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Elqnentarg Eueliilean Geometrg anil ATgebra

A Dualist point of View

Victor pambuccian

The duali ty in the t i t le f i rst bothered the anclent Greeks. To put
it in our )o(th century language, they noted both that the coordinate
field of Euclidean geometry is and that the field of rationar ntrmbers' i .sntt 

Pythagorean (discovery of inconmensurable magnitudes (ct.  t .6.)).

The f irst wtro real ized the duall ty r.ras Rend Descartes, a phi loso-
pher, celebrated by Hegel as the true founder of modern phi losophy.
His "Gdometriet '  (1637), an appendix to hrs famous i lDiscours 

de 1a
mdthode", contained implictt ly the idea that - what we today cal l  -  arcartesian 

planet may serve as a model for Eucl idean geometry. rt  took
more than 25O years to prove the converse, i .e. that any model of
Eucl idean geometry'  based on a complete axiorn - system (ls), is isomor-
phic to the cartesian plane constructed over the f ield of rear nrnnbers

s' And this was done by the most inf luential mathematician of the+ L

early )O('" century, David Hilberr in 1g99 ( t IsI).  In betr.pen (around
1797 cf.IAJ), C,p. Gauss, the "princeps math€maticor.mr,, di$covered
the geometric interpretat ion of ccmples nr:mbers, of what r.e shal1 cal l
a t Gauss pl-ane t .

The works of Descartes, Gauss and Hilbert were start ingpoints. I t
is the purpose of this paper to convlnce the reader how fruit ful a f ield
of research they opened. Now, there are tqro essential ly dif ferent ! , /ays
of thinking of a dual i ty between geornetry and algebra. First,  think of
a faithful correspondence between the points of a l ine and the elements
of an algebraic structure; an operation ca11ed at the empir ical 1eve1
rneasuring' This f irst way originated with Descartes. The second way
originated with Fel ix Kleinrs Erlangen progranme and consists of
thinking of a group of transformations as an algebraic synonyn for a
given geometry. This way was follor,ved by Bactrnary [2J and r..ril]. not be
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discussed here. T1.re present paper is aimed to ansller the following

question! "Whiih algebr'alc structures aret gecmetrically speaking'

tcoordLnite l inesr ?.rt .

We shalL be concerned only wtth theories formalized within first -

order logic. A set fof f i rst -  order sentences is cal- led a theory

rihenever cnQi) = 
!, where by cnQ) !€ understand the set of al-1 l-ogical

consequences of !. A theory ! is said to be cornplete iff for any

sentence f rre have elther Ve L or 1!e \' I'le say that ! is declda-

b ] - e l f o n e c a n d e c l d e a l g o r i t t r n l c a l l y d t r e t h e t f o r a g i v e n s e n t e n c e 9

V€ lot 
-(Ye 

I).  I f  !  is a f irst -  order theorv in a language

"a, "orra"rning 
(besides logical constant3) only the ternary ptedicate

B and the quaternary predicate D, then a model of T is a structutre U =

(,rQ), 
lq, 

Du), where uQ) Is a set '  ca11ed the universe of the model

and 
\rc=.rtyi3, 

u" c uQ)4 , such that any sentence of r ls satisf ied

rn U 

!{tte 
rrotronE of mqilel and satisfaction r'ere introduced tt' [aoJ)'

l'roa.f E is said to have cardinality x iff uU) tras cardinality x'

T h e c l a s s o f m o d e l s o f f , w i l l b e d e n o t e d b y M o d ( ! ) . F l r s t - o r d e r

logic, although very convenlent ftom the model - theoretic vier4oint

(one can often describe al-1 the models of a f irst -  order' theory) '  has

the curious Property ca11ed

Th" L6*"hein - Skolem '

If a thqory

inf inite cardindLitv.

Therefore, Hlfbertrs result '  by which 
rEucl idean geometryf has

(up to isomorphism) a single model cannot be obtained within first -

ora.t fogi".  His rbucl idean geonetryr is based on a second - order AS'

The task of expressirlg Eucl-iilean geometry in first - order logic was

successful ly solved by Alfred Tarski (an inf luential phi losopher'  too

(ct. ILBJD. I ' i i th the sirnpl i f  icat ions due to hls graduate student'

H.N. Gupta ftLJ it reads (in Lm' B and D traving the following lntuitive

mean:

segml

A 1 ,

A 2 ,

A 3 .

A 4 .

A 5 .

A 6 .

A 7 .

A 8 .

A 9 .

A  10 .

A  1 1 .

where

neithe

y inte



Elementary Euclldean

meanlngs: fB(abc)r 
i f f ,  b l ies betveen a and cr and rD(abcd)r

segment ab is congruent to the segnent cdr):

A 1. (fnner transitivLty property of Betweenness)

A 2 .

$xyzu B(xyu) ^ B(yzu) ----+ B(syz)

(Reflexivlty property of Equidistance)

\txy O (xyyx)

A 3. (Identi ty property for Equidistance)

Vxyz D (xyzz) -r (x=y)

A 4. (Translt l .vl ty property for Equidistance)

.fxyzuvw D(xyzu) a D(vwzu) -+ D(xyvw)

A 5. (Pa.scht s axiom)

Vtxyzu ! v ,B(xtu) 
a B(yuz) --s n(xvy) a B(ztv)

A 6. (Eucl idr s axim)

fltxyzu 3 vw B(sut) a B(yuz) a . z(x=u) ----> B(xzv)n

AB(xyw) a B(vtw)

A 7. (Five - segmenr axior)

V{x tyy t  zz t r ru t  D(*y r ty t )  a  D(yzyrz f  )  n  D(xuxrur )  A

A D ( y u y t u t )  4  B ( x y z )  n  B k t y t z t ;  n  - ( x = y )  _ - - +  D  ( Z u z t u t )

A 8. (Zxtom of segment construction)

lxyw l z B(xyz) ,r D(yzuv)

A 9. (Lor^rer - dimension acton)

) xyz. 1B(xyz) 
a -B(yz:<),r -zB(zxy)

A 10. (Upper - dlmension'axim)

Vxyzuv' D(xuxv),r D(yuyv) a D(zuzy) 4 -(u=v) -->

-+ B(xyz) v B(yzx) v n(a<y)

A 11. (Elanentary contl-nuity dxiom of Cantor - Dedekind)

A11 sentences of the form
I

Vvw.. .  
\ f  

I  z Vxy y (*)ay (y) ---> B(zxy)J ___+

-- '+[ ]"y*y 
v(*)  ^y(v) ---+ B(xuy) v (u=x) 

"  
("=v)/ ]

where y(x) stands for any forrnula in whlch the variabl"" *,rr,r , . . .  but

neither y nor z nor u, occur free, and similarly for y(f),  with x and

y interchanged.

i f f  r the

lve
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Each of its axloms is independent of all the remaining ones' i'e'

A  i  f  c n (  A  1 , . . . ,  A , " "  o  r r ) '  r o t  i  =  1 " " ' 1 1 '  w h e r e  i m e a n s  
r A

m i t t e d r .

u" ,  9 )=  cn (A  1  -  A  11 ) '  gz i '

t42J). The following iepresentation

not f initelY a<imatizable 
(cf '

theorem holds for 
4 

{"t' [+Z] '

t2sl ,  [6J) i  , ,
Any rnoclel of $, is iscmorphic to a Cartesian plane constructed

over a reaL closed f ielA'

A Cartesian space constructed over an ordered field F is the

following 
"atottttt 

nrr,",

f
w i t h  D o  =  ( ( a , b , c , d )  e

B- = 1, ' ,0,J,  e (ro)31 l
I L n

where l l (a1, . ,arr) l l  
E

.  =  ( t l  , . . . ,a r r )  ,  b  =  (b1  
" " ' .o l )  :  

* : :  a "  b '  e  F '  v le  sha l1  a lso  use

rhe notat ions Do(r) "" i  9"{r i  
for (Fn' D') and {rn' o')  respectively'

92(f) 
i"  ca11ed a Cartesian plane' With these notat ions' the above

theorem reads rl

M € uod(E_?) 1l! E =< Qr(F) '

= (Fn, DF, BF)

( r t ) 4  1  i l a - b 1 1  = r r  c - u t t l  a n d  
I

t € r ,  o < t < 1  a n d  ( a - b )  =  t ( a  - " ) l '

^ ' ,  and a  -  t  =  ( "1  -  b l , " "an  -  bo)n  fo r

where F i s  a  r ea l  c l osed  f i e l d '

r,""1 " 
1 o, 

"i-Elli-I-TT 
d' red r ie ld. r 

:: ::":"::: "t:::':";
"r-;"iff=*""re 

root and anv polyncmial of odd degree has a root

-^ :  ^*  l ' t  I

;:: l :. 'TtJ;:"*troduced 
and studied bv Artin and Schreier , ' ' /

(cf .  also [trZJ , l  .  , ,

Tarski [4tJ atso proved that E2 is decidable

also [28J). This is of interest to us because i t

u = r \  (q2(B))

frr ,  (g2(B)) being the theory containing al l  Luo - sentences true an

-BD

gr(Ej. To Put i t  more simPlY
. ; ;

Euc l i dean  geome t r y '

and comPlete (cf '

proves that



Elementary Euclidean

An AS for En (n - dimensional-) is obtained by repLacing the

dlmension axiorns A 9 and A 10 by (e.g.):

A 9
n

jl*o"'...."r, -l-(x.,xoxr)r. ... n I (xrxoxrr)n

AI(xrxoxr)n . . .  n  I  (xrxoxo) t r

there exist  n mutual ly  or thogonal

rc

re ly .

I l- (*rr_1*o*rr)

and A L0r, = 7A 9rr*1r where ] (xyz) is an abbreviation of the formula

z ( x = y ) r .  - z ( z = y ) 4  
3  u  ( B ( z y u ) a  D ( x u x z ) a D ( y u y z ) )  ( I ( x y z )

rmeanst :  the points x,y,z form the vert ices of a r ight - angled tr iangle

w-ith the r ight angle at y).

A 9 mearis Lntuitivelv that
n -

l ines concurrent at a point.

, ,Ot 
AS tot Wi = 

U2 n f,U ( i .e. the theory of al l  LB - sentences

in !.r) was given 'Lr, [33J and we have U 6 uod(SE2) iff '!4-82(F), where

F is  a  rea l -  c losed f te1d.

*7 Lz 
= Cn .(A 1 - A 10) .  I ts corresponding algebraic strucrrrre is

glvbn by the follovring

Repte"""t"t i ."  th ([42])

$  e  Mod(Er )  i f  f  -M-92( f  ) ,  where  F  is  a  Py thagorean ordered f  ie ld .

(A4 ordered f ield is cal led Pythagorean l f

( 1 )  V x v f ,  * 2 * v 2 = ' 2 )

A f irst question Jorr.utt" the geornetr ic equlvalent of arbitnary

ordered f ields. The answer was given by H.N. Gupta (and, independently,

fo r  p lane geornet ry  by  Z .  P iesyk)  in  1965 (c t .  [ rcJ ,  [nJ ,  [ l z / ) .  Le t

5 r r =  c n l n  L r B  2 r A  1 ,  A  3 ,  A  4 r ,  A 5  - A  7 ,  A  8 1 '  A 8 2 '  A  8 3 '  A  9 ; '

A  1 0 ) ,  w h : r e

B 1 . Vxy B (xy'x) --'-+ x=Y

B 2, fxyzua B(xyz) a B(xyu)^ o(x=v) -+ B(xzu) v R(x':z)

A 4: fxyzuvw D (xyzu) ,l D (xyvw) ---r D (zuvw)

O 81.  (Ex is tence o f  the  re f lec t ion  in  a  l ine)

Vxyz  Juv  B(zuv)  a  D(vxxz)  a  D(vyyz)  a  (s (xyu)v

VB(yux)  y  n (uxy) )

ln
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I 82 (f t<istence of the ref lect ion in a point)

Vxy I z B(xyz) aD(yzxy)

A 83. (For f.ines, on nitrich there exist eongruent sep.ents, one can

transport further congruent segments frcm one to the other)

Vxyzx ty t  l  z t  s (xyz)  a  Dkyx ty t )  =+  B(x ry rz t )n

,  
n D ( Y z Y t z r )

A  9 r ,  i s  A g r r n D ( x o x r x r ) , r  . . .  A D ( x o x r x o x , ' ) .  T h e a x i c m  A 8 i

(for i  = 7,2,3) are special cases of A 8. IG have the foLlowing

n.pres""t.ti." tn ([LL])

M € Modq) iff U-gn 
(F) , wtrere e 19 t" otd"t"d J19!9..

L. W. Szczerba [3OJ gave a f lnite AS for P., 
= EZ n LB and

proved that

! e uoa(g[u) i f f  Y-22(F), 
where T ls an ordered f leld'

An important step tor^7ards real.izing the connection between the

geometric fBetweennessr relat ion and the or{er reLation of a f leld was

the proof of the independence of Paschrs axiom (for the original AS of

Tarski [4IJ t t  is st i l ] .  an open question whethet Paschts axicm ls

indepenilent or not).

L e t  ! g g 2  
=  c n ( B 3 ,  A  I  - A 3 ,  A  4 ' ,  A  5 ' ,  A  7  - A  1 0 '  M ) ,

where

B 3. Vabc B(abc) ---+ B(cba)

A 6r. (another form of Eucl idrs axicm)

Vabc 3 p -(B(abc)r, B(bca) v B(bac)) +

+ D(apbp) a D(bpcp)

M. (xistence of the nidPolnt)

Y a c ? b  B ( a b c ) a D ( a b b c )

Let F be a Pythagorean seoi - ordered f leld, i 'e '  the order

re la t ion  sa t is f ies

( 2 )  V x  x 7 o  - x l o

( 3 )  x  ( x l o  - x l o )  + x = 0

( 4 )  x y  ( x 7 o  Y > o ) + x + Y > o

( s )  1 > o



Elementary Euclidean

For F, the Cartesian plane is defined as 9r(r) 
= {F2, Br, Dr),

51

r*rere

with

l l a - b l l  +  I b

[ a - b l l  =  l c
fc'f--'-----T r

Yxi + xil and lxl

The representation theorem for

U e Mod(sjgz) iff U -92(r) '

l l a  -  c l l

x v o

- x 7  0

(cf . .  [32J) '

i s a s e m i - o r d e r e d

B(dca )  v

_ cll

- 
fdu

= { * '
I
L-x t

soE^ is

where F

Pythagorean fidld.

A f irst exmple of.a semf-ordered real closed (and thus in part i-

cular Pythagorean) fteld wtrich does not satisfy

(6) Yxy kZ O /\  y 2s 0) --+ xy >O

was given by Szclerba [3OJ. He deflned a serni - order on B. Since

{f 
,  , lT, Vz 

} 
r" a l inearl-y independent set in $ (regarded as a

vlctor 
"p""" 

o.r" i  Q), we can extend i t  to a vector basls 
tLhU "f I

over Q (by Zornrs lenma) with ho = 1, hl = JT: ,  h, = VZ. Any x6B can

be written as

x = fi^1..{*).h€ w-ith urJx) e Q uniquely determined bv x,

and such that tJ."(x) = o wtth the posslble exceptLon of a flnite num-

b e r  o f  i n d i c e s o g .  L e t  f  :  !  
- - >  R ,  f  ( x )  = 2 ' o ( x )  - x  a n d

f 1
t (  

f  €  E l " > 7 o J )  
= Y .  L e t

x 7 7 " O I f f  x € P .

77s Is a semi - order on Er 
not satisfyrng (6). constructlons of

seml - orders were,thoroughly studled by Prestel [22]. Together wlth

Gupta he also proved the tr'ollowing

resentation theorem ([L3J , [ I4J)

u € M o d ( & ,  G P  )  i f f  u - 9 r t r ' ) ,
quadratlcal ly semi - ordered f ie1d,

GP being the following axiom

cP. Vabcd - l-(abc)a I (adb) a (s(adc) v

tzB(cad)) ---+ B(adc)

w h e r e F i s a P v t h a g o r e a n

A semi - order is cal led quadral ic i f  i t  sat lsf ies

(7) Vxy x Zzo -=4 xy'72 o.
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Quadratlc semi - orpers were thoroughly imrestigated in fSJ, [2U.

Consider now the followtng 'rcircle axi@tt (stating intultive!-y that

the circle constructed with center in O and radiqs Larger than the

distance from 0 to a given l ine, intersects that l ine):

C. VSbrct J c'  B(abc) --+ B(pbcr ) 4 D (ac'ac) and denot 
" 

U; =

c"(9^q%u {cf).  wanda szmiere. ' t  BAJ proved thar, w L J r

U € Moa @4) i f t  Y-92(F), vhere F ls an Eucltdean ordeted f iel-d.

An ordered f ield is cal led Eucl idean i f  i t  sat lsf ies

( 8 )  V * 1 y  x ) o - - - '  * = y 2 .

Real closed f lelds are ln part icular Eucl idean ordered and these

are in part icular Pythagorean ordered, therefore U t p, = g". The

first inclusion is str ict because g, fr ." a f lni te Or, *.r""1 gr r"

does not adrnit  any f ini te AS. To prove that the second lnclusion is

str ict,  we give an eiople of a Pythagorean ordered, not Eucl idean

ordered f ieLd. Earlv exaples of such f ields r*re provided by Royden

[25J and tr ' rasnay [7, pp.36 - 4OJ. A thorough srudy of both Eucl idean

and Pythagorean ordered flelds may be found in /4/. Roydents exarple

i s :

Let F be the smallest f ield containing al- l  algebralc.nunbers, an

indeter:rnlnate w, and cLosed under the op€ratlon of taklng the square

root of a srn of squares. Thus each elenent of F 1s an algebraic.

function f(w) wlth algebraic coeffLcients. IJe make F into trm dlst inct

ordered fields F, and F, bl taking trro different transcendental numbers

w, and w, and setting.

f ( w ) ) r o

f ( w ) ) z o

I

I

(

i n  F1

in F2

i f f  f (w r )  >  0

i f f  f (w r )  >  o .

Slnce an Eucl- idean f ield adnits a unique order, F is not Eucl idean,

but (F,) 
,)  

is a Pythagorean ordered f ield. Tn L972, Szmielew found

the gec'metrj .c analog of Eucl idfs f ield property (8). Consider the

fo1lor^ring axiom (a statement on the intersection of tm circles):

c 2 .  t a b c a ' b r  J  q  ( B ( a b c ) v B ( b c a ) v B ( c a b ) ) A  B ( a b r c ) n

4  B ( b a ' c )  4  D ( a b r b t c )  4  D ( b a f  a t c )  - - r

- - - +  D ( a q q b )  4  ( D ( a b r b ' q )  V  D ( b a r a r q ) )

s
s
A!

f.

!!



Elementary Euclidean

Representation theoren (n57).

$ € uoa(s-9A, u {cr} ) i f f  U-C"(F), where F is a formall

53

real

Euclidean semi - ordered field; i.e. T is semi - ordered and satlsfies
(1)  ,

) ,
(9) V*y (*- + y' = O) --> (x=o) and

( 1 o )  V x l y  - * = y 2 v x = y 2 .

Since (8, ) s) is a forrally real Euclidean semi - ordered fieLd not
satisfying O), lre have A 5 f €aotsgE 

" 
{a} l. we also have

z  l z t
s0E2 l- (c <-+ A 5 ,r c2) and S"gFo F- (c € cp a cr).

The algebraic structures appearing so far w' in the representation theo-

rems were f ields wlth addit ional propert ies and hri th an addit ional-

relat ion of - at least - seuri -  order. The question is now: are there
geometric equivalents for a wider class of f ieldsx rhe posit ive answer

to this question is contarned h {zJ, but.Bactrnannfs treatment is not

in the f irst -  order axionatic spir i t  of this paper. Rudolf schnabel

[26J g^u" in 1981 a f irst -  order axiomatization of gecmetric struc-

tures, which were previously group-theoretical ly defined in [2J.
Consider the fol lowlng axims (rr i t ten fn 

\) 
:

S 1. Vabcd D (abcd) --+ D (cdab)

S 2 .  labcdef  D(abcd)  4  D(cdef )  _ -+  D(abef )

S  3 .  V"b  D (abba)

s  4 .  fabcatb tc t :<m I  x t  Vy  
- (a=b)  

A  
z (c=n)  

A  D(acarn)a

A D ( b c t n i )  a  D ( a t b r a b )  A  D ( a t c f  a c )  4  D g b r c t b c )  - - +

- - { D ( a r x r a x )  
4  D ( b r x r t x )  a  D ( c r x t c x )  , 4  ( D ( a ' y a x ) 4

A D(b 'ybx)  4  D(c 'ycx)  - - -1  y=xr )

s 5. fabcd 3 rn -(6=6;n -(c=d) ,r D(acad) a D(bcbd) ---)

---f D (amcrn) n D (hncm) n -(m=a)n -(m=b)4 -z (rn=c)

S 6 .  labcd 
-z (6=6;n  - -z (s=d)  

A  D(acad)  4  n (bcbd)

S 4 is ca11ed rr igidity axiomt, S 5 says the same thing as A 6r and

s  6  i s  a  l o w e r d i m e n s i o n a x i o m .  L e t  T = c n ( s  1  - s  6 ) .  A d i f f e r e n t

AS for I can be found in /9/. trn/e have the fo11or..rine

Representa t ion  theorem (  t267\

Y  €  r l o d Q  i f f  M - G ( I L  d  ) ,
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K being a fteld and d an lnvolut lon, ! 'e '  6:K -+ K' an automorphismn

and 6a6i = ld*- 9(K' d ) = (K'DK), wtrere D*(abcd) i f f  l la - bl l

l l .  -  d l l  ,  f o r  a l l  a , b , c , d  €  K '  r ' r i t h  l l * l  = < ' d ( x )  f o r  a l l  x  €  K ' q G ' 6 )

is called the Gauss plane over (K, d ) ' It is a geteraTTzation of

g(g, d) '  wiEh 6Q) = 2 fot al i-  z € 9, 
Z being the cmplo< conjugate

o f z . T h e c h a r a c t e r i s t i c o f g ( K , d ) i s t h e c h a r a c t e r i s t l c o f t h e f i e ] - c l

K .

T h e m i n i m a l m o d e l o f T c o n t a i n s f o u r p o i n t s a n d h a s c h a r a c t e r i s t i c

2. The nent model contains nine polnts and has characteristlc 3' If

we strengthen the anicrn S 6 to

S 6t. 3abcdm V mr ?(a=b) 
n 

--z(c=i l)  
a D (acad) A D (bcbd) n

aD(arnhn) a (o(anrmt) a D(tntml) -+ mqnt)

then aL1 models of characterlst ic 2 are excLudecl; i f  to

S 62. Jabqn Ybt 
-z(a=b)A ?(c=rn) A D(cacb) 4'o(mamb)n

1?D (crntm) ,,1 (D (abab') n D (arhnbr ) + b=bf )

then the one w-ith nine points is excluded 
l:t -t:t: 

"r*'' 
-Let 

T2 = cn

( s 1 - s s ,  s 5 2 ) .  L e t F = r i x d : =  
{ * e r t  

C t x )  = }  ;  F i s a s u b f i e l d

o f  K  o f  index  2 .  I f  the  charac ter is t i c  i s  *  2 ' ' then . there  is  an

i € K : . r w i t h  6 ( i ) =  - r ; t 2  = f  € F , u r t t f  r r =  
{ t " l  

f  € I ' ) '

( therefore F is not quadratical ly closed) '  such that al l  x 6 K have a

unique representation

I = a + b i , w i t h a , b € F '  , , _ r b r .  
l t e

We further have l l* l  
= x.6 (x) = (a + bi) (a = bi) = a-

now define a Predicate S bY:

S(abcd) H Vn 3 s D(cntdn) -- ' -+ D(abcs) a D(cmsrn) havlng

t h e i n t u i t i v e m e a n i n g t a b ( c d | . C o n s i d e r t h e f o l l o w i n g t w o a x i o m s

S 7t. labccl S (abcd) 4 
?(a=b)n -z 

u (abcd)

s  72 .  t 'abcd s (abcd)  v  S(cdab)

(which, !,lritten without the abbreviatlon S' are

s  7 t .  labcd f  rn  I  s  (D(cmdrn)  - - t  D(abcs)  a  o (cmsm))a

r - (a=b)  4  -D (abcd)

S 72. fabc&nn J s (D(cmdm) --+ D(abcs) n D(onsrn)) v

v (D (anbn) -+ D (cdas) 4 o (ansn) ) '  )

T

I

p

G

D

P

I

(

u

t l

h

!

A
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Represeotation theoren (t261)
1

(r) U e uoa{fn u 
{s 

t+ , rf f  U-g(K, d ), where

Fixdf is a Pvthagdreen flelal.

(1 i )  Ue u"aq u 
{s  

, r l ,  g_ g==g(K,6f  ) ,  where

Fix d is an Euclidedn field.

Ttrere are obvious similarities betleen Gauss planes and Cartesian

planes; the dif ference is that there Ls no betweenness relat ion in a

Gauss pJ.ane and that its no:m Looks rather unusual (for f # -1). It ls

not alw"ays possfble to choose f = -1 if Fixd is on1-y Pythagorean (take

F = F i x 6  P y t h a g o r e a n ,  n o n E u c l i d e a n a n d  f f r  U r t  t € F 2  a n d  - f  
F r ' > .

In- order to obtain the standard Euclidean nonn, r4re should add the axlon

(cf , .ft9J, [27J and a].so [2J, 13.2)

S 8. abcde l(a=b) ?(a=c)a -(a=d).rr --:'(b=c)a

, r -z (b=d)n  
- -z (c=d)  

a  D(abbc)  n  D(becd)a ,

r r  D(cdda)  n  D(aebe)  , t  D(cebe)  4  D(cede)a

a'zD (aeac)

$hich states that there is a square and srcludes planes of characteris-

tic 2 and the nine - points pl.ane. Let S 8r be S 8 without 4-=D(aeac).
t t

P u t l o  =  C n ( S  1 -  S  5 ,  S  8  ) .  T h e n
4 z f

M € Mod(T^)  i f f  M-D^(F)  .  where  F  is  a  f , le1d  wh lch  {s  no t

quadratLcaLly cLosed and has characterlst ic * 2.

A f iel"d is said: to be quadratical ly cl-osed tf  Ya

IG also have Cn(S. 1 - S 5, S 7r, ,S 8) = 
!p"

know any AS for P[o (n] S)). W. SzrnLel-ew (t37J,

n ,  =  c n ( L E n ,  B  3 ,  A  1 ,  A  1 0 ,  W P )

where

A 10. {abc Juv ?(u=v) a D(auav) r\  D(bubv) 4 O(cucv)

€  B(abc)  v  B(bca)  V  B(cab)

I^]?. (Weak Pasch axtcnr)

fabcdp ] q B(apd) a B(bdc) --+ (B(bpq) v B(pqb)v

VB(qbp) )  a  (B(aqc)  v  B(qca)  v  B(caq) )
f  

-  -  
r -  1

T h e r e f o r e  
t t t - s 5 ,  

s 7 l ,  s 8 , 8 3 ,  A 1 ,  A 1 0 ,  ! i ?  r e p r e s e n t s

an AS for 
fo. 

Moreover, S 8 may be replaced by S 8 . Each of i ts

3 b  b 2 = ^ ,

(note that we do not

/38/) pro.t.d that
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axicms is independent of all the ranaining 
t"l"-("1; 

t'^",' ',

Fina11-y r. t".r. gl - cn(In" 
,f 

zrf I in E2' B is <tefinable bv

O (cf. [24J), thus any sentenee of Ei eontaining Bmay be rewrit ten as

a sentence in LO.)

With the following form of the continuity acim 1s1' [25])

co.  vv t r . . .  {1 t ' y  "v  
y (x )a  { tv )  

-+  s (zxzv) l  -

t 
S(zxzu) ; S(z'tzY)Il- where 

Y+f l"  xY f(x)n f  
(v) --+

and (y' are f ormulae of \ rdth the sme requirements as in A 11 - we

r,.rr.'cnt1n u 
{s 

72, c;l ) = 
h 

(with the sane remark concerning B

as above) . rr rr

It is interesting to mention that' except fo 
and B-E2r none of the

above theories is decidable (cf '  [aaJ) '

And so, the story of the duality between elementary Eucl-idean

geometry and the elenentary theory of fields has come to an end'

Can f ielcls be replaced by weaker algebraic structures? The answer

depends on wtrat one is willlng to accept under the heading-rGeornetryr '

In a recently publ lshecl book (3gl) '  Wanda Szurielew gave ASs for plane

aff ine geometry over ternary f ielcls (a rather'  complicated structure'

w h i c t i i s n e i t h e r n e c e s s a r i l y c d m u t a t i v e n o r ' a s s o c i a t l v e ! ) ' s t r o n g l e f t

quasi - f ields, skew f ields and f ields' Aff ine geometry over ternary

f ie lds  i s  qu i te  rna tura l t ,  s ince  i t  represents  the  s ta r t ing-po in t  to

E u c l i d e a n g e o m e t r y w h l c h a l l o w s c o o r d o n a t i z a t i o n a n d t h u s a r e p r e s e n t a -

t ion  theorem (c f .  a lso  IZO] I '

tr lhich is the rreakest algebraic structure' one could suspect of a

reasonable geometric meaning? Since a l ine should look algebraical ly

like
r  ^ L

( ( x , v )  l o + b Y * c = u l '
t

we mlrst  have two operat ions *  and '  so that  the natural  answer

s h o u l d  b e  r r i n g s r .

Geometr ies over r ings ( in their  fu11 general i ty)  r ' tere f i rs t

considered by D. Barbi i r ian [3J (a lso a very or ig inal  Rornanian poet) '

but  h is t reatmenE is not  in our f i rs t -order axiomat ic manner '  F i rst  -

order axicrnat izat ions for  af f ine Barbi l ian -  p lanes over Z -  r ings

(uni

fo r

[23]

Barb

L'lth

I ine

c;rme

ca  11

t n  -

-:-

+-.
?a  )?

J '

;

L : 1  (

;

f  a?"

.  J t

.
c f C r

? l a r
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(unitary rings r,rirh ab = 1 iff ba = l) were given by Leissner F.1J and

for affine Barbilian-structures over arbitrary unitary rings by Rado

1231. Because of the curious devlations frcrn ordinary geornetry'

Barbi l ian himself restr icted the class of r ings to Z - r ings' Even

with this restr ict ion, there are couples of points for r^rhich the joining

l ine is not unique. Therefore the interest for geometries over r ings

came from the glgg!51g Barbilian. A traditional geometef would hardly

cal l-  thern tgeometriest, to say nothing of rEucl ideant.

A synthesrs of the present paper is glven below. (Index n means

tn - dimensional w'ith n ). 2t:)

GEOMETRY ATGEBRA

r ea l  c l osed  f i e l ds

Euelidean ordered f ields

Pythagorean ordered f  ie lds

, TE:

I

Eqn

E

E  . B E ^ , o r d e r e d

Pappian midpolnt planes

[39 ,  p .  t56  f tJ

cn(soE u {cp} I- * n . )

cn(si!r, U

cn(SOE )^4n

Cn (T^
4Z

Pappian af f ine planes

[39,  p.  43J

o rde red  f i e l ds

quadratical ly semi - ordered

thagorean f ie lds

formal ly  real  Eucl idean semi -

o rde red  f i e l ds

Pythagorean semi -  ordered f ie lds

Py thago rean  f i e l ds

f i e l ds  o f  cha rac te r i s t i c  /  2 ,  r ' o t

uad ra t i ca l l v  c l osed

f  i e  l ds

ordered skew f ie lds

u { s  7
r l

T ^*z

ordered Desarguean

p l a n e s  / 3 9 ,  p .  1 5 6

rnidpoint

l t  I
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,GEO},IETBY

ordered mldpoint p1a-nes

[39, p. L56 tf .J

Desarguean afflne planes

[39 ,  p .  43J

.AI.GEBRA

ordered strong left

quasi - f ields

skew flelds

weakly Desarguean affine strong left  quasi - f telds

a n e s  1 3 9 .  p . 4 3

paral lel i ty planes

[ lg ,  p .  tg /

ternarv f ields

affine Barbilian - planes Z - rings

affine Barbllian - str-uctures unitary rlngs
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Connnon Fixeil Point:s IInder Asgwtptotic

Regulatitg Condition

K.P.R.  Sas t ry ,  S .V.R.  Na idu ,  f .H .N.  Rao and K.P.R.  Rao*

Unique conmon fixed point theorems for four self maps on a cmPlete

metric space under asJtmptotic regularity condition are obtalned. One of

these generalizes the results of Fisher ftl at'a Ptav [2]. rncidental"Ly

two results of hngh and Kasahara [5J are shown to be incorrect even

under the condition, suggested in corrigendran [6J and reasonable modifi-

cations are provetl.

Recently, Singh and Kasahara A/ proved the fol-l-owing Theorem I:

(13/, Th.l) ;  Let f  ,g,S and T be self  maPs on a cotplete metrlc space

(X,d) satisfylng

(1 .  L )  d  ( fx ,  gy )  d  (d (Sx ,Ty) ,d  (Sx ,gy) ,d  (Ty , fx ) ,d  (Sx ,  fx ) ,d  (Ty ,gy)  )  f  o r  a l l

x,y €X, where O:r{---t  \  
ls upper serni continuous (u.s.c.),  non

decreas ing  in  each var iab le  and @( t r t r t , t r t )  (  t  fo r  a l l  t  )  O.  Fur ther '

suppose that

( 1 . 2 )  f S  =  S f ,  f T  =  T f ,  g S  =  S g ,  g T  =  T g  a n d  S T  =  T S ;

(1.3) there exists a sequence 
l"rr l  

in X such that fTx2n = TS*2o+1'

BS*2. r+1  =  TS*2r r *2  fo r  n  =  Or1r . . .  w ' i th

( 1 . 3 ) '  S u p  
1 d ( T s x i , r s x i ) l  

i , j  e  N f  < ' o  a n d

(l.a) S and T .. .  
"ontinrrorr".

Then f ,3,S and T trave a unique ccnmon f ixed point z €X and [fSxrr]

eonverSet to z.

T t reoren  2z  (BJ ,  f t .2 ) .  t .e t  f  ,g ,S  and T  be  se l f  g rpas  on  a  met r ic

s p a c e  ( X , d )  s a t l s f y l o g  ( l . l ) ,  ( 1 . 2 ) ,  ( 1 . 3 ) ,  ( 1 . 3 ) ' a n d  t h e  f o l l o w i n g

(2.1) the sequence lT$nl 
has subsequences converging to z €X

(2.2) S and T are contirrrous at z.

Then z is the unique cormon f ixed point of f ,g,S and T.

* Research supported by U.G.C.
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The following exaple due to Fisher |1'J ' shows that theorem I l-s

false even when (Xrd) is a bounded metric spacet S and T are identity

DaPs on x and

o ; t ' t z , t 3 , t 4 , t 5 )  
=  k u 8  l t y t 1 t 3 , t a , t s  I  

f o r  a l l  ( t f t 2 ' t 3 ' t 4 ' t 5 ) €

'4.
Exanp le  3 :  ( tV) .  Le t  x  =  

I  o , l ' 2 , " ' ;o , " '  I  
wr t t r  a  met r ic  d  de f lned

by d(rnrm) = 0 for al l  m€'X and for u # n'

( 
I , if n'ln ls odd

d(n ,n)  =  
f
L 2 ,  l f  E h  l s  e v e o -

Define f,g: X ---) x by f(2n) = f(2n+f) - 2n + 2 and

e?n)  
- -  2n*1 ,  g (2n+1)  =  2n  +  3  fo r  n  -  o ' l  ' 2 " "  '

T h e f o l l o w l n g e x a m p l e d u e t o s a s t r . v a n d N a l d u l 3 J a l s o s h o w s t h a t

both the theorems are false even t*ren (X'd) is a finite metrlc space if

we sel-ect d,S and T as in th€ aboYe'

Exanrp l -e  4z  ( [3J ,  Ex5) .  Le t  x  -  
t l ' 2 ,3 '4 ]  ,  a t l ' 2 )  =  d (3  ' ,4 )  =  2 '

d ( 1  , 3 )  =  d ( l  ' 4 )  =  6 ( 2 , 3 )  =  d ( 2 ' 4 )  '  l '  D e f i n e  f ' g : X  - - - )  X  b v

f l  =  f 4  =  2 ,  f 2  =  f 3  = 1  a n d  g l  -  9 3  -  4 '  g 2  =  e 4  =  3 '

S.L. Singh in his corrigen'rhl &J' cntioned that theorerrs 1 and 2

of. [5J are val id only l f  (1'3) '  ls replaced bv

(1  .3 ) , , .  Sup 
ta ( tsx f rs . r )  I  r , j  €  x . ,  l , j  a re  no t  o f  the  sme par i ty ]

=  s u l  L a { i s x ' r s ' r )  l  
t ' t  €  x  } < - '

tr{e flnd that even the above alteracion does not ensure the

o<lstence of a cotunon f ixed point for f 'giS and T in view of the

fol lowing two exarnples. In these exaples' tP take 6'5'T as in the

above ex@Ples.

E: ranp le  5 :  Le t  X  =  
l . - ' ,  

- ' ,  -1  ,  O '1  '2 " "  I  
t i t t t  d is tance d  de f ined

as  fo l lows.

d ( x , x )  =  o  f o r  a l l  x € x ,  d ( - 3 , - 2 )  =  4 ,  d ( - 3 , x )  =  2  t f  x  }  
- 3 ' - 2 ,

61, i f  x is even and Posit ive ot zeto

d( -2 ,x )  =  2  L t  
"  

I  
-3 , -2 ,  d ( -1  ' x )  = l r ,  

, ,  x  i s  odd and pos l r l ve .
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F o r x T r O r 1 y ) 2 0 , x # v

u < n ' ' l  =  J t ' i f  
x + Y  i s  o c l d

L2, it x+y is even'

'i

:

i

I

65

Define frg on X as follows'

f ( - 3 )  = ' 2 ,  fGZ)  =  t ( - 1 )  =  o '  f ( 2n+1 )  =  t ( 2n )  =  2 r . l 2 '  f o r  n  =  O 'L ' 2 " " '

c(-3) = f(-r) = L, gGZ) = -1, B(2n) = 2rr+L' g(2n+1) = !n{l '  for

n = O r 1 1 2 r . . . .

Then (1.3)" is satisf ied wheq xo = -3'

Rrt nelther f nor g has a f,ixed point'

T h e f o l l o w i n g e x a m p l e a ] . s o s h o w s t h a t h i s r n o d i f i e d c o n d i t i o n ( 1 . 3 ) i '

does not ensure the comon fixed point even when the space is finite'

E < m p r e  6 :  L e t  x  =  
{ - ' , - ' , - r ' L , z } ' 4 1 '  

D e f i n e  d  a s  f o l l o w s

d ( x , x )  =  o  f o r  a r r x e x '  d ( - 3 , - 2 )  =  4 ,  d ( - 3 ' x )  =  2  f o r x f  - 3 ' - 2 '

d ( - 2 , x )  = 2 f o t ; f  - 3 , - 2 '

1 2 f o r x = 3 o r 4
\

d ( - l ' x )  =  J
t l  for  x  = I  or  2

d ( l , 2 )  =  d ( 3 ' 4 )  =  2 ,  d ( 1 , 3 )  =  d ( 1 , 4 )  =  d ( 2 ' 3 )  =  d ( 2 ' 4 )  =  1 '

Deflne f,g on X as follows

tL  =  t 4  =  2 ,  f 2  =  f 3  - -  f ( -Z )  =  f ( - r )  =  L ,  f ( . 3 )  =  -2 '

g l  :  93  =  4 ,  g2  =e4  =  e ( -3 )  =  s ( -1 )  =  3 '  g ( -2 )  =  -1 '

For xo = -3r condition (1'3)tr is satlsfied' hlt neither f nor g has a

f lxed point.

However, Theorems I

t ion of (1.3)" nanelY

and 2 of DJ hold good with a sl ight modif ica-

are not of the same ParitYJ

" ] . -

sup {  d(TSx' rsxr)  |  
t , i  > ,  n,  i , j

' =  
s u p  I a { i s * . , r s * : )  l i , :

for inf ini telY manY n.

Now, rnre suggesE modifications to Theorems 1 and 2 of EL under

asl l trptot ic regulari ty condit ion'

Def in i t ion :  Le t  f ,g ,S  and T  bb ' .se l f  maps on  a  ne t r i c  space (X 'd ) '  We

say tha t  the  pa i r  ( f ,g )  i s  asympto t ica l l y  regu la r  (a ' r )  w i th  respec t

II{



Nep.  Math .  Sc .  3eP. ,  Vo1. 2,  7984

to  the  pa i r  (TrS)  a t  xo€X i f  there  ex ls ts  a  sequence 
fxo l

in X such that fTxr; = Tk2rr*1 , Bs2n+1 = Tk2rr+2 
"td

d(T$in,Tsnn+1) --+ o as n --->€ . I f  S = T = I ( Identi ty map) then

we s i rnp ly  say  tha t  ( f 'g )  i s  a . r  a t  xo .

Theorem 7 t  Le t  f ,g ,S  and T  be  se l f  maPs on  a  met r lc  space (x ,d ) '

Suppose that

( 7 . 1 )  S T  =  r S ,

( .7 .2 )  ( f  ,g )  i s  a . r .  w i th  resPect  to  (T ,S)  a t  xo€  X and

(7 .  3 )  d  ( fx ,gy)  - (  0  (Ma< 
f  

a  tx , ry ) ,d  (sx ,  f r ) ,d  (Tv ,  gv) ,d  ($< ,gy) ,d  ( rv , fx ) ]  )

for al l  xiy €X, where 0: tR* --+ IR+ ls contlrnrous, increaslng and

0 ( t )  ( t  f o r  a l l  t  >  o .

rtren 
f 

ts<r, ]  
ls Cauchy. Further'  l f  el ther (r) G'd) is ccmplete'

SrT  are  cont inuous  a t  the  l lm i t  z  o f  
f tS<o l  

-U fS 'S f  ,gT  =  Tg or

( i i )  
I to"l  

has a subsequence converging to z;S,T are contrrnrous at z

and fS = Sf ,  gT = Tgl then z is the only ccoon f lred point of f  ,g,S

and T.

Proof: For I odd, J even and j f O, rre have

al (TSxi,TS:<J ) = d (fTx. -r 'es3-1)

- (  0o lar ,  la t rsxr_r , rs3_t) ,  
d( rs1_l ,T$t) ,  d( rs3- t 'Tsx j )

d( rsr_t ,T$( j ) ,  d( rk j_ l ,Tsx i )  I  ) .

lihen i and j are positive integers and i+j is odd, * have

d (TSx 'TSx r )  (  0o rax  I  
a t r s " . - r ,Tsx j - t ) ,  d (Ts l - l  ,T$ ( i ) ,  d (Tsx5 - l  ,TSx j ) '

d (Tsxi_l ,.tsx, ) ,6 (Tsxl_l ,Tsxr) I ) .

Suppose lrs"rrl is not CauchY.

Then there ex is ts  an t )0 and st r ic t ly  increasing sequences l \ )  
t "a

I \ I "t 
positive integers such that \ < \ 

tr ith d(TSx 'Tsx*) ) t

and d(TSx.U, tS*r ,u-1)  (E fot  a l l  k  = 1r2," '  '

Then  f r om Q  .2 ) ,  i t  f o l l ows  t ha t

d(TSx .TSx )  - - -> t  as k - - -> 'o .' \ . \
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Ler 81 = 
lUlf 

is even and nn is oild 
| , u, = 

I tlto ls even and nois

"l,"r|, % 
= 

lr<lno 
isodd and n* is wenJ and % 

= 
ItlnO 

ts odd and

nn fs oad] .  Clearly at least one of 
\ ,82,83 

ani l  BO is inf ini te.

Suppode B, ls infinite. Then for all k € B' we have

d (r**+t, T*rrn*, ) -( 0 Gra. I 
d Crsr\ ), d (rsx\, r*ro* )'

il (lsxnk,Tsx\+l ),d (Ts"on,T\+t 
) ,

d (Tskm- ,rsxl +1) I ).
t< l(

By taking l ini t  as k ---).o in 
\ ,  

rde get that L< 6(e) < € which

is a contradlction. Suppose B, is Lnffnite. Then for all k €- B* we

have

d(Ts,(*+l,t*rrn) ( dota:r I a Cts"*'tt**-rr, d(rsx*,rs1**r),

d(TSx-  ,TSx-  ) ,
"t ^kD (TSx*,TSx\_r ),

d(Tsxn +1, rko  _ t )  I  ) .
'-k - '.l(

I€tt lng k --+- in BZ, t ' te get that e< 0(€)<€ whlch is a contradl"c-

t ion. Similar ls the sLtuation in the remaining cases.

Hence fTsr,- 1 is Cauchy. Suppose ( i)  holds.
c  n J

Then there exl-sts a z€X such that TSxr, ---) z as i  --->€.

Now app ly l -ng  (7 .3 )  to  d ( f  z ,gSx2n+r ) ,  d ( fTx t r r ,Bz) ,

d(fTSxrrr,BTS*2rr*l) and d(fTsx2.r,Bs2rr[) and taking lirnit as n ---)€ ,

r^7e get that z is a ccmon flxed point of f ,g,S and T. Uniqueness of

cotmron f ixed point fol lows easi ly frcn (7.3). Suppose ( i i )  holds.

Since 
{ 

Tsxrr} ls Cauchy follorcs that TSxn '--> z as n --->€ .

Now the proof foLlows similarly.

Coro1"l-ary 8: Let f  and g be self  maps on a metric space (X,d).

Suppose that

( 8 . 1 )  ( f , e )  i s  a . r .  a t  x o € X  a n d
t

(S .Z )  a ( f * , gy )  - (  d0 . t ax  I  
a ( x , y ) , d ( x , f x ) , d ( y ,gy ) ,d (x ,gy ) ,d (y , f x )  |  )

67
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for al l  x,!  €X where 0: IR* ---t  
\  

is as in theorem 7'

Then 
t 

xr, 
] 

is Cauchy.

If  (xrd) is coroplete, then the l imit of 
[xrr]  

is the only comon f ixed

point of f and g.

Proof : Take S = T = I in the above theorem.

T h e f o l l o w i n g e x a n p l e s h o w s t h a t t h e a b o v e c o r o l l a r y f a i l s , e v e n

wlren f = g, Lf the condit ion (8.1) is dropped.

Exanple 9: (RJ , ILx. l) .  Let x - n, d ) with the usual metric and

f: X ---) X be given bY fx = ?x.

Define O:IR* ---) IR* as 0(t) = zt2

l + 2 t

Exarnple 3 also shor^/s that the absve coroilary fails even in a

bounded metric space when the condit ion (8'1) is dropped'

Corol lary 1O: Let f  and g be comruting self  maps on a conpletet

bounded metric space (X,d) satlsfying (8.2) '  Then f and g have a

unique cortrnon fixed Point.

Proof: Let d be bounded by a posit ive real number M'

It  can be easi ly seen that

d ( f g ) n x ,  ( f g ) " y )  € d " ( l l )  f o r  a l l  x , y € ' x  a n d  f o r  a l l  n  =  o ' L ' 2 " "  '

By the propert ies of @, we can show that OnO{) ---) O as n --->e '

Le t  xo€-X.  Def ine  *2r r+ l  =  f *2n ,  t2 r t2  =  8*2r ,+1  ,  n  =  O '1 '2 " "

Then

d(*2r r , "2 r r+1)  =  d ( ( fg )nxo ,  ( f8 )n fxo)  - - )  o  as  n  - - - )  e  and

d("2rr+1 ,*2n+2) = d((fg)nfxo, (f8')nfBxo) ---t  0 as n ---) 6 '

Therefore d(x., ,xrr*r) ---> o as n ---> 6 ; l lence (f ,g) is a'r '  at xo'

Now,  by  coro l la ry  8  fo l lows the  resu l t '

Theorem 4 of Fisher fU toltows from corol lary 10 by taking 6G) =

( t  w h e r e  e € b , I ) .

corol lary 11: (B.K. Ftay f2J, Th.4). LeE f and g be connnuting self  maps

on a complete, bounded metric space (X,d) satisfying

( 1 1 . 1 )  f a < t * , ' e 2 v D '  g  t " . *  |  d ( x , f x ) d ( g v , g 2 v ) a ( * ' g 2 v )  d ( f x ' g v )  ]  f o r

al l  x,y € X where q. e fo J) .

Suppose that g is continuous.

Then f

Proof:

d  ( fx ,e

Using

for  r

C  ( f r , g

16r. I

t o €  |

1r Cr

t . L t

rt

D c (

4 C t

I

u! Pro

and co

o f  ( f ,

does n

e hav

0 ( t )  =

regula

Theore

sat is f

( 1 2 . 1 )

(L2 .2)

Tf*2o*

n ---)

contin

only c

Proof :
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Then f and g have a unique cortrnon fixed point.

Proof: We have

d(fx,gy) (  Var"r- .  I  fa{", t")a (y,ey)Ja, fd(x,gy)d (r .x, f l ] '4 
1

f  o r  a l l  x , y  €  g  ( X ) .

Using the inequality T.b ( gt! < t'ta< 
[a,b ]

for non-negative reals r 
"rra 

l, r{e get

d ( f x , g y )  ( { c u a .  
I  

u ( " , t " ) , d ( y , g y ) , d ( x , g y ) , c l ( ] , , f x )  
]  

r o t  a l l  x , y e . g ( x ) .

Now, from corollary 1O 1ty taking d (t) = {.rt) it follor.rs that f or any

*o € B(x), the sequence 
I 

xr, 
I 

defin"d by *2r,+1 = fxrn, x2n+2 = g*2r,+1 ,

n = O r l  r 2 r . . .

ls Cauchy. Hence, there exists a ze X such that xn---> z as n --)€ .

z = Lt *2n+2 = Lt 8*2rr+1 = B Lt *2r*r = E"'

n->€ n+6 rr+€

Fron (11.1) fol lows that fz = z arrd z is ' the only ccrrnon f ixed point

of f  and g.

In corol lary 10 (by taking 0G) = cgt where cgefo,I) )  incidental ly

we proved that, in the presence of (8.2), boundedness of the space (X,d)

and corunutativity of f and g together irnply the asyrnptotic regularity

of (frg) at any point, r^fr i1e exanple 3 shows that boundedness of X alone

does not imply the asymptotic regulari ty of (frg) at any xo€.X. Hence

we have the fol lowing natural Probl-em: In the presence of (8.2) with

0(t) = et, what addit icnal condit ion on f and g guarantee the asynptotic

regulari ty of (f ,g) at some point xo€- X when the space is bounded?

Theorem 12:  Le t  f ,g ,S  and T  be  se l f  maps on  a  met r ic  space (X ,d)

satisfying (7.3) and the fol lowing

(12. .1 )  fe  =  e f  ;

(L2.2) there exists a sequenc" 
{"r. , i  

in X such that SBxrrr* l  = Bf*2.,,

Tf*2, '+2 = Bf*2rr+1 for n = O,1 ,2,. . .  r^r i th d(gfxo,efxr.,+l) ---> O as

n - - - )€ .  Then 
{e t * r rJ  

i s  Cauchy .  T f  (x ,d )  i s  comple te ,  S ,T  are

continuous at the l imit z of 
fefxrr]  

and fS = Sf, gT = Tg then z is the

only couunon f ixed point of frg,S and T.

Proof: Sirni lar to that of theorem 7 .
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Theorem 13: Let frg'S and T be selfoaps on a metric space (X'd)

satisfying the following

( l -3 .1 )  9 l  =  TSr

(13.2) a(fs,gy) ( '  6tar I atst,tv),<l(sx,fx) 'd(Tv'gv)'

I  fa(k,ev) + d(rv'tuD l)

fcr al-l sry €X wtrere 0:R+ --> 
\ 

is contirnrors' increaslng ancl

0 ( t )  < t  f o r  a l l  t > o '

(13.3) rhere exists a sequenc"l*ol in x such that f ' Ik2n = Ts2rr+l '

Bs*2rr+' 
= TSxro*2r n = o'1'2""

rhen {t"*o I 
is cauchy. rf  fs = sf ,  gT = Tg' (x'd) is c@plete.and

S,T are contlnuous at the limLt z of f 
fsrr] ' th"n z is the only conmon

fixed poiot of f ,g,S and T'

Proof :  I t  can  eas l l y  be  seen f rc r  (13 '1 ) '  (13 '2 )  and (13 '3 )  tha t

d(TS:.nrTSxn+1) --> o as n -+r-'

Nolr the result follons frcr tbeorel 7'

The follorriDg theor€l crn also be proved on slmilar lines' uslng

theoren 12.

Tteoren 14: Let frgrs 8nd T bG aelf raps on a Eetr ic space (X'd)

satisfying (13.2) and the follovfng

(r4.1) ts -  sf .  ;  _
(r4.2) rh€re errsts . s.qucoc"[to]ln x such that sgx2n+1 = 8tx2t r

Tf r " - * ,  -  8 f t2n+ l '  o '  O ' l r2 r " '

Ttren{efto}r" c".r"uy. rf  f i 'd) ls cmPlete' fs = sf '  gT = Tg and s'T

:rre contlnrqrt !t thr llrl't z of 
fefxo],'then 

z is the only corrnon

fixed point of f'g'S .Dd T'

Exaple 9 also shoss that tn (13'2) of theorem 13'

re 
fj,(Sx,gy) + d(fr,Tyt can not be replaced by

M a x [ d ( s x , g y ) ,  d ( f r , T y ) ]  * " r r g t r e n f  = g  a n d  s  = T  =  r '

The condltlons inised on 0 tn (7'3) are not really strlngent

ccmpared to the apparently reaker conditions' naurely

(1) 0 is upper seml contirnrous vith d(t) ( t for all t > o and

(i i)  6

wtrich,

rn E4J

Actnos:

TI

coos tan

leferq

DJ B.

t21 B.

ttl L

ttl r.

67 s.

6l s.

3.?.r .

17. o

dlrr I

tll^-trr

?lr. 53
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(ii) 0 is upper semi continuous fron the right, increasing and 0(t) < t

f o r d l L t > O

to assume; in fact, iE is shor,n

77

lltrich, many authors are usuaLly tempted

tn EJ that all these are equivalent.
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On Sqne fnsignificant Rq;ression Coefficients

Sijan Sapkota

Abstract

While dealing rdth a multi.ple regression model often an analyst

suffers with an apparent ldntradiction to the conception or to the

theory when one or more of the regression coefficients'appear r,l'ith

reverse sign or with insignificant va1ue. This type of problem w'il1

ernbarass the analyst as i t  is very dif f l .cul-t  to interprete such

coeff l .cients. In the present paper six dif ferent sources that can cause

the problem are discussed e:<pl lci t ly with stat ist ical just i f icat ions.

The suggestions to overcome the probl-em wtren theJe causes are in effect

are also.mentioned.

1. Introduction

Today, regression analysis has become one of the most wIdely used

statLstical tectmlques for anal-ysing mult i factor data. I ts broad appeal

€su1ts frm a conceptuaLly sirnple process of using a singl.e equation

model to express the relat ionship between a set of varlabl"es. Due to

math€mEtical approach regression analysis has beccnne very lnteresting

theoretical ly too and can be regarded as the most wideLy used stat ist i-

caL method with i ts appl icat ions occuring in almost every f ield includ-

ing the physical sciences, the biological scl"ences, and t lg social

sc iences .

By regression analysis we mean that siat lst ical device which

reveals the average functional relat ionship between two or more

var iab les .  Mode ls  tha t  a re  cons idered to  es tab l i sh  such re la t ionsh ips

betr^reen t 'he variables are regression models. A regression modeL that

includes more than one regressor is a mult iple regression mode1. The

general forrn of a rnult iple l inear regression model with n regressors

i s ,

( 1 )  Y =  F o +  F r x r  *  F z * Z + . . . .  . . . . .  +  F n x n + 8

I
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coeff icients. I f  the error tem

hyperplane in the n-dimensional

represents the expected change

The paraueters prls are the regression

g is ignored.r, thls equation describes a

space. The tegresdion coeff icient Fi

in the response Y per unif change in X..

RegresslQn models can be usd for several PurPoses. (a) oata

descrlpt ion; (f)  ."af**t lon of the parameters, (c) predLction or the
' .

estimatl.oE of tl:: ie$:po118:o) 4!d (d) the control on the resPonse are the

' : 
.1 d,f,. a 'regteecloo rnodel . A set of data can bemost comton PurPos:s

stmmarised df descr,{led ln a regreesion model rtrlch nay be much more

convenient and: useful thaD a tabular or even a graphic form, if the

model is AdGSUalg qfi{.ccnglete. Likevlse, Par@eter estimation pioblecrs

and estima'tton arrd priidlctlon of the resPcnse can be solved by thg

method of regreSslon analysia. Regression models are helpful for control

purposes ioO." 
'For, 

exauple, a Detal lurSist can use reSresslon analysis

to develog a bodel relat lng the malleabi l l ty of a certaln meEal to the

quali ty of ore and.:the ingredients to b€ added wir l le nelt lng. This

nodel can then be used to coDtrol the sal leabl l i ty strength of the

metal to 4 deslfed leve1 by regulatlrg on the ore quallty and on the

a<ldit ional ingredlents. Brt eheD a regression analysis Ls used for

control purpose, l t  ls importanE that the variables should be in a

cause and effect relat ionship uhtch 6ay not be necessary for the foruer

three purposes.

2. TIe p-ro.bl,ep

To esti .mare rhe regression coeff icients Fit" in (1) the method of

least squares whlch has got many sophist icated stat ist ical Justl f ica-

t ions, is r l idely appl ied. using such models as in (1), occassional ly,

an analyst experiences an apparent contradiction to the intuition or to

the theory wtren one or more of the regressi"on coeff icient seems to have

a reverse sign or insignlf icant value. That is, Ehe theory or the

problem situation nay imply that a part icular regression coeff icient

should be posit ive or signif icant ul i : i1e the actual regression coeff icient

turns out to be negative or inslgi l i f i .cantr or vice versa. For exanple,
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availability of credir facility, ilrlgef*bfl fac{i.ity ga.gfiaaker

facllity all should have rhe estinated €oef flcle,flto uifir,slenif icant

posit ive values. hrt i t  is l ikely thati-oae olnore of Ehe regression

coeffieients uay be obtained nith rhe lneigni.fdcant, aA8iri:&Viise sign
l(negative 

say). This rype of problo wl1l bb enbara"ffi; bs it is

very di.ffictrlt to Justlfy a negative estLuate of a parmeter ln the

model used r^rtren the uger believes tbat the garaeter should be positive.

There ma) be several- sources that;,can cFrr_6e the regression coeffi-

cients either rdth ttre Froblem of sflrr.ireversal or inslgnfficancy in

them. The fol-lowing causes are relatively more important .and are to

be pondered uhi le devel"oping a nult iple regression modeL. That is,

the problem may arlse, i f ,

( i ) .  the regrgssors have values in i  vety sqral, l . . t i !ng;,

( i i ) .  the important regressors hgve not beei l , included in the modeL,

( i i i ) .  the  prob lem o f  mu l t i co l l inear i ty  ex is rs ,

( i v ) .  the  prob lan  o f  au tocor ieLat lonrex is ts ,  i

(v). the computational errors have been made,

(v i ) .  the  da ta  a re  b iased.  :

3. Causes of. the problem

Each of  the above points

them can create the problem.

one by one.

( i ) .  Le t  r he

Consider the s imple

the sense thAt any one of

noteworthy to d iscuss them

in a very smal1 range.

a s

So

crucl-dl"

l t  \ ,r i lL

Ln

be

{2 ) Y . = B  +
a  r o

regressors  (x ts )  have va lues

l inear regression model

B Y  +  e +
I  

l ' ^ i
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In the above model the varfance of th'e estimated regresslon coef,fcient

?1 r",

(3 )  var . (  F r )  =  E  (  F l  -  F r ) '= :  t *F-  E l ' ,

trlhete, *i = Xi - i- anrl yf = Yl - V

For the above model, let it be as$ned that the error terms €its

are independently and normalLy dlstributed around zero mean and with a

constant variance 62, 1.".  E ( €r) = o

i l j a n d

1 =  j  =  L r  2 ,  . . . . e o .

coeff icir

Y x r

2 3

7 5

3 a

9 6

5 8

3 t o

l l  L 2

7 t 4

4  1 3

t4 15

Il the eec

tncluded.

aora are u

observe Y

of local a

(ur
problam of

Severe mu1

regression

nore of thr

following I

.If I

only the vi

so that,

( 4 )  y i = y - - f  =

Therefore, f ton (3),

(5 )  v ; .  (  ? r )  =  t

B ( €i tr, 
::i ::: :ll

Fl*r *  €i

-  P J 2  = ' I  l " l r t * ] '-  
I x i 'E*t'

-  t x i  € i t 2  ,  t
= e l i " - : l = 6 - " = 6 ' - o- 

Z*r' Zttt f Dti-il'

Note that the variance of $, ls irwersely proportlonal to the range or
. r I

sc4tteredness of the regressor. Now lf  the range of X is too smaLl-,

variance of the estimated coeff iclent of X st l l  be relat ively large,

whlch in turn results in lnslgnif lcancy of the estimated coeff icient.

I t  ls aLso supported by the Studentfs t  stat l .st ic,

t = F - trt-.L,

tr,6'. , i )
fron which, l t  is obvious that lesser the value of the calculated t,

greater wi l l  be the chance that the coeff icient is insignif icant.

(ii). If inportant regressors are not incLuded ln the modeL then

aLso the estimates of the regression coeff icients wil l  have the problem

of sign reversal.  I t  is due to the part ial  nature of the regression
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exanple,  consider the fo l lowing set  of  datat

7 7

coe f f i c i en t s .

Y x 1

For

X^
z

2 3 1

7 5 1

3 4 2

9 6 3

5 8 3

3 1 0 4

t l  1 2  4

7 L 4 5

4 1 3 6

L4  15  7

I f  we f i t  a s imple regression model  of  the form,

Y =  F o *  F t \  * € , f o r t h e r e s p o n s e Y o n X ,

on1y,  the est imated model  turns out  to be,

i  =  z . l ,ss l  + o.  4827 x '  where F,  = o.otT is  the

posit ive regression coeff icient for the variable

X, showing the total effect of X, on Y and ignoring

the informations contained in Xr. But, i f  both Xt

and X, are included, simultaneously, in a similar

l inear regression model, Y = 
Fo * F, X, + F, X,

* € 
" 

then the estimated model becomes , i  = -4,ZZ9S

- 0.238ry1 + 3.22oL x2, where ?1 nr" turned out

to be negative. Thus, when we ignore the.variable

X' a posit ive relat ionship between Xt and Y is

indicated but when X, i .s also included alongwith

Xl in the rnodel, then a real negative relat ion-

ship between X., and Y is indicated.

I n  t he  second  mode l ,  ? r  t " . " r r t " ,  t he  e f f ec t  o f  X ,  B i ven  t ha t  X2  i s  a l so

included. Thus,  a reverse s ign may indicate that  sorne i l tportant  regres-

sors are missing in the rnodel .  In pract ice such case happens when we

observe Y as product ion of  a part icular  crop and Xt  and X,  as the amount

o f  1oca l  and  chem ica l  f e r t i l i ze r s  used  respec t j - ve1y .

( i i i ) .  Mu l r i co l l i nea r i t y  a rnong  t he  reg resso rs  a l so  causes  t he

p rob lem o f  i ns i gn i f i cancy  t o  t he  es t ima ted  reg ress ion  coe f f i c i en t s .

Seve re  mu l t i co l l i nea r i t y  e f f ec t i ve l y  i n f l a t es  t he  va r i ances  o f  t he

reg ress ion  coe f f i c i en t s  wh i ch  i n  t u rn  causes  t he  haza rdness  i n  one  o r

more  o f  t he  reg ress ion  coe f f i c i en t s .  Th i s  i s  i l l u s t r a ted  i n  t he

fol lowing exarnple.

I f  t he  co r re l a t i on  be t \ t een  t he  reg resso rs  i s  pe r f ec t  t hen  no t

only the var iances of  the est imated coef f ic ients wi l l  be inf in i te but
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also the parameters vri1l be indeteralnate.
be the tr47o regressors for lhe mode1,
( 6 )  y =  F r x r +  F r x r + e .

T h e  n e t h o d  o f  l e a s t  s d r r a r a c  c * 1 1  - - r ^ r r  . ,  ,   "' "}'=":;l|;iTt vield the estimated Fr'" t5 = 1'2) asn

i .e . ,  ( x ' x )$  =  
" ' "Brr XfX can be defined as (45J) ,

( x ' D  =  
l r  : t 4  a r d  X r Y  =  / " t )
t ' r z  r  /  \ rz " /

where rrr. is the simple correlat ion bel
simpre correlation coef ficient ber*en'I, ut: ,,jr-:"a l.r-" 

is the

S ince ,

c = ( x , x ) - l  =  
t -  

( '  - ' r z \

(7) var.(p ,  = --  i .  \ : .1,  , ;  , )=. ,^ 'n". :" ' """  

orpis

'-?, ' ,n" ,rlr";"i l*""i-";';rI,,.,.r:'.i,
and  t he  es t ima tes  o f  t he  reg ress ion  coe f f i c i en t s  a re ,
(8) 

F, 
- -tt". 

-_ tt ztz, 
and,r _ ,l.z

( 9 )  
t  :  

' 1 " - . 1 2 . 1 ,
r z

l _ r i z

I f  there  ex is ts  a  s t rong re la t lonsh ip  be
tend to I  and frm (7) rt  is crear that 

xt and x, then ru wil l

Eo  in f in i ty .  Aga in  f rm (8)  and (e ) , " : : : J : : tance 
o f  

! '  ro r r r  tena

( 1 o )  ? l  = t

For exrmple,  1et  X,  and X,

and,

(11  )

where r.e have subt i tu ted ,

?, = - tz?? i { : ( rx ,xr ) ( rx1r )  
E,( z* z2 )< r,.fr --t z[]- V ;7

a!!c

br .  : !

-  t : l

erarI.

l : t  : b

el1:tr

l a 1

D l r l c o l l

c_lose to

be the va

L\ts vari i

f l can t  cor

( i v ) .

rcdel rrtll

ln the mod

coef f i c ien

the  leas t  I

aininum var

regression

( r2)

Let the err,

( 1 3 )

rtr ich is a I

Sance tenns,
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Ix ly
r ,Iy re'3

V Exr-  Zr-

7 9

and

'zy

t L 2

with x, = )L - i.
l l l

* 2 = X Z  - I ,  a n d

v  = Y - f

lilow, Lf X, and X2 ate related by some exact relation as Xl = K. X, then

we flnd the parmeters F1 .na p, to be indeterminate and as such the
geparate values of F, ""U 

p, cannot be obtained. This is due to the

fact that i f  X, ls perfect l ,y related to X, the matrix (Xtx) becomes

singular so that lxtxl  = o and consequentry (xrx) cannot be inverted.

In practice, more often the sltuations wil l  hot be of rperfectt

nult icol l inearity and (XtX) wil l  not be o<actly singular but may be

close to i t .  The nearer the value of lxtxl  ts to zero the larger wil l

be the variance of the estimated regression coeff icients. Sometimes,

this varianee wil l  be so large that i t  renders to f lash out an insigni-

f l can t  coe f f i c ien t  (as  d iscussed in  ( i ) ) .

( iv).  Variance of the estlmated response in an autocorrelated

nodel r^rr11 be conslderably larger than when. there is no autocorrelat lon

in the model. This variance depends upon the variance of the regression

coeff icients and that of the error terms. rn an autocorrelated mode1,

the least square regresslon coeff icients, though unbiased, are no longer

ninimurn variance esEimates. For example, eonsider a two-varlable l inear

regress ion  mode1,

( tz1 Yt = 
Fo + Frxt *  t .

Let the error ter:rn ta be serial ly correlated by the relat ionshrp (tsJ),

(13 ) t r  =  
3 € . - r  * u .

which {,s a f irst-order auto-regressive relat ionship between the distru-

bance tenns, and r,*rere ( ts a simple autocorrelat ion coeff lcient and

Z x r -  f  x 2
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is a non-autocorreLated error term for which,

E (  u t  )  =  o

E( ur ur+i) = 6u', if i = o

= O , i f i * O a n d f o r a l l t .

Now (13) may be rdritten as,

( ra1 
€t  = S.- r  *  u t  = q(  3€. -z  + ur- l )  +  u

ut + q ut-1 + 9' ur-, + -_--_-- =

var ( t.)

So that,

( ls1 E ( et) E( u._, )  -  o,  and

-  E(€ : t  -  E teJ2

= Etu. + 3u.-, + 32 u.-2 +

= Et u.' * qt u.1, * sa u.12

= 6ur6* 32* 34 * .. 
- iu2

" "1  = ;?  '  r o r  a l l  t '

If the variance of Et be denoted by d"2 th.n,

q ,  =  . { u : ,  - r  < q  <  r-  
1 - 9 '

: . {

E fet

ig"u.-"
V = o

f . '  r ron  (15D

. . . J '

+ ... + the productbrny'

the

Sincr

Var

(121

aff

(rs;

Thus

secorl

var .

a pos

relat

regre

inslg

of de

Moreo

carry

nu1t i

of th

insig:

i s a '

syster

qua l i '

f,.o co.

0.6)

,)
Here, €2- Ls the varLance of the autocorrelated error terms and

n

du' 1s the variance of the non-autocorrelated error terms. If the
' ,  , t

autocorrelatat ion coeff iclent I  = o, then €{= n"'  so that €a becones

Ua in  the  mode1.  Br t  s ince ,  f -  l s  a lways  pos i t i ve  (un less  g= 0) ,  f ro ra

(16) i t  is clear that as i '  increses { 
"f"o 

increases br.rt  rapidly.

So, larger the value of the autocorrelat ion coeff icient 3 ,  greater wi l l

be the variance of the error tems, which in turn causes larger standard

errors of the coeff icients and severlty leads to the problem of insigni*

f icancy in them. This is so because, frorn (5) we have the variance of

*iti?:tr
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of the regression coeff lcient F1 tt '

f"it? * "lel+ 
---- * "3 "1 

+ Zxnxr?-r€r+ ---

+ 2xrr-l*n € 
"-r 

€J

auto-regressive scherne,

6 1 2  ,  f o t  a l l  t  
. =  1 r 2 r . . . . .  r n

the least square estimate

v " r . ( t r )  = #  E

Since for the first order

V a r . (  t . )  =  E (

( rz1

and  E  ( t t t t - r )

(18)  we tave,  var .  (  ?1)

3 '  6 : ,  for  a l l  t  *  r ,

- 2  2
=# . ,  dz ' t f f i3 ' ,  ro '  '11

e?t =

Thus f rom (18) ,  i t

second term o\th9

v a r . ( $ , 1 = - € : ,
Zxi-

a posit ive autocorrelat ion (

relat ively larger than when

i * 3 = 7 . , 2 , , . . . ' n .

is clear thatr i f  there is no autocorrelat ion the

right han<l $icle of (1-S) wru vanish, i 'e" i f  9= 0;

'  wh ich  is  as  descr ibed tn  (5 ) .  Bu t ,  i f  there  is

3 >o) ,  then the var iance of  t1  wi l l  be

there is no autocorrelation in 'the model'

( v ) . I { h i l e e s t i m a t i n g t h e r e g r e s s i o n c o e f f i c i e n t s o f a m u l t i p l e

regression mode1, the computational errors also causes the problem of

insignif icant coeff icients. The carryover after a considerable place

of decimal point also affects the coeff icients to a greater extenE'

Moreover, dif ferent ccnputer programs are run with dif ferent way of

carrying over or the rounding off the digits '  In case of perfect

nnrlt icol l ineir i ty too, the process of rounding off may yield the inverse

of the matrix uhich wil l  be absurd because of i ts singulari ty '

(v i ) .  I f  the  da ta  a re  b iased then a lso  the  reverse  s igns  or

insignif icant coeff icients appear in the regression analysis'  There

is a well  known saying, rGarbage in Garbage outr (GIGO) in the computer

system. To avoid this type of problem, f irst of al l"  checks on the

quali ty of data should be carr ied out cr i t ical ly and i t  is advisable

to col lect fresh (primary) data as far as possible'  The secondary data

I

t
I
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may dlspJ.aY their own errors

different type of interest of

due to the biasedness or due to the

the former investigator.

4. Conclusion

The above points are extremely important, though they may be in-

s u f f i c l e n t i n d e a l i n g w i t h t h e p r o b l e m o f i n s i g n i f i c a n t c o e f f i c i e n t s o f

a mrltiple regression model. ft will be an advantage to know wtrich of

the causes has playei l  the predominant ro le '  But  in 'general '  each of

the above cause can create the hazard '  so the ef fect  of  each of  them

s h o u l d b e k e p t a s m i n i m u n a s p o s s i b l e ' T o d o s o , t h e f o l l o t r i n g s u g g e s -

t lons mi.ght  be he1Pfu1.

( i )  The regressors should not  have values in a very sma11'range'

and as such one should t ry to col lect  a large amount of  data:  whether

t ime ser ies or  cross-sect ional '

( i i )  Caut ion should be exerc lsed to see that  the i rnportant  re-

gressors are not  excluded f rom the model '

( i i i )  To overcome the problem of  nul t icol l - inear i ty  there are seve-

ral  rnethods including the r idge regression method'  a sophist icaEed one

originally proposed by lloerl ancl Kennard f4J' hrt the following methods

are re lat ively s imple ani l  widely appl icable '

(a)  Farrar  and Glauber DJ have suggested that  the s ize of  the

sample should be increased by col lect ing addi t ional  data in order to

reduce the ef fect  of  mul- t icol l inear i ty  in a mul t ip le regression model '

B u t t h i s m e t h o d w i l l b e m o r e e f f e c t i v e o n l y i f m u l t i c o l l i n e a r i t y i s d u e

to the errors in measurenent and happens to exisE only in the sarnple and

not in the PoPulat ion.

(b )  Use  o f  d i f f e ren t  se t s  o f  da ta  ( e ' g '  t ime  se r i es  and  c ross -

s e c t i o n a l ) a l s o h e l p s t o s o l v e t h e p r o b l e m o f r n u l t i c o l l i n e a r i t y . I t i S

so because the correlat ion among the var iables of  the two sets wi l l

definitelY be minimurn.

( c ) T h e o r e t i c a l c o n s i d e r a t i o n s w i l l b e h e l p f u l t o d e c i d e o n d r o p -

ping of f  one of  the col l inear var iables '

r

!t

f,

t

F
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(iv). As autocorrelation causes serious problem io the multipl-e

regression analysis, i t  shoulcl be el iminated as far 'as possible'  A

widely app{ied method of detecting the presence of autocorrelation is

the vellknown Durbin and Watson fZJ test statistic and for a Large

sample, lagged variable model the test is due !o Durbin 4J'

Since (a) exclusion of inportant regressors, (b) 'mis-specif icat ion

of the mathematical for:m of the mode1, (c) mis-specificatl"on of the

true random error termr (d) unnecessary smoothening of data' and (e)

presence of mult icol l inearity in the regressors are the causes of

a u t o c o r r e l a t i o n i n t h e m u l t i p l e r e g r e s s i o n m o d e l , t h e y s h o u l d b e a v o i d e d

a s f a r a s p o s s i b l e . R e - s p e c i f i c a t i o n o f t h e m o c l e l a s s u g g e s t e d b y D u r b i n

AJ 
"al 

also be used to el imlnate the effect of autocorrelatLon'

(v). To avoid the problem of computational errors and the bias in

tthe'data, an iovestigatlon for the accuracy of computer codes or the

rechecking of the calculating mechanism and a rechecking in the quality

o f .da ta  migh t  be  he lp fu1 .
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an a Subnanifold of a Riernannian Manifolit

with Selati-spmetric ldetric Connection

Raru Nlvas

Surmary..

Hypersurfaces of a RiemannLan manifold rdth semisymretric metric

connection have been srudied by Tyuiti Inat 4J and others. In the

Present paper, r have considered a suhanifold of codimensions 2 of the

abwe Rlenannian manrfold with s€misymetric metric. connection and

studied some of i ts propert ies.

1. PreLlminaries.

Let Mn*l be an (n+1)-dimensional differentiable manifold o{

dif ferentiabtl i ty cLass C and Mn-l,  and (n-1)-dlmensional manlfold

inmersed differentiability in Mt*l by the irmnersion t , ut-l-+ Mt+l.

Let trs denote the dif ferential dt of the lrmnersion €by B, so that

the vector f ieLd X in the tangent space of Mt-l  
"orresponds 

to a

vector field H( in that of Mt*l. suppose that r,rn*l is a Riemannian

rnanifold w-ith metric tensor !-. Then the subnanifold Mn-l is also

R:iemannlan r,r i th rnetr lo tensor ! 'such thatE (BXrBy) = g(X,y) for

arbitrary vector flelds X,y in un-L [tJ.

If the Rienannian nanifolds !tn-l and In1t*l .t" both orientable,

rte can choose nutually orthogonal unit normal-s N, and N, defined al-ong

Mt-I  s,rch rhat ? '(Bx,Nr) =! ' (s:r ,ur)  =?(nr,"2) = o .r ,a f , ln 'Nt) =

?'( l l r , t t tr)  = I  for arbitrary vector f ield X LrLMn-L pJ.

We now suppose that the enveloping manlfold Mn*l admlts a semi-

synnetr ic metric connection given by ([ \ ] ,Dl)

I  1 e  *( r . 1 )  V t ? =  * q ? *  n < i l i - E r f , f i f i ' ,

for arbitrary vector f ields I,  ? in Mtt* l  rh"r" I  denotes the Levi-

Civita connection with respect to the Riemannian metric E, fr  i .  
"
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l-f orn and ?, the vector f ield devinea ry ?6,i) = fi d) ' for arbitrary

vector field i of Mo*l. Let us now put

(f.21 T l  nr + AN, + PNZ, 
P being a vector f ield in the tangent

;;;; 
"t 

Mt-l 
"od 

l , f 
being functio"" ot' ;''-l ' we have the following

theorem:

Theorem (1.1). The connection induced on the sutmanifold l'(n-l of

codimension e 2 of the Riemannian nanifold Mtt+l with sernisymetric metrl-c

connection is also semislmetric one'

o

3l.oi.. Let f be the connection induced on the sutnanifold 'f,-l ftot

the connectlon V on the enveloping oaotfold ilfrI ' 
"'lth 

resPect to

nnit nornals N, and Nr. Then rr have f2J '

d 6

(1 .3 )  Q nv  =  n< V*  v l  +  h (x ,Y)Nr  +  k (x ,Y)N2

lD(

for arbitrary vecf,or fields X, Y of Hn-l 
"t'"tt 

h and k are second

fundanental tensors of Mn-l.  Sini lar ly, i f  W be connection induced

;;;:i-;;." the semi-symetric oetrlc cormectio" $ ot Mt+I , * h"t'"

( 1 . 4 )  V  
' t t  

=  B (  V x Y )  +  n ( x , Y ) N l  +  n ( x , Y ) N 2  '

H(

m and n being rensor f ields of type (o,2) of the sutmanifold Mn-l.  we

a lso  have,  in  v iew o f  (1 .1 )

V  r " =  I  B Y + i ( B Y ) r o ( - E ( E ( , B Y F
D( H(

in  v iew of  ( l - .2) ,  (1 '3)  and (1 '4)  beccnes'

B(  VxY) + n(x,Y)Nt  + n(x,Y)N2

= B( +xY) + h(x,Y)Nl  + k(x,Y)N2

+ T[  (Y)Bx -  g(x,v)  |  nr  + ] tq ,  *  l "Nz ]

f lex)  = Jf  fx> is  3 l - form in l ln- l '  Thus '  r+e have

o +

V*"  =  V*v  +  l l ( v )x  -  g (x ,Y)P,

i  and 
f 

are chosen such that

or

( 1  . 8 )

Ilence

( 1 . 7 )

Thus,

the sr

is thr

o

v a l

n - l
H '

Def in

ca11e

De f i n

respe

tenso

De.f in

with

t i ons

g  res

Theor

the c

rfiich

( .  rs ;

where

( r .o )

where



( 1 . 7 )

Thus,

On a Sutrnanifold of

(a) m(x,Y) = tr(x,Y) - lg(x,Y), ancl

(b)  n(x,Y)  = 1(x,Y)  -  
fe(x 'v) '

",# H I t'tx' 'xr) + r< (x'xt) ]

V x Y - v v x = 9 " " -  Q " x  *  T t ( Y ) x - - I F ( x ) Y

(1.8) VxY - vyx - fx,t1 = 1[a"]1,- Jftxlv'

Hence the connection V incluced ot Mt-r is senrisymnetric one FJ'

2. To!a1-lv Geodesic and Totallv llmbilic.al Submanifolds

Let xl 'x2"" 'xn-' be (n-1) or the normal vector fieLds in

the sutrnanifold Mn-l. Then the function

is the mean curvature of Mt-l tith respect to the Riemannian connection

, n-l
o -  ,  r  . -  [ rn (x . .x . )  +  n (x , ,x , )  1  rs  the  mean curva ture  o f

s7 and t(m h 
t--- i ' - r '  t '  t '  )

Mt-l with respect to the semi-symletric connectlon W flJ '

From this r^te have the folloning definition" 47 
n-l

DefiJr i t iol  (2.1) :  I f  h and k vanish separately the sutrnanifold M" 
- 

is

cal led total ly geodesic r 'r i th respect to the Riemannian connection I '

lhe submanifold Mn-l is ca1led roral ly urnbi l ical with

respect to the connection I t t  h and k are proport ional to the metric

tensor  g .

Def in i t ion  (2 .3 ) :  t t t - l  i s  ca1 led  to ta l l y  geodes lc  and to ta lLy  r rnb i l i ca l

with respect to the semi-symnetric connection $ according as the func-

t ions m and n vanish separately and are proport ional to the metric tensor

g  r e s P e c t i v e l Y .

Now we have the fol lwing results:

The-oren (2.1). Tn order that the mean curvature of Mn-r with respect to

the connection ! may coincide with that of Mn-l r^'ith respect to the
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connection v , it is necessary and sufficr.ent that F is in the tangent
sp."e of Mt+1.

P-roof_. In view of (1 .7), ne have

m(x i l  x r )  +  n (X i ,  x r )  =  h (x f  x i )  +  k (x i ,  x i )

- ( l + | r , ) e ( x f x r ) .

S u n m i n g  u p  f o r  i  =  L , 2 , . . . , ( n _ l )  a n d  d i v i d l n g  b y  2 ( n _ l ) ,  
" "  

o b r a i n ,

r n-1

Z(* i I  
= In(x i ,x i )  + n(xr,  r r ) l  .

I  
n- l

= t fuT Z f  n( t r , * r )  +  t (x . ,xr )  l
i = l I r t I r J

i f  a n d  o n l y  i f ,  a  =  
P =  O .  H e n c e  f r o  ( 1 . 2 ) ,  i r  f o l l o s s  r h a r  p  =  B p .

Thus the vector f ield ? is in the targent sp"c. of ' , r*1.

Theorem (2 'z ) ,  The submani fo rd  Mn- l  i s  to ta l l v  r . lb i l i ca l  B ich  respec t
to the Riemannian connection$ i f  and only i f  r t  is rotal ly trnbi l ical
hTith tespect tb the semi_symretr ic connectlon V.
Proof .  The proo f  fo l lows f rm equat ions  (1 .7 )  (a )  and (1 .7 )  (b ) .

3 . .

Now,  we sha l1 .ob ta in  the  l , Ie ingar ten  equat ions  v i th  respecc  Eo the
semi-synrnetr ic metric connection f .  For the Rte,aannian connection

S , ah""" equations are given bV Dl.

/ \  - ?  N .(aj Vt" "1 = - BID( + l(x)Nr ,  ana

,1.r ,  (b)  9r*  * ,  = -  BK( -  l (x)N;
where  H  and  K  a re  Lenso r  f l e l ds  o f  t ype  ( l . l )  such  t ha r

(a )  g ( tu ,V )  =  h (x , y )
(3 .2 )  and

(b )  c (KX ,y )  =  k ( x , y ) .

A l so ,  mak ing  use  o f  ( 1 .1 )  and  (3 .1 )  (a ) ,  r €  ge r

Since

ot

( 3 . 3 )

tensor

Simila

( 3 . 4 )

Putt inl

I^7e get

(3 . s )

( 3 . 5 )  ( a

s)/IDe t r

Th

t i o n  c a

l.e

nani  fo l

v
( 3 . 6 )

Now, re l

which in

R-(sx, nv)

wh ich ,  a1

the cond:
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e N =

Vr* 
*t = - BrD( + r(x)N2 * TftNt)nx - g{nx,nrF

since T<"r) = A(t',Nl) = I and ?{rx,nr) = 0, ue have

N N '

V** 
^' l = - BIi l + t(x)Nz + lBx,

ot
N

(3 .3 )  ?u*  
^ ' t  =  -  B(H -  Ar )x  +  1 (x )N2 ,  I  ddnotes  rhe  ident i t y

tensor  f te1d.

S iml la r ly ,  f rm (1 .1 )  and (3 .1 )  (b ) ,  we ge t

II

(3 .4 )  v " *  ^ ,  =  -  B(K -  
f r )x  

-  1 (x )N1.

Put t ing  H -  , l I  =  M,  and K -  
F I  

=  MZ in  (3 .3 )  and (3 .4 )  respec t ive ly ,

we ge t ,

( a )

( 3 . 5 )  a n d

?u* 
t t  = -  BMlx + l (x)N, ,

(b )  g r *  
* ,  =  -  BM2x - t (x )Nr

(3 .5 ) (a ) , (b )  a re  the  equat ions  o f  Weingar ten  w" i th  respec t . to  the  semi -

symnetric metric connection $.
'The 

Riemann curvature tensor for the semi-svmmetric metric connec-

t ion can be obtained as fol lows.

r*t i(i',i)Z be the Riemann curvature tensor of the enveloping

manifold Mt+l * i th respect to the seml-symmetric metric connection

V . rhen,

(3.6) ir i ' ,717 = vf atT - 37 giz - frI*,"1 z,

Now, replacing 1 by n<, Y by BY and V by nz, we get

d{ax,nv)nz = 9u* Vr" * - ?r" Vr* nz - Qfsx.syT BZ

wh ich  i n  v i ew  o f .  ( 1 . 4 )  becomes

[ (nx,sv)sz = 9r"  In(  Vrz l  +  m(y,z)Nl  + n(y ,z)nrJ

-  ? r ,  I n (  v *z )  +  m(x ,z )N t  +  n (x , z )u ,  ]  
-

-  
{u(  s /_ _ z)  + ' ( Ix ,y / ,2) l l ,  +  n( /x ,YJ,DNzl
t  - [x , f i

which ,  aga in ,  by  v i r tue  o f  (1 .4 ) ,  Weingat r ten  equat ions  (3 .5 ) (a ) , (b )  and

the  cond i  t ion  (1  .8 )  ,  becomes ,
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fi(nx,ry)sz = BR(x,y)z + n( T[ (y)x - 1[G)v,z)n, + n( 1[ (y)x -

- 'l[ 
{x)v,z;Nz * 1 

( !;n) (r'21 - ( vrn) G'z) } n, +

+ [ (  V"n)  (Y,z)  -  ( .v"n)(x ,z) l  N2 + Bln(x,z ; t t r t  -

-m(y,z) r " r rx  + n(x,z)u2y -  n(y ,z)nrx]  +r (x)  
f  

n( r ,z)n,  -

- ntt,z)r,rr|  - 1(y) 
tn6,z)r, 

- n(x,z)r, 
|  ,

R(X'Y)Z being the Riemann curvature teusor of the sutlantfold rrith

respect to the semi-slmetrlc connectl-on5z .
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On an Asgmptotic problqn Concerning the

LapTace Trans-form
R.M. Shreshtha*

AbsJrac!

The asynptotic behaviour of a function 0( '  )  at inf ini ty is deter_

mlned interrns of the aslmptotic behaviour of a function f at infinity

4nd the function 
Q, 

roh.r.  A, f  ,  and, $are connected by the equatlon

a- ^-

l " - " ' o ( . )  a .  =  i F (  (  [ e  
- s t  

f ( r )  d t ) m  ) ,J o ' J o

whe re  m  €Z  ,  + (o )  
=  0  and  S (z )  i s  ana l y t i c  i n  / z /  < - -F . .

l .  I n t r oduc t i on

The Laplace Transform 
fof a function 0 ls def ine d bV lU

( 1 . 1 ) *(.) ,= f-" 
-"t 

d(t) at
for Re(s) ) o. rn the present note, r^re shalL'be concerned lr i th the

problem of dererml.ning the asymptotic behaviour of a at inf ini ty in

terms of the asyoptotic behaviour of a function f at inf ini ty and the

function 
f ,  *h.t" 6, f  ,  arrd 

f 
are connected by the equatlon

(1 .2 )  
f ?  

- "  
6 ( r )a t  =  +  ( (  f ' q - ' t  r ( t )  d r )m)  ,  u . -ez )t o  t  J o

with +(O) = o and f fz)  analyt ic  in  lz l  <y.

2. Luxemburgts Theoren on Convolut ion product

rn order to consider the asymptot ic  behaviour of  the convolut ion

product  of  two integrable funct ions,  Luxemburg [2J ihas recent ly  int ro-

duced  a  c l ass  o f  adm iss i b l e  f unc t i ons .  H i s  de f i n i t i on  o f  t he  c l ass  o f

a&nissib le funct ions and Ehe standard def in i t ion of  the convolut ion

This work is done wiEh the support from rnternationai centre for

Theore t ica l  Phys ics ,  Tr ies te ,  I ta ly .
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product of two integrable functions arb as forlorr:

Def in i r ion  2 .1 .  A  func t ion  L(x ) ,  de f lned fo r  a l l  x  2  o ,  s i l l  be
ca11ed admissible whenever i t  is contlnuous and str ict lv posit ive for
al l  x ) 0, and satisf ies the fol lorr lng tr- coodir lons:

i )  F o r  e v e r y  h  )  o ,  1 f u * - -  L ( r + h ) / L ( x )  -  1 ,  1 . e . ,  L ( e x p ( x ) )  i sslowly osci l lat ing in the sense of Karaoata,
i i )  There exists a constant ))1, dependlrg on L, such rhar fora l l  x  ) 0 "  m a x (  r , ( t )  :  x  <  r  (  2 x )  { . \ L ( 2 x ) .
The set of adnissible functlons ls denoted b.rA .

Def in i t ion  2 .2 .  r f  f ,g ,€  L I (o ,a  1 ,  theo the  co t rvo lu t t f i t  p roduc t  o f  fand g, denoted by f*g, is defined bV [TI.

t r *e ) ( * )  ,=  
[ ]  ,G -  

" )  
e (y )  ay  ,  &  2  o ) .J6

( 2 .  1 )

A s a

obtained.

Le_t

ttren for I

( 2 . 4 )

ad therc

and for al

( 2 . 5 )

3. Reprer

Theorer 3.1

(o ,o  ;  r . ,

t'

( 3 . 1 )  
|  t

.r.o, fr.

o . 2 '  a

.roc- !.Ctr

$ r
hoof. Erf{

(3.3) 
{x r

I

ad, consequr

( 3 . 4 ;  
I

&flnes ( e.

This cq

In part l

r'*abtrg pJ

For convenience' we sha11 adopt the fol lovtng notarroos fcr the convoru_'t ions 
of a function with i tself :

f t  : =  f ,  a n d  f U  r =  f k _ l  *  f ,  f o r  a l l  k _  2 , J , 4 , - . .  .
I4 r i th  thdse de f ln i t lons  a t  our  d isposa l ,  rE  are  noe tn .  pos l t lon  to
state Luxemburgfs theorem and corol lary on th€ asrrptottc behaviour ofthe convolut ion of two integrable functions.

Luxemburgrs  Theorem.  r f  f  ,g  61 I {o ,  -  )  a re  rea l  o r  ccp le r  va lued
func t ions  ln tegrab le  over  x  )  O such tha t  f  (x )  _ l t - (x )  G +r ) ,  sn6
B(x)  -  m M(x)  (x  -> .o ) ,  r ^ rhere  LrM €z \  a re  ado iss ib le  anc  t , :  a re
cons tan ts ,  then

( 2 . 2 )  ( f  * e )  ( x )  -  l (  ( ' e  ( r )  d t ) L  ( x  )  
1 6

r o -  . - . - - ,  + r ( J . g ( t )  a t )  y G )  a s  x + - .
Fur ther rnore ,  there  ex is ts  a  pos i t i ve .  cons tan t  xo ,  depenCine oe lv  on  f
and g  such tha t  fo r  a77 x )  xor  w€ have the  fo l low ing  es t i :a re

( 2 . 3 )  / ( t * i l & ) /  1 ( / l / + t > < a [ 1 e ( t ) / a t ) r  ( x )  +  ( / n /  + l ) (  p [ 7 r r , l l a . l u t * )J o  .  
I  _ o

there  
l  and p  are  the  consrants  spec i f ied  by  ( i i )  o f  de f in i r ion  2 .1  fo r

L  and M respec t ive ly .

_t



I

t

On an Asym.ptotic

As a corollary of the forgolng theormr the foLlor.ring result is

and, consequently,
d

6 & )  = Z
n=l

obtained.

Lema.  I f  f  e .  l1  {0 ,  oo  )  anc t  i f  f  (x ) . - {L (x )  (x+- ) ,  where  L€ [ ,

then fo r  a l l  k  =  L r2r3 ,4r . . .  ,  ' re  have
6arD

\2-4)  . rkG) 
-  lk (  

f - t t . l  
a t )k- l  r . (x) ,

and there exists a constant )aind an *o ) 0 such that for all x ) xo

and for aIL k ) 2, we have

(2 .5)  t ruk) /  1  uul /+t )<z["  rc( t ) /a t )k- l  r , (x) .
J 6

3. Representation of the Origf.nal Function

Ttreorem 3.1. I f  +(z) Ls analyt ic for Re(z) ) o, S(o) 
= 0 and f € Ll

(Oro ; satisf ies the coodit ion

ra
( 3 . 1 )  l / t { t ) / a t < n ,

Js

then, there exists an Lntegrable functlon @ defined by

( 3 , 2 )  a < t > , = /  S ( : ] . < t l  r , o ( t ) ,  . t ) 0 , m =  o , r , 2 , . . .
n=1

dtrose Lapl-ace Transform is

- t Q

+(  
(  

Joexn( -s t )  f  ( t )  d t )m ) .

Proof. Using (3.1) i t  readl ly foLlows that

-  ta  6  . : I_ (n )  , ^ ,  .q
(3 .3 )  

# t  t  Iexp( -s r )  f  ( t )  a t )m)  =  Z  
:L - - \o , ,  (  [exp{ -s t )  f  ( t )a t )nn

- J o n = l n : J o -

= 9 ib.t") <ol- ( r= a --'T- , 
Jo"*n(-st) 

fnn(t) ) dt

(3 .4 )

I
d e f i n e s  A € , - -  ( O ,  o o ; .

This conpletes the proof of the theorem.

In particular, if rde take m = 1, we arrl.ve at the resul-t due to

r,uxenUurg 4J.

+$'}.<". 1 rmn(t)
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4. The Asynptotic.Behaviour of the Original Function

I'le sha1l norir state and prove a theorem which provides us with the

asym.ptotic behaviour of the original function 0 at inflnity.

Theorem 4 .1 .  r f  tD(z )  i s  ana l_y t ic  fo r  Re(z)  )  -  R ,  R)o ,  s i rh

$ tO)  
=  o  and f6  1 ,1 (o , .o  )  sar is f ies

( 4 . 1 )  f  ( t ) r y l l ( t ) ,  1 4 - ,  f o r  s o m e  r € A ,

and
t a

( 4 . 2 )  \  / r ( r ) /  d r  <  R / ^  ,
Jo

then  4( t ) ,  de f ined by  (1 .2 ) ,  sa t is f ies

(4.3) S(t)  - rntr . ( . )  + '  < [? t . la. l ,  t€- .- J o

Proof. In view of the theorem (3.1).

oo .s-(n) ,^t
(4 .4 )  0 ( r )  =  Z ,  .E- . - i  " /  r  ( t )

n=l 
n: mn

is the required function, whose asym.ptot ic behaviour * lntend to

determl-ne. A1so, frcm the Lema in sectlon two, i t  fol lons that

A(

II

g(

Re

l ,

AC

In

Th

P .

Hi

34

+ iF(") tol 
fnn(t)

z _ -
i l  r  n! t ' ( t)

converges unifonnly ln t  ( for large t).  l lence

l im o.(r) = gl. S(")(o) , rr' f 'n(t)

t - > o l ( t )  
? l  

n !  '  
t _ r -  L ( t )

= i +-tl]-to' ',,0 t [-r(t) ar)En-r
n = l  ' "

= rnt  (  
f ' r t r> 

dr) ' - l  + ' ( (  f  
, ( t )  ac)tr

0 0

and this completes the proof.
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