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G-Quasi-Interior Functions

Paul Long and Travis Thompson

Introduction. In this paper, a class of functions called G-quasi-in=
——=ocuction
terior functions are studied. These functions are investigated with a

characterization given in terms of filterbases,

Definition 1, A function fiX— v ig said to be almost-continuous
Singal-Singal) if for évery x in X and each open set V in Y containing
f(x), there exists an open set UCX containing x such that

£(U)C Int €1y,

Defindtion 2, A function f:X— Y ig said to be weakly continuous if
———nldda <,

for each point x in X and each open set Vcy containing f(x), there
exists an open set UCX containing x such that f(U)ccl (v).

Definition 3. A function f£:X—» ¥ 18 G-quasi-interior at a point y £ ¥
provided, for each open UC X such that a camponent of £ (y) is contained
in U, we have y in Int (E(U)). The function f 1s G—quasi-interior if it
is G-quasi-interior at each y in Y. 1If a G—quasi-interior mapping is
continuoug, it is simply said to be a quasi~interior mapping.

Theorem 4, Let f:¥%—3 Y be a surjective almost-continuous function where
X 1s compact and Y 1s Hausdorff. Let v & ¥ and let Uc X be open where
~1

£ (yJc U. Then Yy & Int(£(U)),

Proof. Assume y ¢ Int(£(0)). Then there exists s filterbase F=[Ba|a£Aj
on Y-£ (1) converging to y and to no other point of ¥, Then the filterbase
f'_1 (F) lies in the campact X-U and hence accumulates to some x £ X-U,

Thus, f(xo) # ¥ s0 there exist open disjoint sets Vy and V, in Y contajin-
ing f(xo) and y, respectively, It follows that Int(cl (Vl)) n Vy, = @.

Since F is almos'_t-continuous, there exists an open W containing %, such
that £(W) C Int(C1(V,)). However, there exists some B {8 } such that

B CV, and since £~ BINW# 9 for all a = A, we conclude f(W) N v, # 0.
This contradicts f(W) — Int (c1 (Vl)) since Int(Cl (Vl-))ﬁ Vy = @. Hence, our

assumption y £ Int(£(U)) 1s false and our theorem is proved,
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The proof of Theorem 4 would hold if almost continuous were replaced
with weakly continuous (with slight modification).

'

Theorem 5. Let £:X— Y be a given surjection,

i) If f is open, then f is G-guasi-interior;
11) 1f £ is almost-continuous (weakly continuous) and point inmverses
_are connected, then f is G-quasi-interior;
§1i) If £ is closed and point inverses are connected, then £ 1s

G-quasi-interior.

Proof. Part i) is obvious and ii) follows from Theorem 4. Part iii)

follows From Theorem 11.2, page 86 of Topology by J. Dugundji.

If (¥, T) is a topological space, then let (Y, T,) demote ¥ with the
induced semi-regular topology. Let f:X—>7 be an almost-continuous
surjection. Then if f:X~(Y, T,) is G-quasi-interior, £:5—> (Y,T) is
G~quasi-interior., However, if f:%—> (¥, T) is quasi-interior,

£:X—> (Y, T,) need not be G-quasi-interior as illustrated by Example 6.

Example 6. ‘Let T = [0, 1] have the topology T generated by the usual

open sets together with A = i1x | % rational and 1/3 ¢ x < 2/3). Then
i: (1, T)—> (I, T) is G-quasi-interior. However, i:(1, T)— (1, T*)
(1, s the usual topology) is not G-quagi-interior. Consider the point
x =1/2 in (L, T,). Then i  (X) = 1/2 and A 15 an open set containing
it /2y = 1/2, but 1/2 § Tnt(E@A) = 9 .

Definition 7. Let A be a subset of 2 topological space X and F ={ha[a$A3

a filterbase on X. Then F accumulates to A if for each cpen U containing
A, Unaaiﬁfor all a & A,

Theorem 8, Let f:X—>Y be any surjective function. Then f is G—guasi-
interior at y £ Y if and only if for each filterbase F—> ¥, f—l (F)

accumulates to each component of f"'l (y).

Proof. Let £ be 4 G-quasi-interior function at y £ Y and let C be a
component of £ (y) Then for each open U containing ¢, vy & Int(f(0).
Since +—> y, F also actumulates to y so that Aan Int(f(U)) # @ for

every a £ A. (Consequently, .f_1 (F) accumulates to C.

Con
contair
exists
Therefc

contrac
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Conversely, assume the condition is satisfied and U is an open set

containing a component € of £+ ().

Assume yé Int(£(U)). Then there

exists a fill:erbase F= {A |a & A} on Y ~ £(U') such that F—>y.
Therefore, f (F)C'. E-U and consequently cannot accumulate to'C. This

contradiction implies y £ Int(£(U)).

Dr. Paul E. Long

Dept. of Mathematics
Univ. of Arkansas
Fayetteville, AR 72701
USA

Dr, Travis Thompson
Dept. of Mathematics
Northeast TLouisiana Undwv,
Monroe, LA 71209

USA
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Barodiffusion in a Binary Mixture Near a
Stagnation Point

A.C. Srivastava

Abstract

the ratioc of mass of one component to the total mass of the fluid in a
given volume element, In such a flow the diffusion of the individual
‘Species takes place by three me¢handi sm namely concentration gradient,
temperature gradient and pressure gradient, The diffusion flux density
i is given by Landau ang Lifshitz/17 as:

¥ == pp [erade ¢, + (K.) grade T + (K)) grade p7, (1)

where D is the diffusion coefficient or mass trangfer coefficient, KTD
is the therma} diffusion coefficient and KPD is the barodiffusion co-
efficient, 1p this paper we have considered the mizture to be isother-
mal so that the diffusion due po the temperature gradient has beegn Heg-
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Srivastava/5] has discussed the barodiffusion in a binary mixture con- wit

fined between two disks when one of the disks is rotating and the other ma
[ o]

is at rest. In this paper we discussed the barodiffusion in a binary T
mixture a stream of which impinges on a wall perpendicular to it and
I flows away radially in all directions. It has been shown that the equa-

tions admit an exact solution. Equations have been integrated by Kamman- si
LN Pohlhausen method by taking Schmidt number as 1.0, th

Mass Transfer Equations

We consider here the case when one of the components is present in
a small quantity, hence the density and the viscosity of the mixture is -
independent of the distribution of the components. The flow problem of
the binary mixture is identical to that of a single fluid but the velo-

city is understood as the mass average velocity = ('Plvl’ +F2'V—2))/P and At
the density £ = ',-"1 + FZ where the subscripts 1 and 2 respectively denote of
the rarer and more abundant component in the binary mixture. The equa- Thi
tions of motion and continuity for a steady motion are:
P@ VI = - vp+ pv iT, @)
whe
v.*=0, @) oo
par
where W is the ccefficient of viscosity.
the
The additional equation for the species conservation is given by a b
1is
PEACV)C ==V . ) the
o sur
' Substituting i~ from the equation (1), we get
—_ 2
e, = D c, + V¥V, T p)/. (5
PESWYC = PDLV € ® p)/ ) 2
The explicit expression for the barodiffusion coefficient Kp_ has
been given by Landau and Lifshitz/1] as: bin:
mixi
k= (m) - ml)(c_'l_+ C_z) 1% (6) tior
moom, By
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where p  denotes the pressure in the working medium, and m; and m, are |
masses of two kinds of particles, we have the following relation between

¢, and cz |

c, +C, =1 ) ,

1 2

since C; = e/P, €, = £/P . In general we take Kp as proportional to

the product CICZ. Assuming that the square of €, is megligible, we get
Sy @, -m e,

(8)

Boundary Conditions

The boundary conditions on (5) are different in different cases.

At the solid surface of the body insolvable in the fluid the mass flux
of this rarer component of the mixture normal to the surface is zero.
This can be written as
' - (3 5

PV-nC_l- p o [2T + Kp '5%] = 0 at the surface, (9)
where V, 1s the fluid veloeity normal to the surface and ( 2/ 8n) de-
notes the derivative in the direction normal to the surface, The first
part represents the convective flux and the second part in the paren-
thesis denotes the diffusfon Flux. If, however, there is diffusion from
a body which dissolves in the fluid, the equilibrium is rapidly estab-
lished near its surface, and the concentration in the fluid adjoining
the body is the saturation constant Ca. The boundary conditicn at such
surface Is, therefore,

C1 = CO. (10)

Flow Near a Stagnation Point

In this section we discuss the flow and diffusion of a stream of a
binary mixture of incompressible viscous fluids when a stream of such a
mixture impinges on a wall z = o and flows away radially in all direc-
tions. We take here cylindrical polar coordinates with stagnation point
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as the origin and the flow direction as negative z-axis. We denote
the radial and axial components of the velocity in the frictionless flow
by U and W respectively where as those in viscous flow are denoted by
uw=u (r, z) and w=w (r, z). The boundary conditions on velocity field
are =0, w=o0at z = o and v—>1U at z—» %, For frictionless case
we have [See Schlichiting [277

U = ar, W =-2az, (11)
where a is a constant. We take the following form for u, w and p in the
boundary layer region:

w= @) x @ @), we 2@ a9, (12)
p b, = pad P&, ¥, as

chere ¥ = (8/9)72 2, x = (@)% x, u= prp

and p_ is the pressure at stagnation point.

Substituting expressions for u and w from (12), p from (13) and Kp
from (8), the diffusion equation (5) becomes

. 9Cy 20, £ C
Sx P =) - 28 (D—-—) ‘ay2

+PLT (3 *+ 5y © Ci5y ) . L3

where S = ¥/D the Schmidt number and B is a barodiffusion number given by

p2 ™ pal
.mz
The expression for P(x, y) is given by Srivastava[5] as

P(x,y)=-%{x2+!t(ﬂz-ﬂ'-l)} | as)

17

4
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|
' The boundary conditions (9) and {10) give
| ¢

1
By+ﬁc ;5-=Oaty-=0 (16)
and (:1 -—-;\co as y —s o0 , (17)

Solution of Equation

| We assume that the barodiffusion number p is small and write

= Co{ £(x, y) + pelx, y)j i (18)

Substituting (18) in (14) and equating terms independent of B and co-
efficient of p on both sides of the equation, we get

' 2
s SE_pp0E %

i jgf E
"%, ¥
Sxp FR-2p. ok [ « £ s el ], o

Substi tuting (18), boundary conditions (16) and (17) yield following
conditions of f and g

£=0 atyao, (21)
f=>1 asy —300

at y = 0,

=20 as y—oo (22)

We further assume that

A R O



Y, ... R e R ., e

58 Nep. Math. Se. Rep., Vol. 10, No. 2, 1985
Substituting this in (19) and equating terms independent of x and P
co-efficient of xz, we get following equations:
g
i (1}
-—250£1=f1, (23)
iI The soluti
25 6 £, -0t "5 (24)
i
By = A
N Boundary conditions on £, and f, ave given by (21) as
Ei=0, £,=0 aty=0,
(25)
£, —> 1, £, —>0 s y— 2.
where A ar
The solution of equation (24) is given as
It is
£, =1, £ = 0, (26) solve (27!
boundary
which Bi‘feﬁ f = 1 i ﬂpressic“
Again we write PGy
2 .
g (x, y) =g, &) +x g, . where D¥ -
{ng Eifth
Substituting this form of g(x, y), £ = 1 and expression for P{x, y) for Karman-Po
(15) in (20) and equating temms independent of x and coefficient of X
we get the following equations for g; and g, : 8 )
" |'2 LAl
' By +28g=2+499 #4090 -20, (27)
Uiscussio
2s P g, - P g, =g, - (28) the £
effect wh
The boundary conditions on g, and g, are given by equation (22) after
\ 1 2 Sarma/3]
substituting P from (15) and £ = 1 as
and is a
negative
l
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g O =-29" ©,g ®=0,
81720, g,~>0 as y —oo. (29)
The solutfon of equations (27), (28) and (29) is
i Afe"“f'” a4y +_2fe-2.sfg dy U‘u + 22
+2p¢" 9" 28/ 9 ay dy_'[ dy + B , (30)
g, =0, (31)

where A and B are constants.

It is not possible to'get analytical expression for @, hence we
solve (27) by Kaman-Pohlhausen method. We assume that the diffusion
boundary layer is of the same order as the viscous one i.e., § = 1, The
expressfon for § is given by Ratna and Rajeshwari/2]

% - 070314 + 0°3501 y° - 0°1146 ¥5),

(32)
where D% = 2,5494 ig the non-dimensional boundary layer thickness. Assum-
ing fifth order polynemial for 3} (y) and calculating the constants by
Karman-Pohlhansen method, we get

PG) = D (19656 y° - 170832 y

8 (y) = D* (-2°1327 + 1°0195 y + 0°5000 yz -

3

- 070095 y> + 1°4936 v - 0°8710 7). (33)

DMsecussion

The function £ (x, y) = 1 which shows that there is no separative
effect when pressure gradient is ignored. This confirms the results of
Sarma/37 and Srivastava/57. The function g(x, y) does not depend on x
and is a function of y only. Calculations glve that g, (y) is always
negative within the boundary layer region. The function leco is given
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by ccl-fc":_) =1 +p(-5"4371 + 2°599L y + 172747 y?‘ =

- 00242 5> + 378078 y© - 272205 y°). G4

The function (G;/C ) has been plotted for p = 0.025, 0.050, 0.075

and 0.100 in Fig. 1. The graph reveals that the value of (C,/C) is
always less than 1 near the boundary layer region and its values at the

wall are 0,8641, 0.7282, 0.5922 and 0.4562 respectively for the above
mentioned values of B . This means that the concentration of the rarer

component is much less near the wall than that maintained at a large
distance from it. But C, + Cz = 1 which shows that the heavier compo-

nent pets deposited more near the wall.

o4 i
[:3i-] e
¥y =
The |Graph of (G/C.) ogeinsty
Figuret
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V inary mixture, in which the lighter component is
present in a small q:.ia;m_x_ty, dmpinges on a wall petrpendicular to it
separation takes place dear the wall due to pressure gradient., The
ratio of the lighter component is reduced near the wall, as a result
of which the heavier component gets more concentrated near the wall,
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Stochastic Production Inventory Model with no
randomness in the Evolution of the Inventory

H.B. Shrestha

Introduction

A stochastic version of the production planning and inventory model
with an inventory of items was introduced by Sethi and Thompson (1980).
They developed a model to determine the production levels over time to
minimise a discounted quadratic loss function, which consisted of the
cost of control and the cost of terminal deviation. Shrestha (1982)
extended their model by introducing a deterioration factor in that the
items deteriorate in the inventory after some time From their arrival

in the inventory system, The deterioration was assumed to take place

according to same instantaneous decay rate which could be constant or
follow some known decay distribution e.g., Wiebull distribution. In

both of these works, the change in the inventory was assumed to be given

by Tto's differential stock flow equation consisting of a deterministic

component and a stochastic composent. The stochasti¢ component was

assumed to take care of the randomness arising in the production and

the inventory levels, and it was considered to be a White noise process

with zero mean and unit variance.

For many production inventory models, the randomness arising in the
model may be solely due to the randomness arising in the production
mechanism only. For instance, if the demand of the items are constant
over time the change in the inventory level will still be described by
the Ito's differential stock flow equation, but since the randomness in
the evolution of the inventory is due to the randomness of the production
levels, the wariance of the White nolse procéss may be made to depend on
the control variable (production level) and as sich the variance of the
White noise process may be described as a function of the control vari-
able. This is what we have done in this paper in evolving a stochastic
production inventory model with no randomness in the evolution of the
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jnventory. Such an assumption reflects reality in many applications.

In what follows, we present the model and the assumptions under
which it is conecleved. The notations and the general assumptions needed
for developing the model are very much the same as in Shrestha (1982).
We develop an undiscounted model with no deterforating items and obtain
the optimal production rates for the cases of both finite and infinite
plamming horizon. Further we develop an undiscounted model with dete-
riorating items on the lines of study of Shrestha (1982). Finally we

make some general observations and conclude the paper.
The model

Consider a production inventory mechanism involving the production
and stocking of a homogeneous good. We define the following quantities:

% () = inventory level at time t (state variable)
u(t) = production level at time t (control variable)
§ = constant demand rate at time t; S >0
T = length of the planning horizon
u, = factory optimal production level
x, = factory optimal inventory level
Xy = initial inventory level
h = inventory holding cost coefficient and
B = salvage value per temminal inventory.

tet the stock flow equation be given by itd's differential equation
dx = (u - s)de +d F(t)
where d ¥(t) is a stochastic process with, for all t,
E @g(r)) =0
E (d g{t))z- Jz ot
E (d €)= 0 (&), n >2

r=u:|ti'¢:5'2 is a comnstant, Since the cost of control is now reflected in the
uncertainty attendant upon the use of the control, the eriterion func-

tion may be simply written as

and we 3
expected
due to
in order

of demar

We v
tion is
t to the

with bol
flected

Fol
optimal:

Expandi

expecta

where V
spect €
tively.

we get

Te sax§
frs derx
£s the
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E “z hx - x,)%de - R:(T)}

and we aim to minimize this function. Here the first term explains the
expected cost of control and the other term explains the expected loss
due to terminal imventory. The quadratic cost function has been assumed
in order to accommodate the possibly negative inventory i.e., backlogging
of demand.

We wish to choose the production rate u such that the objective func-
tion is minimum. To that extent, we define the value function from' time
t to the planning horizon T as

iy

vit, x) = max E{-—I hiGe = x1)2 dt + Bx(T)j

t
with boundary condition V(T, x) = Bx(T) and the control variable re-
flected in the stock flow equation.

Followfng Sethi and Thompson (1980) and using the principle of
optimality, we get the Hamilton-Jacobi-Bellman equation as

Ve, =) = max E{-h(x —xl}z dt + V(t + dt, x +dx)f.

Expanding V(t + dt, x + dx) by using Taylor's scries and taking the
expectations gives with Xy = 0, for simplicity,

2 2
o-mﬁx{-hx de + (V, + (u - s)V. ) dt + m a’z\’ndt}

where Ve Voo Vx 3re the first order partial derivative of V with re-
spect to t and x and the second order partial derivative of x respec—
tively. We presume that all these derivatives exist. Dividing by dt
we get

s

To maximize the expression within the bracket with respect to u, we take

2
0=mgx{-hx +vt+(a-s)\fx+&u

its derivative with respect to u and equate it to zero., This results
in the optimal production rate as
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L Vx l‘z Vﬂq

Substituting this into the Hamilton-Jacobi-Bellman equation we get the
second order partial differential equation

! wa XL
0=~ hx +vt—-svx-!s.——,

which we need to solve to obtain the optimal production rate.

Assume that V(t, x) has the seperable form

v(t, x) = Q_(i:):‘:’2 + R(£)x + M(t)

where M(t) reflects the cost of randomness. We may now obtain V., V
and V__ and proceed as in Shrestha (1982) to derive

Q=1 f{exp (& - 1/s) -1} = e vy - 1)
dhere meyon eRp-(to TR and,
. & A
R = 25h& + (B - 25h (T = £) - 25ha )y.
The optimal rate is

u*=8-2f62+{2h62 (E}-t)S—B]_L
2 Ty =1

Thus the optimal rate equals the demand rate corrected by terms depend-
ing on the level of inventory, variance of the production mechanism and
the distance from the plamning horizom,

Remarks

1. Since o"z > 0, greater the variance of the production rates, lesser
should be the optimal production rate. This is because greater
variance in the productfon rates imply greater chances of the de-
mands not being fulfilled or items pilling up In the inyentory.

2. If _‘2 is infinitely large but the planning horizom is finite, then
*
4 —> S and the optimal policy would be to produce just as much as
the current demand and have no imventory at all.

s



d—

3. 168 &% 48 very low as compared to the inventory level there is a
chance that the production level will be negative. In such a case,
disposal of items from the inventory might be advocated,

4. TIf the plamﬂng ‘horizon :[s too large then y —> 0 exponentially
fsater than T —500 and n =8 - x{{z In such a case the production
rate should be just xfd’z more than the demand rate,

The model with deteriorating items

Assume now that the items deteriorate according to some instanta-
neous decay rate, The items start deteriorating in the inventory after

‘some time Y (>0) of their arrival in the inventory. At time t', a

fraction B(t") of the on-hand inventory deteriorates per unit time
("> ¥). We assume P(t') to be integrable, Let Y(e') =1 - P(e")
denote the fraction of the on-hand inventory which did not deteriorate
by time t',

Let x'(t') and u'(t') be the inventory and production levels at
time t', Y < t' 2 T' and "i and'ui be those at the beginning of the
deterioration epoch respectively. Let S' be the demand rate at time t',
We observe the process for the duration (¥, T'],

The rate of change of inventory may be described by the stock flow
equation
dx’ = @' -§") dt' +d E(e")

with the initial condition x'(Y) = x
process with, for all t',

1+ Here ¥(dt') is a stochastic
E( $@dt") = 0

E-(gz('d't')_) = u'? ¢Zaer

B(E"(@t") = o(dt"), n > 2,

We wish to control u'(t') so as to gufde the production process in such
@ way as to adjust the inventory level initially at xi towards 8", The
objective function may be written as
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E{»C. h-‘yﬂg(x' = x1)de! - f:'ﬁlﬂfx' - x1)de! - B! (T'~ Y)}

where Bl is the salvage value per deteriorating item, and we wish to
minimize this function with respect to u'(t'), The second term in this
expression has been introduced to take into account the expected loss
due to deterioration of items, For esase in presentation, we make a
time translation from t', Y <t' < T' tot, 0 £t =T and rewrite the

objective function as

k. T
£ '{Iu hifrzxzd-t - Jo_ B, Pxdt - Bx(T)} ‘

Define a value function from time t to the planning horizon T as
T T
: 22 . '
V(e x). = max E{-‘ft hyx de +Jt Blﬂx_dt + Bx('r)}

with boundary condition V(T, x) = Ex(T). The Hamilton-Jacobi-Bellman

equation now becomes
0= nm:x{—-h-','x:2 +BPx 4V, + (@ -8V, + e }
. "V Bl = - . XX
and the optimal rate
- -, /.

The second order partial differential equation, the solution to which
yields the optimal production rate is then,

VZ

X

22
O=-hwrx + B Mk +V -% - SV .
il Bl t 52\,_ X

u

¥

Let V(t, x) have the separable form

Vit ¥) = QCE) ()” + REOPx + UE)

then we may derive

Q= - by /y’
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- P
where 52 - 7(,t)n VL(S) =-I ‘ia" (P) exp (- P = T f‘z)ﬂp, y = Y:(t):
| s I
and y(8) = exp((s - TJ{&zy,

R=(/y) @By - & (- 1) —_]‘T V(s)ds)

t
where Y(s) = By #(8)y" (s) - 25hy 7(s), and

T
Moo= [ srp+ R /65 2)ds.
t
The optimal production rate in presence of deterioration is thus
; &
* e, . = | 2 v
uy =5 - x/d’-‘z + _(21162}”5) (By + B,6°(1 - y))- fti Ql(s)ds

vhere ¥ (s) = (zxafm)-‘l--dfs_)- + 8/(T = t).

The optimal production rate is then the combined effect of the on-hand
inventory level, holding and salvage cost coefficients, the distance
from the planming horizon and the deterioration rate,

Rﬂmatks_

1. The net effect on the optimal production rate due 'to deterioration
‘may be simply obtained as Au-.j-.; = w‘isﬁf - u*, Thus Aly, denotes the
-additional increase in the production rate in presence of a decay
factor, so as to fulfill a constant demand S*.

2, Note that the additional production needed due to presence of a
deterioration factor does not depend upon the inventory level at
all,

Particular cases

1., When no deterioration takes place, #(t) = 0 and wi(t) = 1. Also
Bl = 0. The expression for the optimal production rate reduces to
that derived earlier.

2. When the deterioration rate is constant over time, i,e.,
P(t) = P, w(t) =¥ then the optimal production rate is given by

== -
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2 Bo& @y - 1)

218 - t) -

ui;‘r:s-xf{z-i-(y!y—l)t Vsz(Tat) l"'+12 5 }
2hy- & 2hy &

The change in the optimal production rate when a constant deterioration

of items is present is seen to be

-7 (myte® ) my’s?

Greater the deterioration rate, larger should be the production rate
and greater the variance of the production process, lesser should be

the production rate, Further greater the planning horizon lesser should
be the increase in the optimal production rate,

If the planning horizon is too large i.e., T —00 then y —> 0 and
u}"’,;-}ugfu so that the effect of deterforation is nullified.

Concluding remarks

We have discussed in this paper 2 stochastic production inventory
model where the variation in the inventory level is due to the random-—
ness of the production level. We observe that the optimal production
rate depends on the demand rate, the point of time from where deterlora-
tion starts, the on-hand inventory level, the deterioratiom rate, the
distance from the planning horizon and the variance of the production
rates. The other observations follow as in Shrestha (1982) except that
in the present model, the additional production needed due to the pre—
sence of the deterioration factor need not depend upon the inventory
level at all.
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Integrability Conditions of a__ g(p, - (
Structure Satisfying ,;p - gp—q =0 ( 3
Py q Odd s I)

M.D. Upadhyay and Ashwani Garg

Summary

Yano, Houh and Chen /17 have studied the structures defined by a
tensor field § of the type (1,1) satisfying ﬁl' + ﬂz = 0. Gadea and
Cordero [4] have obtained its integrability conditions. Upadhyay and
Gupta /3] have obtained some integrability conditions of E(K,-(K-2)-
structure, satisfying EK - gK—Z = 0, where tis a tensor field of the
type (1,1). Upadhyay and Garg [2] have obtained some integrability condi-
tions of E(p,~(p—q)-structure satisfying gp -gP =0 (g#0,p
even, 1), where E is a tensor of the type (1,1). The purpose of this
paper is+to obtain some integrability conditions of g(‘p,-(p—q’-'structure
satisfying gp - Ep-q =0 ( 3 #03; p, qodd ; I) where € is a tensor
of the same type.

1. Preliminaries
Let M be n-differentiable manifold of class Gw, equipped with a
(1,1) tensor field §( [ 0, I) and of class ¢ satisfying
1.1) %P - P -0 (2 rank € - rank £ = dim ",
operators s and t have been defined as follows:
a.2) s="%; ta1-gPY,
I denoting identity operator and P >q and q is any odd integral number.

2, Some Results

Now we will prove the following theorems:
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Theorem (2,1). For a temsor field E( E# 0) satisfying (1.1), the 2.4)
operator s and t defined by (1.2) and applied to the tangent space at
a point of the manifold are complementary projection operators.

: Proof. 1n consequence of (1.1) and (1.2), we:have L Le
| _
@.1) s+t=1 project
N stant a
- a o
i @.2) ZaxBB P g? 2q
. - -3
- £?9 P 4 P P34 .
2 yeveseasassasessesnsnserE ously T
s,
ﬁ“'.lll.-‘..'.-.l"l..‘-l -
ture a
i “kq Theoren
= -SP £P i Theoren
the ope
where k is some integral value such that kq =p , i.e. .
25
4 P ~kq _ P __PP
ALY B EF £ (2.6)
P Pp=q
=% =3
@.n
=8 .
@3y ez BT le1+ 2 g2 2 gP (2%
-1+ g1'-*-.-}‘{ .§p_-2__q =2 E1:'-cl i E1!1:-3.-.1 _2 _§p-—2q Proof .
= Theore
' the op
pk 2.9
=x+§"39 4 _ g <P, )
where k is same integral value such that kq = p, e, (2.10)
et g g g V=1 B - Ak Proof.
-1+ gPlozgPleg. g Corol]
almost

=t .
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(2.4) &t =ts = € P-4 _ E 2p-2q

=§P"‘-‘I_-§P‘Q_0.

Let S and T be complementary distributions corresponding to the
projection operators s and t respectively, Let the rank of € be con-—
stant and be equal to r, then from (1.1) we have '

dis 8 = (2r = n) and dim T = (2n - 21)

Here dimension T is even but dim § is not necessarily even. Obvi-
ously n < 2r <2n, Such a structure has been called a generalised
<(p, - (p~g))-structure or rank r and the manifold M" with this struc-
ture a ! Elp, =(p-q))-manifold’,

Theorem (2.2). For a tensor field (€4 0, I) satisfying (1.1) and
the operators s and t defined by (1.2), we have

(2.5) .EP-"-"I =5 EP"‘I = gp—q :
2.6) g Ve=e gPI- o0

.7 Pl

%

(2.8) g"""’l t=t g"‘“*" =0

p-q+l _ p—q+l |
- 3 H

w

=8 E

Proof. The proof is obvious frem (1.1) and (1.2).
Theorem (2.3). For a tensor field E( E# 0, I) satisfying (1.1) and
the operators s and t defined by (1.2), we have

peetl p—q+1;

(2.9) ES =SE = % Et=tg=g-§
(2.10) 'gq B =gt T '§q = gdighd,
Proof. The proof is obvious from (1.1) and (1,2).

Corollary (2.1). The 2(p, -(p-q)-structure of maximal rank is an
almost - product structure at q =2.
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Proof. The rank of % is maximal, ¥ =n. Then t=0. Thus satisfies:

2.11) 1- 27 %-0,
multiplying equation (2.11) by §q’ we obtain

@iy ¥ -gf=0,
which in view of (2.11) implies that

213 ¥ -1=0,
for q = 2 in (2.13) we have
(2.14) gz = =0

Hence the result.

Corollary (2.2). The E(p, ~(p-q))-structure of minimal rank is a

i (p-q)-structure,
Proof. 1f the rank of & .s minimal, 2r=n. Then s = 0. Thus ¥ satis-
fies:

(2.15) g""q =0

.

Following the general nomenclature, we cal such a structure a _g(p-‘q)-

structure.

3. Nijenhuis Tensor of ¥p, —(p-q))-structure

Let;.be a 3(]), ~(p-q) )-structure of rank r. Then the Nijenhuis

tensor N(X,Y) of ¥is

(3.1) NX,Y) = [ EX, £Y] - T[EX3] - 5, EY] + 75'2 &Y.

Equation (3.1) in consequence of (2.1) and (2.9) can also be expressed

in the form' :
(3.2) N(X,Y) = N(sX,s¥) + N(sX,tY) + N(tX,s¥) + N(tX, tY)

1f the distribution § is integrable, N(sX,sY) becumes the Nijenhuis
tensor of 'glsggg - If the distribution T is integrable, N (X, tY)
also becomes the Nijenhuis tensor of /T 458 Ep -

Let .£Y'§ be Lie derivative of the tensor field g with respect to

a vector Y. Then we have the definition @

(3=

of

(3.

L& 1

Ni

1=
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tY)
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3.3) (£, )% = &Y - [5%.Y] ,
where ;'E;t§ is a tensor field of the same type as E . Now by virtue
of (3.1) and (3.3), we obtain

(3.4) N(sX,tY) = B( £y §)sK = ( ‘%tr T )sX ,
.
3.5)  N(EK,SY) = (L, BIK - (L yEIX .

4. Integrability conditions

In this section, we shall obtain the partial integrability condi-
tions of the E(p, -(p~q))-structure.

Theorem (4.1). For any two vector fields ¥ and Y, the following hold:
(i) The distribution S is integrable if and only if sN(sX,sY) = 0.
(i) The distribution T is integrable if and only if sN(tX,tY) = O.
Proof. Tt 1s well known that for any two vector fields X and Y, the
distribution § and T are integrable if and only if t/sX,sY/ = O and

-s_[t'x,tv = 0, respectively., Thus by virtue of (2.4), (2.8), (2.9) and

Theorem (4.2). For any two vector fields X and Y, the distributions S
and T are both integrable if and only if

(4.1) N(X,Y) = s.N(sX,sY) + N(sX,t¥) + N(tX,s¥) + t.N(eX,tY)

Proof. In consequence of (2.1), equation (3.3) can be expressed as

(4.2) N(X,Y) = s.N(sX,sY) + t.N(sX,sY) + N(sX,tY)
+ N(EX,sY) + sN(EX,tY) + t.N(eX,tY) .
Now the result follows by virtue of the equation (4.2) and Theorem (4.1).

Theorem (4.3). If the distribution § is integrable, a necessary and
sufficient condition for the almost product structure defined by ¥ /s= gs
on each integral manifold of S to be integrable is that, for any vector
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field X and ¥,

(4.3) N(sX,t¥) =0,

which is equivalent to :

(4.4) s.N(sX,sY) = 0 . 4

Proof. Suppose that the distribution § is integrable, then g induces on
each integral manifold of § an almost product structure. The induced
structure is integrable if and only if its Nijenhuis tensor vanishes
'idenﬁically. Thus theorem follows.

pDefinition (4.1). We say that the £ (p, -(p—-q))-structure is 's_p—par—
tfally integrable' if the distriturion § is integrable and the almost
product structure induced from g on each integral manifold of § is also

integrable.

Theorem (4.4). Tor any vector field X and Y, a necessary and sufficient
condition for the 'S(p, ~{p=q))-structure to be sp-*integ-’rabl-e is that

(4.5) N(sX,sY) = 0 .

Proof. The proof of the Theorem follows from the Theorem (4.1) (i) and
(4.3).

Theorem (4.5). If the distribution T is integrable, a necessary and
sufffcient condition for the E (p-~q) structure defined by EJT ‘ET on
each integral manifold of T to be integrable is that, for any vector
field X and ¥

(4.6) N(EX,t¥) = 0,
which is equivalent to :
4.7) £.N(EX,EY) =

Proof. The proof of the theorem follows from a pattern of the proof
of Theorem (4.3).

Definition (4.2). We say that the Z(p, ~(p=-q))-structure is i -pa:-
tially integrable' if the distribution T is integrable and the E(p—q)—-
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structure ¥, induced from ¥ on each integral manifold of T is also
integrable.

Theorem (4.6). For any vector fields X and ¥, a necessary and suffi-
cient condition for the Z(p, -(p-q))-structure to be tp-partially inte-
grable is that

(4.8) N(tX,tY) = 0 .

Proof. The proof of the Theorem follows from the Theorem (4.1)(ii) and
(4.5).

Definition (4.3). We say that a ¥ (p, -(p—q))-structure is 'partially
integrable'if and only if it is sp-partially integrable and tp-partially
integrable simul taneously,

Theorem (4.7). For any vector fields X and ¥, a necessary and sufficient
condition for the E(p, -(p—g))-structure to be partially inteégrable is
that

4.3) N(X,Y) = N(sX, t¥Y) + N(£X,sY) .
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Some Results On Isotopes Of Groups

Phullendu Das

A quasi;grm;p'- G 1s defined to be a system of three compositions viz.
" product (".'), right division ('/') and left division ('\') such that
for every a,b,c€ G, ab=c =3 ¢/b = a<=3a\c = b .

Functions are understood to operate on the right.

An isotopy of a groupoid G; onto a groupoid G, with products @;,f,
is defined to be a triple h = (&, p, ) where «,p,¥! 6;—> G, satisfy
(«xp) 9, = 9 ¥ . An isotopy of the form («,p, I.) of a groupoid
G, 9, ) onto a groupoid (G, #,) is said to be a principal isotopy.

A quasigroup G is said to satisfy the left (resp. right) property
'if there exists a &ijactzive mapping A (resp. lu..) G —= G such that
.Ix = Lxh (resp. Rx = Rxp) where Lx, Rx are the left and right
translations by x in 6 . A (resp. _F,L) is said to be the left (resp. right)
dnverse operator in G .

Theorem 1: Let (G,”) be a group and let (G, o) be obtained from
6,") via a principal isotopy ( &K, P, I6): (6, o) — (6, ).

Then (G, o) possesses a left (regp. right) identity and satisfies the

left (resp. right) inverse property having pas the left (resp. right)

dinverse operator if and only if there exists an element a & G such

that B= 13" (resp. X= rah) and P&= &1 La Ra (resp. PP= B i La Ra)

mré La, Ra are the left and r!.gﬁ-i: translations by a and '1' is ‘the i
inverse operator in (G, ).

Proof: Let (G, o) possess a left ddentity e and satisfy the left
inverse property having p as the left inverse operator.

We have, X o y = x~. yp for every x,y €6 ... (1)
x = e in (1) gives y = y pla for every y € G where a = e,
S P ta At then™ o v = 'xe{..a.-ly for every x, vy ¢ 6.
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Again for every x,y €6, y =xFf 0 xoy)=xPcXt. 3‘1 (X aﬂly).

ete E P ) 4 oca”t =1 vhere 1 is the identity in (G,.).

‘e g K= (a-lx o a—'l)::-l x £ iLaRa for every x € G
" px = o(ila Ra,

Conversely let there exist an element a € G such that f= La
and pxX= «ila Ra.

Letau(-l =g . Thene oy =¢ex. a-l y-a.anly=yfar
every y €6 . . . e is a left identity in (G.o).

Also x p o x oy -xpa(.a-lxa(a-lu=a {xa()-la';
- -1 a0
-_alno(a b AL po(=u(iLaRa)=y£oreveryx,yec.

.:. (6,0) satisfies the left inverse property having p as the left

inverse operator.
The other case may be similarly disposed of.

Theorem 2: Let (G,.) be a group and let (G, o) be a principal
isotope of (G,.) under a principal isotopy (%, p, I6): (G, o) —> (G,.).
Then (G, o) possesses an element a such that Ra = La = i if, and only
if there exist b, ¢ € G such that be = a and &= 1 8b, p=1Tec
where Ra, La (resp. Sa, Ta) are the right, left translations by a in (G,0)
(resp. (G,.)) and i is the inverse operator in' (G,.).

Proof. Let there exist an element a in G such that Ra = La = i.
Let b=a pi, c=ac(i.

Since Ra = 1, o e e . ap=xd&. b and
:henxg(-x“lb=xisb for every x £ G. . . K =1 5.,
Similarly p= i Tc.
Again a o a = & gives a =a be a™' and then be = a.
Conversely if b,c € G be such that ol = 1sb s p = 1Tc then
be = a € € is such that Ra = La = i.

Definition 1: A groupoid (G,.) is said to be an iso-group 1if there

'o' are connected by the relation

exists a group (G, o) such that '.' and
xy = a'p o y p where p is the inverse operator in (G, o).

Theorem
exists an el

(1)
(i)
(ii1)

for every x,

Proof:
WERME
(by (1)). Si
(1) and
the equatior
e t
ex = X¢
and y by ex,
= (e(x &) |
ex = xe .,

Again 1
2(ee) = ee.
Let x ¢
the left anc

Then (I
6,.) is a g

Since |
(by (1)) =
group.

e is tl
e(xe) (by (

Since :

=e (by (1)
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_ A groupofd (G,.) is an iso-group if,and only if there !
exisl:s an elment e 1in G satisfying the following conditions '

1) x0m) = Gy)x =y,
(11) e(ex.ye) = (ex. ye)e = yx, |
(11) ex.zy = yx.ze -
for every x,y,z €6.

Proof: Let there exist an element e in G satisfying (1), (11), (1i1).
'." 4s cancallative, For ba = ca == b = a(ba) (by (1)) = a(ca)=c
(by (1)') Similarly ab = ac == b = ¢,
(1) and the cancellativity of ',' show that the unique solutions of
the equations xz = y and zx = 'y are yx and xy respectively.
<"« (6,.) 1s a quasigroup.
ex = xe for every x € €. For ifx-sxl 23-then replacingxbyt,e
and y by ex, in (i1), one gets that e(afxle). (ex Ye)

= (a&ie) (e(xz)a)a ie, e ﬁflxz) = (xyx g)e (by (1)7 ie, '
ex =xe ... con 1Y L

Again replacing x,y by ee in (i1) and using (i) one gets that
efee) =ee. ece . .'. ee=e et (2)

Let x 0 y = ex.ye = xLe, yRe for every x,y € G where Le, Re are
the left and right translations by ¢ in (G,.).

Then (Le, Re, IG) is a principal isotopy of (G,0) onto (G,.). Since
G,.) is a group, (G,0) is at least a quasigroups.

Since for every x, y, z € G, (xoy) oz = e _._(e:_;.y‘e).se = yX.ze
(by (11)) = ex. zy (by (111)) = ex. (ey.zede = x 0 (yoz), (G,0) is
group.

e is the identily element in (G,0). For, e o x = ee.xe =
elxe) (by (2)) = x (by (i)).

Since x o ex = ex. (ex)e = ex. e(ex) (by(1))
=e (by (1)) , Le = p- Since Le = Re, Re =p-

-

e« 16,.) is an-iso—_gmp.



82 Nep. Math. Sc. Rep., Vol. 10, Ne, 2, 1985

Conversely let (G,.) be an iso-group. Then there exists a group
(G,0) such that x.y = xpoyp. Then the identity element ¢ is (G,0) is
an element satisfying (1), (ii), (ii).

Dafinition 2: A groupoid G is said to be totally symmetric if it
is commutative and x(xy) = y for every x,y €G. © ig said to be abelian
if for every a,b,c,d € G, (ab) (cd) = (ac) (bd).

Theorem 4: A groupoid (G,.) is abelian and totally symmetric 1f,
and only if it can be obtained from a commutative group (G,0) via an
isotopy (i.1.Ta):(G,.) —> (G,0) where i is the inverse operator and
Ta the right translation by a in (G,0). Moreover, (G,.) processes an
idmpotent element 1f, and only if Ta = IG.

Proof: Let (G,.) be abelian and totally symmetric. '.' ig cancella-
tive, For, ab = ac === b = alab) = a(ac) =c¢. The unique solution of
the equation ax = b is ab..'. Since (6,.) is commutative, it is a quasi-
group. Let p € G. Then there exists an isotopy @,y Ta): (G —
(G,0) whefre (G,0) is a commutative group having p as the identity element,

¢ » Y defined by the relations Gx)p = (Gplp)/ ((Cpp)p) Np) , )Y =
(p/p)x for every x € G are commuting autcnorphisms of (G,0) and a =
(ep)/ (((p)p) . p) (Pas [2]).

Since (G,.) is abelian and totally symmetric, (x)'¢l = @)y = (pplx
and a = (pp) (pp). Also qbz = IG.

¢ =Yr=1. For, for every x & G, X pox = x[(pp)x)Joa= ppoa
("." (@,.) is totally symmetric) = p op C."¢pis ean automorphism of
(G,0)) = p.

.*. (i,i, Ta) is an isotopy of (G,.) onto a commutative group
G,0).

If (G,.) possesses an idempotent element, then if we take p as that
jdempotent element, then Ta becomes IG.

Comnversely if (G,.) be obtained from a commutative group (G,0) via
an isotopy (i,i, Ta) : (6,.) —— (G,0), then it can be readily
verified that (G,.) is abelian and totally symmetric, Moreover, if
Ta = IG, then the identity element in (G,0) is an idempotent element in

(G;o)-
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Corollary 1: Isotopic totally symmetric abelian groupoids possessing
‘ddempotent elements are isomorphic,

Proof: Let (G, gﬁ ) and (H, _}&) be two isotopic totally symmetric
abelian groupoids possessing idempotent elements. Then by Theorem 4
there exist conmutative groups (G, _56‘)’ and (H, ;&") such that .¢=
1x 1 95 s W= @E'xi") ¥" where i, i' are inverse operators in
©, ¢ ¥), (H, W') respectively. Since the relatfon of being isotopic
is an equivalance relation, the groups (G, '), (#, ¥') are isotopic
and therefore they are fsomorphic., Let of be an 1somorphism of (G, ¢ ")
‘onto (H, 9%r'). Then o= (1 x 1) @' = (L x 1) Y= (xi' x
PEUL2
Co" fol=xi') = ((xX) (1" x Yy = (£XxX) Y.

+ « ol is an isomorphism of (G, (P ) onto (H, ¥r).

Theorem 5: A necessary and sufficient condition that a groupoid
(G,.) may be an abelian right (resp. left) loop of expoment 2 is that
(G,.) can be obtained from a commutative group (G,0) via an isotopy
(Ic, 1, 16) (resp. (i, I1G, 1IG)):
6G,.) —> (G,0) where i is the inverse operator in (G,0).

Proof: The sufficiency of the condition is obvious.

Next let (G,.) be an abelian right loop of exponent 2 with e as
the right identity. If x o y = X. yLe-]', then (G,o0) is a commutative
group with e as the identity element (Das [2]). Since x o ex = i exLe-]'
SXk = e, ke =1 ,°, (I6,1,IG) fs.an isotopy of (G,.) onto a commuta-—
tive group (G,o).

The case of a left loop may be similarly disposed of.

Corollary 2: Isotopic abelian right (resp. left) loops of exponent
2 are isomorphic,

The proof can be constructed as in Corollary 1 by using Theorem 5.

Theorem 6: A group isotopic to an abelian quasigroup is commutative,

Proof: Let G be a group which is isotopic to an abelian quasigroup
(H,.). Since (H,.) is an abelian quasigroup, it is isotopic to a
commutative group '(ii,o) (Pas [2]). Since the relation of being isotopic
is an equivalence relation G and (H,0) are isotopic and therefore they
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are isomorphic. Since (H,0) is commutative, so also is G.

Theorem 6: Every principal isotope of a conmutative group G, +)
is abelian 1if, and only if for any two bijective mappings &, pof € onto
itself, the mappings ¢D{ 3 ¢’p : @ —> G defined by the relations
)Py = ®A - () » &) Pp = x)p - ()p for every x &G
where 0 is the null element in (G, +) are two commuting automorphisms of
G, +)-

The result follows from lLemmas 1 and 2, Das [2].

Corollary 3: TIf there exist two bijective mappings of 2 commuta-
tive group (G, +) which leave the null element of (G, +) fixed and which
do not commute, then at least one of the principal isotopes of (G, +) 1is |
not an abelian quasigroup.

Theorem 7: Every principal isotope of a group of order 43 is an
abelian quasigroup.

Proof: The result is obvious for a group of order 1.
Next let G = {a,b-} be a group of order 2, The addition table
in G, may, without any 1oss of generality be taken as:

a b
a a b
b b a

The only bijective mappings of G onto itself are dl = IG and
a b :
dz. 5 (b a)‘ Then ¢0k1 = C,bagz - 1G is an automorphism of G

and @1, ‘FS"(z commute, . . By Theorem 6, every principal isotope
of G is an abelian quasigroup.

Finally let G = {2a, b, c § be a grou of order 3. We can assume,
P

without any loss of generality that the addition table of G 1s
a b

c
c

0 o B
e O
o B




The only bijective mappings of G onto itself are

it B

Then Py =16 for 1 =1, 4, 5 and o, = &, for 1 =2, 3, 6.
IG and o, are automorphisms of G and they commute. .°. By Theorem 6
every principal isotope of G is an abelian quasigroup.

Theorem 8: If (G, +) be a group of order >3, then at least one
of the principal fsstopes of (G, +) is not an abelian quasigroup.

Proof: Let a, b, c be any three distinct elements in G none of
which is the null element in (G, +). o, P t{ G —> G are defined as
followst

(a)ot = b, (B)exX = a, X)X = x for every x ( #a,b) in G

ad  (B)p =c, (P =b, GK)P = x for every x ( # b,c) in C.

Then o« , @ are bijective, leave the null element of (G, +) fixed
but X §# PXsince (a)Xp =c#b= (ApX . .'. By Corollary 3,
at least one of the principal isotopes of (G, +) is not an abelian
‘quasigroup.
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Extended Decompositions of Topological
Vector Spaces

1

Khalfl Abmad™ and P.K. Jain

1. Introduction

The concept of extended Schauder decomposition of a topological
vector space (TVS) was firstly given by Fleming and Ruckle in [/17. In
fact, they generalised the concept of Schauder decomposition of TVS by
replacing a sequence of subspaces by a net or family of subspaces and
obtained certain results on extended Schauder decompositions of TVS
which are already known for Schauder decompositions and vector sequence
spaces. This study was further continued in locally convex spaces by
webb [6].

Our aim in this paper is to obtain certain more results on
extended Schauder decompositions of TVS. A necessary and sufficient
condition has been obtained for a family of subspaces of TVS to become
an extended Schauder decomposition.

2, |Notatfons and Terminology

Let A be a directed set and J be the set of all nonempty finite

subsets of A. We denote the members of } by o, T, oy’ To

In general, we use t ito denote sets, [ ] to denote the closed

linear spans of the indicated sets, and ( ) to denote the nets or
families.

Let X be a TVS. A family (1“1‘::)&":’_1,k of subspaces of X is called
an extended decomposition of X if for each x € X, there exists a
€ M, ctehr such that x = _Z x

unique net (xd.')d.(—n ¥ X e <=h o
convergence being in the topology of X. The uniqueness implies the

the

existence of (not necessarily continuous) associated projections Pa‘.
of X onto M_ such that P“?F’ = b4p 'P.B , where & . =0 for a#p
and &ap =1 for x¢=p . If we write Qo" Ee'a'Pq' o€}y , then Qd Qr
= Qﬂ_ g tor all o6, reZX . If each Pcr. g's continuous (equi-conti-
nuous), the extenued decomposition is called an extended Schauder

1, The research work of this author was partially supported by the
University Grants Commission (India).
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decomposition (equi-extended Schauder decomposition) and we denote it

by mq'Pct):c{éﬁ . Thus the family mq)ctél\ of closed subspaces of X

{s an extended Schauder decomposition of X iflim ¥ P (x)=xor
o a€o <

lss_m Q) = x, for each x € X.

Now, we state some vesults in the form of the lemmas which we

shall be using in our work.

Lemma 2.1. Let X and ¥ be two topological vector spaces. Let
(p) ) A €D il M) A be the families of pseudonorms generating
the topologies on X and Y, respectively; D, D' being the directed sets.
A linear map £f: X — Y is continuous 1f and only if for every p €D',
there exlsts A € D and a mmber M 3 0 depending on p and independent
of = ¢ X such that

qP(E(x))S MPA(")’ for all x € X.

Lemma 2.2. Let X and Y be two topological vector spaces whose
topologies are generated by the families of pseudonorms (p, YxeD and
(q_P) Joe Dt respectively; D, D' being directed sets. A family of
'linear maps from X into Y is equi-continuous if and only if for each
p €. D', there exists a A € D and a mumber M > 0 such that

qp(f(x))iup.,‘(x)
for all x € Xand £€ T .

Lemma 2.3. (1) A complete subset of a Hausdorff topological vector

space is closed,

(i1) Every closed subset of a complete topological vector space is

' complete.

Lemma 2.4. Let A be a subset of a topological vector space X,
and Y be a complete Hausdorff topological vector space. If £ is a
continuous linear map from A into Y, then there exists a unique conti-
nuous linear map f from A into Y such that flx) = f(x) for all x € K
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3. Main Results

Theorem 3.1, TLet X be a Hausdorff topological vector space where f
the topology on X is generated by the family D of pseudonorms p,q,r,...
and (M «F cc’ GEN be an equi-extended Schauder decomposition, Then,
for each p e D there exists a q ¢ D and a constant K > 0 depending on
p such that

P o% s X )=l g =)

for all ¢ ,T e ¥ with & € 7 and for any net (x q)(ef\"f X where
xué Hq’ @ eA.

Proof Since (“qr%’ oqeA I8 an equi-extended Schauder decomposition,
the projections Q é 's are equicontinuous. By lemma 2.2 for each p ¢ D,
there exists a q ¢ D and a constant K >0 depending on p such.that

p(Q;(x)) < Kq(x), for each x ¢ X.

In particplar® let x = €EM® d¢eT. Then x = qZ x

E ]
et %o’ B €My et *a _
= n‘ér Pd(x) = Q,L.-(x). For 6 C T, we have 'I

P Gx)) <K qlx)
> P(QG(Q,,:(K))) £ K q(Q£x))
R | R Yo ) £ Kaq( K
) tx%a’ o q%'c *o
Theorem 3.2. Let X be a complete Hausdorff topological vector

space and (M ) be a family of nontrivial closed subspaces of X
@ e P

such that [0, Md = X. Then (M en 18 an extended Schauder
decomposition of X if for each p & D there exists a q €D and a constant
K >0 depending on p such that

3.1) p( qud X <Kaq( “.Eﬂ: %)

for all 6, T¢Zwith ¢ € T and for all nets (x«)qu of X where

' A.
Xy €M, d €
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Proof: LetE .= L U 2417. We shall prove by induction that
qed

E = [:3 'Hu_ for all 6 €% ., If & has only one element, then clearly
deo

E, = @ M =M. Now, let us assume that the result be true for &

S  qes G

containing n elements. Then, we will prove it for a set 7 € ¥ containing

n+l elements. Let x € E_.. Then there is a net (x) ) 2D in

= Hc(? such that lam_ X, = X where D' is a directed set. Now
aqET

X, = =z X2 'x%euu , @eT. From (3.1), we have

o o '

(3.2) plx -x )<L¥g( = & -x ) =Kglxy = %)
g TR fe g T By SRR

- s il
Now (x)‘) Ner) {s a Cauchy net. Hence by (3.2) & ?‘q) is a Cauchy

net in Mtl for each of ef. But Hct is closed, therefore by lemma 2oy

it is complete and hence 11..?‘:11 th= x for some x, € My Also by
continuity of addition in TVS, we have

Iimx-lim'(z_x)=7_(limx)- X .
A 2 A aet M aeT A Ax c(%f“

This implies that x = > x_, since X is Hausdorff. Thus any
oder ¢
X € P‘T can be written in the form x = 1%_{::“‘, xae P‘ld-. dqeT.

Also, E dﬂ M'Crud = {07! . Suppose E M .H_L,Ho.f {0} . Then there
exists some X € Eg NNy Lo & X € E and X € Mo g letpe D be
be arbitrary, then from (3.1), we get
pl) =p( T x) 4 Ka( FT %),
aed a(’ oLeT ce
where we choose X5 = =X, § e T ~¢. Since X is Hausdorff and p €D

is arbitrary, px) =0 % x = 0. Thus E_ = @ M
T get

Now, we define Q. : E, 7 E (ccT) by Qd'!.'(z) =X,

where z € E’E' z = xty, x € E and ¥ ¢ o‘:'c-vo’ I‘fd: Clearly, Qd,cis a
well defined projection of E. onto Eg and

PQy, (2)) = plx) € Kalx+y) = Ka(z).
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Thus by lemma 2.1, it follows that Q.. 's are continuous for ¢, 7€X.
Now, let us assume that F -*{x € X: x € E,. for some 'r.'e}:f. Then

U M, C F. Hence by hypothesis F = X. Further, for e = , we
aeA

define Q¢ : F—= E_ by Q (y) = Q. (y), where y € E_, TeL. Clearly,
Q;. is continuous prujeétion since each Q P is continuous and
2 .
Q5" () = QUOLH) = Q. W) = Q4.
Each Ed is closed, hence by lemma 2.3, it is complete. Thus by lemma
2.4, Q:f has a unique extension qo. on F = X whose range is Ed.

Now we shall prove that (Qt) is equi-continuous family. Consider

a net (x()o)).I (where W is a directed set) in F. Then lim x('n =X
€W

for some x € X. By continuity of pseudonorms at 0, we have
Him p(x(’\) = x) = 0 for each p € D. Also, Qd(xw)-;- Qd.(x), since Q
is continuous. Now for p € D and ¢ € = (arbitrary but fixed), we have

pQg6)) = p(Qz6e- x Ny + g &xWy)
27l - xMy) + r &™) for some r e
< Qb - x(/l))) + Krl(xm) for some r; € D and K >0
<@gl - xM) + kg axP -~ ) + xq0

where q € D. But QD - x) >0 ( & fixed), hence r(Qglx - xV)) >0
for all r ¢ D. Therefore

(3.3) p(Qz&) < Ka(x)

for all x € X. By Lemma 2.2 this shows that (Q.C) is an equicontinuous
family. Further, we shall prove that x = l:lt.‘p Q (x) for each x ¢ X.
For this, let x € X, p € D be arbitrary but fixed and £ > 0 be given.
Then for any y& X we have s €D such that

PQ &) -x) < s(Q &) - y) + slx-y).
Also by (3.3) there exists s; € D such that
8(Q, &) £ K sy (x),
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where Sy is independent of T and K is independent of X € X. Further,

we can find r € D with r(x) = max{s(x), sltx)f for all x € X. Since

¥ = X, there exists some y € Eg» g€Z and T € D such that rx-y) < €
£ > 0. For y € By, x € X and 6 C T, we have

p(Q (x) -%) < s@Qux) = ¥) * s (x~y)
S(Qt(x—y)) + s(x-y)

< Ks (x-y) + sle=y) 2
& (K+1) rx-y)

¢ (RHL)E .

But p € D is arbitrary, therefore 1’1? Qt{x) =x. Also Q g QF Qsnt
and Qg(X) = My 1f o contains only one element o For 6 C T, where
& contains n elements and T contains n+l elements, we have

Qe - Qs = Pq, A EeT ~0 . Therefore, (Q = Q) X) = EQ(X) =My
for o €A . Hence mC(’POE)u(_e A 1s an extended Schauder decomposition
of X.

Remark. Theorem 3.2 gives sufficient condition for the family

t ]

(Hq}q.e,\ of nontrivial closed subspaces of X to be an extended Schauder

decomposition of X. In fact, it is gqui-extended gchauder decomposition

) of X.
Theorems 3.1 and 3.2 can be combined as follows:

Theorem 3.3. Let X be a complete Bausdorff topological vector
space and (Mq)q_e,\ be the family of nontrivial closed subspaces of X

such that fc(gjf\ M. ] = X. Then mu_)ot.ez\ ig an equiextended Schauder
decomposition of X if and only 1f for each p € D there exists a q €D
and a constant K > O depending on p such that

Pl &0’ xﬁ? S g U?e": XL
for all 6, T ¢ £ with ¢ C T and for all nets (xq)qe,\. Xy € Moo KE MNe
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