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Concening an Ancient Chinese Formula for the Area
of a Circular Segment

Howard Eves
University of Maine
U.S. 4.

The second oldest of the extant Chinese texts on mathematics is the
K'ui-ch'ang Suan-shu, or Arithmetic in Nine Sectious. Neither the ori-
ginal author nor the original date of composition of the work is known.
It was certainly written before 213 B.C., the fateful year in which the
egotistical and despotic Emperor Shi Huang-ti ordered all books te be
burned and all scholars to be buried. It has naturally become difficult
to date precisely works written prior to that infamous occurrence, but
it is believed that the Arithmetic in Nine Sections had already been long
in existence. Shi died In 210 B.C., and, soon after, copies of many of
the condemned works were either smuggled out of hiding or restored From
memory. It was in one of these ways that the Arithmetic in Nine Sections
was resurrected —— through a revised and expanded treatment made by Chang
T'sang, and somewhat later added to by Ching Ch'ou-Ch’ang. These enlarge-
ments took place in the early part of the Han Dynasty, which began with
the accession of Emperor Kao-tsu to the throme in 202 B.C. It is not
known just what revisions and/or additions were made by Chang and Ching,
nor can we differentiate between the possible contributions of the two
scholars.

The Arithmetic in Nine Sections, as it has come down to us, is a
collection of 246 problems on agriculture, business procedures, engineer-
ing, and surveying — involving formulas for an assortment of areas and
volumes, the arithmetic of fractions, square and cube roots, proportion
and percentage, the solution of systems of linear equations, and proper-
ties of right triangles.

The area formulas (or rules) appear early in the first section of
the work, under the heading of field mensurdtion. Here we find

I. The area of a triangle is given by half its base multiplied
by its altitude.

II. The area of a trapezoid, isosceles or otherwise, is half the
sum of its bases multiplied by its altitude.

III. The area of a circle is given by any one of the four formulas

; o e 5 2

(1) (p/2)(d/2), (ii) pd/4, (1113-(314)d2;-{1V) (L/12)p-,
where p and d respectively represent the perimeter (circumference) and
diameter of the circle.
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IV. The area of a segment of a circle is given by
[(chord X altitude) + (aititude)>T/2.

V. The area of a sector of a circle is one fourth the product of
arc and-diameter, -

VI. An annular area is found by taking half the sum of the inner
and outer circumferences and mulriplying by the width of the ring be-
tween the two circumferences,

It is to be noted that all of the above formulas, with the exception
of IV, III (iii), and IIL (iv), are exact; III (iii) and IIL (iv), how-
ever, are consistent with IIT (i) and III (ii) if, as is done in the
Arithmetic in Nine Sections, p is taken equal to 3d that is, if ® is
taken as 3.

Of particular interest is the approximate formula IV for the area
of a citeular segment in terms of the chord and altitude (or sagitta)
of the segment, Denoting the chord by c and the sagitta by s, the for-
mula may be writtenm as

S = (c + s)s/2. (1)

It is not surprising that the formula offered for this area is only
approximate, for the exact formula,

2 2.2 3 B
(4s” + ¢ (_2._’&) £ 8. 2)
8= arctan e
328 c[ 16s 4

is not only disappointingly complex, but involves an inverse trigono-
metric function — a concept not yet developed at that early time,

We are not told in the Arithmetic in Nine Sections how the approxi-
mate formula for the area of a circular segment was determined, but we
can make some reasonable guesses. The procedure had to be an empirical
one, and the formula might well have been arrived at using the known
formula A = bh/Z for the area of a triangle with base b and height h.
Specifically, see Figure 1, when the secant lines are drawn so as to
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make the area of the isosceles triangle appear by eye to be equal to that

of the circular segment, these lines seem to cut the segment's chord pro-
longed in each direction a distance closely equal to s/2.

. Another, but perhaps less likely, explanation can be based upon
Figure 2 and the known formula A = (El # bi)hfz for the area of a trape-

Fig. 2

zoid with bases hl and b2 and height h, Here, to construct the isos—

celes trapezoid so that it appears by eye to have the same area as that
of the circular segment, it seems the upper base must be taken closely
equal to the sagitta in length,

Or, it could be that the formula was first obtained for the semi-
circle and then inductively extended to apply to all circui, segments.
For the semicircle we have, by ITI (iii) (where, in conjunction with
the rest of the Arithmetic in Nine Sections, T is taken as 3),

area = (3/2)r° .

G/2r? = 322 = Gr)e/2 = (@ + £)r/2.

_ here d is the chord and t is the sagitta of the semicircle. An induc—

tive generalization of this leads to the formula (1) for the area of a
general circular segment in terms of the chord c and the sagitta s of
the segment.

sense, and so the author must have resorted to some sort of empirical
procedure like the above, Formulas obtained by ‘empirical pracedures

sometimes' turn out to be exact, but frequently, as in the present in-
stance, they turn out to be merely approximate.

In the Arittmetic in Nine Sections there are no proofs in the Greek
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‘One naturally wonders how well does the ancient Chinese formula
approximate the true area of the circular segment, An interesting w:i'
to express this approximation is to note how the value taken by ¥ varies
as the central angle subtended by the segment grows from 0° to 360“ We
have seen that for the semicircle, where the central angle is 180°, this
value is 3. An approach along this line may be made as follows. Dennte
the rad:.us of the circle by r and let half the concerned central angle
be k°. One then easily finds (see Figure 3):

Fig. 3.

exact area = area of sector AOB - area of triangle AOB

kx
- rz(i'gﬁ- - sin k° cos ko), 3)
approximate area = (AB + MN)MN/2 = (2MB + ON - OM) (ON - OM)/2
2.0
_ cos k
= 1:'2(%'*' sin l;o—co_s k° - sin k° cos k° + 3 ¥

()

It follows, by equating the two formulas (3) and (4), that for an ap-
proximation "K' of ® , we have

k! o 2.0
-—96=1+Zsin§;°—2cos]_c. + cos'k ,
w'= 2& (L + 2 sin k® - 2 cos k_° + coszko}. (5)

(One can now construct a table giving the values of T' for circular
segments of central angles 2k, Thus, if k = 90, we find from (5),

R'=1+2=3,

baid 0N
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and once again we see that for the semicircle the ancient Chinese formula
is equivalent rto taking K= 3.

From such a table as described abiove, one obtains the graph pictured
in Fieure 4. which shows how W' varies with the central angle. It is to
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be noticed that the value 3 for ' occurs in two other instances be-

sides the semicircle, namely for a circular segment haying a central ]
angle of 90°, and a circular segment having a central angle close to

230°, The case where the central angle is 90° is, of course, easily

checked without recourse to trigonometric tables. TFor circular segments

with small central angles, the CHinese formula is very accurate, In fact,

from (5) and by {'Hospital's rule of beginning calculus,

lim &' = lim [—i’% @ +2 sin k¥ - 2 cos k¥ + coszko)]
k—>0 k—3o :

= lim 90%0- (2 cos k° + 2 sin k° - 2 cos k° sin k"ﬂ
k—30 '

= Ny

One concludes that the ancient Chinese formula has much to recommend
it: it is simple, compact, easy to apply, fairly accurate for all circu-
lar segments having central angles less than 2409, and much more accu-
rate for circular segments having central angles less than.40°, Though
in all cases the formula leads to an area somewhat smaller than the true
area, for a quick estimation of the area it leaves little to be desired,

A study of the ancient Chinese formula for the area of a circular
segment constitutes a good topic for "junior" research at the college
freshman level. Readers may wish to consult /37 for an extended survey
of early Chinese mathematics that discusses at length many topics treated
in undergraduate college courses,
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Generalised Directed-Divergence Involving More
Than Two Distributions

_ —Parvinder Kaur
Abstract

A new concept of generalized directed divergence involving more
than two distributions is introduced here which generalizes the non-
additive generalized directed divergence of order L. Also this measure
will be characterized using a functional equation and using a functional
inequality.

1. Definition
n

LE:P’(P lp yreesP )I P 0921"‘1'9
Sy n i =1 *

rl:

g: =1 and R = (rl,rz,...,rn)

Q= (@200 009p)s 45205 i

4
—

n
r2 0,5 r, = 1 be three finite discrete probability distributions,

Then we define the 'Generalized directed divergence involving more than
two distributions' for the distributions P, Q and R as

@8) i 3.8 Rt il e
1 (PrQ:R) = (F ) - & h 2 (Piq: ' Iil e Rids ' ril ‘)
i=1
Ad+8 (1.1)
. _
For =1, (1.1) reduces to (2*-1"1)—1 24 Piq;“-l ril-“—l) s
i=1

(Kannappan and Rathie 1972) which again reduces to Zpilcig qilrl (1.3)
(Theil (1967)) as od—>»1,

2. Characterizations:

The first characterization of (1.1) is based on the solution of
the functional equation

n n m 1
ol-1 1-0t
F(x,y., u,v., £.8.) = X.u, £, Fly.,V:38:
igjg (173' i ¢ 13) EJE i i (yJ'J J)
m_ n r3 3
. -1 _1-#
* 1,}:1:., 3ivy 8y ) 2.1)
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n n
where x, y. 0 X, = o il I VS~ 0 TR
i Ja JE i =1 YJ e () 1=
n n n n -
Eir 8,20, u L1, ng1,.2ti$1. zsjgl, PN
1=1 i=i i=1 ji=1

Theorem 1:

Let F: (0,17 = [0,1] % {0,1] —»R (reals) be a continuous function.
If for all positive integers m and n +F satlsf1es the functional equation

(2.1), then under the condition (1, ;, 2 Sy

R I S A=l  l-e 8- 1-8
EF(Pi)qinri)' = (2 =2 ) E (Piql ri - Piqi ri )

Proof:
We shall first find the solution of the functional equation (2.1),

Let m, n. u, v, £, s be any positive integers such that 1< m < u
lsmgt, lsngv, Igngs

L

setting
=1 =2 =L :
X == u = 2 ti : & =902, ...m)
1 siie =} -
HiTw YTy 5T G L2
in (2.1), we get
1 . 1.1 11— 1 T 1
mFGh e w) cm @ G @ %d LY
1.8~ ll-ﬂ L 1 1
+m(JK’) ) F_il‘;l EJ
or
T = A -8
F(ab, ed, ef) = aé‘ A e1 * F(b; d, £) + bd : fl Eikay el e
L=k ogol guBd L o 1
where a = e b= pre=5d e E =
Also : 4

F(ab, cd, ef) = F(ba, dc, fe)

-
ac

S0 ti

ac

impl;
F(a,

wherse

Takin,
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which with the above equation gives

as L 4%y (b, d, £) * pat g8y (a, c, e) =
i — s -8
bd"l - EI F(a, c, e) # ac" 1t F(b, d, )

so that
ek a_ﬁ‘-'.&-l al-‘_ b&‘-l gl:"- hd’-l fl-‘et = Aifras)

F(a, ¢, e) ¥(b, d, 1) S0
implying
Fla, ¢, &) = A% (a1 J-¥_ B 1A @.2)

where A (# 0) is a constant,

The result (2.2) can be extended to the case when a,c,e are ration-
al numbers such that a, ¢, e € /0,17

For this let s.--:E (m<n), u “E (p < q)

t = Bh- (s <h) be three rational numbers. Let k be a positive integer
sufficiently large such that

kp 2 m, kgxm, kg>n, khpan, k_?,%ctq%j)- and k?%%

Taking m as n-m+l and n as m and setting

=& = : i
1- R 2% T hwa Y
81=sz.-'.......=3_‘-.—-

in (2.1), we get
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A 1 1 1 1
BF (= — ) +m (n-m) F — y ——) =
n* gk*® hk (um pnkz gnk2

k- '~ - 1-o
e G B em ! Y)Y G 3 o0

; ) E 1 1 .-1 1 . 1-3
oFG R B o g, Bl & G e
This equation with (2.2) gives

PG R @t G- @f L g8,
or

ol S S

Flx,u,t) = oA~} 7 (2.3)

for all rational X, u, t € (0,17

From the continuity of F ye tan say that (2.3) is valid for all real
Ky u, £, EE’.J

Now the condition F(1, -1-. !‘—) = 1, with (2.3) gives
2 % &

o8-l

A= @1 _ )

80 that

LA o d i-d g1 1.4

Fx,u,t) = (2"' (xu t - xu t ), d# B

Tharefare

3o oA-1  1-& A-1  1-8
E’Ffl’pq.rh(f‘l '11):(1"‘ T T Pey )

i=]1

This proves the theorem,

Second characterization:

Theorem 2:

If a function Kn, B 22, satisfies the postulates

. 0 = i L .
c.[ . KI'I (P:Q:R) Kn (Pll Pzi'”rpn' qlqui"'n qn.rl'rz’."'rﬁ)

n qi'__l[f(qi) ]
= p; (=) =1
=

i=1 i

and

4
ther
=

Let r a
-

A0
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¢, + K, (P1QiR) 30

and
N I T T -1 F-1
3531 (1.;0;3‘.._"2'3;';.2-}'(2. "f 3\
fhen 3 d-1 1-&
- G ’ -1 =
21-1 F—I -1 K_(P:QiR) = (2.1-1 _ 2_!-1)-1 }5( L P
g
P9 =1 a).‘*ﬁ
o, @)
= I (P:Q:R)
Proof:

Before proving the theorem we shall find the differentiable solu-
tion of the ﬂnctxcmal mequal:.l:y

3, SPUE Y0

i=1

Taking Py =9 = L i «(9. 4 .a,m, dn "(.2'!")" we get

9y g1 f(ql) - f(rl) 9% g1 fhz : f(rz-) _
Py (rl) [-—frq)—-— k3 '.Pz (rz) [-—-f'-rz)—-— 20 (2.5)

fof g #pg =4y ¥ aEy ¥ 1y 41

Putt:.ngpl-r +S|pz = & 3'>°:'11'f "'1!‘12"3"'A °<t
and dividing both sides of _(2 5) by A, we get

ey +9fr; * NpTEE +2) - .f.(r_l -B) ﬂ 841
f,(rz)

Elrl'} ey 7 N
fi(r, =X) - f(tz_) _
[ = ]za (2.6)

Let r, and r, be the points where f is differentiable taking §—3 0,
N —>0 in (2.6) and using symmetry in Ty and T,, we have

r £'(r)

- -
T
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so that a
£(r) = br (2.7)

where a and b are constants.

Now postulates Cl and (':2 imply
= 1 p-l

K (PiQ:R) = 3 py [( ] =0 (2,8)
i=1

From (2.7) and (2,8)

n q. = q
K, (P:Q:R) = 3L p; (r—‘-)“ Lt -y @.9)
i=] i i
This with postulates CS yields
a=od-~
so that
iy = i o B = & a =
@ A e ey = F L Pty o O PR I Yo T

i=1

(ol, )
=1 (P:Q:R), oA#B .

This completes the proof of theorem.
Note:

Sinoe the generalized directed divergence involving more than two
distributions (l.1) reduces to the non-additive directed divergence
of order o involving moreé than two distributions (1.2) for B = 1, the
above theorems 1 and 2, also characterize (1.2) for @ =1,

that is, the functional egquation

-1 1-¢
5: £ F(y.,V.,5.
¥ 7;9%5 i?

n
Z 2?{3 Y-' 'u\l’ 3
= J=l 1]



Parvinder Kaur 13

Ms
M+

u. 1,

i

pul n
v.<l, Znt.&l, T gl, L¥PR
i = j=1 3

.
[
[

=0

characterizes (1.2) under the condition

1
F(lni't

2

¥ =3

and similarly the functional inequality.
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Hypersurface of Quasi-C-Reducible Finsler Spaces
—U. P. Singh and R. S. Prasad

A quasi-C-reducible Finsler spaces has been introduced by Matsumoto
and SHimada (1977). In this paper, the properties of the hypersurfaces
imbedded in quasi-C-reducible F, have been studied. It has been proved
that the hypersurface of a quasi-C-reducible F, is also quasi-C-reduci-
ble. The conditions under which the hypersurface of a gquasi-C-reducible
Landsberg space is a Landsberg space have been obtained. The conditions
for the p-reducibility of the hypersurface of a p-reducible quasi-C-
reducible ¥, have also been deduced, Further after applying so-called
T-conditions it has been shown that if F, is Landsberg so is its hyper—
surface provided both Fy and F,_j satisfy T-conditions,

1. Introduction

Let F, be a n-dimensional Finsler space with fundamental function
F(x, %), the fundamental tensor gij and the angular metric temsor
Boe = B = T (L =0,
ij ij ij i g
be a hypersurface of Fn which is represented parametrically

Let'Fn_l

by the equations

1.1) x =@ (@=1,2,- = o, k= 1,2,- = n-1)

in which u®® denote the parameters of the hypersurface. It is assumed
throughout, the functions (1.1) are of class G2 and the matrix of the
prajection factors

gk
(1.2) Bt = X
C

g 2
has the rank (n-1). We shall write B = 3° x
Af 3

T The induced
u* Ju

metric tensor of Fn-l is defined as

i.J
1.3) =g.. B
The inverse of (1.3) is denoted by g""p by means bf which we define
a ser of quantities




16 Nep. Math. Sc. Rep., Vol. 8, No. 1, 1983
L ae gl

(L.4) Bi 2 x:l'.j B_&

which gives
ol i _ g%

a.s) B B, =8,

At any point Pof the hypersurface, a unit normal vector N* (x, %) is
defined by equations

(1.6) N, B =5, gHY NN, =1

which satisfy the identity

dpd | oJ 7
1.7) B By Si N-Ni

where N = glJNJ

A useful set of relations is /57, p. 156)

(1.8) gt = AP -ijﬁ+ vy
Ficg

(1.9) By N B;s’ o

(1.10) ¢ piik

487 = Sijx Bray

Following are the useful tensors which vanish identical ly in a
locally Euclidian (or Riemannian) space

_ : _ iji  k
(1.11) M Ci ik BnN

i, Tk

(1.12) My = Cigp B NN

The induced connection coefficients af Fn-l defined by the
relation (57, p. 160)
Fol . *i
hk
1.1 T - @i, B
(1.13) oy B c,,nT‘hk o)

While the normal curvature Vvector is given by ([57, p. 193)

-y |

(1

in
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(1.14)

O 4
B - ,VT' *T'un

.IAﬁ T 4P

which gives (/57, p. 194)

L

i
(1,15) = LL N
1™ e
where .n., g are the components of the second fundamental tensor of : B
Definition:
A Finsler space F is said to be quasi-C-reducible (Matsumoto
and Shimada [17) if the tensor cij'k is given by

(1.186) = (Ai C, + A WG + A cj)

where Aij is of rhe form

= AL K +Gic
Aa,,] A ij oG J
A s A¢ being scalar functions.

The following relation is an immediate censequence of (1,16)

(1.17) (e X + e’ =1 (= g ii© Iedy

We shall now prove the following lemma.

Lemma 1

The necessary and sufficient conditions for a quasi-C-reducible
F to be Berwald space (Landsberg Space) are

= = J =
c:_l.‘h o and ?“h o (C. \ %- o and. '!\‘ lt o)
_?‘l‘.’i.‘_l_l'.‘l‘f

The h-covariant derivatives of (1.16) and (1.17) are written
in the forms

—
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18 Csgn = Sain hijs[( A * Cpynd » IMC; hcjcs-} s
+ 3M €00,
. 2
(L19) @) gy + IMp c? + 3 Mc {5~

where the notation é(ijk) denotes the cyclic permutation of the indices
i, j, k and summation,

Ci T implies that C'?h = o. In view of this condition and
hlh = o the relation (1,19) gives “‘h = 0. Thus (':ilh
imply Cijk\h = o by (1.16). Conversely the condition C
ci\h = o and this reduces (1,18) to the form

toandh‘huo

ijk]h = 0 implies

klh'(hijck + hjkci + -hiij) # 3""(:; cicjck =0

Contracting this equation by CJGk, substituting the value of M{h from
(1.19) and noting the relation Gih = 0 we get 1lh = 0. This proves
the lemma.

The following lemma has been proved by Matsumoto and Shimada(}]

Lemma 2

A non-Riemannian quasi-C-reducible F (0 24) is p-reducible

if and only if the following relation holds
i i
c:j 'ufi %"+ 3 p.cj \i % o

s Hypersurfaces of a quasi-C-reducible Finsler Space.

From the equations (1.10), (1.16) and the facet h‘m" Bup~ 1"1’5
we have

2 Sl i ]
@1) €,y 1{11@ ©By) + b @€ B) + h By

i i k
¥ BA(BdCi) (chj) (chk)

qu;

pai

Lt 3

is ¢
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In view of (1.8), (1.12) and (L.16) we get

: LA 5 i
2.2) € = (1= A-3M4F) BC, (f= C.N°)

; _ BT
where C‘ a C‘ﬂ‘/

with the help of (2,2), the equation (2.1) reduces to

(2.3) C‘Bf P (hdﬂc'f+ hﬂdc"l» h‘t,{cﬂ} + 3qC'LCFC,/
where

A M

(2.3a) p= and q =
(1= W3 f) (1-\-‘3.“.; )

equation (2.3) can also be written as

(2.4) Cypy= Ay aCy +Am,c‘t+ A yCh)
where A’L’= P hdf +.q anC!'
It gives the following theorem.

Theorem 2.1

A hypersurface of a quasi-C-reducible Finsler space is also a
guasi-C-reducible Finsler space.

The difference between the intrinsic and induced connection

) o ol ,
parameters 1‘(:’ and T‘:'/ is given by (/5], p. 214)

& B NG
T'm, _TM - r\m'
where

g

£
(2.5 - =M O, +M o, —M
% ’\J.m' *ps '\.L‘f pY = 4o  ue” Yo RY Ro

Cs

_ & ; . § \ A
(H.J.Scp‘f +M‘“ B HBSCJJ) o0

where o denotes the contraction of _n..‘“.by u’b. If the space F_
is quasi-C-reducible, then by wirtue of (1.11) and (1.16) we get

——
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2.6) M, o= F(Nbo+ M CC,)

where  q' = -—-—3—-&-—2—2- (2.8)
(- a=34f7)
Substituting the yalues of M‘pin (2.5) and simplifying with the help (2.8a)
of (2.4) we get,
4 simp]
g A.{sf r[f‘hal&'n‘fo TP c"l"n‘ot& * hhﬁf{’“’.{ o~
(2.9)
\
-pc.n..'k-)th s +pC .+ Mo,
. . 2t 1m0 | . Substit
¢. ~cel o +M'c{c_n_ +cct 71 Wace €
-ﬁ'n'fo n 5 BY oojj AL Y1 do $ 47 oo
= s - :
Jhc,f{c‘ .n.acafcs c.gs““'oo"s 3qn c‘c_‘.acf.n.wl -
This equation leads us to the following theorem.
Theorem 2,2 of a qui
—_— induced
The necessary and sufficient condition that the induced and a.15)
intrinsic connection parameters of a hypersurface of the quasi-C-
reducible Finsler space coincide is that either the vector Ci is tan- .
gential to the hypersurface or -, =0 provided thar p # 172, Aedd
Proof:
The sufficient part is obvious from the eqn. (2.7). For the
necessary condition, I\-Ub?‘ o implies that either f= o or the expres-
sion within the bracket [ 7 in (2.7) is zero which after contraction NERTE  we
by adk yields
sl comt:

”‘hn'( + M c&c,,} gt

]
The eondition ( ).,-hﬁ,! + M C'Cfl = o gives n- 3 which contradicts
the assumption (n 2= 4). Hence ..n.m = o,

Substituting s =0 in the expression within the bracket [ 7 in

(2.7), we get an expression which after centraction by
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gu #nd equating to zexo gives

(2.8) Ly, { Aln-2) + w czji, N

) : =2 _ b
(2.8a) where C g C*Cl.

A simple calculation based on (1.8), (2.2), the eqn. {2.8a) gives

2 2 b

(2.9) €= (1 =\ = smfH? (© £

Substituting (2.9) in (2.8) we get either A = o or p=1/2 and
henice the theorem is proved.

In viewof (2.3a), eqn (2.2) takes the form

= 2 g g
(2.10) € 5 By O

In order to establish the condition'under which the hypersurface
of a quasi-C-reducible Landsberg space be a Landsberg space we take the
induced covariant differentiation of (2,10) which after the use of
(1.15). reads

3(’:1. :

ih 1 1 h
@11 €8 " v {C1yn Bep* 334 om’ T Tae 1 >4 Be
2n /G TR S 1 i
) 3¢
where we have used the fact th“B_T is symmetric in the indices i and
X

5

The contraction of (2.11) by ﬁﬁyialds

L
, I _x h _i i 1
€2.12) Ao P ﬂci\h’i B‘ +'a—_é-d 0 N7 .n...{of}
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It is now assumed that the intrinsic and induced connection parameters
are identical and P+ o, p # 1/2)., Therefore by theorem (2.2) a,. =0
If P+7 o and p# 1/2, the eqn (2.12) now reduces to

e el h i A i
(2.13) © "5+ SME" B, ¢ it B, G

= b
Ao~ p Sitn L

which after using the Lemma 1, gives the following theorem,
Theorem 2.3

If the induced and intrinsic connection parameters of a quasi-C-
reducible Landsberg space coincide and p # 1/2 and Pis non-zero, then
the hypersurface is Landsberg if and omly if C 5 = O-

o

Again if ey = 9, the equation (2.6) shows that the tensor
M , avanishes identically, According to Brown [7], the partial deriva-
A@ :

tive of the normal in this case is given by

=
N o mnl
i *
which in view of f= GlNl = o reduces to
€ 1
1,1 AN _ ol .
(2.14) 3—-‘;‘-14 clj? = (C1N D H‘* o

Assuming that W\ is the Ffunction of the coordinates only, from first
of (2.3a) we haye

.h
X (1 + p)
@1 g, = ST

On substitution from (2,14) and (2.15) in (2.12) we get

.h
ot o lecohi o Mp RN i
G T TS Xt MR G ?J?l_—f)(“ P4

This equation by virtue of Lemma 1, gives the following theorem,
Theorem 2.4

If the induced and intrinsic connection parameters of the hyper—

surface of a quasi-C-reducible Landsberg space are identical, JL-(O 40

and
face

a qu
indu
and

(2.1

wher

(2.1

= {n+:

Addis

Theor

space

(2.3)

the p
Lwo s
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and the scalar A is the function of the coordinates only, the hypersur-
face is also a Landsberg space.

In order to deduce the condition under which the hypersurface of
a quaal-C-'reduc:Lble and p-reducible be a p-reducible space, we take the
induced covariant derivatives of the characteristic scalar g in (2.3a)
and the torsion tensor C A in (2.2). These derivatives are given as

2.16) qmc&ﬁ' -(E-;)—c 53 "*{—Mu 3»{0\‘ (n+1) fu}l

Wiere, 8= ui+ M G- % (n+1) j"z

2.17) 3ch“‘ 3’&5‘%1-1-:: Bl "[ﬂw&: - @y 2+ am§ela

., €.

J 3n(n+1) tix 1) 5. Ik 2
(n+1)f“.';l { B s;% N 7‘5“+ > (+1) *=ngo P

Adding (2.16) and (2.17) we get

(2.18) Cnat 3¢ C - 1)’ CoM . #a3me.L )| +e
T e R e T T2 \iT M ifi &
where

2 .
_ (a+1) VTR i
@.19) Gy = {3““,9:“;_"9 W e .

3C; 1 2 (a+1)?
' Lant 33
+ 3“3[})—:‘% S N 1 + 53 C-1 B 10 )

In view of Lemma 2 equation (2.18) gives the follpwing theorem.
Theorem 2.5

The hypersurface of a quasi-C-reducible and p-reducible Finsler
space is p-reducible if and only if G 4 in (2.19) vanishes,

From the aboye discussion it is clear that the theorems (2.2),
(2.3) and (2.4) are true if @ =0 or -, =a and p ¥ 1/2, We study
the properties of the hypersurfaces in these cases in the following
two sections.

3. Thégase f= cini- o



e
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According to Rund U’Sj’, p. 160), the induced connection coefFi-
cients are given by

ol 3 #i
Yoo oo fisd ey hic
Py = B BM* T‘hk Boy
which on assumption that Fn is Landsberg, are independent of the divec—
tion if and only if B‘:l are independent of the direction, The dirsction-
al derivative of Bid ¢alculated with the help of (L.ay, (1.7), (1.10),
(i.11) and (1.16) is given by
9?8 .
: S A y :
(3.1) 357 " 1PN ok Koy )

i
ere (Wh%+ 34 (*C.) = o implies that n = 3 which contradicts che
assumption (n 3> 4). Therefore we have the following:

Theorem 3.1

The induced connection parameters of the hypersurface of a
_qua;si-c—reducible-Landsberg_ space are' independent of the direction if
and only if the vector €; is tangential to the hypersurface,

Combining theorems (3.1), (2,2) and (2.4) we get
Theorem 3.2

. If the induced connection parameters of the hypersurface of a
quasi-C-reducible Landsberg space are independent of the direction,
then the intrinsic and induced connectiomn parammeters are coineidence
and the hypersurface is Landsberg space’ provided the scalar \ is the
function of the coordinates only.

4. The Case Ad'o' = B

Two forms of normal curvature vector of the hypersurface have
50 far been given. One is due to Rund based on locally Minkowaskian
theory and other is due to stie;ibased on locally Eeludian theory,
These curvatures are denoted by I".Clh and H:"ﬁ respectively. A relation
between them has been given by Rund (.[3], P- 193) which reads

e
(4.1) H:.&“ =

i i i b ook N
Lt vs, o B O, o

Multiplication by " and use of (1.15) gives

e
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(%.2) h':in-&ﬁ'a 11 " ﬁ" = g NT

By virtue of eqns (1.16), (2.2), and (4.2) the eqn (4,1) reduces to
; e L
Ii + h"' 3 o

X € go N
A Y

o
(4.3) B‘lﬂ- i

We assume that the hypersurface ¥, is non-Riemannian i.e. Ca¢ o .
Therefore for the equality of two curvature vectors either-fyo = o
or N+ 3 fz = o. THe latter condition in view &f (2.3a) shows that

p= k. Hence we Have the following theorem.
Theorem 4.1
_ If the hypersurface is non-Riemannian, then Rund's and
Davies' normal curvature vectors are identical if and only if either
- Jo = o or the characteristic scalars N and p are equal,

From theorems (2.2), (2.3) and (4.1) we get the following:
Theorem 4.2

If Rund's and Davies' normal curvature vectors of the hypersur-
face of a quasi-C-reducible F, are equal and p ¥ A , then the induced
and intrinsic conmection parameters are equal,
Theorem 4.3

If Rund's and Davies' normal curvature vectors of a hypersurface
of a quasi-C-reducible Landsberg space are equal and p # X , then the
hypersurface is also a Landsberg space if and only if c 2o = O

5. T-Conditions

According to (Matsumoto (1974) and Kawaguchi (1972))" the so-
called T-tensor is given by

C... 0k # .

{5.1) I-h-ijk. = c:hij]'k' ¥ uij l'si'le +C,.11i+¢C

bk i

'The expression for .'Thij:k differs slightly from what Matsumoto has
‘given in ﬂi};‘zch the first term in the right handside is EFchij\k"
This difference is due to the fact that we have used Rund's notation
for v-covariant differentiation chij‘k of C_hij'
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where C denotes the v-covariant derivative of chij' The correspond-

hijlk _
ing expression for the tensor T.(ﬂfi"f the space F 4 is given by

(5.2) T lerc 0 C o clp +Cpycly

apVs” Canvis’ Caed T ey s
The v~covariant deriyvatiye of the relation Camy chiJ : fylelds

| } hij B i ghi
G:3) € av)s nijl6 amr* Cnij s Bav * Chij Zastay h
j h1
+ C j ,Ys dlﬂ

where Zb stands for Bl;‘\ S

A

(5,7

The :

Theo:

sary

A direct calculation gives
- phijk
AnTls luslk PABY S
h h
5. ind 2 = N
(5.5) an 15 Hols
In view of egns (1.11), (1.16) and (5.5) we get

(5.4) C

h 2.2

(5+6) Cyys 2y Ba, = Nolh b
3PN g u2
$ === o (b CC +h —P——i—c C,.C
Q-M3mpT)° RIS as 0 A=Nmpptyy S8 3

Substituting the values from (5.4) and (5.6) in {5.3) and simplifying
we get

: ghijk | .22

3"""2
+ ( C + h iﬁ C.+ h C1F5+ E&S &r

(-x3mpH)’
27}1
+h CC )+—-.L2_4-. €,C,0,e

On substituting (5.3a) in (5.2) we find

cond3

Prood

vanie

brack

£ J

(5. 8)

impli
and C

Cases
theor

theor:
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(5.7) T h )

hijk = 2 T 2
= =y i h
JdBYS§ Tthk apvs' * {_)‘ (hmh,gs £ gsh-rs" 18 s

EW TS
- h €,6.+ h . CC+ h €C+h CC#*
ety _ ®
(1-2-3mp") B A YRS AATE AE R
2

27 M
+-h. 6.0 h,.C GC) + C.C.C

The space F is said to satisfy T-conditiom if Thijk vanishes,

Theorem 5.1

1f a quasi-C-reducible Fn satisfies T-condition, them the neces-
sary and sufficient condition for its hypersurface also to satisfy T-

condition is that the vector C. is tangential to the hypersurface.
Proof:

From equ. (5.7) it follows that if Thijk = o, the tensor T-fﬁ"‘
vanishes if and only if either p = o or the expression within the
bracket [ J in (5.7) is zero.

The contraction by gd‘ of the expression within the bracket
[ J in (5.7) and use of (2.9) yields

.5 § Moo 3are® -pHY hyg

+ __.3_’*__2_2.{.3(11 + 2) +9m(c* - pz)‘s G5 = ©
(1= X3As p™)
¥ 2 2 2
From (5.8) it follows that A'n + 3Mkh (" -p) =0
implies that n=1 and if ')\zn + 3N (02 - pz) is non-zero then h /¢
and CyCg are proportional and eqn (5.8) gives n=3. In both the
cases the values of n contradict the assumption u > 4 and hence the

theorem.

Combining theorems (3.1), (3.2) and (5.1) we'get the following
theorem.
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Theorem 5.2

If the gquasi-C-reducible Landsberg space Fa and its hypersurface
F__, satisfy T-conditions and N is the function of coordinates only,
then the hypersurface is Landsberg whose induced and intrinsic connec-
tion parameters are coincidence and independent of the direction ele-
ment &%
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Some Problems on Hyperbolic Kahlerian Recurrent
Space
—C. P.Awasthi.
1. Introduction

Yano /2] studied H-projective transformation in an almost complex
space. Later on, Provanovic' Mileva /1] studied the H-projective Crans-
formation in a locally product space and obtained some results on "Hyper—
bolic Kahler Space" defined by Rasevaski [6]. Using these results, we
have defined hyperbolic Kihlerian recurrent and hyperbolic Kahlerian
semi-recurrent spaces and established some results connecting these
spaces. The last section of this paper is devoted to the study of some
properties of conformally recurrent hyperbnlic_KEhler space,

An n~dimensional manifold Mn is called a locally product space

2], if in Mn a tensor field ?j =+ 5} is given, satisfying the condi-

tions
: ik ek
(1.1) - S.j ;
s i
i1.2) Fj'k =00

here (,) is the operator of covariant differentiation with respect to

the symmetric affine connection 'T;jh .

Liet us suppose that in an n-dimensional locally product space,
the Riemannian metric

. 5 25
(1.3) ds 5ij dx dx”,
satisfying

£ 8
(1.4) Fj Pi- gta gj'ii

is given. We also assume that covariant differentiation is taken with
respect to the Christoffel symbols calculated for the temsor 3ij' 1f
we put

P ————

——ry
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A = a

(1.5) rji ?j L3

we have

1.6y in = = Pij-, ?ij,k = 0 and TR

A locally product space satisfying abave conditions, is called
a hyperbolic Kahler space. Rasevaski was first to comsider such spaces

*

In a hyperbolic Kahler Space, we have the following relation /17

t =
(1.7) R, I-’p = - atp P
(1.8) B~ il'Rn-kh P
@.9) Rep ™ ~ R ?: F; :

Holemorphic projective curvature tensor of hyperbolic Kahler
space is [1]

P b b 1 ho_ h a_h _
(1:10) Peii = Beji T ez \-_Kki 85 - Ry by + R, FI T,

a _h a _h
R‘ja I’i Fk + nka Fj Pi]'

2.  Hyperbolic Kahlerian recurrent and hyperbolic Kshlerian semi—
Tecurrent Spaces

Now we define the following:

Definition (2.1): A hyperbolic Kahler space is called hyperbolic
Kahlerian recurrent if it satisfies

Bejin,1 = Ay Rysin »

for some non-zere vector Ay- It is called ‘hyperbolic Kahlerian

semi-récurrent space, if it satisfies

(2.2) R,
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From this definition, we can check that eyery - hyperbolic Kahlerian
current space is hyperbolic Kahlerian aemi—ramrwt but the converse
i:e n;ot true,

Definition (2.2): A hyperbolic Kahler space is called H-projective re-
current, if it satisfies the relation

b

@.3) Pesint = M1 Pigin -

The H-projective curvature tensor in hyperbolic Kahler space is
@R Py = N * 7 [‘pﬁd %t B

= At o o ey o e
* R, By B3 Py R gﬁh’;’: s znh-“m’-ﬁii- ’

Differentiating (2.4) mmangly with respect to xl and mx.ki.‘ng
use of (1.6), we get

(2.5) kj).h 1 x'kjfﬁ 1 m [ hxkl- 1 gkhnji!l i

LT r“r"-l

 multiplying (2.4) by X\, aud subtracting it from (2.5), we get

it B»ga'l&ﬂ‘ 1_’} - j,a,lsinh“i .Ik

@0 P T M Pegin ™ Ping T M Ryjin
* 7 [:hmmu T MR e ®i m N ::zié"i? !
+ sthﬁ‘?fi%l Ay Reg) ~ B FiR R gt~ Ay B ¥
+ 28y 7S 7 Ry = Ay ‘n’] ‘

If the hygg!ﬁaluic Kahler space is hyperbolic Kahlerian semi-
recurrent, in view of (2.2), equation (2.6) takes the form

@7y 'i;i'.i.h-,l - )\L kjih Rkjih, - N L




: |
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Conversely, if in a byperbolic K;h1Er space (2.7) is true, we get
(2.8) Bin®ei, = Ap Ry - Ben®ig,1 ~ M Ry

t
B TR - N R -e TR ®, .~ A Ria? *

; a _b _ iy
2 Ty TR, AR =0

g yi
Performing the contraction with th in (2,8) and making use of i
(1.1), (1.6) and (1.9), we obtain
(2.9) (42) Rez1 - MR =0.
Hence (2.9) yields
3
Rki,l = )1 B’ki, since n # - 2 |
which shows that hyperbolic Kahler space is hyperbolic Kihlerian semi—
recurrent, (3.
Theorem (2.1): A necessary and sufficient condivion for a hyperbolic
dhler space to'be hyperbolic Kahlerian semi-recurrent is whe
: ten
Pesin1 = N "kjin T Bejing T Ap Ry =
If in a hyperbolic Kahler space, H-projective curvature tensor vanishes
from (2.7), we get
tens
Bsing = AR
(3.2
which shows that Space is hyperbolic K;hlerian recurrent.
Theorem (2.2): An H-projectively flat hyperbolic Kahlerian semi- (3.3
recurrent space is hyperbolic Kzhlerian recurrent.
From (2.7), it follow that every hyperbolic Kihlerian recurrent and

space is H-projectively recurrent. Hence the following thecrems can
easily be proved, (3.4)




Theorem (2.3): A necessary and sufficient condition for a ‘hyperbolic
‘Kahlerian semi-recurrent space to be hyperbolic Kahlerian recurrent is
. ‘that it must be a-mpjeut:ﬁvei.y Tecurrent.

Theorem (2.4): A sufficient condition for a hyperbolic Kahler space
Wmm Kahlerian recurrent is that

(a) it is H-projectively recurrent,

(b) (2.8) is satisfied.

T!:Qwan (25 Itt a hyperbelic m&.er space, if any two of the follow-
‘ding hold in (2. 6), the third one also holds

(i) the space is hyperbolic !nhlznannmteat,
(ii) the space is hyperbolic Kahlerian semi-recurreat,
(iii) the space is H-projectively recurrent.
3.  Conformal recurrent hyperbolic Kihler space

A hyperbolic Kihler space which satisfies

o b
€3.1) iji, A1 k‘j«‘-— X

where .k* is a non-gzero vector and (J‘t 1 is the conformal curvature
tensor, will be called a conformally recurrent [4 hyperbolic Kahler
space and h will be called its vector of recurrence,

laet g&ji be the curvature tensor and n i E?lijij be the Racci
tensor. &lsn let

G.2) Rigin ™ Biji 8o -
(.3) BS Ry s
(3.4) iy -3 Risa Pt

Then we have the following relations:

C.P. Avasthi 3
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| (3.5) (a) H:i.'j = - Hj'i

(b) By = -R P
© By n,

)y R= - Kj
: (d) R By ¥ oo

Conformal curvature tensor is given by

Be6) Cpsin ™ Brgin ¥ Ben %50 " 85n Zki * Byi Ak "B Zgn e

e Rg.i

e O
G %1 " %2 " TED D

We can write (3.1) with the help of (3.6) as follows:
Begatir ® 8 L5y " 85n iy 850 B T Bke Yyna

- )‘I[nkjih * Ben %55 T Bjn Zei * 851 Pun T Bki zjh_l :

Transvecting (3.8) by Fih and making use of (3.4) and (3.5)b,
we get

- b T T T
(:9) -2 "o By T I Gy Tk Bl

_ 4 < 4
=N [_'2 by "2 Yk T T oD ° ijl
Again transvecting (3.9) by }J-’kj' and using (3.5)d, we obtain

ij

_ 4 &
Q10 Ry 5P TTEDED k¢ 1

ke

- & p e A - j]
'\1[2‘“:.—-5-"‘ oD@ ki -

|
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From (3,10), we get
3.11) R = 2 i j -
@A) ® - A E_@ 1) E_j..lf-k 1 o
Equation (3,11) yields

(3.12) Ry= AR,

-

Equation (3.9), with the help of (3.10) and (3.12), yields

(3.13) Fg1 T Ay By

From the relation (3.5)b and (3.13), we have

©.14) L - N wE,
which by virtue of (3.5)c, yields
t?;ifﬁ 'Bim,1?'1 }Si.nim"

Using (3.12) and (3.15) in (3.7), we obtain

3.16) " M %

‘am (3.6)

@an i1 = N1 Begin e

em | due to n@m-‘zﬁz; ve get from last equation

kig o giiih _
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From Walker's theorem, it is known that in a non-simple recurrent
space the vector of recurrence is mull, Since 8;; is not positiye

definite and therefore )‘i )\1 may be equal to zero. If \i N ta o,
then N\, =0 .

Thus when R # O , the space under consideration is non-simple.
Hence we have .

Theorem (3.1): A conformally recurrent hyperbolic Kahler space is a
non-simple recurrent space if its scalar curvature is different from
zero.
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racterizations of a Sub-additive Measure of
Relatwe Information
Sharma and Gupta (1976) defined a subadditive measure of relative
information which involves sine functions in its definition, Its parti-

cular case is considered here which is characterized with the help of
‘a functional inequality and also using a functional equation.,

Lep Pi= @i "P.Z:’ Fi *:’?n.)-:" T"i-”‘ o ,'5 p; = 1 and Q = (l_llt‘l:z. -.-,.%')n.

n
9> ie-,-';ﬁ'.', q; = 1 be two finite discrete probability distributions.
1j . e
Then Sharma and Gupta (1976) defined a subadditive measure of relative
information as
A . 2» B el Py
A>o, B0, Y4 0

where &, M ,%/ are real arbitary constants and logaritim is taken
with base 2,

For A=1, =0, (1.1) reduces to
2 @i, Ty ou V) = S by win (AT | ne (L2
y Ly 0, e i-ipi ;! q, e )
Further it can be easily seen that
2 P ;
Lim ®° (p:q, 1, 0, 7) = i: Py log — awe ((53)

"f-?o i=1 93
which is well known XKullback's (19598) directed divergence.
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2, Charadterizations

First characterization:

Ta characterize (1.2) we shall first find the solution of a func~
tional imequality in the following lemma.

Lemma 1: Every solution of the functional inequality

n n
Z;. p; £p;) g(g;) ;.pri £(q;) 2@,) e (21
i= i=

for n >»2 under the condition

fz(p) + gz @) =1 con (2.2)
for every p, is given by

£(p;) = sin ( 7 log, p,)
and sl 1E253)

S(P_,-_) = cos ( ‘/],ogz pi)

where 9 is an arbitrary constant.

Proof. Taking Pz = Py ™ in (2,1), we get

Qg oo
B [Epy) Bla))-E(ay)e ()T + p,[E @)D (a))-E(a,) 8@,)7 >0 ...(2.4)
for p; ¥ P, =q; tq, < 1
Let p; =q; + §,p, =9, - §, §Poin (2.4), we have
(@ + §) {f(ql +8)e@) - £@) gla, + 8)] +

(@, = 8) [E(qy = §) g(a,) - £(a,) 8@~ 87> o

or (g + 8) [Fq + &) 8la)) - £lap) glap) + £@y) slay) ~Flq))elq+8)
* (e, -8) [itg, ~8) 8@y - £(ay) 8lay) + £(a,) B(a,)

= f{qz) B(qz _8 U‘; o e (2-5)

F1

Us

or

giy

Now

whic

Henc
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Let q,, q, be the points where f and g are differentiable.
ing by §and taking limit § —>o in (2.5), we get.

a fe@E (@) - e @) - 4,/ @)F' @) - £ys" @) 2o
or

Tnterchanging the roles of qy and q, due to symmetry, in (2.6) one gets
afe(@) £'@) - £(@) ' @] = a ovs (2T

where a is some constant.

From '(2.2)} we have, on inf.e'_gration

SS‘?CQ) I )

‘Using the con&itipngz (@) '-Ie'fz{q)_ = 1, (2.8) can be written as

%E[ 7372(11) J dq=alogyq

Jag=a S%ﬂ vwe C2AB)

S £(q) + 8 @

or

.- (2t9)

Now (2.9) with the help of (2.2) gives

£(q) = sin (a log Q) }
a . {2.1&)

g(q) = cos (a log q)
which is precisely (2.3)

Hence the lemma is proved.
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40
i Thedre‘ni_-lf The function H° (P:Q) satisfying the postulates

Lo R I 1 n .
PI i H(P:Q) = TR Ilz‘l Pil-f(‘Pi) -4 ﬁi) f(qi) S(Pi)]
] 2 2 o
with £ (p) + g () = 1 for every P
A

P, = (®:Q) > 0 -
f is the sub-additive measure of relative informatieon given by
o T 1 = R

(P:Q) = (®:Q; 1, 0, v ) = g 5 Py sin( 1032 E‘;)
vhere 7 (# o) is an arbitrary constant.

Froof: Postulates Pl and P are equivalent to (2.1) and (2. 2) and
so from Pl’ 1’2 and (2.3) we have

E (P:Q) = a:.n }-—.: P [sm( '{1"8 Py ) cos (‘flog 4 ) - am('fl‘og qi)
eps( log p;)]
1 L By
" sind E’I‘pi ’i“({h’a a;“) S e e

which is precisely (1.2)
Hence the theorem is proved,

Second characterization: This charactérization is based on the solu-
tion of the functional equation

zcu Yoo Uy v)=z:}'_:c(x,u)+ZZG@,u).(zlzJ'

1=1 j=1 1 5=1 i=1 j=1
m n. m 0
wherex,y';.o, VB y_; 15-1 J-I’Eui:&l' 5‘?1‘“1'51

under some boundary conditions.
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Lemma 2: Let G : 1x I —>R be a continuous function where I = 5,17
n the only continuous solution of the functional equation (2.12) is
given by

G(x,u) = A log x + B log u “ie _(2.1‘3)
where A and B are some constants.

Proof: Letm, n, t, s be any positive integers such that 1€ m S ¥
l<n<s - '

Butting 1 1
-xi = E’ “i_ .-,-:- (i_ = 1.2.-.1?)
“al 2 T
7 = oy S i)

in (2.12), we get

medon y-me G D rme g )

or
Glab, cd) = G(a,c) + G(b,d) = e ]
ot s e T RS

Taking ¢ = d = 1 din (2.14) ve get
G(ab, 1) = G(a, 1) + g(b,1)

which is well known Cauchy's functional equation having the continuous
solution

G(x, 1) = A log % et 2a05)
where A is any arbitrary constant,
Taking a = b= 1 in (2.14), we get
Q1 cd) = 6,0) * 60,)
giving that

6(1,x) = B log x ors (2.16)

R the set of resl numbers, Then for all positive integers m and

T i e . i —
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where B is an arbitrary constant,
Now taking b= ¢ = 1 in (2.14) we have
G(a,d) = G(a,1) + G(1,d)
= A log a + B log d (using (2,15) and (2.16))...(2.17)

The result (2.17) can be extended to the case when a and d are rational
numbers. For this let x = E—, m<Ln) us= ﬁ- (p <q) be two rational num-
bers, Let K be a sufficiently larger integer such that Kp > m, Kg >n,

(n-m
xzln

Taking m as n ~m + 1 and n as m and

setting
m 1
xl F, xz e ‘!.‘l"ﬂl"'l 'E
= 3t
yl y2 e ym o
1, = u u =—l
1 gqg* 72 n-m+l  Kn

- = =1
Vl L T S Vm PK

in (2.12), we have

mﬂ(‘i-o ':]iT(') + m(n-m) c‘%, Pi—?) = m (n-m+1) ce,-;-i) + mG é’ %)

) 1 1
+ m(n-m) G(;-, E‘E) vee (2e18)
The equation (2.18) together with (2.17) gives
G, 5 A log T+ B log B
or

G(x,u) = A log x + B log u for all rational x,u, € [0,17...(21.,19)

From the continuity of G, it follows that (2.19) is valid for all real
X, ug [o,17 .
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This proves the lemma,

In terms of the solution G(x,u), we define the subadditive di-
rected divergence as

n
As 1 3
B (:q; 1,0,7) = 37 p. sin G(p,, q.) cee (2.20)
AR sin ¥ =1 & T
under the conditions that G(%, %) =0, 6@, -;—) =7

Theorem 2: The subadditive directed divergence between the distribu-

tions P and Q under the conditions G(%—, %—) = 0,

¢! (l,l-) = ‘{ (# o) corresponding to the continuous solution (2.13) of
the functional equation (2.12) is

a8 1 & 4 Py
B (P:Q; 1, 0,7 ) = Y p: sin ('/log —
P sin 7 {=1 23 9

Proof. Taking = = 1/2, u = 1/2 in (2.13), we get on using the condi-
tion that G(—l-. -;-) =0

A=-B /e k2L
e 1 Y . -

Now condition G(1, =) =7 , with (2.13) gives

-B=9 cea(2.22)
so that

Gx,u) =7 log = aes(2:23)
The result now follows from (2.20) and (2.23).
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