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Closure Semi-Continuity
Phullendu Das
Abstract
Closure semicontinuity is defined and some results of closure semi-
continuity analogous to those for. closure continuity are obtained.
Let (X, T) and (¢, T'") be any two topological spaces.

A set A — X is said to be a semi-open set if there exists am open
set 0 such that 0 © A C T where 0 is the closure of 0 (Levine [6]).

$.0. (1) will dencte the class of all semi-open sets of (X, T). If
x e X, 0(7, %) and S.0. (r, x) will denote respectively the class of all

open and semi-open sets of (X, t) containing x.

In [5] Das defined semi limit point and in /3] Crossley and Hildeb-
rand defined semi-closure A of a set A C X in a manner analogous to limit

point and closure.

Unless otherwise mentioned o will denote a mapping of (X, 1) imnto
(Y, +°)

« is saild to be semi-continuous if U ¢ 1” ==y (U) ¢ s.0.(0)
(Levine [6]).

o is said to be closure continuous at a point x € X iff for every

¥ & 0 (t7, ()¢ ) there exists a U e 0 (1, x) such that ()X & V. 1If
o be closure continuous at every x € X, then & is sald to be closure

—————— e —————— S—

continuous on X (Andrew and Whittlesy /[17).

Definition 1: o is said to be closure semi-continuous at a point
% ¢ X iff for every V € 0 (7, (x)(), there exists a U € 5.0. (1, %)
such that (X C V. If o be clesure semi-continuous at every x & X,

then of is said to be closure semi-continuous on X.

Theorem 1: If of be semi-continuous, then & is closure semi-continu-

ous on X.

————
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FProof: Leto{ be semi-continuous, Let x ¢ X and let V & 0 (7, (x)=) .
Since X is semi-continuous, there exists a U ¢ S.0. (t, x) such that
(V)= C V and then (W) & (U)X (by Theorem &, Biswas [27)C V.
o 1is closure semi-continuous at x. Since x is any point of X, o is
closure semi-continuous on X.

Note 1: The converse of Theorem 1 is not true as shown by

Example 1: Let X = {a, b, ¢, d} ,
= {¢» % {8} 5 {b, ¢} , (&, b, c}} .
Then $.0. (v) =T U {{a, d} , {b, c, d}) .
o : X+ X 1s defined by
(8)X =b, (b)o =a, ()X =d , ()X = ¢ .

2 is closure semi-continuous on X . Since (2} =- but ({s,})a_('l'
= {b} '_¢S'.0. (t), « is not seml-continuous.

Note 2 : Closure continuity ==# Closure semi-continuity but not
conversely since o (defined in Example 1) is mot closure continuous at
d . For, {b, ¢} £ 0(r, (d){) but as the only opem set containing d is
Xand (D = xA (B, ¢} = b, ¢, d} .

Theorem 2 : Let (¥, 7°) be a T3 - space and ler of be closure

semi-continuous at & point x € X. Then o {5 seml-coatinuous at x .

Proof: Let V e 0 (v, (x)e{) . Since (¥, *°) 15 a T,-space,
there exists a U g8 0 (t°, (x)xx) such that V,C¥ . Stnce« is closure
semi-continuous at x, there exists a U e S.0. {r, %) such that (W) C "3"1.

Then ()X € V . Hence « is semi-continuous 2% x.

Gorollary 1 : Tf (Y, 1) be a T.-space, them of 1s closure semi-
continuous on X ==% X is semi-continuous.

Note 3 : Semi-continuity at & point does sot faply closure semi~
continuity at that point as shown by

Example 2 : Let X = {a, b, ¢} ,
T = {ml Xy Ea-' L s, bf v Tl CJ-' *

7= {g, x, {b}, {&, c}} .
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Then ¢ = 8.0. (v), 7 = 8.0. (t7)

The identity mapping I (X,t) = (X,17) is semi-continuous at c.
Since {a, c} e 0(t”,e) but for every U e 8.0. (v, ¢), (U) I, = X ¢. {a, el

= {a,c} , o is not closure semi-continuous at C.

Tn /1] Andrew and Whittlesy proved that if o be continuous at a
point x e X at which « is not closure continuous, then every U € 0(t, x)

has a 1imit point at which X is not continuous,

But if o be semi-continuous at a point x £ X at which « 1s not clo-
sure semi-continuous, then every U ¢ §.0. (1, %) may not possess a semi-

limit point at which o is not semi-continuous as shown by

Example 3 : Let X = {a,b,c] ,
= {¢, X, {a} , [}, {a, b}}.

Then $.0. () =rtU {{a, e}, {b, c}} .
of: X = X is defined by

(a)k =b, (B)X = a, (c)X =b .

is semi-continuous at C . o is not closure semi-continuous at C.
For, {b¥ ¢ 0 (r, (e) =) but for every U g 5.0 (T, &), (Mt = (X)X
= {a, b} ¢& b, c} = BT .

New {a, ¢} £ S.0. (r, ¢). But it has no semi-limit point.
However we have the following result

Theorem 3 : If x £ X be such that (i)of is semi-continuous at x,
(1) < is not closure semi-continuous at x and (314) 5.0, (3, %) 48
closed w.r. to intersection, then every U € S.0. (7, x) has a semi-limit

point y at which o4 is not semi-continuous.

Proof : By (11), there exists a V £ 0(t”, (x) X ) such that
(U= ¢. V for every U e 5.0.(r, x). By (i), there existsa UlE 8. 0{r, )
such that {Ul)ol C V. Let U & 38:0,(r, x). Let tl2 = UN Uy Then by
(fi1) ll2 e 80.(x, x). Hence @;2_)(1  V but (qz_)u( C V. Hence there
exists a y ¢ X such that y is a semi-limit point of U'2 and therefore of
U but (y)ed ¢ V. Let Vy =y~ V. Then v, e 0z, (y) =X ).
Let U, ¢ 5.0. (1, y). Since y is a semi-limit point of U, ,




i
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u, N (U3 -~ {¥}) #4¢ . Let ze Uzn (U3 -{yl) . Then ()= ¢ W.

Hence (Us)x ¢ "Vl for every U3 £ S.O(‘t, R is not semi-conting-
ous at y .

Defindition 2 : (X,r) is said to be a ST3 = Space if for svery semi-
closed set F of X and every p ¢ F, there exist U, Ve S.0.(r) such that
FCU, peVand UNY = ¢ (Das [47).

X,7) is a ST3 = space 1ff for every x € X and for every U E §.0.(r,x)
there exists a V ¢ 5.0.(x, x) such that Y ou (pas [47).

Theorem 5 : If (1) (X,t) be a ST3 = space and (11) &£ be semi-conti-
nuous at a point x ¢ X, then «is closure semi-continuous at x.

Proof : Let V& 0T, (x)e ). By (1i) there exists a UJ_E: 5.0. (1 ,%x)
such that (Ul}'ﬁ. © V. By (i) there exists a U & 8.0.(r, x) such that

UCU, . Hence (N« — (U)X ¥V E V. Hence o is closure semi-
continuous at x .

Note 4 : The converse of Thecrem & is not true as shown by
Example 4 : Consider the topological spaces (X,1), (X,7") defined

in Example 2. (X,;') is a Sﬁ'.l‘3 = space, L : (X,7v') + (X,r) is closure
semi-continuous at a. Bt 1t is not semi-continuous at a.

It follows from Theorem 1, 2 and 4 that

Theorem 5 : If (X,r) be a ST. - space and (Y,7') a T,-space,
i g i, » 3 3

| then o is semi-continuous at X € K (resp. on X)&=3 o is closure semi-

continuous at x (resp. on X).

Theorem 6: Let A = X. If « be closure continuous, then ' =ot | A:
(A,TA) + ((¥,7t") is also closure continuous,

Proof: Let x e A . Llet ¥V e 0(x*, (x)e'). Since 2 is closure
continuous, there exiscs a 1f & 0(t,x) such that )% < V. Then

Uy =10na e 0(T,, x) and (ﬁl-rA) ®'C MR V. ' 'is closure
continuous.,

Note 5: Restriction of a closure semi-continuous funetion is not
always closure semi-continuous as shown by

Exasple |
in Example ].

L
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Example 5: Consider the closure semi-continuous mapping & defined
in Example 1.

Let A= {a, b, d} .
Then T, = {4, A, {a}, (b}, {a, b}}

and  S.0.(t,) =7, U {{a, a} , {v, d}} .

' = ~ |A is not closure .semi-continuous at d. For {b, ct e
0(t, (d) &¢') but there does no£ exist any U € S.O.(zi, d) such that
Ur) e 'C {b,c} = {b, c, d} .

The product of two closure continuous mappings is closure continu-
ous. But the product of two closure semi-continuous mappings is not

always closure semi-continuous as shown by

Example 6: Let X = {x, ¥, 2z} 5
= {¢p, X, {x} , {y, zl},

T

1
72 = {¢, X, {x} , {y}, {x, yil
Ty = discrete topology in X.

Ix : (X,Tl} -+ (X,rz) is closure semi-continuous .
Xt (X,15) * (X,r3) defined by
YA =%, (K =y, (2) K =x
is also closure semi-continuous
But Ixo< 3 {x,rl) = (3,13) is not closure semi-continuous at z.
For, {x} € 0(13, (z)ot ) but there does not exist any U € S.O.(Tl, z)
such that (D)= < {x} = {x} .
Theorem 7: Let o, : (Xi,Ti) + (¥,,7]) be closure semi-continuous
for 4 = 1,2. Let X = X;x X,, Y= ¥x¥,, T= T X1, ' = 11' x ?2',
K = -:(13:0(2. Then : (X,7) + (¥,t') is closure semi-continuousy.

Proof: Let x = (x;, xz) ¢ Xand We 0 (¢!, (x)o ). Then there
' =
exist U, € 0 (Ti 5 (xi)°<i) (£ = 1, 2) such that U, x U, . W.
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Since u{i is closure semi-éontinuous, there exise vi & S.D.(ti, ;i) such
that (V) ‘ﬁi (=1, 2). Thenv Vix=V, £5.0. (5. %) angd (M
= (Y-l V)= (31) %y x (_‘{2)0(2 [ = leUZ = N

% is closure semi-continuous,
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Solving Tntegral Equation-of n-Variables by
. S \
and X, Operators
‘Km. Prabha
1. Introduction '
Recently in the year 1971, Fox [4] has solved a large variety of
integral equatioms of one variable by using Laplace transforms and their

{nverses. In this connection he proved the following property in the form
of a theorem as —
1) w» 0, u +8> 0,£>0 (@) =T+ I , o and y both real;
F(s) £ L (G- dw , 5+ 1°),

.

then

1 o) VastR) B(S —(os+8) ;1. L. [ p(s as+p-1
'{, {Zr_ti c (as+R) F(s)t ds} =T C F(s)x ds 1.1
where, for both the integrals the contour C may be the line g~= %, a line
parallel to the imaginary axis in the complex s—plane.

An attempt has been made in the present paper, to generalize the
above result (1.1) to the case of n-variables and then apply this result
in solving an integral é'q:l'atiou of n-variables.

2. Laplace and Mellin Transforms of n-variables

Ahuja /2] has defined the Laplace transform of n-variables in the

came fashion as in the case of two variables as
o e n _ ; .
-5 tfx )} = $lp,) = (n) g £(x) rEI [eacp(-pr_xt) (dx )} - 2.1)

The inverse Laplace transform of ¢ {‘Pn) is f(xn')', and is denoted by

g 4im

=1\ ¢ n n .
f(x ) = {4 )Y = ) $(p.) fexp (p.x) (dx )]
“ 47 vy @i)"  (0) o -i= L Y ¥ vl *

@ LS (2.2)
where (n) g denotes the product of integrals £ é ... n times. Also

equations (2.1) and (2.2) implies that

e B . ™ sl 5
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L rueprz- 4oy (2.3)

In 1874, Aggarwal and Goyal [17 have defined the Mellin transform
and its inverse for n-variables under similar suitable conditions as
due to Reed [5] as:

“ s |
IE M {EG)) = B(s) = o L EGD) gy oy U @sp) (2.4)
then n -
i 1 im X X
{F(s )} = £(x ) = -(;;)—6 7, F(s) 0, ™1~ (@sp} . (2.5)

and also restated the Parseval's theorem for n variables identical, to the

one by Fox /3], for one variable, in the form as:

=54
If M {h(u )} = H(s ) and M {E(xu)} = Fs) 2 i 1 53
where M {f(un)} = Fls),
theu

() f hGe ) £@u) I {du)t- 5@ , H(s )F(l-s ). Hl{x"ms )}

{(2ni) (2.6)

3. In this section we shall prove a theorem which is a generalization
of (1.1)«

Theorem 1 = If
1] |
(1) a_ > 0, 3G, S Br > 0, tr > 0 and

o ! 1
(i) s, = d; + iur, o and e both real; F(sn) E L((i -iw,i + 1=)

(3 = i%, 3+ 1= ),... n tines), then

s =B
O oy sy | {V(as+e)t”’(ds)}_7
oyy® Mg P
a.s_ + B -1
-— n (n) g i8] r-l {x o "y M
(2ni) (¥ .

“ (3.1)
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where for (n) integrals the contour C  may be the line cl" = 2, r=1, 2,

(2.3) _
.y 03 (n) 1dnes parallel respactively to the msginary axes in the com-—
sform ;l.:l Sys Spa e s Sp ‘spaces.
as
Proof - Let
2.%) n { n_rér * Br-L -
(2.4) B o= ! F(s_ ) (ds_ )} (3.2)
2oy Wi w1 i
J o where C are the n-vlines o ':_1,, r = 1, 2, Qs u. From the conditions
]' o £2.9) - i 0 and F(a ) & 1 ((-25 - iﬂ : i =+ i.ﬂ}x(i - i=, 2— + :i.l*)x .. n_ times),
we see that the n integrals in (3.2) with the factor lI (x Br ) excluded,
4l. to the . r=1
T s absolutely convergent for all x . Now, et us consider,
-t % s +8 -1 '
. 1 o s Syt SR
Fig3 =70 & wle—— = PR TG, (ds_)}Xdx ).
= (n) o rE (2r1)" (n) c_ =1 ) s e
| where C_ are the (n) lijn'e's-d-'r-% s Tl 2 Cavg'm
L.s o The integrand of the integral on the right hand side of the equation
g I (3.3) is
(2.6) cx of v
i e, ey
lization Fls)) {(B ) % e :
F wodules of this integrand is
n -t o+ By -1
|r(s)|r_1{(a ]‘M'
3+ o) . e
Hence from the conditions % ur + Er ¥ Oy =1, 2i00y M and
TR N R T SR -
! E 3 3 3 gi=s 3 + i® )X... n times),
we see that
. Ry Bl N o o+ Bl : -
o G @ @ LICRII T L @) (ax )}
n

-—-——_-—_-._-!==‘-
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is convergent. Therefore the right hand side of (3.3) is an absolutely
convergent integral. So we may change the order of integration and
integrate first with respect to x. Thus, we get

w n —trxr a s, + Br-l = _
I It T, (@x) (ds)}

1
) = =5 o £ P
n

(2n1i)

L 2 Fﬂrsr—ﬂr T
" en)® @ / Bt o e (a5, *+ B,) W} B
m

On applying the inverse operator -&fl to borh the sides of (3.4) and
then on using equatiom (2.3), we get the required result 3.

4. 1In this section, with the help of Theorem 1, we shall obtain the
solution of the integral equation

o B Ve '
8(t)) = () i £Qu) B, ((u b)) Kz{- (ut) (@u)} . J (4.1),

‘where K, (xr) for T = 1, 2,..., 0, is the associated Bessel function
e -
defined by Watson [7, p. 78 (6)7, g(t ) is 2 known function and f(xn)
is to be found.
Proof - By [, p. 1973 eq” (7.9.12) 7 ,
n n s +d/=-2

b | s s
ML Au T Ky w)g= et ° T T ) . “L2)

On applying Parseval's theorem of n-variables given by (2.6), to
the right hand side of equation (4.1y, we get

i = 8+ #r—z Sr 5.
8 = Th @ e B(l-s) I; 2 V63 Vg w1
-5
b, T Ws)} . (4.3)

Now, applying the inverse Laplace transform “&:1.to both the sides of
equation (4.3) and then using equation (3.1), we obtain

£k E ¢



slutely
gnd

dds )} '
, (3.4)
. and

in the

6.1),

action

| E(x-n)

(4.2)

.6), to

(4.3)
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5. s
'1.1 —;— 1 i= n —§+¢;—2 —123—-1‘_3
- { I = - i
(8(t)} G (@) _{w F(L sn) BLo {2 X, o) +d«-)(da )}
ol
wricting x_ = % and multiplying both the sides by tn " 1, we get
n i
“
T
-¥ i= — - &
ety B o= T F(-s) T 2
n ot (2111) (n) —ie
S
T
— + Jrr -2

s
vz
2 ( 5 + 'b’r) (dsr}} :

Again using the inverse Laplace transform 'ﬂ'..-_l to both the sides of

equation, we obtain

31 [t- -l gt s(tuz)J i

x-—-

3
n
s
i s + Y =2 -t + p =1
1 o b S 2 T
= -(—;;i—)n (n) {w F(l -8 } rﬂl{z xr (dsr) }
iw n ,. s
1 v-1 Vr-1/2 1/2,.7r-1
- (2.“1)“ (n) Ifs F(l—sn} EEl { 2 “r X (zxr ) (dsr)}
a -1 =1 =
| - F 1 p Vit 1;2)} i
(241

which is the required solution of our equation (4.1).
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Infinistesimal Variation of Hypersurfaces
of an Almost r-Contact Hyperbolic Structure
Manifold

C.B. Singh & Jaya Pant

Summary

The infinitesimal variation of the structure temsors of an almost
contact metric structure induced on the hypersurface of a Kahlerian mani-—
fo1d under various conditions has been studied by Yano. in this paper
we have studied the infinitesimal varjation of the structure tensors of
an almost r-contact hyperbolic structure induced on the hypersurface of
2 differentiable manifold equipped with an almost r-comtact hyperbolic

structure.

1. Introduction

Let Hn+t be an (n+r) dimensional differentiable manifold of diffe-
rentiability class ¢~ . Let there exist ou-Mn+r a ¢ vector valued
iinear function F, r-C linearly independent and non zero contravariant

vector fields Tl, T2, Nty T° such that

2 r )
(1.1) FX =X+ I A (X)T
sl 2

for arbitrary vector field X on M, Also

(1.2) rx) S8E X,

In view of (1.1) let Hn+r be endowed with the Riemannian metric tensor
o such that it satisfies the following condition

r
{1.3) C(X,T) + G(X,¥) + I A (XA () = 0.
: g=1

Thus ¥°'T satisfying the conditions (1.1) amd (1.3) will be called an
slmost r-contact hyperbolic structure manifold /[2].
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In M™*T, the following results hold
@ T -0,
Fl.d) (b). Aifi} = 0 , for arbitrary vector field X

{c) AE(TE} +s¥1‘ =0,

where 6? is Kronecker delta and £ , m take the values 1525 fas it

Let us dimbed a hypersurfacejmn+r—1 into MVYT by the isometric
immersion b : Mn+r—i W Corresponding to this we have the Jacobian

b* of b denoted by B which carries Tq(Hn+r-1) into Tbcq}(Mn+r) injective-

ly. Since the immersion is isometric, we have

(1.5) G(BX,BY) o b = g(X,¥Y) ,

& being the metric induced on the hypersurface and X,Y denote arbitrary

vector fields. We have

(1.6) G(BX,N) = 0,

(1.7) G(N,N) =1 .

The transformation equations are
(1.8) FBX = BfX + oL (X)N ,
(1.9) FN = BP+nN ,

where f is a temsor field of type (l.1)and of is a l-form on Mn—!-r-_l from
eguation (1.8) and the relations

(@) T* = Be* B, &,

(1.20) (b) AE(BX) o b = aE(x),.
(e) oSl(X)p=20.

we get
2 x 2
(1.11) %=X+ & a (Ot* .
el *

The metric g in (1.5) is found to satisfy

T
(1.12) g(£X,£Y) + g(X,Y) + ¥ alcx)aicta =0,
g=1

1l.14)

wvhers H is

of type (1
tensors of

Causs and |

(1.1%) i
and
(1.16) X

where "X an
et and

Now le
—=e (Ei?) =

SaxBfY

= view of |

R17) (I

1.0 (D
Cowariant 41

3.19) Dx
Sufisition 1
b= sormal if

.20 (3
“ere
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“emsequently an almost r-contact hyperbolic structure gets induced on
m+r-1

L -

Let D be the Riemannian connexion induced un-Hn+r“1 by g. Then we

have the Gauss and Weingartan equation [1]

(1.13)  E, BY = BD.Y + H(X,Y)N ,

BX X
{1.1%) Eg N = - B'HK ,
where H is the an fundamental form of Mn+r-l and 'H is a tensor field

of type (1,1) associated with H. Let K and K stand for the curvature
tensors of the hypersurface and the enveloping manifold. Then we have

Causs and Codazzi equations
(1.15) R(BX,BY,BZ,BU) = 'K(X,Y,Z,0) - H(Y,Z)H(X,U) + H(X,2) H(Y,Y)

and
(1.16)  K(BX,BY,BZ,N) = (D H) (¥,2) - (DgH) (X,2)
where 'K and 'K are the associate covariant curvature tensors of
Jatr-1 aad Mn+t

Now let us differentiate equation (1.8) along the hypersurface and
use (EgF) = 0, hence .

= T

EBxBfY = F((EEXBY) - {(DKA}Y + A(DXY)} N - &(Y)EBXN
in view of (1.9), (1.13) and (1.14) we get
(1.17) (D_xf)'l = H(X,Y)P + ol(Y) '"HX ,
(1.18) (DR = H(X,T)n - B(X,£Y).

-1

Covariant differentiation of (1.9) along M yields

{1.19) DXP = a'HX - "HfX .

Ppefinition 1.1: An almost r-contact hyperbolic structure is said to
pe pormal if

T
(1.20)  S(X,Y) = N,Y) + T (D) ~ (Dyop)X) im0
R=1

where
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r
NEY) = (D6 - (D )X + £OHX - £(D Y + :1 a, [x,Y] &
. A=

so that the normality condition (1.20) takes the form
S(X,Y) = GDfxf)Y - (nyf)x + f(DYE)x - f(Dxf)Y
= g o i )
+ ;1 alfx,vj t” + nil {(DKJE)Y = (Dgel)X} £ = 0 .

If almost r-contact hyperbolic ®structure induces on Hn+r be normal, from
the last equation and from (1.17) and (1.18), we obtain.

d(x) {'Hf - £'H} Y -o((Y) {'Hf - £'H} X =0
(1.21) "Hf = £'H .
Therefore, it follows that [17
(1.22) H(P,P) = "HP

showing that H(P,P) is an eigen value of 'H and the corresponding eigen
vector is P. Let us denote H(P,P) by 7.

Definition'l.2: An almost r-contact hyperbolic structure is called
r-hyperbolic Sasakian if

r
(1.23) Efl {(Dxﬂi)Y = (DY°h)X} = r'f(X,Y)
we have "f(X,Y) = g(fx;Y) 5

More generally in a normal r-contact hyperbolic structure hypersurface
of M*T we assume that [37

T
(1.2 I (@Y - BFIR) = x 8 EERD)
f=

Applying (1.18) to the above equation we have
(1.25) 'Bp = '"Hf = — r'' 3 f.

Thus we obtain

(1.26) 'HE = - r" B X 4+ (¥ ' g) oL ()P,

T}

ha

Al
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gquations (1.17), (1.18), (1.19) then transform as
(1.27) (DeE)Y = - '8 {gX, VP +d (DX} +2(T+rx' B) ) & (Y)
{1.28) Dy )Y = ' B (X, Y) ,

{1.29) DXP = - (n~£) =" BX.

Let £ be a constant so that from (1.27) and (1.29) we obtain

K(X,Y,P) = - rt2 an (L (DX - 4 (DY) ,

which shows that for a normal r-contact hyperbolic structure hypersurface
satisfying (1.24) and involving constant r' B, the sectional curvature

with respect to a plane section containing P is r‘2 B2 :

Let us call such a structure a normal r-contact hyperbolic struc-

ture with f secticnal curvature r'2 82.

2. Infinitestimal Variation of a Hypersurface of an Almost r-Contact
Hyperbolic Structure Manifold

Let us take the restriction of an almost decomposable killing
vector field U on the enveloping manifold of the hypersurface. Accord-
ing the variation of the differential of imbedding is given by 4]

(2.1) (8B)X = eEp U

where ¢ is infinitesimally small number spliting U into its tangentfal

and normal parts as

(2.2) U =BV + AN

and from (1.13), (1.14) we express (2.1) as

(2.3) (6B) (X} = E{B(DXV - A'HX) + (Xx + H(X,V)N} .

Infinitesimal variation of N is given by /57
6N = SLUN = gBW .

The Lie derivative of N (i.e. LUN) being orthogonal to N, infinitesimal
variation of equation (1.6) ylelds
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G(anv + H(X,V)N + (XA)N - AB'HX,N) = -G(BX.BW)

which implies that W = — ("HV +A) where A stands for the vector field

associate to the gradient of A . Thus we have

N = - B('"HV + A)
Now varying equation (1.8) infinitesimally, we get
(SB) (£X) + B (8£)X = F((6B)X) - (SN) & (X) - S &k (X)N
Making use of (1.8), (2.3) and (2.4) in it, we find
B(SE)X + (68)(X)N = e[{Bf(DiV = M'HD) + o (¥ ~ X'HER)N
+ (XA + H(X,V)(BP + nN) + o« (X)B('VH + A)
- (B, - M'HEX) + (£XA + H(EX,V)N}]

Comparing the tangential and normal components, we have

(2.5) (BE)X = e{f(D,V - X'HX) + (H(X,V) + A)P
+(X)('HY + A) - DeyV +  A'HEX)

and °

(2.6) (6d)X = s{(va = A'HX) + n(XX + H(X,V) - £XA -H(fX,V))

Since the derivative of f along V is given by

(va)x - Lv(fx) - f(L?X} = Dﬁ(fx) = DoV - f(Dvx N va).
Therefore equation (2.5) assumes the following form

(6£)X = e{(LyE)X + X("HE - £'H)X + XA P + o (X) A + 2H(X,V)P}

Applying equation (1.18) and the definition

(1, ) x S (Dy )X + & (D,V)

@8 @ox = [ie, ox - - @

+ 2H(X,V)n & 2H(v,fx)_] .
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$ext warying equation (1.9) infinitesimally, we get
- FBOHV +A) = [B(SR) + ef B(DLV - A'HP) + A + H(P,V)N}
- enB('HV + ) J

which by virtue of (1.8) and (2.3) yields

8P + c{B(DY - A'EP) + (PN + H(P,VIN} - enBC'HV +A)

- - eBEC'HV +A) + L('HV +N) N ],
whose tangential part reduces in virtue of (1.19) to the form

(2.9) 50 = e[A'HP + LyP + A(n - £) i AR
Again varying equation (1.5) infinitesimally, we get
(5g) (X,Y) = G((6B)X,BY) + G(BX,(sB)Y) ,

which in virtue of (2.3) reduces to

(2.10) (58) (X,Y) = el (Lye) (X,Y) - 2) H(X0) ) -

Thus we establish the following theorem.

Theorem 2.1: When a hypersupface of an almost r-contact hyperbolic
structure manifold varied infinitesimally by means of a vector field
© = BV + A N the structure tensors of almost r-contact hyperbolic
structure hypersurface vary according to equations (2.7), 12.8), (2.9)
and (2.10). ¥

Corollary 2.1: When a hypersurface of an almost r-contact hyperbolic
structure manifold is given infinitesimally tangential variatiom by
seans of BY, the variation of the induced almostr-contact hyperbolic
structure tensors on the hypersurface are given by their Lie deriva-

tives along V.

Corollary 2.2: When a hypersurface of an almost r-contact hyperbolic
structure manifold is given infinitesimal normal variation by means of
3%, the variation of the jnduced almost r-contact hyperbolic structure

tensors on the hypersurface are given by
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: § E N
(8) (8£)X = ¢/A("HE - £'"H)X + X 2 P + ol (X)A + 2H(X, V)BT ,
(2.11)  (b) (S&)X = e/~ of \"HX - £XA + 2H(X,V)n + 2H(V,£X)/,
(e) 6P =¢ [A'HP + A (n - £) 7, -
(d)  (6g)(X,Y) = = 2e) H(X,Y) . _—
. ] 8 N
The infinitesimal variation 1s said to be parallel when BX and BX are -
both parallel equivalently and when ($B)X 1s tangential to the original (3
hypersurface. Since E
(6B)X = E{B(DXV - AHX) + (X2 + H(X,V)N} ‘
therefore for an infinitesimal parallel variation it is necessary and The
sufficient that | give:
(2.12) XA + H(X,V) = 0 , 3.3)
Corollary 2.3: When hypersurface of an almost r-contact hyperbolic |
structure manifold is given infinitesimal parallel variation‘the hyper-
surface varies as
=
(a8) (8£)X = e/0('HE = E'H) +A(X)A7, £3.4)
(B) (60X = ¢ [~ oA"HXT,
(2.13)
' (e) 6P = e)'HP :
=1 thw
(d)  (8g)(X,Y) = - 2ex H(X,¥) . —
Corollary 2.4: Let the structure induced on a hypersurface of an al- o5
most r-contact hyperbolic structure manifold be a normal r-contact
|
hyperbolic structure with f-sectional curvature -r 282 then the infi- Ry
nitesimal normal parallel variation of the hypersurface makes the e
structure tensor vary as
(86)X =  (X) A ,
| (B)k=-ere p,
2.1
(2.14) _ -t

6P = g} BP ,

(62) (X,Y) = - 2 er{- r' g g(X,Y) + (T+ ' B) ol (X) o (¥) 1.
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Variation of t-Hyperbolic Sasakian Hypersurface with f-Sectional
1 - 2 !
B .

3.‘

Curvature r
We now assume that an almost r-contact hyperbolic structure induced
on the hypersurface is a r-hyperbolic Sasakian structure with f-sectional
19 9 i
curvature T = Bz, we have /1]
: Tagey 2,82 Seeoac . -T2, 2 _
(3.1) H(X,'HY) = ¢'° B g(X,Y) + (- +r B ) ol (X) aL(Y)
and
(3.2) H(X,Y) = - £'8 g(X,Y) - '8 (68) (X,Y)
4+ (T+x'8) &(X) o (¥) .

The variation in the conmexions and the second fundamental form are
given by [17
@3 EDE,Y) = e(D)X.1) - Dy X =
(DA'H)Y + H(X,Y) + ARR (X, 1)
where gH*(X,Y)Z = .(I;)z_B) .(x,Y)

and

(3.4) (6H))X,Y) = ;;{:(-Lvlli:)"_(X.Y)' — AH(X,'HY) |
+ XYA - (DgDx + A'K(N, BX,BY,N)} .

If the infinitesimal variation of the ‘hypersurface are normal the
variation of D and H would be given by /1]
Varying equation (3.2) 4nfinitesimally, we have
(3.6) (8H) (X,Y) = - (&r'p)g(X,Y) - T'g (6g) (X,Y)

+ 80T+ ') A M), &)

+ g+ '8 ) )X AM + A B LIDY

which with the help of equations (2.8), (2.9), (2.10), (3.5) end



- BT - AT

72

Nep. Math. Sc. Tech., Vol. 11, No. 2 (1986

(3.7) (L ) fx,'f) = - '8 ((Lyg) (X,Y) + (L H)(R,P)
+ 2H(L P, P) (X)) A () + (T+ r'B) (Lyet) (X) &(¥)
+ () (Lye0) (1)}
becomes
(XA = (DDA + A'K(N,BX,BY,N) - AH(X,'HY)}

= - r'Bed HEX,Y) + e(PPA - (D P)A

(3.8)  =AH(R,HP) - 2H(P, AER - A(n - £)) + —Lje(x) & ()

+ e(TH+ r'R) { -ofA"HX - £XA + 2H(X,V)n

+ 2HW,E;()} g (¥Y) + {- KA'HY + £fY)

+ 2H(Y,V) + 2H(V,fY)}e((X).
Conversely 1f A satisfies the aifferential equation (3.8) then by re-
treating the steps we get (3.3).

Hence we have the following theorem :

Theorem 3.1: In order that for an infinitesimal variation (2.1) may
have a r-hyperbolic Sasakian hypersurface with f-sectional curvature
s 32 in a r-hyperbolic Sasakian with f-sectional curvature - "2 B
- 52 Bz , it is necessary and sufficient that the function i satisfies

2

the reiation

e [RY) - (DEY)) + M{"K(N,BX,BY,N) +r'2 g2 (g(X,Y) - o(X) o&(Y))}
+ (B2 A= (D,P) 1) of(X) &X(¥) + (T+ ') {~ £X) o(Y)

YA (X)) + {ZH(X,V)n + 2H(V,£X)} oK (¥)

{2H(Y,V) + 2H(V, D)} (X) J

+

st'e (ol(X) o (¥Y) - g(X,Y)) .

Corollary 3.1: The infinitesimal normal parallel variation carries a
normal r-hyperbolic Sasakian hypersurface with f-sectional curvature
-2 52 to a normal r-hyperbolic Sasakian hypersurface with f-sectional

curvature - z'z s? - Gr'z 82 if and only if

13.9)

Corol
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B8 URmEELN) + 20 8 EEY) - o) &D)
- {ox) K (Y) - g(X,¥)} or'B
3.2: TIf the enveloping manifold of corollary (3.1) be flat the
cemdizion reduces to ST'B = - xex*? g
: Seace the proof is -o&c‘riﬁ&h‘:.-.
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Common Fiwed Points for Self Maps

K.P.R. Sastry & S$.V.R. Naidu

s this paper, we obtain sufficient conditions (i) for a family of
ceetisscus self maps on a compact topological space and (ii) for an
eguicentinvous family of self maps on a metric space, to admit common
fised points. From these, the fixed point theorems of Kirk ] follow
& csorsllaries.
mg_l_: For a non-empty family ‘P of self-maps on a non-empty set
% wsd % ¢ X, the orbit 0(F, x) of x with respect to % is defined as

&, » = {y| y=xoryis the image of x under the
composite of a finite number of elements of % J.
- B 1
(Phis 1fes of the orbit of a peint with respect to a family of self maps

We write 0(x) for 0( T, x) when ﬁ is understood. For a subset A
&% & tegelogical space, c¢l. A is the closure of A.
i .
|

Decces 2: Let (%, % ) be a compact topological space, Je a non-empty
Ses iy of gentinuous self maps on X and F a non-negative real valued
fusesien o= I x X such that F is continuous in each variable and
$i5.9) * O whenever x,y are distinct elements of X. Suppose that
@0 inf sup F(u,v) ¢ sup Flu,v)

yeOi(x) u,vel(y) u,ve0(x)-
Whesewes % ¢ X is such that the right hand side is positive. Then the
Yastly B bas a common fixed point in cl. 0(x) for each x in X.
Breaf: Fix x ¢ X. Since 0(x) is Fe -invariant (that is £(0(x)) C 0(x)
S4e it £ e T and every member of Fis continuous, it follows that
‘- _I&) ts F-invariant. By the compactness Qf_ (X, 3‘:)_, tﬁg:e exists a
wimisal moo-emply & _invariant closed subset Y of cl. 0(x). By the

L p—
Bl . TN - = . =
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windmality of ¥, it follows that Y = cl. O(y) for each y in Y. Since F
is continuous in each variable, it follows that

Dy) = sup { Flu,v) | u,v e 0(y)}
= sup { Flu,v) | u,v & cl. 0(y)}
= sup { F(u,v) | u,ve ¥}

for each y in ¥, so that D is constant on Y. Fix z ¢ Y. Then D(y) = D(z)
for all y e 0(z) so that
mf { D6 | y e 0z } = D(x).

Hence, from (2.1), D(z) = 0, consequently z 1s a common fixed point for
the family *,

Corollary 3. Let (X,d) be a compact metric space and X a non-empty
family of continuous self maps on X. ‘Suppose that

(3.1) daf { 6(0(y)) | vy £ O(x) } < 8(0(x))

whenever x ¢ X with the diameter 8(0(x)) > 0. Then R has a common
fixed point in cl. 0(x) for each x in X.

Corollary 4. (Kirk /17, Theorem 2). Let (X, ,d) be a compact metric

space and £ a continuous self-map on X with diminishing orbital diameters

on' X. Then, for each x in X, the sequence {f” (x)} has a mibsequeme
converging to a fixed point of f.

Now we prove a theorem on the existence of common fixed points for
a family of self maps on a metric spaee, not nenessm:ily ‘compact. From
‘this follows another result of Kirk [IJ
Theo:_.'e'n 5
maps on X and

f = { £ | either f i{s the identity map on X or f is the compo-
] site of a finite number of elements of %},
Suppose that B is equicontinuous on X, (3.1) holds and x e X, If

ze NA{ecl. Oly) | y € 0(x) } , then 2z is a comion fized point of *

[ ]
and

T(x) = inf { 8(0(y)) | y ¢ 0(x)} =0
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£ (0(2) 5 r(x). | >

+ »+ 0. since £ is equicontinuous on X, there exists n > 0 such
het &(fu, fv) < ¢ for all £ £ B whenever d(u,v) < n . Fix w e 0(z)
#d y ¢ O(x). Thenwe cl. 0(y) so that there exists k ¢ ¥ such that
'h.')‘ n - Lel:g,lxsg Then
< e + §(0(w) YiEs

Bemce &(0(ky)) < 6(0(w)) + i £ . We have r(x) < 8(0(ky)) since y = 0(y).
Besce r(x) < §(0(w)) +2 € » This is true for all € » 0. “Hence-

(%) = 8(0(w)). This is true for all w ¢ 0(z). Hence

5.2 r(x) < r(2).

e (5.1) and (5.2) we have r(x) = r(z) = 6(0(3}). Hen.ce {o(z}) =0,
. that : is a common fixed point of Fand r(x) = 0. .

iilazy 6.  (Kirk [ij, Theorem 3). Let (X,d) be a metric space and
= X be such that

f has diminishing orbital diameters and
there exists a constant a such that for each positive integer
% and for each x, ¥ € X,

d'(fk %es f'kf_.y}:
.u' fer some x ¢ X, a subsequence of the sequence {"fn;k} “has limit z,

, 7%z and fz = z.

< o dx,y).

|
d wethors are grateful to Dr. D.R.K. Sangameswara Rao for his
and constant encouragement in preparing this paper.
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Certain Expansions of Generalized Basic
Hypergeometric Functions of Two Variables
Devendra Kandu

| 48 Introduction

In this note, we shall derive some expansions involving generalized
basic hypergeometric series of two variables, These include, as special
cases, many of the known expansions of generalized basic hypergeometric
functions of one variable which have been derived by Aruna Verma 10].
2. HNetation

The following usual notation will be used throughout this note.

fasel = ) = (=S gy deu 1)

[a307 = [q250] = 1 .

The generalized basic hypergeometric series of two variables is defined
(a)

g x| B @ ¢ 3

@ | g0 o -

3, Main Results

In this section we shall establish the following results:

I feresbyed x5

€15 D -
B (a)+2r
_ 2%t | beetr,b-ctr ; beetr, etc-bir
¢ ¥y (d)+2r
= b+2r ; b+lr
= ; (a} !b-.-_ e 2
- xqe-hc—b a-cy ete=b
(d), b , where u(r) = r(ctr-1)
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! e
L | \ o lqh | efr,bir,8-2b+r;bir,etr
= (@2
| 84T, c+2r 3 edlr
| r o E‘a)ge
L O
1 %q- | b;8-2bsb
) ¥ (d),c
1 \

5% | gt aupel
x @,e,

where, ul(r) = r(b+r-1)




Devendra Kandu

where u(r) = re+r-1).

4, Proofs of (3.1) to! (3.4)

We shall prove the above results:
To prove (3.1), we write the left hand side as

b_e.tzﬁa+cpb,tyxlYtq;{r+£)+t(c-2)+(svr)(e+c-b)
g:‘fﬂ-ﬂﬂ;é'-ﬂﬂ;t-ﬂ

(By taking r+m = s and rin = t)

where @ = qb-e+smt‘

Now summing well poised series 6*5 with the help of known result
[S1ater (1V-9), p. 2677,

we get the right hand side of (3.1),

similarly, (3.2) and (3.3) may be proved. To prove (3.4), we replace
the left hand side by

81
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. o “whic!
(By taking r +m = s and r + 0 = t)
{5.2]
Sunming , ¢, by Gauss's theorem /Slater (IV. 1), p. 2477, we get the
right hand sade of (3.4).
5. Special Cases
= Sow, -
) In this section, we shall deduce some known results as special tamey
B cases: I
f (1) Putting A =D = 0, y =x in (3.1), we get d
(5.1) % fe+c-bix/ x2rqr(_c+r-‘1) =
| ’ r=0 2r]
I b-e+r,b-cir; b-e+r,ete-btr;
| 2% e S $ =)
b+2r - b+2r;

el —

Now setting s+t = v in the right hand side of (5.1) and changing the
order of summation and summing the inner 2 ¢1 by the basic analogue of
Gauss Theorem [Slater (IV-3), p. 247], we have,

- A

) .[3{:'5}.322 ! 32_1: i qr.('c.ﬂ-'l) .

b-e+r ,b-c4r; . b-etr,ete-btr; - ‘1
b+2r b+2r
e,b-¢e;
E 2‘ L x
b




(11) Letting.A = D = 0 and y = x in (3.2), we get,

B e ey T,

| I etr,bir,s-2btr; | [bir, etrs |
’ x| 54, *

|et2r

§+r, c+2r

3

Now, putting s+t = u in the right hand side of (5.2) and summing the
inner , ¢, by Sear's [13, §3.17, we have,

g s2EgE b))

b4

etr,bir, 6-2bdr; 'b.{.r' etrs
s oL 154
Bt xq X 291
S4r,c+2r _ c+2r
\-218.'e;,_ﬁ_ ~by’ —"

| &

{4

(111) Taking A =D = 0 in (3.3), ve have,

x 3.‘-*..3_. N i
) la+g-bobr, e42r

Now, putting s+t = u in the right hand side of (5.3); we get after some
simplification, '

/ST 4T3 odBly, 1-o-u, 2-B-u
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Further changing the order of summation and summing the 1nn¢r.a0§.-w¥
get a result due to N. Agrawal /2; (3.1)]

(4v) Lastly, putting y = x and A = D = 0 in (3.4), we get

1 [sc) x2F gt letE-1)

e+r, Bir;

Now, setting s+t = u in the right hand side of (5.4) we get, after

some simplification, a result due to F.H. Jackson /9, 35].
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Non-linear Two-point Boundary Value.Problems
and Their Applications to Population Dynamics

K.N., Murty*

B.D.C.,N. Prasad
and

P.V.S5. Lakshmi

Abstract

In this paper existence and uniqueness of solutions to two-point
boundary value problems associated with a system of first order non-
linear matrix differential operators satisfying peneral boundary condi-
tions are derived. These results are applied to obtain approximate
analytical solutions to Lotka-Volterra equations which arise in popula-
tion dynamics.

I Introduction

Non-linear boundary value problems play an important role in almost
all branches of Science and Engineering. In finding solutions to two and
three-point boundary value problems for non-homogeneous as well as non-
linear problems the cunstructlon of Green's function is wvital. 1In Sectien
3, we present criteria for the existence and uniqueness of solutions to
two-point boundary value problems associated with a system of first order
matrix differential operators.

Ly = p(t)y' + Q(t)y = f(t,y) (1.1)
satisfying the general linear boundary conditions
My(a) + Ny(b) = « (1.2)

where p(t)ecz [a,b7 and Q(t)ecl [a,b] are square matrices of order n,
p(t) being non singular, M and N being square matrices of order n and
f,a are column vectors of order n and f being non-linear. We assume

that the related homogeneous boundary value problem has only the trivial

‘solution. In Section 4, we apply the theory developed in Section 3, to

*This research is supported by U.G.C. (1150/84 (SR-1IV)).
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‘an interesting problem that arises in population dynamics and fairly
‘good approximate mlytical solutions are obtained.

2% Preliminaries

The equation _

P(t) y' +Q(t) y = 0 @.1)
is equivalent to

y' = At)y 2.2)
where & = —(p7'Q)

Definition 2.1: Any set of n linearly independent solutions of (2.2)
is a fundamental set of solutions, The matrix with these elements as
columns is a fundamental matrix for the given equation.

- Definition 2.2: If Y(t) is a fundamental matrix for the system (2.2)

then the matrix D defined by
D = MY (a) + NY(b)
is called a characteristic matrix for the boundary value problem:
y' = A(t)y
My(a) + Ny(b) =0
Lemma 2.1: Any solution of the matrix differential eguation (1.1) is

also a solution of the integral equation

y(e) = ¥(t) g"z*l'_(s)r"ii' (s)E(s,y(s))ds+ Y (£)C

where C i1s a constant matrix.

Proof. The proof is similar to the proof of theorem 3.3.1 and 3.3.2

of Chapter 3/27.

Lemma 2,2: If Y(t) is a fundamental matrix of (2.2) then the matrix
P(t) defined by B(t) = ¥(t) D"'C is also a fundamental matrix for (2.2)
Lemma 2.3: Let @ be a fundamental matrix of y' = (-2 'Q)y. Then, the
boundary value problem (1.1) satisfying (1.2) has a unigue soclution

¥ = yy + 9 if and only if y) is the only solution of
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Py +Qy = £(t,y + 0)
My(a) + Ny®) =0
Praof. Suppose y, is the only solution of (2.3).

Define y =y, +#. Then
By' +Qy =Pyj + Qv + B9 + Q0
' = E(t,y, +9) +0
= f(t,y)
Also. o -
My(a) + Ny(b) = [y, (a) + Ny, (6)] + [MP(a) + NP(b)]
= 0 + [My(a) + Ny(b)] pj"‘*ﬂ
il
Conversely, suppose y = y; + @ is the only solution of (1.1) satisfying
(1.2), then, it can be easily seen that
Py +Qy; = £ty +9)

Kyitn) + Ryl'(b) =0

Tn this section we establish existence and uniqueness of solutions

_ to two-point boundary value problems associated with a system of first
‘order non-linear differential equations (1.1) satisfying (1.2). We
‘assume that the function f(t,y) satisfies a Lipschitz condition in the
‘second variable {.e., there exists a non-negative comstant k such that

[1£Ce,y) - £t,2)]| = kl|y-2|[ # (&30, (e, 20e/8,b]x &Y (3.1)
Theorem 3.1: Suppose the homogeneous boundary value problem is incom—
patible and f satisfies a Lipschitz mﬁikion (3.1) on [a,b7x R" and
‘suppose that

k {a éT[G{t,sJHli& E 3.2)

&

— . ——




‘boundary value problem, we consider the linear space J of functions
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then there exists a unique solution to the boundary value problem a.1n
satisfying (1.2), where G is the Creen's function for the ccorresponding
homogeneous boundary value problem- From Lemma 2.1 any solution of (IJ%Q
satisfying (1.2) 1s a solution of the integral equation

y@® = 2(e) (7@ ()2 (s, 5 (8))ds + T(k)C

‘matrix and will be determined uniquely from the boundary conditions 2y

@uhs{i;yﬁiug1;§gigan§galjfatn of y(t) in the boundary conditions,
we get .
fe(a) + mcb)Jc + NY(b) f’ Y )P () E (s, y(8))dsm
Thus C = D 1& -we®) Py e )6, yonas?
where D is the characteristic matrix for the boundary value problem.
Thus  y(e) = ¥(e) D7'a + P G(e,8)(s,5(s))ds
where oY er -2 v iy syp~ s

(a<sc<t < bﬁ

G(t,s) =
by m»"lm by~ (a‘ar"‘fan)

{E'<t‘.<ts<|h

Let ¥(t) D™'a = §(); Note this analysis corresponds to the homogencous
boundary value problem. To obtain unique solution to the homogeneous

u(t) e ¢" [a,b] fitted with norm

Mo = e e it

It is clear that J is a Banach space.
Let T: J » J defined by
(Tu) (t) *f G(t,s) £(s,u(s))ds .
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Then for any u,v & J

T - Tv]

M

& fPllece, )| |/]|u)-ves) | [Jas

A

K ||u=v]| max IbI]G(t,s)]Ids
[a,b7 °

a || u=v ||

1A

where ¢ = K max £b [le(t,s)|[as <1 .
a,

Thus T 1s a contraction mapping and hence by a Banach fixed point

theorem the homogeneous boundary value problem has a unique solution,
Now applying the above procedure to the boundary value problem
Py' + Qy = £(t,y + @)
My(a) + Ny(b) = 0
a unique solution y, is constructed. Hence by Lemmas 2.2 and 2.3,

y =¥ + @ is the unique solution of the boundary value problem
(1.1) satisfying (1.2).

4. Application to Lotka-Volterra Equations

In 1977, Verma /3] has obtained exact solutions of the Lotka-

Volterra equations:

0y = am) —ifmgn,

(4.1)
Ba = gty TR0,
under the assumption @) =a,. In 1980, Wilson /4] gave the form of
exact solutions of (1,3) when @15 %y Bl' 32 are functions of time
with the aasumption.ulit) = uz(t) and Bl{t) = K BZ(t) where K is a
constant. In 1982, Burnside /1] gave the form of exact solutions with

a different assumption namely,

(al < uz) ByBy = dyay - ay By (4.2)
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where A -t‘ 9) . Sy = 11 2)
0 "2 ! . \ 52 n o,

In the real world, the assumptions of %) = @, or the more complicated
assumptions of (4.2) may not be satisfied. Thus it 1s of slnmea'e m
determine exact or atleast approximate analytical solutions of Lotka-
‘Volterra equations (4.1) without making any of the above mentioued

assumptions.

(4.1) can be written in the form

9V = ByttiBa iy

2 [\ ™2 Bymm, f

= (4.2)
1, (o) e

The boundary conditions have a physical significance i,e., both pre and
predator population do not vanish at time t = 0 .

(4.3)

J

o' = An + £(t;n)

Fundamental matrix for (4.3) is given by
ok
\0 e
The characteristic matrix for the boundary value problem is

D = M¥(a) +NY(b) .
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a, (t=s)

f|fe 1

a J ;
G(t,s) = )\? o BE=8) K ST

a<t<s<hb
0 b3

By Banach fixed point theorem whenever
fab]

a unique solution to the boundary value problem exists.
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Meromorphic Multivalent Functions with Positive

- Coefficients
B/A. Uralegaddi
and
M.D. Ganigi

Abstract

: RG] % pn
Let f(z) ;p & nEO ap+uz (ap+ﬁgD) be analytic and p-valent in

0 < |z| <1 and Q*/P,A,B] where -l=A<B<l and A + B30 be the class of
functions f(z) which satisfy

zf" (z)
Tz TP
——————— | < for |2 < 1.

zf' (2)
Rl

Coefficient estimates, representation formula, distortion theorem,
radius of convexity and closure theorem are obtained for the class

Q% [P,A,B].

1. - Imtroduction

Let f(z) = Aoy ?- a zpm(a 20) be analytic
2P n=0 “p4n pin

and p-valent in the punctured disk 0 < [z| < 1. For A,B fixed
-l<A<B<1landA+B3:0,ve say that
£(z) & Q* [p,A,B] if and only if

z2f'(z)

E30 Rk

<l,zeE= {z: |z| <1},

B z£'(z)

T (z) T AP

*A.M.S, (MOS) Subject classification (1980), Primary 30 C 45,
Keywords and phrases. P-valent, coefficient inequalities, radius
of convexity.
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In this paper we obtain coefficient estimates, representation
formula, distortion theorem and radius of convexity for the class
Q* /[p,A,B]. Further it is shown that this class is closed under convex

For suitable choices of P,A and B, we obtain the earlier results
of the authors /57 as special cases of the results obtained here,

Goel and Sohi /17, Sarangi and Uralegaadi 127, shukla and
‘Dashrath /37, and Silverman,H. [4] studied certain subelasses of
analytic functions with negative coefficient.

:2‘ .l

heoren 1. & functton £) - 7 080 B 20 1o 1
Q* Ip,A,B] if and only if
(1) ako (C14B)n + (24B44) p) a pin <P (B-A)

Proof:  Suppose (1) holds
we have .
' 3 £z

+p ‘ - ’ az%—“: + Ap ' )
Provided
(2) ' -aga (2p+n) a in? {
- J-p_.(i-—A-). .ﬁgn ((B+A) p + Bn) qmz | =20 .
For 2| =1 <1 the left side of (2) is bounded above by

abo (2pim) emrzm-p (B-4)
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nlfo ((B+4) p + Bn) a__c2P*® |

4 pn [
< — AN - | 21:-141_ T |
= nEO ((14B) n + (2 + B + A) p) ap+nr p (B-A) |
L3 '
< nEO,((l*B} n+4+ (2+B+A) p)ap+n - p (B-A)
<0
Hence £(z) ¢ Q* [p,A,B].
Conversely, suppose
if—'{%-+ P L. (2p+n) a ,2pin
£ (z) ' n=0 - pim
o0 = .-.-. s 2pin
Bz:i'(:% +hp p(B=A) uEO (Bn + (B+A) p}ap+nz
< 1 for z & E.
Since |Re(z)| < |z| for all z, we have
E, (2ptn) a ;29+ﬂ
: £ n=0 pin
(3) Re |.-. P . Zp'hl } €41,
PBrA) = 2o (Boeb(Brh)p) 8, 2 . |
T
Choose values of z on the real axig so that z ff(: is real. Upon

clearing the denominator in (3) and letting z+1 through real values
we obtain (1),

Corollary: If f(z) & Q% [p,A,B/ then

p(B-4)

$TF8) o + (25548) D

pin ¥

a for'n = 0,100 ...

with equality for £(z) = L +
Zz

3., Representation Formula

Theorem 2. A fumction f(z) = i;
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(apm.;’v'sﬂ') is in Q* /p,A,B] if and only if ¢
. .2p-1
@) £(2) = 2P exp { - p(B-0)L" -&-——g—‘—tl— de), 0% Jz] <1
1 - Bt“P g(t)
where ¢g(z) is analytiec and satisfies'|¢{z)| <] for z ¢ E. we
Proof:  Let £(z) be in Q* /p,A,B]. Then |
zf' (2) |
| “E(z) " P _ !
— =k -
£'(z) . ?
Bz —'E'G')- + Ap
Since the absolute wvalue vanishes at z = 0Os
we have and
Ll
52 X28) | p
£(z)
(5) e ) - 22P 8(2)
) .
Bz (z) + Ap
where ¢(z) is analytic and'Jﬁ(z}l <1 for z ¢ E. Integrating (5) we
obtain (4), The other part follows by differentiatimg (4).
4. Distortion Theoren The ¢
Fln) = L = p+a f(z)
Theorem 3. If f(z2) ;—5 + nED ap_mz
Furthi
(am?_l]) is in Q* [p,A,BJ, then
d B-A p L B=4A p
P ~24miA ¢ = l£2)] < P * 2Tpi T
and :
p___ p(B-A) p-1 ey P p(B-A) p-1i
rP+1 1+8 = If (Z)l 2 rp+1 i 1+8 T and

Proof: Since from theorem 1.




Pado “pta 5n§0' F@ﬂag o7 LR 3

"




-100.

Since

(148) (pin) < (J4B) n + (24B+A) p, 0 = 0, L 25es

we have

m) By (o) apin < Fp (148) ok @4B4A) B) o
< p (B-A)

and the bounds for |£'(2)| follow.

oy B L
Theorem 4. If £(z) =~ + A (2, 20

is im Q% [p,A,B] then £(z) is p-valently convex in

Proof: It sufficies to show that

<1for0<ef <® -

M .azo @ptn) (i) & |
1 . r—

2%+ E@a(mn

ngczm}cm> aﬂﬁ |e| B
ZQJW(W ’] i 2pta
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The last expression is bounded above by 1 if

(6) Jz| 2P <y

= 11
afo (5)

From theorem 1, we have

I (a+B) n+(2+B+4)
e 5 1

Hlence (6) is satisfied if

2 RSt
(7 ('E}E) |z]2p+ﬂ < %@2 i Ui 1 1

Solving (7) for |z| we obtain

1
(14B) n + (2+B+M e

(8) 2] ( p) P
“X (ap) 2

o= 0,3,25
Putting_[z! = Rp in (8) the result follows.

6. CLOSURE THEOREM

Theorem 5, TLet £ (z) = = and
p-1 2P

g . (2] = il B-a) 7 for n = 0,1,2
i Lp (HB)n '+ (2+B+A)p iy Rind it

Then f(z) ¢ Q* [p,A,B] if and only if it can be expressed in the form

f(z) = n__l ptn Lpin (2) where 2 pin 2 0 and 2., =

n=-1 pin

Proof: Suppose f(z) = at 1 kp+m_ p*u,( 2)

s o e S B-A) P
P * nlo Mpin (T8 7 ¥ (2R

ll—l

101

—#L— —‘_-"-—I

[
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@ p_(B-A) (1+B) n + (24B4A)p
Then nEO Ap+n (14B) n + (24B+A)p p(B-A)
= 3 S "The Seg
uEO Ap*n 1 Ap-l <1, . ——
: of Mache
Hence f(z) % [p,A,B] . P~
to the €
1 doubls s
Conversely, suppose f£(2) £ Q* [p,A,B] . Then i sbsrract
(B-4) ; Ref
p (B = ; tical or
Bp+n-$ (T4B)n + (Z9575)p for n = 0,1,2, ... '
1y Erd
(14B)n + (2+B+A)p Hel
Setting A = a Sk LA
+n - 4n ¥t
P p(B-A) P 2. sto
-3 of
and Ap—l =1 - aZo Ap+n
we obtain f(z) = nE—l lp+u fp+n (z)

Remarks: Putting p = 1, A = (2« ~1)B and B =f where 0 <o < 1 and 0 <p<l,
in the above theorems we obtain the results in /57.
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