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Elementary Euclidean Geometry and Algebra -

A Dualist Point of View

Victor Pambucecian

The duality in the title first bothered the ancient Greeks., To put
it in our xxth century language, they noted both that the coordinate
field of Euclidean geometry is and that the field of rational numbers
isn't Pythagorean (discovery of incommensurable magnitudes (cf. [167)).

The first who realized the duality was René Descartes, a philoso-
pher, celebrated by Hegel as the Erue founder of modern philosophy.,
His "Géometrie" (1637), an appendfx to his famous "Discours de la
mé thode", contained dmplicitly the idea that - what we today call - a
'Cartesian plane' may serve as a model for Fuclidean geometry. It took
more than 250 years to prove the converse, i.e. that any model of
Euclidean geometry, based on a complete axiom - system (AS), is isomor—
phic to the Cartesian plane constructed over the field of real mumbers
R. And this was done by the most influential mathematician of the
early xxth century, David Hilbert in 1899 ( [15/). 1In between (around
1797 cf./8]), C.F. Gauss, the "princeps mathematicorum", discovered
the geometric interpretation of comples numbers, of what we shall call

a 'Gauss plane’,

The works of Descartes, Gauss and Hilbert were startingpoints. Tt
is the purpose of this paper to convince the reader how fruitful a field
of research they opened, Now, there are tuwo essentially different ways
of thinking of a duality between geametry and algebra, First, think of
a faithful correspondence between the points of a line and the elements
of an algebraic structure; an operation called at the empirical level
measuring. This first wav originated with Descartes. The second way
originated with Felix Klein's Erlangen Programme and consists of
thinking of a group of transformations as an algebraic synonym for a
given geometry. This way was followed by Bachmann /2] and will not he
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discussed here, The present paper is aimed to answer the following
question: "Which algebraic structures are, geometrically speaking,
Tcoordinate lines'?".

We shall be concerned only with theories formalized within first -
order logic. A set T of first - order sentences is called a theory
whenever Cn(L) = T, where by Cu(T) we understand the set of all logiecal
consequences of T. A theory T is said to be complete 1ff for any
sentence ‘f we have either ye I or Tye I. We say that T is decida-
ble if one can decide algoritimically whether for a given sentence \f
Lfe Tor 7(ye T). If Lisa first — order theory in a language
LBD' containing (besides logical constants) only the ternary predicate
B and the quaternary predicate D, then a model of T 1s a structure M =

M), BM’ DH), where u(H=) is a set, called the universe of the model

and B, C u(!ﬂ)a', DH c u(ﬁi)!‘ , such that. any sentence of T is satisfied
in M “(the notions of model and satisfaction %ere introduced in [40]).
A model M is said to have cardinality x iff uog} has cardinality x.
The class of models of I will be denoted by Mod(T). First - order
logic, although very convenient from the model - theoretic viewpoint
(one can often describe all the models of a first - order theory), has
the curious property called

The Léwenheim — Skolem Theorem,

If a theory T has an infinite model, then it has a model of any piven

infinite cardinality.

Therefore, Hilbert's result, by which 'Euclidean geometry' has

(up to isomorphism) a single model cannot be obtained within first -

order logic. His 'BEuclidean gecmetry' is based on a second — order AS.
The task of expressing Euclidean geometry in first - order leogic was
successfully solved by Alfred Tarski (an influential philosopher, too

(cf. [18])). With the gimplifications due to his graduate student,
H.N. Gupta [11] it reads (in Lgo,

B and D having the following intuirive

where
neithe
y inte
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meanings: "B(abc)' iff' b lies between a and c' and "D(abed)' iff 'the
segment ab is congruent to the segment cd'):

A 1.

A 2,

A 11,

(Inner transitivity property of Betweenness)

Yxyzu Bxyu) a Blyzu) —> B(syz)
(Reflexivity property of Equidistance)

Vxy DGeyyx)
(Identity property for Equidistance)

Vxyz Dixyzz) —s (x=y)
(Transitivity property for Equidistance)

Vixyzuvw Dxyzu) a D(vwzu) —s D (xyvw)
(Pasch's axiom)

Vixyzu 3 v "Bxtu) A B(yuz) — B(xvy) A B(ztv)
(Euelid's axiom)

Vixyzu 3 vw B(sut) A B(yuz) A . 7(x=u) —> Blxzv)A

AB(xyw) A Blvew)

(Five - segment axiom)

Vxx'yy'zz'uu' Dlyx'y') A Dilyzy'z") A Dlcuwx'u') A
AD(yuy'u') A Blxyz) A B(x'y'z"') A ~(x=y) — D(zuz'u')
(Zxiom of segment construction)

Yxyuv 3 z B(xyz) a D(vzuv)
(Lower - dimension axfom)

Ixyz TBxyz)a TBlym)a 7B(zxy)
(Upper - dimension axiom)

Vxyzuv: D(xuxv) a D(yuyv) o D(zuzy) A (u=v) —>

— Blxyz) v Blyzx) v B(zxy)

(Elementary continuity axiom of Cantor — Dedekind)

All sentences of the form
Vvw... {[;] z Xy \f(x),‘.gp (y) — Blzxy)] —

— [3u ¥ xy \_F(x) Alf/(y) —> Bilxuy) v (u=x) v (u=y)/
where \f(x) stands for any formula in which the variables X, VyWsea. but

neither y nor z nor u, occur free, and similarly for \)u(y), with z and

y interchanged.,

e
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Each of its axicms is independent of all the remaining ones, i.e.
Ad ¢Cn( G A/\i,..., A 11), for i = 1,...,11, where R means 'A
omitted'.

Let 3;'. = Cn(A 1 - A 11). E_; is not finitely mcidna::.izable (c£.
[62]). The following representation theorem holds for E, (cf. [42],
[29], [(6]):

Any model of é is isomorphic to a Cartesian plane constructed

aver a real closed field.

A Cartesian space constructed over an ordered field T is the

following structure
n
¢ (F) = ", Dy By

with D_ = (a,b,c,d) € (F“)" ] wa-bn=10¢-= d \l} and

F
B, = {(a,b,c)e(?n)3la ref? ,ostsl and (a -h) = tla - e »
n
where l](a.l,....a“)ll E, ai and a = b = (a1 = Byyeeeady T bn)’ for
i=1 ]

a= (al,...,an) , b= (bl,....bn) , with a,, bi e F. We shall also use
the notations gn(F} and En(l?) for (7", DF} and (", BF} respectively.

EZ(F) is called a Cartesian plane. With these notations, the above

theorem reads
(1]
M € Mod (B,) 1ff M == C,(F) ,

—_—

where F is a real closed field.

A real ¢losed field is an ordered field for which any positive
element has a square root and any polynomial of odd degree has a root
therein, They were introeduced and studied by Artin and sehreier [1]
(cf. also [A3]).

Tarski [41] also proved that _g: s decidable and cgmplete {cf.
also f28]). This 1is ﬁf interest to-us because it proves that

E. =Th (€,(R)
= M, P2t

Thy .(E:Z(E))_ being the theory containing all Ly, - sentences true in

Cqy(R). To put it more simply
an
25

Euclidean geomelTy.

says anything one cad first — order — say in Wilhert's
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L1} .
An AS for B (a - dimensional) is obtained by replacing the
dimension axioms A9 and A 10 by (e.g.):
A gu" gxcxl...x“ _I_(xlxcxz)ﬁ e, S (8 (xlxax-n)h

AJ;.{xzacax:ijﬂ e AN=ls (f,l:z-xﬂ?t“)f\

AL (xn_lxoxn)
and A mn = “7A 911-!-1’ where | (xyz) is an abbreviation of the formula

ZE=y)n Tlz=y)ap J u (Blzyu) a Dlxuxz) 5 Dlyuvz)) (L (xyz)
‘neans' : the points x,y,z form the vertices of a cight - angled triangle
with the right angle at y).

A 911 means intuitively that there exist mn mutually orthegonal
lines concurrent at a point,

“An AS for g!;; = 3‘; n T'B (i.e. the t‘na_u:c'y of all L, - sentences
in _E:a) was given in /33] and we have M & Hﬁd'(@a) iff M==B8, (r), where
T is a real closed field.
let B, =Cn (A1 -4 10), Its corresponding algebraic structure is
given by the following

Representation theorem (/42])

M eﬁod(g_e) iff M==C, (F), where F is a Pythagorean ordered field.

(An ordered field is called Pythagorean if
) vxy gz x2+92 = z_z-)
A first question concerns the geometric equivalent of arbitnary
ordered fields, The answer was given by H.N. Gupta (and, independently,
for plane geometry by Z. Piesyk) in 1965 (ef. [107, /117, [12]). Let

§n=cnts 1, B2, A1, A3, A4, A5-K7, A8, A8, A8y, A9,

A 10), wk_re

LS vxy Blryx) —> x=y

B 2. |\xyzua Bxyz) 4 Blyu)a  Tlx=y) —3 Blxzu) v Txuz)
P Vayszuew Dixyzu) A Dleyvw) — D (zuvy)

A 8'1. (Existence of the reflection in a line)

xyz Juv Blzuv) a Dlvzxz) A D(vyyz) A (Blxyu)v
v B(yux) v Bluxy))
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. (Existence of the reflection in a point)
¥xy 3z Bleyz) A Dlyzy)
A 8,. (For lines, on which there exist eongruent segments, one can
transport further congruent segments from one to the other)
vxyzx'y' 32" Blxyz) A Dxyx'y') —> B&'y'z')a
AD(yzy'z")
A 9; is A 9“l A D(xbxixz)a\ < La\iy J\D-(xoxlxoxn). The axiom A 81
(for 4 = 1,2,3) are special cases of A 8. We have the following

Representation theorem (/117)

M €Mod(E ) iff Mo=C (F) , where F is an ordered field.

VR W Szczerba [30] gave a finite AS for BE, =E, N1y and
proved that

M g Mod (ggz') iff M=<B,(F), where F is an ordered field,

An important step towards realizing the connection between the

geometric 'Betweenness' relation and the order relation of a field was
the proof of the independence of Pasch's axiom (for the original AS of
Tarski [41] it is srill an open question whether Pasch's axiom is
independent or not).
L] L)
LetSﬂEz =Cn(B3, Al1-A3,A4, A6 ,A7-A1l0,M),

where
B 3. ‘abc B(abc) —» Blcba)
A 6'. (another form of Euclid's axiom)
Vabe 3 p “(Blabe)v B(bea) v B(bac)) —>
——» D(apbp) a4 D(bpcp)
M. (xistence of the midpoint)
¥ac 3 b Bfabe) o D(abbc)
Let ¥ be a Pythagorean semi - ordered field, i.e. the order
relation satisfies
(2 w= x =0 -x =0
(3) x (xZ=0 -x 20) —» x=0
(4) xy (=20 y 2o) — x +ty=o0
5) 1>0
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For F, the Cartesian plane is defined as Sz (F) = (F'z,. BF-’ DP)'
where

Bp(abc) «—» fla=-bll + Ub=-=cff = a-ch

DF(abcd) &—>* jja = bli = Qe - gu
with gxfl = lv‘xl2 +xzz[ and x| -{" s 20

=x , xz 0

The representation theorem for SOE, is (cE. 32]):

M € Mod(SOE,) iff M ==C,(F) , where F fs a semi - ordered
Pythagorean field.

A first example of a semi-ordered real closed (and thus in parti-
cular Pythagorean) field which does not satisfy
6) VYxy (xz0Ayx0) — xy 20
was given by Szezerba [30]. He defined a semi - order on R. Since
1, V2, 641— is a linearly independent set in R (regarded as a
vector space over Q), we can extend it to a‘'vector basis {h-d«g of R

over Q (by Zorn's lemma) with ho =1, h1 =Jz , h2 = %{2—. Any x ¢ R can
be written as

X = ;U.c(x).h.c with Wx) € Q uniquely determined by x,
and such that W..(x) = o with the possible exception of a finire num-
ber of indicesec . Let £ : R —> R, filx) = 2 wo(x) - % and
£( {x¢g R|x 70} ) =P. Let

X2 0 iff x & P.

—s is a semi - order on R, not satisfying (6). Constructions of
semi - orders were thoroughly studfed by Prestel [22]. Together with
Gupta he also proved the Following

Representation theorem ([/13/ , [14])
M € Mod (S{}mg‘z U GF ) iff M xEZ(F). where ¥ is a Pythagorean
quadratically semi - ordered field,
GP being the following axiom
GP. VYabed L(abe)a L (adb) A (B(ade) v Bldca)v
VB(cad)) — B(adc)
A semi — order is called guadratic if it satisfies
(1) ¥xy x 20— xyz'} 0.
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Quadratic semi - orders were thoroughly investigated in /5], [21].
Consider now the following "ecirele axiom" (stating intuitively that
the circle constructed with center in 0 and radius larger tham the
distance from 0 to a given line, intersects Ehat line):

C. Vabep 3 ¢' B(abc) — B(pbe') A D(ac'ac) and denote g‘; =
W(%U {C .2. Wanda Szmielew [34] proved that

M & Mod (Ee) iff M==C, (F), where F is an Euclidean ordered field.
An ordered field is called Euclidean if it satisfies

B) Vx 3y x>0 —» x = yo.

Real closed fields are in particular Euclidean ordered and these

n L}
are in particular Pythagorean ordered, thersfore E o ~E-2:)'E'2 The

first inclusion is strict becsuse _E__; has a finive AS, whereas _E_2 is
does not admit any finite AS. To prove that the second inclusion is
strict, we give an exXample of a Pythagorean ordered, not Euclidean
ordered field. Early examples of such fields were provided by Royden
[25] and Frasnay [7, pp. 36 - 40J. A thorough study of both Euclidean
and' Pythagorean ordered fields may be found in /4. Royden's example
is:

Let F be the smallest field containing all algebraic numbers, an
indeterminate w, and closed under the operation of taking the square
root of a sum of squares, Thus each element of F is an algebraic

function f(w) with algebraic coefficients. We make ¥ into two distinct
ordered fields Fy and 'F2 by taking two different transcepdental numbers

¥ and w, and setting
in Fl E(w) > 10 iff £ ("1) >0
in F, Ew) > ,0 iff £(w,) > 0.

Since an Euclidean field admits a unique order, F is not Euclidean,
but (F,> ,) is a Pythagorean ordered field. In 1972, Szmielew found
the geometric analog of Euclid's field property (8)., Consider the
following axiom (a statement on the intersection of twe circles):
Cy»  Vabea's' 3 q (Blahe) v B(bca) v B(cab)) A Blab'e) 5
A B(ba'c) A D(ab"H'c) A D(ba'a'e) —>
— D(agqb) A (M(ab'b'q) v D(ba'a"q))

&= W ow»n

L e
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(35])

M € Mod (&_Q‘z [T

) AEf Mo=C, (F), where ¥ is a formally real
Euclidean semi - ordered field; i.e. F is semi - ordered and satisfies
(1 ) ’

(9) V=xy &'2 = _y‘z‘- = 0) — (x=0) and
(10) ¥x3y ==y yvx=y.
Since (R, > s) is a formally real Euclidean semi - ordered field not
satisfying (7), we have A 5£ &m(mﬂ U{C} Y. We also have
SOE) b— (C <—% A4 54 C,) and 0B, — (C *— GP A C,).
The algebraic structures appearing so far win thie representation theo—
rems were fields with additional properties and with an additional
relation of - at least - semi - order. The question is nows are there
geometric equivalents for a wider class of fieldsX The positive answer
to this question is contained in /2], but- Bachmann's treatment is not
in the first - order axiomatic spirit of this paper. Hudolf Schnabel
[26] gave in 198] a first - order axiomatization of geometric struc—
tures, yhich were previously group-theoretically defined in /2],
Consider the following axioms (written in L) ¢
1. Vabed D(abcd) —3 D(cdab)
2. \fabedef D(abed) A D(cdef) — D(abef)
3. 'Yab D(zbba)
4, V'abe,‘a‘b'c'm 3x' vy T(a=b) A 7(c=m) A D(acam)a
AD(bebn) A B(a-"b'-a}ﬂl A Bla'c'ac) A DY9b'e'be) —a
—>D(a'x'ax) A D(b'x"bx) A Dle'x'ex) A (M(a'yax)p
A D(b'ybx) A Dle'yex) —> y=x')
§ 5. wyabed 3m T(a=b)p T(e=d) A D(acad) A D(bebd) —p
—# D(amem) A D(tmem) A “m=a)y ~T(m=b)y 7 (m=c)
5 6. 3Jabed ?(a=b)y T(ec=d) A D(acad) A D(bebd)
§ & is called 'rigidity axiom', 8 § says the same thing as A 6' and
S 6 is a lower dimension axiom., Let T =0Cn(S1-S6). Adifferent
AS for Tcan be found in [9]. We have the following
(£L26])
€MD) Iff WAGWLO ),

tn v ot

D S — .
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K being a field and & an involution, i.e. :X —» K, an autdh:orph:{.mj
and gag = idg. G, @) = (K,Dy), where Dy (abcd) iff |a - b =

le - al , for all a,b,c,d € K, with |x] =<. o‘{x) for all x € K. G, 0)
is called the Gauss plane over (K, ). It is a generalization of

g(c, o), with 6(z) = z for all z ¢ C, z being the complex conjugate

of z., The characteristic of G(K, & ) is the characteristic of the field

K.
The minimal model of T contains four points and has characteristic
2. The next model contains nine points and has characteristic da IE
we strengthen the axiom § 6 to
s E'l' Jabedm vy m' “(a=b)s ~7(c=d) A D(acad) A D (bebd) A
AD(amtm) A (D(amam') A D(tmtm') — m=m')
then all models of characteristic 2 are excluded; if to
8 62. Jabem W b' Tla=h)a Tle=m) A D(cach) A D(mamb)A
A7 D(embm) A (D (abab') A D(mbmb') —» b=h')
then the one with nine points is excluded too (ef. [26]). let L,
(s1-585,5 6,2). Let ¥ = Fix g = {xé K| 6(&) =p ; F is a subfield
of K of index 2. If the characteristic is # 2, then there is an
f € K~ F with () = -1i; i =f€F, but ff: = f2| fer
(therefore F is not quadratically closed), such that all x e K have a

= Cn

unigque representation
':vc=a+bi , with a,b € F.
We further have |[x] = x.0 (x) = (a+ bi) (a =bi) = az - fb‘z. e

now define a predicate S by:
S(abcd) «— Ym 3 s D(cmdm) — D(abes) A D(cmsm) having
the intuitive meaning 'ab< cd'. Consider the following two axioms
s ?1. Jabed S(abed)p 7(a=bla —= D (ahed)
S 7,. Yabed S(abed)v S{(cdab)
(which, written without the abbreviation S, are
s 7 Jabcd ¥m 3 s (O(cmdm) —> D(abes) A D(cmsm)) A
x7la=b) A —=D(abed)
trahednn 3 s (Diemdm) — plabes) A D(¢msm)) v

1*

8 Tae
2
vi{D(anbn) —> D(edas) A B (ansn)).)

. 4 W B O W Saad

"
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Representation theorem (/26])
(1) ¥ €Mod(T, v {s 7,0 ) 1ff M~~G(K, 0 ), where
Fixg  is a Pythagorean field,
(1) ¥ € Mod (2, b {s 7,% ) 1ff M==G(K, & ), where
Fix ¢ is an Euclidean field,
There are obvious similarities between Gauss planes and Cartesian

planes; the difference is that there is no betweenness relation in a
Gauss plane and that its norm looks rather unusual (for £ # -1). It is
not always possible to chpose f = -1 if Fixd is only Pythagorean (take
F = Pixd Pythagorean, non Euclidean and f # F but f € 'F2 and -f ﬁ. Fz).
In order to obtain the standard Euclidean norm, we should add the axiom
(cf. [19], [27] and also [2], 13.2)
S 8. abede  Ia=b) T(a=c)a ~F(a=d)a “F(b=c)a
A 7(b=d)py ~7(c=d) Ao D(abbe) A D(becd)a
A D(cdda) 5 D(aebe) A D(cebe) A D(cede)a
A7D(aeae)
which states that there is a square and excludes planes of characteris-
tic 2 and the nine - points plane. Let S 8' be 5 8 without ,~7D(aeac).
Put T, = Ca(s 1 = §5,58). Then
Me Mod(gg) iff E:QZ(F) , where F is a field which is not
quadratically closed and has characteristic # 2.
A field is said to be guadratically closed {f ¥Ya I b h2 = a.
We also have Cn(S 1 - §5, 87, S 8) = 'I_),_lg‘2 (note that we do mnot
know any AS for DE_ mn=3)). W_: Szmielew (/37], [38]) proved that

E, = Cn(DE,, B 3, A 1, A 10, WP)

where
A 10: wabe Juv “7(u=v) A D(auav) A D(bubv) A D(cucv) «—>
«—> B(ahbe) v B(bca) v B(cab)
WP. (Weak Pasch axiom)
Yabedp 3 q Blapd) o B(bde) —=> (B(bpg) v Blpgb)Vv
VB(gqbp)) A (B(age) v Blqea) v B(_c?q))
Therefore (S 1 - § 5? 5 3‘1, S:8. B 3,04 1, A }n s WP represents
an AS for Ey. Moreover, § 8 may be replaced by S 8 . Fach of its
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axioms is independent t'if all the remaining oves (ef : 27]). it
Finally we have E, = cn (L, v {? 7;} ) in E,, B is definable by
D (cf. [24]), thus aﬂigsgatencimgf E; containing Eszay be rewritten as ;::}
a sentence in Ln;)' Bavh
With the following form of the continuity axiom (cf. [25]) o
Co. YVWiurs {[-i"zv‘x'y \p'(x)n Yiy) — S(zxzy)] — 140
—[3u xy Y& Y& — S(zxzu) A stz'uzy)]}- uhere ( -
and Y are formulae of L, with tl‘:.e same requirements as in A 11 - we call
have 0“:n'(;2 (1) {S ?2, Go.}) =Ey (with the same remark concerning B
. as above). . . o
It is interesting to mention that, except Eﬂ and BE,, none of the
above theories is decidable (cE. [44]).

And so, the story of the duality between elementary Euclidean

geometry and the elementary theory of fields has come to an end.

Can fields be replaced by weaker algebraic gtructures? The answer

depends on what one is willing to accept under the heading 'Gepmetry' .

In a recently published book ([39]), Wanda Szmielew gave ASs for plane
cated structure,

affine geometTy over ternary fields (a rather compli

which is neither necessarily canmutative nor -associativel), strong left :_F_T

quasi - fields, skew fislds and Fields. Affine geometry over tetnary Papy
fields is quite 'matural', since it represents the starting—point to 1%
Euclidean geometry which allows coordonatization and thus a representa— Cad
tion theorem (¢£, also [20]).

Which is the weakest algebraic structure, one could suspect of a —E;T
reasonable geometric meaning? Since a line should look algebraically
like 1

' {{x.y) |-ax+by+c=0}, =

we must have two gperations + and * , so that the natural answer Cat
should he "rings'.

Gevmetries over rings (in their full generality) were First
considered by D. Barhiljian 3] (also a very original Romanian poet) . Pap
but his treatment is not in our first-order axiomatic manner, First — /39
order axiomatizations for affine Barbilian - planes over Z — ringa | =
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(unitary rings with ab = 1 iff ba = 1) were given by Leissner fl'f] “and
for affine Barbilian-structures over arbitrary umitary rings by Rado
[23]. Because of the curious deviationms fram ordinary geometry,
Barbilian himself vestricted the class of rings to Z - rings. Even
with this restriction, there are couples of points for which the joining
line is not unique. Therefore tha interest for -gemtrias over rings
came from the algebrist Barbilian. A traditional geometer would hardly
call them 'geemetries', to say nothing of 'Euclidean'.

A synthes's of the present paper is given below. (Tndex n means
'n - dimensfonal with a 3 2!)

GEOMETRY L ) ALGERRA

B ﬂn real closed fields

- -
En Tuelidean ordered fields

B - | Pythagorean ordered fields

E, , B, , ordeved

Pappian midpoint planes ordered fields
39, p. 156 ££]
cn(goE, v {orb y quadratically semi — ordered

_ - - ?ythﬂ.g__‘gteap fields

Ca(SOE. U {cz} ) formally real Euclidean semi -

ordered fields

Cn ('.S,_g_;n) - Pythagorean semi - ordered fields

| Cn _(;I_'_z -u::{s- ?1} ) Pythagorean fields
- 1 |
I,E_z fields of characteristic # 2, not
quadratically closed

Pappian affine planes e
39, p. 43/ -
ordered Desarguean midpoint IR e ey
planes [39, p. 156 ff] L
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GEOMETRY ALGEEBRA
ordered midpoint planes ordered strong left
[39, p. 156 ££] quasi - fields
Desarguean affine planes skew £ields
[39, p. 437
weakly Desarguean affine strong left quasi - fields

planes /39, p. 43/
parallelity planes

ternary fields

[39, p. 19]

affine Barbilian - planes Z - rings
affine Barbilian - structures unitary rings
References

1] E, Artin, 0. Schreier, Algebraische Konstruktion reeller Korper,
Abh. math, Sem. Univ. Bamburg 5 (1926), 83 - 115

[2] F. Bachmann, Aufbau der Geometrie aus dem Spiegelungs-begriff,
2. Auflage, Springer - Verlag, Berlin, Heidelberg, New York,
1973 (1. Auflage 1959)

[3] D..Barbilian, Zur Axiomatik der projektiven ebenen Ringgeometrien
I, II, Jber. Deutsche Math.-Verein. 50 (1940), 179 - 229,
51(1941), 34 - 76

[4] E. Becker, Fuklidische Korper und euklidische Hullen ven Korpern,
J. reine angew. Math. 268/269 (1974), 41 - 52

/5] B. Becker, E. Kopping, Reduzierte quadratische Formen und Semi -
ordnungen reeller Korper, Abh. math. Sem. Univ. Hamburg 46
(1975), 143 - 177

[6] K. Borsuk, W, Szmielew, Foundations of geometry, Studies in Logic

and the Foundations of Mathematics, North - Holland,

Amsterdam, 1960

a



Elementary Euclidean 59!

4

(7] €. Frasnay, Un development de la gecme
Mathenatiques § (1959), 5 - 43

rie elementaire, Alger -

[B] C. F. Gauss, Theoria residuorum biquadraticorum, comentatio
secunda, Gottinger gﬁlehzze Anmsen, 1831 April 23, in: C.F.
Gauss Werke, Gottingen 1 11. Band, 169 - 1?‘3 (espeu:tallar
174 - 173), and C. F. G»auxs Werke, ;
1933, 1Il. d. (L. Schlesi

[9] M. Grochowska, Euclidean two - - dimensional equidistance theory,
emonstratio Math.

to appear in D
H.N. Gupta, An axiomatization of finite - dimensional Cartesian

spaces over arhurm ordered fields, Bull. Acad. Polon.

Sci., Ser. Sci. Math., Astron., Phys. 13 (1965), 551 — 552

Aot

[11] H.N. Gupta, Contributions to the axiematic foundations of
Euclidean geometry, Ph.D. Thesis, University of California
at Berkeley, 1965

[12] H.N. Gupta, Z. Piesyk, An axiomatization of two-dimensional
Cartesian spaces over arbitrary ordered fields, Bull, Acad.
Sci., Ser. Sci. Math., Astron., Phys. 13 (1965), 549 - 550

- On a elsss of Pasch - free Euclidean
plmes, mn Aa:aﬂ Polon. Sci., Ser. Sci. Math., Astron.,
Phys. Q .(1_97,'2.)_.,_ 17 =23

[147 H.N. Gupta, A. Prestel, Triangle and Schwarz inequality in Pasch -
free geometry, Bull, Acad. Polon. Sei., Ser. Sci. Math.,
., Phys. 20 (1972), 999 - 1003

[15] D. Hilbert, P, Bernays, Grundlagen der Geometrie, 12. Auflage,
Teubner, Stuttgart, 1977 (L. Auflage 1899)

' W.R. Koorr, The evolution of tﬂe EBuclidean Elements, A study of
the theory of incommensurable magnitudes and its significance
for early Greek geometry, D. Reidel, Dordrecht, Holland,

1975




60
1}

8]

ay
207
21y
227
(23]

(247

257

[267

[277

1287

Nep. Math. Sc. Rep., Vol. 9, No, 2, 1984

W. Leissner, Affine Barbilian - Ebenen, I, TI, J. of Geometry §

@975), 31 - 57; 105 - 129

A. Mostowski, Tarski Alfred, in: The Encyclopedia of Philosophy,
vol. B, ed. Paul Edwards, MacMillan and Free Press, New York
1967, 77 - 81

V. Pambuceian, Das Problem der axiomatischen Grundlegung der
euklidischen Geometrie, Dissertation, Bukarest, 1982
V. Pambuccian, Review of /39/, to appear in The Amer. Math.

Monthly
A. Prestel, Quadratische Semi - Ordnungen und quadratische Formen,

Math. Z. 133 (1973), 319 - 342

A. Prestel, Euklidische Geametrie ohne das Axiom von Pasch, Abh.
Math. Sem. Vniv. Hamburg 46 (1979), 143 - 177

F. Rado, Affine Barbilian structures, J. of Geometry, 14 (1980),
75 - 102

R.M. Robinson, Binary relations as primitive notions in elementary
geometry, in: The Axiomatic Method, Proc. Symp. at Berkeley
1957/1958, Nerth = Holland, Amsterdam, 1959, 68 - 85

H.L. Royden, Remarks on primitive notions for elementary Euclidean
and non - Euclidean plane geometry, in: The Axiomatic Method,
Proc. Symp. at Berkeley 1957/1958, North - Holland, Amsterdam,
1959, 86 - 96

R, Schnabel, Euklidische Geometrie, Habilitations-schrift, Kiel,
1981

R. Schnabel, V. Pambuccian, Die metrisch - euklidische Geometrie

als Ausgangspunkt fur die geordneteuklidische Gepmetrie, to

appear in Expo. Math,

W. Schwabhauser, Uber die Vollstandigkeit der elementaren

eillidischen Geometrie, Z. f, math. Logik Grundl. Math. 2
(1956), 137 = 165

e R R w777777/4/YyO\0

T~

-
.



BY

B2

37

[347

[357.

367

a7

oy

L. W. Szczerba, A. Tarski, Metamathems

Elementary Buclidean 61

._Schwabhauser, Metamathematische Methoden in der Geometrie, to

Indepe‘nduce af Pasch's m ; ;

_Szezerba, Weak general affima geometry, Bull, Acad., Polon.
Sci., Ser, Sci. Math,, Astron., Phys. 20 (1972), 717 - 803

.n_._w;_ Smambn, W. Szmielew, On the Euclidean geometry without the
Pasch axiom, Bull, Acad. Sci., Ser. Scf. Math., Astron.,
Phys. 18 (1970), 659 - 666

tical properties of some

affine geometries, Proc. of the 1964 Internat. Congr. of
Logic, Methodol. and Philes. of Sci., Jerusalem, North ‘-
Holland, Amsterdam, 1964, 166 — 178

W. Szmielew, The Pasch axiom as a consequence of the circle axiom,
Bull, Acad. Polon. Sei., Ser. Sci. Math., Astron., Phys. 18
(1970), 751 - 758

W. Szmielew, A statement on two circles as the geometric amalog
of Buclid's field property, Bull. Acad. Polon. Sci., Ser.
Sci. Math., Astron., Phys. 18 (1970), 759 - 764

W. Szmielew, The role of the Pasch axiom in the foundations of
Euclidean geometry, in: The Tarski Symp., Berkeley 1971;
Proc. Symp. Pure Math, Vol. 25, AMS, Providence, Rhode Island,
1974, 123 - 132

W. Szmielew, The order and the semi - order of n - dimensional
Euclidean space in the axiomatic and model - theoretic
aspects, Grundlagen der Geometrie und algebraische Methoden,
Potsdamer Forschungen, Reihe B, Heft 3, 1974, 69 - BO

W. Szmielew, Concerning the order and semi - order of n -

dimensional Euclidean space, Fund. Math. 107 (1980), 47 - 56
W. Szmielew, From Affine to Euclidean Geometry, D. Reidel,
Dordrecht and PWN Warsaw, 1983




62

a0l

A

[a27

3]

(847

Nep. Math, Sc. Rep., Vol. 9, No. 2, 1984

A, Tarski, Der Wahrheitsbegriff in den formalisierten Sprachen,
Studia Philosophica 1 (1935), 261 — 405

A, Tarski, A decision method for elementary algebra and geometTy,

7nd, ed., University of California Press, Berkeley and Los
Angeles, 1951 (1st ed. 1948)

A. Tarski, What is elementary geometry?, in: The Axiomatic Method,
Proc. Symp. at Berkeley 1957/1958, North - Holland, Amsterdam,

1959, 16 - 29

B.L. van der Waerden, Algebra I, 8. Auflage, Springer - Verlag,
Berlin, Heidelberg, New York, 1971

M. Ziegler, Einige unentschedidbare Korpertheorien, 1! enseignement
mathematique 28 (1982), 269 - 280

Str. Viltorulni 26
70266 Bucurestic 9

ROMANIA, EUROPE.



Nep, Math. Se. Rep.
Vol. 9, No. 2, (1984) 63-72

Common Fixed Points Under Asymptotic

Regulatiry Condition

Unique common fixed point theorems for four self maps on a complete
metric space under asymptotic regularity condition are obtained. Ome of
these generalizes the results of 'If.':tg'ﬁe: 1] and Ray [2]. Incidentally
two results of Singh and Kasahara [5/ are shown to be Incorrect even
under the condition, suggested in corrigendum [5] and reasonable modifi-
cations are proved.

Recently, Singh and Kasahara /5] proved the following Theorem 1:
/5], Th.l). Let £,1,S and T be self maps on a complete metric space
(X,d) satisfying
(1.1) d(fx,gy) @(a(sx,Ty),d (Sx,gy),d(Ty,fx),d(Sx,fx),d(Ty,gy)) for all
X,y € X, where G:II{'_?_--.&- IR, is upper semi continuous (u.s.c.), non
decreasing in each variable and #(t,t,t,t,t) ¢ t for all t > 0. Further,
suppose that
(1.2) £S'= Sf, £T = Tf, g8 = Sg, gT = Tg and ST = TS;

(1.3) there exists a sequence §x 3} in X such that £Ix, = TSx, 195

3&"?_:1-!-1 = ’['szh+2 for n = 0,1,... with

(1.3)" Sup id(mi,mxj)l 1,35N}-<-=o and

(1.4) S =nd T are continuons.

Then £.2,5 #nd T have 2 unique common fixed point z € X and E’l’an}
converges te I.

Theorem 2: /5], Th.2). Let f.z,S and T be self mpas on a metric
space (X,d) satisfying (1.1), (1.2), (1.3), (1.3)" and the following
(2.1) the sequence i?&:ni bas subsequences converging to z €X

(2.2) S and T are continuous at =z.
Then 2z is the unique common fixed point of £,g,S5 and T,

* Research supported by U.G.C.




64 Nep. Math. Sc, Rep., Vol. 9, No. 2, 1984

The following example due to Fisher [1], shows that theorem 1 is
false even when (X,d) is a bounded metric space, S and T are jidentity
maps on X and
'yﬁ(-tl.tz_,ta,tq,ts) = 15 Max itl,:z,tytl‘,tsj for all (t;,ty,Es,Ets)E

5
IR, .

Fxample 3: (/1]). Let X = ‘io,x.z,....n,...} with a metric d defined
by d(m,m) = 0 for all mE X and form ¥ n,
1, if min is odd
d{m,n) =
2, if min is even.
pefine £,g: X =——3 X by £(2n) = £@2n#l) = 2n + 2 and
g(2n) = 2o+l, g(2n+l) = 2n + 3 for n = Y B A

The Eollowing example due to Sastry and Naidu [37 alsa shows that
both the theorems are false even when (x,d) is a finite metric space if
we select (#,5 and T as in the sbove.

Example 4: ([37, Ex3). let X = {1,2.3,&} , d(1,2) = d(3,4) =2,
A,3) = 401,4) = d(2,3) = 4(2,4) = 1. Define £,2:X —> X by
£1 = £4 =2, £2 = £3 =1 and g1 = g3 = &, g2 = g4 = 3.
5.L. Singh in his corrigendu= [5], mentioned that theorems 1 and 2
of [5] are valid only if {(1.3)" is replaced by
(1.3)" Sup id.(iTsi;i,T-&:j)\ i,j€ N, 1,j are not of the same parity}
= sup §a(sx,,Tsx) |t ieN jas= .

We find that even the above alteration does not ensure the
existence of a common fixed point for £,i,5 and T in view of the
following two examples. In these examples, we take $,S,T as in the
above examples.

Example 5: Let X = {—'3, -2, -1, 0,1,2,...} with distance d defined
as fellows.
d(x,x) = 0 for all xEX, d(-3,-2) = 4, d(=3,x) = 2 if x # -3,-2,

1, if x is even and positive or zero
a(-2,x) = 2 1f x # -3,-2, dal=1,x) .I
2, if % is odd and positive.
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aGey) = {1 T RSO
(2, 1f xty is even.

Define f,g on X as follows

£(=3) = =2, £(-2) = £(-1) = 0, £(@ntl) - £(2n) = 2042, for n = 0,1,2,..0:

g(-3) = £(-1) = 1, g(-2) = -1, g(n) = 2n#l, g@n4l) = 2n43, for
0=0,1,2,.00+
Then (1.3)" is satisfied when = - =3
But neither £ nor g has a fixed point,
The following example also shows that his modified condition (1.3)"
does not ensure the common fixed point even when the space is finirte.
Define d as follows

Example 6: Let X = §-3,-2,-1,1,2,3,4 -
= 2 for x # -3,-2,

d(x,x) = 0 for all x €X, d(-3,-2) = 4, d(-3,x)
d(-2,%) = 2 for x £ 3,-2.

2 forx = 3 oré
d(-1,x) = {

1 forx =1 or2
401,2) = 4(3,4) = 2, 4(1,3) = d(1,4) = d(2,3) =4 @,4) = 1.
Define f£,g on X as follows
f1 = £4 = 2, £2 = £3 = £(-2) = £(-1) =1, £(-3) = -2,
gl = g3 = 4, g2 =g = g(-3) = g(-1) = 3, g(-2) = -1.
TFor X, = -3, condition (1 3)" is satisfied. Pt neither £ nor g has a
fixed point.
However,
tion of (1.3)" namely
Sup i d'_(TSxi__,-'".fﬁxj') I i, y n, i,j are not of the same pa.r_itx_}-
= Sup i‘..d@ﬁ!-i.m.j)', i,3 n} < o0

Theorems 1 and 2 of [5] hold good with a slight modifica-

for infinitely many n.
Now, we suggest modifications to Theorems 1 and 2 of /5], under
as;y._mptdti_\: regularity condition.

Definition: Let £,8,5 and T be self maps on' 8 metric space (X,d). We

‘say that the pair (f,g) is asymptotically regular {a.r) with respect

— )
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-]

to the pair (T,S) at x € X if there exists a sequence ixn}
n=o0

in X such that fozn = TS:R?.“H, ngzn_H = Tszn+2 and

d(‘rs::n,':_&a ) —-> Dasn—>o0 , IfFS=T=1 (Identity map) then

n+l
we simply say that (f,g) is a.r at x .

Theorem 7: Let f,g,S and T be self maps on a metric space (x,4).

Suppose that

GILTy ST IS,

(7.2) (£,g) is a.r. with respect to (I,S) at xﬁo.‘-.:_!( and

(7.3) d(fx,gy) € 9 (Max ‘id(Sx,‘i‘y),d(Sx,fx).dU?.g::).df.Sx.g‘_-').d(Ty,fx)})
for all x,y € X, where @: IR, —> IR, is continuous, increasing and
@(t) <t for all t > 0.

Then iTqu} fs Cauchy. Further, if either (i) (X,d) is complete,
§,T are continuous at the limit z of il‘s:cn} and £5 = Sf,gT = Tg or
(11) iTan'}' has a subsequence converging to #;S,T are contimuous at z

and £8 = SE, pT = Tg, then z is the only common fixed point of f,2,S

and T.

Proof: For i odd, j even and j # 0, we have
d(TS!':i.TSx-j) = d(f’I'xi_l,_gsx'j_I')
< P0tx Ja@sey T8 ), dTSx, T80, d(Tsx, ) ,TSx,)
d(T8x, ;,T8x,), TSk ), TSx,) .
When i and j are positive integers and i+j is odd, we have
d(TSx;,TSx ;) < @ (Max § dlrsx, ;,T8x, ), d(TSx, ,TSx.), d(TSk; ) T8%,),

d {TSx Tij).d(TSx

.

-1’
Suppose iTan} is not Cauchy,

Then there exists an & 20 and strictly increasing sequences ‘tmk} and
i By i of positive integers such that m &Ny with d(TSx ,Tank} o

b

and d(T8x_ ,TSx YLE FTor all k= 1,2,000 «
m nk—l

Then from (7.2), 1t follows that
d(rsg  ,TSx ) —>E& as k ———> w0 .
™ "k
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Let B = §k|m_ is even and n_ s odd f , B, = § k|m, is even and nis
even} , B, = § K|m, is odd and n is even} and B, = §k|m, Is odd and
n, is odd} . Clearly at least one of B,B,,B, and B, fs infinite.

Suppose B is infinite, Then for all k eB-L, we have

d(TH!mk_'_l nk+1} ﬁ(Mm; idﬂsﬂmk) d(T mk’Tax +1) [}
d('Iank, “k"'l) d(Tank ﬂk-ﬂ)'
d(-rs::mk.- “k"'l') } P

By taking limit as k —--»*0 in B;, we get that £ $(E)<E which
is a contradiction. Suppose B, is infinite. Then for all k €8,, we
have

a(rsx. . ,TSx_ ) £ ¢ d(Tsx ) almsx (Tsx. ),
w1 T, ) € O0tex T 40, 1 R
n(‘rsx Vs @ b T T

nk-i (P 1%,

di(rsx_ 17T “k”lji ).

letting k -—->=0 in B,, we get that £<@(€)<€ which is a contradic-
tion. Similar is the 511:!:&1“.:{011 in the remaining cases.

Hence iTSx } is Cauchy, Suppose (i) holds.

Then there exists a z € X such that TSk ~—=> 2z as n —>,

Now applying (7.3) to d(fz,gSx, ..), d(fTx, ,8z),
d(f'!;ﬁx-zn,-g"fhznﬂ) and d(f‘IS:czn.gS:cZMI) and taking limit as n ———>»e ,

we: get that z is a common fixed point of f£,g,S and T, Uniqueness of
eohﬁﬁn fixed point follows easily from (7.3). Suppose (11) holds.
Since {TS:: } is Cauchy follows that TSx -3z as n ——>< .

Now the proof follows similarly.

Corellary 8: Let f and g be self maps on a metric space (X,d).
Suppose that

®.1) (f,g) I8 a.t. at X € X and

(8.2) d(Ex,8y) £ ¢ Max }‘_m.y) ae, £),d (v, 890, 6,090, d (v, B6) F )
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for all x,y € X where ¢: R, —> IR, is as in theorem 7.
Then §x 3} 1is Cauchy.
1f (X,d) is complete, then the limit of 1'1: } is the only common fixed
point of f and g.
Proof: Take § = T = T in the above theorem.

The following example shows that the above corollary fails, even
when £ = g, if the condition (8.1) is dropped.
Example 9: ([37, Ex.3). Let X = [1,°®) with the usual metric and
£: X ——3 X be given by fx = 2x.
Define @:IR,_---> IR, as Bie) = 2t .

1+ 2t

Hxample 3 also shows that the above corollary fails even in a
‘hounded metric space when the condition (8.1) is dropped.
Corollary 10: Let f and g be commuting self maps on a camplete,
bounded metric space (X,d) satisfying (8.2). Then £ and g have a

unique common fixed point.

Proof: Let d be bounded by a positive real number M.

Tt can be easily seen that

4Ee) s, () y) < @70 for all x,y € X and for all n = 0,1,2,... +
By the properties of ¢, we can show that @" (M) —> O as n —-e0 ,
Let xe_e'.-'..x. Define Xpoal = fxzn, X2 = BXyoy0 n =0, 220 sal s
Then

d(x ) = d((E) %, (£g)"fx ) ~=——> 0 as n ——> o= and

20" 2n+1

n n
8'(_-712#1,1(2“_‘_2) = d((fg) fx_, (£g) fgxo) —> 0 asu ——=3> %,

Therefore d(-x“,x“+1
Now, by corallary 8 follows the result.

Theorem & of Fisher J1J follows from corellary 10 by taking By =
@ where « € [0,1).
Corollary 11: (B.K. Ray /27, Th.4). Let f and g be commuting self maps
on a cmplete, boundﬂd metric space (X,d) satisfying
(Li1) [d(fx,g yU & (€ Max idtx fx)dlgy,2 y)d(x.g v) d(i’x.g?)i for
all x,y € X where & /0,1).
Suppose that g is contimuous.

) —=> 0 as n —>o ; lence (f,g) is a.r. at X .

Then §
Proof:
d(Ex,g

Using

for no
d{fx .y
Yow, §
'cé.l

s Cam

Theore
satisf
(12.1)
(12.2)

fozl‘r*
B3

contin

only c©

Proof 3
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Then f and g have a unique common Fixed point.
Proof: We have
d(Fx,gy)  VeeMax § [, £x0a v, 90T % L8 G, gy)d (x0T §
for all =,y e g(X).
Using the inequality Yab ¢ Ea-i_g £ Max '{a,b}
for non-negative reals a and b, we pet
dlfx,py) &VoeMax §dGe,Ex),d(y,8y),06,8y),d (v, 6x) | for all x,yeg(X).
Now, from corollary 10 (by taking @(t) = Yat) it follows that for any
X, € g(X), the sequence §%,} defined by x, .. = X, , X, o = 8%, 1,
n=0,1,2,...
is Cauchy, Hence, there exists a z& X such that X ——>Zasn -3 .

z =Lt x =g Lt o

2042 i S on+1
T e > e n—> 0

From (11,1) follows that fz = z and 2z is the only common fixed point
of £ and g,

In corollary 10 (by taking @#(t) = ar where oc & [0,1) ) incidentally
we proved that, in the presence of (8.2), boundedness of the space (X,d)
and commutativity of £ and g together imply the asymptotic regularity
of (f,g) at any point, while example 3 shows that boundedness of X alone
does not imply the asymptotic regularity of (f,g) at any x_& X. Hence
we have the following natural Problem: In the presence of (8.2) with
((c) = wt, what additional condition on f and g guarantee the asymptotic
regularity of (f.g) at some point xﬂ_e_x when the space is bounded?

Theorem 12: TLlet f,g,5 and T be self maps on a metric space (X,d)
satisfying (7.3) and the following
(12.1) fg = gf;

(12,2) there exists a sequence {xn} in X such that Sgx = gfxzn,

2n+l

for o= Q;1,2,,.. with d(gfxn,gfx ) =3 0 as

T2 = B™onp n#l
n =——3>% . Then {gfxn} is Cauchy. If (X,d) is complete, S,T are
continuous at the limit z of igfxn} and £S = S8Ff, g1 = Tg then z is the

only common fixed peint of £,2,S and T,

Proof: Similar to that of theorem 7.
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Theorem 13: Let £,g,5 and T be self maps on a metric space (X,d)
satisfying the following
(13.1) ST =TS,
(13.2) d(fs,gy) & MMax § a(sx,Ty),d (Sx,6x),d (Ty,8),
L [A(Sx,gy) + alty, &7 )
,¥ € X where ﬂ:IR+ -—-> IR, is continuous, increasing and

#(t) <t for all t > 0.
= T5x

for all s

(13.3) there exists a s;equence‘ix“} in X such that £Tx, 2041

= Tszn__'.z, A= 0lg2 5s &

855 41
If §£§ = Sf, gT = Tg, (X,d) is complete and

Then {'l?sxn} is Cauchy.

§,T are continuous at the limit z of §TSx_} , then z is the only common

fixed point of £,8,5 and T.

Proof: It can easily be seen from (13.1), (13.2) and (13.3) that

d{Tan,’P&:ni_l) ——> (0 as n —>e0.

Now the result follows from theore= 7.
The following theores can also be proved on similar lines, using

theorem 12,
Theorem 14: Let £,g,5 and T be self maps on a metric space (X,d)
satisfying (13.2) and the following

(14.1) £g = gf 3
(14.2) there exists 3 teqmmceixn} fn X such that Sgx, ., = gEx, o

Tf"zmz - sh‘.’n‘-l‘ n=0,1,2,... .

Then igf:n} is Cauchy, If (X,d) is comple
are continous at the Ifmit 2z of igt‘xn} s
fixed point of f,g,5 and T.

Example 9 also shows that in {13.2) of theorem 13,
3 [d(Sx,ey) + d(fx,Ty)] can not be replaced by
Maxid(S_x-,g,y), d(fx,'[‘y)} even when £ =g and S =T = T.

The conditions imposed on @ in (7.3) are not really stringent
compared to the apparently weaker conditions, mamely
(1) @ is upper semi contimuous with @(t) <t for all t >0 and

te, £S5 = Sf, gT = Tg and S,T
then z is the only common

(i) ¢

which,
in [4]
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(i1) @ is upper semi continuous from the right, increasing and #i(t) <t

for all t > 0

which, many authors are usually tempted to assume; in fact, it is shown
in [4] that all these are equivalent.

The authors are thankful to Dr., D.R.K. Sangameswara Rao for his

constant help throughout the preparation of this paper.
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On Some Insignificant Regression Coefficients
Sijan Sapkota

Abstract

While dealing with a multiple regression model often an analyst
suffers with an apparent semtradiction to the conception or to the
theory when one or more of the regression coefficients appear with
reverse sign or with insignificant value., This type of problem will
embarass the analyst as it is very difficult to interprete such
coefficients. In the present pdper six different sources that can cause
the problem are discussed explicitly with statistical justifications. ‘
The suggestions to overcome the problem when thede causes are in effect
are also mentioned,

.
1. Introduction .

Today, regression analysis has become one of the most widely used
statistical techniques for analysing multifactor data. TIts hroad appeal
fesults from a conceptually simple process of using a single equation
model to express the relationship between a set of variables. Due to
mathemptical approach re‘gresgéton analysis has become very interesting
theoretically too and can e regarded as the most widely used statisti-
cal method with its applications occuring in almost every field includ-
ing the physical sciences, the bislogical sciences, and ths social
‘selences.

By regression analysis we mean that statistical device which
reveals the average functional relatfonship between two or more
varigbles. Models that are considered to establish such relatfonships
hetween the variables are regression models. A regression model that
includes more than one regressor is a multiple regression model. The
general form of a multiple lipnear regression model with n regressors
(1) Y=g, +PX o BX, ki BX O+ E

-
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The parameters PB,'s are the regression coefficients. If the error tem
£ is ignot&lﬁ'l__'fﬁ:tn ‘equation describes a hyperplane in the n-dimensional
space. The zqruﬂén coefficient B, represents the expected change

X pef nn:!sf change in X

Regr‘e’aﬂ’. uﬁadels pan be used for several purpeses, (a) Data
descriptien, .1&) _ tfahﬁ;&iozn of the parameters, (c) prediction or the
astimatioﬂoi the ‘response, and (d) the control on the response are the
most cm pw.wsea of a regression model. A set of data can be

smariseﬂl_or described in a regression model which may be much more
convenient Muaﬁﬁul than a tabular or even a graphic fomm, if the
model is ﬂdeq‘uat'g and complete. Likewise, parameter estimation problems
and estj:_u_n___g;;ﬁp_ ‘and ng_:edicr.ion of the response can be solved by the
method of ri_a.':_r_.éss‘i-on- analysis, Regression models are helpful for contrel
purposes te0. For éxample, a metallurgist can use regression analysis
to develop a model relating the malleabllity of a certain metal to the
quality of ore and the ingredients to be added while melting. This
model can then be used to comtrol the malleability strength of the

metal to a desired level by regulsting on the ore quality and on the
additional ingredients. But when & regresslion apalysis is used for
control purpose, it is important that the variables should be in a
cause and effect relationship which may not be necessary for the former
three purposes.

2, The problem

To estimate the regression coefficients F:['s in (1) the method of
least squares which has got many sophisticated statistical justifica-
tions, is widely applied, Using such models as in (1), occassionally,
an analyst experiences an apparent contradiction to the jmtuition or to
the theory when one or more of the regression coefficient seems to have
a reverse sign or insignificant value, That is, the theory or the
problem situation may imply that a particular regression coefficient
should be positive or significant while the actual regression coefficient

turns out te be megative or insigulificant, or vice versa. For example,




L -ré s

ased, use of bj.gh y'ielding 'wartety aaagg Mﬁ@m& 23
tools, use of pesticides, proper m 11, technical guidel
& elimatic conditions, government budge
availability of credit facility, irrigatic :

facility all should have the estinated mfﬁauua_- th mﬁficmt
positive values, But it is likely ﬂmﬁm or_more aif,;tﬁie regression
coefficients may be ohtained with the imigﬂﬂimt and reyerse sign
(negative say). This type of problem will be -_mharassih;, as it is
very difficult to justify a negative estimate of a parameter in the
tiodel used when the user believes that the parameter should be positive,

3

There may be several sources that can cause the regression coeffi-
clents either with the problem of sigh mmal or ins:l,gni—ficancy in
‘thet. The fol_’loﬁing causes are teiatiml,y wp'ne ﬁﬁportmt and are to
be pnﬂderm! uhue devclaping a mltipl@ tegressm:t mo&e!. That 1s,
the problem may arise, if,

(i). the regressors have values in a very small range,
(ii). the important regressors have not been included in the model,
(i1i). the problem of mul ticollinearity exists,
(iv). the problem of autodorrelation exists,
(v). the computaticnal errors have been made,
(vi). the data are biased.

Each of the above points is crucial in the sense that any one of
them can create the problem. So it will be noteworthy to discuss them
ane by one.

(). Let the regressors (X's) have values in a very small range.
Consider the simple linear regression model

@ oy = g + OB+ &
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In the above model the variance of the estimated regression coeffcient

B, 1s
@} Yﬂi‘;-ﬁz ﬁl) =K ( 31 = -Pl::)'z' — z;:;! ] P;Jz,

Where, x; =X, - X and y, =¥, - ¥

For the above model, let it be assumed that the error terms Ei"s
are independently and normally distributed around zero mean and with a
constant varisnce €2, i.e. E ( €1) =0
E ( €1 Ej) = 0, for all i # j and
=&~ for atl & L L P

so that,
14) yi.-"Y:‘tr_-ti.-: Byxy + €i
'L'm‘herefure from (3), -

oL > o Zxi( Poxi o+ Ei) 2 Txi £47°
Gy ver. (B =% _B) o [ExiEd

ﬁx [ in'z 1 [_z;';z'_':]
Yxi Ei &2 P
= E = =
]: in ] z .12 Z'Xi—x}T

Note that the varfance of ,ﬁl is dnversely proportional te the range or
scatteredness of the regressor, Now if the range of X is too small,
variance of the estimated coefficient of X will be relatively large,
which in turn results in insignificancy of the estimated coefficient.
It is also supported by the Student's t statistic,

E= —-—-—-E—-—-.-_ =y r'n_k'
R
var. ( £

from which, it is obvious that lesser the value of the calculated £,

‘greater will be the chance that the coefficient is insignificant.

i), IF important regressors are not included in the model then

-also the estimates of the regression coefficients will have the problem

of sign reversal. It is due to the partial nature of the regression

coefficis
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coefficients, ?ar example, consider the following set of data,

L
2 3 1
7 5 1 If we Eit a simple regression model of the form,
3 % 2 = P + Pl X o+ € , for the response Y om X,
9 6 3 only, the estimated model turns out to be,
5 8 3 ¢ = 2.1557 + 0. 4827 X, . vhere ﬁl = 0.4827 is the
3 10 4 positive regression coefficient for the variable
11 12 4 X showing the total effect of X; on Y and ignoring
14 5 the informations contaimed in X,. But, if both X;
13 6 and X, are ineluded, simultaneuusly, in a similar
14 15 7 linear regression model, Y = B_+ B Bt P, %,

+ &, then the estimated model becomes, ¥ = =4,2295
- 0.2389%; *+ 3.2201 X,, where B has turned out
to be mnegative, Thus, when we ignore the variable
X,, a positive relationship between X, and ¥ is
indicated but when X, is also included alongwith
X in the model, then a real negative relation-
ship between X; and ¥ is indicated.

In the second model, ﬁl measures the effect of X, given that X, is also
dncluded. Thus, a reverse sign may Indicate that some important regres-
sors are missing in the model. In practice such case happens when we
observe Y as production of a particular crop and X and X, as the amount
of lpcal and chemical fertilizers used respectively.

(1ii). Multicollinearity among the regressors also causes the
problem of insignificancy to the estimated regression coefficients.
Severe multicollinearity effectively inflates the variances of the
regression coefficients which in turn causes the hazardness in one or
more of the regression coefficients. This Is fllustrated in the

following example,

If the correlation between the regressors is perfect then not
only the variances of the estimated coefficients will be infinite but
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8180 the parameters will be fndeterminate. For example, let X; and X,
ot Bl N &
be the two regressors for the model,
®  y= Bi% + Byx, + €. |
The method of least squares will yield the estimated B.'s (4 = 1,2) as,
R | i
.Eu ﬂx‘x) Sy i g
fe., GF - xy
Bat X'X can be defined as (£5]), .
@'x) '-if('l: 12) and x'y = (rl”) te
T2 1 2y,
where Tz is the simple torrelation between X, and X, and rjy is tj@e
stmple correlation coefficfent between X0 = 1,2) and .
Stnce, e 5 o
C= &)™ = — ( ) + the variance &Eﬁis
Lory Ny, )
b 78 6?2. . 2 .
) Var. (.'E ;4 -.I—T s C. var, (l ) =€7c,., vhere cyy is
12 the dfagonal element of the matrix ),
~and the estimates of the Tegression coefficients are,

; I =
® B - Lx 122y ond,

-1,

bl B, - 2" T2%y

If there exists a strong ie'latim;ﬂp between :"1 and x__z\. then r,, wil
tend to 1 and fram (7) it 1s clear that the variance o ?_1 i irend
to infinity. Again from (8) and (9) we obtain, 71

fi - [P - Gy [T
i I'|' E | B
B0 - (50 Exyy)

(22 10z%) ") - (zxpx,)

la

Qo)

(1) h =

Iy
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Ixy

._.__.EL______ ﬂth‘x}'-x-'l"il

T2y T
'ixz Iy

_ | 25%

Tx) g%,

Now, 1f X; and X, are related by some exact relation as Xy = K. X, then
we find the parameters Pl ‘and Fz to be indeterminate and as such the
separate values of ?*l Pz cannot be obtained. This is due to the
fact that if X is perfectly related to X, the matrix (X'X) becomes
singular so that |X'X| = 0 and consequently (X'X) cannot be inverted.

In practice, more often the situations will ot be of 'perfect!
multicollinearity and (X'X) will not be exactly singular but may be
close to it. The nearer the value of |X'X| is to zero the larger will
be the variance of the estimated regression coefficients. Sometimes,
this variance will be so large that it renders to flash out an insigni-
ficant coefficient (as discussed in (i)).

(iv). variance of the estimated response in an autocorrelated
model will be considerably larger than when there is no autocorrelation
in the model. This variance depends upen the variance of the regression
coefficients and that of the error termg, In an autocorrelated model,
the least square regression coefficients, though unbiased, are no longer
minimum variance estimates. For example, consider a two-variable linear
regression model,

az) Tp= Byt Py ¥ &,
Let the error term £, be serially correlated by the relationship ([5]),
(13) & = Rgg * U,

which is a first-order auto-regressive relationship between the distru-
bance terms, and where § is a simple autocorrelation coefficient and



J——

B, U, = ‘;, 4 £ =0
= 0, if i # 0 and for all t,
+E = Q( qet—z + ut"'l) L > ﬁt

L
& = 8.3

- xeu,.,

Y=08

. 2
sn-l-e.uiq-% wart

So that,
as) ECED

}:QE(G ) =0, and

=0
var(€) = E[€, - E(E)] = EfEJ]° L. trom 05)]

2

ELU, + Su__; + ¢ U o+ eon]
2 A2
E..[ut2+g2 Byt S U, *..

‘ﬁzgi- 924- g‘ F eveenef = f

-

5 » for all t.

If the variance of £ be denoted by & then,

2

a6) & =

Q{gz&,—, ﬁ‘a ﬁs ‘the variance of the autocorrelated error terms and

. 6'11
= s =1£€< 1
1-g%°

s n is the variance of the m—mtocumlal:ed ermr terms. If the
autocorrelatation wefﬁdmt Q= 0, then 4' ‘n so that Et becomes
u in the model. But since g3 15 always positive (unless €= 0), from
(16) it is clear that as Q increses Qz also increases but rapidly,
So, larger the value of the autocorrelation coefficient & , greater will

be the variance of the error terms, which in turn causes larger standard
errors of the coefficients and severity leads to the problem of insigni—

from (5) we have the variance of

ficancy in them. This is so because,

Va:

Van

17)

(18)

Thus
Secor
var,

a pos
relat
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the least square estimate of the regression coefficient P, as,

2 . 2 2 e e e
ver. ( B)) =‘m E [ ‘<'=1.+°**25-z""""‘*“‘E B ARGy Eat ==

+ 2 1% Epal E:b'rc7

Since for the first order auto-regressive scheme,

var.( € = E( £D) = &%, for all £=1,2,....050
(17)
and E (Etetw) = e" & for all t # r,
(18) We have, Var. ( ?1) = —2‘3-2— +2 6g z—‘—i—zg for all
ZXi (Zxi")

T g = 152, 5y Ms
Thus from (18), it is clear that, if there is no autocorrelation the
second term on, thg right hand gide of (18) will vanish, i.e., If if €= 0,

var, ( 31) = ﬁ-—_z’ which is as described in (5). But, if there is
2

a positive autocorrelation ( € »>0), then the variance of ﬁl will be
relatively larger than when there 1s no autocorrelation in the model. l

(v). While estimating the regression coefficients of a multiple
regression model, the camputational errors also causes the problem of
insignificant coefficients. The carryover after a considerable place
of decimal point also affects the coefficients to a greater extent, 1
Moreover, different computer programs are Tiun with different way of
carrying over or the rounding off the digits. in case of perfect
milticollinhearity too, the process of rounding off may yield the inverse
of the matrix which will be absurd because of its gingularity.

(¢i). Tf the data are biased then also the veverse sipns or
insignificant coefficients appear in the regression analysis. There
i a well known saving, 'Garbage in Garbage out! (OIGO) in the computer
system. To avoid this type of problem, first of all checks on the
quality of data should be e_mm out critically and it is advisable
to collect fresh (pri‘mar.y) data as far as possible. The secondary data
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may display their own errors due to the biasedness or due to the
different type of interest of the former investigator.

4, Conclusion .

The above points are extremely important, though they may be in-
sufficient in dealing with the problem of insignificant coefficients of
a multiple regression model. It will be an advantage to know which of
the causes has played the predominant role. But in general, each of
the above cause can create the hazard, so the effect of each of them
should be kept as minimum as possible. To do so, the following sugges=
tions might be helpful.

(1) The regressors should not have values in a very small range,
and as such one should try to collect a large amount of data: whether

time series or cross-—sectional.
(ii) Caution should be exercised ‘to see that the important re=

gressors are not excluded from the model.

(411) To overcome the problem of multicollinearity there are seve-
ral methods including the ridge regression method, a sophisticated one
originally proposed by Hoerl and Kennard [4]. But the following methods
are relatively simple and widely applicable.

(a) Farrar and Glauber [3] have suggested that the size of the
sample should be increased by collecting additional data in order Eo
reduce the effect of multicollinearity in a multiple regression model.

But this method will be more effective only if multicollinearity is due i
to the errors in measurement and happens to exist only in the sample and
not in the population.

(b) Use of different sets of data (e,g. time series and Cross—
sectional) also helps to solve the problem of multicollinearity. It is
so because the correlation among the variables of the two sets will
definitely be minimum.

(¢) Theoretical considerations will be helpful to decide on drop-

ping off one of the collinear wvariables.

s pesd -
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(iv). As autocorrelation causes serious problem in the multiple
regression analysis, it should be eliminated as far as possible. A
widely applied method of detecting the presence aﬁ'ﬁ@mé;g&ielatiaﬁ is
the wellknown Durbin and Watson [2] test statistic and for a large
sample, lagged variable model the test is due fto purbin [17.

since (a) exclusion of important regressors, (b) mis-specification
of the mathematical form of the model, (¢) mis-specification of the
true random error term, (d) unnecessary smoothening of data, and (e)
presence of multicollinearity in the regressors are the causes of
autocorrelation in the multiple regression model, they should be avoided
as far as possible. Re-gspecification of the model as sug_gasted by Durbin
Q1] can also be used to eliminate the effect of autocorrelation.

(v). To avoid the problem of c_qmputa-t_ional errors and the bias in
*the data, an investigation for the accuracy of computer codes or the
rechecking of the calculating'machauismcanﬁ.a rechecking in the quality
of .data might be helpful.
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On a Submanifold of a Riemannian Manifold
with Semi -_;synmetric Metric Connection

Ram Nivas

Hypersurfaces of a Riemannian manifold with semisvmetric metric
connection have been studied by Tyuiti Imai /17 and others. In the
present paper, I have considered a sulmanifold of codimensiens 2 of the
above Riemapnian manifold with semisymmetric metric connection and
studied some of its properties.

1e Prﬁelimingriea..

Let u’”’l be an (wH )-dimensional differentiable manifold of,
differentiability class ¢ and M, and (n-1)-dimensional manifold
immersed differentiability in M by the immersion 7 : Mn-lJ—.-; e
Let us denote the differential d® of the immersion ®by B, so that
the vector field X in the tangent space of et corresponds to a
vector field BX in that of -Mn“. Suppose that Mu+1 is a Riemannian
manifold with metric tensor B. Then the submanifeld Mu;-l is also
Riemannian with metrio tensor ¥ such that ‘§ (BX,BY) = g(X,Y) for
arbitrary vector fields X,Y in H“-lﬁ].

If the Riemannian manifolds M““l and M"nﬁ are both orientable,
we can choose mutually orthogonal wnit normals Ny and N, defined along
HP= udh: cilat E’(nx.ul) = E(BX,N,) =T, ,N,) = 0 and 'g(-zv-i,ula =
='§'fN_2 ,-N;z) = | for arbitrary vector field X in M“'IL £27.

We now suppose that the enveloping hanifold Hn+1 admits a semi-

symmetric metric connection given by (ﬂ],ﬁ])
) : e ~ = i~ oot S I
(1.1) Yy¥= Vgi+ WD X -5EOP,
[l here <7 destotes! the Lot~
Civita connection with respect to the Riemannian metric F, T is a

for arbitrary vector fields X, ¥ in M




86 Nep. Math. Sc. Rep., Vol. 9, No. 2, 1984

1-form and'?, the vector field devined by ‘E(F ,i‘) = ﬁ(i'), for arbitrary
vector field “f of Hn'ﬂ. Let us now put

(1.2) T =8P+ AN + [N, P being a vector field in the tangent
space of M =1 and A , Y«ﬁeing functions on ‘fn_ We have the following
theorem:

Theorem (1.1). The connection induced on the submanifold Mn_l of
codimensions 2 of the Riemannian manifold H'H'l with semisymmetric metric
connection is also semisymmetric one.

Proof. Let 7 be the connection induced on the sutmanifold ¥ fron
the connection 7 on the enveloping manifeld !‘.m’l , with respect to

unit normals Ny and Nj. Then we have [27.

T = )
(1.3) 7 BY = B( Yy Y) + hX, V)8 + k (X, V)N,
BX
for arbitrary vector fields X, Y of !{n-l where h and k are second
n=1

fundamental tensors of M . Similarly, if %7 be connection induced
n+l
on I-ln =L from the semi-symmetric metric comnection v on ?‘1 , we have

(1.4) V BY = B( VXY) + m(X, V)N, + o(X, V)N, ,

EX
m and n being tensor fields of type (0,2) of the submanifold Hﬂwl. We
also have, in view of (1.1)

< = 7 B+ MBOX - Fm, )P
- BX

which 4n view of (1.2), (1.3) and (1.4) becomes,

B( Vy Y) + m(X,Y)N; + n(X, V)%,
(.45) = B(7,0) + hOGON, + kYN,

+ Tmex - g, Y) iBP + ?\Nl - rxz}
where .“(BX) = T(X) is a l-form in }"[n-l. Thus, we have

o

a.6) ¥ = Vg + Tox - g,0p,

where » and rbare chosen such that

.7]

Thus,

or
(1.8
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on a Submanifold of

(@ m&,Y) = hE&Y) - A&, and

() nlX,Y) = k&Y) - ﬁ-ﬁ&-,'f--).
Thus, -
Tyl - K= V¥ - Ix+ Tox - Ty
or
(.8) Tt = VK - &7 = Mx - TMeoy.

‘Hence the connec:iem VY induced on ﬁ n-l is semisymmetric one AT

Totally Geodesic and Totally Umbilical Submanifolds
Let X Xpses .,','&'n_*l be (n-1) or the normal vector fields in

the aumanﬂolﬁ e 1. Then the function

D 2 T X + kXD |

is the mean curvature of Hn_]; with respect to the Riemannian comection

n-1

¥ and TTT 'Z §m X)) + n,X,) } is the mean curvature of
Mn * with respect to the semi-synmetric conmection < AT,

From this we have the following definitions ni.
Definition (@. 1) = 1€k and k vanish separately the submanifold M
called totally geodesic with respect to the Riemannian connection %

Definition (2.2) : The submanifold 1 o called totally umbilical with
respect to the connection V if h and k are proportional to the metric
Lensor §.
Definition (2.3): Mnil is called totally gaud‘és"i'_é and totally wmbilical
with respect to the semi-symmetric connection S7 according as the func-
tions m and n vanish separately and are proportional to the metric tensor
g respectively.

Now we have the follwing results:
Theorem (2.1), 1In order that the mean curvature of n" ‘with respect to
the connection <7 may coincide with that of M el with respect to the
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comnection 57 , it is necessary and sufficient that ¥ is in the tangent
Proof. In view of (1.7), we have
tll'@s;, xi’ + n(ﬁxi. ‘xi) = h(xi’ xi} i kuio xi)
-(a+ Pslx,, x).
Summing up for i = 1,2,...,(n-1) and dividing by 2(a-1), we obtain,

=l _ -
& nex) reaxp } -
— WS h(X,,X.) + ki(x, . x.)
& p Sdee § | Sy | }
1f and only 1F, A= | = 0. Hence From (1.2), it follows that P = i
Thus the vector field T is in the tangest space of M1,

Thmem (2. 2). The 'guﬁu;mif.u;d. Hn-l is totally umbilical with respect
to the Riemannian connection<y if and only if it is totally umbilical
with tespect to the semi-symmetrie connection 7 ,

Proof. The proof follows from equations (1.7) (a) and (1.7) (b).

Naw,w shall pbtain the Weingarten equations with respect to the
semi-symmetric metric connection N « Por the Memannian connection
» these equations are given by /27,
Ca) ‘%ﬂ Moo o + 100N, , and
D T M - omx o1 K,
where H and K are tensor fields of type (1.1) such that
@ gX,Y) = nx,y)
(3.2) and.
() g&X,Y) = Kix,¥).
Also, making wse of (1.1) and 3.1) (a), we get

Since

oY
(3.3)

tensor
Simila
3.4)

Puttin

we get

3.5)

(3.5) (a
symmetyr
Th
tion ca
Le
manifol
S .
(3.6)

Now, rej

which ir
Resx, bY)

U‘ﬂiﬁh v 8]
the cond:




On a Submanifold of
Vg L= B+ LEON, + TV IBX ~ g (8K, N )P
Since 1[(!3!.-1-_-) -t.rg(P_,Nl}: = h.m;d“'_'_g'_'{mﬁ,ui-& = 0, we have

SFix Mo B+ 1(X)N, + AKX,
6.3 Ty M- om - Anx + TN, , T denotes the identity
tensor field.
Similarly, from (1.1) and (3,1) (b), we get

G4 VM= B& - pox - 1008,

Putting H - AL =M, and K = MI =M, in (3.3) and (3.4) respectively,
we get, B
on B My e e e
;(a)- VEK I=- .BHLK +1 (X)Nz £
(3.5) “and
B I S e o
b)) G 2 BX -1 (XN
(3.5) (a), (b) are the equations of Weingarten with respect to the semi-
symmetric metric connection <.
“The Riemann curvature tensor for the semi-symmetric mietric conhec-
tion can be obtained as follows,
Let Ef}“{,?}i be the Riemann curvature tensor of the enveloping
manifold M® with respect to the semi-symmetric metric connection
< . Then,
Q6 REDZ= S VI- Of I5T- Ty b
Now, replacing X by BX, ¥ by BY and Z bty BZ, we get
REGEBOR = Gy Sy B Viy g ¥ - Vg ag ¥
which in view of (1.4) becomes

= {B( VIX.YJ Z) +m {szﬂ’ zynl il n(ﬁ )YJ ,Z) Ng }

which, again, by virtue of (1.4), Weinga¥ten equations (3.5)(a), (b) and
the condition (1.8), becomes,
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R(BX,BY)BZ = BR(X,Y)Z + uﬂl’ (X - MEY,2)8, + ol T (DX -
- TEOLON, + §( V@2 - Com 2 %
+ §C vﬁu);-(! 2) - ()&, ] 8, + B{=(, z)ul'r -
= a7, 2M X + nl62MY - o(Y,2MX  +100) i m(¥,Z)N, ~
~awan} -1 {wenN, - o,
R(X,¥)Z being the Riemann curvature tensor of the sutmanifold with
FEEPaEt K0 Rha eenissmtiesric coonectionr .,

,;.‘:.u-r “—‘L.‘;."__.”‘ -_-
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On an Asymptotic Problem Concerning the

Laplace Transform
R.M, Shreshtha*

Abl_!-tnact

The asymptotic behaviour of a function @(t) at infinity is deter—
mined interms of the asymptotic behaviour of a function f at infinity
and the function q;, where @, £, and Pare connected by the equation

F'“ () dr = ( ( re TSt e an™ ),
L] L

where m € Z , P0) = 0 and P(z) is analytic in /z/ < R.

1. Introduction

The Laplace Transform §>of a funetion @ is defined by {1]

(1.1) Pis) = [ ™ g(e) ae

for Re(s) > 0. 1In the present note, we shall he concerned with the
problem of determining the asymptotic behaviour of ¢ at infinity in
terms of the asymptotic behaviour of a function £ at infinity and the
functioncp , where @, £, and éare connected by the equation

.2 [ g@ar- ([ e N, wez)

with P(0) = 0 and Xz) analytic in [2/ < R.

2, Luxemburg's Theorem on Convolution Product

In order to consider the asymptotie behavicur of the convolution
product of twe integrable functions, Luxemburg /27 has recently intro-
duced a class of admissible functions, His definition of the class of
Admissible functions and the standard definition of the convelution

This work is dome with the support from Imternational Centre for
Theoretical Physies, Trieste, Iraly.
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‘product of two integrable functions are as follows:

Definition 2,1, A function L(x), defined for ail x > 0, will be
called admissible whenever it is continuous and strictly positive for
all x >0, and satisfies the following two conditions:

'i;j For every .h.}-d’_ me-—.- LGx+h)/L&x) = s f.e., Llexp(x)) is
slowly oscillating in the semse of Karamata,

11) There exists a constant A1, depending om L, such that for
all x > 0, max( L (t) :x €t € 2%) < AL{2x),

The set of admissible functions {s demoted by p .

Definition 22, TF f,g,€ 1.1 (0,09 ), then the convolution product of f
and g, denoted by f*g, is defined by 0.

- . o } 'x
@1 (e =f & -vima,  a>o.
“0

For convenience, we shall adopt the folldwing motations for the convolu-
tlons of a function with itself:

£ o= £, and £ = fog ¥F, forall k=234, . .
With these definitions at our disposal, we are now fa a position to
state Luxemburg's theorem and corollary on the asymptotic Sehaviour of
the convolution of two integrable funct{ons.,

Luxemb rg‘sr Theorem, If .8 E'I-.I'(o. % )} are real or complex valued
functions integrable over x > 0 such that f(x) ~BLix) (x =), and
B ~m MGe) (x—»e), where L,M €A are adnissible ane L5 are
constants, then

@.2) () &) ~ 20 ’L_EE{.‘E)" dEML () + m( L g(t) de) Mix) as x—se,

Furthermore, there exists a positive constant L depending only on f
and g such that for all x }x-a_, ‘we have the following ertimate

@30 1€t ) ¢ G0 [ Tg(OaOLE) + Unf 4130 b {7 ) deImee)
o L

where A and o are the constants specified by (11) of definttion 2.1 for
L and M respectively,

s i ema—

As a
obtained,




On an Asymptotic

‘As a corollary of the forgoing theorem, the following result is
‘obtained,
Lema. 1If f&€ -EI.-L'QB.'.__" ) and if £(x) ~4L(x) (x—>), where LE A,
then for all k = 1,2,3,4,.., , we have
@.4) £ ) ~ ([ £0) a0 Leo,
: o °
and there exists a constant A and an X, > 0 such that for all = > isju:

and for all k » 2, we have _
@5) /5 &)/ £ kURH(A r 1£@)/ae)* ™ 160,
o
3.  Representation of the Original Function 5

Theorem 3.1, If ¢(z) is analytic for Re(z) > 0, %)(Qi) =0and f€ L
(0, ) satisfies the condition

(3.1) _C-!'E(i:]_'l-dt < R, L
then, there exists an integrable function ¢ defined by
3.2) @)= Z M 2o f-m(t) » £>0,m=0,1,2,...
n=l .
whose Laplace Transfomm is i
o

D [ explost) £6) 4.

Proof, Using (3.1) it readily follows that

. oo o Fn) e
a.3) & ( j_'ﬁé"v(as:')- £(t) a0)™) = Zl %,—(92 ( _( exp(-st) £(t)at)™
] n= = o

= (n) .
= i SOy [fexptost) £, ) ac
and, consequently, o

| ®
Ga e -3 2O ¢
n=1 =

defines Bl (0, % ).
This completes the proof of the theorem.
In particular, if we take m = 1, we arrive at the result due to
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4.  The Asymptotic Behaviour of the Original Function

We shall now state and prove a theorem which provides us with the
asymptotic behaviour of the original function ¢ at infinity,
Theorem 4.1. If @(s) is analytic for Re(z) > - R, R >0, with
$@©) =0and fe 1 (0, % ) satisties
(4,1) E(t) ~2L(t), t—ds , for some LEA,
and

o “ N ~
w2y (e de<rm
then @(t), defined by (1.2), satisfies
_ | o — .
@3 e~nn®md ( [Fean, o>
-]

Proof. In wiew of the theorem (3.1),

. (n)
G4 P = > -Ml £

n=1
is the required function, whose asymptotic behaviour we intend to
determine, Also, from the lemma in section two, it follows that

mn

i.q,(n)m) £ ()
A n! L(t)

converges uniformly in t (for large t), BHence

lim @ (& ='2'°:‘ <§(“)(0) (H.m fnn(t)

E=sis it =t e t—»ee L(t)

(u)
. S umf.(f £(e) ae)™

=1

w0 e
_— .([ £(t) ap™t q;,'c([ £(e) do)®
o} 0

and this completes the proof.
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