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Introduction. In this paper, a cLass of functions
terlor functions are studled. These funct{ons are
characterlzatlon given in terrs of f i l terbases.

G-Ojrasi-Int erior Func t ions

Paul Long'and Travis Thornpson

cal1ed G-quasi-in;.

investigated wlth a

DefLnlt ion 1. A function f:X-_) y ls said.to be almost_eontinuous
singal-singal) if for every x in x and each open set v in y. containr.ngf(x), there exists an open set UCX contalning x such thatf (u) C rnt (c1 (v) ) .

Definltion 2' A functron f:x-{ y is said to be r.ieakly continuous iffor each point x. in X and each open set VCy containing f(x), thereexists an open set UCX contalnlng x such that f  (U)CCI (V).
Definltlon 3. A functlon f:X_-+ y is Gluasi_l.nterior at a polnt y € yprovided, for each open ue.x sueh that a component ot i j l (y) rs contaLned'n u' r^re have y in rnt(f(u))- The function f is G-quasl- lnterior i f  i tls G-quasi-l.nterior at each y in y. If a G1uasl_interior mapping iscontinuous, i.t is sinply said to be a quasi_interior rnapplng.

Theorem 4' Let f:xJ y be a surjective almost-contlnuous function where

l_i: :*0""t 
and y is uausdorrr. Let y €. v .,,1. ;;;;^.;"re open wheref  

- ( y )C  
u .  Then  y€  rn t ( f  ( u ) ) .

Proof ' Ass'me y 
f rnt(f (u)). Then there exi.sts a fi l terbase F= [ n.l.ee]

::t:--:(u) 
converging to v-and to no other polnt of y. Then the fi l terbasef 

-(F) 
lies ln the cmpact X_U and henee accr.mulates to s@e *o6 X_U.Tttus' f(xo) # y so there exi.st open disJoint sets vI and v, in y contain_fag f (xo) and y, respectfvely. It fol1c

since F is almost-continuous, .h"". 
"*ri:: 

::":r:t;":i]l]]i 
vz = 0.

that f  (w) c rnt(cr.(v,)).  H.*-,o- 

-, ;^::-^ 

.".  

uPe' w containing xo such

\c vz and s,nce ,-lilr, j;T;''r::";r:':T,"I."]3ijB"l ",,ci th,t
rhls contradicts r(w) c"rnt(cl (v1)) 

"r""" *l,l;,;;r;;;'] Ij"r,l_]:,-"1;assumption y 
4. Int(t(U)) fs false and our theorem is prwed.
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T h e p r o o f o f T h e o r e m 4 w o u ] . c l h o l d i f a l m o s t c o n t i n u o u s w e r e r e p l a c e d

lrtth weakly eontinuous (with slight motliflcation) '

Theorem 5. Let f :x--+Y be a given surjectlon'

i) ff f is open, then f is Gnuasi-Interior;

ii) If f is aloost-continuous (reakly continuous) and point lnverses

are connected, theq f is G-guasi-interior;

iii) If f ls closed and point imrerses are connected' then f is

G-quasi-lnterior.

P r ( ' o f . P a r t i ) i s o b v i o u s a n d i i ) f o l l o w s f r o m T h e o r e m 4 . P a r t i i l )

follows from Theorem 11.2,. page 86 of ToDologv by J' DugundJi'

If (Y, T) is a topologlcal sPace' then l-et (Y, Tr,) denote Y sith the

induced semi-regular topology' Let f :X-JY be an almost-contirnrous

s u r j e i t i o n . I h e n i f f : X { Y r T * ) i s G - q u a s i - i n t e r i o r ' f : X € ( Y ' T ) l s

G-quasi-interl-or. Houever, lf f:x+ (Y, T) is quasi-interlor'

f : X - - + ( Y ' T * ) n e e d n o t b e G - q u a s i - i n t e r i o r a s i l l u s t r a t e d b y E x m p l e 6 '

< ple 6. T,et f = [O, IJ have the topoLogy T generated by the usual

open sets together with A = {xlx rat ional- anct 1/3 <x < 2Bl '  Then

i: (r,  T)--t  ( I ,  T) 
. is 

G-quasi- interior '  However'  1: (r '  T)+ (r '  T*)

(Tn is the usual topoLogy) is not G-quasi-interior' Consider the Polnt

x=  I l2  In  ( r ,  T* ) .  Ther i  i - l ( x )  =  I /2  and A ls  an  open se t  con ta ln ing

{L Glz) = L/2, but t /2 f  r*( t  G)) = 0 .

Deflnlt ion 7. Let A be a zubset of a topologl-cal space X and F =$"1 te eJ-

a filterbase on X. Then F'accr:mulates to A tf for each open U contalning

A ,  U  n  L a +  0  f o r  a l 1  a  s  A .

Theorem 8. Let f :X-*Y be any zurJective function' Then f l:tl1"t"t-

interior at y e Y i f  ancl only i f  for each f iLterbase F--)Y' f- ' (F)

accumrlates to each cmPonent of f 
- 

(y) '

Proof. Let f be a G-quasi-l'nterior.functfon at y € Y and let C be a

-t
conponent of f  

-(y). 
Then for each open U containin1 C' !  e Int(f(U)) '

Slnce ?--)y, I  a1"so accumuLates to y so that Aan fnt(f(U)) * A for

every a 5. A. Consequentl!, f-' (F) acctnnulates to C'

i

:

, l

Con

contalr

e:(ists

Therefc

contra(

Ilr. PauI
Dept. of
UnLv. of

Payettev
usA

i
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conversely, assutre the condition r.s satisfied and u is an open set
containl.ng a conponent C ot t-f (y). Assr.me f f Urt(f (U)). Then there
ex is ts  a  f i l te rbase F  ={^1"  

la :  A}  on  y  _  f  (U)  such thar  I__+y .
Therefore, t-l(f)C X-U and consequentLy cannot accr.muLate to C. Thls
contradl.cr l .on lmplies y a Tnt(f (U)).

Dr. Paul E. Lone
Dept. of uathemitics
Unl.v. of Arkaneas
Fayettevf.lJ.e, AR 72701
usA

Dr. irav{s Thompson
Dept. of t tathemit ics
Northeast Loulslana UnLv.
Monroe; LA 7L2Og
usA
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Barodiffusion in a Binary llixture Near aStagnation point

Srivastava
Abstract

The dif fusio

rluids due ro,,:,:j:::';;:T:'rHTil::: 
ffi":::rl: ;: ";ponents of the f luid is present in a sma11 quanti ty. The f10w has been

lt:"::';: ;::"ri 

srre€ur of such a nixtureimpinges cn a wal1 perpendicu_

that there r" rrorr" 

arnray radial ly in al l  direct ions. I t  has been found

The effect of theseparative 

effect when pressure gradient is ignored.

of the mixture ,r, 

ot"""tt" gradient is to separate the tuo cornponents

nent is deposited -. ,  .n: ;r i :" t  

the heavier and more abundant compo-

Introductibn

"*,r l :r | | ; : j , ' " ; :""t  

here a mixrure or two componenrs or r luids, rhe

rhe rario or mass .': ::"H;#.':..H""::;iTi:.:r.lr:11*r.: 
*.given volume element- rn such a f10w the dif fuslon of the individual.,species takes place by three mechanism

Eeaperarure 
sradient ;"; ' : -^" : . . : :""tT 

namelv concentrat ion gradien r,

,'l'-;;;"; ;;-# 
""'.';:ff.,;;:::'' 

rhe dirrusion rlux density

P = - 
fD fgrad.ecl + (KT) grade T+ (Kp) gtad,e pJ, (1)

r. frere D is the dif fusion eoeff lcient or mass transfer coeffis the therrnal dif fusion coeff icienr ."0 *"" . ,"", ' : :" :  
t t l l l ] t t""t '  *to

errlcient. rn rhis paper we r,.,," 
"or,"ii"l:l ._t::".T::.::t;:T.;:_

mal so that the dif fusion due to the ter
lected. 

Lrre Lemperature gradient has been neq_

sarmaf3J has discussed the problem of barodiffusion in a binary mix-ture of viscous incompressible f luids when an inf inite disk rotates witha constant angular vel0city and there is a suction of mixture at the disk.
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SrlvastavaflJ has discussed the barodiffusion in a blnary mixture con-

flned between tlro clisks when one of the ilisks is rotating and the other

is at rest. In this paper we discussed the barodiffusl'on Ln a binary

mixture a strem of which funpinges on a wal-L perpendicular to Lt and

fLows away radially ln all directl.ons. It has been shown that the equa-

tions admit an e:fact solution. Equations have been lntegrated by Karman-

Pohlhausen method by taking Sctrmtdt number as L.0.

Mass Transfer Equations

We consider here the case dren one of the conponents'is Present ln

a srrall quantfty, hence the clenslty and the viscoslty of the mixrure is

independent of the distrlbutlon of the c@Ponents. fhe flow problem of

the bLnary mlxture is identlcal to that of a slngle fluid but the velo-

city ls understood as the mass average veloci.ty il = tfr{ +frfl)/P ana

the denslty ( = 
\ 

* P, where the subscrlpts L and 2 respectively denote

the rarer and more abundant conponent Ln the binary mixture. The equa-

tions of motion and continuity for a steady motion are:

P ( f , v ) ' i l = - v p +  r v 2 l  ,

y . V l =  o  ,

where 
,u 

is the coeff lclent of vl .scosity.

The additl.onal equatl.on for the species conservation is glven by

P t v l v ) c t o - v ? .

Substi tut lng I to* the equation ( l) ,  we get

ltl

ma

ct

sir

thr

At

of

Thi

Bor

wtre

not

par

the

a b

1is'

the

sur:

bln:

nixl

tior

(2\

(3)

(4)

(s)P < t v )  c r  =  P D  L  v 2 c 1  +  V .  ( r o V p / .

The explicit orpression for the baroiliffusion coefficient Ko has

been given by Landau and Lifshl,tzflJ asz

crcz
p6

Flor

K o  =  ( , 2  - ' r , f  1 .  9 )
\  t r  ^z l

(6)



r^fiere poo denotes the pressure in

n:rsses of tvo kinds of part icles,

C, and C,

A.C. Srivastava

the working medium, and na, aid, m, are

we have the follornring relation between

55

C r + C r = L  ( 7 )

tlt:" at = P,rc , cz = ?L/p . rn general ue take Kn as proportional ro
the proaluct C1C2. AszunLng that the square of C, is negligible, riTe get

-_ h, - n, )c,
K =  _  

( 8 )P  ^ 2 P o

Boundary Conditions

The boundary conditions on (5) are different in different cases.
At the solid surface of the body rnsoLvable in the flutd the mass flux
of thl.s rarer component of the mixture normal to the surface is zero.
This can be lrrltten as

. r?c, - -l

Pvocr- F D 
L?+ * *n 

5*J 
= o ar the surrace, (e)

where Vr, ls the f luld veloc{ty norroal to the surface and, (V1?n) de_
notes the derivative in the direct{on normar to the surface. The first
part represents the. convective flux and the second part in the paren-
thesis denotes the dif fusion f1ux. rf ,  however, there is dr-f fusion from
a body r'rtrfch dlssolves in the fluid, the equir.ibrium is rapldly eetab-
Lished near its surface, and the concentration in the fluid adjoining
the body is the saturation constant co. The boundary conditicn at such
surface Ls, therefore,

c l  =  co ' (10 )

Flow Near a Stagnatl.on point

rn this section we dr.scuss the f low and dif fusion of a strepm of a
binary mlxture of inco,mpressfbLe viscous fluids vrtren a stream of such a
miiture lmplnges on a warr- z = o and flows away radially in all dlrec-
tions. we take here cylindrical polar coordinates with stagnatlon point
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a s t h e o r i g i n a n . l t h e f l o w d i r e c t i o n a s n e g a t i v e z - a x i s . W e d e n o t e

t h e r a d i a l a n d a < i a l c o m P o n e n t s o f t h e v e l o c i t y i n t h e f r l c t i o n l e s s f l o w

by U anil'I{ respectively wtrcre as those ln viscous flow are denoted by

u = u (r, z) arld ry = 1^7 (r, z). The bounctary condltiotrs on velocity field

a . r e u = o r  w =  o a E Z  = O  a n d u - t u a t  r t Q '  F o r f r i c t i o n l e s s  c a s e

we have fSee Schlichltine [4JJ

U  =  a r '  W = - 2 a 2 ,
(u)

where a is a constant. We take the follorrlng fom for u, E' and p in the

boundary layer region:

u  =  ( a  t ) 1 1 2 x  g '  ( v ) ,  w  =  - 2 ( ^ r t ) L l 2  l ' v ) ,

P  -  P o  =  7 a )  P ( x ,  y ) ,

whe re  y  =  (a l zs ) l l 2  , ,  *  =  (a l t ) L l 2  . ,  u=  l / lP

.* po is the Pressure at stagnation polnt'

Substltuting expresslons for u and n frm (12), p frm

frm (8), the tllf fusion equatlon (5) becoes

, )c' ?c' v'",
s(x 0 -':*) - 2s (Fv) = 

fr

.pt# k.lqaJ.* ntst) ,

P = #  4n 2 P -  z

The expression for P(x, y) is gLven by Srtvastava(SJ as

P ( x , . y )  =  - ' r { " ' +  +  @ 2  -  0 '  -  1 )  
}

(12)

(13)

(13) and Kn

(15)

s
el

(14 )

where S = !/O tne Sctmldt rnrmber and p ls a barodlffuslon ntnber glven by

U
?t
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lhe boundary condl-tions (9) and (10) give
0c.

t '+  pc '  3 l=  o at  y  = oo t  '  1 0 Y

atrd Cl --) C_ as y _+qp .I O

Solutf.c,d c,f Equatf.on

IG asirne that the barodtffusl,on nunber p is snal.l and wr.l.te

c l  = c o { t e , i l + p e ( x , r y J  
( 1 8 )

Substtrtutlr-rg (18) 
,rn (14) and equatlng tems indeoendenr nr ,

erricr,ent 
"i u ." io.r, ,ra." or rhe 

"o"".ili,tli":::u""t 

or p and co-

s ( * g ' $ - r o F , r = & .'  
dY '  'b2  '

s (i o'S - ' oF) = 
r*. tr*,* , *,

Substitutine (l.g), boundary conditlons (16)
conditl"ons of f qnd g :

$ | = o  a t y = 0 ,

f->"L aB Jr -too,

# * t $ |  
= o  a t y = 6 ,

g -t 0 as JHoo.

Ib further assume that

f (x, y) = f l  (y) + *2 tr(y)

(16)

(17)

.  (1e)

.+ ,'H,1. eo)
and (17) yleld folLowtng

(27)

(22)
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Substltuting thts in (19) and equatlng teuns independent

co-efflcient of x2' r€ get fotlowing equations:

rl

t  25  0  f l _ t t  =  f l t t ,

2 s  ( 6  f 2 - 0 t ; )  f r "  f 2 " .

Boundary conditlons on f, and f, ate glven by (21) as

t i = 0 ,  r ; = o  a t y = o '

f1  +  1 '  f z -  0  as  r+  oo .

fte sotutfon of equation (24) is glven as

f l = 1 , f 2 = 0 '

w t r i c h g i v e s f = 1 .

Again we write

g (x, y) = gt (y) + *2 gr(Y) .

Substi tut ing thls forn of g(x, l) ,  f  = 1- and expressloh for P(x,

(15) in (20) and equating terms independent of x'and coeff icient

$e get the following equatl.ons for gt and g, z

z i ' '  + z s e i = z  + 4 0 9 "  + 4 9 J  - 2 0 " ' ,

z s ( 6 8 2 - 0 e ) = E z .

Ihe boundary conditions on gl and g, are given by equation (22)

substituting P frorn (l-5) and f = 1 as

of x and

(23 )

(24)

(25 )

(26)

e

fre soluti

8 t = a

ntrere A ar

It  is

solve (271

borndary J

errpressiot

0(y) ,

r,*rete D* ,

lng fifth

f,atman-Pol

e1(r )

Dlscussi.o

The f

effect wtt

S.rmaf|y'

m d l s a

egatlve

y)  fo r
t

o r x ,

(27)

(28)

after
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s 1  ( o )  = - 2 0 "  @ ) , c ;  ( 0 ) = 0 ,

81-io, E2-->o as y -+oo .

Ttre soLution of equations (27) ,  (Zg) and (29) is

cL = AIe-2s"[0 av av +.2!e-zsto av 
l !<, *,  a,,

+  2  g  6 "  -  A " '  )  e 2 s f L d l  d y 1 d y  *  B ,

E 2 =  o  ,

'  (2e)

(30)

(31)

wtrere A and B are constants.

f t  is not posslble to,get arial"yttcaL expressl,on for Q, hence we
solve (27) by Karman-pohlhausen method. Ife assume that the drffusion
boundary laye.r is of the sanre order as the viscous one i .e.,  S = 1. The
expression toi 0 ts given by Ratna and RaJeshwarl/2/

g( i l  =  o*1 t '5s6  
"2  

-  t .o l3z  y3  -  o .o : ta  +  0 .3501 y5  _  o . t t46  y6y ,

(321
wtrere D* = 2.5494 is the non-dimensional boundary layer thickness. Assum-
ing ftfth order poLyirmLal for gl (y) and calcuLating the constants by
Ka:man-Pohlhansen nethod, we get

g i (y )  =  Dr .  G2 '7327 +  1 .0195 y  +  0 .5000 y2  _

-  o .oo95 y3  *  r .4936 y4  -  o .ez to  ys ; .  (33)

Discussion

The functLott ; (x, y) = l- wtrich shows that there is no separatlve
effeet when pressure gradient is ignored. This confirms the results of
Sarmaf3J and Srivastavats/.  The function g(x, y) does not depend on x
and is a function of y onJ-y. CalcuLations give that g, (y) fs always
negative within the boundary layer region. rhe functii:n cr/co is given
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br (cr/co) = 1+p G5'437L + 2'5ggL v + 1'2747 v2 -

- 0'0242 y3 + 3'8078 
"4 

- z'zzo5 Y5)-

the function (CllCo) has been plotted fot p = 0'025' 0'050' 0'075

and 0.100 in Fig. 1. Tte graph reveals thdt the value of (Ct/Co) ls

alvays less than 1 near the boundary layer region and lts values at the

wal-1 are 0.8641-, 0.7282, 0.5922 atrd O.4562 respectively for the above

mentioned values of B Ihis means that the concentration of the rarer

componen! is much less near the lrall than that maintained at a large

distance fron it' But cl + c2 = 1 wtrtch shords that the heavier c@po-

nent gets deposited more near the wa1l.

(34)

r,

\

t
;

Thc 6roph o l  (c r l c . )  ogo ind  Y

F i g u ? .  I
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Concludlon

wherr a stf,earn of btnaty mixture, in wtrlch the llghter componeat.is
present in a smalL quantf.ty, .impfnges on a r^rall perpendicular to it
sepafation takes place dear the wall due to pressure gradient. The
ratio of the l ighter cooponent is reduced near the.wa1L, as a resur.t
of wtrich the heavier cmponent gets more concentrated near the wa1l.
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Stochastic Production Inventory
randomness fn the 'Evolution 

of

'Model w'ith no
the fnventory

H.B.  Shres tha

Introductioi'r

A stochastic versfon of the production planning and inventory model

with an inventory of items was introduced by sethi and rhompson (19g0).

They developed a mode1 to detemine the production levels over time to

niniml.se a d{.scounteil quadratic Loss function, wtrich consisted of the

cost of control and the cost of terminal deviatf-on. shrestha (19s2)

eitended their model" by introducing a deterioration factor in that the

items deterlorate in the inventory after some tirn€ from their arrival

in the inventory system. The deterioration was assumed to take place

according to scme instantaneous decay rate wtrich could be constant or

fol l-ow some known decay distr ibution e.g., wiebul l-  distr ibution. rn

both of these works, the change in the inventory was assumed to be givep

by rtors dif ferential stock f low equation conslst ing of a determlnist ic

cqtrponent and a stochastic component. The stochastic cmrponent was

assuned to take care of the randomness arising in the production and

the inventory leve1s, and i-t  was considered to be a white noise process

with zero mean and unit variance.

For many production inventory models, the randomness arising in the

rnodel may be so1e1y due to the randomness arising in the productlon

mechanisrn only. For lnstance, if the dernand of the items are constant

wer time the change in the inventory leve1 r,ri11 sti11. be described by

the rtors dif ferential stock f low equation, but since the randcrnness in

the evol-ution of the inventory is due to the randcmness of the productiori

Ieve1s, the variance of the wtr i te noise process may be made to depend on

the control variabie (productign level-) and as such the variance of the

white noise process may be descrlbed as a functlon of the control vari-

able. This is what r^re have done in this paper in evolving a stochastic

production inventory model with no randcrnness in the evolution of the

a
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inventory. such an assumption refl-ects reality in many applications'

In what follows, r'\'e present the model and the assrnptions under

r , * r i c h i t i s c o n c i e v e d . T h e n o t a t i o n s a n d t h e g e n e r a l a s s r m p t i o n s n e e d e d

for developlng the model are verybuch the sae as in Shrestha (1982)'

I € d e v e l o p a n u n c l i s c o u n t e d m o d e l w i t h n o d e t e r i o r a t i n g i t e o s a n d o b t a i n

the optimal production rates for the cases of both finite and infinlte

planning horizon. Further we develop an undiscounted model with dete-

riorating ltems on the lines of study of Shrestha (1982)' Finally we

make sone general observations and concLude the paper'

The model

Cons ideraproduc t ion inventorymechan i .sn invo lv ing theproduc t ion

and stocking of a homogeneous good' I'Ie define the foll'owing quantities:

aod rre a

expected

due to t

In order

of demar

Iile r

tion is

t to thc

rrlth bot

f lected

Fo1.

qt&oal:

Erpandi

crPecEa

rfure V

.Fct t

t lvely.

-  ge t

to rgl

I tr  der

lr th€

x ( t )

u  ( t )

s
T

t1

xr-

no
h

B

Let

= inventory 1evel at time t (state tarlable)

= production level- at time t (control variable)

= coostant demand rate at tine t; S > 0

= leng,th of the Plannlng horizon

= factoxy optimal produciion 1eve1

= factory optimal Inventory level

= lnitial inventorY leve1-

= lnventory holdlng cost coefficlent and

= salvage value per te:mlnal inventory'

the stock flow equatlon be given by ltofs differential equatlon

d x =  ( u - s ) d t + d  3 ( t )

where d !(t) is a stochastic process with' for all t '

n  ( d E ( t ) )  =  0

E (d t ( t ) )2= 62 u2d'

n  < a i t t l l " = o  ( A t ) , n 7 2

and,62 ls a constant. Since the cost of control ls now reflected ln the

uncertainty attendant uPon the use of the controlt the criterlon fuoc-

tlon may be simPlY written as
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( F  t  )
E J I h ( x - x , ) ' d t -  k ( r ) t

L ' o  t  )

and we afm to minimize this function. Here the first term explains the

expected cost of control and the other term explains the expected loss

due to te:minaL inventory. The quadratic cost function has been assr:med

in order to accommodate the possibly negative inventory i.e., backtr-ogging

of denand.

I,Ie rtrish to choose the production rate u such that the objective func-

tion is minimum. To that extent, re define the value functlon fron time

t to the planning horLzon T as

v(r ,  x)  = max E l - ,1 '  n(x  -  xr )2 dt  + b{( r )  I,  L  , t  r  J

w-lth boundary conditiou V(T, x) = Bx(t) and the controL variabLe re_

flected ln the stock f low equation.

Followfng Sethl and Thompson (1980) and using the principle of

optinality, we get the ltarnilton-Jacobi-Bellman equation as

v ( t ,  x )  =  m . q x  E { - n t *  -  * l ) 2  d t  +  v ( t  +  d t ,  x  +  d x )  ? .-  u  t  r '  " - , J '

Expandling V(t + dt, x + dx) by uslng Taylorrs si:r ies and taking the

expectations gives r,r i th x, = 0, for simpl_iclty,

O = max 
[-hx2a. 

+ (vt + (u - s)v*) at + tzu2lv**dt 
J

vhere Va, V*, Vo are the f irst order parttal derivative of V rdth re-

spect to t and x and the second order partial derivative of >r respec_

tively. I^tre presune that all these derivatlves exist. Dividing by dt

we get

^ r - 2 ) ) )0 = r f f  t -h*- + v.  + (u _ s)v* +ho-t .v* ' r t .

To maxirnLze the expression rrithin the bracket with respect to u, we take

its derivative r,r i th respect to u and equate i t  to zero. Thls results

in the optimal production rate as
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t
u = - vx 16- \**,

substitutlng thls into the l{@l1ton-Jacobi-Belfunan equatlon ldle get the

second order partial differentlal equation

t r 2

o = - t x 2 * v . - * * - 4 ? \ r ,
)o<

which rre need to solve to obtain the optlural production rate.

Assume that V(tr x) has the seperable follt

v ( t ,  x )  =  q ( t ) x 2  +  R ( t ) x  +  M ( t )

where M(t) reflects the cost of ranclomness. Ille may now obtain vt' v*

and V** and proceed as in Shrestha (1982) to derlve

t .  7  \  2
Q  =  h d ' { e x p  ( ( t  - r ) 1 6 ' )  -  l J  =  h d -  ( v  -  1 )

where y = exp (k - r)/62) ara,

R = 2sh t4 + (s - 2sn3 (t - t) - 2sh64)y.

The optimaL rate is

Thus the optimal rate equals the demand rate corrected by ter:ms depend-

ing on the level of inventory, variance of the production mechanism and

the distance from the pLanning horizon.

Remarks

,
1. Slnce dz ) 0, greater the variance of the production rates, lesser

shouLd be the optimal production rate. Thls is because greater

variance ln the proddction rates imply greater chances of the de-

m a n d s n o t b e i n g f u l f i l l e d o r l t e n s p i l l i n g u p l - n t h e i n v e n t o r y .

Z. f t  (2 is inf ini tely large but the planning horizon is f ini te'  then

tr
u -J S and the optinal policy would be to Produce just as much as '

the current demand and have no inventory at all'

lt.

lxtr

FI

fre<

( t '

d.s

b ' l

tlr

& t r

l l r

cq|r

d t

Fo

t

a r

otl
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3. If 62 is very low as compared to the inventory leveL there l^s a

chance that the productron lever. rrrlrl be negative. rn such a case,

clLsposel of itenos frm the {nventorymight be advocated.

4. rf the pLanning horizon is too large then y -+ o exponentialry

faster than T *)o and 
lL= s -"/i. rn such a case the production

rate should be Just x/? ^o"" than the demhnd rate.

fre mcrdel wl.th detei4orErrfrig trens

Ass'ne now that the rtems deterr,orate according to s@e instanta-
neous decey rate. The rtems start deterioratfng in the inventory after
some tine Y (>0) of their artlval in the inventory. At time tr, a
fraction O(tt) of the on-hand inventory deteriorates per unr.t tioe
( t '>  Y) .  We assune g( t ' )  to  be  fn tegrabLe.  r ,e t  1 t r ( t r )  =  1  -  0 ( t ! )
denote tlie fraction of the on-hand Lnventory nrtrich dtd not d€terLorate

by  t lme t t .

Let x.r(t t)  and ut(t t)  be the r,nventory and productlon levele et
tfme, tf , ? -( tr i Tr and xl and ul be thoee at the beglnnlng of the
deterioratLon epoch respectr.vely, Let sr be the deroancr rate at t{me ti.
IlIe obsewe the process for the duratf.on (U, l|J.

The rate of change of frnrentory may be ilescrl.bed by the stock fLow
equatf"on

d x '  =  ( 1 1 f  -  S f )  d t r  +  d g ( t r )

vl . th the Lnlttal condit ion xt(y) = xl.  Here 
!(dtr) is a stochastLc

proceas with, for al l  t f ,

s (  3 (d t ' ) )  =  o

n(E2(at ' ) )  =  u,2 4241,

E ( E n ( d r ' ) )  =  o ( c l t ' )  t  n 7 2 .

lb wlsh to contf,oL ut(t t)  so as to gulde the production process Ln such
a.nay as to adJust the Lnventory level tnlt ial ly at xi  tordardq Sr. The
obJective functlon uay be llrl.tten as

67
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T' 
fTt )

r f  f ' n i k '  
- x i ) d t ' -  f  B r g ( x ' - x l ) d t ' - h < ' ( r f - y U

L , Y  U Y  I

where B, ls the salvage value per deteriorating item, and we wish to

rn:inlmLze this function rrlth respect to ur (tt). . The second ter:n l-n ,thLs

expression has been introduced to tak'e into account the expected loss

due to deterioration of items. For ease in present.atlon, rae make a

time translat ion fron tt ,  Y = tr < Tr to t ,  0 < t s T and rewrite the

objective functLon as

, {[t ny'*'u, - f 4kat - k(r) ] .
L ' o  ' o  L  )

Define a value function from time t to the plannlng horizon T as

* Ef - ( '  n'* 'u, * f '  B,ordt + h<(r) ]
L  ' t  '  ' t  t  )

ruith boundary conditlon V(T, x) = R(T). The }lailton-Jacobi-Belfunbn

equation now becomes

o = mfrx l-ni"'+ Blh +'vt + (u - s)v* * :ar2t2uor\

and the optlmal rate

u - . -  = - v  / 6 2 vy x x x

The second order partial dlfferentlaL equation, the solution to whlch

yl-elds the optimal productlon rate Ls then,

o = - h y 2 * 2 + 8 1 0 x + v t
v2

- \+  -  sv . -  .
6'v 

A

Let V(t,  x) have the separable form

v( t ,  x )  =  Q( t )  t y * )2  +  R( t ) fx  +  M(r )

then r^re, may 'derlve

q = - nv,L/y2
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T
w h e r e f  =  r l ! t ) ,  

1 ( s )  
=  l V '  ( r ) e * p t - p - r ) / / ) d 1 ,  y = y ( r )

'  d s '  '

and y(.s) = exp((s -  D/62),

, T
s = ( t /Y) @y -  

1 l  (y -  1)  -  
J 

J(")a")

uhere  / ( " )  =  q  y  Z . ( r )y - l  (s )  -  2shy  ?(s ) ,  andL ' /  '  
L . -

] t t
,  M  = _ l  $ R T + n - / q a . e ) a s .

" t

The optimal productf,on rate in presence of deterioration is thus

* ? r - r c I

" f  
=  s  -  x /<-  + (2hty1)- '  (ny + \d ' ( t  

-  y) ) -  /  J r { " )a"

wtrere y'r(s) = eniv"1)-1 Jt" l  + s/(r - t).

The optimal production rate Ls then the combined effect of the on-hand

inventory 1eve1, holding and salvage cost coeff lcients, the dlstance

frcn the planning horizqn and the deterioration rate

Remarks

r. The net effect on the optirnal production rate due to deteriorat ion

may be siioply obtainbd as Alry = u*,,. - u*. Thus Au, denotes the

addit lonal increase in the proi luct ion rate in presence of a decay

factor, so as to fulf i l l -  a constant demand S*.

2. Note that the additional. production needed due to presence of a

deterioration factor does not depend upon the inventory l"eve1 at

a 1 L .

Part icular cases

1., When no deterlorat ion takes pl-ace, 0(t) = O and ?lr(t)  = L. Also

81 = 0. The expressl.on for the optimal production rate reduces to

that derlved earl- ier.

2. tr{hen the deteriorat ion rate is constant over t lme, 1.e.,

0G) = 0, 1/r(t)  ={then the oprimal producrion rate is given by
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. 2  2 2  r . : t ) - B * " r ? & r * o - r j .u?. = s - il? + ory - rrlffi ro z.orz e

Ttre change in the opt{mal productlon rate utren a constant deterloration

of lters ls present Ls seen to be
t .
I

I

\
v

1 - y t,#rp;W-v,0.
Greater the deteriorat{on rate, larger should be the plcoductlon rate

and greater the varl.ance of the production Proeessr lesser should be

the production rate. Further greater the p!.anning horizon lesser should

be the.lncrease Ln the optimal productlon rate.

If the plarurlng horlzon ls too large 1.e. ,, T 1@ then y '+ 0 and

9,_-"A 
so that the effect of deterLoratlon Ls nullifled.

Conclualftig remarks

Ide have discueseal in thli paPer a stochastlc productlon Lnventory

oodel rihere ihe varLatlon ln the l.nventory level is due to the randm-

neee of the prothrction level. Ilb observe that the optlnal productton

rate dependa on the demancl rate, the pol.nt of time from dtrere deterlora-

tLon starts, the on-hand tnventory level, the deterioratlon rater the

dlstance frcn the plannl,ng horlzon and the varlance of the productl"on

rates. The other obsenratlons follow as ln Shrestha (1982) except that

Ln the present model, the ailtlttlonal productlon needed due to the pre-

sence of the deterloration factor need not clepend upon the lrwentory

level at al l .
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Integrabil l ty Condirions of a_ -E(p, - (p<)-
S t r u c t u r e S a t i s f y i n g  

t '  3 u - * - = O  
( t +  0 ;

p ,  e o d 4 ;  f )

M.D. Upadhyay and Ashwani Garg

Sr:miary

Yano, Houh and chen tLj harr" studied the structures defined by a

tensor fielal 0 of the rype (1,1) sarlsfying 04 + 62 = g. Caaea ana

cordero [4J nave obtained rts Lntegrabtrity conditlohs. upadhyay and

&pta [3J have obtained sme integrabiliry conditions of 
E(X,-(f-ZF

structlrre, satlsfying 
E* 

- g*-' = 0, wtere 
S ts a tensor fteld of the

type (L'l). upadhyay and Garg [2J have obtained some integrabillty condi-

t ions of 
!(n,-(n-A)-structure sarisfying 

Ip 
- 

Ep-q 
- O ( 

E * 0, p

ery'en,-f). ,  wtrere 
! is a tensor of the type (1r1). the purpose of thl.s

paper is.,ro obrain some integrabi l i ty condit ions of 
!(n,_(l_q)-structure

satisfylng 
5n 

- 
En* 

- 0 ( 
S # 0 ; p, q odd ; r) where 

l is 
a.tenaor

of the sane type.

1. Prellmlnaries

Let ifn be n-dl.fferentiable manlfoLd of class 0F, equipped u,lth a

(lr l)  tensor f ield 
J 

( 
S t O, r) and of class C@ satlsfying

(1 . r1  
Ip  

-  
Spn 

=  o  (2  rank  !  
-  rank  gP-q)  =  d lm Mn,

operators s and t have been deflned as follows:

( 1 . 2 )  
" = g P { i

t = r - S P - q .

r denoting identity operator and p 2 q and q is any odd integral nr.mber.

2. Scinie Restil ts

Noril we r^rill prove the folLoLrlng theorems:

I
I
h
:

)

I

buld

t

f!

T-

!

lora-

b

!

liat

lr!-

I

t t ic

!i-
der ,

i
qnrt,
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Theorem (2.1). For a tensor f leld E( si l  
0) satisfytng (1 '1) '  the

operator s and t defined by (1'2) and applied to the tangeut sPaee at

a poLnt.of the nanlf,olcl are complementary projection oPerators'

proof. rn consequence of G.1) and (1'2) '  re-have I

(2.4)

Le

project

ataot a

Ee

ously I

5G,
ture a

lheoretr

the ope

(2. s)

(2.6)

(2 .7 )

(2.8)

Proof.

the op

(2. e)

(2.10)

P-"!-.

Coroll

aloost

( 2 . 1 )

(2 .2 )

-  s * t = I

Szp-zq 
= jP gP-2c

Ee-q Ee-2q = =p 5P-3q

=  SP  EP-kQ ,

where k is some integral value zuch that kg = P ' i'e'

.2 ,= Ep Ep-kq 
_ 

Ep Ep-P

: , = . = = "

(2.3) t2 = r + 32v'zq- 2 gP-c = r + Ep rv'zt 
- 2 5p-q

= 1a gP-c .=P-2{ = 2 EPn 
= t * E2p-3q - 2 Sp-2q

= r + S P E P t q - 2 E n - ,

wtrere k is soe integral value such that kq = p' i'e'

t2 = r+ gp =n-kq - 2 Bp{ 
= r + Sp Ep-p - 2 ge-t

= I + 5 P ' 9 -  Z  E P - q = t -  E n -

= t .

2
s =

i r
" i
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(2 .4 )  s r  =  t s  =  
So -o  

-  
€2P-Zq

= go-o _ Ep{  = o .

Let s and r be complenentary distributions corresponding to the
projection operators s and t respectively. Let the rank of q be con-

stant and be eguaL to r, thep from (L.1) r,ie have

dis S = (2r - n) and dfin T - (2t - 2r)

Here di'ension T is even but dim s is not necessarir-y even. obvi-

ously n < 2r !2n. Such a structure has been ca11ed a general" ised

5fu, 
- (p-qlstructure or rank r and the manifol"d Mn r,rith this struc-

tu re  a  t  
E(n ,  

- (p -q) )<ran i fo ld r .

Iheorern  (2 .2 ) .  For  a  rensor  f ie ld  ! (  3#  0 ,  I )  sar is fy ing  (1 .1 )  and

the operators s and t defined by (1.2), we have

( 2 . s )  
E P i e " = "  S P - q =  E P n ;

. ^  . \  D - C( 2 . 6 )  j P a t = t  E p - q =  o ;

( 2 . 7 )  
E P - q + l  

s = s  E P - q + 1  =  
E p - q + l  

.

( 2 . 8 )  
= P - e + l  

t = t  
E o - * t = 0 .

Proof .  The proof  is  obvious f rm (1.1)  and (1.2) .

Theorem (2.3) .  For  a tensor  f ie ld E(  E# 0,  I )  sat is fy ing (1.L)  and
the operators s and t defined by (1.2), we have

( 2 . 9 )  g s = s g = E p - c + l  ,  E t - r S  E - F p - a + 1 ;

(2.10)  
Eq "  

= 
Ep-q , 3q . = g!! tn-o .

Proof. The proof is obvious frour (1.1) and (1.2).

corolrary (2.1). The 
3(n, 

_(n_a)lstructure of maximal rank is an
almost ..product structure at q = 2.
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tank of !  ts rnaxinal,  r  = n' Ttren t = O' Thus satisf ies:

I -  E P - e = 0 ,

( 3 .

whe

of

(3 .

and

( 3 .

mrlt lplylng equation (2'11) bY

( 2 . r 2 )  € q - E P = o ,

EQ, 
* obtaln

whlch ln view of (2.11) inpl ies that

( 2 . r 3 )  . 3 q - t = 0 ,

for q = 2 It (2.1'3) we have

( 2 . 1 4 )  3 2  
- : - = o  '

Hence the result.

Corol lary (2.2). Tht E(p, 
-(p-q))-structure of rnlnlmal rank is a

J 
(P-q)-structure'

Proof. I f  the rdnk of !  rs minlmal '  2r-n' Then s = 0' Thus !satis-

f ies :

- D-q
( 2 . 1 5 )  E " = 0 '

Following the general nomenclaturet rde cal such a structure a E(p-q)-

structure.

3 .

Let!,be . 3(P, 
-(p-q))-structure of rarik r '  Then the Nljenhuls

tensor  N(x ,Y)  o f  3 is

(3 .1)  N(x,Y)  = (  gx,7YJ -  3 [9x ' tJ  
-  E[x '  gYJ + E '  F"vJ '

Equatlon (3.1-) in consequence of (2'1) and (2'9) can also be expressed

in the fonn :

(3 .2 )  N(x ,Y)  =  N(sx ,sY)  +  N(sx ' tY)  +  N( tx 'sY)  +  N( tx ' tY)

rf the distr ibution s is integrabl.e, N(sx,sy) becones the NiJenhuls

A a 4

tensor of 3/s==i E" '  I f  the distr ibutiolrt  t t  integrable' N(tX'tY)

also becomes the NiJenhuis tensor of 7lT 
==z E, '

Let d," ! be Lie derlvative of the tensor fielil 3 
wJ-th respect to

a vector Y. Then we have the definition :

4 .

ti(

Ttl

(r

(1

PI

di

sl

(:

TT

ElI

(r

g

(/

Nr

!
sl

ol
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(3.3) ( i ,y lYY = g[x,YJ - f  3x,g ,

vhere €" t ls a tensor f1eld of the same type as g . Now by vlrtue

of (3.1) and (3.3), $e obtain

N(sx,rY) = E( *tY S )sx -  ,  
€."  

I  )sx ,

N( tx ,6Y)  =  E(A" r  E  ) tx  -  (  d=syE) tx  .

(3 .4 )

and

(3 .s)

4. Inrcgrability ccrnditl.ons

In thls section, ue shall obtaln the pattial Lntegrabllitf condl-

t l .ons of the 
3(e, 

-(n-c))-structure.

Theorem (4.1). Ior any trro vector fLelds X and Y, the'fol lowing hold:

(f) The dlstrlbution S ls lntegrabl,e if and only lf sN(sX,sY) = 0.

(ff) ffre dLstrlbution T is lntegrable lf anil only lf sN(tX,tY) = 0.

!g|, tt is well known that for any trdo vector fields X and Y, the

dlstribution S and T are integrable Lf and only if t.l!X,sY./ = 0 and

sftXrtUJ = 0, respectlvel-y. Thus by virtue of (2.4), (2.8), (2.9) and

(3.1), the theorem fol lorrs.

Ttrqotem (4.2). For arqr trro vector flelds X and Y, the dlstrlbutions s

and T are both integrable lf antl only if

(4 .1 )  N(x ,Y)  =  s .N(sx ,sY)  +  N(sx , tY)  +  N( tx ,sY)  +  t .N( tx , tY)

Proof. In conseiquence of (2.1), equatlon (3.3) can be expressed as

(4 .2 '1  N(X,Y)  =  s .N(sX,sY)  +  t 'N(sX,sY)  +  N(sX, tY)

+  N( rx ,sY)  +  sN( tx , rY)  +  t .N( tx , tY)  .

Now the result follows by virtue of the equation (4.2) and Theorem (4.1).

Theorem (4.3). I f  the distr lbutfon S is lntegrable, a necessary and

suffLctent condit ion for the almost product structure defined by f/s=1,

on each Lntegral nanifold of S to be integrable is that, for any vector
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field X and Y,

( 4 . 3 )  N ( s X , t Y ) = 0 '

which is equivalent to :

( 4 . 4 )  s . N ( s X , s Y ) = 0 .

Proof. Suppose that the t l istr ibution S is lntegrable' then!induces on

each integral manlfold of S an 41most product structure' The lnduced

structure is integrabLe if and only if its Nijenhuis tensor vanishes

identical ly. Thus theorem fol lows'

Definit ion (4.1). We say that the !(n'  
-(n-C))-structure is rsn-Par-

ti-a11y integrabl-er if the distribution S 1s integrable and the almost

product structure lnduced from ! on each integraL manlfold of S is also

integrable.

Theorem (4.4). Tor any vector f leld X and Y' a necessary and suff icient

condlt ion for the !(n, 
-(n-A))-structure to be s - integrable ls that

( 4 . 5 )  N ( s X , s Y ) = 0 '

P r o o f . T h e p r o o f o f t h e T h e o r e m f o ] ' l o w s f r c n r t h e T h e o r e r n ( 4 . 1 ) ( i ) a n d

( 4 . 3 )  .

Theorsn (4.5). I f  the distr ibution T is lntegrable' a necessary and

sufflcient condition for the E 
(n-O) structure clefinetl by F/, = E, on

.,each integral manlfold of T to be lntegrable is that' for any vector

f ield X and Y

( 4 . 5 )  N ( t x , t Y )  =  0 ,

r,*rich is equivalent to :

( 4 . 7 )  t . N  ( t x , t Y )  =  0  .

Proof. The Proof of

o f  Theorm (4 .3 ) .

Def in i t ion  (4 .2 ) .  We

tia11y integrabler i f

the theorem follows frm a pattern of the proof

say that the !(e, 
-(n-o))-structure ls rtn-Par-

the distribution T is integrable and the 5(P-q)-
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structure 3, induced frcm g on each integraL manifold of T ls also

integrable.

Theorem (4.6). For any vector f ields X and Y, a necessary and suff i-

cient condit lon for the !(1, 
-(p-q))-structure to be tn-Part ial ly lnte-

grable is that

( 4 . 8 )  N ( t x , t Y ) = 0 . ,

proof. Ttre proof of the Theorem fol lows frm the Theorem (4.1)(1i) and

( 4 . s ) .

Definit i6n (4.3). We say that a g(n, -(n-l))-structure is rpart lal ly

integrablet i f  arrd only i f  i t  ts sp-part ial ly integrable and to-Part ial ly

integrable slmul taneously.

theorem (4.7). For any vector f ields X and Y, a necessary and suff lcient

condit ion for the 5(p, 
-(p-q))-structure to be part lal ly intdgrable is

that

( 4 . 3 )  .  N ( x , Y )  =  N ( s X , . t Y )  +  N ( t x , s Y )  .
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fue Besults 0n fsotopes Of Groups

Phtillendu Das

'A 
quaeLgroip C is defLnetl to be a system of three cmpositions vLz.

product (t ."),  rLght t l l .vl .sfon (t / t) .  and left  dl,vl .sion (r\-r) such that

fo r  every  a rbrc€  G,  eb  =  c  4=)  c lb  =  a  a=9 a \c  =  b  . ,

Functfons are understood to operate on the right.

An Lsotopy of a groupoid c1 onto a groupoid G2 with produots 0L,02

Ls  de f lned to  be  a  t r ip le  h  =  (d ,  P ,  J )  where  4 ,  p  r f :  c l -+G,  sa t ts fy

(o(xF)  02-  0 r9  An r ,so topy  o f  the  fo rn  (< ,p ,  rg )  o f  a  g roupo ld

(G, 0f) onto a groupoid (c, 0Z) Ls said to be a prlncipal lsotopy.

A quasl.group G ls sal,d to satf.sfy the left (resp, right) property

Lf there ext.sts a blJectlve mapping I (resp. p)r G -+c sueh that

.l*1 = r,;tr (resp. Rir - n*p) wtrere r4-<, k( are the left and rLght

traasletl.ons by x tn G . ) (resp.pl le eald to be the left (reep. right)

lnveree operator tn G .

Theorem 1: Let (G,') be a group and let (G, o) be 
'obtaYned 

frm

(G,') vta a prLnci.pal lsotopy ( s(, p, 1c): (c, o) -+ (c, ' ) .

Ttren (G, o) poeeesses a left (resp. rlght) ldentlty aad satlsfl.es the

left (resp. rlght) ltrverse property having f as the left (resp. right)

inverse operator Lf anil only lf there e:<Lsts an elernent a ( G such

that p= 1!1 (reep. c(- nif  )  ana f{- ,( l  La Ra (resp. ep- F i  La Ra)

where La, Ra are the left  and r l-ght translatLons by a and r ir  ls ' the

inveree operator ln (Gr').

' 
Proof': Let (C, o) poosess a left iclentity e and satlsfy the left,

. lnverse property harrl.ng P as the left Lnverse operator'.

!&r have, x o y - x4. lF fot every xry € G (1)

x; e {n (1) Ltves y = y'pL€if,or every y € G where a = e<.

. ' .  p=  r , i l  a rd  then x  o  y  =  x { .a - ly  fo r  every  x . ,  l  G.G. l

I
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A g a i n f o r e v e r y x , y  € , G , Y = T ? o  ( : o y ) - x 9 d '  t - t  k < '  
" - 1 y ) '

. . : .  x  P o( .  
" -1 

*  o(" -1 = 1r f rere 1 Ls the ldent i ty  tn  (G") '

:'. x P o( = 1t-1* d .-1)-l x o(1l'aRa for every x€ G

Po( 
= { l ] ,a  Ra'

Conversely let there exist an elenent a € G such that p = Lt-l

and p o( = dil,a Ra.

- 1  ^ J  
- l  ,  - - 1 - - - -

L e t  a  o (  =  e  .  T h e n e  o y = e o ( '  a - ^  y - a ' a  
- y = y  

f o r

every y €G . e Is a left  t<tenttty tn (G'o) '

A l s o  x  p  o  ( x  o  y )  =  *  P o { '  
t - l  * d " - l t '  =  a  ( x x  ) - l a l

" -1  
*  d . -1y  ( ' . '  P ' { ,  

=  a ( i  La  na)  -  y  fo r  every  x ,y  €  G '

.1. (G,o) satlsf ies the left  Imrerse ProPerty lraving P 
as the left

Lnverse operator.

The other case rlay be stnilarly tll-sposed of'

Ttiecit'€flil 2: Let (Gr.) be a group and let (G' o) be a prLncipal

l so tope o f  (G, . )  under  a  p t lnc ipa l  l so topy  (  o ( ,  p ,  IG) :  (G '  o )  -  (G" ) ' '

Then (G, o) poseesees an element a such that Ra = La - I lf' and only

l f t h e r e o < i s t b , c € G s u c h t h a t b e = a m d a ( = l S b ' P = i f c

wtrere Ra, La (resp. sa, Ta) are the rfght, left translatLong by a ln (Gto)

(re"sp. (Gr.)) and i  ts the lnverse oPerator tn (G") '

Pro.E-. Let there exlet an elenent a in G such that Ra = La = i'

L e t b *  ^ P I ,  c = a d l .

S L n c e  R a  =  1 ,  x - l  a x  o  I  - x o (  .  a  p  = x  d .  b - l  a n d

thenxa(  =  x - lb  =  x  1  Sb fo r  every  r  €  G.  . ' .  o (  =  i  SU '

Slmtlarlv 9= I Tc.'  
-1 -1 -1, - l

Agaln a o a = a gives a-'.= a-'bc a 
- 

and then bc - a'

Corwersely lf brc € G be such that o( - lSb , F 
= iTc then

bc = a € G is such that Ra = La = f'

D € f i n i t l . o n l : A g r g u p o t . t ( G , . ) l s s a t d t o b e a n l s o - g r o u p l f t h e r e

exl.sts a group (c, o) such that r.t and for ate connected by the teLatLon

xy = a.-P o y p nhere p is the irwerse operator ln (G' o) '

fiiedfeoi

e*lsts an el

(i)

(r1
(rrr)

for every *,

Pfoof:

f  
. l  L s

G,y (r) ). st

(t) and

the equatior

(

e K = x €

and y by ex,

- (e (xre) . (

g r r x e

Agaln r

e (ee)  =  gg .

L e t x c

the left ant

Then (I

( G r . )  l s  a  1

Since I

G'y (f l )) '=

group.

e l s t l

e(re) (by (:

Since :

- e (by (1).
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fiieoregi 3: A grorpold (G,.) is an iso-group if,and only lf there
er(l.ats an eLement e Ln G sattsfyl"ng the follovlng conditlons

(i) x(yx) = Gy)x = y,

( f f )  e (ex .ye)  =  (ex .  ye)e  =  yx ,

( i t t ;  
.el . ."" = yx.ze

for  every  x , ry rz  eG.

Proof: Let there exlst an element e in G sarisfylng (1), ( i i ) ,  ( i i t ) .
t . t  i s  canca l la t f , ve .  For  ba  =  ca  ==r  b  =  a (ba) (bv  ( r ) )  =  a (ca)=c

(by (f)).  Sfmtlarly ab = ac ==+ b = c.

(r) ana the cancerlattvity of r. r shors that the unrque sorutions of
the equat{ons xz = y afr, zx = y are yn and xy respectiveJ.y.

(c,. ' )  ts a quaslgroup.

e ; K  = x e  f o r  e v e r y x  € G .  F o r  L f x  = x l x 2 r _ t h e n  r e p l a c i n g  x  b y x r e .
and y by ex, in ( i l ) ,  one gers thar e(e(xre). (exr)e)
'  (e&fe).  (e(xZ)e)e ie,  e (xrxr)  = (xrxr)e (by ( i ))  r" ,
e x E X e (1 )

AgaLn replacf.ng x,y by ee Ln (it),and ustog (t) one gets that
e ( e e ) = e e . e e  .  e e = e  . . .

Let x o y = ex.ye = xl,e. yRe for every xry 6G rfiere Le, Re are
the left and rlght translations by c in (G,.).

Then (Le, Re, IG) ls a prlncl.pal isotopy of (G,o) onto (G,.).  Slnce
(G'.) ls a group, (Gro; 1" at least a quaslgreups.

Since for every x, yt z €G, (xoy) oz = e (ex.ye). ze = W.ze
(by ( i l ))  = ex. zy (by (f f)) = ex. (ey.ze)e = x o (yoz), (G,o) is
group.

e is the Ldentt ly elenent tn (Gro). For, e o x = ee.xe =

e(re) (by (2)) = x (by (r)).

Slnce x o ex = ex. (ex)e =. ex. e(ex) (by(l  ))
- e (by (r)) ,  te = g. Sl.nce Le = Rer Re = g.

(Cr.) ts an Lso-group.

81
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Conversely 1et (Gr.) be an lso-group' Then there exists 4 group

(G,o) such that x.y = x9oyll' laen the f'leotity eleoent c ls (G'o) ls

an element sattsfying (f),  ( f i ) ,  ( i i i ) '

Deffiiition 2: A groupoi<t G ts said to be totall'y sy@etrlc if it

is c@mr.rtatfve and x(xy) = y for every x,y € G' G Is said to be abell^an

!f for every a,b,c,d € G., (ab) (cd) = (ac) (b' l) '

T h e o r e n i 4 : A g r o u p o i d ( c , ' ) t s a b e L t a n a n d t o t a l l v s y r m e t r L c i f '

and onlv if it can be obtained frcn a c@utatlve group (G"o) vla an

isotoDv ( i . t 'Ta): (G,.) + (G,o) r ' trere i  ls the lnverse operator arrd

Ta the right translation by a in (G,o)' Moreover, (G") Processes an

ldnpotent element if, and only if Ta = IG'

Pro,of: I€t (G'.) be abelian and totalLy s)@etric '  
t ' r  ls cancel la-

t l v e . F o r , a b = 4 g = 7 = ) 6 = 3 ( a b ) = a ( a c ) = c ' T h e u n l q u e s o l u t i o n o f

the.equation €lx = b ls ab..r.  since (Gr.) is comautatlve, l t  ls a quaei-

g roup.  Le t  p  eG.  Then there  ex is ts  an  iso topy  q  ,Y ,  Ta) :  (G" )  - -+

(G,o) r^rhetre (Gro) is a cmutatlve group havl.ng p as the iatentlty element'

$ , t f rde t rned 
by  the  re la t ions  { { f  =  ( (xp)p) /  ( ( (pp)p) \p )  '  ' ( x ) tV  =

(p/p)x for every x € G are ccmuting autcnorPhlsms of (C'o) and a =

bp)i (((pp)P) : .  P) (Das [2J) '

Since (G,.) ts abel ian,and total ly s)nmetrtc'  (x)f = (x)y = 1nn)*

and a = (pp) (pp). Also Q' 
= t".

(  =v= t.  For, for every x € G, x p ox = xf(pp)x)/oa= PPoa

( ' . '  (G, . )  i s  to ta l l y  s lmet r i c )  =  p  op  ( " 'p ls  an  au tonorph ism o f

( G ' o ) )  =  p .

( ir i ,  Ta) is an isotopy of (Gr') onto a conlrrutat lve group

( c , o ) .

I f  (G,.) possesses an LdemPotent elementt then i f  we take p as that

idempotent element, then Ta becmes IG'

conversely i f  (Gr.) be obtained from a ccmmutative group (Gro) vla

an isotopy ( i , i ,  Ta) :  (G,.) ---+ (Gro), then i t  carl  be readiLy

verif ie.d that (Gr.) is abeltan and totalLy sFmetrlc '  Moreover'  l f

Ta = IGr then the ialentity eleoent in (G,o) is an idempotent eleoent lt!

(c ,  .  ) .
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coroLr.ary 1: rsotopic totally synnetric abelian groupoids possessrng

id€opotent elements are isomorphlc.

Proof: Let (c, 
f  )  

"a 
G,V) be two isotoptc rotal- ly symetric

abeLian groupoids possessrng idernpotent elements. Then by Theorem 4

f :", f ; :, " il' il :": i'J,V, 2:.' ],'I ::T"l",ii":, :: :. f" 
=,"

(G, 
Qt ),  (H, 

f  
t)  respectivel-y. since rhe relat ion of being lsotopic

Ls an equivalance relat ion, the groups (C, 
fr),  

(H, 
{r) are isotopic

and therefore they are isonorphic. Let o(be an isomorphism of (c, 
ft)'o r t to  (H, { t ) .  men 

fd .  
=  ( t  x  r )  

Q '6  
=  ( i4  x  i c (  )  

-2y ' '  =  (o ( i ,  x
4. r , )  y, .
( ' . '  i c ( = d t r )  =  (  d x o (  )  ( ! t  x  r t ) z { t  =  ( o ( x  4 )  y .

{ is an isomorphism of (G, p ) ooto (H, tfr)

Theorem 5: A necessary ancl sufficient csadltLon that a groupoLd
(G,.) may be an abelian r lght (resp. left) Loop of exponent 2 is that.
(Gr.) can be obtaineil from a cmmrtative group (Gro) vl.a an isotopy
( IG,  i ,  IG)  ( resp .  (1 ,  I c ,  IG) ) :

(Gr.) --) (Grg) rhere i  is the inverse operator tn (Gro).

Proof: The sufficiency of the condi.tion is obvlous.

Next Let (C,.) t" an abelLan right loop of exponent 2 wlth e as
the rl.ght identity. rf x o y = *. yle-l , then (Gro1 1" a c@utative
group w'Ith e as the identlty elernent (Das [2J). Since x. g ex = *. e*L"-l
=  x .x  =  e ,  Le  =  i .  ( IG, i , IG)  Ls  an  iso topy  o f  (G, . )  on to  a  c@uta_
tlve group (G,o;.

The case of a left  loop may be sini lar ly disposed of.

coroLlary 2: rsotopic aber-ian r ight (resp. left) loops of exponent
2 are lsonorphic.

The proof can be constructed as in cororlary 1 by usrng Theorem 5.
Theorem 6: A group isotopic to an abelian quas{group is cor'mrtative.
Proof: Let G be a group whlch ls isotopfc to an abelian quasigroup

(H,.).  Since (Hr.) is an abell .an quesigroup, i t  is isotoplc to a
cormntative grorp (H,o) (nas [2h. slnce the relation of being isotopic
ls an equlval'ence relation G ancr (IIro) are isotopic and therefore thev
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are isomorphlc' Since (E'o) is comutative' so also is €'

Ttreoreo 6: Every principal isotope of a c@utative group (G' *)

t s : a b b l i a n l f , a n d o n L y i f f o r a n y t w o b i J e c t l v e m a p p l n g s d ' p o t G o n t o

itsel i ,  themappin"-"" '  4n' Qp: 
G € G clef lnetl  by the relatrons

(*)4". = (x)c( - (')d I c"l'9u 
1 

{x)F - (o)p for everv x € G

. ritrere o fs the null el'ement tn (G' *) are trp cc@rtlog autoorphlsos of

(c, +)

Ttre rezu1t follows fron Letoas 1 antl 2' oas [2J'

cordllery 3: ff there exist two biJective napPings of a cmuta-

t i v e g r o u p ( G , + ) u h i c h l e a v e t h e n u l ' l e l e n e n t o f ( G ' + ) f t x e d a n d w t r l c h

do not cmmute' then 4t I'east one of the prf'ncipal lsotopes of (G' +) ls

not an abellan quasigrouP'

Thedren,T: Every prlnclpal lsotope of a group of order -<3 le an

abelian quasigrouP'

!g!, 
The result is otvlous for a group of order 1'

Next. let g - 
{ a' tb } ' te 

a group of order 2' The-addlt l 'on teble

in G, may, ailthout-any loss of generaltty be taken as:

Ttre only bl'Jecttve oappings of G onto ltself are d' = IG and

o., :"i; "'ii_ 
1*j:, .:. tl i,""::,':,Lili:',::l;,'1,:.*.

and fut, 94z to

of G is ao abelian quasigrouP'

Ftnally let G = 
t"' 

O' t 
! 

Ut a grouP o-f orilel-3' 
-T 

tt" assume'

wlthout any loss of geleraltty 
-tt'tt 

the a'lditlon table of G Ls

a b c

a

b

c

b c a

c a b
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the only bljective nsppings of G onto f.tself are

d 1  = r c '  4 z =  ( :  i  i r ,

85

.  . a  b  c .
d l =  ( b  

"  " ) i

d . .  = ( a  b  
" r4  ' b  

c  a "

r ( t = ( : I  ;  , , d . 6  = ( : b
b

c \

T h e n  Q q r =  I G  f o r  i  =  1 r  4 ,  5  a n d  4 O r =  4 ,  f o r  i  =  2 ,  3 ,  6 ,

IG and d,2 are automorphisns of G and they comnute. . ? 
By Theoretn 6

every princLpal isotope of G is an abelian quasfgr'eup.

Ttreoren 8: I f  (G, +) be a group of order )3, then at least one

of the princlpal isstopes of (G, +) is not an abelian quasigroup.

Proof: Let a, b, c be any three dist inct el"ements in G none of

wtr ich is the nuLl element in (G, +). d, 0: c --> G are deflned as

fol lovs:

(a)o( = b, (b)6( = a, (x)c( = x for every x ( * a,b) in c

( b ) p  = c ,  ( c ) F  = b ,  ( x ) p  = x  f o r  e v e r y x  ( * b , c )  i n c .

Ihen c( , p are bijective, Leave the nu11 elenent of (G, +) fixed

b u t  o ( F +  P d s i n c e  ( a ) " < P  =  c  *  b  =  ( a ) p a  B y  C o r o l t a r y  3 ,

at least one of the princlpal isotopes of (G, *) is not an abeLian

quaslgroup.
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E>rtended Decompositi-ons of Topological

Vector Spaces

Kha1fl Atmadl and P.K. Jaln

1. Iritrdduction

The concept of extended Schauder decomposition of a topologlcal

vector space (TVS) uas firstl'y glven by Fl'emlng and Ruckle tn' flJ. In

fact, they genera].lsed the concept of Schauder decmpositlon of TVS by

replacfng a sequence of subspaces by a net or fanily of subspaces and

obtal.ned certain rezults on sxtended Schauder decomposltions of TVS

r*rich are already known for Schauder decompositions and vector sequence

spaces. ThIs study was further contfnued ln 1ocal1y convex spaces by

wbb [6J.

Our aim in this paper Ls to obtaln certain more results on

extended Schauder decomposftions of IVS. A necessary and sufflcient

condition has been obtained for a fmlly of subspaces of TVS to become

an extended Schauder decomposLtLon.

2. Notatfons and TerminoLogy

Let A be a d{rected set and Z- be the set of al l  nonempty f inl te

subsets  o f  A .  I {e  denote  the  members  o f  f  by  6 r t ,  to ,  ao , . . .  .

In general,  r le use 
I ia. 

denote sets, fJ to denote the closed

llnear spans of the lndicated sets, and ( ) to denote the nets or

famil ies.

Let X be a TVS. A fanl ly (t .r)taO of subspaces of X ls cal led

an extended decmposlt ion of X i f  for each x € X, there exlsts a

unLque..t  (*.c)4e^ , Xc( € Mcc c(.€A such that 
" 

= 
c.Frf 

xoa the

convergence being in the topology of X. The unlqueness implles the

existence of (not necessari ly continuous) assoclated proJectlons P*

of X onto M* such that PofU uop oB , where *op o for ufB

and &o"  =  1  fo r  q -=p  .  I f  we wr i te  Qo= 
-1  -Pq. ,6e  

Z  '  then  QO Qc
nrr 

P Sse Sontlnuous (equl-conti-=  Q6 l ' to r  
a l l  6  ,  c  eZ .  I f  each - .a

nuous), the extenc,gd deconposltion is called an extecd'ed Sch*uder
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decompositlon (equi-extended Schauder decomposition) and r^re denqte it

by (Mo,pa)qen . Thus the f ml1y GJo( e n of closeil subspaces of x

is an extended Schauder deccmpositlon' of X if lln 
..?o 

to(") = x or

Lin Q-(x) = x, for each x € X'

6

' Now, we state sone results in the fom of the lmas whtch tre

shal1.be uslng in our uork'

Lesiqia 2.1. Let x and Y be tyo topologlcal vector spaces' Let

te^ )l o 
and (Q 

F) p . or 
be the follies of pseudonorms generatlng

the topologies on X aad Y, resPectlvelYi D' Dt belng the directed sets'

A linear oap f: x + Y is continuous if and only if for every p € Dr '

there exlsts i € D and a number M > O dependlng on p anil lndependent

o f  x  €  X s u c h . t h a t

c . .  ( f ( x ) )  3  M P ,  ( x ) '  f o r a l l x  €  x '
' p

:es whose
Lwra 2.2, Let X and Y be tr^lo toPological vector sPac

topologles are generated by the families of pseudonorms (p 
 )   e n 

ttd

(Cn) 
^ e Dr ' ;respectivelYi D' Di being directed sets'  A fa$l ly of

'linear 
maps from X into Y ls equl-continuous if and only if for each

p € .D ' ,  there  sx ls ts  a  I  g  D and a  nr 'mber  M )O such tha t

q . ,  ( f ( x ) ) 4 M P ^ ( x )
r

fo r  a l l  x  €  x  and t  e?  '

Lenma 2.3. (i) A conrplete subset of a llausdorff topologlcal vector

space Ls closed.

(1t) nvery closed subset of a ccnnplete toPological vector space ls

conplete.

Lema 2.4; Let A be a subset of a topologlcal vector space x'

and Y be a complete llaustlorff topological vector space' If f ls a

continuous linear map frour A lnto Y' then there exlsts a unlque conti-

nuous l inearoap f fromi lnto Y such that F(x) = f(x) for aLl x € i '
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3. Main R9sul,ts

'Theoren 3.1. Lbt x be a l{ausdorff topologlcal vector space wtlere
the topology on X is generated by the fani ly D of pseudonorns prqrrr. . .

and (M 
orP .<) q €n 

b" an equi-extended Schauder decornposition. Then,
for each p € D there exists a q € D and a constant K > O depending on
p such that

o ( . r ? d  " A c r q ( q ? s " J
fo r  a l l  6 , t  e>  w i th  6  e  c  and fo r  any  ne t  (=  

?nar ro f  
X  wt re re

x *  €  M o ,  q , e ( .

Proof 51nce (MOrp/4eA is an equi-extended Schauder decomposit ion,
the project ions Q O 

's are equicontinuous. By lemnra 2.2 for each p 4 D,
there exists a q € D and a constant K ) O clepending on p such.that

p(Qd(x) )  (  Kq(x ) ,  fo r  each x  €  x .

rn part icglar '  1et x = 
qEc "q. 

xoa €r 'Mo] d.e(,.  Then x = 
e(Eo 

*..

= 
q\r Pa(x) = Q6(x). For 6 e 

(,  wre have

n(Qo(x ) )  ( .K  q (x )

r (Qo(Qn(x)) )  < r  q(a lx) )

P( 
a?a 

-d ( r q( 
fr "J'

Theorem 3.2. Let X be a conplete Hausdorff  topological vector
space and 

%)Oan 
be a faniLy of nontr l .viaL closed subspaces of X

such that f4!a 
'd = *, Then ol/.aa^ ls an er<tended schauder

decornposition of x r.f for each p € D there exists a q e D and a constant
K ) 0 dependlng on p such that

( 3 . 1 ) p( 
..io 

*.r) ( r q( 
*?. 

xo)

for aL1 6, T e Zdrh 6 e < and for all nets ("doa^ of X where

*o d 
"o, 

q. eA.

8 9
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Ptoof, fet V O 
= f y-- UOf' I{e shaLl' prove by inducti'on that

q.Q6

B^ = O Ma for aLL 6 eZ . If 6 has only one elenent' then clearly

-  
C ( € O  .  - - - - r r  L ^  + m i 6  f ^ r . l

E6 = 
? - 

il.a = Md. Now, let us assume that the result be trtre for d

q. fo 
'c( - 'd'

contal:J; n elements. lhen, ve w111 lrove it for a set z€Zcontaining

r*1 elements. Let x € E a. 
Then there ls a net tx^ ) rapt 

tn

t U t{J such that tP,*, - xt nihere Dt ls a directed set' Now

q.e<

-;:- 
&.o"lo 

'*Oo.a to , ct ' e( ' Frm (3'1)' re have

( 3 . 2 )  n o r r c c  - x * o ]  < . x e t  
; V r . r t ^ . . - ' F J )  

= * o - o ,  - : / ' ,

Now (x1) 
leot 

1" a-cauchy net' Hence bv (3'2) (r 
^J 

t" a Cauchv

net Ln M*for each o(€(' But Mc(is closed' ttrerefore by lecma 2'3'

tt ts cJplete and hence lim 
"i.a 

*.a.fot scme xoa € !1og Also by '

contlnulty of acldltlon ln TVS, r*e harte

tT "^ 
= rfio t 

nt "il 
= 

&o,tf 
*^? = 

& ".

This tmplles that 
" 

= 
Srnx* 

slnce X ls llausdorff' Thus any

x (.8'" can be rnirren Ln rhe form x = 
n7-"* 

"1t-n* 
**"'

A lso,  E 
6QM4u6 

= to i  .  suppose Ecf l  Mz-a lE to l  '  Then there

e J c i s t s  a o n e x  e E e A M t - 6  +  x e E " a n d x € ' Y t ' 7 - 6 ; '  L e t p q D b e

be arbftrary, then fron (3'1)' r€ get

pk) = ,, 
zo "J 5 t<q( zz-,*J,

= -x ,  5  eA u6.  S ince  X ls  Hausdor f f  and p  eD

= e I l c = o .  T h u s E " = o - 1 " " *

Now,  ve  t le f l ,ne  Q6<,  BrnE6 (6C ' ( ' )  by  Q64(z)  =  * '

w h e r e  z  €  8 " ,  , ' * ,  x  e E 6  a n d  y  6  
O ! " * O  

' d  C l e a r l y '  Q d z i "

well <leftnecl proJectlot of Et onto BO and

p(Qd-z (z)) = p(x) : !  Kq(x+v) - Kq(z) '

where re choose x6

ls arbltrary, P(x)
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T,hus by lema 2.1, Lt fol lows that Q6,z 
t6 are contlnuous for d, zet.

N o w ,  l e t t r s  a s s u r e  t h a t F  = { *  € X :  x €  E "  f o r  s o m e  ? € E } .  T h e n

U Ud C F. Ilence by hypothesLs F = X. Further, for 6e Z , re
q .€A \

de f ine  a i  :  r -+  EO by  a l t r )  =  eO,  $ ) ,  where  y  eEz,  TeZ.  C lear ly ,

q; is coritinuous proJectLon since each Q6,z ls continuous and

t
Qi-tr) = oitaitr)) ='Q66 (Qi(r)) = ai(v).

Each EU is cLosed, hence by Lenma 2.3, Lt ls cmplete. Thus by leqlna

2.1, Q& has a unl.que extension Q6 on F = X.r*rose range l-s Eo-

Nor,!: shall. prove that (Qg) is equl-c,ontinuous fally. Conslder

a net (x(A)) (wtrere W is a directed set) in F. Then lim *(l) = *
) ( w  . ^

for sme.x € X. By contLnuity of pseudonorps a:rO, ne have

rp n(*( 
) -  x) = o for each p € D. Alao, Qo(x0)). Q6.k), elnce Qn

Lg cortl.nuous. Now for p e D and 6 eZ (arbitra.ry but fixed), we have

p(Q6.&)) = p(Q6.(x- *('\)1 + oo<5$)ll

a i ,ooo - *( l )))  + t(Q6(*G))) for scme r €D

<. (%(* '  -  * ( i ) ) )  +  r " r { * ( l ) )  fo r  sme tL  eDand K )o

( t(Qo(x -  *( l )))  +.  rq1*(A) -  x) +'rq(x)

wtrere q g D. tu.-Q"(*(A) -  x)-ro (  df txed),  hence r(QC(x -  *( l ))y -+o

for all r e D. Ttrerefore

(3.3) p(Qo(x)) < rq(x)

for all x e X. By Lftma 2.2 this shows that (Q6) fs an equlcontLnuous

fanily. Further, we shall prove that r - lP Q,(x) for each x € X.

F o r  t h i s r  l e t x €  X ,  p € D  b e  a r b l t r a r y  h r t  f h e d  a n d  € ) O  b e g l v e n .

Tben for any y e X ne have 
\p 

such that

n(Qo. (x )  -  x )  <  s (Qr (x ) ' -  y )  +  s (x -y ) .

Also by (3.3) there existe sl € D such that

s ( Q c ( x ) )  S  K  s 1 ( x ) ,
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where s, is independent of ? and K is independent of x e x' Further'

! { e c a n f i n c l r 6 D w i t h r ( x )  2  - a x { s ( x ) '  s , ( x ) i  t o t a 1 l  x  € x '  s l n c e

F=x ,  t he re  ex i s t s  sone  y lE6 t  6€za r l d '  r €  D  such  tha t  r ( x - y ) (  E  '

L >  o .  T o r Y € 8 6 , x € X a n t l  6 9 Z ' n e h a v e

p(QJx) - x) S s(adx) - Y) + s(x-Y)

= s(Q"(x-Y)) + s(x-r)

3  K s t ( x - Y ) + s ( x - Y )

S (r+1) r(x:Y)

Brt p € D ls arbltrary' therefore lLm Q"(x) = x' Also Q a,Q'f Qanc

"rra 
lc(x) = goa if d contains only one el-enent q' For 6 9 a ' where

d contalns n elements and ? contains n*l elements' we have

Q< - Qo = Po(, 4ea -6 ' Therefore', (Q< - Qdr)(x) = rot(x) = Mt{.

for o( € A . Hence (Mq,Pdo(g^ is an extended Schauder ddconposition

of X.

Remark. Theorem 3'2 gives sufficient conilition for the fmlly

Gdotrn of nontrlviaL cLosed subspaces of X to be an extended Schauder

decoarPositlon of X' In fact' it Ls equi'-extended Schau<ler decompositlon

. o f X .

Theorems 3'1 ancl 3'2 car- be cmblned as follows:

Theorern 3'3' Let X be a cmplete llausdorff topological" vector

space and (Ud4en be the foily of nonttlvlal closed subspaces of X

suctr. thar l: qf,r 
tJ = *. 

itl.l4"e,r 

1' an equiortended schauder

decoupositlon of X i aoa only if tor eact' p € D there exists a q e D

and a constant K ) O itepending on p such that

p( aEc "d 3 rqt 
"?. 

"J

fo r  a l l  6 ,  T  (Z  w ' i th  6CT ar rd  fo r  a l l  ne ts  (x io (€A '  xo(eM{  c rLe  n '
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