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On Imivalence of Certain Amalytic Fametwns Agsoeciated
With Starlike Functions--1

M.1, Rizvi*

1. Introduction

e

Let S be the class of functions f(2)=z+ nzz anz° which are regular
and univalent in the unit disc D {|z| < 1}, where §* denotes the class
of functions in S, which maps D onte a starlike region with respect to
the origin., An equivalent analytic characterization for functions of S*
is weil known [1]. 5; denotes the class of functions £(2) in S*% having
the additional property: :

. !
(1.1)  He _{?.i,i.ziz),j > B, ZeD Ox B <1

Here B is referred as the order of Starlike functions £(Z) and we
*
identify so = 5%

in this paper we are mainly concerned with the radius of starlike—
ness of the function F(Z). Incidently the results of Padmanabhan [27,
Bajpai and Srivastava [3], Bernadi /6] and Libra /7] follow from ours,

! %
2. Theorem 13 If £(2) = Z * b a; zt e s and

n=2 B
@.1) £(2) = -(gf:}ij €% fee))® ae
then,  F(2) £ S, .

7 b
Proof: Let J(Z) =‘J° 'I:G_a[f(l:)]:n dt

then, ey 27 = Fat

*This work has been supported by S.R.F. of C,S5.I.R., New Delhi.
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and -
(2.2)  F@) = () 2T 52,
Now,
F'(2) = (C+a) [(=C+a-1) 2 %2 3(2)s27 %1 51 (2)7.
Hence,
2572 pr(z) = (Cra) [(CHa-1) 3(2)423" (2)7.
= (C+a) [(-C+a~1)T(2)+z° (e (2))%)
Now,
2 51 @)] = (Cra) [(-Cra=1)3"(2)+ (C-av1)2"~
te@)* + oz £@)* ! £ 27
= (cta) a 20 (221! £1 ()
Hence,
oAtk WeAYA 7€' (2)

R e e

Therefore using (1.1), we get

C=a+2

2.3 ke ($ms (:; 22Dy = (Csa)a (Re Z%%%%l}

» (C+a)asB.

Therefore using ([47, Lemma, p. 430) in (2.3), we get

C-a+2
(2.4) Re {g"“iczfl 2} » (C+a)aB
C-a+2 _,
or: Re {z z £+{Z) }z (C+a)ap
F(Z)2~ ¥ (CHa)

or

(2.5) Re {§§%§§l} > of

Csing

Cezollary
—'_--_-,_..‘-

Ca:cll:gx .

--1-

2
-~ $Z
Proct: By the
o ZF'(
F(

Perther since ¥
&

4 Suaction w(Z)
% -31-i:§|:n5 of §
:
|
Phem (3. 1) and
| : .
3.3 {£(2))
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Using (1.1), (2.5) gives F(Z) S:B .

Corollary 1« Theorem C of Bernadi (4] follows from the above
theorem by taking @ = 1 and C = 1, 2, 3.

Corollary 2. Theorem A of Libra [1] follows from the above theorem
by taking a = 1, § =0 and C = 1,

Theorem 2 : If £(2) =2+ §

n
Ly anZ and

z
p(z) = L&) S % Eeg® ae e s,
o

_zC—u+1

where 0 £ o« <1 and D¢ B 51

Then,
£(2) E.Sz in the regiom,
222 ‘2 1/2
2 cr = —(2~af) +{3+a B +(C-o+l) "+2(C-a+l)af-2aB} iF €52, 3, ...

(C - 0+ ZGB) ’

if C=1 and B=o

L e

2. 2.1/2
o~ gz.—uﬁ)+§& o B7) if C=1 and o<g<l
af

Froof: By the hypothesis of the above theorem, we have

G.1) Z8'(2) _ 23'(2) = (C-u+1)I(Z)
: F(Z) 3@)

Further since F(Z) is a starlike function of order up, so there exist
2 function w(Z), which is regular in the unit disc and satisfies the
copditions of Schwartz Lemma, such that

3.1 ZF'(2) _ 1-(1=2af)w(Z)

¥(2) 1+w(Z)

Peam (3. 1) and (3.2), it follows that

o ez = [Coas2)s {£C-u+1}EE2ﬁ-1)} w(z)73(Z)
O+ww(z)]z ™"
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Differentiating eq. (3.3) logarithmically and simplifying, finally

we get
aZEN(Z) o Fandi 27w (2)
(.4 f(zil ag=(1 “5351+w(3) Zi+w(2l7[{C-a+2]+u(z)(C-a+1+2a8—117
But
; 1-w(Z)
(3.5)  Re {1*w(z)} "T{I%YIIT
and |
.6 224" (2) }
: ZT+w(zzyzxc~a+2)+(c—u+1+2u6-1)w(217

2lz] a=le@ %) 1
a-12]% |1+w(@) || (Ca+2) #(Coarle20i-1) ywiz) |

The 1ast last inequality is obtaimed by using the well known inequality

([5]s p- 168),

an vl s a-lw@i® /aslzlD

From (3.4), (3.5) and (3.6), it follows that ©(Z) is starlike function
of order f, if

20zl a-lv@?) I = 21 bt
|1mw(z)|{1-|z| )[(C-e+2)(c-a+2u8)w(2)l .t+.ag;|£

or

(3.8) -2l§l~ < (C-a#2) | 1 + -55:%25 w(@)| 1 |12
1-|z|?

Since

lwz)| < |2| and (C-0#208)/(C-a+2) = 1,

we have
(3.9 1+ 5-'“*f§5l 2| 1 aslz) < 11+ SR v@| (@]
From (3.8) and (3.9), we obtain that £(z) € SB if

2|z| < {(C-a+2) + (Cra+2eB) [Z|] (1-12[),

i.e, if

Let |
Sizce Plo)
Fix) >0 =
Eives the
Corollary

Corollary

Corollary |

* - Theorg

i4.1)

i
§

then,

£4.1)
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(C-a+2)=2(2~a8) | 2|~ (Coar2ap) [2]% > o.

Let P(|Z]) = P(r) = (C-ut2)~2(2-af)r-(C-a+2aB)z’,

Since P(o) = (C-a+2) and P'(r) < 0, the positive root T, for which
F(r) > 0 must be less than the root of the polynomial P(r) = 0, that

gives the required value of ;u_and the proof of theorem 2 is complete.

Corollary 1. Theorem G of Bernadi /6] follows from the above theorem
by taking a = 1, =0 and C=1, 2, 3,...

Corollary 2, 1If a=1, C=1 and 0 € 8 & 1/2 then the theorem of
Padmanabhan /2] follows.

Corollary 3. If a=1, Theorem 1 of Srivastava /3] follows from the
above theorem.

&. Theorem 3. If £(2)=2 + .2 az®e S* and
theorem d o B
n=2 1
g(Z)=Z+ T bZ eS8
n=2 ° B2
and
(etpra) (* C-p=q P 1
(%.1) P(Z) = spmteae t {(£0e)1 ¥ {&8(e))? de,
Z P 0
F(Z) ¢ S
© Tpe tak,

A
s Let J(2) = j. tO'P'q'{f(t)}p {g(t))9 de,
Q

@) = 25" e @))P (519,

=C4+p+g-1

TAZ)..

24
thee
F
.n FIZ) = (C+p¥q) Z
.,

FUZ) = (Coprq) [Capiq-1)2 P2 (7Ot P 1557

« (Copta) [(~Crpta-1)Z S P 9252y 427 1 15(2) 1PLg(2) 1Y
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Hence,

25PN g1 (27 (Capq) [(~Coprq=1)3(2) 425 PV (£ (2) Pig@)1Y].

Now,

LI @] =(Copra) Lorpra-1)3" @) +(C-pgr1)2C P

(£@2)® ()% + 2P, (20127 sy o

= @2 P L 2) 1P () wqie @)1 Y @)

Hence,

C-p—q+2r, Ny v '
Z_F RN 2£'(z) . 2g'(z) -
5L : J_'(z)"'(")' = (Cop+a) [p £(2) T 7gz) ¢

Hence using (1.1) in (4.3) we get

C-p-g-+ ZF t (zll t];-
I(Z) 3

4.4)  Re [Z

v

(C+p+q) bel + g8, T

Therefore using ([/47, Lemma p. 430) in (4.4), we get

C=p=q*2_ i x
2. :
{4.5) Re {—-—~Ef§5§-£§l} > (C4+p+q) [}El + q32~?'
or
Copmg+2_,
Re { Zc_p__qﬂv Loy s (conra) 5By + a8, J-
F(2)2 /(CHp+q) :
or

(4.6) Re {%%%l} 2 (pBy + qBy) .

Therefore using (1.1) in (4.6), we get

*
F(Z) & 8
pBl + q82 5

Coreollary 1. If 82 =0, p=a and BI = B, the theorem 1 of our paper

fallows.

(C+p+q) [pRe (gifééi_ + gRe {§

ez,
ol

_—————_

0N webs

N e
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guidance in preparation of this paper.
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on a Special Tensor Cp gk of a Finsler Space

U,P. Singh and K.A. Khan

Abstract

In the present paper we have defined a special tensor in a Finsler
spece and discussed its properties. This tensor is not conformally in-
variant but it is defined with the help of Cartan's third curvature ten-
sor in the same way as the conformal curvature tensor is defined in
Riemannian space, The forms of the temsor Chijin in Finsler space of
scalsr curvature and of constant curvature have been also discussed in
this paper.

i. Introduction

The properties of conformal curvature tensor in a Riemannian space
beve been studied in /2], [5] and [6]. Rund (/8] page 226-227) has
gointed out the existence of a conformal invariant which is not a tensor.

'% &k present paper we have defined a special tensor C (x,%) in a

hijk
Fizsler space Fn and discussed its properties. This tensor is not con~
“osmally invariant but it is defined with the help of Cartan's third
fetwsture tensor in the same way as the conformal curvature tensor is

“aflped in Riemannian space, The forms of the temsor C in Finsler

hijk
Spaces of scalar curvature and of constant curvature have been also dis-
eaassd in this paper,

We shall use the following identities involving the curvature ten-
s b i (/8] pages 105, 107, 111).

a-u (=) B T T Bk
B Rygsp ™ = Bygyy amd
89 By ™o Bugge B hs o 13up

1- 1 5 1 -r=
Bl Boaor t Rakn t Bimg b Cign Sone * Cod Fosn  Cann i) ® ™0
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and

- i i 1 i TR

i ri
where thk =g thjk'

1 T X
(1.4) th ) Rrhk g Krhk L

h

- Cixn %510 ~ Ckn Ci1[o?

s h
(1.5 Pyopr = 85n Py = )i " Caals t
the index 'o' stands for contraction with respect to %" and the tensor
K;kj has been defined in [B] (page 97). From the equations (1.1) a),
(1.2) and (3.4) we find

3 i 3 g I R
(.80 Bepy *Rdn ™ B ™ S Bt St Byt O B o

2, The Special Tepsor Chiik

An Rj-like Finsler space F (n 2 3) is characterised by the rela-

tion ([ﬁ]):
(2.1) Byiox = Bny Bik * ik By "oBnk iy T 8ij mer

where Lij are components of a covariant tensor of second order. In a
three-dimensional Finsler space Bhijk can always be written in the
form (2.1)

ik

Contracting the equation (2,1) with g~ and using the relation

(1.1)c) we get

(2.2) th = (n~2) Lii + L shj s

where L §$£ Lij gij

Contracting the equation (2.2) with th we get

(2.3) R =2 (n-1) L,

Subs

i2.2) we

£2.5) L

Patting ti

e ger

{1.8) lh

T temaar c
of & Riemges

The oqu
ilemms (2.1).

As a par

Semma (2.2).
Sdenzically,

From the



e’

asor
a),

‘ela-

where
(2.4) el piig

ij *

Substituting the value of L from thz‘equa_tiou (2.3) in the equation
£2.2) we get

¥ . R
E3 Ly - 5 DD Bhj

Forcing the value of I'hj from the equation (2.5) in the equation (2,1)
we get

EE Rk T Gy Ry gy ik Bnj ~ Ry 8y ~ Ry 8;))

R.
TG w2 @ng Bik T 8y gy -

It is to be noted that the Ricei tensor nij' is not symmetric tensor in

getoeral. '
Sefisition (2.1). We define a special tensor Chijr (0X) in F_ by the
relation.

B |
BT e = Base @2 ®ng Buc * Rix By < By Ryy - Ry 83 *

R ;
"D @e) Bny Bk 8y )

The te=sor chijk is of the same form as the conformal curvature tensor
ef a Riemannian space, However, tensor is not conformally invariant.

The equation (2.6) proves the following lemma:
Lesma (2.1). 1In an Rs-li-ke Finsler space c‘hij-k vanishes identically.

As a3 particular case of this lemma we have

Semma (2.2). In a three-dimensional Finsler space Chijk vanishes
 Mestically,

From the equation (2.7) we find

apdl, oL do g g 3
o.n cli:jk Raik ~ Taszy 6 hi * R Bng "Ry gy - Ry gtk

"ﬁ_——_— S . _;
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R i i
* BeD -2 Gnj Sk T &k 550

_ vi _ i oy ri ik _ .k
vhere, Cp e @ Mg mBL =R @ and gi. g = & .
Theorem (2.1). The tensor Chijk satisfy the following identities:
(2.9) a) ¢i. =0 B ¢, = o
ik hik
i = = -
GO g o WG ik = = Sk

Proof. The proof follows immediately from the equations (2.7) and
(2.8).

From the equation (2.7) we find
i - = =
(2.30)" Chgsre = Ciumi = @=2) Bi®in~ Fny) * Bjn Bui By

~ 8y P R gy ®y5- Ry

1f chijk_= cjkhi' then the right hand side of the eguation (2.10)
vanishes. Contracting the right hand side of the equation (2.10) with

glk we get

(2.11) th = th

Conversely, if the equation (2,11) holds then from the equation (2,10)

we get

Hence we have

Theorem (2.2). The tensor chijk is symmetric in pairs of indices (hi)
- and (jk) if and only if the Ricci tensor Res is a symmetric tensor. We
shall use the following lemma (/97):

Lemma_(2.3). The Ricci tensor Rij of a Finsler space of scalar curva-

ture is a symmetric tensor.

o tes u-‘a .



with

2.10)

3 (hi)
. We

surva=
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From the lemma (2,3) and theorem (2.2) we have the following theo-
rem:

ibeorem (2.3). TIf B is a Finsler space of scalar curvature then chijk

‘s symmetric in pairs of indices (hi) and (jk).
From the equations (2.8) and (1.6) we have
i

i + cl 1

i oot i
212 Cisk * en * Okng (€51 B * Ca Byp *

: R = 1 1
* Oy Beg) = 553 (8 By 4
S R
j kh ik 8D,
where th = RhJ 3 th.
Taking the Cartan's covariant derivative of the equation (2.8) and using

the relation 3ij | = 0 we get

i i 1 it i -
B2 Chiklm ™ Phjklm " 522 Cic Bhglm * R m 83
i

+ - R i
- gt = iy o lm i
Bilm Bk Bok|m %50 * @EIYGoE) Bhg Bk T 6 B

Af%es wsing the Bianchi identity (1.3), the equation (2.13) become

i i i 11 L i 1 i
£1.34) chjk;_ + cmrmlj + cmj|k = (ka_ Phjl + Rjk Pim *
(I 1 ,i
wRas Prar? ~ 572 Bn Rl

i
“ Bt * S Pgpn ~ Bryy)

5; (Rl'nn|k - th|1:1)| i (Rihn -

+

i R
" Rale) 8ny t B By - Bt

i i 1
8 B = |3 * GGy £
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Witk the help of the Bianchi identity (1.3) and relations (3.2)a);
£3.2)¢), (3.58) and (1.1)3) we get

i i
£3.8)(a) Ryik|m = 2Ry |

B . = - :
' (s “mlmfm 2 R
and

Jiven () X th - er X" = 2R.

“hj [m
Assuming that i is a coftcurrent vector fleld of F_, we define a modi—

fied Finsler space F whose metric function F 6,57 x) is given by
i vector

-
G Frert s (X0 3%

:: mas been shown in [77 that the metric tensors of the spaces B, and

! satisfy the relation

*
(3.8 3ij = 3ij kS xixj .

Alsc we have the relation (/[77):

B , ik Bj1 ” &3y Bk

ijkl 1Jk1 3 X2

= g;:{(n=2) 22 v (=13} FhX
B0 ». =R, 4 A 5 3
H J 1 (1 + x%) (1 +Xx%)

o+

_ Bils 2 =R+ (n-l) L0220 X’ 2+ 8l
ing the (1 + x%)

ey Iz -2 (x,%) xixj.

The 1al C* i Ay defined a
special tensor hijk in Fn 15 defined as

F o . 5 1 * W
b Sk T Raigic aez ®ae®ng * Rik By T iy Bk
%* * *
83 B * (n-“’?n-z) (e Eh 313 ghk)
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With the help of the equations (2.7), (3.8), (3.9), (3.10), (3.11) and
(3.12) we get

*

el Gray = Cosop — ) Xy * Ry = RyX X - LXRL) +

Gl =) (n" 2y B X% * XiXeg o) -

SBp BE S XK 8 -

Theorem ( 3.1). 1If a Finsler space F admits a concurrent vector field
X" then the necessary and suffxcient condition that the special tensor
chijk is invariant under the transformation (3.7) is

X.X,
3. 14 B e B ==l
(3.14) Rii - (g xz ) 7,
Proof. In order to prove the necessary part we assume that Chle chijk-

is given. Then from the equation (3.13) we find
" - - g - = -B- .
5% * Rae %% S BNRG - B 5K v oy Gy Ky Xy ¢

PR T B XXy g KK

Multiplying the above equation by xh, xJ using eq;atiun (3.3) and rela-
tions gij X = xi, xixl-u x2 we get the equation (3.14).

In order to prove the sufficient part we substitute from (3.14)

the expression of tha components th, R1 R th in (3.13). This

k
substitution gives ch"k Chijk'

4, Finsler Space of Scalar Curvature

The tensor Rh.. in a Finsler space ¥ of scalar curvature, K is
11k n
given by (/97)

(613 e iie ™ {‘h 5 N * by i) T Ol Byg # Vg BT = Qs




and

is

hijk -

where -ij is the angular metric tensor defined by

"y " 85 ~ Mg
5 i» wnir vector in the direction of the element of support, N is a
#psmetric tensor given by (/97)

22| 2

. = 3K aK
Y ¥ -, -2 E L 15, ;. 4 1.1.F
ij ij 3 Mti B gt 3 a3 1 i)
md
0 5 r
) Qs = Pus Pl =Yoo Frol

rijt being defined by the equation (1.5).
The scalar K occurring above is called as the scalar curvature.
“% i positively homogeneous function of degree zero with respect to
e slement of support %,

If the scalar K is constant then 11"__L is called a Finsler space of
Sesstant curvature, In a space of scalar curvature K the relation @Lel)ey
.4} and (4.1) yield

W2z
L) .= (=1)Kg, . + [(n=-3)F> 25— 4+ (3o-7)F
" hj agxh gl ij 't

3K 2 a%x

) IS IS ’
""""""lj) S et hhj] /6 - Q

axh 3% 2"
- _
sy l'(n-l)n‘Kd-%gfj;g——;gsr-Q’
Bx° ax-

ef ik _ oo hj _ o

WESS the Belp of the equations (4.1), (4.2), (4.4), (4.5) and (2.7)
-

. 2 2y a2k 3K
), F__ ( ? -+ g = = = T By T
W St 5 g ait ax® K gl gpd gl g THE
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82K F 3K 3K
- B, —----)-i—j_ 8. (1 +-—-1.) ¢
ij atb 'Bik 6(n-2 [hj Ay k oGk

5K - ok
(== 1j + =7 L) =
i a3 i

ax

TR S
* By (.a.;‘h lj + 3,-4.i 1h} Bhi

2 2
K ak F K 1, L.+
8y G e Tk O e i

where

= Y el _
@1 Ly = Qe T a2 Gk %t B G T Bk Yy

_ e -
Qe 8i5) * D=2 Bhj Bix ~ Bij B

We have thus proved the following theorem.

Theorem (4.1). In a Finsler space of scalar curvature K the tensor
chijk is given by the equation (4.6).
In a space of comstant curvature ?5-1' = p, Therefore the equation
oy B%
(4.6) gives:

Theorem (4.2). In Finsler space of constant curvature K the special

tensor chijk is given by

1
(4.8)  Cpioy == Qg * a2 ®ik gt Bng U T Bk % T

- Qe 85 " D@D Bik Bny T i B
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I= a Landsberg space ?ﬁij =0 ([7]). Therefore the equation (4.3) yields
%jkzo which implies QI;;j. =0 and Q = o,

SeSsrituting these values in (4.8) we get ch‘:‘.j-k = g,

It Bas been shown in /37 that an R3~like Finsler space is characterised

by the vanishing of the tensor chijk‘

Therefore we have the following theorem:

Thecre= (4.3). A Landsberg space of constant curvature is R_B-like.
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Fized Point Theorems, Compact Metric Spaces and Nearly
Densifying Maps

S.V.R. Naidu and K.P.R. Rao

in this paper we first obtain a fixed point theorem of Jungck type
Doj tor nearly densifying self-maps on a complete metric space, genera-
iizing some of the results of Chattopadhyay /2] and Iseki [9/. Later
w» prove some fixed point theorems for a family of self-maps on a compact
®etric space and obtain their analogues for a family of nearly densifying
#slf-msps on a complete metric space. One of these results (Theorem 2)
“% & generalization of some of those of Bailey /17, Edelstein /37, Hardy
wad Bogers /8], and Fisher [4], [B], [6] and [7].

Throughout this paper:

#,4) is a metric space ; A,B are subsets of X ;

4 {A) is the diameter of A : A is the closure of A ;

f.8.5,1 are self-maps on X ; I is the identity map on X ; and
?il 2 non-empty family of self-maps on X.

Swfisition 1 (Kuratowski [117):-~ If A is bounded then «(A), the measure
W Ses-compactness of A, is defined as inf { e % 0 | A admits a finite
Sesss cemsisting of subsets of X with diameter less thanm & } ,

W8 .0 are bounded subsets of X then
a(A v B) = max { a(a), a(B) | .

"% & complete metric space, the measure of non-compactness of a
SRS set ds zero if and only if the closure of the set is compact.

SeSieitien 2 (Sastry and Naidu /27): £ is said to be nearly densifying
¢ WA x 2(A) for every f-invariant bounded subset A of X with a(A)
e

MeSiaieies 3 (Sessa [13]): f,g are said to be weakly commutative on X
o Sligs, gfx) < d(gx, fx) for all x ¢ X.
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Theorem 1:  Suppose that (X,d) is complete; f,S are commutative, conti-
nuous and nearly densifying; and for x,y e X

(1.1) d(fx,fy) < max { d(Sx,Sy), d(Sx,£x), d(Sy,fy),

%[H{Sx,fy) + d(£x,5y)] }
provided fx # fy and Sx # Sy.

Suppose also that there is an X, € X such that A = { £4g xa[ i and j are
non-negative integers } is bounded, Then f and S have a unique common

fixed point.

Proof: Clearly £(A) € A.

From the commutativity of £ and S we have S(A) £ A.

From the continuity of f and § we now have £ () (== A and S(A) = Z.
Since f and § are nearly densifying, A is bounded and A = {xo} v iU
VU S(4), it is clear that w(A) = 0 so that, from the completeness of X,

A is compact.

Since £S is continuous, (£8)"(A) is compact for each positive integer n.

Since the sequence {(f-s)-“(?.-)‘} is a decreasing sequence of non-empty

compact sets, the set H = ﬁ (fs)"(ﬁ) is a non-empty compact set,
n=1

From the commutativity of f and S it is clear that f(H) C H and

S(H) < H.

Let % ¢ H. Then x € {fS)nﬂ'(K) {(n=0,1,2,...) sc that we can find a
sequence {x } such that x e(£8)"(A) and £5x_ = x (n=1,2,...). The
sequence {x } , being a sequence in the compact set A, admits a comver-
gent subsequence with limit p for some p in A. It is clear that p e H
atd fSp = x. Hence H is a subset of f(H) as well as S(H).

&8 A B a4 =

o

TR E 59 a0E oo
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Thes we have £(H) = H and S(H) = H.
From the continuity of f and S and the compactness of H we can find a
@ ¢ H such that d(Su,fu) = inf { d(Sx,fx) | x ¢ H }.
We can cheose w € H such that Sw = u,
Suppose now that £Sw + £fw and SSw § Sfw.
Thes taking x = Sw and y = fw in inequality (1.1) and making use of the
cemmutativity of £ and 8 and the fact that Sw = u we obtain
2188w, ffw) < max {d(Su,fu), d(Sfw,Effw), -21- d(Su,ffw)} so that on applying
Eriangle inequality we get

d(Sfw,£fw) < d(Su,fu)
shich is a contradiction to the selection of u. Hence we have fz = Sz
whete z = fw or Sw. Also S22z = Sfz = £Sz. Hence if 5% 4 Sz then one
“an spply inequality (1.1) for x = Sz and y = 2 and arrive at a contra-
diction,
Thes 5z is a common fixed point of £ and S.
From inequality (1.1) it is evident that f and 5 cannot have two

#istinct common fixed points.
Sence the theorem. l

Bemark 1. Theorem 2 of Chattopadhyay [2] which is a generalization
o4 1he theorems of Iseki /9] is a special case of Theorem 1 with § = I, '

Besark 2. Example 1 shows that in Theorem 1 the commutativity condi- !
Siom o= f oand S cannot be replaced by weak commutativity.

Mesmpie 1. Let X = { 1,2,3 } with the usual metric.
Befise f 1 X —>X as fl =2, f2 =1, £3 =2
= §:X—>XasSl=3, 8=3, 83=1.

e £.% are weakly commutative and

#w - fy < max {|sx - £x|, |Sy - £y|} for all x,y in X.

¥, %eing self-maps on a finite metric space are continuous and
deaifying.

Bt seither f nor S has a fixed point.

#eebem. Does Theorem 1 remain valid if imequality.(l.1l) is altered
W% =eplacing the average of d-(fx; Sy) and d(Sat,.fy) with their maximum?
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Theorem 2. Suppose (X,d) is compact, (fg)p is continuous on X for some
positjve integer p ; f,g commute with each other and also with every

member of ¥ ; and for x,y € X

(2.1) d(fx,gy) < 8§ (@) v &(¥)
provided fx % gy, where &(x) = {Sx | s er }, 1 being the semi-group of
self-maps on X generated by ¥u{ £,g,1} . Then the family ¥ ulf,g}

has a unique common fixed point.

Proof: Let H=[) (.f_g)pn(x).
n=L

From the compactness of X, the continuity of {f;;)p and the commutativity
of f and g it can be shown that H is a non-empty compact set, £(H) = H |

and g(H) = H. |
Since f and g commute with évery member of ¥, we have SHE H for all L l
Se¥. - ;
From the compactness of H there exist Zy1%, € K such that §(H) = d(-zl,zz}j. ,
| 1 = = L
There exist X;,X, € H such that Ex1 Zy and gx, = Z,.
|
Suppose Zy + Zy .
Then from inequality (2.1) we obtain I
- = o 1 E
L d(£x,,8%,) < 6(@(x)) v B (x))) = &(H) -
¥ which is a contradiction.
Hence H = { z } for some z in X, "
Since every member of ¥u {f,gl is H-invariant, it is clear that z is a
a common fixed point of % v {f,g} . From inequality (2.1) it is evi- 2
dent that the family v {£,g} cannot have two distinct common fixed -
points,
Remark 3. Theorem 2 is a generalization of some of the theorems of
Bailey [17, Edelstein /3], Fisher [4] and Hardy and Rogers [87. It is .
also a generalization of Theorem 4 of Fisher /5/ and Theorem 2 of »’
a

Fisher [7]
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Corollary 1.  Suppose that (X,d) is compact, f is un&uum ‘on X,
£S = SE, £T = Tf and ieﬁrx,fﬁ‘x

dffx,fy) < max { ﬂ(ko:c?): d(s‘hfﬁ)’ d@ytfy); d(fx,Ty), d(sx, f?‘-}}
provided the right hand side of the inequality is positive. Then £,5
and T have a unique common fixed point.

Proof:  When the right hand side of the above inequality is zero then
fx = fy. Hence from the hypothesis it is evident that the above in=
equality holds when fx # fy. Now the Corellary follows fmm Theorem 2
on taking g = £ and ¥ = { S,T }.

Semark 4.  Theéorem 2 of Fisher /7] (which in turn is an improvement
@ver Theorem 5 of Fisher [6/) is nothing but Corollary 1 with the follow—
ing additional restrictions on the hypothesis:

£1) S,T are continuous on X and
{2} For each x in X, there exists y in X such that fx = Sy = Ty.
Theorem 3.  Suppose that (x,a) is complete, ¥ is -finitq:, every member
§ ¥ uif,g} is continuous and nearly densifying, f,g commute with each
s and also with every member of ¥ , and inequality (2,1) holds when
% % gy, where @& (x) is as defined in Theorem 2.

sae also that & 'ﬁ;ﬁ} is bounded for,some x e X
W5 the family ¥ u{f,g} bas a unique common fixed point in X.
Write A = =3 (xo). and f = ﬁr u{f'g} a
wely S5(A) © A for all Se¥P .

“% every member of ¥ is continuous on X, we have 5 (A) € A for
-., - v

v A= (U s@).
%t L S 4

-

{%,4) 1s compiete, A is bounded, ¥ is finite and every member of
Searly densifying it follows that A is compact. Now from Theorem 2
s that F has a common fixed point z in the compact space A.
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m‘“ 4. Suppose (X,d) is compact, ¥ is finite, ‘every memberof .
% vif,g)} is continuous on X and any two members of it are commutative
‘and inequality (2.1) holds for all those x,y in X for which

zfd(sx,sy)+  inf d{fu,Su)+ inf
Se¥ te G (Nualy) wSx)ualy)

where & (x) is as defined in Theorem.2. Then the family 2w {f,3) has
‘a unique common fixed point,

Proof: Let K= (£2)"(X) and ¥= % U if,3) .
n=1
Then K is a non-empty compact set, £(K) = K = g(k) and S(¥) C X for

There exist Z1425,W),W, € K such that £(K) = éiz,.2), fv, = 7 and

Let ¥ = {81 nsz-_n s ssl. .

S d(£u,S)u) > O thes frem imequality (2.1) we have
ue g-.(wla u-@',_-(wz)

8(K) = d(fw,gw)) < 8(G) v@ (W )) £ £(K), which is a
contradiction.

Hence inf d(fu,s,u) = 0.

U

Now from the continuity of f and $, and the compactness of X it follows
that there exists ue © (tT-l) U & (¥,) such that fu, = 8,u;.

Since any two members of 3 are commutative it now follows that
£=5 on &(y).

Hence from the continuity of £ and §; we have £ = 5, on G (u).

Clearly S(&(u;)) € &(u;) for all § 37,

d(gu,su) ] 40

Sim:.a ‘every -
S(B) ©

Tsking &(u
almost along
“2 L 3 c—;ful)
.?Hr'lhl. E
Now we have |
Continuisg 1
v € X such q
Further, El

Let H= 1
n=l
Then H is = =

ftslwszt

There exist 1:

qu =V,
1f d($u3.s'r‘]'

§(H) = d(fv,d'
which is & d

Hence Gt! - S
Hence v‘ - lv,'

Hence H = (2]

Since H is S-i
fixed point of
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Since every member of ¥ is continuous we must have

'5(-':t§fhi')}--§ G(u;) foralse .

e e s

Taking G’(uI) in the place of X in the definition of K and proceeeding

almost along the same lines as above, we can show the existence of |
ﬁ__-2 € (;_;{uls such that f = Sz on G_i-u-z-).

‘Further, siq’) is S-invariant for every S ey .

Now we have f = Sl = 52 on @'-,iuzs.

Continuing like this, it can be shown in (n+1) steps that there exists I
¥ € X such that £ = S,=5,=...=gon G,

Further, G(v) is S-invariant for every S £ .

et H=1 ™SS0,
=]

Then ¥ is & nom-empty compact set, fH = H,
|

fﬂsl-sz-...-5n=gouﬂ:, .

‘There exist ¥10¥9s¥3,V, £ B such that S§(H) = d(-“l_""z-" fv3. = v and

If d( ._3:,,314.} > O for some S € F then from inequality (2.1) we get

s(H) = d(Evgegv,) < 8(&(vy) v S v)) = s(m),

which is a contradiction. i
Hence Svy = 3“4 for all se ¥ .

VEREE Yy, 2 PV Ea Yy T 6, S Ty

Hence H = {2} for some z in X.

Since H is S-invariant for every S in ¥ it follows that z is a common
fixed point of ¥ .




From inequality (2.1) it follows that z is the only common fixed point

of ¥ .

Theorem 5, Theorem 3 with £f,g commute with each other and also with

every member of ¥ and 'inequality (2.1) holds when fx + gy’ being read

as 'any two members of Fru {f,g} are commutative' and 'inequality (2.1)

holds when
5 [a(Sx,Sy) i inf d(fu,Su) + inf d(gu, Sll}] 401
Sew ue ®v @ e (Dv  (y)
respectively.
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A Subclass qf'UnzvaZent Fynetions With Negative
Coefficients

S.M, Sarangi and M.R, Krishna Murthy

————————

Let f(z) = a;2 - & anz-n (e, 20, a> 0) be analytic in a unit
? . n=2 '
disc E.

Let Q(«<) be a class of functions f(z) satisfying

Re %‘-‘l > A (0g o < 1) for z € E and T a class of functions £(z)
1
that satisfy E'(z ) =1 (0 < z < 1). The subclass E.(c{lz )=q=)NT

is considered and coefficient mequaht:.es, distortion theorems, radius
of convexity and closure theorems are obtained for this class,

1. Introduction
-1
Let A denote the class of functions f(z) = &1'2 =g anzn which
n=2
are analytic in the unit disc E = {z, |z| < 1} where ay >0anda >0

for n = 2,3,...

Let Q(el ) be a subclass of 4, consisting of functions f(2z) satis-
fying
' - -
Re f—a'(y"rd (0 sol<1) for z.£ Eand T a class of functions £(z)
1
that satisfy £'(z) =10 <z <1).

For given ol and z fixed, let

R, 2) = Q) T.

In this paper we obtain a few sharp results concerning coefficient
‘inequalities, distortion theorems and radius of convexity for the class
R 12, ). Further, we show that the class R(c&,,z ) is closed under
-Arithmt.:e means and convex linear cﬁm‘bmatians '




if and only if
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‘H. Silverman's [1] techmiques are used for establishing the theo-

reims.

Thecrem 1, A function £(z) = az = E an::n where 2 > 1 and a 2 0
N n=2

(6=2,3,...), is in Q@() if end only I o a <a (1-%) Q)
n=2

The proof is obtained in /2].

1

Theorem 2, A function £(z) = a2z = ¢ a 2" is in R(=(, z)

n=2

La{l-0-d e ha c1-x

n=2
Proof: ;Si‘ﬁ'é_e' £ 1"{zm) =l =a,~.k m‘:url. the result follows by
n=2
substituting
O ; -.uan'zau_l (2)
n=2 '

in the statement of theorem 1.

o
Corollary. If £(2) =8z - I a2 isinR(<, z)
it - e . _II. s “sz -..n c

then o, § =kt S 023, ) it
© o onfl - (-et)z " )

. _ T A
equality for f(z) = ———2f— “1--"9;:1---
| afl - (1 =)z ")

Theorem 3:-1f f(z)

then

It = 3=

and

e @) £ 5=
Proof: From Thestws
3 |
T
Therafnre, i
[£¢z)] = =t
That is

|£¢2) | ‘fﬂﬂ

Hence (3) followm.
Further,
(el g ay =

Also from theorem 2,
I

IlmlG
n=2 "
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Theorem 3:-1f £(z) = a;z - nfz.an-z-n' is in R(x, %)

then

()] = ﬂl_-—ﬁz)—zlf_z +r (1=-2) 7 (|z] =x) ...

and

|£*¢x) | < -:-?%—;3;-— [1+x(-) 7T (|z| =x) ---
] Q

Proof: From Theorem 2, we have

I
=2
Therefore,

(=%

; 2 - Y N, 1
E@ 2 mr+c” g g 150~z * 2 G-G«)a)

n=2

That is

r N
le@) | = i—ﬁm}- 2+ (1=%) J.
Hence (3) foliows.

Further,

|grz)| &8 *+r I na
n=2

Also from theorem 2, we have

1 -

s o and hence (ﬁ-) j‘.;qlluwa‘.
1= =gz '

o :
z ua-ﬁﬂ.

3)

(4)
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Theorem &: 1f £(z) ¢ R, 2 ),

1

2| < x = ety = 0 £

n n(i-
the extremal function

o)™
fz) 5 BE = (1 R
B n {1-(1-:-{); “"1

Proof: It is enough if we show that

22 s1 for Jz| s (o)

& n(n—l)p, ‘|z|

zf" %l < n=2 —

- I ma_|z|"
i a=2 0

{8 c1 , ue

n=2

- n-1 -1
T @ |s[ = _son Ya <1
n=2 '

then f(z) is convex in the d.isk

The result is sharp with

el 35 50eay)

o e _ L3 -1
wﬁiz ﬁi‘(in'-.’lf}aﬁ[_g[ﬁ"' <1+ 1 nagz®

- I nalz
n=2

therefore, (!

z (nzl
n=2

or

nzl‘lll"‘l

Solving (6) f

then




From theorem 2, we have
- n n-1
,- R nfz .(m-nzn ) an'sl

therefore, (5) holds good if

= = :
A L R TR S
: o= - nzg

or

2y m=1 m-1 _ n ) =3
N 3T R A N 6)

Solving (6) for |z| we have

1
le] = [ﬁ(lT?}?‘ﬂ‘l m=2,3, wiid)
writing |z| = r («), the result follows.
5. Cle Theorems

ﬁ {’
B a "3“" ‘and
=2 °

Theores 5:- 45 £(2) = ayz.

8(2) = bz~ I b2z" are in R(«, z)

n=2
then

o
z

_ +b

=i a, + |
(ay + b)a" (e = -1l y

h(z) = €2 = %

is also in R, zo) .

Proof: 1In view of theorem 2, since £(z) and g(z) belong to R(«, z.)s.
we have
@

ot o Smely. gl S
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For h(z) to be in R(x(,z ) it is sufficient to show that

= 1 a:wmﬁ (av;i- iln) < 1 which follows immediately

n'l"i-é-

-—

Theorem 6: If £,(2) = 2, £ (2) = === (822,3, ...00)

afl-(-= )z,

then f(z) € R(~(,z ) if and only if it can be expressed in the form

¢ . :?{ LW S

Let f(z) = ’ni Ahf_'ntz) where A 20 and I

_ (1-»{) Ay 2
n-z n{1—(1—°{>a “"1}

n—lJ £

f(z) = ;ﬂi W .
W’z 3.""{1.-*)2

Note that £'(z)) = I A ' (z) = I A =

' eﬁt&-aibraﬁ):ﬁ"*)

e —— e —

'-M nﬂn(l-elbz

Hence from

Since

Then £(z)

[1] Herb Si

[2] S§.M. Sa
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Hence from theorem 2, f£(z) & R, z o)
Conversely, suppose that £(z) = R(~(, 7). |

Since
1-=£
ali-(1-2)z "}

tﬂ'_ -'-2:_, 33 "-.10-)

an =
- ‘We ug' set
A{1-(1- &)z Pl

LTI R R 3 )

and

- |- t 1
h oy e

Then f(!l'-il L @
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| On Quasi-Regular and Jacobson Radicals

Z.K. Warsi & Prahlad Singh
Abstract '

Here in the paper we have introduced an operation 04 in the T-ring
‘and established certain new results concerning the [I-ring.

)% Introduction

Let M = {... b. e, ollot}' and T = -{ E( y 3, '-'Y, R .]" be ad_sitfi"e
abelian groups. 1f there exists a mapping M x I' x M —» M satisfying
the conditions: y

. (a+bBefec = aclc * bele
alel+ 8) © = aglc+aBec
s Bre) = adb+a(e;

2. factb) Bc = aol(bBc) ;

3. aelb = 0and if a,b % 0 thenol =0;
then M is said to be P-ring (ec. f£. Barnes 1966). Also if there is a
mapping [ x ¥ x T —3 I satisfying the conditions:

la. Same as 1 above

2a. (ae(b) Bc=ale{bB)c=as{ (bsec);

Ja. ao(b =0, ifo{ {0 then either a = 0 or b = 0;
then M is said to be a I'-ring in the sense of Nobusawa (1964). A Nobu-
sawa T-ring ¥ is said to be commutative if ao{b = be(a and {af = Bacl
hold for every a, be Mand o, B ¢ T . ! ’

The motion of T-ring was introduced by N. Nobusawa (1964) and he
used it to generalize the Wedderburn theorem. Later on, it was discussed

by several authors (3. Luch 1968, 1969; W.E. Barnes 1966; W.E. Coppage
and Luh 1971, and Z.K. Warsi 1978).
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Throughout the paper we have assumed that I-ring is in the sense
‘of Hohusm. ‘The following basic notious and definitions are due to
‘Barnes (1966), Coppage and Lubh (1971), and Warsi (1978).

A subset A of the f'-ring M is a right ideal if A is an additive

subgroup of Mand a T M = fastc:acd, AL T, cecM] < a.
Similarly a left ideal.

If A is both a left and a right ideal, then A is a two-sided ideal
or simply an ideal of M,
If A and B are two ideals of M, then their sum defined as

A+B={a+b:ach be B“} ig an ideal.

Let M be a I'-ring, a € M then a principal ideal generated by a is
represented as (a) = Za + alM + Mla + MTalM, where Z is the set of all
integers.

If A and B are subsets of M, then APB is the set of all finite sums
of the form Ma, £ ; b; where a; € A, by ¢ B, o« =T .

1f A is a two-sided ideal of M, then M/A = {x + & : x e M} , the
set of cosets of A is again a I'-ring with respect to the operations!

(x +A) + (y+A) =(x+y) +A

(x + A) ol (y #A) = (xo{y) + A, for x, y ¢ & and Lc I.

An ideal A of the M=ring M is a nil ideal if for each a € A and
Kerl

(a o)™ a = 0 for some integer n. -

initions:

We start with an operation Oy on the I'-ring M, which is defined
as follows:

a0y b=a+b=-adb
for every a, b £ M and=el.

It is
following:

(a 0

Also, we hav

= i&ﬂ‘

Hence the ag

Let 3

“%

==i= 0 is =
'opeu:iﬂ'.i

Definiticms:
P-ring ™ ~1
(r.q.r.) dl
Defimiticms

that €0 2
to be lefr g

Defisitison:
quasi-regula
Definition:

as well as :

Example: Le

and T = {




It is obvious that the operation is closed. Further we have the

~ following:

(a0, b) 0y e=(a+b-aelh) Oy c
=a+b-asb+c-(a+b-adboc
=a+b-a{btc-axfc-bac * ambe(c.

‘Alse, we have :

a 0, (b ﬁ-a( c) =aly (b+ec-belc)
=a+b+e-be{ec-aoc(b+c-bdxc)
=at+btec-be{c-ab=-aec+an b

= (a Od b} Oy e = é-.'_(l& =fl':‘.'v'6‘3(rg =y 15

‘Mence the operation ﬁfd- is associative,

Let & ¢ M and of €I, then we have 0 in M such that

-+ D'x D=a+0-= sa.q(".'f)i =a

=3 0 is ap additive identify for the operation 0« « Thus the

operation 0“ is closed, associative and there lexists an identity for G:g(.

Definition: Let a ¢ r-ring M and if there exists an element b in the
T-ring ¥ such that a Oy b = 0 then we say that a is right quasi-regular
(r.q.7.) and b is said to be right quasi-inverse (r.q.i.).

Definition: Let a € M-ring M and if there exists an element ¢ in M such
that ¢ O, a = O then we say that a is left quasi-regular and c¢ is said
to be left quasi-inverse.

Befml.l:ym An element a €M is said to be quasi-regular if it is left
,sv.ﬂ.asf 4as well as right quasi-regular.

Example: Letii-{ a~z:1 ! X, ¥, # are integars})

and T = { [;" ﬂ is an integar}
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237 .. (o1 o (5 |
Let a [0 }.] EM, K= [O_O:lf:l‘. We choose b [0 ljl €M

s0 that

a q“ b=a+b=-a<hbh

-[Ealee 2 ibed 2T ][220
fo=3] #[et]
Faas

Hence I-i i] is right quasi-regular and - I:z ?
inverse.

o o
O

(]

]

is & right quasi-

R |

[=]

35 Some Theorems:

Theorem 1 : The set of right quasi-regular elements in the r—ring M is

a group under the opeation Ope -

Proof : It has been proved that the operation 0, is closed, associative

and also there exists an element 0 £ M such that 2 Oy 0 = 0.
This element is an identity element for the operation

On » Let a be right quasi-regular. Then there exists an element b in

M such that a O, b = 0. Then we say that be is a right inverse of a and

vice-versa. Thus the inverse of each element of the set of right quasi-

regular elements exists, Hence the set of all right quasi-regular ele-

ments forms a group with respect to the operation 0 _,.

o

Theorem 2 : Every nilpotent element of the I'-ring M is guasi-regular.

Proof : Let a el-ring M and let it be nilpotent,

n-1
Then (a u{)n a =0, We set an element b == I (a e()ka, then
k=0

Theorem 3 :
if the right

Proof: Let

Ag M, Let

Lid il

To prove the

some y € M
:
-
= .

Theorem 4 :
Then bel a i

Proof: Let

¢ in the T'=

(ael h)Go{ q

Now (1
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"'-I a ud__b =a +b-aolhb

ﬁﬂf&)

n-1
z

a1 @ 0 -edC
] ; e o
v~ L (ae)¥a+ T (ae)a + (as)"a
k=1 k=1
= 0, Hence a is r.q.T.
Theoreti 3¢ sy element of a I-ring M is right quasi-regular if and only
if ‘the right ideal A = {ao{ x = x t x € M} coincides with the T-ring M.
Proof: Let A = {a{x-x: X € M} be an ideal in M. Obviously.
A M. Let a2 € M be r.q.r. Them a 0, ¥ = 0 for some y € M.
—aty-ady=0
=da=ay-ych
=Sach
= MsA
ﬂ M=A.
‘Tp prove the converse, let A = I-ring M, a ¢ M .=3a e A, then for
some y £ M
a=aoly-yehA
é a+y- aa( y=0
== a is right quasi-regular.

Theorem 4 : Let a, b e r-ring M such that ae(b is right quasi-regular.
Then be{ a is also right quasi-regular. I

Proof: Let aol b be right quasi-regular. Then there exists an element

¢ in the r-ring M such that

(acd B)Oy c =0 i.e. _:éﬁ( b+ec-axXbole=0
mwﬁwﬂqwﬁﬁawwwqdday

= = - A " -
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= (b{a) ~bXa+ (baf c)ka - [ (b a)a (-bAa+(balc) 2/
=bela~-bela+beocela+ (be{a)w (bel a)
- b¥a)e{ (b c)oda
=bol [exa+aalbela~-asl (beXc)X a]
=bal [c+acb~-asd (belc)] da
=bed faX b 0y /oKX a
=10,
Thus b is also r.q.r.

Theorem 5 : Let M be a commutative P~ring, and A, a right guasi-regular

ideal, Then A is quasi-regular.

Proof : Let an ideal A of the P-ring M be a right quasi-regular ideal,
then for ac A we have an ideal A' = {a & x = x : x ¢ M} which coincides
with the I'-ring M (Th, 3).

T
i.e. A = T-ring M.

l.&s ag 1}, there exists b e I-ring M such that a 0 & = 0, and
beaA ('.' A =M

— = ae{b ~a

==> b+a-bela=0 *ae b=bofla

==3= b 00.( a=0

=== g is left quasi-regular.

Thus A is left quasi-regular.
Definision : Let M be a I'-ring, then the Jacobson Radical 'Taf (M) of
the I'~ring M is defined as

Jo( M) = {a: a<Mis r.q.r. for a € M} .

Theorem 6 : Let M be a commutative I'-ring, then Jd (M) is a quasi-

regular ideal.

Proof: Firstly
aedy (M so
(aed X)of ME a

/M)

aegf X £ ‘jo( (M
iglir.q.r. imply

Hence (xo{ a) el

Let a' he
A.ﬁ_ b e Jd (H)|

element w' in M
Now consider

[ta = b)
[{a = b)
[asl x -
laol x 4
= [~ bel 2
bol (-3

(]

=0,
Thus (a = b) &l
Therefore “Of !
If a e dy 0.
Then for some ¢

Ler.aod [~ a

Hence -a 0 ¢ i

regular ideal.
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Proof: Firstly we prove that Jy (M) is an ideal in the I'-ring M. If
aeJy (M) socthat aol M is r.q.r., then for each x € M we have

(ae x)ok ME a{M. So (a< x)o{ M is right quasi-regular and

ag x e Jy (M), For each x, y ef-ring M, it follows that aeol yol X
is r.q.r. implying xel a ol y is r.g.r. (Th. 4).

Hence (xe{ a)ol M is r.q.r. as (ax){ M is right quasi-regular,

Let a' be right quasi-inverse of ae{ x implying (aeX x) P a' =0,
As b ¢ "a{ M), [bX (~x + xol a) ] is r.q.r. and hence there exists an
alement w' in M such that [ bel (—x + x o a'ﬂoa( w' = 0.

Now consider

[(a—h)o(:god (a' 0 w") =-([(a—b)o(agoa(a') O W'
= [(a-b)el x+a' - (a-b) x a'7 Oy w'

= facsl x - bol x + &' -ao{xc(a'+bu€xﬂ(a‘]oo( w'
=[elo{x+a'-ag(xe(a',—bo(x+b0(x0{a'.70d w'
[—bo(xi»bo{xoéagod w' |

bel (- = + xela") 0"‘ w!
= 0.
Thus (a - b)ol M is r.q.r. and (a8 - b) ¢ Jb( ).
Therefore .]0{ (M) is an ideal.
If a e JfX (M), then ae{ M is r.q.r. in particular ago{a is r.q.r.

Then for some'c in the r-ring M, (adl a) 0pc= 0.

Let a 0 [;-aodcg-[é()d (=a)] 0oy

= [a-a-aq (-a)] (k c
= (ao(a) Oot’ e
=0,

Hence -a O ¢ is r.q.r. and a is r.q.r,, so that .Io( (M) is a quasi-
regular ideal.
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Theorem 7 : If Jp (M) is the jacobson radical of the I'-ring M, then
Jr (M / Jf‘ (H) = 0.

Proof : Let a + Jp (M) ¢ Jp (M / Jp (). Then for each .‘
X e M, (a.+ Jp I(H))o{ (x + Jp (M) is right quasi-regular in .“.,".]r (M) . ‘
Thus there is an element & + Jp (M) of 1-1{.]r (M) such that

La+ 3, M) L (x+3, )] Oyt [8+ 3, 00] =3, 00
e [ %+ J}I, 7 %( s+ Jyp (] = Ip (0
—» aal X 00( s £ -Ir (H)-

Therefore, there exists y in M sich that fae x 0 s/ 0 ¥y =0
=== ao{ x has s 0y y as r.q.i. in the P-ring
=% .ao{ M is r.q.r. and hence a g .IF (M) .

This shows that a + J, (M) is the zero of the P-ring M.
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