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ts""I and GLobaI problems: The Sheaf Approach

Nep. Math.
V o I .  9 ,  N o .

ReP:
(1e84) I-27

G i u s e p p c '  l ? o s o I  i n i ,  D a n i e l e  S t r u p p a  a n d  C r i s t i n a  ' f u r r i n i

0 .  The  use  o f  d i f f e ren t  app roaches  to  a  ma themat i ca l

p rob rem i s  a lways  ve ry  p ro f i t ab re .  Two  s t ra teg ies  wh i ch

have Decome of  conmon use for  .  geometers and analysts are

tne  10ca1  app roach  to  a  p rob rem and  the  g l0ba r .  one .  t , h i s

r )as  Deen  tne  case  fo r  mos t  o f  t he  ex i s tence  ques t i ons  wh i ch

a r i s e  i i r  a n a l y s i s  ( e x i s t e n c e  o f  i m p l i c i t . l y  d e f i n e d  f u n _

c t i o n s ,  e x i s t e n c e  o f  s c l u t i o n s  o f  d i f f e r e n t i a l  e q u a t i o n s ) ,

but  the method of  corrs ider ing g lobal  problems f rom a rocal

po in t  o f  ' v i ew  i s  a l so  o f  cen t - ra l  i , npo r tance  fo r  t he  cons t -

ruct ion 
.of  

many objects wherr  geometers t ry  r .e  extend c l_as-

s i ca l  r esu l t s  (a  t yn i ca l  use  o f  l oca l  de f i n i t i ons  l s  rep re -

sen ted  by  t he  no t i on  o f  abs t rac t  man i fo ld ,  wh i ch  i s  de f l ned

as  l oca l l y  homeomorph i c  t o  Rn ,  bu t  wh i ch  may  be ,  f r om a  g1o_

Da l  po in t  o f  v i ew ,  ve ry  d i f f e ren t  f r om i t ) .  One  o f  t he  mos t

use fu l  t oo l s  i n  dea r i ng  w i th  t hese  s i . t ua t i ons  i s  o f f e i ed

by  the  concep t  o f  shea f , .whose  b i r t h  da tes  back  to  t he  ra te

f o r t r . e s ,  a n o  i , s  d u e  t o  J .  L e r a y  a r r d  H .  C a r t a n  ( s e e  t 1  l ,  t 5 l  )
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Th is  perper  i s  in tended as  an  in t roduc t ion  to  sheaves ,

conce i vec i  as  a  o r i dge  be tween  10ca1  and  g10ba1  theo r i es .  The

reader is  assumed to have some fami- l iar i ty  wi th the basic

not ions of  ca lculus,  of  topoJ_ogy and of  a lgebra (main ly  the

oe f i n i t i ons  o f  g roup .  and  o f  pa r t i a l l y  o rde red  se t ) .  Ou r  exam_

ples are of  vary ing < iegrees of  d i f f icur ty ,  so that  the more

exper lenced reader can see how sheaf  theory works in  some more

involveci -  sL ' tuat ions (e.9.  the weierst rass theorem on the

exiFtence of  a holomorphic funct j .on wi th assigned zeroes,  or

the solvabi l i ty  of  the inhomogeneous cauchy-Riemann equat ions) .

I n  sec t i on  1 ,  we  p resen t  i n  de ta i l  some  t yp l ca l  s i t ua_

t i ons  whe re  l 0ca r  '  s t udy  i s  use fu l  t o  c l a r i f y  t he  p rob rem a t

hanc i ,  o r ' . v rhe re  a  g roba r  app roach  wourd  be  too  res t r i c t i ve  ( i n

pa r t i cu ra r  we  d r - scuss  the  de f i n i t i on  o f  o r i en tab i r i t y  o f  su r -

f aces  and  the  p rob rem-o f  ex i s tence  o f  imp l i c i t  l y  de f i ned  fun -

c t i ons ) .  sec t i on  2  i s  devo ted  to  t he  de f i n i t i on  o f  sheaves  o f

aoe l i an 'g roups  and  to  t he  cons t ruc t i on  o f  a  f ew  conc re te  exam-

ples.  rn sect ion 3 the probrems exposed in sect ion 1 are stu-

d ieo wi th the a id of  sheaves,  thus showing the versat i r l ty  of

th is  toor  ( th is  is  probabry the most  technicar  sect ion,  and the

ress exper ienced reader may sk ip i t  wl thout  having any problem

fo r  che  comprehens lon  o f  t he ,pape r ) ;  I n  t he  second  pa r t  o f  t he

paper (sect ions 4 and 5)  we look at  sheaves as the main example

n f  + h a  h ^ + i ^ -  ^ cL r r e  r r e L a u l r  u r  s e t s  v a r i a b l e  w i t h  c o n t i n g i t y  ( d e v e l o p e d  i n

t h e  l a s t  t w e n t y  y e a r s  b y  f  . W .  L a \ " r v e r e  a n d  o t h e r s ,  s e e  t 4 l ) :  t h i s
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no t ion  i l l us t ra tes  how the  "knowledge"  ob ta ined th rough sheaves

m o v e s ,  i n  s o m e  s e . n s e ,  i - n  a  c o n t i n u o u s  f a s h i o n ,  f r o m  t h e  l o c a l

t o  t h e  g l o b a l  k n o w l e d g e .  I n  t h i s  s e n s e ,  d e e p e r  t h a n  t h e  o n e

e x g o s e d  i n  t h e  f i r s t  p a r t  o f  t h e  p a p e r ,  s h e a v e s  c o n s t i t u t e  t h e

r e a l  I i n k  D e t w e e n  l o c a l  a n d  g l o b a l .  M o r e  s p e c i f i c a l l y  w e  p r e s e n t

, s h e a v e s  a s  c o n t j - n u o u s l y  v a r i a b l e  s e t s  a n d  b y  m e a n s  o f  a  f e w

examples ,  taken f rom e lementary  .ca lcu lus ,  ' t i re  g tudy  the  bas ic  no-

t i o n s  c o n c e r n i r l g  s e t s ,  s u c h  a s  e q u a l i t y ,  m e m b e r s h i p  a n d  t h e  c o n -

c e p t  o f  f u n c t i o n .  T h e  b i b l . i o g r a p h y ,  w h i l e  c e r t a i n l y  n o n - e x h a u s t i v e ,

po in ts  ou t '  some re fe rences  where  a  very  comple te  l i s t  can  be

f o u n d . ( s e e  1 2 ) ,  t 7 l ) .

T n e  a u t h o r s  h r i s h  t o  t h a r r k  P r o f e s s o r s  C . F . M a n a r a ,  C . . M a r c h l n i ,

c  . M e I o n i  a n d  D . l " t o n t e v e r d i  f o r  m a n y  h e l p f u l  s u g g e s t i o n s .

1 .  . w e  s t a r t  b y  r e c a l l i n g  s o m e  e x a m p l e s  w h i c h  s h o u l d  m a k e

c l e a r  t h e  d i f f e r e n t  a p p r o a c h e s  t o  a  m a t h e m a t i c a l  p r o b l e m .  T h e

s i t u a t i o n s  w e  w i l l  d e s c r i o e  a r e  v e r y  c i i f f e r e n t  f r o m  o n e  a n o t h e r ,

o u t  t n e y  a l l  h a v e  o n e  t h i n g  i n  c o m m o n :  t n e y  m u s t  b e  a n a l y z e d

f r o m  a t  l e a s t  t r , r o  v i e w - p o i n t s :  t h e  " I o c a l "  a n c i  t h e  " g l o b a l "  o n e .

T h e  f i r s t  s i g n i f i c a n t  e x a m p l e  c o n c e r n s  i m p l i c i t  f u n c t i o n s .

C o n s j - c . l e r  t h e  e g u a t i o n  F ( x , y )  = O  w h e r e  F : ] R ' 2 - -  I R 2  i s  a  c o n t i n -

u o u s  f u n c t i o n :  d o e s  t h e r e  e x i s t  a  c o n t i n u o u s  f u n c t i o n  f : I R - - - + I R

s u c h  t h a t  F ( x , f  ( x )  )  - =  0 ?  I f  t h e  a n s w e r  i s  y e s ,  w e  w i - l l  s a y  t h a t

t h e  p r o b l e m  h a s  a  " g l o b a l "  s o l u t i o n . . O n  t h e  o t h e r  h a n d ,  e v e n

i f  t h e  p r o b l e m  h a s  n o  g l o b a l  s o l u t i o n s ,  $ t e  c a n ,  n e v e r t h e l e s s ,

I o o k  f o r  " 1 o c a l "  o n e s ;  b y  t h i s  v t e .  m e a n  s o l u t i o n s  i l e f i n e d  o n l y



on a smal l  open set .  We would l lke to remark that  even Lf  Eor

e a c h  x o  t h e  e q u a t i o n  F ( x , y ) = 0  a d m i t s  a  l o c a l  s o l u t i o n  y = f * ( x )

nea r  xo ,  t oge the r ,  t hese  do  no t  necessa r i l y  f o rm  a  g loba l  one .

Ano tbe r  examp le  wh i ch  shou ld  c l a r i f y  t he  " I oca l -g loba l

c i ichotonry" ,  comes out  when compar ing a cy l lnder  f  wi th a

Moebius band B.  Both of  them can be obta ined f rom a PaPer

s t r i p  by  pas t i ng  two  oppos i t e  s j - des ;  i f  t he  j o i n t  i s  na tu ra l ,
. i t

t h e  s u r . f a c e  i s  a  c y l i n d e r  ( s e e  f i g . 1 . a ) ,  i f \ { s  m a d e  a f t e r  a

1 B 6 " - t w i s t ,  w e  o b t a i n  a  l r t o e b i u s  b a n d  ( s e e  f i g . 1 . b ) .  T h e  r e a d -

er  can easi ly  convince h i ,msel f  that  these lwo sur faces are

" I o c a l l y . e q u a l "  ( u p  t o  h o m e o n o r p h i s m )  ( s e e  f 1 9 ' 4 ' c ) ,  b u t

, ' g l oba I l y  d i f f e ren t ' , .  I n  f ac t  i t  i s  imposs ib le  t o  de fo rm con -

t i nuous l y  I  t o  t s  as  I  i s  an  o r i en tab le  su r face ,  wh i l e  B  i s

not .  we sha] l  come back to th is  example in  the fo l lowlng sec-

t ionr  in  par t icu lar  we wl l l  see how rnuch sheaf  terminology

i s  ab le  t o  exp la in  o r i en tab i l i t y  p rob lems  fo r  su r faces .

Another ,  more technical ,  examPle,  which we wi l l  re fer

to la ter ,  deals wi th a wel l  known theorem of  Welerst rass

v r h i c h  s o l v e s  t h e  - f o l l o w i n g  p r o b l e m :  l e t  { a p } p = 1  
, 2 , . . .  

b e  a

d i sc re t . e  subse t  o f  c  (ak€c ) ;  t he  reques t  i s  t o  cons t rue t  l a

holomorphic funct ion f  vanishing at  each a* wi th assigned

mu l t i p l i _c i t y  mn .  (A  s l i gh t l y  d i f f e ren t  p rob lem cons ide rs  mero -

morph i c  f unc t i ons  w i th  g i ven  ze roes  and  po les ) .  I f  we  apPro -

ac l r  t he  p rob lem f rom the  l oca l  v i ew-po in t ,  we  can  res t r i c t  ou r

ana l ys i s  t o  a  " sma1 l , '  ne ighbo rhood  u *  o f  a *  wh i ch  con ta ins
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no  o the r  a .  ( j l k )  .  Then  a  l oca l  so lu t i on  o f  t he  p rob lem i s

e a s i l y  g i v e n  i n  U *  b y  t h e  f u n c t i o n  f n ( z ) = { z - a n ) m k .  P r o b l e m s

ar i se  whe .n  we  l ook  fo r  a  g loba l  so lu t i on .  S ince  the  an ' s  a re

in f i n i t e l y  many r  t he  " ve ry  easy "  ans$ te r
+ 6

t ( z l  =  n  ( z - a * 1 m k
k=1

may  be  mean ing less ,  as ,  i n  gene ra l ,  such  an  i n f i n i t e  p roduc t

does  no t  conve rge .  I ndeed ,  We ie rs t rass t  t hoe ren  so l ved  the

p rob lem,  show ing  tha t  i f  t he  an ts  do  no t  accumu la te  i n  C ,  i t

i s  poss ib le  t o  cons t ruc t  a  f unc t i on ,  g loba l l y  de f i ned  on  C '

w i t h  t he  ass igned  ze roes .  To  do  th i s ,  l l e i e r s t rass  de f i ned
+ @

t ( z )  =  n ^ f * ( z ) l * ( z ) ,
k=1

where ' t he  l k ' s  a re  ho lomorph i c  nowhere  van i sh ing  func t i ons , .

i n t roduced  j us t  t o  make  the  i n f i n i t e  p roduc t  conve rge .

In . sec t i on  3  we  w i l l  descn lbe  a  d l f f e ren t  app roach  to

the problem based on sheaf  theory.  Not  only  wl l l  i t  a l low us

to general ize t ,he theorem to the case of  other  sur faces,  but

a lso ev ic ience the topological  condi t ion whlch makes

E h i s  g e n e r a l i z a t i o n  p o s s i b l e .

I
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2- F i rs t  o '  u"  we descr lbe two s lmple nathemat ica l  
s l -

tuations ' Let ]R be the real axis ' 
'7' Eine abellan grouP of the

integers,  endowed wl th d iscrete toPologY'  !=Bx z t 'he i r  pro-

duct  and n z %-+IR the pro ject ion onto the f l rs t  factor '  The

t r i p te t  <  9 f ,  'R ' r>  has  the  fo l l ow lng  p rope r t i es :

1 )  /  and  IR  a re  t oPo log i ca l  sPaces ;

2 )  f o r  e a c h  z  i n  g  ( z = ( x ' n ) ;  1 € r R i  n l e \  l h e r e  i s  a n  o p e n

neighborhood U of  z  homeornorphic 
to an open subset  of  IR

( s e e  f i g ' 2 ) ;

3 )  f o r  each  xo  i n  1R  '  t he  se t  u *J " t  t " o )  

-=  

' " - t ^ : '  n  ( z )=xo )

i s  na tu ra l l y  endowed  w i th  a  s t i uc tu re  o f  abe l i an  g roup

t t : : : : : " ' :  

i " : " '  t r iv iar '  exampre is  construed bv us ins serms

of  cont inuous funct ions '  F i rs t '  consider  two cont inuous func-

t l ons  f  , 9 :  rR  -+ ' IR  and  say  tha t )a t  xo ' f  i s  equ i va len t  t o  9  l f

there is  some open neighborhood 
U of  xo such that  f  and g agree'

w h e n ' r e s L r i c t e d  
t o  u  ( s e e  f i g ' 3 ' a ) '  A n  e q u i v a l e n c e  

d l a s s  { f } x o

o f  con t i nuous  func t i ons  a t  xo  i s  ca l l ed  a  "ge rm"  a t  Xo '  No t -

ice that  funcl ions belonging to a same St :*  
xo ml- ls t  co in-

c ide  no t  on l y  a t  xo '  bu t  a l so  i n  some  (no t  necessa r i l y  
a lways

t h e  s a m e )  n e i g h b o r h o o d  
o f  x o  ( s e e  f i g g ' 3 ' b  a n c l  c )  '  r f  n o w  t f ) x o

and  {g i xo  t  two  ge rms  a t  xo '  t he l r  sum i s  de f i ned  as  t he  ge rm

a t x o r e p r e s e n t e d b y t h e f u n c t i o n f + g ' i n f o r m u r a { f } x o + { g } x o =

= t t . n ]o : " "an  

rh ink  o f  t he  ge t 'ms  a t  xo  as  " seeds " '  cons t i t u t i ng

a  
, , s t a r k "  o n  X o .  T h e  " s h e a f "  o f  a l l  t h e s e  s t a l k s  ( a s  x o  v a r i e s
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2 )
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i r r  IR  )  i s  usua l ly  denoted  by  G.  we can end.ow 6  w i lh  a  s tandard

t o p o l o g y  (  f o r  t h i s  a n d  f o r  t h e  p r o o f s  o f  s t a t e m e n t s  o f  t h i s

s e c t i o n  s e e  t 3 l )  a n d  d e f  i n e  a  c o n t i n u o u s  m a p  r t g  - ' +  I R ,  b y  s e t -

t i n q  r ( { f }  )  =  x _ .' x  ' o
U

Like in  the previous example,  we can see that :

6and IR are topological -  spacesi

for each germ in € there exists an open neighborhood .i.n g

conta in ing i t  and homeomorphic to an open subset  of  IR;

f o r  e a c h  x ^  i n  I R ,  n - 1  ( * ^ ) ,  t h e  s e t  o f  a l l  g e r m s  a t  x ^ ,  i s
o o ' - o '

an  abe l i an  g roup .

The ana logy  be tween.  the  above-ment ioned cases  shou ld  be

c lear ;  bo th  o f  them are  examples  o f  a  much more  genera l  math-

emat ica l  concept  wh ich  appears  whenever  a  cont inuous  map

r :  . f  + X  b e t w e e n  t o p o l o g i c a l  s p a c e s  ( e . 9 .  I  a n d  I R  o r  G '  a n d  I R  )

" j r e l r a v e s  w e 1 l " .  S o  w e  a r e  i n  a  p o s i t i o n  t o  e x p l a i n  w h a t  a

s h e a f  i s .

v J e  c a l l  s h e a f  ( o f  a b e l i a n  g r o u p s )  ( s e e  t 7 l )  a  t r i p l e t

f , X , n >  w h e r e :

. , / a n d  X  a r e  t o p o l o g i c a l  s p a c e s ;

t ' :  , .1  -+X is  a  loca l  homeomorph ism ( tha t  i s  fo r  each y  in , /

L h e r e  e x i s t s  a n  o p e n  n e i g h b o r h o o d . U  o f  y  h o m e o m o r p h i c ,  v i a

I t  I  to  an open subset  of  X)  ;

3 )  f o r  each  x  i n  X ,  t he  se t  9 *= r -1  ( * )  i s  an  abe l i an  g roup ,and

the group operat ions are cont inuous in the topology of  g.

The sets j /= (xcX) are cal led sta lks and I  apPears as the
x

3 )

1 )

2 )
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, , shea f  , ,  o f  a l l  t he  , , s ta l ks "  J / *  ( see  f l g .4 ) .  The  l oca l  na tu re

o f t h e d e f i n i t i o n s h o u l d b e c l e a r o n t h e g r o u r ' r d s o f 2 | . N o t l c e

that  in  3) ,  instead of  "abel ian g l rouPrr  we might  requJ ' re "group"

o r  " se t " ,  de f i n i ng  sheaves  o f  g rou t t  se t s ,  among  o the rs '

As a l ready ment ioned,  sheaves are a good tool  for  deep-

ening both local  and g lobal  aspects of  a problem'  To expla in

th i s ,  l e t  us  de f i ne  wha t  i s  mean t  by "sec t l on "  o f  a  shea f .

Roughly speaking,  a sect ion is  a cont inuous cut  through sta lks,

so  t o  . say ,  pa ra l l e l  t o  X .  More  p rec i se l y ,  I e t  <9 '  x  ' t r >  be  a

shea f  and  U  an  oPen  subse t  o f  X .  A  sec t i on  o f  I  on  U  i s  a  coR-

t i n u o u s  m a p  s :  u  - - + , j /  s u c h  t h a t  n ( s ( x ) ) = x  f o r  e a c h  x  i n  u  ( s e e

f L g . A ) ;  s o  t h a t  i n  c a s e  o f  < 9 ,  I R r n >  t h e  s e c t i o n s  a r e  a c t u a l -

I y  rep resen ted  by  segmen ts  pa ra l l e l  t o  IR  as  shown  i n  f i g ' 2 '

whi le  in  the case of  1?, !R t l>  one can Prove that  a sect ion on

U g l R i s n o t h i n g , b u t a r e a l c o n t i n u o u s f u n c t i o n s d e f i n e d o n U '

The  sec t i ons  o f  a  shea f  I  on  an  oPen  subse t  U  cX '  f o rm  an

abe l i an  g roup  wh ich  we  w i l l  deno te  by  r (U , ' 7 )  '  I n  pa r t l cu la r '

t ak ing  U=X,  we  can  cons lde r  t he  "g loba l  sec t i ons "  o f  Y '  1 ' € '

the sect ions of  . ' /  on X i tse l f  '

we concludq th is

r i e n t a P i l i t Y .  I f  X  i s

s ide r  a  Po in t  x  l n  X .

any  d i sk  D  a round  x )

shou ld  be  cons ide red

sect lon return lng to the problem of  o-

a sur face in  the eucl ldean space'  con-

To choose an or ientat ion at  x  (hence on

means to decide which rotat ion '  around x '

nos i t i ve :  c l ockw ise  o r  an t i c l ockw ise '  We
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wi l l  use  c *  ( resp .  BX)  t o  deno te  t he  an t l c l ockw lse  ( resp '

c lockwise)  rotat ion around x,  which def ines an or lentat lon cO

( resp .  Bo )  on  D .  I f  D1  and  D ,  a re  two  d i sks  i n  X '  w i t h  non -

empty in tersect ion,  we say that  they are coherent ly  or iented

i f  t hey  i nduce  on  D . , , f lD ,  t he  same o r i en ta t l on  ( see  f i gs ' 5 '  d

a n d  b ) .  F i n a l l y ,  i f  x  i s  a  s u r f a c e  c o v e r e d  b y  n  " d i s k s "  D r '

. . . , D n ,  w e  s a y  t h a t  X  i s  o r i e n t a b l e  i f  i t  i s  p o s s i b l e  t o  a s -

s ign an or . ientat ion to each D,  so that  they be pai rwise cohe-

r e n t l y o r i e n t e d . I t i s n o w c l e a r t h a t t ' t ' i l e t h e c y l i n d e r l s

o r i en tab le ,  t he  Moeb ius  band  i s  no t  ( see  f i g '  5 '  c )  '

I t i s n o t d i f f i c u l t t o t r a n s l a t e t h e c o n s t r u c t i o n e x p l a l n e d

above in terms of sheaves: on each polnt x in x the sba]-k {/*

consists  of  two e lements c*  and B";  the space 9 Is  Eh.e d is jo lnt

union of  the sta lks /*  and the pro ject ion r  maPs every ax

(and B*)  in to the point  x '  We can see that '  on each d isk D'

t he  se t  |  (D , tn  cons i s t s  o f  t he  two  poss ib le  o r i en ta t i ons  oo

a n d B o d e s c r i b e d a b o v e ( t h e P h e n o m e n o n i s a n a l o g o u s ' t o t h e o n e

c f  t h e  s h e a f  < t ,  R ,  n t )  ( s e e  f i g '  5 '  d ) '  T h u s  a  g l o b a l  o r i e n -

ta t i on  i s  no th lnq  bu t  a  g toba l  sec t i on  o f  t he  shea f  (o f  se t s )

< . ! r ,  R r  t l 2 r  usud l l y  ca l l ed  shea f  o f  o r i en ta t i ons '  and  so  x  i s

c r  i en tab le  i f  and  on l y  i - f  |  ( x  , f \  lQ '

i
I

t
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3 . S h e a f t h e o r y , b e s i d e s g i v i n g e x c e l l e n t r e s u l t s i n t h e

s t u d y o f g e o m e t r i c a l o b j e c t s ( a s c u r v e s , s u r f a c e s , e t c . ) h a s

p r o v e d  t o  b e  p a r t i c u l a r l y  u s e f u l  i n  a n a l y s i s ,  m a i n l y  w h e n  d e a -

I i n g  w i t h  t h o s e  p r o b l e m s  w h i c h  c a n  b e  s t u d i e d  b o t h  f r o m  t h e

I o c a l a n d t h e g l o b a l p o i n t o f v i e w . r n f a c t , a s w e h a v e a l . r e a d y

p o i n t e d  o u ' t ,  s h e a v e s  c a n  o f t e n  b e  u s e d  ( w i t h  a  s t a n d a r d  t e c h -

n i q u e ,  a p p l i c a b l e  t o  a  w i d e  r a n g e  o f  d i f f e r e n t  s i t u a t i o n s )  t o

e x t e n d  l o c a l  r e s u l t - s  t o  g l o b a l  l e v e l

T h e  s t a n d a r d  p r o c e s s  w e  w a n t  t o  d e s c r i b e  i s  t h e  f o l l o w i n g :

f i r s t  o n e  t r a n s l a t e s  t h e  p r o p e r E y  I  t o  b e  e x t e n d e d  ( e ' g '  t h e

s o l v a b i l i t y  o f  a  g i v e n  d i f f e r e n t i a l  e q u a t i o n )  s o  t h a t  I  b o L d s

l o c a l l y  e x a c t l y  w h e n  a  c e r t a i n  s h e a f  h o m o m o r p h i s m  p : 9 ' - +  I

i s  s u r j e c t i v e .  H o w e v e r ,  t h i s  s u r j e c t i v i t y  d o e s  n o t  i m p l y  s u r -

j e c t i v i t y  o f  t h e  n a t u r a l l y  i n d u c e d  m a P  P z  t ( X , h  - ' +  t ( x ' g l  w h i c h

w o u l d  c o r r e s p o n d  t o  I  b e i n g  g l o b a l l y  t r u e '  T h e  s e c o n d  s t e p

.cons is ts  i r r  de termin ing  Ehe shea i  { ,  kerne l  o f  the  homomorph ism

p t , ? + 8 .  A t  t h i s  p o i n t ,  e i t h e r  w e  a l r e a d y  k n o w  t h e  v a l i d i t y  o f

t / a t  a  l o c a l  l e v e l ,  o r  w e  P r o v e  i t .  F i n a l l y ,  t h e  s t u d y  o f

s h e a v e s  J { ,  3  a n d  $ ,  w i l l  e n a b l e  u s  t o  d e c i d e '  i n  a  s t a n d a r d

' a y  ( w h r c h  u s e s  t h e  c o h o m o l o g y  w i t h  c o e f f i c i e n t s  i n  a  s h e a f ) ,

a b o u t t h e s u r j e c t i v i t y o f P , i . e . a b o u t t h e g l o b a l v a l i d i t y

of. O

W e n o v r w i s h t o i l l u s t r a t e t h e p r o c e s s d e s c r i b e d a b o v e

i n  t w o  s i g n i f i c a n t  e x a m p l e s ,  w h i c h  w e  h a v e  a l r e a d y  m e n t i o n e d '
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L e t  u s  b e g i n  * i t f r  t h e  W e i e r s t r a s s  t h e o r e m  o r ,  b e t t e r ,

w i t h  t h e  e x t e n s i o n  o f  i t  t o  t h e  c a s e  o f  m e r o m o r p h i c  f u n c t i o n s

w i t h  z e r o e s  a n d  p o l e s  a s s i g n e d  ( w i t h  m u l t i p l i c i t y ) .  A s  w e  h a -

v e  s a i d ,  t h e  p r o b l e m  c o n s i s t s  i n  c o n s t r u c t j . n g  t w o  s h e a v e s ,

and a  su i - tab le  homomorph ism between them,  such tha t  the  sur -

l e c t i v i t y  o f  i t  i - s  e q u i v a l e n t  t o  t h e  l o c a l  s o l v a b i l i t y  o f  t h e

W e i e r s t r a s s '  p r o b l e m .  W i t h  t h i s  i n  m i n d ,  I e t  u s  c o n s t r u c t ,

o v e r  C ,  ( s l r n i l a r l y  t o  w h a t  d o n e  i n  s e c t i o n  2  f o r  t h e  s h e a f  ? )

the  sheaf  l / -  ,  whose sec t ions  are  meromorph ic  func t j -ons  wh ich

a r e  n o t  i d e n t i c a l - l v  z e r o  a n d  t h e  s h e a f  0 '  w h o s e  s e c t i o n s  a r e

n e v e r  v a n i s h i n g  h o l o m o r p h i c  f u n c t i o n s .

S i n c e  ( 9 *  L s  c o n t a i n e d  t n  - / y ' / * ,  i t  i s  p o s s i b l e  t o  c o n s t r u c t

i  ̂  r  - r f  , , F a r  . . , - . ,  t h e  . , r l o r i e n t  s h c a t  9 = l f  7 g * ,  w h o s e  s L a L k  O . .r r r  o  l r o L u l a l  w d y  L l s r r L  o r r e d !  z - / / a  /  ( y  ,  W t I 9 5  
X

o n  t h e  p o i n t  x  i n  C  i s  c o n s t i t u t e d  b y  e q u i v a l e n c e  c l a s s . e s  o f

g e r m s  o f  f u n c t i o n s  w h i c h  a r e  m e r o m o r p h i c  i n  a  n e i g h b o r h o o d  o f

x ,  v r h e r e  t w o  g e r m s  a r e  e q u i v a l e n t  i f  t h e i r  q u o t i e n t  i s  a  g e r m

r r r d * ,  i . e .  i f  t h e y  h a v e  r h e  s a m e  o r d e r  i n  x  ( t h i s ,  i n  p a r t i -

e ' r l a r .  i m n l i e s  f h a t  t h e  s t a l k  4 . .  i s  i s o m o r p h i c  t o  t h e  g r o u p V ,- - - "  - x

o f  i n t e g e r s )  .

H e n c e  w e  h a v e  a  n a t u r a l  s u r j e c t i v e  h o m o m o r p h i s m  p z  
" l / *  

-  Q ,

w h o s e  k e r n e l  i s  t h e  s h e a f  0 * .  w e  c a n  n o w  g i v e  a ,  p a r t i c u l a r l y

s i r n l e  c l e s r - r i n f  i o n  f o r  t h e  s h e a f  9 :  i f  f  b e l o n q s  t o l / * ,  t h e n- x  - -  " " x

i ) ( f r )  €  9 t "  r s  t h e  i n t e g e r  w h i c h  e x p r e s s e s  t h e  o r d e r  ( o f  z e r o

. r r  n F  n n l  o \  n F  Fu !  u !  p e r e /  - '  . x i  a s  a  c o n s e q u e n c e '  i f  f  <  l ( U r d \ ,  f o r  U

. r n  o p e n  s u D s e r  o f  C ,  t h e n  P  (  f  )  <  |  ( U  , 9 )  i s  w h a t ,  i n  a l g e b r a i  c

a , r : , r m p f  r l ,  i  q  r A  l  I e d  t h e  d i v i s o r  o f  f  ,  a n d  c a n  b e  . r - d e n t i f  i e d. J ! ' - l I ' ( L  ! r '  
l ,  ,
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wi th  a  d i sc re te  se t  o f  po in t s  x  i n  u ,  t he  ze roes  and  the  po les

of  f ,  to  each of  which a re lat ive in teger ,  expressj -ng the order

o f , .  f ,  i s  assoc ia ted .

F rom th i - s  desc r i p t i on ,  i t  i s  c l ea r  t ha t  t he  su r j ec t i v i t y

o f  p  i s  equ i . va len t  t o  t he  l oca l  so l vab i l i t y  o f  t he  we ie rs t rass r

p rob lem,  wh i l e  t he  su r j ec t i v i t y  o f  p :  tG ,  l l  - +  t (C ,q l  i s  egu i_

va ren t  t o  t he  g loba r  so l vab i l i t y  o f  t he  t { e ie r s t rass ,  p rob lem.

l^J i th  the techniques of  cohomorogy theory,  i t  can be proved

t h a t  P  i s  s u r j e c t i v e .

r f ,  " no re  gene ra l l y ,  v re  subs t i t u te  c  w i t h  a  R iemann  su r face

x,  we can show that  the problem of  the extension of  the theorem

o f  We ie rs t rass ,  i s  no t  an  ana l y t i ca l  p rob lem (how i t  cou ld

seem from the formulat ion g iven.  in  .sect ion 1 )  but  the purely

tOpo log i ca l  p rob le rn  o f  dec id ing  whe the r  p2 f  (X , .1  )  +  t (X ,g l  i s

su r j ec t i ve  ( t he  f ac t  t ha t  i n  case  o f  R iemann  su r faces  the  su r -

l e c t i v i t y  o f  P  i s  o n l y  a  t o p o l o g i c a r  q u e s t i o n ,  i s  n o t  a t  a r l

t r i v i a l :  t he  i n te res ted  reade r  i s  re fe r red  to  t 3 l  f o r  de ta i l s ) .

I n  pa r t i cu la r ,  i t  can  be  p roved  tha t  i f  X  i s  open ,  t hen  the

re . su l t  o f  l , t e i e r s t rass  can  be  ex tended  to  i t ,  wh i l e  t h i s  i s

fa rse  fo r  x  compac t .  we  w ish  to  remark  t ha t ,  w i t h  t h i - s  t echn ique ,

we  d id  no t  con ten t  ou rse l ves  w l th  a  new p roo f  o f  a  c rass i ca l

t heo rem,  bu t  we  a l so  came to  an  unde rs tand ing  o f  i t s  h idden

r i a tu re ,  t hus  open ing  the  pa th  t o  poss ib re  ex tens ions  o f  t he

t n e o r e m  i t s e l f .
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Let  us proceed to the second example:  the research of  so-

Iu t i ons  (bo th  l oca l  and  g loba l )  o f  a  d i f f e ren t l a l  egua t i on .  We

w i l l  concen t ra te  on  a  cen t ra l  examp le  f r om comp lex  ana l ys i s :

t he  so  ca l l ed  E -p rob lem.  The  ope ra to r  0  i "  
"  

pa r t i a l  de r l va -

t i ves  ope ra to r  de f i ned  on  i n f i n i t e l y  d i f f e ren t l ab le  comp lex

funct . ions of  a s ingle complex var iable z=x* i .y ,  by
'1 .

0 t / 0 z  = , ( 0 f / 0 x  +  L | t / A y l .

I t  is  of  sone interest  ( the appl icat ions are mani fo ld)  to  f ind

out  whether  for  every funct ion u in 'C- ,  there is  a c-  func-

t i on  f ,  such  tha t

( * )  0 f / 0 2  =  u .

For  th is  purpose,  we consider .  the sheaf  6-  of ,  germs

funct ions and we th ink ot  0/02 as .an operator  act ing on

qerms:  in  th is  t ray we obta in a sheaf  homomorphism

. -6 a/az
€ *  - G -  ,

whose  su r j ec t i v i t y  i s  equ i va len t  t o  t he  poss ib i l l t y  o f  so l v i ng

t h e  e q u a t i o n  ( * ) ,  a t  l e a s t  l o c a l l y .  W e  n o w  p r o c e e d  a s  w e  h a v e

ind i ca ted  above :  we  l ook  fo r  t he  shea f  wh i ch  l s  ke rne l  o f  t he

homomorph |s ro .0 /0 i ,  wh i ch  i n  t h i s  case  tu rns  ou t  t o  be  the  shea f

O of  holomorphic funct ions:  j - t  can be shown, wi th techniques
locaI

o f  t h e  c l a s s i c a l  a n a l y s i s ,  t h a t  ( * )  a l w a y s  h a s  a l l o l u t i o n ,  a n d ,

f i n a l l y ,  a g a i n  b y  c o h o m o l o g i c a l  t e c h n i q u e s ,  i t  c a n  b e  p r o v e d

t h a t  t h e  l o c a l  s o l v a b l l i t y  o f  ( " )  c a n  b e  e x t e n d e d  t o  t h e  L e v e l

o f  s e c t i o n s ,  i . e .  t o  t h e  g l o b a l  l e v e l .
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4.  rn th is  sect ion we shal l  in t roduce the "presheaf"  con-

cept  leading to the not ion of .  complet ,e presheaf  which wl l l

prov ide an a l ternat ive descr ipt ion of  sheaves and exhib i t  them

as  " con t i huous l y  va r i ab le  se t s ' r .

.(poset in the segutsl)
Let (G., <> be a partially orderea setl i-E-Ehs{ of sets

F on (G,(> is  a lahr  which assigns to each e lement  a in  G a set

F  (a )  and  to  each  pa i r  o f  e l emen ts  a  and  b  i n  G  w i th  a  (  b ,  a

map  Fab :  F (b )  - -+  l ' ( a ) ,  sa t i s f y i ng  t he  fo l l ow ing  " cohe rence"  con -

c r i t i o n s :

( i )  V c  ( b  { a ;  x  € F ( a ) ,  F c b ( F b a ( x ) )  = F " . ( x ) ;

( i i )  V a € G ,  x e F ( a ) ,  F a a ( x )  = x .

' r ' he  e lemen t  F .  -  ( x )  i s  ca l l ed  t he  res t r i c t i on  o f  x  t o  a .  They

are indee<.r  rest r ic t ions in  tne fo l lowing tvro examt) les.  Let  IR

oe  tne  co l l ec t i on  o f  a l l  open  subse ts  o f  IR  o rde red  by  l nc lu -

s ion .  t , e t  C (Uo)  be  the  se t  o f  a l l  r ed l - va lued  con t i nuous  func -

t i ons  oe f i ned  ove r  U^ ,  t ha t  i s

c r r r ] l  = c o =  { f : u o - ' - + n l  f  c o n t i n u o u s } .

I i  U B e  U o ' a n d  f . i s  c o n t i n u o u s  o v e r  U o ,  t h e n  t h e  r e s t r i c t i o n

f l U  i s  c o n t i n u o u s  o v e r  U U .  T h i s  d e s c r i b e s  a  l a w  a s s o c i a t i n g
b

a  s e t  C d  t o  e a c h  o p e n  I J o o n t h e  r e a l  l i n e ,  s o  t h a t ,  w h e n e v e r

U o (  U o ,  w e  h a v e  a  r n a p  f r o m  C o  t o  C B :  t h ' e  r e s t r i c t i o n  m a p .

! , l e  o b t a i n  a  s i m i l a r  c o n s t r u c t i o n  b 7  r e p l a c i n g  C ^  w i t h

B o =  { f : U o + I R l  f  b o u n d e d } .

h e  s n a f l  r e f e r  t o  t h e  l a s t  t w o  e x a m p l e s  a s  " p r e s h e a f  C "  o f  t h e

c o n t i n u o u s  f u n c t i o n s  a n d  " r r r e s i r e a f  B "  o f  t h e  b o u n d e d  f u n c t i o n s .
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l ,e t rs  anaryze presheaves f rom a d i f ferent  v iewPoint .  When

c  i s ;  o n e - e l e m e n t  s e t ,  G = { a } ,  d  p r e s h e a f  o n  < G , < >  i s  9 i v 9 n

by  j us t  spec i f y i ng  a  se t  r ' ( a ) ,  t hus  i den t i f y i ng  i t  w i t h  a  " con -

s tan tse t " - .  I f  G  cons i s t s  o f  two  d i s t i nc t  e l emen ts ,  say  t  and

a ,  w i t h  d ( t ,  a  p reshea f  i s  g i ven  by  ass ign lng  two  se ts  F ( t )

ana  F (a )  anc l  a  map  f rom F ( t )  i n to  F (a ) .  Thus  a  p reshea f  qn

th i s  pa r t i cu la r  pose t  G  i s  no t  on l y  a  pa i r  o f  se t s  bu t  a  " va -

r i a t i on  f r om s tage  t  t o  s tage  a r ' .  Fo r  an  a rb i t r a r y  Pose t -G ,  d

presheaf  . is  a fami ly  of  sets indexed by G and.  a col lect ion of

maps between them sat is fy ing the coherence condi t ion above.

Aga in  a  p reshea f  can  be  though t  o f  as  a  "d i sc re te l y  va ry ing

s e t "  ( s e e  t 4 l ) .

We  sha1 l  l ook  f o r  "e lemen ts "  i n  t hese  " va r i ab le  se t s r ' .

I n  t h e  t r l v i a l  c a s e  ( G = { a } )  t h e  c o n c e p t  i s  t h e  u s u a l  o n e .  I n

t n e  s e c o f i c i  c a s e  ( G = { a , t } )  a u  e l e m e n t . o f  a , p r e s h e a f  l s  e i t h e r

j u s t  a n  e l e m e n i  o f  F ( a )  o r  a  p a i r  c o n s t i t u t e d  b y  a n  e l e m e n t

o f  r ' ( t )  anc i  i t s  r es t r ' i c t i on  t o  F (a ) .  An  e lemen ' t  mus t  be  thou -

gh t  o f  e i t he r  as  an  en t i t y  wh i ch ,  when  bo in  i n  F  a t  s tage  t ,

s t i l l  ex . i s t s  a t  s tage  a ,  o r  as  an  en t i t y  wh i ch  does  no t  aPPear

a t  t  and  comes  ou t  a t ' a .  I n  t he  case  o f  an  a rb i t r a r y  Pose t ,

an  e lemen !  i s  an  en t i t y  o f  F  a t  some  sqage ,  t oge the r  w i t h  a l l

i t s  r e s t r i c t i o n s  ( s e e  f i g . 6 ) .

Le t  us  l ook  a t  an 'examp le  i n  t he  p reshea f  C  o f  con t i nuous

func t i ons :  cons ide r  t he  f unc t i on  f ( x )  =1 , / x .  Unde f i ned  i n  t he

o r i g i n ,  i t  i s  no t  con t i nuous  on  a l l  IR ,  noweve r  i t  i s  an  e le -

n ren t  o f  c  wn i ch  i s  bo rn  a t  s tage  IR :  {O}and  ex i s t s  f r om then  on .

15

i-
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There is  one fundamentat  d l f ference betereen the presheaf

B and the presheaf c. Take thb followlng open covering of the

r e a l  l l n e :

Q!  = { tJ .  = (h_1 ,  h+1 )  , l  nez 1 ,

and consider  the funct ion f  (x)  =y and i ts  rest r ic t ions f ,  - ,
l u n

A funct ion f , , ,  is  cont inuous and bounded in Un;  hence l t  is
r r h  n _

an  e lemen t  o f  bo th  p resheaves .  Bes ides ,  f l '  and  f , r ,  ag ree
I ' h  I  t h + 1

o.  U, . ,0  Uh*1 ,  so that  they form a compat ib le farn i ly  of  funct ions;

h e n c e ,  i n t u i t i v e l y ,  i n  b o t h  C  a n d  B ,  t n e  f l U . ' s  s h o u l d  g i v e
I n

a  g l o o a l  e L e m e n t ,  i . e .  f  i t s e l f .  B u t  t h i s  h a p p e n s  o n l y  f o r  C :

tne  func t i on  f ( x )= *  i s  con t i nuous  bu t  unbounded  i n  R .

Complete presheaves wi l l  be def ined as fo l lows:  le t  X be

a topological  space and r  the fami ly  or  i ts  open subsets or-

d e r e d  b y  i n c l u s i o n .  L e t  F  b e  a  p r e s h e a f  o f  s e t s  o n  < r r g ) i  F

i s  a  comp le te  p reshea f  o f  se t s  i f ,  f o r  each  cove r i ng  {U l } l e t

of  an open U of  X,  the fo l lowing compat ib l l i ty  condLt ion nolds:

-  l e t  s i €F (U i )  f o r  each  i e l ;  i f  t he  res t r i c t i ons  o f  sk  anc t

s i  t o  UL  n  U i  co inc ide ,  t hen  the re  ex i s t s  one  and  on l y
J ^ J

o n e  s € F ( U )  w h o s e  r e s t r l c t i o n s  t o  e a c h  U ,  i s  s . .

Th is  fo rmal  p roper ty  i s  en joyed by  C,  bu t  no t  by  i ] .

A  n o n -  t r i v i a l  t h e o r e m  ( s e e  t 3 l )  s t a t e s  t h a t  t h e  c o n -

c e p t  o f  c o m p l e t e  p r e s h e a f  i s  e q u i v a l e n t  t o  t h a t  o f  s h e a f  ( s e e

s e c t i o n  2 ) ,  i n  c h e  s e n s e  t h a t  t o  e a c h  c o m p l e t e  p r e s h e a f  F  d e -

i i n e d  o n  t h e  t o p o l o g y  ( T . r ( )  o f  a  s p a c e  X  o n e  c a n  c a n o n i c a l l y

a s s o c i a t e  a  s h e a f  < 9 ,  X ,  n )  S U C h  t n a t  I .  ( t J , g ) = F  ( i )  ,  f o r  a n y
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i r € r ;  i n  pa r t i cu la r  t he  comp le te  p reshea f  C  w i I I  r esd l t  exac t l y

rhe  shea f  1G,  R ,  r> .  t se low  we  sha l l  no t  d i s t i ngu i sh  be tween

a  comp le te  i ) r eshea f  and  i t s  assoc ia ted  shea f  '

5 . l . h e c o n c e i ) t o t . s h e a f o n a t o P o l o g i c a l s P a c e w e i n t r o -

duceo  above  a l l ows  us . t o  v i sua l i ze  t ne  i dea  o f  a  " con t i nuous l y

vary ing s€t , ' ,  I r l lere the conrpat ib l l i ty  Property  l inks the va-

r ia t ions of  tne set  and the topology of  the space:  the var ia-

t i ons  a re  con r ro l l ed ,  r - o r ced  con t l nuous l y  by  t opo logy  ( see  t41 ) '

v ie spoke of  , rconstant  setsr t ,  t tsets vary ing in  two stages",

, , dbc re te l y  va r i ab le  se t s ' t  and  " con t l nuous l y  va r i ab le  se t s " ,

t ry lng to just i fY lhe words we used'  
- r {e 

shal l  anal fze what

sense . the  word  se t  has ,  a t  ' I eas t  f o r  sheaves  ( con t i nuous l y

v a r i a P l e  s e t s ,  o r  c . v . s e t s ) .

Le t  X  be  a . f  i xed  topo log i ca l  space ;  ' f  i r s t  o f  a l l  \ ^ ' e  mus t

po in t  ou t  t ha t  any  usua } ,  common  se t  A  g i ves  r i se  t o  a  c ' v '

se t  on  X :  cons ide r  t he  o i sc re te  t opo logy  on  A  and  fo rm t t t e

space  AxX .  l ' nen  <AxX= . i l ,X ,n )  i s  a  shea f  as  desc r i oed  i n  sec t i on

2 ,  whe re  n  i s  t he  p ro iec t i on  f r om AxX  to  X '  Then  the  sec t l ons

o f  . q /  gene ra te  a  c . v .  se t  and  i t r  i s  easy

to check that  r (U^!4 is  the sum of  as many copies of  A as the

number of  connected comPonents of  u '

As  be fo re ,  we  ca I I  e i e t r ren t  o f  a  shea f  <%X ' r>  any  obJec t

wh ich  i s  p resen t  a t  some  s tage ,  1 ' € '  i t  be longs  to  r ( t J ;g '  f o r

some  open  U ,  t oge the r  w i t h  a l l  i t s  r es t r l c t i ons '  Le t  s  and  t

oe  e lemen ls  o f  a  snea f  9 ,  se t  s= {wsx }  s= t  a t  s tage  w}  and  l e t
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V=r! ,  l { ;  then by the compat lb i l i ty  property  s=t  at  V.  We can

say therefore that ,  in  a sheat  local  equal l ty  forces g lobal

e q u a l i t y .

I t  seems  c lea r  t ha t  a  subse t  o f  a  c . v .  se t  F  shou ld  be

a  con t i nuous l y  va r i ab le  co l l ec t i on  o f  e l emen ts  o f  F ,  t ha t  i s

a col lect ion of  e lements of  F wi th the compat ib iL i ty  property .

Fo r  i ns tance ,  t he  shea f  6 -  oE  i n f l n i t e l y  d i f f e ren t i ab le  rea l

va lued  func t l ons  (g i vdn  U  open  i nR ,  C - (U )  i s  t he  se t  o f  i n -

f i n i - t e I y  d i f f e ren t i ab le  rea l  va lued  func t i ons  de f i ned  on  U)

s a t i s f i e s  t n e  c o m p a t i b i l i t y  p r o p e r t y r  h e n c e  i t  i s  a  s u b - c . v .

s e t  o f  t h e  . c . v .  s e | -  6 .

W e  d e s c r i b e  n o w  a  s u b - c . v .  s e t  G  o f  a  c . v . . s e t  F .  L e t

s  be  a  poss ib le  e lemen t  o f  F  ex i s t i ng  a t  s tage  U .  The re  a re

th ree  poss ib le  cases :  s  be longs  a l ready  to  G ;  s  w i l l  neve r

oe in G;  s  wi I I  belong to G f rom some stage W onward.  Indeed,

I  ^ !

S =  {W open  i n  U , l  sec  a t  s tage  W} ,

and let  y= s h l ;  then,  by the compat ib i l i ty  property ,  s€G at
w€s

stage V.  T i r is  means that  an e lement  j .n  F cannot  be lnc luded

in G at  d i f ferdnt ,  not  comparal r le  s tages (which lnstead may

happen  i n  a  p reshea f ,  a  d i sc re te . l y  va r i ab le  se t ) ,  bu t  t he re

is  a prec ise t ime when the e iement  begins to be j .n  c l re sub-

c . v .  s e t . ' f h i s  t r a n s l a t e s  a s :  i n  a  s h e a f  l o c a l  m e m b e r s h i p  f o r -
s -

ces g lobal  rnembership.  Therefore the chances oFY:re ing in  G

a t  s tage  U  a re  as  many  as  t he  open  subse ts  o f  U .
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Tnanks  to  our  s tudy ,  I / ' e  can  nor . ,  descr ibe  a  func t ion  be t -

w e e n  c . v .  s e t s ,  w h i c h  a c t s  a s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f

a  s u b s e t  G  o f  t .  C l a s s 1 . c a 1 l y ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  I

a  s u b s e t  - x s Y  d i v i - d e s  t h e  e l e m e n t s  x e x ,  a s s i g n i n g  t h e m  t h e  v a l u e

1 ,  f r o m  t h e  e l e m e n t s  y e Y r X  w h i c h  t a k e  v a l u e  0 .  S i n c e  i n  t h e

c a s e  o f  a  c . v .  s e t  t h e  c o n c e p t  o f  m e m b e r s h j - p  r e l a t i o n  i s  m o r e

s o p h i s t i c a t e d ,  i n  w h i c h  a n  e l e m e n t  x  c a n  b e  a  m e m b e r  o f  a  s u b -

s e t  X  a t  d i f f e r e n t  s t a g e s ,  t h e  r a n g e  o f  t h e  c h a r a c t e r i s t i c

f u n c t i o n  m u s t  b e  a  c . v .  s e t :  s e t  O  f o r  t h e  p r e s h e a f  t h a t  t o

e a c h  o p e n  U  o f  X  a s s i g n s  t h e  s e t  o f  o P e n  s u b s e t s  o f  U '  I f  U g V ,

t i r e  r e s t r i c t i o n  a v u  i "  d e f i n e d  b Y

nvu (w)  =  UOW

f o r  a n y  o p e n  W g V .  I t  i s  e a s y  t o  v e r l f y  t h a t  0  i s  c o m p l e t e '

T ' h e  c h a r a c t e r i s t i c  f u n c t i o n  X 6 : F - +  0  t a k e s  a n  e l e m e n t  s  i n  F

a t  t h e  s t a g e  U  t o  t h e  s t a g e  x c ( s ) g U . a t  w h i c h  s  w i l l  b e g i n  t o

b e l o n g  t o  G .

W e i n t r o d u c e d a n d d e s c r i b e d i n a v e r y i n t u i t i v e w a y t h e

c o n c e p t s . o f  e l e m e n t ,  s u b s e t  a n d  c h a r a c t e r i s t i c  f u n c t i o n  f o r

c . v .  s e t s  i n  c l o s e  a n a l o g y  w i t h  t h e  u s u a l  e v e r y d a y  s e t s '  T h i s

c o r n p a r i s o n  c a l l  b e  t a k e n  a  g o o d  < l e a l  f u r t h e r ;  t h e  a u t h o r s  d o

n o L i n t e n o t o d o s o . W e l i - m i t o u r s e l v e s t o r e f e r t h e i n t e r e s t e d

r e a d e r  r o  t h e  e x t e n s i v e  l i t e r a t u r e  o n  t h e  s u b j e c t  ( s e e  t 2 l )  '

O f  c o u r s e ,  t i l e  m a n y  p r o b l e m s  m e n t i o n e d  i n  t h e  l a s t  p a r t  o f  t h i s

p a p e r  a r e  c o o  p r o f o u n d ,  h a r d  a n d  s t i l l  c o n t e s t e d '  t o  a l l o w  u s

t o  t h i n k  w e  h a v e  s a t i s f a c t o r i l y  e x p o s e d  t h e m  i n  a n  e s s a y  o f  a

i e w  p a g e s .  l ' j e  h o p e  t o  h a v e  a w a k e n e d  t h e  r e a d e r r s  i n t e r e s t  i n

t n e  l f r . . ' ; r - e r  "
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An Indeccnposibility Criterion for Rf'ngs

By

P. Singh and GurPrit Kaur

Abstracli

In this paper we have defined a ring R being an irredundant union of

i ts ideals and establ ished an indecomposibi l i ty cr i ter ion for R under

certain condit ions. For this purpose some other interesting results have

also been proved.

Intraductton:

Here we have considered'r ings which are irredundant unions of their

proper ideal-s and. estabtished certain results concernrng tnem. A r ing R

is said to be an irredundant union of tne ideals S. i f  none of the Sts

is contained in the union of the remaining ones. Furt l ter basing on t irese

results we have establ ished an indecomposibrl i t ; ;  cr i ter ion for such r ings.

Lexomd 1:,

Let a ring R be an irredundant union of the ideals Si. Ttren for

each i ,  Sg contains the intersection of al l  tne reuiaining Sts.

Proof :

Since R. is an irredundant union of the idea.ls Si,  Sg (for any f ixed

i) cannot be contained in the union S of t t le reroaining Srs.

Let x be an element of 5i, w-irich is not in S artd Y be an elenrent

contained in the intersection of t l re remaining Sts.

I f x + y €  S ;
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then x + y € Srr for soure j (# it.

But y € s5, irnnlying thar 
" 

€ sj, which is a coDrr.dictioo.

t h e r e f o f b " * v # s j .  o n t h e o t h e r h a n d ,  r . f  r +  r + s ,  G o - o r . r €  s i

and this lmplies that y € Si, which proves the Lcre.

Lersna 2

Let rhe r ing R be an irredundant unioo of idcdr S, ( i .1, .  .  .  ,

n )2 ) .  I f  11  =  S,  US.U r . .USo,  aud r  i s  o r  ia  l l ,  ta  b  i r  i l  ! l

f o r s o m e k = 1 r r . . r [ - 1 .

Proof:

t t  x$vt,  rhen x € tr .

Let y be an element of 52 such rbrr ,+1. fb F . 1r i. ir !t,

f o r p = L r  2 r .  o  o ,  D { 1 ,  s i n c e i f  p r + r i r i r $ 1 ,  t l l y €  
1 .  I o v

i f  px+ yE sZ,  for  some p = l ,or  o,  r l ;  tb  F € SrCl ,  r  &r i rod.

If px + y = qx + y, for s@ p, g-lr . . o1 t-l r iO 221. tb

(p-q)x = 0 is in M, as desired. Eeac n.rt/ .-- h t rr

e l e n e n t s  x  * y ,  2 x + y r . .  r  o  r  ( n l ) r | 7 l r r l i r t i _ :  d  i r l f  . . .

ustr'

It means that px + L gr + r/ rrc il Sa for f a r \o .o. I rld

sone prq=l ,o.r,n-l with p;,.q. ' lro (p - 
i)r - (p11r kl.1rl l ir

SmAM. Hence the Lpma.

Ilieorem 1".

If for every x g *, 
i 

is in t, for rrrry pltir b1r I te.

than a certain n, then R is Dot thc inru- d- d dr t-) of

r ts  p roper  idea ls .
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Proof :

We will prove the theorem for a given n' The "Or fewer" part will

follow obviously since n and any m smaller than n have analogous

hypothesis.

Let R be the irredundant union of exactly n Proper ideals S' ( i  = l t

.  . . ,  n ) 2 ) .  W e  s e t  M  =  S 2 U  " ' , "  o s r r '  r f  x € M ' ,  t h e n  y  =  
i  

t "  n o t  i n  M

for any positive integer p' Then y = 
1;:il 

is not in I"1' but y € R' by

hypothesis. Therefore by Lenura 2' ky is in M for some k less Ehan n'

Since x = 1n-1) l ,  y = *# (ky), therefore x ls in M' which is a contra-

dict ion. I Ience'R is not the irredundant union of n ideals'

l f  R is ei f ini te r ing with N elements, t tre hypothesis of theorem 1

is equrvalent to the requirement that (n-1) I be prime to N'

Therefore, we'have the

Cotol ler l :

L e t R b e a f i n i t e r i n g w i t h N e l e m e n t s ' p t h e s m a l l e s t

ing N. Then R is not the union of p or fewer of i ts proper

lheorem 2.

L e t R b e a f i n i t e r i n g w i t h N e l e m e n t s ' p t h e s r n a l l e s t

ing N. 
'lhen if R l-s a union of exactly p + 1 ProPer ideals

ideal- has index p atd p2 divides N'

prirne divid-

idea ls .

prime divid-

S.  then each
I

Ptoof :

If n is the ntnnber of elenrents in an i<leal Sl of Rt then we will

wr i te :  o (s r )  =  n .  r f  there  i "  oJ idea l  S ,  ( i  =  l "  " r  P  +  l )  w i th  index

p,  then S i  
V i  

( i  =  1 ,  '  r '  '  n  +  1 )  must  have in< i i ces  grea ter  than p '
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since p is the smallest prirne divisor of N'

- N

I tence o(si )< 
#l 

for al l  i '

rhen we have N <)tsi l  aln+l) 
; I t  

= t ,  a contradict ion'

I ience some S, nust have index p' Also Si + S, ( i  # j)  is an ideal of

R, which. can not be proper bacause r 'n that cage R is a union of p idealst

n a m e l y  S .  +  S ,  a n d  p - 1  i o e a l s  S n '  k  =  1 '  2 "  r  r '  p * 1 ;  k  #  i '  k +  i '

which is not Possible'

Ihus  S i  *  S j  =  R '  i  I  j '

W e  k n o w  t h a t  f o r  i d e a l s  S ,  S '  i  *  j

o(s i  +s j ) .0  (s i  n  s j )  =  o l l i l .o  , t r , '

or  tha t  0 (R) .o (s i  n  s j )  =  o (s i ) '  = i - '  '

o.r  that n.o(S, n sj)  = o(sr)  for t '  + i '

Now we have to shor^r that al l  S'rshave index p'

r f  q .  be  the  index  o f  s i ,  i  t  j ,  then  q t )p '

Let us supPose 9i )P for some i '  + i '

Then \- f 'l

11  =  6 (R)  )o (s . )  +  /  f ocs ' l  
-  o  1s '  n  s3 l

" i*j

<- i - .n 'e ; l

N t  [ r . r  * - l= n-'#, F; 
- ;s;J

\-= + . 4  +  c r  - f r

\-= -y .4. ,5', t;-  
l f l

N
:
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=  H - . * - t - = * ,
a contradict ion.

Hence q :  =  p  fo r  a l l  i  #  j .
- l

Also o(S. n Si) = 
\ ,  inpfying that p2 divides N.

" p
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On Tauberian.Theorem for Lambertts Method

By

S. R. Sinha, S. K. Varma and Rakesh Maindwal

Abs tract:

In the present note we have proved that the Tauberian condition for

Lambertts method given by Peyerinhoff [ tJ is best possible. Our result

is analogous to the result of Sinapiro [2].

1. Definit ions and notat ions: We denote the series

( 1 . 1 )

by S and i ts value when i t  is convergent o-y { (so that, for example,

g= {, means that E8,," converges to g ) By S=4.(A), S= 3 (c) and S=4(L)'

we mean that the series (1 .1) is surrnabie by , l ibel-method, Cesaroaethod

and Lambert-rnethod to, respectively. lfe denote the hypothesis S = '1 ,

s  =  { (A) ,  s  =  J  (c )  and S = ,8  ( t )  bv  K 'KA '  Kc  and \  respec t ive lv .

I t  is w'el l  establ ished fact that i f  a series E4."*is convergent then i t

is surmabLe by an1' regul'ar method of surnrnability, but the converse is

not true. I f  however ve impose a suitabLe_condit ion on the magnr-tude of

G,". t i len the converse.is true. Theorem of thrs type are cal le<l Taub.e-

r ian theorems, a.fter R. lauber f3l,  who proved the f irst theorem of this

tyPe.

lhe most important lauberian conditions with whicir we shall be concerned

here  are :

.<t

' A
n = l
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(o) &",  = o(n- l)

(o ' )  Or .  =  o  (n ' l *€ ) ,  €  20 ,

To avoid repeti t ion we don't  give tne definit ion of Cesaro and Abel-method,

but for the sake of compLeteness rre give fol loning definit ion of Lambert-

method.

9G

A series E Q.* is called sumable ro J by the Labert--oechod (L) if
1l:I ^

o-(x) = (r-x)Er 
$t-*  

, l  aa : -+ t -o

This nethod-L is regular (c.f .  Peyerirnhoff [L] p. 82-83)

2, Tauberrs f irst theoren rKo and(of imply K'

Correspoirding to Tauberfs f irst theorem Peyerinhoff ILJ p. 83

proved fol,Lowing theorem for Larnbert - nethod.

Thecirem A t*, and (o) inply Kt

Shapiro [2J proveo that the Tauberts fr-rst theorer- is best in the

sense tha t (o )can no t  be  rep laced by(o ' ) .

So a very natural question arises;

Can we prove that the theorem A is best possiole iu the sense of Shapiro

I2l 0R Can we'prove that the Tauberian coudition in lheorers A is best

poss ible.?

I^le have answered this in affirnative.

following theorem

Iu fact ve shal l  ?rove the

Theorem '\,  and (or) do not inply K'

I
PR00? OF THEORXM Let  *= f  -  

i  (n=1,2 , . . . . )  tnen
n

J .

( 3 . 1 )

(3 .2 )

(3 .  3 )
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K --+
L

o,C - lO xO

6 r ( x ) = ( 1 - x )  T  - + t >  a s x - r r - o
F r  t - x v

c-(x) - so = o-x) 
*r, "={ 

+ (r-x) 
f",{;:.I-d

=  I  +  I I r S a y

oC ^a 
*O= o(L-x)>- \'

f  =n+f  (1 -x ! )

37

( 3 . 1 )

=t( . -T. r ' " " * t )  
f  

*c"* t l t  *  *2(n*2)c

(3.2) -+rcas n --* rc for € ) o however smar.L i t  nay

(This can be made O(1) only when € = 0)

Now

, , -  D " l  =  \ D +
- v
l-x

t x t  1

l-xu l-xv

# . , ) su

Therefore

rr = o(l-x) g tu rr'u.l

/ \ +
= o (llJ /_ ,>' by (0,)

\  /  S = 1

(3.3) ---"D oa as n ----) Oo for G ) O however

This can be rnade O(1) only i f  C=0

S o  c o l l e c t i o n  o f  ( 3 . 1 ) ,  ( 3 . 2 )  a n d  ( 3 . 3 )

b y  ( Q ' )

snal1 i t  may be,

completes the proof

.....1
be

, (

L-x!  \

/ L-*r

\ ;
-  

" J ) 7 0

il,
l

I
i

I

I
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A Flxed Polnt Theormr in Cmp€et Topologlcal Spaces

By

R-P.R.  Sas t rv  and S.V.R.  Na idu

In this paper, r ire prove a f ixed point theorem tor a tamily of self

maps on a compact topological space which is a nontr ivial extension of a

result of Wong [2J in a compact metric space.

Ngtdtion: Suppose X is a nonempty set and $ a nonempty farni ly of self

maps on  X.  A  subset  A  o f  X  is  sa io  to  be f i -  invar ian t  i f  f  (A)  CA fo r

a l l  f  in  5 fu .

Tor  xex ,  the  orb i t  0 (x )  o f  x ,  w i th  respec t  to  
7 f r ,  

i s  de f ined as

f r

O(x)  =  j y l  y  =  x  o r  y  =  gxwhere  g  i s  the  coml .os i te  o f  a

L r  
' l

f inite number of elements .t 9l

(This idea of the.orhit  of a point with respect to a famif i  of self  maps

is derived from }fadhusudana Rao /1,7.)

l ' o r  a  subset  A  o f  a  topo log iea l -  space,  c l .  A  i s  the  c losure  o f  A .

TheOrgr- 1. Le.t (X, 
!)  f"  a compact topological spacer 

3f 
a nonempty

family of continuous self  nraps on X and F a non-negative synnnetr ic real

vaLued. function on XxX such that i t  is continuous in eacir variable, and

F(xry) I  0 whenevet xr l I  are dist inct eLements of X.

f o r  a l l .  x ,  y€  X  and  f  ,  C€ f r ,

Suppose that 
(

(1 .1 )  F ( f x ,gy )  <  max  I  sup  F (x ,hy ) ,  supn  F (y ,hx ) ,

I het helr I
r L  1 l

d n {  s u p  F ( x , z )  r  s u p  f  ( v , r ) }  |
Z e o ( x )  u o ( y )  z e o ( e  l J o ( v )  J  I
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i"Jt.  I lence S is;fr- invariant so that again by the ninimali ty of Y'

S = Y. Hence D(Y) = D(S) ( r (  D(Y) which is a contradict ion. Hence

D(Y)  =  o ,  so  tha t  Y  is  a  s ing le ton .

' Ihe folLowing is a special case of the above theorem with F = d.

Corol lary 2. Let (X, d) be a conpact metric space and;f1a nonempty

fani ly of continuous self  maps on X. SupPose t l lat
t-

d(fx, gy) < max 1 tr lp ,  d(x,hy) r suP - d(y,hx),- 
I h€3? hetl
L

. l
nin ( sup d(x,z) r suP

I
z ' e o ( x ) U o ( y )  z € o ( x ) U

f o r  a l l  f ,  g € . 3 ( a n d  x r  y € X

rl
urt,"'rlJ

o(v)

and whenever A is an ;fr-invariant cLosed subset of X with ;[ (A)

(diameter of A) posit ive, there exist y '  w 6 A such that

'  sgP d(y,z) < 6: 
(A) .

z € 0(w)

Then the farnily3frhas a cormon fixed point in c1.0(x) for each x in X.

By taking3frto be singleton, we get irrmediately the fol lowing, from

coro l la ry  2 .

Corol lai i  3. Lef (Xrd) be a comPact metric space' f  a continuous self

map on X. Suppose that 

;
d ( f x ,  f y ) (  m a x  \ d ( x , f y ) ,  d ( y , f x ) ,

t l
orin{ sup 

- 
d(x, z) r sup

z?o(x)Uo(v)  
'  

z€o(x

fo r  aL1 s ry  €  X ,  and

r i
I t

aCv, r) l  I
)  U  o(y )  ' )

whenever A is an f- invariant closed subset of X with f ,  
(e) Uosit ive'

there exist y, w in A such that

t i

li
rL
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