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on StnonglY Irresolute MaPPings

Phullendu Das

Abetract

Replaclng rclosurer by rseml-closurer ln the definitioa of a strong-

ly cootlnuous mapplogr_a- strongly irresolute uapplng ls deflned and some

propertles of strongly lrresolute napplngs analogous to those for strong-

ly c6ntlnuous'nappings are obteined.

Let (X, t)  and (Y, tr) be any two topologlcal spaces.

A set A C X ls eatd to be seml-open if there exlsts ao open eet 0

such that Oc,Ac,d where 0 ls the closure of 0 (Levln" FI) A is sald

to be senl.-closed tf lts conplenent is senl-open (CrossJ"ey and lllldebrand

Fl>.

S.0. (r) wl1l denote the class of al- l  senl-open sets of (Xt t) '

tn [tJ Crossley anil Hlldebrand deflned se4i-closurd A and Ln [4J Das

deflaed seni-derlved set A, of a set Ac X tn a maoner analogores to

closure and derlved set.

unless otherwlse nentloned ln what follor.rs {. w111 denote a napping

o f  ( X ,  r )  l n t o  ( Y ,  t r ) .

a ( i s  s a i d  t o  b e  l r r e s o l u t e  i f  0 €  S . 0 ' ( t r ) : #  o t - l ( O ) €  S . 0 . ( t )

(Crossley an4 tttllebrantl f8J) . t" FJ Das .elled suc.h mapp1ngs as dbnl:

co[tlouous napplngs.

o(is sati l  to be strongly continuous i f  for ever' i '  : - ' :  Xr o((E)

C, c((A) (Levine Pn, n [9J Arya arrd Gupta obinriled lLine propertles

of stroagly cootlnuoug naPPlags.

The obJect of the preeeut papef ls to define strongly ixresolute

rapploge by replaclng 
reloeurer lo the deflaitlon of a strongly cootlnu-
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tqefq by rrcrt-closurer 
and to exaulne some propertles of strongly

lrrc-lute rrgplage lnrrogous to those for stroogly contr.nuous napptngs.

Dcftrttton l t ct( rs said to be strongly lrresolute lf for every
Ac x ,  o (  G)c  oc f l t .

Thuso( is strongly irresolute iff o((Ap)co((A) for every A<:X.

Theoren l: oC is strongly LrresoJ_ute lff o,;1(r) ls seoi_cloeed
for  every Bc y.

Proo.!: Ler o( be strongly irresoLute. Let B c y . t et pefrL 1n7Jr.Then 6x(p)eoc t f&L$) l r t  <c(oEl(B))  (  . . 'oc is  
s t ronsly  i r resoture)  ,

cB .  . ' . . p i  eoc - l ( s )  oc . ( s )  i s  s .eo l_c1osed .

. l.: i".sely 
let the given condltion be satisfled. Let AC,X. Then

a,  c- ( i ' (o( (A)) ,  -  o l l (o((A))  by the g lven condl t lon.  . . . ; , ; ; ,  

r 'Err

C, oC (A) . . 
' 
. eC ls strongl.y Lrreeolute.

Cotol lary l :  o( is strongJ_y irresolute i f f  oc-l(n)
every B6 y.

Cordllerv 2: oC ls stroagly Lrresolute fft o"-l(B) ls both seoi_
opeo and seol-closed for every BC y.

llote l i c( ls strongJ'y contl.uous =) og rs strougly lrresolute -*
OC ls lrreeolute.

&I93, oC le lrresolute 
t) oa Ls strongly lrresolute as shown by

l laoOle l r  Let  X .  {arbrc} ,

r  -  { d r X ,  t a } ,  { b } ,  { a , b } }
Then  S .0 .  ( r )  -  r : ,U  { {a rc } ,  { b r c } } .

. Ther.'ldenttty napplng I* of X ie irresolute but not etrongly Lrreso_
lute.

l

Ls seni-open for
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Phullendu Das

?Ings. !9te 3: o( ls strongly lrresolute 
ft V, ls strongly contlnuous as

rbco by

Itrv- 
h+le 2: Conslder the topologLcal space (X, t) defined in Exam-.

l l c  l .

: N '  :  X + X d e f l n e d

o<(a)  :  a  =oC (c ) ,  oc  (b )  =  b

Ed 1r rtrougLy lrresolute but i t  is Dot strongly contlnuous.

. 
I  l teoren 3: d ls strongly irresol.ute i f f  dt<rl  is 'semi-open for

( n \ 7  r  3 r c r t y e Y .
'"t ! '  

[ote 4: rf  oc-l(y) be semi-closed for every y e yr then ocis not

occcssarlly strongly lrresolute as shown by

lhen EroPl-e.3: The identily napplng I* deflned ln Exanple I has the

deelred property.

Co.rol.lrary ,3: Correspondiag to each decompositlon of a space X lnto

dlsJolnt seml-open setsr there exlsts a strongly lrresolute napping on X.
for '

Ngte 5: Restr ict lon of a strongly irresolute napplngg( to any sub-

- 
"et 

of X 1s not always strongly lrresolute as shown by

E r o p l . e  4 :  L e t  X  3  { a r b r c r d }  r  
y  =  I * r y r " } ,

t  g  { 0 1  X ,  { a } . ,  { b } ,  { a ,  b } } ,

+  r ' , s  { d ,  y ,  { x } ,  { y } ,  { x r y } }

I t c n  S . O .  ( r )  :  t  U  { { a r c }  ,  { a r d }  ,  { a r c r d } ,  { b r c } ,  { b r d } ,

{ ! r c r d } ,  { " r U r " } ,  { a r b r d } }
f

d  S . o .  ( t ' )  =  r ' .  u  t { x r z } ,  { y r z } } .

a / : X + Y d e f t n e d b y

o((a) : x, oc(b) .i- oc (c) = oL (d) = y

1r rtroogly lrresolute.

o -  
I r r  A  =  { a , c r d } .  T h e n  t o  3  { d r A ,  t a } }  .

- ' -  s . o ( r A )  =  r A  u  { { a , c } r  { a r d } } .

8:glA:A + Y ls not etrongly lrresolute sioce B-I(y) =

ic ial+ s.o. (1A).
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g[eggLl: I f  oCbe strongly lrresolute aad B:(Yrtt) + (Z, trr) be

atry nap, then Bot' :(X, r) * (2, t t t)  ls strongly irresolute.

'Ptoof. Lex AC.z. Then B-1(l)ey. SLnceo(is stroagly irreso-

rute frB- l( l ) )  = (Bsc)-1( l)  ie semi-closed. . : .  3< ls etroagly

Lrresolute.

'CotdlLdIJi 
l!: The conposlte of two sttongly lrreeolute uapplngs le

strongly lrresolute.

the.oten 4! I f  ocbe irreeolute and B: (Y, t t)  + (2, df) be strongl-y

irresolute, then Bo(: (X, t)  ' )  (zr rtr) is stroogly. l ' rresolute'

ptpof :  Let ACZ. Sioce B ls etrongly Lrresolute, S-I( l)  ls both

semi -open and sen i -c losed.  . ' .  ( (Boc) - l (A) )=q- - l (B- l (a ) )  c  oc- I .1e- l (Q l

( ' . ' o (  l s  l r reso lu te )  =  oc- l (p - I (A) )  ( ; . '  e - r ( l )  l s  eed ' -c losed)  =  (& t r (A) '

; , ' .  ( tse()-f(A) is semi-closed Bcl ls sttoogly lrreeolute'

Theotep-s! Let Y: (X, t) * 

{jl* 
, tJ be stronglv lrresolute' Let

]'oe : (x, 1) '+ (x. I t") be defined by 1-, (x) = r- lf r(r) = (xrl ) for

every €( e.:A. Then y* ts strongly ltresolute for every €' € A'

The result follows froo Theoreo 3 eince Y-= L 
y vhere ?a ls the

proJec t lon  o f  I I  X*  on to  X ; .

. o ( e A

Ilggren i !  Let o(r:  (x,,  t t)  * (Yl '  tr ' )  be stronglv lrreeolute

f o r  1 =  1 1  2 .  L e t  x o 6 - X ,  x - X 2 r - Y o = Y r x  Y Z r t o  - t ? ,  r  t 2 r l o '  - t i " f 2 : .

Theac(o  :  (xor  Eu)  *  (Yof  q ' )  de f lned 'by4o ( r '  x r )  =  (c r (x r ) 'o { r (x r ) )

for evei'y *l . 
.Xl , 

*Z 
" 

X2 ls etrongly lrresolute'

:  Let y ! (Y' vr) e r. Then'o(l l tr l  =ocl l trr) *a-lL(vr)

ie eeol-opeu (by theorJ lli r.evroe (lJ) 
"ti""4lt(rrl 

18 senl-oPen for

i  = 1, .2, , ' . oCo le atrongly lrreeolute'

A 8et P c:- X lthtch canrot be expreeeed ae the Jolo of trto aets

ATB.GX euch that  Af l  I  =AOS=d te getd to be eeol-couaected (Das

tsl).

lirtr 7r

d d t c o f l

e OC tr rl'-

ld3.

lrrts !-r
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lbcorer 7: Let<r(be stroagly lrreeolute aad l_et A be a eeol-connect-

d arbrct of r euch that tf 0 be senl-open or seol-closed to (xr t), thei

e f\ 0 t.r ecrl-opeo or seml-cloeed 1o (A, 
{). 

Then oC(A) is a sLngle

F l r t .

?roof: Let there exlat more thaa oqe polnt inoC(A). f ,et peoC(A).

nro61,-t1p) le a proper subeet of A and slnceggis strongly irreeolute
- l

*- '(p) te both eeol-opeo and eeol-closed in (x, A *-1(pl f \  A re

botb e{-opeo end eeol-cloeed la (A, ?o) whtch contradlcts the fact that

A 1r ecd-coonected. . ' ,  &(A) ie a elngle polnt.

fheoreo,8: X le eeol-coonected lff every strongly irresolute oapp-

lDg ou X ls cooetant.

$,1f, Let every etrongly lrresolute napplng oo X be corstant. If

r be aot eml-connected, then'there exieta a proper subset A of x nhich

ls both seol.-open aad eelnl-cloeed. Let y = {arb} (altb) and 1et 1f,be aoy

topology on Y. tet B(A) gi a, $(X-A) =b. Then B ts strongly irresolute

but lt ls not a constant napplog. .'. x le seol-coffrected. The connerse

follose froo Theoren 7.

to ILJ Boha and Lee deftaed eeot-nelghbourhood of a polnt x e X and

t" [5J Das deflned seol-Compoaent ln a manner analogous to nelghbourhood

r.od colponent.

Defloltloa 2: X ie sald to be locally seol-connected lf for every

r € Ir every senl-opeo eenl-oelghlogrhood of x contalns a semL-conuected

..r.l-opea seol-neLghbourhood of 1.

Every eeol-compooeot of a lopally seml-connected space le a eemi-

ogaa 8et.

fbeoreo 9: Let X be locally e€ni-conaected and 1et y be the cardl-

adlty of tbe fanlly. d ,ot all seml.-components of. X. Then any space with

crrdlorllty 5 y ie the lnage of X under Booe strongly lrresolute napptng.

@!, Let Y be any space whose cardlnal oumber ie B I y . Let 0r

bc r rubfmlly of fi of eardinallty 3. Then there exlets a blJectlve

repplqg Jt Qt -> Y. f  :)(  + Y ta deflaed as fol lose: f  (x) rr g(Dx) l f
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1- t  1 -  
e  @f  and f (x )  =E(Do)  where  x  e  D e  f i  bu t  D t  t ' ruo  be lng  a

fixed neober of cf. srnce x rs r.ocally seor.-connected, eveiy nember of
@ ls both,semi-open and seoi-cr.osed. . ' .  r- l(y) is both seoi-open and
seol-closed for every y € y. . . .  f  ts strongly irresoLute.

fn [9J Arya and cupra proved that a strongly coatiauous napping
f:A'+ Y can be extended stroogly cootinuously to aoy rocally connected
space x whrch contalns A as a'cl0sed aod opeo set. But 1f f :A + y be a
strongly lrresolute uapping and x, a 1oca1ly seol-coaaected spaee contaln-
tpg A as a seni-cLoeed and eeol-open subset, theo it Day not be posslble
tq extend f strongly irresoluteLy to X es shorm by

E x a m p l e  5 :  L e t  A  = { a r b r c r d r e } ,

t = { d A ,  t a , b } ,  { c } ,  { a , b , c } } .

f : A + A d e f i n e d b y

f  ( a )  = f  ( b )  = d ,  f  ( c )  = f  ( d )  =  f  ( e )  s  c

ls etrongly lrregolute.

L e t  X  - { a r b r c r d r e r f }  
,

t '  - t d ,  x ,  { a r b r c r d r e } ,  { f } } .

Then (xr tr) ls 1oca11y semr.-conaected and contalns A as a semi-

open and seol-closed subset. But lt is rot poeeible to extead f strdng-

ly lrresohitely to X.

Def*nrgdd.3: x is sald to be weakly locarly aeoi-neighbourhood

lf every potnt of X has a seol-connected eeoi-nelghbourhood.

Theofed 10: A nep f:X + Y froq a neakly locally seoi-coanected 
'

spacd x to a epace Y such that the luage of every noo-empty seoi-coanect-

ed eubeet of X ts a slngletonrls stroagly lrresolute.

!111gft Let A CX. Let x e Ar. Slnce X is veotly locally senL_

coonected, there exlsts a seoi-coanected aeoi-neighbourhood N of x.

Sloce x e A, N nA rI d. Nos f(x) e f(N) and by our assuoptton f(N) is

a  s lug le too .  S luce  f (A  n  N)  c '  f (N) ,  f (x )  =  f (A  Q N)  c_ f (A)  . . .  f (x )e f (A) .

. ' .  f (Ar )  a f (A)  f  le  s t roog ly  l r reso lu te .

lcferE

o l B

rz| I

ttl x

h i r

isJ r

{6j r
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t|l I
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S.V.R.  Na idu
and

J. RaJendra prasad *

A Fbed Point Theorem for Fan Maps & a Metrie

Spce

AD.tract

Ia thls paper lre obtain-a.f lxed,point theorem for four naps ( ln
rtrlc epace aet-up) geoeratrrzrng and uatfytng 

""it.i" 
i."urt" of crrlc,Do od ttalk, and Flsher a9d a:,si provlde I gIo.t 

";;;"-;;-;xaoples 
to

3lvc loalght lnto the results dtscussed.

ra thls paper ne lnveetlgate condltrous under whlch four napplngsfrc (a eubset of) a netrlc slace inro the 
"p""" 

.arit-a lilnon tfxeapobt .

. .  
Ia_S99tlon-1, w:r obtaln a thejren general lzlng.and^unlfylng the re-rults of Clrlc [t], 2"1 

and Natk- tzJ ayi Flsher tij,-|+l-i"i state af* loportaot Corollarlea. We allo-nake a crltlcril analysls of theoeceeelty of the various condltrons rnposed r" tte-.esuli;-;y neans ofaeversl rinarks.

ro sectlon 2, we provl'de a number of exampJ-es to grve l'slght l'tothe results dlscussed tn sectlon r. The *anpie" 
""" 

ift.r, referred tolD the reoanks diacussed ln Sectlon l.

Seeea f6-l -tntroduced--the, concept of weak comutatlvlty for two self_r.p8 ou a metrlc space. I{e sllghtly nodlfy it as follows:'

ff#; 
"litrt'3': l'"::t::H lf.i "'"t" space (x,d) vlth c5!, A n B.

d( fg r ,g f x )  E  d (gx r f x ) { x  e  ca r  gx  e  A  and  f x  e  B

:= 
r" 

?:y :b?t' 
f ,g are weaktry co@utatl.ve oa C or f ,g comute weakly

o C or (frg) ls a r".I l l .comutlng patr (w;c;p.) on C.- Thioughout this
FFrr for aay nap h, R(h) denotes the range oi h.

g l

rbrougbout this sectlon p etande for aa r.ncreasr.ng ngp fron R+ to
r+ rrth g (r+)< t +., o .ru 

nllr* 
[t-((oJ =+ @.

I torcr 1: Let SrT..be..self-Eapa on a metrlc space (Xrd) and ygj X. Let

r laorcb eupported by U.G.C., Netr Delhl.
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f,g be nappings from Y lato X such that d(fxrgy) $ F (nax {d(SxrTy),

i l (Sx , fx ) ,  d (Ty ,gy)  ,  d ( fx ;Ty)  ,  d (Sx ,gy)  ] )  fo r  a1 '1  x ,y  ln  Y .  . .  .  ( I )

Suppose that theSe are seque\rces {xrr}r {Yrr},  {zo} tn Y such that

fxn E gyn:! E}rral E S*o+l F za+l (n '  0r lr2 . . .)  
I

r y o s s x o r z o  
I  

"  ( r r )

Then tzn) is Cauchy. Suppose {zo} converges to some z e X. Then the

folJ.owirtg statenents holdl

l. If .z e Y, f ls continuous et z and f ,S comute weakly on Y then

fz 2, z. .If., further, z e T(Y) and grT comute veakly oo Y then

g,z a z aTz. I f  ,  ln addlt lon, z e S(Y) then Sz g z.

2' If S ts contiauous at z and frS comute veakly on Y then Sz 2 z,

I f ,  further, z e I  then fz ;  z aold f 1g cootlauous at z. I f ,  ln

addit ion, z e T(Y) and grT comute weakly on Y then gz 2,z 2Tz.

3. If fS g Sf on Y, S(Y) E I and Sn Le coatlouous at z for some poeL-

t i v e  l n t e g e r m  t h e n  S m z g z .  I f ,  f u r t h e r ,  z  e Y  t h e n  S z  2 z 2 f z ,

If, ln addltlon, z € T(Y) and grT comute weakly on Y thea

T z 2 z 9 , g z .

4 .  S te tements  (1 ) r (2 ) r (3 )  rena in  va l id  l f  f rg ,S ,T  are  rep laced by

gr f , rTrS reapect ive ly .

5 .  I f  S ;T ,  S  Is  cont lnuous  a tz ,  z  e  Yaod e l ther  f  o r  g  co tmutes

weakly with S on Y then fz 2 gz 2 Sz 2 z.

E5p1|, Taklng * - *1-l and y . y,-f tO {nequallty (I) and ustng (II)

we obtaln

d ( z * z 1 )  I  g  ( n a x  { d ( z r - y , z y 1  ) ,  d ( " 1 - 1 , z 1 ) ,  d ( z y 1 , z 1 ) ,

d (z1rzy1),  d(zr-r ,zr)  )  )

f o r a l l l > 1 a n d J Z 1 .

We have

. . .  ( r r r )

d , ( zo t z r )  { d ( zo rz r )  +  i l ( z t r z r ) . . . .  ( w )

l r t  t o r t

tb ficr

l .  c .

3bc. lfl
3 +

bcr anp

L.t
r o '

tb {to}

E. coo

t!( lFq

lrtlug 11

n obtelr

3trc. t

hc. (r

l. 9|'

*te

a(t
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t . t  
%  r  a r p  { d ( z a  * r ) l o  s  i ,  J  s  n }  ( n  g  l r 2 r . . ; ) .

tb fir (III) aad (IV) tt ls clear that

! o  s  d ( z o r z l )  +  g  ( B ! )  ( u  r  l , 2 r ; . . )  . .  ( v )

t . r .  B o  -  I  ( B t r )  S  d ( z o t z r )  ( u  -  1 r 2 r . . . ) .

ft-gGr7 = + o, tr follows thet {Bo} fs bounded.
t + + o

b arp {d(z,zr)  I  t  z  o,  J  I  0}  te  f in t re.

Lt

Y n  -  a u p  { d ( z r r z r )  I  I  Z . n ,  J  :  n }  ( n  -  0 r l r 2 ,  . . . ) .

Itro {yo} Le a decreasLng eequeace of non-negatlve real numbers and

Itacc coaverges to a non-negatlve real nuober y.

lrc loequallty (III) we obtatn

\ .o  s  i  (vo- r )  (n  -  l r2 ,  . . . ) .

t'tlag llnlte on both eides of the above lnequallty 8s n + o

uc obtalo

v < 0 (v+).

3bcc | (t+) < tf t > 0, we must.bave y - g.

bc. {zo} ls Cauchy.

l. Suppoee z e !, f ls contlnuoua at z and f ,S co@ute.weakly oo.y.

Gcidcr

d(Szorfz)  < d(Szorfzrr - r )  + d( fzr r  
r r fz)

- d(sfxrr_lrtdxo-r) + d(fzo_rrfz) .

< d(fxo-rrs*n-1) + d,(fzn-rJz)

: d(zorzo_r) + d(fzo-r$z)

+ 0 a e n ' > o .  -

l 1

" '  (v r )

t
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Eence {Szn} conveg$ee to fz,

Taklng y J zd and y g yo 1o lnequaltty (I) end then taklng limlte on

both sldey aa n + b, ve obtein

d , ( fz ,z )  S  g  (d ( fz ,z )+)

so that fz 2 z.

Suppose z  e  T(Y) .

T h e n ! w e Y g T w = 2 .

Taklng x :! xa and y g w Lo Lnequallty (I) aod theo taking llmlts on

both sldee ao tr + e, we obtaia

d(z ,gu)  5  p  (d (z ,gw)+)

so that glr i z.

Suppode g, T comute weakJ.y ou Y.

Then d(gzr?z) ;  d(gTwrTgn) S d(Tnrgr) ;1 0

so  tha t  gz  g , fz .

Takl.ng x I xn and y; z ln loequallty (I) and then taktng llults on

both sldes as n -> -, we obtala

'  
d ( z r g z )  3 p  ( d ( z , g z ) + )

so that gz a z. Ilence Tz !1 z.

Suppoee z  e  S(Y) .

T h e o l u e Y t S u 2 . z .

?aktng x; u apd y 7z In doequall ty (I)  we obtaln

d t f u r z )  < g  ( d ( f u , z )  )

so thet fr  g 
".

Sloce f ,S comute.weakly oo Y, we have

d( fz rSz)  ;  d ( fSurSfu)  : :  d (Su, fu )  r  0

so that tz g Sz.

tLr. t

t .  I

da

hcr

r-r{
lccl r

ac ?hr

Strypo.

t.tlq

losl .

r t l

lrt (r

tdq

bGl t

-t

tLs

-rD.

b.
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ll-r fr ! z ee qret have Sa 3 z.

t. $poce S ls coatr.mrous at z and f ,S co*ute weakly oa Y.

dlc rt(fzsrsl) s d(fzorszq+t) + d(srn+trsz)

g d(fgxorsfxo) + d(Szo*rrSz)

s d(Sh , f iro) + d(Szo*rrSz)

g d(zn ., z*r)+ d(Sao*rrsz)

+  0 a s n + 6 .

b {fzo} comierge8 to Sa.

f 
'--f 

1l zo ed y': Io.ln lnequsllty (I) 8Dd thea taklag llnite oa

locl rtdss a8 n .l o, we obtal,n

d(Szra)  j  0  (d(Sz,z)+)

- thlt Sz.- g.

&ppoee e- e Y.

t.ff4 r = r and y ;,,Ja ra loequallty. (I) end ther taktng ilnlta on

Dotb rldes a6 D + -, re obtal.o

d( farg)  J  0 (d( farz)+)

r tlet fz t z.

bt (oo) be a eequence ln i converglng to z.

I'-t 1 I uo and y I 11 lo tnequellty (I) and then taktng llolte on

bll ddro ae i + -, we obtala

3r  s  t  ( ( tn+eo)+) r  (a  r  l ' 2 ,  . . .  . )

-r t  1 d(fuorz) ead eo g d(Suorz).

'  . . .  ( v l r )

ID t tr cotlouous et z and {uo} coovergee to z, teo} coavergee to

D. bcc there erleta a poeltlve real ouober U sucb thst

" i  
.  M * f f  n  t ' I 'J ; , ; ,  ;  . f

b tlr foaquslfty (VtrI) we have

t !  s  I  ( t o {+ t )  { u  g l r2 l  : ; . ;  .

( t  : l  -  t . ( ts{t t )  < u a p, 1r2; : ; . , ;  .
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f, -  g(l)) 
=+ @r l t  fol lons thar {to} is bounded.

Suppose {ton} ts a.convergent subeequence of {to} wlth l inl t  to;

Fron lnequallty (VII) we have

t  <  A  ( ( t -  +  s -  ) + )  ( k : 1 1 2 ,  . . .  . )n k -  t k  
" k

raking llnlts on both sides of the above inequallty as k + o, we obtaio

to : 0 (to+)

so that to =0.

Hence {to} nuet coaverge to zero.

Hence f is contlnuoue at z.

When z e T(Y) and grT comute veakly,otr y, it cao be show! as ln the

proof  o f  I  ths t  gz  g  z  2Tz .

3 .  Suppose fS ;$ f  94  y r ! (y ) .ey .and Sm le  cont lnuou '  a t  z  fo r  eooe

pos{tft'e lnteger n.

Taklng x - S- xn, I - Ir, lo ,loequa1lty (I) aad uelng the comutatlvity

of f and S on Y and equatioa (II) we obtaiu

d(sDzo*, rglrr) 1 I  (nax {d(snzrr 'Tyo;, 
d(snzorsn'o+l) rd(TyorSYo),

d(snzo*r"Txrr;,  d(snzorgyn) ) ) .

Taklng llnlts on both eldes of the above inequality a8 n + - r w€ obtaln

d(Snz,z )  5  
g  (d (Snzrz )+)

so that Smz ;g z.

S u p p o e e  z  . \ .

fhen snl lz e y.

Taktog * - sn-lz and y - xo in inequaltty (r) and theo taklng liults on

both stdes as tr + - r w€ obtain

d( fsn- lz rz )  S  g  (d ( tsn-Lz ,z )+1

so that fsD-12 = z.

bcr Sr = S(fS

t - I f l - t t o

a l - c a + -

-  3 b 3  f l - r .

t t r r l O ) @ d

tr tb 7,toof ot

r- l l t r  1. .

Ltt .h.lt of t

j . t , t ,3  a . .Fc l

t- *fporc S

l t .

tL. fac ttrt.

t r D r a 3  z ,  ,  .

bcr 3r r r.

l * d d e

e { j - t ( J )

b rPlttY t

Ej,
F b r o f f d

l 3 1 r t l r t l

rt rlG. cr

!1;1g!}, trc

r . - f ( r o ) : l

15lttY

-a 3o t trlP

I

I

l

I

I
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b 8r  =  S( fSD- lz )  =  f (Snz)  = fz .

- -- 
3 r-z and IrIn tn laequellty (I) eod theo taklng ltstta on both

lb tr D -) 6 r we obtal,a

d , ( fz rz )  S  g  (d ( fz rz )+)

- LC lz - z. Eence Sz * z.

tl r e t(t) aod g, T comute weakly on Y theo lt cen be ehom exactly as

lr L proof of stat@ent (I) that gz --z sTz.

a. t t ls Le err l .dent froo statenents ( i)r(2)r(3) sloce the lntt lal

|l;loctrrfe of the Theoreo reoalng uaaltered lf f rgrsrT are replaced by

lJrlrs respectively.

t. Suppoae S =Tr S le cootinuoua at z, z e Y end trS cormute weakly

r l .

t lo frm atatemeat (2) we have fz =z =Sz.

tetlng r i y r z in Lnequaffty (I) and aotlng that Tz :r Sz = z, we obtal.n

4(zrgz) S I G(erezi),

h r c g z - - 2 .

t*..d of aeeunl.ng the weik comutatlvlty of f aad S, !f'we aseume that

r t  j  d  T ( r S ) r  t h e u  f r o o  ( 4 )  w e  o b t a l . n  g z 2 z a l z .  N o w  t a k l n g  x = y = z

tr firquelfty (I) lt cen be eeeu thaE fz - z.

!;1g!!, Uhea lnequallty (I) holde for all xry e Y, p le a comoa fked

ldrt of f and S ln Y antl q le a co@on fixed polot of 
'g 

end T ln Y then

tat F tbat t f  z e Y ls a co,@on ftxed potnt of frgrS end T thea z Le

t rtque co@on flxed polnt of f aod S and of g and T.

E 2: Fro laequaltttee (v) and (VI) lt cen be verlfled that-

r- - l(ro) 5 d(zorz1) anil 1o s gn (vo) eo that la Theoren I one haE the

fFllty

d, (z , ,p)  :  PD ( to) ,

- r  to  teup { t  6  R+ /  t -g(c)  s  d(zorzr) }

15

obtelD

obtala
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Rqnatk 3: Er<anples 2 aa<l 13 ehow that lD stateoeot (l) of Tbeoreo I ooe

caaoot dtop the eoadltloo tz e S(Y) ! even when y E X, X ls coopleter frgrt

are cotrtlnuoua oo Xr gT - Tg and gG) - gt oo R+, o belag a constant ln

[Ort/ZJ. Whlle ln Exople 2 the space X 1s compact, to Eaample 13 the

napplags f aad S are comutatLve.

Retatk-l: If f comutes lrith S on Y, S ls orbltally bouoded on y (1.e.

{Snx} ls bounded for each x e Y) aad the ter:u d(Sxrfx) is deleted fron

the rtght hand slde of lnequallty (I) thetr the coodlrlon rz e S(y)r can

be dropped fron stat@ent (l) of Theoreo l.

Reilelk .5: Exanple 3 ehows that ln statemeot (2) (and hence ln stetemetrt

(f)) of Theorem I one canoot drop the condlt loo'z e T(y)r evenwhen

Y gX, X ls conpact, fS s: Sf ,  gT -=Tg aud 9(t1 =f oo n+. In partLcular,

lt showe that the condltlon canaot be dropped fror stateneot (3) of

Theoren I even when u 3 l. It elso presente a sltuatloo where frS are

contlouous on X but none of grT has a flxed po1ut.

ExaopJ.ee lr4 and 12 also eholr that the coodltloa tz e T(Y)r cannot

be dropped from stateoent (1) of Theoreo l. Ia all the three exaoples

Y -X, X ls conplete aad g (t) -  ot oo R+ for sme coastaot a Lt [TrLl2J.

Exaoples. l and 12 preeeat a Bltuatl.on where f le contlnuoue on X and none

of grSrT hag z ae a f lxed polnt. Iu fact, 1o Exaple I none of grSrT hae

a flxed pofnt. I*rile in Example 4, the space X la c@pact, ln Exople 12

the rnappings frs ere comutatLve. 0f couree, 1o both the exanples the

napplngs grT are comtltative. E:canple 4 lllustratee a sLtuatlon where

both f aad g are cootlnuous on X but oone of SrT bas a flxed point.

39g!!, Exanple 14 ehows that 1o stateoetrta (l) and (2) of Theoreo I

one cannot drop the weak comqtattvlty of f and S evea wben Y = X, X la

f laite aod gT s lg.

Corol l j t+r l :  Let frgrSrT be eelf-uaps on e conplete DetrLc space (Xrd)

such that (frS), (grT) are weakly comutlog palre and luequallty (i) trotae

for al l  xry ln X. Suppoee that at leest one of frgrSrT le contLnuoue

R(f) E n(T), R(g) € R(S) aod that there are aequences {ro} r { Io} ln X

such that

f xu  =gyn  =T Ia+ l  *Sxn+ l  (o  =0 r l r 2 ,  . . ;  . )

16

tb {t

tlrd t

f-rt

Canl.lr

-r
TI CT

r"&) E
a

t l .

b c(q

r-i

c c l

f f (

3I co

l-tt

t l6  o

Ylrb I

f-.rf

stdll
' 1 1 3 I

C-.!

afl

! r l

t t r :

- .
.,,,J
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t'E
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tb t!r..: 1. ccrcrg€ot and the linlt of {fxo} ts the unlque cor@oa

!f.d plrr ot f rod S end of g aad T.

hrt i: E+lc 7 ebowa that r.treoren I is a proper generalization of

atriJ.r7 i-

!131g!!r Erplce 2 and 13 show that Ln Corollary I one cannot replace

r . r  ed t r ! ,6  ' l ( f )gR(T)  
aad R(g)€  R(s) r  by  re t ther  R( f )g  R(T)  o r

f  f  g  t (5 ) '  cnco  vheu f  ,g rT  ere  cont inuoua on  X,  gT =Tg and g( t )  =o t

r* l'. r lelo3 a coostart n [Ort1ZJ. I{hile tn Exanple 2 the epace X

1. s€ir'xt. lo haple 13 the napplngs frS are eomutatl.ve.

, traple 5 of Saetry and Natdu fSJ ehovs that ln Corollary I

err|  c-t  cDaure the exlstence of a comon f lxed poiat for frgrsrT (even

ft,  r f ,d) 1" a f lnl te netrLc epace and SrT are tdenttty naps on X) i f

"L ccodttlon regardlng the extstence of the sequence {xn}, {lo} is dropped.

lr,rl l0: Eraople 5 shons that ln corollary I on ecannot drop the.condi-

itoo or cootJ.nulty eveu when x le coopact, f comutes lrlth s, g comutes

u:th f eod 9(t) - | oo n+. E:ranple 6.s,leo can be invoked here.4

leurk Il: Eraple 15 shows that ln corollary I oae cannot replace'the

:.sdlt1on '( f ,S), (grT) are weakly comutlng paLrsr by the condlt lon
' .1 :> . r  

fS  =  Sf  o r  gT:aTgr  even when X l f  f tu t te  aad f  ;g .

h can deduce the followlng two resulte fron Corollary l.

3cro lrr 2: (Theoreo I of Flgher [aJ)r- Let f rSrT be eelf-naps on a

.{rI .r .  retr lc epace (Xrd) euch that fS =Sfr fT gTf and

d ( f r , f y )  S  c  m a : r  { d ( S x r T y ) ,  d ( S x r f x ) ,  d ( T y r f y ) ,  d ( f x r T y ) ,  d ( S x r f y ) }

fca .,Ll rry ln X, vhere c le a constaat iD /0r1). Suppose that for each

r !.r I tbcre exlgts y 1o X auch that

f x = S y 3 T y

d rt lceet ooe of frSrT le contl .nuous. fhen frSrT have a unLque cotmoa

!t-rrd polnt.

Coroll,rv 3: Let f rS be self-nape ou a complete EetrLc space (Xrd) such

th.t f  ,S cnute realcly, R(f)g R(S) aad d(fxrfy) S 0 (nax {d(SxrSy),

l ($ , f r ) ,  d (Sy , f f l ,  d ( fx ,Sy) ,  d (Sxr fy )  ) )  fo r  a l l  x ry  ln  X .  Suppose tha t

h l o n e

| r te ,  f rg rT

Iatrt ln

13 the

|  ( 1 . e .

I fron

l) t cao

Itement

ten

ft lcular,

of

,5 are

'canoot

rplee

[0,1/2J,

od oone

65rT hae

rple 12

r the

rtere

t .

ereo I

. X L e

(x,d)

l I )  holde

E8

l a X
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!=e..!!t 
Corollary 5 ls a generalizatlon of Theorem L ot CfiLc fiJ '

F. lo .b., rhat lt is a proper generalization'

!=lg!J, 
Erple ll shows that ln Corollary 5 one cannot ensule either

r.b c-!y Eature of the seque-nce of 'lterates or the exlstence of a flxed

Frr,r (.ritr vben (xrd) is complete) lf the condltion 
l** 

f,t-'tt)J' 
+ -

!r lrqlct.

5 2' ExamPles

b lr lples I to 6, X stands for the compact metrlc space

r '  1 t  t2 --- .1 with the usual metrict whereas in Examples 7 to 10'

t '  -  t  '  -  -

: i  r : cds  io r  the  compact  met r ic  space {0 '1  'L l2 'L13"  "  ' }  w i th  the  usua l

!r?3:.- Further 1n Examples 7 to 10' p denotes the rnapping from Rt to R*

t- I t  ls clear that 0 is lncreasingt continuous'

& t : #  5 1  9 ( t )  -  
1 1 .

l . : .  .  t  $ c ,  o  a n d  l l m  f t  -  0 G ) J ' r @ '

*: i l"" where four self-naps f 'gts'T on x are consi- 
'

lcrcd, the equatlon

f x n = g y n = T l r r + l  s s * o + l  = z n + l  ( " = - o ' 1 " :  ' : '  
. '

bldr for a sultable cholce of the 
""q"t""t" 

{x.,} '  tVoi '- l" l t  ln X and

cr rr.rch selectlon ts speclfled in each case wllhout expltcitly stating

tI agurtloo everY time'

1 -  Def lne  se l f -maPs f ,g 'S ' t  on  X bY

f ( 0 ) = 0 ,  e Q ) = L l Z '  
S ( 0 ) = I '  T ( 0 ) = r

r{!o) = 1,,*r , ,t!"' 
= 

l"*s 
' s(}o) =lo*z ' r(!o) = 

}"+a
2 "  2 - -

( n  =  0 r I 1 2 ,  " '  ' ) '

_.4: ls cootlnuous on x i  BrsrT are drscontr.nuous at zexo,i  f  ,s are

*rlfy co@utative but not cofiodt€tive; g'T are commutatlve;

f ' - eY l  :  | ' " *  { l sx - tY l  '  l s *  -  f x l }

t ' - e y i  : | " " t l s x - r Y l  '  l f * - r Y l )

d

r r - e y l  :  | ' . *  { l f x + t Y l '  l s *  -  e Y l }

l c r  r l l  r , Y  i n  X '
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I  - - r -  
' 1  .  

r 4 * 0 8 s u * - .Forx* -F ead yn = 
F 

t" nave zq+l !, 
,o+r

0 ts the only ftxed polnt of f.

None of grSrT has e flxeil polnt.

I{e nore that 0 * ntrl.

.2. Let f , S be eelf-oape oo X itefloed aa la hople l.

Defl.oe self-aips grT oo X by

g(0)  =0 r  T(0)  r :  0

sti"t-jtu , r(!o) '+r (n3'0,r,2, "' ') '

Thea frgrT arb coqtinuoua oa X and aay two of tbeo are cminutatlve;

R(r)<,R(r)  ;  R(e)f  nt$ ;

I t * - e y l  s  I l s * - r r l  g x , y e x  u

a L O d {

I d t b l

t - l  A

I 13 t.j,

q r { t r

b l i r r

3 l o d l

l r
d

lo'o1

r qrl ,

q

a L l - d

E d &

l r E -

t! Irr

+.
- ta.lt

rDG

-

I
f If r.fl

and
I

l r * -eyl  .  i  *  tJtx-ry l . ,  ls*-eyl)  *  * ,y e x.

_ 1 I l
For xo sf and yo =;;iT ne have zn+l =r * u 8s o + o .

0 ls the only fixed polnt of each of frg and T.

S hae no ftxeil polnt. In faetr O + R(S).

3. Let f'rg;SrT be self-nap€ on X ilefloed exectly as tn Exauple I
' exeeptlng for S(0) wblch ve deflne here ae 0.

Then frS are contlnuoua ou Xi grT ere dlecontinuous at 03

f S = S f  ,  g T = T g  i

l s x - t y l  * r ,  I e x ,
eod

I

l r * -svl  S l 'o 
( | tx-ry l  ,  ls l -gyl l { r ,y e 'x.

rot lxol.r \rot a.tro"a as la Erople l, we bevc

t ^
z o + l s F T ! + u e 8 D + @  '

ir*-evJ : i
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a t b dgl. flred polnt of each;of f and S.

b d& 3 oor i hee e fl.xed pgintr

t E r r . t 0 t n < r )

\ lrt lr3.SrT be eelf-uaps on X deflaed exactly ae lo Exaople I

-a'ta lor g(0) whlch ne deflne here as 0.

b trj a-. contiluous oa X ; SrT are dlecontinuous at 0;

3.t n nlly contetl.ve but notcomutat!.vei

I t ' -g r l  s  I  l sx - ry l  +x ,yex

I t r - r r l  .  i * { l r x - r y l  ,  l s * - e y l } r r x , y e x .

F (ro) , 1fo) deflned ae ln Exople lr.we bave

1

"o+t 
tp + o as rl + @ '

0 1r tbc uulque flxed polnt of each of f and g.

It Dltber S uor T hee a fLxed po.tat.

I  Dr .  rbr t  O {  n<S) u R(T) .

t- Drtle eelf-nspa frgrsrT oo X by

r (o) =5 ,  e(o) =16 ,  s(0) gt  , r(o) , b
t.ir,-ir , ',i, -# , ',F =;h , '(b, =in

( o  r  0 r L ; 2 ,  : . r  ; )

b f.j.Srl ore ell dlecontlnuoue at rero i fS r{ Sf, gT I Tg;

r(f) €, r(l) , R(e) e R(s) i

It'-gvf r i Jsx-nvl

lrr-eyl . f ra* tlsx-rxl, ltv-gyl)
-

It.-gyl . f-* t lex-ryl , lsx-gyt)

t- .lf rry la I.
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.  |  _ l  I  ^ror  xn =F 
"ou 

) to=F* ht  
"o* l=Fi l6 .  

+ 0 ae ' '  - '  a  .

None of frgrsrT has a flxed potat.

6. Deftne self..uape f ,S oo X by

f(o) s+ ,
2-

',h, =;*o ,
Then f,S are dlscooH.ououe at zeroi fS s Sf; R(f) C. R(S);

l r x _ r y l  - l  l s x _ s y l ,

lex- ry l .  i  *  t lsx- r r l ,  lsy- ry l i
end

l r x - ry l .  I  *  t l t x -sy l ,  l s r - ry l )
for al l  xry la X.

I
F o r  x o = { ,  f x o = s x o + l l ; k . r  o  a a  o . } o  .

None of f and S hae .a flxed pol.nt.

7. Deflne eelf+ape f ,giSrt on X by

f  (0 )  =  e (o)  =  S(0)  = t (0 )  =0

S(0)  *  r

^ , 1  .  ID ( - ' )  = ; i l T  (n  -0 ,1 ,2 ,  . . .  . ) .

-

lbr

I 3 b t

brrgl s

b r l l r

F r . r 1

O I r b r

L  l r r

Illr .r

(
t l

- r a r  tf5 ,  - l

I

t b f l r

-ly cl

- a -

-

I tbt

b.tl, :

- d f s r

-  r . r1

l l t t

f E

ft

"b

-,r,  1# l f  a ie eveu
r\;/  :1 

I ,

[;ifz rf n ie odd

s<|r :

Then f le coatlnuoue oa-X; grsrTare diecontiauous at r0r; frS are
weakly comutatlve but aot comutetlve3 grl are reakly coroutati.ve but
not comutatlve; R(g) CR(S); B(f)gf ncr) i

t 
l lr n i.e enen

[# 
r, n re odd

s{}) =

( L t t n l s e v e n

, r(*) -=J
{ # * o r e o d d .
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I t t - e y l  s 9 ( l s x - r y l )  + * , y r x ;  
'

-

, fr-rr i  S g (nax {l fx-ryl ,  ls*-gyl} ) rf  x,y e x.

I sbsr tr ao constant .q ln LOrl) sucb thst

l b 3 r ,  s o  p r  t l s x - r y l  , l s * - r * l  ,  l r v - e y l  , l e x - r y l  , l s x - g y l )
,r .Ll r,y lu X.

- l l l
h r. 35fu5 and ,- = 3;11 we have zr+L=Ei17 * 0 as n + - .

O lr th rmlque f lxed polnt of each-of frgrs and T.

L l,.t frs be self-naps on X deftned as ln Example 7.

It t i  rcl f-raps grT on X by

e(0)  =  0 ,  T ( 0 )  g 0

.23

I

( i " n l s e v e n

r t l r  - {  ,
t l..= lf n is odd

.  
l L I t  

n i e e v e n

r \
r ( ; )  ={

tft7 tt n ls odd.

S.! f  ls contiouous on X; grSrT are dLscontlnuous at zero; f ,  S are

ally ccutatl-ve but not comut.atlve; grT are weakly comutatlve but

- 3  c c r t a t i v e ;  R ( f ) < - R ( T ) ,  R ( g ) C  R ( S )  ;

l r ' - gy l  l 0  (nax  t l s " - r y l  ,  . l s * - f * l ) )  +x ,y  e  x ,
-

l r ' -ey l  5  0 (nax t l rx- ry l  ,  ls* -ey l l )  11x,y  e x .

lc tlcrc ls no constant o Ln fOrl) such that

h - r "  s r  . . * t l s x - T y l  , l s x - r x l  , l r y - g y l  , l r x - r y l  , l s x - g y l )
f -  . l l  x ry  ln  X .

r l .  Ih r.-EiilT aDd y;= gfo we have zn+l =3;ii3 o 0 as o * @ .

a t tL ualque f lxed polnt of each of frgrs and T.

t- Drt ln eelf-naps frS on X by

I

I but

I

i

tl
l
I

i

I

t (O) r  0

rr lr  =$
r  S ( 0 )  r 0

l l

,  s ( ; )  *  # .  
( n  '  0 , 1 , 2 ,  . . .  . ) .
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Thea frS ate coDtiououa o! X; fS -Sfi R (f)C,R(S) ;

l rx -ey l  s  g ( lsx-sy l )  *  r ,y  e  x

and

l rx - ry l  s  g  (nax t l tx -sy l ,  lsx-ey l ) )  {x ,y  e x .

But there le no conetant e la .@rl) Euch that

lrx-ryl s oBa* tlsx-syl, lsx-txl , lsy-ryl , lex-syl , lsx-ryl)
for al l  xry lo X.

For xo= |, t*o= s*o+l=# + o as n +\\o .

0 le the unique flxed potat of each of f anil S.

l O .  D e f l n e  f  :  X - - f X  b y  f ( O )  =  O .  r 1 ! 1  = * T  ( n =  1 , 2 ,  . . .

Then f le contlnuoua on X;

lex- ty l  :  g  ( lx -y l )  gx,y  e x

and

f t * - ty i  S g (nor  t l tx -yJ,  l * - ry l )  )  {x ,y  e x .

But there ia no coostaat ottn Srl) euch that

l * - r y l  s o D € x t l * - y l  , l x - f x l  , l y - f y l  , l t * - y l
for all x, y lo X.

0 ts the unlque ftxed polot of f.

ll. Let x - fl,e) vlth the usuel uetilc.

D e f l o e f  : X + X b y f x - 2 x ,  ,

aod g : R* * R* bv g(t) t,i|} .

,  lx-rv l )

Theo X le e complete Detrlc sDace 3 f le contLnuoua oD X ; 0 le au

lncreaslog coatlnuoue fuoction on R+ , 0(t) < t +t > O r

Ltn [t-S$lJ 
- \,9

t*o

and

lex-tyl s g (uax tl:r-rvl , lv-erl) )
for al'l xry ln X.

But f hae no ffted polut. Io fact, for ao x ln X the sequeoce tfExl tr

Cauchy.

. ) .

l t -  L l

E T U

l l r .  I

b t l r t

l-lr

-

b d l r .

tf,3 8r a-

l b o l l r

- - r |

&  L 3 t

I D d

l a t . l

- l r
t - -
n&- - ?

-
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t - LG I c for-1 wtth the ueual Detrl.c.

fflr rclf.raps f ,grSrT ou X by

I  . -

( i  
l r x 3 o  

( 1 t f x 3 o  ( t
i r r ,  r x - {  ,  s x e {  , : x = {

1 6  r r x > o  L s x l r x > o  [ , .

b t tr e ccplete Detrlc space ; r- is contiououe on X ; S

Iatlr.oua at zero ; fS -_Sf i gT =Tg ;

l r --eyl -- l*  t lsx-ryf ,  l rx-ryl i

I t ' -ey l :  i *  i lsx . ry l  ,  l ry -ey l ]

lr '-gyl s if* tlsx-rxl , lry-eyl)
-

le"-eyl s i*  t l*-ryl  ,  lsx-gyl)
!-  . fr  rry lu X.

lr ro t;3fu: d ro=St" heve zo+r =+ffi + 0.ae n + o .

I tr r ftrcd polnt of f ouly.

t r31 ;h-t O * fO).

lf l..t I r fOr-1 wlth the ueual metrlc.

l?tr rrrfrepe f ,grSrT on X by

6 1  i f  x r a 0

l r r , r . f u ,  t * = i ,  s x =  
{

L 8 x  t f  x > 0 .

b I tr r ccplete tretrl.c spece; f ,.grT er€ cootLDuous oa X

| | rr+l-t l.urous et zero i fS = Sf , gT =Tg i R(f) =((T),
Irr+r(r),

I t ' - r r l  . i * ' t l sx - t x l  ,
-

I t - r y |  s l *  t l f x - r y l  ,

25

t f x = 0

l f x > 0

,grT  are

l ry-gyl) efx,y e x

l s * -gy l )  gx , y  e  x .
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+ 0 a s d + @ .For xr, =;3h and vo =;h * have z
n+I - 

^3ri+4
z

We note that rOt ls the unique f lxed polnt of each of g and T,

0  i s  a  f l xed  po in t  o f  f  and 0  +  R(S) .

L 4 ,  L e t  X  =  { L , 2 , 3 , 4 }  w l t h  d ( 1 , 2 )  :  d ( I , 3 )  r  d ( l , 4 )  -  d ( 2 , 4 )  * d ( 3 , 4 ) s ,  l ,

d ( 2 , 3 )  =  i  .

Def ine  se l f -naps  f rg rSrT  on  X by

fl=2., f2e3, fbf4lr,2 i gleg2ag3eg4=2 i,

SIg2, S2:4, S3=I, S4e3 ; T1=T2r2, T3al, T4r3.

Then f,  S do not comute weakly t  gT - Tg ; R(f)C R(T),

R(e)  c  n (s ) ;

d( fx ,gy)  :  i  a(s* , ry)  tx ,y  e x

d( fx ,sy)  :  i  a(s* , r* )  gx,y  e x
and

d( fx ,gy)  :  l  a (s* ,gy)  gx ,y  e  x .

For xo - Io 3 l, we have fxn = gyr = Tln+l = Sxo*, = 2.

But none of f and S has a flxed point.

1 5 .  L e t  x  E \ t r e r f , A )  a n d  d  b e  a  n e t r L c  o o  x .

Let SrT be self-naps on X deflned as in Example 14.

D e f l a e f  : X - + X b y f x = 2  x e  X .

Then f ,  S  do  no t  coomute  weat ly  ;  fT  -  T f  ;  R( f )C.R(S)Q n( f ) ;

a n d  d ( f x , f y )  = 0  $ x , y  €  X . .

For xo - Yr, 3 I, ve have f*o = gyr, = Tyrr+l = Sxrr*, = 2.

But S has no flxed polnt.

1 6 .  L e t  X  s  t I , 2 , 3 , 4 ]  w i t h  d ( f  1 2 )  =  d ( l 1 3 )  = !  ;

d ( l , 4 )  =  C ( 2 , 4 )  =  d ( 3 r 4 )  3  l ;  d ( 2 , 3 )  3  | .

Let frS be self-rnaps on X deflned as in Exanple 14.

Thea frS do not cobmute weakly t  R(f)C, R(S)i-

and

for al l  x,

Netther f
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d ( f x , f y )  S  i  
d ( sx , sy )

d ( f x r f y )  S  I  
r " *  t d (Sx , f x ) ,  d (Sy , f y ) )

27

and

d ( fx ,  f y ) { d ( f x r s y )  ,  d ( s x , f y )  }

fo r  a lL  x ry  ln  X .

Neither f  nor S has a f ixed Dolnt,

Acgilo$ledg.qPelts

The authors wlsh to express thelr deep sense of grat l tude to prof.
D.R.K. sang-ameswara Rao and Dr. K.p.R. Sastry for their invaluable help
throughout the preparatlon of thls paper.
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Some CLaeeeE of, P-ualent Analytie Eunetians

B.A. Uralegaddl
gnd

l l .S .  Pat t l

Abdttdct

Let f(z) E zp + j ,  . r*n"fn (peN: L,2 . . . )  be aualyt lc in the

uo l t  d isk  E  =  {z  :  l z l  x  1 }  and oo+P- l t ( r )  .#* t  t . f (z )  (n  >  -p ) .

Then f(z) is sald to be in tbe claeg Tn+p-lru'tt *"<ffi1 >8, z e 8.,

I
o sBs i  

aod f (z)  ls  satd to be la  the c lass Tn+p_l ,B ( { ) r4,2 0,  l f

Re J*-r(f io() >8, zeE, 0 sBs I wbere {n+p-l(f ;{) = (f- '() 
m-

+x ul*+.I-rl"l . ro rhls paper we conslder the claeses To+p-lr.' aod
ro*Pf (")

Trr+p_lrg G{). Clase preeervlng lntegral operatore for the Claee

Tn+p-lrB 
"r" 

obtaloed. Our resulte are the generallzallone of the ear-

ller reeults obtalned by Goel and Sohl, Ruscheweyb aad AL-Anlrl.

l. I.ntlodgctlon

Let  A denote the c lase of  fuuct loas of  the forn f (z)  =z +.arzz+, , .

whlch ere aoelyfic.la E r {z r lzl x t} . Becently Ruscheweyh tn [8J

deflned the clasEee K' of, functloas f(z) e A and satlefying the condltlon

n ! l

Re(ry) , Lo 
, 

" 
6 E, where Dnf (z) = -3:tr * fk\

o'f (z) Q-z)"-'

n e No g {0r1r2r...} and * stande for Hadnard product. n ILJ Al-Aoltl

deftned the cleseee Kn(4). A fuactlon f(z) erA ls eald to belong to

the  c laes  *o (< l  t t  t ( z )  . f ' ( z )  i l  0  l n  0  .  l r l . <  I  apd  fo r {  2  0 ,

Re Jrr(f i"() > 
i 

where

Aus(uos) SubJect cleeelflcatton (1980).

phreeee. Multlvaleot functloae, Iladnard
fuactloas.

Prlirary 30C45. Keyuords rnd
product, Starllke and Convex
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Jo(r ;o() : (1 -.41 Dl+l.rt"l .rr r*ltEi rn [4J coel and sohr
nnt lz ;  

'u t+ r fq" ;

defined the classes trr '  *d To16 
(/).  A functlon f(z) e A is sald to

n * l

belong to rhe class Trr.r, ft n.({3(4) > Bt z e E aod O..( B€ } 
.' r rP  

D " f ( z )

s{nllarly f(z) 6 A ls sald ta belong to the class Torg (4), 
I 2 o

l f  f ( z ) . f ' ( z ) { 0 l n 0  x  l z l  x  I  a n i t R e J o ( f  , 1 )  >  g ,  z e  E r  0 I  B S , } .

Let A(p) deoote t[e class of functloas of the forrn

f ( z ) = z P +  i  
" . . r P * kk-l PrK

whlch are analyt ic ia the unit dtsk E g lz :  fzl  .  f)  .

L e t  D a + p - l f ( z ; ; _ - P
( t ;F 

*  f  (z)  (n )  -P)  ror  f  (z)  e A(P) '

the eymbol uo+P-If(") was r.ntroduced by Goel and sohr [3J. rn thre
peper ge deflne tbe classes To*p_f,S and To+p_lr' (d). A functlon

t(z) € A(p) ts sald to belong ro the cla 
^o*314,- 

, o

,  

.o  beLong to the c lass To*_l rB t f  Rf f i ,  O,

z e E, O : B S i. 
Stnilarly f(z) e A(p) is sald to belong to the claes

T o r , p - t , o  ( 1 ) , . ( , : 0 l f  R . J o * n - 1 { f  t 4 )  ,  z e E , 0 s  8 s  , ,

( p  e  N  t r  1 r 2 ,  . . . )

2. ' 
lb.e 

c:

Theored. l.

I f ,  f ( z )  e  1

I

AJ.so belong

IIS' It

satlsf les

z (

Deftne a re

.D

DN

obviously w

Dlffereutla

o.ojjr.<zl
ot+P-1f (")

I t  ls easy

z 1on+P-1r12

Fron (2) ,  (

on+P=lf (r)

,'1T"6

(4) ia con,

where Jo*-r (f ,,c ) s (r-{) 
#;fff,, 

+,r ff+,!,qa .

Observe that

Tn+orB *  torB

T I
nr2 -  kn

r  To+o rg  (4 )  '  To ,B  Q)

' T o , | {  
)

Thus our results cover correspoadlag

Ruecheweyh {8J d AI-AnLrt [LJ.

. k o (  )

results of Goel arrd SohI [4J,
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2. The classes To*tr.U

Tle-o.rqPj l. Let n e Nor Re c > (l-B) n - Bp'

Tfi, f(z) e Tn+p-l,B then

- z
F ( z ) -  

T l ,  
t " - ' r ( t ) d t

Also belongs to Tn+p-lrB'

sf,  I t  is easy to veri fy that the functlon F(z) defined

sat ls f les

z(or+p- l r (z ) ) ,  :  (c+p)po+P- l f ( r )  -  
"  

on+P-LF(z)

Define a regular functlon w(z) ln E by

on+Pr(-4_ r I  (r-2.{)v(z)

;"  r  + ! t(z)

obv lous lY  w(o)  -  6 ,  w(z )  *  -  I  fo r  z  e  E '

Differeatlat lng (3) logarlt tunical ly using (2) '  we get

31

( 1 )

bv (1 )

(2,

oo+Pf (z)

F.F:it(")

(3)

(4)ffi
oa+Pf (")

;-

It ls easy to check the folloving ldentity

,1pn+P-lF(z)) '  ! .  (n+p)no+Pp(") - noo+P-l l ' (r)

Froo (2), (3) and (5) after stnple cooputation'

#-='*. t t . f f i ' . ' j ' l
on+P-rF (z)

(4) ia conJuncti.on wlth (6) gives

(5 )

(6)
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lohf (e)

"
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-  1 - . ( l - 2 f t ) r ' ( 4
r + w(z)

1,  Ig88

r (

2(r -  B)
c+p

' 
e+p

lfe claln thet lw(z)l ' t, for orhenviee by Jackre Le@e fSJ there ex{sts

"o,  l io l  3  1 such thet  zow'("o)  kv(zo)r l  l r ( "o) l  - r  
"oa 

-k  

:  I  .  f r ren

Dn+q f (?o )  t - ( l . 2B )w(zo )

F%: l-f1;6-f- -

Su

Goel an,

9dtoil.aj

r f  f ( z )

F ( z

TLeoreo

nntPr
Re ==-*

Dn+P-

where c
'functlon

E(z ' ,

!E€: I

Do+Pf ("o)

Do*P-rf (,

fe have

9ad Re

{*fi :
i ; + F  ( i + ! r ( z o i )

I  -  ( l -Z  )w (z - )
Slnce Re -.--$- - 6 anor+v(zo) _ P

n" f2(r.g) 
krt(?6) 

?= { - r  
} ' o

L (t + - 
c+p 

L) {t*"1"oy11

(7 )

f o r  R e c r ( f - B ) n - p B r

lt followe froo (7) rhat

ol+Tt(z^)
R 6 ' $ f i t : i ; i ; '  < B  r o r R e c > ( 1 - B ) o - o D .  )

Thls contradlcts that f € Tu+p_lrg .

Hence lw(z)f Ct ana by (3) F E Tn+p_lr'

Puttlag p; 1 to rheoreo I ve get the fotrlowing reeult of Goel. and
sou [aJ.

Corol lary l .  Let a e.Nor Re c r ( l-g) n _ g.

If  f(z) .  torg theu
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2 2  
1 . .  

r  I  l ,
F(z) - II9 \ r"- 'r(t)at also belonge to T_ ^.

. "  d  
.  

o rF

Subetitutltrg B - |,.fo 
above iheoren ve geg the followfng result

' ;1.Goel and Soh;l FJ. 
\

C d t d l l e t v 2 .  L e t a €  N  . R C s l q l ' .  :

I f  f ( z )  e T  I  i :'.' 
"" 

- 'n+p-lr 
i 

thea I
!

. t z " ;

F ( z ) - t t 9  \  t a - l t ( t ) a t  a t s o b  
;  I

zu o. 
t: '  

-f(t)dt 
also belong" to Trr+p-f, 

i 
'

q

Tbeoren 2. Let f A(p) and eattsflee the condlhlon

*.fffr >B -rr"-\;|"ay;

where c ie any real nunber greatef than 2(1-B)

' func t lon

(8)

F(z)  
g+ (  te- l t ( t )at  beloags to Tn+p- l r '  .

z ' d

$g!: 
_Proceedlag 

as ln Theorem I we obtaln

po+Tt(io) 1-(1-28)w(ao)

2 ( l jB )

c+p

kn(eo)

(c{"+? (l+F) (t+P) l! i(zo)

c+p
(e)

F% =-lrrzF

(I+

tfe have

9nd Re

1- (1-2B)w(z^)
Re -Gre;- s p

I

(n+p)-p , then the
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rC*+kffit ror c > 2(1-B) (a+P;'P'

The renalnlug part of the proof ls sloLlar to that of Theoren l.

Cot 'o1-16iy 3. Putt lng nE B =0 and pscs I ln the above theorem {t

followe thet tf f e A aod satleff.es

n" <ffi1 , - L, 
, rhen Re ,4i9, > o and hence

F(z) ls etarllke and unlval-ent ln E. Thls result was obtalned earller 

t

by R. Slngh and S. sragh n0J.

Coiolta* 4. By putttrng n = 0, p.r=c;l and U q-? ln the above

theoreo we couclude thst tf ne {ffi1 t o , then

*" i+i$) , ffif.. This reeult ts ilue do lrtlller, Mocanu and neade p/.

Cglo l la rv ,5 .  Subs t l tu t lng  a= p :c  = t  and B:  |  
l t  fo l lows tha t  t f

o'Ftt  I  n\  I

R e ( 1  + t f r f ) > - i  t h e n

Re ( r * 
ffil 

t o . Thls result 1g also due to R. Stngh

and S. sragh 40J.

R€dqtli l. Resulte obtelned ln the above corollarlee are stronger and

extend the earller results due to Llbera [6J thet ts lf f(z) ls uenber

of s* or k , then eo aleo tt l?:u| 
f 

e {t)at, where s* and k are the

ueual classee of starllke and conver fuoctloos respectively.

Lheo reo3 .  Le tF  e  Tn+p_ l ,B  and  t rRe  c  >n (1 -8 ) -Bp ,  n  e  No .  Le t  f

be def tned as F(s)  -  tE (  Ec- l  r (E)aE ,  Re c > n( l -B)  -  Bp.

.2"  - .  a '

Then f(z) t To+p-lrp ln lzl x Rn+p-lr" th"t. Rn+p-lr" ls the snallest

poettlve root of

ft. - t -(l=2g) (n+p)Jr2+Z /n+p-l-F(n+nv, - t - p - 0 ancl the result le

sharf for c ree1.

Ptoof :

j

l

where p(0)

Uslng (2) ,

(c+p) on+Pf r

Thus

(c+p)

Also

(c+P) :

I 'ron (11) ar

goSf (,
Dn+p?11--T-r

Uslog'the wr

lzp' (z)
Re p( l
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Since F€ T We have
n+p-l r F

/:.A'#

35

Proof r

Thus

oa+Pr(z)

tlq(",
!  B + ( 1 - B ) p ( z ) ( ro)

( r r )

(  l3 )

where p(0) 5'  I  and Re p(z) > 0 for z e E.

Uslng (2), (5) and (10) we obtatn

1c+p;on+Pt1z; E c on+Pl'(z) + z 1Dn+Pr12;;,

t  c  (B + ( l -B)  p(z))  Dn+P- l r (z)  +

z (1 -B )p '  ( z ;on+P- tp12 )  +  (B+ ( l -B )p (z ) )  z (D '+P-1F(z ) ) ,

c  (B+ ( l -B )p1z11on+P- I r1z ;  +

( l - 8 )  zp '12 ;  un+P- l r12 ;  +

(B+(1-B)p(z))  I (n+p)  oo+Pr(z)  -  not+P- l r ( " )  J .

(c+p;  on+Ps Q) = IG-r)  (B+(t -B)p(z: : )  + ( t -B)  zpt  (z)  +

(n+p) ( 8+( 1-8 ) p GD2J oo+P-lp (r)

Also

1c+p; ot+P-1f12;

I 'ron (11) and (12) we

1c Dt+P-lp(z) + (n+p) nt+PF(z) - o do*P-lr(")

e f t"-o) + (n+p) (B+. ( i -B)p(z;7 pn+p-tr1z; (12)

have

- R

r - F * p ( z )  + f f i

Uslag 
'the 

weLl 
.known 

estlmate

l z o ' i v ) l  .  2 ,  - - r  h -  - , - ,  .  1 - r
T"-8r7r 

";7 
ano Ke P(zr 2 Tii r

zp ' (2 )
(n+pTfBTf--OpG
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{.ol s r , we g€G. roo (1,3) that

: Re p(z)

{ r -

i

13,  No.  1,  [988

I

\;$

-Iffi,rq$
"" f 

--T_-ffi:l z
' 2 t

3 .

TT

Re

wt

M
" l

(14)

lhe rl.ght hand etde of (f4) ls poeltlve provlded t ; *o*n-rr* .

rhe reaulf ls eharp u"u .::.r""crlon

. r("1 n f, . '  
(zcr(z)) '

where F(z) ls glveo.by

#ffi 
- r+(l-38)a

putttng p = I lu iheoreu 3 we get tbe followlug reeult of Goel aad

sout [4J.

'9dtollatv 6. Let F e tor and t g Re,c > o(1-B),-;-81 d'c No.

Let f be diftued ee

-  o Z

.F(z) . !19 [- g"-rrte)rlf , Re c > (1-B) n - B .
zu o{

fheo f(z) € lor' tu I zl O *or" where Ror" le the eoalleet posltlve

root of

ft-n-(t(r=zB) (n+l/ r' 
| ? fr.+z' B(o+r[ r - t - I e 0 r

aud the regult le eherP for C real.

co io l , l a$ l  7 .  gube t l t u t l ngP lB r0 ,  pa  l  aod  d )  0 ,  we  ob ta lna

geaerellzatloc qf Bctaanallra xeauLt [2J.

Mz

J
1-

R2
o

Th

e
w (

Pr
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3. fhe ctesses tr{Srr.r(d)

Theo.rem 4. Let f e Tp+p-lrB, 1, Z O . Then

Ml(r) for Ro S R,

urt.) foi Ro : n,

37

T

n. (.-.4ljl;-1):5:
1 _ 8

where

v , ( r ) =  . * .  r 2 4 ( l : 2 8 ) - 2 p 1 1 - p ) ! n + p + l )  +
- 2(o+p+t) (l-;P 

'-----

,2( r r+p+l)  ( r -B)- { ( r -28) ,  / l i (1 i28)r ,
T' 

r-ifl

(r - 2p) n\ije;i ,

M2(r)=,;furw

4[<rs)\ 11&p+t)( l iB) 
+2 I '  ,L-28r2-(L-ep)r4))L

t - r - L  

- - '

(1 + (1-28)r ' r lJ  ,

The result ls sharp.

We ehell need the following Lema due to Slngh afi GoeL [9J.

L.egnp.! If w(z) ls regular ln E and satlsflee the coudltlone

w(0)  .  g  6o6 lv (z )J  r  1  , .  then

l * , ( " )  -  w ( z )  1  , r 2 . ' l | l z ,  l . l  .  L
l - r -

P r o o f :  S i n c e f e T  .  W e c e a w r l t e
n+p-r r F

( ls )
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o D + P f ( z )  t - ( t - 2 8 ) w ( z )

F:ir(") 
= ffi).--

wfiere w(z) le regular ln E, w(0) .  0 and lw(z) l  < f .

Dlfferentlattng (16) logarlthnlcally and ustag (5) we get

4IIEL = =-.* (t * 1,,+p1
p t + P f ( " )  a + P  

I

. . 2 . ( r - B l z * . ' ( z J .  \  / , , \
ff i  \r ' .,

Substltutlng fron (16) end (17) tn Jrr+p-1(;"(), we get

rn+p-r(r;4) = Lflietf#@ +

21 ! - i l  .w (z )  z * '  ( z )  ,
n+p+l  L L*(z)  (1-( r -28)w(z))  ( l+ry(z))  /

Thls can be wrltten ag

Jo*o- t ( f ;c) -  B 
-  l . :w.(z)  *  2.4-  w(z)  --*i _ B- = TffiTil - Tffiii F;r,t 

-

(16 )

(re)

(18 )

vhere p(z) r

l w ( z ) l  <  r  o

l+(l:2ts)
t s - -

[-r

If we put p(

,
n-  = ln(

s(urv) ther

S (u rv )  g  -

2( t

2( t

.( r-

Now

as- - -
o t  -  

2 t

T(R) r  2(1- ,

The nlnlpua

the dlaoetel

L (R)  -  5 (u r1

s

where R I a'

(0r{o) le at1

24 z* ' ( z )

Re p(z)  -  ( l -28)

GFprit@'

Fron (15) and (19) ' ! te get

*.[t.*itl'f,'..- .ul" *" ++#8i +

nift[*t'##-#]
' 2 ' - ' l l ' r r l l ' 2 '  -  " " '  

: l

ffilt-< L-28)w(z) 1 1r*"r,il J
(20)

= "" '*""" ,  I
2(n+p+t)  (1-B)-  

-
21 4J-2il -2P ( 1-B) (n+p+l)

4.

*" ;fa
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- *2 lp<rl. * r;zel2 - .l l-g(u) i2l- - 
6-'f 1p<"t I 

r

where p(z) = t!i# . rt is eaay to see that p(z)

lw(z) |  < r  onto the clrc le lp(z)-al  s d,

I f w e p u t P ( " ) : e + u + l v

n2 = ln(z)f2 = (.+,r)2 + v2 anil deaote the rlght haodsl' le of (21) bv

S(qrv)  then we'get

4 F2.4(r-28). 
- 28, (r;B) (i+p+r) .

s 1 u , v , = 6 . L -  '  
; -

W ( a + u ) -
-(t-28) (at)n-2 + (2+".2-a2)n-l J Q2)

E , ---=(-- .,n-4t(n) , where
ot -  

2(o*p*1;1r-B)z

T(R)  r  2 (L -2g )  (a+u )  +  zn3  +  n (a2  -  u2  -u2 ) '  0  f o r  0  g  B  t \ '

The nlnlpun of s(u,v) laelale the gltale lp(al 
- el f d le attalaed oa

the illaoeter v 3 0 . Oo puttlng v: 0 tn (22) we get

L(R) . s(u,o) - ': 4'.:: :.2 f 
21o:2il:23'Q=il4.n+n+L) +

2(a+p+1) (r-B)z 
' o(

%n- 
(82-F) ' " : -= t '  -2 'J

w h e r e R r a * u  a n d  a - d S R <  a * d  '  T h e a b s o l u t e m l n l n u n o f L ( R )  1 o

(0r{o) ts attalned et R r Ro where

(21)

Daps the clrcle
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?

*o- f  - .p( r* ( t ' rs l rz i  -  1 to- 
L (("+u+l) (r-8)+( s) (r-rzy I

ad qquala to [,(r).

It lE ea6y to 6ee th€t no < * + d, lut Ro lg not alwaye greater

:f":;":; ,:"":::1"::"i.'ii',-: if';: :f*:':"'il,orn 
or L(R) oa

The equallty algne for l{r(r)- aod Mr(r) are reepect'vely attaloed
f,or the functlons fr(z) and ertr) a.ffnlA Uf

oo4f , {r)
-=r*_._!- r

Dt*P-' f ,  (") 
-

aad

\ osPtr{") 
:

"  5 r '#
vhere cos 0 le deterutaed,fron

x .  - - l - - : 28 , cos  e  t  +  (2Bgr2
-  

1 - 2 c o e 0 t + r z

t h e o t e d l .  L e t f  e T o * p _ f r p  , i 2 0 .

tot: t-t 
-to*-trp 

(<) for lzl . 
To rh"r" ro Le tbe. snallest posltlve

root of the equatlon

[ez(o+p+r)2 + h ctz1t-zal) 
"4 

* zaf+ i2 + z4(o+p]l)

- e(a+p+l)l 
"2 

+ pfto+p+t)zp - 4 rf (n+p+t)] : o

tf Ro: R, and

r^t.'.----.
- (l-B) (u+p+t; +

lf Ro S R, .where

* - lg-E!o -  
l ( ( " *
L

-  1 -  (
o t ! - i

The result

The proof

Re.fgf,enceg

N  H . s . ,
, l

nt t.o. 
l

t3l R.M. (
I

t+l R.y. (
,

frJ r.s. .:
l

(01 R.J. r
A

(tJ s.s. a
t

t8) st. Ru
lt

tgj v. sln
a
3

fioJ n. sra
P

Departnent
Karaetak Uo
DIIARWAD.5SO
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R o i

n r = L : { #  a n d r = i z l  < 1 .

The result ls sharp.

The proof o_f this theorem follows eaelly fron that of Theoren 4.
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Submanifolds of a Sasaktan ManifoLd, uith &tatter
Conneetione Synmetrie Metric

S . C .  R a s t o g l

Sumary

varlous klnds of subnanifolds of a sasakr.an nanrford /5/ have been
studied by yano and Kon in a serles of papers tTrgrgrLlJ and others. The
purpose of the present paper J.s to study propert les of quarter-slrumetrlc
netr ic connections deflned by Golab [2J and studled by Rastogl f47,
Mlshra and pandey 

[3J ao.d yeno and Inat ILLJ, in a submanlfold of a
Sasakian nanlfold. sone specr.al cases of these results relattng to 1n-
varlant, anti- lnvarlant, generic and cootact cR-subnanlfolds have aLso
been studled here.

t.  Inttoductlon

Let I'{2n*l be a (2n+l)-dimensiooal differentlable nanifold of class
Cd covered by  I  sys ten  o f  coord ina te  ne lghbourhoods {u ; *h} ,  h r1rJ r . . .
-L r2r . . . ,  2n+1.  Le t  M2t+ l  h " "  a  tensor  f ie ld  Frh ,  o r , typ"  ( l r l ) ,  I  vec_
tor f le1d fh and a l- forn ,4, settsfying

(t. l) t in r,t = - ol * {J rh, ,rn rt=p, /rrri:o, ,f,rt l-r.

h
t t t  *J, be the NlJenhuls tenaor of F1h, then the alnost contact

s t ruc tu re  
-1F, f  

, {  )  sa t ts fy ln ,  *J ,  +  (a :  j r  -  a r  4  
r )  

rh -0 ,  i s  ca l ted
normal alnoet contact structure. f ,at s. l l  be the Rldannran netr ic of
the nanlfolu 

"2n+1 
gtven by e."rrtnr.ss:, _ {: 41,1 1. 11, ,J. l".r_

moat contact srructure sat lsfylng FJf :  t  (OJ(,  _ 6rdr) 1s sald to be
contaqt. A nanlfold endosed wlth a nornal contact netric structure 16
called a sasaklaa nantfold /5J. rn a sasakran nantfold we have

(1 .2 )  Frh  =  v r fh ,  Er r rh :  -  B l1 fh  +  o |  r r

where v, denotes covarlant dlf ferentlat lon wlth respect to chrrstoffel

syouole-t]1) forned..wl.n rJ, and frrerrfj.
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f.et If be an n-dlnenslonal Cf , Rlenaanlan nanifold covered by a sys-

t@ o f  coordLoate  ae ighbourhoods {V ;ya} ,  a rbrc r . . .d12r . . .  r ! . .  Le t  I t In  be

lsonetrically l-ersed to lth+l , then we have

(1.3) s"s=s11Blul, {f = al ui, ul = ,"*J, 0" - a/ayc.

Let 0-h be 2n+1-n nutually orthogoaal unlt vectore normal to ltn,v
vhe re  x r y r z r . . .  ! ! n * l r . . . r  2D+1 ,  t hen  we  have  f l J l

(1.4) Br, - B1t ," l t  ,

v  s l  -  n  5 c  h
c o  c D  x

v"crh = - ol, tl ,

rtrere Cf| - C.J Crl, gry 1, the.netrdc tensor of the normal bundle, V"

ls the operator of vaader l{aerden-Bortollotl covarLaat derlvatlve along

uo, h"il are second fundanenral tensors of Mn aad Ol, = ,", sbt h"; .

In general, we have fif

rrn ri = r| ri - .*n ril,

,ro .rt r ul t" + c*h r|

rh r a| fa + cnh f*.

Stnce Fl t :  -  FtJr  fcb t  -  fb" ,  f  
.y?- fy . ,  where f "o -  t !  s6g,

t.y= ti 
%<r, 

therefore rile have f6rt fyb, where fO, = fg,z grr,

fyU - fi g"u. Also we have /tO

(r.ro) t l  t i  - t2t i .  - { + rbra, { r i  + r i t i :- rbr*,

{ r! + f {ra rre., rl oi - 4 e! = o} - trr',

t ! . ec  +  t i  t * r  o ,  t l  t c  -  f x  fYg  o ,

and

(1.11) v"f! = - B"bft + 6: fb + fa hc; - nl* ril,

n"ril - B"bf" - tI n"il + tr"i ef,

2 ,

u'

(2

( 1 . 5 )

and

(  1 . 6 )

( 1 . 7 )

( 1  . 8 )

and

( 1 . e )

an

(2

wh

(2

8U

<2

thr

the

( 2 .

whl

( 2 .

eod

(2 .

(2

whi
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o " t i ' 5 ! r , + u ' * { - { u ! r '

v f x  .  x'c''y- - n": t; + rl n!r,

v"re.- rl 
" 

ol,. r*, ?"f* - --ei - o"X ,..

2. Querter-dti{tunettlc }tetrlc Cdiliectidns

^ -The two guarter-s]rmetrlc metrlc coanectlons in a sasaklan nanlfold

u2t*1 
""o 

be expreeeed as

(2.1) *lro ={}r} - nJ rrn

and

(2.2) * r,rt  = t |r]  + o| n1 - njrrn - B11ph,

where p, Le a vector field and nn - ,nJnJ is expresslble as

(2.3) ph o p" r |  *  n* c*h,

euch that

(2.4). no't l  =pb, p1 rl  rn", nn ant = pv, p1, c*h a p*.

Let DJ b; the operator of covarr.ant drfferentratron based on f31h

then we cai obtala for a tensor Tf

(2.5) orrf= olrl - nJ ,*o ri * n: Frl rrh,

whLch leade to

oJ rfev, rrl, orhh = vrrh - nrrrhnl and Drfh - v,fh.

*O: 
l" 

the operator of covarlpat differentlatioo ba".d o, *IJlh

then we can-obtaLn

(2.6) *orrf = orrl * rln, o| - rl nr.- rr,p + B5rrl,
whlch leads to

(2,1) *oJrrn :vrrrh'* rrtnr6| - r3-hr1 - ,r,nh + errrrhrl

and

(2.s) *DJrh: rrh + rtr, o| - rrnh.
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Fron (2.7) and (2.8) we can obtaln

l . l {
(2.9) *ojtr ', g vjFl', + (2n-1) Frrl '

and
. { _..1(2 .10)  *Or t '  =  2n  f 'p r .

Let I"Oa and *I"Oa be the lnduced. condectlon peraneters in #,based

on (2.1) and (2.2) respectlvely, then we can obtain

(2. i1)  r"b" I  { io}  -  n" r f

and

(2.12) *r"bt = t lol + pu 63 - B"bp" -.p"f i  ,

whereas in the normal bundle both connectl-ons induce

(2.13) t" ,  = txr]  -  p" f i  ,

vhere fLJ

r x  t  -  r ^  ^  h +  
t l . t  s J  c  

1 )  
c . * .l c Y J = \ o " t ' ,  

J a  c  y  n

(2 .  15 )

*

Now

(2 .16 )  1

* l

Ther

( 2 , L 7 )  r

vhlch can

tangentLa

Theorem (

6gd elthe

the ouart

siobolg (,r

If t l

f , f  ,  I .e .

Theoren (i

tnduce {.c
D T

6ubnentfg

If  r t

1 . e . ,  l t  s

equation (

Theoren (2

dcdlfdld !l

3. Mlxdd

Let D

of csvarla

Hence we have

Theoren (2.  I )  .

ian narllfold lnduees e ouarter- r lc aeLrlc;Codnectlon

t"oa {*r"oa) lrr a submerrifold Mn of a Sasaklan manlfold

norqql bundLe bo.th quarter-svm_e:ric connectlons loduce the ssme connec-

lron (2. L3) ._

h

I f  pn  ls  a  vec tor  norna l  to  t f l ,  n " r0  and equat ions  (2 .11) ,  (2 .L2)

and (2.I3) respectl-ve1y reduce to

(2,14) r"b" -  { f , ' } ,  nr"o" -  { io} ,  rc}  -  tXr} .

Hence we have

Theoren (2.2), Fot the vegtor ph f loma1 to Mo. both querter-gtronetr lc

ilettic connections induce tlll lL# *g. {f,*} tur the nomel bundte.

I f  the  vec tor  ph  ls  lder r t l caL  w l th  fh ,  equat ions  (2 .11) !  (2 .12)  aod

(2 .13)  respec t ive ly  g lve

c o n n e c t l o n  f . , h  ( * r . , h )  t 1
J T  J l
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(2.15) r"bt = f lo) -  fc f ;  ,

*r"0" a tfot + tu 6l - B"b f" - f" ri

-  x  . x ,  -  - x
' " y  I  t c l j  -  t "  t y  '

Now applying (f . f l )  to (2.15) and assunlng that VOfs g 0, ve obtaln

(2.16) r"bt = tfot + rcfx h;x

*t"b" n tlol + fb 6: - B"bft + fcfx t,|;.

These equetl.ons for a totally geodesic eubmanlfold reduce--to

(2J7)  r "bt  !  { !o} ,  ' t r "ot  : . t lo i  + fb 6:  -  B"bf t ,

whlch can also be obtained fron (2.16) lf 'we assume that fh ie 
" 

vector

taogential to tfl. Hence we have

Theorem (2.3). rf the vector ph=fh, f"

agd elthet the subnan€old ls totallv geodeslc or fh ls taogentlal to Mn,

the ouatter-d\rmetrlc Detrlc connectlona f ..n (ttf ..n) lrrd,r"" Chrletoffel

syobols <" 
"*t-.*"..t. 

t jIDh If.-

If the subuaolfold Ifl of a Sasaklan nanlfold M2t+I t" gntl-lnvarlant

f i J ,  t , e . ,  f ; =0 ,  equa t l oos  (2 .1 I )  and  (2 .12 )  g i ve

fheorem (2,4). fhe qudrtetj.svqretttc nglrtg gonnegttons f xro {*trrn)
rnduce {9 }

D A

47

trlc netrlc cdnnectlon) ld

subnanlfold'ul of e sddalddn oddtfd

rf the eubnanlftbld lfl of a Sasaktan nanlfolcl 
"2*l 

t" geterhe f8J ,

1 .e . ,  l t  sa t l s f l es
-x
t y 3 t '

equatlon (2.13) gtves

Theorem (2.5). In e tonhdl buadle of e leneric dubneilfold of a saedkian

rraotfol,d l,t2o*l . the t*o quarter eyimittlc nettlc cormectlons lnduce {ly}.

3. l.Ilxdd Cdvettellt Dettldtlve

Let D- and *D- respectlvely denote Vander Waerden-Bortollotl type
e c h h

of cgvarlant derlvatlves based or IJi and *IJl"r then analogous to
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(1 .11)  r re  can obra ln

(3.1) o" rf : v"rf, o"rf.= v"rf + n" ({ rf - rf 
{1,

o" ti = otti - pc (rd 
{-ri r}l,D"r} = v.rx,

D fa I o"f" - n"tf,td, D"fx - o"f* - p"fx fy

and

(3.2) *o"ff, e o"ri - rlnu - ro"pa + rjru oi + r!r9so",

*o"rf =o"{ - norl + s"orjnd,

*o"f ]  :  D"fa + r$nu oi  -  f r"p",  *D"fx;  D"fx,

'to"f| : v"t], '+o"ra = o"f. + pu 6sfd - f"n".

since for an lnvariant submanifold of a sasakran nan{fold we have
fa = 0, therefore equatlon (1.10) gives f lOJ

( 3 . 3 )  r l r i =  -  o i *  r o r a ,  f x r z  = -  o i  +  f r f x ,  t l r " , 0 ,  r x f v g 0 .

Now us lng  (3 .3 )  ln  (3 .1 )  and (3 .2 )  we ob ta ln

(3 .4 )  o" f " :  v " fa ,  *D"14 
!  v " f  +  pd f  6 .  -  f "p " ,  *Dc fx  :  D" fx  :  v " fx .

Hence we have

Theoren (3.1). Fpf ag i;q]La_rlEnt s.+na4f-fold-.oL a- Sasa.kfa.p na.n-+otd. the
D and *D_covarlanr a"r i* l_lyg" satlsfy (3.4).

slnce for an antl-invarlant subnanlfold of a Sasaklan nanlfold
we have-ff ,  g 0, therefore equatLons (1.10) reduce to ILLJ

(3.5) fti = of - rora, riri= - rbr*, fr|= r"ra, rarx; o.

Now us lng  (3 .5 )  ln  (3 .1 )  and (3 .2 )  we ob ta ln

(3.6) o"ff = o"fil * p"fxfo, *o"ff = l"rf + e"orlnd _ nofl,
o"t]= v"fa + p"fafr, ,ro"ff : D"fa + tlsi la - p'fr",

D"ft r  v"fa, *D"14 = o"r. + pdf 6: _ fcpa.

Hence ve havr

Theoren (3.2)

th.e tvro_cdvd.!

Slnce

f o r e  ( 1 . 1 0 )  g

(3.i) 
{rir-

Using

(3.s) Dcf; iv

D ft=V
c y

Hence we have

Theoren (3.3)

covarlent der:

Slnce I

gives 1J0J

(3.e) txrf,-0,

Using (

(3 . r0 )  D f l -v
c D  c

*D fa-V
c y  c

D fa-V
c c

Hence we have

Theoren (3 .4 ) .

types <if covar:-

4. Generellse(

Dlfferentl :

we obtaLn

h

(4. f )  D"BO = x

and

(4.2) D"c*h -
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Ilence we have

Theorem (3.2). F.of. an,arrrti-invgigpt qubrne4i*foJd df a_sasdLlan penlfol_g

th.e tlrp covarienF_ derlvatlves D. edd *D..$-e-rtsfv (3..6).

Slnce for a generlc subnanlfold of a Sasakian nanlfold fi-0, th.r.-

fore (1.10)  g ives f lOJ

(3.i) tltfr-rotx, tf,tcrtrta, tf,tc*0, rlrc.o|-rrtx.

Using  (3 .7 )  ln  (3 .1 )  and (3 .2 )  we ob ta ln

(3.8) o"rfw"rf-r"fbf*, *o"ffso"ff-norl+s"orlnd,

o^ f1=v- fa -p- f  fa .  *D fa rD f t+ fdp ,  6a- f  o " .  *D fx=D fx=v  fx .
c -y -  c -y  ' c -y -  '  -c -y - -c -y  -Y 'd  -c  

yc '  '  - c '  ' - c '

Hence we have

Theorem (3.3) . 4oll Lgener.lc -qubnanlfgl.d- 6f .e. .S-asaklan qa.nif old. .the. t]{g

covarjlant de.r.lgatjlves sgtisfy (3.8) .

Slnce for a contact CR-subnanifofd fx-OrfXfi-O, th"rufore (1.10)

glves fOJ

(3 .9)  rx t ,z -0 .  fa fz -0 .  fx fc - fx f t -6* .  fa fc -o-  fx fc 'o .
z D  '  z y  -  c y  z y  y '  c  '  c

Us lng  (3 .9 )  ln  (3 .1 )  and (3 .2 )  we ob ta ln

(3.I0) o"rf-v"tf, *Dcril-vcfil-rorl+s"otlnd, D"ra'v"fa,

*D fa -v  f8+ fdp ,  6a- f  o " .  *D fa -V 
-a  -d^a  -  a

c  y  c  y  y 'q  c  yc -  '  c  
" t  

*Pdt  o" - t "P  r

D fa-V fa.
c c

Hence we have

Theorem (3.4). Holg,_cJon,tpcg gf.-,sgbpanlf-o.1d 6f a. S-as.dlilep_na}lfoLd..th'.q

tvpes of.govariant_derlvatlves satlrsfy .(3. l0) .

4. Generel-lsed Geusst. W.e.ingatteil,Equ-tljlrs

Dlfferentlat ing ff  and C| covarlantly wlth respect to connectlon D,o x
we obtal-n

(4.r1 o"rf = rho * r3rh

and

(4.2) D"c"h = 
"a*n 

* ,J,

-  r . t  B h
c D a

c t - r  r c h .
x c x y

BJ.T
C D

h n J
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S u b s t l t u t i n g  i n  ( 4 . 1 )  a n d  ( 4 . 2 )  f r o u  ( 2 . 1 ) ,  ( 2 . 1 1 )  a n d  ( 2 . 1 3 ) ,  w e

o b t a i n  o n  s i n p l l f i c a t l o n  b y  v l r t u e  o f , ( 1 . 5 ) ,  ( 1 . 6 ) ,  ( 1 . 7 )  a n d  ( 1 . 8 )

( 4 . 3 )  o s l s ' r , f  c h
c D  c b  x

and
h . h

( 4 , 4 )  D " C * "  = - r h - x  B ; ,

'where

(4.5) 'hc; ggI' n"il*n"til, 'h:* g9€' ha*+p"ra.

Equatlons (4.3) and (4.4) are the general ised Gauss and Weingarten

equatlons respectlvely.

I f  in (4.5) either p"J0 or f f , :0, we get 'h"f,*h"i ,  'n"t*-nl*,  there-

fo re  (4 .3 )  and (4 .4 )  reduce to  (1 .5 )  and (1 .6 )  respecr ive ly .  Hence we

have

Theorem (4.1). If 
"elth.dr-!h -1s. a Jvector notrirdl to Mn or If is elr lovariant

s.u.b$a+1.fo1d o.f a -Sasdklan nanlfold. Mjna. the eenera-l-i.sed. .G.auss Fnd wsln-

qa.rlin Sq.patiogs. r.educe.to Gay.ds and We-insd.r.ten.eqyations (I.5) and (_1..6)

respegtJvelX.

If  the vector ph 1" ld"oaical to fh and fh i" 
" 

vector normal to

Mn, we must have Yano and Kon pJ that Mn ts a totally geodeslc submani-

fol-d of a Sasakian rnanlfoLd 
"2n*1, 

therefore equation (4.5) glves th^f-O
- c D

and rho -0. Hence we have
cx

Theorem (4,2). r f-  the,.vegt% eh.!!s ld.eJrttcal lv.equgl _to 4 and. fh is.g

v.ecto! no,gngl E t'tn.,. th.e F.rlbnartltfgL.d .t'tn o.f a_Sas.alt_ign pa.ntfcrl-d has

valr.ls.hLlg fund.apentpl. teJr-sors 'h"f aqd 'hax.

Slnllar

we can obtaln

go (3.3) and (4.4) correspondlng to the connection *D^

(4.6) *o"Bf a *h"b* C*h

and

(4.7) *o".*n = -*r'l* u| ,

where

(4.8) *t"o* 99I' 'h"f,-e"6nx, *h:* gg!' 'tr"a - of,n*

I

versely,

Theoren

Gauss ad

is that

I

ot #t+l

( 4 . 9 )  *

Nr

nanifold,
, x
ncb ! 8cl

Theorem (

s.ulnaa1.*

c.dtrSlttdn

wlth the

Fu

and conve:

Theorem (t

rLant subl

clent conc

that ,+t I.
C D

Re-ndrk! I

t ion *h f-
c b

5. CUrvatu

t e t  
\

then they

(5 .1 )  
\ J

and

( 5 . 2 ) *L.
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Fron (4.8) ne can see that i f  p*-0, '+n"f- 'h"f,  *hl"- 'nl* and con-

versely. Hence we have

Theorem (4.3). A necgssarV and suff icient pondlt lon for rhe general ised

Gauss and Welngartea equations baSed on (2.1) and (2:2\ to be ldentlcal

is that pt be . V""tO.t taogentia] to Mo.

h n

If pt' ls a vector normal to Mo or Mn ls an invarlant submanifold

o f  M2t+1,  equat ions  (4 .8 )  reduce to

(4.9) *n"il o n"f,-e"6n*, ohl* r i'a* - of,n*.

Now l f  *n" i l  o  0,  n" i l  ag"bp*,  i .e . ,  Mn is  a rora l ly  uurb i l lca l  sub-

manlfold. ConverseJ-y, lf Mn is an umbilical subnanlfold satlsfylng

n"il = t"On", equatlon (4.9) gives *h"f, = 0. Hence we have

Theoreo (4.4) rJ. -ei-th.e.r po i.s.-q vsc.to.r .norna,l. .t-o. Jq1 _ot .4. Ls. .alr.. lnv.a-riant
? m +  I

submaa l f o l d  o f  a  Sasak lan  man l f o l d  M- * ' - -  t he  necessa rv  and  su f f l c Jen t

g.o.n9.+:.d.n-fo.r M:. tq.bS a},,.upbJ11ca-1. jsubuinifo.ld o.{.a .S.esa3lag ryn;+og
wlth..the.Je.ctor p* 1" thrt *n"i - O.

1f Mn satlsfles h"f-0, equation (4.9) glves nfr"i--e"6i;

llence we have

h
I f  e lEner  p

5 1

Further

and conversly.

Theorem (4 .5) .

subrhanL

a vector irormal to Mn or Mn ls an

the necessarv dnd suf f l -

thet *h I--n . o*.
c D  - c D '

Remerk: If ph'1h and fh is a vectot normal

tton *h"f--g"gpx ls ldentlcal- l-y satlsf led.

5. Curvature Tensors
h h

L e t  R . . . "  a n d  * & . . "  b e  t h e  c u r v a t u r e
K J A  K J A

esic submani

to Mn, h"i-0 
"tta 

the condl-

tensors  based on  (2 . f )  and (2 .2 )

- t l:.J,

to be a total l

then they are expresslble as

(s.r) \ j1h t \nrn- (vrp, vrnn)nrh+rh(Btrp,-BJrpo)-tofnr-olro)r,

and

(s.2) *\:rt ' .  
\ :rn 

- g'of nj i  + nl ejr + p:phFrr

+ 6l nrn.rrt + pkprF, + p,ptskiF.h
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where

P.j1 3VJPr - PJPr + t PtPtsJt '  ,

f ,et n"$, *R"b.d and R"O*y be the curvature tensora based on (2.11)t

(2.L2) and (2.13) then we can define

(s.3) *"oru JK"b"d * tl {von" - v"pu) - po v"fd + p" vof!,

(5.4) *R"b.d - R"b"d - Fl no. * nl ,0, + pbpdf""

+ o! non"r! + p"p"ri * por"t!e"" - "lbJ
and

(5.5) R"b*Y = K"b*Y * tl (von" - v"no) + n" vofl -

wher-e

pb" = vbp" - pbp. + k P"PtBb".

rf  ph i" 
" 

vector norual to I f ,  P;=0, therefore frou (5.3), (5.4)

and (5.5) ne can obtaln

(5.6) *R"b.d = R"b.d 3 Kcba , R"b*Y= K"b*Y.

Ilence we have

Theorem (5.1). Fot.8.v-e.gt3.l ph g!;!9 the curvature

Pu o"{ '

I f

ternativel

( 5 . 1 0 )  R c b

Sin

( 5 .  t 1 )  n c b .

For

( 5 . 1 2 )  R c b l

and

(5 .13)  Rcb: l

llence we he

Theoreo (5.

tfn+l adntt

bunjlle whos

VectOr. the

6. Gdus6-.c

Fron (4

(6 .  l )  D"Db

where

s . d
D C

MuIt

( 4  . .

I
thjB,

d f a

submanlfol-d. M!. of a Sas.aklan madlJol.d M'u.* based on quarter--sJpge-ttic

netr ic cornectlons satlsfy (5.6).

For an anti-lnvdrlant subnanlfol6-]P of a Sasaklan naalfold (5.3)

and (5.4) give
d d

( 5 .7 )  R "O" -  =  K "O . -

and
d  d  , ^ d  d

(5.8) *R.b"o a K"b. - (6ino. * pisu. - clu).

For a generic subnanlfold If ot lft+l r (5.5) glves

(5.9) R"b*I = K"b*Y.

Hence we have

Theoren (5.2). Fo-r-.1q entl-r.tJgjriegslgngri€old og e S-esakgn tnadifdld

the cutyaturg tensors satl6fv (5.7) and (5.8). whereds for a generlc

sublndalfold of I sesaklsn denlfold the curverute tensot setisfteg (5.9).

help of

( 6 . 2 )

( 6 . 3 )  R .
C D A I
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Again nul t lp l "y lng (6.1)  by ,nrar t  and usiog (4.3) ,  (4.4 ' )  and

1 , r h -

(6 .4 )  gh lcx 'Dc( rhbv  cy" )  =  D" ' \o ,  ln  (5 .1 )  we ob ta ln

(5.5) (D"'hb." - Dbrhcax) * 'hd.* sb"d = \lro 
tli,l .rn.

Equatlon (6.3) ls the generalLsed Gauss curvature equation and

(6.5) rs the generallsed Malnardl-codazzl equatl-on based on quarter-

symet r ic  met r lc  connect lon  (2 . I ) .

slnl lar to (6' t)  fron (4'2) ' te can obtaln

(5.6) DcDbcxh - DbDccxh = *o,rn rli a-t - R"b*I arn - ,o"t 0".*n.

Also from (4.3) and (4.4) we can obtaln

t h
(6.7) chr Bi (DcDbCx")=- D" 'huu*

and

(6 .8 )  ,h1  ar1  (DcDbcxh)  =- -  
'h i *  'h " " " .

Mu l t lp ly lng  (6 .6 )  by  gh f  u }  andrus lng  (6 .7 )  ve  aga lo  ob ta ln  (5 '5 ) ,

whereas  l f  we nu l - t lp ly  (5 .6 )  by  th j_  Cr 'and use (6 '8 )  se  ob ta in

(6.9) R"b*" E *o:r, tli .*t ."t * 'hi* 'h"r, - 'hl, '\"r,

whlch  ls  the  genera l l sed  R lcc l  equat lon  based on  (2 .11)  aod (2 .13) .

I f  ph  is  a  vec tor  norna l  to  Mn,  equat lons  (6 .3 ) '  (6 '5 )  and (6 '9 )

respectlvely reduce to

(6.10) Kcbad a *o:rn rlill - (hbd* n"X - n"u* \X),

(6.11) D"hb.* - Dbh"o) o Rr,rn tlll .,.n

and

(6.12) Kcb*" * *n:rn tli .*t' .ro * hi* h"., - hl" \"''

S l n l l a r  t o  ( 5 . 3 ) ,  ( 6 . 5 )  a n d  ( 6 . 9 ) ,  f r o n  ( 2 ' 2 ) ,  Q ' L z )  a n d  ( 2 ' 1 3 )

rre can obtaln the following equatlons

(6.13) *Rcbad =*Rklih t:il l - (*\a* oh"l - r'hcdx *\:),

(6.14) (*D" *\.* - *Db *h".*) + *hda* *sb"d =*\1*, tlll t"n

and

(6 .15)  Rcbxz  !

where

rrs, d :t
D C

If the

(6 . f5 )  reduce

(6 .16)  Kcbad i

( 6 . U )  * D "  ( \

and

( 6 . 1 8 )  K " b * ,  :

Fron (6

(6.Ie) (*RkJrr

(6.20) (**rJrr

r f  p h :

(6 . r1 )  and  (6 .

(6.21) Kcbad !

(6.22)  
\ j ru  

I

and

(6.23)  K"b*"  u

reduce to

(6.24) Kcbad !

(6.25)  8" .  *Dl

and

(6.26) K"b*, !

7. Sone Appl:

MulttPlYlr

( t o * ) - l  =  
t h " ,
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and

(6.15) Rcbx, r *Rt3rh ufi a*t crh + *ufu oh"." - *hl* *\.r,

where
, { . l d

* t o " - = * r b "  - * r " b '

I f  the vector ph is nornal to Mn, equations (6'13), (6'14) and

reduce to(6.  rs)

( 6 .  r 6 )

( 6 .  1 7 )

( 5 .  l e )

(6 .20 )

( 6 . r 1 )

(6 .21 )

(6 .22 )

and

(6 .23 )

reduce

K"bad ! **k3rt, t:ill - (hua* h"X

*D" (hb"* - 86, P*) - 'tDb (hcax - sca Px) = **k,ih tlJl t*n

( 6 . 1 6 ) ,  ( 6 . r 7 )  a n d  ( 6 . 1 8 )

- h"a* \l) '

and

(6.18) K"b*, EoRk,lh tfi t*t trn * Ai* h""" - hl* hu""'

Fron (6 .10)  and (6 .16)  we ob ta ln

(* \Jrn -  
\ : ' , )  

t i i l l  =0, wh1]-e from (6.12) and (6.18) we obtain

L {  {  h
(**njrn - 

hil.,) 
tli c*- c"" =0.

r f  ph  - fh  and fh  1"  .  vec tor  normal  to  Mn,  equat ions  (6 ' i0 ) ,

and (6 .12)  reduce resPect iveLy  to

Kcbad s *olrn t:ill'

\: rn tlil t*o - o

K"b*" = *n:rn tli c*l crh, whlle

t o

(6.24) Kcbad = nRr.lrh t:lll '

(6.2s) 8". *Dbp* - gba *Dcj" = **k3rh ulil .,.n

and

(6.26) Kcb"" = *\3*, rlf c*i crh.

7. Sone ApPllcatlons

Multtplying 
"o'. iroo 

(6.3).by x"x\bvd.and using xi-a] xt, vl=nl vt'

( ,0*) - l  = 'h"X xcxa and ( 'q) - t  = ' \ ;  ybyd,  r "  get  on s lnpl l f lcat lon
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( 7 . 1 )

where

( 7  . 3 )

and

( 7  . 4 )

( 7  . 5 )

Nep.  Math .  Sc .  Rep. ,  Vo1. 1 3 ,  N o .  I ,  1 9 8 8

n"o.u xcxaYbtd :r 
\t' 

xkiYjyh

-t(t*)-L ('o*)-l -'n"d* 'i,o* x"x\bv9.

Now dlvldlnC (7.f) by the respective sldes of

(eb" e"d - s".%a) x"x\bvd = (s3rsu, - B1iB16) xkivjvh

g ( t - (gb .xby t )2 ) ,

lre get on slnpl l f lcat ion

(7.21 r(y) e r(x) -  f ( 'q1'-1 ( 'px) -  'h"d* ' i ,o* x"x\by9.

. (l- (gr.xbvar'z'n-I . -

r1*y 99I' (*r1*, x\\Jvhl. f(e1rBn - 811s11) xkxlvlyh]-l

r1y1 99I' (*"b.u xtx\byd). f(eo.so6 - 8""866) x"xnby}-I.

I f  ph ls a vector nornal to Mn, equatlon (7.2) reduces to

k(y) = r(x) - (t-(go"xbva)2)-1. t<r*>' '  (o*)- l  - h"a*\ l  . .

.x"xnbY!.

I f  ph; fh and l t  ls also nornal to Mn, equatlou (7.5) reduces to

(7 .6 )  k (Y )  -  r ( x )  : r  r (Y ) .

Hence we have

Theorem (7.1). I.f ph= fh gq!L-l,9,lri. q vsc.toi norna.l to l.|P. .ths ssalars

r(x) and r(v) defined bv (7.3) and (7.4) ard ldentlcally equal to k(v).

I f  Rofn ls lndependent of dlrect lons X and Y equatlon (5.3) gives

(7.7) Rcbad - r(x) (8o.9"6-8".866) -  ( ' \d* 'h"X - tn"u* ' \ l l .

If R"b"d is aLso independent of dlrections equatloa (7.-4) gives

(7.s) RJu"a - r(r) (so"e"6 - 8".866).

Thus tf Ooan 
\jrn "rd 

R"bad are lndependent of directlong, fron

(7 .7)  and (7 .8 )  we nus t  have

(7.9) (r(x) -  r(y))  (suascd - BcaEbd) -  ( 'hbd*'n" l  -  'o"r* 'oo:) .

Hence we have

The,

teq

Rem,

lder

Refr

fLl

TU

H

t4l

tsl

t6l

[t]

t|J

[e]

[toJ
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Depa
Unlv
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Theoreo (7,2). A.necegsdtn ei ld suff lcient cdddlrtddJoT the'crirvarure

tensors IL . . .  end R . .  to be lndeoCddertt  of dlrect loig ls i lveu bv (7;9\.
- J  - . .  

-

Reoar.k. If ph = fh and fh 1" ,rorr"1 to M[, eguatlon (7.9) fe eatlsfled

ldenttcally
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lStmteture bef,ined bA a &ensor Fietd, F of Wpe (trL)
S a t i e f y i n g  d - F = 0

V.C. Gupta

SurirneJy

zano pJ has glven tir" o""""""ry and eufflclent conditron for an n-
dlueneloaal nanlfold to adnlt a tenaor fteld fg!o of type (lrl) and of
rauk k euch that f3 + fm, where k is even. pokharlyal 

[ZJ nas etudled
the Btructure deflned on an n-droensronar nanrford by a tensor fleld f of
tyPe (lrl) satlsfylng f5- f.o. ro the present paperr we have consrdered
the s-tructure defrned by a tenaor fleld F{o of type (rrr) satrsfytng
pK - F-o, vhere K ls a poeltlve lnteger ;;. ;""",;" ';:;" defrned the
operetora ar t aa well ae sone te'aors and eetablrshed varlous reeultg.

1. The operatore s end t

Let us conslder an n-dlmensronal drfferentlable nanrfold l'n of claes
c- equLpped wlth a aon-null ten'or fteld F of type (rrl) aad of crass c-eatlsfylag

' F K - F = o ,( l . l )

where K ls a positlve toteger : 2.

Let ue put

( r . 2 )
" $ s # , t g s g r - F K - r ,

I denotlng the unlr #m"" if.fa. Then we have

Theoreg. (l.l). For a teneor field F rr o e i"fylng (l,l) end the opera-
tors Ir t  defrned by (r.2) aad applred to the tangent space at dach polnt.
of the uaalfold are conplenentery proJectlon operetorg.

PrtdpS-. . I tr  coasequence of ( l . l )  and (1.2), we have

( 1 . r 1  c * t 3 r ,

(1 .4 )  82  F2R'2 ,  FK.FK-2

r  r . rK-2 3 gK-l  = s,
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( 1 . 5 )

( 1 .  e 1
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, x 2  3 r + F 2 K - 2 - 2 F K - 1

= r + rK-l - 2FK-l =r ;

s . t  s  t . s  =  FK- l  - ' t 2 * -2  =  o .

Thin provee the theoren

Thus, l f  there is glven a tensor f leld Ffo of type ( lr l)  which

eatisf les (1.1)l  then there exlst two compLementary dlstr lbutlons S and

T correspondlng to the projection operators s and t respectlvely. Let

the rank of F be constant and be equal to r everyehere, then the dlnen-

elone of S and T are r aad n-r respectlveS.y. I{e call such a structure a

tF(Kr-l)  -  etructure of rank rr,  eod the nanlfold I f  wtth thls structure

a  rF(K, - l )  -  nan l fo ld .  I

If the rank of.F le na:(lnal, then r=n. Thus srl and t=o. Hence F

satlef les FK-l -  r-o. consequently, p1/2(K-t) d"f lo." oo f 
"o 

almost

product €tructure.

Thedqe+.(1:.2). For a tensor f leld-F I o satlsfylog ( l . l )  and the opera-

to rs  6 ,  t  de f tned by  ( f .2 ) ,  we have

( 1 . 7 )  F s  ;  e F  ; , F ,  F t  =  t F  ! o  i

(1 .4 )  'F2"  =  F2 ,  F2 t  :s  o  .

Pioof. The proof fol lows by vlrtue of the equatLotrs ( l . l )  and (1.21.

Tlteplqp $r3J.. For F satlsfying ( l . l )  and s,t  deflned by (f  .2), ve have

(1.9) FK-2 r.= sFK-2 : FK-2, FK4t = tFK'2 - o ;

( 1 . 1 0 )  F K - l r 1 "  , F K - l t g ' o ;

that is, ,li(f-t1 acta on S a+ an aloost product structure operator and

on T as a nul). operetor-

Pr.oog. In consequence of (1.1) and (1.2), we have

FK-2" = FK-2.FK-l = FK.FK-3

r F.F.K-3 G FK-2 r sFK-2,

I
I

I

. Thus the tl

Theoten (1.

( i . r r )  { s

Pro.of . The

Theoren (1 .

e and there

sat ts f led ;

P.r.ooF: Fror

s

whlch in vl,

s

.Applylng F t

I
F '

Thls proves

2, 'ue.l_n 
{c

In this

urlt and estg

t o r s  s r t .

Theorenr (2.1

( 2 , L )  o
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FK- l "  =  r ( rK -2s )  =F .FK-2  =  FK- I  =  
" ,

FK'2. = PK-211'PK-I) = rK-2 - F2K*3

: rK-2 - FK.FK-3 = FK-2 - F.FK-3

= o ;"tFK-2,

p K l l t : r , ( r H t ) : o .

Thus the theorem foLlows.

The.ogen ( f .4 ) .  For ,F  sa t is fy ins  (1 .1 )  and s  de f tned by  (1 .2 ) r  we heve

( 1 . r 1 )  i "  +  r k ( r - t ) )  t ,  -  1 . k ( r - t ) ]  :  o ,  
' F K - I " :  

F K - l

P.ro.g.f.  The proof fol lowe by vlrtue of the equations (t . t)  end (1.2).

The.olern (1.5); Suppoee that there is given on Mn, a proJectloo operetgr

s aud rhere exLsts.a tensor f teld F of tyie ( l , l )  such that (1.11) is

sa t ls f led ;  then F  sa i i " f iee  ( l . l ) .

P.roo.f:  Fron the f lrst equatlon of ( l . I l ) ,  we have

" 2 - F K - l = o ,

which in view of (1.4) gtves

" - F K - l t o '

Applytng F to the above equatlon and using Fs 3 F, we obtain

6 l

l ,

l ,

i

f' Thls

2 ,

F K - F = o .

proveg the theoren

Maln LepuLts

rn thls sectloa, we shal1 define the tensors drgi ur D! xry i  prgi

urvand estabush varloug results Ln terns of these tensors and the opere-
to rs  s r t .

Tlrg.org-(2.1).: For the renaors o and B deftned by

( 2 . 1 )  o  !  t  +  F K - l ,  B  =  t  -  t r K - I ,



:.t. , ti:' ii'r1

S;ii.&#

!,,ffi
, 2
$ -  .

Ia cor



Also ,

Slnl1arly,

v2  +  pv  -  v . :  u  .

Further,

: t + F K - 5 + t  - F K F K - 6

; 2t + FK-5 - F.FK-6

: 2 t : ! * v .

Slnllarly, lt.can.be .showo .that

u 4 + p u 3 3 u + v .

Thedred (2.3). For the tensors x and y deftned by
( 2 . 8 )  x  =  s  +  F K - 2 ,  y  :  I  -  F K - 2 ,

S.C.  Gupta

= (t+rK-3j + (t-pK-3; - t.*r*-rl

- t - F K - 2 = v .

( 2 , 8 ) ,

6g

u2 + uv-u

.we have

(2 .e )

(2.  to)

Pro9g.

we have

, 1 . 2 + x y g 2 x  
r y 2 + x y = z y i

*2  -  y2 :  2 ( x - y )

Ia  consequence  o f  ( l . l ) ,  ( 1 .4 ) ,  ( 1 .9 )  aad

x  -  y :  2FK-2  ,

x y r s 2 - F 2 K - 4 ! s - F h K - 4

t s  - F . F K - 4 = s - F K - 3 ,

*2 o t2 + F2K-4 + 2sFK-2 = e + FK.FK-| + zFK-2
' = 8 + F K - 3 + 2 r ' K - 2

il
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y2 = 
"2 

+ F2K-4 - 2"rK-2 g s + FK.FK-4 - 2FK-2

g s + FK-3 .- 2FK'2.

Therefore,

*2 * *y g 2(s + FK-21 3 2*'  ,

y 2  +  * y : 2 ( e  -  r K - 2 )  =  2 y  ,

*2  -  y2  =4rK-2  =  2(x -y ) .

Hence the reeult.

Thidtern (2;4). I f  the tenaors p and q are deflned by

( 2 . 1 1 )  p g t * F ,  q = t - F i

then we have

( 2 . L 2 )  p s ! t F . ,  p r i t r  g s B - F r  { t ! t r

( 2 . L 3 )  p K - l  
" = " ,  

p K - l  t i t  r  q K - l  
" = ( - l ) K - r  " ,  

q K - 1 . = .

P t o o f .  I n  v L e w  o f  ( 1 . 2 ) ,  ( 1 . 5 ) ,  ( l . O ;  ,  ( L . 7 ) ,  ( 1 . 9 )  a n d  ( 2 . t r ) ,
we obtaln

p s = ( t + F ) s = t s * F s r , E

,
p ' s  = p ( p s )  !  ( r  +  F ) F  = F 2

Aleo, .

pK-I" : p(pK-2") =(t +'r)rK-2 t FK-l = 
"

p t E ( t + F ) t t t 2 + r t . - t r

p 2 t : p ( p t ) ! p ( t ) = r ,

p K - l  t r p ( p K - 2  t )  s p ( t )  = t

+
The reme

Theoren (2 .5 )

( 2 . 1 4 )  u  !

we have

( 2 .  i 5 )  u s

( 2 . 1 6 )  u K -

P.r.oo.f_. The p:

( 1 . 7 )  a n d  ( 2 . ,
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The renainlng part of the.theorem can be proved'ln a ginllar nanner.

T.heor-em (2..5). For the tenaors u and v rleftnetl by

( 2 . L 4 )  u r a + F r  v s s - F ,

we have

( 2 . f 5 )  u s :  u ,  u t :  o ,  v s  !  v  ,  v t  g  6  i

( 2 . 1 5 )  , r K - l " 1 1 t K - l  ,  u K - l t = o ,  t K - l " - = u K - l  , , r K - l  a = o .

P_roo.f.  The proof fol lows easl ly by vlrtue of the equations (1.4)r (1.6).

( 1 . 7 )  a a d  ( 2 . L 4 ) .
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