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On Strongly Irresolute Mappings

Phullendu Das

Abstract

Replacing 'closure' by 'semi-closure' in the definition of a strong-
1y continuous mapping, a strongly irresolute mapping is defined and some
properties of strongly irresolute mappings analogous to those for strong-
1y continuous ‘mappings are obtained.

Let (X, t) and (¥, 1') be any two topological spaces.

A set A X is said to be semi-open if there exists an open set 0
such that 0 A < 0 where 0 is the closure of 0 (Levine [’.-l]), A is said
to be semi-closed if its complement is semi-open (Crossley and Hildebrand

i)

§.0. (1) will denote the class of all semi-open sets of (X, T).

In [7] Crossley and Hildebrand defined semi-closure A and in /47 Das
defined semi-derived set A, of a set A< X in a manner analogores to

closure and derived set.

Unless otherwise mentioned in whit follows of will denote a mapping
of (X, 7) into (¥, ').

K is said to be irresolute if 0 & 5.0.(:") => dﬂl(ﬂ)e 8.0. (1)
(Crossley and Hildebrand [87). In /5] Das colled such wappings as demi-

continuous mappings.

of is said to be strongly continudus if for cven = X, SR
< ol(A) (Levine [27), 1In [9] Arya and Gupta obfsined coue properties
of strongly continuous mappings.

The object of the present paper is to define strongly irresclute
mappings by replacing 'closure' in the definition of a stromgly continu-
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mapping by "semf-closure' and to examine some properties of strongly
irresolute mappings -analogous to those for strongly continuous mappings,

Definition 1: X is said to be ‘strongly irresolute if for every
ACXK, & (A)c o (A).

Thuso( is strongly irresolute iff oL (A)col(a) for every A C X.

Theorem 1: of is strongly irresolute iff o(._l' (B) is semi-closed
for every Bc v.

Proof: Let ot be strongly irresolute.

_ Let B Y . Let ps[ozl'(B.)_? -
Then ot (p)est {[Oi‘:l(ﬂ)],} Gd(ail'(l!)-) (" Ris strongly irresolute)
< B, .‘.p eeﬂ'l(n). % o'(,-]"(B) is semi-closed.

Conversely let the given condition be satisfied.
Ay C.(oc_l &(a)), « nZ]'(ot(A)) by the given condition.
< =X (4). .".oCis strongly irresolute.

Let AC X. Then
L -l u(‘&’)

Corollary 1: o is strongly irresclute i{ff aé_l(B) is semi-open for
every B Y.

-

Corollary 2: o is strongly irresolute iff oé'l(B) is both semi-
open and semi-closed for every B Y.

Note 1: ol is strongly continuous =% ¢ is strongly irresoclute =5
o is irresolute.

Sote 2: of is irresolute # ot is strongly irresolute as shown by

Example 1: Let X = {a,b,c},

T = {‘.x. {a}. {b}, {a‘b}}
Then 8:0.(x) = 1.U {{a,c}, {b,c}}.

The identity mapping I, of X is irresolute but not strongly irreso-
lute,
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Note 3: o is strongly irresolute £ X is stromgly continucus as
s&own by

Exssple J: Consider the topological space (X, t) defined in Exam-
pis 1.
o: X + X defined
X(a) =ma=ol(c), oL (b) =b
is stromgly irresolute but it is not strongly continuocus.
Theorem 2: of is strongly irresolute {ff 0(.'1.(}*) is semi-open for
every vy ¢ Y.
Note &: If rx.'l (Y) be semi-closed for every ¥ e Y, then ofis not
necessarily strongly irresolute as shown by

Example 3: The identily mapping I defined in Example 1 has the
desired property.

Corollary 3: Corresponding to each decomposition of a space X into
disjoint semi-open sets, there exists a strongly irresolute mapping on X.

Note 5: Restriction of a strongly irresolute mappingc( to any sub-
set of X 1s not always strongly irresolute as shown by

Example 4: Let X = {a,b,c,d} , Y = {%,3,2},
v =2 {0, X, {a}, {b}, {a, B}},
v'= {d, ¥, {x}, {y}, {x,¥}} .

Thes S5.0. (1) =t U {{a,e} , {a,d} , (a,c,d}, {b,c}, {b,d},
{b,c,d}, {a,b,c}, {a,b,d}}

axd 8.0. (") = " U {{x,z}, {y,z}}.
of: X + Y defined by
X(a) =x, A(b) = X (c)= OL(d) =y
is strongly irresolute,
Let A = {g,c,d]}. Then T, = 18,4, {a}} .
S'O(TA) = 1,10 {{a,c}, {a,d}].

£ =%|A:A + Y is not strongly irresolute since B'l(y) =
iedli S.O.(ta).
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Theorem 3: If o¢be strongly irresolute and f:(Y,t") - (2, ') be
any map, then fof:(X, ) + (Z, ") is strongly irresolute.

‘Proof. Let Ac Z. Then 8:'1(A)C.Y. Sinceof is strongly irreso-
lute qx_'l (B'l (A)) = (B=¢ )'1 (A) is semi-closed.

irresolute.

.". Bt 1s strongly

Corollary 4: The composite of two strongly irresolute mappings is
strongly irresolute,

Theorem 4: Tf o¢be irresolute and R: (¥, t') + (2, ™) be strongly
jrresolute, then fol: (X, 1) > (2, ") 4s strongly irresclute.

Proof: lLet A< Z. Since § is strongly irresclute, B_l (A) is both
semi-open and semi-closed. .°. ((u-)-.-l@):“—lg—l (4)) uc"]'_(B"l )

(*." of is 1rresolute) = oc"l (B-l (A)) .0 B‘l(A) is semi-closed) = (WL(A).

s (S'c()_!'(A) is semi-closed. .". Belis stromgly irresolute.

Theorem 5: Let y: (X, 1) +:Ié§,,_ , Ta) be stronmgly irresolute. Let

Vit (K, 1) = (X, %) be def:lned-by Yo (%) =2, if v(x) = (xo ) for

ol
every o¢ £ A, Then y_ is strongly irresolute for every = ¢ A.
The result follows from Theorem 3 since y_ = P ¥ where P, is the

projection of 1
el A

X, onto b (R

Theorem 6: Let 0(1: (xi, -ri) - (Yi, ti') be strongly irresolute
- - LB 1 L}
for 1 = 1, 2. Let xo-g 31 x xz, ¥, _le LN ‘!'u 't'l x 1“2. ‘!‘D 'flez_.

Then of (ID, tre) - (Yo,"!;') defined by of , (%), %) = &tltxl),n!2(xz))
for every x; e xl, X, € Kz is strongly irresolute.

Proof: Let y = (¥, ¥)) €Y. The:n-c&;l (v) -_-ot.zl(yl) xd.zl(yzl
is semi-open (by Theorem 11, Levine 3h sincect,;l (y;) is semi-open for
1=l, 2. .'.ot 1is strongly irresolute.

A set P . X which cannot be expressed as the join of two sets
A,B. X such that Af\ B =AfIB=¢ 1s said to be semi-connected (Das

o).

|
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Theorem 7: Let<oX be strongly irresclute and let A be a semi-connect-
od subset of X such that if 0 be semi-open or semi-closed in (X, T, then
A N0 1s semi-open or semi-closed in (A, 1.:). Then & (A) is a single
paist.

Proof: Let there exist more then one point inof (A). Let peol(A).
Then ;_'T;p) is a proper subset of A and since of is strongly irresolute
-t."(p) is both semi-open and semi-closed in (X, B). .°. 0(:1_(1:) NAis
both semi-oper and semi-closed in (A, t'A) which contradicts the fact that
A s semi-comnnected. .. ©f(A) is a single point.

Theorem 8: X is semi-comnected 1ff every strongly irresolute mapp-

fng on X is constant.

Proof: Let every strongly irresolute mapping on X be constant. If
X be not semi-connected, then there exists a proper subset A of X which
is both semi-open and semi-closed. Let ¥ = {a,b} (a#b) and let T be any
topology on Y. Let B(A) = a, B(X-A) =b. Then B is strongly irresolute
but it is not & constant mapping. .°. X is semi-connected. The converse

follows from Theorem 7.

In /1] Bohn and Lee defined semi-neighbourhood of a point x € X and
in /5] Das defined semi-component in a manner analogous to neighbourhood
snd component,

Definition 2: X is said to be locally semi-connected if for every
% £ X, every semi-open semi-neighbourhood of x contains a semi-connected
semi-open semi-neighbourhood of x.

Every semi-component of a locally semi-connected space is a semi-
epen set.
Theorem 9: Let X be locally semi-connected and let y be the cardi-

sality of the family ¢ of all semi-components of X. Then any space with
cardinality 2 y is the image of X under some strongly irresolute mapping.

Proof: Let Y be any space whose cardipnal number is g ¥ y . Let ¢'
5¢ & subfamily of ¢ of cardinality 8. Then there exists a bijective
mapping g: €' + Y. £:X + ¥ is defined as follows: f£(x) = ‘(Dx) if
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X Dx € @' and f(x) :'gf]}o) where x € D¢ @ but D ¢ g', DQ iaeing_ a
fixed member of £'. Since X is locally semi-connected, every member of

¢ is both semi-open and san_i-—clds_ed.' f"]' (y) is both semi-open and
semi-closed for every y e Y.

« < f is strongly irresolute.

In /9] Arya and Gupta proved that a strongly continuous mapping
f:A + Y can be extended strongly continucusly to any locally conmected
space X which contains A as a closed and open set. But If f:A > Y be a
strongly irresolute mapping and X, a locally semi-connected space contain-
iog A as a semi-closed and semi-open subset, then it may not be possible
to extend f strongly irresolutely to X as shown by

Example 5: Let A ={a,b,c,d,e},
T={¢,a, {a,b}, {c}, {a,b,c}}.
£: A+ A defined by

f(a) = f(b) m=d, f(c) =f(d) = f(e) = c
is strongly irresolute.

Let X ={a,b,c,d,e,f} ,
T' ={¢, X, {a,b,c,d,e}, (£}]}.

Then (X, T') is locally semi-connected and contains A as a semi-
open and semi-closed subset. But it is not possible to extend f strong-
ly irresolutely to X.

Definition 3: X is said to be weakly locally semi-neighbourhood
if every point of X has a semi-connected semi-neighbourhood.

Theorem 10: A map £:X + Y from a weakly locally semi-connected
space X to a space Y such that the imege of every non-empty semi-connect-
ed subset of X is a singleton,is strongly irresoclute,

Proof: lLet ACX. Let x ¢ A,. Since X is weakly locally semi-
connected, there exists a semi-connected semi-neighbourhood N of x.
Since x € A,, N VA ¥ §. Now f(x) ¢ £(N) and by our assumption £{N) is
a singleton. Since f(AN N) < £(N), f(x) = F(ANN) < £(A) .". £(x)ef(a).
4 £(A,) c. £(A). .'. £ is strongly irresolute.
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A Fized Point Theorem for Four Maps on a Metrie

Space
5.V.R. Naidu
and

J. Rajendra Prasad #
Abstract

In this paper we obtain a fixed point theorem for four maps (in
metric space set-up) generalizing and unifying certain results of Ciric,
Des and Nalk, and Fisher and also provide a good number of examples to
give insight into the results discussed.

In this paper we investigate conditions under which four mappings
from (a subset of) a metric space into the space admit a common fixed
peint.,

In Section 1, we obtain a theorem generalizing and unifying the re-
sults of Ciric /1], Das and Naik /27 and Fisher [3], [4] and state a
few important Corollaries. We also make a critical analysis of the
necessity of the various conditions imposed in the results by means of
several remarks.

In Section 2, we provide a number of examples to give insight into
the results discussed in Section 1, The examples are often referred to
in the remarks discussed in Section 1.

Sessa /6] introduced the concept of weak commutativity for two self-
maps on a metric space. We slightly modify it as follows:

Definition: Let A,B,C be subsets of a metric space (X,d) with Cg AN B.
T f: A~ X and g: B + X are such that

d(fgx,gfx) % d(gx,fx)¥ x ¢ C 3gx e A and fx ¢ B
then we say that f,g are weakly commutative on C or f,g commute weakly
oa C or (£,g) is a weakly commuting pair (w.c.p.) on C. Throughout this
peper, for any map h, R(h) denotes the range of h.
§ 1

Throughout this Section § stands for an increasing map from RT to
2T with P (tH) € t 4t > 0 and 1im [-gt)] = + =,
o+ e

Theorem 1: Let §,T be.self-maps on a metric space (X,d) and Yg X. Let '

*Rssearch supported by U.G.C., New Delhi.
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f,g be mappings from Y into X such that d(fx,gy) £ @ (max {d(Sx,Ty),
d(Sx,fx), d(Ty,gy), d(fx,Ty), d(Sx,gy)}) for all x,y in ¥. ... (I)
Suppose that there are sequences {xn}, {yn], {zn} in Y such that

fx =gy, =Ty 4 =Sx =2 (e 04,2 o)

. T g i
Ty, = Sx =z (L)

Then {zﬂ} is Cauchy. Suppose {zn} converges to some z £ X. Then the

following statements hold:

l. If ze ¥, f is continuous at z and £,5 commute weskly on ¥ then
£z = z. If, further, z = T(Y) and g,T commute weakly on Y then
2z = z = Tz, 1f, in addition, z £ S(Y) then Sz = z.

2~ 1f S is continuous at z and f,S commute weakly on Y then 5z = z.
If, further, z € Y then fz = z and £ is continuous at z. If, in
addition, z € T(Y) and g,T commute weakly on Y then gz = z = Tz,

3. If fS = Sf on ¥, S(¥)< Y and s™ is continuous at z for some posi-
tive integer m then 5™z =z, If, further, z £ Y then Sz =z = fz.
1f, in addicion, z € T(Y) and g,T commute weakly on Y then

Tz = z = gz.

4. Statements (1),(2),(3) remain valid if f,g,5,T are replaced by
g,£,T,8 reaspectively.

5. 1If 8 =T, S is continupus at z, z € Y and either f or g commutes
weakly with S5 on Y then fz = gz = Sz = z,

Proof: Taking x = x, , and y = Vi1 in inequality (I) and using (II)
we obtain

-d(zi,zj) < @ (max {ﬁ(xi_l,zj_l), d(zial'zi>‘ d(zj-l'zj)'

d(zi,zj_l), d(zi—l'zj)} ) aies (CTIE)
for all 1 > 1 and j > i)
We have

d(zg,2)) % &z ,2) +d(z),2)). e (1)

mﬁnsl
Then from

Taking 11
we obtais

Since ¥
Besce
i. Sup
Conatidex

4(5
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Let & = sup {d(:i,zj)fﬂ Sty dsal (o=l2,0:):
Then from (III) and (IV) it is clear that
B, 5 dlz,,2) + 9 (B) (m=1,2,...). e (M)

fe. 8 -0 () < a4z ,2)) (m=1,2,...).

Sisce lta  [t-9(t)] = + =, it follows that {8 } 1s bounded.
L=+ =

Beace sup {d(zi,zj) / 420,330} 1is finite.

Let
Y, = sup {d(si,zj) g ghn, Jznl (a=0,1,2, ...).

Then {1n} is a decreasing sequence of non-negative real numbers and
bence converges to a non-negative real number y.
From ipnequality (III) we obtain

Yo <8 Oy y) (o= 1,2, ..o ves (VI)
Taking limits on both sides of the above imequality as n + » -
we obtain

Y <9 (yH).
Since P (t+) < tAt > 0, we must have y = 0,

Bznce {zn] is Cauchy.

L. Suppose z € ¥, f is continuous at z and f,S commute weakly om Y.
Comsider

d(Szn,fz) < d(an,fzn_l) ks d(fzn_l,fz)
- d(Sfxn_l.fsxn_l) + d(fzn_l,fz) -

5 d(fxn_l,sxuﬁl) + d(fzn-l |fz)

=dlz ,z_ ) + d(fzn_rl,fz)

+0asn +o,
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Hence {5z } converges to fz. Since |

Taking x = 2 and y = ¥y, in inequality (I) and then taking limits om

Cocside
both sides as n + =, ye obtain
d(fz,z) < P (d(fz,z)+)
80 that fz = z.
Suppose z & T(Y).
Then 3 we Y3 Tw = z,
| : Eamce
Teking x = x_ and y = w in inequality (I) and then taking limits on
R Takizg
both sides as n + =, we obtain
both »
d(z,gw) < @ (d(z,gw)+)
so that gw = z. so tha
Suppose g, T commute weakly on Y. B .
Then d(gz,Tz) = d(gTw,Tgw) < d(Tw,gw) = 0 Taking
so that gz m Tz. both
Taking x = x and y = z in inequality (I) and then taking limits on
both sides as n + =, we obtain ! o T
d(z,g2z) < @ (d(z,gz)+) et
so that gz = z. Hence Tz wm z. Tty
Suppose z € 5(Y). |
Then 3 u € Y 3Su = 2.
Taking x m u and y = z in dnequality (I) we obtain
d(fu,2) < @ (d(fu,z) ) Sizce
so that fu g z. s
Since f,8 commute weakly on Y, we have
d(fz,8z) =m d(£Su,S8fu) < d(Su,fu) = 0

so that fz = Sz.
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Sioce fz m z we must have Sz m z.

2. Suppose S is continuous at z and f£,S commute weakly on Y.

Coasider d(fzn,sp S d(fzn,Sz!Hl) - d(s:n+1,s=)

s d(fs:n,sf:n) + d(Ssn+1,Sz)
5 d(s:n 3 fxn) + d(Szm_l,Sz)
=d(an o znﬂ)-l- d(San,Sz)
+ Dasn+e=,

Se=ce {fzn} converges to Sz.

Takicg x = z and y = yn_in inequality (I) and then taking limits on
both sides as m + =, we obtain

d(Sz,z) < P (d(Sz,z)+)
s0 that Sz = z,

Suppose z ¢ Y,

Teking x = z and y =y, 2n inequality (I) and then taking limits on
both sides as n + =, we obtain

d(fz,z) < 0 (d(fz,z)+)
sc that fz m =.

Let {un} be a sequence in Y converging to z.

Taking x mu and y = y, in inequality (I) and then taking limits on
both sides as 1 + =, we obtain

L <P ((tn-i-sn}-i-), (nel,2, ... .) + o« (VII)
where t = d(fu ,z) and 5 = d(Suu,z).
§izce § is continuous at z and '[un]' converges to z, {sn} converges to
sere. Hence there exists a positive real number M such that
s, <M Nno=ml,2, ...
Besce from inequality (VII) we have
t =9 (tn-i-l!)‘\‘u L 2y e .

(640 - § (£ 40 <M nml,2, .. .
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Since lim [t - @(t) 7 =+ w, it follows that {t } is bounded.
e '

Suppose {t:n-k}_ is' a convergent subsequence of '{tn} with 1limic to.

From inequality (VII) we have
tnk <P ((:n*k+ s“k>+) (Ks1.2, ,vs o)
Taking limits on both sides of the above inequality as k + «, we obtain
t, <9 (£ +)
so that I‘:o =0,
Hence {t_} must converge to zero.

Hence f is continuocus at z.

When z € T(Y) and g,T commute weakly on Y, it can be shown as in the
proof of 1 that gz = z = Tz,

b Suppose £S = 5f on ¥, S(Y) € Y and §™ is continuous at z for some
positive integer m.

Taking x = s" X Y=y, in inequality (I) and using the commutativity
of f and S on Y and equation (II) we obtain
113 m
d(sm'zm_l 18Y,) <9 (max fd(smzn’ryn>’ 4(5°3,8 LY 14(Ty 87,0y
sz, 1,0y, 4™z .8y )} ).

Taking limite on both sides of the above inequality as n + « » we obtain
a(s"z,2) < @ (d(s"z,2)+)

so that §"z -z,
Suppose z € Y.

Then ™z ¢ v.

Taking x = Sm"lz and y = Yu in inequality (I) end then taking limits on
both sides as n + = , we obtain

ld(fsm'lz,z) <P (d(fsm-lr.,z)d-)-
so that £5° 'z -z,

Bezce Sz = S(fS

Takizg T w2z a0
siles as = + =

an that fz w z.

If 2 ¢ T(Y) and
fz the procf of
&, This is «
bypothesis of 1
8.4,1,5 respec

S. Suppose |
= T,

Than from stats

Takisg x w Y =

Besce gt = 3.
lsstead = aem
of g aad Tiaf)
iz isegeality
Remsrk 1:
poist of £ and
p =g 9o that
The smigee TOW
Sesark 1: From
r‘-'(wo}f‘
iseguality

e tQI‘M
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Bemce Sz = S(fsmblz) = £(s"2) = fa2.

Takisg x =z and y=ry in inequality (I) and then taking limits on both
sides as n + = , we obtain

d(fz,z) < @ (d(fz,z)+)
e that fz w z. Hence Sz = z.

If = ¢ T(Y) and g, T commute weskly on ¥ then it can be shown exactly as
i the proef of statement (1) that gz = z =Tz.

4. This is evident from statements (1),(2),(3) since the initisal
Sypothesis of the Theorem remains unaltered if f,p,5,T are replaced by
#,%,T,5 respectively.

5. Suppose S = T, 8§ is continuous at z, z £ Y and £,5 commute weakly
en Y.

Then from statement (2) we have fz = z = Sz.

Teking x & y = z in inequality (I) and noting that Tz = Sz = z, we obtain
d(z,g2) < P (d(z,g2)).

Bence gz = z.

imstesd of assuming the wealk commutativity of £ and 5§, if' we assume that
of g and T(wS), then from (4) we obtain gz = z = Tz. Now taking x =y =z
iz imeguality (I) it can be seen that fz = z.

femark 1: When inequality (I) holds for all x,y € Y, p is a common fixed
peint of f and S in Y and q 1s a common fixed point of g and T in ¥ then
p =q so that 1f 2z € Y 45 a common fixed point of f,g,5 and T then z is
the unique common fixed point of f and § and of g and T.

Remark 2: From inequalities (V) and (VI) 4t can be verified that
e - Dhu) < d(su,zl) and Y = p® (1,'0) so that in Theorem 1 one has the
foequality
n
d(!nlzl <P (ta)'

where t_wsup {t ¢ K / t-f(t) < d(z ,2))} .
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Remark 3: Examples 2 and 13 show that in statement (1) of Theorem 1 one
cannot drop the condition 'z & 5(Y)' even when Y = X, X is complete, f,g,T
are continuous on X, gT = Tg and fi(t) = at on R+, a being a constant in
[0,1/2]. while in Example 2 the space X is compact, in Example 13 the
mappings f and 5 are commutative.

Remark 4: If £ commutes with $ on Y, S is orbitally bounded on Y (i.e.

{8"x} 1is bounded for each x & Y) and the term d(Sx,fx) is deleted from

the right hand side of inequality (I) then the condition 'z ¢ S(¥)' can
be dropped from statement (1) of Theorem 1.

Remark 5: Example 3 shows that in statement (2) (and hence in statement
(1)) of Theorem 1 one cannot drop the condition 'z £ T(Y)' even when

Y =X, X is compact, fS = Sf, gT =Tg and $(r) z% on &Y. In particular,
it shows that the condition cammot be dropped from statement (3) of
Theorem 1 even when m = 1. It also presents a situation where £,S are
continuous on X but none of g,T has a fixed point,

Examples 1,4 and 12 also show that the condition 'z € T(Y)' cannot
be dropped from statement (1) of Theorem 1. In all the three examples
Y =X, X is complete and ) (t) = at on R’ for some constant a in Jo,1/27.
Examples | and 12 present a situation where f is continuous on X and none
of g,8,T has z as a fixed point. In fact, in Example 1 none of g,S,T has
a fixed point, While in Example 4, the space X is compact, in Example 12
the mappings f,S are commutative, Of course, in both the examples the
mappings g,T are commutative. Example 4 illustrates & situation where
both f and g are continuous on X but none of S,T has & fixed point.

‘Remark 6: Example 14 shows that in statements (1) and (2) of Theorem 1
one cannot drop the weak commutativity of f and S even when Y = X, X is
finite and gT = Tg.

Coro l: Let f,g,S8,T be self-maps on a complete metric space (X,d)
such that (£,8), (g,T) are weskly commuting pairs and inequality (I) holds
for all x,y in X. Suppose that atleast one of £,g,5,T is continuous

R(£) € R(T), R(g) € R(S) and that there are sequences {xn} - {yn} in X
such that ‘

fx =gy =Ty, =5 ., @©@=0,12, ... .)

tioa ¢©
with 1

coadiit
"wichy
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Thes (fs_! is comvergent and the limit of {fx } 1s the unique common
faed potat of £ and S and of g and 'T.

Bemash 7. Exsmple 7 shows that Theorem 1 is a proper gemeralization of
Csesllary 1.

Bemack 8: Pxasples 2 and 13 show that in Corollary 1 ome cannot replace
“he cemditios 'R(f) @ R(T) and R(z) S R(S)' by 'either R(f)c R(T) or
58 € ¥(5)7 even when f,g,T are continuous on X, gT = Tg and P(t) = at
#s ', = Beisg a constant in [0,1/2]. While in Example 2 the space X
8 fempact, in Example 13 the mappings f,S are commutative,

Besack 5: Example 5 of Sastry and Naidu /5] shows that im Corollary 1

WS cassot ensure the existence of a common fixed point for f,g,S5,T (even
whes (X.4) is a finite metric space and S,T are identity maps on X) if

“he cosdition regarding the existence of the sequence {x 1}, {y_ } is dropped.

Mlemack 10: Example 5 shows that in Corollary 1 on ecannot drop the condi-
tiom on continuity even when X is compact, f commutes with S, g commutes
with T and @(t) = ; on ll.+. Example 6 also can be invoked here,

Bemack 11: Example 15 shows that in Corollary 1 one cannot replace the
comdition '(£,8), (g,T) are weakly commuting pairs' by the condition
‘wither £S5 e Sf or gT =Tg' even when X if finite and f = g.

We can deduce the following two results from Corollary 1.

Lesellary 2: (Theorem 1 of Fisher [47):- Let £,5,T be self-maps on a
semplete metric space (X,d) such that f§ = Sf, £fT = Tf and

4(fx,fy) < o max {d(Sx,Ty), d(5x,fx), d(Ty,fy), d(£x,Ty), d(Sx,fy)}
for a1l x,y in X, where o is a constant in /0,1). Suppose that for each
% i= I there exists y in X such that

fx =Sy =Ty
#ad at least one of £,5,T is continuous, Then £,S,T have a unique common
“fized point.

Corellary 3: Let £,5 be self-maps on a complete metric space (x d) such
that f,5 commute weakly, R(f) S R(S) and d(fx,fy) < @ (max {d(Sx,Sy),
é(sx,fx), d(Sy,£y¥), d(fx,Sy), d(Sx,fy)}) for all x,y in X. Suppose that

————
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Bagary 15: corcllary 5 is a generalization of Theorem 1 of Ciric [1].
Exsmple 10 shows thet it is a proper genmeralization.

ﬁ!‘ fxample 11 shows that in Corollary 5 one cannot ensure either
the Cascly sature of the sequence of dterates or the existence of a fixed
petat leves vheo (X,d) is complete) if the condition lim [e-0CE) =+ =
ts drepped. MRk
§ 2. Examples
$s Ezsasples 1 to 6, X &tﬂﬂa for the compact metric space

48.5.872,0/2%, ... .} vith the usual metric, wheress in Exemples 7 to 10,
ﬁ_ seanés for the compact metric space {-0’-;,1',1_;’-25,133, ... .} with the usual
wetstc. Furcher in Examples 7 to 10, § demotes the mapping from K to gt
Safined by P(E) = -I-E-E- . It is clear that @ is {increasing, continuous,

B0 < & e > 0 and Mo [ - BB =4
T4

o all those examples where four ‘self-maps £,8,5,T on X are consi-
dered, the equation

fx =gy, ® TV, 41 =S% 41 = 24l (o=0,1,2, «vo )

bolds for a suitable choice of the gequences {'x-n}, tyﬁ'}" {sn}. 4n X and
pee such selection {s specified in each case without .-é.xpli.eit_ly stating

the squation every time.
| Define self-maps f,g,5,T on X by

f0) =0, g0)=1/2, SO =1, T(0) =1
1

1 1 A 1 L 1 ol
£-) == gl=) ==, S(=) m=_.5 T =
2° 0t3 > E,m 50+5 ', o2 Y

= 8 b
Lt

(ﬂ’ 0.1.2__' e e

Then f is continuous on X ; g,8,T are discontinuous at zero; £,S are
weakly comsutative but not commutative; g,T are ‘commutative;

exegy| ¢ b omax (lsx-ty] o [sx - &I}

exegy| < 3 max (|sx-Tyl , [x - Ty}
aod

\faegy] < b max (|eey] L 5% - wyl)
for all x,y in X.
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1 iy | el <
r;n-;z-mﬂyng?.whave z.4 rz—;'_?w()a.nn-c— a

0 is the only fixed point of f.

For x
n

None of g,5,T has a fixed point,

We note that 0 4: R(T).

.2. Let £, S be self-maps on X defined as in Example 1.
Define self-meps g,T on X by

g(0) =0 , T(0) = 0

s, 1l edy Gmona .

Then £,g,T are continuous on X and any two of them are commutative;

RO R ; R RO 3

|fx-gy| = ; |sx-Ty| o %,y e X <
and
|fx-gy| < § max {|£x-Ty| , [sx-gy|} ¥ =y e X.

=—-l—+0asn->-.

1 i (8
For x = and Yy =T Ve have zn_'_1 2n+3

zn-l-l

0 is the only fixed point of each of f,g and T.

S has no fixed point. In fact, 0 § R(S).

3. Let £,g,8,T be self-maps on X defined exactly as in Example 1
excepting for S(0) which we define here as 0.

Then £,S are continuous on X; g,T are discontinuous at 0;
fS = Sf , gT = Tg '

lex-gy| <5 [sx-Ty| Nx, yeX,
and
|ex-gy| ¢ 7 max thex-Ty| , |Sx-gy|}axy e X.
For ‘\xnk ¥ ﬁyn‘j defined as in Example 1, we have

zn+1=-2-n_-%s-+0asn+~.

? fs the unig
St smither j§
e sete That
‘v m!.‘l
mcepiing e

e £ .5 aze
§.T sTe weak

| tx-gv|

P ix ),

€ 4s the unl
Bst selither
e s=le that

3 Defise

Ser all =¥
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4 i» the unique fixed point of each of f and S.
Bt smither g nor T has a fixed point.
s sete that 0 § R(T).

& Let £.3,5.T be self-maps on X defined exactly as in Example 1
#mceptisg for g(0) which we define here as 0.

e .3 are continuous on X ; S,T are discontinuous at 0;

#.7 sre weakly commutative but nol commutative:

|Ex-gy| = i |sx-Ty| *=x,y € X.
=13
lfx-gy| < 7 max {|fx-Ty| , |sx-gy|} ¥x,y e X

fex fx ), {y, } defined ss in Example 1, we have

:ml’z_ni? +0asn~+=,
0 is the unique fixed point of each of f and g.
Bet peither S nor T has a fixed point.

We sote that 0 ¢ R(S) u R(T).
$. Defipe self-mape f,g,S,T on X by

£(0) =i§ , (0 =’-;-; , S(0) =1, T(0) =

l.';qlt-

1 1 k| 1o 1 1 /1 1
!(;"J-;'n,‘;‘g‘ ’ B(?) --zm ; 8{;;}_.3;‘175 s '1'(-2-;). 22?3‘
o 0,125 Yasn 1)

The= f,3,5,T are all discontinuous at zero ; fS = Sf, gT = Tg;
1) < R(T) , R(g) € R(8) ;

|fx-gy| = é | sx-Ty|

fx-gy| < g max {|sx-£x| , |Ty-gy|}
-
|tx-gy| < g max (|ex-Ty| , [sx-gy|)

for all x,y in X.
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1 1 3 1
For xn'?ﬁﬁm yn:?;w. have 8n+1='2-fn-'7€+ Dasn+eo,
None of f,g,S,T has a fixed point.

6. Define self-maps f,S on X by

O =l s =1
2
1 1 1 1
f(;;—) =2n+5 - S‘;E) =—-i~2n+ (0 m0,1,2; ... ).

Then f,S are discontinuous at zero; £S5 = Sf; R(f) < R(S);
1
|fx—fy| = 3 |Bx-3yi .

| £x~£y|< ,}m {|sx-£x| , |sy-fy|}
and

|ex-fy|< g max {|ex-sy| , |sx-£y]3
for all x,y in X.

1 1
F°“‘n"'2'_3n"f"n‘s"n-n-l'zame"o““"“ i

None of f and S has a fixed point.
7. Define self-maps f,g,5,T on X by

£(0) = g(0) = S(0) =T(0) =0

! 1
—-!'-—ifnis 71fn13e\ren
1 n+5 ren 1
f(;) =, s B(E) =41
if n 15 od n+l6
E%Tz 4 =ie if n is odd
% if n is even 1l 4f n is even
1 1
5(5) - » T(ﬁ)-‘."
;i—'a-ifnisodd —L= 1f n 1s odd.

Then f is continuous on X; g,S,T are discontinuocus at '0'; £,5 are
weakly commutative but not commutative; g,T are weakly commutative but
not commutative; R(g) C.R(S); R(£) ¢ R(T);

iz~

fut tiave

faw a2l x
h‘z"i

¥ is the

Jwfize »e
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lex-gy| < @ (Isety]) Nxyexy

4 TpE U . e e I

Jfe-gy| < @ (max {I'ﬁx-’myu. r&:-m} Y Emyex -
‘here is no constant o in {0,1) such that et § ¥ RS

£a max {|sx-1y9| .M E tﬁﬂyl- .fmmrh [WTG‘ H
- ‘x,y in X.

I A8

=t 4V

g the unique fixed point of Sﬂ.‘.‘h Of f-;g,f Clla'

Let £,5 be self-maps on X Btﬁmst as in Example 7.
= self-maps g,T on X by

8(0) =0 . T(0) =0
. -} if n is even .
s 1“{ @]

! %@.‘ 1f n is odd.

1 if n 1s even

inuous at zero; £, § are
eakly commutative but

ﬂ -tltivt, n{:}qx@}:_,_ n_:(_g;::_ _ra_(__s; ;
|ex-gy| < 0 @ax {[sx-Ty| , [sx-x|D) wx,yex,

- |tx-gy| < @ (max {|fx-Ty| , [Sx-gy|D wx,y e x.
ﬁuhmmstantuinﬁl,!) such that

<o max {|sery| , [sx-tx| s |ry=gy| o lex-y| , [sx-gy|}
#il x,y in X. )

- _I - i 5 -5,
'g’!"li“f #nd Yn‘-'-"a‘?ﬂ'“"m -’-‘ﬁ%it‘"ﬁﬁéﬁ +Qasn e
2 _ .

%he uwnlque fixed point of each of £,g,5 and T.

Befise self-meps £,S on X by
o) =0 s S(0) =0
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Then £,S are continuous on X; fS = Sf; R (f) S R(S) ;
|ex-£y| < @ (|sx-Sy|) ¥ =,y ¢ X
and
|Ex-£y| < @ (max {|£x-Sy|, |Sx-fy|}) ¥ x,y ¢ X.

But there is no constant a in [0,1) such that
|fx-fy| < o max {|sx-sy|, [sx-£x| , |sy-fy| , |ex-sy| , [sx-fy[}
for all x,y in X.

1 1 .
For X = fxnz s"nﬂ’?&"“ as n += ,

0 is the unique fixed point of each of f and S.
10. Define £ : X=X by £(0) = 0, £(3) m=7 (a=1,2, o0 ).
Then £ is continuous on X;
[ex-£y| < @ (|x-y]) &%,y ¢X
and
[Ex-fy| < @ (max {|fx-y| , |x-fy|} ) Nx,y € X.

But there is no constant ot in {0,1) such that
|ex-ty| < o max {|x-y| , |x-£x] , |y-fy| , |fx-y| , |x-fy]}
for all x, y in X.

0 is the unique fixed point of f.

11. Let X = /1 ) with the usual metric.
Define f : X + X by fx = 2x, 2
+ + 2t
and @ : R + R by'(t):m.

Then X 48 a complete metric space ; f is continuous on X ; §# is an
increasing continuous function on rt y P(E) <t Nt >0,

lim Je-p(t)] = %
Lo

and

|fx~£y| < @ (max {|x-fy| , |y-fx|} ) '
for all x,y in X. .

But £ has no fixed point. In fact, for mo x im X the sequence {f'x} 13
Cauchy.

2. lat X

ez, |

P L 224
tipeent (D

far all =,
ot 2. m=
2

2 is s i
. seta 3

8 Lex]
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12, let X « [0,») with the usual metric.
Swlizse self-maps f,g,5,T on X by

%u:,o 1ifx =0 1ifx =0
sz, xw y Sxe= sy Tx =

-E- if x> 0 8x1if x>0 x if x>0 .

W= I is a complete metric space ; f is continuous on X ; 8,8,T are
#iscestinuous at zero ; fS = Sf ; gT =1Tg ;

fx-gy| =gmax {[se1y| , |fx-1y[)

|ex-gy| < Fmax {sx-ty| , [1y-gy|}

lx-gy| ¢ Fmax {|sx-£x| , [Ty-gy|}
-

lex-gy| < gumax {|tx-1y| , |Sx-gy|}

for all x,y in X.
1 1. 1
S R Ty N e e SR By R UM s

% i» a fixed point of f only.
% sote that 0 § R(T).

$3. Let X w [0,=) with the usual metric.
Swfise self-maps f,g,5,T on X by

1 ifx=0
“..tﬂ*%‘a sz;, 5x =
8x if x > 0.

s X 1s & complete metric space; f,g,T are continuous on X,
¥ s &iscontinuous at zero ; fS = Sf, gT = Tg ; R(f) = R(T),

Vo g,

ltx-gy| < gmax {|sx<fx| , [Ty-gy|} Axyex
-

lx-gy| < gmax {|exTy| , [sx-gy]} NxyeX
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For :I:n_’: and !h-"-";%g we have gm_l_g;-i-m +0asn+ =,

We note that '0' {s the unique fixed point of each of g and T,
0 is a fixed point of £ and 0 ¢ R(S).

14, Let X = {1,2,3,4} with d(1,2) = d(1,3) = d(1,4) = d(2,4) =d(3,4)=1,

42,3 =3 -

Define self-maps f,g,S,T on X by
fle2, f223, flufis? ; glegleglmpi=? ;
Slg2, 52=4, S3wl, Siw3 ; Tl=T2w2, T3=l, Tiw3.
Then £, § do not commute weakly ; gT = Tg ; R(f) < R(T),
R(g)  R(S);
A(fx,gy) < 3 d(Sx,Ty) ¥ x,y € X

d(fx,gy) < 3 d(5%,E0) M xy e X

d'(fx,gy)__ < i- d(Sx,gy) M x,y € X.

For x =y = 1, we have ﬁnzsyns:'.l'ym_l =5x_ .,

-2,

But none of f and 5 has a fixed point.

15. Let X -.'q.l? ,'-2'-,_3_,6};0& d be a metric on X.

Let S,T be self-maps on X defined as in Example 14.

Define f : X > X by fx =2 x ¢ X.

Then £, § do not commute weakly ; £T = Tf ; R(f)c R(S)N R(T);
and d(fx,fy) =0 ¥Y-x,y ¢ X.

For x =y =1, we have fx =gy =Ty ., =

Sxﬁl-: 24

But S has no fixed point.
16, Let X = {1,2,3,4} with d(1,2) =d(1,3) =--§ ;
40,4) = A2,8) = d(3,4) =15 4(2,3) = 5.

Let f,5 be self-maps on X defined as in Example 14.
Then £,S do not commute weakly ; R(f)< R(S);

and

Neither £
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d(ex, £y) < 3 d(Sx,5y)

d(£x,fy) < % M ‘{d(sxlfx)} d(sy,fy)}

aCex,£5) < 3 max (a(ex,8y), a(sx, )
for all x,y in X.

Neither £ nor S has a fixed point.
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Some Classes of P-valent Analytic Functions

B.A. Uralegaddi
and
H.S. Patil

Let £(2) . SO 2 (peN 21,2 ...) be analytic in the
kel P* b

unit diek E m {2 ¢ |z| ® 1} and D" l5(2) m

Then f(z) is said to be in the class T 1,8 f

0 <Bs 2 and £(z) is said to be in the class T (e(),g >0, if

ntp-1,6

| .. 5 o “*"f{zz
Re J 0 1 (5800 28, 26K, (0 sBs 3 where 3., (£3%) m (1- o p™P f(z)“

o+ptl :

+ 4 Ef*-—-ﬁy- . In this paper we consider the classes T and

Dmf (2) b a+p-1,8
T 148 ). Class preserving integral operators for the Class

k »
T . are obtained. Our results are the generalizations of the ear-—
n'l‘p—}.,ﬁ 3
1lier results obtained by Goel and Sohi, Ruscheweyh and Al-Amird.

1. Introduction

Let A denote the class of functions of the form £(z) = z + -'l._z!.lz-‘h
which are analyfic in E m {z : |z| ¢« 1} . Recently Ruscheweyh in /8]
defined the classes I ~of functions £(z) ¢ A and satisfying the condition

n+1
{____£Q_3L> > ! , z ¢ E, where D"f(z) =
D f(z) (l-z)

w1 " £,

neN = {0,1,2,...} and * stands for Hadmard product. In /1] Al-Amiri
defined the classes K (-{') A funetion £ (z_} e A 1is said to bnlong’;’ to
the class K_ (eo 1f f(:) £'(2) 0 40 0 < |z] <1 and fore » 0,

Re J, (f .nt) > !rﬂme

AMS (MOS) Subject elus:lfication (1980). Primary 30C45. Keywords and
 phrases. Multivaleant functions, Hadmard product, ‘Starlike and Convex
functions.
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42,
I (€ ;%) = (1 =g) -—-‘-@- - £
) D lee)

defined the classes Taye @4 T, s (o). A function £(z) e A is said to

. 1In /4] Goel and Sohti

belong to the class T

_ i:ERe———qg-)»a standO.-"':l.
1.113' D f(s) ’ s BG!

Similarly £(z) € A is said to belong to the class T, %), .( >0
]
if £(2).£"(2) % 0 4n 0 < |z| » 1 and Re J(E i) >8,2zeE 026 5%.

Let A(p) denote the class of functions of the form

f(z) = 2 +h£1 2 i (peN=1,2, ...)

which are analytic in the unit disk E= {z : [z] <1} .

2P
4™ *Ez)  n> -p) for £(z) € Ap).

zet 027 lecs o

The synbol 0™P'£(2) was introduced by Coel and Sohi [3]. In this

paper we define the classes T D ro-1 8 and T, tp-1,8 (a), & 1ﬁgn¢.£1_on

E{:}e A(p) is said to belong te the cluss T

nip-1, B
ze B, 0 xf«< %. Similarly £(z) € A(p) is said to belong to the class
Toipiyg (%)ek204FRed o (6;4) , 2¢8, 06z 3,

e Dm@f iz 1 Wlf Sz!
where J e (1= ) Sk B D
apel IS =R p™P-lpy T p™Pe(y)

Observe that

Toto,6 2Tays » Toko,s (W) =T, 5 (%)

T-n.% - k._n : ?n,;( \} -ku( i =

Thus our results cover corresponding results of Goel and Sohi 47,
Ruscheweyh /B8] and Al-Amiri [1_7 -

If £(z) e

Also belong

Proof: It
satisfies

=
Define & re

.

D-n
obviocusly w

Differentis

It is easy

2™ Py (2

From (2), (

n“""’ 1fgz;

F(z)

(4) 4n con
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2. The classes Tw

Theorem 1. Let n e lija.:_. Re ¢ » (1-B) n - Bp.

15 f(!) € Tﬂ??‘li!&: then

F(z) = ﬁ% j :""-'lttl:)‘dt
gEYY

Also belongs to T e

Proof: It is easy to verify that the function F(z) defined by (1)

satisfies

2™ L) " = (™ e () - ¢ DMPTR(R)
Define a regular function w(z) fn E by

p™*Pr(z) o Lo (1-2 BV

di and H.S. Patil

Dm—]'l?. (z)

obviously w(o) = 0, w(z) ¢ -1 for 2z € E..

Differentiating (3) logarithmically using (2), we get

It is easy to check the following identity

0™ @) m (D PE()

From (2), (3) and (5) after simple computation,

L4 - 2ARE), )

pPle (s

Dnd-p:-ﬁll._h) = ' i 1"“"(3)

(4) in conjunction with (6) gives

31

)

(2)

3

()

(5)

(6)




We claim that |w(z)| < 1, for otherwise by Jack's Lema /5] there exists

Z5s |fa'°.'].. < 1 such that :gby’-(:qj - Mzoa, Iw(ep)[ =1and k> 1 . Then

0 R (-28)w(z )y
.Dm-l-ﬂ%} e | Fwz ) N

201-8) kw(z ) ‘
‘%»'3' T e (B (R Wz, ) - @

(1 + o =) (1w(z,))

_ 1= (1-2 Jw(z )
e WSSO

e { 2(1-8) - kw(z))

=8 &na

c+p (-2 (1B) (@) w(z,)) } 8
ey ) (1w(z,))

for Re ¢ » (1~8) n - pg ,

it follows from (7) that

D™Pe(z)

———) < ¢ for Re ¢ > (1-8) n - @p.

This contradicts that f ¢ Tn-i-p-l.,s & b |

Hence [w(x)| <1and by () FeT, ) .

Putting p = 1 in Theorem 1 we get the following result of Goel and

Sohi [47.

1f £(2) e rn_..ﬁ ‘then
e

el

‘Corolla

If £(2)

F(z
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B(z) = 2L 5 7 e(6)de also belongs to T, ..
z L " =

Substituting f = %:l:n above Theo oTem we gal: the following result of
Goel and Sohi [3]. ' [
h

e S n-p
Corollary 2. Letne l!.p,he-,s_-?'ﬂ :

g

IE£0) € Toip1, 1 then
; Z el I 1
F(z) = BE 5 e“£(e)de also belongs éfmﬂﬂ-l’ 3
2 _
|}

‘Theorem 2. Let £ A(p) and satisfies the condition

g |
(&)

where ¢ is any real number greater than 2(1-g) (n4p)-p , then the
function .

; e-1_,. i - _

Proof: Proceeding as in Theorem 1 we obtain
0™*Ps(z) 1-(1-28)w(z )

P ley T Trwiz)

o

2(1-8) Bilh),
¢ — (ehp-2(1B) ()W iz )

1+ oS ) ((z))) 9)
: I-.-(i-'ezﬁlf\'r(td}'
We have Re W = B
W) | I
@d ke S (e I :
1+ oy ) (L4w(z,))
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. for ¢ > 2(1-8) (n+p)-p.

ConrB(7p))
‘The remaining part of the proof is similar to that of Theorem 1.

Corollary 3. Puttingne f =0 and p = c =1 in the above theorem it
follows that if f € A and satisfies

2£'(2) 1 _ 2F'(2)y .
Re ( > )"—-.!, thenRe_.(F:z_ ) 5 0 and hence
F(z) is starlike and univalent in E. This result was obtained earlier
by R. Singh and S. Singh /[10].
VI7-3

Corollary 4. By putting n =0, g?ag 1 and B —7— in the above

theorem we conclude that if Re :(':'z_.' ) > 0, then
2F" (z Sl /17-3

Re (;
Corollary 5. Substituting n= p=c =1 and f = ; it follows that 1f
: LU .
Re a+%.{3—-) >~ 3 then

Re ( L +—|{—§-) > 0 . This result is also due to R. Singh
and S. Singh [10]

‘Remark 1. Results obtained in the above corollaries are stronger and

gxtend the earlier results due to Libern [6] that is if £(z) is nember
of §* or k , then so also is 'FIEZ)'» 5’ £(t)dt, where S* and k are the
usual classes of starlike and convex functions respectively.

Theorem 3, Let?a‘rl 1,8

and t = Re ¢ > n(i-E)-fp, n & N . Let £
be defined as F(z) = .g. 5 .'.‘c"'i £(g)dE , Re c > n(1-8) - Bp.

where R

is the smallest
n+p-1,c

Then £(2) e Ty, ) g 1o [z <R o\

positive root of
ﬁ: -n -ﬁl-25‘)."{n-l:p)]’:2+2 fn-l-p-l—ﬂr(nip)_? ¥ =t - pw= 0 and the result is
sharp for c real.

. This result 1s due fo Miller, Mocanu and Reade [7].

Using (2),
{cﬂ)n-n'l'éﬂ

Thus
(c+p)

(e+p)

From (11) a
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Proof: Since F€ T

1,80 ¢ Pave

= B+ (1-B) p(2)

where p(0) = 1 and Re p(z) > 0 for z ¢ E.
Using (2), (3) and (10) we obtain

(epI™Pe(z) = ¢ 0"Pr(z) + 2 @M PR

= ¢ (B + (1-E) ]}(l}) Dmpétf-(zi +

2(1-8)p" (0™ IR(e) 4 (B+(1-BYp(2)) 2™ Vr(a))

= C (B+(1-E):p(z_)_')';‘nn"'p"llf_(z}: +

(1-8) 2p"(2) D™ lp(e) +

(6+(1-8)p(2)) [(atp) D™*PR(2) - a0™P~lp(z) 7.

Thus

(c+p) D™ Pi(2) = [ (e-n) (B+(1-B)p(2z") + (1-8) zp'(z) +

(k) (B+(1-B)p(2)) %7 D™ Lp(2)

tetp) D™ L2y = c 0Pl + (atp) D™PR(2) - n D™ Np(n)

= [len) + (nep) (B+ (1-B)p(2)y D**P~1p()

From (11) and (12) we have

(11)

(12)

(13)

L
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|z| =t , we get from (13) that
'ﬁmezz o
ke —1—_-§'L > Re p(z) 2

{1- T 9
The right hand side of (14) is positive provided r Rn +p_1,c .
The result is sharp for the function
£(z) = E'I:i (z°p(2))"
- p-|-{‘,
where F(z) is given by

Py _ 1-(-28)z
p™P g (2) M=

Putting p = | in Theorem 3 we get the following result of Goel and

Sohi [4].

‘Corollary 6. Let FeT, and t = Re ¢ > n(l-B) . - B, n.¢ N, .

Let f be defined as

z
F(z) = -J-":% Ec.lf(EJdE , Re ¢ > (1-8) m = B .
z Q

Then f£(z) € T, 8 in |z] < R where R is the smallest positive
N T n,c n,c

root of

[t-n-(1(1~-28) (n+l)] 2 42 [tz - Ba+l)] £ -t =120,

and the result is sharp for ¢ real.

Corollary 7. Substituting n = f=m0, p=landc >0, weobtain a
generalization of Bernardi's result [2].

31

=
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3. The classes T, . (&)
ntp-1,6

Theorem 4. Let f &

M (r) for R <R

JnapoL (€5 0)-8

10 =i i!z(:) for Eo_ 2 Ry

where :

M () = =l y [RGB QR
2(ntpHl) (1-8) o

Eloiptl) (1-8)-%(1-28),  1=(1=28)r,
d e b 1+,= L4

e i =5 4

4 =26 T
| = ‘\'--(1-2&;0%21*_&&&1
My(r) = ==y +
k (WI)(I—B)f[

]'L'f 28" <:“wl)ﬁ§<‘§} 2 B a-2e’-a-2eetynt -

1+ a-20eH} 7 ,

. o 2
Ri. s 5(1«1-;})_: ) 7 and B = L -_1 Qi_-:ﬁlr |
((a+p+l) (1-B)+XB) (1-x7)

The result is sharp.

We shall need the following Lemma due to Singh and Goel /9.
Lemma: If w(z) is regular in E and satisfies the conditions
w(0) = 0 and |w(z)| = 1 , then

22
|zw' (2) - w(z)| SH%J_' le] <1 1s)

Proof: Since f e T ‘We cen write

ntp-l,8 °
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p™*Ps (2) 1 - (1-28) w(z)
}Jn+p—lf(z)_ 1 + wiz)

where w(z) is regular in E, w(0) = 0 and |w(z)| < 1.

Differentiating (16) logarithmically and using (5) we get

nhptl )

D £ (z) 1 L+ ¢ 1-(1-28)w(z)
oF C e —wne SR UL Ve e ) el
D™ PE(z) P ‘ b

2(1-8)zw' (2) \
(1-(1-28) w(z)) (l+w(z))/

Substituting from (16) and (17) in Jn (;€), we get

. 1-(1-28) w(z
T e

2 (1-B) z-w(z} N zw' (2) 7
n+p+l 1+w(z) ~ (1-(1=28)w(z)) (1+w(z))

+p-1

This can be written as

Tnape1 B0 B w2k w(2)
1 -8 = l+w(z) (ndp+l) (1 + wiz))

zw' (2)

204
T (npHl) (1-(1-28)w(2)) (14w(2z)) *

From (15) and (19) we get

Re{J“ﬂ"l(f;q{) - B}} 1 - w(z)

T+ 8 Re T (z)

2 co o), _ w(z)
nhp+l 14w (z) (1 = (1-28)w(z)) (14w (z))
2 - lu@|?
(1-r2) |1-(1-28)w(2)| [1+(2) |

P [2«:(1—23)—23(1-5) (ntptl)
= 7 L D(
2 (np+l) (1-8)

2(n+p+l) (1-B)-26(1-2 )
o

Re p(z) - (1-2f) Re T:'%EY

(16)

(17)

(18)

(19)

(20)

= rz lz!z). “+

(1

where p(z) =
]w(x).] <r e
&8 1+‘§1-§BZ
l1-r
If we put pf

R = |pf
S(u,v) then

S5(u,v) = —
2(x

20

1+
Now

85

—— mm

Fh.r'2|

T(R) = 2(1-

The minimum
the diamete:

L(R) = S{u,

¢

where R ¢ &
(0,2) is at
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If we put p(z) = a +u + v
B = IP""'H'Q = (atu)? + v* and denote the right handside of (21) by
8(u,v) then we get
S(u,v) = ....—-5-‘-——‘—!- I
2(o+pl) (1-8)
' 1) (1-8) - &

B (atu) =

(1-28) (M)R-z + (244:_2'-!‘12)3-1 T (22)

%‘:‘, = J——E vn'ﬁ':(n] , where

2(nip+l) (1-8)
TR & 2(1-28) (atw) + 280 + R(@? - o® - v?) >0 for Oz B5 k.

The minimum of S(u,v) inside the circle [ptz) - _.l < d is attained on
the diameter v = 0 . On putting v = 0 in (22) we get
=<

L) = 8(u,0) = —————5 [
2 (np+1) (1-B)°

) 5. g;;zaz_ ""a';.d _2a7

where R g atu end a-d < R a+d . The absolute minimum of L(R) in
(0,%) is sttained at R m R where

|
|
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48 [__p(u-u-zs)rz) :r'*‘
©7 | ((otpr1) (1-)+a 8) (1x2)

and equals to Hz{r).

It 1s easy to see that Ro sa+d, but Ro is not always greater
than & - d. In such case when B, ¢ [a-d, a+d] the minimum of L(R) on
the segment is attained at R, = a - d and equals to M, (x).

The equality signs for Hlfrj and Hz(r) are respectively attained
for the functions fl(z) and fz(z) defined by

n+p
Dn+p_1f1(z) = l#sx
and
n+p
R L D W X o T

Dn+p-1f2(z) - 1-2cos0z+ 22

where cos @ is determined from

R = L= 28 cos O+ (28-1)r2
® 1-2cos0r + r?

Theorem 5. Let f ¢ Tn+p~1,8 y & 2 0.

Then f ¢ T 1,8 () for |z| < r, Where r_ is the smallest positive

root of the equation

[B%aspd? + 4  2(1-28)] o + 28[4? + 24 (nipt1)
- s(m-ﬂ){] 2 4 8[(n+p+1_)2f3 -4 of .(u-l-p-i-l)] =0

if Ro)_ Rl and

_n+p+l .
1

(1-8) (ndp+l) + JZI~352 Inip+152_; (n+p+1) (ntp+I-2o ) (1-28)
if R, 5 R, where

4
o

O

|

Ei [o( |
((nd

_ =
1— i

The result
The proof
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R - - :
- [ttuﬂﬁ-n (1-8) +=B) (1-1 )}

St =G :
Klal——f_ry—r- and T = |z] 41.._

The result is sharp.

The proof of this theorem follows easily from that of Theorem 4.
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Submanifolds of a Sasaktan Manifold with Quarter

$.C. Rastogi

Summary

Verious kinds of sﬁmiﬂold's of 2 Sasskian manifold [5] have been
studied by Yano and Kon in a series of papers [7 »8,9,107 and others. The
purpose of the present paper is to study properties of 'éaarﬁer—aymetri’e
metric connections defined by Golab /27 and studied by Rastogi [47,
Mishra and Pandey [3] and Yano and Imai [117, in a submanifold of a
Sasakiac manifold. Some special cases of these results relating to in-
variant, anti-invariant, generic and contact CR-submanifolds have also
been studied here.

1. Introduction

et ¥™! be a (2m+1)-dimenstonal differentiable manifold of class
C* covered by a system of coordinate neighbourhoods {E;ih}, 5 N TS
w1320 00y 2mbLs Lo ML huy u tenast BUs1d £,", of type (1,1), a vec-
tor field £ and a l-form & ; satisfying

@ 5" rji - a;‘ + &, £, 7, £leo, .cirj’-.__.lo_ < el

Let Nj _ih be the Nijenhuis tia“-;hpr "q‘f‘ -:E’iﬁ, then the a%nns’t contact
structure (F,f,s) satisfying N g * (3 5 o<, - -3-1_ .c_ -Js) £ =0, is called
normal almost contact structure. Lét 844 be the Riemannian metric of
the manifold M™ given by s'tsl"jtl’i_sﬂj g~ %y dysky ® g £, Anal-
most contact structure satisfying Eji’_ =k -(3.1:(1 - -ﬁii-_t‘j} is said to be
contact. A manifold endowed with a mormal contact metric structure is
called a Sasakian manifold /5]. In a Sasakian manifold we have
(1.2) Fih = v_ifh_- ﬂjrib s fB;ﬂ-fh * 3? fia
where V, denotes covariant differentiation with respect to Christoffel
syubols {},} forned with g, and £mg 1N
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Let ¥" be an n-dimensional C? Riemannian manifold covered by a sys-
tem of coordinate neighbourhoods {V ivy° ), a,b,c,... 2,2, ...,n. Let M" be
isometrically immersed in H-zuﬂ, then we have
s pad 233 7 P (S, [ S c
(1.3) B_t:b’gjin b B 3y = Bc Bb' Bc - acx A 3‘: aldy .
Let Cyh' be 2m+l-n mutually orthogonal unit vectors normal to M", Z
where x,y,2,... ® n+l,..., 2m+l, then we have [17: @
i |
(1.4) g, =gy 03
i 4
h h
(1.5) V3B = h ¢, an
e h a _h (2
(1.6) vcc:y -- hcy B,
wh
where 'ci; = czj- -cyi, By is the-metric tensor of the normel bumndle, v
is the operator of Vander Waerden-Bortolloti covariant derivative along @
M* s hc: are second fundamental tensors of M" and hzy - gzy &ba hc: . su
In general, we have [107 @
: h i h h .
w.n F =5 fb C, £y
: [P 3 h thi
a.8 Flc gﬂa fx"' C, f;
and (2
h h .a R
(1.9) £ eB £ +c " £ s
d
‘Since Fji - - ij' cb = - fbc' fzy"-‘ —fy:, where f‘:g T Baps
| fzy= £* gx s therefore we have fby‘ = fyb' where fby - fb Bzy'
' fp = .f.y B+ Also we have /107 the
Sk a .z a a (2.
| (1.10) £0 £ - £ £ @ = & + £,1°, f f+f“:b=-fbf.
vhi
f f fx ¢ - - - f w
| f fy+£ Ey: cfy zy—y fy s .
= e ¥y d
| fc_f+fx£"_o.fcf f;f =0,
and and
a a a a .x
(1.11) chb - = Bcbf + 6 fb + fx h:b hcx 'Eb' (2.
x Y
| Vefp = 3chfx h 2 11t::e b*
|
4 ‘L___ =
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a, a
e y t's i + ﬁ £x .E fh

vc“;- hox f +f*h

TR S X o X e
v £ £:gflﬂh“£t.vcﬁx-—-£:'-.h@_-£ :

2. Quarter-symmetric Metric Connections
The two quarter-symmetric metric cnmetions in a Sasakian manifold
1:2'“' 1 can he expressed as
Rl | B h
and
75y k.. 1k
where p j_:l_‘a_ a vector field and ph -'g;‘jpj 1s expressible as

(2.3) Jph = pa Bh ¥ p c, h

7 h b L T, B oA Ly h
@.4) p B =P, p, B mp, P ) =Y, p,C =P,
Let D 5 be the operator of covariant differentiation based on T i 111
then we can obtain for a tensor :I:tll

2.5 pt i 2.3 o H
12,3 I’g_’l: 3’% ¥ 'y :T.]J.+.P.;_j. B T

‘which leads to
S SR, TR SNL Ve RIPUEE S
L} -ﬁb‘iw B DR =y - pF, et and pyg" < vt
Let *Dj be the operator of covariant differentiation based on *I‘ﬁh
then we can obt’a!,n

0k ATy e ST h
which leads to

@n mEavE ente gl - n - r ot ¢ g r Tt
and

Loy SROTCR R v
@8 et 2wyl o) g

3
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From (2.7) and (2.8) we can cbtain

] ] 3
(2.9) "fl):jl?1 - ,?j?l + (2m-1) Fljp
and

_ L.
(2.10) *Djf _.2mfpj.

Let I cha and *I‘cba be the induced connection parameters in M" baged
on (2.1) and (2.2) respectively, then we can obtain

a o a
(2.11) T "= At -p, £y
and
a a a a a
(2.12) *7 = () +py 8, - 8P — P E »

whereas in the normal bundle both connections induce

(2.13) rcy“ - {2y} - p, E; 3
where [17
{zy} = (accyh + {21} 32 cyi) i
Hence we have
Theorem (2.1). m;;:f—symyatric metric connection rjih (*I‘j_ih) in
a Sasakian manifold M induces a quarter-symmetric metric éonnection

rcb“ (*rcba) 15 3 submanifold M® of a Sasakian manifold M), 1In the

normal bundle both quarter-symmetric connections induce the same connec-
tion (2.13).

If 1:vh is & vector normal to -Mn, -pctﬂ and equations (2.11), (2.12)
and (2.13) respectively reduce to

a B3 ¢ a_a X _ (X
(24 T'ep = {cb}' *Ten {cb}' Fcy {cy}'

Hence we have

Theorem (2.2). For the vector ph normal to Hn, both quarter-symmetric
metric connections induce {:b} in M and {zy} in the normal bundle.

If the vector ph is identical with fh, equations (2.11), (2.12) and
(2,13) respectively give

(2.15)

Now

(2.16)
*]

Thes
(2.17) 1

which car
tangentia

Theorem (
and eithe

the quart
symbols (

If ¢

[17, i.e.

Theorem (:

! [
induce {ba
submanifo]

If ti
i.e., it ¢

equation (

Theorem (2
manifold M

3. Mixed
Let D
of covaria



R Mo L RCH 3 e o
@19 Tete G- R,

My =ty -y £ - f £

X X
l'cy_ = {cy} = fﬂ E; .

Now applyi-ns. (1.11) to (2.15) and assuming that *?Bfa = 0, we obtain
2.16) T, "= (G} + £ £ b
i T a a
*I‘éh -s-{gh-} + fb s-c_- gcbi + féﬁx_t_;h*_.
These -eﬁuatim for a tota.‘ﬂy geodesic submanifold reduce to
o AT o a . £8
which can also be obtained from (z 15) 1f we assume that £ is & vector
tangential to Mn Hence we have
Theorem (2.3). If the vector p'sf”, £2 is covariantly constsnt vector
andai her the submanifold is totally geodesic or £ is tanmttal to M°,
the quarter-symmetric metric connections rji (*1 11) induce Christoffel
gymbols (s semi-symmetric metric connection Yano (6])in .
If the submanifold M° of a Sasakisn manifold M°™! s anti-iavariant
[1], i.e., £, = 0, equations (2.11) and (2.12) give
Theorem (2 &Y. - £ er—symm
induee{ .} (a_semi-symmetric metric connection) in an anti-invariant
mbamﬁo:m M® of a Sasakian manifold M

If the submanifold M® of a Sasakian manifold M°™ - 1s generic /87,
frdey £t watisttes

equation (2.13) gives

Let D, ‘and *D res'pactivel;r denote Vander Waerden;—htﬂ:ilnti type

of wvatimt darivativas based on I‘j md trj i , then analogous to
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(1.11) we can obtain

(3.1) £b-\?£,Dt’bg\?cfb-l-pc(f:;fg-fgf:),
D, fygvfy-p (4 fdf f)nf" cf’;,
b £ m g —pcfdfd, D% = v £* - Pty £

and

VRl a _.a a d a ad
(3:2) *p fy =D £ - £p, - £ p® + £Pg 8. + £008, s

#n X L x. d

Dcfb tDcfb phfc P gcbfdp ]

*p £ o a , .d a A e X X

Dcfy = Dcfy + fypd 6c fycp : Dcf = Dcf =
d a

* = ® oapog? o a il
Dcf; =V E, D ES =D % 4 p, oEC - £ p°

Since for an invariant submenifold of a Sasakian manifold we have
f = 0, therefore equation (1.10) gives (107

— a.c xy_
(3.3) fsz 6h+fbf ,fzfy_ 6y-i~£y£ » ££° 20, £87 = 0.
Now using (3.3) in (3.1) and (3.2) we obtain

a _ a a _ a d .a a x 1%
(3.4) D=V £, #D % 2 v g% 4 Paf 8. - £.p° *D £ 2D £ = U

Hence we have

Theorem (3.1). For an invariant submanifold of a Sasakian manifold the
D and *D covariant derivatives satisfy (3.4).

Since for an anti-invariant submanifold of a Sesakian manifold
we have f: = 0, therefore equations (1.10) reduce to 197

a a X .z a.z a a_x
(3.5) £2 i Sy = Bf s iy = - 6,55, f iy = £1°, 66 = 0.

Now using (3.5) in (3.1) and (3.2) we obtain

x X X
(3.6) D £y =V £ +p 78, 0 £ o +gbf" = BE
% 8- —
Dcf _ny+pff Dcfy‘ncfy+fy$cpd Pfyc'

L a d .a . a
Dcf = ?cf . Dcf = ch + pdf ﬁc fcp :

Hence we havi

Theorem (3.2]
the two c¢dvan

Since
fore (1.10) ¢

3.7) £* fb.-

Using
(3.8) D _fiav
a
Dcszv
Hence we have
Theorem (3.3)
Lovarisat der:
Since |
gives /107
x.Z
(3.9) fsz-U,

Using (

X
(3.10) Dcfb-vc

4D 2y
c'y ¢
- |
D £V,

Hence we have
Theorem (3.4).

types of covar.

4. Generalise

Differenti.
we obtain

(4.1) DB} =t

and
h
(4.2) Dch =



Hence we have
Theorem (3.2). For
_‘_ﬂie-two-- 1 : *D -

Since for a geaeuc P haehTt01d oF & Sescleiih iEaTd! f*-a there-
fore (1.10) gives [10]

(3.7 fefpm-, €%, £3eme yz‘ £25%0, z’f n-Bx-t' Eo®

Using (3.7) 4n (3.1) and (3.2) we obtain
C0 5,80 048 DG T,

D £2= cf; P £ £ *Dcfynbcfyd-tﬂpé 83-£ 0", 4D £%aD ¥y £,
Hence we have
Theorem (3.3). For a generic submmifold of a Sasakian manifold the two
_ma:ian: derim!.m satisfy (3.8

s:naa £cr a contact c&-aubm:lfold f’-ﬂ fxf’-o the:ezotg (1.10)
gives [107°

9y XeZug  £84% FI T S T

(3.9) £1£7=0, f:fr-n, f:f_y f:gyns;, £265-0, £15%0.

Using (3.9) in (3.1) and (3.2) we obtain
(3.10) D £5=0 £, *D_£5=0 fx—ptfm-l-g £30%, D E2-9 £2,

ey ¢y’
mf‘-vcf,ﬂypa ot p..*ﬁfhvf'-bpdfﬁ—fp,

nef ”?u‘f' -
‘Hence we have
Theorenw (3.4}, Por d-contact CResubmanifeld
m of covariant duivstﬁ.ves sati gx §3 mz.
Generalised Gauss, Weingarten Bqutions
Differentiating B: and th covariantly with respect to conmection D,
we obtain ' -

Ji a . h
(4.1) “—31, =n 0 rj1 ncb - Ty By
a3 petweer Balel ooFeh




50 Nep. Math. Se. Rep., Vol. 13, No. 1, 1988

Substituting in (4.1) and (4.2) from (2.1), (2.11) and (2.13), we
obtain on simplification by virvtue of (1.5), (1.6), (1.7) and (1.8)

h ", B
(4.3) DB ="h, C
and
h =

(4.4) Dcc'xh ':"hzx B
where

1y, % def. o x i,a def. .a a
(423 Reb hcb+Pcf:' Pex BoxtPoly:

Equations (4.3) and (4.4) are the generalised Gauss and Weingarten

equations respectively.

- b3 1 Bap X 18 i@ -
If in (4.5) either péeo or f5=0, we get hcb hcb' L hcx' there
fore (4.3) and (4.4) reduce to (1.5) and (1.6) respectively. Hence we

have

Theorem (4.1). If either p21 is a vector normal to M" or M" is an invariant

I. the generalised Causs and Wein-

submanifold of a Sasakian manifold
garten equations reduce to Gauss and Weingarten equations (1.5) and (1.6)

respectively.
If the vector ph is identical to fh and fh is a vector normal to
M, we must have Yano and Kon [77 that " is a totally geodesic submani-
fold of a Sasakian manifold H2m+l, therefore equation (4.5) gives 'h =0
& cb
and 'hcx-ﬂ. Hence we have

Theorem (4.2). If the vector ph is identically equal to Eh and fh is a
vector normal to Mn, the submanifold M" of a Sasakian manifeld has

vanishing fundamental tensors 'hc: and 'h:x.

Similar to (4.3) and (4.4) corresponding to the connection *Dc

we can obtain

| s 2 S
(4.6) *DcBb = hcb Cx
and

h a _h
i * -k
(4.7) Dccx = hcx Ba .
whezre
ap *def. o x X g8 def. , a e

(448) hcb hcb EepP o hcx hcx 5cpx'

]
versely,

Theorem
Gauss ar
is that

I
of H2m+1

(4.9) *

N
manifold

X
hcb = B

Theorem |
submanifc
———-
conditior
with the
b L sy

Fu

and conve

Theorem (:
riant subs
cient conc

*h X
that hcb

Remark: 1

*h *a
tion hcb

5, Curvatu

Let Rkj

then they
(5.1) R‘kj:
and

(5.2) *R
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Fron (4.8) we can see that 1f p,=0, *h e’k ¥, b 'hd and con-
versely. Hence we have : X ex

It ph is a veem: normal to M or M Is an invardant aubma:u’.fold

of Mz‘“' equatians (A 8) reduce to

Now if *hcb =0, by ﬂ:gcbp , i.e., M" 1s a totally umbilical sub-
manifold. Converaalx, 1f " is en umbilical submanifold satisfying
h-e: =g cbp , equation (4.9) gives *h_ X = 0. Hence we have

Theorem (4.4) If ei:her ph is a vector no,mu to Hn_Qr Vs is an luvariant

submanifold of a Sasakian manifold M2m+ 3 the necessary and aufgcimt
condition for M to be an umbilical submanifold of a Sasakian manifold
with the vector p is that “‘cb = 0.

Further if M" satisfies h -0, equation (4. 9) gives *h X b“ge'bp
and conversly. Hence we have

Theoren (:_i».&) 1f either pk

iaa?eeto:aoml 'H‘orﬁ“iaanima»

clent condition for un to be a totally SaStERTe ditagiirild sF B
. x X

EE 'hc'l'::"'gcbp A

Remark: I:Ep-t' and £ isavaetormmaltnﬁ _-Onﬁﬂt;haébnﬁi-—

‘tion *hcb-g cbp ia ddentically sattsf:lad.

5. Curvature Temsors
Let H.kd : and '*Bk_j ih be the curvature tensors based on (2.‘1‘)_ and (2.2)
then they are expressible as
(5.1) h B oo - .o )p Pl ' _eehy _sh v
D Ryys # Ky - Ry = ViRIRy Ry pymgy 2y )= (S =0y 0y
and

i 4 h_ ph B p o
O T T T A
+ fﬁﬁ ?}%Ff* Pkﬂifj.h o P:Jp:tgkfth' - ¥l4d,
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where
t
pyy =ViPL - b, +H B R Ry

oL 4 d v
Let Rcba' Rcba and ncbx be the curvature temsors based on (2.11),

(2.12) and (2.13) then we can define

& d, . d , d -
(5:3) Ry, =Ky, +5, Opp -y - By Vels ¥ Pc Tbas

d d d d d
(5.4) *R’cba = B‘t:.l:a - ﬁc Pha * Ps Bpa = PP fca

- ﬁi pbpef: i ?cpaﬁg +'phpef§3ca - clbf
and
(5.5) R
where

 SENEC SERe- i U, Y. o gy
cbx = chx p) Ex (prc chb} > Pe vbfx Py chx"

c
Ppa = VpPy ~ PpPg * & PP Bpye

If ph is a vector normal to Mn, pé=0, therefore from (5.3), (5.4)
and (5.5) we can obtain

g 4 =K d Yok ¥y

(5.6) *Rcba = Rcba cha * Rcbx chbz

Hence we have
Theorem (5.1). For a vector ph normal to Mn. the curvature tensors of a

submanifold M® of a Sasakisn manifold M . I-based on quarter-symmetric

metric connections satisfy (5.6).
For an anti-invariant submanifold M" of & Sasakian manifold (5.3)

and (5.4) give

d d
(5.7) R'cba = cha
and
d d d d
(5.8) *Rcba = cha = (chba * PeBys - clb).

For a generic submanifold M of Hzm*l. (5.5) gives

¥

¥ i
(5.9) Rbbx SKopx *

Hence we have

Theorem (5.2). For an anti-invariant submanifold of a Sasakian manifold
the curvature tensozg_gptiafy (5.7) and (5.8), whereas for a generic
submanifold of a Sasakian manifold the curvature temsor satisfied (5.9).

If
ternativel

(5.10) R4

Sim

(5.11) Rch

For

{5.12) Ry,

and
(5.13) Rcb:

Hence we he
Theorem (5.
H2m+l admit
bundle whos
vector, the

6. Gauss-C
From (4

(6.1) Dcnb

where
d
Sbc

Mult
help of (4.

(6.2) ghjn]

(6.3) Rcbm
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: Again multiplying (6.1) by ghlcyl and using (4.3), (4.4.) and and
(6.15) R =
(6.4) g,,C, 11) ( hba c, By =D_'hy ., in (6.1) we obtain CiEe
where
S ' d kii h d
$6.3) (Dc h‘b Dy cax) I hdax sbr.: =Rk_11h Beba Cx - *sbc =
Equation (6.3) is the generalised Gauss curvature equation and 1f the
(6.5) is the generalised Mainardi-Codazzi equation based on quarter- (6.15) reduce
symmetric metric comnection (2.1).
_ (6.16) K, . =
Similar to (6. 1) from (4.2) we can obtain
h h kj y - h & h (6.17) *p_ (
(80 Dcnbcx b c:n: ""'Rkji cb cx cbx Cy = Sbc Dacx = and c hh
Also from (4.3) and (4.4) we can obtain :
(6.18) chXZ =
6.7) 841 Bd (D Dy C_ )—-— il 'hbdx
From (6
and
AL (6.19) (*
(6.8) g, C Yoo )_-_ B Byqar
*
Multiplying (6.6) by i1 Bi and using (6.7) we again obtain (6.5), (6.20). ( Rkjit
; 1
whereas if we multiply (6.6) by gy C, and use (6.8) we cbtain 1£ ph 2

; k3 L., wi& g A T (6.11) and (6.
(6.9) Ripe E:Rkjil Beb cx C, *+ "My By = Pex Phar
which 1s the generalised Ricci equation based on (2.11) end (2.13). (6.21) Kipaq
1f ph i{s a vector normal to Mu, equations (6.3), (6.5) and (6.9) (6.22) Rkjih b
respectively reduce to o
kjih X x _
(6-10) Kopoq = Rieyan Bobad = Pbax Dea = Bedx "ba’ (6.23) Ky
kil reduce to
' (6.11) Dby, = Pphegy) = kjihnebacx
(6.24) K bad
aed cha:
(6.12) K, = B cteland n -0l n . (6.25) g, *D
maRE SSahe = Rkjih éb x a h'bx caz ex baz - Bog M
and
Similar to (6.3), (6.5) and (6.9), from (2.2), (2.12) and (2.13) (6.26) K :
we can obtain the following equations chxz -
gkiib o *h X 7. Some Appl
(6+13) *Rcbad s R‘kjih cbad ~ (*h'bdx hca . l:'t:ar:hﬁ hha)' 2ome SRR
d Multiplyi:
kji : -k ;
(6.14) (#D_ *hy . ~ %D, *h ) + My *Spe = Ryyim Bova C (") "h,



(6.15) Ry & *Rkjih cb U’x c e *h;x caz Mex *pazt
where i

*'Sbc = *rbc - GI}& .
© 1f the vector p" 1s nommal to ", equations (6.13), (6.14) and
(6.15) reduce to

T Lo

(6.16) K chad “‘I;azh ‘cbad mb&x h f‘s:«i:.x hba-."
i:;”) e {hhax Bpa Pfx mb m‘eax Bca P = mkdih B‘g‘ cx
s U I b, 8 s
(6:18) K pp = *Rygin Bcb e A b, s By

From (6.10) and (6.16) we obtain

(6.19) (g = Rggy) t‘;{jﬂ =0, while from (6.12) and (6.18) we obtain

(6.20) (*Ryyyy = Bygqn) ‘:i % =0.
1 p" =" and £ 1s a vector normal to M", equations (6.10),
(6.11) and (6.12) reduce respectively to
(6.21) Ky g = “kjih s,
06:22) Ry gy :%a ¢, =0
and
6.23) Ky, = By gy g ©1 €1, while (6.16), (6.17) and (6.18)
reduce to :

(6:26) X pag = *Rieyan Pebad?
gkdd ¢

(6.25) Bon “nbt‘ - 8pa *D Px = ‘nkjih nbx x

and j .
& 1
(6:26) Koy, = *Riqan Bop O Oz

7. Some Applications
Hultlplying equation (6.3) by X8y and using x'mp’ X%, v'=p! ¥4,

¢ .ax)- =10, * x°x® and ('t“‘) = hbd 7*’1", we get on si-mpliﬂca.tioﬁ
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xx®yPyd =R xxtydy®

(7.1) R bad

—rery™ ot ey n S xSt

Now dividing (7.1) by the respective sides of

x

e, a,b.d k13 h
(Bpg Boq = BogBpa) XXTY = (8,80 — 8,485) x%vly
= (1-(g, X195,
we get on simplification

(1.2) = ==t - LT a7t - h o m T xS

_ a,2,-1
(=g XY 9
where
(7.3 60 B @ XXV Leysy - ggey) XYY
and
(Ted5 " sy "S5k Wy 3% v L8 8ed = Bealnd) 8 S S 4 B
If ph is a vector normal to Hn, equation (7.2) reduces to

-1 x
= gty

(7.5) k() = 2@ - (-(gy XY™ o) o
5 w4t o

1f ph_-,- fh and it is alsc normal to Hn. equation (7.5) reduces to

(7.6) k(y) = r(x) = r(y).

Hence we have

Theorem (7.1). If p.hz;' " and 1t 1s a vector normal to M", the scalars
r(x) and r(y) defined by (7.3) and (7.4) are identically equal to k(y). '

If R‘kjih is independent of directions X and Y equation (6.3) glves !

i = r( & = * L X
(1.7) Rcbnd =) (gbagci:l gengbd) C'hhdx'hca - ihcdx'hba)'
I{ Rcbad_ is also independent of directions equation (7.4) gives

(7.8)  Rp.a = T0) (Bpa8a = 80804

Thus if both Rkjih and Rcba_d are independent of directions, from
(7.7) and (7.8) we must have |
y = d d i =~ X X
(7.9) (x(x) - x(y)) (Bbascd 8.480q) ('hbdx'hca = 'hcdx'hba)'

Hence we have

oy
5]
e
17
e
57
010J
iy
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§.C. Rastogi 57
‘Theorem (7.2). A necessary and sufficient condition for the curvature
Lensors Rkjﬂl and Rcbmd to be independent of directions is’ givan by (7.9).

Remark. If p" = £ and £" 1s normal to M°, equation (7.9) is satisfied
identically.
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Structure Defined by a Tensor Field F of Type
Satisfying pK _ p =0

V.C. Gupta

Yeno [3] has given the necessary and sufficient condition for an n-
dimensional manifold to admit a tensor field f % o of type (1,1) and of
rank k such that £5 + fmo, where k is even, Pokhariyal /2] has studied
the structure defined on an n-dimensional manifold by a temsor field f of
type (1,1) satisfying £- fws. 1In the present paper, we have considered
the structure defined by a tensor field F o o of type (1,1) satisfying
_Ez' - Fwo, where K is a positive integer » 2. Here, we have defined Ehe
operators s, t as well as some tensors and established various results.
1. The operators s and t

Let us consider an n-dimensional differentiable manifold M™ of class

c” equipped with a non-null tensor field F of type (1,1) and of class ¢~
satisfying -

(1.1) Fotmo,
where K is a positive integer > 2.

Let us put

(1.2) g ' : , € Egg 7> E‘Kvl-.
I denoting the unit @m field. Then we have

tors s, t defined by (1.2) and applied to the tangent space at each point

of the manifold are complementary projection operators.
Proof. 1In consequence of (1.1) and (1.2), we have
(1.3) s+tel, '

(1.4) a’z' =F

= F.Fg-z - l‘x.i = s,

Tz | oK k2
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(1.5) _:2 g Toh PO g

eI+ 2N gt 3

K-l _g2k-2

(1.8) s.t @ t.s = F o,

This proves the theorem.

~ Thus, if there is glven a tensor field F3 o of type (1,1) which

satisfies (l1.1); then there exist two complementary distributions S and
T corresponding to the projection operators s and t respectively. Let
the rank of F be constant and be equal to r everywhere, then the dimen-
sions of 8 and T are r and n-r respectively. We call such a structure a
'P(K,~1) - structure of rank r', and the manifold M" with this structure
a '"F(K,-1) - menifold.'

If the rank of F is maximal, then r=n. Thus s=I and tec. Hence F
satisfies ¥t ~ Iwo. Consequently, FESE) fesines on M an alnest
product structure.

Theorem (1.2). For a temsor field F # o satisfying (1.1) and the opera-
tors s, t defined by (1.2), we have

1.7) FsmsFaefF, Ft=tFmo;

(1.8) '¥25 = Fz ) th =0 .

Proof. The proof follows by virtue of the equations (1.1) and (1.2).

Theorem (1.3). TFor F satisfying (1.1) and s,t defined by (1.2), we have

19) P p gyt Pl o

K-1 K-1
(1.10) F s=s s F t=0 :

that is, i1

on T as a null operator.

acts on § as an almost product structure operator and

Proof. In consequence of (1.1) and (1.2), we have

= PR a2t BFE'Z.

]
Thus the ¢l

Theorem (1.

(1.11)  {e
Proof. The

Theorem (1.
s and there
satisfied;

Proof. Fro

-]

which in wi

Applyiag ¥

F!

This proves

2. 'Main Re
In this
u,v and ests

tors s,t.

Theorem (2.1

(2.1) a



_I,'K:‘-Ii - !‘-E‘?xﬁ:zﬂ- = f.Fx-z T! EE-I =5,
P2 o K2l g R 23
e e S e
=0 a“"z.
Folt w BE 2 o .
. Thus the thecrem follows.
Theorem (1.6). For F satisfying (1.1) and s defined by (1.2), we have

(1.11) {s + r;;‘éx;-'l._)}-{ {s - !;%(ﬁ-_i)'} = o, _EK_L et

s =
Proof. The proof fulluwsby virtue of the equations (1.1) and (1.2).
Theorem (1.5). Suppose that there is given on H_-“, a projection operator
s and there exists a tensor field F of type (1,1) such that (1.11) is
satisfied; then F satisfies (1.1).

Proof. From the first equation of (1.11), we have
.52 = l'x—d = &,
which in view of (1.4) gives

PO L

Applying F to the above equation and using Fs = F, we obtain
P -rao.
This proves the theorem.

2. Main Results
In this section, we shall define the temscrs ,8; y, O3 XY 5 by

u, ¥ and establish various results in terms of these tensors and the opera-

tors s,t.

Theorem (2.1). For the tensors o and @ defined by

21) wmesFl, paeo il
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We hsve
(2.2) op = B, a2=a=52 ¥ u3=c. 53: B ;
(2.3) ot =t & Bt ,

s 5 = = fs .

Proof. The proof follows easily by virtue of the equations (1.48), (1.5),
(1.6), (1.10) and (2.1).

Theorem (2.2). Let y and v be tensors defined by

(2.4) o=t o+ e s Umt = Fg-z;

Then we have

(2.5) sz\?z'. ﬁ3+“3=-u+“.

(2.6))  uSk ey mV, VEA W =V sy,
(2.7} u4+u3vgu+v, va+uv3gu+v.

Proof: In view of (1.1), (1.5), (1.7), (1.9) and (2.4),
we have

Wt v 2t

v = £2 . paeh - 0 e -

1.12 _-,,t2+ p2k-4 t+FK.FK“"‘ =t 4 3 .

v et 4 g2 =t + PR 0 mt+F s

(t-mK"z) (t+FK"3) = ¢2 pet=o

SRS K L L

=
1]

g0 t:Fx-z_) (4753 o 42 _ p2KS
=t S g Kb ;
3w (2 o ?  p2E0 g g R K6
=t+-FK‘5=u"‘ Ak
Therefore, Y

3 3 '

u2=v2 and p° + v = 2t =+ v,

Also,

Similarly,

2

Further,

Similarly, {11

o

Theorem (2.3)
(2.3) X =

we have

(2/9)  %*.

(2.10) %2 .

Proof. In co

we have



———lua = —
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i\_.-fﬁﬂo.
‘I-Iz + ey = (t:-t-l?’t 3) + (t-urx'@) - (tﬂrg‘z)
Similarly,
} “2 + BV =y = w '_-
Further,

R e RS ety (e
: -I":-l-fx“&'" o2 _ K6
=t 5 +t - gk k-6
: = 2t + FKqS - F ?K"ﬁ
=2tmyu+y,
Studilarly, 4t can be shown that
WewPe ey, .
heorem (2.3). For the tensors x and y defined by
(2.8)  xms+ 52 sy =ms -2
(2.9) | \Ea."é_ Xy =2 , ¥ 4+ Xy =2y ;
@10 x -y g 26y,

! l‘maf. In consequence of (1. EU, (1. i}, (1.9) and (‘2.8),
we have

‘- yeat?
xymsl - 'fmi - ﬁ!-#
=8 -Fr -s-gx"s

2

=8+ 0y HK;-;!.,
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y2 = i i 2672 =5+ L 3 o
=5+ FK-B-— 2?K-2.
Therefore,
xz + xy = 2(s + FK_Z) = 2% ,

K.
¥ +w=2@—rz)=h.

2 2 4FKP2

X -y = = 2(x~y).

Hence the result.

Theorem (2.4). If the temsors p and q are defined by
(2.11) PEt+F, q=t-7F;

then we have

(2.12) ps=F, ptat, qsm-F, qtm=mct ’

(2.13) pK_l s =58, p&-l t=t, qK_l S = (—l)Kﬂ'1 5, qR-I t=t,

Broof. In view of (L.2), (1.5), (1.6), (1.7), (1.9) aad (2.11),
we obtain
ps = (t + F)s mts + Fs m E .

Pzﬂ = p(ps) = (t + F)F = F° s

Also,

Pta(t+F)t.t2+Ft--t,

Pzt =p(pt) = p(t) = ¢t ,

- e e o e e e e

The reme

Theorem (2.5)

(2.14) u =
we have
{2.15) us
(2.16)

Proof, The p
(1.7) and (2.
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The remaining part of the theorem can be proved in & similar manner.
Theorem (2.5). For the tensors u and v defined by
(2.14) ums+F, vems=-TF,
we have

(2.15) usmwu, ut=mo, vsav ,vEtmo;

k-1 K=1 trlx--l.

(2.16) U smu 5 E=1 ?'K.-g-l

t=o, vx-l'a—.gr v . t = 0.

Proof., The proof follows easily by virtue of the equations (1.4), (1.6).
(1.7) and (2.14).
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