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A rVate on the ConsisteneA of Criticali'ty Parameter';f 
;" srfr,a"L,ottia,ol twrt trtupn GaLton Watson Branching

fuooest- uith Random ErwiY'orunents
H.B .  Sh res tha

Sumary

The rnul t l type analogues of  the cr i t ical - i ty  Parameter est{mators ot

Becker ancl  Nanthi  are def ined and the strong consisteney of  these est i -

ma to r s  es tab l i shed .

I .ntroduct l .on

The.branching pxocess wi th random environnents was f i rs t  int roduced

by Smith (1968) and Smith and Wi l -k inson (1969) and later  on general ised

b y A t h r e y a a n d K a r l i n ( 1 9 7 2 ) ' s u c h a b r a n c h i n g p r o c e s s w i t h r a n d o m e n v i -

ronnents (BPRE) is  part icular ly  wel l  adapted to descr ibe the populat ior t

g row th ,  Becke r (1977 )  used  i t  t o  mode l  t he  g row th  o f  an  ep idem ic  and

p roposed  a  s t r ong l y  cons i s t en t  es t ima to r  f o r  t he  c r i t i ca l i t y  pa rame te r  o f

a  s i ng le  t ype  BPRE.  D ion  and  Es t y  ( 1979 )  sugges ted  es t lma to r s  f o r  two  o f

t he  rna in  pa rame te rs  o f  t he  BPRE,  v i z ' ,  t he  r ep roduc t l on  ave rage  pe r  l nd i -

v i d u a l a n d t h e m e a n o f t h e l o g a r i t h m o f t h e e n v i r o n m e n t a l m e a n . T h e l a t e r

pa rame te r  i s  kno rnm as  t he  c r i t i ca l i t y  pa rame te r  i nd i ca t i ng  t he  ce r t a i n

ex t i nc t i on  o r  poss ib l e  exp los i on  o f  t he  p rocess '  The  cons i sEency  and

asymp to t i c  no rma f i t y  o f  t he  es t ima to r s  we re  a l so  p roved '

R e c e n t l y , N a n t h i ( l 9 7 8 t L g 7 g ) g a v e a n a l - t e r n a t i v e e s t i m a t o r t o e s t i -

m a c e t h e c r i t i c a l i t y p a r a m e t e r o f a s u p e r c r i t i c a l B P R E . N a n t h i l s e s t i m a -

to l ' u ses  mnre  i n f o rma t i on  t han  Becke r r s  es t ima to r  and  i s  a l so  a  s t r ong l y

. C ] n s i s t e n t a n d a s y m p ! o t i c n o r m a l e s t i m a t o r o f t h e c r i t i c a l i t y p a r a m e t e r '

I n  t he  p resen t  wo rk ,  we  de f i ne  t he  mu l t i t ype  ana logues  o f  t he  c r i t i -

cal i ty  parameter est imators of  Becker and Nanthi '  and examine the strong

ions i s t encY  o f  t hese  es t ima to r s

i r e l im ina r i es  and  Some  Use fu l  Resu l - t s :

Cons i c l e r  a  co l ' l e c t i on  o f  pa r t i c l es  o f

denoEe the number of  indiv iduals of  type j

r i on .  Then  X r ,  =  (Xn ( f )  , xn (2 )  ,  "  "  
Xo ( r )  )

r  d i f f e r e n t  t y P e s '  L e t  x n ( j )

,  I  $  
j  

, (  
r r  in  the  n th '  genera- '

denotes  the  PoPula t ion  vec tor  o f
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the nth. generatioo and l l  xnl l  = t '  xot: l  denotes the total nurnber of

part icles of al l  tyPes 1n the nth' generation' J 
= t Xn' tr  2z0t denotes

a supercri t ical r-type (t  >22) Galton Watson process vith XO - p" deflned

on the probabil i ty space (-cLt;h '  P) '  where e' denotes a r-dioensional

vector with I  in the i th'  posit ion and zero elsevhere' To get froE the

nth. generation to che (n+l)th'  generation' each Part icle of type i  spl l ts

according to the offspring i l lstr ibutlon { o(i)  
yielding a Progeny vecEor'

?  
"  

=  (  
E  r r (1 ) . ,  \  nQ)" ' ; ,  E" t : ' l  

t :  
" " i r 'a  

the  env i ronment  o r  the  n th '

genera t ion  and!  =  (  
E  O '  Zr " "  

)  i s  ca lLe i l  the  env i ronmenta l  sequence '

For a glven ! ,  thu ntt l""" len"ratud ln this maoner is a non-homogeneous

nu1-t i type branching process or equlvalentl-y'  a mulr i type branching process

in a random envlronment (MBPRE) conditional on the ervironmetrc t ' itrrough-

out ,  the  s tochas t ic  p rocess !  i "  
" " "u t "d  

to  be  s ta t ionary  and ergod ic  un-

less  o therw ise  s ta ted '

ro each vector Er. = (5r. ! l ) '  ! -k(2)""1 t ' l t ' l '  
t : :1"=': : i l i ' t ; ,

an r -var iate probabl l l ly  g"o" ' " t lng funct ion (Pgf)  *4nt t '  
=  t -  

!n

( r )  i e re  
f  9 )  t ; l  1s  rhe  pg f  o f  E  n t : l ' * ' gu t ' )  

i s  ca l l ed

"  '  ' +  
' {  

u t " ' )  
wne ' -  -  

E  r . '  
'

the associated pgf 
"ott""poiaing 

to the envl-ronnent !n'

r a r  n  (  € ' ' ( j ) )  d e n o t e  t h e  p r o b a b i l i t y  t h a t  a  j - E y P e  P a r -

.r"r" ; ; . I : ; : ; ; i l" '* l 'o""oo E u<:l 
gives birrh to r(1 ParEicres or

t ype  1  ,4  ,  Par t t ' cLes  o f  type  2  
" " '  

4 r  par t i c les  o f  cype r '  Denote  by

p i j ( l )<?o l  .n "  p robab i l l t y  tha t  a  
l : t tn "  

par t i c le  p roduces  I  i - t vpe  par -

ticl-es under the environrnent ! O' 
Then

_ e
( j )  

) "*  io<"1  'Eror '  30<: l

, t . r "  6 i  ! r t ! r ,  .  J t  and i  =  
: r :2 . . .  

&r '  cor respond ins  to  Ehe mean

of  the  o f fspr ing  d is t r ibu t ion  de f ined fo r  BPRE'  the  oean na t r i x  \  
=  M(Ek)

corresponding to the envlronment E o-t" 
defi-ned by

m = m. . t ! t l  =  expec ter i  nunber  o f  o f fspr ings  o f  type  i  p roduced by

"' t i  
-  " ' i j '  

a parr icle ot .ro.r i . , ' r ] : ."r .n" environrnent !o

e.  , r  \  ? f  
' fu t t r

= 
. I  

rpr : t ' / (Et )  = - - ; i -

u l

sht

to

as

rh

Fu

( 1

( 2

De

th

th



I l .B .  Shres tha

where T is the r-dlnensional vector with conponents ldentlcal1"y equal

t o  I .

Let  Jro ( ! )  u"  the a- f te ld generated by xg,x1 r" ' rxo and !

Then the pro"""tl {xo;" >. o} is an MBPRE if

,  t "  
J " l l o .1  (e ) l= t+ i "_ , , t ,l

th

x ,
n- r

Athreya and

wlth probabil- i tY

(arLln 0972) have shovrn that followlng are true

{ i lr r J t - t

I

E

s-

o ( mr, <.oc

t '+ 
,,. 

i j ) <il
o < - 5 $ *  ' < < '

n f  
-  ros  <  I -  9En(o) ,  T t  '  *

where ( i ,  t> deslgnates the innerproduct bf the' lndlcated vectors'

Fur ther  r^7e  assume tha t  E ' l  to t  
l l  \ l l  |  

( '  oc  where  l l  ' l l  l s  de f lned

t

as l l  I  l l  
= *9" 

f .  I  "1j 
I  ani l  Mo ls a str lct l"y poslt lve matrix with

1  i = I

p robab l l i t y  l .

I t  \ ,{as proved by Furstenburg and Kesten (1960) that

I

I

3-

can

tn)

by

( 1 ) 1 im n- l  loe  l lMr r .Mn- ' . , .M0 l l  
=  n

n+cc

exists with probabil l ty t  and that 7f ls f lnl te and also that

\ z ) l im n-"  E 1og l l  Mr, .Mo-r . . .M0 l l  =  7t

n.t 'C

, = .
Defined l  o 

( E ) as the spectral radlus of the matrix

then the

the form

( 3 )

f o ( E )  
= M r , - t M o - 2 " ' M 0

l-lmit relations (1) and (2)- can be expressed equivalently ln

!

t i n n - I  1 o g  n  - ( E  )  =  : l i n o - '  E  1 o g  a  n ( E )  
=  T f  '

n + 4 .  
"  n l o e
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'Resu lar i t v  
Cond i t lon

The foll-owing condltlon is the random environrnent analogue of the

usual regulari ty condit ion lmposed on the non-extinct ion probabil i t ies

for the nult i type Galron Watson process.

( c )  P ( a ( g  )  < <  1 )  =  I

where  q t t  I  =  (11 (  
!  1 , . . . , q r ( ' t  ) )  l s  ca11ed  the  ex t i nc t i oo  P robab i l l t v

vector  and

a( t ) ="T* F" , *:r, ltr(... + En(c)) ") '

We sha1l also need the fol lowlng C1-asslf lcat ion Theorem due to Tanny (1981) '

le t  I  X  :n2 .0  t  Ue a  MBPRE sat is fy ing  cond i t ion  (C)  and le t- - -  
t - n '

1"1m sup o-I 1og 
l l  

Mo-tMr,-Z'. .r ' r9 
l l= I I

n'>oC

then 7f a0 irnpl-1es ttrat p(d(E,) = l)  = 1

(4)  lT  20  inp l - les  tha t '  f t  
{  4 ;n  

> ,  o }  1s  s tab le ,  then

l tn i  n - l  1og l l  xo  l l  =4  a .e .  on  
[c l :  

t l  Xn l l  :#0  as  t t *o ] '

, n + . €

W h e n T T  7 0 ,  t h e  p r o c e s s { X n t " 2 r O }  i "  s a i d  t o  b e  a  s u p e r c r i t l c a l

MBPRE. Under the regul"arl ty assunptlon made above, for a supercri t ical

MBPRE, drawlng. analogy with that of a supercri t lcal oult icype Galton .

watson branching process (see Karl ln and Taylor, I975)'  we have

( n - l  ,  1 - 1
(5 )  i  n  l k (E )  ]  + -+  wv  '

r. k=0

where I, l  ts a nondegenerate random variable such that P(w20) 2 0, and

v denotes the left  eigenvector assoclated vith the maximal eigenvector

I  t t ,  =  
{n r r ( t ) ;o  

>ro l  o t  the  o f fspr ins  mean mat r ix '

In thls note' we are concerned with the questions of consistency of

Beckerts and Nanthirs est irnators for the supercri t ical MBPRE when !,Uts

are independently and identlctt t l  Ut?l1tbuted random variables' In such

a c a s e ,  i t  l s  e a s y  t o  s e e  t h a t  
t  + t ' * o  ( 3 ) ;  l <  j S r |  w i ' u  b e  a

family of independent and identical. ly distr ibuted random variables.

Cons i s te

! o r

by Eccker

t s  s t ron !

rr l t i  rype

( 6 )

Gtven the

ing  sequer

iheorem ir

( 7 )

oo 
{ar , ll

Eecker rs  e

as fol lows

Proposi t lo

Under

cons is ten t

Cons ls tenc ,

For t l

l s  a  s t rong

such an est

( E )
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Cons is tency  o f  Becker rs  Es t lmator

?or a single rype Gal_ton Watson branching

by Bccker (L977) and Dion and Esty (1979) t trat

*  |  l n
n  =  x  

- ' - '  
i f  x  >  0n n

: 1  x  = 0
n

is strongLy consistent for e[ .  For the mult l type MBpRE, rrre deflne the

rult l type analogue of the Becker est imator as

[ " o  l l l / o  i f  i l x n r l > o
I  l l x ' l l  =  o

Given the environmental sequence ! assune that

ing sequence bounded by sone f inl te constant c

Theorem impl. les that, 1f 7f,  )  0 then

process, i t  wa6 observed

the estlmator

{ 
xn;n 7 0 } rs an increas-

then the Classif lcat lon

( 6 ) e =
n

1 9 8 r ) ,

-1.

r1

r1

r o f

' S

such

( 7 )
t

l f tn  n 
-  

1og f l  X. l f  =n
n-}.:c.

"n {ar :  
l f  x r l l  7b0  as  n- .u . .J . .  Th ls  es tab l - l shes  the  s t rong cons is rency  o f

Beckerts est imatbr for. an MBPRE. _ Fornal. ly r,re rnay state the above resul_t

as f ol- l-ows.

Propos i t lon  l :

Under the regulari ty. assunptigrs, stated alove, 0-* is a strongLy

"on" r " r "na  " "a r r .ao t  

t

Consistency .o{ Nanthits Estip.ator

For  the  s imp le  BPRE,  Nanth i  (1978,  1979)  showed thar

6 r ,  =  ( x r x ,  . . . * n ' / o '  t ,  

: " :
n

is  a  s t rong ly  cons ls ten t  es t imator  o f  eT .

such an estima.tor may be wrlt ten as

(8) 6-r' = l'tt l|",. tt1zt"z when
"  L t t = t "  k " J

= I

0

0

The nultltype analogue of

l l xk  l l  >  o

l lxr . l l  
= o '
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r,;(E) * *tS F,
Xenthl (1979tr rB get

n-l i
E (a+),r.l + 0

rFo
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$&r

.i:

n )+  0  a .e .  (P)
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P r o p o s i t i o n  2 :

For a supercri t icar MBpRE, rog 6] is a gtrongly conslstent est imator

o f  Ehe o f fspr ing  mean J f  under  p r .

F u r t h e r ,  s e t ,

oi<:r ;[[, 
"u,r,1 l f  xk (J )  >  o

\ ( j )  
=  o= 1

Shrestha

f o r  3  =  1 , 2 r , . . , r .  L e t  N 2  b e  t h e  e x c e p t i o n a l  s e t  r e l a t l n g  t o  ( 9 )

be i ts compllnentary set. condit ional on the nonextinct lon set A,
for any c.: c llln [w > o] = s,

i )  Xn( j )  >  O fo r  nZ7 0

cons ls ten t  es t imator  o f  7 I  under  p , .

and N!

we have

he

have

n- l
11)  1og x , , ( j )  -  E  roe  h  r ( i )  

->  1og l -w v { j ) ]- '  
k=l

S e t  u ,  =  1 o e  h  
r ( t ) ,  I  } , O , a n d

-  r - '  
) 1 2 / n 2Y,,(i) =[kri 

{ (il h,(tr) xu r:r}J

Taklng logarlthn and on slnpl l f lcat ion we get,

(I4) 1og y,,(j) = 2"-2 
F- 1og xu ft) - 2n-2 f ,o-nr,ru.
k= l  

^  
t= t  

I

Cond l t lon  (9 )  above y ie lds  tha t ,  on  S '

l o g Y r r ( j ) + 0  a . s .

Consequent ly ,  on  52 ,  an  app l ica t lon  o f  the  resu l - ts  ln  (3 )  in to  (14)  y ie lds

^ , 2

o l r : l  = |  f i , .  + ( j )  J  " "  -+  eT  a .s . ,  j  =  1 ,2 , . . . , r .
"  L [ = i  ^  J

We have' just proved the fol lowing.

ProDos i t ion  3 !

For  a  ,supercr i r i . c .a l  MBpRE,  f  og  6 l ( : ) ,  j=  1 .2 . . . - . . .# ,  i s_a  -s , tJongU
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CLo swe Semi-Continuity

Phullendus Das

Abstract

closure seml-contlnuity. ls deflned and sone results of elosure semi-

continuity anaLogous to those for closure contlnuity are obtained.

Le t  (X ,  t  )  and (  Y ,  t r )  be  any  two topo lo l i ca1  spaces .

A set A C X ls sald to be a semi-open set. l i  there exists an open

set 0 such that 0 c A c 0 where 0 is the closure of 0 (Levlne [6J).

S .O.  (  !  )  w111 denote  the  c lass  o f  a l l  sen i -open se ts  o f  (X ,  ?  ) .

I f  x  d ,  X ,  0 ( t  ,  x )  and S.0 .  ( t  ,  x )  w l l l  denore  respec t lveLy  the  c lass

of al l  open and semi.-open sets of (X, t  )  contalning_x.

tn ISJ Das defined senl l imlt polnt and to [3J Crossley.and l l i ldeb-

rend deflned senl-cLosure A of a set A G x. ln a manner analogous to l imit

point and cLosure.

- Unless otherwlse nentloned { w111 denote a napplng of (X, G ) into

( Y '  t ' ) '

cC ls said to be senl-continuous 1f U G f,  
|  -=.-) (U) C. 

- l  
g

s . o . ( ? )  ( L e v i n e  / 6 J ) .

{ ls said to be cLosure continuous at a polnt x € :X i f f  for every

v  €  0  (  t ' ,  ( x ) D d  )  t h e r e  e x l s t s  a  U  €  0 ( t ,  x )  s u c h  r h a t  ( t ) C ,  C  V .

If  u( be closure contlnuous at every x G x, then oc 1s sald to be closure

cootlnuous on X (Andrew and Whitt lesy [IJ),

Deflnit ion,l l  e( ls sald to be closure senl-contlnuous at a point

t  C  X  i f f  f o r ' e v e r y  V  €  0  (  t  
t ,  ( * ) o g  )  t h e r e  e x i s t s  a  U  €  S . O . ( t , x )

.rch that Q.)* C V. I f  eC be cl-osure semL-contlnuous at every x € X,

tL-. {  ls sald to be cLosure seml-contlnuous on X.

TbeoJ:-eh_l:

E|. oD X.

If  o( be senl-contlnuous, then d is closure senl-contl-
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Prgof: Let oC be ,semi-continuous. Let x e X and let V €

0  ( t t r ( x ) O ( ) .  S i n c e c (  l s s e n l - c o n t i n u o u s r  t h e r e e x i s t s a U  €  S . 0  ( t '  x )

such that (U)a( c, V and then (g)4 C TDa (by Theorem 4, niswas [2J)

C V. . ' .  oC {s closure semi-continuous at x. Slnce x is any point of

X, o( is closure seni-continuous on X.

Note f: The converse of Theoren 1 is not true as shown by

Examg. le  . l :  Le t  X  =  
{a ,b ,c , .d  }  ,

" =  
i d ,  x , l a I ,  i o , " i ,  { a , b , c {  }  .

r h e n  s . o . ( t  )  =  t  U  { { " , a } ,  t b , c , d }  f
4":X --> X ls deflned bY

(a)  
" (  

=  b ,  (b ) r (  =  Br  (c )a ( .  -  d ,  (d )d ,  =  c .

oC ls closure seml-contLnuous on X. Slnce {a}et U"t

( , t" i l  r ( ,  
- l  

= 
t t l  

g s.o. (  t  ) ,  4 ls not senl-cont lauous.

Note 2: Closure continui. ty + Closure senl-continuity but not

conversely since 4 (deflned ln Exaople 1) ls not closure continuous at

d .  F o r ,  { b , c }  
g  O  ( t  ,  ( d ) . C  ) ,  b u t  a s  t h e  o n l y  o p e n  s e t  c o n t a i n i n g

d  1 s  x  a n d  ( x )  4  -  x  / { . 6 * }  =  
{ . u , " , a }

The-o-r.ep 2l Let ( Y , 
' t  t)  be a T, - space and 1et ( be closure

seml-continuous at a point x € X. Then qC ls seni-continuous at x.

P r o o f :  L e t v  €  0 ( t r ,  ( x ) o ( , ) .  S i n c e ( l '  t ' )  i s a T 3 - s p a c e '

. i r " r "T i las  a  Vr€  o  (  t ' ,  ( * lo (  )  such tha t  V l  c  v .  S ince  a4  is

closure seul-contlnuous et x, there exlsts a U € S.0. ( , [ '  ,  x) such

that (g)o( C Vl. Then (U)s(, e $. Hence cC ls seoi-continuous at x.

Cor -o l l .a rJ . , l :  I f  ( t ,  t t )  be  a  Tr -space,  then o(  i s  c losure  semi -

contlnuous on X .+ pC is senl-continuous.

Note 3l Seni-continulty at a polnt does not ioply closure seml-

contlnuity at that polnt as shovrn by

E x . a q p l e  2 :  L e t  X  =  
{ a r b r c } ,

t  =  
f d ,  x ,  [ " ] ' ,  { " , 0 } ,  [ ' , " ] ] ,

r '=  {  d ,  x ,  tb}  ,  t " , " }  }  .
T h e n t  = S . 0 .  ( ? ) ,  t ' = S . 0 .  ( ? ' ) .

t

Sf!c.

. r  +
Ir

polot t

b a s a l

&t

closure

sel i- l l

g

The

1 t

ror ,  {  b

.  ( r ) {

ltov

llovr

&
( r t )  <  r
clored v.

I lrt r pol

proo

t1 ' rr  C i

rrcl : hat

! t  { : 1 r )  t

?rart t  a ,
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l - t t C
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The ldenticy napping I":  (X, f  )  -+ (X, tr) is semi_continuous at

s r o c e  { a r }  €  0  (  t ' , c )  b u r  f o r  e v e r y  u  ( ,  s . 0 .  (  t  , c ) ,  ( g )  r x

Phullendus Das

Theorem 3: I f  x € X be such that ( i)  C is seni_continuous

i i i )  4  i s  n o t  c l o s u r e  s e m i - c o n t l n u o u s  a t  x  a n d  ( l i i )  S . 0 .  ( f ,

c l o s e d  w . r .  t o  i n t e r s d c t i o n ,  t h e n  e v e r y  U  6  S . 0 .  (  t  ,  x )  h a s  a

. l ' : i t  po in t  y  a t  wh ich  oC ls  no t  semi -cont lnuous .

x )

- l: 91 l.a,c?. t^r . l  ,  4  ls  not  c l -osure semi-cont fnuous at  c .

ln ILJ Andrew and whitt lesy proved that i f  o( be continuous aE a

point x € X at which o( is not closure continuous, then every U € 0(.C,,x)

has a l imit polnt at which o( ls not continuous.

But i f  ec be seml-continuous at a polnt x € x at which oc is not

c losure  semi -cont inuous ,  then every  U €  S.O. ( t  ,  xy  may noc  possess  a

semi-l imlt point at which ac is not semi-contlnuous as .shown by

E x a r n p l e  3 ;  L e t  X  =  
{ a , b , c  }  ,

t = t d , x , { a } , { b }  ,
r h e n  s . 0 . ( " )  =  t U . [ { a , " }  ,  { b , " 1 . }

o( : X --+ X is defined by

( a ) o (  =  b ,  ( b ) 4  =  a r  ( c ) o (  =  b .

d, is semi-continuous at c. oC is not closure seml-contlnuous aE c.
n o r ,  { b }  G  0 (  E ,  ( c ) o (  )  b u t  f o r  e v e r y  u  €  s . 0 . ( t ,  c ) ,  ( I t ) d C
= (x)d = l^ ,aI  4.  tT i  = {0,"}

l l o r  
{ a , c }  

€  S . 0 . ( t  n  c ) .  B u r  l t  h a s  n o  s e m i - l i m i t  p o l n t .

However we have the fol lowing resuJ_t

{  " , 0 } }  
.

a E  x ,

x )  i s

semi-

Proo! :  By  ( i1 ) ,  there  ex is ts  a  V  €  0 (  t , ,  (x )  oc  )  such tha t

- * (  V f o r  e v e r y U  €  S . 0 . ( ? ,  x ) .  B y  ( i ) ,  t h e r e  e x i s r  a U l €  S . 0 ( t , x )

r - c : .  i h a t  ( U f ) o (  C  V .  L e t  U  6  S . 0 . ( T ,  x ) .  L e t  U 2  =  U  f l  U t .  T h e n

| r  : i i )  u 2  €  S . 0 . ( ? ,  x ) .  H e n c e  ( y ) 4  f  V  U u t  ( U ) o C ,  C ,  v .  H e n c e  r h e r e

cr - \ :s  a  y  €  X  such tha t  y  i s  a  sen i - l ln l t  po in t  o f  U ,  and there fore  o f  U

: - :  r r ) {  $  V .  L e r  v l  =  y  -  V .  T h e n  V ,  €  0 (  t / ,  $ j *  >

l r t  U ,  €  S .0 .  (  t  ,  y ) .  S ince  y  i s  a  sen l - l ln l t  po in t  o f  U , r

I  
h  tu ,  - { r }  I  *  O.  r .e t  z  € u,  Q tu,  - iv }  ) .  r r ren ( l )oc € v .

l r cc  (Ur )  X  *  v t  fo r  every  U3 €  S.0 .  (  t  , y ) .  , '  .  d . : . s  no t  semi -cont inuous

Ot  r .
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Def in i t ion  2 :  (X , f )  1s  sa id  to  be  a  STr -  space i f  fo r  every .seo i -

c l o s e d  s e t F o f x a n d  e v e r y n f  F t  t h e r e  e x l s t U '  V €  S ' 0 ' ( e )  s u c h

rhat F c u, P € V and u f ' l  v = d (uas [a]1'

( x r t )  l s  a S T r -  b p a c e  i f f  f o r  e v e r y x  €  X a n d  f o r  e v e r y

U  e  S . 0 . ( t ,  x ) ,  t h e r e e x l s t s a V  €  S ' O ' ( t '  x )  s u c h  t h a t V  C  U

(Das /4 / ) i

The.9rem..5: I f  (1) (x,t  )  be a ST, - sPace and (11) { be seni-

contir{uous at a point x € X, then a{ is closure seni-contlnuous at x'

p.roof: Let v € 0 (t ' ,  (x)r6.) '  By ( i i )  there exists a

u l €  s . 0 . ( ' t ,  x )  s u c h  t h a t  ( u l ) o C  c  v '  n v  ( i )  t h e r e  e x i s t s  a

. u  €  s . o .  ( t ,  x )  s u c h t h a t u  c  u t '  H e n c e  ( u ) o c  c  ( u l ) ' ( c v c ; '

Eence a( is cLosure senl-continuous at x'

Note -4: The converse of Theorem 4 ls not true as shown by

Ex.an!,1-.e. .4: conslder the topologlcal spaces (xt t ) ' (x' t').defined

ln Exarnple 2. (xrt ' )  is a ST, - space' r":  (x, t ' )  --+ (x'  t)  ls

closure semi-contlnuous at a, But 1t ls oot senl-contiouous at a'

I t  fol lows from Theorems 1, 2 and 4 that

Theors.n 5l I f  (XrT ) be a ST, - space aod (Y' t ' )  
"  

T3 - space'

rhen o( is seni-contlnuous at x € X (resp' on x) {57 cC is closure

sem{-contlnuous at x (resP' on X) '

! ]1gg;[:  Let A G X '  I f  I  be-cLosure cootinuous' then ol '=*l l :

(A, to) + ( Y , t ' )  ls also cl-osure continuous'

P , ro -o f  :  Le t  x  €  A .  Le t  V  €  0 (  t ' ,  <* ) /  ) '  S ince  oC is  c l -osure

cont inuous ,  there  ex is ts  a  U €  O (  f ,  x )  such tha t  ( [ ) ' c  C V '  then

ul = u n A e o (  "cA, x) and 1E1TA ) 4 '  C (u)oC c'  v"" e( Ls

closure continuous.

Itote ::  Restr lct ioo of a closure senL-continuous function ls not

al-ways closure seml-continuous as shown, by

Ex.arnglg 1: Consider the closure seml--continuous mapplng oC def{ned

in Exanple 1.

3 u t

: l u :

:  s  a .

a- icu !

e

: :

r - : e

a l

a
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L e r  A =  
{ a , b , d }

r h e n  t o  =  
l .  6 ,  A ,  t , a l , - f . p i ,  t " , o t  j  .

a n d  s . o . ( T l ) =  r n U i F , o ]  , { o , o J j .

a'  =;Cle is  not  c l -osure semi-cont lnuous ar  d.  For  
tb,c lG0( t ,  (d)rc  )

but  there does not  ex ls t  any U € S.O ( tA,  d)  such that

(g)rA( .t-r"t = {u,",a}
The product of two closure continuous mappings is closure continuous.

But the product qf two closure seml-contlnuous mapplngs is not always

closure, semi-contlnuous as shown by

E x a m p l e . i :  L e t  X  = . [ x ,  y ,  z [ ,

\  =  f .a ,  x ,  [ * f -  ,  t r , , ] i ,
r .2  =  

[d ,  r ,  { " }  ,  i r } ' i  t " ,  , } . | ,
t 3 = dlscrete topology ln X .

I,. : (x, ?l) --+ (x, t2) 1s closure seml-contlnuous.

4:  (x ,  Tr)  + (x ,  t3)  def tned by.

(x)  o(  = x,  (F)  at  -  y ,  (z)d r  x

is also closure seml-contlnuous.

But I * 
{ = o( : (X, t,) .--+ (X, tr) i.s not closure seni-contl-

nuous at  z .  For ,  
t " l  

g  0 (  tg ,  (z)*  )  but  there does not  ex is t  any
u € s .o (  t '  z )  such that  (g)o(  C t i i  =  

t " i
Theorem 7:  Let  o( .  :  (X1,  t i )  - l  (  y  

f ,  t l l  t .  c losure semi-

;::'o",. T;,';='')'r*'")r* 
-,1".J? 

l-:"=, !!T i',1,,T: IrJ"
sure semi-cont inuous.

P r o o f :  L e t x =  ( x ' x r )  €  X a n d t r f  e  0  ( t r ,  ( x ) r C ) .  T h e n r h e r e
c r f s t  l r i  e  0 ' (  t ' r ,  ( x r )  o ( r )  ( i =1 ,2 )  such  tha r  u . , t  l t z  < .  w .  s l nce

I ,  is  c losure semi-cont inuous,  there ex ls t  V,  g S.0 (  t i ,  xr )  such that
( I r ) {  

r .  
d ,  ( i = 1 , 2 ) .  T h e n  V  =  V l  X  v 2  e  s . O .  (  t ,  x j  a n d  ( y ) d ,

- ( v r x v r ) o (  =  ( y r ) 4 t *  ( ! ) & z c  U r x S ,  c  f r . . . .  d C .  l s c l " o s u r e

{ l  -C r rn t i nuouc .

l 3
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Oseillations of a Sphetical
Li4uid B I

BubbLe in Waltez,s

R . P .  G u p t a

Abstracr

rn this paper damped non-l inear osci l lat ions of a spherical bubbLe

fi11ed with a gas obeying Boylets law in walters l lquld Br have been

investlgated by employing a perturbatlon schene in tetms of € whlch

measures. the departure of the cavity pressure from the pressure at inf l-

nity. r t  is found that for € ) o the effeet of elast ici ty ls to increase

the frequency.

In t roduc t ion

The.growth of spherical bubbLe ln a non-nenrtonlan l tquld by-introduc-

ing second order terms in stress straln veloclty .relat lons of..classica1

hydrodynarnlcs has been studied by Jatn [I l .  Here we propose to study the

osci l lat iond of a sphertcal bubble or cavlty Ln an lnconpresslbJ.e homoge-

neous walters 1lquld Br subJected to a unlform pressure at inf lnrty and

f i l led  w l th  a  gas  obey ing  Boy le ts  J -aw.

The l iquld pressure at lnf lnrty is taken to be trI  and the pressure

inside the bubbLe when of radlus Ro rs supposed.to b" r3II .  The perturba-

t ion  theory  1s  adopted  to  d iscuss  the  non- l inear  osc i l la t lo r ts  fo r  m -1 .

General Sheory

The consti tut ive equatlon[3j for walters l iquld Br with short memrles

i s

_ i k  t k  \  J k
P B i k  +  2 ' l . o  

"  
-  2 k o  

5 i  
e -

,here  e ,1  =  I  { " . i  *  , - ! ,  i  
ana  

{o  i s  the  l in l t ing  v lscos l ty  a t  smal l  ra tes
x  2  ( ' k  " ' l )  

i  Ko f  shear ,  K , ,  the  e las t i c i t y  o f  the  f lu id , . r t  the  ve loc i ty  tensor r ;T .

denotes the convected dif ferential of a tensor quanti ty for any conrra-

varient tensor blk arrd 1s gtven by



!1.tn - -[otn . .., l.otn _ uir !' _ rrk !rE 
=IF rv 

,*r  6*r  J*.
In spherical poJ.ar coordlnates (r, g, d) wlth centre of bubble as

po1e, the veLocity components (urvrw) for symetrlcsl notlc,of a sf lpr i-

ca1 bubbl-e can be tiken as

( 1 )  u  -  F ( t 1 )  /  1 2 ,  u  o  o ,  w  -  o

,
where F(tr) = R; Rir R, belng the radlus of cavity aDd acc@t.represe_t-

lng  d l f fe ren t la t ion  w l th  respec t  to  t l .

a|r

(a)

dart

l r  t l

fhrl

o f  s t i

R - l

Thrr r

( ; )  r

rAcrc

llorc c

oo<t l le

tcocGdu
3r
A '  ! .

( t r

*rt ti
l o

i . ) o l l

tr.

Ql l l r  C

ttt

Now the equation of motion can be wrltten as

/^\ 6P"r t [n." r ]P"o L .^\1) -6r * 
; 

-5;- * 
i"1o. T 

* 
i LZP.. - P." - Pdd

+ P( f r . -?s. )  =  
"

where the constl tut lve equatLons of.Walters l iquid Bl

case provldes

;,, -3?u t'u. - , ,*)'I ,
P" = 2 1";=t 

- 2Ko [ir'-fu *.u 
;7

( 3 )  p . .  =  2  r "  ;  - ' * " [ ] * . i  * - * 1 ,

p66  =  2  ? "  ;  -  2K" [ ]  ] t .  :  *  -51 '

P r r = P r 6 = P " 6

SubsEl tu t ine  (3 )  ln  (2 )  and us lng  (1 ) ,  we ob ta tn ,

fol lowlng equatlon

^ r  r ' { t r )  |  2 . 1  r a - _  r 2 { t , )
( 4 )  f  f - : - : - L  * ' 2 " ' l  =  -  p * + K o # + ! r

where the conditlon p = II as r -) rc has beea used.

Now, from Boylers Law the pressure
3*.

of radius n' r" $S , and conslderlng-  ^1 -

of the bubbJ.e, we get,

iaslde the bubble,

the equllibrlum at

+ D coseT' r e

la the symetrlc

after lotegratLon

when l t  is

the surface

l
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trr-rmttng p frm (4) and (5), we get,

(6) r' . ; -'{l'; 
!L;: -:) *'t* .*4,- = 

S$f,;r.

L 7

U  ^ - ' ' L o  C  2  t ! K ^  R l ,' rtere t E Jf E- I zr = 
[-]- 5-, K' = 

o-Ff and R = 
i-,

o J  t - A o F  
o

ls the non-dlmenslonal- radlus of the bubble.

Thus equatlon (6) shows that R=rn ls the critlcai- polnt belng the point

of stat ic equi l lbr iun. To discuss the motLon near this polnt are 1et

R = 1 - 6 (t  -  x) in (6), €J I-m belng a sna1l quantlry.

Thus expressing (6) in terms of x, ve get,

, .  LL  - -2 .

( 7 )  x "  +  2  ( x ' 4  : : 2 1 =  - f  e  
t ' ' T o " . l  

* ' 2  -  4  t €  j - f \  
x ,  -' 

L-Kt (L-rz)z

- e € x(2..+.452:xx1+x) 
+ o (e2)

(t-x-1 -

yhe re  {=  A / ( t - , xz ) ^oa  D2-3 / t t - x2y

Above equation ls slnl lar to the equatlon representlng,danped non-l lnear

osci l lat ions lnvestigated earl l .er by Mendelson f2l.  Thus, f ,olJ.owlng his

procedure, we seek a solut lon by perlodlc Ln f as x - x (a, 
l ,) ,  where

d a  - d w
E 

-  
i (a )  and 

a t  
=  w(a)  and se t

J = * o + € x l + . . .
( E )  r  =  r o  +  € w l  +  . . .

\ = - y ' a + € \ + . . .
)  t  . t

rrbeo s- = ) '--  y '- .  I t  should bd noted that for osci l_1-atory soLutlon

rf > o vrr ich gives 12 < t- )2

3

The zeroth order soLutlon 1s same as glven by MendeLson and can be

cer l l y  ob ta lned as

(9) xo = a cos F/
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Uslng the value of xo, the equatlon denotiog the flrst order approxlna':

tl-on, xl, can be obtalned by substltutlag (8) la (7) and equating tefrns

of order 6 . Thus, we have,

z )2*r az ,  )2*,  ^ .  r  52*t  .  5 
" '  12 [-x '  .2

w o r y + ,  a  
#  

2 w o ' { " f f i * 2 ) , o # - " 1  # + l ' r r

t

( l

, .  L L  ' . 2 \

=- i ^ rL#  < ,1 * f2> , -z (r+r2) (3-K2) q 1 2 ' t
*  3 ; T  - l *

t - I ((1-K2) t l 5

(ro) + cosf [r,,o,.,,u . u,# - Er) - 
tf;+. S I .

t L 2

L*"3r- r'. F .'#1 * "2"o" 'p L-; -+
L-xZ

$?":)
+slnl p,

l -K

1ff"1 *l+ 
a2 sir,2 e L- ;#,.n-nS )

To prevent the occurrence of'b-€cular terms, we get from equatlon

( 1 0 ) ,

2wow,a. '(+ - €r) = 
i#f 

- 
*,

( i t )  .  . ,
. t o r L .  ^ Y " o .2 r o E r - ' l a '  

5 ;  
- , .  .

Now, lt ls easy to see that equations (11) are satlsfied provlded

.{
t s r  =  - a - - V t
' t-r-

(  12)
I  r  3(t+2K2> - '12 ( l -K2) 

' l
'1 - , L-G5Z-.- t.

To deternine xl, I^7e now let

1 r ,
( 1 3 )  x ,  ( " , Y )  =  

i  
a ' A o *  a '  ( A ,  c o s  2 y '  + B 2 s 1 a 2 f  )

t 5 )
, 3' 2

. : v  a

: .

- : r i  I

I
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9rbstl tut lng above in (10), r^re gec

L 9

( 1 4 )  A
o

and

(  l 5 )

Now uslng the value o1 Ei and w, as gLven (12), we have

r3(r- #x2l <'3 + 12) - 3(r+r2) G-rc2y +{2 -t' 1  
. l ,

da

i ' E = - r a +
(  l 5 )

dy'
a ? = r 4 ' o +  

(

(  rS ,  =  -  ' / "  
I  t  +  < t '< t -  2 )1 ,

' r ='o . -.; i  
:<r*zr3l.t-;v2<r--lr1'.

The equatlons (16) are to be integrated under the . iondlt ion a E a
t  =  0 ,  a n d  ! -  

=  r . .  
o  

f o t . t  =  t o ,  r u e  g e t ,

-{
' = . o € ' ( t + j 7 r . ,

( l 7 )  r - K

I  t '  '  ?  ' '  
* z *2 ) ( r - r2 )  - ' r  2J i= { +{3ILI/-_a: lr +L.,rt .

r-Kz t-  ( t -Kz) {  : t l - rry -  Ar!-

Final11',  correct upto order ( 
,  we have

x =  a  c o s F  +  € ^ 2 r -  '  
l t r - # r 2 l r " L v 2 l  -  i t r * r 2 l < t - * \  * ?

' - 2 ( r - r - 1  
t ( @ - - *

v'o i rz( l+r2;( : - r2y -  36- #* ' r , ,  t2-  sr l> -  z<s12* ul>\
. 8 )  

:  

' c o s 2 y

\ t )

l ' ,o {:( 
y 2 * onf l <:- #*r, 

- 12(r-K2) (s-r2) L
_  s i n 2 y l .

z ( t - x ' )  
l r r ' - : " 1 1 2  

+  r o  t  , o  J  
J

for
o
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Sooe ldea about the effect of elastlc parameter K2 
""o 

be ascertained

frotr the fi.rst tern in equation (18) whtch under the condltlons x = l,

,tv

f;i 
= o at t = o can be rePresented as

*t  -  f l  (A, r)  " t ' (A 
'  *" 

"o" L..o- '  t r , ,^,  
f ,)  + ro <,1' t l r tJJ

w h e r e  ^  I  " t ?  
"  

, r 2
r - l

f r ( ) , K ) ' L i .  - l

r2 ( ^ ,K )= -1 i#s ,
^ t-------

f ?( r, K) = - ]ry?,.:i,:l!'-*,- 
'* , t, '

J  ( l - K z ) 1 3 ( t - K z )  - ) ' l *  r l r t t * : r ' l - , t ' l

l;:--T--- |0+f,21 rr-r2) - )2 i
r , ( A , r 1  = 4 ( L 5 - a = 1 1  i i + c - - ' ' i " -  i  . ; \ ) '' 4 ' " ' - ' '  

( l - K z )  (  
1 i - ^ ' )  { l t t - r ' )  

-  ) '  }

I t  should be noted that posit ive and negetlrc retues of € (= lp)

correspond to the sltuatlons wherr-the lDttt . l  crtcrorl  Pressure 1s more

o" L""" than the tnit lal  internal p."""ut" .311. cgrvcs drann for

t h e c a n p l n g o f w l t h t l m e f o r v a r i o u s v a l u e s o f g l r - t e r s l n f i g u r e s l

and 2, Lead to the fol lowing conclusions'

( i )  For  € )o ,  the  e f fec t .  o f  e las t l c l t t  t t  to  lDcrease the  f re -

quency of odcl l lat ions rhl le rcrntt '  l t  3b case for (- <C';

( i i )  In general,  for both posit lve 'Dd l t l ' t t tc Yalues of C '  the

clanplng is faster with locrerrc tr rd* of elastlc parameter

except for the lnit lal  stagcs l t" i  r '  :

(111) For the same auuerl'cal dlffcrclcc ct Ferrsre the frequency 
\

ls greater when the lnterlor Ptcr'c''h? lr clcceded by the

tnteJ?raL pressure thao ubco tt crcr* E'

I
I
I
t
I
Cl

I
t i .. l :  

) :
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CortfornaL and h-ConfornaL Transfoy,rnation in
Speeial Finsler - Spaees

U . P .  S i n g h  &  B . N .  c u p t a

The confornal theory of Flnsler spaces has been discussed by
Knebelnan t3l and severar. other authors. rn the present paper we have
establ lshed condit ions under which sone speclal Finsler spaces have be_
cone the spaces of the same klnd dnder confornal transformaElon. The h-
confornal transformatl0n given by rzunr t2l has also been studled ln
these speclal Flnsler spaces.

I. Intro-du.ct].on

conslder an n-dlnenslonal Finsler space F- referred to a loca'
coord lna te  sys tem x l , ,hose met r ic  func t lon  L( ;1 ,  y t ) ,  (y i  =  x l )  sa t ls f les
the condLtlons usualLy imposed upon such a functlon (/g/,  Chap. f).

As usual we shal '  ralse or lower the indlces by means of netr lc
i  o  'h {  a l ,  r  ̂  r ^€r -^ r  - -  -  1  b2  r ,2  (x^v lI  b 1  L z (b '  L z  ( x . v )tensor sl, whlch is def ined as BU = 

* 
6pU 

. Throughout this

paper the folJ_owing notattons w111 be usid

-ii
) r k

h t3  =  9rJ  -  l r l3 ,

r  -  - j k ^
r - 1 - B ' i 1 k ,

Q(t: t)  ( t t1t)  = tr3r *  tJ*,  *  tur j  ,

4<r3y (Lrr )  =  t r j  -  t j ,

fhe v- and hv- curvature tensors of F' are respectlvely glven by

^ I
" r j t  

=  
Z

'  ? L' i  = ; F

tirn ' Lr:ul (cii cf,nl ,
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1 ,  r .  
^ m  n  \

Pt , i l t  =  l l ( n t )  ( t i 3 t1 t t  *  
"h5 'u r l k '  

'

where the symbol  I  denotes the h-covar iant  der ivat lve and Pn'k ls  the

( v )  hv - t o r s i on  t enso r  de f i ned  bY

h -  ^  * j
P * i k = Y  P h r n i k = " i * k l i r

A  l r i n s l e r  space  w i t h  t i r u  =  o  i s  ca l l ed  a  f l a t  F i ns l e r  space '

ln  rerms of  Prr1,  we def lne r ,  = 9 l*  r , rn '

Def i n i t i on  ( l . l ) '  Two  me t r i c  spaces  a re  sa id  t o  be  con fo rma l  i f  t he i r

me t r i c  t enso rs  a re  p ropo r t i ona l  t o  each  o the r  ( [ 8 ] )  '

Consider t r {o Pinsler  spaces Fo and Ft t  represented by the same co-

ordinate system. l t  is  assumed that  the spaces Fo and Fo are conformal '

Thus we have the re lat ion

(  l .  I )  E i :  =  
"2 '  

s i i  '

where. O;- = a'(x) is a scalar functlon'

I f  6- is constant, then transfornatlon ls cal led homothetlc '  A

qrranti ty without bar wi11 be defined in Fo aod t O:t"t t : l  with bar wil l

srand for lhe corresponalng quanti ty in the space Fo. rf  the Finsler

spaces E,.,  and F' are conformal then the fol lowing relat ions are always

" " g i . g i s a  
( 1 2 l )

i . )  E i j  -  e -2 f .  s i j  ,  (b )  6 i j  =  
"2T 

h i j  '

) -  = i  ^ i
( c )  C . . U  =  s - -  C i j k  '  

" j k  
=  ' j k  '

( 1 . 2 )  d i  =  c t  '  e i  =  e - z t  c i  '

-  2g-  , ^
1 d )  P i r k  =  e  , ' ' j 1

te)  F i .u  -  t ; jn  = ' ;

n * ul* 6-6) ,

:lr. * "l' tlu - ti'n 'l '

d d

, .  r t .

''r ;2

.  t ,

*rr

t*r q:

b t q

Sccr*

i r

r+rt !

'1,; 1a,'

b

f i I .  t ;
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ulrn = ,: .ln * yt cl: * ,, *rr"# * ,, clt * ,h crrk

* 12 (clr .lu * .il, .1, - .1, .Tu) ,

{ 
=,}-' ri = 'rJ 'J ' trtn = ut' t}, ,

' ju  = c6j  s l .  5 ' i  t l  -  * tn e1r + r ,  . in  -  r t . |o-  r 'ch 's j iJ?.

uri - ,5i yh * f 3,t 
- ,tn r, * r,2 crih) o-n

:tr i:" 

svnboL 
l , 

stands for v-covarlant dlfferenrlatlon with respect

If a conformal vector (rl satlsfles the h_condltion deflned
bv ( l2J) ,

(1 .3 )  t . l :  r h  -  - r  h r j

uhere -1 = r,  Cl F, /(n-L)

chen the rransformatton ls ca11ed. h_confornal transformat kon ([2J), f t
bas been shown by lzunl (I2J) ' that f l ,  1s independent of yl .  We now
lntroduce a nehr vector P1 (xry; deflned by

( 1 . 4 )  ( i  =  - r  *  - 1  1 t ,

ulrlch is rewritren as ([2J)

(1 .5a )  
F i  =  (  S ]  *  I  c i  l , r / ( n_ t ) )  f ,

In  v iew of  (1.4)  and (1.5a) ,  we have

( r ' 5 b )  t r  =  ( S i  - l c j r " r / ( n - r ) )  f :
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We see that lf orre of two vectors f i' f' 
vanlshes 

:O: :::* 

tt""

.lianlehes. 'tle shalt use the followlng f"-" fottoduced by rzuni (/2'7)'

lema (l . l ) .  l f  a Flnsler sPace En(a 7z 3) ls c-reduclble (/5/) '  tnat

is  l t  ea t ls f ies

' r ,r  - 
# 

(hl1 ck + h3t cr * htr cJ)

(C...  /  0), then the h-conformal transforuatlon ls reduced to a homothe-

.rt" ' l "",  that ls f  I  
-  o and f i '  

-  o'

Under h-conformal transformatlon' the fol lowiog relat lons are

sar is f ied  ( f2 l )

t ' l  F l r .  - ' io  = lc , 'o  '  ' t ' " "  ?  = ? ' t i '  t '  =  
#  

'

( b )  F .  -  t j  -  I  c j  '

(1.6) 1"1 Flr.r - e3'r.r = f : 
t l t - ? i .  -  ? s 1 . . ,'  - j k l  

I  K r

( d ) ;  - L + 9  , w h e r e ? \ = P j  
Q J l c 2  ' c 2 = c ' c i

2, Conformal Transj lgrm-atlon in Some Special l insler 
SBr9-

D e f i $ i t i o n  
( 2 . 1 )  '  A  F i n s l e r  s p a c e  i s ca l - I ed  a  Landsbe rg  sPace 1 I

p  =  o .-  
i . i k

F r o m  ( l ' 2  d ) t  $ 7 e  g e t  t h e  f o l l o w i n g

Theo rem (2 ' l ) '  I ' l nde r  a  con fo rma l  t r ans fo rma t i on  a  Landsbe rg  space  i s

r r ans f  o rmed  i n ro  Landsbe rg  space  i f  and  on l y , i f  v l r r .  - r r  van i shes '

I f  the conformal  t ransformat lon ls  honothet lc  then d-n = o and

we have

Coro l l a r y  
( 2 ' 1 ) '  i l nde r  a  homo the t i c  t r ans fo rma t i on  a  Landsbe rg  space

l s  t r ans fo rmed  i n to  a  Lands t ' e : r g  space '

II

r t l

(l-t

-l

clJ

. l b '

( : . t

t,l.t

i :a la

t-  
1 : l

dt:  c l

:':rc1

r : l l

-  : : c .

!,r{,:a

l r i : r

\ . t

. :  -  . )

ttlr?ta
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space (/i/)Dtlrt t ton-(2,2). A Flneler bpace {6 sald to be a p* -Flrrsler

. If the torslon tensor P,,,- has the forn
] 'JK

(2.f) tr,n = 
.h 

arrn , ,

rterre h ls a scalar functlon glven by

( 2 . 2 ,  7  - P r c t l c ?

.g l tn  v lery of  re lat lone, . (1.2 i ) ,  (L2 d)  and (2.2) ,  we ger

t -
'  

e . t )  I  - h +  4 o l c i - * ,
9 ' J  

' u -

nhere

, , h  ' , h  1 k  -  y ,  c h  +  
" 0 . . . *  

r '  l t i l  +  c l  c l . l . ',  
u J ' u 1 l k E  ' ' J  u  ? Y  t i '  

) y ,  
r J

F r o n  ( l  . 2  c ) ,  ( 1 .  2  d )  a n d  ( 2 . 3 ) ,  w e  h a v e

- = - 'FrJn - E ,rrn = u2- tnjs-h.r,n * Jul:n h."l  
c'crru) -nJ ,

yhlch proves the fol lowlng

Theorem (2,2), Under a confornal trensfornatlon.a p* -Flnslei space

wil l  be P* -Flnsler space l f  and only i f

u l . .  f  I . . h - n ' ;
. ' l 3 k -  h - - 7 v r c  " t 1 t f h  t

Coro l la ry  (2 ,2 ) ,  A  P*  -F lns le r  spece ls  t rans forned fn to  .a  p*  -F , ins le r

space, provlded that the transformatlon ls homothetic

Def in i t lon  (Z .g) .  A  F lns le r  space Fn. (n .72  3)  i s  ca1 led  p- reduc ib le  "

(L6J) I t  the (v) hv-Corslon tensor t l jk of Fn ls rrrr ir ten in rhe form

(2.4) tljk - a, nJU * aJ nO, * ak ht1 ,

t

wh'ere G, = 
ffi 

pi .
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. ly  v l t tue of  ( I .2 ,d) ,  we gdt

. l h

(2.8, Gr : Gr * T"A:it 
ur -t

Tt ig re latsns (1.2 b) '  (1 .2 d)  and (2 '5)  g lve

FrJn - G11j'r) (c; Ejk) - 
"2o ltrrn 

- Q<r:nl (crhJt)

f - - h  I  '  ' h -  I  1

*  t  v l : r .  -Cb G,r rn ,  1v i  t31)  I  ooJ '

whlch shows the following

Theorem (2.3). Under a confornal transformatlon a P-reduclbl-e Finsler

space ls transforned lnto P-reduclble space tf and only if

L t h t -v!31 rr, = 
T'fu 

b (t:n) (vl hjk) o-h

corol lary (2.3). under a honothetic transtoi iat ion a P-reduclble Flnsler

space ls transforued tnto a P-teduclble Flnsler space'

Deflnit lon (2.4)..  A non-f l leoannlan Flnsler sPece Ftr ls calLed seml-P'2-

L. i l<e (tSl) t f  the (v) hv-torslon teosor of Fo le rf i l t ten 10 the forn '

t r j o ' B r c J c k * B j c k c l * t o t t t J '  '

t

where

( 2 . 6 )  d . = \ [ r ,  -  + e . c i > c r ]
: - ' - '  L  

C z L ,  g C '  J

A d l rec t  ca lcu la t lon  based on .  eguat lons  (1 '2  a ) ,  (L '2  c )  and (1 '2  d )

glves

( 2 . 7 )  E l

Fron (1.2 c) . ' ( f  . 2  d )  a f i  Q . 7 ) ,  v e  h a v e
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Gupta

-[',

c . c ,' l K;  c .
L J

- ^
t t j n  -  B t t : t >  ( B ' c ' c n )  =  e2f

The re la t ion  (2 .8 )  y ie lds  the  fo l low ing

Theorem (2.4). Under a conformal transformation

space is transformed into a seni-p2*l ike Flnsler

* {ulru 
- G<r:ul (t l

' l = b , ' l  
* v l c j  

c r )

to (2,4) give the fol lowing

If a Finsl-er space En'Gt 77 3)

under a conformal transformation

a sen i -Pr -1 ike  F ins le r

space i f  and only i f

('i:lu * ti*: bl ) '

trans.formation a P-syrunetr ic Finsler

only i f

( 2 . 8 )

Theorems (2 .  I )

T h e o r e m  ( 2 . 6 ) .

. . h
o .  tnen

r l K
ho ld  good:

ul:o -, = G,rro, rr! c'  cr) -r,

(2,4). A serni-P2-l- lke Finsler space is seni-p2-l ike underCorol lary

hono the t i c

De f i n i t i on

cu rvacu re

transformation.

I n v i e w  o f  ( 1 . 2  e ) ,  w e  h a v e

which proves that

Theorem (2 .5) .  Under  a  conformal

space remains P-symmetric i f  and

(2.5). A Finsler space . i6 ca11ed p-synnetr ic ( l '6J) i t  n"-

tensor  P ,  . , ,  o f  soacr  
i  - '

h i i k ' ' I  
s a t i s f t " "  t i l j n  =  t i U :

Fiiu - Fin: = 
"i:o 

- tiu: * kr:p

'l'{1irr) ('il:lu * si,, lfll =  o .

sa t l s f i es  t he  cond i t i on

the fo l lowlng propert ies
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(I) A Landsberg space ls transformed into a Laodsberg space'

*  - .
(fr) A P"- Flnslel space ls t tansfo'

(II1) A P-reduclble space ls transfomed into a P-reduclble space'

(IV) A senl-P2-like Fiasl-er space ls transfor:med lato a semi-P2-

l ike f lnsler sPace'

3 .h .conforna1. 'T ran .s fo f tha t j :on . tn .s .ooeF1P3.+rspaces

In this sectlon we suppose thet the tvo Finsler sPaces Fo and Fo

are conformal and rhe conformal vector -l satisfi:: 
:nt 

h-condltioo

given.by (1'3) '  The trensformation fn thf^s case ni l l  be cal led h-confor-

ma1 '

Now we shall discuss the h-confornal transformatlon in speclal Finsler

spaces lntroduced in prevlous sectlon'

The condit lon F = o glves lr  -  o and therefore ( l '5 b) shows

r 
t  

= o' that 1s the trensformatlon ls hooothetic '  Converbely'  under

a homotherlc cransfornation, 
(1.5 a) glves f" a o, whlch 1np1-1"" f  = o'

These facts in vlev of 'equation (f '  6 a) and i leftntt loo (2' l)  yleld

Theorem (3' l) ' Under h-conformal transformatl'on a non-Rienannian Lands-

berg space is transforned lnto a Landsberg space if and orrl-y if the

t rans formaEion is  homothet ic '

B y  v i r t u e  o f  r e r a t i o n s  ( I ' l ) '  ( l ' 2  c ) '  ( l ' 6  a )  a o d  ( l ' 6  d ) '  w e  h a v e

F r j n "2' t  
( t r ju -  > '  c i jk)

This  re la t ion  and de f in i t ion ' (2 '2 )  
p rove

ornation a P* -Flnsler sPace is

t rans formed in !o  a  P" -F ins le r  space '

Fur ther ,  the  re laE ion  (1 '  6  b )  g ives

1-' f c'
G . = G i + @ i f - - i

-  h  . r : u

h

fl

ltr

ilrI

:IEI

I

_  r l

- ."il

h . !

,[{q}

I rtH

* -

r l {

n n r

h

s l

ff
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ftcrefore ve have

FrSn = G,rro, (GrEJn) ' 
"'n frr1n 

- Gtr:nl (c1h31)

.  c  (  I  C . r . .1* ' {- tt3n - 
T"D 

o (rjn) (crh,t) 
tJ

which 1n view of lemra ( l . l )  ald definlt lon (2.3) proves the fol lowlng

Theorem (3.3). under h-conformal transformation a p-reduclble Frnsler
space is transforned lnto a spage of same kind if and only if the,trans-
fornatlon is honothetic.

Next, under h-cbnformal transformatlon, rnaking use of (1.2 d) and
(1 .6  b ) ,  the  vec tor  B*  1s  t rans forned as

= ? . f l o(r. r) Br = e- 
- (Bi + 

;:Z 
t .r.)

B y  v l r t u e  o f  ( l . l )  ,  ( 1 . 2  d ) ,  ( 1 . 6  a )  a r . r d  ( 3 . 1 ) ,  w e  g e t

(3 .2 )  F .  . .  -  G l i  F  n -  r  -2 t t -  I '  o  r / l- i j k  -  ( l3k )  \D l  t " ( ' k ,  g  e  
L  " r :U  

-  q ( t j t )  (B lc ,ck )

+  f  r "  -  I  .  ^ .  r lt ' iJk - 
]  "r" jur./J

A non-Riemannian Flnsler space havlng its (h) hv-torsion ten
the form 

' |Drsr bPdcc uavtr lg LE sor Crrn ln

t r j u  =  
+  

t r t j t o  '  c 2 * o

is  cal ted c2-11ke , i r .

In  v iew o f  re la tLon (3 .2 )  and de f ln l t lon  (2 .4 ) ,  ve  have

Theorem (3.4). under h-confornal transformation a semi-p2-r_1ke Finsler
space is transformed if l to a semi-p2-i ike space i f  and only 1f either the
transformation is honothetic or the space ls C2_1ike.
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t tT  (1 .6  c ) ,  we  have

-  - l  - 1  J  - 1  ^ O  c i- 
Fjrr - Fjg - t jnt - Pi11 - 2r 

"Jtr

Thls reLation and definlt ion (2.5) glve

Theoren (J.5). Under h-conformal transiornatioo a P-symetric FlnsLet

s p a c e r e m a i n s P - s y m n e t r l c l f ' a n d o n l y i f e l t h e r t h e t r a n s f o r m a t i o n l s

homothet ic  o r  the  sPace is  f la t '

Definlt ion (3. i) .  I f  the hv-curvature tensor Pt1t1 of a Finsler space

nr ,  (n  )  3 )  sa t is f ies

p i 3 *  =  h i  . J u ,  -  ^ J  c * r

Ehed the space ls cal led B2-11ke (41) '

I t  has been shovm by Matsumot o ([ t 'J) that in a P2-l ike Finsler space

e i t h e r  P t i t t  =  o  o r  S . j 1 1  =  o

I n  v i e w  o f  ( 1 . 1 ) ,  ( I . 2 ' c )

=  , \ -  =  i  n  )P i - i t t  -  (  
" i  

t j k l  - ; r J  u i k l /

+  f , . : n , '  F , c * r

Thls  y ie lds  the  fo l - low ing '

Theorem (3.6). Under h-confornal transformation a P2-l ike Flnsler space

(tt i j t  /  o) is transformed lnto a P2-Llke space' provided that

I t . i = > ' .  +  ?-  r  
'  j '

it:
lr

{
l

e n d  ( 1 . 6  c ) ,  w e  g e t

= .'oLPr3H - (i, .ln, -

- ftr:ntl

h 5 
c*r)
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On a hnL bo Ratio Estimator for Estimating
Finite Populati,on Voriqnee

- L.N. Upadhyaya & H.P. Singh*

Srrerv

In this paper we have proposed three new ptoduct-type estimators

^ N
for  es t imat ing  f in i te  popu la t ion  var iance -? ,  =  ; : .  ( f ,  -  Y)2 /N o f  the

-  
1 = l

s tudv  var iab le  y  in  the  s i tua t ions  where  popu la t ion  ndan I  o r  var iance

o '2  o ,  r :oe f  f  i c ien t  o f  var ia t ion  C*  (=  r / f r )  o t  an  aux i l ia ry  charac ter  x

is k.owu. under large sample approxlmation we have studied thelr proper-

t ies  and compared the i r  e f f i c iences  w i th  the  convent iona l -  es t lmators .

l lere we have confined ourseLves to sampling scheme SRSWOR.

l .  I  n t r o d u c t i o n

L e t  U  =  ( ! , 2 , . . . . .  N )  b e  a  f l n i r e  p o p u l a t l o n  o f  N  u n l t s . a n d  y  b e  a

real valued function defined on u taking the vaLue y, for the unlt i  1a u

( l S ' i S N ) .  t e t Y -  
N " ' ' ^ ' * 2 - - X  - ) '  N  - ?= 

fi 
vrlt ' t,*; = 

fr 
(yi - Y)-/N, F* = g: (xr-x)-/N

denote the populat ion neans and variances of the study character y and an

aux i l ia ry  charaeter  x .  When the  aux l l ia ry  ln fo rna t ion  on  a  var la te  x  l s

ava i lab le ,  Das  and r r lpa th t  (1978)  u t111zea th is  in fo rmat lon  and suggested

a number  o f  es t imators  fo r  the  es t f toa t  ion  o f  d2  .

In thls paper we propose the estirnators for r! ,  n sltuatlons where

( i )  the  popu la t ion  mean I ,  (1 i )  the  popu la t ion l r " . i ln " "  e f , ,  ana ( l i i )  the

popu l -a t ion  coef f i c ien t  o f  var ia t lon  C*  (=  * * / t r ) ,  o f  x  l s  known.

In what fo l lows we shal-L use

) n ,

" ;  
=  

F .  
(x ,  -  x ) - / (n - l ) ,  / t r ( * )  

=
l = I

r N

f . r(v,*) 
-  * 5 

(v, -  Y)r (xr- i )s, r ,s = ! ,2: 
Fz <*' t  = eP

lErgartrent of Statlstlcs,
A8au, INDIA.

the  fo l low lng  no ta t ions :

Dibrugarh University, Dlbrugarh-786 004,

, N
I S ,
f r  z-  (x,
t t  

i - l  
1
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Slni lar notat ions tor 7Q,.(V) and pZ(y) can also be establ lshed.

2. Es.tlpptors. end T.he.lf. Progertte.s

According to the sltuation ln whlch mean or varl-ance or coefficlent

of variatlon of the auxlliary chatacter x 1s known, we conslder the sarnpl-

ing  s r ra teg ies  fo r  12 ,  as  ( i )  s t  =  1 r ,  e l ) ,  (1 i )  s ,  -  (Er  e l )  and (11 i )
. y rx  " .  .  *  *  ,  *  . ,

S^ = (8. e^) where E is the SRSWOI and el.  el and e^ are the estlmators
r  ,  " i t  "2  

*o  e3  are  En

def ined as

*  2 . -*  . - .

"r 
- 

"i 
(x /x)

" 2 <t?1*?*>
-  

u 2  =  
" y '

" : = ' i ' < S l r c f r

"here 
io = (Nx - ni)/(u-n), $: = $a,: - o"2) /(n-o)

A s s u m i n g  
l ? l . r . " u

( i )
3 .

and e

va r i a

When

e f f  i c

e i ther

( 2 )

(3 )

""d t: 
- 3lr;*2 .

2  2 t

"n ; - "  I  a ,  ,
e ' I

we obtain the reLative bias (RB) and USErs of

u l ,  ,o  the  te rms o f  o rder  o ( r r - l ) ,  
" "

5 l
N I

(h-1) I
N I

ferc2 -  2 n +Pr(x)

the estimator" 
"1,

el a'a

*
RB (er )  =

*
no (e r )  =

(4 )

- S H  $ - z k = r v

( 5 )

|  
'u '

RB (";) = 
I

MsE (el) = <*|t">G-t) GG cl-zrl + (fre) -#rtl o)

MsE (e;)= <o-|t">1r-r) [(pzrv.) - frt+ e[e{prrx) Fr

-  2(h-r) l  J (8)
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MsE (el)  = G*4/n) (1-r)  
[  Fz$) -  

H * , r {+<cl_ * l

*  Fz&t  5 i -  2  e (h-2k- r ) l

where  g  =  n / (N -n ) ,  f  =  n /N ,  h  - fZZ  <V , i /  @1

use (s2) = <nf,t"> o-r) [Fr(r) 
- HJ oo)

usr (er) = (o-uln) (r-r) LrFrr"> - ff l  * <cl_ zrl I  (rr1

usr (er)  = <o-f l " l  ( i - r )  
[  Fz$) *Fz$) -  2(h-L)-2#],ra

I'rsE (er) = l:o-ln> (t-r) 
[p2(x) 

+pr(r) + +rcl-*l -

39

(e)

,
' r . . )  t

m =7rr(x) /  (* .6-1) and K = 
f : ,$,*) ,rO-:r ,  .

3 .  Theo re t i ca l  Compar i sons

we es r imare  the  va r i anc "  *2  bu  
" -  

=  
" :  

.  ( x / i ) ,  
" r -  " 3 .o - f  

I  
" l  

l ,
and e, = 

" '  
".  

{ r l  ,  <"2* t *z>l 
'"""orJrn, 

:" r; ; ' r"r"r3.r.I  *ean x-,
va r j - ancea ' -  and  coe f f l c i en t  o f  va r i a t l on  c "  i s  known ,  w i t h  t he  MSErs  as

-  2(h-2K-r l  -  z l*  l
N - I  J

When the populat ion mean n is knor,m, the proposed estimator

e f f i c i e n t  t h a n  s 2  o r  e ,  a c c o r d i n s  a s
J t

K

i  >  G / 2 ) ,
c-

e i t h e r  +  >  ( r  +  e )  / 2 ;  ( e  >  L )
c '

o r  ;  .  ( L  +  e ) / 2 ;  ( e <  r )  ,
c '

( r 3 )

*
e,  i s  more

r  l 4 )

(  1 5 )
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':I{tren 
the populatlon vlsrlatrce o-l i" assuoed to be known

* .  " 2
estloatot el Is tore eff iclent than s- or e2 according as

the proposed

( 1 7 )

Das, A
f
I

SriV€m
I

Sukhat
TJ

U,  ! ry;  (e2 r)

(  r6)

etther

either

Depart
Indian
INDIA

Further, when the populatiort coefflclent of variation c* ls known the

proposed estimator 
"f 

t" tor" efficlent than sZ or e3 accordlng as

, + ,

, r y ;  ( e > r )( h - 2 K - 1 )

(18 )

4rc1- '1 +pr<") - frf

+ . g P ; ( e c r )
4rc2x - a) +pr(x) - f i

In a sinllar manner we have propoeed three nes ratlo type estimators

,
for the varlance f i  arta derlved the coDdlt loos vhen these wil l  be eff i-

clent than the convlnt lonal est lmators uoder the three stated situations'
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On the Geometrie Means of qn Ehtire Di,riehlet
sez"ies of otderB) zero 

poonam sharma*

I .  Cons ider  the  Dt r i ch l -e t  ser les

( 1 . 1 )  f  ( s )  =  

* ,  
. r , . h "  ( s  = o - + . t t ,  l r 1 )  O ,  )  n  <  )  n 1 1 * <  w i t h  n ) ,

whlch we assume to be absol-ute1y convergent for al-i. flnite S.

The geornet r i c  neans  o f  
l f (s ) l  

fo r  Re(s)  =G.  a r€  de f lned as

( / iJ ,  p .  3s9)

f tm I fT " r - 
'r

(I.2) c(a-) = 
"*p t i i:.C_, roe 

I 
t(c- + lt) 

| 
u, 

t
and

f . -  r G  - - ,  )
(1.3) B*(a-) = 

""n{+* I "* 
Log c(x)<lx f

[e^'- Jo t

where K ls a posit lve number.

rltlulc geome

o f . o r d e r  ( R )

v
x"  log  G(x)dx

vex functlon

ned the J-oga

hlet serles

( r*L f*
t  K + l l
I o -

ve number.

o..) ls a con

' hle have deflne

for an entire Dli lchl

(1.4) ct(a-) = .:<tI

w h e r e K i s a p o s l t i v e

Since J.og G(a.'

nean g[(a-)

qs t2J

, (( tJ,  p.  3

::::

J

o f o

can be represeot as

.F
(r .s) 1og G(o')  -  roe c(%) + 

|  
n(x)dx, (ro >z 0)

where n(x) is a non-decreasing fr.iftron of x tending tooc wi

has on1-y ennumerable dlscontinuties o1 the left , we have ({3J.

o f

e)

rh

I

I r r"rl

whlch

x and

b .  7 l ) .

*Th ls  work  has  been suppor ted  by  J .R.F .  o f  C .S. I .R . ,  New De1h l  ( INDIA) .
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(  r . 6 )  
l l m

. 6-+trc

For a class

P *
/1 ?\ l trn sup 19e n (q) = .1. ,  {o -a
\ r ' l , , e + o a  l n f  1 o g O -  ^ i  

-

Also we tave (I4J)

( i . 8 )  N ( a - )  =  
[ r  

o t * ) a *
) o

!illthout Loss of generallty lte may assr,me

so tha t  G(0)  =  1 '

l n t h i s p a p e r w e h a v e o b t a l n e d s o [ e l n e q u a l l t l e s a n d g r o w t h p r o p e r -

tles regardlng G(o') and g[(O-) ' The reeults are glven in the forn of

theorems.

2. Tlreorem l:- Let the serieg (1' l)  be absolutely convergent for al l

f l n l t e  s .  I f  0  < f I 4  f  
z

,#-rn ( o,1).( o'l+r ros { }-AJ 
- a-f*r rog { ffi t

K+2 K+2

<+-n (o -z )

Proof: Since n(o-) ls a non-decreasiog functioo of 6- '  therefore' we

have from Lewa 2[2J

r.+r { c(a') I -**, , -- f 
tto-r) 

I -[-' xK+lr,(*)d*
c!*' rog 

t4,-r, j-rj '- rog 
[;6t [ 

" ) n, 
^ r\^/-"

eY2-rY'
\< (ffi o(rz)

and

r.+1 c(o-2) K+r . 
c(ar) 

=[* *ot n(x)dx-K*tr^. - O-i'- 1og 
. ffirt Jrtfz rvE 

sft(o-r) 
- r - 

. cii\u l/ 
K+2 K+2' | f . t  ' 'At' > .

N e p .  M a t h .  S c .  R e p ' ,  V o L '  1 1 ,  N o '  1  ( f 9 8 6 )  
'

f r
sup los n(o-) -  _- (O ( hr€ f i<-)
i n f  cP ?1

of entire Dlr lchlet series of order(R) zero let us defl'ne

) t <  f t  <  a )

t ha t  l f ( l t ) l  
-  r '  f o r  a l l -  t '  

'

-

L

-

3

n

EI
r d l

(Ls 
I

rf/r| |

J'

I

Hl-



Poor{s@ Strsf$+

c.o.r.oll-.ap:- If B.(0 . /3 <'1) ,lF e "6onetent,

Put t l ng0 - f  -FF  end  F2n  { l - : t n  (2 . f )

result fo11ows.

^ . .  ? * < *3 .  L e t  u s . e e t ,  f o r  v  \  . l  t

45

and taking the llutts tbe

n",{#,t'-'
1ln sup - ih.:^ .J -

gr.+.i*!tf r* l,Rs.) b

( 0 < b s ( a < a C ) i( 3 . 1 )

(3 .4 )  
"  

) t

and

(3.2) 
_ltn 

Bup glgL_ - 
c 

(o < d {. c <oG ),c+F tnf 
a-ft*(f l 

- 
a 

\v - g.

where { (f) satS.ettes the followlog two coodltlons:

(1) f <s-l ) 0 te continuoirs foi x 2 o-o .

(11) b (L(-rrl+(o") as x-+ tlo , for every cotrstant l, > O

theor+.2. Let the series (1.1).be absolutely cpnvergent for all ftrnlte

s and be of order (R) zero. . Then

(3.3) 
fTi* r< b -{ a ( 

d-E

"'* /*16- 't *I#
t{***zl 

$ 
< (+K+2 ) -d (K+21} rt/<** I

r Q * r E' s 6 t ' - f f i ( r ' e itr, 1
t

Proof :-' We heve f.r@',Lemle, 2t27
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( 3 . 6 )

A  ( d -  g )

> 
& 

+;;735K+,
I €t+r+z
I  x  

' '  
? ( x )dx  +

o:

nF+r*.,
P

For h

t", 
{

Nep.  Math .  Sc .  Rep. ,  Vo l '  l l ,  No '  f  ( f986)

,"rfpf't - # fo- ***rotx)dx .
I e*(o-)J f

>  1  a n d  f o r  a n Y g >  0  a n . d  {  7 7 \ ,

,  , i* y ttytV(f 
'  tet

c(r h-, rl)-L t . [o-o^" 
I 

*K+lrr(*)d*

" 
] 

-;;rr(T;qj. a 'r\"/-"

= F r t l: [. f"tt 
rK*roc*ra* ]

,  o(q) lor ' l lPl .*K*ld*' 
16111/?TyK*z Jo-

Now, by r,enrnas([5], P. 54)

F " ,
|  , rP - ' * ' ( u )du  E
'o

for every Posit ive [3 
,  

"o 
we get

( .  ve.i  1 
r/ornl/f t  

ca-el+ts) dPi*K+2' . ' l : p ; ; ' # . m
- n(q-) <o'nttf)1*,2,-o.**2* 1rlD (o.tl/ f fy x+z

The re fo re ,

t  / t I
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It cao be seen that the maxima of the rlght hand side expressions ln

( 3 . 7 )  a n d  ( 3 . 8 )  o c c u r  a t

( cff+K+2)-d(K+2) I Plt<r*zl
( 3 . e )  h = f  - - - - - ^  - f  '

\  r t c  
'

and

( 3 . r 0 )  h  -  I

respect ive ly .  Subst l tu t ing these values of  h f ron (3.9)  and (3.10)  ln

(3.7) and (3.8) respectlvely, T^/e get (3.4) and the l-eft-hand inequallty

o f  ( 3 . 3 )  .
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( 3 . 1 3 )

and

(  3 .  r 4 )

and so we have
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It can also be seen that the minima of the rlght hand slde expressions

i n  ( 3 . 1 1 )  a n d  ( 3 . 1 2 )  o c c u r  a t

l = l

, cn - a ,

respec t ive ly .  Subs t l tu t lng  these va lues  o f  h  f ron  (3 ' f3 )  and (3 '14)  ln

(3 .11)  and (3 .12)  respec t tve ly '  we ge t  the  r lgh t -hand lnequa l l t y  o f  (3 '3 )
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Therefore,

1n(6') < ".c.ttr*,nlf.t*"12 +kJ*l fi - .Ji *rc) + o(dft +.') )

" {tei*r*zr 
* 

"t}

11 is arbltrary, ne get

tgl*r+zl " .

Hence,

lln suP +g)-- <
6 +oo 6.ri +( d)

where H is constant. Slnce
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rrm sup ( rc-
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Cons ide r i ng
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* * ' '

( c K l d ( l + ' l ) J J

and proceeding as above, we get

1ia inr 
#* ,, 
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( - > e  6 Y r l X 6 )  

'

ano ne:lce
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