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;i 0. The use of different approaches to a mathematical

problem is always very profitable. Two strategies which

t) have pecome of common use for geometers and analysts are
tne local approach to a problem and the global one. %his

m nas been the case for most of the existence questions which

arise in analysis (existence of implicit’' ly defined fun-

ctions, existence of sclutions of differential equations),

but the method of cousidering global problems from a local

point of'view is also of central importance for the const-

i b ———— T

ruction of many objects when geometers try to extend clas-

sical results (a typical use of local definitions is repre-

-~

sented by the notion of abstract manifold, which is defined
as locally homeomorphic to R", but which may be, from a glo-
bal point of view, very different from it). One of the most
useful tools in dealing with these situations is offered

by the concept of sheaf, whose birth dates back to the late

forties, ana is due to J. Leray and H. Cartan (see 1Yy 510"
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This paper is intended as an introduction to sheaves,
conceived as a bridge between local and global theories. The
reader is assumed to have some familiarity with the basic
notions of calculus, of topology and of algebra (mainly the
definitions of group and of partially ordered set). Our exam-
ples are of varying degrees of difficulty, so that the more
experienced reader can see how sheaf theory works in some more
involved situations (e.g. the Weierstrass theorem on the
existence of a holomorphic function with assigned zeroes, or
the solvability of the inhomogeneous Cauchy-Riemann equations) .

In section 1, we present in detail some typical situa-
tions where local. study is useful to clarify the problem at
hiand, or where a global approach would be too restrictive (in
particular we discuss the definition of orientability of sur-
faces and the problem of existence of implicit ly defined fun-
ctions) . Section 2 is devoted to the definition of sheaves of
abelian groups and to the construction of a few concrete exam-
ples. In section 3 the problems exposed in section 1 are stu-
diea with tne aid of sheaves, thus showing the versatility of
this tool (this is probably the most technical section, and the

less experienced reader may skip it without having any problem
‘for the comprenension of the paper). In the second part of the
paper (sections 4 and 5) we look at sheaves as the main example
of the notion of sets variable with continuity (developed in

the last twenty years by F.W. Lawvere and others, see [(41): this
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notion illustrates how tne "knowledge" obtained through sheaves
moves, in some sense, in a continucus fashion, from the logal

to the global knowledge. In this sense, deeper than the one
exposed in the first part of the paper; sheaves constitute the
real link wetween local and global. More specifically we present
.sheaves as continuously variable sets and by means of a few
examples. taken from elementary calculus, we study the basic no-
tions concerning sets, such as equality, membership and the con-
cept of function. The bibliography, while certainly non-exhaustive,
points out some references where a very complete list can be
found (see [2], [71).

Yne authors wish to thank Professors C.F.Manara, C. Marchini,
¢ .Meloni and D.Monteverdi for many helpful suggestions.

1. We start by recalling some examples which should make
clear the aifferent approaches to a mathematical problem. The
situations we will descripe are very different from one another,
out tney all have one thing in common: tney must be analyzed
from at least two view-points: the "local" and the "global" cne.

The first significant example concerns implicit functions.
Consider the equation F(x,y) =0 where r‘:mz——’ mz is a contin-
uous funckion: does there exist a continuous function f:IR — IR
such that F(x,f(x)) =0? If the answer is yes, we will say that
the problem has a "global" splution. On the other hand, even
if the problem has ne global solutions, we can, nevertheless,

icok for "“local" ones; by this we mean solutions defined only



4 Nep. Math. Sc. Rep., Vol., 9, No. 1, 1984

on a small open set. We would like to remark that even if for
each xo_the equation F(x,y)=0 admits a local solution Y=fx;x1
near Xyt together, these do not necessarily form a global one.
Another example which should clarify the "local-global
dichotomy", comes out when comparing a cylinder I with a
Moebius band B. Both of them can be obtained from a paper
strip by pasting two opposite sides; if the joint is natural,
the surface is a cylinder (see fig.1.a), ifgis made after a
1&0°—twist, we obtain a Moebius band (see fig.1.b). The read-
er can easily convince himself that these two surfaces are
"locally egual" (up to homeomorphism) (see fig.1.c), but
“globally different". In fact it is impossible to deform con-
tinuously I' to B as I is an orientable surface, while B is
not. We shall come back to this example in the following sec-
tion; in particular we will see how much sheaf terminology
is able to explain orientability problems for surfaces.
Another, more technical, example, which we will refer
to later, deals with a well known theorem of Weierstrass
which solves the following problem: let {ak}k=1,2,... be a
discrete subset of € (akecjg the request is to construct‘'a
holomorphic function £ wanishing at each a, with assigned
multiplicity m . (A slightly different problem considers mero-
morphic functions with given zeroes and poles). 1f we appro-
acl the problem from the local view-point, we can restrict our

analysis to a "small" neighborhood U, of a, which contains
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"sheaf" of all the "stalks“.ﬁ; (see f£ig.4). The local nature
of the definition should be clear on the grounds of 2). Notice
that in 3), instead of "abelian group" we might require "group"
or "set", defining sheaves of ¢roups sets, among others.

As already mentioned, sheaves are a good tool for deep-
ening both local and global aspects of a problem. To explain
this, let us define what is meant by "section" of a sheaf.
Roughly speaking, a section is a continuous cut through stalks,
so to say, parallel to X. More precisely, let <%, X,=> be a
sheaf and U an open subset of X. A section of ¥on U is a con-
tinuous map s: U —.% such that =(s(x))=x for each x in U (see
fig-4); so that in case of «<¥, IR ,n> the sections are actual-
1y represented by segments parallel to IR as shown in Fig.2,
while in the case of <% I ,n> one can prove that a section on
Uc IR is nothing but a real continuous functions defined on U.

The sections of a sheaf ¥ on an open subset UCX, form an
abelian group which we will denote by r(u,# ). In particular,
taking U=X, we can censider the "global sections" of ¥, i.e.

the sections of Y on X itself.

We conclude this section returning to the problem of o=
rientability. If X is a surface in the euclidean space, con-
sider a point x in X. To choose an orientation at x (hence on
any disk D around %) means to decide which rotation, around X,

should be considered positive: clockwise or anticlockwise. We
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will use a, (resp. sx) to denote the anticlockwise (resp.
clockwise) rotation around X, which defines an orientation ap,
(resp. By) on D. 1f D, and D, are two disks in X, with non-
empty intersection, we say that they are coherently oriented
if they induce on D-1nD2 the same orientation (see figs.5, a
and b). Pinally, if X is a surface covered by n "disks" D1,

4 s =D we say that X is orientable if it is possible to as-

n'
sign an orientation to each D; so that they be pairwise cohe-
rently oriented. It is now clear that while the cylinder is
orientable, the Moebius band is not (see fig. S =

It is not difficult to translate the construction explained
sbove in terms of sheaves: on each point x in X the stalk &,
consists of two elements ag and Byt the space ¥ is the disjoint
union of the stalks y; and the projection n maps every a.
{and ax] into the point x. We can see that, on each disk D,
+he set I (D,”#) consists of the two possible orientations oy
and By described above (the phenomenon is analogous to the one
~f the sheaf <%, R, n>) (see fig. 5, d). Thus a global orien-
cation is nothing but a global section of the sheaf (of sets)

<% R, ¥», usually called sheaf of orientations, and so X is

srientable if and only if T (X, #@.
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with a discrete set of points x in U, the zeroes and the poles
of £, to each of which a relative integer, expressing the order
of £, is associated.

From this description, it is clear that the surjectivity
of p is equivalent to the local solvability of the Weierstrass'
problem, while the surjectivity of P:r(C.4°) — r(€.2) is equi-
valent to the global solvability of the Weierstrass' problem.
With the techniques of cohomology thecory, it can be proved
that P is éurjactive.

If, more generally, we substitute € with a Riemann surface
X, we can show that the problem of the extension of the theorem
of Weierstrass, is not an analytical problem (how it could
seem from the formulation given in.section 1) but the purely
topological problem of deciding whether P:r (X, 4 ) — r(X,9) is
surjective (the fact that in case of Riemann surfaces the sur-
jectivity of P is only a topological question, is not at all
trivial: the interested reader is referred to [3] for details) .
In particular, it can be proved that if X is open, then the
result of Veierstrass can be extended to it, while this is
false for X compact. We wish to remark that, with this technique,
we did not content ourselves with a new proof of a classical
theorem, but we also came to an understanding of its hidden
nature, thus opening the path to possible extensions of the

theorem itself.
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Let us proceed to the second example: the research of so-
lutions (both local and global) of a differential equation. We
will concentrate on a central example from complex analysis:
the so called E—Frablem; The operator 0 is a partial deriva-
tives operator defined on infinitely differentiable complex
functions of a single complex variable z=x+iy, by

£/57 = F(0E/0x + 10E/3y) .
It is of some interest (the applications are manifold) to find
out whether for every function u in 'C’, there is a ¢~ func-
tion £ such that

(=) df/dz = u.

For this purpose, we consider. the sheaf ¢~ of germs ofC
functions and we think of d/dz as an operator acting on those
germs: in this way we obtain a sheaf homomorphism

a0z

u.n___’“, ,
whose surjectivity is eguivalent to the possibility of selwving
the equation (*), at least locally. We now proceed as we have
indicated above: we look for the sheaf which is kernel of the
homomorphism J/EE, which in this case turns out to be the sheaf
@ of holomorphic functions: it can be shown, 1ﬁ§21teehniques
of the classical analysis, that (*) always has a’solution, and,
finally, again by cohomological techniques, it can be proved
that the local solvability of (*) can be extended to the level

of sections, i.e. to the global level.



C_ wit
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Let's analyze presheaves from a different viewpoint. When
& is a one-element set, G=(a}, a presheaf on <G,<> is given
Ly just specifying a set Fla), thus identifying it with a "con-
stant set". If G consists of two distinct elements, say t and
a4, with a €t, a presheaf is given by assigning two sets F(t)
and F(a) and a map from F(t) into F(a). Thus a presheaf on
tnis particular poset G is not only a pair of sets but a "va-
riation from stage t to stage a". For an arbitrary poset G, a
presheaf is a family of sets indexed by G and. a collection of
maps between them satisfying the coherence condition above.
Agyain a presheaf can be thought of as a "discretely varying
set" (see [4]1).

We shall loogk for "elements"™ in these “variable sets".
In the triwial case (G={a}) the concept is the usual one. In
trne secona case (G={a,t}) an element of a presheaf is either
just an element of Fla) or a pair constituted by an element
of F(t) and its restriction to F(a). An element must be thou-
ght of either as an entity which, when born in F at stage t,
still exists at stage a, or as an entity which does not appear
at t and comes out at a. In the case of an arbitrary poset,
an alement is an entity of F at some stage, together with all
its restrictions (see fig.6).

Let us look at an example in the presheaf C of continuous
functions: consider the function f£(x) =1/x. Undefined in the
origin, it is not continuous on all IR, nowever it is an ele-

nent of € which is born at stage IR~ {O}and exists from then on.
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L

There is one fundamental difference between the presheaf
B and the presheaf C. Take tha following open covering of the
real line:
QY = {uh=-{h—1,h-+1) | hezjy,
and consider the function f(x)=x and its restrictions f|Uh
A function fluh is continuous and bounded in Uh: hence it is

an element of both presheaves, Besides, and £ agree

f|Uh IUn+1
on Unn Uh+1' so that they form a compatible family of functions;
hence, intuitively, in both C and B, tne f]Uh's should give
a glovbal element, i.e. f itself. But tnis happens only for C:
the function T (x)=x is continuous put unbounded in R.
Complete presheaves will be defined as follows: let X be
a topological space and r the family of its open subsets or-
dered by inclusion. Let F be a presheaf of sets on <¢,¢>; F
is a complete presheaf of sets if, for each covering (Ui der
of an open U of X, the following compatibility condition nolds:
- let siEE(Ui} for each ieI; if the restrictions of s_k and
Sj to Uanj coincide, then there exists one and only
one seF(U) whose restrictions to each U, is s,.
This formal property is enjoyed by C, but not by 8.
&  riorn - trivial theorem (see [3]) states that the con-
cept of complete presheaf is equivalent to that of sheaf (see
section 2), in che sense that to each complete presheaf F de-

Lined on the topolegy <r,<> of a space X one can canonically

associate a sheaf <# X, n> such that 7(U,#)=F(U), for any
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uer; in particular the complete presheaf C will result exactly
the sheaf <@ R, 7>. Below we shall not distinguisn between

a complete presheaf and its associated sheaf.

5. 1ne concept of sheaf on a topological space we intro-
ducea apove allows us to visualize tne idea of a "continuously
varying set", wnere the compatibility property links the va-
riations of tne set and the topology of the space: the varia-
rions are controlled, forced continuously by topology (see 41) -
We spoke of "constant sekts", "sets varying in two stages”,
‘dicretely variable sets" and "continuously variable sets",
trying to justify the words we used. We shall analyze what
cense the word set has, at least for sheaves (continuously
variable sets, or c.v.sets).

Let X be a.fixed topological space; f£irst of all we must
point out that any usual, common set A gives rise to a c.Vv.
set on X: consider the aiscrete topology on A and form the
space AxA. Pnen <AxX=«#, X,n> is a sheaf as descriped in section
2, where n is Ethe projection from AxX to X. Then the sections
of »f generate a c.v. set and it is easy
to cneck that r{U.#) is the sum of as many copies of A as the
number of connected components of U.

As before, we call element of u sheaf <% X,n> any object
which is present at some stage, i.e. it belongs to I (U;% for
some open U, together with all its restrictions. Let s and t

pe elements of a sheaf ¥ , set S=(WeX| s=t at stage W} and let
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Tnarnks to our study, we can now describe a function bet-
ween c.v. sets, which acts as the characteristic function of
a subset G of F. €lassically, the characteristic function of
a subset-X¢Y divides the elements x€X, assigning them the value
1, from the elements ye¥~X which take value 0. Since in the
case of a ¢.v. set the concept of membership relation is more
sophisticated, in which an element x can be a member of a sub-
set X at different stages, the range of the characteristic
function must be a c.v. set: set @ for the presheaf that to
each open U of X assigns the set of open subsets of U. If UcV,
tile restriction fi,, is defined by

gy (W) = unw
for any open WecV. It is easy to verify that g is complete.
The characteristic function x.:F — 0 takes an element s in F
at the stage U to the stage KGISJEU~at which s will begin to
belong to G.

We introduced and described in a very intuitive way the
concepts ©of element, subset aqd-characteristic function for
c.v. sets in close analogy with the usual everyday sets. This
camparison can be taken a good deal further; the authors do
not inténa to de so. We limit ourselves to refer the interested
creader £p the extensive literature onm the subject {see [21).

OE course, the many problems mentioned in the last part of this
paper are koo profound, hard and still contestsd, to allow us
to think we have satisfactorily exposed them in an essay of a

few pages. We hope to have awakened the reader's interest in
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An Indecomposibility Criterion for Rings

By
P, Singh and Gurprit Kaur
Abstract:
In this paper we have defined a ring R being an irredundant union of
its ideals and established an indecomposibility criterion for R under
certain conditions. For this purpose some other interesting results have

alsp been proved. S

Introduction:

Here we have cousidered rings which are irredundant unions of their
proper ideals and established certain results concerming toem. A ring R
is said to be an irredundant union of the ideals Si if none of the §'s
is contained in the unjion of the remaining ones. Further basing on these

results we have established an indecomposibility criterion for such rings.

Lemma 1:
Let a ring R be an irredundant union ol the ideals 5;. Ilhen for

each i, S; contains the intersection of #ll the rewaining 5's,

Since R is an irredundant union of the ldeals S5, 5; (for any fixed
i) cannot be contained in the union 5 of the remaining Sis.

Let x be an element of 5;, which is not in § and ¥ be an element
contained in the intersection of the remaining $'s,

If % +y £ '5;
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Wle will prove the theorem for & given n. The "oy fewer" part will
follow obviously since n and any m smaller than n have analogous
hypothesis.

Let R be the irredundant uniomn of exactly n proper ideals 5, (=1,

see, n>2). We set M = SpU aee us, - If x =M, then y = g is not in M

for any positive integer p. Then y = & o) is mot in M, but y € R, by
=1} s

hypothesis. Therefore by Lemma 2, ky is in M for some k less than n.

Since % = A\n-1)%, ¥ = lu;l)! (ky), therefore x is in M, which is a contra-
diction. Hence R is nmot the irredundant union of n ideals.

If R is 4 finite ring with N elements, the hypothesis of theorem 1
is equivalent to the requirement that (n-1)! be prime to N.

fherefore, we have the

Corollary:

Let R be a finite ring with N elements, p the smallest prime divid=

ing N. Then R is not the union of p or fewer of its proper ideals.

Theorem 2.
lLet R he a finite ring with N elements, p the smallest prime diwvid-

ing N. ‘lhen if R 1s a union of exactly p + 1 proper ideals S, then each
i

jdeal has index p and p2 divides N.

Proof:
1f n is the nimber of elements in an ideal Si of R, then we will
write: 0(8;) = n. 1f there is no ideal S; (i =1, p+ 1) with index

p, then S:'. V:’. (i=1,s «» , p+ 1) must have indices greater than P,
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since p is the smallest priwe divisor of N.

N
+

Hence 0(S; V= > for all i.

p ks
N e
Then we have N qzo-(s.t) < (p+1) o = N, a contradiction.

Lence some Sfl must have index p. Also §; * Si (i # j) is an ideal of

R, which can mot be proper bacause in rhat cage R is a union of p ideals,

nanely Si * Sj and p-1 ideals Sy, k=1, 2,s ss, ptl, k #i, k# 1,
which is not possible.

Th‘l.lssi_'FSj:'R, i*j.

We know that for ideals 5 , 8 , i#]

O(R)
= 3
or that p.0(5; N Sj) = 0(8;) for i#d.

or that 0(r) .0(5]'_ n Sj) = U(Si).

Now we have to show that all Si"shave index .
If ag be the index of S;, i# j, then qi-—'b-" P
Let us suppose q; >P for some 1 ¥ J.

Then _
N = 0(R) >=0(8.) * o(s.) -0 (5,.n s;_l
=| = 1 i i
i#]

]
= |Z
+
N
=
]
| =

l%j q]_ Pqi
- _‘;_ = Z M-k
Rt P
N ) -
L) b
ifi i
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On Tauberian Theorem for Lambert's Method

By

§. R, Sinha, S, K. Varma and Rakesh Maindwal

Abstract:
In the present note we have proved that the Tauberian condition for
Lambert's method given by Peyerimhoff [1] is best possible, Our result

is analogous to the result of Shapiro [2].

1. Definitions and notations: We denote the series

(1.1) ra.

n=i

by S and its value when it is convergent by 8 (so that, for example,

S= 4 means that ZQ“ converges to 4 ) By 5=4.(A), 8= 8 (c) and S=4(L),
we mean that the series (1.1) is summable by Abel-methad, Cesarc-method
and Lambert-method to £ respectively. We denote the hypothesis § =4 ,
§= 4(A), S=5(c) and 5§ = A& (L) by K,K,, Ky and K respectively.

It is well established fact that if a series EQ“is convergent then it
is sunmable by sny regular method of summability, but the converse is
not true, If however we impose a suitable condition on the magnitude of
a

rian theorems, after A, Tauber [3], who proved the first theorem of this

n Lien the converse is true, Tieorem of this type are called Taube-

type.
1he most important Jauberian conditions with which we shall be concerned

here are:
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@ @, =omh

W a,= o(n™*€) e>o,
To/ avoid repetition we don't give tne definition of Cesaro and Abel-method,
but for the sake of completeness we give following definition of Lambert—
method.

»c
A series Z@n is called summable to £ by the Lambert-method (L) if
=

o (x) = (1»:)2 “_a'%."“_p £ a3 x—+1-0
SP=g ==t

This method L is regular (c.f. Peyerimhoff /1] p. 82-83)

2. Tauber's first theorem 'K, and(o) imply K’
Corresponding to Tauber's first theorem Peyerimhoff [1] p. 83

proved following theorem for Lambert — method.

Thearem A 'KL and (o) imply K'

Shapiro /2] proved that the Tauber's first theorem is best in the
sense that(o)can not be replaced by(o').
‘S0 a very natural question arises;
Can we prove that the Theorem A is best possinle in the sense of Shapiro
/2] OR Can'we'prove that the Tauberian condition in Iheorem A is best
possible?
We have answered this in affirmative. In fact we shall prove the

following theorem
Theorent 'K, and (0') do not imply K'

3. PROOF OF THEOREM Let x=1 - :: (a=1,2,....) then

(3.1)

(3.2)

(3.3)
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By ==
og \)q_oxo
g (x) = (1-x) 3 —> 5% as x> 1 -0
=1l 1=x%
= VayX
&) -5 = 0w PZ + (1=x) § a, (25 - w)
M= n+l 1=x V=i

(3.1)

I + TII, Say

L]
]

e e,
01— by (0")
v =0+l (1-x¥)

==o(1"‘m‘1 ‘”1) [x(u-l-l) ¥ x (n+2] ]
1=x

(3.2) —“4was n —> o< for € > 0 however small it may be

(This can be made 0(l) only when € = Q)

Now
\23“ 1 1"
0= =1\ & ( = \J) S
1-xV 1-xV
and
\)x“ 1 l—x“ )
n- = > = %) 2o
ToepV g o
Therefore
W

Ir = 0(1-x) > [va.
V= ¥
n
1 Zue .
= oY by (0')
oy

(3.3) —» o0as n—>0afor € =0 however small it may be,
This can be made 0(1) only if €=0

So collection of (3.1), (3.2) and (3.3) completes the proof
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A Fixed Point Theorem in Compact Topological Spaces

By
K.P.R. Sastrv and §.V.R. Naidu
In this paper, we prove a fixed point theorem tor a tamily of self
maps on a compact topoleogical space which is a2 nontrivial extension of a

result of Wong /(2] in a compact metric space.

Notation: Suppose X is a nonempty set and “fpa nonempty family of self
maps on X, A subset A of X is said to be fr— invariant if £(A) C A for
all £ infy.
Tor ® = X, the orkit 0(x) of x, with respect to £ is defined as

0(x) = {y ' ¥ = X or y = gx where g is the comppsite of a

finite number of elements of “3?}

(This jdea of the orbkit of a point with respect to a family of self maps
is derived from Madhusudana Rao /1].)

Por a subsat A of a topological space, cl. A is the closure of A.

Theorem 1. Let (X, =f) be a compact topological space, ?‘,a nonempLy
Family of continuous self maps on X and ¥ 2 non-negative symmetric real
valued, function on XxX such that it is continuous in eacn variable, and
F(x,y) # 0 whenever x, y are distinct elements of X.
Suppose that
(1.1) Flfx,zy) < max ) sup Fx,hy), sup' Fly,hx),

' hety hefy

min'{ sup Flx,z), Gup F(y,z}}

zeo(x)Uoly) =ze0(x)joly)

for all x, y& X and £, SE§:




40 Nep. Math. Sc. Rep., Vol. 9, No, 1, 1984

ﬂ'ﬂd
(1.2) whenever A is an —fi-invariant closed subset of X, with
D(A) = sup ) F(u, v) [ u, v A} positive, there exist
¥, We A such that
sup T(y,z)<< D(A).
Zeolw)

Then the family 'ﬁh&s 4/ comon fixed point in ¢l.0(x) for each x in X,

Proof, TFix x & X. Since 0(x) is*f-invariant and every member of
is continuous on X, it follows that cl.0(x) is-f —invariant. By the
compactness of X, there exists a nonempty minimal “% —invariant closed
subset Y of cl.0(x).
Suppose that D{Y) > 0. Then, by (1.2), there exist y, w e ¥ such that
\(1'.3) r = sup.  F(y,z)< D(Y).
ze 0(w)

Since cl.0(w) is an fr~invariant clesed subset of Y, from the mnimality
of Y, it follows that
(1.4) Y = cl. 0O(w).
Let S§= {ue¥ , F(u,v) £ ¢ for all v in Y .
From (1.3) and (1.4), we have y € S. Hy the continuity of F(.,v) on X
for each v &€ X, it follows that § is closed. Fix u £ S and define
B=<ve Y I F(fu, v) < r for all £ in"_‘;f'f} . Then U is closed and ue
U since F(fu, u) = F(u, fu)< r for all £ in ¥ as Y is fy—invariant,
It follews from (1.1) that

F(fu, gv)< r for all g in  and v in U so that U is f;-invariant.

lence, by the minimality of Y we have U = ¥ so that fu ¢ § for all [
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in=f-. Hence 8 is Y-invariant so that again by the minimality of Y,
S = Y. Hence D(Y) = D(8)< r< D(Y) which is a contradiction. Hence
D(Y) = 0, so that ¥ is a singleton.

The following is a special case of the above thecrem with F = d.
Corollary 2. Let (X, d) be a compact metric space and *fra nonempty
family of continuous self maps on XK. Suppose that

d(fx, gy) < max Jsup d(x,hy), sup d(y,hx),

hey hed
min sup d(x,2), sup d (y;z)}
z e 0(x)Woly) z & 0(x)UJo(y)

for all £, ge-_;?and %x, ve X
and whenever A is an~—fi-invariant closed subset of X with [ (A)
(diameter of A) positive, there exist y, w e A such that

< sup  dly,z)< §(A).
z€ 0(w)

Then the Eamiiy-jfhas 2 common fixed point in cl.0(x) for each x in X,
By taking-f, to be singleton, we get immediately the following, from
corollary 2,
Corollary 3. Let (X,d) be a compact metric space, f a continuous self
map on X. Suppose that
d(fx, fy)< max Yd(x,fy), d(y,fx),
d(y.z)}

min sup d(x,z) \ sup
ze 0(x) Woly) ze0(Gx)Uoly)

for all s,y £ X, and
whenever A is an f—invariant closed subset of X with S(A) positive,

there exist y, w in A such that












