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On the Radius of StarLikeness of SekLieht
Funetions

Poonan Sharna*

{bstr.Ect. In this paper, we f ind the reglon 1n whlch the functlon

f ( z ) - z +  f , .  , n + p ,  s , r c h t h a t r ( z )  " f t f t 1 1 t t - o  { f ( t ) } o d t ,  t s
P"r n+P 

z o

a starl lke function of order p where F(z) ls a member of S*U. Thls re-

sult ls sharp and contains the theorems of Llvlngstoa [6]/, Bertardl f4J,

BaJpal and Srlvastava [3J, srryh [2J and Rlzvl [tJ at speclal ca-ses.

1. Let S denote the class of functlons f(z)- 
" 

* 
'EZ 

arrzn which are

analyt lc and unlvalent ln the unit dlsc D = { l" l  .  l } '  whl le S* denote

the cLass of furtctlons in S whlch map D onto a starllke reglon vith

respect to the ortgln. l ,et Sl denote the cfass of functlons f(z) in S*

havlng the addlt lonal property

n" t "  f= ' , (3) )  
:  B;  os B 5 r .

t  ( z )

I lere B ls referred as the order of starl lke functlon f(z) and we l-den-

t i fy S* - S*. Llvlngston [6J showed that l f  F ls ln s] t fren f(z) *
o r o

'2  
f t  t ( r )J '  l s  un lva len t  and d tarL lke  fo r  l " l  .  

i .  
Th ls  was genera l l sed

iy rernardl [4J who n'l]"1;lll!rljrt t" 1n s*, tien r(z) - ft# [,crG)Jt
l s  s t a r l i k e  f o r  l z l  .  - i i # w h e r e  c - 2 r 3 , 4 , . . . ,  a n d  l z l  .  

)  
t o r

c-1. This result was further extended by BaJpal and Srlvastava [3J to

cover the case when F is 1n Sf. The result of BaJpal and Srivastava has

been further generallsed by Rlzvl fLJ.

Let f(z) - 
" 

* 
nE, "o*p " 

P be regular and unlvalent ln D' slngh

[2J f l  ;r- t lner extended the earl ler resu].ts. In thls paper, we f lnd.the

reg lon  lnwh ich  the  func t ion  f (z ) ,  such tha t  F(z )  -s1  
[4  

r t -o

if  ( t))odt, ls a sterl lke function of otd", B there 174 * a nember of

S* - .  our theorens further extend the earl ier works of Ltvlngston f6J,
o b

Beroardl [4J, saJpat and Srlvastaua [3J, Singh [zJ and Rtzv| fLJ.

rTh l .s  work  has  been suppor ted  by  J .R.F .  o f  C .S. I .R .  (Nev  De l -h i ) .

I
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Then

and

( 2 . 3 )

Now

Ilence,
c-o+2

z
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2. lX€6.fHLl. If f(zl -, + 
nEf 

a* a4 e S!

(2.1) antl F(z) . j*" dz rc-a'{f (t)}46s, tbeo F(z)eslu,

where c -  Lrzr3r. . f r  o so( s I  aod o g B s l .

Prdoj tet  J(z) ,  d" 
."-o { t( t )}d at.

J t  (z )  -  ; " -q  { t ( r ) }o

F(z) - {S;1 ,<"1

F,(z) - <"+ol f{#} - Hb re) J
z 2

.  (c*o) #tl i ' -{$ re)J

Ff (z)o-  (c+o)  fzc-o+L' t te))a -  (c-o+l )  t (z) .1

Nov,

fzc'o+z r'(z[' - (c+c) /(c-o+t) ,"-o {f(z)}o +

* 
"c-o*l  

a{ f  (" f f - l  f t  (z) . --(c-o+t) J,  e) J

-  (c+d)q  
"c -o* l  

{ r (2y10- l  1 '1 r ;

Ilence,

h"lil'A.*;tl' . (c+a)o zr',(?)
J ' ( z )  t  ( z )

Therefore uslog (1.1), we get

(2.3) Re <". 
frk;,<tU- - (c*c)c n.r:l;fifi>- (c+o)co

tterefore tuon (tSJ, p. 431) aod (2.3) c Ft

r

f

Pr

(:

E

(3

re

!!

(3

Put

t l

[<z

(3.

hc

(f(r
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*" ,zc'qj?:r ' (") ,  r  (c+')oB

Ilence,

*" 1-eEf(?.1 3 oe- ' -  '  
F (z)

which glvee r(r) e sle.

3: Thedrern 2. rf f (z) - z + -8, a,.- ,nQ and
P-r ol:Il

F(z) - j*- d" ."-o te (t))o dt euch that F(z)e slu, then

t(").sf for lzl . 
"o, 

where ro - uln (rtrr2), .l and r, are the enalleet

Positlve roots of the equetloas

(c+2oB-o)r2n + 2(n-l-a3)ro - (c-o+2) - o( 3 . 1 )

and

( 3 . 3 )

(3.2) 2- i2 -(L-r2) [rnp(r)ra-tD.o,p(r)-@

respectlvely. Thls result is sharp tf rl s rr.1 + r"'

P.to.ol . By the hypothesls of Theoreo 1, we have

(3.4)  '$ t t . u(l:edg).24-tdjG).

I + z4-I ro(z)

Fron (3.3) and (3.4) l t  fol lows that

{ r ( z ),} o - (.r.qL? *t (g.ro+2d B) r1J 1+( ; ) }' J (, )\ - \ - / /  
SL+"0-L.rGY.c'a+L

Dlfferentlatlng logarlthnically, we get

Further, etnce F(z) ls a etarl lke functloo of order cS , so there exl.Bte

a fungtLon rrr(z) whlch ls regular ln the unit and satisfles condltlons of

(2 ) ,  tema ' l -7  such tha t
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oz! ' ( i ) -  -zt ' r (?) -  (c-o+t) a -- ,  2z(aB-t) fza-Lr(z)J,
t \2) J(z) 

D7_a+2)+<"_o*zre)r%

Maklng  use o f  (3 .4 ) ,  we ge t

(3.5) drfig). _ 0B _ o_oo) t#

- = - 2.zfzt-L- ,(z)J' -
{ L+2,'-, u (z) } { (c_c+2 ) + (c_c+2cB) zn- I. (, ) i 

-

But

(3.6) ne rr.-4-l . <a , - +l"l2i:?.1,-<al?
L + z n - L  u ( z )  ; l  +  , r - 1  u ( " ) l r

and

(3 .7 )  Re  S  ^ .  - ,  ?z {zn - . I .  a ( z ) } ' .  -  ,
{ l+2"- .  oL(z) i  { (c_a+2)+(c_c+2cB)zn- l  _<.1 i

-  R e  f  : : .  -  2 z n d ' ( r l  
-  -

{L+2" '  t^r (z)  } {  (c-o+2)+(c_c+2aB)zn-r  r r (z)  i

+ n. r =.., 
z.(.n-I)f-I- tJ") 

,
{ l+2"- t  c , r (z)  }  {  (c_a+2)+(c_a+2c!)  2n- l  .k , l i

Now

ne f  - -  = ,  . -  .  2?nu. ' ( .2)  . -  ,
{L+2"- '6121} {  (c_o+2)+(c_a+2aB)zD- l r ( r )  j '

.  .  - . ,  . . . . .21 . r .1 " .1y( : ) l  . - -
I  l+2" - 'o r (z )  |  |  ( " -o+Z)+(c_a+2cB)zo- l - ( . )

well known terr,a ([U p. 16g), ve bave

lo '  ( " )  l :  
t - .1^ .@11
L  -  l . l "

ne f .=., 2{"r. '-(.2).-{ l+zn- l r , r ("11 
11ff i /

aqd

(3 .  l 0 )

Proo (3 .6

( 3 .  l l )

Xorr, sloce

n: beve

( 3 . 1 2 )  I

r r q  ( 3 . 1 1 )

t

Fron a

( 3 . 8 )

Hence,

(3 .  e )

fu j6a  ! ,

- arr

:ro(
! _ : t i ;
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.  z l e ln  ( t . l r i r ( z )  12 )=

n .  r  = = ,  
2 < " t l t  

" = l P ( z ) = . ' o
-{ 

t+2n-rur ( z) } { (c-c+Z ) + (c-a+2aS) zt-tr ( r) }'

. - z.(a+t) leLo'tlg(z) L'  
I t+"n-lolr; | | (c-c+2)*(c-o+2cp) ,t-1.(r) I

Fron  (3 .6 ) ,  ( 3 .9 ) ,  ( 3 .10 )  aod  (3 .5 ) ,  f ( z )  l e  s ta r l l ke  o f  o rde r

(3 . ' )  z t 'S( t - lg( , t ) ,12J + 2(o-r )  [ "1" -1 l t , t , ) l
t \ _  l r l .

. (r-.l.tl.2d:2 lor(z) l2) I (c.a+z)+(c-o+zoe)en-lo(z) |[**m
Now, stnce l i^r<z) l  .  lz l  andff is r ,

ve have

and

(3 .  r0 )

( 3 .  r 2 )

B '  i f

, 
(c:a+2)+(c-a+2oBLl z ln

-  
1 + l r l "

Fron (3.11)  and (3.12)  we obta ln that  f (z)  e Sf  r r

zl .z. l l  < l : l+Jz> l2t  + 2(n- l )  1"1o-11.{")  |
t  -  l , l '

. (l-l zfn-zlr(") l2) 1-<c-olzJ-+<c'o+idO
I

putrtns l"l - 
", 

lur(z) | - t and p(r) - t(.c-o+z)+(c.-g+.zo.g){t
I + r

ue get

,^ r^\ 
'""(. t ; t ' )  

+ 2(n-l)rn-l t  -  q1-r2o-2.2) ,(r) .  o
( 3 .  1 3 )  

L _ r 2

( c.o+z ) + ( c-oizoB ) f 
' 1o (z)

1 rird-l'<a I

+  l " l o
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Let  q( t )  -  z t t (L: t2)-+ 
2(o- l ) rn- l t  -  ( l - r2n-2r2)  p(r )  

,L-r'

q'(t) - t+ - ,"2n'2 p(rft  + 2(n-l)ra-l
l.-rz

S i n c e 0 S t s r , q r ( t ) > O i f

,

+ -  rh p(r)  -  (n-t)  < o. z
l-r

It le eatlsfled if , . ,2 where r, ls the snelleet posltlve root of

,r' - rilr '-D + rn 
.pG)J (t-r2) . o .

Heoce, l f  r  < r,  the naxl.num of C(t) is ettelned for t  _ r.  Now (3.13)
holds 1f

2nr.n - (t-rn) {(c-o+2) + (c_o+2oB)rn} . O
of, r

(c-o+2cB)r2n +.2(l-og+n)rn - (c-o+2) < 0

It holds lf r < r, where f1 ls the smallest posltive root of

(c-c+2aB)r2o - 2(l+rr-oB)rn - (c-a+2) - O.

If rl S rrr sharpness. of the result lg eholm by tbe functlon
F(z) - .(i+"o)-2(1-aB)/n e sjg, for the egrreepondlog functioa f(z)
rre get,

W 
- aB - (l-cB) t

Clearly 
#- 

B - 0 fot z - r", hence, f(z) cannot be etarl lke of
order I ln any clrcle of radlus greater thaa ro.

As a corollary of Theoren 2, we. get the following Theoren of
Rlzvt ILJ nhlch lncludes a result of BaJpal and srlvast ava f3J for
cr. I and Bernardl [tJ to, o - l, B - 0.

ei

F (z'

aod

l " l

Thls :

?bese

shovlr

B

Slogh

Corollr

a t _ ,  f (

tot lzl

r'oot of

h o - ( t

rt Dcctl.

I t l

tlc.rlc

Irreaccr

N  t . r .
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Cordllery I lhlzvt!. If f (z) - . * 
,,i. 

ao zn and

F(z)  -  
Hi l ' i  dz 

tc-o { t ( t ) }o dt ,  where c '  1r2r3. . . ,  0  <a(  < I

and lf F(r) . s*U then f(z) Is starl lke of order I ln the region

l " l  .  r o

l f  c  _  2 r 3 r . . .

r
- i , t t c - 1 , a n d 3 - 9

- , ( z , a g ) - t l $ , + _ a l | ? ) r l 2 , 1 f  c  _  l  a a d  0  <  B  <  l , q ,  I  o .

Thls reeult ls obtalned by teklng u r 1 la equatLoo (3.1) aad (3.2).

These equatlone .become ldentlcal, as can be easlly verlfled, thus

showlng .ro r r l  r  12.

By choosing.o - 1 ln Theoreo 2 glves the followtng reeult of

str:sh [2J.

corou.arli 2 fstagbJ, rf F(z) - 
" 

+ plf "o*o?o*p, 
s;

then f (z) -;*:A; [zct(.)J."16 unlvalent and starllke of order B
(c+1) z-

fot lzl . to where ro - nln(r1r 
"2), 

tl and r, are the snallest posltlve

root of the equatlone (c+28-l) ,2n - 21n+l-B)rt - (1+c1 - 6

2ra - (L-r2) f,r\(r) + (n-l)J-,o, p(r) - J Q+-c) + (c!zg-t)rn,
- 

l*rt

respectlvely. Thls result ls eharp tf  r t  S 12 .

I t  is my prlvl lege to thank Dr. S.N. Srlvastava fo4 hts valtrabLe

suggestlons and guldance ln the preparatlon of thls paper..
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Manimmt Likelihood Estimation in Branching
EuolutionarA Markou Processes in Dieerete-'

Iime
I l .B. Shrestha

Abstfact

The tndtvtduals ln a certaln populatlon reproduce according to a

Galton-Watson (GW) branchlng process and dl-sperse spatial-1y among states

of a f lni te discrete Markov process. When the dlspersals occur according

to a Markov chaln or ao autoregressl.ve chain, the process ls observed. for

n generatlons and the dispersals of the indivlduals are observed at the

tlne of braaching. The oaxlmum likelihood estioates (UtE) of the para-

meters of the dispersal- conponeot are derived end the asyuptotlc proper-

ties of these estimates as the number of generatlons increases to lnflnlty

are diecussed.

l .  Introduction

Dharnadhlkarl (1982) has studied the Lnferentlal aspects of a few

branch{ng dlf ferentlal processes where the part lcles i ;row according to

11near birth or blrth and death process and the dlspersal processes have

stat lonary lndependent lncrenents. Shrestha (1984) studied the problen

of estlnatlon of the par€neters of the dlspersal components of some branch-

lng evolutlonary Markov (BEM) processes where the partlcles grow accord-

lng to some branching laws but have Markov dependent dlspersals. In thls

paper, we sha11 study tsro dlscrete BEM processes srhere for each process

the numerical lncrease of the populat lon of Lndlviduals (part icl-es) is

descrlbed by a GW branching process whlle the dlspersals of the parrlcles

follow a dlscrete Markov chaln (MC) for the flrst process and an autore-

gresslve chaLn for the other process. Inference ln BEM processes where

the dispersals occur accordtng to seml-Markov chaln and compound geometric

dlstr lbutlon may be found ln Shrestha (1984).

Consl"der the GM branching process whose n consecutive generation

s lzes  are  {60 ,  E1, . . .  t r r } .  Le t  the  o f fspr ing  d ls t r lbu t lon  be  g iven by
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{ a n ,  k  o  0 , 1 , 2 , . . . } ,  t h e n  
%  

-  P  { E ,  -  t c }  f o r  a l l  J  -  1 , 2 , . . .  W e  a s s u n e

that at the zeroth generatl.on there l-s onJ.y one encestral partlcle. Let

p denote the probablllty of branchlng of a partl-cle. The probablJ.lty of

k offsprings at the f lrst generatlon is

( l . t )  
b k  -  t t '  P k # t

s " k . P + ( l - P ) r k - I .

Slnce the probablllty of branchlng of a partlcLe does oot depeod on the

generatlon time or the generetion nunberr.rre may assure that the offspri.ng

d is t r ibu t ion  is  g lven  by  {b1 ,  k  =  1 r2 , . . . }  where .bn  is  g lven  by  ( f . l )  and

bnts are known.

The problen of estlnatlon of paraneters of the dlspersal. component

of a discrete BEM process nay be studled by exploiting the uoderlylng

structure of lndependent and ldentlcal ly dlstr ibuted offsprlng slzes of

the successive generatlons. Also the nunerical lncrease ia the popula-

tion represented by the GW branchlng process and the spatlal. distrlbutlon

of the partLcles are governed. by lndependent probablUty l&rs. Because

of thls assunptlon of independence of the two cornponents, parameters un-

derlylng the forner can be qtudled lndependently.of the paraneters under-

lylng the latter. we also assume that the llfe span of all the partlcles

are same e.g., the l l fe span of some orgaolsm, bacterlum, neutron etc. At

the end of the llfe span, eech one of the partlcles produces progeny.in

accordance with the probabtllty laws of rhe partlcles of the prevtoue

generatloo. The offsprlng partlcle occuples the saae state occupied by

the pareot at the tlne of lts birth. The partlcleg slmultaneously move

about some approprlate etate space to be defined later on for each dls-

persal process.

In the next Sectlon 2, ve deflae the GW branching MC and derlve the

LlkeLlhood functLon for the process. we obtaln the MLE of the parameters

and show that--the MLErs are strongly conslstent and aslmptotlcally normel.

rn sectlon 3, sinllar aaalysls ls carrled out for the GW branchlng auto-

regresslve chaln.

Th

studled

componel

that the

branchir

affect t

coltlponen

2. ct.l

A G ]

lD the p(

the paril

over the

a process

tbe GW br

p  -  ( ( p  (

lnstFptaD

dis t r lbu t :

populat lor

lo r  n

oaly at tt

Suppo

d.oote the

? ' t = l  ^
: t t  J : l  

o r

rtrtc b dul

rtatbcr or

:d?p.adeal

t! ,eFrsals

l\rr yes se

5t ;tr*t

!r tlt of

: . l l  L
D
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The MLErs of the psraneters of tbe GW branchlng procees have be6n

studleal by Dlon (1972). Since her results are appllcable to the branchiog

component of the present process, we shatr1 not diecues them. We assune

that they are.knoren. Because of the assumptlon of the lndependence of the

branchlng and diepersel conpooeats, this additlonal assumptlon will not

affect the lnference problem concernLag the perameter of the dispersal

corponent of the observed procesaee.

2. GW Bretrihtuii uatlcov Chelp

A GW branchtng MC deecrlbeg a €ltuatLon wherelo the nuoerlcal change

ln the populatlon ls <lescrlbed by a G:!f branchtng proceas and each 
-bne 

of

the particlee ln the populatlon dlspereee sl.Eultaneously and lndependently

over the countable Sectlon I of lntegers eccordlng to a dlscrete l4C. Such

a procesa ls  de f lned by  en  o f fspr lng  d te t r tbu t lon  {bk ,  k  -  ! r2 , . . . }  o f

the GW brenchlng procees end the transltton probebtltty Datrix

p - ((p (a,b)); ,  arb e. I  of the MC. It  ls eseuned thet the l{C'has no

lnatantatreou8 etate and thet.lt ls ergodlc wlth {nr} ae the statloBery

dletrlbutlon, rl t 0 for all l. We also aseuoe tbat bO - 0 so that the

populatlon doee not become extlnct. The btenchlng process is observed

for n generetlons end the dlepersale of the partlclea ere observed

ooly at the tfues of branchlng.

Suppose the process ls obderveal ttl1 the nth generatl'on. Let tl

denote the nuober of partlcles ln the lth generatlon. Let no (arb) '
F '

,8, iEi 
6r.. (a;b) denote the totel nuober of tranettlone fron state a to

stat; b duirng the n generetlons, end where 6tJ' 1 or 0 accordlng as

vhether or not the stated transLtton occuta. Slnce the partlclee move

l'ndependently of each other, the 1lkellhood functlon deecriblng the

dlepereale of the partlcles nay be described es

(2.  r )  Lrr (P)  *  
a, i le t  

{p (a,b)  nn(a?b) 
} .

thus was see that {no(arb), arbel} ls a,eufflcleot statlstlcs for P.

The paraoeter  spece ls  g lven by {0 < p(a,b)  .  l ,  x  p(a,b)  -  l ,  a ,bel } .

the MLE of p(a,b) ls given by

1 I
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( 2 . 2 )

Nep .  l , l a t h .  Sc .  Rep . ,  Vo l .  12 ,  No .  1 ,  1987

-  - t

i i r r ( a ,b )  =  { nn (a ) }  
'  

no (a ,b )  ,

where no(a) = 
Og, 

no(a,b). Let mo =..1, no(a) = No-' .  Slnce there ls no

extlnctlon, n'+6 lnpltes tr* -. Thls is so because there are no instanta-

neous states ln the MC and P {no(arb) > 0, arb e I}-* I  8s n->:o. This al,so

lnp l ies  tha t  fo r  each a  e  I ,  rn r (a )+ :s  4 .s . ,  because as  D* : - r

Slnce

If we

a . s . ,

I t  fo1

( 2 . 8 )

and he:

( 2 . e )

Therefr

{ t

vhere +

velghte

a8)mptc

norual

In

g l s e x

d is r r ib

t -d is t r

3 .  GW

In

lnto th(

of thesc

si.ve sct

iaoi ly t

t : le Part

genera t l

c f  t h l s

( 2 , 3 ) (n , ) - l  n r (a )  - *  ' r 1 ( s )  >  o .

For glven no(a), in*(a'b) '  b e I) ls mult l-nomlel wlth tndex nr(a)

and parameters  {p (arb) ,  b  e  I } .  I lence. {mr r (a ,b )  -  p (a ,b )  n ; (a ) }  l s  a

zero nean nartlngale sequence. Therefore ds rl * @ r

( 2 . 4 )  i n ( a , b )  +  p .  ( a , b )  a . s .

thereby provlng the strong conslstency of the MLErs. Also uslng the

centrsL llnit theorem for random sums, we have

*.
(2 .5 )  mo(a) - '  (0 r r (a ,b ) -n (a ,b ) )  *  N(0 'p (a 'b ) (1 -p(a ,b)1)  =  z r (sax)

where + denotes the coavergence ln distrlbutlon. ThLs establlshes the

as)rm.ptot ic nornal l ty of the lh,Ets. Further the Joint distr lbutlon of

{no(a){ (0o(a,b) - p(a,b)),  a,b er} ls asynptotlcal ly nult lvariate normal

w l th  the  { (a rb) ,  (a r rb t ;1 th  e lement  o f  the  covar lance mat r ix  g lven  by

( 2 . 6 )  6 ( a , a r )  p ( a , b )  ( 6  ( b , b ' )  -  p ( a , b ' ) )  f o r  a , b , a ' , b r e  I .

To study the asyu.ptotlc dlstrlbution of the MLErs vhen non-random

norms are used, we need the followlng results. l{e have

t  € i - l

(2.7) E no(a) = t  03, , I r  :3r 
615 (" ,u) -  n(a) E Nrr_l  .

Also from Athreya and Ney (L972) it follows that E Nrr_l * 6 a.s. as

1+ @.  There io re  as  n  -+  - ,  E  no(a)  - *  6  a .s .

Also 1et 6rr(a) be I or 0 according as the Jtp.narttcle of the l th gen-
n 91-1

eratl"on ls in state a or not then no(a) = 
f l f  i l f  

6r, (a).
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Since n - inplles Nrr-l*'' 4.6. r lte ,have

"}i t  

x;11 mo(a) '  n(a) a'e'

If we recaLL fron Athleya and Ney (L972) that es ll -' @ ' No-l/E No-l*'W

a.s., vhere W 2 0 ts a non-degenerate random variable wtth E(W) = It  then

it fol lows that, as n + - t

(2 .8 )  no(a) /E  Nr r - l  *  n (a)  I {

and hence that

( 2 . 9 )  n  
r ( a ) / E  

n o ( a )  +  } J '  a ' s '

Therefore,

{E  no(a) }  t  {o r r { . ,u )  -  P(a ,b) )  *  z1 /  f r

where -r holds stably. The asymptottc dlstr lbutlon of, the MLErs ls thus
-t

welghted normal (or nixed nonnal) 
]13" "ott"d 

by E uo(a) "' The Jolnt

asynpto t ic  d ls t r ibu t lon  o t  {nno(a) -z  (Pn(a ,b) -p (a ,b ) ) ,  a ,ber }  l s  we lgh ted

normal ln the sense that i ts l loi t lng covarlance matrix rs W-l t tnes (2.6).

In the particular case when the offsprlng dlstr.lbution is geometrlc,

w is exponenttally dlstributecl wlth E I^1 = I and we flnil that the asynPtotic

dlstr lbutlon of the estimate of the paraeeter p(arb) converges to studentts

t-dlstr ibutlon lulth 2 degrees of freedon'

3. Cw Bienchlng Auto:regredslve Chaln

In this aection, we consider a sltuatlon whereln particles are born

lnto the populatlon raccaEdlng to a GW branchlng process and the dlspersals

of these part lcles on the real 1lne fR occur. accordlng to the auto-regres-

slve schene of f i rst order. The data for such a process consist of the

fanl ly tree of the part lcles in the populat ion and the poslt ion vector of

the part icles exlst ing at the end of each generatlon. conslder the l th

generatlon. Let Y1,i  denote the nagnltude of dlspersal of the Jth part lcle

of thls generation. '  ,"a *r-. ,  . ,  = l i l  
Yr-,  denote the posit lon of ' the Jth

1-r 'J 
t l r  

KJ

1 3

J
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part lcle at the (f-1)th geoeratloo sltb XOI deaotlug tbe poslt loo of the

ancestor partlcLe at the zeroth generatlon. Let tbe dlspersals of the

part lcles be expressed as fo1lows.

( 3 . 1 )  d Y r .  =  * r _ r , j  * r r J , 1  s  I  s t r ,  I  <  J  <  { r _ r , o ( t  I

where {Zrr} are t. i .d. randon varlables vlth zero rean and varlaoce unity.
IJ

We may write

* .J  =  

"J  

+  ( l -  +  4 )  z r t ,J  +  " " '  +  ( l  *a ) r - r  z tJ

so that {X,,} 1s a f irst order Markov autoregresslve schere. Giveo
u 

'no(x. ,  .  and varlance unlty(Y tJ r  . . 'Y i_ l r , ) '  t rJ  t "  normal  w l th  mea 
1_r rJ

f o r a 1 1  l S J  (  6 1 _ L  
" o d  

I  5 1 5 n .  T h e l t k e l i h o o d  f u n c t l o n o f  t h e d l s -

persal component of the observed ptocess up to the trth generatlon may thus

be wrlt ten as

o  E t - l  
1 2  o  E l - r  

.
(3 .2)  Lr r?t )  -  exp { .E.  Yr t  xr_r . r  - t  

- t -  * i_r , r }
t=1  J -1  

' J  -  - ' J  -  
k - l  J - l

The sequence {Yr . l ;  1  -<  J  5  .  91_1,  L  S  t  S  n}  l s  a  su f f l c leo t  s ta t l s t i cs
' r J

to estlnate ct . The MLE of d, ls glven by

n ,, E1-1 
., 1 ,, . €t-1

( 3 . 3 )  a ( - = { t  F  v ' -  1 - ' r r  r  Y  x  } .'^ i-1 t=r 
"t- l 'J '  

i l r  : lr  
^r: "1-1'J

To eetabLish the strong consLstency of ' .{r ,  as n + @ , rre use (3.1)

to rearr l te (3.3) as

o E l - r . , r o E t - l

*,, -4 ='r j ,  
11, 

*i-t,1t - '  
l : ,  :_lr 

xr-r,: 'rJ\

8l

n(

z .
l

x1
I

ne

rh

mat

n
t

1=.

By

a . s

no!

Thu

Sloc

Eencr

Y l  t h

s ! ro r

I I
D

We note an"a *r_rr,  denotes the posit lon of the Jth part lcLe of the l th

generatJ.on prior to a displacenent by Y' durlng the lth generation.

Therefore,

P  { x r j  I  x U , . . . . . '  * r _ t , J ,  =  * r _ t , J
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and {XlJ} ts amert lngale sequence. Also {Zrr} Is a aequence of standard

normal varlates whlch are dlstrlbuted lndependently of the xljtt. Thus

2.. X,..  .  denotes a zero Deanmartingale wlth the condit lonal variance
tJ a-r rJ lr_t

N: , ,. Also , ,rJ *r-rr, is a random sum of nartlngales wLth zero
1- r  rJ  

J= l  1_ I  ,
nean and condltlonal variance t Xi-., .| . By Lema A.2 of Shrestha (1984) '

the sum of the random suns of rl;lt"r.t"l 3 
'l i i 

zr{ xi-1,5 ls thus a
1=1 j=l- rJ L-

nartiggale with zero nean and conditional varlance

n sl- l  --2

,!r 

-rl, *i-t,, = to (saY)'

ALso since *r-r,J ls a N(0,Ar-t) vartable such that A;:1 *r-r,J '+ z

a.s. ,  where Ai - t  = ( (1 . {4()2-1)- t  , i t  +d. ;2(r - r ) - t ,  is  a sequence of

non-negative random varlables for c(> 1 and Z ls a N(0r1) varlable.

Thus ve have

oi1, *?-r,: * z2 a's'

By Toepll tz 1ema,

, r Er-r 
-r

Ai_l)- ' r, = ,rl, 
l l , 

Ar_r) -

.  *  2 2  a . s .

S i n c e n +  - i m p L l e s  E o - 1  + - a . s . r ' f o r  o ( > 1 a s n + -

n  
o1 -1  n

t  t  A r - r  =  X  E r - r  A r - r +  a ' s '

1=l- j=l 1=1

,r 
6t-1

( r  r
1=1 J=1

o € i - l 1 .

trl, 
:jr 

(oilr *i-t ' j) 'Ar-r)

Hence I + @ a.s. as n + - and I- ls
t 

o Er-r 
rr

with the mart ingale X I Z* Xr-.r t
' i= l -  i= l  

-  - t J

strong law of large nunbeis ylelds o(n

n

E I .  =  t -  E  Er - r  Ar - t  -+  @ a 's '  as  n

aEl -

the lncreasing functlon assoclated

. A.ir 'appl icat lon of the mart lngale

4  d  a . s .  A l s o

-J-, @. Next
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n r o € i - t i

r _ / E  r _ =  ( ' x  E  E , ,  A , , ) - '  (  t  t  x i , l  . )
n'  t  

- i=1 -1- I  
1- l - -  

l=1 J=1 
t - I rJ

+ 1rn ( |  n Er-r or-r)-t t . l-  er-, Ar-r)] 22 a.s.
n + o l=f  

r - r  r - t  
l=1

*  c z L  a . s ,

o - r D

w h e r e ( t  E E { _ t A {  \ - ' l t  r  L  ) + c a . s . a s n * -  b y

i=l 
--L' '111 

"1-1 "t-1

Kolmogorov 0-1 law. Therefore w6 have the follovlog

Theorem. As n -| -r 
do * o( ..". .Further .-ro(str, -{) has

NeF.

Vo1.

l . l  I

A

r

vas glr

F T

vhere

By

a  d l s t r :

!  ( s

In

general ir

r e s t l n g  I

la t lng  tc

1 . 2  T h e

Jcflolt lor

IJe dr

fuqctions

6up I
0.t<_ I

as]'nprotlceuy e standprd pgpe+,dlstrtbutlgn-and 6o({o -{) has

aslmptotlcauy a weiEhted norn61 dlsttibtitton.

Remarks. When lCl< 1, the auto-regressLve schene vouLd be a statlonary

one. In such a model, the MLE of the serl-al correlation of the auto-

regressLve scheme and l ts as)mptotic propert ies would be of lnterest.

The lnference aspeets for such a process would fo11ow oo the l ines of

argument presented hereln.
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Analytieity Theorem for a Distributional
Generaliz,ed Laplace T?ansforrn

S.K. Akhaury
and

VlJoy Kunar

1. I  Inttoduction

A generalizatloo of the Laplace transfor:m,

o  - o f

r ( s )  =  
{  

e - - "  f ( t )  d t  . . .  ( i . } - 1 )

was given by saksena IA n the forn

F ( s )  -  
6 ' A ( n - c l z ) " t  

( q " t ) " - 1 , ' r u , ^  ( q s t ) f ( t )  d r  . . .  ( t . t - 2 )

where 
"n,, 

t" whlttaker t:ulrrctt'on f2J.

By analogy with thls we dEfine Ehe generallzed LapJ-ace transform of

a distrtbutlon f(t), whose support is bounded on the J.eft, by

r ( b )  =  I  f ( t )

=  <  f  ( r ) ,  E (p -q /2 )s t  ( l " t y " - i l t  
" u . ,  

( qs t )  >  . . .  ( 1 .1 -3 ) .

In thls paper, we have establlshed the Anal.ytlcity Theoreu for the

generallzed Laplace transform (1.1-3). Flrstly, we shaLl- deflne some

testLng functlon spsces and shall quote some theorems and properties re-

latlng to then.

L.2 The Test lng Funct ion Spacee IX,U ( I ) ,  Fd,B ( t )

P.  Def ln l t lon  1 .2 .1

We define 
"drB 

{t) as the set of all those conplex-valued soooth

functlons 0 (t) defined on (0r-) for whicb the expresslon'

I "upl "Bt d'(+r 4 r
|  0< t<- l  

-  -  
d t -  |

I
I
I

I

I
I
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where cL , B are sultably flxed real numbers, ls finlte for each non-

negatlve integer rt

1 . e .  w ,  ^  ( r )  =  t Q  0  e  c -  ( 0 , - )  a n d
O ( r F

sup I  "s .  .4r  r  ar0( t )  l . - ]  . . .  (1 .2- r )
o<t<-  |  d t r  I

*o(r' (t) Ls a complex-llnear space' It can be seen wlth the usual

p o l n t w l s e o p e r a t l o n s o f a d d l t l o n o f f u n c t l o n s a n d m u ] . t l p l i c a t i o n b y a

conplex-ntimber.

'Fox  g  e  
k r '  

( t )  and r  =  o '  L '  2 '  - - , - - ,

l -et us def ine functionals { ' f  
' :  

, tr ,

bv ti:i:l (p) =o:l:- 
| "o' .n*" 

#

(L .2 -2)  c lears  tha t  fo r  each r  =  0 rL ,2 ,

y9' lr t  is a semi-nortr i  on W- o (I),  whl le' o ( r B r r  ( r F

yl ' I ' t  ls a norm. Hence, the col lect ion
a ( t F r o

n  / r \ -  v 9 ' k t t : r - 0 , 1  , 2 r - - - - -
k , B  

. ' ,  -  ^ d , B , r

ls a couotable multlnorned space. sequentlal convergence and cauchl':

sequence to I!.,U (l) Iileflned ae ln Zananiair 3, y 5-fl

cLears that lf {orr}i-1- convergea to o ln 
k,g 

Cf)' then

too)l-, ls a Cauchy-sequence ln I!, 
U 

(r) ' But lt is not lmedlately

obvious whether the converse is true'

T h e o r e n : 1 . 2 . 1

!_, g 
(t) ls conpLete and therefore a Ferchet-space'

Proof: Ihe Proof is trlvlal '

. , .  ( 1 . 2 - 2 )

.  .  .  ( 1 . 2 - 3 )
i

I

s l

lr

rl

GO

r|

-
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C o r o l l a r y : 1 ; 2 . 1

If {on};l be a sequence of functlons ln 
"a.,g 

{t) converging to zero

fthe zero functl.on of 
k,rg 

(I[ when n'] -r then for each non-negatlve

integer r, {Dr taii=f 
"oot..g"" 

to zerb unlfornly on every compect eubset

o f ( 0 r - ) a s n + o .

Ihu€, l, a 
(r) satlsfles all the three cooditlons for being a testing

functlons 
";;;, 

fzelranren 3, p. 3gJ. l{e call eleoents of 
"oLB 

(r) as teet-

ing functlon.

Def ln l t lon :  I ;2 .2

L,U 
{t) ts the set of al l  thoee. couplex-valued functlons d (t)

defined on l(0<t<-)sueh tbat, for each aon-negatLve loteger r,  the ex-

pression

sup |  .ga  ro (  
A  -  |

o<r<- | 
(t id'  d (t) 

I

where d , B are sultably flxed real numbers, is flnlte.

r.". Fo6B (r; - 16 : d e c- and

o : : : -  |  "B t  
' a { t  L .1 "  o  < t l  

|  
' -  }

L.,g 
(t) ls a conplex-llnear space with the usuaL polntwlse operation8

and nultipl-lcatlon of a functlon by a complex number.

For d e 
L,O 

(t) and r o 01I ,2 1-=---;  we deflne seml-norms

1,8, "  
(d) '  bv  to( ,g , '  , r ,  =o: ; : -1  

"u t  
;1 .  h 'o  <t r  |  

. . .  (1 .2-6)

Slnce 
f  ,8 ,0  

1"  a  nonDr  the  co l lec t too  
%. ,8  

=  (k ,U, "  :  r  -  0 ,1  ,2 r - - - - - )

le a countable nriltinorn_"od 
L,B 

(r) vltb the topology generated by the

the countable multinor:n 
%L g, is a countable nutrtLnorned space. The

concept.of convergence and the conpleteness bf 
L,g 

(t) are defir iei l  ln a

vay slml-Lar to those of l f ,r .  ( I) .  Hence, the space 
"n,U 

(t) is conplete

aod is seen to be a testlhg functlon space.

L2)

|'3)

ft

!t
t
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Lema I  .2 .  1

Suppose n&,S (t) .rd 
L.,B 

(r) are tesriDg frmctLoa apaces as glven
ln def ln i t ions 1 '2. I  and 1.2.2 '  drg berag eae f r red re-r  nuobers for
both.

(a) 
k,U 

(t) = 
L,U 

(r) in store of eteoents,

(b) the topologX T, generated by

W .  e  l Y c r k r o ' -  '
H,,B 

- t 'oqrg . jr-o, t t  
"o(r.  

( I)  ts the sae as the topology T,

generated by

%r,u = {L,e,r } l -o t "  k ,u 
( t ) .

Broof :

du u p p o s e o - a i E

By the nethod of induction i t  can be observed that for k ;  l r2r-----
L L

t -  D ;  d  ( t )  =  6  (6 -1 )  - -  ( 6 -  k  +  1 )  d  ( t )  . . .  ( 1 .2 -7 )

so that ak nk d ls a ll.near ponblnatlon of,

6 l, 62 l, d3 d, ----- ok d . A1so, we see that

6k d = or (.#) + u, (t2 

"r*l 

.-- bk (tk +)

where b, ts are lntegral constants. Now, (a) 1s clear fron ( l  .2-7) and
(i.2-8). Also, fron these relatLone lre can see that

S:i : l  
( t )  :  A nax {rn,u,o (6),  - - - ,  ror ,B, ,  (6)}  . . .  ( r .2-e)

and

pd,B,L (d) s s max rr i : i : l  (d),  ____:, 
S: i :? ( i l r  . . .  (r .2_r0)

for some suttable con'tants A end B, r and .0 dependtng upon the choice
tt 

d:f : l  
.td P./., 

B, I 
respectlvel y fzemantan 3, Lema 1.6-AJ . This

proves (b) .

( l

( i

. . .  ( 1 . 2 - 8 )

vbere, ,

?hue,

^ r
d l {

;
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T h e o r e n : 1 . 2 . 2

Supposed,  I  be such that

( i )  R e  ( o ( + c t  u )  x  0  r  R e n U  0  ;

(il) Re s > B, s not lylng on the negatLve real axls, then

w(qs t )  .  
k ,g  

( I ) ,  vhe re ,

w(qst)  = (qs3;c-1 l2 
" - (n-e/2)st  " r 's  

(9st )

"kr, 
b"lttg the Whtttaker functlon ae mentLoned ln sec. l. l .

Proof :

We have

drwlx) = dr.. 
2.*c-1/2 

"-L/2x 
w,_ _ (x) J

dxr d*r 
' '- "k'P t-

d r r- - 1xctu e-x v (-lcrr+LtLi 2r.+Lixf
dxr 

- 

ffron Erdelyi, 5 p. 264J

drwlx) - ! "c_ (-t)o 
"-* 

v
dxr n-o n '

. (crr) ----- (c{a}r+n+l )

ffron Erdelyl, 5, p.258)

(-1)n (c{o)r_o xc-l/2-rtn12 e-x/Z."*_l 
, *B 

(x)

where, lcrr)j-n - (c{a) ----- (cro-r+n+l).

Thus,

0rw(gst)  -  (qs)r  Orw(oet)

at '  
-  

o(qet) r

2L

(-t<+m+Ll2i 2n+i;x)

c{il-rJr
x

'"!o "to
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- (qs)r r.  

ta" (-1;n-r+u (p/q-l)o-r

(q"t)"-t+l 
-
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"-b-e/2) 
st

(c " ) " 'wkq ,  t

l e t
l "

I=  t ,  r

a s t  {

He

o( and

Y f ' k ' m
o ( r F r f

Nov, it

w ( q s t )  e

Corollar

Undr

" ld I l

" ,
Corollgrv-

Let I

plaae whir

v c ,  k ,
b( ,9 ,

tmlfornly

1 .3  Tbe Ge:

,,  (9st) t- z

. . . ( 1 . 2 - 1 1 )

I rn (c-n)!_

,rlo 
'u 

G;-u+n)T

where c+u > m+n.

t:l: rwkst)J -ot?-l 
"B' $*' {,,<c".r I

s u o l  B t  n  -= 
o.i l-; "-- S+t (q")t*u 

,Io 
t.r{-t)n-r+u 

1n7q-t)n-r

I
2

"-(rc/2)st 
"1. 

,.

5 olll. | "" s,i

wk+u12, 
n-u/2 

(qst)

(q"t)c-'+l-i '"o4, n-i {estl 
1

(c-n) t
u (c-n-n+u).!

(q")  u

r
L

uro

(qet1c+u/2-r12 
"

oc, 
{n/e-r)t-t

- (p-q/  2)  s t

Now for  large t ,  1 .e.  for  lqst l  *  -  ,  s  fJ .xed,

(c-n-n*u)t t 0, p > gr we have

l .ut  t r '  (q") t  (cst ;c-1 l2+u/2 
" - (v- l / ' , " t  

rn* ' r " ,n_u/2(qst)

I

= l" tu 
-(p-q/2)s] t  .o(+c+k+u-l /2

+ 0, as t -> 6 , s flxed wlth Re

for snalJ. t,

I

10"1c+k+2u-1l2 1

2 B
S > -

z p-q

We der

geaerallzed

cqpletenes

plete we ha

l
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| "ot 
, .< (qs)u (qst)c-Ll2$r/2 

"-(n ' :c/2)st  
vk+ulz,m-ulo(cst)  

|

= l ,$*"tr*  
(u or o) (q")"- t .Ft 

"-(n-e/z)st  |  < -

as t * - r s fixed, for Re (e( +cro) > 0.

Ilence, fron (1.2-11) we have that under the assumed conditloae of

o { a n d B '

t i : f : l  [ w @ s t ) J  < @ ' r = 0 , 1  , 2 , - ' * -

Now, lt becomes clear that

w ( q s t )  e  V J O , U  ( I ) .

C o r o l l a r y :  I . 2 . 2 :

Under the same condltLons of, tbe theorem L.2,2;

-at w(s+u E 
"d,B 

(.).

Corol lary: 1 .  2 .  3 :

Let r and'n 'b€ negatlve lntegers and 0 a coDpact set of complex

plane whlch do€s not contalo any polnt of negative real axls. Then,

Vg ' I ' t  ,  3nw(qs t ' r' o ( , 8 , r t f f . ) S  
B n  < @

o (qs)  "

unlfornly for all s lylng ln 0, Bn ls a real constart dependlng upon.O.

1.3 The Generbl ized Functron spacee I{-,  o(I):

we denote the dual of  
! , rp 

(r)  by 
L,u,t t .  

Menbere 
i ,U 

tr)  
"r"

generalized functlons /Zenanlan 3, p. 39J. Concepts of convergence and

completeness ln Wn,B (t) ere defined as before. Stnce I! 'U(I) la eon-

plete we have fron penarlan 3, Theorem l;8.3Je

$
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I t . ,g (t)  Ls complete.

L .4  Proper t les  o t  n { .C,U{ t )  and l t s  dua l  l J i , r ( I ) .
P r o p e r t y : 1 . 4 . 1 :

Slnce B, < B,

1"Br t  
g* t  Dr  0 ( r )  |  <  |  "u"  

S* t  o '  p1.1 1

we have

f":t;T" (e) s {:f;T, rpr

(f .4-l)  clears that whenever B, .  82

( { )  
k ,u ,  t t 'E  k ,Br  

( r ) '

l:'l,'il, :TH;:"*,3 :'l;",::;'_:":,.:: .::'::::"::::'.;"
any f  e U,u, , t ,  .o nld,er{ t )  rs 1n t l i ,Ur( t ) ,  [ t . . ,  t  ,  

t , r r (Gv.

P r o D e r t Y !  I . 4 . 2 :*

By the deflnlt lone of the spaces D(I) and g(f) fZeoanlan 3, p.33:35J

l t  l s  c l ea r  t ha t  D ( I ) c I k ,g ( I )  Cn ( r ) .  S lnce  D( r )  t s  denge  i n  E ( r ) ,

nO ,6 { t )  i s  dense  tn  E ( I ) .

lJe can easlly prove that lf {gn} converges to p 1n D, then {go}

converges to Iln 
L,U(t),. 

For the support of 9o 
"od 

0 are all contained

ln some closed lnterval [arbJ, 0 < a < b < @, so that

{:i:l $n- D -o11-l 
"u' s+' o" <po- pr I

' 

"lllo | "ut 
to(+r or @,- g) 

|

( r .4 - r )

where, C -

It  fol
I

tht t  
k,B(,

PropeTtvi I

For ea

negatlve in

l ' f , 0 t l :

It foll

l .  5 :  The t {
. s,,

DS.f 1.n1,!1oF:--

We call

a nenber gf I

Fron the

nember of Wr,
4 t

real nunber

8 > o r a n d f

Definlt lon: 
I

Let fe 
I

Yc ,k r .  ( f )  bY

r(S) -  ( t

- <



f1-I)

F o o

f o r

t
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. c s t P .  l o t ,  
I

- a<E<D I 
iqn- 9) 

|

where, . -"ll!o 
| *u. $*1.

I t  fol lows that the restr lcrLon of any f e Wj,,U{f l  to D Ls Ln D',

that I !  
U(I) 

g D .

P i o D e r t v : 1 . 4 . 3 :*

For each f . gjrBtfl there e*lsts a poslrlve constaat C end a non-

negat lve  ln teger .n  such tha t  fo r  a l l  0  e  
k ,g ( f ) ,

l . t , p ' | .  . " : I "  r . i : i : :  0 ) .

It follows from the Theoren 1.8.1 of Zerrar-lar. [3J.

I.5: The Wc.k,o traneforn of General lzed functlqse:

De.f tn*l.on: 1..5.1 :

We cal l  ' f '  .  W"rkrr- transforoable general lzed functlon i f  i t  is

a rnenber of {. ,U(I) for eone f lxed real nunbers {,  B.

Froro the property 1.4.1, we have that f  e I l  
,U(I) 

then f le a

nember of {,  
"(I)  

for every Bt > B, vhlch lnpltee that there exlsts a
4 r F  r

real nurnber o, (posslbly of .  -  -) such that f  e t tr ' ( f)  for every

g >  o f  and f  
f  k ,e ( t )  

fo r  B  <  or .

Def inlt lon: I  ;5..2_:

I

Let fe 
k,S(t).  

I{e defln" ah" 
"",k,,  

-  transform of f  denoted by

Wc,krn (f) by the relatLon

F(S) -  (W",prr f )  (s)

-  .  t l t j ,  w (qs t J  > .  .  .  ( r .5- l )

.33+sJ
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where ,  w(qs t )  -  1q" t )c -1 l2 .  
" -Q-L /2) ' " t  

wnr r tg " r )  and s  e  n f .  .

The reglon 0g ts defined es below,

f - { s / R e s > f r s # 0 , - r < e r g s c r }  . . . ( f . 5 - 2 )

If  of > 0, 0, is cel led a cur-half.plane and is obtalned by delet lng

al l  real non-posit lve vaLues of s.

The de f tn l t ion  1 .5 .1  has  a  sense as  an  app l ica t ion  o f  f  e  q  UCt l  
ao

w(qst) e W- o(I) for f lTed real aumbers.rd and B wlth Re s < p,
O( r t r

R e ( d + c ! n ) > 0 .

We call the nunber o, as absctesa ot' def{nitlon and 0, the reglon

of deflnlt lon for the general. ir"d W"rkr, -  transforn.

Theoren: I  .5. I  (Anelyt icl tr i  Theoren) :

Le t  F(s )  -  W^ r .  - ( f )  fo r  s  e  0 . .  Then F(s )  ts  an  ana ly t l c  funcr lon
L t A t U  t

of s and

.  ( 1 . 5 - 3 )

A.

restri(

entlrel

Finally

conslde

F ( s + A

vhere

v' A s

Fron Cor,

" nd nr(

a (gs)

are nenbe

ve sha11 ;

1t w111 pr

<  f (

ffron the

equali ty (

The o:

to qs ln nrl

" r f  f ( z )  i r

lDterlor pc

fn (a)

vhere C 1s

where ,  w(qs t )

and Dn
s ,  n  - I , 2 , - - - - -

o o l r ( " )  -  <  r ( t ) ,  
* $ *  

) ,  s  .  o r

(qst )  c- l /2  

" - (n-c/2)  

s t  
wk,r (Q"t ;

d (cs)o

P-T.oof.:.

F ron  Cor .  L ,2 ,2 ,  we observe  tha t  the  r lgh t  hand s lde  o f  (1 ,5 -3)

weLl defined, we shal1 show (1.5-3) for n - I  snd the theoren w111

fol" low for every t -  2r3, ----- by the method of lnduction.

Let s be an arbitrary but f txed point ln 0". I{e choose real

poslt lve numbers pt, r  and r, such that

o f .  B .  B t  -  R e  s - r ,  <  R e  s - r  <  R e  s .

dn

I

I
I
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A1so, we deuote the ct.rcle centred at s by C whoei radlus,le ri. lI€

restrlct r, (and thereby B' end r) sttll further by requlrlag that C llee

entlrely wlthla O, (1.e. C does oot laterpect th€ non posltlve real axls).

Flna11yr. suppose A's be a non-zero lncrenent such'that l i t s | ..r ana

conslder the expresslon!

F ( s + A s ) - F ( s )- f f  -  < f  ( t ) ,  D"  v(qst)  >

27

.  <  f ( t ) ,  vAs  ( t )  >

where

vAe ( t )  -  w @E t)  -  w(cst)  - .D";w(qer)  .

Fron Cor. l;2,2 r,te have that

: . .  ( I . 5 - 4 )

to t ( ! " t )  
,  o  -  o ,  Lr2,  - - - - -

o (qs) t

are aeobete ot 
krO 

(I), heace (1.5-3), (1.5-4) are well defined. Now

we shall prove that YAs (t) + 0la 
f,rU 

(f) as As + 0r coneequently

lt w111 prove thet

<  f ( t ) ,  Y A s  ( t ) . >  +  0  a e  A s  - +  0 ,

ftron the contlnulty property of f e 
!,^e 

(I, end hence provlng the

e q u a l l t y  ( i . 5 - 3 )  f o r  n  -  l .  
< t r

The order of differentlatlon cen be chaoged to that wlth respect

to qe ln v(qet).  Applytng Cauchyrs lotegral. formula whlch etatee that

It I f  f(z) ls analyt ic on and wlthln a closed contour C and tar le any

l-nterior polnt of C then

f o (a ) d z . t '

where C ls travereed ln the posltlve directlon to ttO" (t), we have

-h{ x;trh

---l



28 Nep. Meth.  $c.  Rep. ,  Vol .  12,  No.  1,  1987

ln

]; 
t va" <tl I

_ 
* 

+*(cEtiFst) - 
"(cig _ rg[l# ,

l _

'T i  f t r .  (qs  +  A s t )  -  w

where, the eufflx na lndlcates

t o  t .

' u* t# ; .#- fo ;  wn, (est )

- # r ' l 4 ' u '

(uslng Cauchyrs lntegral foroula).

As 
tT, (ot)

'ffici 
(*i.r*iffil-GlPd"

No', I eBt .{* 4 vo" (t) |
dtn

n; qzt; eBt S+rI

-l-g , 
*t 

.'2ntr 
.' ("-q;-ffr)l-G 

d" i

. IIEL 
2trr, 

- la sl M
- 2n (r-rr) rr2 

(r-rt) rt

EwO* (9et)

o. (e"tY - -5Tr-;-

.n tlmes partial derlvatlves with respect

Refet

[t]

tu

b l i

t4l t

ts) r

s . K .
Reader
Deparb
Raachl
Ranchl.

. . .  ( 1 . s - s )

ro the l lght of cor. 1.2.3, leBt $+nwr, (qet)l ts bounded on any

coopect eubset of flrr let us suppoee ,nla aht" bond be I M, hence

(1.5-5)  ls  Juet l f led.  Fron (1.5-5) ,  we beve



sup l.ea $+n do {,
0. t . -  l -  dtn 

-As

a e A s + 0 .

Akhaurl aod VlJoY.KuoaE

I

( t )  I . +  0
I

29

Thie provee the theorem.
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Nedr et. Aeettlating Wroue Fl,at Plate

Y;R. SthaBd.t .

, ; ' l

1. Itttogrrcglon

The exect aolutlon for the flon of a vlscous LoconpressLble flutd

oea! ao lnftnite osclllettng flat plate hge been obtalned by Stokee [fl

and later by Raylelgh f4J. The solutl.on for the flow of aa lncompreselble

vleco-elasttc (Revlln-Erlckeen nodel) fluid neer an tnftqtte porous flat

plate has bden obta{ned by the author [Q when there la a gnlforn suctLon

lnpoeed over the plate. The eoluttoa for the flow of an iocompreesLble

vlscoue cooductlng fluld neer an oeclLletl.ng non-eonductlng flat plate

lo lts own plene hai been obtalaed by Ong end Ni.choll s bJ h the preseace

of unlfoni tqensverse nagnettc fteld. Thle analyele hae betin exteoded by

Chowdhary fLJ vhea there ls E uplforn euctloa'lnpoeed over the plete.

?hls analyele has further beeo exteaded by Klehan end Sharma IZJ taUlng

Lnto sccount tbe effect of the actlon .of body force.

In thle paper we obtaln the solutlon for the flow of an lncompressl-

ble vlsco-elaetlc (Revlta-Ertcksen nodel) conducting fluld:near an oecll-

lattng noa-conductlng poroue flat plate ln lts own plane when there'ls a

uniforn suction lnpoeed over the plate lrt the preeence of unlform tfane-

veree negnettc ftelq.

2. FgJfi'Jl.ettgF .of the Pfdbleo

Conelder the flow of ea lnco'npregsLble vlsco-elaetlc conductlng

flutd about an inflnlte poroue flat plate whlch executee llnear haruonlc

ogclllatlon wlth Veloclty U cosnt'. ln lts own plane along the x-axls. A

sagnetlc fleld of unlforn strength Ho ls applled ln the dlrectlon of y-

axli'.{1aken perpeudlculer to the p1ate. SLnce the plate ts lnfintte ln

length arid unlforn suctlon la lopoeed over it, all the phyeleel verlables

depend on y end t only. The preeeure p la the flutd Ls assuned constant.

If v" repreeents the v\loclty of euctloa or lnjectlon at the p1ate, the

eguatlon of contlnulty



o) 9t-  o
dv

wlth the 
"oodraroo 

r . r" at y r 0 yields o - r" everyrhere.

The goveralng equatlon deecrlbLng tbe flor of an Lncompressible visco-

elastlc conducting fluld tn the preseoce of ualforn tratraverse oagoetic

tLeLd [5J t8

/4\ 
'0u 

. -- Eu - ^, 02u - o a2 ,!g + 
" 

lglg a2,,\ z )  5 T * t " 6 -  u 7 *  o F  r E E  - e  o y l p  - o -

vlth the boundary condltlons

u - U c o s n t  a t y - 0 r 1

( 3 )  
u - o a e I + ? r  J t ' o

where v ls the klneuatlc vlscoslty, B the ktnetatlc vlsco-elastlclty, p

the denslty of the fluid, o the electrlcal coaductlvlty and li - u"tto

(- conetqnt), the conponent of. electrouagnetic luductlon.

Introduclng

E - n t r

6'
. t  _  Y V ;  r

v
. a
A  - -  '

\fiT

^ B n
D  ' i -  t

' oR2
o

t - T '

6 .  - E - g 2
I n n

ln (2) and (3) ne get

o u  . o u  
- 2  ^ 2

( 4 )  f f  +  ^ f r - $ + s e 7 f i +
d n  d n

wlth the condltions

-  t l t

Nep. Hath. Sc. Vol .  12,  No.  I ,  1987

I  > 0 ( lnJectlon)

I .  <  0  (euc t loa)

(5)

^#J

3 .

(6)

aod e

(7 )

rhere

The cc

(8)

Equat1r

(e)

vhere t

Subsrlt

S r r e g

( lo)

( l r )

The corr

(12)

Solvlng (

(13)



Y.R. SthePl't

u - U c o s E a t n - b ,

U - 0 g g t l + 6 .

3. Solutl.ou

Aesuoe

(6). u - tf(n) erlp (1E)

anal subetltutlng lo (4) re get

t l l

(7) $W + (l+ts) If '  - lw' - (r + nr) lf - 0,

where diebee denote dl.fferentletl.oa wltb reipect to n. .

The cbrreepoodlng bouodary coudl.tioos ere

(8) l f - U a t r l - 0 . ,

l f - 0 a e n + o .

Equattoo (7) fe eolvod by perturbatlon teehnlque anil for tbl6 ue aaauoe

(e) l l - t l + s l r l + o ( s 2 ) ,

where the elaetl.c pataoeter S*:{*.1 and !lr!e are ladepeadeat of S.

Substitutlog (9) fo (7) and equatlng the coefflcteutE of llke porere of

S, we get

( 1 0 )  
S - l h ; - ( r + o ) T o - 0

( 1 1 )  l t i  -  l t { i  -  ( i + t ) w l  - - r q ' - i l t :

the correspoodl.og bouadery conditlona are

W o ' U ' W l ' o e ! n ' 0 '

(12)

W  - t f , . 0 a s 1 1  + e .
O I

Solving (10) and (11) vtth the bouoilary coodl.tloas (12) we get

( 1 3 )  i l o - U e x p ( b n )

33

(5)

ir

tr
It
i lr

i1
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(lU + i. +.nrtrli2
n exp(bn)(14 )

(1s)
$ - 7 ' e x p 1 u 1 y + s

u ' I t r - , m : ) ) .

Ilenc.e from (6) , (9), (13) and (14) we get

t
( a b ' +  1  r  o . ) b -

t '
t.',.n....--- n exp(bn)}7 erp(ri)

- (F, * iFr) exn(iE)r

F" - ,{cee in * tn<t 
"o" fI 

* N ela P l.ootlijnl,

Fl - {- eh fl + sn(N 
"o" ![ 

- u sra 9IIy' 
"'pA*,);

u  -9 lB - t -P+ ,  N .DF- tc f l .
e z + q z '  E 2 + q 2 '

.  -  
( 1 .  o )  { ( r - -  r ) ?  -  c 2 }  -  ( 2  -  r q ) , ( r  -  o ) q  

,

o  -  
( 2  '  ) . 4 )  { ( } . ;  o )2  -  q2 } *  t ( l  -  p )q  

,

r  
# r @ + ( r 2 + t p \ ,

o-ltfiT*ffi-(r2+ +,]J\.
,/T ''

Therefore fron (fp), the real part of u(nrt) ie

(lo) u - u 6bs (E,f1as|1r cos(L f5+r erq (E- 
!!ll7 .ae<$ln.

For S I 0, I I 0r rl - 0, we get

vhlch .lt

oear gn

F o r S -

u - U e x

vblch le

flat plat

Ac&rroyleg

The r
Abdus SaL
Trleste, j
author ln

Beferedcgg

ttf chovd
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wbere

I

I

e  -  ^ ( . r  -  o) t ( I  -  6)2 + 62)  -  (2- - .  ra) l r  - ' .0)0.

+ iszg

whtch .1g the solution for the flow.of non-conductlng Vlsco-elastlc fluld

neatr an oscllJ"atlng porous fLst pLate [6J.

For  S  -  0 ,  I  I  0 ,  n ,  #  0 ,  we ge t

u - u exp ! A -;6f1x2 +'7nr12 + to+ (^2 + t+n).J\

.  c o s / E -  n  { r f t r 2 * + r , ) - (12 + +nr)I\J
z{t

whlch ts the solutlon for hydronagnetlc'flow near an osclllatlng porous

fLat plate f lJ.
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Semi-Geodesie Coz,nespondenea in a Riemannian
Spaee fI

S.C.  Rastog l

Abstract

A currre whose dlf ferentlal equatlon t" d2*h/d"2 + t | .  a*J/as d*l/ds'  
J 1

- 0r where tf, r" a semi-s)rmetrlc connection(Yano [OJ\rnas been ca]-led-  
J ] .

a seml-geodesic curve ln a Rlenannlan space by the author f4J. The cor-

respondencei of Rlemannian. spaces such that semi-geodeslcs of one are also

seml-geodesics of other has been deflned and studled by thd author f4 r5J

and called senl-geodesic correspondence. In thls paper lre have studied

seal-geodeslc correspondence based on certaln known connectlons and ob-

talned certain e[tities whlch are invarlant with respect to senl-geodeslc

correspoodence. Sone new curvature tensors have been lntroduced'and

thelr propert les studied.

1. Prelll[lnst'les

Let Mn be a RLenannian space.wlth metric tensor 811, ChrlstoffeL

. h ,  k
synbols t ; i ]  ,  curvature tenqor K311r'- and the Rlccl tensor K11. Let

h .
pt - ghtp" be a covector thea the senl-symetrlc netrlc connection is

expresaed ae f! t

( l . l ) _ h  , h ,  ^ h  h\ 1 r  -  t 3 1 r  *  o J  n t  -  8 5 1  P

A curve whose dlfferentlal equatlon ls glven by d2xh7d"2

+ Tl. dxj/ds dxi/ds - 0r ls calLed 6 seml-geodeslc eurve f{/ .
J 1

Slmllar to (1.1) author [5J t.as also studied seml-geodesli curves
fi

based on rj1 defloed bv

h  . h ,  ^ h
\ L , z )  t j l  -  t 3 1 r  -  P 3  o i  .
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If f ana fl'are. tlto Rlenaanlan aPacest then a napplng f : tf * fl

1s calleil sernL-geodesic correepoadeace lf eemi-geodesics of ltn are traas-

ferred to senl:geodeslcs of fl.

n [aJ author hae proved thar tf !|1 and frl 
"r. 

ln seoi-geodeelc cor-

h h } .
respondence then 1J, glven by (1.1)' rj1 aad T]1 etvea bl

o.3) r,|r - t|rr + tr 6l n, + t'o| n5 - s51 Ph

and
r " h

(r .4) r l i -- t  (oi1 nr -  r l j ) ,

traosform as follows:

( r .5)  r | ,  -  , | ,  +  to | (zn 9t -  d tLoeE/e)  -  o l tzo,  -  0 ,  1oB e l i l i r l

2 (n- l )  ,

o.6) r|,  - r l ,  + t tof e, + r l51

and

( r . 7 )  t | ,  -  t l ,  +  t o |  ( (n+ r )  9 t -  0 ,  l og  E td  -  r l : ]  / 2 (n - r ) '

where - 113 neans tnterchange of lnillces i, J and substractlon aad 0,

is an arbltrary covector fteJ;d [4J".

to, [5J author has proveil that tf # and fl 
""e 

ln seol-geodeslc

correspondence then r|1 errr.o by (1.2), u|1 *a r|, elven ur

n | r - t | r t - * t o f p i + i l j )

transform as follovs:

t | ,  -  r | ,  + <o|  a,  Loed/e- i l r ) /z(n+l)  + 9J 6l  '

" | r ' " ! ' r + t t o | g r + 1 1 3 1

r|r - t l, + t fo|<<n+r)-l al roeEle - gt) - tftJ'

2 . S

Fr

( r . 8 )

a n d  ( 1 . 4 )  ,

(1 .  e )

( r . 1 0 )

and

( 1 . 1 1 )

(2 .  r )

Now usir

( 2 . 2 )

l n  ( 2 . 1 )

( 2 . 3 )

Theoren (

. h
111] gJv.e

Now ,

connectlor

( 2 . 4 )

F r o n  ( 1 . 3 )

( 2 . 5 )  l

Applylng (J

(2 .6)  f r

Since l t  i c

Q . 7 )  p

therefore f

Q.8)  N- l
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2. s.ep1.-.geodes.+ cof r.e.sPondense

Fron equat lon ( l '2)  by v l r tue of  (1 '9)  we get

T'-: h + rol D, log Ale - Lli l l2(n+I) + 9, o| +

( 2 .  l )  t J i j  -  \ J r  \ v j  . 1

Now uslng. i5J :

(2 .2 )  F l  -  n :  +  (a '  los  E /e  -  (n+r )  g ' ) / (n+ i )

fn (2.1) we get on slnPll f icat ioo

(2 .3)  t r  
-  t | r r  *  to |  a '  LoeEte + r l : l /2(n+r) '

Theoreo (2. l)  '

{!r} e-iyel bv (\'.'2) tra:nsforns' a's rn"('z'3)

Now we conslder the effect of seml-geodeslc correspondence on the

coonectlon deflned bY

(2.4) Nl i  gsE'  {11} -  e31 Ph'

Fron (1.3) we can see that

(2.5) t ! ,  = 
"1,  

-  , ' (61 Pi  + 1l j )  '

ApplY lng  (1 '6 )  in  (2 '5 )  we can ge t

(2 .6 )  n | ,  -  *1 ,  *  
" (61  

(0 r  -  i l  +  p ' )  +  l l j ) '

Since lt ls knovrn that IQ

(;.:;; Ft - n: + cc"+.11.^0:-,- 
! ^t^"t 

[7g)/(n-1)r

therefore rroot (12'6) and Qil) o' i  get on slrnpl- l f icat ion

; ; : ; ; ---  u1, = *1, -  coltzu'  -  b'  loe Etd + l l r) /2(n-r) '

- " h
P J  o l



40

Hence:

N e p .  M a t h .  S c .  R e p . ,  V o l .  1 2 ,  N o .  1 ,  1 9 8 7

Theoren (2.2). Ugder a. sqgt-geodestc correspondence /4J
h

N, ,  de f ined bv .  (2 .4 )  t rans fo tus  as  Ln  (2 :8 ) .
J -

t ^
tg *B1i - 

"'"BJl,' 
i.e., tlro Riemanuiaa spaces tf, aod *If are ln con-

fornal correspondence, then lt is knorrn that thelr chrlstoffel synbols are

related as [2J:

(2.s) *t|r i - tfrr + o| n, + ol o: - 831 ph.

Wlth rhe help of (2,4), equatlon (2.9) can be expreesed as

( 2 . r 0 )  * t l . ]  -  N l  
h

J r  3 ' 1  
+  ( 6 1  P J  +  l l j ) '

which when transforned under a seni-geodesic correspondence [4J takes t]ne

fo l low lng  fo rn  by  v l r tue  o t  (2 .7 ) ,  (2 .8 )  aad (2 .9 )

( 2 .  r r )  n 1 h .  1  -  * 1 u  
L

J1  j r ]  *  (6 j  (zn0r  -  Er  1og e ld  +  r l l ) l z (n - r ) .

Hence:

Theoren (2.3). ,uJtg,e.r.p.s3n1_-FEp.dg+q_cgfjiipopge-nce /4/ the.Sonfo.rrF-1

C.hrlsto.ffFl. s\Ebdls 4tjuen bv (2.;-9). trads.fonn as tn (2.:ll).

I f  ln equatlon (2.4) ph - 0, then from (2.5) we ger

. h h f i
( 2 . 1 2 )  { j t }  '  t j t }  +  t ( 6 ;  P l  +  l l : ) .

Converse ly  f f  t | r ]  t rans forns  as  tn  (2 .12) ,  theo f ron  (2 .4 )  by

v l r tue  o t  (2 ,6 )  we ge t

L  t ,  - h(2.13) t ; r ]  -  t j r ]  + (EJr F. .
h.-  811  P  /

loe g- le)  + t l i l tz(n- l ) .- (o| <zo, - a,

Conp

( 2 .  I t

whlcl

( 2  . 1 5

i . e . ,

Theor,

Chr ls r

I d  ( 2 ,

pondg

Re.narj

o t  ( 2 .

F

fo11ow:

(2 . L6)

(2 . L7)

and

( 2 .  l 8 )

vhich a:

then sel

3 . 9

Let

obtaln

( 3 .  l )

ghere 'V
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Cornparlng (2.L2) and (2.13) we get

(2 . I4 )  E11 Fh -  811 Ph -  (o |  ( (n+r )  9 t -  E ,  1og 
-e le  

+  t l J ) /2 (o- l ) ,

whlch shen contracted for h and l, by vlrtue of (2.7) leade to

(2.15) 
. 
(n-r) (F, - nr)/2 - o,

t."., p5 ls lnvarlant. Heace we have

Theorem (2.4) : .g  nn

chrlstoffel svpbols tfen$foro e6 td (2.1?):*Cgdvllfie"l]t ..f thllv,Ited.6forn

ld (.2.1.2).. tlep the ve.ctgr pJ i8 lnvar-t{igt t|Ildgt g sesl:qeodesli co.f.tes-

poildetce.

Re.oer&. Equatton (2.L2) cao also be obtalned fron (2.3) with the help

ot  (2.2)  for  P,  -  0 .

Ftoo equetlone (2.3), (2.8) aoal (2.11) we ean eaelly obtaln the

followlng entlt les 
i

(2 .16)  t | r r *  9 : I '  { l t }  ,  to}  a ,  tog g + l lJ ) /2(n+r) ,

(2.17) N*ll Esg' *1, - (q} uf, + rll)/(n+l)

and

(2.18) BIJ gsg' *tlrl - <o| *tfrr + rl1)/(n+r),

vhlch are lnvarlant under the eeol-geodeel"c correspoaderice. I|le calL

theo senl-proJ ective Lnvatlenta.

3. S.otle .Cufi.atuqe Ted.dorg

Let N. ..h b" the curvature tensor based oo u|. tr,eo rre can eael1y- - -  -k j i  
J1

obtaln

h h h
(3 . I )  

"n , r "  
-  

\ : r "  
-  (s51 'vr  n^ '  -  3 lk) ,

vhere 'V, denotes covariant i l l f ferentiat lon wlth respect ao Ulf.

-*)
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- - a
tf B"h *n3f: -  tO,rn, then thls tensor obvlously satlsf ies

( 3 . 2 ) a  t { . . . h  -'  -kJ l  *k j t ^ - '  N t l r t  =  -  * jn rn ,

(3 .2 )u  Nr3rh  *  l lh  -  f ck i  (o jon  php j )  +  r l t y '  _  : l t

and

( 3 . 2 ) c  N " . * h  *  c y c l .  ( k , J , L )  =  0 ,
Kl 1

where vn deootes covarlant der. lvat lve lr i th respect to chrlstoffel syobols.

Putt lng N1t  -  Nh5th and nk,  ' *o, r t ,  we get  f ron (3.1)

(3.3)a NJr -  KJr * (orn, -  prp, -  811 
,v6nh)

and

(3 .3 )b  n , r  -  v r r ,  -  r l 1 .

Fron (3 .3 )a  and (3 .3 )b  we eas i l y  ob ta ln

( 3 . 4 )  N . .  -  N . .
J r .  u ' n l j '

Hence

Theoren (3.t1. The teSs.or NJi i .s svmnetrlc. i .n i  and j  i f f  p. ts. a
gr.adient 

.ve.c,to.r, Vrn, # 0.

The Bianchl- lde 
h

form 

htl ty for NOrr^'can be obtained ln the fol lowlng

h
(3 .5)  ' v l  

N t , j r  i  cycL .  ( l , t , j ;  -  g .

Contractlng (3.5) for h and k lye get

(3.6) 'vr  NJr -  'oJ tr ,  = 'on Nr,rh.

Hence:

Theoren (3.2) .  The tensof  ,V,  
N, ,  is  synmetr ic  in I  and

n -  - J r -

J _lI! 
'VH 

N., .r" ls ldenrtcaLly z.ero.

ff we

( 3 . 7 )

vhlch giver

( 3 . 8 )  v

Hul t  lp.

(  J . 9 )  o t

l t - rc  : rcn  (3

( t - to ,  9 t

'lrc i 33!-

lcocc:

!\prcr (1. !)

a t r t r  e  o c r t t

Fur tbcr  I

ra can obtala

t - l l )  , t  ( ,

l lc.tc:

l }aorc r  (3 .4 ) .

gg : r t  too  (  3 .  11)

Fur ther  cq

2ga K:

r l - t l )  g J l  o t



S , C .  R a s t o g l

then f ron equat ion (3 .1 )  we can ob ta in

43

I f  we assume V,  N, - , .h  =  0 ,
I  K J 1

o ,  
\ j . n  

=  (e3 i v l  'ok  
nh  -  j  l r . ) ,

for h and k

( 3 . 8 )  o t  * J ,  -  e 3 r  v t ' o h  o h  -  e n ,  v , ' v ,  n

Mul t tp ly lng  (3 .8 )  by  g j l  r .  g . .

( 3 . 9 )  o ,  * 1  =  o i ' o h  o n  -  r n ,  e j l  o r  ' o j  
n n

Also  f rom (3 .8 )  we can ob ta ln

whlch glves on contract ion

( 3 .  l 0 )

( 3 . 7 )

Theoren

e x i s t s  a

V r K - 0 ,

^  A A F  h

rdnere K === K _ (n_r, l  uh P .

Hence :

(3.3). If Nl..-n h""-_ated**-.!g-99:ff-efi-SCq,-{u-f':-q3.;!.ye1!9l-lb9r-9.
K-l  1

sca l "a r  R whose co , i ra r i .an t  der iva t ive  is  zero .

Fur ther  1 f  we cont rac t  (3 .7 )  f .o r  i r  and i

rrle can obtain

and no te  .n r .  
\ j i

1  =  o ,

(3 .  1r  )  or  (or .  o j  -  j  l r l  -  o .

Hence:

Theorem (3 .4) .  
E  

"U j rn  
has  a  van ish ing  co ,var lan t  der lva t lve  tJ ren

gglg!- lon (3. 11) ls id .

Fur ther  conpar ing  (3 .9 )  and (3 . I0 )  and us lng  /2 f :

2Vs K? - 
L 

K, we obtain

(3 .12 )  g j i  o t  { ' 0 ,  t t )  +  r z (n -3 )  g l t  o t  t ' v ,  l j )  =  o .

h.t
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A Rlenannlan space ls sald to be symetric i f  i t  sat isf les Cartan /L/

(3 .13 )  v ,  Ku r rh  =  o ,

therefore from (3.1) for a symetrLc Rlenannian space we get

( 3 . 1 4 )  o ,  * o 3 r n  +  B , i  v l  ' o k  
n h  -  B t r  v l  - v .  p h  -  0 ,

whlch by vlrtue of t torrh gj i  = Nl grrr"s

( 3 . 1 5 )  v l  ( N l  +  ( n - t )  ' v n  
r h ) = o .

Hence:

Theorem (3.5). In a s)rtrmetric Ri.engrrntan-_space ltn the tensor Uf; +

(n-l) 'VO p", h.e-s e. ,v,anls.hidg c.o.ve.r.i-d-nt..d.ettvatfv-e.

Slmi1arly contracting (3.14) for h and k we get

( 3 . 1 6 )  o ,  
" J ,  

+  B j r  v l  ' o n  
n n  -  B h r  v l  ' v ,  

l h  -  0 ,

whlch on mult lpl lcat ion by gJ1 .od sinpJ-l f lcat lon leads ro

(3 .17)  o r  'oJ  pJ  =  - (n - l ) - t  o ,  * ,

w h e r e  N  =  t l  . .  n j l .
J ] .  

-

Subs t l tu t lng  f rom (3 .17)  in  (3 .16)  we ge t

(3 . I8 )  o r  'oJ  ph  =  v t  u |  -  tn - r ) - l  o |  o ,  u ,

which together wlth (3.14) glves

( 3 . 1 9 )  v , N . . . 1  =  
1  - r

r  KJ1 
gkr  (v l  NJ -  (n-1)  vJ N) -  j lk '

Hence

Theorem (3.6). In E syrirnstr,lg_nlenjalp.tad space f

v ,  N .  . .
r  K J 1

I = o r.rf o, *i - (n-r)-l v, r,r.

r t

( 3 .20 )

nbcrc p.

l^irc rr I

( ' - l t )

t f f

( t . 22 )

Cotrect1I

(3 .23 )a

rtlch easi,

(323)b I

ed

(3 .23 )c  v

Substltutln

for h and 1

(3.24)a vt

od

(3.24)b v l

vl get on slt

( 3 .25 )  vk  I

ltultlplylng (
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It ls known that the curvature tenaor based og n{}rt i" glveaby [.2J:

(3.20) **nrrn - tfurrn - f ir l eji + pl cjr) - j lU,

where p. ,  -  vJ pr  -  pJ pr  a 4 ptpt  811,  , |  -  , to  n1r .

ALso we know that *rlkli = 0 and oKJi * *\Jrn ls glven by

(3 .2 I )  *KJ ,  -  K j r  - ( n -2 )  n3 i  -  n l  s i r .

rf vr *\Jr6 o 0, then from (3'20) tte can obtaln

(3 .22)  o,  \Jrn 
-  to l  v ,  p51 + 83r  or  n l )  -  J  lk .

Contracttng (3,22) for h and k we get

(3 .23)a vr  p j r  -  1v,  K j r  -  e3r  vr  n l ) l { " -21,

whlch eaeily glves

h h h r
(323)b vr pj - (vr Ki :  6i or ni)/(n-2)

and

(3 .23)c  v r  p l  -  v ,  r / (2n- I ) .

Substl tut lng fron (3.23) tn (3.22) and contractlng the result lng equatlon

for h dnd 1 and uslng

(3,24)a or r1:rt - vn Krn - J lk

and

( 3 . 2 4 ) b  o r 4 - L v k K ,

are get on slnpl l f lcat ion

(3 .25)  o r  
\ r  

-  J  l k  -  (2n-5)  (e j r  v r  K  -  j  l k ) /2 (2n-1)  (n -3) .

Mult lplylng (3.25) ty ej l  we get VO K - 0. Hence:

45
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Theorem (3.7). If ir.a R+qp,ql*a4,sp*acg l,f. o.l *{".n! - O, rhert rhe-  t  l j 1  -

scaLar K ls edvetleiltly. Coildtent artd.the teasor V,_ K,, is syffiettic in

J  a n d k .  
K  J l #

In a s)r@etric RLemannl.an spaee fron (3.20) ve can obtaln

(3.25) or *\3rh - to| v, pkr + Bkr vl pl) - Jlk,

which easlLy leads to

(3.27)a vr pJr - (e,r v, n! + v, *K3r) /Q-d),

(3.27)b o, nl - tv., *r| + o| v, nlV<z-,,1
and

(3 ,27)c  v r  p l  -  vL  *K/2  ( t -n ) .

Substl tut lng f ion (3.27> in (3.25) and coatractlng for h aod 1 we obtaln

on slnpllflcatlon

(3'28) o, *\.Jrt ' fv1 *K5r + glr (vr *4 - on *K/(n-l) )J/cr,-21 - Jlk.

If VJ*K - (n-1) vr*x], then equatton (3.2g) gtves

(3.2g) or**ojr t -  1v**K1r  -  JLk) / (n-2) ,

ls satlsf led theo VJ*K - (n-1) Vr*Xl

Theorem (3.8). In,.q sJoqF-rf*c.J$g*apJrl*n- spdqe lP, the. necessPty and

srijFtct_edt .coddlr-toJr .f.gr .(3!29) Gq b.e setlsfled_ls stvso bv
. 1

V { r tK  -  ( n - I )  V1 *K - .
J T J

4. Cortespoddence of Curvatuie tensors

If (..rh denotes the curvature tensor based on {1.}. then fronK J 1  ' J i ' , '  - - '

(2.3) we can obtaln

( 4 . 1 )  R . . . h - K  
h  h

Kra *J l  +  (oJ  to t  -  J lk ) /2 (n+ i ) ,

whl le  1 f  (3 .29)

Hence:

vtere

. def-Jr -

Catr.cl

( . .  l ) e

-

(.-lD

t r l
.l..tla

( { .  3)

rtcre

c,1 93r' :

Fro

n obtala

( 4 . 4 ) a  i

od

( { .4 )b  
n

tt *L,
(2 .11)  we g i

(4 .5 )  *R

vhere

0., 99$. 12o

_ (2n0u
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where

_  d e f .  ^
o3l -- '  oJ

(a ,  loe  E/e) :  (a ,  LoeEld l2 ( t+L l .

Contracting (4.1) we can easl ly obtarn

(4.2)a RJ, -  *J,  -  (n-1) Brr/2(n+l)

and

( 4 . 2 ) b t l r t  -  o '

If Nk,ih denotes.the curvature tensor based on N|r, trr.o frot

equatlon

( 4 . 3 )

(2.8) we can obtala

frorrn -'nJrn - rol u P: - ul {oJ, * Qtr- aruoeild'

. (zgl  E, 1os dl i l lz(n. 'L) | / [z(n-t)  -  J lk '

where

c,r 
ggl '  2'sJgL - tJ t,  LoeEte + nf, aa LoeE/e.

Fron (4.3) .on contractlon for h and k and h and I respectlvely

we obtain

(4 .4 )a  FJr  -  t J ,  -  (v rO j  -  v r9 r ) /2 (n-1)

{4tqjr  + Q?t -  Er log d,t i l  QQf ai los E1s)/2(n-1)}

and

(4 .4 )b  f i11  -  n5r  -  (n+2)  (v ,Or  -  r l j ) /2 (n - l ) .

rf :tR" ..h denotes the curveture tensor based on lS tn"o f"ot- h l  
1  J I

ne get

*q.rrn - Kn,rn + (znol org, * o| onrl t2(rr-L) - J lk,

oo, 99I' (2n onpr-En a, 1og [/g)

- (2n[t<- En log 6111 Qr$1

tlrt {2n0" - a" 1og !/g)

E, log 
-g/s) 

l2(n-L).

( 2 . 1 1 )

( 4 . 5 )

vhere



48 Nep:  l ta th .  Sc .  Rep. ,  Vo l .  12 ,  No '  11  1987

rron (4.5) we cea easllY obtaln

(4 .6 )a  *RJ '  -  * *J*  *  n (v rg5  -  i l l ) / (a - r )  -  t  D31

and

(4 .6 )b  f 31  -  o (n+ l )  ( v ,g r  -  r l : > l ( n -1 ) '

where il51 . *K3ttk.

5. Se+1-p-rPlecgve tnvarleqts

By ellolnatlos BJt froo (4'l) and (4'2)a we easlly obtal-n the follow-

lng semi-proJectlvely lnverl'ant curvature tensor

(5 . r )  ,nJrn -  xo1rn *  (61 
\d  .  t l t ) / (n- l ) ,

whlch le well' known Projectlve curvatute tetsor [2J ' Hence:

h

rheoren (5.r). th,g lgell:j 
pfoJ# PkJi" 1l@K J A

B)- rn e RlEoaadlan

sla.ce Mn.

El ln tnat tng (v ,p l  -  i lJ )  t ron (4.4)a,  b get

Eld lz(n-L)( 5 . 2 ) e51 + (291 - o' 1og Ete><zvt - at

-  , fny- *J, * ( f i1r.-  nr l t*DJ.

Substl tut lng fron (4.4)b and (5.2) fn (4'3) we obtaln on slnpl i-

flcatlon the followlng semi-proJectlvely invarlant curvature tenaor

(5.3) sk,ih Egg' *n:ro - ul no, (n+2)-1

td l  GJI  + (n+z)- l  n , i )  -  : l t ] / (n- l )

contracting (5.3) anal uslnB s11 - Sorrh and V11 - skSrt' we get

(5 .4 )  s31  -  0 ,  U31  -  ( n -2 ) (a - l ) - r ( n+z ) -1  n r r '

Fron (5.3) we can observe that l f  SkJt
h - o, th"rt

we

rog

(5 .  s)

Contrr

Iteorr

tgnaol

A

lbcorc

c6dtt

rt rt

n

(t-a)

bcr:

tcrr

d d

t

Frr

( 5 . 7 )

rtllc fr

( 5 .  t )

( ' . 9 )

Lf

( 5 .  t o )

RcP.

lnverlant
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(5.5) 
"o.ro 

- (o+2)-l ul no: + (o-1)-l tol or1 + (n+2)-1 n1l) - Jlk]'

contractl.ng (5.5) foq h and l we obtein for n > 4' nll - 0' Hence we have

Theoreo (5.2); IlL tn e Rterilanold! sDace f' tufo - S' (n>4)' tllqn the

ienRdr N. - ls e di'tiE[ettiC teo6or'

Also'froo (5.3) we can eaelly eetabl lsh

Theoren (5.3). If 10 a Rtendnnlsn- sDece Ifl anv two of the followlng

; ; ; ; . ; " ; "  t>  tpo , t t l  on , rn 'o '  t i i )  N31 '0 'e re  sa t ts r ied  then

the thtral 16 e16o 66ttefled'

Further tf ln (5.3) nkj - o, then we caa get

(s.6) ,o,ro - ro,rn - 1n-1)-r tol u5r - i lk)'

Ilence:

Theoreo (5.4). If. +o q.RlePsnnlag pDeie !4o' n3t '.0' tFed' the'necessarv

and eufftctelt cot'll-tlon.for sk,tb to be zeto ls'Etlten bJ

,orrn - (n-t)r 1ol nlr - i lk)'

From (5.3) by vlrtue ot tg'z)c we can easlly get

(5.7) 6nrrn - ol nlr (o-r)-1 (I+D'LJ * cvcl '  (k'J' l)  - 0'

while fron (3.5) enil (3'6) equattoa (5'3) v' ields

(5.8) f '0, ,o,.o - (o-1)-r tol t 'vn nnrrp -(n+z)-l  'vr not))J

+  c y c l .  ( l r k r J )  -  0 '

RePlaclng h bY I 1n' (5'8) lte get

(5.9) '0, ,o,rt - (n-l)-r [<2"-z> 
( 'vk NJt - J lk)

-(n-2) tn+z)-r'vt nOy''

rf 'vl nk, ' 0' equatlon (5'9) reduces to

(5.10) '0,  ,n,r t  -  (2a-3) (n- l )- l  1 'vu N1r -  J lk).



(5 .11)a  2( *K1r  -  *R3r )  +  2n(n- l ) - l  (v rg ,  -  1 l r )  -  D ,1

(*KJi + *KrJ) (*Rrt + ,tRrr) = Djr.

Conparlng (5.f l)a and (5. l l )b. ive can obtata

(5.12) (*K1r -  o\ i )  -  (*KrJ *KrJ) -  2a(n-1)- l  (v,oi  -  i lJ) .

Substi tut lng the value ot (v,gf - f l : l  and D,l  froa (5.11)b and

(5 .12)  ln  (4 .5 )  we ob ta in  on  e inp l l f i ca t ion

(5.13) vorrh 99I'  *\Jrn * tu C6l *\:  * (o-r l-t  o|

( * \ r * * * * ) l - J l k .

Fron (5.13) for un,rn - u,r.r,u un,rt - ukJ, r. obtalo

(5 .14 )a  u , r  -  0

and

( 5 . 1 4 ) b  v , r  -  ! r  n  ( * K 3 1  -  r l : 1 .

Fron (5.13) analogoue to (5.3) we eaelly obtalo the fol lowing

theoren:

Theorem (5.6). If ln a RleDeDnleo apece Mn any trro of the fOllowlnc

condl.tlons, r) vt,rh . O, rf) *furn - 0, 111) *I(-, - 0. ete eatlsfled
6J

then the thtrd_ls'p1.eo_sit16f ted.

h

I f  v,_,," -  0, then fron (5.13) and C5.14)b we can easi ly obtainKJ1
,tK.  .  r  t rK.  . .  Hence:

J I  1 J

Theorer (5.7). 
I$,,*rt,g.*led4rr.dioad stgce the terrsor V,-.,,1 - g

rd'J 1
tensor t tK.. i6 s\rmetric ln I  and l .

l -  
-
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Hence:

Theorem (5.5); In a RleneildLedrspaee I ' f  eattefrtnc 'V. 
n.. .  .0. the

tetrsor 'V,- 
N., is symetric to J and k l f f . 'V_ Sr-.,D - g. l

K  J l  m l (J1

Fron equation'(4.6)a we Can easl ly obtala

then the

l

( s .  l )

( 5 .  1 5 )

shlch :

( 5 .  1 6 )

Ecace:

ttcorct

ctcat c-
tEaa Ga

tt

( t - ;  r t

t

br5

('-tt,

ttr

d,b cI

( t -  r9)

hor:

tloorr (

rdrbtar

coaSat--

If fr

( ' . 20 )

Itch glve

and

(s .  r r )b
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If p, ls a gradlent vectorr equatlon (5.13) by vlrtue of (3.20) and

(5.1) aeo be expreeeed ae

(s.15) unJrn . tn,rn * fn| e6 + of (rs - nl enr)/(n-r[ - Jlk,

h

which for Vtr1r" - 0, glves

(5.1d) rn,rn . /nf s1r + ol (n3r - n! er1)/(n-rD - Jlk.

Ilence:

Theoren (5.8). If p, lg e gtadleot vectof thE-n the necegeJlry and suffl-

clent condltlon for the vaolshlng of V,-,.h le thet the proJectlve curva-

..rrg ."rr"or r" 
"*org""EEf

If we aestrn" Vf 
fufh 

- 0, then (5.13) lupltes

1 -
(s .17)  or  *hr^  -  \8 ,  ( *KJk -  J lk)  +tvk (*KJl  +. r l : l  +  J lk) / (n- ly .

Now lf we aaarrne that V, (*KJk - Jlk) - 0, then equatlon (5.17)

o, *It jr t  - 1vo *f,5r + J lk)/(n-l).
't

Slnce V, *K-,,- le skew-stmetrlc ln J and k and the r.tght haod
r KJ].

slde of (5.18) ls s]rmetrlc to J aad k we eaally obtaln

( s .19 )  oo  * *J r  +  J l k  -  o .

Ilence:

Theoren (5.9). I f  l .q a Rled€ntad,sDeee l*f l ,  the teo"oE Vkjfh @

vanlshlnc coverlarl t  derivatlve add the tedsor V.D. - V.D. lg covarlantlv
* 3 -

constantt then the tedgor V,- *K,; ls slcen-Blituetric ln k and J.

rf tn (5.17) *K1r - -*K5ir then we easlly obteln

(5.20) or *\Jrt  -  v,  *K3kr

whlch glves

lnpllee

( 5 .  1 8 )
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Theorem - 0. end the teieor
* K .  .

J 1
o, **Jn lnpllee

the vanlshlne of V. *K ..
r KJI_

end vlce;vetsa.

Remark

One can alao obtaln the properties of s)rmetrlc Rleoanal.an speces

based on  v .  . .h .
K J 1
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ttTffeet of Pertunbatiue Foree on Motion

arfd. stabiLity of rntereonneeted SateLlite

Systemtl

!1.P. Thakur

Abstfdct

T h e e f f e c t o f a t n o s p h e r i c r e s l s t a a c e a n d m a g n e t l c f o r c e s o n t h e

relatlve motLon of two charged sstellltes connected by a ltght flextble

lnextenslble and non-conductlng striog ln the earthte central gravlta-

tlonal field of force is dlscussed. It has been assumed that the centre

of mass of the system moves along a keplerian orblt under Lorentz magnetlc

aad atmospheric reslstance. under the assumptlon that the centre of maes

moves ln a clrcular orbit the llne-arised and normallsed equatlons of mo-

tlon are derfved. It ls supposed that the satellltes are subJected to the

lnpacts absolute!.y non-elastic ln nature, when the str'lng beconee tight'

F l a a l l y t h e m o t l o n o f t h e s y s t e o h a s b e e n i o n e l d e r e d l n e q u l t o r i a l p l a o e

o f t h e e a r t h , t a k i n g l ' n t o a c c o u n t t h e n o n - d l e s l p a t l v e p a r t o f t h e a t m o s -

pherlc reslstance on the relatlve motlon of the syeten' Although this

amounta. to, over elnpllflcatlon of the problem, reduclng the saoe to

scalaronomlc Bystem and hence adoittlng the Jecobifs lntegral. But the

e x l s t e n c e o f t h l s s l n g l e l n t e g r a l c o n e s t o o u r r e s c u e l n u n v q l l l n g t h e

b e h a v l o u r o f l t s m o t i o n r e l a t l v e t o t h e c e n t r e o f n a e g o f t h e s y s t e m t o

a great extent. Wlth the help of thts si[gle lotegralt we have beea-able

to obtaln the sufflclent condltlone for the non-evolutl0nal motlon of the

systen in whlch the systeD always noves like a duobbell satel"llte and the

stl lng ls alwaYs taut.

T h e p a p e r c o n t a l n s a l s o d l s c u s e l o n a b o u t r e g l o n s i n w h t c h t h e m o t l o n

of the systen renalns always slnllar to the duobbell 36te11ite and the

strlng never slackens uP.

Idttoductlptr

T h e p r e s e n t s t u d y l s d e v o t e d t o t h e s t u d y o f t h e e f f e c t o f a t m o s p h e +

r i c r e s l s t a t r c e a n d t h e n e g n e t i c f o r c e o n - t h e m o t l . o n o f a s y s t e r n o f t w o

cable connected satel l i tes lD the central gravltat lonaLfield of force'
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The satellltes are considered as material partlclee movlng ln Lorentz

force fleld and atmosphere. The notlon of each of them relative to thelr

centre of mass has been studied. It is supposed that the centre of moves

along a glven &,eplerian elliptical orblt. It is assmed throughout the

vork that the satellltes are subJected to absolutely non-elastlc 1npacts

when the strlng tightens up. The cable connectl.ng the tt'o satellltes le

supposed to be ltght, flexlble lnextenslble and noa-cooducting.

1. uottoo og the certre of gesg

Let us flrst consider the mot,lpn of the ceotre of mass of the systen

under the centrel.gtavltatlonal force on1y. tet i, aaa i, denote the

radlus vector of the pdrticle n, and u, respectlvely wlth respeet to the

attractlng centre and rl't,denote the lengtlr of the strl-ng conoectlng then.

The conetratnt of the systen ls given by

1 ' )  + ,  t 2
; r t - 1 2  l

t i r - i r ) - o

< i r - i r t - o

f l rst klnd for the part l-

.  .  .  ( 1 . 2 )

sbere R

and

I€ t  p t

rcapectlvely

: :  t .  L

rrrjrclr tr

* l:t&.h

l .a

b

krt

Substl tut

rnder bracket

g ' . ' . t l t l es  (1 .

-l

ux

vtere F. r
I

F 2 '

il

t2

5

t1

(F lg ' :  1 )

The Lagrangets equation of motLon of the

cJ.es n, and n, are respectlveLy

* . .. .  m.u  r .
' r i ,  +ff* '^

i

^ri, *Yf * ,^

Addlng the equations tn (1.2) we get

+ +

i  ,n ,  r l  mt tc
M R + u ( # + # ) . 0' 1 -  ' 2 '
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where

and

and

.+ ^. 't

_ 
rlrl + .m2r2

" _ _;;m;_

! t - o r * n ,

Let p, and p, denote the radlue vectot of the partlcle n, aad n,

reapectlveiy relative to theli comon centre of mass then

.  .  .  ( 1 . 5 )

i  . .  ( 1 . 6 )

i r - i l  +  p t

' ? r - f i  
+  p 2

It ls but natural to coneider that [aximu[ distance | &r between the

partlcles ls lnflnltestnally sna1l compared to the dlstance r, and r, of

the partlclee u, and n, fron the centre of attractlon.

t . e .  l . . l . o d l  < < l
r l  t2

Now p l  s  {  and.O,  1 .C thue

9 1  f  .  r l  a n d  9 2  t  t ' r 2

But r, c r, s R. Hence

A A
. P a  . V 6

r . . a

6 : < - <  
l  a n d  

E : <  
<  I

Substltuting the values of ?, end ?2 fron (1.5) ln the expresslon

under bracket ln (1.3) end theo expandlng ln ascendlng powet of the erall

guant l t les (1.6)  we get

" t  
-  

S -  
F r + F , . , ,  ( 1 . 7 )

where r, - 
# 

(rri, + ,rir) + 
S 

fU (nlpt + ̂ zp) J

,z-|ft6,,,1,'- 5 (*. Fl'zl t,, r(h'
. .i. 

-,iz
- ' ( I " f l - f l  * t
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* 3,, ,1 ir) i, * lF <il ilrr i, ... (r.8)
R . t r . R r z

otshertei"oB'la (1.7) are of hlgher order Ln the lnflnltesinare. Froo

(1.+1 gn6 (f.5) we can eaetly obtaln

+ 4 2;r ' ;F#z <ir-irr

+ ,01

62 .;ft; <ir:irl ... (r.8A)

Fron (1.8A) ve get

If.rr

l r

()

'or rlocc

lbe equr

forces reduce

t,

It l g t + n r P r - 0 . . .  ( t . e )

obvlouely the flrst order perturibatloo terl Fl l-e ideotlcally zero.

Thus the motlon of the centre of oaee upto the flist order lofinl.teelnel

can be gtyen by

r d + { t - o  . . .  ( r . t o )
R-

lfe have elnply neglegEed'the second and blgher order terms ln the

lnfinltesinal

'  ' P r  ' 9 q

t '*d E'

Thle ehowe that the motlon tJtes place aloog L,eplerlan orblt to a

good degree of approxlnatloo.

2. Edriatlod of 
'Ii1ottdilof 

g6 .Svg!;ed Relerlve to tts Ceotre of 
,Ue€

Let uB now coasl.der the notlon of tbe sy8ter relatlve to the cetrtre

of nass taking loto account the atmospherlc realatmce and Lorentz Dagne-

tlc force. lhe equatlone of relatlve notl.ou can be deduced wLth the help

of Lagrangers equatlons of notl.on of the flrst klnd sa there ls a cona-

tratrnt lnpoeed oa the eysteo.

The Lagrangers.equatl.on of notlon of the flrst klad for the. p.artl-

cles n, and n, ar'e

;
t l

,
Pz
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Now slnce

The equatlon of notlon with non-dleelpatlve part

fotceE reducee to the forn.

.,f, *S- r(ir-ir) + e, (irnn) * o."l'r lirl ;,

ni, *+ - r(ir-ir) + 0, (iran) + o"cru, 1?rl *z ...(2.r)
t23 

'

l- - Legrengers undeternLoeil aultlplLer

U - Product of the grav{tetlooal coostant with the mass of the
ettractlng centre.

g, - l latge 9.1 oa,the pattt+e (t  -  t ,  2)- 
veLoctty of ltght c

E The lntenslty 
"f :5 

eafthfe Daguetic fteld for equatovlal

a a t e l l i t e e . _ v  ( U i )

M - Magnetlc nomeot of the earth. Subtractlog the two equatione
ln  (2 .1 )  we ge t

+ - ' '
T  ' . '  . . T .  r ^(i,-4) - u r+ -frt + (ir-i2) ,t b,t l  t2

+
e, ilr, g^ I.fr^- rE {i1v'-iy - 

i 
rrrn, 

#, 
t

* p" f" ,  l i r l i ,  -  
" ,  l i -z l  iz l . , .  ( 2 . 2 )

f , - 4 - - f l r : $ ; , . . .  ( 2 . 3 )

of the aerodynanlc

Ar .p r , - f  < i l i r r -<H i  6 ,

trfrnot8$f- fi" - ',f .  , .  ( 2 . 4 )
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Agaln 1et us rilrlte

+
f^ - Unlt vector along rhe axis of the nagnetlc dipole of the earth.

u, -'The vol-ume of the magnetic ooment of the earth dipole'

E- - Unit vector along the radius vector
r

+
R

R - f r
l \ l

S o  t h e  e q u a t i o n  ( 2 . 4 )  r e d u c e s  t o  . ; . . .

j  y  +  t "h  mr l i lo  mi  0 '  9^

c e + T H r - # < i l F " 1  - - l l r - f i  -  '  L : - ' )
- R- :Z 2 nl{n2 'nl 

\

Therefort

tlhere l,

tb€ true

1 r

U .

I .
€

:  : ! .

:t!

Gd tbe equ€

^.2
I

In orde

Ouc€ the rot

of rass of t,l

t : : !

t (

Thls ls the basic equat,ion of notlon of the systeo whl-ch describes

rhe relat ive notlon of ro,

.  I+ RAr" -  3(K+.e.)  RA"{J *  . r*
R , E U

, . .  ( 2 . s )

(x .y ,z )  w111 be  in t roduced
l -  r

system and axls as shown

the flgure) though X not

:
z

t
3

( r l e . 2 )

Now the carteslan systeo.of. coordinates

lr l th the orlgln at the centre of nass of the

ln Flg. 2 (Zaxts'belng nornal to the plane of

shown ln.the f lgure then

t u - ) t u - + t u +
9 2  -  *  1  +  Y  J  +  z  R

+  + +  + +
R = l R c o s u + J K s l n v
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Theref'bte ts-l = lfil I lnl = i cosv + J sinv

where I, J, t 
"r. 

unlt vector along xry and z axls respectlvely and v is

the true anonally of the centre of mags.

I - incllnation of the orblt with the equatorlal plan of the earth.

!f = Argument of periJee.

K. '  (sinw slnl) I  + (cosw slnf) j  + co sl t

With thts relatlon for KB the bartesian equlvalent of the vector equatlon

(2.5) cao now be easlLy obtained as --

i .  u t  3 u , r y  t u  . n l t u l .  t u
x + r ? i - { ( : i c o s v + y s i n v )  -  (  ^ . t )  

r i
Rr Rr 

r l  12'

59

-  41  
,o t  

92 .  
-  ! .  + .- 

;p E tt, f { coer (slnv.il + 
"o"u 

il'i) J

+ ar( i t  cosv -  n i  s inv)  . . .  (2 . .64)

i u t 3 u ^ o 1 t u 2 . . r y
y  + t y  - -  s l nv  ( i  cosv  +  i  e rnv )  -  ( # )  i y

R" R" 
-1 12

t + \ ? , -
R-

f\ r"""
' R -

.  .  ( 2 . 7 )

- - L,3 5 f\ r"o"r (srnv ilri - .o"ui)t -
nl{r2 'nl t2' - 

n3

+  a ,  ( i  s l av  *  R i  cosv )  . . .  ( 2 .68 )

. .r[t+tn, * ot 9t . e,
(-:--:) ^t - - ',. (-j - -3) . sinl x-rI 12- nlrfl2 -nl n2'

(v+ru1f, -.sln (v+ir) Ri,] + 3 etn (v+ri) Ri,7...(2;6c)

and the equation of the constralnt takes the forn

q,2 q,2 q,2
x  + y  + 2 : I

In order to study the normal and transvereal notion we shal1 intro-

duce the rotat lng system of coordlnates with the orlgln at the centre

of mass of t.he system. Axls t along the radlus vector axls q tolrards

-ry
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the transversal to the orblt of the centre of mass lo tbe dltectlon-of

the motlon and axls I betng illrected along the nornal to the orbltel

plaoe of the.centre of maes of the gysteo.

In the rotatlng frame of refeience the systen cf equatton (2'6)

. . .  ( 2 . 8 A )

E 2 + n 2 +  
2  

s l .  .  .  ( 2 .e )

The Nechvllrs traasfornatlon gLveo by the followlng equatlon

wiLl be traneforned as,-

i'- zii - i"t - o" -3 -- (ffi)^t

m r  o r  Q r .  - u E  .- ,fu, ,rl = 
f 

r{ <nuY cosl + a,i

?r. + zi,i - i2n + u6 + 
.b 

-,,Tt,^.,

l l l l  0r 0t

- - (n+-) qi tt, f l4. nJ cost + arRri ... (2.88)

{.bt -'ffi'rt - -'dq' 'fi-fi,'

sinl f $ n cos (v+o) + (3 - It) sin (v+trr) Rn-7 ... (2.8c)
R - R

and the lnequallty (2.7) gtvlng the condltlon of constral.ot assumee the

new forn

f r  g x r e .  g ) r r f -  p z '

where p - R/p-IiE|ffi

a n d p - f o c a l p a r a m e t e r

e - eccentr lctty of the orblt .

. .  .  (2 .  ro )

. . .  ( 2 . 1 1 )

: 1 : r B



'treieforn the equetlon (2.8)

(2.13) where the true-anomaly of

tlon

yt t  + 2xt

z t ' + z

x t . ' - 2 y ' 3 x ' t r , , x - A c o e i
_ o \

. y " t 2 x ' , . ,  ' I f  + f

Wlth the condltion of the constf,aLnt

* 2  * y 2  1 L

deshes repreaentlng dlfferentlation wlth respect to V .

The conditlon of the constralnt (2.9) fs now glven by

i  - . l i -9 .+
p p

x"  -  2y r  -  340 .  
k  

*  - f ;  coer  +  fOP' i

- Q r - A ; { " o " 1 * f , 2

-  U z -  
f  f# cos (v*to)+-A "

( : p3p3  -  ue )  s l n  ( v+u r ) J  s tn t  . . .  ( 2 .13 )

^ - 
tl 

,nt- -L' '- -t^o P\I'tr ,,, t'r, tr 
*u rc' - ? ft;;;t

* ' * r ' * . 2 : i

ll.P; tha&ur

lnto the followLng set of equatlooe

the cetrtre of maee ls glven by the rela-

;  .  .  ( 3 . 1 )

. . .  ( 3 . 2 )

61

. , .  ( 2 . 1 4 )

3. Mdrl_on gf rhs svsteri. td th.e. c€i6e..df clrsd.4gt.otbtt of the centue

of Mase

Ldt us assrrme that the centre of mass'pf the systen moves along the
I

c l r c u l a r o r b l t .  T h u s e - 0 a n d 0  '  1  l . e .  p ' - o .  W e s h a 1 l a s s u m e

that the notlon of the sy$ten takes place ln the'p1ane of the orblt of

the centre of mass and heace the Z-Co-ordlnate w111 vanlsh. Thus the

equatlorls governtng the notlon are glven by
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As lre are dealing wlth the uaileterel coaetralnt (3.2) there wtll

ar ise three cgses.

(1) The.case of loose string (Free-notlon)

(11) The case of tlght strlag (Constralned-notloa)

(11r) The case of eltcrnEtely loose and ttght etrlng (Evolutlooal
notlon)

Let us f irst conslder the case of loose str ing. The motLoa of.the

systen is free constralnt and therefore l4 - 0 and x2 * y2 - l.

Thus rn, moves iaslde the clrBle,

* 2 * y 2 - 1  . . .  ( 3 . 3 )

The equation of motion in this qase t€kes the forn

x t t - 2 y t - 3 x - - A c o s l

y t t  +  2x l  :  f . . .  ( 3 . 4 )

Whose solutLons can be easily obtalned as

x . -  2c l .+  A  cos l  +  2 fv  +  e ,  cbsv  *  c ,  s lnv

y . -  -  ( 3 c I  +  2 A  c o s l ) v  - ] . t " ' -  2  ( c z s t r n v -  c ,  c o s v )  +  c O

( 3 . 5 )

Because of the pres€Dce of the secular terns 2fv and - (3cr+2Acoel)v

- 3l"fv- ne aee thet the novlng partlcle ts bound to touch the clrcle

*2 +-r2 - I at certaln epoch and after this nomeot the strlng wilr become

tight and the particle w111 start movlng oa the circle and its motLou

w111 now be governed by the equation (3.1).

As the centre of mass ls noving along 6 clrcular orblt and the.tlne

does not appear ln the system of equatlons (3.1) expl ictt ly. The energy

equation must exLst for the problen.

Now ln order to.obtatn Jacobits integraL for the notLon of the

part lcle m2., lre nult iply f l rst equatlon of (3.1) by xr and second by yl

and then addlng we get

q

j
-'l
q

b -

b

l 0 J

I

3. t-

gt

n|rcr

t t

vt

forr, b

-1

Prr
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- x r x , , +  y r y , , -  3 r s r i q ( x x t  +  y y t )  - A : < !  c o e l  *  f y f  . . .  ( 3 . 6 )

So for the unit clrcle

i ' * " ' . l a n d x x ' + y y r . g

IIence

xtxt,  + ylyrt -  3xxt - -  Axr cost + fyl

Iotegratl'og we get

7 t t 1 ,' i. 
(x't + y'") - 

i, t*' ' - A:rcosl + fv + hl2

l .e.  x '2 + yt2 -  3n2 '  -  2Alreosl '+ 2fy + h " '  
(3 '7)

Agaln nultlplytng the first and the eecond equatlon of (3.1) by x and y

respectlvely and then edd{ng lre get

xx,, + yy,, -  2(xy,-xry) + [o((*2+y2) + 3x2-Axcosl+fy . . .  (3.8)

Dlfferentiattng (3.6)A wlth respect to v l te get

* t .2  +  y r2  -  -  (xx t ,  +  yy , t )  ; .  (3 .9 ) '

So  (3 .8 )  and (3 .9 )  g tve

t  2>  
+  2( *y ! -1 'y ;  +  3*2  -  A , : rcoe l  +  fy  " '  

(3 '10)-  LA-  (x r -+yr '

N o t ' t o s l o p l t f y t h e e q u e t l o n ( 3 . 7 . ) a n d ( 3 . 1 0 ) f u r t h e r . w e e w l t c h o n

t o t h e p o ! ' a r c o o r d l n a t e s o n t h e u o l t c l r c l e b y e u b s t l t u t l a g

x - cosY

x - a l o Y  "  
( 3 ' 1 1 )

uslog these and thelr derlvatlveer qhe equetlon (3.7) and (3.10)

reduce resPectlvelY to

v '2 -3cos2v  -  2AcoeY cos l  *  h  +  2 f  s lnY " '  
(3 '12)

whlch te the Jacoblan lntegral of the equatlon of rnotlon ln polar

forn, h betng JacobLen constaot.

' *  
3 "o"2Y -  AcosY co81 +  f  s loY -  I  ; "  (3 '13)

e[4 r (Yt.r1)- + 3cos-Y - AcosY cos

Fron whLch the Lagfaners lndeterntned nultlpller t can be obtalned'
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The oechanlcal lnpllcatLoa of Lagraagere lndeteruiaed uulttpller le

thet the coaEtrelnt ls effectlp ae loag eB U. 
(t) S o and rhenever thla

condltlou doee not hold the coastralnt 18 lot o$ratlve. Tbea the Partl-

cle movee $lth lOoee etrlng. ThuE we obtaln the Goodltloa of the cone-

tral.nt ootlon ln the fom

(0' + L)2 + 3coe2u . Acoe0 coel - I + f stnt : o . . .  ( 3 . 1 4 )

Hence fotth lu our Eubsequetrt dlacuegloo we shell.aasuDe thst the

coodLtlon (3.14) le eatlsfled wtth the help of (3.12) od (3.14). Tbe

reglon of posslble notlon of the-p:ftlcle m, oD the rmtt circle (3.3)

can be deterntned. Fron (3.12) we obtela

h - 2Acos{, cogt + 3co"2i * 2f, e{.nrll t: o

obvlouely thie holde tf

h > 2Acoe{, coel + 2f atn{t

I t  le oot very dlf f lcult  to obtalo fron (3.15):

(f2 + A2co"2L) 
"o.2r1,,- 

Ahcoel 'costl ,  + 62 l t  '  f2) '  o

cos{, i

.  .  .  (3 .15)

. . .  .  (3 .16)

. . .  ( 3 . u )

I

" i ' i 1 .

'+ ' t  t2tJcaezr'- '  t2h2

llee betneeo
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4 .

condlt ion for notlon of the partrcle n, under effect lve constraint
i s  g iven  by  (3 .14) .  Th ls  i s  obv lousJ"y  sa t is f led  1 f

{ '2  *  2 ,1 , I  +  3cos2rp  +  f  s ln r f  <  Acos{ j  cos j .  . . .  (4 .4 )

The lnequall ty (4'4) represents a curve 1n the two dlnenslonar.
phase space ( , r , , r f ) .

, . , , , , ,rr t t- . t |" :": t"t  
part icle cones inside rhls curve ln the phase space

\ 'rV ' ' ,  Ene str lng wil l  becone 100se and the notion of the part lcle 1nthls case wlLl be free from constratnt.

The equation (3'13) represents also a curve in the sane phase spaceon whlch the part lcle is novlng for sorne f lxed vaLue of h.

Then the set of real points of lntersectlon of these two curves lnthe two dimenslonal phase space are the reglons of evol-ut ional notlon.
rn order to obtain the points of lntersectlon of these two curves;1 e t  u s  a d d  ( 3 . f 3 )  a n d  ( 4 . 4 )

2rl t '2 + 2r1,L + t slnrf < h - Acos{ cosl

- l 2 A c o s r l c o s i - f s l n U

. . . ( 4 . t ;
rn our subsequent dlscussion we sha1l use the tern non_evolut ion

notlon lf the string renalns always tlght durlng the notlon and evoLutlon_
a1 motlon when the notlon of the systen rs the comblnatlon of free notlonand coostralned motlon.

Fron (4.1) l t  foLlows that we shaLL have evolut lonal_ notion l f

- l < A c o s r f c o s l _ f s l n {

The lnequal- i ty (3.14) can be rrr l t ten ln rhe form
. ,  r  ^

{ ' - + 2 r 1 t '  + 3 c o s z r / ,  + f  s t n r f  >  A c o s r 1 r c o s i

The evolut lonal notlon wlL1 take place l f

.  .  .  ( 4 , 2 )

.  .  .  ( 4 . 3 )

. . .  ( 4 . s )

I
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Thls inequal-ity wirl always hold if the weaker conditron is r

whlch ls obtalned by putt lng cos{, - I  (nax) tn (4.5)

i .  e .  ,1 , '2  *  ,J ,1  -  ,a /  
z  

-  A / rcos i )  -  o

The roots wil l  be real l f

I

n > ' - i * A c o s l

T h u s i f  n . _ ' * A c o s i

. . ,  ( l

. . .  (

. . .  (

The polnt of intersectron w111 not be real and hence the noti
thls case w111 be non*evbLut1onal.

Examlnlng the real roots of the equatlon (4.5) betweeo .rvhlch

evolutlonaL notlon nay take place it can be seen that region of ev
t lonal motlon for ' .negatrve values of '  r f f  rs greater than that for
values of 0t.  Hence al l  motions for whlch evolut lon does oot take
in the case of {t  .  o wllL renaln non-evolut lonal for rfr  > o gs wel

Subt rac t lng  (3 .12)  f ron  (4 .4 )  we have

20t + 6cos20 + h < 3Acospcosl - 3f slnu

rn order that evolutlon nay take place lre must get real value
cosrf and hence the lnequality

- 2 \ ) ' -  h - 3 f  s i n r l r * ! 1 2 " o " 2 r ;  o

Consequentl.y the motlon wllL be'non-evolutional if

. . .  ( 4

- 2 1 ,  -  h - 3 f s t n p + ! 1 2 " o " 2 r . o  
. . .  ( 4

Subst l tu t lng  the  roo ts .o f  the  equat ion  (4 .6 )  in to  (4 .11)  to  eL
nate rf  r  we obtaln

T vffi?h:AEos'it + l-h + 
! e2"o"2r - 3f sint < o

whlch glves the condltlon for non-evolutronal notlon rn th6 ror

l
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(1) rrr-z-!  A2"o"2t),  ,  o(r-ry*t 'n2"o"21 + r s,nv

+ hfstng + f2slnr1i * 
f a2"o"2r fslng)

f o r  a n y  r p l  , . .  ( 4 , L 2 )

and (fl) {n-z-! A2"o"2t12 . 4(r_ 
ry * 

t' e2"o"21 + fslnr/

+ hfslnrp + f2 sln * 
! a2"o"2t r"rog

f o r  r p 1  >  o  . . .  ( 4 . 1 3 )
Fron the resuLt

w11, be non-evolu r I jJ'::T: 
;JT:':ffJ::'.:':,:";::L:'": T ff; 

*
bell  satel l l te l f  any one of the fo110wlng condit lon ls satlsf ied.

l .  _l  < AcosU cosl _ f  slnr,p

2. h . _i + Acosl

3. {tr-z-i  A2.o.2r)2 > 4(1- 
Sg. t '  a2"o"2r + fslnrf

+ hfslnrf + f2slng * 
! e2"o"2r fslnrl)

for any rpl.

4' {tr-z-N A2"o"2r)2 < 4(r-ry. 
t '  l2"o"2r + fsln'r

+ hfsing + f2slnrf * 
f  

e2"o"2r fslnr/)

f o r  r l , l  >  o  . , .  ( 4 . L 4 )

Now if  rre put A-0 and f=0 tn the above in equali t les rde get

I '  h  '  - ;

2. $,_212 > 4 for any Ul

3. er-z)2 5 4 fbr ul , o
. ( 4 . t s ;
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W h l c h a r e t h e r e s u l t s f o r n o n - e v o l u t i o n a l m o t l o n o f t w o c g b l e . c o n -

nected satell-ltes without any perturbation of atmospheric resistance or

magnetic force Ln the central gravltet lonal f leld of force'

Now the curve (3.12) and

(Ur  +  r )2  -  1+  Acosu cos l  -  3cos2 'p  -  f  s tn r i r .  .  .  ( 4 . 1 6 )

whlch glves the boundary of evolutlonal and non-evolutlonal motion

have been plotted for dlf ferent values of h, A and i '

The curve deplct ing (3.12) are certed lntegral curves' The lntegral

curve r^rhich cross the boundary (4'16) represents the case of evolut looal

notlon and evldently the.iurves whlch do not touch the boundary rePreseIlt

the non-evolut lonal notlon of the systen'

I t  has been seen fron the Figure (3) that the lntegral curve

h <  -1 .65  are  bounded and donot ,en ter  the  boundary  (4 .15)  and.hence they

represent non:-evol-utLon{i l  osclt latory motlon of the system (1ike a duurb-

bel l  satel l l te). I f  ,J,I  ,  o then al l  lntegral curves for h > I l le out-

side the boundary (4.16) and as they are not closed curvesr the system

ls rotat ing l lke a dumbbell  satel l- i te; l f  ' l r '  .  o then i t  can be seen from

the Figure (3) that al l  the lntegral curves for h > 4 donot enter the

boundary (4.16) and hence the system ls rotat ing 1lke a dumbbelL satel-

'l 
I f 6

I t l s w o r t h m e n t l o n l n g t h a t i n c a s e o f r n o t i o n o f t h e s y s t e m i n t h e

centraL gravltat lonal force the lntegral curves for h < - '5 l le outside

the bouodary (4.16) and represent the non-evolut ional motion but here

l-n case of Lorentz force f leld and atmospheric res{stance, the lntegral-

curves  o f  h  <  - .65  remalns  ou ts lde  the  boundary  (a '15)  where  as  mot ions

for -1.55 < h <.5 are evolut lonaL which are non-evol-ut i 'onal ln the

case of central force otLY [LJ.
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