
1

i
I



TEIE NEPAET
il[ AT H E II{ AT IC AL SCIgNCfiS

REFORT

EdltorLal Board

D.R. BaJracharya
(Chlef Edltor)

G. Feeuan

S.K. ShreEtha

ll.B. Stngh

K.D. Bhattaral

R.M. threetha

B.S. RaJbanshl

IN$TITI'TE OF SCIENCE
DEAN'S OFFICE

TRIBHUVAN UNIVERSITY
KIR.TIPUR

NEPAL





Nep.  Matb .  Sc .  Rep.
Vo l .  8 ,  No"  1 -  (1983) ,  1 -6

Goncening an Ancient Chinese Formula for the Arer
of a Circular Segment

Howard Eves-
University of Maine
U .  S . A .

The second oldest of the extant chinese texts on mathematics is the
Krui-chrang suah-shu, or Ari t tmetic in Nine sections. Neither the ori-----.r+
ginar aut[or nor-TEa origr-nlii-ilffio-c6i6sitffi rhe work is kno'n.
rt  was certainLy writ ten before 213 B.c.,  the fateful year in which the
egotist ical and despotic Emperor shi Huang-t i  ordered aLL books ro be
burned and alL schol-ars to be buried. rt  has natural- ly become dif f icult
to. date precisely works r,rritten prior to that infarnous occurrence, but
i.t is believed that the Arittmetic in Nine sections had already been long
in existence. shi died fi-m'-E3.lai?ls6i6ii?FGr, copies oi nany of 

'"

the condemned works roere either smuggled out of hiding or restored from
memory. rt was in on6 of these ways that the Aritlmetic in Nine sections
was resurrected -- through a revised and expanEEilEiEGbnr ;aaA Ey ffi.ng
T'sang, and somewhat Later added to by ching chtou-chrang. These enlarg--
ments took place in the early part of the llan D)masty, vhich began r^rith
the accession of Enperor Kab-tsu to the throne in ZOZ n.C. I t  is not
knor,m just what revisions and/or additions were made by chang and ching,
nor can we dif ferentiate between the possible contr ibutions of the two
scho lars .

The Arit lmeti .  i3 Nine sections, as i t  has come down to us, is a
co 1 L ec t id-oTZZ-pi6blffi 66-@lEui ture, bus ines s proc edur e s, eng ineer -
ing, and surveying - invoLving formuras for an assortment of areas and
volumes, the ari thmetic of fract ions, square and cube roots, proport ion
and percentage, the solut ion of systems of l inear equations, ind-proper-
t ies  o f  r igh t  t r iang les .

The area forrnulas- (or rules) appear early in the f irst section of
the work, under the heading of field mensuration.. Here we find

I. The area of a tr iangl-e is given by half i ts base nult ipl ied
by  i t s  a l - t i tude .

II .  The area of a trapezoid, isosceles or otherwise, is half .  the
sum o f  i t s  bases  nou l t ip l ied  by  i t s  a l t i tude .

II I .  The area of a citcl-e is given by any one of the four formulas

.  
( i ) .  ( p / z ) ( 9 / ^ 2 ) ,  ( i i )  p i / a ,  ( i i i )  ( 3 / 4 ) d 2 r . ( i r )  ( L / r 2 ) p 2 ,

where p and d respectively represent the perimeter (circr.unferenie) and
diarneter of the circle.
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IV. The area of a segnent of 
'a 

circle is given by

f(chora X alr irude) + (alt i tut le)? tz.

V. The area of a sector of a circle is one fourth the oroduct of
arc and-diameter.

VI. An annular area is found by taking half the sum of the inner
and outer-circumferences and rnult iplying by the rr idth of the r ing be-
trileen the two circumferences.

It  is to be noted that al l-  of the absve formulas, with the exception
of  IV ,  I I I  ( i i i ) ,  and  I I I  ( i v ) ,  a re  exac t ;  I I I  ( i i i )  and  I I I  ( i v ) ,  how-
ever, are consist,ent with I I I  ( i )  and II I  ( i i )  i f ,  as is done in the
Aritluretie in Nine S:S!ig, p is taken equal to 3d that is, if T is
EaKen agi.

Of particuLar interest is the approximate fornula IV for the area
of a citcular segment in terms of the chord and altitude (or sagitta)
of the'segment. 

-Denoting 
the chord by e and the sagitta by s, the for-

mula may be written as

S =  ( c  +  s ) s / 2 . (1 )

I t  is not surprising that the formuLa offered for this area is only
approxinate, for the exact for:muLa,

, .  z  2 . 2  ,  \  j

s  =  ( 4 . 9 - -  + ^ c - ) -  
a r c r a n ( 3 t L g  +  S g ,  Q )

3 2 s 2  
- - - - - " \ . l  

1 6 s  4

is not onl.y disappointingly complex, but imrolves an inverse trigono-
metric function - a concept not yet deveLoped at that early time.

Ife are not toLd in the Arittmetic in Nine Sections how the approxi-
mate formula for the area of@rmined, but lte
can make sorne reasonable guesses. The procedure had to be an eopirical

one, and the fomula night weLl have been arrived at using the knonn

forniula A = bhl2 for the area of a triangle w"ith base ! and height h.

Specif ical ly, see Figure 1, when the secani l ines are Eram so as to

F i g .  I
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nake the area of the isoscer.es 
,tr iangle appear by eye to be equal to thatof the circular segmentr these l ines seem.to cut_the segment,s chord.pro-longed in each direcrion a disrance 

"io"ury 
equal ro ; iZ:---

Another, but perhaps less ' ike'y, explanation can be based uponFigure 2 and rhe knovn iorm,rl. ; f-lq I orlnt, for rhe area of a trape_

F i g .  2

zoid with bases h, and b, and height h. Here, to construct the isos_
celes trapezoid so that it appears by eye to have the sane area as that
,of the'circular segnentr- i t  seeqs thl upper base must be taken closeryequaL to the sagitta in Length. '  .

0r, i t  courd be that the fornul-a was f irst obtained for the seni-circLe and then inductively extended to. appLy to at i  
" i""". ,  

segmenrs.For the senicircr.e 
1e haye,-bv rrr ti i i l twn!r", i;-";;j-;i ltion witrrthe rest of the Arittmetic in Nine dections, n i. t"t.rr"."-ll,

area = (3/2)12 .

But

( 3 / 2 ) t 2  =  g " 2 l z  =  ( 3 r ) r / 2 =  ( d  +  r ) r / 2 .

hgre { is the chord and r, is the sagitta of the semicircle. An induc-
t ive generaLization of t f i is ] .eads t i  the formula (r) for /he area of ageneral circular segment in terms of the chord c ."i ttt",4.gitta s ofthe segment 

---- ---- -*E

' 
rn the Arit lnret ic in Nine sectibns there are no proofs in the Greeksense' ana s6-tEffib;-rrnffirred to 

"or. "orr 
of empiricalprocedure l ike the above. Formul-as obtained ty."*pi i i"" l  i roceduressometimes turn out ro be exact, but frequenttyl .r ' i "  trr" i l ."".r t  i rr-sLance, they turn.out to be.merely 

"ppao*rrat..
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,One naturblty wonders how well does the ancient Chinese for:oula

approxioate the true area ot the circuLar segnentl An interesting way

to express this approximation is to note how the value taken by 7t yaries

as the central angle subtendetl by the segment grows from Oo to 36O0. We

have seen that for ' the senicircl l ,  where-the cEntral angle is 1So' this

value is 3. An apptoach alopg this line may be oade as follows. Denote

the qadius of the circle by r and let half the concerned central angle

be ko. one then easi ly f inds (see f igure 3):

F i g . 3 .

exact area = area of sector AOB - area of triangle AOB

= rt,f# - sin ko cos ko;,

approximate area = (AB + MN)MN/2 = (2MB + 0N - OM) (0N - OVL)/2
2 ' o

, 1 ^ d o n c o s K
= 

: '+  
+ s in ko -  cos ko -  s in ko cos ko *  

T) .

(4 )

and (4), that for an ap-

.  2 . o
+ c O S E r

2 -  o ,
+  c o s  l c  ) . (s )

'One can now construct a table giving the values of 1\t  for circular

segments of central angles 2ko. Thus, i f  k = 90, we f ind frorn (5),

f , ' = 1 + 2 = 3 ,

(3 )

I t  fo l lows,
proximation

by equating the tno formulas (3)

1(t of l( , we have

k r l

{ = r + 2 s i n } 9 - z c s s \ o

t ' = : *  ( t  +  2  s i n  k o  -  2  c o s  k o
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and once again we see that. for the senieircle the ancient chine;qe for4ula

is equivalent to takinB ?(= 3.

Trom such a table as descrlbeil above, orie obEdins the graph pictured

in Fieure 4- which sbows hon 
'iS'varies with the cen.tral angle. trt is to

Fgurvolgnl aa/ae {t" t,

F i . g . 4

-,p, f
g o \

, ; ,  f \ -

4 0 +
s

f€ ,u)
' \

to' t

. {
loo- '

s
/ b o  1 '

n,4- t

/h? ,\
\
\

/e? d
. ! .

\
eooo

2abo

ey'o"

26o"

28<t'

3,so"

3zo"

3'/o'

36oa

I
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be noticed that the yalue 3 for fi,r occurs in two other instances be-
sides the sernicircLe, nmely for a circular segnent having a central
angle of 9Oo, and a circular segment having a central aneie close to
23o", The case where the central angle is 9oo is, of coirse, easi ly
checked without recourse to trigonometric tables. For circular segreots
with snalL central angles, the chinese fomula is very accurate. rn fact,
frm (5) and by {tHospitalrs rule of beginning calcul is,

l in 6, = rir f2$ (t + z sin ko - 2 cos ko + cos
k-to k--.to L

=-g. 

[tt* 
(2 cos ko + 2 sin

= lf .

one concludes that the ancient Chinese fornula tras much to recomend
it:  i t  is sinple, compact, easy to appl l  fair ly accurate for al l  circu_
lar segments having central- angles Less than 24oo, atd, much nore accu-
.rate for circuLar segr.ent' having central angles iess than,4oo. itrougtr
in all cases t,he formul.a i.eads to an area somewhat smaller than the true
area, for a guick estination of the area i t  leaves l i t tLe to be desired.

A study of the ancient chinese formuLa for the area of a circular
segEent consti tutes a good topic for ' juniortt  research at the coLrege
frestman le'eL. .Readers nay wish to consult fgJ tor an extended 

"ri.r.yof eprly chinesE nathematics that discuss"s ai length many topics treaied
in undergraduate col lege courses.

3Sl"r"".e-s

tLJ Yoshio, Mikanir The Deveropnent of Mathematics in china and Japan,
Chelsear NeF

"The Amazine Chiu Chang Suan Shu," Mathematics
(Mat-rmf-ffi

t3l  ulr ich, Libbrecht: chinese Mathenatics in the Thirteenth cenrurv-
MIT press, (1913l-pislffi':-

University of Maine
U .  S . A .

'u'il

ko - 2 cos ko 
"i" 

kt)]

tzl Frank, swetz:
Teachei
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Generaliied Directed-Divergence Involving Mor:
Than Two Distributions

Abstract
-Parvinder Kaur

A new concept of general,izeil directed tlivergence involving more
than tw,o distributions is introduced here which generaLizes the non-

addit ive general ized directed divergence of order g(. Also this measure

rrilL be characterized using a functionaL equation and using -a functional
inequali ty.

Definit ion

Let  P  =  (pL ,p . , . . . ,p r r ) ,  p i  )0 ,  
H  

n ,  =  t .  ,

n

Q =  ( 9 1  , 9 2 r . . . r q o ) ,  i 1 7 7 0 ,  E  9 i =  1 a n d R =  ( r 1 , r 2 , . . . , t o )

r ;Vo, i  t .  =  I  be  th ree  , ; ; . "  d isc re te  p robab i l i t v  d is t r ibu t ions .
1=r

Then rrc define the rGeneralizecl directed divergence involving more than

two distr ibutionsr for the distr ibutions P, Q and R as

_(tf l  _. . t- t  ^r-r,-r  .g ,  _4.-r l -d -r-r  r-{
I  (P :Q :R)  =  (2  . -  -  2 '  

- )  -  
) ;  

( n r s j -  
-  

r . -  -  p i q i  
-  

r .  )
1 = I

4,*A ( r .1 )

For B = L,  (1.1)  reduces to (zd- l - r ) - t  t  i  p .qd- l  r .1-{ t )  (1.2)
i ; l  

I I  I

(Kannappan and Rathie 1972) which again reduces to Yo.loe q./r,  (1.3)

(rhei l  (L967)) as. o(-+t.

2. Characterizations:

.The f irst characterization of (L.1) is based on the solut, ion of

the functional equation
n n m n

i f  r<*rr i ,  u iv i ,  t i " i )  = X E *r , r r ' - t  . r t -*r(v5,v5,s3)
i = I j = l  

r r  r J  ^ J  
i = l j = l

m n
. 

'H,,**r:rf-t ."'r-tr{*',"r,rr) (2'1)
r.=r. l=*.
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n n
w h e r e  x -  y ; 7 - o t E  

" ,  
=  

E  
" ,  

=  1 ,  u i ,  u j ) - o-  J  i = l  
'  

j = i  r  r

. i ,  " j t  %r*ur (1 , , f r  " ,  < t ,  $  
. , ( r ,  

*
Theorem L:

y: [o, l  x f9,LJ x lb,U ---*n (reaLs) be a conrinuous funcrion.
If  for al l  posit ive integers m and nrF satisf ies the functional equation
(2 .L) ,  rhen under  the  cond i t ion  F(1 ,  

l ,  l ,  
=  l . ,

n

E 
" tn .  

re :  r ! :  I  =  <* -L-z f - r r - r  *  r " . -a - l  l -d  p -L  1 -  t .
i : T  

- 1 ' - 1  '  1 '  ' L  - '  '  
' X  

, n t O t  t i  -  p i q i  r . -  
- )

Froof :

we shalL f irst f ind the solut ion of, the functional equation (2.1),

-  
L e t  r t ,  n ,  u ,  v ,  t r - s  b e  a n y  p o s i t i v e  i n t e g e r s  s u c h  t h a t  1 ( n ( u ,

1 < . n < t ,  1 € n ( v r  l S n S s -

se t t ing

1 1 r* i  =  
r - ,  

r i  =  
i ,  . i  =  

i  
( i  =  1 , 2 r . . . , m )

1 1 1
Y j  = , r ' '  t j  = ; '  

" j  
=  

i  
( j  =  1 , 2 , . . . , n )

i n  ( 2 . 1 ) , .  w e  g e t

mn rq-l, *, *) 
= ,o (l Ql){-t ,l,t-*.,*, .,I, l,

or 

* 
"'t*) +f-t tlll-6'd' 

"l' l'

1 983

" j  ( r ,  e . * B  .

A l  
f l - € F ( . ,  c ,  . ; .

wttic

;-
ac

so t l

.(-.
ac

inpl:

F  (a ,

utrere

1
al nu

r

r - E- h

suf f f

L p  7 r

fatinl

b  ( z '

F(ab ,  cd ,  e f  )  =  ay ' - l

l r
w h e r e a = l . l = l ^  r

m -  , r ,  " = r l t

A lso

F ( a b ,  c d ,  e f )  =  F ( b a ,

"1 -a  
r1b ,  d ,  f )  +

a = 1 , " = l , r =

d c ,  f e )

bd

I

;
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which with the aboye equation gives

ac* -L  e l -a ' t r  (b ,  d ,  f  )  +  bdp- l  ! ' 9  r (a ,  c ,  e )

bdo( - l  f l -dF(a ,  c ,  e )  +

so that

_^c(-1 1-o( D-t bP
d s  e  - a c  e

F ( a ,  E r  e )

E-r 't -F
a c  e  T ( b ,  d , f )

= *u' :li1;.'r4:' ,t-" = A(say)

irnpLying

F(a,  c ,  e)  = e- l  <.$-1 
" t -d-  

act - l  e l -p)

i.rhere A (l O) is a consranr.

The result (2.2) can be extended to the case when arc,e are rat ion-
al numbers such that a, c, e e (O,LJ

For rhis ter x,= f i  <r(, n), u = 
nP tn < c)

t  = 
f ,  fs (h) be three rat ionaL numbers. Let k be a, posit ive integer

suff icientLy large such that

kp7m, ks7n,.  kq)-n,  kh>7n, krr*{ l# and k 7f f i

Taking m as n*r+l and n as n and setting

m 1

" t  
= ;  , . * 2 =  " '  

=  x r r - - + l  =  
o =

t t = y z  . . . = r r = *

D lul  = ! ,  u2 = . . .  = , r r** t  = 
E_

u L = u z  . . . = " , = k

r  = 9 .  r  -  - 1'1 :  E' t2= " '  = to-**l = 
nn-

' r = ' 2

i n  ( 2 . 1 ) ,  w e  g e t

( 2 , 2 )
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, L l r
bn*, 

-t, --o) =
pnk- gnk'

I

I

i
I

'f*r rfr4-t ,t,t-1c-o)rlr(nht-",hf-1 ,qt, h, ,nL,
* '6G,?'"n) . (n-r) Ft h, *-,'U qr, rllt-t ,rbt-^
This equation with (2.2) gives

'q,t,frr = o-, (e, qf' e,'-*_ * ,tf ' ,fr,,-r,
F(x,u,t_;  = A-1 l -"  

{-r  
t r-a- * ,r f - ,  , r-DJ

for aLl rational x, u, t e tOrIJ

x:"i,tf :"H:ilttt 
of F we can say that (2.3) is valid for all real

Now tbe condir ion ,(r ,  
+,  | )  

= r ,  with (2.3) gives

a= (2d-1  -zA ' r )

so that

F(x,u,. l  = rz41 - f-rfr,(*,r l- ,  .r-d_ xur-l  t l-p
Therefore,

S 
rrn'ar, . i )  = , / . . t  -  ,r-r)- ,  *tnrorl- t  .rr- ,

This proves the theorem.

Second characterization :

Theoren 2:-

If a functior Krr, \ )2, satisfies the postulates

c l  t  K o  ( P : Q : R )  =  * l  , 0 ,  t  p 2 t . . . , p r r l  g 1  r g 2 r . . . ,  q : r l r r 2 r . . . r r r r )= 8 ,, ,f,r*t.H _ ,1

(2 .3 )

%
and

c 3 t

tben

(zl-

Proof

I
t ioo ,

I

:
i.

f.fi"C

{ r,, tt

for p,

hr t \

-d div

( t r ' Q

rqrl

l r t r , a

) - )  o

) ) 4 . * p

- oinf 
-t 

"r.t-')

, l +  B

I

I r
J ]

{  r , l
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C 2  ,  K r ,  ( P : Q : R ) ) O

and

c 3 '  K 2  ( 1 , 0 ; ' ,  + ,  i ,  ? ,  
=  Q 1 ' L  -  f ' L )

then

(rd-t - f 'L)-' Ko(p:Q:R) = 12'l-L -,l-rr-r

11

E *r*i-1 '1-(-

niof 
-t 

'Lr-Py,u te

(o(,P)
=  I  ( p : Q : R )

Proof :

Before proving the theoreo we ghall find the clifferentiable solti-

tion of the functional inequality

& <lip-1; f  (es) 
1-.  ̂

E nr ,{t 'L 

"+ 
- 

)vo Q.4)

Tak ing  p i  -  q i  =  r . ,  i  =  3 r4 ,  r .  r  ' t r '  i n  (2 .4 ) , .  rde  ge t

/

, , l t .F - r f  
f  (s r )  - f ( r l ) - l  

,12 ,a- r t - f  Qr )  -  f  ( r r )1

nt t r )-  J*n,  f l - '1tr)r*  
(2.5)

for p, + p2 = 91 * 92r"1 + r, (,1

P u t t i n g p L = r I +  6 ,  p 2 = r r -  t ,  6 ) 0 , 9 1  = 1 1  +  1 r  e 2 = " 2 - A r O ( (

and dividing both sides of (2.5) by }., we get

(', 
l$fflr-rf 

r(', *r,) - t,.r, 
l. I:, . 

p, 
/r- {.r-t

ryt, , L----rJ-rG til l '
r  f  Gz -) ' )  -  t ( r r )  

l .

L---- J"' Q'6)

Let r l  ar.d r,  be the points where f is dif ferentiable taking t*5.0,

)--+o in (2.6) and using sy*etry in r,  and rrr we have

r  f ' ( r )-TTif = a
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that
f (r) br"

where a ancl b are constants.

Now pos-fulates C, and C, inply

n  q .  q  ,  q .

K,, (P:Q:R) = 
E n,. (*f 

-' 
ftfl" - rJ >.,o

I= I  1  1

Fron (2 .7 )  and (2 .8 )

I I  Q .  a  .  q .

K,, (P:Q:R) = 
E n, (*f 

-' 
f,q3-1" - U

1 = l  1  I

This lr i th postulates C, ] ields

( 2 , 7 )

( 2 . 8 )

8 , e )

"  
=  4 _ B

so that

p*-r- rl-tr-t Krr(p:Q:R) = ({-r-ze-tr-t 
* rnrcld-t 'l'{ orof 

-t'rt-!)

= , [#afi] , ,i', ,
This completes the proof of theorern.

No te :

Sinoe the generalized directed divergence involving more than trro

distr ibutions (1.1-) reduces to the non-addit ive directed divergence

of order 6( involving more than two distr ibutions.(1.2) for F = 1, the

above theorems 1 and 2, also characterize (1.2) for B = 1,

that is, the functional equation

il

n n

' , E F t o i l j , . i t j ,  
t . s . )  =

1 = r  J = r

m n , , .

E  i  * r ' r d - l  . r 1 - d F { } , , v . , s , )
i = l  j = l  r  J

.q t v, F(x* u' tr)
r -= r  J=r

where x . ,  y3,  u i r .  r j ,  t i ,  
" j ) -0 ,  E " r  

= 
E 

t ,  =  t

I
I
I

I
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* 'or.-.  
t ,  

,* ' j  
( ' ,  

$ 
'r< t ,  

f i  
s5 (1, t+ F

eharacterizes (l'.2) uniler. the condition

1 1p (1, i , i) 
= r

and sini lar ly rhe functional inequaliry.
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Hypereurface of' Q$li€.Reducible Finrler $pacer

-U. P. Singh and R. S. Pracad

A quasi-C-reducible FinsLer spaces has been introcluced by Matsupoto

and Shjoada (1,977). In this paper, the properties of the hypersurfaces

irnbedded in quasi-C-reducible Fn have been studied. It has been proved

that the hypersurface of a quasi-c-eclucible t'o is also guasi-{-reduci-

ble. The tonditions under which the hypersurface of a quasi{-reducible

Landsberg space is a Landsberg space harze been obtained. The conditions

for the p-riaucibifity of the hypersurface of a p-reducible quasi-{-

reducibll Fn have algo been cleducetl. Turther aftet applying so-called

T-conditiOir" it tt" been shom that if Fn is Lanclsberg so is its hyper-

surface provided both Fo and Frr-1 satisfy T-conditions.

1. Introduction

Let Fn be a n-dimensional Finsler space with fundmental function

F(x, *), 
'dhe 

fundmental tensor gr. antl the angular mettic tensor

h , .  =  8 , .  -  1 , 1 ,  ( 1 ,  =  A g ) .  
* '

r . J  - U  1 J  t  
I r t .

Let Frr-, be a hypersurface'of F' which is represented paranetricaLly

by the equationS

(1  .1 )  * i  =  * i (d )  ( i  =  l ' r2 r -  "n '  o ( -  1 ,2 ' -  " '1 -11

in which u4 d"rrot" the parameters of the hypersurface. It is assuned

throughout, the functions (1.L) are of cl-ass cZ and the matrix of the

projection faotors

( 1 . 2 ) - i '  )  * i
-4 

- oa.
ou

,  i  ) 2 * i
has the rr,nk (n-1). we shaLl write rir= 

ff". 

The induced

qetric tensor of Frr-, is defined as

- iJ

" t i ' t j  
o t r( 1 . 3 )

The inverse of (1.3) is denoteat ty g4F by oeans' i i f  which ue deflne

a set of quanti t ies



I 6

( r .  4 )

which gives

(1 .  s )

( 1 .  6 )

N e P .  M a t h .  S c .  R e p . ,  y o t .  g ,  N o . 1 ,  l 9 g 3

{ = EaP rr: uL

' f , i = s [
At anY Point  Pof  the hwna-o, , - r^^^
def ined by equat ion"te 

hYPersurface,  a uni t  normal  vector  Ni(x,  * )  is

, .  - i  i r
t n i  oo (  =  o ,  B - "  N .N .  =  1

( 1 . 7 )

where Ni

A usefu l

( i . 8 )

(1 .  e)

( 1 . 1 0 )

which satisfy the identi tv

rr*ri.= 5j - nrN.

iJ--
^J

se t  o f  re la r ions  is  ( t5J ,  p .  156)

,i: = ,*p sij^ * NiNr" al'F

gi.r  N'  
%= o

c 
Ael 

= tr:n tijJn

,"""rrrti,1lififf""l:,'ffJffi:l"i"H::: which vanish identically in a

(1.11) M.(,c = ci j r  , i r"ork

(1.r2) *oL = . i jo nlnJl lk

The induced connection coeff icients of F
relat ion (t5J, p, L6O)

T . * o (  '  :  - * i,u=  u{  , * r *Tnn

,r_, 
defined by the

( r . 1 3 )

While the normal curvaEure vector

-hk
"?{ )

i s  g iven  by  ( f5J ,  p .  193)

TI

( l

rb

IE

c - .
i l

Pro

io
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t .  .  ,_t ,{  * i
(1.'14) l.o = rLu - ull" . T";

which gives 1157, p, I94)

1 . .

( 1 . 1 s )  T  = - f i - . P 1
t tlg d(F "

A Finsler space Tn is said to

and Shinada [tJ> i t  the tensor c..k

L7

Bt'k
t f t

where rr-a, are the components of the seconcl fundamentaL tensor of

Definit ion:

Tn-l

be . quasi-C-reducibLe (Mats rmoto

is given by

* otnt, )( r . .16)

where

( 1 . 1 7 )

} '  ,  ^. being scaLar functions.

The fol lowing relat ion is an inrnediate consequence of (1.16)

t i j n =  ( o i j 9 n * o j o t t

A. .  i s  o f ,  the  fo rm
l J

A , .  =  l h . .  +  l t  c . c .
U  I J  l J

(n+1) ) .  + 3t42 = L (c2 = g. .c ic j ;

We shaLL non prove the following Lemna.

Leroma 1

The neqessary and suff icient condit ions for a quasi-{-reducible
F' to be BerwaLd space (Landsberg Space) are

t r ln = o and l ln = o (ci l i  : i j  = o ancl \1.  : t i  = o).

Proof

The h-covarianr derivatives of (1.16) and (1.17) are wrirten
in the-forrns

i

J
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(1 .  18 )

( 1 . 1 9 )

where

i ,  j ,

Lema 2

Nep.  Math .  Sc .  Bep. ,  Vo l .  g ,  No.  1 ,  19g3

ci3t1r,: dcr:n, or:L,lrncr * tnln) * 3fci ,.cict] *

* 3lTr, .r.j.n

(n+1) lrn * Srr^10 C2 + : ,trc21n = o

the notatio" 
dtrjnl 

denotes the cyclic pe:muration of the indices
k and sumation.

atln = o implies trrat cfo = o. In view of this condition and

l ln  
= o the re lat ion (1.19)  g ives af r ,  = o.  Thus c. rn = o ana t r ln  = o

ln t t . t : o l !  
= :  o r  ( 1 .15 ) .  Conve rse l y  rhe  cona i t i J i  c i i k l h  =  o  i np t i es

" i l t  
=  o end th is  reduces (1.18)  to rhe forcm

\16Gi5cr * njoti  * nrntj) + :,re1n c.c.ck = o

Contracting this equatioo by CjCk,

(1.19) and noting ttre relation Ct6

the lema.

The folt owing lema has been proved by Hatsumoto and Shinadaf{

A non-Riemannian quasi-G-reducible Fo(n 7-4) is p_reducible

if  and onLy i f  the fol lowing reLation holds

t: btr:il + 3 ̂ .j 
l, 

,ti = o

2. Hypersurfaces of a quasi-C-reducible Finsler space.

From. the  equar ions  (1 .10) ,  (1  .1G)  and the  face t  h*O= C, .F_  L ,LO,
we have

(2'L) 
"/o7= 

t{nep (crB}) * npl(.rt j) + rr*7(c.np

+ rrr<njcr) ,ri.r, (Blk)

substituting rhe value of A{O fro

= o lre get } lh = o. This proves

U

w

( j

(i

eq

(2

utr

I c

Ih

qu:

Par

rte

( 2 .

vDel

i g  <
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In  v iew o f  (1 .8 ) ,  (1 .12)  and (1 .16)  we ge t

(2.2) c = (1- >,-3t t r '> 4",  
( f= crui)

B{^
w n e r e  

" 4 =  
I  " l f l {

n i th  the  he lp  o f  (2 ,2 ) ,  the  equat ion  (2 .1 )  reduces  to

(2.3) c,.af n $,.o""l * hatc.l * hllc(t) + 3qcacrcl

where

(2,3a)  
t r  

- t  and q =

(1-  \ -3Af- )

equat ion (2.3)  can a lso be wr i t ten as

(2 ,4 )  
%Bi=  

(A tp" l  *  oN" / *  Aa. {c ts )

where oorp= n ho(p * c cecf

It gives the following theorem.

Theoren 2 .1

A h y p e r s u r f a c e o f a q u a s i - C - r e d u c i b l e F i n s l e r s p a c e i s a l s o a
quasi-C-reducible Finsler space.

The dif ference between the intr insic and' induced coonection

parameters 
ffi 

*u Tii t" given uv ([sJ , p' ztt+)

T4  
* t  

n4  
1o t

' R l  
- l P { =  t ' t t {

where

r _s.
(2.5) N*ut r", Air= M p{ Arc * 

"{o^y'o 
- 

"*a^po

- (".,, cln . 
"r, 

tjo - tuu cj, I ru o'

where Jr-.1o denotes the contraction of .n-4'by uP' If 
:h 

sPace Fn

is quasi-C-reducible, then by virtue of (1.11) and (1'16) v' te get

1 9

G-I-3.63
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(2,6) Morp = f (  Ihao* trrt  C*cp)

where A* 
= - 3l^

G- T-;;53

Subit i tut ing the values of Mn,in (2.5) and siopl i fying r i th the help
o t  (2 .4 )  r i le  ge t .

. l - ((2 '7)  Ar . "= F$h.( ro\4y 'o  -  p  c f  ' ^ -o. ] *  ) ,n  l f^"o 
-

-  P  c^ -Go" l  -  I n  y  t 4 rao  
+  P  c64oo  *  l " '  ca '

.l 4' to cb - 
"r"lrr^oo1 

. dtot c4nro * 
"r"7t^oo 1

-"^ 'cy{c* 48o. ts 
*^oi  

-  3qr cagpcy^""J

This equation leads us to the fol lowing theorem.

.Theorem 2. 2

The necessary antl  suff icient condit ion rhat the induced and
intr ihsic connection parmeters of a hypersurface of the quasi{-
reducibLe Finsler space coincide is that either the vectoi ci  is tan-
gential to the hypersurfac" ot jzo = o provided rhat p + L72,

Proof :

The suff icient part is obvious from the eqn. (2.7). For the

necessary condit ionr- Neei o imp!, ies that either f  = o o, the expres-

sion within the bracket [  7 in (2.7) is zero wtr ich after contraction

by  td  y ie lds

( t(h^t * I' crcl) tz-oo = o

The conrJit ion ( thUT * .rrt  C"C/I = o gives 
\= 

3 wti"t  conrradicrs

the assumption (n >,- 4). Hence -tL

Substi tut ing 4oo = o in the expression within the bracket f  J i"

(2,7), rre get an expression which after cohtraction by

( 2 . 8 )

( 2 . 8 a )

A simpl

( 2 . e )

Subst i r

bence E

( : .  l 0 )

l

c :  a  g u :

i  i cuced

, 1 . 1 5 )  r

: . : l )

Ga:e Le

l - : o n t :
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e&f dnd equating to zero gives

(2.8) aio { 
rtr,-z> * ,*' c2} = .

( 2 . 8 a ) wtrere c-2 = ,*u aJr

A s iop le  ca lcu la t io$  basec l  on  (1 .8 ) ,  (2 .2 ) ,  the  eqn. ,  (2 '8a)  g ives

( 2 . s )  d z  =  G - \ - 3 n ? 2 ) 2  ( c 2  -  ? 2 )

Substi tut ing (2,g) in (2.8) vre get either o/o = o or p = I l2 and

hence the theorem is Provetl.

In  v iew o f  (2 .3a) ,  eqn (2 .2 )  takes  the  fo rn

c* = + tt* .,

Z L

(2 .  10 )

In order to establ ish the concl i t ionrunder which the hypersurface

of a quasi-C-reducible Landsberg space- be a Lantlsberg space ue take the

induced covariant dif ferentiat ion of (2.10) which after the use of

( 1 . 1 5 ) .  r e a d s

(2.11) 
"tp 

= i l.rrn 'lX.:+ lon*r * '^*nP]* I t \n 'L.

.  + 4 . l r -  - * t l s 1 c . - - x  
- i -

) * .  
o p  J  l , r  

f  
n \ F  o o ( ' i

where we have used the fact an.a13 is symetric in the indices i and

E x '
1 .

The cont rac t ion  o f  (2 .11)  Uy  tPy ie . lds

(z.rz) .*lo = 
i {.rrrJ 

rl ** rr-ooNl * o*of }

+ il*,, on .r+ Aoo -t] ':.., - 
i 

n r" B r  c .
. ( 1
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It is now agsuoed that the intr insic and induced connection p"r*"r"r"
a re  ident ica l  anc l  f  I  o ,  p  +  I l2 ) .  There fore  by  theorem (2 .2) t t "o=  o

If f  I  o and, p + Ll2, rhe eqn (2.I2) now reduces to

(2.13) ./( o 
= 

| 
c*nthni ."i"t*n r1,., - 

i 
n,. rt*.,

which after 'using the Lema L, gives the fol l-orr ing theorem.

Theoren 2.3

rf the induced and intr insic connection parmeters of a quasi{-
reducible Landsberg space coincide and p + L/2 arrd f is non-zero, then
the hy?ersurface is Landsberg i f  and only i f  ar lo = o.

Again i f  So(o = o, the equation (2.6) shows that the tensor

Molovanishes identical ly. According ro Brown I7J, t \e part ial  deriva-

tive of the normal in this case is given by

)lt = - M.Nl
)'ia *

which in view of f  
= ar*t = o reduces ro

) c '  r  
'  I

( 2 . I 4 )  
- - J P r = - c . d N - =  

( c . N l ) M .  = o

) , id  
t ) r ia  r  '  

6 (

Ass'rr ing that I  is the functioh of the coordinates only, frorn f irst
of (2.3a) we have

\1n 'th{r + P1
( 2 .  r s )  n l o

On subs t i tu t ion  f rom (2 .L4)  and (2 .1 ,5 )  in  (2 .12)  l re  ge t

c,,^ = l r', .rln,th * !\g*hul., - 
+*+..1r 

+ py n1, ci
d l o  p  d \  r l n  p  

' - r  
d  ,  

n "  ( t  _ \ )  
'  . '  - L -

This equation by virtue bf Lema 1,, gives the fol lowing theorern.

Theoren 2 .4

If the induced and intrinsic connection parameters of the hyper-
surface of a quasi-c-reducibre I"andsberg space are identical,  44o I o

a q u
indu
and

and

face

( 2 , L

- (o+.

Addir

( 2 .  1 {

fheor

cPace

( 2 . 3 )

rhe pr
l F  A (

( 2 . L

r*rere

( 2 .  L 9
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and the scaLar )r. is the function of the coardinates onlyn the hypersur-

face is also a Landsberg space.

In .order to decluce the condition under vhich the hypersurface of

a quaei-c-reducible ancl p-reducibl-e be a p-reducible space, we take-the

ind-uced covariant derivatives of the characteristic scalar q in (2.3a)

and the torsion tensor Co1 in (2,2), These derivatives are given as

(2.16) s tA cF,'t'( = 
S ": "Lo*bt,^ 

- ,"'t c2,*- tn+r) f ,:. il

where S = n + 3b c2 + 6r+L) fz

23

-(".1)rr11]. tl$t' 
{.rro ,lo'.F ^* *'\,L. $t*rr2-*, f

(2.17) ,n .pf"o = 
1# 

trti""E, r.kt' - (n+1.) f '\ * ,^1 1"

rre get

= (n+1)2

s2 f r^r ,  
* i  + 3rrc '1 i  o i l  .  t *

Adding (2.16) ar.d (2.L7)

(2 .1S)  e1o cO*  3q  ce lo

where

(z.Ls) r* = g[r, . . .pr.# "t4oo 
.:uL*

,  ) c ,  1 )  2 ( n + 1  
' 2

+ 3ArB-^ i  -cr---  t l l  *  2(n+l) '  c.  nJ- s,^- F ) * t  - - o o  
J  s ,  r  O  l o

In view of Letma 2 eguation (2.18) gives the fol lowing theoreco.

Theorem 2.5

The hypersurface of a quasi-C-reducible and p-reducible Finsler

space is p-reducible i f  and only i f  G4 in (2.19) vanishes.

From the abive discussion i t  is clear t 'na-t the theorens (2.2),

(2 .3 )  and (2 ,4 )  a rc  t rue  i f  f  
=  o  o r2o  =  o  and p  +  L lz .  We s tudy

tlre properties of the hypersurfaces in these cases in the following

tlro sections.

3. rsit;g*ee f- c.ul = o
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( f5J ,  p ,  160) ,  the  inducec l  connect ion  coef f i_

* i  , ,  \
F - n K \' n o  

" P Y  )

which on assumption that F- is Landsberg, are independent of the direc-
t ion  i f  and on ly  i r ,  # . r " t independent  o f  the  d i rec t ion .  The d i rec t ion-
a l  d e r i v a t i v e  o f  B $  c a l c u l a r e d  w i r h  r h e  h e l p  o f  ( 1 . 4 ) ,  ( 1 . 7 ) ,  ( t . l O ) ,
( i . 1 1 )  a n d  ( 1 . 1 6 )  i s  g i v e n  b y

) s.1
(3. r )  

#  
= 2 f (x :nq *  rd  dc l  )  r i

. l

t : :_<Ini :3l  . f .y l  
= o impties rhar n = 3 which conrradicts rheassumption (n >- 4). 

'Therefore 
we have the fol l0wing:

Theorem 3 .1

The induced connection parameters of the hypgrsurface of aquasi-c-reducible'Landsberg ,pr"" 
"r" 

independent of the direct ion i fand only i f  the vecror C. is iangential to the hypersurface,

Combin ing  rheorems (3 .1 ) ,  (2 .2 )  and (2 .4 )  we ge t

Theorem 3 .2

If the induced.connection parameters of the hypersurface of aquasi-c-reducible Landsberg space 
"t" 

ind.p"rrdent of ihe direct ion,then the intr insic and induced connection parameters are coincidence
and Ehe hypersur face_ is  Landsberg  space.prov ided the  sca la r  X  is  thefunction of the coordinates onlyl

4 .  T h e  C a s e  A  
4 o

Two forms of nornal curvature vector of Lhe hypersurface haveso far been given. One is due to Rund based o. 1o". i ly- lr i . , tor""t  i r 'theory  and o ther  i s  due to  Dav ies- .based on  loca l ry  rc lua ian  theory .rhese curvarures  are  denoted  by  i1  
" "a  

n ;L r " r ; : . ; i ; ; ; ; : "  A  re la r ion
between rhem has  been g iven or ' *J f ; f  ( f5J ,  p .193)  wh ich  reads

t/, ' t\ i l  i  r i  r '  : h ^r.(4'r,  n{rr = Lio * N-N. ci lk u;{; o

Mul t ip t i ca t ion  by  r jp  and use o f  (1 .15)  g ives

. 
According to Rund

c: .ents are given by

* . (  t

D" =  t l  ( t i
,  1  A{*

; 1 . ,
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. o L . l t  T i  B  i
( 4 . 2 )  n ; l i ' - =  I * o  , 1 '  =  r t - o 1 o  N -

B y  v i r t u e  o f  e q n s  ( 1 . 1 6 ) ,  ( 2 . 2 ) ,  a n c l  ( 4 . 2 )  t h e  e q n  ( 4 . 1 )  r e d u c e s  t o

- , , o i  - r i  \ *  3  0 2  ^  ,(4.3) LF 
= Iio . 

fr;F 
c6tu"co N'

We assume that  the hypersurfac" I r r -1 is  non-Riemannian i .e.  COj o .

Therefore for  the equal i ty  of  two curvature vectors s i lher-r? e = o

)
o r  f +  3 A  f "  -  o .  T h e  l a t t e r  c o n d i t i o n  i n  v i e w  o f  ( 2 . 3 a )  s h o w s  t h a t

p = ). . Hence we have the following theorem.

Theoren 4 .1

If the hypersurface is non-Riemannianr. then Rundrs and

Daviest normal cur-vature vectors are identical i f  and only i f  ei ther

Jr-o(o = o or the characterist ic scalars },  and p are egual.

From theorems (2 .2 ) ,  (2 .3 )  and (4 .1 )  we ge t  the  fo l low ing :

Theorem 4.2

' 
I f  Rundrs and Daviest normal curvature vectors of the hypersur-

face of a quasi-C-reducible F' are equal and P I \  '  then the induced

and intr insic connection parameters are equal.

Theorem 4.3

If Rundrs and Daviesr normal curvature vectors of a hypersurface

of a quasi-C-reducible Landsberg space are equal and p I )r ,  then the

hypersurface is also a Landsberg space i f  and only i f  C*1o = o.

5 .  T-Cond i t ions

According to (Matsumoto (1974) and Kawaguchi

cal led T-tensor is given by

*
(1972)) the so-

6 ' r )  r r , i j r .  =  c r , i31 t  *  tn i j to  +  cn 'n l r  *  tnn j l i  +  c 'u ' lh

The expression for Tn..O dif fers sl ightly frorn what Matsr:moto has

given in which the f ir-st tern in the r ight handsicle is FCni5lf . .

This dif ference is.due bo the fact that vte have used Rundrs notat ion

for v-covarigrt d. i f f  erentiat ion CU5 
1n 

ot ani j
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rn.r.  Cti j lO denotes the v-covariant derivative of Cn...  The correspond-

ing expression for the tensor tgff/5of the space Fo_, is given by

(s'21 r-*Fv[= ta"{15* taelt6* trr6'/* cl151o * c,.t .6.t4

The v-covariant derivative of the telatioo CaAf CO.. elf,rf iefas

(5'3) ceatlt= torjls tfi,. tnr: ts t'ril * tnij 'inrs!1

* tnij '3vttj.^

r t . t "  
{rstands 

ror nl \  E

A direct ca1,cul-at ion gives

(s.4) caolls= cr,i31r. 
*',i1,

(s. s) and ,i, = 
"* r*n

In  v iew o f  eqns  (1 .11) ,  (1 .L6)  and (5 .5 )  rc

h  i i  , 2 2 .(s.6) ,n 
: 

rit"'it = ).-e- h^rh*,

* 3A?2 >' 
^

(l-)'-gtrp')F 
(%f*tr * n4!trecJ *

Substi tut ing the values fron (5.4) anal (5.6)

ne geE

(5'3a) trovl; cni51r. 
f, i l l  

\2P2 {i 'urho(r * hor{ha6* oeonvS)

get

( s .7

The r

Theol

sary

condi

Prool

vanie

brack

I J

(s. 8)

inpli

and C,

cases
theorr

theorr

g l^2 p2

1r- x-rr^ p2)4

i n  (5 .3 )  and

crcecf 
5

sinpt ifying

. 
#; 

(nalt*t'* hefpcs* nafff LstrfY

* nof,l* orrt^tr' . 
**#;l 

cacactcg

On subs t i tu t ing  (5 .3a)  in  (5 .2 )  r rc  f ind
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h i . i L  )  f  ?
(s.7) t.(of 

s= 
tni:o trJJs* p' 

Lf 
(nutnas * 

l.onls* 
h.rrh,gl )

3Jr \. 
A;fi?F 

Gercecf h*fpt:* \'ocrcr* Lrcacv*

* opf*'/ h*'*cJ . 
#fu 

t*%t{

The space I '  is saicl to satisfy T-condit ion i f  t t i5t vanishes'

Theorgn 5. I

I f  a quasi-c-reclucible Fn satisf ies T*condit ion, then the neces-

sary and suff icient concl i t ion for i ts hypersutface also to satisfy T-

condit ion is that the vector c. is tangential" to the hypersurface.

Proof :

From eqn. (5.7) i t  folLows that i f  Tni3l = o, the t 'ensor faptE

vanishes if and only if either P 
= o or the expression within the

bracket I  J ir ,  (5.7) is zero.

The contraction by g40 ot. the expressipn within the bracket

I  J  L r ,  (5 .7 )  and use o f  (2 .9 )  Y ie lds

(s .8 )  
{  ^ '  "  

+  3 / r t r , . '  -p ' ) l h t s

*9r.(c2 - o'l] c1c, = o

Fronn (5 .8 )  i t  fo l lows tha t  l2n  +  3A} .  (c2  -  p2)  =  o

inpl ies that n=l ani l  i f  l2r, * r l \(c2 - 
o') iF non-zero then h"r5'

and ClCg are proport ional and eqn (5.8) gives n=3' In both ihe

cases the values of n contradict the assunption n;4 and hence the

theoren.

cornb in ing  rheoreos  (3 .1 ) ,  (3 .2 )  and (5 .1 )  we 'ge t  the  fo l low ing

theorem.

,_J
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Theorem 5 .2

If the quasi-C-reducible Landsberg space Fn and i ts hypersurface

F , satisfy T-condit ions and X is the function of coordinates only,
n-'L

then the hypersurface is Landsberg whose induced and intr insic connec-

t ion parameters are coincidence anal independent of the direct ion ele-

ment ,j4
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Some Problems on Hyperbolic Kahlerian Recunent

Space
-C. P.Awasthi.

1.  In t roduc t ion

Yano fzJ studied H-project ive transformation in an almost complex

space. LaiJr on, Ptovanlvi l '  Mileva f i 'J studied the H-project ive trans-

formation in a local ly product 
"pr"" 

aot obtained some results on "Hyper-

l . i i "  rartr"r space" alr inea by RasevaskL [6J' using these 
IS:Y1t: '  

*

have defined hyperbol ic f inlerian recurrent and hyperbol ic-Kahlerian

semi-recurrent spaces airt l  establ ished some results connecting these

spaces. The last section of this paper is devoted to lhe study of some

propert ies of conformalLy 
"u",, t t tni  

i ryperbofic r 'dhler space'

.  An n-dimensional manifoLd.M* is.cal led a local ly product space

[2.7, i t  in Mo a tensor f ield F1 * A1 i" given, satisfying the condi-

t ions

h e r e ( , ) i s t h e o p e r a t o r o f c o v a r i a n t d i f f e r e n t i a t i o n w i t h r e s p e c t t o

the symnetric aff ine connection Tl:O .

Let us supPose that in an n-dimensional local ly product space'

the Riemannian metric

( 1 . 1 )

? 1 .  2 )

( 1 . 3 )

satisfying

( 1 . 4 )

is given.

resPect to

I^te pUE

F i .  =  o .
- l  r K

d " 2  =  n . .  a * i  a * j ,- l . J

8 r "  =  -  B S i r

Ide also assume that covariant dif ferentiat ion is taken with

the  Chr is to f fe l  symbo ls  ca lcu la ted  fo r  the  tensor  g" '  I f

'1 'f = lf ,

- t  - sr .  r .
l r



30 Nep.  Math.  Sc.  Rep. ,  yo l .  g ,  No.  l ,  19g3

( 1 . s )  F . -  =  r ?  e  . ,- j i  - j  
" a i '

we have

( 1 ' 6 ) '  t j i = - t i j ' " r j , k = o a n d g i j , k = o '

A- local ly product space. sai isfying above condit ions, is caLled

lufrnertotic 
Ghrer epace. . Rasevaski nas first to consider such spaces

rn a h,rperbot ic Kihler space, re ha'e the forloviug rer.ation f'-7

\ r " i = - * . n " i ,

d ""n 
= - 

+ R"rkh F"t ,

\ i = - n " . r l r l  .

,n"""Tl%jphic 
projective cunrature tenaor of hyperbolic xJ'er

(1.10) rli, = *lr,. # LUrr| 
- nrrsl . L" ri "l 

_

*j" ti Fl * '\" t; 
"ll'

(1 .  7 )

( 1 .  8 )

(r. e)

,
&Sli" Kfhlerian seni-

Now we define the folLowing:

fl++if",-I?:1): .A.hyperbotic rihler space is catted hyperbolic
Kanrerlan recurrent i f  i t  sat isf ies

\3*,,r 
= lr \51, ,

for some non-zero vector )11. I t  is cal led.hyperbol ic Kihlerian

seoi-recurrent space, i f  i t  sat isf ies

( 2 . 2 )  * i j , ,  =  ^ t  * r j

;-
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From this definit ion, w€ can check

recurrent space is hyperbol ic Kihlerian

is  no t  t rue .

J I

that eyery hyperbol ic r ihlerian

semi-recurrent but the converse

Definit ion (2.2): A hyperbol ic Kihler space is cal led l l -project ive re-

curr;e-t i t  sat isf ies the relat ion

( 2 . 3 )  P r 3 i l , , r  =  \ 1  P r 3 i r , '

The H-projective curvature tensox in hyperbolic xihler space is

(2'4> Priir' = 
\3*, * # kr" \i 

- R5i g*,

* \. 8rr, ti ti - R3"e'uFirt * '\.tnotltl

Differentiat ing (2.4) covariantly with respect to x1,and rnaking

u s e  o f  ( 1 . 6 ) ,  w e  g e t

(2 '5 )  Pk3* , , r  =  
\3 in , r  

.  
#  

[ t : t \ i , t  

-  skhR3i , l  *

* \",lsthFi'i 
- *r.,r%r'FiFt * '\",runotitll '

Mul t ip ly ing  (2 .4 )  by  t r ,  ana subt rac t ing  i t  f ron  (2 .5 ) ,  we ge t

Pr5t',t - trr Ptj i l  \3in,r 
- )t \: in

.  # f t rn( \ i , r  
-  \ r  \ i )  

-  cth(Rj i , r  \ ,  * j r )  *

* e.nrirf (Rk.,l - \1 \") 
- e.nr|[(R3r,l - Ir R3") *

( 2  . 6 )

t )  - 7 \

* 2ehb r? rf tH.,, - tr, *u")]

I f  the hyperbol ic r ' ihl . t  space is hyperbol ic Kihlerian serni-

recur ren t ,  in  v iew o f  (2 .2 ) ,  equat ion  (2 .6 )  takes  the  fo rm

Pt3tr , l  -  t r r  tn j in  = * t3 tn; r  -  \ I  \ ; i t , '
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Cowersely, i f  in a hyperbol i .  Kihl.r  space (2.7) is rrue, r^7e get

( 2 ' 8 )  B S n Q i , r  -  A 1  \ i )  
-  c r h G i j , r  -  \ r  * j r )  *

* e.n rfrlQ",r - 
\ \.) = ern rf{Gi.,r - \,. *j.) *

* 2lhb uj rlc\,,, - A, 1.) 
= o .

.-  - .  
Performing the contraction witrr r jh in (2.g) anal naking use of( l ' .  1) ,  (1 .  6) and (I .  9) ,  ue obtain

(2 .9 )  (n+2)  (Rur , ,  _  \1  
\ i . )  

=  o  .

I ience (2. 9) yields

\ i , r =  I r \ i ,  s i n c e n i - - 2 ,

which shows that hypertotic rrhter space is hyperbolic Ghr.erian serni-recurrent.

Theoren (2'1): A necessary and.-suff icient condit ion for a hyperboric
ffiTE-r space ro' be rtyp""toil"--r<arri""i"" semi-recurrenr i s

Pr5i t , , r  -  
\  tn5rn = 

h5i i , , r  
-  A,  \ : in

rf in a hyperbolic r'.hl.t space, H-projective c.r.rrvature ten'or vanishesf r o n  ( 2 . 7 ) ,  w e  g e t

\5 i t , r  
=  l t .  \5rn ,

which shows that space is hyperbotic tcahlerian recurrent.

Theorem (2.2)z An h-project ively f lat hyperbotic t<ahlerian semi_
recurrent space is hyperbol ic Kihlerian ,L"rrrr"rrt .

F ron  (2 .7 ) ,  i t  fo r row tha t  every  hyperbo l i c  Ka*h le r ian  recur renr
space is h-project ivery recurrent. i i " . t"" t i ru folrowing theorems caneasi ly be proved.

3 .

(3,

vhe

cen

sPal

Eens

( 3 . 2

( 3 . 3 )

and

( 3 . 4 )

t
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Theotem (2.3): A necessary and quff icient condit ion for a hyperbol ic
Gfiiffian seini-recument space to be hyperbolic Ghlerian recurrent is
that i t  must be H-project ively recurrent.

Thegrep Q.4)2. A.suff icient condir ion for a hyperbol ic Kihl"r space
to be hyperbolic Kahlerian recurrent is that

(a) it is li-projectiveLy recurrenr,

( b )  ( 2 . 8 )  i s  s a t i s f i e d .

Theo.rem (2.5)z In a hyperbol ic lGhler space, i f  any two of rhe fol low-
ing holcl in (2.5), the rhirt l  one aLso holds

(i) the space is hyperboLic f lhlerian recurrent,

(ii) the space is hyperbolic xihlerian semi-recurrent,

( i i i )  the space ie l t-project iveLy recurrenr.

3. Confornal recurrent hygerboLic Kihler space

A hyperbol ic KihLer space which satisf ies

(3 .1 )  c l . .  .  =  l -  c l .- k j i , l  " 1  - r 3 i  '

where 
\ 

is a non-zero vector ana cf;,. is the conformal curvature

tensor, will be calLed a conformal-Ly recurrent ftl hyperbolic fihler

space and A, wiLt be cal led i ts vector of recurrence.- I

rct nl5i be the curvature tensor *u *ji = *l:, be the Racci

Eensor. Al so le.t

5in 
= 

d5i  s16 ,

33

( 3 . 2 )

( 3 . 3 )

and

(3 .  4 )

Then rrre have the

R  =  n . .  e j i
1 1  

-

, ,  d e f  1 -  - k l
r J  Z  U K I

fol lolr ing relat ions:



t

t -

Again

( 3 . 1 0 )
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( 3 . s )  ( a )  H . .  =  -  H . .
l J  J l

( b )  ! t . = - R  F P
K l K p l

( c )  \ : = - \ . " i

( d )  R = - 4 , F k j
kJ

Confolnat curvatlrtre tensor ie given by

al

(3'6) crjit = 
\jit '

R . .
( 3 . 7 )  2 . .  =  1 -

J 1 rr-z

We can rrr i te 1:.1) with the help of

'
* 

%n zji - s3n zti + 83i znr - 8ki zjr, '

( 3 . 6 )  a s  f o l l o w s :

L 5 i r r , l  
+  s k h '  j r , t ' s 5 h  z r i , t  *  g j i  z t i , ; r  -  g k i  z i h , L

= Irf\:rh + skh zii - s3r, zui* Ejizrr, - sri r:nl .

Transvec t inC (3 .S)  by  r ih  and oak ing  use  o f  (3 .4 )  and (3 .5 )b ,

we geE

(3.e) - z\: 
J 

- 
#"jn,, 

- 
r,ffia$1- tnj *,,

= 11 
t-, U, -#",0 -rc#r;ar*'kjl

transvecting (3.9) by pkj and using (3.5)d, we obtain

2*,1 * #.*,' 
- 

tc-#G=-). ro. rkj e,l

= Ar 
Lr*. nln - #)@rn: "oi l  

.



\ P , r r l E i  = -  f , r \ : 4 ,

(3.5)c,  y ie lds

\-,r 
= lt \* '

and (3.15)  in  (3.7) ,  re obta in

, 2 . .  -  =  \ .  2 . .  .
j l r l  I  J l

we have frm (3.6)

\5in,r 
= \1 \. i i t  '

by v i r tue of  (3.16) .

If ne use theorem l" due to Rotet [5J, lre get frm laet equation

(3 .  i 8 ) R  . . .  Rk j i h  =  n2  .
Kl l.n

Fron (3,10), we get

(3.11) (R,1 - trr .) 
[ ' t"-t l

c.P. Ava*thi

%1,r 
= Ir  \ i  '

(3.5)b anil (3.13)' we harre

35

- ro, rkjl = o

. 
Equation

( 3 . 1 2 )

(3 .13)

' Fron the relation

( 3 . 1 4 )

which by virtue of

(3 .  15 )

Usine (3.L2)

(3 .  r5 )

' 
Hence,

( 3 .  1 7  )

(3.11)  y ie l i ls

R ,  =  A ,  R t
i r  r

sirice r, . rkj I n(n-l)
K l l

Equation (3.9), with the heLp of (3.10) and (3.12), yielcle



Thus.when R I O , the space unaler consideration is non-simple.
Hence we have

Theorg'o 
J3.r)t  

A conformall ,y recurrent hyperbol ic Kihler space is a
osn-slmpre recurrent space if its scalar curvature is different from
zeto.
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Characterizations of a $ub-additivc Mcuurc of

Relative Inforrnation
.Parvinder Kaur

-@J

Sharma anal Gupta (1976) defined a subadditive measure of relative

infornation which involves sine functions in i ts definit ion. I ts paft i-

cular case is consideretl  here which is charactet ized with the help of

a functional inequali ty ani l  also using a functional equation.

1. Introduction

n
L e t P =  @ 1 , D 2 , . . . , p o ) t p i Z z  "  t s n i =  

l  a n d Q =  ( 9 1  , { 2 , . . . , 9 r r ) ,

^ + ^ - 1be tto f ini. .  .r""*1" l"ou"t ir i ty ui".t i*. ioo".9 i l o ,  n q i = t
I - I

Then Sharma and Gupta (1976) defined a subadditive measure of relative

information as

^ l b n - p .
i ' ( p , Q ;  4 , f t  , /  )  =  

#  S  
r i r f  s i n l t t . r d ,  .  ( 1 . 1 )

{ } o ,  ( \ 7 o ,  { +  o

where 6( ,  A ,4 are real arbitary constants and logarit lm is taken

w'i th base 2.

For ol,= L, f i  = o, (1 .1) reduces to

t"  (p,Q, r,  o, l ,  = #? f ,  
r ,  s in ( y ' t"r?l  (1.2)

Further i t  can be easi lv  seen that

-  4 s  -  / .  - L  
D '

L i n  i "  1 r , q ,  L ,  o , ' ,  )  =  
. 4  

p i  l o g  
*. l -+o  r= I  ^1

which is r,rcl l  known Kul- lback? s (1959) directed divergence.

( 1 . 3 )
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2. thalpate*i.izit$oqe

Firat characterlzarfoa :

To characterize (1;2) vie shall first fincl the solution of a func-
tional rnequality in the following lema.

Lema 1: Every solution of the functional inequality

E 
rt f (rr) e(er) >-En, r(e1) a(ri)

for n )2 under the condition

r2(p) * e2 (p) = I

for every ir, is given by

f (n1) = ein (  y ' loez pi)  

I
and 

I

e(ni)  = cos (  {  loez pi)  
i

where "f ia au arbitrary constant.

Proo f .  Tak ing  l f  
=  q f  . . . . .  pn  =  q  i n  (2 .1 ) ,  ne  ge r

Plfr (pr) e(ar)-r(or)ebr)7 + vrfr (nr)e (er)-r(er) e $)l > o ... (2.4)

f o r p r t P ,  9 t * 9 2 ( 1

L e t  p 1  =  { 1  *  E ,  e 2  =  q 2  -  5 ,  t 7 o  i n  ( 2 , 4 ) ,  r o e  h a v e

(e ,  +  t )  [ r ( c ' r  +  6 )  eQr )  -  r (q r )  e (a ,  +  E ;J  +

G, -  t )  [ r (sz -  t )  e( r ' )  -  t (c)  ehr- i lJ  >,  o

ot  (e l  +  t  )  f f (s ,  +  5 )  s( t r )  -  f (01)  B(or)  + f  (qr )  e(qr)  - r (cr )e(or+g;r

*  (q2  51  [ r . ( t 2 -  t )  e  Qz )  -  f  ( qz )  e (qz )  *  t y ' )  eG2)

-  f  (qz )  s (a ,  -E  D 2z  o  (2 .s )

.  .  .  ( 2 . 3 )

q

o

q

wl

Fl

or

giv

Now

whir

Henc
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( 2 , 6 )

one gets

( 2 , 7 >

Let ql, g, be the points ritrere f and g are differeotiable' Then divid-

ing by $and taking l i8i t  S- '->>o in (2.5)r we get

e1 fe (ar)t' (sr) - r (sr)e' (lrD : 4fe h)r' (e ,) 
- t (cr)s' (t2)J >' o

erfe Q, ) t' (s, ) -r (s1)e' (+1 f 7-,s2fe G) r' (cr) -r (e, ) e * (42 )7

Interchanging the roles of Q1 and 92 clue to sytmetry, in (2'6)

q 6 ( n )  f ' ( q )  -  f ( q )  g n ( a [  =  a

where a ie goe constant.

f'tq (2,7) w-e have, on integration

lr'tnr *a ri$'l un = ' 5 ts

using the condition g2(q) * f2(q) = 1,

\- *a r;1.tlr dq = a
J  t ' (q )  +  s -  (s )

or 
.""* f 18/ 

= a log q

giving that

tan (a 1oe q) = 
#l:fiig (q )

Now (2 .9 )  w i th  the  he lp  o f  (2 .2 )  g ives

f (q) = sin (a los q) 
I

g(e)  = cos (a log e)  5

which is  prec iselY (2.3)

Hence the l"ema is Proved.

(2 .8 )

(2.8) can be written ae

rog q

.  .  .  ( 2 . 1 0 )
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Theofer, L: f l ie funcrion ?t (prQ) sarisfying the posrulares

r ,  :  f is@:Q) = 
#, f  

,r fr(nr) e Grl  -  r(a..)  e(r1|

ritt r2(p) + g2(p) = 1 for gvery p

pz = tu (p:Q) >rz o

is the sub-additive oeasure of rel-ative ihfotmation given by

ft"(p:Q) = ffu (p,Q; L, e, l, = 
=,L,' 

f i  
r, "ir,1/rog, 

piy

*"re f (# o) is an arbirrary consranr.

Proof: PostuLates p, and p, are equivalenr to (2.L) and (2,2) af i ,
so frm PL, p2 and (2.3) we have

ftt1r,q) = 
,+t? f; nrf"* (fros pi) cos (itoe ei) - sin(/rog q.)

cps(  19c p i )J

= *- ,$ 
t, sin(/", 

h ( 2 . 1 1 )

which  i . s  p rec iseLy  (L .2 )

Hence the theorero is proved.

f f io " I |1 : " " * 'ac te r iza t ion isbasedontheso] -u -

m n

E F c ( * i  v j ' ' i ' j ' = , 8 *  t o r , " , . ) .  
r * , E . r '  

u j ) .  . ( 2 . 1 2 )

w h e r e  x . ,  l i l z o ,  r i ,  t i = - o ,  
. t  * r = . !  

g
-  

i = I  
^  j = l ' Y j  

=  1 '  I  ' i ( 1 '

under sorme boundary conditions.

f , v .  < r
:-:. I \

J = r
6 .

a
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L @ d  2 :  L e t G :  I r I - - ) R b e  a c o n t i n u o u q  f u n c t i o n w h e r e  I  =  6 r l l

and R be the set of real mnbers, Then for aL1 positive integers 4 and

n the onl-y continrour solution of the functional equation (2.12) is

given by

G ( r ' u ) = A 1 o g x + B L o g u

htrere A and B are scme constants.

( 2 . 1 3 )

. . .  ( 2 . 1 4 )

Proof :  Let m, nr rr s be any posit ive integers such that 1(n 5 f

1 € n * s

Putting 
1* i  = 
; . ,  r i  = 

l  ( i  = 1,2. . .4)

I  -  
l  t ,  =  1 , 2 " ' n )1 5 = i r t j = E u - r ' 2 " ' * l

i n  (2 .12 ) ,  we  ge t

nn .q+, k) 
= nn G qf, fJ + mn G t' b

or

G ( a b ,  c d )  =  G ( a r c )  +  G ( b , d )

1  L  ^  i  a = !a = i l . r o = ; r t = i '  s

Taking c = d = L in (2.14) we get

c ( a b ,  1 ) .  =  G ( a ,  1 )  +  g ( b , 1 )

wtrich is weLL'kno*ni Cauchyls functionaL

solut ion

cix,  1) = A log x

where A is any arbitrary constant.

Taking a = b = L in (2.L4)r l te get

" ! 1 ,  
c d )  =  s 1 1 , " )  +  G ( l , d )

givin! that

equation having the continuous

.  .  .  ( 2 . 1 5 )

G ( l , x ) = B l o g x . . .  ( 2 . 1 6 )
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wfiere B is an arbitratry constant.

Now taking b = c = 1 in (2.14) we have

G ( a , d )  =  G ( a r t )  +  G ( 1 , a 1 )

-  A  t o g  a  +  B  t o g  i t  ( u s i n g  ( 2 . 1 5 )  a n . t  ( 2 . 1 6 ) ) . . . ( 2 , L 7 )

The result (2,r7) can be extended to the case $hen a and d are rational
numbers. For rhis ler x = 

*, 
(r cn) u - 

* 
(p <q) be rro rat ional n,n_

bers. Let K be a suff icientl .y Larger integer such that Kp )-m, Kq )-n,'K>Fffi 
----- ---- .'r z

Takiagfi  as n -n + L and n as m and

sett ing

. m 1*r = 
i. , *z= 

ta+r 
= 

,,

Y t  =  
l n  =  . . . . .  =  v  =  1

L z ' m n

D 1

" f  
= t ' , u 2 .  u n _ a 1  = f f i

v l  = . .

in  (2 .L2) ,  we have

I

. i

*("r' id + n(n'o) 
"h,# 

= n(nr+l) ,q!,k) *'c e, t)

+ n(na)

The equation (2.18) together rrr i th (2.17)

. q , t ) = A 1 o g 9 + r t o s f ,

or 

G(xru) = A 1og x + B rog u for alr.

From the continuity of G, i t  fol lows that
x ,  u 6  f o r I J

.c*,h)

gives

. . .  ( 2 . 1 8 )

ra t iona l  x ,u ,  €  fo ,LJ  , . ,  (2L .Lg)

(2.19) is val id for aLl real

lA.{
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This prwes the 1@4.

In terms of the solution G(xru), we define the zubadditive ili-

rected divecgence as

?u e ,q ,  L ,o ,4 ,  = ; i t7  
$ r ,  

s in  G(p '  q i )  . , .  (z .zo)

under rhe conditions ttrat c$, |l 
= o, cO, LS = {

Theorem 2: The subailalitive tlirected tlivergence between the diattibtr-

tions P and Q under the conditioo" c{, 
}, 

= o,

1 t
c (f 

i) 
- f (* o) cotresponiling to, the continuoue eolution (2.13) oJ

the functional equation (2.12) is

fr" p,q; L, o,h = ;+;1, 5 
r, "ir, 1y'rog p"y

Proof .  Tak ing  x -  L l2 t  r -  L lZ  in  (2 .13) ,  $e  ge t  on  t i r ing  the  cond i '
' 1 1

tion that c(i, 
,:) 

= o

,  A = - B
'|

Now condition G(1, *) - {, with (2.13) givee'' z

- B - l

so that

G G , u ) = y ' r o g I

The result  now fol lows tuon (2,2O) and'(2.23).
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