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Submanifolds of H-Structure Manifold

i -  p re l im inar ies  Ram Nivas

Let  yn  be  an  n-d imens iona l  d i f fe ren t iabre  man i fo ld  o f  c lass  c€ .
S, ;pose there  ex is t  on  Mt  r  (1 ,  l )  tensor  f ie ld  F  and a  R iemann ian  met r icC  s a t i s f y i n g

: t . l )  p 2  =  ^ 2 t

t: :€re 'a'  
is any complex number and r denotes unit tensor f . ield and

,  : . : ) c ( F \ , F l , . ) + a ' c ( } , / * ) = o

:c r  a rb ic rary  vec tor  f ie lds  l ,  A  on  Mt .

Lec  'F  be  tensor  f ie ld  o f . type  (0 ,2 )  on  t f  g iven  by

r  1 . 3 ) 'F (  
1 . ,  / ^ )  .=  c (F  ^ .  ,  / t ^ . ) .

! t  can  be  eas i l y  shown tha t  rF(  
i ,  &)  i s  Skew_s lnnrnet r i c  hJ .

The nan i fo ld  Mn sa t is fy ing  (1 .1 )  and__(1 .2)  i s  sa id  to  possess  rheic ra i re  s r ruc ture  or  b r ie f l y  H ls r ruc ture  ( t  l ,  fu j  

- - - -  - "  r

An m-dimensionar dif ferentiable rnanifold V is. said to possess(a ,  € )  met r ic  s t ruc tu re  i f  there  ex is ts  a  tensor  f ie ld  f  o i  t ype  ( l , l )
.  yec tor  f ie ld  P ,  a  l - fo rm p  and a  met r ic  tensor  g  sa t is fy ing

r : . - )

r t . 5 )

a:c

( 1 . 6 )

1 2  =  ̂ 2 r  + € n @ e ,

F(rx) = e p(x)

s ( fx ,  fY)  *  r2g(x ,y )  +  €p(x )p(y )  =  o

: : " ^ : i s  
a  rea l  cons tan t ,  X ,y  a rb i t ra ry  vec tor  f ie lds  and o ,  a  func_

: .  Submani fo ldg

tet f-9 be submanifold of Mn of co-dimensions =, = n. Suppose
: * 3 €  e x i s c  o r  M t - 9 ,  a  ( 1 , 1 )  t e n s o r  f i e l d  -  x

: : e r c s  p .  s c a r a r  f i e r ,  ^ x  
o  

{ '  
9  r - t o r m s  p '  q  v e c t o r

x .  l d s  u v  x r  y  =  I r 2 r . . . r  Q  a n d  a  m e t r i c  t e n s o r  G
r : t i s f y i n g  "  q
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I
(2. r.)

( 2 . 2 '

and

( 2 . 3 )

( [ ) t  =  ̂ 2 t  *  Qf  @9 ,

w X
f v

nt{ )  = e" 'n

c(r i ,  ,  t )  *.?61i, i l  *  e'F t i l  i  t i r  '  :

where  € is  a  rea l  cons tan t  
" "d  

i '  i  a rb i t ra r l  r? : : "  : : c l : s  o t  t f , -q '

T h u s  M n - 9  s a t i s f y i n g  ( 2 ' 1 ) '  ( 2 ' 2 )  a n d  ( l ' 3 )  u i l "  : c  : : l l e d  a s

,,General ised (a, € ) rnetr ic nanifotd of order q'"

since t"f l -9 is a submanifold of f '  there crir :r  e icision nap

i* :  mn-Q *+ f and i f  B* denote dif ferential cf i"  '  t lctot*t i" t{ .  *.

in the tangent space of I"1n-9 
"otttsponds 

to a r": ,ct i ic id B x in tnaE

or f . we can P$ L4)

F f i i = t I t . r F t i r {

* r r

r N = [ | i i p - e ' t ' t
x x Y

where f i ,  P are respectively q l- forrns and q vcctlr  l ic iCs and N being q

mutual ly orthogonal unit  normai" irr  fn'

Prernu l t ip ly ing  (2 '4 )  by  F  and nak ing  use  o f  tbc  cqua: ions  (1 '1 ) '

( 2 . 4 )  a n d  ( 2 . 5 ) ,  w e  g e t

.2 fi 1= ir6r' * * l{fcq iry * r f<ir \- 
t- i I 

- d' ;}

"2 fi i 
= B({)2 \ * lTI<q iri -

Thus we obtain, on comparini tangential and nonnal vectors

( r )2 = 
"2r 

*  ef  @r*
q

( 2 . 4 )

and

( 2 , 5 )

e i t<ilt" - 17 eY* ti F(i) '

( 2 , 6 )

and
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MHD Couette Flow with Pressure Gradient
Between Two Parallel P.orous Falt Plates

Sutapa Mukher jee

Abs t rac t

'A  
so lu t i on  i n  t he  c l osed  f o rm  has  been  ob ta i ned  f o r  t he  f l ow  o f  a

viscous,  incompiessib le and electr ical ly  conduct ing f lu id between t r^7o
pa ra1 le l  po rous  f l a t  p l a tes  i n  t he  p resence  o f  a  E ransve rse  magne t i c

f i e l d  w i t h  suc t i on  a t  t he  s ta t i ona ry  p l a te  and  equa f  i n j ec t i on  a t  t he
' . ^ , . j - ^  - 1  ^ + ^
u w v r 1 1 6  P r d L r .

The combined ef fect  of  suct ion and magnet ic f ie ld o.n the f low
pattern h 'as been studied.  I t  is  observed that  the t ransverse magnet ic

f i e l d  as  we l l  as  suc t i on  annu l s  t he  e f f ec t  o f  adve rse  p ressu ie  e rad ien t

on  t he  f 1ow .

1 . In t roduc t  ion

Exact  solut ion of  the MID boundary layer equat ions for  the f low of

a  conduc t i ng  f l u i d  be tT , reen  two  pa ra l 1e l  so l i d  p l a tes  was  g i ven  by
Hartmann f l j .  Dzhor6enadze and Sfur ikaaze f2J srudied thE f low of  a
conduc t i ng  f l u i d  t h rough  a  channe l  w i t h  po rous  wa l1s  w i t h  suc t i on  a t  one
wa l l  and ,equa l  i n j ec t i on  a t . t he  o the r .  Meh ta  and  l a i n  [ 3J  i nves t i ga ted
the hydromagnet ic f low through a ' rectangular  channel  wi th porous wal ,1s
i n  t he  p resence  o f  t r ansve rse  magne t i c  f i e1d ,

Ramamoorthy [4J i r rvest igated general ized Couette f low between two
po rous  p ta tes  w i t h  suc t i on  a t  t he  s ta t i ona ry  p l a te  and  i n j ec t i on  a t  t he

o the r  p l a te .  Ra th i  l 5 /  d i s cussed  t he  same  p rob le rn  w i t hbu t  neg lec t i ng

the  i nduced  magne t i c  f i e l d .  Bo th  o f  t hem have  i l l u s t r a ted  t he  e f f ec t  o f
suc t i on  and  t r ansve rse  magne t i c  f i e l d  on  t he  p l ane  Coue t t e  f l ow  w i t hou t
p ressu re  g rad ien t  and  w i t h  p ressu re  dec rease .

The  ch ie f  i n t e res t  o f  t h i s  pape r  i s  t o  i l l u s t r a te  t he  e f f ec t  o f
suc t i on  and  t r ansve rse  magne t i c  f i e l d  on  t he  p l ane  Coue t t e  f l o v r  w iEh
p ressu re  r i se  i n  wh i ch  back  f l ow  occu rs  nea r  t he  s ta t i ona ry  D1a te .

2.  Equat ions 
.o j  Mot ion agd_ So.Ft ion

Le t  x  and  y  be  t he  coo rd i na tes  a l ong  and  pe rpend i cu la r  t o  t he  p l a tes ,

and u and v the veloci ty  components in the di rect ions of  x and y respec-
t i ve l y .  I t  i s  supposed  t ha t  t he  d i s t ance  be tween  t he  t \ 4 ro  p l a tes  i s  h ,
one  p l a te  i s  a t  r es t  and  t he  o the r  i s  mov ing  w i t h  ve l oc i t y  U  i n  x -d i r ec -
t i on .  F l u i d  i s  be ing  sucked  w i t h  a  cons tan t  ve l oc i t y  vo  a t  t he  s ta t i ona ry
plate in the.  presence of  a uni form transverse magnet id f ie ld H6 perpendi-

cu l a r  t o  t he  p l a tes .  Fo r  i n f i n i t e  f l a t  p l a tes , *  =  O  and  t he  equa r i on
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Int roducing the dimenqionless quant i t ies

P =

u / u

vlh

uoh/tt

1 l '

Hoh .(d/1)- t '

r r2  ap
AU A;

Equat ion  (7 )  becomes

? i=

- : -
S

& =
n

The boundary condit ions are

e 2 ;
5 F , ' v

where b. (;  .  & )
I  S -  n '

a n d  b ^  ( ;  R )
z s ' n '

3 .  R e s u l t s

e "
R , -  u  =  Pn

(e )

u  =  O ;

'l
The solut ion of equation

f b,n brnl

" = l e . - - e . -  1 . 4

L o t _ " 0 ,  J  - i

(8 )  sa t is fy ing  cond i t ions  (9 )  i s ,

f bl+bfl brn +b, 

"or1 
.orn

i#.b;-- t--
L  e ' - e t  u  - e

(10 )

_Equat ion  
(10)  g ives  the  ve loc i ty  d is t r ibu t ion  fo r  rhe  generar ized

MHD couette f low of an_ electr icalry conducting fruid betweei lr .- f"r. i r"r
porous  f la t  p la tes  w i th  p ressure  grad ien t  and suc t ion  a t  the  s ta t ionarv
p la te  in  the  presence o f  a  t ransverse  magnet ic  f ie ld .

_ - i . * * " ' ; 4 f_ _ _ - - z -

_ 
- ;s- r/3r2 * +nn2

_ - - - z . . a - -



I .  F o r &  l O a n d f - = 0 '
n s

t
.1.

I

eRh 

(1-lt) -Rh (1- I) \n 
-*nn

e  - e
* -E----E-

h n
e  - e

P
? . . . . -

K.
n

R -R,
n n

e  - e

which is  the solut ion for  genera' ! - ized MHD couette f low of  a conduct ing

f l u i d b e t w e e n t w a p a r a l l e l s o l i d p l a t e s i n t h e p r e s e n c e o f a r n a g n e t i c

f i e l d  pe rpend i cu la r  t o  t he  p l a tes '

I I .  F o r \ = 0 a n d i r = 0

_,t)r  ="1 - l  ( t

I r  i s

conducting
d i rec t  ion

stat ionarY

which is the solu.t ion for the general ised plane Couette f low of a non-

conducting'f luid between tr^/o sol id plates'

The effect of suction at the stat ionary plate and the Eransverse

magnetic f ield on the general ized Couette f low of an electr ical ly conduct-

i"!  i r" ia has been i l l istrated bv curves in f igures t:  
? i i9 

3 for the

three cases of zeto pressu?e gradient, pressure decrease and pressure

r i s e .

known that  in the case of  general ized Couette f lor ' r  of  non-

i i " i J  u .a t "en  so l i d  p l a tes  w i t h ,adequa te  p ressu re  r i se  i n  t he

of  f lot  the veloci ty  o. t " t  a port ion of  the channel  near the

Dlate becomes negat ive and Lack f low occurs near the plate '

Suction annuts the effect of adverse pressure gradient-and in. the-

absence o f  magnet ic  f ie fa  a  va lue  o f  the  suc t ion  parameter  i '  equa l . td

itu f t"rr,r t .  i raaient parameter P gives a l inear velocity distr ibution

( f ig .  f )  as  in  the  cas l  o f  f low due to  shear  on ly '  Wi th  0s  grea ter  than

P an accelerated f low over the whole channel width is obtained even in

Ehe presence o f  a  Pressure  r i se '

An external ly irnposed transverse magnetic f ield annuls' the effect

of adverse pressure giaai"nt on the f lorv and reduces the back f low tend-

i.rg to make i t  fr ict ionless over a Iarge port ion of the channel width'

with a strong magnetic f ield the shear f low due to.the moving plate wiLl

i .r . io confi ied t i t t t i t t  a very thin 1-ayer near i t '  with increasing

strength of the tr.n".r"r"" nagnetic f ield the velocity gradient at the

stat ionary plate and thereforl  the skin fr ict ion on i t  decreases'

I
I

I

9
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On Generalis€d Charlier Polynomials

Abstract

Expl ici t  repre$entation, generating function
tions and dif ference equations are obtained for a
Charl ier polynomials.

1. Introduction

*This work is done with
t i ca l  Phys ics ,  Tr ies tg ,

R.M. Shreshthax

pure recurrence rela-

set of general ised

the support of International Centre for Theore-
I ta ly .

The monic Charlier polynomials cj") <*l defined by the explicit

formtLa fLJ

r / ^ \  n

(1 .1)  c( ' ) ( * )  ,=  
# 

t i l  < i l  t< !  ( -a)n-k (a I  o)

is known to poqsess the generating teLation f2J

(1.2) .-"' (1 + w)x = i cj")<*1 .$
n=o 

rr

The set of Charl ier polynonials satisf ies 
' the 

orthogonali ty relat ion fLJ

F
(r .3)  

I  . j "<* l  c j " ) ( * )  d  y(a)1x)  = an n!  5oo,  ,
Jo [r lr r uur

//; \
where ]|,|\" is the step funqtion whose juurps are

- a x

( 1 . 4 )  a  r p ( a /  { * )  a t  x  =  o ,  ! ,  2 ,

Moreover, the posit ive definite case occurs for a 0 and in this case,

a 1p(a) 
(x) is the Poisson distr ibution of probabil i ty theory. of various

relat ions satisf ied by the set of Charl ier polynoruials, the fol lowing

three term recursion formtla fLJ

--J
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( e )  / . \  ^ ( a )  ,  ,( 1 . s )  c ' l i t x )  =  ( x  -  n  -  a )  c ' * ' ( x )  -  a n  c ' l f  ( x )

is of great importance. Charl- ier polynornials can also be expressed in
terms of Laguerre and Krawtchouk polynomials; and belong to the Hahn
class of orthogonal polynornials.

In the present note, we sha1l obtain analogues of some of the known
resul-ts for Charl ier polynomials.

2 .  Genera l i sed  Char l ie r lo_ lynomia ls

The set of general ised Chail ier polynouriaf" cj t l  (x), for a I  O-  t r r D

a n d  m  =  I , 2 , 3 , . . .  ,  n a y  b e  d e f  i n e d

( e )  l(2.1)  c(" /  ( * )  := ( -a)n 
m+tFo fa(-" ; r ) r  x i  -  ;  mln/a? ,

where A(-n;m) staqds for the sequence of m parameters

n  - n + 1 - n + m - 1

m t  m  
t  

m

and 
m+l-FO 

is a general ised hypergeoriretr ic, function.

Expanding the hypergeometric series and using the relat ion /3J

(2 .2 )  (oor 'k  =  ' *  { ; )n  ( * lo  . . .  ( *T- t lu  ,  m 7o,k7  0

i t  i s  easy  to  ob ta in  the  fo l l -ow ing  exp l i c i t  representa t ion  fo r  c ( " ]  t * ) ,

(2.3) 6j.) t*v = I.E 
< ll rl l *: (-.)'-i lk .

rrfi 
kjo-\ 

-mK- 'k'

A simple generating function for Cjt l  (x) may be obtained direct ly

f rom (2 .3 )  in  the  fo l low ing

(2 .4)  
" - " t  

(1  *  r * ) *  = . l : ]  f t  ,  (a ro) .

I ndeed ,  by  v i r t ue  o f  ( 2 .2 )  and  t he  e l emen ta r y  r e l aE ions

( 2 . s )  ( - r ) r  =  ( - 1 ) k n l  / ( n - k ) ! ,  0 { k ( n ,

form

X.
g
/-),
n=0

I
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( 2 . 6 )

and

( 2 . 7 )

ne observe

(o0, (o(+ m)o = 

,({),o*r, 
,

A(n-nk,k) =
4

s/
u-u

that

-al^t
e

.,lil,",<"r

urx(n-m+2)

fn/nJ

*S x
k=O

x
n=O

A ( n , k ) ,

n
w

;I .

and (2.4) reduce to r^re1l-

o€.x
n=O

(1 + nm)x =

4x
n=0

L*'' (-")t tttuk

,3 
.u'----;l-

= 
5;ff tior tir 'o' (-")"#'8"

cj"] <"r

W h e n  m  =  J . ,  t h e . a b o v e  r e s u l t s  ( 2 . 1 ) ,  ( 2 . 3 )
knor,rn results for Charl iet '  polynourials.

3. Pure Rhcurrence Relat iolrs and Difference Equations

A pure recurrence relat ion and a pair of dif ference equations

sat is f ied  by  the  genera l i sed  Char l ie r  po lynomia ls  C! " )  ( * )  a re  as- D t f r - -

fo l lows:

(3. 1) cj l l , ,<"1= 
{*(o-,o*r),n-r 

- (n-n+r) \.,1**r,o.,(*)

- . .j:i (x) - a(n+m*rl, cj1],,r*l ,

( 3 .  2 )

and

( 3 . 3 )

mx(n:n+2)r_r .rl**r,r(x-t) - , c("] {*) ,

(x-1) - .j*.r,,,") 
l

c(d,r{*) - .,1*.r,,,*t.

",-, [',1*.,,,
= (nn+r), 

{a
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In  order  to  ob ta in  (3 .1 )  and (3 .2 ) ,  we d i f fe ren t ia te  bo th  s ides  o f

with respect to \ t  and obtain

bl

Addre

Inter
Physl
Mirar
3410(

( 2 . 4 )

( 3 . 4 )
m-r €

(_a + 
nx w-' 

- 

) e-aw 11 * ,t)* = ?^

I + # "  n = o

which consequently yield the required results i f

compared 
"rr i t"bly. 

The last equation is jusr a

( 3 . 1 )  a n d  ( 3 . 2 ) .

4. Another General isat ion sini la.r to cia] (x)
n . m

n-1

c ( t )  ( * )  
t  t ,

t r , h  n a

the  coe f f i c i en t s  a re

siuple combinat ion of

A general isat ion of the set of

defined by (1.1) nnay be proposed in

/^\ t" 4, .n .
(4.1) c\o/  (m:x) 

, := F 
(*)

I t  is easy to show that

charl ier pol lnomials cjt)  t" l

the fol losing forrn

t r ,  1,u) $ r-.1*

c( . )  ( t , * )  = -c ( " )  ( * )

I ts generating function is of the form

c*

---r  z,  ,  w)x = Z aj" ,  (m:x) un ,
(4 .2 )  

" - t t  

( r  r  
n=o

and possesses propert ies similar to those 
"r 

ci t l t t l  '
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On The Application of $atusita's Measure
of.Anninity in an Experiment

Parvinder Kaur

Summarv

The  concep t  o f  a f f i n i t y  be tween  two  s ta t i s t i ca l  popu la t i ons  was  i n -
t r oduced  and  a  number  o f  i t s  p rope r t i es  and  app l i ca t i ons  i n  s t a t i s t i ca l
de-c is ion making \ rere srudied by Marusia ( [2J ,  f3]  ,  [4J,  [5J and Kirmani
( [ t11.  Here we shal l  see that  the same measure can be used to determine
Ehe associat ion between the pr ior  knowledge and the knowledge gained f rom
an exper iment.

Le t  x1  deno tes  t he  know ledge  o f  t he  s ta te  o f  na tu re ,  usua l l y  ex -
p ressed  by  t he  know ledge  o f  a  f i n i t e  number  o f  pa rame te rs ,  p r i o r  t o  t he
exper iment and let  x2 be the knowledge af ter  the exper iment.  There may
be  a  poss ib l e  assoc ia t i on  be tween  t he  know ledge  be fo re  and  a f r e r  t he
exper iment and oi re rnay be interesEed in measur ing how much the knowl,edge
gained af ter  the exper iment . is  re lated to the knowledge suppl i .ed to the
exper imenter before the exper iment is  made. In th is paper we shal l
show  tha t  t he  Ma tus i t a t s  measu re  o f  a f f i n i t y  can  a l so  be  used  i n  such
p rob lems  whe re  t he  ob jec t  o f  expe r imen ta t i on  i s  no t  t o  r each  dec i s i ons
buE . to gain knowledge about the wor ld.  The average re lat ionship between
the pr ior  and the poster ior  knowledge for  f ixed pr ior  knowledge, deter-
mines the average amount of  associat ion.

Since one of  the purposes of  performing an exper iment is  to gain
knowledge about the state of  nature,  knowing something about . i t  pr ior
fo the exper iment,  we suggest  in th is paper,  that  one may be interested
in performing that  exper iment for  which there is  maximum possib le asso-
ciat ion between the knowledge pr ior  and gained af ter  the exper iment and
w i l l  t r y  t o  con t i nue  expe r imen ta t i on  un t i l  he  ge t s  a  pe r f ec t  assoc ia t i on
between the pr ior  and the gained knowledge.

LeE X be a sample space and x Q,X be an observat ion of  the exper i -
men t .  Le t  f t  be  a  e f i e l d  o f  subse t s  o f  X .  Le t  6  be  an  e l emen t  be long -
i ng  

t s  
a  space@.  Then ,  de f i ne  a  p robab i l i t y  measu re  on  f l  f o r  eve ry

e € (9.  We assume that  the probabi l i ty  measures def ined on p are aIL
abso lu te l y  con t i nuous  w i t h  r espec t  t o  a  f i xed  measu re  on  f i  i s  6  r anges
through @. Therefore,  \^7e can def ine each probabi l i tv  measure bv a
p robab i l i t y  dens i cy  f unc r i on  p ( x /e )  such  t ha t  ( p ( r / i r ) a *  de f i nes  rhe
p robab i l i t y  measu re  o f  a  subse t  X .  Then  an  ex te r imen t  E  i s  cha rac te -
r i zed  by  E  =  

{ x ,  
p ,  @,  r  }w i t h  e  =  

{n (x /e ) } - .

Le t  p ( x )  and  p (e )  deno te  t he  dens i t i es  o f  t he  random va r i ab les
x and € respect ively.  Suppose that  @ is endowed wi th a d- f ie ld of
subse t s ,  t hen  a  p r i o r  d i s t r i bu t i bn  f o r  0  w i l l  be  a  p robab i l i c y  measu re
on  t h i s  f i e l d ,  wh i ch  i s  deno red  by  p (e ) .



p(e/x)  =

Then, we define the

and the posterior

Itre have
(

p ( x )  =  
J P ( * / e ) P ( e ) d e

@

A f t e r t h e e x p e r i m e n t h a s b e e n p e r f o r m e d a n d t h e v a l u e x o b s e r v e d , t h e
poster ior  d i .s t r ibut ion of  0 is  p(e/x)r ,where

72

measure of associat ion beteeen the prior knowledge

knowledge as

A ( E , x , p ( e ) )  = . . .  ( 1 )

. . . ( 3 )

r^rhere E is the expectat ion oPerator with respect to the variable de-

noted  in . the  su f f i x .

I f  p (x ro)  i s  the  jo in t  dens i ty  fo r  x  and o ,  we can wr i te  i t  as

= $ J p(x,€) {#%t dxd6 "'(4)
x  @  

L r \ ' - l r \

The expression (4) shows the symnetry between x and 0' Also because

the  in iegrand in  (4 )  i s  pos i t i ve  be ing  the  probab i l i t y  dens i t ies '  we

can say  tha t  A(E,  p (e) )  i s  pos i t i ve .

Theorem 1  -  A(E,  p (e) )  =  1  i f .p (x /e )  does  no t  depend on  except  poss ib ly

in  a  nu l l  se t  fo r  O.

ff <er-l.n(erJl ae

where the posterior knowl-edge simply means th€ knonledge gained after

the experinenr is performedl f f  ptbl = O, define che integrand to be

,"r. ,  i ;g..  whdn'we-have no knor,r ledge about the stace of nature before

cqnducting the experi.ment the associat ion is defined to be zero'

The quanti ty in (1) depends uPon x' since some experiments provide

greaEer associat ion $ri th' the-prior knowledge than the others- since I

is regarded as a random varial le this quanti ty may be averaged with'

, " rp . f t  to  x  accord ing  to  the  probab i l i t y  dens i ty  p (x ) '

Definit ion - The average amount of associat ion berneen the prior know-

T r e d g e p ( e I a n d t h e k n o w 1 e d g e a f t e r t h e e x p e r i m e n E , i s ,

A ( E , p ( e ) )  =  E A ( E , x , P ( o ) )  " ' ( 2 )

(  p (xle) l l= o*oe 
|TID-J

t-- .

I

Proo:

Th is

r io r
this
knolr

a p €

(xl ,

b y f

1  i t1

that

E .  =
t

i s i

P  ( x :

a f t r

antrol

knor

beer

ave:

v i d ,

i t ,

The



Proof  -  S ince  p(x /O)

I J

does not depend on the space 6 we have

p(x /e )  =  p (x )

so that

A ( 8 ,  p ( e ) ) = ,-rr[i$]'

= 1  s ince  E(1)  =  1

Hence, the result is proved.

Th is  i s  the  case when p(x /e )  =  p (x ) ,  o r  p (0 /x )  =  p (e) ,  tha t  i s  pos te-
r io r  d is t r ibu t ion  o f ,0  i s  exac t ly  equa l  to  the  pr io r  d is t r ibu t ion .  In
this case we can say that there is perfect irssociat ion between the prior
knowledge and the posterior knowledge about the state of nature.

New suppose that the observations x in an experiment consist of
a  pa i r  o f .bbserva t ion6 x '  x r .  That  i s  every  x  (X  is  an  ordered pa i r

( x r ,  x 2 )  w i t h  x . € X . ,  L  =  L ,  2 .  f , e t  f l .  b e  t h e  o - f i e L d . o v e r  X .  i n d u c e d

by Fby  the  t rans format ion  x ,  =  x . (x )  and le t  P .  be  the  se t  o f  p robab i -

l i t y  d e n s i t i e s  p ( x . / O ) . o f  t h e  o b s e r r a t i o n g  x , ,  i  =  L r . 2 .  W e  c a n  s a y

that the experiment E is the suir of the tr^7o experiments E, and Eo wifh

u ,  =  
{ * r , 9g ,  O ,  t r }  t  =  L ,  2 .  rhe  expe r imen t  E r (x r )  = [ i ,P r ,6 , .pz ( * r$

i s  a lso  cons idered w i th  P2(x1)  as  the  se t  o f  p robab i l i t y .dens i t ies

p ( x 2 l e ,  x r ) .

We note  tha t ,  s ince  p(e /x r )  i s  the  pos ter io r  d is t r ibu t ion  o f  0
a f te r  x1  has  been observed,  l te -Z(x f ) ,  p (e /x1) )  de f ines  the  average
amount of associat ion betlreen the prior knowledge p(e/xf) and the
knowledge gained from the experiment E2 by. observing x2 after E1 has
been performed and x' observed. The average of, i t  over x1 gives the
average associat ion 6etween the prior knowledge and the knowledge'pro-
vided by the experiment E2 after E1 has been performed. We wil l  denote
i t  a s

A(E,2/EL,  n (e/xr)  )  = E*,  A(n,  {* r )  ,  p  (e/xr)  )

(  P(xr /e '  x . ,  )  ;  l
D D F \_____:--_-_______ \--*I -*Z -e 

I o(xrlxr) I
. . . ( s )

Theorem 2 - A(Er ,  n (e ) ) ,  A (82 /E I ,  p (e / x r ) )  =  A (8 ,  p (e ) )
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Proof -  We have

A(Er n(e)) = "-, ".1+3\'
= E  u  

( P ( x ' l e )

"1 *, 
u. 

1 
-ne-

a n d  
( v l ' l e '  x ' )  

)  l

t(t 'rlE' n(e/xr) = u*, t*r t. -l;qA5 
1

From (6 )  and  (7 ) ,  we  ge t

A ( E '  n ( e ) ) .  A ( E z l B r ,  P ( o / x r ) )

= E  r E  
c p ( x ] / e ) l  i  ( n ( * r / e '  * t ) ) l

*1 *, u'llq- I 
' 

tTG;El- l

= E  ,  - ( P ( x ' ' o )  t j 2 j : ' l - : ( . 1 - I t

" I *r tt I ildtTGI' tle'-'ij-.' )-;iE=/ J

= E  u  
( P ( x " x ' l o ) ) l

. *1 *r t. 1-tq, trj

= 6( r ,  p  (e )  )

Hence the theorem is Proved'

Co.rol lar.y - I f  x, is suff icient for x in

then

A ( E t ,  p ( e ) )  =  e ( E ,  P ( e ) ) '

. . . ( 6 )

. . .  ( 7 )

Ehe  Ney rnan  F i she r  sense t

I

I

P

T
C t

R,

L

[,

T

Ii

Dr

Lt

I I

Proo j  -  I f  x ,  i s  su f f i c i en t  f o r  x ,  by  t he  f ac to r i zac i on  Eheo rem

we  can  eas i l y  see  t ha t  p ( x r /A ,  x r )  does  no t  depend  on  o

and  so  acco rd i ng  t o  Theo rem 1 ,  i t  f o l l ows  t ha t  A (E2E1 '

p (e / x r ) )  =  1 '  Hence  f r om the  s ta temen t  o f  t he  Theo rem 2

the  co ro l l a rY  i s  es tab l i shed '

I
?



t
I

I

I

a <

Tire corol lary says that the associat ion betr^reen the prior know-ledge and the knowledge gained from the experiment is not changed afterperforming E2- i f  the observation x1 in an experiment is a suff icients t a t i s t i c s .

Theorem 2 can be seneral ized to a f ini te number of experiments withcommon@ 
vr  c^Pcr r rue l
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V o l .  B ,  N o .  2  ( 1 9 8 2 ) , '  7 7 - 8 , 6

( 1 . 1 )

( r . 2 ) x  +  4 . x  -

OnAStructureF4 , A Satisfying
f z  +  {  f  I ,  I  l - o

V.C. Gupta and Jaya pant

Sinha and Sharma [3J t ave defined special quadratic structure f
J

sat is fy ing  1 '  +  & f  -  r  =  0 .  in  th is  paper ,  we t rave  de f ined and s tud ied
Ehe s t ruc tu r "  f  

" ( .X  

sa t is fy ing  f2  +  d , f  -  X2  r  =  o ,  where  f  i s  a
non-nutr l  tensor t ieta of the type (1, 1) and A is a complex number,
no t  equa l  to  zero ,  Th is  i s  a  genera l i za t ion  o f  the  

. lS_s t ruc tur "  
[ t J .

First r ' )e have defined the.project ion operators and then the existence
and in tegrab i l i t y  cond i t ions  o f  th is  s t ruc tu re  have been ob ta ined.

1 .  Pr -e l im inar ig

-  , t " t  
usoocons ider  an  n-d imenq iona l  rea l  d i f fe ren t iab le  man i fo rd  Mo r  c l a s s  C - -  e n d o w e d  w i t h  a  n o n - n u l l  t e n s o r  f i e l d  f  o f  t y p e  ( 1 , . 1 )

sa t is fy ing  the  a lgebra ic  equat ion

f 2 *  a l t -  X 2 r = o ,

where ),  is a complex number not equal to zero and ( e R (the set
o f  rea l  numbers) .  r f  x  denores  an  arb i r ra ry  vec tor  r ie la  in  ih " - iT1y)
modu le  )€ ( l l )  o f  M,  where  J€(u)  i ,  rhe  a lgebra  over  the .vec tor  f ie lds
in  M;  then (1 .1 )  can  a lso  be  expressed as

where I  S f<Xl .  The rank of  f  can be easi ly  shom to be equal  to  n
t3l . I^Ie call rhe srrucrure sarisfying (1.r1 . ; i"a-^l"Jr-,rJarrr".,,
L e t  r e t  b e  a n  e i g e n  v a l u e  o f  f ,  t h e n  J  i " .  r o o r  o t  t h e  q u a d r a t i c
equa t  i on

" 2 * d e -

; 2 x = 0 ,

X 2 r = 0 .( 1 . 3 )

T h e  r o o t s  o f  ( 1 . 3 )  a r e

+ i (- o( * '*ff;l-F),
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which rnay be taken to be eo and t4 if r're set lsin he for - i cA

Let us supPose ttrat the multiplicities of tO tod 
"-O "tt 

P and q re-

specrivelY, such thAt P + q = n'

2. 
.  

Distr ibutions of M with t  
oa, tr  

- l tructure

Let us define a pair of project io-n oPerators s and t on the tan-

,"r, .  " i l l "- l t-"t"t t  
point of M as fol lows:

' 0
1  

"  i ) ,s(x) = -+ (x * T.
I+e

r  e - o -
r ( x )  =  -+  ( x -kx )  '

1+e

( 2 . 1 )

( 2 . 2 )

I

l

I,
i

T\gorern  (2 .1 ) . .  For  a  s t ruc tu re  
14 , f .  

sa t i s fy ing  ( l ' 1 ) '  the  pro jecc ion

operators s and t defined by (zJf;d (2'2) and applied to the tangent

space at each point of M are cornpl-ementary 
project ion operators'

Pr .oo f .  In  consequence o f  (1 '2 ) '  (2 '1 )  and (2 '2 ) '  se  have

"2 (x )  
=  s (s (x ) )  ,

=  
- k  { r c t * ' .  * #  

( \ i * " e b \ '

= 
*b {r't*r 

. 
#t 

(}'i '€ * }2x - o( i) } '

.2(*)  = t  (x) .

I
t .

= 
^,*g {r",*, 

. dh 
(i.e * r",J ,

= t  
,u {x" t*)  

*  
" ' "  

}" tx l }  '

\ (1+e- - )  
I

= s(x)

Sirnil-ar1-Y, we can show that

Also ve have
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t ( s ( x ) ) = .  
f t ; 5  

( I x + e e

t u "  
I l t < x l * . o o

) \ (1+e- " )  l

o .

= 
X#T 

() 'xr '"  i )  -

= __+- (Ix _.€ i)
h( t+e  

' " ;

=  x .

Thus s'and t satis ' fy the fol lotr ing relat ions:

s * t = I r  s t = O ,  
" 2 = r ,  

t 2 - X . .

This proves the theorem

Let S and T be the complementary distributions of dinrensions'p

and q correspo4ding to the pqojection operators s and t r .espectively.
t P  I  1 n  )

* .  . f  
. t ,  .  =  L , 2 , . . . , p  a n d  

l ; t  ,  x  =  1 , 2 , . . . , q  b e  l i n e a r l y

independent set of vectors spanning S and T respectively. It can be.

eas i l y  shown tha t  the  se t {L  i \  le  t t "  inverse  se t  o f  rhe  se t

( p  a )  
L a  q J

t; 
' ; ] 

' Then we can Prove that

a

P ( P )  =

b

a x x

e ( P )  = b ,  e ( Q )  = 5 ,
a y

a x
p ( x ) P  +  q ( x ) Q  = x .

a x

i l l

cb]

llext we have

e(x)  + t (x)

( 2 . 3 )

( 2 . 4 )

(2 . s )

( 2 . 6 )

a a

6 
^  p (Q)  =  o

b x '



Theorem (2 .2) .  We have

( 2 . 7 )

Proof .

x

s(x)  = p(x)?
a

B y  v i r t u e  o f  ( 2 . 4 ) '

x

r (x )  =  c (x )Q
, x

( 2 . 5 )  a n d  ( 2 . 6 ) ,  w e  h a v e

s (x )  =  s

a
.  =  p ( x ) p

Similarly, the renair l i , ' l  ntt t  of the theorem can be proved'

Theorem (2 .3) .  In  o rder  tha t  M admi ts  the  s t tuc tu re  f  
* , \  

sa t i s fY-

n

*T*  rc  
-  

^ "  
=  0 ,  i t  i s  necessary  and su f f i c ien t  tha t  the

distributibns S and T have no direction in comton and span together a

l inear space of dimension n'

P r o o f .

Let M be equipped with a structure t l  
,  \  

sat isfying

o n

t2 * /- t  
-  )12 r '  = o Then in view of project ion oPerators s and t

de f ined by  (2 .1 )  and (2 '2 ) ,  we ge t  a  pa i r 'o f  g loba l  d is t r ibu t ions  s

and T having no direct ion in conmon' Moreover'  i f  P and Q are l inearly

independent set of vectors spanning S and T' then i t  can be easi ly

shown tha t  the  seE { :  ,3 }  i "  L inear ly  independent  se t '  I ience the

t a  
-  x  J

distr ibutions S and 
- i  

"p"tt  
a l inear space of dimension n'

Converse ly ,  le t  there  ex is t  a  pa i r  o f  d is t r ibu t ions  S and T

having no direct ion in common and spanning the l inear space of dirnen-

" io . ,  
o .  Le t  { l }  o "  the  se t  o f  p  l inear ly  independent  vec tors  in  S

and {3  }  o "  . i - r l ' " . .  o f  q ' l inear ly  independent  vec tors  in  T '  Then

5t. al^ i .  t  1irr. t t1y indepenclent set '  Let us define the invetse set

l a ' x l

t "  .  
*  

L  a s  i n  ( 2 . 4 ) ,  ( 2 ' 5 )  a n d  Q ' 6 ) '  l { e  s e t

l p  
q  

J

{ i,o' . ic*ro } I

^ a

x  =  I eo  p (x )P  - x"-o itxlo .
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i ' *  d i  =  p ( x

=  \ '
l\
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There fore  in  consequence o f  (2 ,4 )  '  (2 .5 )  and (2 .6 ) ,  we have

a (  o  b  ^  y  )
x = t r .o n t l ""  p(x)p -  \e-u ntx lO !  r  -

b y a

-  1  ̂ -o i  5,  ̂ B l1*y, -  tr"-e {.*,0} o- A e  o L "  n  
o  

" J l
a ^ x

= tr2 "20 i<*)t * trt "-" 
-o<x)a 

,

= l2 J "2e :,*r' . "-" ;,'ro t'
t  a  x J

2 o  
*  d ( \ "

- ta

e  
' "  -  

o ( , \ e

, 
o,., ), 

-structure satisfying 12 * o(t - )3 t = o.

Nijglrhuis Tens.or of t*, I  -Str"ctu.re.

The N i jenhu is  tensor  o f  the  s t ruc tu re  fd . , ^  sa t is fy ing  (1 '1 )

the skew-syrrnetr ic tensor of type (1r2) given tV ILJ

( 3 .  1 ) N(x,Y) = E,IJ + tffil - ti,tJ- fx,lJ ,

for arbitrary vector f iel-ds XrY in M.

Theorem (3.1). I ie have

( 3 . 2 ) N(x , i )  =  N( i ,v )  ,

,
f , e

x)P
a

't{

ti'
x .

the

-"J ,' ). i t*>o 
{,rt

, it"l* ]
x )

= l -

Thus M admits

3 .

l-s
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(3.3) u( i , f )  = )r2 n(x,v) -  o( l t (x, f)  ,

(3.4) l t ( i ,v)  = -  dN(x,Yl -  NTT,yI .

Proof .  Bar r ing  X in  (3 .1 ) ,  we have

N(i,r) = [i,i].Lill- Li,"1- [- ],
which i+ view of (1.2) reduces to

N(I,Y) = )" 'F,?]- /E,i l .  \ tL*,"1

- r3F=l- F;1

(3 .  s )

( 3 . 7 )

Barr ing  y  in  (3 .1 )  and us ing  (1 .2 ) ,  we have

(3.6) 
"t",Tt 

= \t F,i]. f L*,"1- .c'L",i l

- [i,il - x'F,"f .
Fro tn  (3 .5 )  and (3 .6 )  we ob ta in  (3 .2 ) .

Barring X and Y in (3.1) and using (L-2), we have

r,r(i,i) = .\o f","1 
- \2e t*,i]- I2afx,v]

+ {2 Li,t] * 12 fx,v] 
- * [",Y I

.,tliFl - )3 ti,"l.
In  consequence o f  (3 .5 ) ,  ve  have

( 3 . 8 ) { u(x,i) = A t' Li,"] - J.t Li,t1* odx'f*,i]-

-,rLiF: - ,t >2 1*," 1 .

F r o n  ( 3 . 1 ) ,  ( 3 . 7 )  a n d  ( 3 . 8 ) ,  l l e  g e t  ( 3 . 3 ) .

Equat ion  (3 .4 )  to l lows f rom (3 .1 )  and (3 .5 ) .



4. Integrability, C.ondi.rions

Theorem (4.I).  The disrr ibution S is integrabl-e, if and onl-y if

( 4 . 1 ) (d t )  (x ,v ;  = 6

Let us assume that S is integrable, then

x ,Y€  s  -+ fx , vJes .

Therefore

; (X1  =  X ,  s ( t )  =  y ,  t (X )  =  O , .  r ( y )  =  O ,  r (6 , yJ )

We have pJ

(d r )  (x ,y)  = xt (y)  -  yr (x)  -  t (g,y j ) ,

which by v i r tue ot  (4.2)  y ie lds

(d t )  . (x , r ;  = 6.

Converselv. suDDose that (d t) (Xry) = 0, where X,y € S. Then
t(fx,yJ) l-0, 

" io"" 
t(x) = o ."J' i tyl  ='o.

Further, fron (2.L), ve have

( 4 . 3 )

= 
*b \ ^F,"1 . "' LtrlJ.

Also, we have

tr[,vl) =;h (8,"] - * Loft, ,
( 4  , 4 )

s(x ,Y)  =#{8 , "1  . *  c1* , r : r } ,

I
I

I
Thus f ron  (4 .3 )  and (4 ,4 ) ,  we have

"(8,") = k,"f .
n.""" fx,vl € s.
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Thus we have shown that X,Y e S =+8,t1 g t

It follows.that S is integrgble.

Theorem (4.2) .  The d is t r ibut ion T is  in tegrabl -e,  i f  and only i f

(4 .  s ) (d s)  (x ;Y)  = o

proof. The proof fol lows from the pattern of the proof of theorem (4.1) '

Theorem (4.3). A necessary and suff icient condit ion for the structure

t ,1-""t i" iyi t tg (1.1) to be integrable is that the Nijenhuis tensor
* r A

of  f  .  van ishes  ident ica l lY .
a(r A

Proof. By theorem (4.1), the distr ibution S is integrable i f  and only

F-G-t l1i,V) = 0, where X,Y satisfy s(X) = X' Therefore, the above

cond i t ion  is  equ iva len t  to  (d  t ) (s (X) '  s (Y) )  =  o '

s iqce  ts  =  o ,  there fore  t  G(x) ,  s (Y)7  =  o .  In  consequence o f

(2 .1 )  and (2 .2 '1 ,  the  above equat ion  takes  the  fo rm

f.Ax 
* .e x,

or equivalentlY'

-Fu'"f* .t 
(\8,?]. \Li,"] - \[I'-]-

a -- - - rT-r rE-l-r
+ e"  1 fx ,v ] )  - f x ,vJ  -  

U 'Y  J=  o  '

which  by  v i r tue  o f  (3 .1 )  and (3 .5 )  reduces  to

-e
N ( x . Y )  - L  f f i ; D = 0 .' A

Proceeding in a similar manner and using theorem (4'2), I te can show that

the necesiary and suff icient condit ion for the distr ibution T to'be

conpletely integrable is that

( 4 , 7 )
o

N ( x , y ) . |  f f i F I = o

The condit ions (4.6) and (4.7) irnply that for the complete integrabi l i ty

of both the cl istr ibutions S and T, i f  = o' Thus the structure tJrA i"

integrabLe i f  and onlY i f  N = 0.

IY + ee i ] - { ry1 =o
D
I

1^Lill'

( 4  . 6 )
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$tgchastic Production -- Inventory Model
($PIM) For Deteriorating Items

H.B.  Shres tha

Abstract

. Sethi .and Thompson f3J h^u" developed a SpIM for non-deteriorat ing
items and derived cl-osed form expressions for optiural production rates
when the demand rate is constant by rninimising a quadratic loss function.
A similar model for an inventory of i tems that deteriorate after some
time from their arr ival in the inventory is presented in Lhis paper.
closed form expressions for che optimal production rates for f ini te and
inf inite horizon versions of sPrM are derived for the general and speci-
f ic deteriorat ion functidns when the demand rate is assumed constant.
For deterni inist ic demand, the corresponding general optimal production
ra te  i s  ob ta ined.  The case o f  d iscounted  ob jec t ive  func t ion  is  a lso
cons idered.

1 .  In t roduc t ion

We consider a geireral productrioq inventory model for i.tems that
deteriorate in the inventory after. sorf€ t ime from their arr ival in the
inventory..  The deteriorat ion takes pLace according to an instantaneous
deter io ra t ion  ra te  0 ( t ) ,  o  (0 ( t )< .  r .  we der ive  c losed fo rm express ions
for the optimal production rates for both f. ini te and inf inite horizon
versions of the SPIM when the degeriorat ion rate is specif ied. We con-
sider the cases separately when the demand rate is constant dnd when i t
i s  de termin is t i c .

The rnodel considered here is developed under the fol lowing general
assumptions: ( i)  The production process involves the production-oi a
homogeneous good and have an.inventory system. ( i i )  The demand rate of
S units per unit  of t ime is known. ( i i i )  Deteriorat ion of i tems srarrs
after some t ime ' t  (  > 0) of arr ival in the invenrory. ( iv) nt r ime r,
a fract ion 0(t) of the on-hand inventory detericirates. 0(t) is assunred
i n t e g r a b l e .

2 .  The Mode l

L e t  x r ( t t ) ,  u t ( t t )  a n d  x l ,  u l  b e  t h e  i n v e n t o r y . l e v e l  a n d  p r o d u c t i o n
level  at  t ime t r  and Y respect iveLy.  Let  st  be the demand rate at  t ime
t ' .  The change in the inventory level  is  then descr ibed by l iots sto-
chast ic  d i f ferent ia l -  equat ion

d x t = ( u t - S t ) d t t +  A d z( l )
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with init ial  condit ion xr (Y) = x'  where d is the constant dif fusion

coef f i c ien t  and dZ( t ' )  u ray  be  expressed as  ! (a t t )  vhere  \ , (d t t )  i s  a

sp wi rh E fE(dt ' [  
=  o,  E f t ' tu . '1  

= o2 dr '  and E f . f ,o . ' [=  o(at ' )

f o r  a l l  n 7 2 .  W e  w i s h  t o  c o n t r o l  u t ( t t ) ,  Y ( t t - ( , T f  s o  a s  t o  g u i d e  t h e

production pr<icess' in such a way as to adjust the inventory level ini t ial-

l y  a t  x r . t o w a r d s  S l .

Let h, c, 81 and B respectively denote the holding cost, production

cost, salvage value per deteriorat ing i tem and salvage value per unit

t e r m i n a l  i n v e n t o r y r e s p e c t i v e l y .  T h e n f o r  t =  t t  - Y a n d T = T r  - Y r

the value function to be maximised is

(z) v(t,x) = urax r I-- Jt

(6) . = 
# 

- $ \;'2 
- Bro x) + v.

,  )  t  rL  
- l

( c u '  +  h ] - x - ) d t  +  
)  

B ,  0  x d t  +  r x ( r ) J

with the terminal condit ion

(3 ) V ( T , x )  =  B l ( r ) .

I f  V(t,x) is continuously dif ferentiable in t  and twice continu-

ously dif ferentiable in x then using Itors dif ferentiat ion rule and

writ ing x(t) = x, we obtair l  the fol lowing Hamilton-Jacobi-Bellman equa-

t ion

C  ?  , ?  2  1(4)  0  =  max 
{ - t " " -  

+  h r f -x - )  +  Brd  x  t  V t  -  SV*  * ldV**J

where  S =*s '  -  u l .  D i f fe ren t ia t ing  (4 )  w. r . t .  u  end equat ing

to zero yields the optimal production rate as

which on substi tut ion into (4) and using the terminal condit ion (3)

yields the PDE for the optimal production rate as

V
x(s)

- sv + ls2v
x - x x

3. SPIM l^lhen Demand Rate is Constant

( 7 )

Assume that V(t,x) has a separable forrn

)
v ( t ,x )  =  Q( t )  (V* ) -  +  R( t )  ( {x )  +  t " t ( t ) .

V* and V** which on substi tut ion into (6)

Then we can f ind Va,

y i e l ds  f o r  any  x ,

b..-{- i€ 
'

:1

: -

. :

l t : : a  (
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(8)  t4-  r ' f  * f2Q *  ,Yq 'v  = o wi th  b .c .  Q(r )  =  s

,,rt 2n . ?
(e)  

-q -  a / *  *  l rR .  V*  
*  BrO -  2sy"A= o  w i th  b .c .  n ( r )1 / r1 r1=3

_ 2  , 2
(1o) -R;y -  *  u  -  sn : . : l ,  *  J -V 'q  =  o  w i th  b .c .  M( r )  =  6

where the boundary condit ioirs are obtained by comparing (7) at t  = T

w i t h  ( 3 ) .

The so lu t ion  to  (B)  y ie lds

^  =G!  E f
" .P 

"*t

where( 1 1 )

(r2)

(13 )

( r s )  = S +

v = . . p t - ' 4 [ \ * ]

The so lu t ion  to  (9 )  y ie lds

- =&E. .* - 2s)exp 
[*tv 0."]l

get the optimal production r.ate (OPR) ad

1  R  C ' r r T  z  \
. ; ( ; - 2 s ) e x p l ; \ ' V a d " \

[ "  t '  J

{*

/ B
c

,- 
4, [' 

o(s)exp 
{ I f.v'r." } 

u".

Using  (12)  and (13)  on  (5 )  we

E(14) u* = s ../* . Fi ,V",

.  
B r ( r

*  t '  ]  O(s)exp
t .

. f r |T".

Since 0( t )  i s  the  de ter io ra t ion^ra te ' .  i t  i s  re la ted  to  the  de te-

r i o r a t i o n  p . a . t .  f ( t )  a s  0 ( t )  =  f ( t ) / ( - F ( t D  r f  w e  d e n o t e  b v
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i , i

= "* {'{Tvu"}

= aG). "* l- ['
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T

and M(o)  =  l ( - .e " r ( " )a ,o +K(e)

wi th  f ( t ) t  , "ru" 
]  

then,

f  

' r , " ,  ys=: l  
ds = K-l(s)M(o) + K(e)M(-e)J t  

G - ' o

where O= \^h/c) ,  and (15) becomes

(16) u* = s * , f ( t / " )  = l  V* *  (+ -  z,  *' '  y *L  I  
-  ' c  ' y+ I

8., ,n, I_ _r 1
. ;  . r# 

[ - ' te lu<el  
+ r(e)u(-e) l

Thus the OPR depends'on ' the demand rate' the on-hand inventot 'y 1evel,

the decay rate and the distance from the planning horizon.

For 'no  de ter io ra t ion  o f  i tems '  (16)  reduces  to

(rz> u* = s +/(h/c) 5l * * ,9 - zsl..#' ,  
y+ l  "  ' c  ' y+ I

so that the change in fhe OPR due to the Presence of deteriorat ion

ra te  i s

-- 1 B' r- I-- '  1
(r8) [.u* = - 6.ur(h/c) Fi 

* * # ri+ [-' <elutel + r(e)u(-el

since y-l  /-0, A u* )20, the equali ty holding at t  = T. Thus greater

the planning horizon and greater the deteriorat ion rate, greater should

be. the  OPR as  one wouLd in tu i t i ve ly  expec t .

Spec ia l  9ases :

i )  For  h=c= l ,  (17)  reduces  to  (3o)  
" f .  

bJ .

i i )  For 0(t) = 0, a constant, the OPR is given by

(re) u* = s + (L-0) V(h/c) Fi " 
(| - 2s)yg

- g ]t y-l .,*^-^ .. - ^-zRT/6(1-0) (r-t)* 
ffi zm-' 

"41 

vnere Y = 
"

( l o )  u

': "#{

I

I

*t*31 ,

- t

- o

( : :  J
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For f (t) = p . l-1, o(> 0, p7 o ana o <-t <.7

i .e .  o( t )  -  aP tPl t  
.

1zo) u* = s +.I(rrlc) 
# .t- 

;$," 
* 

1|]- 
zsl_fr.

y+1

' "**#;g' f; fu,", 
tp, p+r, et;

o € -

f l-eurLo- *r ,^ - L-.-^-.-
$ rc;;mO;il 

' 
;I 

tt a hvpergeometric runction

and are tabulated in [ZJ.

I f  t h e  d e t e r i q r a t i o n  p . d . f .  i s  g i v e n ' b y  f ( t ) ,  = / p " F '

- t P

- .F 'F,  (p ,p+r ,et1]
J

1F l  
(F ,P+1 ,  -e t l \

"er1r-4#yt t fFrrr(p,F+r, 
-er)

{-rrrr-.r } f,t-*.ur r<r-rrpi[ anduhere, y = exp

, F r ( p , p + l , x )  
=

of Gauss form

( iv)

i .  e . o(t) = JF 
"::  .

1- l, (ePt-1j

then y = 
"*n {-2.,r-.,} [(1-*,.u.- 

r)) / q-<r"pr- u)]

and u* = s + (r 
#;){( ir/c) 

+* * ,3- rr, 
#

(21) . +frH*.+'h{"<'*Fr' - "(e.F)'}

{"ts-etr- "tn-er.}]
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Asynptbtic Behafiour of thg-oqR

If we examine. the asymptotic behaviour of the oPR for a long

Droiess (T --+oc), we f ind ihtt  
"t". t ing 

at t  = o in state xlt  u* -?S

:'761; ey"-tt t i" t t  means the optimal pori"y in such a case is to in-

"r; ; ; ;  
ihd production by an amount proport ional to the deteriorated

luanti ty, t ie proport ional- i ty constant being th€ square root of the

ratio of holding cost to production cost.

Discounted Cost SPIM

When T --)aq, even though u*oo have a plausible. interpretat ion'

we no te  tha t  V( t r ; )  tends  toaa.  
- to  

keep V( t ,x )  f in i te r ,we in t roduce

a discounted factor f in which case i t  is easy to show that the OPR

for a discounted cost SPIM is

( z z ) , o r = , . + * * | r f  - z s lu P{c-r) 
"* {i IVou" ]

f"la"] a". 
* [.' o(s)exp 

{: [" 
<"1'o -

i t' i i
l 1 '
I  . l

where Q =?H##, Y = exP 
[-{ ' , ' , - ' r ,u,J

m'mz = 
*[f , ,f (f2*+nv2l")] '"a mr(r),nr(r)= iBrf (f2*ar;rf crll"[

The asymptotic behaviour of u! as T.--tqindicate that t*p6o;+ S + n2x

so that for a long process the change in production due to deteriorat ion

wourd be 
It t4. l  )- 

y 
4 

. 
:  Y')] x in order to meet a constant

demand of S units Per unit  of t ime.

4. SPIM when Pemand RaEe is Varying

If we assume a determinist ic dernand rate then the oPR becomes

(23) u* = s +.f(h/c, Fi-r{,,.. + C 
- 2s(r), .* 

{*[V*" 1

. 
['*$ "-,{* [?ou" ] u" . !f",*,'*'{11.'/t'"} u''

i'*. 
-

r : t

C^t

3Lp

irr
Lia

) .

* t

: t f

:5( l

1 : t

:51

:'t
'..'t

r,*

*r'r

:{t

d

ril

T

I
rt
i
t
*

rd

t
a.!i

: I

: i i

LI
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Courpar ing (23) wi th (14),  we f ind that  the adjustment needed in the OPR

due to determinist ic  demand is

(24)

Thus
when

E-  s(r) lexp

we need jus t  to  ob ta in  (24)  and add i t  to  (14)  to  ob ta in  the  oPR

demand is  de termin is t i c .

Concluding Remarks

i:qV,."3.{':i "*{:";Voa" } 
as

t

I

The inclusion of  the possib i l i ty  of  i tems in an inventory to

deEer iorate over t ime af ter  some t ime f rom the entry into the inventory

re f l ec t s  r ea l i t y  i n  many  app l i ca t i ons .  Fu r t he r  f o r  va r i ous  f unc t i ona l

f o rms  o f  de te r i o ra t i on  ra tes  and  demand  ra tes ,  ou r  mod i l  y i e l ds  OPRs .

F in i t e  and  i n f i n i t e  ho r i zon  resu l t s  f o r  d i scoun ted  as  we l l  as  und i s -

coun ted  cases  y i e l d  r esu l t s  wh i ch  i n t u i t i on  t e11s  i s  co r rec t .

The OPR are.- found.to depend on the demand rate,  the point  of  t ime

from where deter iorat ion star tsr .  the on-hand inventory leve1,  the de-

t e r i o ra t i on  ra te  and  t he  d i s t ance  f r om the  p l ann ing  ho r i zon .  The re fo re

in addi t ion to remarks.  made in f3 l ,  we can say OPR would be posi t ive

for  lower values of .decay rate arrd invento.ry leve1.  For h igh inventory

l eve l  and  h i gh  decay  ra te  a l so ,  i t . i s  l i ke l y  t ha t  OPR w i l l  be  pos i , t i ve .

Only h igh inventory level  and lc iw decay rate y ie ld a negat ive product ion

ra te ,  apd  i n  such  a  case , ' d i sposa l  o f  i t ems  i n  t he  i nven to r y  shou ld  r e -

duce  t he  l oss  f unc t i on  t h rough  l owe r i ng  o f  ho ld i ng  cos t s .

I n  t h i s  pape r ,  a t t en t i on 'was  res t r i c t ed  t o  one -p roduc t  i nven to r y .

Extensions to mul t i -product  inventory can also be studied in s imi lar

l i nes .  Bes ides  t he  cons tan t  and  de te rm in i s t i c  demands ,  a  p robab i l i " s t , i c

demand rate may be incorporated to make the model  even more real is t ic .

Bivar iate contro ls on both the product ion rate and inventory leve1 may

a l so  be  a  poss ib l e  ex tens ion  o f  t h i s  wo rk .

Acknowl-e dbemen t

I t  i s  a  p l easu re  t o  acknow ledge  my  g ra te fu l ness  t o  P ro f .  B .R .

Bhat for  many helpfu l  cornrnents and suggest ions made to the author at

eve ry  s t age  o f  p repa ra t i on  o f  t he  pape r .  I  a l so  w i sh  t o  r eco rd  my

Ehanks to Tr ibhuvan Univers i ty ,  Nepal  for  the f inancia l  support  for

t h i s  wo rk .

Re ferences

t l l  Boyce, W.E. and Diprima, R.C. (1965). Elepsntal:y D.i f f  erent. i .a. l

Equations and Boundary Valu.e P.Loblerns, John Wiley, New York.

h



94

Erdeyli, (1953). Trarisceridental Functicins Vol .  I  and I I .nl
t3l

Karnatak University
Dharwad

Seth i , -S .P.  and Thompson,  c .L .  (1980) .  "S imp le  ModeLs in  S tochas-
t ic Production PLanning',  in Applied Stochastic Control in

P:e"oT.tIi"" g'id Mg""s ,
Krerndor te r ,  p . .  and Tap iero ,  C.S. ,  Nor th  Ho l land pub.  Co. ,
Amsterdem.

r l

. a l

:d

!d

tr

u

. a

r j t

i i
i )

L

t{

tr

tr

tr

tcl

lo

trr

lc

tl

lea

t.rl

tcrr

Icot

lcor

tcn

l cn

l cn

!cn

qt

f*F

\ \



GLOSSARY OF I.4ATI{EMATICAL TERMS
(Proposed)

(r)

rable VTfrUfT

rabular {{TTUlt.EE

Terminating HT;tf

Termination qgTql,

Termivise !-{ii:

--'.:-G--.-g' r e r t a r . r y  
c l  t  l i l q {  I ,

resr gfTi;TUT

! q t q "

retrad SgYq, {g'6+

retrason qdqTfuTq

Tetrahedral C{ErfilS+'Tq

Tetrahedron qtr-BtF-Of,

rneorem y.lq

.  -  t - - - ; .+ -
r n e o r e r r c a l  ( j g l  l C l $

.+---
Theoretically T(IgT;<{:

Theory ftqf=<

r te ta  QdT  (@,  6 )

rnira tZt

Thirreen tf

rhirteentt tFT

rhriry tf"fq

rhirtieth ilTQ?

Thousand €9TT

Thousandth AqTTt

Thrice fiaqf

rhrust Wft<, ftQ

rime (I{{r Jqfq, qTo

J t \  |

It wq1q61 fr.fq., frTffET qggr{.r {qrrwr, qfuT( ruT tqrfT
ftnror qfl-frS €gri- owf flqTT 'rftsdt Et I

I

rabulate i{TTUfTTIT q-{

rabularor {{TTUff4T, HTTUftqq

rabulation (TTUfTql

rangency FqftftfT

ransenr 1rftftiqf , FWff

rangenrial Fqlffu, Tqlft{-|4

ragentially TIRR?A

Target ffiTl

rau  ATs (  f )

rautology 
XlTTgf(

relescopic Jf,: Vq.f, f1S$i

Ten S{t

renth q1f

rena 9-{r1 ${
rendencyrT{f{

_4*j .endrng x?  lqq

renfold STfTIT

Tensi le'-c[1{

tension (FiTQ

Tensort=<tt, fF*t
Terrn Si

Terminus

rerminal eftftO, S-F<q, .ji"d"pl

rerminate gt'-6, ,fif, gtr



9 6

ropological ttftqfrs'

+-G-,-F.,-+.' I opo log t ca l l y  
\ |  l t q  l c l c i l c l  .

JC_-.'a.A' ropology 
\ l  I  tY-J lc lg4 I

' ' -- 'n 
ldIorque 6K, Jl 13., | , 
(

- - - t -  - e - , ! - _' r o r s l o n  L |  t  1 6 ,  l q t  l c ' 1

-  - t - . -
r o r s r o n a t  r t t l g

_ - !_ -  - - ' -  - } . - - - *

r o r u s c | { t l  ,  
c l c l s l  o l ( l c 9 q

* a * + - ? : r y +

r o s s r n g  ( l \ i  |  { l i l u  I

roral Vte, aTrI

Touch iql

- .-'\- 5.-'

rrace qx(q, 
t \ l

---\-.-
r rac lng  J l t { ( |1

- .J_ ;
Tra j ectory 'fSj-qfgq , 

gclEl

Transcerrdental dd-f"{ fq

Tfansfer FITIT<T

Transform {sgT:<f{

Transf ormat ion (;{l 
--f,{Ilf

rrans].E t l--n ! |u I

'  -t--. ff i+

r ransI-EI .on $a) 1u I

.  -  - ? - . - + r {
Trans i t iona l  1 l "n  lL lT

,  - ! . . - - - + r +' ITans] . t ] -ve (1 ,n l1$

Translation FITIT'<|TUT

- --F-. r-F
r r anspose  Y  |  (Y \ l

.  e = {

Transposition LIl i I ICIUT

Transverse JE9'{91

_ €--.L -\-4;--

Transversa l  l ( lq t  Eq l t ( ' l  |  ,

Transversally $19Fi( I

Trapezium qq$q, 
{ftf"f+tt

rreble 
-ifq-T

rrend g1-f.1, -.J!;ifcf

r r l ad  v9

rrial ifiH-qt"f

rriangle t'r$u, f'-i'r,iuf

Triangular f*g"firl, f++i-itrfq

rriangulatiot' tJt-q't, 
-li l;T'[UtAl

d  - 4 - - -

r r icuspid T7-J iTqTq

Tricuspid ?i- '{C-l

Tri gonome rri 
" 

f;'r' j ut fry,{-i'q

Trigonornetri'ca1 
-;11niu1ffi.T?1

Tri gonomet ri cal 1y tt+Juf fqfAn :

rri gonome trv f--i'+i'ur fttfq

Trihedral f:-ffi]lq

-F.-r:-{*
r r l l l n e a r  l " ( ( i l < {

I

I

I

I

rriple t+jur, r{'Qtlf , fa{

Trivariant fl-+f

rrivial $4r itti lf 'Tuf

True {|?q

rruth (T4clT' qqTtihT

Truncated $lTT

Trunca t i on  8191 r  lQ -1? tu  I

Turbulence yfTtq

JIUfFlf, I rurbulent YS[=E

dTTTdT
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. .."+
Turnrng q(l1

Twelve qTE

rwelf th qfQt

*'IwenEy 
I q$

(u)

ultimate qfq' slf<q' W

ultrafilter $ft {F{ ffi

ultraf ine q{T 
{Eq

ultrasphericar 9{T'iT(ffi

umbilic ffq ;RfS' ilf\

umbilical lTftTdYq

Unaccelerated .I-cTTIfl

unbounded .fl-1-i{6

rlncer tainty .iff 
-R -q-ffif

unconditional $Sfflqql

uncons trainea'igfi lEfti-f,

Uncountable 31tIU1-{Tq

unde termined'if lqfftf l-

undistorted 31{Et.l

unextended $f{SrTff{

Ungrouped i-{ff{(i

uniaxial {d trfTq

unicomponent Q-{ EIgdTt {{

unidirectional {{ ffTq

Uniform S-*' {[qTl

I

Twentretn I  q( l  I

Twice ({qT, Stq-{

rwo d'

rypical ffiOfr

unif orrnity e-s l{qTl(T

UniformlY q{ qqTT FS

uninodal Sq 4-gO+'T

Uriimodular e-{ qTqffr

unique $dTdTqi qqqTe' Jlq

uniquelv $fqdera : siildlqd:

tl.nion €frrtdl, €41't, 3fifi

uniplanar 
'tlr|.Afdq

uniqueness .{tdfT?fff

unit qTT{r qqTd, 3fiu r ffqffi

unitarY tfi;{

UnitY gfi

Univalent e-{.r{T{T

Univalence q-d,qTl(T

Univariant {S"[{

Univariate I$fE{

universal qf{H+

ii-qq-fi' universe ft{q, W{f€

Unknown Sf,T(

unlike f+qfdTq, 
-fffi1(

I
1

l
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.4 . ,€4
unr rm] .Eed qr i  I  l r l c l

Uanecessary f iTqyq{

, -----4-
uno roe red  J+  l t l ( |

unprimed JfilTEl

Unrestricted JtifTfiqT

(v)

- .  . a _ -
vacuous I t t f l

+- .,-J+- -tr----y --*-vacuum q?t| 
,  ( ,1 l \ ,  l ,  |  ( t( |  elTl

valid tq, tt=a

validit'y f'+Ot, gT:qcIT

Valuation ql]fqi

Value 
X??{, 

qTl

Vanish g-q gt, {-q $, €TTst

Variable E{, qd

var rance y {  tu  I

Variant t1.fffi

4__
var raEe I  qc  i

var laE lon  I  q ' .1  tu  I

Variational f.{qTU]nT

vary -FEqff.r 
gX, fff*flt'.r gX

--i+--{a^
v a r y l n g  Y t { q q l

: - , , - -  - .4*
v e c E o r  q . f c ( ,  q l q t l

Ve loc i ty  + {

Verifiable SFqTqfi-.;

verify gt'q

Verif ication 
-{lfqTql 

, 
qTq

Unsatisf actory .fqT;al, S1fdTrTg-S

unsrabte dTalT4l, jf-ipftT

Unsymmetrical J11tTfqf,

Upthrust .fTdTT{

uti l i ty STqTfrff lT, gqqt{

Vertex {T-f

Vertical $4f{I, SflI, A]gl

Viblation q.rqi

-  l - - - - - l -
vlnculum t(q l . l1  |  .oc i r

Virtual $tf,1g

viscid fqwT{T

f - ,  , - J :
v l s c o u s  l C t 1 r l H l

Viscosiry fqqryd161

void 
{;{, gf;qqT

Volume JITq1;1

voluntary tfruiq

.ra

&.

r : i

a"-t

rif

!

1rq

?,.a

na{

: t r

Vorrex qTtifl{, TTfT, Hq{T

vorticity 
1qiTq

(I^I)

Wave nt1, {TO

weak fi-ft

weight f,t6; TTT

r  i - -+  . - - l . .+

w e l g n E e d  H l  l { c t ,  f l  I  l o c l

weigh ntq, Utq






