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4 Note on the Consisteney of Criticality Parameter
of a Supereritical Multitype Galton Watson Branching
Process with Random Envirornments
H.B. Shrestha
Sumary
The multitype analogues of the ecriticality parameter estimators of
fecker and Nanthi are defined and the strong consistency of these esti-

mators established.
Introduction

The branching process with random environments was first introduced
by Smith (1968) and Smith and Wilkinson (1969) and later on generalised
by Athreya and Karlin (1972). Such a hranching process with random envi-
ronments (BPRE) is particularly well adapted to describe the population
growth. pecker {1977) used it to model the growth of an epidemic and
proposed a strongly consistent estimator for the eriticality parameter of
a single type BPRE. Dion and Esty (1979) suggested estimators for two of
the #ain parameters of the BPRE, wiz., the reproduction average per indi-
vidual and the mean of the logarithm of the environmental mean. The later
parameter is known as the criticality parameter indicating the certain
extinctiun or possible explosion of the process. The consistency and

asymptotic normality of the estimators were also proved.

Recently, Nanthi (1978, 1979) gave an alternative estimator Lo esti-
mate the criticality parameter of a supéreritical BERE. Nanthi's estlima-
ror uses more information than Becker's estimator and 18 also a strongly

consistent and asymptotic normal estimator of the eriticality paramefer.

In the present work, we define the multitype analogues of the criti=
cality parameter estimators of Becker apnd Nanthi, and examine the strong

consistency of these estimators.

preliminaries and Some tseful Results:

Consider a collection of particles of t different types. Letl xﬂ(j)
denote the number of individuals of type 4, LS I & T in the nth. genera--
tion. Then xn = (xn(l),xn{ZJ...., xn(r)) denotes the population vector of
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the nth, generation and nx-u_ = Ex xn(j) denotes the total number of
particles of all types in the nth. generation. X = {Kn, o> Dj denotes
a supea:critical r-type (r 2> 2) Galton Watson process with -'EL‘ -2 defined
on the probability space (£ Frs B)s where e, denotes a r-dimensional
vector with 1 in the ith. position and zero elsewhere. To get from the
‘nth, generation to the (n+l)th. generation, each particle of type 1 splits
according to the offspring distribution & n(i) yielding & progeny vector.
i - (% n_(l),g tlIZ2},...., g“(r}) is called the environment of the mnth.
) is called the environmentsl segquence.

generation ajnd% = (‘é 0* T
Foxr a given ﬁ' , the process generated in this manner is a non-homogeneous
multitype pranching process or equivalently, 2 multitype branching process
i a4 random enviroament (MBPRE) conditional on the environment ¥ . Through-
out, the stochastic process ¥ is assumed to be stationary and ergodic un-

less otherwise stated.

fa each vector '_9;‘ 1P (gk(l) 5 k(z) ey k(r)) there corresponds
an r-variate probability generating function (pef) 51‘?2. (s) = (:p(%} (8),
k k

Y 9238 oy A (= -
S Il (3)) where 4> = () is the pgf of £, .y (s) 1s called
P T *3 T By

the associated paf corresponding to the environment ‘gk.

Let p“'l‘(z‘“ “'r( gk(j))- denote the probability that a j-type par—

ticle with offspring distribution };k(j] gives birth te L, particles of
type 1, & 9 particles of type 2,..-5 &L, particles of type ¥. Denote by

I"ij(l}.('ih) the p‘mbability that a j-type particle produces 1 i-type par-—

ticles under the environment % Then

*,m - %
N ik(s) ;‘:_ﬁ . pf( EGRR
where 5 = §; Sy +++ S and L = & gon L Corresponding to the mean
of the offspring aistribution defined for BPRE, the mean matrix M, = H(Ek)
‘corresponding to the envirmlmeat% k_ts defined by
mij = m-ij(gk) = gxpected nufiher of offsprings of type i prm&:ced by

a partigle of type j under the environment ¥.
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H.B. Shrestha 3

where 1 is the r—dimensional vector with components identically equal

to 1.

Let '}fn (%_J be the o -field generated by XD,XI....,X.n and § .
Then the process {Xﬂ;n > 0} is an MBPRE if

4 B3, Bl {ey @)

Athreya and Karlin (1972) have shown that the following are true
with probability l:
0<mij & e 0y =2 vt
2

g e s SRR R R R S R
?31'3 5‘{

-

E [+ log <T-—4>§k(o), o) el

where ¢ %, y» designates the innerproduct of the indicated vectors.
Further we assume that g-] dog || M‘k“l & oc where || .|| 1is defined

r

as || & || = miax Zl | aiji and M, is & strictly positive matrix with
25 .

probability 1.

1t was proved by Furstepnburg and Kesten (1960) that

(1) 1im o~" log ||M M, oo Mg || =T

N->ec .
exists with probability 1 and that 7v is finite and also that
@ lim 0™} E log || M M, .o Mgl) =70 .

0= g

pefined A (i ) as the spectral radius of the matrix

T (8 =W M o.M
then the 1imit relations (1) and (2) can be expressed equivalently in

the form

3 limn-_llog?\n(i)='1imn_1Elng'?1n('§}=TT.
=y o n e
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"Repularity Condltion
The following condition is the random environment analogue of the
usual regularity condition imposed on the non-extinction probabilities
for the multitype Galton Watson process.
(c) B(q(E ) << ) =1
where g( E ) = (ql('f_),...,qr( § )) is called the extinction probability

vector and

AE) =dn P 5:31( :phc... Ja,‘_nw'-))..).

n —=>oc

We shall also need the following Classification Theorem due to Tanny (1981),
Let {gu;n;p G.} be & MBPRE satisfying condition (C) and let
-1
1dim sup n = log MM oM =77
i I MarMaze Mo ]
then Tr <0 implies that P(Q(E) = 1) = 1

{(4) T >0 implies that, Iif {%;n‘.}, D} is stable, then

1im nﬁl log || K“ ) =7 a.e. on {U: | Kn I >0 as n-.boc}.
11 =ec :

When JT > 0, the pro_cess{gn-;ng; 0} i5 saild to be & supercritical
MBPRE. Under the regularity assumption made above, for & supercritical
MBPRE, drawing analogy with that of & supercritical multitype Galton
Watsen branching process (see Karlin and Taylor, 1975), we have

(5) {zr;r; A (B 5 oW,

where W is a nondegenerate random variable such that P{(W2>0) >0, and
Y denotes the left eigenvector assootated with the maximal eigenvector
ﬁ(%} = {'hn('é);n :y,ﬂ} of the offspring mean matrix,

In this note, we are concerned with the questions of consistency of
Becker's and Nanthi's estimators for the supetl:critical MBPRE when ‘:’;k‘s
are independently and identically distributed random variables. In such
a case, it is easy to see that { *(j%k (5); 1&i¢ t} will be a

family of independent and identically distributed random variables.,
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Consistency of Becker's Estimator

For a single type Galton Watson branching process, it was observed
by Becker (1977) and Dion and Esty (1979) that the estimator

m =x_ if-xn>0
e | x_ =0 .
n

is stromgly consistent for LA For the multitype MBPRE, we define the
multitype analogue of the Becker estimator as

% 1/n ;
(6) & =1 =0 it gx n>0

= 1 jixnll-o

Given the environmental sequenge'f asslime that { xn;n > 0} 1is an Increas-
ing sequence botinded by some finite constant e then the Classification
Theorem implies that, if 7 > 0 then

(7 im ot log || X J) =& a.e.,
n-=»oc

ml{aa: lelu-fpo as n-bnc}. This establishes the strong comsistency of
Becker's estimator for an MBPRE. _Formslly wé may state the above result

as follows.

Proposition 1:

! %
Under the regularity assumptions stated above, Qn 1s a stromgly

consistent estimator for e’r A

Consistency of Nanthi's Estimator

For the simple BPRE, Nanthi (1978, 1979) showed that
- 2
0 = (x.x ...xn)

a if x >0
n 152 n
= 1 x =10
n

is & strongly consistent estimator of eV . The multitype analopue of

such an estimator may be written as

2;82 when |
T % 0 ] 2% when g1 > o

o n
(8) G“* = [T nx 0
= 1 ka*) = 0.
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For the jth. type offspring, (5) may be written as

n=1 = =1
(9) TI‘(J D L5) } K (3)—=> W v(d).
k=

Summing over the r-types, we have
n-1 _ -1 r

(10) TTO A8 } |z N —> W Z vii).
k= =1

Let L be the exceptional set relating to (10) and N be its complimen~
tary set. Conditliomal on the non-extinction set A= {H >0 }
we have for any wen‘l‘n >0} =5,

i) Hxn i} >0 for nz 0
n - 1

' o
) Tog X Ml - 3= g (%)= tog[¥ I v ] -
0 ol

Serting Uk = log A k(g‘), k z 0 and following Nanthi (1979), we get from

(ii) above,

"_% log lek“ Z (nwk)u] —> 0

which, in turn, may be written as

n-1
(11) lngﬁ:_—ﬁ—%—%g (uk—'n‘)— z:k(u i S
k=0 n k=0

An application of the results in (3) into (11) yields

1 n-1
) e e {uk-TT)—)D a.s.(P)
(12) k=0
n-1
) ATt ks~ TT)—+0 a.s.(B).
k=0

Set By (A) = P(A) W>0) for AeTr. Arguing as in Nemthi (1979), the
above resull:s are seen to be true a.e.(P). Consequently, on Si’ we have

the following.

.

(o |}
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Proposition 2:
%
For a supercritical MBPRE, log Q.H is a strongly consistent estimator

of the offspring mean 77 under Pl.
further, set,

i n 2/n?
5, =[ T X, (1)) if X, (1) > 0

= 1 L3 =0

for § = L,;2,...,7 Let N, be the exceptional set relating to (9) and N;

be its complimentary set. Conditional on the nonextinction set &, we have
for any ¢ € 'NZQ[H > 0] = 82,
i X (3)> 0 for n3y 0
n-1 - 4 "
1) log X, () - ¥ log A (%) — logfw ()] .

k=1
Setr uy = log ™ 1(?;1, 1 30 and
>
. bl k=1 2 }] 2/m
Y (1) a[lz_rl{(ﬂc N @) % G)

Taking logarithm and on simplification we get,

n n
(14) log ¥ (4) = 2a7° It',: log X, () - 2072 3= (=K
=1 k=1

Condition (9) above yields that, on 52,

log ‘L’n(-'j) — 0 a.s,

Censequently, on Sy, an application of the results in (3) into (l4) yields
L o 2/ o
5n'(j) ‘[Wj_ xkfj)] —» e a48ay JIE U dun5rs
3 gL
We have just proved the following.

Proposition 3:

L
For a supercritical MBPRE, log Qaﬁj}, j=1,2,...,r, is a strongly

consistent estimator of 7T under PI'
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Closure Semi-Continuity
Phullendus Das

Abstract

Closure semi-continuity is defined and some results of closure semi-
continuity analogous to those for closure continuity are obtained.

Let (X, T ) and (Y, t') be any two topological spaces.

A set A ¢ X is said to be a semi-open set if there exists an open
set 0 such that 0 € A < D where U is the closure of 0 (Levine [6]).

$.0. (T ) will denote the class of all semi-open sets of (X, T ).
If = € X, 00T , x) and 5.0. (T, x) will denote respectively the class
of all open and semi-open sets of (X, T ) containing x.

In /5] Das defined semi limit point and in /3] Crossley and Hildeb-
rend defined semi-closure A of a set A € X in a manner analogous to limit
peint and closure.

- Unless ptherwise mentioned o« will denote a mapping of (X, T ) into
(Y, 1"
« is said to be semi-continucus if U & T"' ====3 (U) L 'l"e
$.0.(T) (tevine [B]).

of is said to be closure continuous at a peint x € X iff for every
VE OC(T', (x)x ) there exists aU € 0( 7 , x) such that (MK < 7.
If « be closure continuous at every x € X, then o is said to be closure
continuous on X (Andrew and Whittlesy [17).

Definition 1: o is said to be closure semi-continucus at a point
L & X iff forevery V € 0 ( ©', (® & ) there exists a U € §.0.(T ,x)
such that (M. < V. [If e be closure semi-continuous at every x € X,
then o is saild to be closure semi-continuous on X.

Theorem l: If of be semi-continuous, then o is closure semi-conti-

seous on X,
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Proof: Let oC be semi-continuous, Llet x g X and let V €
0 ( ', (x)p€). Since o is semi-continuous, there exists a Ul € S.0 (% , x)
such that (V)& € V and then ()& < (U)a (by Theorem 4, Biswas [2])
< V. .°. & is closure semi-continuocus at x. Since x is any point of

X, o€ is closure semi-continuous on X.

Note l: The converse of Theorem l is not true as shown by

Example 1: Let X = { a,b,c,d L,

T {6 % fa} > {buch . Labich } .

Then 8.0.(T) =T U {{.s-,d}  {bicid} f

d:X —» X is defined by
(@)l =b, (B)L =a, ()« =4d, (@L =ec.
& ie closure semi-continuous on X. Since {B}Et but
{{a}) 8 Lo {b} ¢ §.0. (T ), of is not semi-continucus.

Note 2: (Closure continuity == Closure semi-continuity but not
conversely since of (defitted in Example 1) is not closure continuous at
d. For, {b,c} £ 0 (T , (d)< ), but as the only open set containing
disxand (D¢ =% £fbcl = {bsesa} .

Theorem 2: Let (Y , T ') be a T, - space and let & be closure
semi—continuous at a point x € X. Then « is semi-continucus at X.

Proof: Let V. € 0 ( T', (X ). Since (Y, T') is a T -space,
there exists a V, € 0 ( T ', (x)et ) such that \'._'1 € V, Since # is
closure semi-continuous at x, there exists a8 U € 5.0. (T , =) such
that (D& < 171. Then (U)ol € V. Hence o is semi-continuous at x.

Corollary 1: If (Y, T') be a T,-space, then « is closure semi-
continucus on X == o« is semi-continuous.
Note 3: Semi-continuity at a point does not imply closure semi-

continuity at that point as shown by

Example 2: Let X = { a,b,e},
T = {8 % {2} {ab} . {ac}}.
=4, % §b} , {ach} .

Then T = 8,0, (T ), T'=5.0. ¢ T).

T
Since

-t¢

1z
point 3
has a ]

By
closure

semi-]11;
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The ifdentity mapping lx. (3, T) —» (X, T') is semi-continuous at c.
Since {a‘.}e 0 (T’',e) but for every U € S.0. (T ,c), LJI
=X ¢{a el = {a c} , % is not closure semi-continuous at c,

In [1] Andrew and Whittlesy proved that if « be continuous at a
point x € X at which &« is pot closure continuous, then every U € D(T,x)
has & limit point at which o 1s not continiuious.

But if ol be semi-continuous at a point x € X at which & is not
closure semi-continuous, then every U € S.0.(<T , %) may not possess a
semi-1imit point at which ¢€ is not semi-continuous as shown by

Example 3: Let X = {ﬂ,b,ﬂ b,
T = {a,'x, {a]- P 1 {a,b}} .
Then  §.0.(T) = wU{{ac} . {b,c}} .
L X —» X is defined by
(@A) =b, (B)el =a, () = b,

# 1s semi-continuous at c.o{ is not closure semi-continuous at c.
r, {p} € (T, (e)el ) but for every U € $.0.(T, ¢), W&
- (\;).{ = {an} & {b} = {b,c} .
Now {a,c} € 5.0.(T, ¢). But it has no semi-limit point,
However we have the following result

Theorem 3: If ¥ € X be suech that (i) « is semi-continuous at x,
(1)« 1s not closure semi-continuous at x and (i1i) $.0. (T , x) is
closed w.r. bo intersection, then every U € 8.0, (T , x) has a semi-
iinit point y at which o0 is not semi-continucus.

Proof: By (i1), there exists aV € 0(7T’, (%)% ) such that
e é ¥ for every U € 5.0.( T » X). By (i), there exist a U1€ 8.00¢Tx)
wech that (U)« C V. Let U € §.0.(T, x). Let U, =U N U, Then
br ) Uy € S.0.(T, %), Hence (U,)®'¢ ¥ but (U,)e € V. Hence there
fxists 8 y € X such that y 15 a semi-limit point of 112_ and therefore of U
ber ()X € V. Let ¥y =¥ -7, Then v, € 0(T e ). ‘
Let 33 € 5.0, (T, y). Since y is a semf-I1imit point of UZ’-
50 W, -{y}) 44 Lecz € U, N (U, -{y}). Then (2)k € V.
iamce (Ba)oc g‘. v for every U3€ S 0. ( ‘t: s¥). . A is not semi-continuous
&t v.
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pefinition 2: (X, T ) is sald to be a ST3- space if for every semi-
¢losed set F of X and every p ¢ F, there exist U, V € 5.0.( T ) such
that F€ U, p€ VandU NV =4¢ (Das [4]).

(X, T) is a ST, - gpace 1ff for every x € X and for every
€ $.0.(7T , x), there exists a V € 5.0.(T, %) such that V € U
(Das /4] )e

Theorem 5: If (1) (X, T ) be a ST, - space and (i1) « be semi-
continuous at a point x € X, then & is closure semi-continuous at x.

Proof: Let V. € 0 ( 'C"', (=)e{). By (ii) there exists a
U1€ §,0.( T, %) such that (Ul.)a(. € V. By (i) there exists a
U € 5.0, (T, x) such that U € U,. Heace (Nt C (UK CVC v.

flence & is closure semi-continuous at x.
Kote 4: The converse of Theorem 4 is not true as shown by

Example 4: Consider the topological spaces (X, T ), (X, T') defined
in Example 2. (X, T 1s a ST, - space. Lyt (£, TH -> K, T) is
closure semi-continuous at a, But it is not gemi-continuous at a.

it follows from Theorems 1, 2 and 4 that

Theorem 5: If (X, T ) be a ST, - space and (Y, T’) a T, - space,
then & is semi-continuous at x € X (resp. on X) <=3 oC is closure

semi-continuous at x (resp. on X).

Theorem 6: Let A & X . 1¢ # be closure continuous, then & = ola:

(A, ’tA} — (Y , T is also closure continuous.

Proof: Let x € A. Let V E 0( 0 (x)’ ). Since & is closure
continuous, there exists a U € 0 (T, x) such that (I)et € V. Then
U.=UNAEO(T,,x) andd yo! € e 7. 5. &' s

1 A 15 Y

closure continuous.

Nete 5: Restriction of a closure semi-continuous function is nok

always closure semi-continuous as shown by
L]

Example 5: Consider the closure semi-continuous mapping o« defined
in Example l.
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Let A = {n,b,d}- .
- ~ N . e | g
Then T, = .}‘é,.A, saj , 1b}’ N {a,.bf} -
aad  5.0. ( T,) = 't'ﬁu{-{a.d b, {b,e}}.
% =i6lA 1s not closure semi-continuous at d. For {b,-c}-&.ﬂ('t,(d)x)
but there does not exist any U € 5.0 (Tﬂ, d) such that
(E),rﬂ'{ C{_bic'} - {bnch}. -
The product of two elosure coutinuous mappings is closure continuous.

But the product of ftwo closure semi-continuous mappings is not always
closure semi-continuous as shown by

Example 6: Let X = -[x-, Vs ’Z}s
Ty o= fox {2}, {na},

T,
TJ
I

X :

=36 % §xb, v} S fx, F}}v

= discrete topology in X .
(%, 7.‘1) — (X, Tz) is closure semi-continuous.

% (X, T,) —> (&, ‘t3) defined by

B =x, (ot =y, (2)X =x

is also closure semi-continuous.

But [ X o = o + (%, ) —» (X, T,) is not closure semi-conti-
nuous at z. For, {x} € 0 ( "Ca, (z)« ) but there does not exist any
U € 8.0 (T, 2) such that (I)e¢ c_.l;i{. = {xi i

Theorem 7: Let -aci : (xi, ‘ti) — (Y i "C;J be closure seni-
continuous for 1 = 1,2. Let X = Kl X Xz A Yl X Y 2,1- "Cl x T
T'= LA ’t“z, o = "(1 X L, Then ol: (X, T) — (Y,7T') is clo-

sure semi-continuous,

2!

Froof: let x = (x), x,) € Xand W € 0 ( T’, (x)e¢ ). Then there
exist U, € 0 (T, (x ) o€ ) (1=1,2) such that U XU, € W. Since
w5 closure semi-continuous, there exist v.ie_ 8.0 ( T‘i’ xi) such that
)« N ﬂi (i=1,2). Then V = vl x'vz E 5.0, (T, x) and (Mt
= r i) - (\_JI)K.' % (gz)ag_z c i, x0, © W. .". « is closure

see i -continuous,
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Oscillations of a Spherical Bubble in Walters
Liquid B'

R.P. Gupta
s

I~ —
e — e —

Abstract

In this paper damped mon-linear oscillations of a spherical bubble
filled with a gas obeying Boyle's lay in Walters liquid B' have been
investigated by employing a perturbation scheme in terms of £ which
| measures the departure of the cavity pressure from the pressure at infi-
nity. It is found that for € > O the effect of elasticity is to increase
the frequency.

ts.
Introduction [
gcal ' The growth of spherical bubble in a non-newtonian liquid by ‘introduc- |

ing second order terms in stress strain veloeity relations of classical ‘
| hydrodynamics has been studied by Jain [1]. Here we prcpoae'ta-study the
oscillations of a spherical bubble or cavity in an incompressible homoge-

necus Walters liquid B' subjected to a uniform pressure at infinity and

filled with a gas obeying Boyle's law.

| The liquid pressure at infinity is taken to be IT and the pressure
inside the bubble when of radius R, is supposed to be-mBIl. The perturba-

| tion theory is adopted to disecuss the nén-linear oscillations for m ~1.
General Theory

The constitutive equation(3] for Walters liquid B' with short memries

ik ” ik > ik
P = pgyy i@ J*lo e - 2k0 7t ©
Sy e k| and *10 is the limiting viscosity at small rates

wvhere ¢, = 4N + v
i Z 1™k 'lﬂ i g
of shear, K the elasticity of the fluid, v- the velocity tensor, §f

denotes the convected differential of a tensor quantity for any contra-
varient tensor bik and is given by
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fik gtk o SptR gm0 mk )l
Fe.td TR SRR ot ST

: 'ax by Jx

In spherical polar coordinates (r, @, ¢) with centre of bubble as
pole, the velocity components (u,v,w) for symmetrical motiom of a spheri-
cal bubble can be taken as
(1) u= F(tl)! rz, V=0, W=0
where F(tl) = Ri R!, R1 being the radius of cavity and accent represe._t-
ing differentiation with respect to £
Now the equation of motion can be written as

(2) s ey 1 Slﬁrn 41 ﬁpru R 2o —-p. -p+p cose]
5T T o8 Isine 0¢ i rr s o¢ re

where the constitutive equations of Walters liquid B' in the synmetric
case provides

= =2 &2 $u 2
du Pl e =2==-2E7
Prp = 2 LT;“ZK"[‘:": §e? S
2
u 161—[ Eéu_y__
(3) _9”:2 qo-—z.xo =Tc v o rz].
c 2
d 16u  uwdu  u”
Pog =% ,lgr_ZKO{; R er‘

Pra = prﬁ = Pag

Substituting (3) in (2) and using (1), we obtain, after integration
following equation

. 2
F'(t,) Fo(t))
. 1
(4) F[- =, +%U2]'—P+'}%Ko—r'£"+n

witere the condition p = IT as r —3» 2o has been used.

Now, from Boyle's Law the pressure inside the bubble, when it is
3

of radius R, is = K80 and considering the equilibrium zt the surface
1 1113 » =

of the bubble, we get,

3 3 R 3R R
HRQ 1 ¥ 1
() S=Stie =g o+ KKy [*‘zl—'*a—J
Rl 1 Rl 1

£ is

voe Ty
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Elfsinating p from (4) and (5), we get,

2 11,2 _
w3 TR gt ke @R -
€ B 45— LA P e e
R(R2-k%) RS- &5 RE@®ROx?)
R t 2 : R
i e e £ 2 4Ky 1
wers. t= Wi mEedega ek "Rz MR=g s

is the non-dimensional radius of the bubble.

Thus equation (6) shows that R=m is the critical point being the point
of static equilibrium. To discuss the motion near this point we let
B=1~€(l-x)in (6), €= l-m being a small quantity.

Thus expressing (6) in terms of x, we get,
1 2
(1 1 -2 2 9 tz
)y =" w2 Tt F 8% -5 € 5 X

— {‘ }ﬂ"e _.g.l:.ls')_ ® —

ci-xz}z

1-K

-3ex@ s o |2
- Kz 2 o] 4 )
(1-k%)

where Y= A /(1-k%) and ¥2 = 3/01-k%)

Above equation is similar to the equation representing damped non-linear
oscillations investigated earlier by Mendelson [2]. Thus, following his
procedure, we seek a solution by periodic in Yoas x = ¥ {'a,'y’), where

%E = r(a) and :—: = w(a) and set

X =2 X XN v
o I

1 = it =
(8 w w°+£w1_

E=-vYagses+ o

when "i = \‘2— 1'2. It should be noted that for oscillatory solution
- !

"; » o which gives ki< 1-/_\_‘{ .
3

The zevroth order solution {s same as given by Mendelson and can be
easily obtained as

(%) X, = a cosy/
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Using the value of X the equation denoting the first order approxima-
tion, x,, can be obtained by substituting (8) im (7) and equating terms
of order ¢ . Thus, we have,

2 -2 2
A= 2., )% a7x bx 29x 2
s 2 1 1 1 1
wo?}u2+98 gsz—z_wuwr"a = P+ 2"’“0'5-;'-—3’ = 4\!)31
) [
(I-= K°) 2 2 ;2
c 32 gy zandeady 4 T2,
1-K (1-K7) 1-K

63(1+21(3l 2 2)’2a ]+
2

(10) # cos W [2 w w8 + f(‘ag;— = '-fj) - {1—](2)2 .

11 2 Jaog
 §wv, 2 wuwa (- &) =w))
) 2 3 9, [
inl : i =
+siuly szo.gj fa?é" + 14{2] + a“cos 2y [ z -
3 (42 (3kD Y2 2 3 (- ;sz) Vv, 2
+ 5 ) —l - 3 ]+ a sin2 Y'[f 5 5 W {“ 02
(1K) 1 < 1K ° 1k

To prevent the occurrence of secular terms, we get from equation

{10)|

ot 7
2y wia+ Y (a-s,__i -%) - 63(1+§K;) 2y s
(1L) = (1-K") i-K
Sw. yw a
21, o
SATERAE s

Now, it is easy to see that equations (l1) are satisfied provided

-
El = =g 1__R2 E]
(12)
= AL [3(1+9.1(2) 5 -v‘zu.xz)]_
T e .

To determine %y, WE now let

(13) %, (a,) = 5 4> A+ a" (A, cos 2) +B, sta2y )

+

Mo
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Substituting above in (10), we get

30- 2 62 +92) - 304 (3-2) 572 1
a-dyed -2

as) 4 =

and

$12 (4R (3-K3) = 3f1 A2y ro 2 o 2, e v 2ua2
. '[%{ RS idok) et ;,-Kz:lfsf =) = 2 (53 ﬁ%'}'j'}
2 2 (1-K° ):Z{'--(- _1}_-"'2.-. 3'973)2 + 16 -wii.j' |
" [-”:‘fa 3 0% %) G5 K - 12 (e _g_a-xzy.}_]:

2 2 (1-€0) i v2 _ 3 wg)z 157 w;z}

(15)

Now using the value of ¥, and w, as given (12), we have

L A e £ pp Y
ar - T leam L& = Va gl E €70 D))

(16)

; ! 2 "
Loy ¥ Cumy s f 300K - Yy
dr o 1 o vy { _(1-1{2).2 4

The equatigns (16) are to be integrated under the ‘condition a = a, for
t= 0, and L= o, for £=t | we get,
- ¢
a = HD € (1« ——fJ o,

(17 ek

J . '2 F 3 » R 2 " 2 . 2’
g o YIA-K) = A _ é{a(-uzx_ N EL=ED) o } _
= e = il 1 + = o F t .
" b a) {306 —AE}]

Finally, correct upto order € , we have
o 300- 2y 6? ey Yy - 3y 3kd) + 72
_ 20 1 g o :
X = acosy + :(__!lj- |\'- 3

208§ whZ 16452 |

Juy {12y k) - 30- By v sy o v wd )
o 9 ) o ) Lo RS 2%

(18) i sdidosbia :
= 203 § (%= 3h? + 1692 7 |

e {30 P +vdo- P - nad e}

= 77 577 sin 2.
21-k%) i« v awh? e 16322 | [

it
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Some idea about the effect of elastic parameter & can be ascertained
from the first term in equation (18) which under the conditions x = 1,

2: aatt-omhézeprqsah‘mdas
£,04, ©t
1351M 1:)«&2 m[u {f (A, B) + £, (h,k)ﬂ:}}
where
- fis A o i o
[y {3 ) - 4 21 efpasmtyax® I
tz‘ K) = - _)_i{I__:-;z:__+:'£. "
k> .

$30-% - A%} + ¢ fueah) -7

§1+ ¢ mml) us?) - A }
2 2 )
(1% 3055 - A

It should be moted that positive and negative wvalues of ¢ (= lrm)
correspond to the situations when the initial extersal pressure is more
or less than the fnitial internal pressurs .1n Curves drawvn for
the damping of with time for various values of paraseters in figures 1
and 2, lead to the following conclusions.

(i) For € >0, the effect of elasticity is %o iacrease the fre-

‘quency of oscillations while rewerse is the case for € <(j

(i1) In general, for both positive and segative values of ¢ , the
damping i& faster with increass is waine of elastic parameter
except for the initisl stages whem ¢ >0 §

Ll

(111) For the same numerical differemce of pressare the frequency
is greater when the interior presssss f4 saceeded by the
internal pressure than when {¢ exsesds 2.
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Conformal and h-Conformal Transformation in
Special Pinsler Spaces

U.P. Singh & B.N, Gupta

The conformal theory of Fimsler spaces has been discussed by
Koebalman /3] and several other authors. In the present paper we Have
established conditions under which some special Finsler spaces have be-
come the spaces of the same kind under conformal tramsformation. The h-
conformal transformation given by Izumi /2] has also been studied in
these special Finsler spaces.

1. Iutroduc-l:’iqn
Consider an n-dimensional Finsler space F referred to a local

coordinate system xi, whose metric function L(xi,-yil, (yi = xi)-aa&isfies
the conditions usually imposed upon such a function (/8], Chap. 1).

As usual we shall raise or lower thg indices by means of metric
tensor g, . which is defined as g -~%;L—E££§#xl . Throughout this
1] ij 2 }yi Y yj

paper the following notations will be used

1 285 _
¥
2L gk
L o= 22 e o= e
1 3t i - gk

Coagio Mg = Lygk * Ly + Ty

U =L, =L

(i3 iy £8 R T O

The v- and hv- curvature tensors of-Pn are respectively given by

i ol m
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1
Prigi ~ Wingy Coipn * g Pri)

where the symbol | denotes the hcovariant derivative and P .. is the
{(v) hu-torsion tensor defined by

h =
Puik = 7 Phnik ~ Cimkly T

A Finsler space with sijk - o is called a flat Finsler space.
In terms:of P we define P, = gjk P
1k i 15k

pefinition (1.1). Two metric spaces are sald to be conformal if their

metric Lensors are proportional to each other ([8]).

Consider two Finsler spaces Fn and ?n represented by the same co-
ordinate system. It is assumed that the spaces F and fn are conformal.

Thus we have the relatien

: - 2
A Byt e By

where 6= = @G-(&) is a scalar function.

1f g~ is constant, thenm transformation is called homothetic. A
gquantity without bar will be defined in F_ and a quantity with bar will
stand for the corresponding quantity in the space ?n. 1f the Finsler
spaces F_ and Fn-are conformal then the following relations are always

savisfied (/2/)

N T TR 2% n

13 i’
= 20~ 4
@ Sy =€ Cuge o g T Cpie
(1.&} {.i Ci i e G 5

i S 28 yR

=4 i = 1 n i m
@ P~ Py ™ 2ngle P Cik = Shmk °y
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SRCUIP ey WA s S
1k T Yy et Y L7 B R Gt G
Do o cih im h
-"E}h'f’i By T 2 By =8 L
_ih B
(Sj Sk sks -t ajk*yjcﬁ -y ajk-n g B;km)

bf. -(Siyhtksjy - g 7 + 12 cih)a“

and the symbol I.i stands for v-covariant differentiation with respect
to vy .

If a conformal -mntm: ri satisfies the h-condition dsaﬁnad
by (/2]):

A
1.3) L cij oy rﬁl-aﬁi""

where o~ = L6t oy Jm-l)

then the transformation is called h-conformal transformation (&J). T
“as been shown by lzumi (/2]) that @~ is independent of y'.

We now
introduce a new vector Py (x,y) defined by

i S 2
which is rewritten as (/2/)

s o= ($1and L/ £

In view of (1.4) and (1.5a), we have

h5h) o, = -1l 1/4:»1)) f

LN
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We see that if one of two vectoTs @ 4 P i vanishes the other also
wanishes. We shall use the following lemma {ntroduced by Izumi L2
temma (1.1). If 2 Finsler space F_(n 2> 3) is C-reducible ([5]), that

is it satisfies
_c-l'(hc+ht:+hc)
| g T D iy ko 3k ki 3
(Cijk # 0), then the h-conformal transformation is reduced to &8 homothe—
tic one, that is o, = o and f'i = 0.

conformal transformation, the following relations are

nder h-
satisfied (/2))
-1 ; i .
(a) P;k - P;k = f’cj_k , where = Pi yi, Pl = ;-5 .
(b) Py =By = f’cj 1
a6 P - Pijki = ¥y €1 ~ fcpn - f 55
@ =n+® , vhere D =P de? , .,

2 Gonformal Transformation in Some Special Finsler Spaces
sce is called 3 Landshery Space if

pefinition (2.1). A Finsletr sp

Pig = @

prom (1.2 d), we get the following

ndsherg space 15

Under
G~ vanishes.

a conformal transformation a La
h
Landsberg space {f and only if lek h

Theorem (2.1).
transformed into

1f the conformal transformation is homothetic then Oy =0 and

we have
inder a homothetic transformation a Landsberg space

Corollary (2.1).
andsberg space.

is transformed inte a L

o

*

il

sill

Care]

Jwfln
e/

2.8)



. if the torsion tensor Pifk s the form

@D B o= A Gy,

where 7 is a scals

ir function given by

(2.2) A =P, clre?
|y v of reltions (120, 0.2 9) s 2.0, v s

T D o aNed ?- Wdo

where

1k _ b e clih
vj. !:vﬁ g .1 o -(-y “j‘ +r. t &-C 01;1}

From (1.2 ¢), (1. 2 d) and (2.3), we have

= _ 2#' h
fje = D Gy @ [Em et Wy = z "m"u"’jk"’ 1.

which proves the following
theufrem {2.2). Under a conformal transformation a P* ~Finsler space
will be P* -Finsler space if and only 1f |

>

v“ o- “c"‘c

"1k c 14k T b " 3

Corollary (2.2). A P* —Finsler space is transformed into a P -Finsler
space, provided that the transformation is homothetic.,

Definition (2.3). A Finsler space F (a2 3) is called P-reducible -
(f6/) if the (v) hv-torsion tensor ?1 i of F_ is written in the form

| (2.4) Py = Gy by + Gy by G Ty

‘Beftafrion (2.2). A Eim@:ax- space 1is said to he a » ~Finsler space (/1/)
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By virtue of (1.2.d), we get

R S
@8 8 =& *my 1T

The relatfons (1.2 b), (1.2 d) and (2.5) give
= ~ i O
Page = (k) (G By)i= € tpijk = Gy Gy

oh 1 f "b‘
£ "?dk © T G 4% “’1 S Ty il .
which shows the following n

Theorem (2.3)., Under a conformal transformation a P-reducible Finsler
space is transformed into ‘Pereducible space if and only if -

P | h
V?j:k ey = D Eamo Yt The

Corollary (2.3). Under a hemothetic transformation a P-reducible Finsler
space is transformed into a P-reducible Finsler space.

Definition (2.4). A non-Riemannian Finsler space F_ 1is called semi-P L%

like (/97) if the (v) hv-torsion temsor of F_ is wl:ir.l:en in the form

‘Eij-k - Bi qj -'(}_Ed-Bﬂ ckci +Bk Ci {:j .

where

(2.6) By [:» - 2(P ey e} -

A direct calculation based on equations (1.2 &), (1.2 ¢) and (1.2 d)
gives

e T I G e Y5 PN

@7 B =e [35 + Oy -3 7ol ep o h] .

From (1.2 ¢), (1.2 d) and (2.7}, we have




ler

2=

!Pm 5‘133311 & B»N. mt’ 3‘]1

P~ Qo *—%-%‘%’-‘ i f”m G @600

Ve Gagy @ g}, ]

=L of —*-5!? e i)

The relation (2.8) yields the following

Theorem (2.4). Under a conformal transformation a semi-P,-like Finsler

space is transformed into a semi-P2-like Finsler space if and only if

¥k O = 'G(ij‘k)f By ) g

Corollary (2.4). A seni-P2-like Finsler space is semi-P2-like under a
homothetic transformation,

Definitfon (2.5). A Finsler space i8 called P-symmetric (/6]) 1f hv-

& 3
curvature. uemr m Jk of ‘'space satisfies Phjk Y bikj

In view of -'(-_1__';'-2-2 o), ve liave

-.1 =f
Puse = Phies = Phgic = Bhig * Wi "hﬂ, Kt *smu B )

which proves that

Theorem (2.5). Under a conformal transformation a P-symmetric Finsler
space vemains P-symmetric if and only if

u‘(.ﬁﬁ) (ﬁiﬂlk + s:\-m& h;) = 0.

Theorems :§-2--I_')- to (2.4) give the following

Theorem (2.6). If a Finsler space !’ (n Z 3) satisfies the cmd:‘.ﬁiun
':jk =0, bhe'n uude*r a mﬁuml Et‘m:fmatiﬂn ‘the faliawing properties
bold good:
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(1) A Landsberg space is transformed into a Landsberg space.

¥ * .
A P - Finsler space 1s rransformed into & P -Finsler space.

(I1)

(111) A P-reducible space is tr

(iv) A semi-P2-like Finsler space is transformed i
1ike Finsler space.

ansformed into a p-reducible space.

nto a semi-B2--

formation in Some Finsler Spaces

3. h-Conformal Trans

e two Finsler spaces ¥ and fn

1n this section we suppose that th
are conformal and the conformal vector o4 satisfies the h-condition
given by (1530 The transformation in this case will be called h-confor—
mal.
rmation in special Finsler

Now we shall discuss the heconformal transfo

es introduced in previaus section.
f, = o and therefore (1.5 b) shows

Conversely, under

spac

The condition § = o gives
e transformation is homothetic.
a homothetic transformation, (1.3 a) gives f’i = o, which implies J’- 0.
6 a) and definition (2.1) yleld

rmal transformation a non-Riemannian Lands=
the

Gy =0 that is th

These facts in view of equation (1.

Theorem (3.1). Uander h-confo

herg space is rransformed inte a Landsberg space if and only 1f

transformation I's homothetic.

By virtue of relations (1.1), (1.2 e), (1.6 a) and (1.6 d), we have

= = 20—
Pigk ~ N Cig = e “’-13'.; - cijk) -

This relation and definition (2.2) prove

*
Theorem (3.2). tinder ti-conformal transformation a P _Finsler space is

transformed into a P ~-Finsler space. .

Further, the relation (1. 6 b) glves

- i
=
Gi Gi + +—-———’(n+n f'ci .

- itl i

a5

b «m
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= 20

F1 (tm g = € [ k™ Gy ©b i)

* "-{"m . % CRE J K

which in view of lemma (1.1) and definition (2.3) proves the following
Theorem (3.3). Under h-conformal transformation a P—redhcfble Eineller

space is transformed ifito a space of same kind i{f and only 1f the: ‘trans-
formation is homothetic.

Next, under h-conformal transformation, making use of (1.2 d) and
(1.6 b), the vector B, is transformed as
: = 1 .
fi-e (8 +—--—2 Pci).

(3.1)
17362

By virtue of (l.1) , (1.2 .d), (1.6 a) and _(3.1.)_-:, we get
G By - Gy B 88) = ST v - Gy B46150

W P G --- c “j“k’]

A non-Riemannian Finsler space having its (h) hv-torsion tensor c
the form

jk

1 2
.. "'E'f Gicjck, C !l-o

is called 02-1ike (/6]).
in view of relation (3.2) and definition (2.4), we have
Theorem (3.4). Under h-conformal trausformation a semi-P2-like Finsler

space is transformed into n'.awial'_'z—-li;k'e_- space if and only if either the
fransformation is homothetic or the space is C2-1ike.




L
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P~ Fyae ”*ju' P = 2P S -
This relation and definition (2.5) give
‘heorem (4.5). Under h-conformel transformation a P-symmetric Finsler
cpace remains P-symetric if and only if either the transformation is

homothetic or the space is flat.

pefinition (3.1).
Fo (o Z 3) satisfies

Piga = My G - ?y S
then the space is called P2-like ((/4]).

1t has been shown by Matsumoto (/4]) that in a P2-like Finsler space
either P kL T o or suu =0 .

tn view of (1.1), (1.2 ©) and (1.6 c), we get
]
13!{1“(\1 _ﬁei"" Sl = [ijkl > i Cpa T 7"3, €k’

e Py B0 - 'ﬁgﬁu] *
‘This yields the following '

Theorem (3.6). Under h-‘wufaml transformation a P2-like Haslar space

'%E{ik #* q-‘;l is transformed imto a P2-like space, provided that

?.hj = ?t i + aP j .
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On o Dual to Ratio Estimator for Estimating

- L.N. Upadhyaya & H.P. Singh*
Sumsary
In this paper we have proposed three new product-type estimators
for estimating finite population variance .cr‘i‘ = g:‘ Gy = % /N of the

study varfable y In the sftuations where population mean X or variance
"'i or coefiicient of variation t:’t (= o7/%) of an auxiliary character x
i~ known. linder large sample approximation we have studied their proper-
ties and compared their efficiences with the conventional estimators.

) Here we have confined ourselves to sampling scheme SRSWOR.

| Introduction

Let U = '('_'-1,2“,..... N) be a fiaite population of N unitsand y be a
real valued function defined on U taking the value y, for the unit i in U

_ ) ) ; Gt Wl B0 N _2.5' 1 T 2,
(1gigN). Let T= = .yi}.:ﬂ,a-j ‘nﬁ _(yi = -'ﬂ-'-f"s""_'x. = % "‘i‘ﬁ" /N

: i=1 B i=1 _ i i=1 L
denote the population means and variances of the study character y and an

auxiliary character x. When the auxiliary information on a variate x is
available, Das and Tripathi (1978) utilized this {nformation and suggested
@ number of estimators for the estimation of ri 3

In this paper we ;_:‘rgp_dde the estimators for a-; in _sj._-;_tie_ti'di‘:s where
(i) the population mean X, (ii) the population variance Lo and (1i1) the
population coefficient of variation 'Ek_ (= c-x._fi'), of x is known.

I In what follows we shall use the following notations:

2 i LI el . IR ey N — T |
B ;.E_'l (g =2/ (-1), B (x) =5 15:1 x; = %), r =34,
R (x)

RIS T SRR s SR ANy “)‘4
rr.(yl.x) ﬂ"El (yi ko) -_(_dti ﬁ) s Tya= 1,2, Pz (x) : “

: t of Statisties, Dibrugarh University, Dibrugarh-786 004,
Assam, TNDIA.
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Similar notations for }-Lr(y) and Pzty) can also be established. |

2is Estimators and Their Properties

According to the situation in which mean or variance or coefficient
of variation of the auxiliary character x is known, we consider the sampl-
ing strategies for a-i as (1) S, = (E, e:}. (11) s, = (B, e;) and (1i1)
33 = (E, .e;)- where E is the SRSWOR and EI' e; and e, are the estimators

3
defined as
% 2 ¥ a . g
gy =5, - (x /%) )
| ;
* 2 *2, 2 and e
- . (8T /e~ (2)
f2 7 % x! ) | varid
x 2 k3 2
eq = Sy - (focx) (3) ‘
—# = - ; g 2 * *2 _
where ¥ = (NX - nx)/(N-n), gi = (No'i - ns;} / (N-n) and Ci = si!x-*z . |
- = s —r2 l
Assuming g:xl(land ‘xz X ol
X - o~
x
we obtain the relative bias (RB) and MSE's of the estimators E:, e; and
e;, to the terms of order o(n-i]. as
* K
we (e = | 5] ()
When
LA h=1
RB (ez) = ILﬁ—ll (3) effic
2 . n-3
. lﬁ;(cx -2m +p2(x) - ?{:T)* (h - 2k-1)7 l (6)
RB (e.) =
3 N
MSE (o)) = (e=o/m) (1-6) (&2 C2-20) + (B,(» - 2] @) |
T Ty g by ﬁZ ¥ n-1 t -
] eithes
MSE (eny= ( 4;")(15) I« (y) = 235 (B, ) -2
€)= (o /n) (1 {32 ) == 3{8 P2 = |
or

-2t-1} 7 (8)
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MSE (o) = (o) (o) [ - 224 e
+ 3, —;';‘_E%} - 2 g(h-2k-1)] (9)
where g = n/(N-n), £ = a/N, h = Moy (¥,%)/ &f w:).

g0/ Red) and K =y (0 Red)

c f @%x /: }j " amorﬁins =s the mmuoa meau X,

HSE 3&2:%’)2 - (e»;m (1-£). :[F’_z-'f-?l' - %’f‘ ] e
MSE () = (e /) (-6 [ (00 - M) + (e 20) 1 an
MSE (e)) = (o-b/m) (1) [P +B, 0 = 260-1)-2 Efﬂf =
HSE (e)) = (r?—_ﬁﬂ?x (1-£) '[ﬂzcl”’ Ry + ""&2"‘@% o

- 2(b-2k-1) - 2 &= (13)

When the mpuh.tiun mean ¥ is known,
‘efficlent than “y or e m:m&iﬁg as
I
L5, o
<. i

the piopasaﬁ estimator el is more

X =
(15)

< GrpmG e,
x

€ ii{]"!iye tsy:. (X/X), e €= S,O' 18 Vs
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When the population mxmz 15 ‘assumed to be known the proposed.
estimator ‘2 is more e:ﬁe&mt :m x or e, according as

e B g B (16)

YT S “
either fig > 1)
‘or M:)n—ﬂ e ﬂ_‘;ﬂ 3 (S.QI)

By -5

Further, when the popuintinn coefficient of variation C 18 known the
proposed estimator 9.3 {s more efficient than si or e, accerding as

(h - 2K - 1) ey
— s (18)
Mc -m +ﬂ2m) =t

either o
' mz ) +ﬁ,tx) _ l‘—'i
(19)

- R i) g2
4(@._ _.m)‘+fa2€x) T a-1

In a similar manner we have proposed three new ratio type estimators

for the variance ri and derived the conditions when these will be effi-
cient than the conventional estimators under the three stated situations.
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. On the Geometrie Means of an Entive Dirichlet
: Series of Order(R) Zero 4
Poonam Sharmg*

1. Consider the Dirichlet series

< San )
(L.1) £(s) = El ae (s =o-+ it, A20a <A Ve with n),

which we assume to be absolutely convergent for all finite S.

The geometric means of If(s)' for Re(s) =06~ are defined as
v (1), p. 359)

T
(1.2) G(e~) = exp {;i";c 7] los | £(av+ 0] 4 }
=1

and

o
(1.3) gplo-) = exp{%rj mi log G(x)dx}
f e 0

where K is a positive number.

- We have defined the logaritlm:lc geometric mean gﬁ(“h’) of If(a)l
for an entire Dirichlet series of order (R) zero as /2]

o~
(1.4) gi*:(-‘-""') = exp % xK log G(x)dx
o c

where K is a positive number.
Since log G¢o~) is a convex function of g~ ([1], p. 359) which
can be represent as
o~
(1.5) log G(6™) = log G(6=) & Sn(x)dx, (o= 2 0

where n(x) is a non-decreasing function of x tending tooC with x and
( has only ennumerable discentinuties on the left, we have ([37‘ p. 71).

*This work has been supported by J.R.F. of C.5.I.R,, New Delhi (INDIA).
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| (. EJ -.h (3 B f’-uo)

For a class of entire Dirichlet series of order(R) zero let us define

* .
(1) Sim e lean () . h* , (0€ ApgPr< s

Also we have (La]) .

_ o
(1.8) N(g~) = S n(x)dx
(s}

Without loss of generality we may assumeé that l'f.(i_t)l = 1, for all t, :
so that G(0) = 1.
In this paper we have obtained scme inequalities and growth proper-
| ties regarding G(o=) and gx(q-) The results are given in the form of
theorens., ;
2. Theorem l:~ Let the series (1.1) be absolutely convergent for all
finite s. If 0 <07 < 07y

|' K+2  K+2
. o, =01 w1, Jstay }_ X c(r- }

' C——ﬁ—;‘r‘") (g o, log *1(""3‘
rK+2TK+2
26l
$<xzz o7

proof: Since n(g~) is @ g@n-‘-da'trraasing function of o~ , therefore, we
have from Lemma 2/2] !

G(oy) ala) 73
o5 tog E{(: } §+1 ﬂ.og{ 1 )} S FHL

e
| a__,§+_z rtlc-yz ;
S 53 ) n(0%)
and -
- G(ay) 6la~) 2 !
Kl o2l KM R T < S,
o log 8{:‘6‘3) o log —-—T—) Y:‘i = n(x)dx
. ,ri:+2 ﬁ_pz

= X+ 2)

il




Corollery:- 1f (3 (0 < (B3 <1) is a constant, then

v 0 { k

Ml:ingu* 1 -‘Qﬁ“ and G"z =0 in (2.13 and taking 1g the limits the
result follows,

9 2 e
3. Let us set, for 0 ¢ f; < €

- {0 i:-..'l':._gs <ec )3

. (0= dgec<en),

‘where &P (0~) satisfies the following two conditions:
(1) & (o7) > 0 is continuous For x > o, -
(i1) & (La )~ (o~) as x— o, for every constant L » 0 .

Theorem 2. Let the series (1.1) be absolutely convergent for all finite
s and be of order (R) zero.  Then

Y 05 T

60 ay —Ee
(‘q’“‘“?{*‘-‘f}ﬁ*’ﬂi‘id:‘(mzf)} f(ke2)

b I<.' i 1 .. N I\ L EE . .I. I — o '(._) b ‘I':} -
> EK“'EJ { : i) t ': *.K.*z e X :

Proof:- We have from Lemma 2/2] )
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o

B oty M 1 (T ok
3.6 m{. } L f .

For h > 1 and for any € > O and o~ > 5,

for every positive [3 , so we get

, » Uﬁ
lfen™" e
. }' A (d-©)P(o) fp?fliﬂ )

LA — @-&) .\
g2 Py ol bk 4 D)
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" n(d’) t R T ﬂ
1¢c¢r) @2) n&*D/Py Y

Hence, taking limits and using (3.1) and (3.2), we get

1 d ] 1 i
(3.7 a2z E{ ; * T
DI,
and
(K+2) /, (
: a h P1
(3.8) b2 5{ ¢ 2y /P% j
(Ppexezyp KD Py !

It can be seen that the maxima of the right hand side expressions in
(3.7) and (3.8) occur at

o fqﬁmuyumm}Pﬁmu)

. (3 h= »
Fic

and

respectively. Substituting these values of h from (3.9) and (3.10) in
(3.7) and (3.8) respectively, we get (3.4) and the left-hand inequality
of (3.3).

Again,

<k

1/p*

1/g% 1gh'F

log{s.s’_h_g_i 1, A
g

e +E) +K+l .
+'f“;§$;;£;§ _/' ¢(x)dx

e,
1P
It n{ h 1) xK_H. S
T/P% K+2

¢ n/F1) (]

~ (c-l-E)
¢+3 pos2 ”’1 (f +x+2) P R

ataul/PY Y {hm-z-),‘!_é: i j

P —
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and so we have
(K+2)

. 1§ c ¢ h(n -1 i
(3.11) a -.": e + »
. l(f’:-rmz)h(x*z” b1 G w2

and

*
(h(K+2)!F1 - 1) }

@.12) b < L
m(ﬁﬂ 2}h(1<+2) /p{ (1+2) h(mz);p;

it can also be seen that the minima of the right hand side expressions

in (3.11) and (3.12) oceur at

(3.13) R |
and
(3.14) ' h = g .

respectively. Substituting these values of h from (3.13) and (3.14) in
(3.11) and (3.12) respectively, we get the right-hand inequality of {3.3)

and (3.5). This completes the proof.

Theorem 3. If log i%é%{-l) 1 1,!:_‘,5-' a d'f: ¢(s), then
K

. ot
ala)~ @+ K12) ag (&)

and conversely.

Proof: Frem (3.3), if ¢ = d; then a = b = < , Suppose now & = b
—_— ¥ iPT+K+25 -

we chall show that ¢ = d. If0 <7 < 1, we have from (3.6)

(1R K+l

K42
ne ne) < f n(x)dx

a
1+n)s o
= J( 1 xK“' n(x)dx - j :cK+1 n(x)dx

o (=]

{(14-1)5} K42 | g_{ o’(l—z-n_)]]l 1/ @1+ 1)

sK {e+n)
ljs

K2
g

| 1og{ G(<g) }

L]
gK-(d )

Therefort

q_u(ﬁ'?

Bence,

(=}
& =

swhere H

0 -

Consider

K42,

{f ~LE

and pro<
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S
Therefore, '

f

nal6) < ag a2 g

T adl 4oy + ol 4o )

Hence,

lim sup =
g0

S ¢ af(Fpueen) + w0}

( n(a) 1
o2 e

Considering

Ve - ea 8 oyt 1 MEEnY
‘mzhg{ G(€) | . { i _u}-} **21.5{'@- < (. }} 1
) : By § €N )%

and procesding ss above, we get

_ n(d) i .
‘-J;S; inf ?(—‘%;) > (-.-f_?:mz)a_
g 1§ ¢
and hence _
n(€) ~ (P #e2)a oL Ha) .
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