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CLo s?,Me Semi- Conbi'nuity.

Phul-1endu Das

Abstract

closure semLcontinuity is deflned and some results of closure seml-

continulty analogous to those for, closure continuity are obtained.

Le t  (X ,  t )  and (Y ,  t t )  be  any  two topo log lca l  spaces .

A set A c X ls said to be a seml-open set i f  there exlsts aI} open

set 0 such rhat 0 C. A C 6 where 6 ls the closure of 0 (Levlne [6J).

S . 0 . ' ( t )  w 1 1 1  d e n o t e  t h e  c l a s s  o f  a l l  s e m i - o p e n  s e t s  o f  ( X ,  t ) '  I f

x  e  X ,  0 ( t ,  x )  and S.0 .  ( t ,  x )  w l l l  denote  respec t ive ly  the  c i lass  o f  a l l

open and semi.-open sets of (Xr t) contalnlng x.

tn [5J Das defined semi ltnlt polnt and ln [3J Uosstey and Hlldeb-

rand deflned senl-closure A of a set A C X ln a Danner analogous to llnlt

point and closure.

UnLess otherwlse mentioned o(:wil l denote a napplng of (X, t) lnto

( Y ,  t ' ) .

c( is said t-o be semi-contlnuous if U e t, -+ (U) o( 
-I 

. S.O. (t)

(Levtne. [0J).

o( ls sald to be closure contlnuous at a point x e x tff for every

V e 0 ( t ' ,  ( x ) o (  )  t h e r e e x i s t s a  U e 0 ( t , x )  s u c h t h a t  ( i l ) < c V '  I f

e1 be closure continuous at every x e x, then o( ls sald to be closure

contlnuous on X (indrew and WhlttJ.esy [tJ).

Oef.ini.tlol 1: d. is said to be closure senl-continuous at a point

x  e  x  i f f  f o r  eve ry  v  e  0  ( t ' ,  ( x )o ( ) ,  t he re  ex i s t s  a  u  e  s ' 0 '  ( t '  x ) '

such that (g) d C V. If 4 be closure semi-continuous at. evefy x 6 X,

then d 1s sald to be cl-osute semi-continuous on X'

Th_ep.rgp. ]: If 4 be semi-contlnuous, then o( ls closure semi-contlnu-

ous on X.
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P-rgof: Let c( be-semi-continuous. Let x e X and 1et v e 0 (tir(x)o().

sincec( is semi-contlnuous, there exrsts a u e s.0. (r, x) such that
(U)0( c V and then (u)c( C (Dd (by Theoren 4, Biswas t2l)C_ v.

o( ls closure semi-continuous at x. since x is any polnt of x, d 1s
closure seml-continuous on X.

N.o.tS. l: The convqrse of Theoren I is not true as shono by

E:<.aoJ,l-S f : Let X - {a, b, c, 4} ,

=  { Q r  x '  { a }  ,  { b ,  c }  , 1 a ,  b ,  c 1 1 .

T h e n  S . 0 .  ( r )  =  r  U  { i a ,  d }  ,  t b ,  c ,  d } }

a( :  X + X ls  def ined bv

( a ) <  -  b ,  ( b ) d  =  a ,  ( c ) a (  =  d ,  ( d ) a (  -  c

{ i-s closure seol-contlnuous on X . Stnce iei 51 but ({a})o(-l
= {b}  +s.0.  ( r ) ,  d  is  not  semi-cootLnuoue.

NO.tS .2 : Closure contl-nulty ==) Closure scrl-cotlnulty but not
conversely slnce o( (deflned ln Example l) is not clonrte contlnuous at
d For, {b, c} e 0(t, (d)o( ) but as the only op.a lct cootalnlng d ls' I

X and (x)o( - x d-{Ffr} - {b, c, d} .

T}.e9I98-a : Let (Y, t '), be a T, - space ad lcto( be closure
sernl-contLnuous at a point x e x. Theo d is sclt-cotlauous at x .

P r .oo f :  Le r  V  e  0  ( r ' r  ( x ) { )  .  S ince  ( ! , : - )  t t  a  T r_space ,

there ex ls ts  a V,  e 0 ( t - ,  (x)< )  such that  FrCr .  S loce o(  is  c losur€

semf-cont inuoud at  x ,  there ex is ts  a u a s.0.  ( : ,  r )  scb that  ( t t )4avr .

Then (U)D( ( V llence { is semi-coot1auou, .r r.

Co,roll+y- 1 : If (y, r ') be a Tr-sprcc, rbra d tr closure seml_

continuous on x =i)4 ls seml._contlouou8.

N.ote. 3 : semi--continuity at a poror docr Dt L4ly closure seml-

continuity at that poiat as shorm by

ExappLe ,2 : Let X = {ar b, ci ,

t  =  { 0 ,  x ,  i a !  , ; r ,  b i  , . . r ,  c i i  ,

t ' =  { 0 ,  x ,  i b ' . ,  : 1 .  c . , . .  -
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T h e n  ;  =  S . 0 .  ( t ) ,  r '  =  S . 0 .  ( t ' )

The ident i t y  napp ing  I * : (Xr t )  +  (Xr t ' )  Ls  semi -cont inuous  a t  c '

s lace  {a ,  c }  e  0 ( t ' r c )  bu t  fo r  every  u  e  s .0 .  ( t ,  c ) ,  g . )  r *  =  x  / 'C ' 'T

-  {a rc }  ,  {  t s  no t  c losure  seml -contLnuous a t  C.

ta fiJ Andrew and Whittlesy proved that if a( be contd.nuous at a

point x e X at whieh { ls not closure continuous, then every U e 0(tr x)

has a l1olt  pol-nt at which 4 is not continuous.

B u t i f o ( b e s e m i . c o n t l n u o u s a t a p o l n t x e X a t w h i c h a ( l s n o t c 1 o -

surq semi-continuous, th6n every u e s.0. (t ,  x) nay not possess a semi-

1lnlt polnt at whlch d ls not semi-'dontinuous as shown by

Exanpl-g 3 : Let 1 1  =  { a r b r c }  e

r ' :  { 0 ,  x ,  { a }

Then  S .0 .  ( t )  -  r  U  t {a ,  c }

o ( : 'X  +  X  l s  de f i ned  bY

( a ) x  -  b ,  ( b ) o (  =  a r  ( c ) o (  -  b

ls seml-continuous at C' .  o( i-s not closure semi-contLnuous at C'

F o r ,  { b }  e  0  ( r ,  ( c )  e ( )  b u t  f o r  e v e r y  U  e  S . 0  ( t ,  c ) ,  ( U ) " (  -  ( X ) ' (

= {a, b} f {u, c} = {1,1 .

N o n  { 4 ,  c }  e  S . 0 .  ( t ,  c ) .  B u t  i t  h a s  n o  s e m l - l i n i t  p o i n t '

However we have the followlng result

Th-eo.r.ep J :  I f  x e x be such that (1)o( is semi-contlnuous at x'

( i l )  d is  no t  c losure  semi -cont lnuous  a t  x  and ( l i i )  S '0 '  ( t ,  x )  i s

c losed w. r .  to  ln te rsec t lon ,  then every  u  e  s .0 .  ( t ,  x )  has  a  sern l - l ln l t

polnt y at which o(is not seml-continuous.

p.ro.o.f :  By (t l) i  there exlsts a V e 0(r ' ,  (x) a(, )  such that

Q . ) " (  f  V  f o r  e v e r y  U  e  S . 0 . ( t ,  x ) .  B v  ( i ) t  t h e r e  e x l s t s a  U t e  S ' 0 ' ( t '  x )

s u c h  L b s r  ( u l ) o (  c  v .  L e t  u  e  s . o . ( t ,  x ) .  L e t  u ,  =  u f l  u t .  T h e n  b y

( i i i )  U2 e  S0. ( t ,  x ) .  Hence q) " (  C  f  Uut  (U2) " (  C  V '  Hence there

exists a y e X such that y ls a senl- l ini t  foint of U, and therefore of

u  b u t  ( y ) o 1 {  V .  L e t  V ,  =  y - V .  T h e n  V ,  e  0 ( t ' ,  ( y ) <  ) '

Le t  U3 e  S.0 .  ( t ,  y ) .  S ince  y  l s  a  sen i -1 in i t  po ln t  o f  U2 r

53
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U2O $r -  {y } )  I  O .  Le t  z  e  u2  n  (u3  _  {y i )  Then (Z)a(  e  V .
Hence (U^) * r/  t'  

5 '  ' f  / t  fo r  every  u ,  e  s .o ( t ,  y ) .  i s  nor  semi -cont in r i -
o u s a t y .

Def. ini t i ,on 2 : (X,t) is said to be a ST, _ space i f  for every semi_
c10sed se t  F  o f  x  and every  p  +  F ,  there  ex is t  u ,  v  e  s .0 . ( t )  such tha t
F C U ,  p  e  V  a n d  U , - l V  =  0  ( D a s  I 4 J ) .

(X , t )  l s  a  ST,  -  space i f f  fo r  every  x  e  X  and fo r  every  U e  S.g . ( r ,x )
t h e r e  e x i s t s  a  v  g  S . 0 . ( r ,  x )  s u c h  t h a t  v  C U  ( D a s  [ 4 J ) .

Theor.eln 5 : I f  (1) (xrt) be a ST, - space and ( i f ;  a be senl_contl_
nuous at a point x e X, then d is closure semi_contlnuous at x.

P r o o f  :  L e t  v  e  0 ( r "  ( x ) c <  ) .  B y  ( t i )  t h e r e  e x l s r s  a  u l e  s . 0 . ( r r x )
s u c h  t h a t  ( U 1 ) 4  C  v  .  B y  ( i )  t h e r e  e x l s t s  a  U  e  S . o . ( t ,  x )  s u c h  t h a t
u c ul .  Hence (g)< c. (Ul) 

",(  c. v c- V . Hence a( is closure seni_
continuorrs at x .

NotS 4 : The converse of Theoren 4 is not true as shown by

Ex.arh.pl_e 4 : Consid.er the topoLogical spaces (Xrt),  (X,t,)  deflned
i n  E x a n p l e  2 .  ( X , r t )  i s  a  S T 3  -  s p a c e .  I * ,  ( X , t , )  +  ( X , r )  i s  c l _ o s u r e
semi-continuous at a. Bdt i t  is not semi_continuous at a.

,  I t  fol lows from Theoren 1, 2 and 4 that

Theotep  5  :  I f  (Xr t )  be  a  ST,  _  space and (y , r , )  a  Tr_spacq,
thend 1s  semi -cont lnuous  a t  x  E  x  ( resp .  on  x )€=> ( l . s  c l0sure  seml -
cont inuous  a t  x  ( resp .  on  X) .

The.or.eJn 6: Let A c: X. I f  o( be cl_osure continuous, then o1 | =x lA:(Ar to )  +  (Yr . r t )  i s  a lso  cLosure  cont inuous .

P r o o j :  L e t  x  e  A  .  L e t  V  e  0 ( t , ,  ( x ) o q , ) .  S i n c e  c ( i s  c l o s u r e
cont lnuous ,  there  ex i .s rs  a  U e  0( t rx )  such tha t  (D< C T .  Then
u l  -  u  oA e  0( rA ,  x )  and (0 r ro )  o ( 'C .  f f l " t  c  v .  . . .  o ( , i s  c losure
cont inuous .

Note -5: Restr lctron of a cl0sure seml-continuous functlon is not
always cl_osure semi-contLnuous as shown by

Exople i-
la Eralple l.

L

T

a]

x . '  -  4 l t
0 ( : ,  ( d )  { , ' )  b t

Qte)  <  ' c  { i

The produc

o u s .  B u t  t h e  p

alvays closure

Exaople 5:-

t l  -  I

t 2  ' {

t 3

r " : ( '

d :  ( :

( x ) ,

l s  a lso  c losure  s

B u t  I x (  :  (

F o r ,  { x }  e  0 ( r 3 ,

such that (U)o( C

Theoreo 7: l-
f o r i - 1 , 2 .  L e t

4 - 4rx4r.  The

Pr.oof: Let x

e x l 8 t  U l  e  0  ( r i t ,
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Elanp1.e. 5: Consider the closure semL-continuous mapping { d9ftned

ln Exanple 1.

L e t  A  =  { a r  b ,  d }

T h e n  
" A  

=  { 0 ,  A ,  { a } ,  { b } ,  { a ,  b } }

and  s .0 .  ( 1A )  =  tA  U  { {a ,  d }  ,  i b ,  d } }

dt  = {  la  t "  , to t  c losure.semi-cont lnu6us at  d '  For  {b '  c}  e

0(r ,  (d)  c( ' )  but  there does not  ex is t  any U e s 'O' (uAl  d)  such that

Q to )  <  
' c  {5 ; ; }  =  {b ,  c ,  d }

T h e p r o < l u c t o f t w o c l o s u r e c o n t l n u o u s r n a p p l . n g s l s c l o s u r e c o n t l n u -

o u s . B u t t h e p r o d u c t o f t w o c ] . o s u r e s e m l . - c o n t l . n u o u s m a p p i - n g s i s n o t

always closure senl-cilritlnuous as shown by

!$gpJg! t  Let  x  -  {x ,  Y,  z}  ' ,

t l  -  { o '  x '  { x }  '  
'  

{ Y '  z i } '

' 2  -  { 0 ,  x ,  { x }  '  { Y } '  { x '  Y } }  '

t3 o discrete toPologY In X'

I* , (Xrtr) '+ (Xrrr) Ls closure seul-continuous r

o(  :  (x , t r )  + (xr t r )  def lned bY

(x )o (  -  x  ,  ( y )o (  .  y ,  ( z )o (  =  x

1s also cl-osure semi-continuous

But  I " (  :  (X, t r )  + (Xr t r )  ls  not  c losure seml-cont inuous at  z '

Fo r ,  { x }  e  0 ( t3 ,  ( z )o< )  bu t  t he re  does  no t  ex l s t  any  U  €  s ' 0 ' ( t t '  z )

such that (U).o( C {i} - {x}

Theote.n 7: Let d, : (x*tr) + (Yrrti) be closure semi-continuous

f o r  l =  1 r 2 .  L e t X = x r x x 2 ,  Y - Y l x Y r r  t  =  t l * t 2 ,  r t  o t r t  x t 2 t '

d  = c(rxdr .  Then a( :  (Xr t )  + (Yrr t )  is  c losure semL-cont lnuouf l '

Pr  oo f : Let x - (x' xr) e x and fi e 0 (t ' , (x) d )' Then there

g ( r r  ,  (xr )c(r )  ( t  -  l ,  2)  such qhat  uI  x  u,  C'  w '
exlst U, e
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SI-nce {, ls closure seni_contlnuous,
th" t  ( I r )<c d,  { r  =  L,  2) .  rheo v-  tY r  *  Y )4 ,=  ( y r )  4 ,  x  ( ! )42  C .
o( is closure seml._contlnuous.

there exlst V, €
. V l * V 2 € S . 0 .

D r x D ,  c . F .  . . .

s.0. (Et,  x i)  such
(r, x) and (V)(

rcp- :
fo l .

tu

@1d

l .  I t

Re
lotegra

taverse
of a thr

r f  ( r )

r ( r )  e  r
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-f -r
1" t':
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p.rrllel

A o a

abe resl

lt colvlot

Lapla
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Soloing Integral Equation'of n'VariabLes bA 4

l .  In t roduc t ion

Recently ln the year l971r,To*- [4J has solved a large varLety of

iotegral equatlons ot 'o"u variable by uslng Laplace transforns and their

loverses. In this connection he proved th; fol lowing proPelty ln the forn

of a theorem as -

r f ( 1 )  o >  0 , +
l -

r ( s ) e L ( i - i *

then

Sep.  Hath .  Sc .  ReP.

; ; i :  i i ,  No. 2 giao1, st_oz

o-+1-

r(*n) *-t fu(n,,)) = 
# (,,)/J_r_ 

o(nr,)

@ t :

shere (n) /  denotes the product of integrals J

equatLons  (2 . I )  and (2 '2 )  lnp l ies  tha t

, r ,  - 7
md d- 

- 
Opet'atot's

Km. .  Prabha

a  +  B t  0 ,  t 1  I  ( i i )  s = c *  l u ,  o a n d p b o t h r e a l ;

I

,  i  +  i - ; '

d-r {# { 
t to"*sy r(s;s-(os+B)a"F # { r{")*o"*s-I  u" (r .r)

uhere, for both the lntegrals the contour C nay be the Line n= l '  
a 11ne

paral lel to the lnaginary axls in the conplex s-p1ane'

A n a t t e t r l p t h a s b e e n m a d e l n t h e p r e s e n t p a p e r , t o g e n e r a l . l z e t h e

above.resul-t  ( f . f)  to the case of n-varlables and then apply thls resuLt

in solvlng an lntegral eqirat lon of n-variables'

2. L.a.plac.e aJId. l'Ie+l.n 
T.ransfor.ns. of .rl-vefl.abl'es

lhtja [2J has deflned the Laplace transform of n-variables ln the

sme fashlon as ln the case of two varlables as

{ t t{xr,)} - o(no) - (n) 7 tt"r,) 
Jr 

{exp(-Ptxt) (dxt)} (2'1)

The inverse Laplace transform of 0 (pn) is f  (xo) '  and is denoted by

| {""p (P,x") (dxr) }
I t .

r 5 r

( 2 . 2 )

I  . . .  n  t lmes.  A lso
o



and

due

In

l t s

to

.  
Nep .  Ma th ;  So . .RBp ,  Vo l .  l l ,  No .2  (1986 )

0 r

^ - ' t { O ( n o ) } J -  0 ( r o )  ( 2 . 3 )

L974, Aggarwal and GoyeL ILJ have defLned the Mellla transforn

lnverse for n-varlables under slnllar suitable conditLons as

need fiJ as:

8., - l
-  (dsr) )

D

II xr
i - l

-8 r
'  

{asr) }

( 2 . 4 )

( 2 . s )

for.o varlables

forn as:

o  - s .

r("o) ,Ir{*r 
t}

ldentltal. to the

If l,{

where

then
@

sectlon we shall prove a theoreo whlch ls a

t r # T * ,  
1

I f

> 0 , I o r +

' { + l u r ,

- r - , | + r -

F (so)

I

(2rl)D

B . t 0 r t r t 0 a n d

{ 
and H" both real; F(so)

)  r . . .  !  t i nes )  r  t hen

n  - a s - B

.I1 ir{or", + Br) t" r r r

e L(r -r-,| + r-)

(ds") ) J

* B.-t (der) ) ,

(3. r)
.nt(") 

{
a

F(8n)

q 8
r  l E
txr

i

I

l

I
I

rf M {f (xo)} - F(.sn) - (r,) 
/ rft:) 

rlt t*r

u-I {r{so)} - r(xo) - 
# c){l: r(so)

and also restated'the Persevalts theoren

one by Fox [3J, for one varlable, in the

{h(uo)} - H(so) and M {f (xrruo)} -

u  { f ( uo ) }  -  F (eo ) r

tn1 j 
h(xouo)

3. In thts

o f  ( 1 . 1 )  .

Th.e.dr.eq 1. -

(r) o,

(11)  
" ,

t L\z

. n
11uo) 1Ir {( i tui}}-- 

* <olt i  
E(so)F(l-so)r[rtxlErtasr)].

(r"t)" (a)-jr-
( 2 , 6 )

generalizatlon



( 2 . 3 )

(s.4)

.  ( 2 . 5 )

, to the

;]8r {asr) }.

. ( 2 , 6 )

l * r - )

Sb; Prabh 
'" 
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I

ft i  for (a) lutegtals the (sntoitr Co'uay be the l lne d- i 
i '-" 

:.t '  
t '-

..., E; (o) 1laeg paralful' tespecf,Lvely to the teagLoafy axes ln t'he eon-,

l l ,  !1 ,  
"2,  

. . .  ,  
"o 

sPaces'

lEgg 
- Let

-  r '  . i  *  ' o ' " ' + B - - l

1 ' f f  ,o ,  t ;  
P1"o)  r l t  

t * r t  
t  r  

1ds ' ) )  '

rtcre Co are the n-llnes \ 
- 

r,' ' 
= t., 2.i "' ' 

t ' 1t:: 
the coaditions

. r t 0 t a r ( " o ) ' e L  ( { } - r -  , i .  r - ) x ( t -  r - ,  i t 1 - ) x " '  
o , t l m e s ) '

c ree tbat the n lntegials in (3.2) wlln tne t""iot tr{*r8t-') excluded,

tr rbeolutely convergent for all xr' Now' let us considei' 
-

- t  x  .  o - s  + B  - 1

ftrot - 
tol jrt, ,"-"t^t) r 

# <"1 l"F(""1 
i {(*rt t ' 

.(ds')})(dx')'
n  

( 3 . 3 )

i s re  co  a re  t he  (n )  l t nesq  -  
|  r  t '  ! ,  2  " '  !  n '

Itc lategrand of the lntegral on the. rtght'hsh't slde of the equatlon

(3.3) rs
o -t"*r. 

{"", 
* 'Br:1.

F(sn) *t t  (e ") 'q" 
- - 

)

Ddules of thls lntegrand ls

n -t-x- | o. + 3'-I

l ? ( r o ) l  . 1 r : { ( "  
'  ' )  ( x -  -  -  

}

-  
f ro, r the condl t tone i  

o"  *  B"> 0, / r  -  L t  2. . ' ,  o  toa l

l r r l

?( r . )  e  
"  

( ( t  -  t * ,  t+  1 -  )x ( i  -  t :  ;  i  +  r -  )x " '  n  t lnee) '

r !G tbat.

(3 .2 )

I

;F (n)
@

(,

. a o ,, 
-tr*, ofrsr+ 81 -1

(")  {  l r (eo) ' l  , - l r  t l "  "  *"  -  -  r  
l {asr)  (dxr)}

' u n .
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ls convergent. Therefore the right haod side of

convergent integral. So we may change the order

integrate f lrst with respect to x'  Thus' we get

2 (1985)

(3.3) ls an absolutelY

of lutegratlon and

hnor - 
.#, {") {

r(srr) { 
r", j 

,i, 
11r-tt*';*otst 

+ Bt-l 
(<lxr) (<let) i

ryl

3
I

rt

-F

1-

-  I .  
/  F (s - )  I  { r . - o t " t - p r  

! 1a rs t  +  B r )  ( ds t ) }  ( 3 ' 4 )

(2ni )n (n)  cn "  r - l

erse operato,  #L to both the s ides of  (3 '4)  and

then on us lng equat lon (2 '3) ,  we get  the requl red resul t  (3 '1) '

4. In thls sectionr wlth the help of Theoren L' we shall obtain the

solution of the integraL equatLon

*  - l . , r  - .  ( r r  r  )  ( d u  ) 1  ,  

'

g ( r n )  -  
( n )  

{  
r , u r r )  r ' ! 1  { ( t r t r ) u t  * b t ( t r t r )  ( d u . ) } '  

r  
( 4 ' i ) '

'where K, (xr) fot r - I, 2r". ', n' ls the associated Bessel- functlon'

deflneil f,y wtt"oo [t, p' 78 6V, g(to) is a known fuoction and f (xo)

ls to be found.

P roo f  -  By  f 6 ,  P .  197 ;  t q t  17 '9 ' L? ) - f  '

2  l / -  *  - - " r  
+ u r  s  s

"  
f r ' ! ,  b { ' K c / , ( u r ) } ]  - , [ ,  { z '  

- r  -  
t ( +  t < } + u ) }  '  ( 4 ' 2 )

On applytng Parsevalrs theorem of n-varlables given by (2'5) '  to

the  r lgh t  hand s lde  o f  equat lon  (4 ' t ) '  we ge t

-,+ \ - I - 1- ,.,r-.-) .1' 12tt* 
r ' '-2 

t&rl t<} *'y't) '
g(tn)  = 

, r " r ) "  
(n)  - r -  

n  r - r  z  4

t ,  " t  t d " r ) ]  .  ( 4 ' 3 )

Now, applylng the inverse Laplace transfofm *JI"o both the sldes of

equatlon (4.3)-an'l then uslng equatloa (3'1)' we obtaln

*t.

f.i

6

n

A'



Uutely

Id

(dsr) )

.  ( 3 . 4 )

I anil

ln the

(4 .  l ) .
I

nctlon'

I f (xo)

( 4 . 2 )

.6) ,  to

) .

( 4 . 3 )

l ides of
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l  ,  
-  s '

l-t ,r,.:,) - 
# ., -i: 

r(r-so) '!r " 
i * t"-z 

"l 
-tt+ 

+{)(ds')}

' t  ? '&r.- l
rr l t log to - 

i  
and nult iplying both the sldes by to 

.^ -t  
l re get

- 2 t ,  
o  

r r t  . ,  i -  * , - + - %
.o-oo-r 1-r t/!(tt, 'rT *n= Io : *r-f ,", _i_ 

n(l-so) ,!rit 
L L

",
, i  

*  h t  -  ' ' r< ]  
+ zr )  (< lsr ) )

Agaln using the lnvef,se Laplace transform *-I ao both the sldes of

equatlon, we obtaln

- l - i  a ^ -  

" - t  
t  r t - L  * , , L / Z t  t  i  1 1a  L . o  | L - i -  E \ t n .  , . t * n : . { ' t

I 
i- n . - s:r+ ur-z 

-* 
* ,r',

- 
[fr" ,", -{- 

t(t-"") 
,lrt' 

I t *'- ' (ds') }

I  1 - - . -  1  - ^ r ' '

Er-1" 
(r ,)  ' r -  r( l -srr)  

olr* '  

r"- I  *1/r- t /2 p*l /2 '1t t- i  {d"t))

- -r-. ] r ,Tt-' *v'=' t1z*f,1/2)\ ,
( 2 n t ) n  r - I

vh lch  1s  the  requ l red  so lu t lon  o f  our  equat ion  (4 '1 ) '
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Srrary

The toflnlteslnal varlatLon of the atructure tensors of an almost

coatact uet.rlc struct\e lnclueed on the hypersurface of a Kahlerlan mani-

fold rmder varlous condl.tions has been studled by Yano. Io thls paper

ye have studl-ed tbe tnftnltesfinal varjatlon of the gtructure tensors of

ea loos t r - con tac thype rbo l l cs t r , gc tu re lnducedon thehype rsu r faceo f

a dlffereotiable nanlfold egulpped wlth an almost r-contact hyperbollc

at ructure.

l. Intr_oductls)n

rct tf,+r be an (n+i) dlnenslonal differentlable nanlfold of dlffe-

tentlability class C: . Let there exlst on tf,*t .i C- vector vaLued

lloear f*nctlon F, r-C- llnearly Lntlepenilent and non zero contravarlaat

vec to r  f l e l ds  T1 ,  T2 ,  . . . ,  f  such  tha t

( r . l )  r ' 2 x - x *  I  A o ( x ) r c
.C,-l 

L

fot arbltrary vector fleld X oo tfl+t' Alao

, { c f  -

( 1 . 2 )  F ( x )  = :  x '

b v14 of (1.1) let tf,+t b" endowed wtth the Rlemannlan metrlc teosor

G rucb that lt satlsfles the followlng condltlon

Infini,stesimal Variation of lagetrsryfaels
of *, Almost r-Contact Hyperbolie Struetune

I

c (T ,? )  +  c (x ,Y )  +  x  Ao (x )Ao(Y) '  o .
- [ - 1 L k

fbr f+r satlsfying the cooditloas (l'1) and

alDtt r-co[tect hyperbollc structute rnanlfold

( r .3 )

(1.3)  wlL l  be cal led

[2].
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rn Mn+r, the folrowlag results hold

-0
( a )  r - = 0 ,

(1.4) (b)- OU6 - O , for arbitrary vector f leLd X

( c )  e o ( r n ) + 0 f ,  = 0 ,

where d|  ls  Kronecker  del ta and l ,  ,  n  take the values Lr2r , . . . ,  r .

Let us trnbed a hypersurface;Mn+r-1 into l,fl+r by the lsonetric

lrrnnerslon u r ut+T:l uo+t. correspondlng to this we have the Jacobran
*

b- of b denoted by B whlch carrles ro{lP+t-l) ioao Tb(q)(u"*t) lnJecttve-

J"y, Since the Lmerslon le lsometrLc, we have

(1 .5 )  G(BX,BY)  o  b  ,= ,  g (X ,Y )  ,

g belng the uetrlc lnduced on the hypersurface and xry denote arbitrary

vector flel-ds. I'Ie have

( 1 . 6 )  G ( B X , N ) - 9 ,

( 1 . 7 )  c ( N , N )  r  !  .

The tiansformatlon equatlons are

(1 .8 )  FBX -  B fX  +  . ( ( x )N  ,

( r . 9 )  F N  -  B P * 1 N ,

where f is a tensor field of type

equatlon (1.8) and the relatlons

( a )  T L  - B t l  + p t N ,

(1.10)  (b)  A[(BX) o b *  au(x)

( c )  
" L ( x ) P - 0 .

ve get

( i . 1 1 )  r 2 x - x +  I  a ^ ( x ) t s .
.Q,-l 

L

The netr ic g in (1.5) ts foirnd to

(1 . i 2 )  g ( f x , f y )  +  e (x , v )  +  I
! -1

(l.t)ana oCts a l-forn oo ld+t-l frot

n-
;cr_t-

L.c I

b r b (

( | . t t )

( l -  l . )

* r r I 1 r

of tyac (l

teurc of

Glr ad I

( r . r5 )  i
Ed

( l .  1 6 )  i

ytcre rK 
ao

fr-r aaa,

Xos le

e (!p) -

' 

""fY
lr vto of I

[ . r7 )  ( r

0-rf) (D

C-trr dl

0. l t )  Dx

ltlrlrtoo I

b urll lf

(r.!o) s(r

-lsatlsfy

au (X )au (Y )  .  0  ,
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Gcrqueotly aD almost r-contact hyperbolic structure gets lnduced oa

f{'!-1.

L€t D be the Rlemannian connexioo lnduced o' Mo+r-l by g. Then we

lrvG tb€ Gauss and Weingartan equatlon n/

(t.13) E'*BY - BD*Y + H(X'Y)N ,

(f .f4) EBXN ' - BrIIx , ,

rtcre E ls the 2nd f,rodanental forn of Mn+f-l and rH is a tensor field

of type (IrI) assoclated wlth Il. Let K and i. stand for the curvature

teDaore of the hypersutface and the envelopLng naolfold. Then we have

C'auss and Codazzt equations

( r .15)  f r1Bx,BY,Bz,BU) -  r111r ]Y 'z 'u)  -  H(Y'z)H(xru)  + u(x 'z)  E(Y,Y)

od

( r .  l 6 )

nbere tK and trt are the assoclate covarlant curvatute tensors bf

p-rr-f aad Mn*r.

Now 1et us dlfferentlate equatlon (1;8) along the hypersurface aad

use (EiF) - 0r hence

EBXBfY - r '((EBxBY) - icO*llt + A(DXY)) N - A(Y)EBXN

In  v lew  o f  ( 1 .9 ) ,  ( 1 .13 )  end  (1 .14 )  we  ge t

( f .U)  (Dxf)Y -  H(X,Y)P + o((Y)  rHx 
'

( r . r s )  (DxssY  '  H (x ,Y )n 'H (X , fY ) .

Goarlaot differentlatlon of (1.9) along !{n+r-l ylelds

( f . f9 )  D"P -  a fHX -  rHfX

Dflptt toL.l . .  I :  An- almost r-contact hyperbol lc structure is sald to

lc norral lf

( 1 .20 )  s ( x 'Y )  -  N (X 'Y )

rbre

i ,1BX,BY,BZ,N) -  (D*H) l t ,Z)  
-  (DyH) (X,Z)

f o

+ 
^r.  

{(Dxdc)Y - (DYt)x} t" '  + 0
J(= I
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N(x,y) = (Dr*f)y -  (Dfyf)x + f(Dyf)x -  f  (Dxf)y * 
olrrr t* , i l  

tL ,

so that the nornal- l ty condit ion (1.20) takes the for:n

s(x,y) -  (Drxf)y -  (Dfyf)x + f(Dyf)x -  f (Dxf)y

* 
,i, 

^o[x,t].u * 
ui, 

t(Dxt)y - (Dyt)x] tt - 0

rf alnost r-contact hyperboltc btructure l-nduces on Mt*r be normal, from

the last equat lon and from (1.17) and (t .18),  we obtein.

" ( < x l  { ' H f  - f ' H }  y - o ( ( y )  t ' H f  - f ' H }  x = 0

( 1 . 2 1 )  ' H f  -  f  ' H  . .

Therefore, lt foLlows that ILJ

(L.22)  H(P,P) -  t11p

showlng that H(P,P) ls an eigen value of rH aad the corresponding elgen

vector  is  P.  Let  us denote H(P'P)  by ?.

Os.ftnltlop I.a: An almost r-contact hyperbollc strucrure 1s ca11ed

r-hyperbolic Sasaklan lf

r
(1 .23)  

^x,  t (Dxt )y  -  (Dyt)x ] .  -  r ' f  (x ,y)
x.- L

we have ' f  (xrY)  -  g( tx ,v)

More generalJ.y ln a nornaL r-contact hyperbolLc structure hypersurface

of Mn*r we assume that t3J

r
( r . 2 4 )  x  { ( D - 4 r ) y - ( D f i ) x }  -  r B ' f ( x , y )

. c - l  
A x '  r x ' -

Appi.ytng (1.18) to the above eguatl.on we have

( 1 . 2 5 )  ' H n  =  r H f  -  -  r ' B  f .

Thus ere obtaln

(1 .26 )  'H (  -  -  r '  B  X  +  ( !  +  r '  B ) ,  r (  ( x )p .

t

I

o

I

I

q

I

a

!r

L

!I



Eguatloos

. l - 2 7 )

(  l  . 2 8 )

( r . 2 e )

L € t B b e a
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( 1 .  1 7 )  ,  ( I . 1 8 )  ,  ( 1 .  i 9 )  t h e n  t r a n s f o r n  a s

vhlch shows that for a normal r-contact hyperbol ic structure hypersurface

satisfying (L.24) and lnvolving constant rr Bn the sectional curvature

vlth respect to a plane sectlon contalning P is rr- B"

Let us cal l  such a structure a normal r-contact hyperboLlc struc-

ture with f  sectlonal curvature r '2 g2 '

2. Infinltestllilal- Vdrla.tion- of jl.-Hype-rsu.rface o'f an st t-Cootact

HJperbolic Str.uctur.e Manlf old

Let us take the restr lct lon of an alnost decomposable kt l l tng

vector f leld u on the enveloplng manlfold of the hypersurface. Accord-

lng the varlation of the dlfferentlal of turbeddlng ls given by [4J

( 2 .  r ) (68)X - eEt*U

v h e r e e l s l n f l n l t e s l n a l l y s m a l l n r r m b e r s p l i t i n g U l n t o l t . s t a n g e n t f a l

and normaL Parts as

tsurface
U - B V +  t r N( 2 . 2 )

aod  f ro rn  (1 .13 ) ,  ( f . 14 )  r re  exPress  (2 ' l )  as

(2 .3 )  (68 ) (X )  -  e {B (Dxv  -  l t [ x )  +  ( x l  +  H (x ' v )N ]

InflnitesinaL varlatlon of N ls glven AV ISJ

6 N '  e L u N - e B W

The Lie derlvative of N (1'e' r 'ON) befng orthogonal to N' Lnflnlteslnal'

variatloo of equation (1.6) yields

6 7

(Dx f ) y  =  -  r rB  { s ( x ,Y )P  +  {  (Y )x }  +  2 ( t  +  r '  B )  o ( ( x )  ^ (Y )

( D X d - ) Y - r r  B f ( X r Y )  '

D X P - - ( n - f ) r ' B X '

. constant so that fron (l '27) and (L'29) we obtain

K(X ,Y ,P )  =  -  r r '  g ' n  (d  (Y )x  -  a (  ( x )Y )  '
D1, from

hg elgen

rlled
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c(BDxv + H(x,v)N +

which lurplies thar W = - ('HV

associate to the gradient of

(68)  ( fx)

Making use of

B ( 6 f ) x  +

S c . . R e p . ,  V o l .  1 I ,  N o .  2  ( L 9 8 6 )

(x l )N -  lB ' rD( ,N) -  -G(BX.BW)

*A) where A stands for the vector f leLd

l Thus we have

d N = - B ( ' t I v + A )

Now varying equation (1.8) lnflnitesinally, we get

I

*

the

+  B  ( 6 f ) x  =  p ( ( 6 B ) x )  -  ( 6 N ) c t ( x )  -  6 o ( ( x ) N

(1 .8) ,  (2 .3 )  and (2 .4 )  in  i t ,  we f tnd

(dd) (x )N -  e [B f6 ;v  -  l ,EX)  +  d  (Dxv  -  l ,m( )N

(X l  +  H(x tV) (Bp +  nN)  +  
" ( (x )B( ,VH +n)

{B(Dfxv -  I 'Hfx) }  ( fxt  + rr( fx,v)N}]

tangentlal and nornal conponents, we have

yho

( 2 .

Agr

rbl(

( 2  . 1

Dut

3ao

at fu,

, . /

a : rq

d (

.furol

a : n  C

3: nrc

! trca

iocoli

Ga!(t

r l .  t l

3tr-t

Conparlng

( 2 .  5 ) (6 f )x  -  e t r {o"v  - .  t ' rD( )  +  (H(x ,v )  +  l )p

.+" ( (x )  ( ' rw  
1   )  -  D fxV *  l 'H fx ]

and

(2 "6) .  (64)X =  . { (DxV -  I 'HX)  +  n (x l  +  H(x ,v )  _  fx l  _H( fx ,v )J

Since the derlvatlve of f  along V ls given by

(Lvf)x = 
\(rx) 

- f (tvx) - Di(fx) - Dfxv - f(Dvx - Dxv).

Therefore equatLon (2.5) assuues the foJ.J.owlng forrn

( 6 f ) x  =  e { ( r u f ) x  +  l ( , H f  -  f ' H ) x  + x l  p  + d  ( x ) A +  2 H ( x , v ) p }

Applylng equatlon (1.i8) and rhe deflnltion

( \d )  x  99 I  loud)x  +  4 (Dxv)

(2 .8 )  (6" ( )x  -  G, \ r&)x  -  d . I , rD(  -  ( f x ) r ]

+ 2H(x,v)n + 2H(V,fx): l  .
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L.!t varying equation (1.9) lnflniteslnallyt \te get

-  eFB( ' rTv +. . ,4)  -  /b(6P) + e{  B(Dpv -  l rHP) + Pl  + H(P,V)N}

-  6 r 1 B ( r t { V + n ) J ,

uhlch by v i r tue of  (1.8)  and (2 '3)  y te lds

B6P +  E {B (Dpv  -  t r rHP)  +  (P l  +  H (P 'V )N}  -  enB( 'HV  +n )

= -  e fBt( 'uv +/ \ )  +  d( 'Hv +A) N J '

vhose tangentlal part reduces ln virtue of (I '19) to the form

( 2 . g )  6 P  -  e [ ' n r  +  L u P  + A ( n  -  t )  ]

Again varying equatlon (1'5) tnftnitesinal ly '  we get

( 6 g )  ( X , Y )  =  G (  ( 6 8 ) x ' B Y )  +  G ( B X '  ( 6 B ) Y )  '

shlch in virtue of (2.3) reituces to

( 2 . 1 0 )  ( 6 e )  ( x ' Y )  =  g {  ( L r g )  ( X , Y )  -  2 l  H ( x i Y )  }

Thus we establ lsh the fol lowlng theorem'

Theorep.?..1: When a hypersupface of an almost r-contact hyperbol ic

structure manlfol-d varled inf lnlteslnal ly by means of d vector f ield

U - BV + tr N the structure tensors of almost r-contact hyperbol ic

s t ruc tu re  hypersur face  vary  accord lng  to  equat lons  (2 .7 ) ,  t2 '8 ) ,  (2 '9 )

and (2 .  I0 )  .

C o r o l l a r y . 2 . . l : W h e n a h y p e r s u r f a c e o f a n a l m o s t r - c o n t a c t h y p e r b o l i c

structure nanifolct ls glven lnf lnitesirnal ly tangentlal variat lon by

reans of BV, the variatLon of the lncluced almost r-contact hyperbol lc

structure Eensors on the hypersurface are glven by their Lie derlvi l-

t l ves  a long V.

C o r o 1 l a r y 2 . . . 2 : W h e n a h y p e r s u r f a c e o f a n a l n o s t r - c o n t a c t h y p e r b o l i c

structure nanifolcl  1s given inf inltesioal normal varlatLon by neans of

i- !{ ,  the varlat ion of the lnduced aLmost r-contact hyperbol- lc stTucture

teosors on the hypersurface are glven by

69
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( a )  ( 6 f ) x  =  r f ' . ( w r . -  f ' H ) x  +  x  l  p  +  d  ( x ) l  +  z n ( x i v i p j ,

(2 .11)  (b )  (6o0x  =  e f -  4 t r ' rD(  _  fx l  +  2H(x ,v )n  +  2H(vr fx ) / r

( c )  6 p - e [ ' u r + A ( n - f ) J ,

(d )  (6e)  (x ,y )  =  -  2e l  H(x ,y )

The lnfinitesimal variatlon is said to be para11e1 when BX and Fx are
both para1le1 equrvalenti-y and. when (6B)x is tangential to the orrglnal
hypersur face .  S ince

(68)X = e{B(D*V - r ' ID!)  + (xr + H(x,v)N} ,

therefore for an inf initeslnal para11e1 varlat ion 1t 1s necessary and
suff iclent that

( 2 . 1 2 )  X l + H ( X , V ) = 0 ,

Co.Tol-1.aty..2..3: When hypersurface of an alnost r_contact hyperbol ic.
structure nanrfold is given' lnf inl tesrnal para1le1 varr.at lontthe hyper_
surfbce varLes as

L

( 2 .  1 3 )

(a)  (6 f )x  = err ( ' l r f  -  f , 'H)  +d(x)rv ,

(b) (6 d-))t - e f- €(l,Hx./,

( c )  6P  -  . e l rHp  ,

(d)  (6e)  (X,y)  n -  2e) .  n(x,y)

-

art

l - l

-

, - :

l:c ,

3:?"r

t -  t )

frr

d

! - r )

:! sb

rrta3

( l  t )

qrrbl

('!ol

- l

c.or-oll'ary 2..L: Let the structure lnduced on a hypersurface of an ar._
most r-contact hyperbollc structure nanifold be a nornal r-contact
hyperbollc structure with f-sectional curvature -r'282 ah"r, the infi_
nlteslural normal para11el varration of the hypersurface makes the
structure tensor varv as

(2.  L4)

( 6 f ) x .  ( X ) 4 ,

( 6 J . ) x = - e l ?  p ,

6P  =  e t r t p  r

(6s ) ( x , y )  -  -  2  e t { -  r ,  B  c (x , y )  +  ( t+  r ,  B )d (x )d (y ) } .
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3. Vat'latlon o-f,!: tbolt0 Sa rfeee wlth f-sec!tq!a!

CuJ\i_atufe rt' B-.

we no!, assume that an almost r-contact hyperbolic structule Lnduced

o n t h e h y p e r s u r f a c e i s a r - h y p e r b o l l c S a s a k l a n s t x u c t u r e w l t h f - s e c t l o n a l

curvature ,'2 82, we have 1.ri]

( 3 . 1 )  H ( x , ' H Y )  -  t i 2  8 2  g ( x , Y )  +  ( 1 2  *  ' ' '  9 2 )  o t ( x )  o t ( Y )

and

(3 .2)  r r (x ,Y)

Theva r l . a t l on ln theconnex ionsand thegecond . fundaoen ta l f o rmare

glven by fIJ

(3 .3 )  (6D)  (X ,Y )  -  e (LuD)  ( x .Y )  -  Dy  
. l ' t t ) x

(Dxr f  l l )Y + H(x 'Y)  *  1sr : (xrY)

where gIl*(X,Y)Z - (DrH)(x1Y)

and

(3 .4 )  (6 I t ) )X ,Y )  .  ; t ( hH) (x ,Y )  -  lH (x "HY)

+ trYl - (u*v)r + tr ' i (N, BX'BY'N)]

I f t he ln f l n l t es l rna l va r l a t l ono f thehype rsu r fAce€ reno rma l the

variatloo of D and It would be glven'by /V'

(3.5) (6D)(X,Y) - e{xrtr - (DxY)r + ' f t(N'BX'BY'n) r ru(x"sv)} '

Varylag equatlon (3.2) lnfinlteslnally, lte have

(3 .6)  16s1 (x ,Y)  -  -  (6 r rB)g(x ,Y)  -  r 'B  (dg)  (x 'Y)

+  6( f+  r 'B)  " t (x ) .  
I (Y)

+  (A+ r 'b )  )  (6o( ) (x )  { (Y)  +  o t (x ) (6  o ( ) (Y) }  '

whLch wlth the help of equat lons (2'8) '  (2 '9) '  (2 ' f0) '  (3 '5) and

7 T

' -  r r B  g ( X r Y )  -  r ' B  ( 6 C ) ( X ' Y )

a  ( f +  r r B  )  & ( x )  o L ( Y )
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(3.7)  (LvH) (x ,Y)  -  -  f , r  B (  (L-g)  (x ,Y) + { (LuH) (p,p)

t+ r 'B) (h c) (x) q((Y)+i2H(LVP,P) . l (x)  d(Y)  + (

+ 4(x) (r,vot) (v) ]

becomes

e{xy l  -  (Dxy) r  +  r ' t (N ,ax ,By ,N)  -  ln (x , 'w) } '

= -  r '8etr  H(X,Y) + e{PPl -  (DpP)l

(3 .8 )  -  IH (P , I IP )  -  2H(P ,  rHP  -  r ( n -  -

+  e ( ? +  r ' B )  {  - o ( l ' I D (  -  f x l  +

+  2 H ( V , f X ) ]  4 ( Y )  +  { -  o ( l ' H Y

+  2 I l (Y , v )  +  2H(v , fY ) )o ( (X ) .

Conversely lf I satisfles the dlfferentlal equatlon (3.8) then by re-

t rdat l -ng the steps rse get  (3.3) .

llence we .have the following theorem :

T.heoreur.3.l: In order that for an infinlteslmal varlatlon (2.1) uay

have a r-hyperbollc Sasaklan hypersurface wlth f-sectlonal curvature
, , ' , '

-  T ' '  g ' in  a r -hyperbol ic  Sasaklao wi th f -sect ional  curvature -  r t '  B '
' r )

- 6rF B- , lt ls necessary and sufflcient that the function tr satlsfles

the relat ioo

,  f rvx  -  (D*v) r  +  r { 'K (N,BX,BY,N)  +  t '2  92  (g (x ,Y) - o((x) o( (Y) ) )

fxr o((Y)+  (pp  l -  (DpP)  r )  o ( (x )  o ( (Y)  +  (Z+ r 'B)  { -

-  f y ro ( (x ) ]  +  {2 r r (x ,v )n  +  2H(v , fx ) i  o (  (Y)

+  { 2 H ( Y , v )  +  2 H ( v , f Y ) } o (  ( X >  J

= 6r '8 (  o((x) o( (Y) -  c (x,Y) )

Co-tol- laty J.1: The lnf initeslmal normal paral leL varlat lon carr ies a

normaL r-hyperbollc Sasaklan hypersurface wlth f-sectlonal curvature

- t '2 82 to a normal r-hyperbol ic SasakLan hypersurfaee with f-sectlonal

curva ture  -  t '2  g2  -  6 r t2  92  l f  
"od  

on ly  i f

A *  I  n

r)) + f*].((x) 4(Y)

2H(X ,v )n

+ fYI

i . r )

C o r c  I

c o : d 1

I

Aci:q

I

llather

dur log

g r a t e f

l r l  B

: &

: _ t -  s : :
-'r7: - : f
:rrs^-.rr
r x

K .

Sa

I
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: s i , K ( N , B X e B y , N )  +  t ' 2  9 2  ( g ( x , Y )  -  o ( ( x )  o ( ( Y ) )

{o (x )  c (  (Y)  -  g (x rY)  }  6 r '8

b r : r . e r r 3 . 2 : r f t h e e n v e l o p i n g n a n l f o r d o f c o r o r l a r y ( 3 . 1 ) b e f l a t t h e

i€aa: ' . : cc  reduces  to  6 r r  B  =  -  le r r -  B-

hcc the Proof ls obvious'
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Cormnon Fined Points for SeLf MaPs

K . P . R .  S a s t r Y  &  S . V . R .  N a i d u

: : : . ' -1s  paPer t  we ob ta ln  su f f i c ien t  cond i t lons  ( i )  fo r  a  fan1 ly  o f

::c:: : ' "r ' js se-f rnaps on a compact topological space and (11) for an

?i-: : : : : : :- ' . :cus fani ly of self  maps on a metrlc sPacet to admit connon

: : rc ' : ; . : : : : s .  F rom these,  the  f l xed  po ln t  theorems o f  K IEb ILJ  fo l low

I t  : : r : - - a r i e s .

l r ! : : : :1c :  l :  For  a  non-empty  fan i l y  f io f  se l f -naps  on  s  nor -empty  se t

I :  !  i  i : ,  the orbit  0( fr ,  i l  of x wlth resPect to t t  ls defined as

: 1' x) '':1,:"",:"'1,'.'i,ll:"T:ff":'.;:*:"::" 
ot &\.

I

5: r  :3ce  o f  the  orb l t  o f  a  po ln t  w i th  respec t  to  a  fan l l y  o f  se l f  naps

1r Gs. :c t:dhusudhana B.ao f2J).

- j .  
r t ! :re 0(x) for O( 41 , x) when f i  is understood' For a subset A

* (  r  : : ; c l :g ica l  space,  cJ - .  A  ls  the  c losure  o f  A '

g:r Let (X, * ) be a compsct topologlcal sPacet ( a non-enpty

!:: : '  : :  : : : i iouous self  maps on X and F a non-negatlve real valued

lrc,: ' . :c : :  I  r  X such that F ls contl-nuous in each varlable and

I  r . r  '  :  u :e :ever  x ry  a re  d is t lnc t  e lenents  o f  X '  Suppose tha t

:  : o f  s u p  F ( u r v )  <  s u p  F ( u r v )

r . : 0 { x )  u , v e O ( Y )  u r v e O ( x )

&e-rt: r i .r. is such that the rlght hand slde is posltlve' Then the

lrElr A :. t  a corImon f ixed poLnt l-n cl '  0(x) for each x in X'

r+* ! .  t i r  r  :  X .  S ince  0(x )  rs  gQ- lnvar lan t  ( tha t  l s  f  (0 (x )16  0(x )

lcc r-I  g : :  *) and every nember of f i fs continuous' l t  fol lows that

: l -  I  r  : r  l - lnvar ian t .  By  the  compactness  o f  $ rk ) ,  t t ie re  ex ls ts  a

r:r:.r: -c-cPty * -lnvarlant closed subset Y of c1 ' 0(x)' By the
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minimali ty of y, i t  fol lows that y = c1. 0(y) for each y ln y. since F
is continuous in each variable, i t  fol_Lows that

o ( Y )  -  s u P  {  F ( u , v )  |  u , v  e  o ( y ) }

=  s u p  {  F ( u r v )  |  u r v  e  c 1 .  0 ( y ) }

for each , ," 
": 

::r.:":r;';] 
j"""."".t"] 

r. Fix z e y. rhen D(y) = D(z)
fo r  a l l  y  e  0 (z )  so  tha t

i n f  {  D ( y )  |  y  e  0 ( z t  }  -  D ( z ) .

Hence,  f rour  (2 '1 ) ,  D(z )  =  0 ,  consequent ly  z  l s  a  cormon f i xed  po ln t  fo r
the  fami ly  d .

C.o.rol l .a,ry 3. Let (X,d) be a coopact metric space and I a non_enpty
family of continuous self  naps on X. Suppose that

( 3 . 1 )  i n f  {  d ( o ( y ) )  I  y  e  0 ( x )  }  <  6 ( 0 ( x ) )

whenever x e X wlth the dlameter 6(0(x)) > 0. Then Xh." .  common
f lxed  po ln t  in  c1 .  0 (x )  fo r  each x  ln  X .

Coiol.1.arJ- 4. (Kirk fLJ, Iheotem 2). Let (X,d) be a compacr netr ic
space and f a continuous self-nap on x !{ l th drnrnrshlng orbital dianeters
on X.  Then,  fo r  each x  in  x r ' t t re  sequence {en(x ) }  has  a  subsequence
converg ing  to  a  f i xed  po in t  o f  f .

Now we prove a theorem on the exr-stence of common f ixed points for
a  fami ly  o f  se l f  maps on  a  met r ic  space,  no t  necessar i l y  compact .  F rom
th is  fo l lows another  resu l r  o f  X i rk  6J .

Th.eorem 
-5' Let (x,d) be a netr lc space, f t .a non-enpty farnl ly of self

maps on X and

tr 
= { f  !  ei ther f  is the identl ty map on X or f  ls the compo_

s i te  o f  a  f  in l te  nunber  o f  e lements  o f  * i .

suppose tha t  E ls  equ lcont inuous  on  X,  (3 . r )  ho lds  and i  e  X .  r f
z e  O { c l . 0 ( y )  |  y e 0 ( x )  } ,  t h e n z l s a c o n m o n f i x e d p o i n t  o t *
and

r ( x )  -  i n f  {  6 ( o ( y ) )  I  r  .  o 1 * 1 }  -  o .

t--.

! : t

t l

:.t

: -

d

t r p

faca
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t l  
:

t  t 1
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$1. Stace every member ot € ls continuous, we have O(z)C cl ' 0(y)

lcc r l i  v  e 0(x) .  l lence

l : . r ;  f  ( 0 ( z ) )  5 r ( x ) .  /

lrt c > O. Since E ls equlcontlnuous on X, there exLsts n > 0 euch

t b t  d ( f u ,  f v )  <  e  f o r a l l -  f  . V  w h e n e v e r d ( u r v )  <  n  '  F i x w e  0 ( z )

o d y : 0 ( x ) .  T h e n w e  c 1 . 0 ( y )  s o t h a t t h e r e e x l s t s k e  B  s u c h t h a t

c t l y , v ) <  n .  t e t g r h e E .  T h e n

d('kv' *" 
: lti-lrr?,;,.-t:':' 

hw) + d(hw' hkv)

l

: - a c e  6 ( O ( k y ) ;  <  6 ( 0 ( w ) )  +  2 e .  W e h a v e r ( x )  S O ( 0 ( k y ) )  s l n c e v e 0 ( v ) '

3 c a c e  r ( x )  <  6 ( 0 ( w ) )  !  2  e ;  T h l s  l s  t r u e  f o r  a l l  a  >  0 '  I l e n c e '

:  r  :  5 (O( r ' ) ) .  Th ls  l s  t rue  fo r  a l - l -  w  e  0 (z )  '  l l ence

: - : )  r ( x )  s  r ( z ) .

l : t r  1 5 . l )  a n d  ( 5 . 2 )  w e  h a v e  r ( x )  -  t ( z )  -  6 ( 0 ( z ) ) '  H e n c e  ( o ( z ) )  -  I '

F : ! . :  z ls a cotmon f lxed point of d.and r(x) - 6'  '

l l r t l lerr 6. (Klrk f f  ,  theoren 3). Let (Xrd) be a mett lc space and

t -  I  -  I  be  such tha t

r, .  i  has dlnlnishlng orbltal diameters and

r f  : | .ere exlsts a constant o such that for each posLtJ.ve integer

i and for each x, y i  x,

d ( f k x ,  r k y )  s  o  d ( x , Y ) .

i l  f : :  so.,e x e X, 8 subsequence of the sequence { fo*} has 1lmlt z '

: I t  : !r  ' : r- :  and fz = z.

E:drGt

l lr  a..-5crs are grateful to Dr. D.R.K. Sangameswara Rao for hls

rl-&r Il; rad coostant encouragement ln preparlng thi.s paPer.
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Certain Erpansions of GeneraLized BasLe
Hypengeome-tric Emctions of TLso Vatiables

Devendra Kandu

1. . Intfoductlgn

I n t h i s n o t e ' w e s h a ] - l d e r l V e s o m e e x p a n s i o n s l n v o l v l n g g e n e r a l l z e d

basic hypergeometrlc serles of two varl 'ables' These lnclude' as speclal

c a s e s r m a a y o f t h e k n o w n e x p a n s l o n s o f g e n e r a l l z e d b a s l c h y P e r g e o D e t r l c

functlons of one.varlable whlch have been 6erlved by Aruna Verna .(LyJ '

2 .  Nota t lon

T h e f o l l o w l n g u s u a l n o t a t l o n w l l l - b e u e e d t h r o u g h o u t t h i S n o t e .

'  
[ " t t |  t  [ca; r1 -  11-qt)  ( t -q"+l )  . . .  ( t -qt+t - I )

f a ; O J - [ s " ; o J - t

g e n e r a l l z e d b a s i c h y p e r g e o m e t r i c s e r i e s o f t w o v a r i a b l e s t s d e f l o e d

r l
l r ( a ) l

l " l ( u ) . ; . ( c ) 1 ,  x  r
I  |  ( d )  l - :
L r  |  < " > ' ; ' < t l J  

m > o  n > o

ye.1d -RgsuL.t,q,

In this sectlon we shsLl

(e)

b-e+r,b-c+r

(d )

b+2r
'  (a )

establLsh the following results:



l l

D n

t t
* * r

- i  :
Ft tql

. *H
h *-*q

- .& , l

dtf.*ffi

r=o

b
xq

v

b
xq

v

t' l
6  I ,

L
r
Io l

L
u (r)

6

= d

u ( r

6

= 6

=  r (b+c+ r - l ) .

,8.
(  |  (a)+2r  - l

|  "o-*  
|  a+r ,b+r ,B+r;0+rrb+r ,e- i * .  

I

l "  I  car*z '  I
L I o+8 -L+r r e+2r 3a+B-r"5+r ,e+2r -l

|  - u1  
(a ) ' b  

I
l " o ' l c ' B i o ' B - i  I
l -  |  ( d ) , e .  

I
L I t+s-\; 

"*-t"e -)

)  -  r ( b+ r - l )

,2.

t- ; 
(a)+2r 

I
| 

,. 
I 

e+r, b+r ; e+r, B+r 
I

l r l  
( d ) + 2 r  

I
L l c + r ; c + r l

f  |  
( a ) , e  

I

l " l b  ;  e l
l l ( d ) l
l t l

L  I  c  ;  o J  ,

Nep.  Math .

( .) ,"  
1

b ,6 -2b ;b  
I

lu' ," I
o  i -  - [ r

( 3 . 2 )

where

( 3 . 3 )

where,

( J . 4 J

1 1 ,  N o . 2  ( 1 9 8 6 )

a ) :

b
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where u(r )  *  r (e+r- l ) .

4 .  P roo fs  o f  ( 3 .1 )  t o  (3 ' 4 )

We sha11 Prove the abbve results:

To  prove (3 .1 ) ,  we wr l te  the  le f t  hand s ide  as

e :

r  (r* l )*r  (c:2)*(s:r)  (e+c-b)

,  e ,  - s ,  - t ;

,  b+srb+t ;

@ @ @

E-o tlo tlo

(By taklng r+o = s

o 6

s-o  t=o

s t  s(e*c-b)
x y q

d

' . 1 i t -

b + 1. T

b'e. 6

'1
la l

-J

b-e+s+t
where q - q

Now sunmln$ q7e11 poised serles 
6d5 

with the help of known result

61"t" t  (w-9) ,  P. 247J,

we get  the r lght  hand s ide of  (3 ' f ) '

S l n l l a r l y r ( 3 . 2 ) a n d ( 3 . 3 ) n a y b e p r o v e d ' T o p r o v e ( 3 ' 4 ) ' w e r e p l a c e

the left hand slde bY

,

s . t

@ @ @

L L L

fro mro nto

- @ @

=  X  . E
s'o E-o

ir] lb+r-t: '

s+!/

rJx
re
and

(a-"
ffi

r
I
I

s l
, {

L

t

6

2x
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(By taking r + m - s and r * n - t)

'  X  . X
s-o Ero ,

z s t

su - lng 
zdtby 

Gaussrs theoien fs later  ( rv .  1)  '  p '  24A,  we get  the

r l gh t  hand  s rde  o f  (S .A ) .

5. Spec-l-+1 ges.es

In thls sectlon, we ehal1 deduce some knowa results. as speclal

cases :

( 1 )  P u t t l n g  A  -  D  -  0 ,  I ' x  i n  ( 3 . 1 ) ,  w e  g e t

(s .  l )  , !o

l' b-e+r,b-c+r;. I l- b-e+r,e+c-b+r; I

z o r l  x o e * c - b l " z d r l  " l
'  

fu+zr  J  I  b+2r ;  J

- " ! o r E . W

Now setrlng s+t = v in the rlght hand slde of (5.1) and changlng the

order of sunmatlon and sunmlng the lnner 
Z 0 f 

by the baslc analogue of

Gauss Theorer Islater (1v-3) ,  p, 247J, we have,

I  L i Q

+s+te
q

o ;

,

'vblcl

G . 2 )

b.

l-

J

(Ll

I
- i

a

b. ;l

-u
{

!

l-", -,
I
l e

I b-e+r,b-c+r; 1 t- b-e+r,e+c-b+r; I

z 6 t  |  * n e + c - b l " z o r l  * l
I u+zr I L b+2r )

I e,b-e-; I-  z $ L  |  "  I
L b  J

+c-bt17 x2t 
r(c+r:l)
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'whleh is equl"valent to a result due to F.H. Jacksort [5, JSSJ.

( i i )  Le t t i ng ,A  :  D  -  0  and  y  -  x  l n  (3 .2 ) r  we  ge t '

( 5 . 2 )

I  e+rrb+rr6-2b+ri  1
* sbz 

lo*r, "*rt 
* l

P 99 le; s*= 
slo tlo 

-EG

Now, puttiigr s+t = u ln the rlght hand side of (5.2) and strmlng the

l nner  ,  6zby  Seqr 's  f l3 ,  q3 . f ,  we have,

83

[-b+r, 
e+r; 

I
z6 r 

l"*r. "J

s" ' x

e+ri 'e+r,b+rr 6-2b+r; 
-l

, t ,  I  "oo I
f6+r,c*2r I

[ 2u ,e ,6 -u ; '  I  
-

=  
3 6 2  |  "  I

L ",0 - l

s-o  t=o  le i

l .  b+r,
I

x  o  0 ,  I
.  L l

l_ c+2r

-'t

t l
t lx l
I

I

( 1 1 1 )

(s.3) 
rr=o

t i z

o 6

= x x

Taklng A o D -  0 in  (3. '3) ,  we have,

I 
o+r,b+r,B*";*q-t-i 

,. r r, li*.,0*r,B+r;xl
[-o+B-!+r, e+2r J lo+&-b+r',e+zr I

Now, putt lng s+t - u ln the rtght hand slde of (5.3); we get after some

s inp l l f l ca t ion ,

t {X##4+ilfu:u7*' , I-o,8, ! -o-e-';q 
1uzo m 

* 4 o 3 
[ o+e_t, l_o-u, 2_B-uJ

-rttl F.-bzr1 ,o?ror 
(b+r=l)
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Further changLng the order of surmatlon and su@lng the tnner.Og3r

get  a resul t  due to N.  Agrawal  [Z;  (3.1D

( iv)  Last ly ,  put t lng Y -  x  aud A -  D -  O Ln (3.4) ,  we get

/s a\ F feif lry,+4.fl-x2r ar(e+t-L) *\J 'e ' l  
#o f f i  rc i rJ  Ls iEJ

-  
"EorLM

Now, settLng s+t - u ln the rtght hand slde of (5.4) se get, after

sone sinpl l f icat loo, a result due to F.H. Jackson fe, fJ.

A.c.kJr.owl- e-d g e.nen t

t8)

[- e+r,b+r;x-l l- err, S+r; 1
z d t  i  l "  z s r  |  " l

L c+r :l Lo+r I

tel

-  Lu)

[r11

Dcptr
[r lrc

Gorrl
( IDd f.

I an thankful to Dr.

t lon of thi.s paper.
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R.Y. Denls for hls guldance ln the prepara-
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Non-Linear nno-point Boundnry VaLue Py,obLems
and their Applieati,ons to PopuLati,,on Dynunies

K.N.  Mur ty*

B . D . C . N .  P r a s a d

aod
P.V.S.  Lakshn l

Ab.stract

Tn thls paper exlstence aad unlqueness of solut lons to tr,ro-point

boundary value problems assoclated wlth a system of f l rst order non-

l lnear matrix dif ferential operators satlsfying general boundary condi-

t ions are derived. These results are applted to obtain approximate

analyt lcal solut lons to Lotka-vol-terra equatlons whlch arise in popula-

t lon dynanics.

1. Ii.ttoductl.o.n

Non-l-Lnear boundary value problems pJ-ay an lmportant role in almost

al l  branches of science and Englneering. rn f indlng sol-ut lons to two and

three-poiot boundary val-ue groblems for non-homogeneous as wel.1 as non-

l lnear problems the construction of Greents functlon is vi tal.  rn sectlon

3, we present cr l ter la for the exlstence and uniqueness of sol-ut lons to

two-point boundary value problens associated wlth a system of f l rst order

natr ix dtf ferentlal operators.

L y  =  p ( t ) y '  +  Q ( t ) y  -  f ( t , y )

satisfylng the general ll-near boundary condltl-ons

M y ( a ) + N y ( b ) = q

G . l )

( 1 . 2 )

where p(t)eC2 farbJ and Q(t) ecl faral are squate matrlces of order n,

p(t) being non elngular, M and N belng square matrlces of order n and

fro are col-unn vectors of order n and f belng non-linear. We assume

that the related homogeneous boundary value problen has onry the trlvlal

solution, In Section.4, we apply the theory developed in Sectlon 3, to

* lh is  research ls  supported by U.G.C.  (1f50/84 (Sn-rV)) .
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an lntetestlng probleo that arlses ln popuJ-ation dynamlcs and falrl-y

good approxlmate analyt lcal solut lons are obtalned.

2. Prel ininarles

The equatlon

P ( t ) y ' + Q ( t ) y  -  0

is equival-ent to

e .  r )

( 2 . 2 )

I' f

I

I
I

y '  -  A ( t ) y

- l
w h e r e A - - ( p - Q )

Def ln l t ion  2 . I :  Any  se t  o f  n  l inear ly  independent  so lu t ions  o f  (2 .2 )

ls a fundanental set of sol-utions. The matrix lrith these elements as

coLumns l-s a fundamentaL natrlx for the gJ.ven equation.

Def in i t lon  2 .2 :  I f  Y( t )  l s  a  fundanenta l  mat r l x  fo r  the  sys ten  (2 .2 )

then the matrix D deftned by

D - } f i ( a ) + N y ( b )

le ca11ed a characterist lb natrLx for the boundary val-ue prob'J-en:

y '  -  A ( t ) y

M y ( a )  + N y ( b ) .  o

Lenma 2 .1 :  Any  so lu t lon  o f  the  mat rLx  d l f fe ren t la l  eqr , ra t lon  (1 .1 )  l s

al-so a solut lon of the lntegral equatlon

y ( t )  =  y ( t )  
4 t  

y - 1 ( " ) p - l  ( s ) f ( s , y ( s ) ) d s + y 1 s y s

where C ls a constant natr ix.

Proo f .  The proo f  l s  s ln l la r  to  the  proo f  o f  theorem 3 .3 .1  and 3 .3 .2

of Chapter 3f2J.

Lewa 2 ,2 t  I f  Y( t )  i s  a ' fundanenta l  mat r i x  o f  (2 .2 )  then the  na t r l x

g( t )  de f tned by  0( t )  =  Y( t )  D- lC t "  a l -so  a  fundamenta l  mat r l x  fo r  (2 ,2 )

Lenma 2.3: Let g be a fundamental- matr ix of yr - (-p-lQ)y. Then, the

boundary value problen (1.1) satlsfylng (1.2) has a unlque solut lon

I = yl + I  I f  and only l f  y, ts the only solut ion of
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P y ' + Q y = f ( t , Y + 0 )

M y ( a )  + N y ( b )  =  0

( 2 . 3 )

Proof .  Suppose y l  i s  thb  on ly  so lu t l -on  o f  (2 .3 ) .

D e f i n e  y = y l + P .  T h e n

Pv'  + Qv -  tY i  *  Qr ,  +r0 '  +  qP

f ( t r y l + 0 ) + 0

f ( t , y )

Al-so

My(a)  + Ny(b)  -  A lyr( . )  + Nyr(b)J + [v IT@) + Ng(b) ,

= 0 + f M y ( a ) + N y ( u ) J o - 1 o

=  c I .

converse ly ,  suppose Y -  Y I  +  p  l s  the  on ly  so lu t ion  o f  ( I .1 )  sa t is fy tng

( 1 . 2 ) ,  t h e n ,  i t  e a n  b e  e a s l l y  s e e n  t h a t

P y i + Q v r  -  f ( t , Y l + 9 )

and

M y t  ( " )  +  N y ,  ( b )  - ' 0

3. Two:p.olnj .B.o.uld.arv. .val-u.e. 3.rob].eP.q

In thls sectlol} we establ ish exlstence and uniqueness of solut ions

to tr^Io-polnt boundary value problems assoclated hTlth a system of f l rst

o rder  non-1 lnear  d l f fe ren t ia l  equat ions  (1 .1 )  sa t is fy ing  (1 .2 ) '  We

assume tha t  the  func t ion  f ( t ry )  sa t ls f ies  a  T , ipsch l tz  cond i t lon  in  the

second var iab le  1 .e . ,  there  ex is ts  a  non-negat ive  cons tan t  k  such tha t

l l r ( . , y )  -  r . ( r , z )  l l  :  k l l v - r l l  +  ( t , v )  , ( t , z ' 1 e f a , b J x  R n  ( 3 ' t )

Theoren 3.I:  Suppose the honogeneous boundary va1-ue problen is incom-

pat tb l -e  and f  sa t is f les  a  L ipsch l tz  cond l t lon  (3 .1 )  on  fa ,bJx  Rn and

suppose that

, -  max f  e .2)n  
f l , i l  

6  l l e  r t ' s l  l l d s  <  I  '

89
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then there  ex ls ts  a  un ique so lu t ron  to  the  boundary  va lue  prob lem ( l . l )

sa t i s fy ing  (L .2 ) t  where  G is  the  Greenrs  func t ion  fo r  the  cor respond ing

hornogeneous boundary vaLue probl-em. From Lemma 2.L any sol_ution of ( l . i )

sa t i s fy ing  (1 .2 )  l s  a  so lu t ion  o f  the  in tegra l  equat ion

y ( t )  -  v ( t )  
J  

y - l ( s ) p - l ( s ) f ( s , y ) ( s ) ) d s  +  y ( r ) c

where Y(t) is a fundambntal matr ix for y'  -  (-p-lQ)y and c is a constant

mat r lx  and w i l l  be  de terur ined un ique ly  f ron  the  boundary  cond l t ions  ( I .2 ) .

subs t i tu t ing  the  genera l  fo rm o f  y ( t )  in  the  boundary  cond l t ions ,

we ge t

A r v ( a )  +  N y ( b t c  +  N y ( b )  
{ o  

t - t ( " ) p - l ( s ) f  ( s , y ( s ) ) d s =  c r

T h u s  c  =  n - I I o  -  N y ( b )  
{ b  

v - t ( " ) p - r ( s ) f ( s , y ( s ) ) d s j

where D 1s the characterlst ic natr ix for the boundary value probl_em.

T h u s  y ( t )  -  y ( t )  D - l o  + , r b  C ( t , s ) f ( s , y ( s ) ) d s

w h e r e  
/ y ( t ) y : i  

( " ) p - l  ( s ) - y ( t ) n - r N y ( b ) y - 1  ( s ) p * 1  ( s )

I
\
I  

( a < s < t : u )

G ( t , s )  -  |
l r r
[ -v ( .)n-Iruv (b)Y-I  (")  p-r  (")

( a < t < s < b

Let  Y( t )  D- lo  -  p ( t ) ;  Note  th ls  ana lysJ .s  cor responds to  the  homogeneous

boundary val-ue problem. To obtain unlque solut ion to the homogeneous

boundary va]-ue problem, we eonslder the l inear space J of functions

u( t )  e  c t  [a ,bJ  f l r ted  wLth  norm

l l u ( t ) l l - ' . "  l u ( t ) 1 .
te [a,bJ

It ls clear that J is a Banach space.

Let T: J -+ J defined by

( t u )  ( t )  .  , r b  c ( t , s )  f  ( s , u ( s ) ) d s  .
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Then for any urv e J

l l r "  -  r " l l  :  r  lb l l c r t , " r l l / i l ' < "1 -v (s )1 . [as

I  x  l l " - v l l  _ m a x  r b l l c l t , " y  l ; a "
f^,V 

-

s  o  l l  " - "  l l

t I - o l o l - B l o l r 2

o 2 ' o 2 o 2  +  B 2 t l o 2

9 l

,  where o - K -max rb I le 1t,"y l  las < r
fa,b] 

'

Thus T ls a contractlon napping and hence by a Banach fixed polnt

theorem the homogeneous boundary value problen has a unlque solutlon.

Now applylng the above procedure to the boundary value problem.

P Y ' + Q Y - f ( t r y + P )

u y ( a ) + N y ( b ) - 0

a unique soLutlon y, ls constructed. I lence by Lennas 2.2 and 2.3 e

I - It + I is the untque solutlon of the boundary value probJ_eu

( I .  I )  sa t l s f y l ng  (1 .2 )  .

4 . Appllc.atlon to. .L.o.rka;Vo1te.rta. .Equatlo.ng

Ia L977, Yerma BJ has obtalned exact solutlons of the Lotka-

Volterra equatlons:

(4 .  r )

under the assunptf)on ol - o2. In 1980, Wilson .[4J gave the forn of

exact solutlons of (l)) vhen o1, o2, BL, 92 are functlons of t lme

wl th the assumpt ion or( t )  -  or( r )  and Br( t )  -  K B2(r)  where K ls  a

constant. rn 1982, Burnslde ttJ gau" the forn of exact soLutlons wlth

a dlfferent assunptlon namely,

(4 ,  -  o r )  B lB2 -  c ro ,  -  o rB2. ( 4 . 2 )

:
i

i
I
I

I
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In the real world, the assunptions of o1 = o2 or the nore conplicated
assumpt ions  o f .  (4 .2 )  may no t  be  sa t ls f ied .  Thus  l t  l s  o f  {n te res t  to
determine exact or atr-east approxlmate analyt ical solut ions u€ Lotka_
volterra equatlons (4.1) wtthout naklng any of the above nentro.,ed
assumpt ions .

(4 . t7  can be  wr i tFen in  the  fo rm

/ " ' \ '  _  f ,  
. \ / " , \  

tn r ' r ' z \t - l  t  I  l .  l ^ " " 1  ( 4 . 3 )
\"r/ Y ", l\", I \ ur","r 7

1"rt.r1 /",  \
\ " , , " , /  

= 
l . r )  

(4 '2)

The boundary  cond l t lons  have a  phys lca l  s ign l f i cance i .e . ,  bo th  p re  and
predator pooulat lon do not vanish at t lme t = 0 /

n ' = A n + t ( t ; n )

h ,  o \ .  t - R -  n  .  \
w h e r e  A  =  

l  
'  ' ) '  

. ,  r ( t , , , )  =  ( - u r  
n t  

" r \

\ o  " z l  \ B z " t " z l
Fundamental matrtx 

::: 

,a 3) J.s given by

Y ( t )  =  
| "  d : . )

\ o  " ' J
The characteristi,c matrix for the boundary value problem is 

l

n  = My(a)  + Ny(b)  
|

'- I' 
o\ 

ln'6) o\ (' '\ |H e r e  l v r - l  
, l , Y ( a ) = t "  . . )  

, N = t  
l  I\r tl \, nzol \o o/ 

|

o = * ( " ) = ( :  
: ) ( , , , " ,  

" , : " )  

=  
( ,  

)  |
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7  
a r ( t - s )

{ e
f l

G ( t , s )  -  
)  \ ,

L o

Prasad and

t \

"^z<t-">J

P.V.S.  Lakshml 93

a < s < t S b

a 5 t c s c b

By Banach flxed point theorem whenever

h , ,

K  m a x  1 "  I  l c ( t , s )  |  l d "  .  I  ,
P  a 1  a

L a  t D J

a unLque sol-ut lon to the boundary value problem exists'
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Meromorphie Multiualent Funetions uith.Coeff ieients

Abstrac.:

Positiue

B.A. UraLegaddl
and

M.D. Ganigl

Let f (z) ' jn * 
rrEo "o*"ph(.0*uo) 

be analytlc and p-valent ln

0. lrl " 
I and q*/lrArBJ where _llA<gsl and A * B:0 be the class of

functlons f(z) whlch satisfy

z f ' ( z )  .  I
T ( f + n  I

---::-- 
I ' i  fot 1zl < I.

^  z f ' ( z )  I5 - - G i + A p  
I

coefflcl-ent estr.nates, representatlon foruula, drstortron theore',
radlus of convexrty and closure theoren are obtalned for the class
q* rP,A,BJ.

1. Intro.du.ct{on

Let f (z) - 
\ 

* p=o 
"n*rr"p*(ao*)0) 

be analyrrc

and p-valent in the punctured dtsk 0. l r l  .  l .  For ArB f ixed
- 1  : g  <  B  s  I  a n d A  +  B  I  0 ,  w e  s a y  t h a t
f . (z) e Q* fp,ArBJ t f  and only i f

z f '  ( z )

:  I * p

t f f i *nn
<  I ,  z  e  E  -  t z  :  l r l  . t  I .

t

l

I
1

*A.M. S.  (M0S) SubJect

Keywords and phrases.

of convexlty.

c laesi f lcat lon (1980).

P-valent, coefflclent

PrlDery 30 c 45.

lnequalltles, radius
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rn thrs paper we obtain coefficlent estl 'ates, representatton
fornula, dlstortron theorem and radlus of convexlty for the class
Q* rprArBT. Further rt 's shown that thrs class ls crosecr under convexllnear combinations.

For sultable cholces of prA and B, we obtaln the earller resultsof the authors [5J at speclal cases of the results obtalned here.
Gcel and Soht ff, Sarangi and Uralegaddt [ZJ, Shukla andDashrath RJ, and silvermanr' . [4J studred certaln subclasses ofanalytle functions wlth negatlve coefflclent.

2 . c.9.eJ f.l.cJ-gIr t .r.n e.qua1.* 
{e.s

Theoren l .  A  func t ton  f (z )

[prA,BJ i f  and oo:-y f f

6

nI6 
(( l+r;n + (2+B+A)

= 
}-. ,rEg toa,rrPh (.0*rrzo) i. i '

P) ao*rrsl (B-A)

B n ; a ^ * z 2 P * " l o o .
p + n l -

ot (2) ls bounded above

(B_A)

Q*

( t )

ProoL:  Suppose ( t )  holds

we have

l ' f .  . q  l - l ' , F E * o o i . o
provlded

(2) 
i (2p+n) ̂  .2Ph Ip+n I

t -- 
fr{r-e) 

- 
nEo ((B+A) p +

For l . l  =  r  < I  the l -ef t  s lde

oEP 
(2n+o1 tp+rrt2P+t-P

nro

by



B . A .

* 
olo 

((B+A) P

= E^ ro+s) n
n I Q  

r  r -

'  - i . ,  ( ( l+B) n

S 0

l lence f  (z)  e Q* (O,A,BJ.

Conversely,  suppose

Uralegaddi and M.D. Ganigi

+ Bo) 
"n*r2P+t

+. (2 + B + A) p) .n*ot2P* - p (B-A)

+ (2 +B + A)  n)anr*r  -  n  (n-e;

97

#E* , ,r!q {'n*") "r*o"n*

f  |  / z \
ItZ -:-* + AD

t  \ z )

p(B-A) - 
,,Eo 

(s., + (B+A) n).'*o"'n*o

< l f o r z e E ,

Since  l ne ( r )  |  :  l " l  f o r  a1 l  z ,  we  have

f^ 
,^ , 2p+n

(3) *. '  .. t '30 .( 'P*t/ 
tp.+-tt '  - 

-- -- ,. ] . 1.
p(B-A) - 

.,Eo 
(stt+(B+A)p) ̂ r^"'P*n

Choose values of z on the real axlq so that z 
+A 

ls real . Upon

clearing the denomlnator ln (3) and l-etting z*1 through real values

we  ob ta in  (1 ) .

Corol lary:  I f  t (z)  e q*  lprA,nJ then

"p+n .,( f i#bm 
" 

for n - o'It2r " '

wlth equality for tQ) - r * --.RQ4J.ro"1ll*=\a /  
zp 

'  ( l+B)n + (2+B+A) p

3. Repr.es_entatlpn.FoqpuLa

Theoren 2. A functlon f(z) . { * -E^ 
"^,-"P*tv Il=U p+n

2 '
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(an*Fo) ls

(4 )  f  (z )  *

in_q:'r hrArBJ lf and only lf

,-P 
"*p 

t - p(s*l){: :!-r 
oo<? at}, o . [zl

t  -  s t 'P  d ( t )
< l

where lQ) Is  analyt lc  and sat is f les ld(z) l  s  I  for  z  e E.

P.r.o-oj,: Let f (z) be ln Q* fp,A,BJ. Then

I
I
I

I
{

z f '  ( z )-?Gt 
" 

p

B;m;
r \ z )

.  1 ,  z  e  E  .

Since the absolute val-ue vanlshes at z = 0t

lre have t

-  ,2P 6k)

where l (z)  ls  analyt lc  ana' , ld(z) l  s  t  ror  z  e E.  rDregr . r rDS (5)  we

obtaln (4)., The other part fo1_Lows by dlfferentlattog ({).

4. Distortlon Theoren

and

The t

t  ( z )

Furthr

and

Theorem 3 '  r f  f (z)  = L + f^  t  
"Pt tzp n-u P+n

(rn*.:o) ls la q:t fp,A,BJ, then

+  
-  

* # ' P  s  l r ( z ) l  s  f - +  ? '  3 ' P
r -  

A  -  - r p  
2 + B + A -

and

ffi)

;$" 
- E$aI .P-I : lr'(")l s $1' + $!r rrt

Proof: Slnce fron theoren l .
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9 9 o

Pr,30 
" i r+o 

=.r lo (( l+B)n + (2 + B + A)p) a_,_
p+n

s p ( B - A )

99

(2+B+A)

f

I

we have

f  '  .  B . - A
n='0 op*n - 

,iE'fr

Ir<rl{ = h * rrEs .n*rr.p+'

s L * ' p  f ^ "
rP n-0 -p+n

. L r B - A  P= F - Z f f i r '

and

Irt,l | = 
5 

-,,Es eo*,,.p*'

, L - - p  F  ^- 
rp 

' 
nlO 

'p+n

, \ - H * , n
rP z+

The bounds for I t Crl I

t ( z ) - { * f f i " 0 . .

Further we have

are sharp and are attalned

rI'-
z - t ,  re'2p .

fo. ,rEe (n*"1 .n*rn*o-l

;ftt 
- 'o-t ,,to (P+n) an+n

ft ,,io (p+rr) an*rP+n-l

j" ro-t oEo (p+n) ao+n

fo r  the  func t lon

and

I t ' ( r )  |  s

' s

l r ' ( z )  I  :
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? f+s )  (p+n )  S  (1+B)  n  +  (2+B+A)  P r  r  =  0 ; I , 2 , " '

< 1 f o r 0 <

and

q

Since

we have

We have

{r+a).r!o (p+n) a['*n: rrlo {t+r) n+ (2+B+A) l) ap+n

< p (B-A)

t h e  b o u n d s  f o r  l t ' ( z ) l  f o l l o w .

Radius of_ Convexity
- . - - . - . . . . - . ! . . . .N

Theorem 4. Tt t(z) = 
b 

- 
rrEg 

tn*rrrp*o ("nar, l 0)

ls ln Q* IprArBJ then f (z) is p-va1-entLy convex in 

t

o . l" l . R. = ro, /<r+s)*g+)r. n n-0, r,2,-
P n 

\ G-e) (n+p)' 
/

The estinate ls sharp for the function

. /-\ - I- * - P(9;-4)+- .P*n fo, sone nx\z) - 
l+@['ytr'l-(21sa,i)p 

-
z '

Proo f ,  I t  su f fLc les  to  show tha t

i +2 f f i +n
l z l  .  n

p

s " f f i - v

r+2 f f i +n

t*, f'$ - n
"8 . .1anl"].rn*], ."0...":1n]"
2o2 + i^ n(p+n)a .?P+n' n=u p+n

olo 
(ze+r,).(nrrr) un*n 

.'".'. 
'n*

zp2 - oEo n(p+n) 
"p*l"l 

zp*



The last expressLon is

2
(5)  -8"  ( .p l , )

nru p

Fron theorem l, we have

B.A. Uralegaddl aod

bounded above by I tf

"p*  l r l  
2Ph .  I

a  < l
p+n -

M,D. Ganlg l

r  n  -  0 r 1 1 2 ,  . . .

,  n  '  0 r 1 r 2 ,

fol lows.

and

-  0 r I 1 2 ,  . . .

can be expressed in the

Ilence (5) ls satlsf led i f

,
(7) (+) l"l2P^ sp

Solv lng (7)  for  l . l  ,e  6btatn

/ t t + r ) n + ( 2 + B + A )  \ J -
(8) t"l < [---:-;-Ao ) 

2n+n

\ (n-n) 1610;' /

Putring I z I - Rn in (g) the resul"t

6. CLOSURE THEOREM

Theorem 5.  Let  f_  ,  (z)  .  i
P-r 

. zP

T-p+n

Then

t  ( z )

t  ( z )

- -l- * e(B.-A).
zp 

( l+B)n %--F rorn

t forne Q* /p,A,n-/ lf and only if

- 
,r l-t lp+n fpr*r(')

"tta ,rE-r I p*r, 
- I

( z )

l-

0

F . r o o j : -  S u p p o s e f ( z )

where ), 
p+n )

6

- 
nll trp+r, fp+n

= l, 
* f^ r 

p-(l.-l)- zPn

zp n=0 "p*n (t+B) n { (2-+S-+A}F

n+(2+B+A)



r -  ) ,  : _ p ( B - - A J  - -  ( 1 + B ) u + ( 2 + B + A ) P
n-0 "p+n fr$-n-T-@ 

-_f,ffit-

-  
o E o  r n * - 1 -  r p - t = l

f  (z)  e Q* fp,A,BJ

Conversel-y, buppose t.(z) e e* fprArBJ . .Then

a' p+n

Setttng lp+o

.. rji=mi$qzrEro'tf o r  n  -  0 r l r 2 r .  . . .

" o * r r ' n = 0 ' L t 2 " "

t r p - l - 1 -

we obtaln f(z) - 
r,E_r 

rp*o fpro (")

R e n a r k s ;  P u t t i n g  p  -  l r  n -  ( 2 4 - 1 ) B  a n d  B . B w h e r e  0  S { . 1  a n d ; 0  < B S t ,

ln the above theorems we obtaln the results trL [5J.
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