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Coincidence Theorems and Fixed Point Theorems
on 2-Metric Spaces and Applications

Virendra

Abstract:

Coincidence theorems for three maps on an arbitrary set with values
in a 2-metric space and fixed point theorems for three maps on a 2-metric
space are established. Our results extend and unify several known results

in metric and 2-metric spaces. Some special cases are discussed.

S, Gahler [1] investigated the concept of Z-metric spaces in 1963
and published subsequently a series of papers (2] - [4] relevent to this
topic.

A 2-metric space is a space Y with a real valued function d on
Y x Y x Y satisfying the following conditions:

1) for two distinct points a, b there is a point c such that

d(@, b, c) # 03
ii1) d(x, v, 2) = 0 if atleast two of the three points are equal;
ii1) dGe, v, 2) = d&x, z, ) = dly, 2, x);

iv) dx, v, 2) < dlx, y, u) +dx, u, z) +dlu, y, 2)

Iseki-Sharma [7,8] initiated the study of fixed points of contrac-
tive maps on 2-metric spaces. For an extensive bibliography comcerning
the mathematics on 2-metric spaces and fixed point theorems on 2-metric
spaces, refer to [15], [16] and [17].

The study of coincidence theorems for a pair of mappings on an
arhitary set with values in 2-metric spdces has recently been initiated
in [18]. The coincidence theorems [18, Theorems 1,2,3] extend and
improve the coincidence theorem of Goebel (6] and pave the way to esta-
blish improved versions of known fixed point theorems on 2-metric spaces

and product (2-metric) spaces.

AMS (MOS) Subject Classification: 54 H 25




2 Nep. Math, Sc. Rep., Vol. 10, No. 1, 1985

The aim of this note is to obtain coincidence theorems for three
mappings on an arbitrary set with values in a 2Z-metric space. As a
consequence we prove fixed point theorems for three mappings on a
2-metric space which extend and present improved versions of several
known fixed point theorems. These fixed point theorems are applied to
obtain new results what may be called fixed point theorems on product
(2-metric) spaces. We give an example to show that Corollary 2.1 of
Sharma [12] and Theorem 2 of Ganguly /5] are false in general. Theorem
3 and Corollary 2 of this paper present improved versions of Ganguly's
results [5].

Throughout this note, let X be an arbitrary set, (Y, d) a
2-metric space, N the set of positive integers, (D the set of non-nega-
tive integers and R+ the gset of all non-negative real mumbers. Further,
let H be the family of all upper semi-continuous (u.s.c.) functions
h:Ri—! R, which are non-decreasing in each coordinate variable and

) h(t, £, £, t, £,) ¢t for any £ >0,

Theorem 1, Let P, Q, T : X-»Y be such that
(1.1) d(ex, Qy, a) ¢<h( a( ™, Ty, a), d( Px, Tx, a),

d(Qy, Ty, a), d(Px, Ty, a), d(Qy, Tx, a))
for all x, y in X, for all a in Y and for some h in H ;

(1.2) There exists a sequence { xnineg

if n' is odd and ‘Ixn = an__l if n is even ;

in X such that Tx = Px
n n-1

(1.3) sup {dl( Txys ij, a) + 4, j > n, a€ Y and 1, j are of different
pari:i.esi = sup {_d( ’I‘xi. 'ij. a): 4, 3> m, a € Y](an,

for infinitely many n;

(.4) the sequence [Txn} has a subsequence converging to a point in
T(X)3

Then P, Q and T have a coincidence point in X, that is, there exists a
point z in X such that Pz = Qz = Tz,

Proof. Let S-n = sup {d('h(i_, ij, a) vi, §2mn, a € YJ.
Then Sn_ is finite for each m € N. Since 6n+l < En for any n € N,

& o COMverges to some §>o.
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Let, if possible, $20 if £ > n#l, j » ntl and 1 odd and J even.
Then by (1.1).
alm=,, Tx,, a) = dPx, y, Q% 4 a)

< h{ d(hi-l’ '.15;3_1, a),
d('i‘xi, Txi_]_, a), d(ij' 'ij_l, -ﬂ),

dlmx,, Ty, @), A0y, B g, @),

that s )

8. € h(Sn, Sn, S_n, & . §) for all 1<n €N,

So by the u.s. continuity of h,

E<h( 5, §, 8§, §,6) <9,
proving 5 = 0. Therefore {Txn__] is a Cauchy sequence, and converges
to some points b € T(X)., Hence there exists a point 2z in X such that
T¢ = b, Now putting x = z and y = Xonbl in (1.)) and passing to the
lizit we obtain

d(pz, Tz, a) £ h(0, d(pz, Tz, a), 0, d(Pz, Tz, a), 0). If for same
s € ¥, a(Pz, Tz, a) = t(say) # 0, then this inequality gives

€ ¢hit) £, 5 SthReiEs
& contradiction. Thus d(Pz, Tz, a) = 0 for all a € Y. So Pz =Tz,
Similarly Qz = Tz, This completes the proof.

Theorem 2. Let P, @, T : X =Y be such that
2.1) dlex, Qv, a) € h(d(%, Ty, a), d(Px, Tx, a),
d(er Ty, a), t, )
for all x, v in X for all a in Y and for some h in H, where
t= [d(Px, Ty, a) + d(Qy, Tx, a)] /2 ;
2.2) P(X) UQE) < T(X);
(2,3) T(X) is a complete subspace of Y. Then P, Q, and T have a

coincidence point in X.

Proof. Let @ be a choice function for the family {T_ly £
¥y € P(X) U QX) } , and xoe X. Then there is a sequence { xn"; SE N




-
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in X such that x = ('-I‘_1 Px ;) if n is odd and x o= Iﬂ(‘IFIQ;n_l) if

n is even. Following a standard technique, it can be shown that { ‘I"xns
is a Cauchy sequence, Now the rest part of the proof may be campleted
following the proof of Theorem 1,

Remarks 1. The condition (2,2) guarantees (2.1) for any x, € X.

2, The above theorems present improved versions of Theorems 1 and
2 of [18]. 1In fact, Theorem 2 [18] {s obtained as a special case of
Corollary 1 (below). th

3. A slightly improved version of, perhaps, the most general
fixed point theorem for a mapping on 2 Z-metric space due to Sharma

i a
012, Th. 1] is obtained as a special case of Theorem 1 (above) or
Theorem 3 (below) if X = ¥, P = Q and Tx = x for every x in Y. '
54
Corollary 1., Let P, Q, T : X =¥ satisfy the conditions
Thy
| |
(102)’ (1-4) and the follﬂ‘t‘ing :
n L2
(2.4) dlpx, Qy, a) < qamax {d{h&, Ty, a), d(Px, Tx, a), [ on
|
d(Q}'o Ty, l), of
s[d(Px, Ty, a) + d(Qy, Tx, a)]}
for all x, y in X, for all a in Y and some g in (0,1), Then P, Q and iy
T have a coincidence point.
Proof By (2.4), iss
Ll

Ay 427 Topg» 8) = dlxy , O, ., a)
< q.max { "‘T"znu' szn, a), st

;Id{n2n+2' T‘l‘n, a)!
and d(Txy Lqs TXp 00 Ty ) = 0. *s
It can not be that ol
'd'(T"Zml' TXgs a) £ 'sd(mzn+2, Txy o a) sz
for in such a situation
dGszMz, szn"l'l.’ ﬂ) ng!s q d(mzwz' sz!'l' a) - o

and so
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d(szn+2, szn. a) € 'd(TxZn-i-l_’ szn, a)

Y d{m.2n+2, “‘-211-1-_1’ a)

i d(Tx?!_n+:?.’ TXone Tane)

< kd(Tx2r_:+2’ Txy o a)

+35_q d (h2n+2’ Tx2u‘ a)

that is
y -1
d('l'xzn_‘__z, T:_czn, a) £ + gq) 2 d(-'I‘xzn_’_z, szn, al,

a contradiction, since (1 + fq)?--1 < 1. Hence,
d(Tx.'Zn+2' TM2'n+1’ a) £4 d(TxZn-i-l’ TxZn’ 2)

Similarly d(Tx, 3, Ty ,p, a) £q d(Tx, .o, Tx, 4, a).

Therefore d(Tx Tx, a) £qd(Px_, Tx _,, a).

whl?
In view of Lemma 1 [14], {Tknl is a Cauchy sequence,
Now the rest part of the argument may be completed following the proof
of Theorem 1,

Now we derive some fixed point theorems from the above results,

First we give some definitions.

Definition 1 /12/. For amap T : ¥ =Y and a fixed x. € Y, the

o)
space Y is said to be (T, x.) - orbitally complete if every Cauchy
0 ¥

sequence of the form T i x. is convergent to some u € Y, where X = 'I‘xﬂ_l

0
defines the Piccard sequence of iterates of T at X .

Definition 2, If, for a point X dn ¥, there exists a sequence
x (hew) in ¥ such that Tx, = Px _; if n is odd and Tx, =@ g if
n is even, then {Txn : nec-)} is said te he (P, Q; T, %, ) - orbit
or an orbit for P, Q, T at _x_o.

Defipition 3. The space Y is said to be (P, Q3 T, xo) - orhitally
complete for a fixed xoe Y, if every Cauchy sequence of the form 'I‘xrI

i
is convergent to some u € ¥,

We remark that a complete 2-metric space Y is necessarily Py 0%

T, xn) = orbitally complete for an orbit for (B, Q, T) at x_, while a

0’
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@5 Qi T, x'o) - orbitally complete space need not be complete.
Definitions 1-3 also hold for a metric (l-metric) space.

‘Theorem 3, Let P, Q, T : Y Y satisfy the condition (1,1) with
X = Y and the following:

(3.1) T commutes with each P and Q;

(3.2) there exists a point x, in ¥ for which T(Y) is (P, Q; T, xo)
- orbitally complete, and (1.3) helds., Then P, 0 and T have a unigue
common fixed point and the sequence {Txni converges to the fixed

point,

Proof In view of Theorem 1, there exist points = and b in Y such
that 'Ikn—- b =Pz =Qz = Tz,

By (3.1), PPz = PTz = TPz = TTz = TQz = QT2 = QQ=. So by 1.1),
d(ppz, Pz, a) = d(PPz, Qz, =)
£ h( d(pPz, Pz, a), 0, O, d(PPz, Pz, a),
da(ppPz, Pz, a))
< d(PPz, Pz, 3)
a contradiction unless d(PPz, Pz, a) = 0. Since this is true for
every a € Y, PPz = Pz, Thus Pz = b is a common fixed point of P, Q and

1. The uniqueness of the common fixed point follows easily.

Remark 4. A multitude of fixed point theorems on 2-metric spaces
may be obtained as special cases of Theorem 3, We mention a few. If
P = Q and T an identity map, then Theorem 1 of Sharma f12] 1s obtained
as a special case (see also Remark 5), while Shama's result generalizes
several fixed point theorems for a self-map of a 2-metric space. If T
be an identity map then Theorem 3 generalizes several fixed point
theorems for two mappings imcluding the result of Lal and Singh [9].
Theorem 3 extends the main result of Lal and Das [10].

Corollary 2. Let P, Q, T 3 ¥ =¥ satisfy the conditions -(3.1),
(3.2) and the following:

"y

E 8 M s
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(3.3) d(Px, Qy, a) $q. max {d(Tx, Ty, a),
d(px, Tx, a), d(Qy, Ty, a),
d(px, Ty, a), dQy, Tx, a) |
for all x, y, a in Y and some q in (0, 1). Then f'=,: Q, and T have a
unigue common fixed point and the sequence 1‘_""1"::ja i converges to the
fixed point.
Proof. Tf we define h(t), fy, ty, t,, t5)
=g, max i_ tys by, By By ti_},_the: proof follows from Theorem 3.

Remark 5. 1f T be an identity map and P = Q in Corollary 2, then
the condition (1.3) (cf£.(3.2)) will not be needed, e.g. see 1], In
Theorem 4 (see below), the boundeduess condition (1.3) used in Theorem
3 and Corollarly 2 is not required.

The following result is a metric (l-metric) analogue of ‘Corollary 2,

Corollary 2' Let P, Q and T be maps from a metric space ™, d)
to itself such that

(2'.1) T commutes with each of P and 03

(2'.2) d(Px, Qy) € q. max {d(x, Ty), d(Px, Tx),

d( ay, Tv), dPx, 15), d(y, T}
for all x, y in M and for some q in (o, 1);

(2.3) there exists a point x, in M for which M) is (P, Q5 T, %)
- orbitally complete;

(2*.4) sup { dt?]'.*xi,. .'I’-xj) : 4, j> nand i, j are of different
paril:-ias}. = sup {d(’fxi, hj" a) : 4, 12 I'l:'] ¢ o0 for infinitely many
a, Then P, Q and T have a unique common fixed point and { X }
converges to the fixed point.

Corollary 2. 1 (with Ty and T, _!;:Lngl'a-«v'aiued maps) of Sharma
13, p. 410] is Corrollary 2' without the condition (2'.4). Corollary
2" without (2'.4) includes Theorvem 2 of Ganguly /5/. The following
example shows that Corollary 2' without (2'. 4) and with T = identity
map is not true. Theorem 1 in /5] being a variant of Theorem 2 5]
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must also be false unless some further condition, such as (2'.4), is
added to cheorem 1/5].

Example. Let M ={1, 2, 3, 4} aQ, 1) = d(2, 2) = 43, 3) |
=d(4, 4) =0, d(1, 3) = a@, &) =d(2, 3) =42, 4) =2, 44, 2)
=d3, 4) =4, PQQ) = P@) =2, P(2) = P(4) =1, Q1) = Q(4) = 3,
Q(2) = q(3) = 4. observe that P() = {1, 2}, o) = {3, 4 1. ’
Consequently, 2= d(Px, Qy) £ 4 gq = q. max {d{:, ¥), dlx, Px),
dly, Qv), dbx, Qy), dly, Px)},
for all x, y in M and q = 3/4. |

Remark & From the proof technique of Theorem 3, it is evident that
P, Q, T : Y =Y satisfying all the hypothesis of Theorem 2 with X = Y -
have a unique common fixed point provided T commwtes with each P and Q.

Theorem 4. Let P, Q, T : X —Y satisfy the condition (3.1) and the
following :

(3.3) there exists a point X, in ¥ for which T(Y) is (P, Q; T, 'xo)
- orbitally complete;

(.4) dlex, Qy, a) <q.max { d(™x, Ty, a),

d(Px, Tx, a), 4(Qy, Ty, a),
i fatex, Ty, a) + dloy, T, a)]}

for all x, y, a in Y and some g € (0, 1).
Then P, Q and T have a unique common fixed point and the sequence
{Tx“}-cmnrer-ges to the fixed point.

Proof. iIn view of Corollary 1, it may be completed following the
proof of Theorem 3,
Now we give some applications of the above fixed point theorems.
Theorem 5, Let (Y, d) be a complete Z-metric space, and P, Q, T
be maps of the product space Y x Y to Y such that
(G.1) d( P, ), Q&', ¥, a)
< Wl d( TG, v, D', ¥"), a),
a( P( x, y), T, v), a),
d( o', ¥, TG', '), a), t, t)
for all x, v, x', y', a in ¥ and some h & H, where

t= [a( PG
G, 2)

L

3.3) ¥
(5.4) 1

hes there o
P, y)

Proof,
il 7ix,

faxr svery x,
=40 &,
Far & fixed 4
o Dewsem 3,
PLLL Tharefs
-l srly oce

M xiy),
Betr dwwry ¥,

1 mivd,

& ImEraficty
whaws e - 41
Smvm—pr il 2
i 2 - o0,

T e o e
P e e
- s,
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¢ = [d( Pk, y), T&', y'), a) +d( Q&', y'), T, y), a)] /2;
(5. 2) P( T, ¥), ¥) = TC P( x, ¥), ¥,
Q( T(x, v), y) = T( Q( x, ¥), ¥) for all x, y € Y3
(5.3) POx fy} )V Qlx {y} )eTOx {¥} ) for every y € Y3
(5.4) T(¥x {y} ) is a complete subspace of Y for each y € Y3
Then there exists exactly one point b such that
P(b, y) = Q(b, y) = T(b, y) = b for all y in Y.

Proof. By (5.1),
a( Plx, y), Q&', y), a)
£l d( Tk, y), T&', ¥), a),
d( P&, y), Tk, y), a),
a( &', y), T&', y), a), py P)s

for every x, x', y,a € Y, where
Ip = d(P &, y), I&', y), a) +dQ&y), TG, y), ads
For a fixed y € Y, this inequality corresponds to the condition (1.1)
of Theorem 3, Further, for the fixed y € Y, (5.2) corresponds to
(3.1), Therefore in view of Remark 6, for each y in Y, there exists one
and only one x({y) in Y such that

P(x(y), v) = @l x(y), ) = T( x(y), y) = x(y).
For every y, y' € Y, by (5.1), we have

dC x(y), xiy"), a) = al P{ x@), ¥), QU xG"), y',a))

Lh( d x(y), x(y'), a), 0, 0, s, s )
<d(=xGy), =(y'), a),

a eontradiction unless d( x(y), x(y'), a) = 0 for all ae¥,
where 2s = d( x(y), x@"), a) +d( x"), x(y), a). p
Consequently x{y) = x(y"). Hence x(.) is some constant b€ Y, and so
Plb, ¥) = Q(b, y) = T(b, ¥)' = b for all y in ¥,

Theorem 6. Let (Y, d) be a complete 2-metric space, and P, Q, T
be maps of the product space ¥ x Y to Y satisfying the conditions (5.2),
(5.3) and the following:
d( P( x, y), Q&x", "), 3l
£ q.max {al T, ¥), 20 x*, y'), @),
a( plx, y), Tk, y), al,




e ——
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.d(Q &' ¥, T, v'), 2, 137 s.s.
% [a(P&x, v), TG', ¥'), a) +
d( Q&’, ¥"), T, y), a)l}
for all x, y, x', y', a in Y and some q € (0, 1); T(Y=x {yﬂ ) is a
closed subspace of Y for each y € ¥, Then there exists exactly one fig] s.x.
point b such that P(b, y) = Q(b, y) = T(b, y) = b for all y € Y.

Proof. Using Corollary 2, it may be completed folléwing the above

proof. N7 sk,
‘The author is thankful to Professor 5.L. Singh for suggestions and |
d encouragement which led to this paper. The example of this paper is due {12] ashok
to a reference of Professor D.H. Tan, though in different context, and f
the author thanks him for the same,
A3 —
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Optimal Strategies for Absorbing Markov and

Semi-Markov Processes with Rewards

H, B. Shrestha

Karnatak University,
Dharwad.

Abstract:

The present work discusses some optimality criterion for absorbing
Markov and semi-Markov processes with and without discounting of rewards
and costs. Such an analysis for the positively regular Markov Chain was
introduced by Howard (1960). The expected total return for the process
stopped at a certain state is obtained. The '"Markovian' optimality
eriterion to arrive at the stopping state which maximises the expected

total return is also discussed.

1, Introduction:

Consider a time homogeneous absorbing Markov process { xt,t a-o]
defined on the probability space (L), % ,P) such that X = i denotes
that the system is in state i at time t. Let the state space of the
process be S-(T,Tc) where T denotes the state space of the s Eransient
states and Tc denotes that of r absorbing states, s and r being any
positive integers. We suppose that P, (A) »0 for all i € S so that the

conditional probability of A€ % given X0= i is defined for all i € S.

On §, real functions r and c are defined such that T denotes the
reward earned by the process by staying at state i and cy denotes the
cost incurred by the process by staying at state 4, We assume that

beth r and cg; are finite for all i € s.

Transitions from one state to another are governed by the transi-
i’ i, §=1,2,...8 and bil , 471,20 000008, 1512500001,
Then the probability that an individual in state i€ T at time T will

tion rates a
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be in state j€ I at time T+dris aﬁ-d‘c‘ and the probability that
an individual in state 1 € T at time 7-will be in state 1 @ T° at time
T+dT is by, de . The transitfon intensity matrix may then be

written as
(A

vhere the bar indicates that the matrix A is of order s + r. A is a
8 X s matrix which describes the transitions within the s transient
states and B is a s x r matrix describing the transitions from ‘transient
to absorbing states. We assume that the absorption rate matrix B is not
a zero matrix i.e there is at least one absorbing state in the system,
Consider an interval (o »t], 0 £t <. Define the transition probabi-
1ity matrices ((pu (£) )) and ((qu (€) )),1,3=1,2,...5 and 1=1,2,,,,;
r, where pij (t) demotes the probability that an fndividual in state i
at time o will be in state j € T at time t and 4y (&) denotes the
pmbability that an individual in state i € T at time o will be in state
1E T ar time t. The transition probability matrix for the system is
then related to the transition intensity matrix as

P(t) = exp it A }
Define the duration of stay matrix as

where the elements LI (t) are random variables measuring the time spent

in state b within the interval (7,7 +t) given the initial state a.

Let d_, (.) denote the density function of the duration of stay D_, (t)

of t.he system. Tt is obvious that each row of D (t) sum up to t.
Le:z(n (t))-f ud, @ du

e i), If bET

= €41 15 1€ 1° and 1 1s the state where
the process is absorbed. The expected duration of stay matrix be
Sy < [e@)d Ett}.).
e(r) ( a | tI
The expected duration of stay matrix may also be obtained as

e(t) = f £ Flu)du = E [tkﬂ‘ / k+11] which on pre-or post-multi-
o
plication by & results in
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(1.1) A e(t) =&()k = B(t) - I,
By definition, A is singular. So we consider the tramsient part A
which, in an absorbing process, is diagonally dominant. Moreover A is
a substochastic matrix so that A is non-singular and its inverse exists.
Therefore, it follows from (1.1) that e(t)= A ew-n=- @® - I)A
and e_ (t) may be obtained as the (a,b)th element of e(t). The expected
duration of stay matrix for absorhing states may be obtained as E(t) =
£ Qlu)du = A~ (e(t) ~tI) B=A (Q(t)—tB)‘, and 6ai(t) may be obtained

as the (a,i)-th element of £(t). It may be noted that
z =
Egi(t) * T eab(t} t

Alternative expressions for Eab(t) and ghiﬂt) may be found in Chiang
(1968).,

In this paper, we develop a continuous time analogue, of an earlier
paper (cf. Shrestha, 1984) on discrete time Markov and Semi-Markov
process with rewards, both in the presence and absence of discounting.
We consider the following situation.

Consider a rental agency which lets out flats on rental basis. The
cost of keeping a flat idle in the ith state (e.g. ith day) be ey and
the rent that could be earned (by letting out the flat for that day) be
e Once rented out, it is assumed that the flat will be occupied till
the end of the duration (0,t]. It is the concern of the agency to know
how long or upto what state it can afford to keep a flat unoccupied

without decreasing the expected total return during the given duration,

In section 2, we discuss the expected total refurn for the absorb-
ing Markov process without discounting of rewards and costs, The ex-
pected total return for the pesitively regular Markev process has been
discussed by Howard (1960). We also discuss the optimal strategy for
such a process. In section 3, we discuss these for an absorbing Markov
process with discounting of rewards and costs. In section 4, we discuss
the absorbing semi-Markov process, the expected total refurn For such a
process as well as the optimal strategy for arriving at the stopping
state. In these discussions we consider the rewards and costs without
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discounting. The case of discounted rewards and costs for the semi-
Markov process will be taken up in section 5. All the strategies are
expressed in terms of the actual rewards and costs rather than the
values = as is the usual practice. The advantage of such a presesnt"-.ation
will be the topic of sectiom 6.

2, An Absorbing Markov Process without Discounting:

Let the process start at state a. The total cost incurred by the
process staying in transient states prior to absorption into state i is
given by g 'D_a-b(t) ey where i-1 denotes the state preceeding state 1,
where fram the process gets absorbed into state { in ol‘leis;:ep. The

5 )

process will remain in state i for the remainder of £ -~ 3 D b(t
b=a °

duration. The total reward earned by the process by staying in the
absorbed state 1 for the rest of the duration is thus it . Dab(t)}x
b=a '

L The total return for the process started at state a and stopped
at state i is then

i-1 =
(2,1) & -f.t- D (t)ir-—ii D (t) c .
i 2 ab = Z Tab D
The expected total return at state 1 is then

5 93, : =1 B _ iz
(2.2) vy {t - i eab(t)} Ty ‘:3_1 e.b(t) <,
b=a i b=a
—E W - e ® .
b=a
The existence of the expected total return vy is guarentesd for all i
since ?gq:rcr.i < o0 and c5 is a non-negative function such that ﬁg e; > 0.
Also we note that, by assumption, T is a non-decreasing function in
.-:f.-E.'Tc. The stopping state is defined as follows., The state 1 is a
stopping state if for any § > i,
(2.3) vj.. -v; o
for the first time, i, j & s.
We now obtain the optimal strategy for the absorbing Markov process

with undiscounted rewards and costs.

——t -
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2.1 The Strategy:
Let § (1) be any other state. The expected total return for
state § 1s v, For the state 1 to be the stopping state, ve need fhat
v S £,y 00y - &, ©ry - Heabfﬂﬁhsﬂ
which yields on simplification

@& 1y LAyTy * b%sbjeb
i f’a(t} ! "E"aj (t) and

where ‘f i
By = e [ €y

The coefficient Ay has the interpretation thaz {t is the ratio of the
duration of the system when ‘the system is stopped at state 4 to remain
there for the remaining duration to the duration of the system when the
system is stopped at a further state j to remain there for the remainder
of the duration. Clearly Ay > 1 for all 1,5 € S, the equality holding
for i = §. Next, By gives the proportion of the duration of the system
at a particular state b, 1 ¢ b £3-1 to that when the system is stopped
at state j to remain in it for the rest of the duration., Obviously,
inequality (2.4) is a wMarkovian" one in that the decision as to
whether the process should continue on after state i depends on the
reward recelvable at that state and the future costs the process woﬁi&.
incur by leaving state i. Obviously, the stopped state will have the
maximum expected total return.

; ;ards and costs stretches over a long
passage of time so that a discounting of future returns become inevi-
table. Assume that the rewards as well as the costs are continuously
discounted by a constant discount factor « ,0 gt <1, The process starts
at state a at time oO. The total discounted cost till it is absorbed in

state i is given by
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T
%ck (I_k & *E dz )
- k=a Ti—l

where Tk }E ab( t). The total cost incurred by the process started
at state a and stopped at i is thus
i-1 =7 - &(T -1, )

j% :E_ e w2 (1-e k : ) Cpe-

=a
The reward earned by the process by remaining at state i for the remain-
ing duration is
é (E-ut'ri_l . —sCt)r .
i.
The total return for the discounted Process started at state a and
stopped at state i is then

_ -7, . -t by P SRR .
R B e TO. " ey L

= k=a

Since the duration of stay at state b has the density function d_ ( X

its probability generating function may be written as
-oD_, () £ =Lb_, ()
) = e

o

E: .(e

dab(U} du = H _(t),

ab

say. Then we may write

&, 1 4D ()
(3.2) B 1) = T[] BEe 2P TT H
b=a b=a

Taking the expectation of (3.1) and using the relation (3.2) we have

i=1 —ot
vi(c()t;]:c[(gﬂab(t)-e ) - Z{TTH ©- Y1, o] .
a

k=a “b=a

n ~dt
If we let H = (TW'Hab(t) - e ) /& we may reurite the expected total
b=a

return as

3.3) v, () = B, _ Z(Hk R AL

.
9
|
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We now obtain the optimal strategy as in the case of Markov process
without discounting,

3.1 The Optimality in Presence of Discounting:

For some state j(>1), v.j.(o() is similarly defined as in (3.3) We shall
call state 1 as the stopping state if

(3.4) vj(n{) -vi(é)'so >
Using (3.3) and simplifying we get
=1
<y 3
3.5 rj... ;_1’1___1 r, + = Bk,-j'—-l ey

where

Ai-l,j—l = Hi—l / H;}-l and

*

Bgm1 ™ G B By
which is again a "Markovian" inequality since the stopping state can be
arrived at by considering the reward at state i and the costs involved
in transition from state i to state j-1.

4,  An_Absorbing Semi-Markov Process without Discounting:

Consider a time homogenous absorbing semi-Markov process with s
transient states and v absorbing states. The states occupied on succes-
sive transitions are governed by the transition probability matrix P(t)
of the imbedded Markov process. When the process enters some states,
it is held at that state for some time prior to making transitioms to
some other state. The holding times do mot necessarily take integral
values. Let hkl(.); denote the holding time density function of the
holding time T, of the process staying at state k before making a
trapeition to state 1, The mean holding time at state k is then

Ekl- 'frhkl(f)dr and the mean waiting time in state k is ik =
Ié Pr1 i We assume that these means are finite. Let T denote the
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diagonal matrix of mean waiting times for the s states. Then the
expected duration of the process in state k given that the process
started at state a is the (a,k)th element of the matrix e’y
=[?(t)-I] FI‘F. Let this element be denoted by e;k(t). If the state

k is an absorhing one then the expected duration of stay in state k is
denoted by E’;k (t). The expected duration of stay matrix e‘(t) is thus
obtained., Tt is easy to see that E-;k(r.) Es kE:Te;k(t) = T

Let the process start at state a. Let D;b(t) denote the duration of
stay in state b in the interval (o,t7 . Let ¢, be the cost per unit
duration in state b and let By be the cost of transition into state b
from some other state, Then arguing as in the case of the Markov process
without discounting, the total cost of the process up to state i ds

i-1 ;
E‘i ( nab(r-)cb_ + gb)

and the total earnings after the absorption in state i is
_ i-1 ” |
{t - Z.nab(t)} r,.
b=a
The total return for the process stopped at state i is thus

4 * § i"l F i-l CD,
(4.1) R, = it - hga Dab(t)} Yo & % ab(t)c:b + gh)

and the expected total return is

. £3 1, -1
v - {: - Ea eab(t)} T - Ea ey (Ee, + 8,)
_ = . =1
(4.2) = f,ai'(t)- ¥ - % (es, (e, + gb).

4,1 The Optimality Inequality:

Suppose that j (> i) is some other state, We wish to find out a
stopping state i such that

(4.3)

Using

(5.6)

‘entr.

of th

proce:
ing,

proce

(5.1)

To ob

f -
Eje

The e
given

given

The w

trans
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. * K
(4.3) vj -V g.o -

Using (4.2) and simplifying (4.3), we get

_ 31
“.8 =, £ Egr t b%. (Fbj ey ¥ ngb)

4 -I o . / Fd
where g = 6;1(*) / 55,3.&)’ Py = e, 'Jf'aj (t) and

Gj = 1/ E’;j (t). The inequality (4.4) has the same characteristic as
(2.4) and the coefficients 1".1.-1
A j and B_bj therein. The presence of Gj in the inequality indicates
that the decision to proceed on to state j 1s dlso dependent on the

Tentrance' cost of state j weighted by the reciprocal of the duration

of the process after absorption in Ehat state,

‘and l'fh have similar interpretations as

5. The Semi-Markov Process with Discounting:

When the rewards as well as the costs are continuously discounted,
proceeding as in the case of the absorbing Markov process with discount~
ing, it is easy to establish that the total return at state i for a
process started at state a and absorbed at state i is

—ect -1 -ecT, -oc(T, T, ;) —ocT
* L —olT k-1 k k=1 k
G.1) Ry ('C)ei[(e i-1 -e )ri—g{e (1-e Je, te 2 |
To obtain the expected total return, we first of all evaluate
Ej’e- Dy (t)) The exponential transform of a function F(.) is defined
A
= £ =XT
(X)) = [ e  F(¥)dT.
o
The exponential transform of the holding time distribution for state b
glwven the holding time density function h-ab(°) for a process at stats b
given the initial state a is
. o B 2ol
b (L) -\! e h_bb(f{-f) dT .
The wafting time distribution for state b will then have an exponential

transform
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s
e e
W, (L) ;(;a Py By (),
so that the exponential transform of the duratfon of stay D,y (t) for
state b given the initial state a becomes ( cf. Howard, 1971),

o e . e
B e Wp () = pphyy, (),
% ) = _db(.gc) = = =
Toppphyy, ()
say. Using (5.2) and taking the expectation of (5.1) yields the expec—

(5.2) E (e

ted total return for a discounted semi- Markov process as

v @) I[%—Tl’() 4 jfikﬂl ! 01T 8, e, 1T, (0) ]
Yy & =—I(|[H, (c .- ( H (®)=-1l8 (N +\11H" (e } .
1 & Ly, @b E 2 L Pl S % bay @D B

* n - XL
If welet H = (T8 (t) -e ) [Kand
n Siea, ab

* n
6. =Tl B/ (t) then we have,
n ifn ab

% ® i-1 * * =
6.3 v," (K =1, ] - %{( Bo-B e, +0 g -
We now obtain the optimal strategy for the absorbing semi-Markov
Jrocess with discounting,

5.1 The Optimality in Presence of Discounting:

The stopping state i is given by the condition

(5.4) vj* () - v, () <0

for all j (1). Using (5.3) we get the optimality criterion as

-1 * . %
*
Gedd Sry S B LR Z Fgm1 %t G,y B

- * ok * % 5o 4

wnnte Bypg” Ml Moty e B R = GO ol
* * *

Gy 51 = G / Hj—l' The coefficients of r,
tions as those in (4.4)., The 'Markovian' characteristic is again

retained,

and e have the interpreta-
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6. Conc lu Remarks:

It is seen that if the transition probability matrix, the cost
factors and in case of discounted case, the discounting facto; are known
in advance, as we have assumed herein, the calculations of the coefflci-
ents of the costs factors in the Markovian gptimality criterion pose no
difficulty, Specifically if the holding time distributions and waiting
time digtributions in the semi-Markov process are known, the coefficients
A,B,E,F and G's are easily derived, This means, given the cost factors,
it is possible to pick-out the stopping state with little difficulty and
it is not essential that the process be observed through its transitions

during the given duration for the same.
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On a Structure Defined by a Tensor Field f (#0)
of Type (1,1) Satisfying 7 - a‘f =0

Ram Nivas and C.S. Prasad

Scmmmary:

Andrecu [1] has studied the structure defined by a tensor field f
(# 0) of type (1,1) satisfying f.f" + f = 0. In the present paper, we
have defined and studied £, (5,1) - structure. We have also obtained a
.positive definite Riemannian metric with respect to which the comple—

pentary distributions are orthogonal,

1. Let M" be an n-dimensional differentiable manifold of class
- Suppose there exists on M* , a (1,1) tensor field f(# 0) satis-
fying

a.1) £ - a2 =0

were 'a' is a complex number not equal to zero. If a = i where
L= \"—_l., ocur structure takes the fom fs + f =0 studied by Andreou
aj.
Lat us define on M , the operators 1 and m as follows:
.2) Iég-f- (£ :’a ) and m ] I - (ft'!az'), 1 being unit tensor field.
In view of equations (1.1) and (1,2), we have
.3 12 =1, 32 =mand 1 +m = I. Thus we have
Thesses (1.1). For a tensor field £ (# 0) of type (1,1) satisfying
(1.1} the operators 1| and m defined by (1.2), when applied to the

pasgest space of M at a point, are codiplementary projection operators.

Thes there exist complementary distributions L and M corresponding
te projection cperators 1 and m respectively. If ‘the rank of £ is
goestast ewvery where and equal to r, the dimensions of L and M are r
=i la-tr) respectively [47. Let us #all such a structure as fa(_S._l)—
sirsctere of rank v,
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Theorem (1.2). For a temsor field f(#0) of type (i, 2 _achnijl:ting'fa@.l)— |
gtructure and for the projection operators 1 and m given by (1.2) we have
(1.4) £1 = 1f = £, fm =mf =0.

e 2 2 2 2 2
(1.5) f£l1=18" =f , fm=nf =0.
Proof. The proof follows easily by virtue of equations (1.1) & (1.2). '

Theorem (1.3). Let M® be an n-dimensional differentiable manifold

equipped with fa(S,l)—structure. If f is of maximal rank, £2 gives a

GF-structure on M /2],

Proof. The rank of f is maximal if v = n. Thus dim L = n and

dim M =-0. Consequently m = 0 and 1 = I. Hence in view of (1.2), we get

(fﬁy’az) =1

or .

sy & = alhg |

Thus Ez gives a GF-structure on M,

Theorem (1.4). In the manifold " endowed with £ (5,1)-structure, the

(1,1) tenmsor field F given by F === gef (Zf /a ) -1 gi\res an almost product

structure [37.

Proof.: We have l
2 —ed)aty - @aftrad) # 1 '

or g | ;

(1.6) F~ =T by virtue of (1.1),

Hence ¥ gives an almost product structure on o [3].

Theorem (1.5). Let p, g be temsors om M defined as follows: | l

(1.7) p=m+ (£/a), q=m~- (£ !a)
Then we have E
(1.8) pg =qgp =m = 1. -

Proof. The proof follows easily by virtue of equationa (1.1) & (1.2), |
2, Let us now introduce in the manifold M" a local coordinate
system and denote by Ei * 11 and m;l the local components of £, 1 and m
respectively. We also introduce in 'Hn, a positive definite Riemannian
metric by taking r mutually orthogonal unit vectors uh in L (a,b,¢, e
=1,2,...,7) and (n-r) mutually orthogonal unit vectors u (&, By0; rasi

=1,2,..., n-r) in M. Thus we have [4]
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a A
Then vy and vi

are components of linearly independent covariant vectors satisfying

2.2)

a
a i a 1
iUt &, v Y8
A 1 _ A 1 _
v uE O,VI-uB

_1
aj being Kronecker delta. Also

2.3)

In view of equations (2,1) and (2,2), we have

(2.4)

Thus we have

(2.5)

h
vah Aha

+ =
' B B

hoayd . 3
_(1]._ vh)ub Eb .

; A
@ vMut =0 . D vyl = 'S-B :

i h'b i h" B
h _a a h A X
livh vi'lih (¢
B 22 . h A _ A
mivh—o, L

h _a, 1
(11. vh)uh" O3

Sioce fn = 0 , we Have f: mﬂ.=.0. Hence contracting with v? and
making use of (2.5), we obtain

f2.8)

Farther, since
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by wvirtue of the fact that the distributions L and M are orthogonal with
respect to Riemannian metric g. Thus 1. and M are orthogomal with respect
to G also. Eonsequently, we have the following theorem.

Theorem (2.1). Let M be an n-dimensional differentiable manifold equip-

ped with fa(S,IJ—atrucbure of rank r, Then there exist complementary
distributions L and M and a positive definite Riemannian metric G with
respect to which the distributions are orthogonal.
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On Semi-P2-Like and P -Finsler Spaces

U.P. Singh*

B.N. CGupta**®
The (v)hv-torsion tensor Pijk of a C2-like Finsler space leads Co
define a semi-P2-like Finsler space. A Py-Finsler space is a generali-
zation of P* —Finsler space and semi-P2-like Finsler space. It has been
shown that semi-P2-like and Py-Finsler spaces are C2-1ike Finsler spaces
under certain conditions. The properties of hy-curvature tensors Phijk
of these spaces have heen studied.

1, Introduction:

Let F_ (n >2) be an n-dimensional Finsler space equipped with the
fundamental function L (x, y). The (h)hv-torsion tensor

(=% —3—-—-—) of F satisfies the following identities

%' oyl o
= = 0
Cax ™ Ciok = ko
i
where o stands for transvection with respect to y . The hv-curvature

5k

tensor Fhijk of ‘Fn is written in the form (/6])

. :
. = u x }

B0 P = %o (cijklh * %3 Craxfo

which is rewritten in terms of (v)hv-torsion tensor Py 28 8n

> = r
BB e T Yan Pagdn Y Pike %n

wher r h- t wil:h
ere Cijkih snd Pijklh stands for h-covariant differentiation
sespect to x and v-covariant differentiation with respect to y

respectively, denotes the interchange of indices h, i and

Yn1)
sabtraction.

Department of Mathematics, University of Gorakhpur, Gorakhpur 273001
*% Depart=ent of Mathematics, Post Graduate College Ghazipur 233001
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The (v)hv-torsion tensor P and y-curvature tensor Shijk of r-ﬁ

ijk
are respectively given by

(1.3) Pisg = Pnijk = cijkln

) e
@A) Sy ™ Y { G i }

The curvature tensors P and Shijk have the following properties:

hijk

(1.5) ?Tiijk = - Pihjk

(-6) Spggx = = Sage =

(1.7) s

= Shiky = Sjxnt

nigk T Shgkt T Sheag T ©

= o is called a Landsberg space ([11]).
of the form

A Finsler space with P
A Finsler space with P
.8 pg, = Xcijk.

ik
ik

where A is a scalar function, is called a P* -Finsler space ([27,/3]),
while a ?insler.space Witthhijk = Phikj is called a H—sy@metric |
Finsler space (/8]). If the h-curvature tensor Rhijk of F_ is written
in the fom

(1.9 Ryggp =R (Byy By = By Byy )

where K is a non-Zeroc scalar, then Fn is called an h-isotropic Finsler
space (/1],/4]). We quote the following result which will be used in
this paper.

Lenma 1  Tn an h-isotropic Finsler space Phijk = Phikj and shijk =0

(.
A Finsler space F (n 2 3) is called P2-like (/S]) if there exists a
covariant vector field ?i such that the hv-curvature tensor of Ftl is

written in the form

(1.10) Pijkl =%, ujkl - pj cﬂ.c.1 5

A Finsler space F_ (n> 2) with C2 = CiCi ( # 0) is called C2-1ike (/9])

if cijk is written in the form

1
(1.11) cﬁ_k = =y c:i cj (:k

c
L

-where-ci = 14k

e w

2.3

KB

.|

2.9
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From this definition it follows that a mon-Riemannian Finsler space ¥
is C2-1ike if and only if C 13k is written in the form

(1.12) Cijk = Li Cj Ck + Lj Ck Gi + I'k (.'-i(f}j

1 ~ :
where Li(- ;?81 ) are components of a covariant vector field.

3. Some Properties of C2-Like Finsler Spaces:

The h-covariant differentiation of relation (1.11) with respect

to :1 and its transvection with respect to yl gives

aa) Poae T 304G + 6,555 + chic_j -¥ €;C40,

where we have put

1 2 TR ¢
6 =7 Cyp o ==y G,C° .
C C
The right hand side of (2.1) equated to zero after contraction
jk = = =
sith respect to g= glves Ci\o o. Again ci]o o yields Pijk 0 .
Thus we have
fhecres 2.1 A C2-like Finsler space is a Landsberg space if and only
if C“O = 0.
Is a P* - Pinsler space we have in view of (1.8), Cilo = A Cye
Comversely 1f C,, = )\ci and ¥_ is C2-lfke, then (2.1) gives
?!jk = A cijk' Hence we have
Dweorem 2.2 A C2-like Finsler space is a P* - Finsler space if and
oaly 12 C,\ = /\ci.

Sebarituring from equations (1.11) and (2.1) into equation (1.1) we get
the following form of hv-curvature tensor

B 2o " C0En Y CMans Y GMm

where we put
1
ey £, ? ( Ciin = Chl:l +C,Q, - C,Q )
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@0 o= @ oy et

c
= 1 -
€.3) M e G179 =EEiaed >
Contracting equation (2,2) with respect to 5rtl and using equations (1,3),
(2.3) to (2.5) we get the relation (2,1) which proves the following:

Theorem 2.3 If the hv-curvature tensor of a Finsler space is written
in the form (2.2), then its (v)hv-torsion tensor is written in the form
(2. 1).

The following theorem can be easily deduced with the help of (2.2)
Theorem 2.4 The hv-curvature tensor of a C2-like Finsler space !_'n
satisfies the identities

(a) Phijk = ij
1.e. Fn is P-symmetric.
®  Poge * Pogn * Py = O
In wiew of relations (1.11), (2.2) to (2.5) we have
B8 Pose " %%k~ B * Mgk
e K ¢ Q..
1

"ujk'cT Coin™ % S Mg * M

Equation (2.6) yields the following:

Theorem 2.5 A C2-like Finsler space F (e 2 3) 15 P2-like if and only
if there exists a covariant vector field t'!(i - K ) such that

Moo ™ % o~ s G

3.  Semi-P2-like Fissler Spaces snd its properties:

We consider aa s-~dizessiosal Fizsler space F_ with the (v) hv-
torsion tensor ?m of a special form

This situari
Finsler spac:

il

where my is

scalar funct:
These re
the tensor P'j
Definition
semi-P2-like
form (3.1).
The rigth
contraction v

Py = oo T

Theorem 3.1 |
only if B:l'. =
We have
spaces, If s
form (3.1).
We have cert:
given below,



(1.3),

 form

(2.2)
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G.1) t'm-lc ckc +nk
where B, is an t-ﬂutm vector ﬂsld, positively homogeneous of degree
tes ts 3. Frem (3.1) it eastly follows that the vector B, {s neces-
sarily givem by .
1 .
8 3 =5c, -2 lof
; R0 s
& Ty =
This sfteation is similar to the case of C2-likeness, In two dimensiomal
Pisaler space we have (/107)

'm-"s'-i'jmk
ST L

c, =J m
i i i
where =, is a unit vector normal to supporting ‘element, ‘js and J are

#calsr functions,

These relations show that in emy two dimensional Finsler space
the tensor Lo can be expressed in the form (3.1). Thus we introduce
Psfisition A non-Riemannian Finsler space F_ (02 2) 1s called
pemi-Pl-like if the (v) hv-torsion temsor P, . of F, is written in the

ijk
“fers (3.1).

The right hand side of ﬂ&aﬂm (3.1 aquatarl to zero aiter
comtraction with respect to. gﬂk g!cve.s B =0, Gamreely B = o yields

"*-o. Thus we have

‘Deores 3.1 A seni-P2-like Finsler space i a Landsberg space if and
wly 1f B, = o. '

W have concrete examples of non-Landsberg semi-P2-like Finsler
Spaces. If we put Gy -ac =W in relation (2.1), then it takes the
fesm 3.1). Thus we see’ that my Cﬁe-if&; Finsler space is semi-P2-like.
# hawe certaln examples of C2-like Finsler spaces. Some of them are
§iwes elow, while other examples will be given in mext article.
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We suppose that a semi-P2-like Finsler space is a P*¥ -Finsler
space characterized by (1.8). In view of relations (1.8) and (3.1)

we obtain
c = fé. c.C. + El C.C. + _EE c.c
ijk A ik N Tkt A s

Consequently (1.12) gives that the space under consideration is C2-like
provided XA# o, while A= o yields that the space is Landsberg.
Hence we have the following:

Theorem 3.2 A non-Landsberg P* -Finsler space is semi~P2-1ike if and
only if it is a C2-like Finsler space.

Now we take a P2-1ike Finsler space characterized by the hv-curva-
ture tensor of the form (1.10). The contraction of (1.10) with respect
to yi-gives

Posr =PoCiax

which shows that a P2-like Finsler space ¥ (n > 3) is a P* -Finsler
space. Therefore in view of theorem (3.2) we get the following:
Theorem 3.3 The necessary and sufficient condition that a non=
Landsberg P2-1ike Finsler space F {(n 2 3) be semi-P2-like is that it
is C2-like,

By virtue of relations (3.1), (3.2) and Cilo ='Tbi (suppose)

we have
(3.3) B sdeCioG
ifk = G2 ik
Conversly the relation (3.3) gives ci[o ='TC1, which yields the
following:

Theorem 3.4 The (v)hv-torsion tensor of a semi-P2-like Finsler space
is given by (3.3) if and only if Cilo ='Tci.

To find the form of hv-curvature tensor Phijk of semi-P2-like Finsler
space, we have from (1.2) and (3.1)

G.4) Pk T "'(hi){ Bipn C1% * % T Cesn * Cilyin

* Ly By + €GPy }

wher

3.5

A di
foll
Theo
spac

Next
(3.4

(3.6

whic

vect

Cont
3.7

From
the

Cont

have
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vhere (a) Quq =By ck[h +0y Bkl h
) L.‘Jk_h' = 3_1 ck‘h + B c“ &
(3.5) () Ly =C.B + BE

(@) njh C th

&) Fin = hr c-_,m .
A direct calculation with the help of (3.4) and (3,5) yields che
following theorem:
Theorem 3.5 The hv«curvature tensor Pb.:t ik of a semi-p2-like Finsler
space satisfies the identity

Pugset Pieani® Saga
Next we consider a P-symmetric semi-P2-like Finsler space. In view of

(.4) and Pposy = P

3.6) “gm{%k“j?h = Ly * O cJFkh} -
which gives the following:

=0

we get

Theorem 3.6 A semi-P2-like Tinsler space is P-symmetric if and only
if (3.6) holds good.

Now let us suppose that a semi-P2-1ike Finsl.et gpace admits a concurrent
vector field x ([7]). Then Ki‘ = - 51 and X lj = o , which gives

X P =0

hijk :j.k
Contracting this relation with respect m;y"' and Ki respectively we get

- W Ao
@.7) B X =0, i X =0

From second relation of (3.7) we get Cixi's 0. Consequently (3.1) with
the help of these relations yields

i
B:I.-.x c jck' o
Contraction of above relation with gjk will give Bixi = o, Hence we

have:
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Theorem 3.7 If a semi-P2-like Finsler space characterized by (3.1)
admits a concurrent vector field X , then the vector B, is orthogonal
Eo Xi.

4, P N -Finsler Space and its Properties:

Let ¥ be a Finsler space with (v)hv-torsion tensor Fijk of the
following form
4.1 = + !
( )?”k Tr'i_cijk a’icjck+ajckci'+akcicj

where A is a scalar function and a, are components of a covariant

i
vector field. A is hemogeneous of degree one in y1 while a, is
homogeneous of degree two in y-i. Also Pijo = o leads to a =o, It
is to be noted that in any two dimensional Finsler space Pijk can be

expressed in the form (4.1), Thus we introduce

Definition A non-Riemannian Finsler space 5 (n22) is called P, -
Finsler space, if the (v)hv-torsion tensor of L is written in the
form (4.1).

From (4.1) it follows that a, 1s necessarily given by

1
c e ]
Cz 1o i

The relation (4.1) shows that a P, -Finsler space reduces to a

1 A, 2
% _l:ci]o"(_:s'*;?c

P* -Finsler space when a, vanishes identically while it reduces to

i
a semi-P2-like Finsler space when A=o0. Thus a Py -Finsler space is

a generalization of P* -Pinsler space and semi-P2-like FPinsler space.

From relations (1.11) and (2.1) we get that a C2-like Finsler space is

a P)\ -Finsler space.

If the P, -Finsler space fs a Landsberg space then from (4.1) it

follows that

1
cmL R <aicjck S aljckcl_L + nk_t:ir:.j )
and a, == —2%' Cc
i 3c i

Theo

spac

scal

whic

tens

(4.2
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Hence we have the following:

Theorem 4.1 If a Finsler space is landsberg space, then it is a
Py -Finsler space {f and only if it is C2-like.

Now we suppose that a Ph—i?insler space is semi-P2-1ike. Then
(3.1) and (4.1) give
)‘Cigk- = (B, - a)CC, + (1.',j—anj_)ckc1 - (Bk_a‘k)cicj
This shows that if Bi = ag, thHen A= 0. Otherwise the space under
consideration is C2-like in view of (1,12), Hence we have:

Theorem 4.2 The necessary and sufficient condition for a P, -Finsler
space to be semi-P2-like is that either A= o or the space is C2-1ike.

Now we suppose that a Pk—Finsler space is a P* -Finsler space with
scalar coefficient T. Then (4.1) and (1.8) give

(7T - Mcijk = a,C.q + a0,y + 2,0,C;
«hich shows that the space is C2-like for T# A, When T =A we have
a; =9, therefore (4.1) gives that the space is p* —Finsler space,
which we have already supposed. Hence we get the following:

Theorem 4,3 A P* -Finsler space with scalar coefficient T is 4

Py —Finsler space if and only if it is a ¢2-1ike Finsler space,
provided that 7 # N

In previous article we have shown that every P2-like Finsler space is
p* —Finsler space. Therefore in consequence of theorem (4.3) we have:
Theorem %,4 A P2-like Finsler space characterized by (1.10) is a

Py -Finsler space F_ (n> 3) if and only if it is C2-like, provided
that P # N

In view of relations (1.2), (1.4) and (4.1) wve get the hv—= curvature
tensor phijk of a P}\ ~Finsler space in the form

A

4 . S5 -
@.2) Pyoo = Pl = Pilhpic — A hagk
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* U { ) 0% % * ©5%n * G ggn * O gun + 1 0B g w‘ickr;h}

where Ph '-Alh and the quantities with dashes have the same value as
given in (3.5) except a; replacing B,. The form (4.2) of Phijk shows
that it is more general than the forms (1.10) and (3.4) of P in
P2-like and semi-P2-1ike Finsler spaces respectively,

hijk

A direct calculation based on (4,2), (1,6) and (1.7) gives:
Theorem 4.5 The hv-curvature tensor of a P).-Pinsler space satisfies
the identity

+ P - I
Phagle ¥ Poegn ¥ Pings < ©
Remark: It is to be noted that the above identity also holds in a
semi~P2-like Finsler space.

Next we consider a P}\ —Finsler space and P-symmetric Finsler

space. By virute of (1.6), (4,2) and Phij'k = Phikj we get

(4.3) s + C.CF .. -C.CH

1 u, b 1 [ ' '
hijk 22X (hi){l‘iksjh- Lijnkh ik jh 17 khl
which yields the following:

Theorem 4.6 A Py ~Finsler space {s P-symetric ff and only if its

v-curvature tensor S, written in the form (4.3).

hifk 18

Now let us suppose that a P)‘ ~Finsler space is h-isotropic. Then
by virtue of Lemma 1 it is P-symmetric and Shijk = 0. Hence from (4.3)
we get

| 1 B nt = T L L] = ! -
(4.4) Ut { Li, B g = ElgyP t GG F ih = C4C4F i ©
This gives the following:

Theorem 4,7 1If a P’A ~Finsler space is h-isotropic, then the relation
(4.4) holds: good,

The relation (4.2) can be rewritten as

@3 Bosne = Po G~ Pa%gn * Dug

where

hijlk

In con

Theore

there

F

vector

which ;
follow:

X, ther

Referer

1] A

[2] 1z

[3] 1z

l4] Ma

5] Ma
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Doige = u(hi){ai 11895 * G et G agn * CL n * 2P

. ot
+CCF } Ashijk
In consequence of (4.5) we have:
' Theorem 4.8 A ‘Ph—Finsler space F_ (n > 3) is P2-like if and only if
there exists a covariant vector field Dh(¥ - Ph) such that
Dpisk = Pn Cigk ~ Pt Chik
Finally we suppose that a PA-JKnsler space admits a concurrent

vector field X,. Then the relations (3.7) and (4.1) yield

i
a; X Cj Ck o
which after contraction with gjk gives a, X = 0. Thus we have the
following:

Theorem 4.9 If a PA_-Finsler space admits a concurrent vector fileld

xi then the vector a, is orthogonal to xi.

References:

[1] Akbar-Zadeh, M.H. (1963). Les espaces de Finsler et certaines de
leurs generalisations. Ann. Scient. Ec, Norm. Sup., 3), 8o,
1-79,

[2] Tzumi, H, (1976). On P*-Finsler spaces I. Memo Defence Academy,
16, 133-38,

[3] T1zumi, H. (1977). On P*-Finsler spaces 11. Memo, Defence Academy,
' 17, 1-9.
[4] Matsumoto M. (1971). On h-isotropic and Ch—recurrent Finsler
spaces. J. Math. Kyoto Univ., 11, 1-9.

[5] Matsumoto M, (1971). On Finsler spaces with curvature tensors of
some special form. Temsor, N.S., 22, 201-204.



42

6]

(]

8]

9]

Nep. Math. Se. Rep., Vol. 10, No. 1, 1985

Matsumoto M. (1978), Finsler spaces with the hv-curvature tensor
Phijk of a gpecial form. Rep. Math, Phys,, 14, 1-13,

Matsumoto M. and Eguchi K. (1974). Finsler spaces admitting a
concurrent vector field. Tensor, N,S., 28, 239-49,

Matsumoto M. and Shimada H. (1977). On Finsler spaces with the
curvature tensors Phijk and Shijk satisfying special condi-
tions. Rep. Math. Phys., 12, 77-87,

Matsumoto M. and Numata S. (1980). On semi-C-reducible Finsler
spaces with constant coefficients and C2-like Finsler spaces.
Tensor, N.S., Vol, 34, 218-222,

[10] Rund H. (1959). The Differential Geometry of Finsler spaces.

Springer-Verlag, Berlin,

[11] Wagner, V. (1938). Uber Berwaldsche Raume. Rec. Math. Moscou,

N.S., 3, 655-62,

Nep
Vol

wher
with
pres:
cond:

Defiy

x>




Nep. Math. Sc. Rep.
Vol. 10, No. 1 (1985) 43-48

A Note on an Asymptotic Problem Concerning

the Laplace Transform
R.M. Shreshtha®

1. Introduction:

The existence and asymptotic behaviour of a function ¢(t) defined

by
-
0

a1 J e o ar = B / e St f(e) at O™
0

where me Z, §(0) =0, &(z) is analytic for /z/ < R and £ € 1'(0, @)
with ‘Lﬂa{f (t)/ dt <R , has been studied quite recently [1]/. In the
present note, we intend to sharpen the results in [1] by replacing the
condition on the asymptotic behaviour of £ with a weaker conditiom.

To begin with, we recall the following definitions [2,3],
Definition 1, A function L(x), defined for all =x )0, will be called
admissible whenever it is continuous and strictly positive for all
x > 0, and satisfies the following two conditions

i) for all h >0, :
Y4 L(x+h)=1;

X500 L (x)
ii) there exists a constant A > 1 such that
max L(t) € A L(2x).
X &t &x
The set of all admissible functions will be denoted by/\ .

Definition 2. 1If f,g € L'(0,00 ), then the convolution product of f
and g, denoted by f*g, is defined by

x
(1.2) (f*g) (x) :=J' fx = v) gly) dy.

0 .
For convenience, we shall adopt the following notations for convolution
of f with itself:

£, = f, and £ =1 X £, for allk =/2,304,5, .,

# This work was done with the support of Humboldt Fundation.
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2, Existence Theorem

Theorem 1, If (z) is analytic for /z/ < R, (R > 0), $(0) =0 and
fe L'(D,00) satisfies

'/f“a‘“ F(£) dt / £t < R
(0]

for all Re s > 0, then there is a # € L"(0,c¢ ) such that

-~ co
(2.2) ‘f St o) ac = P f e ®C £(t) & ™)
0 o

meZ , Re(s) 2 0.
Note: In /1], this theorem is proved with condition (2.1) replaced
by 0
@3 [ /swyac <
0
which obviously implies (2.1).
Proof. Fram (2.1), it readily follows that

o oo @(n) oo
@4 B [ Trwma -5 20 (f F £ce) ar o
0 0

n= 0
oo [~ =]
. - 0 Wy [ e @ ae.
ol 0

n= 1
Now, since (Dym and Mokean, [4, Ex. 2.6.2]),

1im e 1 Al -
(2.5) S '.prll 3" . e,
where f denotes the Fourier transform of f, we have that

1 1

0 e ff Mo oo,
(2.6) p —> 00 P
and, consequently,

oS ()

2, . ()
@n = ) == £__(€)

. n=1 nl
defines ¢ € L.'(0, 00 ). So, we obtain
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) -

n

Z @ © f e85t £ (p) dt
n=1 n! 0 .

=Z{

From (2.4), then the theorem follows:

Z é(“)g) £ () dt}e‘"“dt.

an=1

In particular, if we take m = 1, we arrive at the result due to
Eggermont [5].

3, The Asymptotic Behatiouy of the Original Function:

1n order to discuss the asymptotic behaviour of the original
function whose Laplace Transform is of the form

()
B [ e a =Y
0

we meed the following 1emma:

Lemna 3.1, 1f £ € L"(0,Q ) and if &)~ LL&), x =, for
some L € 4, and

o0
@.1) [ e St g(r) at) &t
0
for all Re s » 0, then for all k = 1,2,3,...

»

oo
G.2) £& ~ kd L) ( jf(t) g 1 x oo
0

and for every £ > 0 there exists a constant M\ and an X > 0 such
that for all x > X ., and for all k = 1,2,35000 »

t ]

3.3) |f &) & k(4 + 1) AL&) (o + &)

The first comclusion (3.2) has been proved in [2] and formula
(3.3) in [5). Formula . 3) as remm:ked by Eggermont sharpens the
result in [2], where (r +& ) 1 s replaced by
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o0
[ 1e@)ae *1
0
Theorem 3.1, If § (z) is analytic for /z/ < R, 9(0) = 0 and
£ €L'(0,0) satisfies
(3.4) £(e) ~LL(t) , t oo
for some L(t) € A , and for all Re s > 0

= ol
(3.5) [ e £ ac) < r <k,

then ¢(t), defined by

(=] O
(3.6) f e g ar = B f e () a)™) L, me,
0 0 :

satisfies
24 oo
(3,7 #(t) ~ mlnle) ( j £(e) ar )T c:tz' (( ff(t) at)™ ),

a5 t—=cod ,
Proof. 1In view of (2.7), we have

(n)
(3.8) be) = Z @ D¢ o,

n = 1
as the required function, whose asymptotic behaviour we intend to
determine. Also, from Lemma (3.1), it follows that the series

co
(.9) S D) , e
pi= i n! L(t)
converges for large t. Hence
() L2 B0 . 1m  w®
Iim — = Z — s )
t=+c0  L(t) n=1 n! L(t)
o0 Do
(n)
Z L o) mnd ( f () ac )™ 1
= n: O

-

)
5

[5
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= and¢ f £ ae ™ P (« f £(e) de ).
0 0

oo oo
that 15, 9 vm L@ ¢ [ 2@ ae ™ B ([ £ a®) .
0 0

This proves the theorem,
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