S, p.258]

o e-1/2-r+n/2 -x/2 , o
C, (1" (ctm) /2 ~x/2 = (x)

r
B _ n
where, (ctm) = (ctm) -——— (ctm-rin+l).

Thus,

Srwigﬁt} - qs)'l' arwggﬂt!

at’ a(qst) ¥
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2o % - n-r ~(p-q/2) st
= @" % DV /- e
r=p
u 1 W
r = u
Yo, Tl (qet)* ™2 T 2 (@) sl , -
- cu (c—m-utu)l (g8 ) +§
u=o0
where o+u > min.
¥ k Jm sup gt ﬂt(-l-r ot w(qst)
[w(qSt)J 0<t<°’ e atr
sup | Bt rHu o oM, o neTHY 1yt
= Det<w ‘*+r (qs) réﬂ Cr( 1) (p/q
ul gy oy u (gst)
: R -m) c-ntg-5 WU o
-(p~q/2)st {o-m) | ¢ 373 , B3
e feeias £ u (e-m-n+u)! (gst) 2
u=o0
o +u/2=1/2 -(p-q/2)st
S s gt iy (q8)" (qst)® WE/Z =
O<t<m Bl
£ n-r 1, (c-m) !
ol = o (pla-1) Tty
Wk+u,‘2, m-u/2 (gst) e Cu (c-m-n+u)

Now for large t, i.e. for |dst| + = , s fixed,

(c-m-n+u)! > 0, p > q, we have

-1/2 -(p-q/2)st
|eet £ (gs)" (gst)® Licwol2 e k+ufw.m—u/2(q3t) ’

= +k+2u-1/2 ‘
e[g -(p-q/2)s) t toc+c+k+u 1/2 c+k+2u-1/

(gs)

+ 0, as t += ;| s fixed with Re 5 >

Z p—q

for small t,

u (gst) ,
H
v ool 22113

He
ol and
v© Jk,m

& B.
Now, it

w(gst) &

Corollar

Und:

31 »

——

B(q

Corollarz

Let
plane whi,

uniformly

1.3 The Ge

We de;
generalizec
completenes
plete we ha
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% g0 qe)™> -1/2+u/2 ~(p-q/2)st

ietu/2 meuf2 (988
P& e

l stctmt (u or o}< 6™ ¢ ﬁl: —(p~q/2)st

as t =+ = , s fixed, for Re (X +cim) > 0.

Hence, from (1.2-11) we have that under the assumed conditions of

Ql and B ,
c,lk,m : © = ———
&.B,r [”"'(QB“-)] < 3 X 0’1 '2’

Now, it becomes clear that

w(gst) & o{B CEe

Corollary: 1.2.2:

Under the same conditicns of the theorem 1.2,.2;

k1)

.
__a_w(.ﬂ%t)_ € W (D).
8(qs)

Corollary: 1.2.3:

Let r and n be negative integers and 0 a compact set of complex
plane which does not contain any point of negative real axis. Then,

ﬂ, 20
d's’ {m}( Bﬂ < @
algs)”

uniformly for all s lying in Q, Bﬂ is 2 real constant depending upon Q.

1.3 The Generalized Function bdpaces H&B(I):

We denote the dual of El 8 (1) by v g (I). Members "0( 8 (1) are

., B . B ’ [
generalized functions [Zemanian 3, p. 39/. Concepts of convergence and H
L

(I) are defined as before, Since W A B(I) is eom-
*
plete we have from /[Zemanian 3, Theorem 1.8.37, ‘

completeness in ﬁo( 8
sk
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Theorem: 1.3.1:

|'
c( g (I) is complete.

1.4 Properties of Qg- (I) and its dual H;i (1).
Property: l.4.1: '8

Since Bl < Bz

B;t B,t
i Ei"l".l’.' D‘I.' 9 (t) | < | - 2 g'H.' Dl.' ge) |

we have
& Jk,m c Jke,m oo (141
Loge M S50 @) (1.4-1)

(1.4-1) clears that whenever By < By

@ Wy MW o D,

(11) the topology of W B (1) is stronger than the topology induced on

it hy'W - & BI(I) [Zemanian 3 Lemma 1,6-37 and thus, the restriction of
: 1 e £feW (D).
any £ € Of.Bl(I) to 4'32(1) is in Wq. .32( )y Mo £ o{-ﬁz( )

Propert¥; 1.4.2:

By the definitions of the spaces D(I) and E(T) /[Zemanian 3, p.33-35]
it is clear that D(I)C.'u& B(I) C E(I). Since D(I) is dense in E(I),
%ﬂ B{I) is dense in E(I).

We can easily prove that if {9 } converges to @ in D, then [9 }
converges to @ in W B(I). For the support of ﬂ and P are all contained
in some closed interval [a,b]y; 0<a<b <o, so that

k,m Bt o&(+r T
b St - @) =sup | e t D° (2 -9
oLy BT O<tce i [
o,
a::gb Bt ST ot mn__ ) ‘

where, C =

It fo.
that W
a a(]

Prugertzg 1

For eg
negative in

[<€, 8 > | .

It foll

1.5; The W
S

Definition:

We call
a member of |

From the
member of W'
"’

real number

B > Ue and f

Definition: 1

Let fe ¢

F(S) = (b
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= g¢<t<b

D(B 9)|
where, C - aup | ge ¢l+t|

T - 1
It follows th&t the restriction of any f e W, B(I) to D 4s in D , so
»
that W cl)f-'-n
ol#

Property: l.4.3:

L - B
For each f ¢ gx.sfl) there exists a positive constant C and a non-
negative integer -n such that for all @ ¢ Wy B(I),
]

< m=ils e 25 T W

It follows from the Theorem 1.8.1 of Zemanian [37.

1.5; The W Trensform of Generalized Functions:

c,k,m

Definition: 1.5.1:

We call "£' a W N transformable generalized function if it is
a member of W' (I) Eor some fixed real numbers of, B.

From the property l.4.1, we have that f ¢ E‘ B(I) then f is a

member of E& (I) for every g' > B, which implies tbat there exists a

real number o (possibly gg = = =) such that f ¢ q{
b ]

8 >0pand £ f (1) for g < o

(I) for every

£

Definition: 1.5.2:

Let fe H B(I) We define the ﬁ e transform of f denoted by
Hc {f) by the relation

F(S) = O, o) (&)

= < £(t), wlgst) > cee(1.5-1)
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c—1!2. e—(p—lfz)bt

where, w(gst) = (gst) W, (qst) and s & Rg .
o

The region Q; is defined as below,
f={s /Bess £, sd0, —un<args<mu} e (s 5=23

If g ¥ o, QE is called a cut-half plane and is obtained by deleting
all real non-positive values of s,

L]
The definition 1.5.1 has a sense as an application of f ¢ qi B(I) to
. ¥
wigst) € aﬁ B(I) for fixed real numbers,c{ and § with Re s < B,
; :
Re (& + ¢ +m) > 0,

We call the number 0c as abscissa of definition and 2, the region
of definition for the generalized Wc R transform.
¥y

Theorem:1.5.1 (Analyticity Theorem):

Let F(s) = “c " m(f) for s ¢ ﬂf. Then F(s) is an analytic function
{ Bt

of s and
3%(qst)
ng £(s) = < £(t), -—ELﬁ—-E >,8 e (K:5%3)
a(gst)
where, w(gst) = (t:,*sn:)c-w2 e—(p—q!Z)st Wk m(qﬂt)
n
and Dn = = n = 1.2’ ————
: d(gs)

Proof:

From Cor. 1.2.2, we observe that the right hand side of (1.5-3) is
well defined, we shall show (1.5-3) for m = 1 and the theorem will
follow for every n = 2,3, ————— by the method of induction.

Let s be an arbitrary but fixed point in nf. We choose real

positive numbers B', r and £ such that

o < B < B' = Re s-r; < Re s-r < Re's.

A
restriq
entire]
Finally

conside

F(s + A
A

where

wés

From Cor.
Bn W
d(gs)

are membe
we shall
it will p

< Ef
[from the
equality (

The o
Lo gs in w
"If £(z) 1s
interior pc

£" (a)

wvhere ( is



Also, we denote the circle centred at s by C whose radius is rai We
restrict r, (and thereby £' end r) still further by requiring that C lies
entirely wif_h’tn_ 2 (i.e. C does not intersect the non positive real axis).
Finally, suppose hs be a non-zero increment such that [4 s | < r and
consider the expression,

( ._'_:';-.a < f(t:‘, D§ w(qstj .

where

88 _p_w(gst)

3(gs)"”
are members of L (1), hence (1.5-3), (1.5-4) are well defined, Now
we shall prove that ¥ (t) =0 in W LB (I) as hs =+ 0, cmgqumtly
it will prove that

< £(t), _q.-___ (t) > + 0 as As -+ 0,

[Erom the continuity property of f £ w 8 (1)] and hence proving the
equality (1.5-3) for n = 1.

The order of differentiation can be changed to that with respect
to gs in w(gst). Applying Cauchy's integral formula which states that
"If f(2) is analytic on and within a closed contour C and ‘'a' is any
interior point of C then

where C is traversed in the positive direction to ¥, (t), we have
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dﬂ

—?{ ‘HAs (t) }
dt
m B (ulgs +87st) - w(gst) _ u(gst)
ant A s d(qs

awh (gst)
1 =
- 5‘“; {gs + A st) - wnt (gst)] - —a-'éq—s-)—_-.

where, the suffix n, indicates n times partial derivatives with respect
to t.
1 1 1 1
-...._[.._f{ - 1} w (qst)
As = 2ri C 2z-q5 ¥ 3% z—qs n,

w_ {zt)
n
I o2

dz
c (z-—qs)z

e =
2ni

(using Cauchy's integral formula).

w. (=zt)
A
Ae £ dz

"%t/ 2
C (z-qs + As) (z-gs)

Bt gh—n a°
dt

Now, | e ?AB (t) 1

Wy (zt) eBt %““
Ag ! L de [

-l—— A —
C (z-qs + As) (z-—qs)z

2nin

 las| % Lo lasl s (1.5-5)
= 2

L 2 (r-r,) T
(r—rl) T g

Eﬁt gl+u

In the light of Cor. 1.2.3, | w, (qst)| is bounded on any
t

compact subset of ﬂf, let us suppose that this bond be < M, hence
(1.5-5) is justified. From (1.5-5), we have

4]

5] ¥

S K
Reader
Depart
Ranchi
Ranchi-
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Md;a q e g—lﬂ ,.f;n &) _ =50

as A s + 0,
This proves the theorem.
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romagnetic Flow of Visco-Elastie Fluid
Ne&r an Oscillating Porous Flat Plate

Y.R. Sthapit

1. Introduction

The exact solution for the flow of a viscous incompressible fluid
near an infinite oscillating flat plate has been obtained by Stokes [7]
and later by Rayleigh [4]. The solution for the flow of an incompressible
visco-elastic (Revlin-Ericksen model) fluid near an infinite porous flat
plate has been obtained by the author /6] when there is a uniform suction
imposed over the plate. The solution for the flow of an incompressible
viscous conducting fluid near an oscillating non-conducting flat plate
in its own plane has been obtained by Ong and Nicholls /3] in the presence
of uniform transverse magnetic field. This analysis has been extended by
Chowdhary /17 when there is a upiform suction imposed over the plate.

This analysis has further been extended by Kishan and Sharma /2] taking
into sccount the effect of the action of body force.

In this paper we obtain the solution for the flow of an incompressi-
ble visco-elastic (Revlin-Ericksen model) conducting fluid near an oscil-
lating non-conducting porous flat plate in its own plene when there is a
uniform suction imposed over the plate in the presence of uniform trans-
verse magnetic field.

2. Formulation of the Problem

Consider the flow of an incompressible visco-elastic conducting
fluid about an infinite porous flat plate which executes linear harmonic

oscillation with velocity U cosnt in its own plane along the x-axis. A
magnetic field of uniform strength H, is applied in the direction of y-
axis taken perpendicular to the plate. Since the plate is infinite in
length and uniform suction is imposed over it, all the physical variables
depend on y and t only. The pressure p in the fluid is assumed constant.
If v, represents the velocity of suction or injection at the plate, the
equation of continuity
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%) g-g-o

with the condition v = Vg at y = 0 yilelds v = v everywhere.

The governing equation describing the flow of an incompressible visco-
elastic conducting fluid in the presence of uniform transverse magnetic

field /5] is

2
Ju ‘du 3w 3 Ju
(2) e %= iy + 85 GF
(5 3y

with the boundary conditions

u =0 gosat at y = 0,
@) }““

u=20as y -+,

where v is the kinematic viscosity, B the kinematic visco-elasticity, p
the density of the fluid, ¢ the electrical conductivity and B = uH
(= constant), the component of electromagnetic induction.

Intreducing

t = nt,

n'y‘fgl

&
A =—; A > 0 (injection)
Vo A, < 0 (suction)

in (2) and (3) we get

32u 82

3u du 3u Ju
(4) R Aa—n--—-+s—-2-(-a—t+ Aﬁ)—mi

2

8= an an

with the conditions

v 2uy0 g2
s 3y‘p

u

B u

]

(3)

3'

(6)

and s

(7)
where

The cc

(8)

Equati;

(9)

where t

Substit
S,Hjeg.

(10)

(11)

The corr

(12)

Solving |

(13)



W =Ucos T atne=o,
)

4 =0 asm .

T

®) u = W(n) exp (1E)
: and substituting in (4) we get
D S+ (1S W - ' - (L +m) W= 0,
where dashes denote differentiation with respect to n .
- ® W= Tlat i =0,

'ﬂ_ -'U as n »> ©,

Equation (7) is solved by perturbation technique and for this we assume
©) W w s+ 0,

i
Substituting (9) in (7) and equating the coefficients of like powers of
S, we get

where the elastic parmar - §v¢% 1 and W,"s are independent of S.

(10) Wo- AW - (L+m) W =0
L S LA A

--“.;-,.""' u, rﬁi =0atn = 0,
(12)

W, =W =Oasnre.
Solving "_ (10) and (11) with the boundary conditions (12) we get
xp (bn)

(13) e =

Y.R. Sthapit 33

=
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(b4 { +..ul;b'2
(14) Wy v - n exp(bn)

\’15 + 4 (1 + ml)
B % r=h® 4 ate+ ).

Hence from (6), (9), (13) and (l4) we get

(Ab 4+ 1 + mllb?' m,
15) g = Lexp(bn) + S { n exp(bn)}7 exp(1E)

\hz'ﬂc 4(1 + ml)

= (F, + 18,) exp(1t),

where

where

F_ = {cos gﬂ+ Sn(M cos %‘- + N sin -gﬂ}) “P(%‘J&n),

F, = {- sin -gﬂ-? Sn(N cos -gﬂ- - M sin %’l) exp(i-g-zn):

il q¥;t-02 s N !2 S
p° +q P +q

c cA-pta=-pt-dh @-2) G -pq
8 4

2

_ 2
2 - A {( = p)* —='qg°}. A(x - p)g
D = _E + 7

. F6% + wp® + 16 + 62 + 7",

-t
vz

1 &{ 2 2 2 t
g == MO + 4m )" + 16«0 + 4m, )7 ",
5 L 1

Therefore from (15), the real part of u(n,t) is

(16) u=TU [eos (E —%n-)-I-Sn{H cos(t— -tzm)-l-ﬂ sin (t- -gﬂ}l] Exp(éi-z)n.

For S #'0, A # 0, m =0, we get

where

which 4,
near an

FOrS-

u =1 ex

which ig
flat plat
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which 4s the solution for the flow-of non-conducting visco-elastic fluid
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For 5 =0, A 40, m #0, we get

w=vemp ) -1 0% vqmp? e+ 02+ )Y
. cos © - < /0% + tm) + 16 - B2 4+ )V
27 '
which is the solution for hydromagnetic flow near an oscillating porous
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Semi-Geodesic Correspondence in a Ri
uSpctae g

$.C. Rastogi

A curve whose differential equation is .dzuh}fd}sz' + \‘;‘1 :aﬂ?ia'a; &a-f{d_sz;
= 0, vhere T}, 1s a seni-symetric comection (Yano /5]), has been called
a semi-geodesic curve in a Riemannian space by the author [47. The cor-
respondence of Riemannian, spaces such that semi-geodesics of one are also
semi-geodesics of other has been defined and studied by the author [4,5]
and called sm-gagdesic correspondence. In this paper we have studied
semi-geodesic correspondence based on certain known commections and ob-
ta:tned eerlz’a:[n entities which are invariant with respect to semi-geodesic
emupondance Some new curvature temsors have been introduced: and
their properties studied.

1. Prelimine

ies
Let M be a Riemannian space with metric temsor 844 Christoffel
symbols { 1" ', curvature tensor jihk- and the Ricei temsor “31 Let

t.-'i 5111" ba a covector then the semi-symmetric metric connection is
expressed as [3]:

Ly R e gl - |
(1.1) ji {ii}+ sjp_ Byy P -

.k curve whose differmtalal equation is given by d % !dsz
+ v j’.‘l’ dxj!&s dx‘_lda = 0, is called a ms.—geo&as:lu curve [47.

Similar to (1.1) author /57 has also studied semi-geodesic curves
based on ,,-.;;i defined by

ey p————
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1f M® and " are two Riemannian spaces, then a mapping f: M > W
is called semi-geodesic correspondence if semi-geodesics of M" are trans-
ferred to semi-geodesics of M.

In [4] author has proved that if Mn and Hn are in semi-geodesic cor-
respondence then v?i given by (1.1), L ji and Tji given by
h

h
(1.3) Ly ji} + % 6 Pt 6 Py~ By P

and

(1.64) T?i--% (s?i py — 1[40,

transform as follows:

h h h = h -

(1.5) Tyi = Ty1 + {aj{zn 9, - 23, log g/g) - ‘51(29!_1 - aj log g/g)}/

2(n-1),

~h h h

(1.6) Ly =Ly * > (sj P, + 1|4

and

.7y T =1t 4 (8 (@) 9, - 3, log /g) - 1[5} /2(m-1)

: EE U T S B :

where - ilj means interchange of indices i, j and substraction and Bi
is an arbitrary covector field [4]-

in [5/ author has proved that if M® and ¥" are in semi-geodesic
correspondence then V;i given by (1.2), M?i and T?i given by

(1.8) Hh o

} - % (6 p, + 1[3)

3 3

and (1.4), transform as follows:

(19 Ty = iy + 6y 2y log Elg - 3| D/2641) + By & N
5

(1.10)  Hy, = ji +% (6 P, + 1D

and

(1.11) T?i j +% {éj((n+1) 3, log g/g - 9,) - L[]

(2.1)

Now usiy

(2.2)

in (2.1)

(2.3)
Theorem |

£33
91 glve

Now -

connectig
(2.4)
From (1.3)
(2.5)
Applying (:
{2.6) i
Since 1t {:

2.7) =
therefore f

(2.8) i
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oo equation (142) by wipeue o (1.9) we get
(2.1) 'tg"'i;a = .".;1- + ts‘; log Bl - 114)/2@H) + ¥ &+ 3y s*; .

Now using [57:
(2.2) iy Py * @y log B/ - (n+l) 93D/ (n+l)
in (2.1) we get on simplification

@.3) {“ } - {j 1+ es 3, log Elg + 119/20H1)-

Theorem (2.1)« Under a semi

31 h’enbxtlntmuﬁumasm (2.3).

Now we consider the effect of semi-geodesic correspondence on the

copnection defined by

e h def. (b1 _ h
(2.4) Nyy === -{j_ﬁil g1 P
prom (1.3) we can see that

@  Njgety- (e g + 11D

Applying (1.6) dn (2.5) we can get

(2.6) ﬁji 11 + ‘s(ﬁ @, - Pyt t 113).

since it is known that [@

(2.7 pj = p, + ((n+l) B, -6, log 2/e) /(-1
the“i“e grom (2.6) anﬁ (2.7) we get on simplification
2o B N"‘ -~ <6 (29, - 3y log B/®) * 1]3)/2(0-1)
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Hence:

Theorem (2.2). Under a semi-geodesic correspondence /47

N?i defined by (2.4) transforms as in (2.8).

If *Sji = engji, i.e., two Riemannian spaces M" and *M" are in con-
formal correspondence, then it is known that their Christoffel symbols are
related as [2]:

(2.9) *{h } = {l;j} i 6-1; Pi + Bl; Pj = gji ph‘

ji

With the help of (2.4), equation (2.9) can be expressed as
h
i
which when transformed under a semi-geodesic correspondence /4] takes the
following form by virtue of (2.7), (2.8) and (2.9)

(2.10)  *{ .} = N?i + (62-93 +1[3),

@D () = *(5 ) + (6] (2apy - 5, log §/p) + 1[$)/2G-1).

Hence:

Theorem (2.3). Under a semi-geodesic correspondence /4] the conformal
Christoffel symbols given by (2.9) transform as in (2.11).

If in equation (2.4) p" = 0, then from (2.6) we get

h h h
2.12) () = {50 + k(85 9, + 1]3).

Conversely if {?1} transforms as in (2.12), then from (2.4) by
virtue of (2.6) we get

——

@13 {tregd

=k h

h
11

- (s? (20, - 9, log §/g) + 1[1)/2(a-1),

(2.17)
and
(2.18)
which a;
them sey
3. So

Let
ocbtain

(3.1)

where T



Comparing (2.12) and (2.13) we get

2.14) By " - 8y Pt - (e ((a+1) By ~ 3, log g/g + i[5)/2(x-1),
which when contracted for h and i, by virtue t_!_sf (2.7) leads to

l.es, p j is invariant. Hence we have

Theorem (2.4). If p ‘=0, then u under a semi-geodesic correspondence [47,
ahriatoﬁel symbols transform as in (2. 12). Conversely if they t:mfm_
in (2.12), then the vector p, is invariant under a semi-geode _
mgime_ .

Remark. Equation (2.12) can also be obtained from (2.3) with the help
of (2.2) for Py = 0.

From equations (2.3), (2.8) and (2.11) we can easily obtain the

following entities e

h*def.{}

@16 ()

(8} 2, Tog g + 1]9)/2(t)),
@an  wd dEEah el T 4 1]/ Ge)
CHUINE A B R R E IR

which are invariant under the semi-geodesic correspondence. We call
them semi-projective invariants.

3% Seme vature Tensors

Letlim hhe the curvature tmotbase&onﬂg then we can easily
obtain

where "V,

3y denotes covariant differentiation w:lﬁh reapent ‘to Nh

£ 38
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a ] ! .
If Baih Nkji' = Nkjih’ then this tensor obviously satisfies

: h h
B2 Wgy = =By v Mg = = yiqns
(3.2)b Nkjih +1i|h = le (vjvh ~ phpj} + 1[0} - j|x
and

(3.2)c Nkjih + eyel. (k,j,1) =0,

where Vk-deantes covariant derivative with respect to Christoffel symbols,

o e h o P
Putting Nji Nhji and nkj Nkji » we get from (3.1)

: ; ss . h
and
(3.3)b Ny = Vipj - 1[3.
From (3.3)a and (3.3)b we easily obtain

(3.4) N., -N,_ =np

i ij i3°

Hence

Theorem (3,1), The tensor NJi is symmetric in i and j iff p, is a

gradient vector, vjpi ¥ 0.

The Bianchi-identity for'Nkjih can be obtained in the following
form
h
geg toevel. (Lk,3) = 0.

(3.5) ‘91 N

Contracting (3.5) for h and k we get

h

(3.6) P Ny =~ W W '?h Nlji .

2 I 3 I &

Hence:
Theorem (3.2). The tensor v Nji is symmetric in 1 and

3 ALE °V, Wy gy

L is identically zero.

If we

(3.:7)

wiich pives

(3.8) 7

Multip

(1.9) v

- L
where | S55

Beace:

Decres (3. 1)

‘
Filals *-_!.:__1_:'

Forther §

= cam obtaip

Meores (3.4),

Spsation (3.1

Further co

v i
a

- Kji v

1
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ﬁl.ﬂiﬁiﬁ5-:03 then Erom equation (3.1) we can obtain

1f we assume
G k"= Y 8 - e,
which gives on contraction for h and k

(3.8) Qo : h

ﬂhiﬁipiying (3.8) by gjl-we:ggt

s ol g e AL o B
(3.9) Wy Rpm Yy Yy 00 =gy @Y 90

Also from (3.8) we can obtain
(3.10) v, X =0,

vhere & 955" ¥ - (n-1) :'?h- Pﬁ.
Hence:

Theorem (3.3). __I_-;ij. i__h has a vanishitg covariant derivative then there

exists a scalar ¥ whose coﬁariant-dhriuative is zero.

Further if we contract (3.7) for a and 1 and note that gkji? =0,
we can obtain :

@D Y @ gy - 30 =0

Hence:

Theorem (3.4). E ﬂk jih has a vanishing covarlant derivative then

equation (3.11) is identically satisfied.

Further comparing (3.9) and (3.10) and using /2/:

29, k% = ¥, K, ve obtain

a2 gM 7y 5 8% + 4a-3) ' vy (7, ¢)) = 0.

|
f
|
|
|
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bl

A Riemannian space is said to be symmetric if it satisfies Cartan [1]

) h
(3.13) v, K= 0,

therefore from (3.1) for a symmetric Riemannian space we get
h 2 _h = h
Gul8) Yy Mgy + 8y V) TR gy Uy V0 =0,

_ . h 34 _ b
which by virtue of Nkji g K, gives

, > h
(3.15) v :(NE + (n-1) 77, p )=0.

Hence:

Theorem (3,5). In a symmetric Riemannian space M" the tensor Nz +

{n-1) ﬁvk ph, has a vanishing covariant derivative.

Similarly contracting (3.14) for h and k we get

s e S T
(3.16) L} Nji + g4 9 VP m8y Yy VJ p 0,

which on multiplication by gji and simplification leads to

ERTO o w =1y v, N,

; - i
where N Nji g .

Substituting from (3.17) in (3.16) we get

= (u-l)'1 & v N,

- G
(3.18) vl vj P 91 Nj i1
which together with (3.14) gives

@19 vy Nt gy 0N - @D e - g

Hence
In a symmetric Riemanmian space M

Theorem (3.6).

Peotso N - @7 n

1 Mequ 19

It
(3.20)
whare Pj
Alsc we |
21

s

(3.22)
Comtractis
{3.23)a
shich eagi

(323)b j

ad
2.23)c

Substitutin
for h and 1

(3.28)a vl
and
{3.24

)b vl

e get on si;

(3.25
) vk ]

Nhltiplying (
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It is known

that the curvature tensor based on *t’?i} 1s given by [2]:

R T (CHE TS WO |1 8
where By, = Uy by = By by +h Py B By By =y

Also we knoy that *K,, = = 0 and *K;, = *K,

is given by
a2y WKy =Ky =(-2) By, "?: By
16 v, #K, " = 0, then from (3.20) ve can obtatn

@ v Ky e T By ey Ty E - Sl
Contracting (3.22) for h and k ve get

Gaane Iy gy = Oy Ky - gy Yy 2D/ @),
hich castly gives

(O IR e )

3
and

(3.23)e 9, p; =V, K/(20-1).

Substituting from (3.23) in (3.22) and contracting the resulting equation
for h and 1 and using

(G.260b ¥, K =% T K,

we get on simplification

Multiplying (3.25) by g'! we get v, K = 0. Hence:
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Theorem (3.7), If in a Riemannian space M, v *Kkjih = 0, then the
scalar K is covariantly constant and the tensor vk Kji is symmetric¢ in
j and k.

In a symmetric Riemannian space from (3.20) we can obtain

h h h
(3.26)  v) MKy = (85 Yy By F gy Yy Py - 3k,
which easily leads to

(3.21a ¥, Byg® (gji v, p + 9, *K )/ (2-n),
h h h -

(321 v pY = ) 4+ 6 v, 9D/ (2n)

and

t .
(3.27)e Vl Py = Vl *K/2 (1-n).

Substituting from (3.27) in (3.26) and contracting for h and 1 we obtain
on simplification

1 L
(3.28) Wy M = 7, Wy +gyy () K - 0 %/ @-1))]/(a-2) - §]k.

If vj*x = (n-1) V then equation (3.28) gives

jl
(3.29) ?l*xkji - (vk*xji - 3lK)/ (n-2),

1

while 1f (3,29) is satisfied then V *K = (n-1) ?l*Kj .

il
Hence:

Theorem (3.8). In & symmétric Riemannian space Mn, the necessary and
sufficient'condition for (3.29) to be satisfied is given by

VJ*K = (n-1) V *Kj

4. Correspondence of curvatiure ténsors

If Ekjih denotes the curvature tensor based on {gi}, then from
(2.3) we can obtain

(4.1) ikjih

=Ky 4 (6 By - 3]0 /2600),

and
(4.4 3

If *K
(2.11) we ge
(4.5) *E
where
o, £ (5

W cznﬁk
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def. . N

(3 log 8/8) (3, log &/g)/2(m+l).

Contracting (4.1) we can easily obtain |
D Ry By = 0-h) By Rs)
(4.2)b gkjii =0,

If ﬂlﬁj'a;h' denotes the curvature tensor based on ﬁ;t': SSairg
equation {2.8) we can obtain

& h_o ®_pgh_ o _ _-
(CONEE VRS PR OR S T {qyq + (204~ 3, log g/8).
(20, - 3, log /)/2 (n-1))7/2(n-1) - 3|k,

where '

déf. . ’-__ i : ; > . a5 : S8 - =h .
qy =520 270,09, - 3, 0, log /g "'“;i 3, log &/g.

From (4.3) on contraction for h and k and h and i respectively
we obtain

(b.4)a 'ﬁﬁ =Ny - 0y - V,0) /2(a-1)
#lqyy + (29, - 3;log B/p) (20~ 3 log 8/8)/2(u-1)]
G)b Ty =gy = (ar2) (7,0, = 1[3)/2(a-1).

o

If ﬂﬂu 1'h: denotes the aurvneu:rfe tensor based on */ J ;) then from

(2.11) we get
s 4R P " ad) ney ¢ 8 D 26D - 3k,
where

o, $5£- (2n 9,0.=3 2, log 3/g) - (T,} (2@, - b_ log g/g)

- (209, - 3, log B/g) (209, - 3, log §/e)/2(m-1).

_— Y
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From (4.5) we can easily obtain

(4.6)a  *K, = *K__ + ncviaj ~-J|D/@-1) - % Dyy

3 §i
and
(4.6)b ﬁji = n(o+l) (7,0, - 1[3)/(a-1),
where Eji = *Kjik .

T Semi-projective invariants

By eliminating nji from (4.1) and (4.2)a we easily obtain the follow-

ing semi-projectively invariant curvature tensor

h h o
(Bo) Byt = Kt (8 Ky - 0/@-D,
which is well known projective curvature temsor [2]. Hence:
Theorem (5.1). The Weyl's projéctive curvature tensor ijih is also
fnvariant under the semi-geodésic correspondence /3, in a Riemannian

space Mn.
Eliminating.(?jﬁi - 1|§) from (4.4)a, b we get

(5.2)  + (20, -9, log glg) (2ﬂ.j - 9y log g/g)/2(n-1)

%
= offy, -y o+ Gy - g fee2)]

Substituting from (4.4)b and (5.2) in (4.3) we obtain on simpli-

fication the following semi-projectively invariant curvature tensor

’ h def. h h -1
5. 3) skji = Nkji = 51 nkj (n+2)

h =
- {8y Gy *+ @) nyy) - §[k3/ (a-1)
Contracting (5.3) and using S, = shjih and Yy = skjii, we get

(5.6) Sy =0, Wy = (0-2) (a-1) "L (42) ™t gy

From (5.3) we can observe that if skjih = 0, then

(5.5)

Contr:

Theor

tenso;
———

Theore
condiy
tha th

{(5.7)

while f:

I:‘-a}

Rep.

{5.10)
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(5 Nyt 2yt 68 my + @7

Contracting (5.5) for h and 1 we
Theorem (5.2). 1f in a Riemannisn
tensor nj i—'ts‘--a- symmetric teasor.

obtain for m > 4, Ny = 0.
space M, 5, ;;" = 0, (@4, then the

49
{E mj gt (ttI-Z) 4 13 - 3k}

Hence we have

Also from (5.3) we can easily ‘establish

Theorem (5.3). If in a Bimmian space M any

conditions 1) skji = 0, 11) iji = 0, 111) nji-o._.

the third is also satisfied.

Fucther 1f in (5.3) 0y = 0, then we can get

(5.6) -.skﬁ -ukﬁ - (o-1)" Lo Hji-jlk].

Hence:
Theorem (5.4).
and sufficient

:Ef in a Riemannian space un “ji = 0, then the necessary
mdition for sk 3 ih to be zero is given by

i h‘ v lh 3 g
N (a-1)" (8§ Wyy 3.

kii

From (5.3) by virtue of (3.2)c we can easily get

h _h

o)™t @) + eyel. (k,3,4) = 0,

while from (3.5) and (3.6) equation (5.3) yields

o IR, (o S i I e
CL I T P G TR R 1 —2)” vy M0

+ cyel. (1,k,3) = 0.

Replacing b by 1 in (5.8) we get

6.9V Sy = @D b fiane3) (v Ny - 310
-(n-2) (n+2)” “X’i “k]‘
If Yy “'gj = 0, equation (5.9) reduces to

a0 vy 5t - @) @D en Ny - gl
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Hence:
Theorem (5.5). In a Riemannian space M° satisfying "V, T = 0, the

- _ : 5 n
tensor ?k Nji is symmetric in j and k iff vm skji 0.

From equation (4,6)a we can easily obtain

(5.1Da 20K,y - #R,,) + 20(n-1)"" @0y - 319 = D,

and

(5.11)b  (*K g * *Kij) - (*Kii 4 *Kij) -'Dji'

3
Comparing (5.11)a and (5.11)b we can obtain

- = -1
(5.12) Ry = #Ryg) = (*xij = #Ky ) = 2a@-D7 (7,9, - 1]1).

Substituting the value of (vjni - 1|4) and Dy, from (5.11)b and
(5.12) in (4.5) we obtain on simplification

b def. h h -1 ;h
(5:13)  Wygp" SERag Cbb (8) WK+ eDT 8y

(%K, + *R O] - ]k,

| i
From (5.13) for vkji = vji and vkji = ukj' we obtain

(5.14)a vji =0

and
(5.140b v,y =dn (%K, - 1]5).

From (5,13) analogous to (5.3) we easily obtain the following
theorem:
Theorem (5.6). If in a Riemannian space M" any two of the following

conditions, 1) vkjih = 0, ii) *Kkjih =0, 111) *Kkj = 0, are satisfied
then the third is alse satisfied.

I£ V,,," = 0, then from (5.13) and (5.14)b ve can easily obtain

* = & .
Kji Kij' Hence:

Theorem (5.7). If in a Riemannian space the tensor vkjih = 0, then the

tensor *K. . is symnmetri¢ in j and 1.

ji

3.1im)

iis
side of
(3.19)

Be=ce:
Theoren |

vtnishig‘

Soastant
—_—

If &
(5.20)

which give
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i
1
If p y 15 a gradient vector, equation (5.13) by virtue of (3.20) and I
(5.1) can be expressed as :
B s W Bl h, ~h N ey nomat o
(Ge13) Yy = Pygy + Doy 8y + 8y By - P g/ @17 - 3]k, |
h A el
6 p B _ ph h E o Ymen) - 1k
(5:16) By = [y Byg + & (pyy - By 8y,)/ (-1 - gk
Hence:
Theorem (5.8). 1f p, is a gradient veeto; then the necessary and suffi-
cient condition for the vanishing of V,,, is that the projective curva-
ture tensor is expressed as (5.16).
o . h iy 8
1If we assume -71 'K‘kji = 0, then (5.13) implies
(5.17) ¥y MR = Ty (R - k) +Hv, Ky, + il1) + 3|k} (n-1)7.
Now 1f we assume that vy ’(*‘jn - j|k) = 0, then equation (5.17)
implies
(5.18) V) K= (T MR+ ilk)/(n-1).
Since "vl #xk_j 11 is skew-symmetric in j and k and the right hand
side of (5.18) is symmetric in j and k we easily obtain
(5.19) 9 *‘31 + ik = 0.
Hence:
Theorem (5.9). If in a Riemsonisn space ", the tensor V, " has s
vanishing covariant derivative and the ténsor V jPi = .v.ipj. is covariantly
constant, then the tensor 7 *K,, is _skew-symmetric in k and j.
If in (5.17) “ij' = "*'Kji' then we easily obtain
(5.200 v, *Kk:! g =Y K
which gives
P
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Theorem (5.10). If in a Riemannian space M°, vlvkjih = 0, and the tehsor

;
the vanishing of Vl *xkji and vice-versa.

Remark

= o1 *
*Kji is skew-symmetric in j and i, then the vanishing of v Kjk implies

One can also obtain the properties of symmetric Riemannian spaces
h

based on vkdi .
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"Effect of Perturbative Force on Motion
and Stability of Interconmected Satellite
System"
M.P. Thakur
Abstract

The effect of atmospheric resistance and magnetic forces on the
relative motion of two charged satellites connected by a light flexible
inextensible and non-conducting string in the earth's central gravita-
tional field of force is discussed. It has been assumed that the centre
of mass of the system moves along a keplerian orbit under Lorentz magnetic
and atmospheric resistance. Under the assumption that the centre of mass
moves in a circular orbit the line-arised and normalised equations of mo-
tion are derived. It is supposed that the satellites are subjected to the
impacts absolutely non-elastic in nature, when the string becomes tight.
Finally the motion of the system has been considered in equitorial plane
of the earth, taking into account the non-dissipative part of the atmos-
pheric resistance on the relative motion of the system. Although this
amounts to, over simplification of the problem, reducing the same to
scalaronomic system and hence admitting the Jacobi's integral. But the
existence of this single integral comes to our rescue in unveiling the
behaviour of its motion relative to the centre of mass of the system to
a great extent. With the help of this single integral, we have been able
to obtain the sufficient conditions for the non-evolutional motion of the
system in which the system alvays moves like a dumbbell satellite and the
string is always taut.

The paper contains also discussion about regions in which the motion
of the system remains always similar to the dumbbell satellite and the
string never slackens up.

Introduction

The present study is devoted to the study of the effect of atmosphe=
ric resistance and the magnetic force on the motion of a system of two
cable connected satellites in the central gravitational field of force.
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The satellites are considered as material particles moving in Lorentz
force field and atmosphere. The motion of each of them relative to their
centre of mass has been studied. It is supposed that the centre of moves
along a given keplerian elliptical orbit. It is assumed throughout the
work that the satellites are subjected to absolutely non-elastic impacts
when the string tightens up. The cable connecting the two satellites is
supposed to be light, flexible inextensible and non-conducting.

1. Motion of the Centre of Mass

Let us first consider the motion of the centre of mass of the system
under the central gravitational force only. Let ;1 and ;é denote the
radius vector of the particle my and-sn2 respectively with respect to the
attracting centre and 'l' denote the length of the string connecting them,

The constraint of the system is given by

voe (1:1)

(Fig.- 1)

The Lagrange's equation of motion of the first kind for the parti-

cles m and m, are respectively

¥ m1“¥1 +
myT, + r13 + 2X (rl - rz) = 0
+ WXy o +
m,T, + r23 + 2 (rz - rl) =0 een (1.2)

Adding the equations in (1.2) we get

s -
m,r m,r
171 2
ME + U Q?IE_ + 7,3 ) = 0 sy, C123)

where R
and M

Let £y

respectively

Substitut
wnder bracket

quantities (1.

il
where F, =

1
and F. =
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n'l-.'z’l +m,?,
nl.:-b m2

and M= my + m2 was ChedkY

where R =

Let p, and p, denote the radius vector of the particle m and m,
respectively relative to their common centre of mass then -

;l =R + Py
‘i.f.z =K + 0y oas 0EL8Y
It is but matural to consider that maximum distance 'L' between the

particles is infinitesimally small compared to the distance r; and r, of
the particles i'l.'!-l__ and mz from the centre of attraction.

. 1. 5
i.e. ?<<landr-

1 2

< ]
Now p; <% andp, <9 thus
py < <rlaqd gzé: <T,

But -r.‘_l =1, = K. Hence

2
P P
-i—ﬁ‘ &8 Hﬂd R =ieny vew (1.6)’

Substituting the values of ? and ¥, from (1. 5) in the expression
under bracket in (1.3) and then expamling in ascending power of the small
quantities (1.6) we get

i+ %- B+, e WL

where  F = %‘ (n131 + nzng? + 3% [ (mypy +mypp) /

R
e
P2 F 2 A& P22 3
and -;%[1-{(«:—%}-5(§.—l )-!-mz {(-ﬂ—} '56}7:'-%"’-13-‘:&

R
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; _ 3
+3§ml @B By +l?-' ®& Py) I sos DB
R R

Other terms in (1.7) are of higher order in the infinitesimals. From
(1.4) and (1.5) we can easily obtain

o,

> (+ - )
1 m 172

-+ m], -+ >
Do = = (T,.-T.) .+« (1.84)
2 mlﬁn& 21

From (1.84) we get

mpy + myp, = 0 cvn (i

Obviously the first order perturabation term F, is identically zero.
Thus the motion of the centre of mass upto the first order infinitesimal
can be given by

Mi+ﬂ3i{.g eve (1,10)
R

We have simply neglected the second and higher order terms in the
infinitesimal
e P
1 2
- g

This shows that the motion takes place along keplerian orbit to a
good degree of approximation.

2.  Equation of Motion of the System Relative to its Centre of Mass

Let us now consider the motion of the system relative to the centre
of mass taking into account the atmospheric resistance and Lorentz magne-
tic force. The equations of relative motion can be deduced with the help
of Lagrange's equations of motion of the first kind as there is a cons-
traint imposed on the system.

The Lagrange's equation of motion of the first kind for the parti-

cles ml and m, are

Now gince

The equa

forces reduce

3
P2
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- ”? o 5 - | o
mE, ¢k o a@ ) + 0, Gam 4 oem 5] 7
r =
= I
. u?
u?, + 32 S AGED + 0y Gpam) * pem, |5 F, e
T,
2
Where
A = Legrange's undetermined multiplier
u = Product of the gravitational constant with the mess of the
attracting centre.
H The mtensity of nhe earth's magnetic field for equatovial
satellites = = ¥ (!%)
M = Magnetic moment of the earth. Subtracting the two equations
in (2.1) we get
gl : oz
Gty = [ o2 9@ 2y A Z A
Fietg) = L =g =7+ @-%,) & -5
Ty I, 1 2
: =¥ +
Bl o M. 9
- [“-i (xpv o (t AV - 37 7
+e, [e :['rllrl - <y l.;zl t, J wne €242)
Now since
3 & P Il TS N
':1 - r2 = - '-“——-—’ml p2 “aw C2-3)

The equation of motion w:l.th non-dissipative part of the aerodynamic
forces reduces to the form.

m +m
o HL Qﬁ(i ) oe (GR Ap.
.ﬁz % Py = = Py mm, %) P2

-, “ +m2 ia ?{(ﬁ) ('**- ‘i‘z‘)} ife ali e C2A%)
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Again let us write

ﬁg = Unit vector along the axis of the magnetic dipole of the earth.

gg = The volume of the magnetic moment of the earth dipole.

zr = Unit vector along the radius vector

b3
R = TRT

So the equation (2.4) reduces to .....

2 . 0, 0
= T 3R > mytm, | 1 %2
27 Q37275 2" mpam, 2 mpm, myom,
B o .
‘E -+ +n >
x [;5 RAK_ - 3(K].e) BNez 7 + o) cuie NS

This is the basic equation of motion of the system which describes

>
> X
- 7

the relative motion of m2

(Fig. 2)

Now the cartesian system of coordinates (ilﬁlz) will be introduced
with the origin at the centre of mass of the system and axis as shown
in Fig. 2 (Zaxis'being normal to the plane of the figure) though ¥ not
shown in the figure then

p,=xT+yT4¥R

R=1TR% cosu + I € siny

Therefors

Where 1

the true

gl

In orde
doce the rot

of mass of t
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Therefore ;‘r = |§| / |R| = 1 ‘cosv + 1 sinw

Where I. ':T, ¥ are unit vector along x,y and z axis respectively and v is
the true anomally of the centre of mass.

i = 4{nclination of the orbit with the equatorial plan of the earth.
W = Argument of perijee,

K_ = (stow sini) T + (cosw sint) § + co si &

With this relation for Ke the cartesian equivalent of the vector equation
(2.5) can now be easily obtained as ——

= m,+m
A I 3u (g'mnw. + ; sinu) - (m.'l .z). A
B R B

- m o ] H
1 (u_f‘— -—2-') [-% cost (sinv.R + cosv R.9) 7

o By TR SR
+a (l.! cosy - Ry sinv) ,.. (2.6A)
as m W
;' + -T-"-j}' - -3-% siny (g cosv + ;' sinv) - (ml mz_) A'.}‘
| R R i
m a e, W
1 1 2 E -y .t. .
= = —— (— = =) [— {cosi (sinv RV - cosvR)}]
By ) S S
ka, (I'{ sinv + RV cosv) ... (2.6B)
Lo m, -+, m 7] Q,
P Y Ay g . A k- 2 ot x
R ("-‘1 L o T ("‘1 %2

p -
[=5 (cos (vhOR - sin (vha) RV} + 3 sin (o) RYT...(2,60)
£3

and the equation of the constraint takes the form

SR AT e (2.7)

In order to study the normal and transversal motion we shall intro-
duce the rotating system of coordinates with the origin at the centre

of mass of the system. Axis £ along the radius vector axis n towards
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the transversal to the orbit of the centre of mass in the direction. of
the motion and axis £ being directed along the normal to the orbital

plane of the centre of mass of the system.

In the rotating frame of reference the system of equation (2.6)

will be transformed as -

s : m, +m
AP TR LB B ST
'S i )
m a ©
1 1 2, ~UE ’
L ) (= =« —=) [ == (Rv)] cosi + a.R «.. (2.84)
(m]_-l-m.2 m, m R3 1
i ol el it B
T+ 20E - V'n + VE + lgﬂ SN
R 1) =2
o D (s R .
- - m-l'l'mz) (—Ii-l- _E) [p;s . R7 cosi + a Ry «vs (2.8B)
m, +m m 0.-@
ey hop- Dk - - () D x
5 i-jt My Wa g ("‘1'““2 my R

stni [ EZ R cos (viw) + (3 - 2£5) Sin (vhw) BV T ... (2.80)
R R

and the inequality (2.7) giving the condition of constraint assumes the

new form

Eante ® 1 . (2.9)

The Nechvil's transformation given by the following equation

E= px , n= py , f’- pz sss (2:10)

el OZGLTY

1
vhere p = R/P =I5 coey

and p = focal parameter

e = eccentricity of the orbit.

L
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transforn the equation (2.8) into the following set of equations
& ' nomaly of the centre of mass is given by the rela-

vie Fra -.p._ —f vee (2012)

x" = 2y' - 3xp = ha-émi-!-fpp‘

v+ 2x' = My ~ cosl +f pz_

111'%'

ﬁl.b

1 N
' + z - Apz - [-z—-. cos (vtw) :4-;‘-1?- '

e

(3767 - e) sin (vhu) 7 sind ver (2.13)

_ w9 6 P_L mlﬁz
h 2O ey e e —_) s ) (
vhere e & R o

dé&h&s representing ﬂif_’farept!;at—ion with respect to \ .

The coadition of the comstraint (2.9) is now given by

kg —il,- cee (2014)

3, Motion of the System in the Case of Circular Drbit of the Centre
of Mass '

Let us assume that the centre of mass-of the system moves along the
cireular orbit, Thus e = 0 and P = 1 d.e. bt w0 . e shalll assume
‘that the motion of the system takes place in the plane of the orbit of
the centre of mass and hence the Z-Co-ordinate will vanish. Thus the
equations governing the motion are given by

xt 8 2y" 3x = Ae® - A cosi
y' 4 2" = agy+ £ NS5
With the condition of the constraint

24y < cer (3.2)
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As we are dealing with the unilateral constraint (3.2) there will
arise three cases. ’

(1) The case of loose string (Free-motion)
(11) The case of tight string (Constrained-motion)
(111) The case of alternately loose and tight string (Evolutional
motion)

Let us first consider the case of loose string. The motion of the

system is free constraint and therefore Ag =0 and xz + yz =1,

Thus m2 moves inside the circle

24 a1 cer (3.3)

The equation of motion in this case takes the form

x" - 2y' - 3x = - & cosi
y" + 2x° _ e (3.4)
Whose solutions can be easily obtailned as

x-m 2¢, + A cosi + 2fy + ¢, Cosv + ¢, sinv

3
Y= - (3c1 + 24 cosi)y - g fvz -2 (cz sinv — cy cosv) + e,
P I 85

Because of the presence of the secular terms 2fv and - (3c1+2Acoai)u
- 3}2fv2 we see that the moving particle is bound to touch the circle
x2 + 32 = 1 at certain epoch and after this moment the string will become
tight and the particle will start moving on the circle and its motion

will now be governed by the equation (3.1).

As the centre of mass is moving along a circular orbit and the -time
does not appear in the system of equations (3.1) explicitly. The energy
equation must exist for the problem,

Now in order to obtain jacobi's integral for the motion of the
particle m,, we multiply first equation of (3.1) by x' and second by y'
and then adding we get

{

|

Tedece
vt

wh

form, h
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x'E" 4 y'y" - 3xx'=h (e’ + yy') -Ax' cosi + £y' ... (3.6)
5o for the umit circle
x2 4 y> = 1 and xx' + yy' = 0

Hence
x'x" + y'y" - 3xx' = - Ax' cosi + fy'
Integrating we get

% (:'2'+-y‘3) - % 3x% = - Axcosi + £y + h/2

1. x'2 + y'lz - 31:2 = - 2Axcosi + 2fy + h ves (3.7)

Again multiplying the first and the second equation of (3.1) by x and y
respectively and then adding we get

xx" + yy" = 2(xy'=x'y) + L,dﬁxz‘i-yz) + IxP-Axcosi+Ey ... (3.8)
Differentiating (3.6)A with respect to v we get

24 y% a4y ver (3.9)

So (3.8) and (3.9) give

- ag e Byt + 26yt x'y) 4 3% - Axcosi + fy ... (3.10)
Now to simplify the equation (3.7) and (3.10) further we switch on
to the poiar coordinates on the unit circle by substituting

x = cos¥
K= Bin'! cew (3-11)

Using these and their derivatives, the ‘equation (3.7) and (3.10)
reduce respectively to

¥'2u3co8%y - 24cos¥ cosi + h + 2f sin¥ wee (3.12)

which is the Jacobian integral of the equation of motion in polar
form, h being Jacobian comstant.
ay = (041)% + 3cos’¥ - Acos¥ cosi + £ sin¥ — 1 ... (3.13)
From which the Lagrane's indetermined multiplier A can be cbtained.
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The mechanical implication of Lagrange's indetermined multiplier is
that the constraint is effective as long as ), (t) < o end whenever this
condition does not hold the constraint is not operative. Then the parti-
cle moves with loose string. Thus we obtain the condition of the cons=
traint motion in the form

' + 1)% + 3cos’p - Acosy cost - 1 + £ siny 2 o e (3.14)

Hence forth in our subsequent discussion we shall assume that the
condition (3.14) is satisfied with the help of (3.12) and (3.14). The
region of possible motion of the particle m, on the unit circle (3.3)
can be determined., From (3.12) we obtain

b - 2Acosy cosi + 3cosZp + 2f siny > o . )
obviously this holds 1f

h > 2Acosy) cosi + 2f siny o (3.16)
It is not very difficult to obtain from (3.15):

(fz' - az-'coazi)' coéz"iﬁ -~ Ahcosi cosy + (hzﬂc - fz) >0

or cosy = Ahcesi + VA"h cos i"é'ﬁthzlﬁ‘—'- fz) (1'2 - Az'coszi)

2 (f + A®cos i)

i.e. lies between

o1 4 /45" + GEoAScos i - £oh° J
2 (€% + A%cos®1)

E (3.’17)




Condition for motion of the :p&ttziéin:-:m'z under effective constraint
is' given by (3.14). This is obviously satisfied if
= 1 2 Acosy cosi - £ siny v (&)

In our subsequent discussion we shall use the term non-evolutfon
motion If the string remains always tight during the motion and evolution-
-al motion when the motion of the -ajfr's!:an_i is the combination of free motion
and constrained motion.

From (4.1) it follows that we shall have evolutional motion if

=1 = Acosy cosi - £ siny vee (4.2)

The inequality (3.14) can be written in the form

12 1 ot 2 i i } : S . :
W+ 207 + 3cos ¢+ £ osing > Acosy eosi san (4,3)
The evolutional motion will take place if

2 1 Zaol o —

$° o+ 297 + 3cos 4+ £ siny < Acosyl cosi cer (4.4)

The inequality (4.4) Fepresents a curve {n the two dimensional
phase space (m,w.l).

If the moving particle comes inside this curve in the phase space
@J._l.-,ﬂrj‘)' the string will become loose and the motion of the particle in
this case will be free from constrafnt.

The equation (3. 13) represents also a curve in the same phase space
on which the particle 1is moving for some fixed value of h.

Then the set of real points of intersection of these two curves in
the two dimensional phase space are the regions of evolutional motion,

In order to obtain the points of intersection of these rtwo curves,
Jet us add -(3.4.3'_-} and (4.4)

29'% + 29" 4 £ sing < b - Acosy cost e (4.5)



;

66 Nep. Math. Se. Rep., Vol. 12, No. 1, 1987

This inequality will always hold 1if the weaker condition is
which is obtained by putting cosy = 1 (max) in (4.5)

fee. w24yt (u/, - &/,c081) = o . |

The roots will be real if

h > + Acosi SO

BRIl = B3 -

Thus if h < - = + Acosi Yy

The point of intersection will not be real and hence the moti
this case will be non-evolutional.

Examining the real roots of the equation (4.6) between which
evolutional motion may take place it can be seen that region of ev
tional motion for negative values of ' is greater than that for
values of ', 'Hence all motions for which evolution does not take

in the case of Y' < o will remain non-evolutional for §' > o as we

Subtracting (3.12) from (4.4) we have

20" + 6c052¢ + h < 3Acosyeosi - 3f sini v, I

In order that evolution may take place we must get real value
cosy and hence the inequality

- 20" - h - 3f siaf + g A2 ccszi > o aae 4
Consequently the motion will be non-evolutional if

= 2¢' -= h - 3f siny + g A2c0821-< o o (8

Substituting the roots of the equation (4.6) into (4.11) to el
nate ' we obtain

+ /142 (b-Acosi) + 1-h + g Azcuszi - 3f siny < o

which gives the condition for non-evolutional motion in thé fo
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——

123 4205202 5 (1o Asos! 13 A%cos?t + £ siny

+ hfsiny + fzaiuwa + g Azc_nsz-i fedny)

for any wl ‘ won (4.12)

and (1ii) {h_—z-—;-g__ Akzcusz-i_.')z < 4-'(_-_1—-'5-9'-;3-4- + -1% a'zcos-z‘l + fsiny

+ hfsiny + fz sin  + g: Azcoa_zi feiny

o (4413)

SRS Acosy cosi - ¢ siny
2 h < -% + Acosi
25

(h-2-g Aeos?1)? » 4¢1. Acost

==+ -“1'% 22cos?y + fsiny

;- +£20 00 . 3,2 2

+ hisiny + ¢ siny + z A%cos®1 fsiny)
for any yt,

4o (1-2-3 a%cos?1)? < 41 A9 4 3 ooy 4 fsiny

+ hfsiny 4 fzsi;mp ¥ § -Azc.asz

i fsiny)
for yl 5 o vee (4.14)
Now 1f we put A=0 ang f=0 in the aboye in equalities ye get
. 1
1, h <~ 3

2. -0)% > 4 for any !

30 2% < 4gor gl s o vee (4.15)

67
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Which are the results for non-evolutional motion of two cable-con-
nected satellites without any perturbation of atmospheric resistance or
magnetic force in the central gravitational field of force.

New the curve (3.12) and
1 2t . 2
(" + 1)° =1 + acosy cosi - 3cos™§ - £ siny vee (4.16)

Which gives the boundary of evolutional and non-evolutional motion
have been plotted for different values of h, A and 1.

The curve depicting (3.12) are cerred integral curves. The integral
curve which cross the boundary (4.16) represents the case of evolutional
motion and evidently the curves which do not touch the boundary represent
the non-evolutional motion of the system.

It has been seen from the Figure (3) that the integral curve
h < ~1.65 are bounded and donot: enter the boundary (4.16) and hence they
represent non-evolutional oscillatory motion of the system (like a dumb-
bell satellite). ££'¢1 > o then all integrel curves for h > 1 lie out-
side the boundary (4.16) and as they are not closed curves, the system
is rotating like 2 dumbbell satellite; if wl < o then it can be seen from
the Figure (3) that all the integral curves for h 2 4 donot enter the
boundary (4,16) and hence the system 1s rotating like & dumbbell satel-
lite.

Tt is worth mentioning that in case of motion of the system fin the
central gravitational force the integral curves for h < -,5 lie cutside
the boundary (4.16) and represent the non-evolutional motion but here
in case of Lorentz force field and atmospheric resistance, the integral
curves of h « -.65 remains outside the boundary (4.16) where as motions
for =1.65 « b <.5 are evolutional which are non-evolutional in the

case of central force only [17.
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