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MHD Couette Flow with Pressure Gradient
Between Two Parallel Porous Falt Plates
Sutapa Mukherjee
Abstrace

A solution in the closed form has been obtained for the flow of a
viscous, incompressible and electrically conducting fluid between two
parallel perous flat plates in the presence of a trausverse magnetic
field with suction at the stationary plate and equal injection at the
moving plate.

THe conbhined effect ‘'of suetion and maghetic field on the flow
pattern has been studied. It is observed that the transverse magnetic
Field as well as suction annuls the effect of adverse pressure gradient
on the flow.

1. Introduction

‘Exact solution of the MHD boundary layer equations for the flow of
a conducting fluid between two parallel solid plates was given by
Hartmann [1], Dzhorbenadze and SRMarikadze (2] studied the flow of a
condutting fluid through a channel with porous walls with suction at one
wall and -equal injection at-the other. Mehta and Jain [3] investigated
the hydromagnetic flow through a rectangular channel with porous walls
in the presence of transverse maptietic field.

Ramamoortiy 49 investigated generalized Couette flow between twb
porous’ plates with suction at the stationary plate and injection at the
other plate, Rathi /57 discussed the same problem without neglecting
the induced magnetic field. Both of them have illustrated the effect of
suctioh and transverse magnetic Field on the plane Couette flow without
pressure gradient and with pressure decrease.

The chief interest of this paper is to illustrate the effect of
suction and transverse magnetic Field on the plane Couette flow with
pressure rise in which back flow oceurs near the stationary plate.

Z. Equations of Motion and Solution

Let x and y be the soordinates along and perpendicular to the plates,
anll v and v the veloeity components in the directions of x and v respec-
tively. Tt is supposed that the distance between the two plates is b,
one plate is at rest and the other is moving with velocity U in x-direc-
tion. Fluid is being sucked with & constant velocity v, at the stationary
plate ‘in the presenceé of a wniform transverse magnetid field Hy perpendi=

cular to the plates. For infinite flat p&atés,all=.o and the equation
I
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which is the adgutiow-gur-genezalizad MHD Couette flow of a conducting
fluid between two parallel solid plates in the presence of a magnetic
field perpendicular to the plates.

II. For R, = 0 and %’B Sy

i =m-2a-0

r

which is the solution for the generalised plane Couette flow of a non-

conducting £luid between two solid plates.

The effect of suction at the stationary plate and the transverse

maguetic field on the generalized Couette flow of an electrically conduct—

ing fluid has been illustrated by curves in figures 1, 2 and 3 for the
tliree cases of zero pressure gradient, pressure decrease and pressure
rise.

It is known that in the case of generalized Couette flow of non—
conducting fluid between solid plates wich adequate pressure rise in the
direction of flow the velocity over a portion of the channel near the

stationary plate becomes negative and back Tlow occurs near the plate.

Suetion annuts phe effect of adverse pressure gradient and in the
sbsence of magnetic field a value of the suction parameter Vg equal td
the pressure gradient parameter P gives a linear velocity distriburion
(Fig. 3) as in the case of flow due to shear only. With ¥y greater than
P an acceleratefl flow over the whole channel width is obtained even in

the presence of a pressure rise.

An externally imposed transverse magnetic field annuls-the effect
of adverse pressure gradient on the flow and reduces the back flow tend-
ing to make it frictionless over a large portion of the channel width.
With a strong magnetic field the shear flow due to the moving plate will
remain confined within a very thin layer near it. With increasing
strength of the transverse magnetic field the velocity gradient at the
stationary plate and therefore the skin friction on it decreases.
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On Generalised Charlier Polynomials

R.M. Shreshtha®

Abstract

Explicit representation, genmerating function pure recurrence rela—
tions and difference equations are dbtained for a set of generalised
Charlier polynomials:

1. Introduction

The monic Charlier polynomials Céa)(x) defined by the explicit
formula /1]

I
.y P = 2O Q™ @ro

is known to possess the generating relation /2]

oG
5 - n
. e aswF - 2L W X
n=0 :

The set of Charlier polynmomials satisfies the orthogonality relation [1]

(1.3) r'C;a)(x} e 4 pPw = "t §

| mn
Q

where ‘NP(SJ is the step function whose jumps are

; (a) A
(1.4) d.“l (x) = = e =105 It 25 aave <
Moreover, the positive definite case occurs for 2 0 and in this case,
d‘ﬂp(aatx} is the Poisson distribution of probability theory. Of various
relations satisfied by the set of Charlier polynomials, the following

three term recursion formula /1]

#This work is done with the support of International Centre for Theore-
tical Physics, Trieste, Italy,
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KR L e e i R s (a)
(15} Cn+1(x) = (x =n - a) c. () = an C . 0
is of great importance. Charlier polynomials can also be expressed in
terms of Laguerre and Krawtchouk polynomials; and belong to the Hahn
elass of orthogonal polynomials.

In the present note, we shall obtain analogues of some of the known
results for Charlier polynomials,

25 Generalised Charlier Polynomials

The set of generalised Chaflier polynomials Ciai {(x}), for a # 0
¥
and m = 1,2,3,.., , may be defined

(2.1 Cif; ) = (-a)" ws1’0 [B (=nm), x5 - ; mma’am_? ’

where O (-n;m) stands for the sequence of m parameters

I -n+m-1
md T w v T m

and m+1FD is a generalised hypergeometric fumction.

Expanding the hypergeometric series and using the relation /3]

_ o ook o afl Atmr]
(2.2) wm.l_t e (D G s B v m>0k30

it is easy to obtdin the following explicit representation for Ciai (x),
.

cla) G _ Zh!g
o k=0

(2.3) (D G mk! ()™

A simple generating function for Cia; (x) may be obtained directly
L]

from (2.3) in the following form

ol
I
.4) ™M a+d*= Z ¢ 2 @ro.
a=0. oM W

Indeed, by wirtue of (2.2) and the elementary relations

(2.5) =), = (=Dl [ , 0Lk n,



........__-qj,—---I--------------------—----—------""""""‘“"““““““‘"“‘T’_

@.6) (W, @w =@,

and

o< [af = =
(2.7) Z EJ Afn-mk,k) = Z Z Aln,k) ,

n=0 k=0 k=0 n=0 .
we observe that

' e M@+ wh® =

zma
= E,:’
i

g,

" : @y &y (_a}n~mk wn
; mk” k' T -

.

) m
Zc(“)() X

.

‘ When m = 1, the above results (2.1), (2.3) and (2.4) reduce to well-
known results for Charlier polynomials.

3. Pure Rhcurrence Relations and Differsnce Equations

A pure recurrence relation and a pair of difference equations

1 satisfied by the generalised Charlier polynomials C;ai (x) are as
follows:
(a) . . (a) :
G o {mx(n-—m+2) (n-m-i»l}m} old)

= c(“’ () = amemsl) f:; L)

G.2) e 6 = meGiwe) Ca el D) = a e ) ,
and
(3.3) m;(nﬂm+2}m_1 Giii*l . (==1) - Céf;*l’m(x)‘k

= (n-m+1)m {} cla) (x) = Céfi+l’m(X;}»

=i, 10










Nep. Math. Sc. Rep. _
Vol. 8, No. 2 (1982), 71-76

On The Application of Matusita's Measure
of Anninity in an Experiment

Parvinder Kaur

Smmmagz

The concept of affinity between two statistical populations was in—
troduced and a number of its properties and applications in statistical
decision making were studied by Matusita (/2], 37, [&], [5] and Kirmani
(/1]). Here we shall see that the same measure can be used to determine
the association between the prior knowledge and the knowledge gained From
an experiment.

Let x7 denotes the knowledge of the state of nature, usually ex—
pressed by the knowledge of a finite number of parameters, prior to the
experiment and let xp be the knowledge after the experiment. There may
be a possible association between the knowledge before and after the
experiment and one may be interested in measuring how much the knowledge
gained after the experiment is related to the knowledge supplied to the
eXperimenteér before the experiment is made. In this paper we shall
show that the Matusita's measure of affinity can alse be used in such
problems where the object of experimentation is not to reach decisions
but rto gain knowledpe about the world. The average relationship between
the prior and the posterior knowledge for fixed prior knowledge, deter—
mines the average amount of association.

Since one of the purposes of performing an experiment is to gain
knowledge about the state of nature, knowing semething about it prior
to the experiment, we suggest in this paper, that one may be interested
in performing that experiment for whicl there is maximum possible asso-
ciation between the knowledge prior and gained after the experiment and
will Ery to continue experimentation until he gets a perfect association
between the prior and the gained knowledge.

Let X be a sample space and x €X be an observation of the experi-
ment. Let f& be a o-field of subsets of X. Let 8 be an element bhelong—
ing to a space @. Then, define a probability measure on B for every
6 € @®, We assume that the probability measures defined on £ are all
absolutely continuous with respect to a fixed measure on A as B ranges
through @. Therefore, we can define each probability measure by a
probability demsity function p(x/8) such that -fp(xfe)ﬁx defines the
probability measure of a subset X. Then an experiment E is characte-
rized by i = {X, , @, P }with P = {px/0)} .

Let p(x) and p(8) denote the densities of the random variables
¥ and 8 respectively. Suvppose that @ is endowed with a o-field of
subsets, then a prior distribution for @ will be a probability measure
on this Eield, which is denotied by p(0). .
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Proof = Since p(x/8) does not depend on the space @ we have
pix/8) = p(=)

so that

A(E, p(8))

; i
£ 2§ B )

L since E(1) = 1

Hence, the result is proved.

This is the case when p(x/8) = p(x), or p(6/x) = p(6), that is poste-
rior distribution of 8 is exactly equal to the prior distribution. In
this case we can say that there is perfect association between the prior
knowledge and the posterior knowledge about the state of mnature.

New suppose that the observations X in an expériment consist of
& pair of observationg Xpy ¥y That is every x €X is an ordered pair
(z), %)) with x. €X,, i =1, 2. Let P.a_i be the o-field over X, induced
by A by the transformation X, = x:i(x) and let Py be the set of probabi-
licy detisities _p(-:ti-!a) of the observations i i=1, 2. We can say
that the experiment E is the sum of the two experiments E, and Ez with
B, = {xi,g.i,@, P_l.‘} i=1, 2. The experiment Ej(x,) ={x2,p2,@ ,.pz(,_gl;}
is also considered with P,(x)) as the set of probability densities
p'(xzfﬁ, xl) v

We note that, since p(8/%y) is the posterior distribution of 6
after %y has been observed, A(Ez(x;), p(8/x1)) defines the average
amount of association between the prior knowledge p(8/x) and the
knowledge gained from the experiment Ej by observing xy after Fj has
been performed and %, observed. 'The average of it over x; gives the
average association between the prior knowledge and the knowledge pro-
vided by the esperiment Ep after Ey has been performed. We will denote
it as

) E"l E"'z Eagu p(x, /%) ‘} cee(5)

Theorem 2 - A(E;, p(8)), A(E,/E;, p(8/x))) = A(E, p(®))

— -

-

—— -
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The corollary says that the association between the prior know-
ledge and thg:ﬁﬁbm&edge;gqinpﬂ'itﬂm-tﬁgfq;yégimﬁnt is mot changed after
pecforming Eo if the Qbsetdﬁtian.xlzih-an experiment is a sufficient
statistics.

Theorem 2. can be generalized to a finite number of experiments with
common® . .

.
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On A Structure o , \ Satisfying
e £ NTT 20

V.C. Gupta and Jaya Pant

Summazry

Sinha and Sharma [3] have defined special quadratic structure f
satiéfying_fz + obf =1 =0. TIn this paper, we have defined and studied
the structure £ kN satisfying fz‘ + k- A I =0, where f is a
non-null tensor field of the type (1, 1) and A is a complex number,
not equal to zero, This is a generalization of the K -structure nj.
First we have defined the projection operators and then the existence
and tnnegrabiiity_canditimns of this structure have been obtained.

L. Preliminaries

Let us consider an n—dimenQianl real differentigble manifold M
of class ¢~ endowed with a non-null tensor field f of type (1, 1)

satisfying the algebraic equation

(1.1) -f2'+ i~ )? =0,

where N 'is a complex number not equal to zera and & € R (the set

of real numbers). If X detiotes an arbitrary vector field in the d?(m)
module €M) of M, where JE(M) is the algebra dver the vector fields
in Mj then (1.1) can also be expressed as

(1.2) T+ AE- N x=0 .

where X def £(X). 'The rank of £ can be easily shown to be equal te n
[3]. We call the structure satisfying (1.1) 3 '"f =structure,"”
Let 'e' be an eigen value of £, then e is a oot 3?’?he quadratic
equatiion

(1,3) ' & 4 de- Ni=o0.

The roots of (1.3) are

SN R N T




a8

- and e ® if we set

which may be taken to be

Let us gqppuné-ﬁha; thB}W&Ifi?iiéiﬁiﬁs:df EB and e-e are p and g Te—

spectively, such that p + q = o

3. Distributions of M with £, -—Structure

Let us define a pair of projection operators § and t on the tan™

gent space at each ‘point of M as follows:

L]
g_-.

(2.1) s(x) = P (x+=x%® »

.- 1 e—o -
@n @t e——g &P
1+e

N

Asin he for - § & -

‘Theorem (2.1). For a structure £ satisfying (1.1), the projection

3

operators S and t defined by (2.1) and (2.2) and applied to the tangent

space at each point of M are complementary pro

Proof. In consequence of (1.2), (2.1) and (2.

Zix) = s(s(0) ,

jection operatorss

2), we have

i o = =
iy —-——‘l'-—ffe"" { M(XJ +. = £ _ie (AX + 23 x)]s »

) =
-— 5 {}L.;g(x_;_. == ONX S N D }'
. i 5] 1

* ’{E’Lfé? Cos0) + ™ .)a-.(x):} .
(1+e )

= g(xX}
similasly, we can show that 2 =t (9.

Also we have
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efa(X)) = £ ?—iz;:—;f (‘EK‘ + éa i}} »

= Mue 5 {xrmn n@}

= 0 M

Kext we have

S(IX) +Il t(m -'.-‘- A — -
A(14e™")

z_—{hx-e

Mhe )

= X .
Thus s and t satisfy the following relations:

(2.3) a %t =1 » st = 0 ; -'3;.2" =8 , [;2 =t .

This proves the uthem:em.

Let § and T be the complementary distributions of dimensions p
and q corresponding to the projection operators s and t ::espect:.vely.
Let { } g = 1, 240000 and ‘Q} y 2= 1,2,...,q9 be linearly
‘indepenident set of vectors spanning S and T teapeetively. It can be
-easily ‘shown that the set{? x)) be the inverse set of the set

{ % Then we can prove that
@8 =5 p@
4 plP) = & p(Q) =0
) L 5 S5
- a X x
(2.5) q®) =0, q(Q) = 5?_
a ¥ :
(2.6) p(OP + q(X)Q =X .
a X




Theorem (2.2). We have

. ) x b3
(2.7) s(X) = p(OP , EX) =alXQ .
a x
Proof. By virtue of (2.4), (2.5) and (2.6), we have
-a % 0
s(X) = s {p(x}? + _qf-x)q}
a X

& -
= _p(X)P :
a

Similarly, the rémaining part of the rheorem can be proved.

Theorem (2.3). In order that M admits the structure f Y satisfy-
o= 2 2 . ' *y

ing £~ + of - N 1 =0, it is necessary and eufficient that the
distributions § and T have no direction in common and span together a

linear space of dimension m.
Proof.

Let M b_g equipped with a strugture fn{ Y satisfying
-fz * E — )\_2 T. =0 . Then in view of projection operators & and t
defined by (2.1) and (2.2), we get 2 pair.of global distributions 8
and T having no direction in common. Moreover, if P and Q are linearly
independent set of vectors spenning 8 and T, then it can be easily
showvn that the set {E = 3} is @ linearly independent seC. Hence the

distributions § and T span a Yinear space of dimension n.

Conversely, let there exist a pair of distributions § and T
having no direction in common and spanning the linear space of dimen—
sion n. Let ii‘r be the set of p linearly independent vectors in'S
and &3 } be the set of g linearly independent vectors in T. Then

i:, 3), is a linearly independent set. Let us define the inverse set

{; ,:} a8 in (2.4), (2.5) and (2.6). We set

| a x
X = ?Lee plx)P = Ne 2 g(¥)Q .
a %



(lwlr.

1t

— ——

%

QO

. i 350 | A

= S
L —

o
=5 —

'1r""'“ e

8l

Therefore in consequence of (2.4), (2.5) and (2.6), we have

~ L T o |
x=ANe® '.1’"{'.)@-?58 poP - Ae qoaY e -
- b 3y a

BPE G Yy 1
Xe® g i‘}g-‘" (P — A& ® q-ﬁm} q.
b TG

-28

o B ; X
= 22 e® pwr s NP ama,
= x

o

o {aza PEOR + e 28 q0g }
a %
Henee

- - a =) T 7 . e 3&' ‘ - i
X+ dd= ﬁtm% X <2 v dhe Jo atme {f P at;xe"'a} ;
a x

ST
=) {m_-:‘x;r- + Qe }
a x

= N x

Thus M admits the f oL -structure satisfying £ + LE = }\2 I=0.

3. Nijenhuis Tensor of f o ~Structure

The Nijenhuis tensor of the structure f satisfying (1.1)
is the skew-symmetric rensor of type (1,2) given by [4T

(3.1) NxY = KT+ GV - KY- XY,
for arbitrary vector ﬁie’lﬂh--ﬁ.ﬂ in M,

‘Theorem (3.1). We have







83

4. Integrability: Conditions

Theorem (4.1). The distribution § is integrable,

(4.1) (@) X,) =0 .
Proof. Let us assume that S is integrable, then
XY € s =[x,y €s.
Therefore
(X) =X, s(¥) =Y, t(X) =0, ©(0)
We have J27

if and only if

=-0, t(ﬁ:ﬂ) = 0.

(@ £) (X,Y) = Xe(Y) - Ye(X) - (&, Y]),

which by virtue of (4.2) yields
(d ¥ (X,Y) = 0,

Conversely, suppose that (d t)(X,Y) = o, where X,
t(/X,¥]) = 0, since t{X) = 0 and H(x) =

Further, from (2.1), we have

s(X,Y) =

(4.3)
l(l*' 29 % A‘E{ Y]

Also, we have

e ) =—-:—— () - = ‘_x

(4.4)

s A R

Thus from (4.3) and (4.4), we have

s(Puvy - ().
Hence Y-X,Y:\ G o

Y ES. Then

-] —
1+:29 {E('Y_l v S?_t (\'_x,‘r])} '

£ w1

)

(%21}
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Thus we have shown that X,Y €S %B,Y-EE 5

1t follows'that 8§ is integrable.

Theorem (4.2). The distribution T is integrable, if and only if

(4.5) (d s)(X;Y) =0,

Proof. The proof follows from the pattern of the proof of theorem (4.1).

Theorem (4.3). A necessary and sufficient condition for the structure
fJ..,)\ satisfying (1.1) to be integrable is that the Nijenhuis tensor

of f‘L*%

Proof, By theorem (4.1}, the distribution S is integrable if and only
i (@ £)(X,Y) = 0, where X,Y satisfy s(X) = X. Therefore, the above
condition is equivalent to (d £)(s(X), s(¥)) = 0.

wvanishes identically.

Since ts = 0, therefore t [8(X), s(¥)] = 0. In consequence of
(2.1) and (2.2), the above equation takes the form

_'B
Tree e, avs P ¥)- S s 5 av e )=0
or equivalently,
i1« o@ile AED - 2ETE S ED
f & (MRID -] - B 1=o,
which by virtue of (3.1) and (3.5) reduces to

_e'
(4.6) N(X,Y) —E'X N(X,Y) =0 .

Proceeding in a similar manner and using theorem (4,2), we can show that
the necessary and sufficient condition for the distribution T to be
completely integrable is that

)
(4.7 N(X,¥Y) + EX N(X,Y) =0

The conditions (4,6) and (4.7) imply that for the complete integrability
of both the distributions § and T, N = 0., Thus the structure £ A is
integrable if and only if N = 0. a3
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Stochastic Production -- Inventory Model
(SPIM) For Deteriorating Items

H.B. Shrestha

Abstract

Sethi and Thompson [3] have developed a SPIM for non-deteriorating
items and derived closed form expressions for optimal production rates
when' the demand rate is constant by minimising a quadratic loss function.
A similar model for an inventory of items that deteriorate after some
time from their arrival in tHe inventory is presented in this paper.
Closed form expressions for the optimal production rates for finite and
infinite horizon versions of SPIM are derived for the general and speci-—
fic deterioration Functions when the demard vate is assumed constant.
For deterministic demand, the corresponding general optimal production
rate is obtained. The case of discounted objective function is also
considered.

Le Introduction

We consider a general production inventory model for items that
deteriorate in the inventory after some time from their arrival in the
inventory.. The deterioratiom takes place according to an instantaneous
deterioration rate @(t), 0 £#(t)< 1. We derive closed form expressions
for the optimal production rates for both finite and infinite horizon
versions of the SPIM when the deterioration rate is specified. We con-
‘sider the cases separately when the demand rate is constant and when it
is deterministic.

The model considered here is developed under the following general
assumptions: (i) The production process involves the production of a
homogeneous good and have an inventory system. (ii) The demand rate of
5 units per unit of time is known. (iii) Deterioration of items starts
after some time Y ( > 0) of arrival in the inventory. (iv) At time t,

a fraction @(t) of the on-hand inventory deteriorates. @(t) is assumed
integrable.

2.  The Model

Let x'(t'), u'(t') and x;, uj be the inventory level and production
level at time t' and Y respectively. Let S' be the demand rate at time

t'. The change in the inventory level is then described by Ito's sto-
chastic differential equationm

(1) ax' = (u' - §")dt" + o dz




g8

with imitial condition x'(Y) = %15 where & is the constant diffusion (%}
coefficient and dZ(t') may be expressed as g (dt') where "g(dt') is a |
SP with E [E(d;')] =0, E [’gz--cd:'ﬂ = dt' and E (*g“_(at') = o(dt") 5
for all n >>2. We wish to control u'(t'), Y€ t' € T' so as to guide the
production process in such a way as to adjust the inventory level initial- (10)”
1y at ®y towards S'.

where |

Let h, ¢, By and B respectively denote the holding cost, production
cost, salvage value per deteriorating item and salvage value per unit
terminal inventory respectively. Then for t =t' - Y and T =T' = ¥, -
the value funiction to be maximised is -]

with (

o T "
(2) V(e,x) = mzx E[—_E .(-cu2 + h szz)d.t - S; Bl ¢ xdt + B’x(‘I‘)] - o

with the terminal condition
(3) VAT, %) = Bx(T).

1f V(t,x) is continuously differentiable in t and twice contdnu-
ously differentiable in x then using Ito's differentiation rule and
writing x(t) = x, we obtain the following Hamilton-Jacobi-Bellman equa-
" tion

&) 0 =max {-(cuz shyhd 4 s x ey, - s +id b

where S = §' - u Differentiating (4) w.r.t. uw and equating

: 1
to zero yields the optimal production rate as

saiag |
Y

(5) we= 5 114} o
which on substitution into (4) and using the terminal condition (3)
yields the PDE for the optimal production rate as

sz 2.2 2
(6) 0“?‘—0—‘“’!??( -Blﬂ-x_)+vt-5\ix+{rvn.
3. 5PIM When Demand Rate is Constant {15} =

Assume that V(t,x) has a separable form

(7 Vit,x) = Q&) (1Fx)2 + R(r) (‘IPxJ + M(t). Then we can find Vt,
v, and V_ which on substitution inte (8) yields for any x,

= s
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(8 i‘%&_ =8 ‘B"; _;,.-*.2_(3-4@ _2‘;_|P_Q 1} = 0 with b.ec. Q1) =0
r#pzq i . - N . N
Gy S j};{k & T!PR + 'IPK + ?Bil-Q — 28 1PZ-Q = 0 with b.e. x_(a'ﬂp(rg--:;_
220 '
(10)” %—;ﬁ— + M - SR ’:" ‘o 'tpza = 0 with b.c. M(T) =0
where the boundary conditions are obtained by comparing (7) at t =T
with (3).

The solution to (8) yields

eh »
(11) £ yﬂ where
(az) y = exp {.-2 & s;-q)dn ]I

The solution to (9) yields

a3 R =;1—v\—_s * t- - 2S)exp { 1, st}]
" ;3} f W(s)exn {% It'ierdu} s

Using (12) and (13-}: on (5) we ger the optimal production rate (OPR) as

1, B

(14) u* =§ +,{E yﬂ_ () + g (2 - 2s)exp{ Sweds‘j

B

T SR
L= 1 2.
+ =— \ ((s)exp 3= \y Qdu & d
(15) =5 +.l1;— M1};” c~~2s}y{1 e Mf 9(9’7—*"3 i

Since @(t) is the deterioration rate, it is related to the dete-
rioration p.d.f. f(h) as $lr) = f(t}/@"s(t)} 1f we denote by
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T | 1T s, .. ¢
K(8) = exp G‘L‘]‘)du and M(8) = Ei e f(s)ds

£
with £(r) = @(t). exp {- &) @ (;s‘)ds} then,

{20) .
y + 1
3‘ a(S) }'8 * = =1 e =
: L K (@)M(8) + K(B)M(-8)
where 0= Jh/e), and (15) becomes
_ _ ,;'
- * = i 1 =
(16) w* =8 +V(h/e) L5 T TYEr @ 29) 7
B
1 Wy ]
e yﬂ KL @M(®) + K(B)M(-8) AR
Thus the OPR depends ‘on the demand rate, the on-hand inventory level, "
the dacay rate and the distance from the planning horizon. o s
For no deterioration of items, (16) reduces to fi .
( 2= vy :
N R = . o=
(17) u* = 5 + J(h/e) 2 ( Zs)yﬂ
so that the change in the OPR due to the presence of deterioration '
rate is
g - y_-_-_ A B . M=
(18) Aw=- 0. //e) Lgx v KT (@uE) + KEOMC)
since y=1 £ 0, A u* >0, the equality holding at t = T, Thus greater =i *
the planning horizon and greater the deterioration rate, greater should
be the OPR as one would intuitively expect.
Special Cases: 213

i) For h=c=1, (17) reduces to (30) of [3].

i) For @¥(t) = @, a constant, the OPR is given by
A

)y+1

-2/ Th/o) (1-3) (T-t)

9w =5+ 10) V/e) Lpx @ -

¢ B oy
2 m m—'. %WBBFE y e
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(iii) For £(t) = P tp_l'. A7 0, F70 and 0 Lt <T

B-1
ie. g(r) = £BE

1- ,(t-p '

(20) u* =5 +J'(h/c) (1 —&)x * (~— |~ 25) ‘fi"
1- P
By vy Ll 4

+ i LS 4P (pape,en) —tplFl(ﬁ,p-d,et)‘k

a-dr p°
T i H° %{rﬁlrlfp,pﬂ -o1) - f F @.p1, -91:)}

: 28
where, ¥y = exp {—23(’1‘-1:) % [(1—&*)!{1—&'15)]

(=
AN T (r4p) /T (p) = . :
1F£(p,p+l,x) = .r=0. T DT (i) 2F is a hypergeometric function

of Gauss form and are 'ta'bulatec_l in [2].

(iv) 1If the deteriqration p.d.f. is given by £(t) =4 peb:

Bt
i.e. @(t) =i&"—'—"_—
1=k (P 13

then y = exp {-ZB{T»I:}} [(L'—d((eﬁt— i)] / (}—i(em- 1))]

_ _dkpett =1 -5y W3
SRS I ST T G- 2939

J_'gr_ i O _ (em)t)]
YL P e(e+p)

B(8+p)

£21)

Nlr-*
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Asymptotic Behaviour of the {OPR

1f we examine the asymptotic behaviour of the OPR for a long
process (T —»eg), we find that starting at t =0 in state xj, u¥ —»§
- V(h/c) Wx which means the optimal policy in such a case is to in-
crease tHe production by an amount proportional to the deteriorated
quantity, the proporticnality constant ‘being the square root of the
ratio of holding cost to production cost.

Discounted Cost SPIM

When T —>eaq even though u*,q have a plausible interpretation,
we tiote thar V(t,x) tends toea. To keep V(t,x) finite, we introduce
a discounted factor Pin which case it is easy to shew that the OPR
for a discounted cost SPIM is

T 2 )
(22) uk, =8 +3@ L O §—z— -28) e P(e-T) exp {%‘g Y qas }
2t

Z

B. LT s
: 2
+ 7.,_%2 @(s)exp {%St Q- f’c)du'} ds

m (T);mz—m-z-.(T)'mly T
where Q = B —l-c--T—c"'r ;3 ¥ = exp g" (m, —m )ds‘&
12“*_1-'1') m, (T y g 172

Llom
B

m i, = %[f‘ + J‘(rz-mmpz';c]] and m, (1) ,my (1)= %-EP o (PPestg (@ re)]

The asymptotic behaviour of _u';, as T —»esindicate that u#r_b)—b-s + myX
so that for a long process the change in production due to deterioration

2 2 2
| P by 42 . b : ; _
would be [:[ ‘_- iR .E) o t.-a + -é-\ll ]]x in order to meet a constant
demand of § units per unit of time.

4. SPIM when Demand Rate is Varying

If we assume a deterministic demand rate then the OPR becomes

el o 1 o B P
(23) u¥ = 8 + h/c) Ff'\i-‘x + 7 (E - 25(7) ) exp %EE'IFQMI }

T 3 B i s
- ; . . 1
+£ % exp{'é s;wzqdu}ds + -2'}52 ﬂ(x)engzj;-lpzqdu} ds.

E LERER. RBESESET

FEil
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Comparing (23) with (14), we find that the adjustment needed in the OPR
due to deterministic demand is

(24) E = S(T)]&xp{ j'q? Q&u} exp{ Jw.p Qdu } ds

Thus we need just to ohtaim (24) and add it to (14) to abtain the OPR
when demand is deterministic.

% Concluding Remarks

The inclusion of the possibility of items in an inventory Lo
deteriorate over time after some time from the entry into the inventory
reflects reality in maty applications. Further for various functional
forms of deterioration rates and demand rates, our model yields OFRs.
Finite and infinite horizon results for discounted as well as undis-
counted cases yield results which intuition tells is correct.

The OPR areyfound to depend on the demand rate, the point of time
from where deterioration starfs, the on-hand inventory level, the de—
terioration rate and the distance from the planning horizon, Therefore
in addition to vemarks made in [3], we ecan say OPR would be positive
for lower values of decay rate and inventory level, Tor high inventory
level and high decay rate alsa,'}t is likely that OPR will be positive.
Only high 1nventury level and low decdy rate yield a negative production
rate, and in such a case, ‘disposal of items in the inventory should re-
duce the loss function through lewering of holding costs.

In this paper, attention was restricted te one-product inventory.
Extensions to mulbi-product inventory can also be studied in similar
lines. Besides the constant and deterministic demands, a probabilistic
demand rate may be incorporated to make the model even more realistic.
Bivariate controls on both the production rate and inventory level may
alsy be a possible extension of this work.
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