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M . I .  R i z v i *

r. Iglse{gsllep

Let S be ttre class of functions f(Z)=Z+ 
nt2 

anZn which are regular

and un iva len t  in  the  un i t  d isc  D { l z l  <  1 } ,  where  S*  deno ies  the  c lass

of functions in S, which maps D onto a starl ike region with respect to

the origin. An equivalent analyt ic characterization for functions of S*

is well  Vnown ILJ. Sf, a"rrot"s the class of functions f(Z) in.S* having

the addit iorr. l  prop"riy: 

,

(r.1) s" lVtl lZLl 2 g, zeDi os B s 1

Here I is referred as the order of Starl- ike functions f(Z) and we. *
i den t i f y  So =  S*

In this paper rre ar.e mainly concerned with the rddius of starl ike-

ness of the function F(Z). Incidently the results of Padmanabhan [2J,

Bajpai and Srivastava f lJ, Bernadi IJ ana f iara [7J fol low from ours.

2.  Theorem 1:

( 2 . 1 )

then,

rt t (z) = Z * 
nE2 arrzn e sf ana 

.

r 7
t(z) = j8i:+t J"- tc-o ftlt;-/c at ,

F ( Z )  e  S * U .

Egg!'

tb,

Let  J(z)  =(  , " 'o ! r ( t ; /d  at

J ,  (z)  , -c+a -  
[e@)J"

r l t i r  vork  has  been suppor ted  by  S.R.F .  o f  C .S. I .R . ,  New De1h i .
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and

( 2 . 2 ,  r ( z )  =  ( c + o )  z - c + o - '  t ( ) .

Nor*,

F1 (z) = (c+g) f(-c+c-L) 2-C+a-2 J(z)*z-c*o-L l ' (z)J.

Hence,

"c-e+2 
Ft (zl = (c+o) (-c+c -L) J (z)+zJ, (zD .

= (e+c) f(-c+c-l).r ( z) +zc-a+L (f @DsJ

Now,

pc-a+2 F, (z)J = (c+o) f(-c+d-l) J f .(z ) + (c-a+l ) zc{

{e (z) }o * ,c-o+l {f (z) }a-1 e ' QD

= (C+o)  o ,C-o+ l  { t (z ) }a - l  g .171

Hence,

[zc'o*2t'1y11, zft (z)
-----irl/i---- = (c+o)" -fTZt- '

Therefore usiug (1.1), we get

.  , rC-a+2 hr , , \  \
(2.3) n. tl4---;i-El{ZD1 = (c+c)cr {Re "#,

f,ting

Corol ltrv_

Coaol lerrj

lloorcr 2

tbco,

Z  < t
o

= :l?:

I

2

lr*t:

( ! .  r )

Furtbcr r ioce I

r fuactioo v(Z)

led i t ioas  o f  S

1 l - t r  i

h ( ! .  t )  and

(LD 
f tQ) } '

- - ( 3

Ey che

7 x ' g
P(z

Therefore

( 2 , 4 )

(2.,5)

or

of

>- (C+g)crB'

uslng (f4J, Lema, p. 43O) in (2.3), se ger

*" {z::::l=1!.!zly 2 (c+c)cBr (z)

*" rz:::::-E:ta----)> (c+c)cB
F (z) zu-a*r/ (c+a)

R. rzFEitiII > cB
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*
us ing  (1 .1 ) ,  ( 2 .5 )  g i ves  F (Z )  t  So ts

CoIollagy-l e Theorem C of Bernadi [aJ toLlows frosr the above

theorem'bY taking o = 1 and C = Lt 2, 3.

9g:gllgy-Z; Theorem A of Libra f7J f.oILows from the above theorem
bY taking d = 1r B = O and C = 1.

Theorem 2 :

fu r tbcr  s ince  F(Z)  i s  a  d ta r l i ke  func t ion  o f

r fuaction s(Z), vhich is regular in the unit

coodit ions of Schvartz Lema, such that

r c . t G ) = Z * n E 2

F(z) =;{:*i+

where O S a

arrZn and

.Z
I tt-* ft!\7o ar
) o

< 1 a n d O <  I  S I .

*
e S ^(rb

Then,

r(z) e. s: in the region,

z 1r = :l?:s0rItt?a?t$=t:U3${g:etDsg:zsci11?, ,, 
"=r,3, 

.."o _ , o _  ( g _ c + 2 c g )

I
2

) ) L / 2
(2. -08)+(4-0-B:)

ilE-______

?roof: By the hypothesis of the above theorem, we have

o. r) !\1?\ = zt-!tzL-=.rI!:*D{I4

if C=l and B=o

i f  C= l  and o<B<1 \

t

order

d i s c

r:.8, so there exist

and sat is f ies the

1 l - 2 )

tl- (1.

ct-t,

ZF-:lz-L - LG:ZsE)g(Z)
F (z) l+w(Z )

l )  a n d  ( 3 . 2 ) ,  i t  f o l l o w s  t h a t

{ f ( z ) } a = [!9=st?Lt-! ! 9:e t U t (2 
{ :D.} -ulZ y]-J- lZL

[t*t(z)Jzc-o*t

{fl



* ti#{i}r ='ilit?}}i

eziil?L-os=(l-co)4rH17\-nl,\zt jne??izfilv;ic:;;Gnr:iit

( 3 . 5 )

The last last inequali ty is obtained by using the sel l  knorn inequali ty

([sJ, p, L68),

( 3 . 7 ) lw ' ( z ) l  s  ( r - lw (2 . ) f ) '  / < r - l z l2>  '

NeP. I" lath'  Sc'

D i f fe ren t ia t ing  eq .  (3 '3 )

get

Rep . ,  Vo l " .  12 '
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and sinplifYing, f inallY

( 3 . 4 )

( 3 . 5 )

f ron  (3 .4 ) ,  ( 3 .5 )  and  (3 ' 6 ) ,  i t  f o l l ows  tha t

of  order  I r  i f

i ( Z )  : s  s c a r l j k e  f u n c t i o n

if

L.t I

firc t(o)

? ( r ) > o r

3ircr tbc

Ccllhry

Cctllary i

Gorollery I

a . Tbeore

d

(.. t,

?trl: t-

--- --- - --?Lalq=Ivtzl l'-L- - - -- - - - - - - -,
j i ." it l  I 1r-lz [2] | (c-o+z) (c-a+2'e)w(z) |

(3 .8)  -z l ' - \u< (c-a+2)  11.%: l?79"< '> l  i  i i+w(z) l
L-lzl-

Since

1 - , ,  Z r l 2
: 

-- '-----5-

l r +v (z )  i -

we have

(3 .  e )

Frorn (3. 8)

tL!,

-

1..2)

br
and

zlzl

(3"9), we obtaio tnat f(z) t sf ir

s  { ( c - s + 2 )  +  ( c - c + 2 c B )  l z l }  t r - l z l l '

lw(z) l  3 lz l  ana (c-cr+2aB)/(c-cr+2) s 1'

, . . l f t : l?iP t ' t  I  G+lzl) s l ' . l?; i ; i ; i )  " t" l  / l r+w(z)l '
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i .  e .  i f

(c-a+2)-2(2-"i l lzl- (c-a+2aB) lzl '  ,  o.

Let P(lzl> = P(r) = (C-o,+2)-2(2-oB)r-(c-a+2s,8)r2,

Since P(o)  =  (C-a+2) .and Pr ( r )  <  O,  the  pos i t i ve  roo f  ro  fo r  wh ich

P(r) > 0 must be less than the root of the polynomial P(r) = O, that

gives the required value of ro and the proof of theorem 2 is complete.

Corol lary 1. Theorem G of BernadL [6J tol lows from the above lheorem

b y  t a k i n g  0  =  1 ,  B = O  a n d  C = 1 ,  2 ,  3 r . . .

Corol lary 2. I f  o=1r C=l and O .< B < L/2 then the theorem of

Padnanabhan f2J f.otLows,

Corol lary 3. I f  o=1r Theorern 1 of Srivastava [ZJ fol low$ from the

above theorem.

79

Iy

16-L)J

Thggtge_]. If f(z)=z + z
t=2

e(J)=z+ x b
n=2

a z n e s L  a n d
t F l

z n e s l
n F 2

( r - l )

?rrd:

rbr

-

$-o

Ltr

F(z) =;fgi3;li

F(z) e tfur*nu,

t c r  J ( z )  =  [  r c -p -q  { f ( t ) }P  {e ( r ) }q  a t ,
J o .

rc -P-q  t f ( r ) ]  P  td ( t ) )q  d t ,
, z

J .

J , (21  -  zc -P-q ,  { t (D tP {g (z ) }q ,

t(z) -  (c+p+q) z 'c+P+q'L JQ).

t' (21 - (c+p+q) [-c+p+q-I)z-c+p+q-2t,r;+2-C+P+q-1 J' (z)J

- (cr"t ) f( -c+p +q- 1 ) Z 
-c +p + 9- 2 

t (z) +z' L 
{ r. (z) tp t e @) Iq-l
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Hence,

17c'v'l+2rr (z!= (c+p+q) f(-c+p+q-l ) t (z) +zc-p-q*ltr (z) IP te@) tg .

Now,

[ze-p-q+2F, eV' = (c+p+q) Fc+p+q-r ) -l ' (z ) + (c-p-e+l ) zc-P-q

{ t (z r }p  te (z ) }9  +  zc-p-q+ lp  { r (z ) }p - I  r ' ( z )  +

* ,c-P-q+L s{g(z)} i -L e. e)J

= 1c+p+q) zc-p-q+l fp {  f  (  z) }P-L t ,  (z) +q{ g(z) p-t  

" ,  
1z)J

I
-d tui

tll rol

[z] p..

Hence,

( 4 . 3 )

llence

( 4 . 4 )

or

( 4  . 5 )

Therefore

2 (C+p+q) fpBt  *  c ,z  J  .

Therefore us ing ( fQ,  Lemra p.  430)  in  (4.4) ,  He ger .

. 7C_p_q+2rr 1r,,
(4.5)  ne t3-- -s-1; - : - l3L)  2 (C+p+q) fpBt  *  c |zJ.

u! 

*" r----zl-t-113*rzl--] > r
r12125:n:[rii?i;i lt 

> (c+p+q) fpBr * c'BzJ'

Fl Eaj

{tJ scn

(rl hr.

tU rrrr

ttl Lih

inlr
r * t
f*, C

9esellcsr-l.
Fo11ows.

using

F  ( z )

( 1 . 1 )

*
e S ^

p F 1

IT, B2

:  (pBr  *

i n  ( 4 . 5 ) ,

+ q 8 2 .

= 0 r P = 0

c,g2)

we get

and B,  =  B ,  the theorem 1 of our paper

[zc-p-q+zl, (z)J,-----irTZt-r-E- = (c+p+q) h|f7t?L , o 727t11 ]

us ing  (1 .1 )  i i r  ( 4 .3 )  we  ge t

trC-P-q+2or /"\  r ln" /Z--1rlr:l:l1l!\= (c+p+q)fpRe ,ztit?, - ,n" tZfrrfZrLV

"- 
tZlllZlt'  F (z )  '
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I am grateful to Dr. S.N. Srivastava for his he1-pful suggestions
guidance in preparation of this paper.
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Or a Speei.al Teneor Cfrtit qf a Finster Spaee

Singh and K.A. Khan

rll3tnct

In the present paper we have defined a.special tensor in a Finsl.er
rpece and discussed its properties. This tensor is not conforrnally in-
vrriant but it is defined with the help of Cartants third curvature ten-
ror in the same way as the conformal curvature.tensor is defined i.n
lla6iaa space. The forns of the tensor Chij in in Finsler space of
glar curvature end of constant curvature have been al-so discussed in
tLir paper.

t. Iatro9ugtion

lbc properties of conformal. curvature tensor in a Riemannian space

btf t co etudied in [2J , ISJ ana [tJ. Rund (/8J page 226-227) has

pirtrd out the existence of a conformal invariant which is not a tensor.

lr Cb present paper rtre have defined _a speciaL tensor CnUn(xrx) in a

?itrlcr rpace Fn and discussed its properties. This tensor is not con-

tally iuvariant but it is defined with the help of Cartanrs third

oSlttGC teqaor in the s€une lray as the conformal curvature tensor is

Ita- io Rieoannian space. The forms of the tensor Cniit ir Finsler

if of rcalar curvature and of constant curvature have-been also dis-

td ir this paper.

l r lr l l  use the following identit ies involving the curvature ten-

-\45r ([EJ paees 105, 107, I"11).

(LD (e)  R*: : , -  = -  R: . : , -
nrJK r.nJK

o) \i5r 
= - 

\Lj and

tiio * Rit5t, * Ritt5 * (tij, *lou * citt *l:n * crn, rlnr)*r=o
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(1'i) 4:ul'. q'r|t * 4ml3 . *L ti:. * nln rilr* {: tL, = o'

where {:u 
= ,ti q.rn,

(1.4) 4n = *lnu *'- = rlnr i' ,

(1 .5)  P i5r1 (= B5t  P[ r )  = . jk l l i  -  c iu l5  *  c ikh t ] r l "  -  c5rr ,  cLpo,

the index tot staods for contraction with respect to *i aod the tensor
1

K'n. has been defined, in [8J (page 97). From the equations (1.1) a)'

$'?, and (1u4) we find

(1'6) *jtnn * {:n * 4n, = tit 4o * ti, *5to. tit *l: '

2. The Special Teneor Cniit

An Rr-like .Fiosler space Fr, (n : 3) is characterieed by the rela-

tlon (fA) z

(2'L) 
\i3r 

= trrj 8i1.,* Lik 8r,j -s* Li5 - 815 \r1,

where Lij: are components of a covariant tenaor of second ordet. In a

three-dimensional Finsler tp."" 
hijt 

can aLways be written in the

fo rn  (2 .L )

Contracting the equation (2.1) with gik and using the relation

(1 .1 )c )  we  ge t

(2.2) 
\3 

= (n-2) t*j * t 
%j ,

where l 99E r,,, ,ijr " J -
I
I aor,aracting the eqgatior (2.2) wittryhj lte get

( 2 . 3 )  B = 2 ( n - 1 ) L , .  
\

lerc

(2. r1 1

Sobr

0.2)  n

Q.s)  
\

hrtcing tt

E 3ct

(2.3)  
\

It ir to br

1-rl.

l(hitio

nhic.

o-D 
tj

t r * q
d e l t -

fL e1r

& e p t r

t -  (2 .21 .

f-ricrf ly.

tlrl rhc

tr-o 
*. 

-
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0 ,

r,harc

(2.r)  R E9! ei j  Ri j

* rbs t i tu t ing  the  va lue  o f 'L  f rom the  equat io t t  (2 ,3 )  in  the  equat ion
( 2 . 2 )  s e  g e t

( 2 . 5 )  t . .  = - - l - .  -  R'n: - 
G:Zi \: 

- 
Zft:ifi;:7; en, .

hr t t ing  the  va lue  o f  Lh j  f ron  the  equat ion  (2 .S)  in  the  equat ion  (2 .1 )
n  3e t

( 2 . 6 )  R . . .  = - - f'lijk - 
(;:2I (Rnj 8ik * Rik sr,j - Rij sr,r - \t eij)

R- 
G:Ii-G:Zi (er,j cik - Bij B*)

I t  i r  ro  be  oo ted  tha t  the  R icc i  tensor

jc.crel.  

trar Ene Klccl tensot Ri3 i" not s)mnetr ic tensor in

Drt i-oicion_(3.,.U. We define a speciat rensor Cni31 (", i)  in F' by the
r c l e t i o u .

(r';1 cni5r = 
\i3t 

- 
nlzi 

(\: Bit * R1 Br,j - Br,r Ri3 - 
\t cij)

. R- 
G:iiG:ZI (sr,j eik - eij chk)

t l l  tcorcr cr, i i t  i"  of the saue form as the conformal curvature tensor
o{ e l icrannian space. I lowever, tensor is not conformhlly invariant.

lbe equation (2.6) proves the fol lowing leuma:

t 'c r '  12 ' r ) :  rn an Rr- l ike Fins ler  space chi jk  vanishes ident ica l ry .

As a particular case of this lenma we have

:.- (2.2): In a three-dimensional" F:
. l * icr l ly .  

t t tee-drmensional"  F insLer 
"P"""  

ch i jkvanishes

?rc tbe equation (2.7) we fina

(r'f) 
ir. - 

{rn - i;lzi <6i \: . d sr,j *:t *no - nnn o} ) +

I

i l l o '

t80r

r ) ,

:e1a-

l n a

!

on
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R
+ ----------'  

(n-1) (n-2)

4 
= *.n gti 

""d

C .  . . .  s a t i s f v  t h e
n1J  K

( 2 . e )  a ) c l . .  =  o
U K

ti: i = 
"

( b )

c )

No.  2 ,  1987

,  " 1  " 1 .( g t j  o k  -  
8 5 1  o 5 / r

i k  ^ k
e i j e  = o i

fo l low ing  ident ic ies :

I

C , - . ,  =  o
nrK

( d )  c n i S r = - c i t 5 t

where

Theorem

^  r t  ^ L' h r 3 k B  = " h i k '

(?.1).. The tensoi

?rq

tttl:

lcorcl (

: t  fFt

lr l

( t .  t2 )  |

**rc i. . .
o,

!-"ii rb.
q l r  r r l r t iq

i l -  :  r )  c. t .
rJ

& e r { |

(r- r., 
{i.

Bfgg!. The proof fol lows imediately from the equations (2.7) and

( 2 .  8 )  .

From the equation (2.7) we f ind

(2.10) cniir - c5tr,i = 
G!2, t"rn(*jn- \j) 

+ B5ir (\i- Rik) -

- sij (\r,- 
\k) 

- e1,n (Rji- Rij/.

r f  c t i5 t .= a jnnt '  then the r ight  hand s ide of  the equat ion (2.10)

vanishes. Contracting the right.haud side of the equation (2.10) with
ik

g ne get

( 2 .  1 1 ) *jn = 
\:

Conversely, i f  the equation (2.11) holds then from the equation (2.10)

I^I9 get

chi3k = c3tt i  '

Hence we have

Ibggf9g-l?:?).,. The tensor C,.-.,, is s;rmetric in pairs of indices (hi)
n u K

and (jk) if and onl"y if the Ricci tensor *rj t" a synrnetric tensor. We

shall use the following lerma (tgl) z

Lgggg_l?.r.]). The Ricci tensor Rr. of a Finsler space of scalar curva-

ture is a synrmetric tensor.
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. 10 )

(hi)

. W e

?rc the lema (2.3) and theorem (2.2) we have rhe following theo-

f T:

notcr (3.f).  I f  F. is a Finsler space of scalar curvature th"o ChiSk

it q-tr ic in pairs of indi ies (hi) and ( jk).

Fro the equations (2.8) and (1.6) we have

(2.r2) .ijn * .jtnn * .in: = - tcjr 4n . ci, n51r, .

i  1  1  i ^
* t i t  \ . j)  

' ;1L (6i Rn' +

. oj \.n * i5r oil,

S c r e R . = R . - R----- --hj --hj ^jh'

o'r ir l3 
tbe cartanre covariant derivative of the equation (2.g) and using

L rchtion 8:: t .  = o lre get- u  l n

(r'ur) ciSr;' = djnl' - ;lz <oi \: l, 
* d;, ,n3 -

i  i  R 1 -  !  .- *il'sht-'\tl' oil .3;:iih=z; <tn, oi - oj enn).

.h rhj tbe Bianchi identity (1.3), the equation (2.13) become

GrD ti.l. ' ti*1, * cr*j 
lr

. 1  i  i  i= -(R;r tijt * Rjt Pr,rr *

l i 1+n'. r inr) -; i i  roi (\r l j  -

-  
\ i ;1)  *  o l  ( \ : ln -  Rrur l i )  +

i :. oi (**lr. - \r l,) * ({1, -

- t- *iln) 8nj * 8r,r <*ili - *;1,) *

* e- (*iln - {l:V . Glii6 -2 t

J
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fi t l  t lc bclp of the Bianchi identi ty (1.3) and rel-at ions (3.2)a);

( ! . 2 ) c ) ,  ( 3 . 4 )  a n d  ( 1 . 1 ) a )  w e  g e t

89

0.0)(e)

(b)

ra
( c )

4:nl' f = 2 4rn,

& . r  X m  = 2 R - .
nJ lm nJ

\ j  l r  
t '  ghj  = Rlr  *  = 2R'

;
&rrr iog that X' ie a concurrent vector f ield of F.r

*  * .  - : '
f i cd  F i ns l e r  space  F -  whose  me t r i c  f unc t i on  F  ( x r * )

L t  t  ; ?
( t . t )  F  

-  =  F -  +  ( x , ( x )  : i : - ) - .

tt lu been shown in IU that the metric tensors of
a

? g t i r f v  the  re la t ion
I

*
( ! -4 ,  B : :  =  g : :  +  X- .X ,  .- l . J  - r J  I  J

rae def ine a modi-

is given by

the spaces F' and

the

(Lro) .l:

-

|l.rr) tr

Alro ne have the relation (tf l)t

* * 9*-9i*-9ii-9ie(Lt) RiStf = Ri,tf * -=--:*;--t--;

Br'r { (n-2) x2 + (n-1) } x; x;
= R.. + -iJ'------; + --=--.1----* i j  

(1 * x2)2 1r * x2;2

- R + (n-1) !$:3)-I3=:PJ.
(t + x2r2 

'

-r f - gij 1x,*) xixj

L ;rirr rensor air:n in F* is defined as

Btt, {rj. = {r:n- -;12- tein:{: . nln ei, - nl,

*
- tl: {or . i;:tii;:zi (tln ei3-el3 einr.

*
8nt -
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wi th  rhe  he lp  o f  r he  equa t i ons  (2 .7 ) ,  ( 3 .g ) ,  ( 3 .9 ) ,  ( 3 .10 ) ,  ( 3 .11 )  and
(3,L2) r4re get

( 3 .  1 3 )  c : .  . .  =  c  
I-hiik Ji, i5t - 

;:Z 
(xi\\5 * Rit\x5 - Rii\\ - xix.\k) +

* ----B-.--- ,' 
G:III;:ZI 

(s;.t 
\*j * xi\sr,j) -

- si,j xixj - 
\\ cij)

Ilggl9g-ll:.U. If a Finsler space F' admits a concurrent vector field
xr then the necess.ary and suff icient condit ion that the special tensor
CLii t  i t  invatiant under the transformarion (3.7) is

(3.14) R,,  = -- l i  (s, ,  -  1. | i ,  .IJ  n-r  . - rJ  
xz 

,

Efgg!. In order to prove the necessary parr we assume th 
*

is  g iven.  Then f rom the equat ion (3.13)  we f ind 

t t  ch iSt= c i t i i t '

xi\\: * Rit 
\x3 

- *n*j*io - 
\r xixj = 

* ,rru \ "j 
*

* xi\8r,j - 8nr xixj - e* xn\).

Mult iplying rhe above equation by xh, xj  .r" iog equation (3.3) and rela-
. i i , )

t r o n s  9 . .  X ' =  X i r  X i X ^  =  X ' w e  g e t  t h e  e q u a t i o n  ( 3 . I 4 ) .

o rder  to  p rove  the  su f f i c ien t  par t  l re  subs t i tu te  f ro rn  (3 .14)

:T;:::::"",,"1,'l;,;::T,; 
*nj' *in Ri3' \r in (3'13)' rhis

4. I!selcr-9eese-e!-gselsr-gsryegsrs

The tensor Rf, i3t i t  a Finsl-er space Fn of scalar curvature, K is

g iven by  (1511

{(nnj *rn * hit Nr,3) - (N* nij * *ij hkh)l - Qr,i3o,
( 4 . 1 ) R _  . . ,

nI-J K
I

2

r j

t i &

F

6-rt

-

(.. r)

t t ; . '

n
k  i r f

rb eL

a
errr

O-rl r

|lrat

-

er.t,

tl (

l E 3 b l

r t r

r 0 q



*. trj is the angular metric
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tensor defined by

l ,  i r  u i t

r;-tric

(..2)

ra

( . .3)

h t j  ' 8 i j  -  1 ' 1 j '

vec tor  in  the  d i rec t ion  o f  the  e lement  o f  suppor t ,  N- .  i s  a

tensor givei by ([9J) 
rr

"ij = *sij . 83 ;ii-il . il, ,,, . ift 'r, . 1 . 1 . F
1 . J

qr,i5r = P ,
nrJ

?i; t  U.iog defined by

- D  D r' h r k ' i 3  I

equa t i on  (1 .5 ) .

PT.
1 K

the

c .  . . ,
n ] - l K '

*r) '

1a-

l i s

Tbe scarar K occurring above is cal led as the scarar curvature.

It  i r  poait ively homogeneous function of degree zero with respect to

3h . lenr of support i .

I f  the scalar K is constant then Fn

alt3aat curvature. In a space of scalar

O - . )  e n d  ( 4 . 1 )  y i e l d

-

|l-t'

llbal

i s  ca l led  a  F ins le r  space o f

c u r v a t u r e  K  t h e  r e l a t i o n  ( 1 . 1 ) c ,

(r-.) 
\i = (,,-ryKghj * [(n-s)p2;;f;3i;i + (3n-7)F 

ili 
,n .

. 
if, 

t,) * 12 
;33u;;n 

s" hhj J /o - qn.

1 - (n-r) ,, K * !;? r' 
;iik, 

s". - Q,

5 
9s€ Qnrjn ,tn = Qi6 and on, ehj = Q .

t r f  3b  b lp  o f  t he  equa t i ons  (4 .1 ) ,  (+ .2 ) ,  ( 4 .4 ) ,  ( 4 .5 )  and  (2 .7 )

r a r

ti5r - eii3zi ,+, ;;i3i;E 
* Bit;;iilf - ;;i3i;l ,* 

-



ReP. t

. *ro (ilfi ', . iF 
ln) - 851 1e5r r: . 

ili 
", 

-

- ,r: (qft ,o . 
ll, 

rnD - E1 ,;i1ru;;r 'n'j *

- lirr;;f,3i;l - rr,rr;5-F - lilj ;;f,3i3r 
-

- 
sr*r;;31;t;t e" r;l; (en3 e11 - ei3 eno) +

; l  
(ton tnlj * Btj l i l t  - r ir j ett - aij rnrr)/ '-

- 
"ni3n 

'

where

( t+. t)  LhiSk = Qti j r .  - ; lZ (eio Qr, j  *  8r, j  Qrn -  e* Q13 -

- Qnn ei5) . T;:iiT;:zt 
(sr,j 811 - 8i3 gr,t)'

We have thus proved the following theorem'

!bggfgg-l!:U. In a Finsler space of scalar curvature K the tensor

ct iSt  i r  g iven by the equat ion (4.6) '

In a space of constant curvature 
gE- = o. Therefore the equation

ai '
( 4 .6 )  g i ves :

Theorem G.2) .

t enso r  C ,  . . .  i s
n1 l  K

(4 .8)  cn i5r
- cht Qij -

(e11 e65 
- 813 861) '

n
- Qht gij) - 

i;:ii1;:1;

\i'

5a

I t h

t t |

tlrrr

ILrr

N

at
0

q,

u

n

n

3

o

t

t

I

I
{

1
I

I

I
In Fioeler space of constant curvature K the special

given by

- - Qr,ijr * ;lJ 
(srn Q63 + 865 Q16 k

tr-d
rH- l

l i
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ls e trndeberg space thij = o ([i l). Therefore rhe equarion (4.3) yields

\i;r=" 
utrich inPli"" Qnj = o and Q = o.

Jdr t i tu t ing these values in  (4.8)  we get  ani in  = o.

It bag been shown Ln [3J that an Rr-l ike Finsler space is characterised

b7 the vanishing of the tensor Cni5t.

iberefore we have the folLowing theorem:

SroreoJ4.3). A Landsberg space of constant curvature is Rr-l ike.
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Fi.ted Point lTteorerns, Cortpaet Metrie Spaces md Neatly
brsifyi.rq Maps

S . V . R .  N a i d u  a n d  K . P . R .  R a o

Io this paper lre f irst obtain a f ixed point theorem of Jungck type

IrcJ eo:. nearly densifying self-maps on a complete metric space, genera-

l ir iog some of the results of Charropadhyay [2J and Iseki f9l.  Later

r? prove sorne fixed point theorems for a family of self-maps on a compact

rtr ic space and obtain their anal-ogues for a famiLy of nearly densifying

rl f-ege on a complete metric space. One of these results (Theorem 2)

rr.  tcoeral izarion of some of rhose of Bai ley [LJ, nd,elstein /3J, t tardy

- lojers [8J , and, Fisher [t+J, fSJ, [6J ana [lJ .

fhroughout this pap,er:

( I .d )  i s  a  met r ic  space ;  ArB are  subsets  o f  X  ;

t  ( . l )  is the diameter of A : I  is the cLosure of A ;

t . j .Srf are self-maps on X ; I  is the identi ty nap on X ; and

!i ,  
.  oon-enpty fani ly of self-maps on X.

I ir i t ioo I (Kuratowski [Lq>= If  A is bounded then c(A), the measure

d r - < o T a c t n e s s o f  A ,  i s d e f i n e d a s  i n f  {  e r  O  l l a a u r i t s a f i n i t e

x carist ing of subsets of X with diameter less than e ] .

It tr rc bormded,ilt:T; 
]t ].ti""*), c(B) l

b I cqlete metric space, the measure of non-compactness of a

El rt  ic zero Lf 4nd only i f  the cloeure of the set is compact.

Hrlr 2 (Sastry andNaidu f2J)z f is said ro be nearly densifying

J {!fD ( r(A) for every f-invariant bounded subset A of X wirh a(A)

r t l -

I5tlr 3 (Segea [t$t fr1 are said ro be weakly comurative on X

I a(!tf. 3fr) S d(gx, fx) for all x e X.
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Theorem L: suppose that (xrd) is complete; f ,s are comutative, conti-

nuous and nearly densifying; and for xry e X

( 1 . 1 )  d ( f x , f y )  <  m a x  {  d ( S x , S y ) ,  d ( S x r f x ) ,  d ( S y r f y ) ,

| fa ts* , r r )  + d( fx ,sy) /  ]

provided fx f ty anil Sx I Sy.

suppose also that there is an xo € x such that A = { f isj*ol i and j are

non-negative integers ) is bounded. Then f and s have a unique cormron

f ixed point .

Proof : Clearly f (A) Cr A.

From the conmutativity of f and S we have S(A) f A.

From the continuity of f and S we oow have f (h ei ana s(I) a' i.

S ince f ,  and S are near ly  densi fy ing,  A is  bounded and A = {*o}  U f (A)U

U S(A),  i t  is  c lear  that  o(A)  = o so that ,  f rom the conpleteness of  X,

I is courpact.

s ince  fs  i s  con t inuous ,  ( fs )n ( I )  i s  coupact  fo r  each pos i t i ve  in teger  n .

S ince  the  sequence 
[< fs l "< I l ]  

i "  a  decreas ing  sequence o f  non-empty

compact sets, the set H = ( i  ( ts)n(I) is a non-eupr.y compact set.
n= I

From the couurutat ivi ty of f  and S i t  is clear rhar f(H) € H and

s ( H )  g  H .

Le t  x  e  H.  Then x  e  ( ts )n+ l  ( I )  (n=0,  I r2 r . . . )  so  tha t  r re  can f  ind  a

sequence {x r r }  such tha t  xne( fs )n( I )  and fSxr ,  =  x  (n=1r2 , . . . ) .  The

sequence {*rr} ,  being a sequence in the compact set i ,  admits a conver-

gent subsequence with l i roit  p for some p in i .  I t  is clear that p e H

and fSp =  1 .  Hence H is  a  subset  o f  f (H)  as  we l l  as  S( I t ) .

I

I

I

I

a

I

I

a

t

r|

I

t

-

t

!r

!J

-

I

r
i t
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ttgr uc have f(H) = H and S(H) = 11.

?tc tbe continuity of f and S and the compactness of H we can find a

r r  €  E  such tha t  d (Sur fu )  =  in f  {  d (Sxr fx )  |  x  e  H } .

Uc can chcose w e H such that Sw = u.

S,uppose nos that fSw f ffw and SSw f Stw.

l lca taking x = Sw and y = fw in inequali ty (1.1) and uraking use of the

<r-rtat ivi ty of f  and S and the fact that Sw = u we obtain

d(Sfv , f fw)  <  nax  {d (Su, fu ) ,  d (Sfwr f fw) ,  
}  

a (Su, t fw) }  so  tha t  on  app ly ing

jt i-gle inequali ty lre get

d ( S f w r f f w )  <  d ( S u , f u )

Gicb is a contradict ion to the sel-ect ion of u. Hence we have. fz = Sz

lrrc z - fv or Sw. Also S2z = Sfz = fSz. Hence i f  s2z * sz then one

<ra rpply inequali ty (1.1) for x = Sz and y = z and arr ive at a contra-

t r c t  i o n .

tLr Sz is a cormon fixed point of f and S.

lrc ioequali ty (1.1) i t  is evident that f  and S cannot have two

3 i r t incc  cormon f i xed  po in ts .

L=:e che theorem.

lrerl, l. Theorem 2 of Chattopadhyay [2J whidn is a generalization

rf t lc theorems of Iseki [gJ is a special case of Theorem t with S = I.

bri 2. Example I shows that in Theorem 1 the comutativity condi-

3F3.c, f  and S cannot be replaced by weak commutativi ty.

ba lc  l .  Le t  X  =  {  l r2 r3  }  w i t t r  the  usua l  met r ic .

I r r  f  :  x  - - ) x  a b  f l  =  2 ,  f 2  = ' L t  f 3  =  2

. -  5  :  X - l X a s  5 1 = 3 ,  5 2 =  3 r  5 3 =  1 .

b t.3 ere weakLy comutative and

! r  -  t y  <  Eax  { l s *  -  f " l ,  l sy  -  f y l }  ro r  a l l  x ry  in  x .

t . t  bi{ relfaaps on a f ini te metric space are continuous and

-rttila.

I rirb:r f nor S has a fixed point.

f l l l r-  I loes Theorem !. remain val id i f  inequali ty.(1.1) is altered

I sqrlrcint the average of d(fxrSy) and d(Sxrfy) with their maximum?

9 7

conti-

A .

f (A) u

of  X t
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Theorem 2. Suppose (Xrd) is corpact, ( fg)P is continuous on X for some

posit ive integer P i  frg comnrute with each other and also with every

member of !+ i and for xry e X

( 2 . 1 )  d ( f x , g y )  <  6  (  6 ( x )  u  e ( Y ) )

provided f* t  gy, where G(x) = {Sx I S et }1 t  being the semi-group of

se l . f -maps on  X genera ted  by  ; 'U{  f rg , I }  '  Then the  fan i l y  7u{ f tg }

has a unique colmon f ixed Point'

Proof: Ler H = r i  (rg)P"(x).

Frbn the 
".tn".* i" 

of X, the continuity of (fg)P and the comutativi ty

of f and g it can be shown that H is a non-ernpty conPact set' f(H) = tt

and g(H) = H.

Since f and g cormute with every member of p , ve have SB g II for all

s e Y

From the compaclness of I{  there eiLst. zuz, e h such that 6 $t) = d(zrrzr) '

There exist *Lr*Z 
" 

1l such that fx, = z, and gx. = 22'

Suppose , ,  I  , ,  ,

Then fron inequali ty (2.1) we obtain

5(H)  =  d ( fx r rgxr )  <  0 (g(x r )  u  g ; (x r ) )  s  6 (H)

rhich i" a contradict ion.

Hence H = { z } for some z in X.

S ince  every  member  o f  ?u  t f rg ]  i s  H- invar ian t '  i t  i s  c lear  tha t  z  i s

a c o l m o n f i x e d p o i n t o f } u { f , g } F r o m i n e q u a l i t y ( 2 . 1 ) i t i s e v i -

dent Ehat the fani ly j7u {f ;g} cannot have two dist inct comon f ixed

po in ts .

Renark 3; Theorem 2 is a general izat ion of some of the'theorems of

Bailey [tJ, naersteir, [3J, Fisher [4J aa Hardy and nogers f87' rt is

also a generalization of Theorem 4 of Fisher [5J ar,d Theorern 2 of

tisher fiJ

I

I

I

I

I

e

!

I

I

tr
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Corol lary 1. Suppose that (Xrd) is senpact, f  is continuous on X,

fS  -  S f r  fT  =  T f  and fo r  x ry  e  X

d ( f r , f y )  .  m a x  {  d ( s x , T y ) ,  d ( s x , f x ) ,  d ( T y , f y ) ,  d ( f x , T y ) ,  d ( s x , f y ) }

p rov ided the  r igh t  hand s ide  o f  the  inequa l i t y  i s  pos i t i ve .  Then f rs

and T have a unique cottmon f ixed point.

Proof: when the r ight hand side of the above inequali ty is zero then

fx - fy. Hence from the hypothesis i t  is evident that the above in:

eguali ty holds when fx # fy. Nov the corol- lary fol lows from Theorem 2

on tak ing  g  =  f  and T ,  =  |  SrT  ) .

Renark 4. Theorem 2 of Fisher [lJ lvnicn in turn is an improvement

rver Theorem 5 of Fisher [oJ) is nothing but corol lary I  with the fol low-

: :g  add i t iona l  res t r i c t ions  on  the  hypothes is :

( : )  S ,T  are  cont iqdous  on  X and

:. '  For each x i tr  Xr there exists y in X such that fx = Sy = Ty.

l lecreo 3. Sgppose that (xrd) is compl-ete, S is f  ini te, every member

t !  9  - { f ,g }  fs  con t inuous  and near ly  dens i fy ing ,  f rg  comrute  w i th  each

r(:r:  and also with. every member of * ,  and inequaLLty (2.1) holds when

! r  r  3 r ,  where  G (x )  i s  as  de f ined in  Theorem 2 .

t lF..  also that Q; (xo) i is bounded forrsome xoe X.

!m : :c  :an i l y  ;pu{ f ,g i  has  a  un ique cormon f i xed  po in t  in  X .

Ite*f :  dr ice A = q' (*o) and f = $ r l{ frg} .

€ lo* r i y  S(A)  E  A fo r  a l t  Se  )p  .

t : t .  6r€ry member of y is continuous on X, we have S ([) g I  for

e - .  S . :  I

G ; e : . y  r  - l x o f  U  ( s u  s ( A ) ) .

l t - l r  ' r ' d )  
rs  co 'p re te r  A  is  bounded,  f  i s  f in i te  a r id  every  member  o f

f :r  :cr: ly densifying i t  for lows that r is compact. Now .f{on Theoren 2
i* !r l :-Tr :h.r f  has a cormon f ixed point z in the compact spqce i .
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Theorem 4. Suppose (Xrd) is compact, 5f l  is f i ' i te, .every,member of

39 u{frg} is continuous on x and any two members of i t  are cotrmutative

and inequa l i t y  (2 ,1 )  ho lds  fo r  a l l  rhose x ,y  in  X  fo r  wh ich

X [d (sx, Sy)+ inf d  ( f u ,  S u )  +

$e? ue  G  ( x )us (y )

where Qi, (*) is as defined in Theorer.2.
a unique connon f ixed point.

in f  d (gu ,  Su) ]  {o
u e  G ( x )  -  G ( y )

T t r e o  t h e  f a ; : , i i - v  7 V : t , g i  h a g

9 V : f , t .

r f r j ( f r r : c 5 ( I ) C  K f o r

Proof: r,"r x = f i  (rg)"(x)
n=1

Then K is a non-eupty coryact

and l/ -

s e t ,  f ( K )

Since every ;

s(EGD) E

rak ing 6

a : = c s t  a - o : g

t 2 €  G  - : l

f u r t n € : ,  g ,  I

Norr ue :1rc !

C o n t i n u : : g . t

v € I s u : : : l

Further ,  F i

Let H = f'l
n . l

T h e n H i s a a

f = S t = S l .

T h e r e  e r : s :  r

8 v 4  =  
" : .

I f  d ( S r ' - . S i . )

6 ( H )  = :  : , . . . 1

w h i c i .  : s  |  : d

Hence Sr - .  .  l r

l ' . t : : t  i r .  ! r ,

H e n c e  H  .  : z i

S ince  H is  S- i

f i xed  po in t  o f

a l l  S e  F

T h e r e  e x i s t  z ' z 2 t v 1 t y 2  e  K  s u c h  t h a t  : ( I )  .  : ( s . , t . . , ,  f " l  =  z ,  a i d

9wz = zz,

L e t  S  =  { S 1 r s 2 r . . . r s }

I f  in f  d ( fu ,Sru)  >  C tbca  f rc  racqua l i t y  (2 .1 )  we have
ue e; (wr) u qi (wr)

d (K )  =  d ( fw r ,ewr )  <  6 (g (v r )  !  g ;  ( r r 2 ) )  :  i (K ) ,  wh i ch  i s  a

contradiction.

Hence in f  d ( fu ,Sru)  -  O.
u €  6  ( w r )  u g ( e r 2 )

Now from the continuity of f  and S, and rbc ci lpaccness of X i t  fol_lows

that there e*ists ure g(.Gff@ ruch rhar fu, = Srur.

Since any two members of 5e are comttat ive i t  oos fol lows that

f  =  s t  on  @ (ur ) .

Hence from the continuity of f and S, se bave f - St 
"" 

C .

C l e a r l y  s ( € ( u r ) )  E  V ( u r )  f o r  a t t  S  e ! p .

I

I
I
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Since every rnember of )f is continuous we must have

s(q)) E g-Q ror a1 s e

rlt ine 
TnT 

in the place of X in the definit ion of K and proceeeding
almost  a long the sane l ines as above,  we can show the ex is tence of-
u2 Q Q;(u,  )  sr ,ch chac f  = tZ o"  f ! f r

Further, e.Gt is S-invariant for every S e f .

Now we have f . sl - s, o" 
@.

Cont inuing l i ie  th is ,  ic  can be shown in (n+l )  s teps that  there ex is ts
v  (  {  s u c h  r i : a t  f  .  S l  =  S Z  =  . . .  =  g o r r ' E 6 ,

Fur ther ,  F is  s- invar iant  for  every S e 5F .

t e t H = O  t r e l o t g f f i .
n . i

Then h  is  a  non_e-p ty  compact  se t ,  fH  =  H,

f  =  S l  -  5 2  -  . . .  =  S . ,  =  g  o n  H .

T h e r e  e r i s t  v l r v 2 r v j r v 4  e  H  s u c h  t h a t  6 ( H )  =  d ( v r r v r ) ,  f r 3  =  v ,  a n d
E v 4  =  v 2 .

I f  d ( S v r r S v . )  >  O  f o r  s o m e  S €  7  t h e n  f r o m  i n e q u a l i t y  ( 2 . 1 )  w e  g e t

6 ( H )  =  d ( f v r , e v o )  <  d ( g ( v r )  u  g ( v 4 ) )  s  6 ( H ) ,

wh ich  is  a  cont rad ic t ion .

Hence Sva = SvO for al l  Se Y .

Hence v l  =  fva  =  S1r3  =  SI r4  =  Eu4 =  v2 .

Hence H =  {z }  fo r  some z  in  X .

since H is S-invariant for every s in y i t  for lows t, ,at z is a conrnon
f ixed  po in t  o f  /
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From inequality (2.1) it foUows that z is the only cormon fixed point

o f  y .

Theorem 5. Theorem 3 with sfrg cot*tte sitb each other and also with

every nember of Ff and t inequali ty (2.r) bords vheo fx f  gyr being read

as  tany  tno  members  o f  Y tu  { f rg }  a re  cor ' r t . t i ve 'and ' inequa l i t y  (2 .1 )

holds when

[ tzJ K.P.R

trz] s. se

S . V . R .  \ a i d

Depar rren t
A . L . P . G .  E x

Nuzv id  -  i2
Ind ia

.REFEREXGS

tLj D.F. Bai ley, Some theorems oD cootr.ct ivc reppings, J. London.

Math .  Soc . ,  4 t  (1966) '  lO l -106.

Dj H. Chattopadhyay, A fixed poiot rbcorcr of a deosifying urapping on

C,bounded complete netr ic t t ! .cc'  Iodian J. Pure. Appl. Math.,

9  (1978 ) ,  320 -323 ,

M. Edelstein, On fi led and periodic points uoder contractive na!rp'r,

inge,  J .  London.  Math.  Soc. '  37 (1962),  74-79.

B.  t r ' isher ,  A f ixed point  nappia3,  Lr l l .  Ca.  Math.  Soc. ,  68 (1976) '

265-266.

[5] B. Fisher, Quasi-contractioor oo -tr ic Epaces, Proc. Amer. Math.

S o c . ,  7 5  ( 1 9 7 9 ) ,  3 2 L - 3 2 5 .

E fd(Sx,Sy)  + in f
s e v  u e  ( x ) u  ( y )

respectiveLy.

tsJ

t4J

167

ttl

d( fu ,Su)  +  ia f  d (gu ,Su) ] l  O '

u€  ( r )u  (y )

B. Fisher, Comon f ixed poiote of comuting nappings, 8u11. Inst.

Math .  Acad.  S in ica ,  9  (1981) ,  399 '406.

B. Fisher, Three nappings vitb a c@n f ixed point, Math. Sem.

Notes, Kobe Univ.,  fo (1982) '  293-302.

tTl G.E. I iardy and T. Rogera, A geoeral izat ion of, f ixed point theorem

of Reich, Canad. Hatb. Bul l . ,  L6 (L973), 2OL'2O6.

[g] I .  . Iseki,  Fixed point theorels for densifying nappings, Nanta Math.,

9 (1976) ,  5o+53.

(tOl G. Jungck, Comuting nappinge and fixed points, Anerr Math. Monthly,

83  (1976 ) ,  26L -263 .

ttt| C. Kuratonski, Topotogie, Honographe, Mathematicze,2 (1958)t

llarsav.



S.V.R.  Na idus  and K.P.R.  Rao 103

[tzJ

trs7

K.P.R. Sastry and S.V.R. Naidu, Fixed point theoiens for nearl-y
densifying naps, Nep. Math. Sci.  Rep., 7 (1982) ,  4L-44.

S. Sessa, On a..weak comrtativity condition in fixed point consi-
derarions, Publ. Insr..  uarh. ,  32 (46) (1982), 149-153.

S.V.R.  Naidu
Departrent of lrpplicd llathelatics
A.U.P.G. Erteorio Gcatre
Nuzvid - 52f 2Ol
India

K .P .R .  Rao
Department of Mathenatics
D .A .R .  Co l l ege
Nuzvid - 52L zOL
India



t03

[tZ1 K.P.R. Sastry and S.V.R. Naidu, Fixed point theo;ens for neari-y
densifying maps, Nep. Math. Sci. Rep., 7 (1982), 4l-44.

fuJ S. Sessa, On a.weak cm.rtativity condition in f ixed point consi-
derations, Publ. Ingr.. Marh. , 32 (46) (19S2), 149-153.

S.V.R.  Naidu
Departrent of Agglicd lletba-tice
A.U.P.G. Ertearim Cr:otre
Nuzvid - 52f 2Ol
India

K . P . R .  R a o
Departnent of Mathenatics
D.A.R. .  Co l l -ege
Nuzvid - 52L 2OL
India



103

[tzJ

neJ

K.P.R. Sastry and S.V.R. Naidu, Fixed point

densifying naps, Nep. Math. Sci,  Rep.,

S. Sessa, On a..weak cmrtat ivi ty condit ion
derations, Pub1. Iaet..  Math., 32 (46)

theoiens for nearly

7  (1982)  ,  4 I -44 .

in f ixed point consi;
(1982) ,  149-153.

S.V.R.  Naidu
Departent of Applicd Hathptatics
A.U.P.G. Ertcario Gcatre
Nuzvid - 52f 2Ol
India

K .P .R .  Rao
Department of Mathenatics
D.A.R.  Co1- lege
Nuzvid - 52L 2OL
India



Nep. l{ath. Sc. Rep.
Vo l .  12 ,  No .  2  (1987 ) ,  105 -112

A subelass of uniualent Etmetions with Neaatiue
Coeffieients

S.M. Sarangi and M.R. Krishna Murthy

,n (an I o, at > o) be analyt ic in a unit

-  L e c  Q ( <  )  b e  a  c l a s s  o f  f u n c t i o n s  f ( z )  s a r i s f y i n g

x " ! r I 4 t  A  ( 0 . .  o (  <  l )  f o r z e E a n d T a c l a s s o f f u n c t i o n s f ( z )' t

t h a t  s a t i s f y  f  ' ( z o )  =  1  ( o  .  . o .  , ) ,  T h e  s u b c l a s s  R ( d  
l r o )  

=  Q ( 4 )  n  T

is  cons idered and coe- f f i c ien t  inequaL i t ies ,  d is to r t ion  theorems,  rad ius

o f  conver i ry  aod c losure  theorems are  ob ta ined fo r  th is  c lass .

1 .  In l roducr ion

4!egrcsg

L e t f . ( z ) = a . z -  I  a' L n = 2 n

d i s c  E .

fying

i "  ! - 1 d  > 4  @  s o 1 <  1 )
o l

t h a t  s a t i s f y  f ' ( z o )  =  L  ( O  <  z

For given d and zo f ixed, let

Let  A deDore the c lass of  funct ions f (z)

ana l y t i c  i o  rhe  un i r  d i sc  E  =  t . ,  l z l  .  f )

n  =  2 r 3 r . . .

= a a z -  x  a z n w h i c h
' n = 2 n

w h e r e a ,  > 0 a n d a  > 0
I  n -

e  E  a n d  T ' a  c l a s s  o f  f u n c t i o n s  f ( z )

are

fo r

Le t Q ( C )  U e  a  s u b c l a s s  o f  A ,  c o n s i s t i n g  o f  f u n c t i o n s  f ( z )  s a , t i s _

fo r  z .

o ' 1 ) '

R({ ,  zo)  =  a ( " ( )n  r .

rn this paper we obtain a few sharp results concerning coeff icient

inequa l i t ies ,  d is to r t ion  theorems and rad ius  o f  convex i ty  fo r  the  cLass

R(drzo) .  Fur ther ,  we show tha t  the  c lass  R(a( rzo)  i s  c losed under

Arithnetic means and convex Linear combinations.



106 N e p .  M a t h .  S c .  R e p . ,  V o l .  1 2 ,  N o .  2 ,  1 9 8 7

il .  Si lvernant s f iJ techniques are used for establ ishing the theo-

re ims.

2. coeffiqlent Iqesgeltglee

n ,
z  s n e r e  a  r

a  <  a .  (
n l

t \  ; , nC  a
n -

I  -  o ( ) ( r )

s

Distort ion Ther

T h e o r e m  3 : -  I f  f ( z )

chen

f ( z ) -  2 1 1 -

and

i f ' ( r ) - . - l

Proof : Prc lbocr

:
t a !

o . 2  
! -

The re fo re ,

i f  k )

That  i s

j  r . r  r

l r t z )  :  - i

H e n c e  ( 3 )  J : l l r r -

F u r t h e r ,

g ' ( r )  (  . :  .

Also  f rc r  tbcorc r  2 ,

-
r  n a S

^ n
1=Z

3 .

T h e c r e m  1 .  A .  f u n c t i o n  f ( z )  =  a r z  -  L  a
r a n

c

( p = 2 , 3 , . . . ) ,  i "  i n  Q ( <  )  i f  a n d  o n l Y  i  n
n=2

The proof is obtained ir,  [ZJ.

Theorem 2 ,  A  func t ion  f (z )  =  
" I "  

- , n  i ,  i .  R ( { ,  z o )

a n ' I  - {

, o n - t ,  t h e  r e s u l t  f o l l o w s

f a

n=2 
n

i f  and  on ly  i f I  n  {  1  -  ( 1 - ' L )
n - l

z
o

P r o o f :  S i n c e  f ' ( "  )  =  I  =  a ,  -  I  n a.  o .  ,  
. r=Z 

n

subs  t  i tu t  ing

a , = 1 + I r r . r t - l
r  ^  n o  Q )

rL= z

in  the  s ta tement  o f  theorem 1 .

by

't
I

C o r o l l a r y .  l t  f ( z )  
1  

^ L "  -  
_ : ,
L L - '

.  1 - <
tnen  a- - - - - -  - n '  

. -  n - I .
n t l  -  ( l - o ( ) z o  J

equal i ty for t (z) = ---13-=- l l - :$; : l -
n { l  -  ( 1  - e ( ) z  "  ' }

' o

"  " t  
i "  i n  R ( - ( .  z  )n ' o

( n = 2 , 3 ,  . . . . )  v i t h

,l

tt-
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Plsgerglge-Ibeesee

Theorem 3z- I f  f (z )  =  a r2

then

-  ;  a z

n 4 n

t  
i "  in  n (o( ,  zo)

(3 )

(4 )

e

2 _
<  a . r  +  r  L  a- l ^ n

n=2

and hence (4) f o l l o w s .

; r r " l l  :  tTf#Zt ; l - { -z *  r  (1-{)  J  i l . |  - . )  . . .

I t ' t r ) i  : 1 -  f r 5 2 ; -  t  I  +  r ( r - d ) J  ( l , l  =  r )  - . .

Proof: Frcr lbcorel 2, ve have

- l

-  r - . 1

ol, 
'o : z-TF?i: d-D;l

Therefore,

t f ( z ) l

That  i s

lrr' l l s t-TT:ni-rZ;j f 2 + r (L -"() -7.

Hence (3 )  fo l ioss .

Fur ther ,

lr'(") I -( .t * . i^ ,,"r,
n=z

Also from theorem 2, ve have

a J

z na \-.

n = 2  
n  I  -  \ L - / - ) z o

,
. ----r----- * --rl(l::0----=  l . - ( 1 - { ) z o  z  { r - ( r - {  ) z }

107
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' Notel rhe bounds are gharp since the equarities are obtained for

fr:nction

t(z) = i---7:!--?=-- - =-=!L=tlz?*--r - (I-o(Jz- - Z-TFII:AE;T

4. Be{lgs-g€_gerse$gy
:.

Theorem 4| 'tf, t(z) e R(4, zo), rhen f(z) is conyer in the disk

l " l  .  r = r("{) = inf 
f  - '=!--- 7 

-L

" 
t ;Ti:Ai J t-L . rb reeult is sharp

the extremal function

frr(z) = -eg-:-g:*)*r- f t t=2,3, . . . . .)- .  
n  { t_( t_o()zo ' - . }

Proof: It ls enough if we show that

rz!!-tz\ - t, f , ( z )  | : .  f o r  l r l  S r ( o ( )

with

Fron theoren

&

x (-'
l=2

therefore, (.1

- ,
[  (D. l

s2

or

o2 l t l o l

SoLving (6) |

l r

writ ing lzl .

s. 9lgcgg"

Thhorem 5 : - i f

then

b(r

ir elro io fQ

lrorCr lr Yir

r h

we know,
@

E
n-2

n(n-1)ar r l z ln - r

r:fi-{i}r :
al -  t^. , rr"olr lo-1

n=z

Hence

@

x
n-2

or
@

n=2

r:fl-{i}r : r ,

n(n-1)ar, l " lo-1 :

(rr ' l r ln-t  -  o 
"oo-1)

n-1
n a z

n o o"ol" lo-1

o

f,
a=2

i f

o

1 +  E
t=2

a  < 1
n - (s)
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hc tbo:w 2, lre have

do

'1i! E^ (-i3-* - ,, 
"ot-l) "o 

. 1
n = 2 v u

therefore, (5) hofas good i f

o

r- lnz lzlo-l - *oo-1)"o ..
n-2

or  

o2l " lor  -  o  roo- '< i3a

Solving (6) for l:l re trave

. 1
f'l r f;-d-ly'i:i . ( n  =  2 1  3 ,  . . . . . )

f o l l o w s .wr i t in j  l r l  -  .  (d ) ,  rhe  resuLt

5. Clogc ttcpjas

Thborer 5:-if t(z) - alz _ i 
"-"tn=2

109

n-1.- oro ,) an

-  n z o 4 - r  ( n  =  2 r ' 3 ,  . . . . . )

l , t t

rrlr'il-4'

(6 )

then

g(z)  -  brz -

h(z)  -  
" f  

-Lz

br r r t  a re  in  R(a( ,  zo)
n=2

6

L

n=2

I

I

I

I
i

(ao + brr).2n, ("r = it-r-'-l 1

is aLso in R(6q , zo) ,

,Proo f  :  In  v iew o f  tbeorem 2 ,  s ince  f  (z )  and g(z ) 'be long to  R(d ,

we have

- '
X  , o  n - 1 .

o=z 
(fI-{ - n"o" 

-)t' 
S L

to ) '

,  (7 )

- l
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"1, 
(ri-* - 

" 'o'-1) b' s 1

For  h (z )  to  be  in  R( ( rzo)  i t  i s  su f f i c ien t  to  shos  tha t

1  -  t t L  - - n - I t

Z  r ^  ( i : ; a  ' n " o  )
n=z

f r o m , ( 7 )  a n d  ( 8 ) .

Theorem 6 :  r f  f ,  ( z )  =  z ,  f nG)  =  - - l z - : - { . 3 } }  ( n ' 2 ,3 ,  . . . . . )
. .  , ,  t t - ( r -d  )zo-  

' l

then f(z) e n(o(,.2) i f ,  and only i f  i t  can be erpressed in the forn

6

f (z) =.,12 r , ' f r , (r) ,  where

) .  > O  a n d  I  t r  = 1
n -  .  n

n = r

@ 6

Proof :  Le t  f (2 )  =  '5  l - f - (z )  where  t -  2  O and I  l -  =  I

n = l  
n  n -  t  

n = l  
r I

then

@

f Q ) = f i , . +  I
r ^

rL= z

YoL.  L2,  No.  2,  1987

(arr+ b,r) s 1 rrhich follors iuediately

Nep. Math.

r l

I

, : , r : ; ; ; - ;=:1) 
z

Hence from t

Converqel-y,

Since

lfe rrt r.t

and

Then f (z )

tll Herb

[z] s.M.

Departat o
Karuett hi'
Dban.d-5ln

s i
P

Sa

t
t

N o t e  t h a t  f ' ( z o ) ) t f ' ( z )
n  n - o

n=1
T t r

. n
n=r

we

t
n=2

also have

ln (1- <)

n{1-(1-  d)  rot -1}

n { 1 - ( 1 - d  ) r ^ o - 1  }  @

t'---Ir=ai-=-----J=,,1, ̂ ' = 1 - rr s 1
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theorem 2 ,  f (z )  e  n (a( ,  zo) .

suppose tha t  f (z )  e  n (e{ ,  zo) .

1 - <

1 1 1

Eeace from

Converqely,

Since

We nat/ set

and

nt  t - ( t - (  )zon- l  )

,n ( l - ( t -  
d . ) "o t -1 ) -

, - e - - - - - - - - ,-  ( l -< )  )

r - i ^
n-2 

n

Departmt of Hathmotics
Karnatal lluiveraity

Dharrad-58O@3

( n  =  2 ,  3 ,  . . . . . )

a  ( n  =  2 ,  3 ,  . . . . . )

Department of Matheuratics.
Uny. of Agricultural Sciences
Dharwad

" o 5

l r
D

l l '

f  ( r ) fo  k)
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llgggact

Here in the prper ve have introduced an operation 04 in the t-ring

and establiahed certain new results concerning the r-ring.

1 . Introductio

L e t  M  -  ( 1 ,  b ,  c ,  . . . . . )  a n d  t  =  {  { ,  B ,  y ,  . . . . . }  b e  a d d i t i v e

.abe l ian  groups .  I f  tbere  ex is ts  anapp ingMx f  xM . - - t - .  M sa t is fy ing

the conditionsi

1. (a + 5; o1.

8(o(+ t) c

e d ( l + c )

=  a { , c  +  b ( c

=  a g ( c  + . a  B  c

-  4 d b  *  
" 5 ( : l

=  a { ( b B c )  i2 .  ( e C b ) 8 c

3. r{b -  O and i f  arb f  O rtrend. = o;
theo ll ir rdd to be r-ring (c.f. Barnes L966). ALso if there is a
nappin! f r I r f -t f sarisfying the conditions;

lr. S- ts I above

2 t .  ( r o (b )  B  c  =  a (c (b  B  )  c  =  aa (  (b  B  c ) ;

3 ! .  eo (b  -  o , , i f c ( {  o  an " r ,  e i r he r  a  =  0  o r  b  =  O ;
then l{ is said to be a f-ring in the sense of Nobusawa (1964). A Nobu_
sawa l-ring tt is gaid to be comuretive if a{b = bc(a and o(ap r Baol_
hold for errery a, b e ll and d, B , t .

The notion of r-ring was introduced by N. Nobusawa (Lg64) and he
ueed it to generalize the t{edderburn theorem. Later on, it was discussed
by several  authors (J .  Luch 196g1 1959;  W.E.  Barnes 1966;  W.E.  Coppage
and Luh 19?1,  and Z.K.  Warei  197g).
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Throughout the paper rte have assumed that l-ring is in the sense

of Nobusawa. The folLowing basic notious and definit ions are due to

Barnes  i fgOO) ,  Coppage and Luh (1971) ,  and Wars i  (1978) .

A  subset  A  o f  the  l - r ing  M is  a  r igh t  idea l  i f  e  i s  an  add i t i ve

s u b g r o u p  o f  M a n d  a  I , M =  { a o ( c  :  a  e  A '  . > t  e  :  r  c  €  M  }  €  A .

S imi la r ly  a  le f t  idea l .

I f  A  i s  bo th  a  le f t  and a  r igh t  idea l ,  rhen A is  a  two-s ided idea l

or simply an ideal of M.

If  A and B are tt to ideals of M, then their ste cefined as

A +  B =  {a  +  b  !  a  E  A,  b  e  B}  i s  an  idea l .

Le t  M be a  f - r ing ,  a  e  M then a  pr inc ipa l  i c iea l  genera te< i  by  a  i s

represented as (a) '  Za ! afM + Mfa + MfafHr vhere Z rs rhe sec of al l

integers.

If  A and B are subeete of M, then AFB is the set of al l  f ini te sums

of the forn Ja, 4 i  
bi  where a. e A, b, e B, o(, e I

r f  A  i s  a  t w o - s i d e d  i d e a l  o f  M r  t h e n  l { / A '  
" r  

+  A  :  x  e  M } ,  t h e

set  o f  cosets  o f  A  is  age in  a  t - r ing  w i th  respec t  to  the  opera t ions l

( x + A )  +  ( y + A )  =  ( x + y )  + A

( x  + A ) <  ( y  $  A )  =  ( x " ( y )  +  A ,  f o r  x ,  y  :  A  a n d  
" t e  

f .

An  idea l  A  o f  the  l - - r ing  M is  a  n i l  idea l  i f  fo r  each a  €  A  and

a ( e t

(a  
" ( )n  

a  =  0  fo r  some in teger  n .

2. 9gr-Pe!:srglgge:

We start with an operation Or4 on the r-r ing M, which is defined

as  fo l lows:

a O o 4 b = a + b - a d b

for  every  a ,  b  e  M andc{e f .

I t  i s

fo l low ing :

( .  od

A i s c ,  s e  h a v

r==> : i.{

l lence t : ,e : ;

i e :  r

g

+  C  . r  e

opera i .  i ; :  ia

D e f  i n i t  r : c :

I - r ing  !  r : r

( r . q . r -  l o a

D e f  i :  i :  : : e :

t i . a t  .  : 4  a

c c  c c  i c 3 :  1

;-.;;"

Def  in i t  iog :

as  ge l l  as  a

Ereeplg: Le

a n d  f = {
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It is obvious that the operation is closed. Further we have the

fo 1 lowing :

(^  04 .  b )  Oo(_c  =  (a  +  b  -  a " (  b )  Or (  c

=  a  +  b  -  a {  b  +  c  -  ( a  +  b  -  a { b ) d c

=  a  + b  -  a " ( b  +  c  -  a a (  c  -  b a ( c  a  a . ( b c ( ' c .

A lso ,  we have

^ o,/. (b 0O c)

€+ (. O,{ b) 0.:( c

l lence the operat ion 0"1

= r 0 7 . ( b + c - b C c )

=  a  +  b  +  c  -  b {  c  -  a o (  ( b  +  c  -  b , X  c )

=  a  +  b  +  c  -  b o ( c  -  a S (  b  -  a d  c +  a o ( b o ( c

= ^ Ool (b o,tr  c).

i s  a s s o c i a t i v e .

I

I

Let  a  .  ! {  and d  e f ,  then we have 0  in  M such tha t

. O.r( O = a + 0 - a<{ 0 = a

->  C is  an  add i t i ve  ident i f y  fo r  the  operar ion  O< .  Thus  the

o p e r a t i o n  o o ,  i s  c l o s e d ,  a s s o c i a t i v e  a n d  t h e r e  e x i s t s  a n  i d e n t i t y  f o r  o o a .

Def in ig io r : , :  Le t  a  E  f - r ing  M anc t  i f  there  ex is ts  an  e lement  b  in  the

I - r ing  ! {  such tha t  a  0o(  b  =  0  then we say  tha t  a  i s  r igh t  quas i - regu la r

( r . q . r . )  a n d  b  i s  s a i d  t o  b e  r i g h t  q u a s i - i n v e r s e  ( r . q . i . ) .

pglfSigiggi.  Let a € l '=r ing M and i f  rhere exists an element c in M such

that c 04 a = O then r le say that a is left  quasi-regular and c is said

to  be  le f t  quas i - inverse .

!S ! f l : ! fgg j .  An  e lement  a€M is  sa id  to  be  quas i - regu la r  i f  i t  i s  le f t

quas i - regu la r  as  we l l  as  r igh t  quas i - regu la r .

!g ! r l r !1gg:  An e lement  d  @ M is  sa id  ro  quas i - inverse  i f  i t  i s  a  le f t

as  we l l  as  a  r igh t  quas i - inverse .

E:eeplej .  Let M = t  [ : : l  ,  * ,  y,  z.  are inresars]

.  [ o " iand |  =  t  l ;  ; f  :  i s  an  in tegar ) .
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e -

_  t 2 r l
L e c a = t  -  |

L O  I J

so that

a 0 o ,  b =

Nep. Math.

E M ,  { =

Vol .  12,  1987

I { e c h o o s e b = -

Sc .  Rep . ,

[ o  r l  -
I  l e l  .
I  o . o  I

a + b - a d b

I  z  t 1  |  z  s 'L"  rJ  *  ( -  L . , J )  _ {_ t :  l l  [ : : ]  t :  l ] l
I " - r l  *  [ " r l
L o  o l  L o o J

f  o  o l
L o  " l

i ' i l . u
L O  J

a , o 4 b

!!eegee-9-:

i f  the r ight

Proof :  Le t

A 5 ' M .  L e t

-)

+
' \

=

+
:)

To prove the

s o m e y e M

{ r

J r

lbeelep-l-:
Then bd a  i

Proo f :  Le t

c in the I-r

(a 4 u)07 (

Now (t

l z t l !  l a  r  r  f z l l

TX"j-.; 
i f 

i" right quasi-regular ana - 
[. i 1 

t" r rigbt quasi-

3. lgde-Ibeerceei.

Theorem I :  The ,set of r ight quasi-regular elemenrs ia the 1-r ing M is

a group under the opeation Oo4.

Proof :  I t  has been proved that the opera.t ion Ooa is closed, associat ive

and also there exists an element 0 €: M such that a o ( O' O.

his eLement is an identi ty elenent for rhe operation

Oo1. Let a be -r ight.quasi-regular. Then there erisrs ao elenenr b in

M such that a 0O b = 0. Then we say that be is a right ioverse of a and

vice-versa. Thus the inverse of each element of the set of right quasi-

regular elements exists. Hence the set of al l  r ight qursi-regular ele-

ments forms a group with respect to the operation Oo,.

I!Sgfgg-3-i. Every nilpotent element of the l-ring H is guasi-regular.

Proof :  Let a el-r ing M and Let i t  be ni lpotent.

.  n-l
Then (aa()n a = O. We set an element b = - X (ao()ka, then

. k=O

I
I
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a o " , b = s + b - a o ( b

n-l b
= a + ( -  x  ( 4 o ( ) ^ a ) - a c ( ( -

k=o

n-1 ,- n-l b
x  (ac( )Ka +  x  (a4)^a  +

LL7

";t (a o( )ka )
k=o

(a"( )ta

I

k=1 k=1

=  O r  H e n c e  a  i s  r ' Q ' r '

!!ggfgg-3-: An element of a t-ring M is right quasi-regular if and only

i f t h e r i g h t i d e a l 4 = { a o ( x - x : x e } 1 } c o i n c i d e s w i t h - t h e l - r i n g M '

p r o o f :  L e t A =  { a d x - x :  x e M } b e a n  i d e a L  i n M '  O b v i o u s l - y '

A G M .  L e t  a  e  M b e  r . q . r .  T h e n  a  O A  Y  = O  f o r  s o m e  y  e  M '

: )  a  +  y  -  ao(  Y  =  0

- ) a = a d y - Y e A

* a e A

* u  s  I

- ) u = e .

T o p r o v e  t h e  c o n v e r s e r  l e t A =  I - r i n g M ,  a  e M  - + a e A '  t h e n f o r

s o m e Y € M

a  =  a d ,  y  -  y . e  A

+  a  +  y  -  a d  y  =  o

4 a is  r ight  quasi - regular .

Ibggfgg-l-: Let a, b e t-ring M such that a o( b is right quasi-regular'

Then bd a is  a lso r ight  quasi - regular '

Proof: Let a{ b be right quasi-regular' Then there exists an element

c in the l-ring M such that

( a 4  t ) 0 7  c  = O  i . e .  a d  b  +  c  -  a c ( b 6 ( c  = O

Now (b . t . )  O" {  ( -  bo l  a  +  (bc {  c )o (  a )
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=  ( b 4 a )  -  b e ( a  +  ( b o (  c ) d a  '  [  $ c (  a ) " ( ( - b d a + ( b a t c ) d t

=  b  o ta  -  b  6 ' { a  +  b  
" t ca (a  

+  (b  o (a )o (  (b< (  a )

:  ( b  { a ) {  ( b o (  c ) d a

=  b o l  f c {  a  +  a d  b c (  a  -  a d  ( t  o ( c )  {  a J

= ba{  fc  + ao(  b -  aa{  (b {  " /  
{ . "

= b< fa4a oo( 
"7d,."

= 0 .

Thus  b  i s  aLso  r . q . r .

Ibggfgg-!_: Let U be a cormutative J-ring, and A, a right quasi-regular

ideal. Then A is quasi-regu1ar.-

Proof : Let an ideal A of the f-ring M be a right quasi-regular ideal-,

then for ae A we have an ideal Ar - {a e x - x : x e !{i vhich coincides

with the l-ring M (Th. 3).

i . e .  A t  =  r - r i ng  M .

As a € A,  there ex is ts  b e l - r ing M such that  a 0"  b '  O,  and
t l

b C A  ( ' . ' A  ' M )

- f '  b  =  a61b -  a

* >  b + a - b o ( a = O ' " '  a { b = b { a

- iD ,  b  Or  a  =  0q.

.+ a is Left quasi-reguLar.

Thus A is left  quasi-reguLar.

Pgtlgiglgg : Let M be a f-ring, then the Jacobson Radical Jr1 (M) of

the f-ring M is defined as

J a (  ( M )  -  { a  :  a { M  i s  r . q . r .  f o r  a  e  M }  .

IbggSgg-! : Let M be a cormutative f-ring, then J4 (H) is a quasi-

reguLar ideal.

Proo f :  F i rs t lY

a e Joq (M) so

(ao( x).o( l't 9 a

a/ x e Jo7 (Y)

i s  r . q . r .  i r p l Y

Hence (x et a) o(

Le t  a r  be

As b e Ja( (u) '

element wr in l{

Now consider

f i t  -  u ) '

=  [ ( a - b )

= f a c { x -

=  f a { x  t

=  f -  u o ( :

= b ot . ( -  r

= o .

Thus (a - b) o(

Therefore J4 |

I f  a e Jo( (X)'

Then for some (

L e t a o 4  f a

I l e n c e - a O c i

regular ideal.
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Proof: First ly l te prove that J4 (M) is an ideal- in the f-r ing M. I f

a  e  J4  (M)  so  tha t  ao lu  i s  r .q . r . ,  then  fo r  each x  e  Mwe have

(ad x ) .d  Mg adM.  So (ac(  x )d  M is  r igh t  guas i - regu la r  and

ad x  e . f ,1  (M) .  For  each x ,  y  e f - r ing  M,  i t  fo l lows tha t  ad  y6(x

i s  r . q . r .  i u r p l y i n g  x o (  a  o (  y  i s .  r . q . r .  ( T h .  4 )

H e n c e  ( x r {  
" ) o ( M  

i s  r . q . r .  a s  ( a { x ) d  u  i s  r i g h t  q u a s i - r e g u l a r .

Let ar be r ight quasi- inverse of ao( x iurplying (ac,( x) 0r4 ar = O.

A s  b  e  J o (  ( u ) ,  f  U " ( ( - x +  x o { a ) J  i s  r . q . r .  a n d  h e n c e  t h e r e  e x i s t s  a n

e lement  w '  in  H such tha t  I  ao l  G"  +  x (  a t [o4  w '  =  o .

Now consider

A "  -  b )  4 * J  o a  ( a ' o  w r )  =  ( ( ( "  -  b ) d  
" l  

o o ( a r )  o 4 w r

=  f ( "  - b ) o (  x  +  a r  -  ( a  -  b ) 4  
" d  " ' J  A ,

*  f r d  x  -  b o t x  +  a r  -  a c t x d ' a '  +  b d x { a ' J  0 " 1  w '

=  f a d . x  +  a '  -  a d .  x d . ' .  -  b d  x  +  b { x c (  a ?  o ,  w '

= [- to( * + bo( xo( 
"J 

oal w'

=  bo t  ( -  x  +  xda t )  ooq  v t

= 0 .

Thus  (a  -  b )d  H  i s  r . q . r .  and  (a  -b )  e  Jo (  (M) .

Therefore J4 (H) is an ideal.

r f  a  e  J r (  ( u ) ,  t hen  ac {  u  i s  r . q . r .  i n  pa r t i cu la r  ad  a  i s  r . q . r .

Then for some c in the f-ring M, (ac( a) O4 c = O.

Let  a  o4  F  
"  

oo l " l  =  Gor4  ( :a /  
\  

c

= fa-a-as( t-af oO c

= ( "d .a )  04  c

= Q .

I lence -a O c is  r .q . r .  and a is  r . { . r r i  so that  
k  

(M) is  a quasi -

regular  ideal .
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Ibsgfgg-Z_: 
-If 

Jf (M) is the jacobson radicaL of the r-riug M, rhen

Jr Gt / Jp (lt). = o.

Proof : Let a +. Ji (M) e Jf (M / Jf (M). Then for each

x e Mr (a.+ Jr 
'0I))o( 

(x + J, (!1) is t ight quasi-regular in l{/J, (M).

Thus there is,an element g + Jtr (M) of lt/J, (!t) such that

&a + J, (tI) ) 6( (x + J, (r4)V oa( fs + .1, (Mt = Jr (x)

" ,E r - ' . f " { *  + .1 ,  ( u f  o4  f s  +  J I  (MD= Jy  (M)

r+)' aa{ x oa( p 4 Jr (M). r

Therefore, there exists y in M sich that .[€ 4x O* sJ O^t - O

r+ 'ao( x has s o! f ." r.q.i. in the r-ring

* .a {  M  i s  r . q . r .  and  hence  a  e  
1q  

(M) .

This shows that a + J1 (M) is the zero of the P-ring X.
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