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coincidence Theorems anc! Pixed Point Theorqrs

on 2;Metric Spaces'apd AppTl"cations

. Virendra

Abstract:

colncidence theorems for three 4a.ps on an arbltrary set w"ith values

Ln a 2+etri.c space and flxed point theotems for thtee maps on a 2'aetrlc

space are established. Orr results extend and unify several known resulgs

i4 metrl.c and 2qetrLc spaces.. Sone special cases are dfscussed'

S. Gahler /l/ tnvestfgateal the concept of 2.aetric spaces ln 1963

and published sribsequently a series. of papers t2l - t4l relevent to this.

topLc.

A 2+etrlc space ls a sPace Y wtth a real vaLued functLon d on

Y x Y x Y satlsfying the follor.rlng conditlons:

i) for two dlstlnct polnts a' b there ls a polnt c such that

d ( a , ,  b ,  c )  #  o ;

i t)  d(x, ! ,  z) = 0 {f  at leagt two of the three poLnts'aie equal;

i i l )  d ( x ,  y ,  z )  =  d ( t ,  z ,  y )  =  d ( y ,  z ,  x ) i

t v )  d ( x ,  y o  z )  - (  t l ( x ,  y ,  u )  +  d ( x '  u ,  z )  + d ( u ,  ! ,  2 ) '

Iseki-Sharma [7rBJ init lated the stucly of f lxed points of contrac-

tive maps on 2-rnetric spaces. For'an extensive btbliography concerning

the mathematics on 2+etrlc spaces and fixed polnt theorems on 2-netric

spaces, refer to ILIJ, [16] and' [ !7J.

The stutly of colncidence theoreps.for a palr of m4pplngs on an

arbltary set with values ln 2-retrlc sPdces has tecentl-y been initiated

io n8/. The coinctdence theorems f l8, Theorems L,2r3J extend and

improve the coincidence theorem of Goebel [6J and pave the way to esta-

bllsh lmproved verslons of known fl{ed point theorems on 2-rnetric sPaces

and product (2oetr lc) spaces.

Al,Is (MOS) SubJect Classif icat lon: 54 It  25
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The alm of this note is to obtain coincldence theorems for three

nappings on an arbitrary set rrith values Ln a 2+etrlc space. As a

consequence rfle prove fixed point theor€ns for three mappLngs oa a

2-tetric space wtrich extend and present improved versions of several

knovrn flxed point theorens. These fixed poLnt theorems are applied to

obtain new results wtrat oay be called fixed point theorens on product

(2aetr ic) spaces. We give gn s:<mple to shov that Corol lary 2.L of

Shama [L?/ ana Theorern 2 of Ganguly [5J are false in general. Theorem

3 and CoroLlary 2 of this paper present improved verslons of Gangulyts

resulrs /5/.

.  
Throughout thls note, 1et X be an arbitrary set, (Y, d) a

2-netr lc space, N the set of posit ive integers, (D the set of non-nega-

tive integers and R* the set of all non-negative real nr.mbers. Further,

let_I{ be the fani ly of al l  upper semi-continuous (u.s.c.) functions
)

h:R+-tR* whlch are non-decreasing in each coordinate variable and

( A )  h ( t ,  t ,  t ,  t ,  t , )  < t  f o r  a n y  r  > o .

Theorem 1. Let P, Q, T : X+Y be such that

( 1 . r )  d ( n < ,  q y ,  a ) < h (  d (  t < ,  T y ,  a ) ,  d (  p x ,  T x ,  a ) ,

d ( Q y ,  T y ,  a ) ,  d ( k ,  T y ,  a ) ,  d ( Q L  t * ,  a ) )

for all x, y in X, for all- a in Y and for some h in H ;

(r.21 There exists a sequenc" 
t  

*rr lrr .a in x such that Txr, = krr_l

if n is odd and ko = Srr_l If n is even ;

(1 .3 )  sup  
td (  

IY i ,  Tx . ,  a )  :  i ,  J  )z l ,  4  €  Y  and i ,  j  a re  o f  d i f fe ren t

p a r i t l e s  
I  

=  
" l l p  I  d (  T x - ,  k i ,  a ) :  1 ,  j  ) ,  t ,  a  €  Y J < o ,

for inf ini tely many n;

0.4) the sequence [txr, ]  has a subsequence converging to a point ln

T ( X ) ;

Then P, Q and T have a coincidence poi-nt in X, that is, there exists a

point z in X such that Pz = Qz = Tz.

P r o o f  .  L e t  6 r ,  =  s . r p  
f a t t * , ,  

k . ,  a )  :  i ,  j  ) z  r ,  d  a  t J .

Then d' is f ini te for each n € N. Since 5n+l -< 5r, for any n € N,

5 
,,  

converges to sme 6 >zo,

D.!
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GolocLdeoce lteorems

Lt, l f  poeslble, 6 >O rf !  >/t+L, i  )z 'n+L and I odd and J even'

b Ut  (1 . r ) .

d(t t ,  &r,  a) = d(kr-r ,  S5-1, a)

< h ( il (T:.i_1 , k3_1 , a) ,

d ( t r i r  k i - l  '  a ) ,  d ( r : . ,  k3-1  '  a ) '

d ( I * i ,  k , _ l  ,  a ) ,  d ( T k . ,  k i - l  ,  a ) ) ,

bt tc

6 r r r (  h ( S n ,  5 r r ,  5 r r ,  5 o ,  6 o )  f o .  a l l  I  ( n € N '

to t7 tbe u.s. continuitY of h'

6 < h ( 5 , 5 , 5 , 5 , 5 ) < 5 ,

Frrry 5 = o. Therefore { *"1 is a cauchy sequence' and converges

to.a polnts b € T(X). I lence there exlsts a Polnt z l-n X such that

tr - b. Xgs puttlng x = z and y = x2n+1 in (l-.1) and passing to the

llrlt e obtain

d ( P z ,  T z ,  a )  r (  h ( o ,  d , ( P z ,  T z ,  a ) r  o ,  d ( P z , ' L z ,  a ) ,  0 ) '  r f  f o r  s o m e

r G I,  d(Pz, Tz, a) = t(say) * o, then thls lnequali ty gives

t  - <  h ( t ,  t ,  t ,  t ,  t )  (  t ,

I  c@tradlct{on. Thus al(Pz, Tz, a) = O for a1L a € Y' So Pz = Tz'

Slrllarly Qz = Tz. This completes the proof.

Itcoren 2. Let P, Q, T : X "rY be such that

e . f )  d ( P r ,  q y ,  a )  ( h ( i l ( I ! < ,  T y ,  a ) ,  d ( P x ,  k ,  a ) ,

d ( q y ,  T y ,  a ) ,  t ,  t )

for all r, y ln X for all a in Y and for some h in ll, where

3 - f  d(hr; Ty, a) + d(Qy, tx, iJ /2 ;

(2.2> P(x) u Q(x) I r(x);

(2.3) T(X) ls a complete subspace of Y. Then P, Q, and T have a

colocldence point ln X.

Pt""!. Let 0 be a cholce function for the fanril-y {t-t' 
'

t € P G )  U a G ) J , . r r a x o €  X .  T h e n  t h e r e  i s  a  s e q u e n " t  t * r r \  o e n
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in X such that xr, = 0 (r-1 krr_l) l f  n is odd and *n= 0(r-,*rr_r) i . ,

n is even. Follor.ring a standard technique, it can be shown that 
{ 

I)rn 
J

ls a cauehy sequence. Now the rest part of the proof may be eopleted

foL1-oving the proof of Theorem l.

Remarks 1. The condit ion (2.2) guarantees (2.I) tor any xO € X.

2. The above theorems present lnproved versions of Theorems I and
2 ot [L8]. In faet, Theorm Z ttll is obtalned as a speciaL case of
Corol lary 1 (below).

3. A slightly improved versLon of, perhaps, the most general

flxed point theoren for a mappiDg on a 2+etrLc space due to Sharma

02, tt,. LJ is obtained as a specl.al case of Theorm I (above) or

Theorem 3 (below) tf x = y, p = Q and 1! - x for every x in y.

Cgro l l -a ry  l .  Le t  p ,  
Q,  T  :  X+y  sa t ls fy  che cord i t lons

(1 .2) ,  (1 .4 )  and the  fo l lon tng  :

( 2 . 4 )  d ( P K ,  Q y ,  a )  (  q . n a x  
f a t D r ,  T y ,  a ) ,  d ( h ( ,  t ,  a ) ,

d (Qy,  Ty ,  a ) ,

\ [d(px, Ty, a) + d(ey, nr, a), lJ

for al l  x, y in X, for al l  a ln y eod sce g ln (O,l).  Then p, Q and

T have a coincidence pol.nt.

Proo f  Ry  (2 .4 ) ,

d ( f t2n+2 'k2r* l  , a) = d(k2o, Qr2o*1 , a)

{ 9.nar { 
d(tzo*t,  Ti2rr,  a),

td(D(2n+2, t2n, a)J

Txrrr) = o.and d(1k2n*L, Tx2t+2,

It  can not be that

d(k2rr+l , T*2rr, a) -< Ld(k2n+2, &2rr, a)

for ln such a situation

d(k2.r+2, k2rr+l , a) (t a d(T:<rrr*2, k2r,, a)

and so

tt

sa

Dl

b

h

d

?tr

.F

rl

-C

a
a

r !

. r l

Gq

L a

l. I



Colncidence Theorems

d(k2rr+2, oro, .) 

,* 

d(k2rr+l , Txrrr, a)

, 
+ d(k2rr+2' k2o41 ' a)

+ d(k2rr+2, T*2rr, T*2rr+l)

-< %d(k2n+2, k2n, a)

{4C'd (txrrr* 
2, 

Tx2n, a)

that is

d(k2rr+2, Txro, a) ( ( t  + q) z-1 d(k2rr+2, Txrrr,  a),

a contradictLon, since (f  + q)Z-l  < f .  I lence,

d(k2rr+2, k2o+l , a) -( q d(k2n+l , Tx2n, a)

s{nl lar ly d(Txe.n+3, k2n+2, a) ( q d(k2rr+2, k2.r+1 , r).

lherefore d(ko+l ,  kn, a) (q d(Tkn, T:<rr-r,  a).

In view of Lernrna I [\4J, { *"] is a Cauchy sequence.

Now the res! part of the argument may be completed forrowing the proof

of Theorem 1.

Now we derive some fixed point theorems from the above results.

Pirst r*e give sme deflnlt ions.

D.eflqltion_l [2./. For a map T /: y -.ry and a fixed xO € y, rhe

epace Y is sald to be 
-(T, 

xO) - orbitally complete if every Cauchy

aequence of the form T"1 xO is convergent to some u € y, where *, = krr_l

defines the Plccard sequence of l terates of T at xo.

Defl .nit ion 2. I f ,  for a point xO 1n y, there exlsts a sequence

ro (n e d ) in Y such that Tkr, = krr_l if n ls odd and Txr, = exrr_, tf

n  Ls  even,  then 
{Txr ,  

!  nedJ  is  sa id  to  be  (p ,  Q;  T ,  xO )  -  o rb i t

or an orbit  for P, Q, T at xO.

Deflnlt lgn 3_. The space Y is sald ro be (p, Q; T, xO) - orbital ly

cqlete for a fixed xO€. Y, lf every Cauchy sequence of the form Txrr,

Le convergent to some u € Y.

l ib renark that a conpLete 2-metrl .c space y is necessari ly (p, Q;

t,  rO) - orbital$r cc'npl-ete for an orbit  for (p, Q, T) at x.r whi1e a



(P, Q; T, xO) - orbitalLy complete space need not be ccoplete'

Definit ions 1-3 also hold for a metric ( l-metr ic) space'

Th .eorem 3 .  Le t  P '  Q,  T  :  Y  +Y sa t is fy  the  cond l tLon (1  ' l )  w i th

X = Y and the follow'Ing:

(3.1) T commutes rr l th each P and Q;

(3 .2 )  there  ex is ts  a  po in t  xo  in  Y  fo r  s t r i ch  T(Y)  l s  (p ,  Q;  T ,  xo)

- orbital ly complete, and (1.3) holds. Then P, Q and T have a unique

cormlon fixed point and the sequence 
t 

O" 
i 

converges to the f ixed

point.

Proof In viev of Theoreo l ,  there exist Points z and b in Y such

t h a t T x  + b = P z = Q z = T z .
n

By (3 .1 )  t  PPz =  mz =  TPz =  TTz '  TQz -  { Iz  -  QQz 'So by  (1  '1 ) ,

d ( P P z ,  P z ,  a )  =  d ( P P z ,  q z ,  a )

<  h (  d  ( P P z ,  P z ,  a ) ,  o ,  o ,  d ( P P z ,  p z '  a ) ,

d ( P P z ,  P z ,  a ) )

4 d ( P t z ,  P z ,  a )

a  cont rad ic t ion  un less  d(PPz,  Pz ,  a )  =  O.  S lnce  th is  i s  t rue  fo r

every a QY, PPz = Pz. Thus Pz = b ts a c@on f ixed point of P' Q and

T. The unlqueness of the cormon f ixed point fol lor 'rs easi ly '

Remark 4. A mult i tude of f ixed Point theoreots on 2<etr ic spaces

may be obtained as special cases of Theorem 3' Lb tr€ntlon a few' I f

p = Q and T an identity map' then Theorem 1 of Sharma [l2J 7s obtalned

as a special case (see also Remark 5), t , lhl le Sharma's result general izes

several f ixed point theorems for a self+ap of a 2+etr ic sPace' I f  T

b e a n i d e n t i t y r n a p t h e n T h e o r e m 3 g e n e r a l i z e s s e v e r a l f i x e d p o i n t

theorems for two mappings including the result of Lal and Singh /9/ '

Theoren 3 extends the main result of La1 and oas /1o/ '

C o r o l 1 a 5 r  2 .  L e t  P ,  Q ,  T  :  Y  - t Y  s a t i s f y  t h e  c o n d i t i o n s ' ( 3 ' l ) '

(3 .2 )  and the  fo l low ing :

l

!

al

: '

at

t



Colncidence Theorems

(3 .3)  d (k ,  qy ,  a )  - (  q .  mat  
Ia (Tk ,  

TY,  a ) ,

d (Px ,  T !< ,  a ) ,  d (Qy,  Ty ,  a ) , .

d(Pi<, Ty, a), d(QL r:r,  a) J

for all Xr yr 3 in Y and some q in (o, 1). Then P, Q, and T have a

rm{que cormon fixed point and the sequence { 
*" 

i 
converges to the

fLxecl point.

Proof. I f  rre clef ine h(t lr  t2'  t3, t4, t5)

t"t  
t  

t1t t2t t3, t4, tr ]r the proof fo1-lows frorn Theorem 3'

RggaIF 5. If T be an identity map and p = Q in Corollary 2' then

the condit ion (1.3) (cf.  (3.2)) w111 not be needed, e'g'  see [LLJ '  rn

Ttreorem 4 (see bel-ow), the boundedness condition (1'3) used in Theorem

3 and Corol-Larly 2 l-s not required.

The fol low.ing resuLt ls a metrLe ( l ietr ic) analogue of CoroLIary 2.

Colol lary ?t Let P, Q and T be maps fronr a metric space (M' d)

to LtseLf such thdt

(2 t .1 )  T  comutes  w i th  each o f  P  and Q;

( 2 ' . 2 )  d ( P x ,  Q y )  - (  q .  r n a x  { a t n ,  
T v ) ,  d ( F x r  t x ) ,  

.

d (  Q y ,  t r ) , 6 ( n < ,  r y ) ,  d ( Q v ,  T x )  J

for al l  x, y in M and for some q in (0, 1);

(2t.3) there exlsrs a pof.nt xO In M for which T(U) fs (p, Q; T, xO)

- orbitally eornPlet'e;

(2 ' .4 )  sup  
{  

a ( tx r ,  oJ )  :  1 ,  J  2 .  n  and l " ,  j  a re  o f  d i f fe ren t

parit ies] = sup 
{d(Txr, 

tx '  a) :  i ,  j  >r tJ (* for inf ini tely many

n. Then P, Q and T have a unlque connron fixed point and I 
Txn 

t

converges to the fixed Point.

Corollary 2. 1 (wfth F, and F, slngl"e-valued maps) of Sharma

o3,  p .  410/  ts  cor ro l la ry  2 t  rn r i thout  the  cond i t ion  (2 t .4 ) .  coro l la ry

2t -irhour (2, .4) includes Theorem 2 of Ganguly [5]. The fo1lowing

ermple shows that Corotrlary 2r rnrlthout (2t ' 4) and wlth T = identity

rap is not rrue. Theorem I tn [5] being a variant of T]neoten 2 [5J
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mlst also be false unless some further condit ion, such as (2t.4), is

added to cheorem 1f5/.

E x . m p L e .  L e t  M  =  
{ f ,  

Z ,  f ,  + }  d ( 1  ,  1 )  =  d ( 2 , 2 )  =  a ( 3 ,  3 )

=  d ( 4 ,  4 )  =  o ,  d ( 1 ,  3 )  =  d ( 1 ,  4 )  =  d ( 2 ,  3 )  =  d ( 2 ,  4 )  =  2 ,  d ( 1 ,  2 )

=  d ( 3 ,  4 )  =  4 ,  p ( 1 )  =  p ( 3 )  =  2 ,  p ( 2 )  =  p ( 4 )  =  l ,  Q ( 1 )  =  Q ( 4 )  =  3 ,

Q ( z )  =  a ( 3 )  =  4 .  o b s e r v e  t h a t  p ( M )  =  
{ r ,  

z j ,  O G )  =  
{ : ,  a  } .

Consequent ly ,  2=  d(px ,  QV)  (  a  .q  =  q .  r . *  
[  

d (x ,  y ) ,  dG,  Pr<) ,

d ( y ,  Q y ) ,  d ( x ,  e y ) ,  d ( y ,  e . x )  ]  ,

fo r  a l l  x ,  y  in  M and q  =  3 /4 .

Renark:tr From the proof technlque of Theoren 3, it is evldent that

P, Q, T : Y -+Y satisfying al l  the hypothesis of Theoren 2 Lrtrh X = y

have a unique cormon fixed point providecl T solmugss rdth each p and Q.

Theors{n  4 .  Ler  P ,  Q,  T  :  x  {y  sa t ls fy  the  cond i t lon  (3 .1 )  and the

fol lowing ;

(3.3) there exists a point xo in T for vtrtch T(y) is (p, Q; T, xo)

- orbital ly conplete;

( 3 . a )  a ( p * ,  e y ,  a )  - ( q . n a n  f  a t r t ,  T y ,  a ) ,

d ( P r ,  I t ,  a ) ,  d ( W ,  T y ,  
" )  

,

\ fa ( * . ,  Ty ,  a )  +  d (Qy,  r * ,  
" ) . / l

fo r  a l l  X ,  Yr  a  in  y  and some q  €  (0 ,  l ) .

Then P, Q and T have a unique cotmon fixed point and the sequence

I 
t"o] converges to the f ixed point.

Proof. In view of Corol lary I ,  i t  nay be copleted fol lowing the

proof of Theorem 3.

Now we give sorne applications of the above fixed point theorems.

Thgorgn 5. Let (Y, d) be a conplete 2retr ic space, and p, Q, T

be rnaps of the ptoduct space Y x Y to y such that

( 5 . t 1  6 (  p ( x ,  y ) ,  Q ( x ' ,  y r ) ,  a )

- (  h (  a (  t ( x ,  y ) ,  T ( x r ,  y t ) ,  a ) ,

d (  P (  x ,  y ) ,  T ( x ,  y ) ,  a ) ,

a (  Q ( x ' ,  y t ) ,  T ( x t ,  Y t ) ,  a ) ,  t , . t )

fo r  a l l  X ,  Y ,  Xr ,  Yr ,  3  in  y  and some h  (  H ,  where

r .  f a t r o
( 5 . 2 )  I

(

( 5 . 3 )  r
( 5 . { )  I

$ca 36ar" 
"

p ( b ,  y )

Proof.

i (  ? G ,

&c ertr.r r,

b  .  d ( t  ( r ,

tc r Jlrcd I

a :bocl 3.

l l !  - .  r  grrcf o

ar3 a.lr e

t ,  I  J ) ,

h errrr r.

a (  t  r ) .

I  trr :r*L3lr

* : a . d (

€Enclr r

,rb. tl . l if .

*re,r a-
b r l f . a : b

S,-ilil r: :rr

a t . r .



CoLncl.dence Theorems

t  -  f a (  p ( r ,  y ) ,  T ( x r ,  y ' ) ,  a )  +  d (  Q ( x ' ,  y ' ) ,  T ( x ,  y ) ,  d J  1 2 ;

( 5 . 2 )  P (  r ( x ,  y ) ,  y )  =  T (  P (  x ,  y ) ,  y ) ,

q (  T ( x ,  y ) ,  Y )  =  T (  q ( x ,  Y ) ,  Y )  f o r  a l l  x ,  Y e  Y ;

( 5 . 3 )  p ( v x  
[ y J  )  u  q ( Y "  t v l  )  9 r ( v x  [ v ]  )  t o r  e v e r v  v  €  Y ;

(5.4) T(Yx {y} ) fs a compl-ete subspace of Y for each y 6Y;

tten there exlsts exactly one point b such that

P(b ,  y )  =  q (b '  y )  =  T(b ,  v )  =  b  fo r  a l l  v  in  Y .

Prpof .  3y  (5 .1 ) ,

d (  P ( x ,  y ) ,  Q k ' ,  y ) ,  a )

<  h (  i l (  T ( x ,  y ) ,  T ( x ' ,  I ) ,  a ) ,

d (  P k ,  y ) ,  T ( x ,  y ) ,  a ) ,

a t (  Q ( x t ,  y ) ,  T ( x r ,  Y ) ,  a ) ,  P ,  P ) ,

for every x, xr, !  t  a € Y, vhere

2 p  -  d ( p  ( x ,  y ) ,  T ( x ' ,  y ) ,  a )  +  d ( q G l y ) ,  T ( x ,  y ) ,  a ) .

For a f ixed Y € y, this inequalLty corresponds to the condit lon (1.1)

d Theorern 3. Further, for the ffxed y€ Y, (5.2) corresponds to

(3.1). Therefore in vf.ew of Remark 6, for eaclr y ln Y, there exists one

od only one x(y) ln Y such that

p (  x ( y ) ,  y )  =  Q (  x ( v ) ,  v )  =  r (  x ( v ) ,  v )  =  x ( v ) '

Por every y, y '  G Y, by (5.1), we have

d (  x ( y ) ,  x ( y ' ) ,  a )  =  d (  P (  x ( y ) ,  v ) ,  Q (  x ( v ' ) ,  v ' , a ) )

< h (  d (  x ( y ) ,  x ( y ' ) ,  a ) ,  o ,  o ,  s ,  s  )

( d ( x ( v ) ,  x ( y ' ) ,  
" ) ,

e  c o n t r a d i c t i o n  u n l e s s  d (  x ( y ) ,  x ( Y t ) ,  a )  =  o  f o r  a L 1  a ( { '

r h e r e  2 s  =  d (  x ( y ) ,  x ( y ' ) ,  a )  +  d (  x ( y t ) ,  x ( y ) ,  a ) .

C.oosequently x(y) = x(yt).  Hence x(.) is some constant b € Y, and so

P(b ,  y )  =  Q(b ,  y )  =  T(b ,  v )  =  b  fo r  a1"1  y  in  Y .

Tlreorem 6. Let (Y, d) be a conplete 2-metric spacet and P, Q' T

bc taps of the product space Y x Y to Y satisfylng the condit ions (5.2),

(5.3) and the fol lowlng:

d (  P (  x ,  y ) ,  Q ( x r ,  Y t ) ,  a )

- (  Q . r n a x  { d (  
T ( x ,  Y ) ,  r (  x t ,  Y t ) ,  a ) '

d (  P ( x ,  y ) ,  T ( x ,  Y ) ,  a ) ,
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d ( Q  ( x t ,  I t ) ,  T ( x t ,  y t ) ,  a ) ,

t  f d (  P ( x ,  r ) ,  T ( x ' ,  y r ) ,  a )  +

d (  Q ( x ' ,  y ' ) ,  T ( x ,  y )  ,  i l J 3
f o r  a l l  x ,  X r  x r t  l t ,  ?  i n y  a n d  s @ e  q  e  ( o ,  l ) ;  T ( y " t y l  )  f " .

closed subspace of Y for each y e Y. Then there exists exactly one

p o l n t  b  s u c h  t h a t f ( b ,  y )  = Q ( b ,  y )  = T ( b ,  y )  =  b f o r  a l l y € y .  I

Proof. UsLng Corol-Laty 2, it nay be ccmpleted follovlng the above I

proof.

The author is thankful to Profeesor S.L. Singh for suggestions and

encouragement r^thich led to thl.s paper. Ttre exaple of this paper is due

to a reference of Professor D.H. Tan, tbdtgh in dlfferent context, and

the author thanks hin for the sc.
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Optinal Sttategies for Absorbitry trtld'rkov and

Sqri-Matkov Ptocesses with Rewards

H. B. Shrestha

Karnatak UniversitY,

Dharwad.

Abstract:

T h e p r e s e n t w o r k d l ' s c u s s e s s o m e o p t { r n a l i t y c r i t e r i o n f o r a b s o r b i n g

Markov and semi-ltarkov processes w'Lth and w'ithout discounting of reu"ards

and costs. Such an analysis for the positively regular Markov Chaln was

introduced by l{oward (l-960). The expected total return for the process

stopped at a certain state ls obtained. The tMarkovianr optimality

criterion to arrive at the stopplng state which rnaximises the expected

total returo is also dlscussed.

1. Introduction:

Consider a time hmogeneous absorbing Markov process 
{ 

*a" O o 
}

definecl on the probabllity space ( -f) , A ,P) such that Xa = i denotes

that the system ls Ln state i at tlme t. Let the state sPace of the

process 6.S=1trfc) where T denotes the state space of the s transient

states and TC denotes that of r absOrbing states, s and r being any

posit ive lntegers. We suppose that PiG) >0 for al l-  i  QS so that the

condltional, probabiltty of A€ *' glver- Xo= i ls defined for alL i €. S'

On S, real functions r and c are defined such that r, denotes the

reward earned by the process by staying at state i and c' denotes the

cost incurred by the process by staying at state i' I'le assume that

both r i  and c. are f ini te for al l  I  6 s.

Transitions from one state to another are governed by the transl-

t i o n  r a t e s  3 r 1 r  i ,  3 = L r 2 r . . . s  a n d  b r ,  ,  i = l  1 2 " " " ' s ,  1 = 1  , 2 " " ' t '
r J

ltren the. probability that an inilividual in state i € T at time r rrill
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be ln state j€ tc at t ime C+dfis 
"r j  

fu and rhe probablLity that

an lndividual in state i Q T at tlme .l. will be in state 1 e t" at tlme

C +df ls br, df . Ttre transition intetrsity rnatrix nay then be

writ ten as

r=rs)
\ o ; o  /

rfitere the bar indicates that the matrix r ts of order s * r. A is a
s x s matrix whrch describes the transitions rtthin the s translent
states and B is a s x r matr ix describlng the translt ions fron.translent
to absorbing states. we assr.rme that the absorption rate matrix B is not
a zeto matrix i .e there is at least one absorbr.ng state in the system.
Consider an interval (o,tJ ,  o 3 t  < co . Define the transit lon probabi_
l i t y  n a t r i c e s  ( ( l r 1  ( t )  ) )  a n d  ( ( q i 1  ( t )  ) ) , i , i = I , 2 , . . . s  a n d  l = 1 , 2 , . . . ,
r ,  vhere pi j  ( t)  denotes the probabil i ty rhar an rndividual in state i
at t ime o wil l  be in state j  € T et t lne t 

"rd 
Qil  ( t)  denotes the

probability that an indr.vldual in state 1 e T ar time o wilr be in state
1 € Tc at t ime t.  The transit ion probabil i ty matrix for the syst€n is
then related to the transit ion intensity matrlx as

F ( t )  =  e x p  
[ .  f  J  .

Define the duration of stay matrlx as

r<.1 =(o<.!:g )
f  o  i t r  /

r,rhere the elernents Dab(t) are randcm variables measuring the tlme spent
in state b r ir l thin the interval (T,Z+t) given the lnit ial  state a.
Let d.O(.) denote the density functlon of the duratlon of stay Dab(t)
of the system. It  is obvious that each row of D- (t)  sum up to t .

L e t  E ( D . * ( t ) )  =  l t  u  d ,  ( u )  d u
d u  t o  a D

=  e " o ( t ) ,  l f  b  €  T

= €^l (t) ,  
, ,  i  € Tt and i  is the state where

the process is absorbed. The expected duratr-on of stay matrix be

e ( t )  = / e ( t )  l _  € ( t )  
\ .

\ o  i  t I  /
The expected duration of stay matrlx may also be ob.tained as

E(t) = 
./t 

Ft,r)a,, = 
rR ,.u*t rk / r+r:/ r^ihich on pre-or post-nu1ti-to

ptr icat ion by A- results in

)

-l

a a

fr

-

E{

. j t
t

t l

f : e

: h

,{r:

F":*t

t : t

,r{*
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( 1 . 1 )  i 6 ( t )  = 6 ( t ) E = F ( t )  - r .

By definition, I is singular. So we consider the transient Part A

whlch, ln an absorbing prpcess, is diagonally iloninant' Moreover A is

a substochastic matrix so that A ls non-sLngular and its inverse exlsts'

Ihere fore ,  i r  fo l lows f rcnn  (1 .1 )  rha t  e ( t )=  l -1 (p( t ) - r )=  (p ( t )  -  r ) l -1

and e"O(t) raay be obtalned as the (arb)th element of e(t) '  The expected

duration of stay matrix for absorbing states may be obtained as F-G) =

ft Q{.r)ar, = ^1,-1 ("(t)  - tr) s = e-l  (Q(t)-ts), and t"r(t)  mav be obtained

ls the (a, i)-th element of €G)- rt  may be noted that

€^r(d *  o& " .0( . )  
= t .

Alternative expresslons for e"O(t) and L"rG) may be found in Chiang

(1968)  .

In thls paperr we develop a continuous time analogue, of an earlier

paper (cf.  shrestha, 1984) on discrete t ime Markov and seroi-Markov

p r o c e s s w . i t h r e w a r d s , b o t h i n t h e P r e s e n c e a n d a b s e n c e o f d i s c o u n t i n g .

I,le consider the foLlow"ing situation.

Cdnsider a rentaL agency whlch Lets out f lats on rental basis'  The

cost of keeplng a f lat idle in the i th state (e'g'  i th day) be c'  and

the rent that could be earned (by lett ing out the f lat for that day) be

ri .  Once rented outr i t  Ls assumed that the f lat wi l l  be occupied t i11

the end of the duration (orxJ. I t  is the concern of the agency to know

how long or upto l that state i t  can afford to keep a f lat unoccupied

without decreasing the expected total return during the given duration.

In section 2, rnre discuss the expected total return for the absorb-

ing Markov process r,r i thout discounting of rewards and costs'  The ex-

pected total return for the posit ively regular Markov process has been

discussed by Howard (1960). We also discuss the optimal strategy for

such a process. In section 3, we discuss these for an absorbing Markov

process rnri th discounting of rewards and costs'  In section 4, we discuss

the absorbing semi-Markov process, the expected total return for such a

process as well  as the optimal strategy for arr iving at the stopping

s t a t e . l n t h e s e d i s c u s s i o n s w e c o n s i d e r t h e r e w a r d s a n d c o s t s w - i t h o u t

t5
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discounting. The case of discounted reuards and costs for the senl-

Markov process will be taken up in section 5. A11 the strategies are

o<pressed in terms of the actual rewards and costs rathet than the

values-- as is the usual practice. Ttre advantage of such a presentation

wilL be the toplc of section 5.

2. An Absorbl.ng Markov Process vlthout Dlscqrntiog:

Let the process start at state a. The total cost iDcurreil by the

process stayLng in transl-ent states prlor to absorptlon lnto state i is
J - 1

given by 
..| 

or'(t) c'r rdrere L-l denotes the state preceeding state 1'

D=a
wtrere from the process gets absorbed Lnto state I Ln one step. The

process r^r i l l  rmrain in state I for the rn-lnder of t  -  i f  
o^rtt)

6 f t a o
duration. The total rerrard earned by the process by staying in the

absorbed state i  for the rest of the duratlon ls thus f.  
-  t f t  

n,*(t)]x
L  f " a D  J

11. Ihe total return for the procesa started at state a aod stopped

at state L is then

(2.r) *, = 
f . 

- 
:i Dab(t) I .r- lJ o"o(t) co.

L I F A J D - A

Ttre expected total return at state I ls then

(2.2) 
", 

= 
[. 

- 
:4 ""1,:,J .r - 

H 
e"o(r) co

= ea*(t)  t ,  -  7 e^*(t)  co.
l - t G - " a D

The existence of the expected total returo v, ls guarenteed for all I

since ggu1ori (o and c, is a non{regatlve functlon such that 
Tl+ 

.f > o.

Also we note that, by assr.rnption, rl ls a noo{ecreaslng functlon ln

i € Tc. Ttre stopping state Ls defl.ned as follors. The state i is a

stopping state if for any J ) I,

( 2 . 3 )  v .  -  v i  S o

for the f irst t ine, i ,  J e S.

We now obtain the optirnal strategy for the absorblng Harkov Process

rrith undlscounted rersards ard costs.

l-l tle 3r

L t ,

at.]t j It

t ,

q.r y{.l.

G - r1

-.lt.

D. o.!!tc

rFala o1

tl*r toc tl

ttc3-r tr rl

d ft. b"d

t r  t  .  : .

13 a trFtlA

ll3 a4.€,r j I

l|n;:!r (

* *

nt ?*d

h i J I

- n : r
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2.I The Strategy . ----^^+aA r^ra1 return for

L€t J (> i)  be any other state' The expected total ree

rtate J ls v,' For the state i to be the stopplng statet r^te need that

, i  -  ' i  = a.r i . l ' ,  -  E" '  ( t ) r ,  -  
i * ' "ot t )" tSo

utrtch Yielcls on simPlification

i - l
(2.4) ' j  3 Arj ', + 

i l  %: "o

nhere orj 6.r(t) 1 Lt(t) and

n o r = e " o ( t ) /  t r ( t ) '

The coefftrclent A' has the interpretatl-on that it is the ratio of the

duration of the system when the system ls stopped at state I to remain

there for the renraining duration to the duration of the system r'iaen the

syst€m is stopped at a further state j to remaln there for the reraainder

of the duration' Clearly or. j  ) '  for al l  i ' j '  € S' the equali ty holding

for i  = j .  Next, 8"j  gives the proport ion of the duratlon of the system

at a part icut"t  
"t l l  

b '  i  S b < j- l  to that when the system ls stopped

at state j  to ranain in i t  for the rest of the duration' Obviouslyt

lnequality (2'4) ls a t'MarkovLan" one in that the declslon as to

r.*rether the process should continue oo after state I depends on the

reward receivable at that state ancl the future costs the process would

lncur by leaving state i '  Obviously'  the stopped state r^r l lL have the

oaximum exPected total return'

3. The Markov Process with Dlscounting:

Usually the, payments of rewards and costs stretches over a long

passage of time so that a discounting of future returns beccme inevi-

table. Assume that the rewards as well  as the costs are continuously

d iscounted  by  a  cons tan t  d iscount  fac to r  d  ,oSc(31.  
The process  s ta r ls

at state a at t ime o' The total discounted cost t111 i t  is absorbed in

sEate i  is given bY
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l& oos obtaLn the oPtlf,al strategy as in the case of Markov process

slthout dlscountlng.

3.1 Tbe OptlpalitY in Presence of Discounting:

For eoe state j(>i),  vr(d) is siml ' I 'arLy i lef lned as in (3'3) I{e sha1l

call state L as the stopplng state if

( 3 . 4 )  v r ( { ) - v r ( " ( ) 3 o .

Ustog (3.3) and si:rPlifying r^€ get^

(3.s) ' :3 oi-r, j-f  i  * 
f ;  1i,5-, "n

rrtrere
,3

oi-l,i-, = Ht-l / 
"J-t "

i,r-, 
= (L-r- r1)/ u5-r'

which is again a ItMarkovLantt InequalLty sl'nce

arrived at by considerlng the rerlatd at state

ln transit ion frm state I to state J-1'

the stopping state can be

I and the costs lnvolved

4 .

Consider a tlne honogenous absorblng seml-Markov process wlth s

translent states and r 'absorbiog states' The states occupied on succes-

sLve transltlons are governed by the transition probability natrix F(t)

of the inbedded Markov process. Ilhen the process enters sone states'

l t l s h e t d a t t h a t s t a t e f o r s o n e t l m e p r i o r t o m a k l . n g t r a n s i t i o n s t o

cc other state. The holdlng tlmes do not necessarily take integral

values. Let 
\ ,( .)  

denote the holding t ime density function of the

holdlng tft" Cnt of the process staying at state k before making a

cransltion to state 1. The mean holding tlme at state k ls then

Urr- |fuq. L(t)dA 
and the mean walting tiue in state n tl 

.7o-= ---

,#i"r"=*ll ". 
.r".*e tha: these means are f inite' tetT denote the



Nep.  Math ,  Sc .  Rep. ,  !o1-  10 ,  No.  1 ,  1985

dlagonal matrix of mean ltaiting tlmes for the s states' Then the

expected duration of the process Ln state k given that the process

started at state a is the (a,k)th element of the natrix ;/(t)

=[e<t>-xJ'V, Let this element be denoted tv e/n(t).  r f  the state

k is an absorblng one then the expected duration of stay in state k is

denoted by e!n<O. The o<pected duration of stay matrlx E'(t) 1" tho"

obtained. rt  ls easy to see that e/k(t> + 
nfreit t)  

= 1.

Let the process start at state a. Let D/b(t) denote the duration of

stay in state b in the interval (o,tJ - Let cO be the cost Per unit

duratl.on in state b and 1et gb be the cost of transition into state b

-from some other state. Then arguing as in the case of the Markov process

without discountlng, the total cost of the process uP to state i is

l-1 t

. E  
( u " o ( t ) c o + e o )

D=a

and the total earnlngs after the absorptlon in state 1 is.

' L-L

{ ' - 7 n 1  
( t )  

}  ' r .
L F A J

Ttre total return for the Process stopped at state i ls thus

* ( i - - 1  ) i ; - r
(4.1) *r.  

* = 
t .  

-  
E 

D/b(t)J.,  -  f  tojott lco + 8o)

and the expected total return ls

* ( i -1 1-l

v {  = 1 r -  f  " ' r { d {  
. r - Z < . j o < t l c o + s o )

r L b = a d v ) L b = a

- /  .  -  
i - l

(4 .2 )  =L ' rk )  ' i  -  
E  

(e io t t ) "u*eu)

4.1 The Optinal i ty Inequall tv:

Suppose that j  (>f) fs sme other state. We rr ish to fLnd out a

stopplng state i such that

5 .

(4 .3 )

Ustng

(4 .4 )

nhere

G . ,
J

( 2 . 4 '

^tJ t

that

reotrr

of thr

1

Proce(

1n8r :

procel

(5 . r )

Ttre e:

given

given

The st

t raosl

To ob

E l e
t

:ls
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( 4 . 3 )  r j  - v t  < o  .

Using (4.2) antl simplifytng (4.3)' ue get

j -1
(4 .4 )  r .  (  u ,  , r .  +  t -  (F . ,  c .  +  c .g . )

J -  u a  b =  
D J  D  J u

r * r e r e  E . .  =  € ' . G )  t  t - ' r : ( t ) ,  T b .  =  e / b ( r )  l t ' " r G )  a r . a

GJ = t l  , '^J(jL). The inequali ty (4.4) has the sme characterist ic as

(2.4) and the coeff icients E' and FbJ have simllar interpretat ions as

OrJ tod BO. therein. Ihe presence of G. in the l-nequality indicates

ttrat the decision to proceed on to state j is also dependent on the

rentrancer cost of state j  welghted by the reciprocal of the duration

of the process after absorption in that state.

5. Ihe Semf.-I'larkov Process *ith Discountlhg:

Iltren the rewards as well as the costs are continuously discounted,

proceeding.as in the case of the absorbing Markov process with discount-

lng, i !  is easy to establ ish that the total- ' return at slate i  for a

process started at state a and absorbed at state i  is

2L

(s.r) R.*,-,+[,"

To obtain the expected totaL returnr we f irst of al l  evaluate

el; O. (t i l  Thg exponential transform of a function f(.)  is deflned

I A D I
a3 

t _xrc

r e ( d ) = f , e  F ( ( ) d , t .
o

Tbe erponent ia l  t ransform of  the hold ing t ime dist r ibut ion for  state b

gtveo the hold lng t imedensi ty funct ion hab(.)  for  a process at  state b

glveo the lnitial state a is

.  e . t ,  
t  - d ' t

h b ;  ( c ( )  = J  .  h b b ( Z )  d Z .
o

thc eltlng tlne distribution for state b will then have an exponential

trenrforr

- (rr-r - 
" 

- *t 
rr. -;it"- 

*--1 
(r-.- 

ac(rk-rk-l ), 
"u*.- 

*tn*J] 
.
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wbe(oc) = 
,! 

r, ni (4),

so that the exponentLa1 transform of the duratLon of stay O"O(t) for

state b glven the init lal  state a becmes ( cf.  I loward, 1971),

(s.2) r t"-@lo(t) l  = d:(o(, - 
wt"({) --ptr\u'(o() 

= n-. (t),
o 

1-pbbh;b (o() ab-

say. uslng (5.2) and taklng the expectatLon of (5.1) yields the expec-

ted total return for a discounted semi- Markov procesa as

*  1 r i - 1  - 4 t  1 - 1 f k - 1  k  k  r " l
vr^ (d.) = 

* lifl.";o<.r-. ).i-E lr TI ujo<.)-1T njo<tD1+[n,or.rruJl.

rf we Let ,o* = t. f f"" '( t) -.-ot, l4.md
D=a

a-* =.(ff n^'*(t> then we have,
n  . '  a b

D--a

*  x  L ; : L t ,  *  *  *  
- )

(5.3) vr (d) = 
"r_i 

'r- 
E t, \_r- L..)a * ci A J .

We now obtain the optlmal strategi for the absorblng eeol-llarkov
-trocess 

with discounttng.

5.1 The Optiroallty_l.n presenie of Dlscountlng:

The stopping state i is given by the conditl.on

(s.4) " ,r .*  ({)  -  . rr*

fo r  a l l  j  (> i ) .  Us ing  (5 .3 )

(s.5) .j 3 ri-r,j-1 ti* 
H

(c ( )  <  o

we get the optinalLty criterlon as

* *
( tu, i - t  

"k 
+ Gk,5-1 81)

6 . 9

I

factor

ln adv,

eDts o:

dlf f lcr

ttD d:

A ,  B r E r l

l t l s 1

I t l s r

durlrg

Referer

l .  ch l

2. Hor

3. Hon

4.  Shr

where  E l  ,  ,  ,=  n ,  1 /  H . * . ,  F . * .  .  =  ( f  . -  E* )  /  H l  .r . - r r J - l '  L - r '  J -L .  k , j - f  
-  

k - ]  k -  j - ]
* * *

tu,j-, = cu I H5-r' The coefficients of r, and 
t 

have

t lons as those in (4.4). The tMarkovl.anf characterlst ic

retalned.

and

the interpreta-

is again
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Concluding Remarks:

It is seen that if the transltion probabil-ity rnatrixt the cost

factors and in case of discounted case, the discounting factol are known

in advance-, as we have assumbd herein, the calculations of the coeffici-

ents of the costs factors in the Markovian optimal-ity crLterion pose no

dlfficulty; specifical-ly if 'the holding time distributions and waiting

time distrlbutions in the semi-Markov process are known, the coefficients

ArBrErF and Gr's are easi ly derived. This means, given the cost factors'

i t  is posslble to pick-out the stopping state with 1it t le dif f iculty and

lt is not essential that the process be observed through i ts transit ions

during the given duration for the same.
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On a Structure Defined bll a

of Tgpe (I r7) Satisfging fJ

Tensot Field f (lAl

- azf = a

Rm Nivas and C.S. Prasad

$nary:

Andreou ILJ nas studied the-structure defined by a tensor field f

( l  O) of type (1,1,) satisfylng f) + f  = O. In the present paper, we

have defined and studied f,  (5,1) - structure. We have also obtained a

poattive definite Riemannian metrlc with respect to r.rtrich the comBle-

-otary distributions are orthogonal .

l .  Let Mn be an n-dimensional dif ferentiable manifold of class

P Suppose there exists on Mn , a (1r '1) tensor f ield f(# o) satis-

fylng

( l . l )  f . 5  -  ^ 2 f  =  o

t i€re'at ls a cornplex nr:mber not equal to zero. {f  a = i  where

1 - .f,f, our structure takes the form f) + f = O studied by Andreou

t r l .

l : !  us define on Mn, the operators 1 and m as fol lows:

( l  .2) tg9! Gat^z) and n 9S! r -  G.4 la2), r being unit tensor f ield'

lo  v les  o f  equat ions  (1 .1 )  and (1 .2 ) ,  we have
) ' )

( l . ! )  l -  -  I ,  m- .=  m and 1  *  rn  =  I .  Thus  we have

t lcora  ( l . r ) .  For  a  tensor  f ieLd  f  ( l  o )  o t  t ype  (1 ,1 )  sa t is fv ing

0.1)  ruc  op€ra tors  1  and m def ined by  (1 .2 ) ,  when apn l ied  to  the

"aaa( rpece cf Hn at a point, are cornplernentary project ion operators'

tlr tbcre e:<ist complemenlary distributions L and M corresponding

to trrorccttoc op€rators 1 and rn respectively. If the rank of f is

cct3J ercrl riere and equal to r' the dimensions of L and M are r

d  b - t )  r? tP .c t l ve ly  t4J .  Le t  us  ca l l  such  a  s t ruc tu re  as  fa (5 ,1 ) -

attlcarra o'f ral r.
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Theoreo (1.2). For a tensor f teld f(*o) of type (1'1) adnltt ing fa(5'1)-

"ar""r; 
and for the projection operarors r. and m given by (l-.2) we have

( 1 . 4 )  f l  =  l f  =  f ,  f m = o f  =  o '

A l s o r r . r , ) 2

(1.5) f t l  = Lf" = f '  ,  f 'm = mf- = o

Proof. The proof fol!-ows easl ly by virtue of equations (1' l ' )  & (1'2) '

rheorern (L.3). Let }f bt 
"o 

n{imenslonal differentiabl-e manlfold

equipped ltlth fa(5r1)-structure' If f l-s of maxlmal rank' f2 gives a

GF-structure or-Un [2J.

Prgof. The rank of f is manlmal if

diro M ='O' ConsequentlY m = O and

G4l^2)  = x

o r ' ^

(1 .5 )  f *  =  a ' r .

r : = n .  T h u s d i m L = n a o d

I = I.  Hence in view of (1.2), we get

Thus f2 gives a GF-structure on iln'

fheorem (1.4). In the manifold Ho endoled"eri th fa(5' l)-structure' the

(1,1) tensor f ield F given fV f 99! (Zf4 laz) - I  gives an almost product

structure /3/.

Proo f . '  We have:j-;:= 
F2 =$f la4) - Gt4laz) + r

or
2

. ( r .01  F  =  I  by  v l r tue  o t  (1 '1 ) '

Hence F gives an almost product structure on un 137'

Theoren (1.5). Let P, I  be tensors on l ' tn defioed as fol lows:

( 1  . 7 )  p = n +  ( f ' l a ) ,  q = a - G - l a )

Then we have

( 1 . 8 )  P q = q P = n - 1 '

Proof. The proof fol lows easl ly by virtue of equatlons (1'1) & (1'2) '

2. Let us nolt introduce ln the uranifold Mn a local coordinate

syst€n and denote by fl , rl ana t| tnt 1ocal ccmponents of f' 1 and m

respectively. We also inttld""" tl ut, a Positive Utit:tt: Rlemannlan

metric by taking r mrtually orthogonal- unLt vectors u" in.L (a'b'c' " '

= Lr2r..:rr) and (n-r) uutualLy orthogonal unit vectors u[ (A'B'c' " '

= Lr2r..., n-r) in M. Thus ve have [4]

a

t
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0n a Structure Defined

- h t h - h ir r u l = u l ,  r f u [ = o ;

h r  ^  h i  h
r L t b = u r m i r B = r B .

A

- B t
E  ge t

!he

oduct

(2.3 ) a h  A h  . h
t r - o . t t i t A = , 9 i '

In vlev of equations (2.1) and (2.2), r^re have

(2 .4 )

lbrc e have

rl 4r"l = o , (,1 4,"1 = 5: .

. 2 )  .

t

l d m

olan

rrc ccgooents of linearLy independent corrarl,ant vectors satl.sfyLng

t-. (i , rfl u. the matrl,x l-mrerse to ("f , "l). 
Then vl a"a vl

a i . " a i

" i " ; =  
o b ,  v f u [ = o ;

(2 .2 )

A i  ^  A i
r l t b = u r v i u B =

I

5. Ufog Kronecker delta. ALso
t -

Gl ";)"1 = 5: , <rl "fir"1 = o ;

. h a a . h A :
t r . t h = t i  t  t l v h = u ;

(2 .5 )

h a  ^  h A  A
r l t h = u r  r i r h = r 1

lld.rc fr - O , we have fl 
d 

= O. Ilence contractLng wtth vl

-, lB ure of (2.5), we obtain

( 2 . 6 )  t l 4 = 0 .

krthcr, rlnce

r l o j  
h

i  a = u a t w e n a v e

- h  i  a  a h
I . U - \ ' . = V . U

J a L r _ a
C

' l (  r i - "1  4 ,=" i "1
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:2 .7)  t l  =  
" l  

uh  by  v i r tue  o f  (2 .1 )  and (2 .3 ) .

Eimilarly
r r A h

(2 .8)  n ;  =  v ;  u ;  .

Let Us nor^r put

(2.s) rj, = ,i "i . "i 4 .
*"o tj, ts g1oba1-ly deflned positive ilefinite Rienannian metric w-ith

t."p""i to r^itrlch <"1, 
"ll 

form an orthogonal frme and such that

( 2 . 1 " 0 )  . , ? = 1  
" i  A  i

J  
B j l t " ' v . = B 5 i u A .

If we further put

v
rQa

30 1

fLG

PGd

dtr

rcq

bfr

l .

( 2 . L r )  r . . .  =  ' t
J r- 

tj Bti and

we have in view of. Q.7) and (2.8)

(2 .L2 )  r . .  =  v l  ' 1  ,  m .  .
Jr  J  r_  J r .

dnd consequently

t
t5i  = t5 8at '

A A

J 1

2 .

( 2 . 1 3 )

(2.16)

Now

t j t  * t 1 t  =  s 5 r

The follor^ring equations can be proved easlly

(i) t j  t i  r." = tJ, ,

(2.r4) (r r )  r t  s -
3 t i 8 t s = u

and (rti) mj ,i s., = r5r .

If we now put

c , .  =  4  G . .  +  m . .  *  f s  t t  e . . )  .
J r -  

-J r -  
11  t  s  - l , J

then G.. is agaln g1obaL1-y deflned Riemairnian metric satisfying

( i )  
"1 

= e. .  "1J  ] 1  A

and

( i i )  ' . .  =  ' l  c .  . .
J I .  J  E a

G(u.,  uo) = , l t (u",  uo) + m(u"r ,,o) + t! tl rr: "1 "i1= o

3 .

t .
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Oo b Structrrre Defined

b T v l r t u e o f t h e f a c t t h a t t h e d i s t f i b u t f ' o n s L a n d M a r e o r t h o g o n a l w i t h

respect to Ri€uanolan roetrl'c g. Thus L and M are orthogonal wlth respect

to G also. eonsequentlyr we have the following theorem'

It€oreo (2.1). Let un be an n-dimensional dlfferentiable manifol-d equip-

F d v f t h f a ( 5 r 1 ) - s t r u c t u r e o f r a n k r ' T h e n t h e r e e x l s t g o r n P l e m e n t a r y

dletrltr,rtlons. L and M and a positl.ve.tlefinite Rienannian metric G l^/ith

respect to rdrlch the distributlons are orthogonal'
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On Semi-P2-Like and P -Finsler ,Str2aces

U.P. Sfngh*

B.N. Gupta**

The (v)hv-torsion tensor trjO of a C2-1tke Flnsler space leads to

deftne a semi-P2-like Flnsler space. A P;-Ffnsler space is a generalL-

tatioD of P* -Finsler space and sdmi-P2-like Finsler sPace. It has been

ehorn that semt-P2-llke and P^-Finsler spaces are c2-like Finsler spaces

under eertain condLtLons. The propertLes of'-hv-curvature tensors PhiJk

of these spaces have been studied.

l. Introductl.on:

Let Fn (n 22) be an n-dimensional Finsler space equipped with the

fundaental function l, k, y). The (h)hv-torsion tensor

^ 3  - 2
^  t r  Q  L
ar,, (+ 

mffi 

of Fo satisfles the folloving identit ies

c o 5 r = t j o n = t j n o = o

rlrere o stands for transvection 1o.ith respect to yi. The hv-curvature

t oaor Ph5t of F' Ls written in the tom (t6J)

( r l
o ' r )  Pt r l t  =  * tn t> 

|  
cr3t1t  + c i5  cr r t lo  J

6tch ls rewrit ten in tenns of (v)hv-torsion tensot t t jk a" ([8J)

(t'2) Pnr5r = a(nr) Pr5r.lr, * trur tln

*t.  CfJf 
I t  f ld 

PfStln stands for h-covariant dif ferentiat ion with

neapccc to x" and v-covariant dlfferentiation w-ith respect to yh

tttFctlvely, 4(hi) d"totes the interchange of indices h, i  and

rbtrectlon.

a
Ilcprruent of t{athematics, University of Gorakhpur, Gorakhpur 273C[l

- Dcpertaent of ilathematl.cs, Post Graduate Co1lege, Ghazipur 233OO1
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Itre (v)trv-torsion tensor PIjk .od v{urvature tensor'SntSk of Fo

are respectively glven by

(1 '3) t r j t  = PoiJk = cr5t lo

(1'4) strSr = o(in) 
t 

t* ' t l : 
]

The curvature ten$ors Phtlk .td ShtSk ho" tbe follorring propertl.es:

( 1 . 5 )  P n r 5 t = - P * , 3 r

(1'6) sr,rjt = - str,Jn = - shrk3 = s5tnr

(1'7) snr5t * stjtr * sntr5 = o

A Finsler space wlth tijk = o is called a Landsberg space (f11"7).

A Finsler dpace w"ith trjn of the fo:m,

( 1 . 8 )  P . . .  =  , l  c . . .  .
aJK aJK

uhere ) is a scalar function, ls 'cal led a'P* -Finsler space ([2Jr[3n,

wtrlle a Finsler space w'lth PfrfSt = PhttS t" caLLed a P-syrnrnetrlc

Flnsler space (/8/). If the h-curvature tensor 
\fit 

of Fn ls wrltten

in the form

(1.9) 
\r:r 

= R ( chj e* - chk cr, )

wtrere R is a non-zero scalar, then Fo is called an h-LsotropLc Fl-nsler

space (Il ,[41). we quote the followlng result whtch r^r-I11 be used in

this paper.

Lema l" In an h-isotropic FLnsler 
"P.". 

Phi,k = Pnft3 .od Sht5k = o

vu).
A Finsler space Fn (n }.3) is caIled p2-1tke ([sJ) t t  there exists a

covarLant vector fleld P, such that.the hv-curvature tensor of F is

written in the form

(1.1o) Pr5* = Pr cSrt - tJ .rtr .

A Finsler space Fr, (n }. 2) 
"lth 

c2 = ctci ( * o) is called c2'Lrke ([9J)

tt arjn is written in the form

I
( t . l_ l )  c- . .  =  -  . r  .J  an

u* - -  c '
where  c ,  =  gJ*  c l j k .

! r d

c{

-

rll

-

-
I q

Dr

L C

OJ

r-

L

-

tr|l

I
dt

-

r - l

o-I

-

a-I



On Semf-P2-Like 33

ttc thle defl.nl.tion it follows that a non-Rlemannian Finsl'er space Fn

It C2-lILe lf and only tf atJO tt written in the fo:m

o.l2) crj" - 
", 

tJ to * 
"J 

tu cr * h crcj

ftrc.L,C- + C. ) are colnponents of a covariant vector fteld'
^ 3c-

3. Sc Ptopertles of C2-Like Flnsler Spaces:

The h-covarlant clifferentl.atlon of relation (1.11) with respect

to tl tod Lts transvection with respect to yl gives

(2.r) rrj* * ar.J% + cSctcr * an r.J 
- p cicjck

ricre e have put

c ,  = +  c , r ^  ,  o = 4  G . c l .
t  

c "  
a l o  

c '  
r

The rl.ght hand side of (2.1) equated to zero after contractlon

rl tb respect to gjk Blves Crro = o. egaio Cilo = o yields PlJk = o '

lbr e have

Dcorcr 2.1 A C2-like Ftnsler space ls a Landsberg space lf and only

u  c t l o  '  o '

to a F - Fl-nsler space rre'have Ln v{ew of (1 .8), trlo = i tr'

Gcrrcrrely rf cllo = AC, and Fo ls C2-ltke' then (2.1) gives

lrra . ^ arra. Hence we have

Lorcr 2.2 A C2-like Finsler space is a P* - Ilnsler space lf and

c l v  l f  c . .  -  )  c . .' 1 l o l

t t  r trurtng frcm equatlons(1.11) 
"n6 

(2.1) lnto equation (1.1) we get

tlc follorrlng fott of hv-curvature tensor

c'2) PurJ, - cjctBrn * c5\nr * tn\nt.

-$r r Dut
I

c - t )  t r r .  
F  

(  t r l n  - . n1 ,  *  cnQr  -  C iQh  )

i
i

{
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(2.4) a, - 
i 

czcl cr 
1, 

+ c4 c, )

(2 .5 )  r1m =  
f  

a  rn l r . r  - . r1 ,  c r ,  )

Cootractlng equation (2.2) \rtth respect to yh and using equations (1.3),

(2.3) to (2.5) we ger rhe relarlon (2.1) which proves the fol low"Ing:

Ttnorem 2.3 If the tw-curvature tensor of a Flnsler space Ls wrLtten

tn the form (2.2), then its (v)rw_torslon teoaor ls wrltten in the form

( 2 . 1 )  .

The..followlng theorero can be easily deduced wlth the help of (2.2)

Theoren 2.4 The hv-curvature tensor of a c2-llke FLnsler space Fn

satlsfles the identLtl.es

(a) Prrrlr = Pr,rt5

l .e. Po ls P-sylmetrfc.

(b) Plrlt * t*Jn * Pkhli = o

la wlcv of relat ions (1.f1), (2.2) to (2.5) re h:ve

(2'6) PorJr ' 
\cr:r 

- Krcrlr * 
\o:,

ra.r.. 
\ 

- {n,
L ,

\o : t '  P 
( t r l  

n  
-  to  

1 t )  
*  c5 \ -ur  

*  crx lu '

Equatto (2.6) ylefde the fotlorrtng:

&reoreo 2.5 A C2-llte plncler rptcc Fo (o Z 3) lr p2-ltke if and onJ-y

if there allrr r ccnrrl.nt vector f lcld Il, (, - 11 ) such that

\r5r 
' ut cr1r - ur cu:r

3. Semi-P2-Lttr ?lrlcr Snrccr ad ttr rccrtlcr:

We consl.der -.{b.tc,l ?lrrlcr rprr lo vtrh the (v) trv-

torsion tenaor tara d r arlrl to

(3.r) rr j ,

rAcrc l. le ,

cE ln , ' .

urlly 3tvco

O . 2 )  ! .  -  .
- l

Thls sltustl

Pincler spacr

D r^ 
rJk

| . ='rjk 
j

c .
1 j

rtrere m, ls :

scalar functi

These re

the teirsor P,

Definitlon

seml.-P2-1lke

f o r m  ( 3 . 1 ) .

The rigt

contraction I

P . . .  = o .  T t
u K

Ttreoren 3.1 I

onlt if B, =

We have

spaces. I f  r ,

f o r n  ( 3 . 1 ) .

I{e have certa

given be1ow,
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r  ( 1 . 3 ) ,

Lg:

'l,tten

r fotm

|  ( 2 . 2 )

I
n

d only

(l.t) ?rJ. - tr.:t * tJ."., * t.rtJ

6ca1 j. 1r a lodlcatory vector fLeld, positlveLy hmogeneors of degree
. a

trc ls l ' .  Frcr (3.1) i t  easiLy fol lovs that the vector Bl is neces-

crl ly t trca bt 
I

o . : )  r -  .  - l '  c - .  -  2  c r l o  c -  c .
t c. 1lo 5 ;r- 

r-

Alr rlturtlon ls similar to.the case of C2-likeness. fn two dimensional

l lr lcr rpace r€ nave (LOJ)

t r J L  ' J "  t t  t l  
\

t t 1 r  ' *  t t ' r  \

c r  ' *  

"
r-:rc r, ls a unit vector no:mal to supportia€ element, J" and J are

re la r  f  unc t ions .

These relations show that in every two dimensional Finsler space

tlr tcnsor t i ,k 
".o 

be expressed in the fo:m (3.1). Thus we lntroduce

)rt lal t loo A non-Riemannian Finsler space Fr, (n Z 2) Is ca11ed

-.t-P2-llte if the (v) hv-torsion tensor trjU of Fn is written ln the

t o t r  ( 3 . 1 ) .

Ttrc rtght hand side of relat ion (3.1) equated to zero after

c.Gtr.ct lon wlth respect to gjk gives B, = o. Conversely Bi = o yields

tr.:, . o. Thus r.rc have

eSgra 3.-! A seoi-P2-1l,kq Finsler space i{ a Landsberg space if and

* . l r  l f  l l  -  o .

'i hrve concrete exanples of non-Landsberg semi-P2-11ke Finsler

rgx.r- I f  se put a, - 
4 

Ci = Wi ln reLation (2.1) '  then lL takes the

lga ,3.1). Thus se see-that any C2-1ike Finsler space ls sernL-P2-1l"ke.

L Lrrr :"rtain exaples of C2-11ke Finsler spaces. Some of the!0 are

3:ret ! : i*,  vhi le orher exmples w"i11 be given in next art icle.
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We suppose that a semi-P2-like Flnsler space ls a P* -Flnsler

space characrerlzed by (1.8). In view of relat ions (r.g) .n6 (3.1)

rp obtain B, B, B

t r : n = *  t j t o * T  t * t , * {  t r t r '

consequently (1.12) gives that the space under consl.deratLon ts c2-Llke

provided )# o, wtr i le )= o ytelds that the space is Landsberg'

Hence we have the fo1-Lotrlng:

Iheorem 3.2 A non-Lanclsberg P* -Fiosler space is s€oi-P2-ltke if and

only if lt is a C2-Like Finsler sPace.

Now we take a P2-1lke Flnsler space charag3gllzed by the hv-curva-

ture teosor of the fom (1.10). The contraction of (1'10) with respect

to yi gives

D  = . D  C' r j k  ' o  - i J k

whlch shows that a P2-l-ike Flnsler sPace Fr, (n 2- 3) is a P* -Flnsler

space. Therefore Ln view of theoren (3.2) rre get the fol lowing:

Theorem 3.3 The necessary and sufficlent condition that a non-

Landsberg p2-llke Finsler space Fn (n z 3) be smL-P2-like le that it

is C2-l ike.

By  v i r tue  o f  re la t lons  (3 .1 ) ,  (3 .2 )  and c r t  
o  

=TCI  (suppose)

re have

( 1  ? ' f  o  = L( r . r ,  
" r j t  

= 
p.r . : .u 

'

Corwersly the relat ion (3.3) Eives Cr, 
o 

=1cr, wtr ich yields the

fol lowing:

Theorem 3.4 The (v)hv-torsion tensor of a seni-P2-1ike Finsler space

is  g lven  by  (3 .3 )  L f  and on ly  i f  c r lo  =Tc i '

To find the foru of hv-curvature tensor Pnt5k of senl-P2-like Finsler

space, r^re have f rorn (1.2) and (3 .1)

(3.4) PnrSr = *tnrl{ Br1r, cjct * tjQrnn * ctQijt, * crlSti'

)
* LttB3t * cictrjn 

J

wtrer,

(3 .5

A d l

folL

Ttreo

sPac

Next

( 3 . 4

( 3 . 6

r.itric

Thec

l f (

Now

vect

Cont

( 3 . 7

Frq

the

Cont

have



oo 8eo142-Ltke

rihere (a) Q,1n - 
"r 

ct1t, * cr L 1 n

G) 
"Jkh 

= 
"J 

tulro + L ct 
lr'

(r.s) (e) Lik ' ctBk i nrcn

(d) B5r, 
] 

c, cfr,

re) ,Jn = r. cfn '

A,dlrect calculatl'on ldth the help of (3'4) and (3'5) ylel'ls che

follotdng theorefio:

Ttreoreq 3'5 The hv-cuweture tensor Pht5k 
"f 

a sernl-P2-1l'ke Flnsler

space satlefl.es the fdenttty

Pnrln Ptt5t, * PkhJl = o

Ndxt se consLder a P-synmetrl'c aeml-P2-llie Flnsler space' In vLew of

(3.4) and Phtlk = Phtkl * B"'

. ( \
(3.6) tr(nr){"rol:o - LrJtt,*cr%F5u - crcrronJ = o

wtrlch gfves the follordng:

Ttreorem 3.6 A seml'-P2-1lke Flnsler space I's P-symnetric lf ancl only

rf (3.6) hol i ls good.

N o w l e t u g s u p P o s e t h a t a s e f i i . P 2 - l t k e F i n g l e r 6 p a c e a d m l t s a c o n c u r r e n t

vector fletd x, Utl). Then xili = - 5| 
""a 

*ti, = o ' whLch gl'ves

h

x" Pt 
rjt 

* cijk = o

Contractl-ng this relatlon trlth respect to'yi and Xi respectlvely we get

{ - l
(3.7) Prr* x* = o , crro x- = o

Fro second relation of (3.7) rre get CrXi-= o' Consequently (3'1) r^attr

the help of these relbtI'ons ylelils

{
Brx-crco = o

contraqtlon of aborre relatlon wftn gjk w111 give BrXi = o' Hence we

have:

,
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Theorem 3.7 rf a sem{-p2-1l.ke Finsler space characterl.zed by (3.1)

admits a concurrent vector fl,eld Xrr then the vector B, is orthogonal

to Xr.

4. P, -Finsler Space and i ts propert l .es:

Let Fo be a Finsler space wtth (v)trv-torslon tensor plik of th€

following form

(4.1) trju = larjn * 
"ra.an 

* 
"jana, 

* 
"naraj

r.rtrere ) Ls a scalar functlon and a, are components of a covari.ant

vector f ldld. ) i"  h*og.neous of degree one Ln yt r*, i l"  
",1"

hcmogeneous of, degree two in yi. Or"o ,r,o = o leads to a- = o. It

is to be noted that in any two dimensional. Finsler space pi.k can be

expressed in the forn (4.1). Thus we introduce

Deflnit lon A non-RLemannl.an FLnsler space Fn (n?2) is cal1ed p;-

Flnsler space, i f  the (v)hv-torsion tensor of F Ls srLtteD in the

f o r n  ( 4 . 1 ) .

Fron (4.1) i t  fol lovs that ai ls necessarLly glven by

" 
= 
f  [ t r ,"  -  (  + * 

#" '  
cr lo )  cr1

The relat lon (4.1) shows that a p; -Flnsler space reduces ro a

P* -FinsLer space when a, vanishes ldentical ly str i le l t  reduces to

a seni-P2-llke FirisLer space r^ihen l = o. Thus a py -Finsler space is

a general izat ion of Px -FlnsLer space and smr-p2-l lke Finsler space.

Frm relat ions (1.11) and (2.1) we get that a C2-l lke Finsler space is

a P1 -Finsler spage.

If  the P I 
-Finsler space is a Landsberg space then fro (4.1) i t

follows that

I
tt:n = - 

i 
("rtjto * titot, + 

1crc, )

and X
a . = _ T  u -

3c .  1

Ilenc

Iheo

P ^ -

( 3 . 1

Ihis

cons

lheo

spac

scal

dhic

" i =
wtric

Theo

P r  -

prov

r n P

P*

Theo

P l -

that

tens

( 4 . 2
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Hence we have the following:

theorem 4.I r f  a Finsler space is Landsberg sPacet then i t  is a

P; -Finsler space i f  and only i f  i t  is C2-1ike'

Now we suppose that a P;-tr ' insler space is seni-P2-1ike' Then

(3 .1)  and (4 .1 )  e ive

Ic. . , .  = (B. -  . r_)cj .k + (si-" i )ctci  + ( \ ' -a)clc '
a J K  I -  r  J  N  J  J

This shows that i f  B. = ai '  then tr = o. otherwise the space unoer

consideration ts c2-i ike in view of ( l- '12) '  Hence we have:

Ttreorem 4.2 The necessary and suff icient condit ion for a P; -Fins1er

space to be seml-P2-l ike is that elther ) = O or the space is C2-l ike'

Nort we suPpose that a P;-Finsler space is a P* -Finsler space with

scalar coeff icient 7. Then (4.1.) and (1 .8) give

(T - ))cijk = ricjck + arckcr * 
fucrcj

wtrich shows that the space is C2-11ke tor T* \ ' When 7 = A we have

.i  = o, therefore (4.1) gives that the space is P* -Finsler sPace'

wtrich we have already supposed' Hence we get the followiirg:

Theorem 4.3 A P* -Finsler space with scalar coeff icient 7 7s a

P; -Finsler space l f  and onLy i f  l t  ls a C2-1ike Finsler space'

provided that 7# ^ .

I n p r e v i o u s a r t i c l e w e h a v e s h o r " n t h a t e v e r y P 2 - l i k e F i n s l e r s p a c e i s

P* -Finsler space. Therefore in consequence of theorem (4'3) we have:

Tlreorern 4.4 A P2-l ike Finsler space characterized by (1'10) is a

P1 -Finsler space Fn (n ) '  3) i f  and only i f  i t  is C2-1ike' provided

t h a t  P o  #  X .

In  v iew o f  re la t ions  (1 .2 ) ,  (1 '4 )  t t t6  (4 '1 )  we ge t  the  hv-  curva ture

Eensor Pni3t of a P^ -Finsler space ln the fonn

(4 .2)  p t i3 t  =  p t - ,c t j t  -  P ic i ,S t  -  A tnr ju



(a.2) sr

:i (t.4) * t*r*

F.a) 
d o.7) 3tv*: 

j

fu-nrfer 4re rr.tlrflrrl : rii

l'b holdt tl r

r*trtrlc-fhrfc

Ltr - c.c;'.. 
|' 

o

w
W

?--*, r trt

tr + crg't*.1t'rrJ, 
*

t! - cly ll ttr 
'*<r

(4.3). .i,i.:

lr h-Lrocalc. lb" .

r or fG. fr[ (1.#-'

.l!

l " ; ' l :

' { -€ . ,
. ;
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' ,  (
Dnr3r = 

lnrf 
.r 

1r,cjcr 
+ crQ'gh+ ctQ'rjt * tr"'ikh + l, 'r1B'1h

) torjo

In consequence of (4.5) ve have:

Ttreorem 4.8, A p 
1 

-finsler space F (n ) S) is ?2-1ike if and only lf
A

there e:rists a covarl.ant vector field Dn(* - Po) such that

Dr,r3t = Dr, cr3t - Dr cr,lt

Finally lte suPPose that a Ptr -Finsler space admits a concurrent

vector f lel i l  Xr. Then the relat lons (3.7) and (4"I) yield

{
a r X - C r C k = o

rdrich after contraction wrttr gjk glves a, xl = o' Thus we have the

fol-Lowing:

Theorem 4.9 If  a P; -Finsler space admitg a concurrent vector f leld

X, then the vector a, is orthogonal to Xr'

References:

t | l  Akbar-Zadeh, M.H. (1963). Les espaces de Finsler et certalnes de

leurs general isat ions. Ann' Scient '  Ec' Nor:n' Sup" (3) '  80'

1.-7 9.

Izumi, I I .  (1976). on P*-Finsler spaces I '  Memo Defence Acaderny'

l -6 ,  133-38.

Izumi, H. (1'97'1). on P*-tr ' insler spaces II '  Memo' Defence Academy'

1 7 , 1 - 9 .

Matsumoto M. (1971-). On h-lsotropic and Ch-recurrent Finsler

spaces .  J .  Math .  Kyoto  Un lv . ,  11 ,  1 -9 '

Matsumoto M. (1971). On l insler spaces rc"i th curvature tensors of

scme special fo:m. Tensor, N.S.r 22 , 2OL-2O4'

+ crcor'3r, 
!-

t2l

t3l

t4l

tsl



42 Nep.  Math .  Sc .  Rep. ,  Vo1.  10 ,  No.  1 ,  1985

[6] UatsrnotoX. (L978). Finsl-er spaces r.rith the hv-curyature rensor

P.,. ,-  of a speciaL fo:m. Rep. Math. phys., l -4, 1-13.
NI-J K

t7l ltatsumoto M. and Eguchi K. (1974). Finsler spaces adnitting a

concurrent vector f ield. Tensor, N.S., 28, 23949.

[8] ]tat$moto M. and Shinacla H. (Lg77). On Finsler spaces lrith the

curvature tensors pht5k *d 
l , f5t.satisfying 

special condi_

t ions .  Rep.  Math .  phys . ,  L2 ,77-87.

fgl Matsumoto M. and N'mata s. ( l9so). on.sml-{-reducible Finsler

spaces with constant coeff icients and C2-l ike Flnsler spaces.

Tensor ,  N .S. ,  Vo1.  34 . -  2L8-222.

/fO/ nuna H. (1959). The Differentlal Gecmetry of Finsler spaces.

Sprlnger-Ver1ag, Berlin.

[LlJ Wagner, V. (1938). Uber Berwaldsche Rar.ne. Rec. t{arh. }Ioscou,

N . S . ,  3 ,  6 5 5 - 6 2 ,

NeP

Vo1

A

1 .

by

( 1 . 1

r.jtreri

wlth

Presl

cond:

Defir

admir

x ) (

Deftn

and g

( 1 . 2 )

For cr

o f f r

I

TI



Nep. Math.  Sc.  ReP.
voi .  10,  No.  1 (1985) 43-48

A Note on an Asgmptotic ProbT.em Concerning

the Laplace Transform

R.M. Shreshtha*

1. Introduction:

The existence and aslm.ptotic behaviour of a function 0(t) defined

, b y
a t @

(1 .1)  /  " - " t  
0( t )  a t  = 4t< /  " - " t  

r ( t )  ar  ) ' )  ,
0 0

where m€V-, $to) = o, Str) r" analytic fot /z/ (. R antl f € Lr (0, co )
' q

with [ 
-it<t>t 

dt < R , has been studied quite recent]-v ftJ. In the
qo

present note, we intend to sharpeq the results tn [tJ by replacing the

condition on the aslmptotLc behaviour of f'w'lth a weaker condition.

To begln wLth, 'we reca1l the fol lowlng definit ions [2,3J.

Dgfinit l ,on 1. A functf.on L(x), defined for alL x ) o, w"i l1 be ca11ed

adnissible whenever lt ls continuous and strictly positive for all

x ).0, and satlsf les the fo1low'Ing two condlt ions

i )  f o r a l l  h ) o ,  
l i n  

L ( x + t r ) = r ,

x-r€ L (x)

ii) there exists a constant ,\ > 1 such that

m a x L ( r ) < l L ( 2 x ) .

x  1 t  1 ' 2 x

The set of al l  adrnissible functions wil l  be denoted bVA .

Definit io-g 2. I f  frg Q Lt(Orco ),  then the convolut lon product of f

and g, denoted by f*9, is deflned by

x
( 1 . 2 )  ( f * e ) ( x )  : =  f  f  ( x  -  y )  e ( y )  d y .

u o

For comrenience, .we shall adopt the foll-owing notations for convolution

of  f  w l th  i t se l f :

f .  : =  f ,  a n d  f , -  : =  f , -  
"  

*  f ,  f o r  a l l  k  =  2 , 3 1 4 , 5 . . .
L ' K K - I

* This work was done wlth the support of lfunboldt Fundation.
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i ' @

lvl  -  ,  \ '  l "

= Q 
\o/ (o) / --"t r (t) dt

t V v = - m n

o" r t  n l  o

45

;l
I

A

= f + ! ot l . '  r ' , ,( t)u'J'
' o  L  J=1 n .

- t t  
d a .

f ' rorn (2.4) '  then the theoreh fol low1:

Io particular, if we take o = 1', we arrive at the result due to

Eggenoont /5/.

3. T.he AsyrnPtotic Behhviour of the OrlginaL Function:

In orcler to discuss Ehe asymptotLc behaviour of the original

function whose Laplaie Transform ls of the forn

u

1 tt  Y "- ' t  
r( t)  dt )n) '

o

we need the followtng lenma:

L e m n a  3 . 1 . .  
' T f  f  a " l  , o , c o )  a n d  l f  f  k ) * L L ( x ) '  x ' + o o '  f o r

s o m e  L  € A ,  a n d

aO

I  f  . - " t  f ( t )  a t l  S  t  '' u
0

for  a l l  Re s )  O,  then for  a l l  Y = l '2 '3""  '

f
(3 .2 )  fn (x )  r {  u t r )  f  J  

t ( t )  a t  )k -1  '  X  *6

0

and for every L) O , there exists a constant ) and an xo ) o such

that for aLI x ) *o'  to9 for al l  la = L'2'3"" '

( 3 . 3 )  l r k k ) l  5  k (  l L l +  1 )  I L ( x )  ( r  +  a ) k - 1

The first concluslon (3'2) has been prwed Lo PJ and fornul'a

(3.3) rn f5J. fo:mula (3'3) as-reroarkeil by Eggernont sharpens the

result Lr, (21 , wtrere (r + €' )k-1 ls rdplacecl by
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oo oo
.  t  |  - 1  -  r

=  ' { c  J  r ( t ) d t ) ' - t b ' ( (  J  t ( t ) d r ) m ) .

0 o

That  i s ,  0 ( t ) . . ,  m { ,  l ( t )  (

This proves the theorern.

6

r ( t )  a t  ) n - 1  Q '  (  (  
f t t . l  

a t ) ' )

0

oo
I
I

d

o
i

I t
I J

l -
t .dl
a

I

I

I
, ?
I
l -
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