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so that

- 1  '  n  
A + A  - ' t  J - L  n  P .( { -  5 )  

'  
H r r ( e : q )  =  

Q  -  
5 ) - '  r o g  ( E  p ] - " i - '  q r r - * / Z  o . . t  )

i = l r r i = l r

= . [ f l 6 ,0 , t ' t ,
This establ ishes the theormr.

3 .  Pat t i cu la r  Cases

rn this section we imrestigate the part icular cases of rGeneral ized
In fo rmat ion  Measure t  (1 .1 ) .

( i )  t o r  / =  d  ,  $ = 2 1 - 1 , ,  ( 1 . 1 ) ^ r e d u c e s  r o  R a r h i e r s  ( 1 9 7 0 )  g e n e r a l i z e d
entropy of orderland type / i .  defined as

t P r  I

. L F ; I  . _  . - r .  . g  d * f r . - r , n  l ;Hd -  =  ( t_ / )  .  t " ,  ( f ,  pT ' , " i  /E  r r ' ) , .d  *  r

( i i )  r o r  F ,  =  i ,  i - L , 2 , . . . , r ,  / = d , 6 - 2 4 - t ,  ( 1 . 1 )  g i v e s  K a i u r , s
(1967) generalized enrropy of order d and type 

75 
defined as

I 
Pii

l p  J  _ 1  r  . .  r  -
H' '  

'= 
(r-or)-1 r .e ( j  i . f  

- ,  
t* ,  o( . , ,  n+,

i = f  i - l  
- t

( i i i . ) . p r l t t i r r e  
l r = f  ,  i = l 1 2 r . r . p r l '  f  

= d ,  
t = 2 d 1 ,  v r e  s e e  r h a r  ( 1 . 1 )

reduces to

r n r n

,1",u 
(yP2,.. . ,P,,)  = (1-a )-1 tog,A 4 rf ,  or,  ,  ol  +L

( i v )  A lso ,  when the  d is r r ibu t ion
 
H-  ,  

( p ,  
, pn  1 .  .  .  pp  )  becones

n r o (  L ' - z '  - - n

o rde r  d  , de f i ned  as

f i r r rn  tn ,  rP2s, , . ,Prr )  = ( r -o t  ) - i  rog t f  p f  ) ,  o l  +  t .
i =1

(v)  
.For  

, l  =L,  l i=r ,  i= \  ,2 , .  r . , r i  and S = f  ,  (1 .1)  becornes

; r r r7 (P1  rP2 ,  .  .  .  rP r r : q r  r o2 '  .  .  . ' qn )=  ( r - l  )  
- l r og  

r )  r  r r l - t ,  *  n  r> ,  /  + ,
h  i = l  

I l  
i = 1 '

P is  co inp le te ,  tha t  i s  !  p .=1 ,

i = 1
Reny i ts  (1961)  add i r i ve  enr ropy  o f

t

{

G



J ; i
! n - t  / q l

, i o '  =  ( i - l ) - l

Parvinder Kaur

n
roe(  Z

t = I

I J

l*r ich reduces to the addit ive inaccuracy of order /  ,  vi . ,
' \ n
Hrr ,  y  

(n1 ,Pr , . l .  rp r r rq r rq2 , . .  . ,Qr r )  =  0 -y ' ) -L  t . t ,A  I re { - l1  ,  /  l t

wtren the distr ibution p is ccoplete.

(v i )  Subs t i tu t ion  o t  /  =1 ,  
5=1,  in  ( j . .1 )  g ives  in fo rmat ion  o f  o rder  d

and rype l ,  de t inea- ty -  na i t ie  (1970) -as

t  h .  t

- r l$il tol -r n .1 * r!. t 1-d. n. l;,A = (d-1)-' t.r(F, ef 
'r';-. 

,i-1F, ir'),J + r.

( v i i )  ! ' o r  F r = $ ,  i = . r , 2 , . . . , n ,  / = 1 ,  J = 1 ,  ( l . l )  r e d u c e s  t o  K a p u r t s
(1968) information of order and Eype B viz.

r  P :1

{ IP ' ! /q= -r  n ,
a '  

-  (d ' - t ) - r  tog  ,F ,4 .8 - t  o1-* ,  
$ , ;? , ,  

o r r  r .
( v i i i )  F o r  1 3 . = 1 ,  i = I  , 2 , . . .  e r l p  / ' = t ,  6  = 1 ,  ( 1 . 1 )  r e d u c e s  t o

, n

b 
tr/q; = u+)-L t.r,F, v{ Q-* or, 

or, , d.* r

which  g ives  Reny i rs  (1961)  in fo :mat ion  o f  o rder  d  ,  v j "z .

to( (p/q) = (4-1)-1 roe(. i ,  pl ql- l  ,  d I t .
i = 1

when the distr ibutions p and Q are complete.

( i x )  F o r d  = 1 ,  
E = {  , , ( 1 . 1 )  g i v e s  R a t h i e , s  ( 1 9 7 0 a )  g e n e r a l i z e d  i n _accuracy neasure defined as

r P :  )

..t lpiJ to I _i n
' " {  = Q-y' ) - '  toc(A

( x )  F o r  f J . =  f  : n r  a n  i = I , 2 , , - ' n '
general ized inaccuracy def ined

_F,  _ / - t  , I  F i .p i i  q i '  , t r p i ' ) ,  / t  t .

. 1 = t ,  

6 =  /  ,  ( 1 . 1 )  g i v e s  t h e

B 4- . ,  n  h ,
pi qi  ' /5 

nr ' ) ,  y '  + t .

)
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Remarks

From fGeneral ized Information- Measurer dif ferent measures stated
abore can be deduced by putting different values of f , li,"/, 6 ^na

consequently their characterization theorerns can be obtained by putting

different values of these parameters"
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In the paper tton Cm-aolvable Groupsrf, r,le have defined a special
class of groups with the heLp of the notion of conrmutator. These groups
have been cal led'cm-solvable. we have establ ished a necessary and Eufff i -
cient condit ion for the com-soLvabil i ty of a group. In thie connection
we have also considered direct products of groups. Further, we have al,so
clefined eentre-solvabiLity of a group ancl estebli.shed a reLaridnshi.p be-
tween the notions of con-soLvabil i ty and .centre-solvabiLity.

1. Inttoduction

This paper is devoted to a study of a speciaL cLass of eolvable groups.
We designate these special groupa as com-soLvabLe groups. A soLvable group
is defined to be a group G for which there exists a chain of cub-groups
Go =  G 20t2" r2  

" . . "n  

=  
{ .  J  ,  wher€  e  i s  the  ident i t y  o f  G,  G,* ,  i s

normaL in  Go ana - I  i s  dbe l ian ,  i  =  0 ,  l - ,  . . . . . ,  n -1 .  I f  there  ex is ts-  
" i+1

an abelian. subgroup H of G such that the cod@utator subgroup Gr of G is
eontained in tl, then evidentl-y G wiLl" be soLvable. In this event, we have
the fol lowing chain of subgroups serving the purposer Go = C 2[2let ,
We caLL such groups G, Com-solvable.

2 .  Def in i r ion

N e p . . M a t h .  E c .  R e p .
VoL.  8 ,  No.  2  (1983) ,  7542

On Com-Solvable ( i roups

P. Singh and Gurprit Kaur

Absttdct

A group G is cal led
abelian subgroup H of G
contained in H.

Theorem 1

Every com-soLvable group is sol-vab!-e.

Pioof

Let G be a com-soLvabLe group, then the comutator subgroup Gt of
G is contained in sme abelian subgroup H of G. Hence H is nornal in
G and G/t l  is abel ian. Now G: n>_L.] is a chain of subgroups of G,
rnaking G solvabLe.

E}_eqiple 
J

Every abel ian group is co-solvable.

com-soLvabLe i f ,  and only i f  there exists an
such that the eomutator subgroup Gr of G is

-*-
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For, if G be aoy abelian group then it is an abelian subgroup of it-

se l f  and i t  con ta ins  G '  =  
l " ]

Ex-anple 2

l L 2 3 \  r  I
t O =  

t " - ^  I  .  T h e n G r  =  
1 " ,  

t '  f U J  w h i c h i s  a b e l i a n .  G 2  G ' 2 "
-  

\3L2 /
is a ehain of subgroups of G, satisfying our need for ccm-solvabi l i ty of

s3 .

Examole 3

We know that the symnetric group S4 is solvable. The comutator

strbgroup of so ie the alternatirrg subgroup Ao of so, which is non-abelian

and as such sf is not contained in any,abelian subgroup. I lenee so cannot

be con-soLvable.

3 .  'Def in i t ion

A group G is caLled centre-solvable i f ,  and only i f ,  there exists

a subgroup i t  of G in the centrer z(c), of G such that G/H is abel ian'

Theorern 2

Every centre-solvabLe group is con'solvable, but not conversely.

Freo f :

Let G be a centre-sol.vable group. Then there erists a subgroup I l

o f  G in  the  cent re  Z(G)  suc t r  tha t  G/H is  dbe l ian .  Then Gt6  H.  A lso

It is abel ian. Thus G is com-solvable.

That the converse of the theorern ie not true, fol lows from the fact

that the summetric group s, is com-solvable, br,rt  i t  is not centre-solv-

a b L e .

Theorem 3

Eqery subgroup of a con-solvab1-e gro*rp is ccm-solvable.

P:

elements are

/ 1 2 3  \
f . = I J ,' 

\231 ,/

Let us consider .the syfloetric group G = s3' t

/ 1 2 3 \  / i 2 3 \  / 1 2 3 \
r r .  =  

" ,  
t r =  

(  z . , - ) ,  
t ,  =  

\  , , 2 )  " 0 =  
( r r r /

8l

K
ol

3

Pr

G

3U

HI(
E-

A I

L .

a l

a l

t
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Proof

Let G be a ccnn-solvable group and let H be an abelian subgroup of G
such tha t  c '9H.  I f  K  be  any  subgroup o f  G,  then Kr  9G'9H.  A lso
K'g K. Henee Kt gi H n K, which is abel ian, proving ttre com-solvabiLity

- o f  K .

Theorem 4

Let H be a nornal subgroup of

Then c/H is com-solvable i f  c

a group G.

is com-soLvable.

Let G be co'm-so1vabl.e. Then there exists an abelian subgroup K of

G sueh that cr c K. Therefore, 
f i  

is abefian. Since I l  and K are nornaL

subgroups of G, HK. is a normal subgroup of G containing H and K. Therefore
HK
fr 

is a normal subgroup of G/H.

Now

G I P .  r y  G  g c I K

H K / H  H K  H K / K '

G/K
Also 

ff i  ,  being a guotient group of the abelian group G/K,- is abel ian.

Now,

since ffi is aberian, ,fir ' C.# .

I ' le claim that 
fr  

is abeLian.

, H K
Let a,b { i i  

.  Then there exist hrr h2 { n and kr, k2 { K suJh that

.  -  t t (h l  k r )  and b  =  H(h ,  k r ) .

a = H(h, kl) = ( l{hl)kt = H k, ;  sirni lar ly b = H kr.

Now,  a  b  =  (H k t )  (H k2)

=  H (k ,  k r )

=  H (k2k t )  (K  is  abe l ia r^ )

=  ( H  k r )  ( H  k l )

= b a .
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Hence c/H is com-solvable.

The converee of the abore theoreO is not true as can be Seen from

the fol lowing exanple:

1 4 e  r a k e  G  =  s r . "  =  
1 " ,  

$ z ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) ]  i r .  n o r r n a t  s u b g r o u p

s ,  
* . .  v  -  J  5 t ^

4 N

of SO and gl 
:  53. By ex.21S, is com-solvable and so is g- .  But SO

is not com-gol-vab1e, by ex. 3.

Th_ejrsni 5

- - G  G  A
If 

fi 
and 

I 
are ecn-solvable groups' then the group giia is com-

eoltabl-e.

Proof

E C
Since fi 

ana 
I 

are com-solvable, there exist A and B satisfying

a r  a  e l  T l  A  R
(il G fi ana ([) 9 ft ana such that fr ana rt are abelian.

clH . clH ,y c ,,- (r
t low, 

ff i 
is abelian and 

ff i 
= : ' . Hence 

i 
is abelian and therefore

O'F A.  Sfur i lar1y G'QB and so G'eA f l  B,  inpLying that  
f i5  

t '

abeLian.

A
Now since 

f i  
is abeLian, we hav-e fuL H"2 = Ha, Ha, for at l  arr a2G, At

0r Hara, = Hazal.

S imi la r l . y  Kb l  b2  =  Kb,  b r r  fo r  a l l  bL ,  bze  B.

Since IIny = Hyx aad Kxy = Kyx for all xrY { A fl B,

lle have fhry f\ Kxy = Hyx 0 Kyx'

or (u f\ r)xy = (H n K)yx,

or (n f\ K)x (H A r)y = (H n K)y (u n r)x.

- .  A N B
Hence 

E?iT 
r-s abel lan.

. ,  . G / H n  K  y  G  - - * r ^ L  : ^  .Nowr 
ffi 

; 
ETT 

which is abelian.

N e p .  M a t h .  S c .  R e p . ,  V o l .  8 ,  N o .  2 ,

o

o
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I  a  l i
Hence ("fr"J g. 

ffi 
Hence the theoren.

It is known that if G, and Gr are t!,,o groups,

each being denoted mult ipt icat ively, then G, ,  GZ =

EZ 4 c, 
I 

under the binary operation, defined by

the conposition in
( ,
I t81 t  E /  :  g t  +  G l '

Then the di.rect product

x G, is com-soLvable, G1 and

79

Since G, is com-.so1vabLe, thEre exists an abelian subgroup H, of G,
Gl

such that ct€ Hf. Thus 
qi is abel ian. Qirni lar ly rhere exisrs an abe-

U ^

l ian eubgroup II, of G, such rfrrt gf. is abetian.

_ 
pince H, and H2 are abelian normal subgroups of G, and G, respec_

tively, it foLLows that H, x H, is an abelian normal subgroup of cI x G2.

we shaLl now prove that h:g is abetian.''I ^ ',2

Gl' Bz) (hl ,  h2) = (Brhr, E2h2), where g' ht { G, anit  gz, hz { c '  is
a group caLled the (external) di"ect product.of G, and Gr.

Theorem 6

Let Gl and G, be cm-solvable groups,

GL * GZ is com-solvabLe. Conversely, i f  G.,

GZ are co'm-solvable.

Proof

or thar 
[(rl. " 

H) (ey ezl [Cn, " 
nr) (ei,

= 
[ttt 

x Hr) (gi, ti'J 
[(u, 

x ttr) (gr

BL, ei ( c, and G2, e) 4 e,

0r that (H, x cr) 
[,rr,*r, <ei,uLl = (Hrxur) 

l4'r,ti>
0r thst (ttrxHr) (grgi, e2,e)) = (HrxHr) (ei gr e) e).

cr!

e)7

(e1,er)J ,



Let (h1,h2) Glelr ezeL) < (ttrxttr) (erei, erel), hl { H1,h2 { H2.

now (h'hr) (erei, e2ci) = (h,.(erei), hzbzei)).

. G l

Sinceo gi  is abel ian, Hr Grei)  = t t rk ier) .
I

rhus hrGrsi) { t tr(ergi) 4nrGrei) = hi (eierl ror some hi ( t t1.

sinilarLy, t.r(f.rei) = hi Gier) for sc,me hi { H2.

Hence (h'hz) Grei, szeL) = ttri {ei c1), hi Qier))

= (hi, tri) {ei ey e) e2)

( (tt, x ttr) (ei e' e'!, er).

therefore (H, x Hr) Grei, e2e)) + (n, x ur) (ei c' e) er)

similari.y (n, x Hr) (eiei, eier) 4 (Ht x H2) (er ei,. E2 ei).

Therefore (tto x nr) (erei, czei) = (tt, x ttr) (gi g' z) e),

The converse fol lows frcm theorem 3.

By G", ue denote (Gt)t.  Thus Gtt is normal subgroup of Gt and as

such o f  G.

Theorem 7

A group G is con-solvabl-e i f ,  and oaLy i f  a" = 
{"J

Pr.ggf

First we suppose that G is com-soLvable. Then there exists an

abelian subgroup tt  of G such that G'c E, show'ing that Gr is abel ian

and hence G'r = 
l" j

Conversely; l-et G" = 
l"J .  Then Gr is an abelian subgroup of G.

S ince  Gt  ec t ,  i t  foL lows tha t  G is  com-so lvab le .
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4. Defirrit lon

e = clt, e2 = 
[c, e]= the cm'tator iubgroup of G. ,t '=-fco-l, eJ

=the subgroup of G generated by all elemente of the ayn", 
"-1 

b-l ab,

w h e r e e { c o - l , b { c .

The group G is nilpotent if for some non-negative integer t, Gt*l

=Vj ,  G is  n i lpotent  of  c lasg n i f  n  ie  the lea6t  in teger  so that  cn+l

=  \ " J
Theoren 8

I f  a group G is ni lpotent of class at most 2, then G is ccm-solvable.

Proof

I f .G ie  n i lpo ten t  o f  c lase  2 ,  th . r ,  63  =  
{ " - l

81

obviousl.y,  
[ . ,  

o]  (  [a ' ,  aJ = 
l .J .  Therefore a0bviousl.y,  

[ . ,  
o]  (  [a ' ,  aJ = 

l .J .  Therefore a

t h a t  i s  a b  =  b a  f o r  a l l  a  {  c - ,  b  (  c .  T h u s  a  < Z ( C ) ,

-1 
b-l  ab = e,

t

Accordingly, G-Q Z(c) which is an abeLian subgroup.

bo lvab le .

Now,  i f  G  i s  n i l po ten t  o f  c l ass  1 ,  t hen  G2  =  
[C ,  C l  =  {e f

Therefore G is an abelian group and hence G is com-solvable.

,

the centre of G.

Hence G-is con-

ttl

tzl
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"On the Exponent of  Covergence and Lower 'Order of  the

Zeros of an Inteeral Function"

M.l. Rizvi

1. l ,et f(z) be an Integral function of f ini te non zero order ( .  Also
le t  n ( r )  denore  the  number  o f  zeros  o f  f (z )  fo r  l z l  t r !  r  and S1,  ) f
denote the exponent of convergence and l-ower order of zeros of f-(z) re-
spectively. Further, let A denote the upper density of the set of zeros
of_ f (z ) .  I f  f (z )  has  a t  leasr  one zero  in -  l r l  1  r ,  then i t  i s  knor "n
( tJ  ,  pp ,  15 ,  17)

( 1 . 1 )

Lt is also tnown (f4, p. I0)

I

l im sup i;g ".t" = 
) fr-+oini rog r

l i n  s ' p  " 9  =  A .
r-)ao yt l

( 1 . 2 )

In this paper, we have derived relat ions bet\ ireen'the exponents of
convergence and lower orders of zeros of two or more Integral functions.
The results have been given in the form of theorerns.

2. The.g.r.eJn 
"!:

Le t  n r ( r ) ,  n r ( r ) ,  n ( r )  denote  respec t ive ly  the  number  o f  zeros  o f

in tegraL  func t i .on  f r (z ) ,  t rk ) ,  f (z ) ,  each hav ing  a t  leas t  one zero  in

l "  |  (  r .  A1so,  le t  f r , t r ,  ( r ( r )  ,  I ,  ana  ) r ( r )  ,  A2 l2 )  ,  ) ,  denore

the exponents of convergence and lowery orders of zeros of fr(z), fr(z),

f (z )  respec t iveLy .  Then i f ,

log n(r) rt"r
m,  log nr( r )  + m, lo8 nr( r )

t l t t 2
for r __-)oo

This work has been supported
C " S . I . R . ,  N e w  D e l h i  ( I N D I A ) .

by Junior Research Fel l"owship award of

I

_*:*,



F
tl

84

we have

( 2 . 1 )

Proof :

( 2 . 2 )

f o r r )

( 2 . 3 )

Nep.  Math .  Sc .  ReP. ,  Vo l .  8 ,  No.  2 ,  1983

Using the relat ioa (1..1) for f  
,Q), 

we have

t * r t ( "  
a , ( , t , + t )-GE-f \ r

r1r and

log n., (r) -  
(1)*#

f o r r )  1 2 .

Sirni lar ly for f ,(z), l rc have

L o 9 n r ( r )  ,  . o Q )(2.4) ..itE'i'

f o r r ) r r a n d

1og no(r)  .  
(2)

( 2 , 5 )  , #

f o r  x  )  r 4 t ,

t rcn  (2 .2 )  and (2 .4 ) ,  we have

n, 1og n. (r) + n, log nr(r)

ht + nt) log r
,/ rr{ 9r(1) * 5, )
<- -?-

Cn

+ n2(  ( r (2 )  *  t  )

t  m2)

*1,.frG) + m, gr,G)
--*nr|r%_-

since Lo9 n(r )  ^ ,  
t '  1og 'n ' ( r )  + u '  1og n ' ( r )

w

t
i

I

t

G
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\< t l * t 2

' ,  9r( t )  *  r r  91l t )
- 

'r-rn'z 
-

a n d  ( 2 . 5 ) ,  w e  g e t

r ,  ) r ( t )  *  ^ r ) r " '

t l  
"2

the  resu l t  foL lows:

85

and therefore,

I o s  n ( r )
I1m SUD -=-

'  I O g  . r
r-2 &

Hence

e
\ z . o )  \  

1  _ (

s imiLar ly  f ron  (2 .3 )

\
\ z , t  )  A t  ) l

F r o m  ( 2 . 6 )  a n d  ( 2 . 7 ) ,

CoroL-la.rl .1 :

*, (rt t) * r,  fr(t)

L e t  n r ( r ) ,  n r ( r ) , . . . .  ,  n " ( r ) ,  n ( r )  d e n o t e  r e s p e c t i v e l y  t h e  n r m b e r s

o f  z s 1 6 s  o f  i n t e g r a l  f u n c t i o n  f  
, k ) t  

f . r ( z ) ,  . . . .  ,  f . ( z ) ,  t ( z ) ,  e a c h  h a v i n g

at  leas t  one zero  in  l ,  |  <  r .

Arso ,  l e t  g r  t t ' ,  9 r  
t " ,  .  . .  ,  g r  t " ' ,  g ,  ana  ) r  t t ' ,  ) ,  

( ' ) ,  
.  .  .  ,

)r(s) ,  ) l  denote the exponent of convergence and Lower orders of the

z e r o s  o f  f r ( z ) ,  t r ? ) , ' . . .  ,  f s Q ) ,  f ( z )  r e s p e c t i v e l y .  T h e n  i f ,

log n (r) n-t

m, 1oB nt (r) + m, 1og n, (r) + . .  + m, log n" (r)

t l  *  a 2  +  . . .  +  m s

for r-.too, we have

" 
) l t) * *rhr" '* r ,  f ,  

(1)* 
r ,  9,  

(2)*.  
.* ,  f ,  

(")
*  t "  ) 1

t l * t 2 * t l  
"2

. . .r 1Il

9.o.r.o1_1.a.r/. .2:

I f  in  the above theoren m, =

) , . t t ' *  ) r ( 2 )
-----T-- _. ),. (

then (2.1)  reduces to

n G )  p Q )
5 r '  -  ) 1

-.---..2-

f r 2 ,

f r ( i
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3. Thegfed 2!

Let nr(r),  nr(r),  rr(r) denote reapectively the nuober of zeros of

integral funetione tr(z), fr(z), f(z), each having at least one zero in

|  ,  I  - (  r "  A lso  re t  { r  
t t ' ]  g r " '  ,  

g  
,  

and } ,  
( ' ) ,  

}  
1 (2) ;  

} ,  denote

the erponente of corwergence and loloer orders of zeros of tr(z), trk),

f (z )  respec t ive ly .  Then i f ,

aI ^z

.  t -  l q q l  r n F ,
log n(r)  A; l log n, (r)  

|  l rog nr(r)  |  
L L 

for r- ico '
L  

' J  
J

we have,

jI- lz
(  2, .  )  

r ! . tn.  ,  ,  [1+n2

(3.1)  l2t ,  
(1)  

t  
'  '  

I  ) .  <r l  I
L ' r  J  L . ' 1  )

41 ^z

I p ./ lC,,r ] Eq { f.,r,} EIt
\  ) 1  \  

L . r  )  L  ,  
)

P-rogf_i. rrm (2,2) and (2.4), we have

tl ^z

t0rtn, l. a Dr+il, l

li"e ", 
(r! ' ' 

Ltor n, (r)J L z

i"E-?---

t1

, /  , g ( r 1 * c r f f i
\ ' 1

IIence

loe  n( r )
l1ltr SLID

r---)o 
' rog r

s  ince , -z
.n- +n^

i-r"g n" (r) J 
L z 

as r--?co
J

m4
L

;ffi
L 1

-< t  f r ( l ) )

(  f r ( 2 )  *  6 1

t1

'F', 
t €r(2)l

^2

TE

a1

Eqlos n(r) - F.u 
nr(r)J

e-=._
f€l:- 

-

c<

of

A C

(.

vet

rcs

l q
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and therefore

* l

EEP  ' u  J g o r j( 3 . 2 )  \ ,  { .  
1 . 1  J

Simi la r ly  f rom (2 .3 )  and (2 .5 ) ,  we

,r., (r) ]- . 1

r
n^  ( r )  |

have

( 3 . 3 )  ) ,  
t ,

L /r.

and therefore,

* l

t  r  Dr fu ' l

) 1  ( r ) 1  '
)  ' ' t  f
r -  )

Coro l la rv  l :
+4

l o g  n ( r ) l  a . ,  I t o t- L

r"
. . .  I  r o q

i _ -

as r+ c .  Then we

m.

lr"" I "]', ,,

*1

E, fut

\ ) ( 2 ) 1  '

l ' ' t  I

m l
I

,. 'E:t
< f, slf, t"/ ]9, , ' ,  I1  L ,  J

ge t

*1

, '  I m1 +mt

i  ) r t t ' I  
z

^2

\r

Le t  n1 ( r ) ,  n r ( r ) r . . . ,  n " ( r ) ,  n ( r ) ' deno tb  respec t i ve l y  t he  number
o f  ze ros  o f  I n teg ra l  f unc t i ons  f r ( z ) ,  f r ( z ) , . . . ,  f ,  ( " ) "  f ( z ) ,  each  hav ing
a r  l eas t  one  ze ro  i n  I  ,  |  . <  , .  A1so ,  l e r  

f r , r ,  ,  
g ,  ( r )  

, .  . . ,  ( r , " r ,

q  -  and  ) -  
( 1 )  

)  
( 2 )  y  ( s )' , 1  + u u  / \ I  ,  4 1  ,  . . . . .  , , 1  ) ,  d " t r o t u  t h e  e x p o n e n t s  o f  c o n -

v e r g e n c e  a n d  l o w e r  o r d e r s  o f  z s 1 6 s  o f  f r ( z ) "  f r ( z ) ,  . . .  ,  f " ( z ) ,  f ( z ) "
respec t ive ly  then i f .

*1 m?

mr+m"+...+m_ ;:6;i l:Tm
L  z  s  

t .  1  I  I  
- - -  - ' g

I tos n, (r) _JL

t ,

tl*.---rrT-.11n;



.  r t rh2*"

( r )  
|
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s f

l 1  
( s )

| " 1
L -

m
s

' .  !  :

m r + m r + . . . r m o

) " ^
|  < ) ,  . - . Y ,

t1

,. r \T'"f:::ffi;

l f  , t" i

^2
#

m . + m r + . . . + m -
, r L L

l p ( z ) (
l \ r  (  . . .
L J

m
s

r l fu2+. . .+ f ,s

r "  z  r )

)  e - t ' /  |
L 

' , r  
)

Coro l la ry2 :

If in the above theofem mt

< l i < f r (

=  ^ 2 , then  (3 .1 ) reduces to

tC
\ 1

4, thgqf"E,.3i

Let  n l ( r ) ,  n r ( r ) ,  n ( r )  denote  respec t ive ly  the  n tmber  o f  zeros  o f

rn tegra l  func i ions  f ,Q) ,  t rQ) ,  f (z ) '  each t rav ing  a t  leas t .one zero  in

\z l  . . (  r :  A lso Let  gr t t '  ,  f r t " ,  gr  and  ̂ t t l ' :  
,  
^ l t l l '  )1  denote

the exponents or convei:ru; 
", ' i 'o* ' ; lu*" 

of t t jr ' '  rr(z) '  r(z) re-

specrively. rhen if , ffiil 
^' 1;s+ilrl 

- 
Cg-,,,CrT 

as r4oc'

we have

il.r ^2 
- 

rlhz t1*t2 *1 
, 

t2

(4.1) +ri)-. furr <-q;.: -. ;; -< Tcil. ;T'. 
'

' : 1  ' 1  " L  
" l

p.tp.p.f: From the relation (1 '1)' we have

(4.2) 1'J il? *tr# = lill
f-t co

Now app ly ing  the  re la t ion  (4 '2 )  fo r  f r (? ) '  we have '
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"ffi.til 
< -fot +

,  , , L
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( 4 . 3 )

f o r r ) r r a n d

(4.4) :J*+ > *rrr o g  n l G  
) 1

f o r r ) r r .

Sinilarfy for f,(z), we have

-  
L r

(4.s1 
ffi.il <

f o r r ) r r a n d

( 4 . 6 )  t f f i r " r > * " - € ,
f o r r ) r O

from (4.3) and (4.5), we have

i"e ' lffi#ir-l+ 1os' fr#rrl

and hence

lin sup (n., rm, )
14o "**dr. fr-.^ft,

i t -  
+ $
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S ince

t r -2 tr .  ^z

T6'ffi - G;*"il?T 
. 

ilc*il;1;T '" ' +> od

and therefore

(q  t )

Simi la r ly  f rom (4 .4 )  and

! r .  m t

Tb 
. 

;?)
" 1  " l

(4 ,6 )  ,  we have

(m' +m' ) m' m^(4.8) 
i : ,  t ' .cu_ #,

and therefore

Dr Dl (m" +m, ) (m. *r" ) 11 *2

Jtrr. 11zr-< 
-f S T-- ;ro-* ;(z).. 1  1 1  . L  r  , r L  A I

c"o,r,o.1la.ry l":

L e t  n l ( r ) ,  n r ( r ) r . . . ,  n . ( r ) ,  n ( r )  d e n o t e  r e s p e c t i v e l y  t h e  n u m b e r

o f  z e r o s  o f  i n t e g r a l  f u n c t i o n s  f r ? ) ,  t r ? ) r . . . ,  f s G ) ,  f ( z )  e a c h  h a v i n g

a t  l e a s r  o n e  z e r o  l n  f z |  . (  r .  A l s o  r " t ,  g r ( 1 ) ,  g r , ' r , . . . ,  g r , t r ,  f l

and ; , r t t ' ,  ) r t " , .  . .  ,  )  
, ( t ) ,  )1  denote  exponenrs  o f  convergence and

l o w e r  o r d e r s  o f  z e r o s  o f  f r ( z ) ,  f r ( z ) ' . . i " e  f " G ) ,  f ( z )  r e s p e c t i v e l y "

(m., +m, )
. - - 1
.11 \'

Then i f ,

m1+m2+. .  .+ms t l  ^z
-Ios 

nr;)-- ^' iQ*n;T;t 
* 

T;;:i;Til 
*

we have,

m

... - 
;-=-nf as r+oo ,
r v E  ! r  \ l  /- s

*1  
- ^2  ,  ,  

t a  mr+mr+ . .+ rn "  mr+mr+ . .+ma

JTII 
* 
rllry 

."'. 
(T;r< 

*-e;*-. *-;;-
' T  ' 1  ' 1  ' L

I
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-r

I

I
I

9I

tn,,

\ .  
)  

( I J
. t 1

Coro l la ry  2 :

gtz

ry'." '- i 6 '

I f  in  the  above theor*  *1  =  mrr  then (4 .1 )  reduces  to

*+.+ ( +. rl < -{". +-
TJreorep_4:

Le t  n r ( r ) ,  n r ( r ) ,  n ( r )  denote  respec t ivery  the  number  o f  in tegra l
func t ions  f r (z ) ,  t r (z ) ,  f (z ) ,  in  l ,  |  <  r  each hav ing  the  same expo_
nent of convergence f1 r and let A1 , A z, A denote the upper densi-
L ies  o f  rhe  zeros  o t  f  

, (z ) ,  f  
, (z ) ,  t i z )  , " " i " "a i . , r . t y .  f t , ln  i r ,

n (r) n.. i

tre have,

as r-t ito ,

\ ) . 1 /  
l \

* 1  A t  *  ^ 2 A 2
%:c*-*_

trtt2

P:.gf: Using rhe

$ . 2 )

re lar ion (2. I )  ror  f r (z) ,  we have

n.  ( r )

+  ( a ,  +  g  ;
Yl

r

r o . , ) T r .

Simil.arly for fr(z), we have

( s ' 3 )  
? 9  ( a ' + s 1
s 1

f o r r _ ) r r .

mr.nr ( r )  +  mr .n r ( r )



Then f ron (5.2)  and (5.3) ,  we have

mr.n,  ( r )  + nr .n,  ( r )  or  r r?

-e-,- * ., <*1q (At * t ) * G,P7 ta'
il r . \mlril2,,

Hence,

n ( r )  -  
t t 4 L * ^ 2 4 2

I1m sup -F S ----=--T=--

rn., .n., (r) + mr.nr(r)
since n(r) rvr -i-J5;5;}.!-* as r'*o ,

r "  4 1  *  ^ Z A Z
rherefore A < ffi

c.qt#lar.yJ:

Let  n l ( r ) ,  n r ( r ) ,  . . .  ,  ns ( r )  denote  respec t ive ly  the  number .o f

z e r o s  o f  i n t e g r a l  f u n c t i o n s  f  
, Q ) ,  

f r ( z ) ,  . . .  1  f " k ) ,  t ( z )  i n  l , l - '  t ,

eactr having th€ same exponent of convergence 9t.t ta 1et Z\r-,  A2r'---,

A s, A denote the upper densit ies of the zeros of integral functions

t r Q ) ,  f . r ( z ) ,  . . .  ,  f  

" ( z )  
,  f . ( z ' l  r e s p e c t i v e l y .  T h e n  i f

m r . n r ( r )  +  n r . n r ( r )  +  . . .  +  n r . n . ( r )

Nep.  Math .  Sc .  Rep. ,  Vo1.  8 ,  No.  2 ,  L983

1 1  *  * 2  + . . .  *  o s

r t A t  * ^ 2 A z + , , .  * r r A .

*  t )

\ !

I

h1r

rll

d r l

. T

:-lt

Hr-

n ( r )  n r

we have,

a \ <

9g.to11?ft'_2:

I f  in the above theor* tL = m2 '  the reoult (5.1) reduces to

A ,  * A "
a \ .
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6, Theoreur 5:

. 
t".-.t, k),,Uy'G), n(r) denote respectively the number of zeros of

ln tegra l  funcr ions f . r (z) ,  t r (z) ,  f (z)  in  l " l4  
" r .each 

having the serne
exponent of convergence 91n and let Ar A2 denote the upper densities
of  the zeros of  f r (z) ,  f r (z) ,  f (z)  respect ive ly ,  then i f ,

[r  m^
z

n(r) rw L"rf'{ 
'1tu2 

l"r,.rj 
qq

rve have-,

( 6 . 1 )  n , /_ \

Pr,g.oF; . Fron rhe

Tr__
, Xn- fm^

, A L Z . A
L 4 2

reLat ions  (5 .2 )  and

t l

lrE
[n, 

(r)J ["r,'rJ
p

r ' 1

I"t"" 
'

Lirn
r*,-g

s ince,

n(r) A,u

and t\erefore,

**
t1*2

t1

m'E

,up 99 < A.-  Y l  r

I n, (r)]

A  ( A , A
2

tr.

N\TE

1", (rf

.,2

{'6

t l  ^2

f f i o r q q

m2

ry"

( 5 . 9 ) ,  w e  g e t ,

^2

tr**2

( ( A r * 5 ;

as r--?6

tl,

qE
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C,orolla.ry 1:

L e t  n r ( r ) ,  n r ( r ) ,  . . .  ,  n s ( r ) ,  n ( r )  d e n o r e  r e s p e c t i v e l y  r h e  n u m b e f

o f  z e r o s  o f  i n t e g r a l  f u n c t i o n s  f r ( z ) ,  t r k ) r . . .  ,  f s G ) ,  f ( z )  i n

l " l
A , l ,  A Z r . . .  ,  A " ,  I  d e n o t e  t h e  u p p e r  d e n s i t i e s  o f  z e r o s  o f  f . r ( z ) ,

f r ( z )  , . . .  ,  f " ( z ) ,  f ( z ) ,  r e s p e c t i v e l y ,  t h e n  i f ,

rt :al

t1

n(r) , v- t"r,r,I 
ry'f .":q

( T

l n  \ r / l
t D l
L . J

we have,

qq';q

m.
z

- 1 n\GF..fr'^
I  -  r - \  |  r  4  s

as r -->6 ,

'z
,r;r:..];-" s

m,  +ma+ .  .  . +m
L . S

. - :

rgr -tu

L* - - -

h--

*!

t 1

A < A, qq;i::nt A,

Coro l la rv  2 :
+

I f  in the above theorem m" = m' the result (6.I) reduces co
L Z '

A <

7 . r,heo.rFg 
,6:

Le t  n1( r ) ,  n r ( r ) ,  n ( r )  denote  respec t ive ly  the  nurnber  o f  zeros  o f

in tegra l  func t ions  f rk ) ,  f r (z ) ,  f (z )  in  l " l  <  r ,  each hav ing  the

same exponents of convergence 91, and let Ap Ly L denote the

u p p e r  d g n s i t i e s  o f  z e r o s  o f  f . r ( z ) ,  f r ( z ) ,  f ( z ) ,  r e s p e c r i v e l y ,  r h e n  i f

l_l
ffi-rrl' i

i

b , l
I

b d
I
.t

" {

A, A,
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wE have

m' +rn'
( 7 . 1 )  ' , . ?  \  

* 1  
*  

^ 2

A  " Z ! ; ' , 6
Proof :  From the re lat ion ( t .e ; ,  we have

9 1
(7.2)  t im inf  i l  =  l_

f -c tJ  
n \ f ' '  

A

AppLy ing  the  re l .a t ion  (7 ,2 )  fo r  f r (z ) ,  we gp t

p

\ 1
( 7 . 3 )  t  

.nr. \r/

Stuni larLy for  f , r (z) ,

Y i
( 7 , 4 )  r  . ,  .

n2 ( rJ

f o r r )  1 2 ,

we get

> ( *  - 6 )

95

N o w  f r o m  ( 7 . 3 )  a n d ' ( 7 . 4 ) ,  w e  h a v e

(, .- m. m^' ' ' I " 'r. t;"tJ > tt+ '7 L) * 'r$ - € )
Hence,

1im

r-+@

since

m, +rn^
L Z

F-7=

n ( r ,

inf (m. +m" )
L Z

''' 
fu 

. 
#t as r-+oo

t -.)t

T -

n \ r , l

0 l  m t

)  , '  +  . ' . .' /  ar  a2 '
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