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N e p .  M a E h ,  S c .  R e P .

V o 1 .  7 ,  N o .  1  ( 1 9 8 2 ) '  1 - 1 0

On the Logarithmic Proximate TYPe

of an Entire Dirichlet Series

1 ,  I n t r oduc t i on

Le t  t he  f unc t l on  de f i ned  by  f ( s )  = *  t "

and !  )  ( .  is  a sequence of  real  numbers such

L " n ,

. , .  , -  )  t x ' a s  n - - - 2 c € a n d
, . n

Satendra  K.  Va ish*

e x q ( s 6 n ) ,  w h e r e  s  = o - + i t

t h a t  o \ h  
r - <  h 2 S , , ) 3

1 im  , r r p  * I  
=  D  d . c ,  r ep resen t  an  en t i r e  f unc t i on '  The  R i t t -

n--} , . i  
(  t  

Yt

o r d e r  o f  t ( s )  i s  d e f i n e c l  f 6 ,  P '  7 f l  a s : .

l o g  1 0 ^  M / - \

tlm sup ----+Lj:::l = 
P, 

o (. P ''-= o: '

g.  + - ;

w h e r e  M ( q )  =  t . u . b  I  f ( o + i r ) l
, x': <_i .<<.

t  et 
, ;r(d 

be the maximum term in the representation of Zlanlexp (o-Arl

and ca l r  i t  as  the  max imum term o f  f (s ) .  Le t  hv(d  be  tha t  va lue  o f

hr.,  which makes la' , fexn 
(d^rr) the maximum term and cal l  A v (6) 

as the

r a n k  o f  p ( c ) .  L e t  u s  s i m i l a r l y  c o r r e s p o n d  ) t ( * ) ( o )  
a n d  h . , { * ) 1 d  t o

r ( * ) ( r ) ,  the  mth  der iva t ive  o f  f (s )  as  we have done about  
f r (d  

and

r \ .  ( o - )  " o " " " " ' i n g  
t h e m  w i t h  f ( s ) '  w h e r e  P ( o ) ( d  

=  p ( o ) '  h  v ( o ) ( o )

=  j r . < o ) .  r t  i s  w e l l - k n o n n  t h a t  f g ,  p ' 5 7 ; 4 '  p '  {

( r . r )  1 o e  p ( r )  =  1 o g  p ( r o )  - i J  n  u ( * )  
d * ,  6 ) r o '

o

We sha l l  a lways  t ake  D  =  O '  Then '  f o r  f unc t i ons  o f  f i n i t e  R i t t -

order p,  we have /9J

f f i s u p p o r t e d b y t h e C o u n c i 1 o f S c i e n t i f i c a n d 1 n d u s -

t r i a l  Resea rch ,  New  De lh i ,  I nd i a '

Kev  wo rds  and  ph rases :  En i i r e  D i r i ch l e t  se r i es '  max imu rn  t e rm  and  i t s

, f f i i m a f e o r d e r , 1 o g a r i t h m i c p r o x i m a t e t y p e ' m i n i m a 1

logar i thmic pto" i*" t " -  typ",  t "* i *a l  logar i thmic proximate type'  normal

l oga r i t hm ic  P rox ima te  tYPe '
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S a t e n d r a  K .  V a i s h

L e t  u s  s e t  0 ( o )  -  p o ( d  l o g  o ,  t h e n

r 'c  { ! f f i | ) . }  
=  

{ t . (o+k)  
-  poJrog (o. r t ) -  

{e*(a)-p*} rog. '

{d 
(6+k)  -  aG) |  

-  p .  loe (1+ 
}

=  k  0 ' ( n 1 )  -  l P I  
1 1 - o 1 1 y ) ,  o ; a o 1 r 1 . ( o + k ,

=  - { i p * ( o )  +  ( 9 * ( o ) ) '  l o s  o . } -  
S  

( 1 - o ( 1 ) )

o . ,  f l  t "c  
{  Hsq}= . {p . , ' l -p*+o-  

(p* (o ) ) ,  log  o- }  *gn-po11-o( r ) ) .

F r o m  t h e  c o n d i t i o n s  ( 1 . 5 )  a n d  ( 1 . 6 )  o f  l o g a r i t b m i c  p r o x i m a t e  o r d e r ,

1re have,

1  gn ( " )  *  
eo  I  !  ana  l x (p * (x ) ) '  l og  x l  I  ,

where  t .  be ing  an  ar :b i t ra r i l y  taken smal l  pos i t i ve  number .  Us ing  th is ,
w e  g e t ,

,  t  L(o-  * t  )  ?o/krlm roe { -T-(6-i = u
c r + * :  

"  L

H e n c e r .

( r(o- *t) ) 
r/k

l l m  { - = # l  = I .

o.- t 'c  L 
L(d/  )

Th i s  p roves  t he  t heo rem 1 .

C o r o l l a r y  1 .  F o r  a l l  l a r g e  v a l u e s

Theo rem 2 .  I f  0 (o )  i s  a  bounded  f unc t i on  on  each  f i n i t e  i n t e r vA l

and

( 2 . 1 )  l i m  
s u P  

0 ( - \  L ) <

o--_< inf  
-FGir i  = 

in '  os 
Pn t( '6* 4* ' '

o i l

oto  aoJ  (
j "

q---

P r n o f .

then

( 2 . 2 )  l i m  s u p

o - t € a

of o; we have

1 t  + g  ,  d  )  o .

J  r  ( - o
\ +=;1d r o
r o -  o







6  N e p .  M a t h .  S c .  R e P ,  V o 1 .  7 ,  N o .  1 ,  1 9 8 2

Proof. I t  is well-known that lU the function h -.r(d is bounded

in f ini te intervals, has an enumerable set of discontinuit ies and changes

va lues  a t  these d iscont inu i t ies  on ly .

I l e n c e ,  - f r o r n  ( 1 . . 1 ) ,  ( 1 . 2 )  a n d  ( 2 . 2 ) ,  w e  f i n d

,.=Ii:r ffi I*,,n T#P
r "= 

IU* l*"t 
ioe p<o;r *J" h.:(*)

= 
lt:*{;b J: ̂  "(*) 

u* } < F

A11 the  th ree  resu l ts  o f  theorem 3  now fo l low f rom

Co.Tollary- 3. rf l im 
+#+ 

exists and equals to
o--t€ r

A*  =  B*  =  r \ * .  I t  fo l lows f rom (3 .4 )  tha t  p*1*  =  
P ' rT*  

=

\ l
d x i  I

t lr l
J

I
I

I

I .
I

I

I
I  . -
t
[ ' t -

I
t ..

l . c

I
i . r

I

j

Hence,

(3 .21  p*  T*  \<  A?t .

Similarly, proceeding for lower lbgprithmic proxirnate Eype t* and

app ly ing  (2 .3 ) ,  we ob ta in

( 3 , 3 )  g t * t *  )  B : t .

Combin ing  (3 .2 )  and (3 .3 ) ,  \ te  ge t

(3 .4 )  B ' t  - .  po to  S  P*  T*  S  A?t .

( 3 . 4 )  .

A* ,  t hen

A * ,  t h a t

(3 .5 )  p *1 *  =  11 t
O-->ro

and in this case

( 3 . 6 )  t *  =  T *  =  l i m
o-+a

L S

l i

Thus existence of l im

6-->e

hr.Xd
, , ' i ' =  i m p l i e s  t h e  e x i s t e n c e  o f

Ox (c r r_ I
ort

1in
o- ->4



Satendra K.  Vaish

Theorem 4,  Let  Tx and t*  be the logar i thmic proximate type and
lower T6$iTEtunic proximate typer respect ively,  of  f (s)  wirh respecr co
l oga r i t hm ic  p rox ima te  o rde r  p * (o ) .  I f  po  be  t he  l oga r i t hm ic  o rde r  o f
f ( s )  a n d

( 3 .  7 )  l i m
O - + 6

where Mr (o)

( 3 . 8 )  
6 o  <

sgP 
M' (o-) /M(o)

o *  ( d - l
INI C-

i s  t he  de r i va t i ve  o f

p o  t * S  p *  T *  - <  y *

t * t (

,  o s 5  a  } -  a * ;

M / ^ t  t h a n

Proo f .  I t  i s  we l l - known  t ha t  l og  M(d  i s  an  i nc reas ing  convex
func r iE f r - i ?  r  [ l  ,  p .  naJ .  Th i s  imp l i l s  r ha r  1og  M(o - )  i s  d i f f e ren r i ab le
almost evetyr^rhere wi th an increasing der ivat ive;  the set  of  points where
the  l e f t  hand  de r i va t i ve  i s  l ess  t han  t he  r i gh t  hand  de r i va t i ve  i s  o f
measu re  ze ro .  Hence ,  we  can  w r i t e

l og  M(o - )  -  l og  M(o - )

-  M ' ( x )
rur  

y-( i i  ls  bounded on ehc

( 2 . 2 )  a n d  ( 2 . 3 ) ,  i f  w e  p r o c

* ( r  t " t ' ( x )  r v
Jo- t'tt"1

o

h f in i te  in te rva l .

eed on the l ines of

Hence  (3 .8 )  f o l l ows  f r om

the  p roo f  o f  t heo rem 3 .

Corol lary 4.  I f  l im tI
o--->"'c L

M'(d  / ! l ( c r )-o*Gt-1
d.

I  
exists,  then

1 i -  f  M'  (o-)  /n(g)  
f  = pn1o.

;1;* t ?-ra:i-f- P^'^'

4.  Resu l ts  invo lv ing  der iva t ives  o f  f (s ) :

We have already spoken in the introduction about fr,  ,  (o-) and

h .J r )  r - . ,  .  rn  t r r i s  sec t ion ,  we assume rhar  l im "X u t t , , "v \v' 
cF--)* 

Fi6:f-

ex is ts  fo r  a l l  non-negat ive  in tegers  m.

Theorem 5. The logarithmic proximate type of the derivatives of
f(s) iFif f i 'ame as thai of f(s) with respecr ro rogarirhmic proximate
order  p* (o ) .

Pro.of . We have f7 , p. 2ooJ i

I
^ l

.' \1

,f::=' J





Sa tend ra  K .  Va i sh

Proo f ,  We  know

1og ,1.r(o) 
= 1og p(o-o)

L : ( x )

and 1oe A(m) 
(o-) = log A1*; 

(-o) , - \  . (m) ,  ,  dx,  o- ,
v  ( x ,

I  . r (m),"
ex i s t s  f o r  a l l  non -nega t i ve  i nEege rs  m '  Hence '

, o
I

+ l  ; \
I

J 6 a

o

t O '
I

T l
I

) o .

A l s o ,  l i m
o-->o

f r o r n  ( 3 . 5 ) ,

lEl!)-1(r

we obtain

(4 .4 )  p r .1 *  =

and

(4 .5 )  p*1*  = -;tTd-1

o*

?r u(o)
r1m 

T16:I
ai-->4 0-

l im

o-'+fr

h ,(*) (o)

T h e  l e u n n a  2  n o w  f o l l o w s  f r o m  ( 4 . 2 ) ,  ( 4 . 4 )  a n d  ( 4 ' 5 ) '

Pro.of of theorem 5. rt  is known fB- p' 7o8J that

t s11 l  (o - )  l<z>@
(4.6) l -.(-) < 

'{ifi- 
g h (t) . \< E:i6- \< "' s ,\ .r(m-l),o',

v \ u , ,  1 r \ v /  U . - , ( O )  /  ( l ) '

u' ' (c)

1 
'*--;, <. h 

,;(') (o-)
p(r_r) \ . ,

Mul t ip ly ing  the  ra t ios  invo lv ing  these,prs  one f inds  tha t

P ,  '  ( o )' i i -7 ho(*-r ) (o)  "" '

A l s o ,  f r o m  ( 4 , 6 ) ,  w e  h a v e

( ' )
h  . , r - r  >  1 ^ . r r " a  i- \ v / ( " . " , j

) m

o(') roli

t ,

' :

i
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N e p .  M a t h ,  S c .  R e p .

V o 1 .  7 ,  N o .  1  ( 1 9 8 2 ) ,  1 1 - 1 B

On Pseudo N-Ideals

Nirmesh Kumar

Ku rna r  l 5 l  de f i ned  a  new  t ype  o f  a l geb ra i c  sE ruc tu re  and  ca l l ed  i t

N -R ing .  Th i . s  pape r  i l l u s t r a tes  some  more  i n t e res t i ng  p rope r t i es  o f  N -R ing .

F i r s t  o f  a l l  we  g i ve  some  de f i n i t i ons  f o l l owed  by  examp les .

De f i n i t i on  1 :  Le t  R  be  an  N -R ing  such  t ha t  a  *  b  =  b  *  a ,  f o r  a l l

a,  b e-T,-EEn-T is  cal led a cornmutat ive N-Ring.

Examp le  1 :  Cons ide r  t he  se t  Z  o f  i n t ege rs .  We  de f i ne  two  b i na ry

o p e r a t i o n s  t o t  
a n d  t * t  

a s  f o l l o w s :

a o b = a b , f o r a l l a , b r e Z

? )
a n d  a  *  b  =  a : b - ,  f o r  a l l  a ,  b  €  Z .

I t  may  be  ve r i f i ed  t ha t  ( 2 ,  o ,  * )  i s  a  commuta t i ve  N -R ing .

In example I  i .n [5J,  R is .a non-conmutat ive N-Ring.

De f i n i t i on  2 :  An  N -R ing  R  i s  ca l l ed  assoc ia t i ve  i f  a  *  ( b  *  c )
= 1. *lS-S-!J"r all a, I, c e n.

Exa jnp le  2 :  In  [5 ,  example  U (R,  o ,  * )  i s  an  assoc ia t i ve  N-Ring ,
bu t  in  example  I ,  (2 ,  + ,  - )  i s  no t  assoc ia t i ve .

Definit ion 3: Let (R, o, *) be an N-Ring and S G R be a non-empty
subset-T?-Tl-T? the system (S, o, *r) is . i tsel i  an N-Ring, then (S, o, r. ;

i s  sa id  to  be  a  sub N-Ring  o f  the  N-Ring  (R,  o ,  * ) .

Example 3:  We have seen that  (R,  o,  *)  as def ined j ,n [5J is  an

N-R ing .  Cons ide r  now  the  se t

Evident ly ,  S  is  a  subset  o f  R .  I t  may be  eas i l y  ver i f ied  tha t
(S ,  o ,  * )  i s  a  sub N-Ring  o f  the  N-Ring  R.

Ex .arnp l_e  4 :  Cons ider  fhe  N-Ring  (2 ,  + ,  - ) ,  A lso  2" ,  the  se t  o f
even integers forms an N-Ring under + and - .  Consequently (Zs, +, -)

i s  a  sub N-Ring  o f  the  N-Ring  (2 ,  + ,  - ) .

Def in i t ion  4 :  A  sub N-Ring  K o f  an  N-Ring  R is  sa id  to  be  a  le f t
ll-iaeaTT?-I--G-r € R and k € K irnply r * k € K.

t  = 
t5 

I  p and q are non zero inteser" 
|  

.

I

i

i
A



N e p .  M a t h .  S c .  R e p . ,  V o 1 .  7 ,  N o .  1  ( 1 9 8 2 )

In a s i rn i lar  manner '  l , re may def ine r ight  N- ideal '

When  r  c  R  and  ke  K  imp l y  bo th  r  *  k  and  k  *  r  €  K '  t hen  K  i s

sa id  r o  be  a  two  s i ded  N - i dea l .

Examp le  5 :  Cons ide r  t he  se t

R = I  (p ,  q )  I  p  and q  are  non-zero  pos i f i ve  in tegers  J

f i n e  t h e  t w 6  b i n a r y  o p e r a t i o n s  
t o t  a n d ' * t  o f  R  a s  f o l l o w s :

L2

I^Je de-

(n r ,  e r )  o  (p2 ,  c r )  =  (n rnr '  9192)

and ( t r ,  c r )  *  (p r ,  o r )  =  (n rar ,  91P2)

obv ious l y ,  (R ,  o ,  * )  i s  an  N*R ing .

I t  may  be  ve r i f i ed  t ha t

K  =  I  ( 2p ,  q )  I  p  and  q  a re  non  ze ro  pos i t i ve  i n t ege rs |  i s  a  r i gh t

N - i dea l  o f  R .

De f i n i t i on  5 :  An  N -R ing  (F ,  o ,  r < )  i s  sa i d  t o  be  an  N_ f i e l d  i f  i t

( i )  i s - co rmnu t lETve ,  ( i i )  has  un i t y ,  ( i i i )  i s  such  t ha t  f o r  each  non  ze ro

e lemen t  a  €  F  t he re  ex i s t s  an  e l emen t  b  6  F  such  t ha t  a  *  b  =  1 ,  t he

u n i t y  o f  F .

Examp le  6 :  Cons ide r  t he  se t

F  =  I  S  ' ,  p  and  q  a re  non  ze ro  pos i t i ve  i n rege rs  f  '
)

We de f i ne  two  b i na ry  ope ra t i ons  
' o '  

and  
t * t  as  f o l t ows :

P r  P . 1  P r  P r
- - : o - - : = - - : - - :
q1 q2 9Iq2

z z
P r  P 7  P r  P r

and --: * --: = -#
q .  q ^  L  z. r  - z  

9 t 9 2

I t  may be  ver i f ied  tha t  (F ,  o ,  * )  i s  an  N- f ie ld '

ExarnpJe 7: Consider the set Z of integers' Let

Z I o Z Z = Z l * 2 2

and Z, o 22 = nZ, + tZ, where n is an integer and t > 2'

ver i f ied  tha t  (2 ,  o ,  * )  i s  an  N- f ie ld .

I t  may be



Nirmesh Kumar

I n  d e f i n i t i o n  5 ,  i f  ( 1 )  i s  n o t  s a t i s f i e d  t h e n  F  i s  c a l l e d  a  s k e w

N- f i e l d .  I n  examp le  T  i ' n  [ - 5J  R  i s  a  skew  N- f  i e l d '

Sen l -1" /  gave the idea of  pseudo ideal  in case of  semi-groups'  We

have  made  an  e f f o r t  t o  ex tend  t h i s  i dea  i n  case  t l f  N - r i ngs '

Le t  (R '  o ,  * )  be  an  assoc ia t i ve  N - r i ng  and  K  be  a  non -emp ty  subse t

o f  R  such  t ha t

( i )  a o b € K w h e n a , b € K

,)
( i i )  

" "  
n  K 9  K  f o r  e v e r Y  e l e m e n t  x  €  R '

Then (K .  o ,  x )  i s  known a i  a  le f t  pseudo N- idea l  o f  the  N- r ing

( R ,  o ,  * ) '

In  a  s imi la r  way ,  we may de f ine  a  r igh t  pseudo N- ide-a l '

K  i s  a  pseudo t i laea t  i r  i t  i s  bo th  le f r  pseudo N- idea l  and r ig ( r t

N - i d e a 1 .

!5gflg S, Consider the N-ring (R' o, ' t )  where

R =  
t  

(p ,  q )  ' .  p  and q  are  non zero  pos i t i ve  in tegers  
f  

'

' i r te  cons ider  the  subset  K  o f  R as

r 1 2
K  =  

[ ( . r o t "  
b q ' ) :  a ,  p ,  b  a n d  q  a r e  n o h  z e r o  p o s i t  l n t e g e r s

a n d p , q l l l

I t  may  be  ve r i f i ed  cha t  (K ,  o ,  r )  i s  a  pseudo  N - i dea l  o f  R '

F rom the  de f i n i t i on  o f  pseudo  N - i dea l  o f  an  N - r i ng  i t  i s  c l ea r

Eha t  eve ry  N - i dea l  i s  a  pseudo  N - i dea l '  Bu t  i r  i s  i n t e res t i ng  t o  no te

that  every pseudo N- ideal  is  not  necessar i ly  an N- ideal '  We wi l l  authen-

t i ca te  t h i s , f ac t  by  cons ide r i ng  t he  f o l l ow ing  examp le '

Exanplg 9:  We consider the N-r ing (R, o,  *)  where

R  =  {  9  I  p  and  q  a re  non  ze ro  i n rege rs f
( q

We now  cons ide r  t he  subse t  K ' o f  R  as

- = 
{  :  

i  r  and s are non zero posi t ive integers }

0 b v i o u s l y ( K , o , * ) i s a p s e u d o N - i d e a l , b u t n o t a n N - i d e a l b e c a u s e

r  *  J '  = L 9 -  d  K  f o r l  ( :  K  a n d - 9  g  n
s q - s P f s - q

;
t

I

:l

i
A

tr le can now prove the fol lowing proposit ions'

I
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Propos i t i on  7

f f  ( R ,  o ,  * )  i s  a  c o n r n u t a t j v e  N - r i n g  w i t h . i d e n t i t y  i n . w h i c h  r  o  r

=  r  f o r  eve ry  r  c  R '  t hen  t t r e  f o l l ow ing  cond i t i ons  a re  equ i va len t '

( t )  I {  i s  an  N - f  i e l d

Nirmesh Kumar

( b ) .  x  *  ( A . - B )  *  x c - A  *  B  f o r  e v e r y  e l e m e n t  x  e

a non-empty,  where A and B are t r^ 'o pseudo N- ideals of  R'

the complement of  B in A.

) -
( c )  A t  ' t  x z  c  A '  when  A  i s  a  pseudo  N - i dea l  o f  R "

the complement of  A in R.

Proof

- t
x  x  

- C  
B

R  w h e n  A a B  i s

Ad  B  deno tes

whe re  A r  deno tes

(a) :)  (b)

Le t  a  e  Ar : rB  =q>a €  A and a$  B

For everY x 6 R, we have x * a *

If  we suPPose that a * a * x € B

"  
=  * - l  *  (y  r t  a  *  x )  *  * - l€  * -1

which. is contrary to our assumption'

( b )  +  ( c )

I f  a  €"  Ar  then *2  *  (n , -A)  *  *2  a  unA

S u p p o s e  ^ o * 2 ( n r ' t

sirr"" I '  is a pseudo N-ideal, therefore *2 o ^ x *2 € A which con-

t r a d i c t s  ( 1 ) .  H e n c e  t h e  r e s u l t '

( c )  - >  ( a )

Le t  a  €  R,  then a  x  R is  a  pseudo N- idea l  o f  R

S u p p o s e  a ' k  R  I  R  a n d  b €  R  a  *  R ,  t h e n  ^ 2  n  b  (  R e s  *  f t

)
a l s o a - * b 6 a x R

This contradict ion implies that a * r '  = R

Hence R is  an  N- f ie ld .

x €  A

then

, t B

l l
ll

L

b,
l r
f r

:

( 1 )
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1.  In t roduc t i .on

Let  S  be  a  sys tem o f  e lements
mul t ip l i ca t i ve  opera t ion .  For  any
p o s t u l a t e s :

( A )  ( a b ) a  = ' b

( B )  a ( a b )  =  b

( c )  ( b a ) a  =  b

( D )  c ( b ( a ( a c ) ) )  =  u .

On $ome Postulates for Quasi-Groups
Agrawal

c l osed  w i t h  r espec t  t o  a

cons ide r  t he  f o l l ow ing

( A ' )  a ( b a )  =  b

In  th is  paper ,  we have fo rmula ted  some pos tu la tes  wh ich  lead us  co
the study- of quasi-groups and commutative quasi-groups. Higman and
Newmann. fl/, Padmanabhan [2J 

.and Sholander [3J gbn" so.e identities
(s ing le  eqpat iona l  ax ibms)  to  charac ter ize  abe l ian  groups .  Here ,  $ re
also have given one identi ty (D) to characterize a comnutative quasi-
g roup.

2: Sope. pro.pbsit ions

I^/e prove the fol lowing:

Propos i t ion  (2 .  1 )  (A)  + rE> (Ar  )  .

Proof :  Replacing a by ba in (A), rrTe get

( ( b a )  b ) ( b a )  =  b

o r  a ( b a )  =  b .

Converse ly ,  rep lac ing  a  by  ab  in  . (A t  ) ,  we ob ta in  (A) .

P r o p o s i t i o n  ( 2 . 2 )  ( A ,  B ) *  t - >  ( A ,  c ) .

Proo f :  Rep lac ing  a  by  ba  in  (B)  and us ing  (A) ,  we f ind

( b a ) ( ( b a )  l )  =  b ,

o r  ( b a ) a  =  b ,

w h i c h  i s  ( C ) .

*Here and onwards, the notat ion (A, B) wil l  rnean the postulates (A) and
(B)  together .

- - € i . _
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R.C.  Agrawal

Thgore{t

P r o o f :

( 3 .  I t

vJe get

( 3 .  2 )

(3.3). The system S is a conmutative quasi-group i f  any one of

the  fo l low ing  is  sa t is f ied :

( i )  (A ,  B)

( i i )  ( A ,  c )

( i i i )  ( B ,  c )

P r o o f :

Theorem (3 .4) .The sys tem S together  r ,q i th  the  ident i t y  re la t ion  (D)

characterizes a conmutative quasi-group.

Putt i .ng c = ab in (D) '  we f ind

( a b )  ( b ( a ( a ( a b ) ) ) )  =  b

Nbw, i f  we replace f irst b by a and then c by b in (D) '

b ( a ( a ( a b ) ) )  =  a

T h u s ,  b y  v l r t u e  o f  ( 3 . 2 ) '  ( 3 . 1 )  y i e l d s

The proo f  fo l lows innned ia te ly  f ron  the  propos i t ions  (2 '2 ) ,

( 2 . 3 )  a n d  t h e  t h e o r e m  ( 3 . 2 ) .

( 3 . 3 )  ( a b ) a  -  b

Aga i i r ,  rep lac ing  a  by  cb  in  (D)  and us ing  (3 .3 ) '  we f ind

c ( b ( ( c 6 1 ( ( c b ) c ) ) )  =  b

o r  s ( 6 ( ( c b ) b ) )  =  b '

wh ich ,  in  v iew o f  (3 .3 )  and consequent ly  the  propos i t ion  (2 '1 )  y ie lds

( 3 . 4 )  c ( c b )  - =  6

Thus,  we conc lude tha t  (3 .3 )  and (3 , .4 )  a re  the  same as  the  pos tu l -a tes

(A) and (B) and therefore, in view of the theorem (3.2) '  the system S

forms a corunutative quasi-grouP.

I am very much thankful to Dr. M.D. Upadhyay for his kind sugges-

t i o n s .
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Homotopy and Isotopy of Topological

Groupoids and Quasi-Groups

Prahlad Singtt

Abstrjllg

This paper deals with the notions of homotopy and isotopy tor

topo log ica l  g roupo ids  and quas i -g roups  and es tab l i shes  cer ta in  resr t l t s

concerning them. , '* i i t t  notj-ons in algebra have worked as motivation'

1. lltro-duc-t-i-ol

Tire notion of homotopy was introduced in algebra by A'C' Choudhury

(1e48) in his paper enrirr.a q""r ire'P"el- '"9-l ' i ; i : : : i : : i '* , 'v"!"" l i l '

This  i s  a  sor t  o f  genera l i za tT6-T-TEeEf repEof  i so topy- f2 / '  An

orderec i  L r ip le  t  =  ( - i - , i :  i  )  o r  mapp ines  o f  a  g roupo id  (c '  o )  on to  a  -

e r o u p o i d  ( H , . )  i s  s a i d - [ o  b e  a  h o m o t o p y  3 r  1 c '  o I  o t i o -  ( H " )  i f  ( a  o  b ) Y

: ' i ; ; ' ; . " ' ? ; p - ;  ; ; ; - ' i i  . '  !  € ^  G '  . r r  
4 ' F  '  r "  a r e . b i j e c t i v e '  t h e

homotopy is an i"ot invl--t i '  ( :p =t '  '  hotdtopy and isotopv reduce to a

homomorph ism and an  i "o to tph i " t ' respec t ive ly ' ' i h " t "  
a lgebra ic  no t ions

have been carr ied ."; ; ' ; ;- ' . ; ;- foporlgi"t l  groupoids and quasi-groups and

some -esu l ts  have been es tab l i shed '

A topolr. lgical algebraic structure is 
-a 

pair consist ing-of an alge-

braic scructure over i  non-enpty set G and a topology over the same set

,""t  r ir"a the algebrai" 
"oroposi i ions 

are continuous in the given topology'

.  The only composit ion in a groupoid is (a'  b) --> ab' 'A 
quasi-group

has th ree  compos i t ions ,  namely  (a ,  b )  *  t i '  (a '  b )  - -> ,a l .b  
( le f t  d iv i -

s i o n ,  a / b  =  x  i f . r , a ' - l i r v - i r  a x ' = - b )  a n d  ( a , ' b )  b / a  ( r i g h t  d i v i s i o n '

!  =  x  i f  a n d  o n l Y  i f  x a  -  b ) '

Mu l t ip l i ca t ion  (a ,  b )  -  +  ab  in  a .Cto" lo ig  i t  
" : i : i : : :us  

in  the

givqn topology i f  rot* l t ty '"t iefrtgurfoo! ' t^ l  oi ab' r^Ie can f ind neighbour-

hoods u  and v  o f . .oa- i ' resp lc t i ve ty .such thar  uv  q ,oo .  The le f t  d iv i -

s ion  (a ,  b )  - ->  
" / l ' i i  

'  q " " ' i -g toup- is  cont inuous  i f  fo r  every 'ne igh-

bourhood W o f  a /b ,  * " - - " " t ' f i nd  ie ighUovShoods U and V: f  t , : "d  b  respec-

r ive ly  such rhar  vs 'u ; : -  i t .  
" r " " "vgwu 

is  rhe  case o f  con t inu i ty  o f

r igh t  d iv is ion .

3. Definiti.ons-.of H.ono.to.Py. .and. lsot-opy

D e f i n i t i o n  1 .  L e t  ( G ,  o )  a n d ( H , ' )  b e  t w o  t o p o l o g i c a l  g r o u p o i d s '

then 6-ffiEi- ttipii ;": i'" , /i 

'' 
t ) 

of continuous mappines of G

onto  1 l  w i l l . -be  sa j .d  to  be  a  homoto  py  o f  ( ; '  ; t  on to  (H" l -  i r  ia  o  b ) f

=  ( a , 4  ) .  ( b  f ]  )  f o r  a l l  a ,  b  e '  G '

2 .
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] n  t h i s  even t ,  we  say  t ha t  (G ,  o )  i s  homo top i c  t o  (H , . )  and (1r, . )
i s  a  h o m o t o p e  o f  ( G ,  o ) .

Definit ion 2. I f  f  be a homeomorphism, t.  is said to be a principal
homot!!y-?fr8'-I? 4,p be homeomorphi"*", i r  is said to be a sirnple homo-
Eopy.

Definit ion 3. l f  / ,  ,  f3 and f,  be homeomorphisms, then t is said to
be an-T!6T6py-i-f  (c, o) onto (H,.).

I n  t h i s  e v e n t ,  w e  s a y  t h a t  ( G ,  o )  i s  i s o t o p i c  t o  ( H r . )  a n d  ( H , . )  i s
a n  i s o t o p e  o f  ( G ,  o ) .

Def in i t ion  4 .  I f  16  be  the  ident i ry  rnapp ing  o f  G,  then an  iso topy
( d" ,7; r] f ; f  a topol6gical groupoid ic, 

") 
oito a iopological groupoid

( c , , )  i s  s a i d  t o  b e  a  p r i n c i p a l  i s o t o p y  o f  ( G ,  o !  o n t o  ( c , . ) .

4. .Some Theorems

Theorem 1 .  Le t  (H, . )  be  a  topo log ica l  g roupo id  and (G,  o ) , ,  a  g roup-
oia al- iEi l-as a ropological space. I ;

( i )  
:  

= . (  4  , 1 3  , T  )  b e  a  h o r n o r o p y  o f  ( c ,  o )  o n t o  ( H , . )  i n  t h e  a l g e -
Dra ] .c  sense,

( i i1 4 and p are conrinuous,

and ( i i i )  f  is a homeomorphism,

then t  i s  a  p r inc ipa l  homotopy  o f  (G,  o )  on to  (H, . ) .

Proo f :  I t  i s  su f f i c ien t  to  show tha t  mu l t ip l i ca t ion  in  (C,  o )  i s
conti i f ,6ff .  Let a, b€ G and l ir  W be any neighbourhood of a o b in G.
S inc61 is  a_homeomorph ism,  Wr  =  Wf  i s  a  ne ighbourhood o f  (a  o  b ) f  =
(a4  ) .  (b  

P  )  in  H.  S ince  rnu l t ip l i ca t ion  in  H is  conr inuous ,  there
ex is t  ne ighbourhoods Uf  and Vt  o f  ao f  and b / j  in  H such rha t  Ur .V '  c 'Wt .
Also by the continuity of .+ and ft  ,  we can f ind neighbourhoods u and-v
o f  a  and b  respec t ive ly  in  G such tha t  I l  4  CUt  and Vf  CVr .  Now i t
i s  s imp le  to  see tha t  uov  cw.  so  mul t ip l i c -a t ion  in  tG,  

-o )  
i s  con t inuous

and hence the theorem fol l6i^rs.

Theorem 2 .  Le t  (G,  o )  be  a  topo log ica l  g roupo id  and Ler  (H, . )  be
a groJp6il-?s well  as a topological 

"p""". 
I f

( i ) .  t  =  ( 4 . ,  
P "  ,  {  )  b e  a  h o m o r o p y  o f  ( c ,  o )  o n t o  ( H , . )  i n  t h e  a l g e -

Dra lc  sense,

( i i )  x and f i  are open,

and (rr i)  cx, ,  f t  and f are continuous,

t h e n  t  i s  a  h o m o t o p y  o f  ( G ,  o )  o n t o  ( H , . ) .

M
{ilil
lj

{l

pr
is con=E
neighbo

bourhoo

can  f i n

mu l t i p l

v  o r a

there et
U 9_ U'rd
that  muj

The
topolo-!T
conta ins

pro

Let e7-
( x &  )  =

that  16 ,

i t  f o 1 1 o r

s e l f .

Simi

Theo
logic;T-
be  a  le f t
d ivi  !  ion
then A is

proo:

1 e t  a r . c  '

a o x l = b :

group.

To s t
i s  open.
such thdt
such that
o f  b f  =  (
i s  con t inu
u.v  q  v , f

I t  mal
quas i-grou1

Coro 1 l
rso topy .

i
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Proof :  I t  i s  su f f i c ien t  to  p rove  tha t  the  mul t ip l i ca t ion  in  (H ' . )

is coiEiff ious in the topological space H. Let a, b € H and let W be any

ne ighbourhood o f  a .b  in  H.  I f  a t4  =  a  and b t ,A  =  b ,  then W is  a  ne igh-

b o u i h o o d  o f  ( a t , 4  ) ,  G t  f t  )  =  ( a r o b ' ) f  i n  u .  S i n c e  f  i s  c o n t i n u o u s '  T t e

can f ind a neighbourhood l^l t  of atobt in G such that Wrf q Inl.  Since

rnult ipl icat ion in (G, o) is continuous, we can f ind neigff iourhoods Ut and

Vr  o f  a r  and br  respec t ive ly  such tha t  Ur .v r  C l . l t .  S ince  
" l ,and 

f i  a re  open '

rhere exist neighbou^rhoods U and V, of a and 5- respectively in I l  such that

U C_UraC and V CVt /$  Now i t  can  be  eas i l y  seen tha t  U.V C 'W'  p rov ing

tha t  mu l t ip l i ca t ion  in  (H, . )  i s  con t inuous .  I ience the  theorem.

T h e o r e m 3 .  L e t t  =  ( 4 ,  
I | ,  1 6 )  b e a p r i n c i p a l h o m o t o p y o f  a

topol6[ i iE-groupoid (c, o) onto a topological groupoid (G,. ) .  r f  (G, o)

contains the identi t 'y element e, then t is a principal isotopy.

Proof; In faet, $/e are to prove that * and.r? are homeomorphisms.

L e t e - E - ? - a  a n d  e p  = b .  I f  x €  G ,  x  1 5 ; =  ( e o x )  1 g =  ( e a  ) .  ( x / l ;  =  r .

( x f t  )  = =  ( x P  )  ! ,  
w h e r e  

1  t  
=  . . " ,  t h a t  i s ,  *  I c  =  x  ( B  L a ) ,  p r o v i n g

t h a t . I g  =  
F l . ,  o t  

t  
=  A - t  a n d  s o p  i s  b i j e c t i v e .  S i n c e  

!  
i s  c o n t i n u o u s ,

i t  fol lows that f t  is a homeomorphism of the topological sPace G onto i t-

S e l f .  I

Similarly, we. can see that '4 is a hqmeomorphism. Hence the theorem.

T h e o r e m 4 .  L e t  t =  ( * , f t , f )  b e a p r i n c i p a l h o m o t o p y o f  a  t o p o -

log ic i f lE tpo id  (G,  o )  on to  a  topo log ica l  quas i -g roup (H, . ) .  I f  (G,  o )

be  a  le f t  topo log ica l  quas i -g roup,  tha t  i s ,  i f  the  compos i t ion  o f  le f t

divi i ion be definbcl in G and the roapping (a, b) ---> alb be continuous,

rhenp is a homeornorphisrn.

P r e o f :  p  i s  i n j e c t i v e ,  f o r  i f  x i # x  *  * t  
F  

=  
f P  

=  c ,  ( s a y )

l e t  a t . c  =  b r .  A l s o  1 e t  a d  =  a t  a n d  b f  =  U t .  T h e n  i t  c a n  b e  s e e n  t h a t

aox l  =  b  =  ao i ,  wh ich  cont rad ic ts  the  fac t  tha t  (G '  o )  i s  a  le f t  quas i -

g roup.

To show that/3 is a homeomorphism, iE remains now to show that /3

is open. Let x G G and !J be any neighbourhood of x. I f  a, b in G be

such thdt aox = b, then there exist neighbourhoods, Ut and Vt of a and b

such that Vt C UroW. Since f is a homeomorphism, Vtf is a neighbor.rrhood

o f  b f  =  ( a o x l f  =  ( a o {  ) . ( x B  )  i n  H .  S i n c e  m u l t i p l i c a t i o n  i n  ( H ' . )

is continuous, $re can f ind neighbourhoods U, V of a & , x p in t t  such that

U.V qv t f  I t  can  now be seen tha t  V  CWP ,  p rov ing  the  openness  o f  
, '1  

.

I t  may similarly be shor'rn that i f  (G, o) be a r ight topological

quasi-group, then og is a homeomorphism.

Co-r_o11gr.y. I f  (G, o) be a topologi ial quasi-group, tshen t is an

iso topy .

25
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P r o o f :  r t  i s  s u f f i c i e n t  t o  p r o v e  t h a t  t h e  m u r t i p l i c a t i o n  i n  ( H , , )
is coi l l f f ious in the topological space H. Ler a, b € H and let }J be any
ne ighbourhood o f  a .o  in  I l .  r f  a t (  =  a  and b t ,4  =  b ,  then t r r  i s  a  ne ig i r -
b o u r h o o d  o f  ( a t , 4  ) ,  ( b t  f t  )  =  ( a t o b ' ) 1  i n  H .  s i n c e  f i s  c o n t i n u o u s ,  w e
can f ind  a  ne igh t iourhood wt  o f  a rob '  in  G such tha t  wr f  < -  w.  s ince
mul t ip l i ca t ion- in  (G,  o )  i s  con t inuous ,  we can f ind  ne igh-bourhoods ur  and
Vr  o f  a r  and b t  respec t ive ly  such tha t  u r .v '  c  t ^ l r .  s inc .e  , ,4 "and [ l  

" . .  
o f " . r ,

!h1 : .ex is t  ne ighbourhoods u  and v ,  o f  a  and 6- respec t ive ly  in  H such tha t
U C Ut r (  and V G Vt i3 "  .  

.  Now i t  can  be  eas i l y  seen tha t  U. i l  C-  W,  p rov ing
th i i  mu l t ip l i carLon '  in  (H, . )  i s  con t inuous ,  Hence the  theorem.

T h e o r e m 3 .  L e t  t  =  ( 4 , 1 t ,  1 6 )  b e  a p r i n c i p a l  h o m o t o p y o f a
topo lo ! i lET-groupo id  (c ,  o ;  o " . l  ,  rXpotog ica f  g roupo ia  (c , .  ) .  I f  (G,  o )
conta ins  the  ident i t y  e lement  e ,  then t  i s  a  p r inc i ia l  i so i rpy .

Proof . :  In fact, we are to prove that * and ir,J are homeomorphisms.
. L e t  e l - = a  a n d  e 1 3  =  b .  r f  x e  G ,  x  1 6 ;  =  ( " ; ; t  r c - l - t " " - l : - - i ; l ; " ; ' =  

" .( x p  )  = =  
! " P  

)  ! ,  
w h e t e  

1 <  !  
=  . . " ,  t h a t  i s ,  x  r c " =  *  ( f t  t a ) , ' p r o . , i r g  

-

t h a t  r c  =  
I \ t ^ ,  o r  

b  
=  A - r  

" r , a  
s o  p  i s  b i j e c t i v e .  s i n c e  

!  
i s  c o n r i n u o u s ,

i t_  fo l lows tha t  
fJ  i s  a  homeomorph ism o f  the  topo log ica l  space G onto  i t -

b e l f .  I

Simil .arly, we can see thaf,C is a hgmeomorphisrn. Hence the Eheorem.

T h e o r e m  4 .  L e t  t . =  ( 4 , ,  
f t , t  )  b e  a  p r i n c i p a l  h o m o t o p y  o f  a  t o p o -

log ic ; f :E ;6 ;po id  (G,  o )  onro  a  ropo log ica l  quas i -g roup (H, . ) .  I f  (G,  o )
be  a . le f t  topo log ica l  quas i -g roup,  tha t  i s ,  i f  the  compos i t ion  o f  le f t
d iv i i ion  be  de f indc l  in_G and the  mapp ing  (a ,  b )  *+  a /b  be  cont inuous ,
chen ft  is a homeomorphism.

I

Proo f :  p  i s  i n j ec t i ve ,  f o r  i f  x r#x  *  * l  
F  

=  
t f i  

=  c ,  ( say )

l e t  a r . c  =  b r .  A l so  l e t  a . { ,  =  a r  and  r i  =  r , .  
- i h " . ,  

i r '  . r ' be  seen  rha r
aox l  =  b  =  ao5 ,  wh i ch  con t rad i c t s  t he  f ac t  t ha t  (G ,  o )  i s  a  l e f t  quas i -

g roup .

To show that .4 is  a homeomorphism, i t  remains nor^r  !o show that  / l
i s  open .  Le t  x  C  G  and  W be  any  ne ighbou rhood  o f  x .  I f  a ,  b  i n  G  be
such  t ha t  aox  =  b ,  t hen  t he re  ex i s t  ne ighbou rhoods ,  u r  and  V r  o f  a  and  b
such  t ha t  V r  CU 'ow .  S ince  f  i s  a  homeomorph i sm,  V t f  i s  a  ne ighbou rhood
o f  b f  =  ( a o x f f  =  ( a x  ) . ( x p  )  i n  H .  s i n c e  m u r r i p l i c a r i o n  i n  ( H , . )
i s  con t i nuous ,  we  can  f i nd  ne ighbou rhoods  U ,  V  o f  a  &  ,  x , g  i n  H  such  t ha t
u . v  cv t f  f t  can  now  be  seen  t ha t  v  cwp  ,  p t o r r i . r g  t de  openness  o f  

7 j

I t  may  s im i l a r l y  be  shovn r  t ha t  i f  (G ,  o )  be  a  r i gh t  t opo log i ca l
quasi-group,  then ,g is  a homeomorphism.

.  
CoTo . l l a r y .  I f  (G ,  o )  be  a  t opo log i ca l  quas i - g roup ,  t hen  t  i s  an

rsoEopy .

I

N
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T h e o r e m 5 .  A s i m p l e h o m o t o p y t =  ( x , 8 , {  )  o f  a  t o p o l o g i c a l
quas i -g r - f f i - (G,  o )  .on to  a  topo log ica l  q t ras i - j roup ( t t , .  )  i s  an  i . so topy .

P r o o f :  f  i s  i n j e c t i v e ,  f o r  l e t  x ,  #  t 2  - ,  
" f f  

=  * 2 t  L e t

x l  =  y o - z l  a n d  x ,  =  y o z 2 .  T h e n  ( l o z r )  {  
=  ( V o z r ) f  ,  o r  ( y , x  ) . Q r l \  )

= $ n ) . ( i f t )  - + r t F = V F = o  , r = " 2 - Y  * t = " 2 .  I r i s n o w
suf f ic ient  to show that  f  is  open. Let  x = yoz € C and t r r I  be any neigh-
bou rhood  o f  x .  S i nce  mu l t ' i p l i ca t i on  i n  (G ,  o )  i s  con t i nuous ,  we  can  f i nd
ne ighbou rhoods  U  and  V  o f  y  and  z  r espec t i ve l y  i n  G  such  Eha r  UoV  CW.
Since x and p are homeomorphisms, U, /  and vp are neighbourhoods oT y<
a n d , z f t  i n  H .  N o w  W r  =  ( U x  ) .  ( V / ]  )  i s  i  n e i g h b o u r h o o d  o t  ( y a .  ) .
( " 4 , )  =  ( y o z ) f  =  x f  i n  H .  I t  c a r i  n o w  b e  e a s i l ' -  b e e n  r h a r  W ' q W ,
p rov ing  t ha t  f  i s  open .  Hence  t he  t heo rem.

T h e o r e m  6 .  L e t  t  =  ( e ,  
P , ,  f )  b .  a  s i m p l e - h o m o t o p y  o f  a  r o p o l o -

g i ca l - g?6@id  (G ,  o )  onEo  a  t o fo l og i ca l  quas i - g roup  (n , . ) .  r f  (G ,  o )
con ta i ns  a  l e f t  ( o r  a  r i gh t )  i den t i t y ,  t han  t  i s  an  i soEopy ,

P r o o f :  L e t  e  b e  a  l e f t  i d e n t i f y  o f  ( G ,  o ) .  N o w  / i s  i n j e c c i v e ,
ror xl-Fx, :) 

\(\  * 
"zp

-> (eoxr) f  /  (eoxr) {  : }  xr f  + *Z{

I f  r ema ins  now  to  show  tha t  f  i s  open .  Th i s  f o l l ows  f r om the  p re -
v ious theorem i f  we note that  x = eox.

I n l e  can  s im i l a r l y  p rove  t he  resu l t  i f  e  i s  a  r i ghc  i den r i t y .
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Flow Near an Oscillating Porous Flat Platc

Y . R .  S c h a p i t

Abs t rac t

Th i s  pape r  p resen t s  t he  so lu t i on  f o r  t he  f l ow  o f  an  i ncompress ib l e

v i sco -e l as t i c  (Rev l i n -E r i c ksen  mode l )  f l u i d  nea r  an  i n f i n i t e  po rous

f l a t  p l a te  wh i ch  execu tes l i . nea r  ha rmon i c  osc i l l a t i on  i n  i t s  own  p l ane .

1 .  I n t r oduc t i on

The .so lu t i on  f o r  Ehe  f l ow  o f  a  v i s cous  i ncompress ib l e  f l u i d  nea r  an

in f i n i t e  osc i l l a t i ng  so l i d  f l a t  p l a te  has  been  ob ta i ned  by  S tokes  f 3J  and

la te r  by  Ray le i gh  [ t J .  t "  t h i s  pape r  we  ex tend  t he  ana l ys i s  t o  t he  f l ow

o f  an  i ncompress ib l e  v i s co -e l as t i c  (Rev l i n -E r i c ksen  rnode l )  f l u i d  nea r  an

in f i n i t e  osc i l l a t i ng  po rous  f l a t  p l a te  when  t he re  i s  un i f o rm  suc t i on  im -

posed  ove r  t he  p l a te .

2.  Formulat ion of  the .proElem

Cons ide r  t he  f l ow  o f  an  i ncompress ib l e  v i s co -e l as t i c  f l u i d  abou t

an  i n f i n i t e  po rous  f l . a t  p l a te  wh i ch  execu tes  l i nea r  ha rmon i c  osc i l l a t i on

w i t h  ve l oc i t y  Ucos  n t .  Le t  x  deno te  t he  coo rd i na te  pa ra l l e l  t o  t he

d i r ec t i on  o f  mo t i on  and  y  t he  coo rd i na te  pe rpend i cu la r  t o  t he  p l a te .

S ince  t he  p l a te  i s  i n f i n i t e  i n  l eng th  and  un i f o rm  suc t i on  i s  imposed

ove r  i t ,  a l l  t he  phys i ca l  va r i ab les  depend  on l y  on  y  and  t ,  t he  t ime .

The  p ressu re  p  i n  t he  f l u i d  i s  assumed  cons tan t .  I f  V  r ep resen t s  t he

ve loc i t y  o f  suc t i on  o r  i n j ec t i on  a t  t he  p l a te ,  t he  equa t i on  o f  con t i nu i t y

io-
t

( 1 )

+ v #  =  
" * .  f , * r f t . v g r

boundary condi t ions

u  =  U c o s n t  a t v = O - ]

u  =  o  a s y ' - r ;  
" ' l  t ) 0 ,

i s  t he  k i nema t i c  v i s cos i t y ,  / 3  ,  t h .  k i nema t i c  v i s co -e l as t i c i c y '
l

w i t h  t he  cond i t i on  v  =  V  a t  y  =  O ,  y i e l ds  v  =  V  eve rywhe re .

The  gove rn i ng  equa t i on  desc r i b i ng  t he  f l ow  o f  an  i ncompress ib l e

v i s c o - e l a s t i c  f l u i d  [ t 7  i s

( 2 )

with the

( 3 )

where r)

atu

-;

I

t

fi
i l
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29

(  10)

(  1 1 )

The

(L2)

So lv i ng

( 1 3 )

and

( r 4 )

l'I* - h I,t; - iWo = o,

I ^ I l -  h " i - i " r = - h " : ' -

co r respond ing  bounda ry  cond i t i ons

W o = U , W l = O  a t \ = 0 ,

lJo  =  W,  =  O as  \  
-u< . .

(1o)  and (11)  w i th  che boundary

Wo =  U exp (bn)

c o n d i t i o n s  ( 1 2 ) ,  w e  g e t

i l , l tt

a r e

. .  u ( h b  +  i 1 6 2
w  = - _ - -

/;2;;
t e*P ( b t ) ,

u  =  f  ra -

H e n c e  f r o m  ( 6 ) ,  ( 9 ) ,

( 1 5 )

where

F
r

F

I.

M

6r.  4t) .

( 1 3 )  a n d  ( 1 4 )  w e  g e t

(u1) !  2  e*r ( i E )

r#)\,
(af)1,

;

f i

,
I

r l

I
t
ti
lr

*  ( F ,  *  i F . )  e x p  ( i ; ) ,

= 
{."os }4 

* t r1(M cos }t  
*  r  ' i "  }{r i

= 
{-  s in }4 

* r ' r . (N cos }+-u ' i "  }+l}

C D + D q  , -  D p - C q

2  2  2  2 ' ,
p  + q  p  + q

exp

exp

d

I
j the

r a s

r  = , l  (a .  p)  5. ( . . ) - .  p) .2 -  q2l  -  (z ;  r r .q) . ( ; r  -  p)q
" l a / , ,

, . . ,  -  ( z  - n q )  i  ( . > , , -  p ) 2  -  q 2 l r  r ( l - -  p ) 2 q
u - - ' a - - - - i -  '

t o f
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N e p ,  M a c h .  S c .

V o l .  7 ,  N o .  1

Rep .

(1982 )  ,  33 -40

On KH*structure Manifold

Summary

I n  c h i . s  P a P e r

m a n i f o l d  e q u i P P e d

a re  de f i ned  and  a

1 .  I n t r o d u c t i o n

L e t  u s  c o n s i d e r

t b e r e  e x i s t  i n  M n  a

( 1 . 1 )

a  n - d i m e n s i o n a l  d i f f e r e n t i a b l e

v e c t o r  v a l u e d  l i n e a r  f u n c t i o n  F

Jaya  Pan t

man i f o l d  Mn .  Le t

such  Eha t

we  have  es tab l i shed  some  l heo rems  on  a  d i f f e ren t i ab l e

w i t h  KH-s t r uc tu re .  Bes ides  t h i s  some  cu rvaEu re  Eenso rs

r e l a r i o n s h i p  a m o n g '  t h e m  i s  o b t a i n e d '

- 2 2
a  , \  ,

in Mn and anY comPlex

Le t  t h i s  s t r uc tu re

number a.  Then

be endoi^red wi th af o r  a n  a r b i l r a r Y  v e c t o r  f i e l d  n

r  n i " " "  r o  Mn  a  GF-s t r uc tu re  [TJ  '

R i l n a n n i a n  m e t r i c  G t  s u c h  t h a t

( 1  , 2 )  G ' ( F r r  ,  F . , u ' )  =  ^ 2 G ' (

f o r  a r b i t r a r y  v e c t o r  f i e l d s  
" r  

'

sE rUc tu re  man i f o l d  / 3 / '

\

A ,  '

in Mn

r n  M n ,  l e t

( 1 . 3 )  ( E  
, ' '  F )  , r 4  

=  o  '

where  E is  the  R iemann ian  connect ion  then

m a n i f o l d  l 3 l .

2. sub-manif ola q!-S9:git9::!" 2'

( a )  c '  ( B X ,  e Y )  o  b  =  g ( X ,  Y ) ,

(b )  c r (N ,  N* )  .  u  =  5 i l o

I n  t h i s  sec t i on '  we  w i l l  a ssume  tha t

Le t  Mn -2  be  a  subman i f o l d  o f  co -d imens ion

b:  Mn-2 *-  Mn such thaE a point  p '= Mn-2

corresponding Jacobian map such that  X at

i n  Mn .  I f  g  i s  t he  i nduced  me t r i c  t enso r

mutual ly  or thogonal  uni t  normals Eo Mn- ' '

Then  Mn  i s  ca l l ed  an  H -

Mn  i s  ca l l ed  a  KH-s t r ucEu re

Mn is  a  l l - s t ruc tu re  man i fo ld '

2 with the irunersion

4, b € Mn. Let B be the

-  . i n  M " ' 4 u  B X a t b

^-,)
in  M" 

- ,  
N and NJt  are two

Ehen

( 2 . r )
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( c )  ( i )  r l r ( B x ,  N )  o  b  =  0 ,

( i i )  G ' ( B X .  N , t )  o  h  =  O  "

L e t  u s  e x p r e s s  t h e  t r a n s f o r m a t i o n s  o f  t s X ,  N  a n d  N *  b y  F  a s  t h e  s u m  o f
t a n g e n L i a l  a n d  n o r m a l  p a r t s  i r r  t h e  f o r m

( 2 . 2 )  F B X  =  B f x  +  A r ( x ) N  +  A 2 ( x ) N *  ,

( 2 . 3 )  F N  -  -  B 1 t l  +  a N *  ,

( 2 . 4 )  F N *  =  -  B ' r 2  -  A N  ,

w h e r e  f  i s  a  t e n s o r  f i e l d  o f  t y p e  ( 1 ,  l ) ,  A ,  a n d  A ,  a r e  l - f o r m s ,  T ,  a n d

T , ,  a r e  v e c t o r  f i e l d s ,

T h e o r e m  ( 2 . 1 ) .  I u  o r d e r  r h a t  a  s u b m a n i f o l d  M n - 2  o f  c o - d i m e n s i o n  2  o f  a n
H - s t r u c t ' r e  m a n i f o . l d  a d m i t s  a n  H - s E r u c t u r e ,  i t  i s  n e c e s s a r y  a n d  s u f f i -
c i e n t  t h a t

( 2 . 5 )  A r ( X ) T l  +  A 2 ( x ) r 2  =  o

and

( 2 . 6 )  A 1 ( x ) A l ( Y )  +  A 2 ( x ) A 2 ( Y )  =  o

P r o o f ,  L e t  u s  c o n s i d e r  t h e  t r a n s f o r m a t i o n s  ( 2 . 2 ) ;  ( 2 . 3 )  a n d  ( 2 . 4 )  a n d
n r u l c i p l y  b y  f .

l l s i n g  ( i . 1 ) ,  ( 2 . 2 ) ,  ( 2 . 3 )  a n d  ( 2 . 4 )  a n d  c o l l e c r i n g  t h e  r a n g e n r i a l  a n d
no rma l  pa r t s ,  h re  ge t

(a )  f 2x  =  ^2x  +  A1  ( x )T r  +  L2 (x )T2 ,

(b )  fT ,  =  -  aT '  fT ,  =  aT r ,

( 2 . 7 )  ( c )  A t ( f x )  =  a  A r ( X ) ,  A 2 ( f x )  =  -  a  A r ( x ) ,

( d )  A l ( r t )  =  -  2 ^ 2 ,  A 2 $ )  =  -  2 ^ 2 ,

( e )  A r ( r 2 )  =  A r ( r r )  =  o .

A I s o  m a k i n g  u s e  o f  ( 2 . 1 )  a ,  b ,  c  i n  Q . 2 ) ,  u e  g e t

( 2 . 8 )  g ( f x ,  f Y )  =  -  a 2 g ( X ,  y )  -  A r ( X ) A l ( y )  -  A ? ( X ) A 2 ( y ) .

E q u a t i o n s  ( 2 . 7 )  a n d  ( 2 . 8 )  y i e l d

( :

r€

(2

(2

( 2 ,

'h
, rilil
iiit

tl
t i
l l

( )

whe

H a

tha

( 2 .

( 2 .  i

and

( 2 . L

Usin
t  ia1

( 2 .  1 l

( 2 . r 9

( 2 . 2 o

. 1 .
r!



Jaya Pant

f2* = a2x ,

g( fx ,  fY)  = -  
"2g(x,  

Y)

r espec t i ve l y , i f  and  on l y  i f

( a )  A t ( x ) T 1  +  A r ( x ) r ,  =  o ,

( 2 . 1 1 )
(b)  A1(X)A1(Y) + Ar(x)Ar(Y)  = o .

Nov we consider Gauss and l,/eigarten equations f2J

(2.L2)  EB"BY = BD*Y + H(x,  Y)N* + K(x,  y)N ,

(2 .13 )  E r *N  = -B rK (x )  -  ' L ( x )N*  
,

(2.14)  Eni lo  = -  BrH(x)  + 'L(X)N 
,

where E and D are the Riemannian connection in Mn and Mt-2 r""p""tively;

H and K are geometric bil inear.functions in Mn and Mt-2 r""p""tively such

thar l2J

(2 .  15 )  g ( 'H (x )  ,  Y )  =  H (x ,  Y )  ,

( 2 . L 6 )  g ( ' K ( x ) ,  Y )  =  K ( x ,  Y )

and tL(X) is the third fundamental tensor.

let tf, be a KH-structure manifold f3J, then

(2.L7) EBXFBY = FETTBY .

Us ing  (2 .2 ) ,  ( 2 .3 ) ,  ( 2 .4 )  and  (2 .12 )  i n  (2 .17 )  and  compar ing  the  tangen -
tial and normal parts, we have

(2 .18 )  (o * r ) y  =  -  A l (Y ) rKx  -  'HX  A2 (Y )

H(X ,  Y )T2  -  K (X '  Y )T1 '

(2.L9)  (DxAl)Y = -  ' t  (x)A2(y)  + K(x,  fy)  -  aH(x,  y)  ,

(2.2o)  (DxA2)y = + 'L(X)Ar(y)  + H(X,  fy)  + aK(x,  y)

35

( 2 . 9 )

(2 .  10 )
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we get

(2 .23)  s (x ,

+
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Def in i t ion  (2 .T) .  When S(X,  y )  van ishes  then Mn is  sa id  to  be  normal .

th"?I"T- Q'2) '  Let Mn-2 be an H-structure submanifold of a KH-structuremanifold Mn. Let tH and rK both conmut. , i t t  f ,  then Mn_2 is normal i f

( 2 . 2 r )  r L ( x ) 4 2 ( r ) r ,  - ' L ( y ) A 2 ( x ) 1 1

= ' r , ( x ) A r ( Y ) r z  - ' L ( Y ) A l ( x ) 1 2

trr le define a tensor f ield S(X, y) as

( 2 . 2 2 )  s ( x ,  y )  =  N ( X ,  y )  +  d A t ( x ,  y ) T 1  +  d A 2 ( x '  y ) T 2 '

where N(x, Y) is the Nijenhuis rensor and is equal to

N(x ,  Y)  =  (Dr " f )y  -  (D fy f )x  +  f (Dy f )x  -  f (Dx f )y

and

dAl(x '  y)rr  = 
i ropr lv 

_ (o3r)x/  r .

dA2(x, v)rz 
f,o"orr" 

- (DyA2)x 
] 12.

Substi tut ing the values from ( 2 . 1 8 ) ,  ( 2 . r 9 ) ,  ( 2 . 2 o )  i n  ( 2 . 2 2 ) ,

Y )  =  A f  ( Y ) ( -  ' r r x  +  f ' I ( X )  +  A l ( x ) ( ' K f y  -  f r K y )

A 2 ( Y ) ( -  ' H f x  +  f r H X )  +  A 2 ( X ) ( ' H f y  -  f r H y )

H ( f x ,  Y ) T 2  -  K ( f x ,  y ) T ,  +  H ( f y ,  x ) T 2  +  K ( f y ,  x ) T 1

H ( Y ,  x ) f r 2  -  K ( y ,  x ) f r l  +  f H ( x ,  y ) T r +  f K ( x ,  y ) T l

' r , (x )A2( r ) r ,  
+  K(x ,  fy )T t  +  aH(x ,  y )T . |

+  'L (y )A2(x)T l  -  K(y ,  fx )T l  _  aH(y ,  x )T ,

"  
' l ( x )A1(Y)T '  

+  H(X,  fy )T2 +  aK(X,  y )T2

-  ' l ( y )A t (x ) r ,  _  H(y ,  fx )T2 _  aK(y ,  x )T2.

us ing  (2 .7b)  in  (2 .23) ,  we ge t  the  requ i red  resu l t  (2 .2L) .

3. Curvature tensors

rn this section, we have defined some curvature tensors and obtaineda relat ionship among thern.

''l{



Let R and

KH-s t ruc ture .
have [5J

( a )

( 3 . 1 )  ( b )

where

( 3 . 2 )

( 3 . 3 )

( 3 . 4 )

(3 .  s )

h ,  
, ru,  

f  )  in  Mn equiPPed
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R ic  be  t he  cu rva tu re  and  R i cc i  Tenso rs  o f  Mn  equ ipped  w i rh

Then  f o r  a rb i t r a r y  vec ro r  f i e l ds  71  r , r \ r  r  1 "  t  f  
o f  Mn ,  we

R ( h ,  / , 7  )  = n a l ; * ; ? ;

7
E f D , A ; f ) = a " n ( v , p , f ) ,

( c ) ' R ( 7 r ,  / \ ^ , V , F  )  = -  r 2 ' R ( 1 , / * ,  { ,  7  )

= ' R ( ;  , F , { ,  f  ) ,

(a )  'R(  - i \  
,  / t ^  ,  { ,  f  )  

ggg G ' (R(  , )  , , ) ^  ,  {  ) ,  l ' )

( a )  R i c ( h , F > =  - " 2 R i " (  ^ , f ) ,

( b )  R i c (  h , f )  
=  -  R i c (  A , r ' r ^ )

The Pseudo H-Pro jecc ive  curva ture  tensor '  P(

with KH-structure is given aV [ i l

WeyI curvature tensor W, conformal curvature tensor V' C0n-harrnonic

curvature tensor l ,  and 6on':-circular curvature tensor C are given by [a]

w (  } , / ^ , - ( ) = n ( > , t , { )

G * t [ > n ' i " t r r ^ , f ) -  
'

- f R i c  ( > ,  , {  ) ]  ,

v ( 1 , / L , { ) = n ( V , f , { )

# D -  [ n i " < 7 " , t '  
) ) f  -  n i c (  ̂ , {  ) f l

+  G ' (  )  ,  f  )  R ( P  -  G ' ( 4 , { l  n t > ' i l

+  
5 # 5 i t  

c ' ( r r . t , t ' ) l  - G ' ( )  , f  ) 7 v ' 7 ,

i ti'

t, ,'\

J- 
--
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( 3 . 6 )  L ( h ' f ' - f  )  = R ( ) ' A ' { )

-+ " r  \G ' (1 t '  
{ ' )  R ( ) )  -  G ' (  r ' r  '  f  )  R ( / ' )

\n-L)  ,  
, ) r l  ,

+  R i c ( A ' {  ) ?  
-  R i c (  }  '  1

( 3 . 7 )  c ( h '  Y  
" ( )  

=  n ( ) "  f  ' { )

-  
d= i t  [ " ' o f  ' {  )  D  G ' (  h  '  r l f l '

Elirninaring * l:"Tn!';3li"l?;l':-l""?li.li'5) 

and (3'7)' and making use

o f  ( 3 . 2 ) b  w e  g e t  t

( 3 . 8 )  P ( h '  Y ' ' 1 )  
=  w (  h ' 1 ' {  )

3 - t R i c ( A ' { ) ; r  
- n i c ( n  ' - f  ) f }

+ G T ' ( ; U I  L - - - ' /  
} r f , u

-  ] ,  -  [ n i c ( 7 ^ , ? ) ) . ,  
-  n i c ( > r ' ? ) 7 v '

(rr+2)az 
|  '

- 2 R i c ( h ' F ) ? ' i  '

( 3 . ? )  P ( h ' 2 ^ ' f )  
= v ( > ' 4 . ' f )

.  
k 4 @ l n i c ( A '  

{ ) h  -  R i c (  ) ' {  ) A ]

.  1 -  I c ' ( u , f  )  R ( h )  
-  G ' ( a ' { )  R ( f ) ]

+ G D  L - ' / ' - .

I - * G T T L t ' ( f  
' / ) h  

- G ' ( )  ' { ) f )

; ; l n i ' t 7 ^ ' ?  

l n  -  n i c ( o "  ? ) ' F

- 1

- 2 R i c ( n ' f ) f J '

( 3 . 1 0 )  p ( h ' , A ' {  )  =  l (  h '  r ' - (  
)

-  G:z#.zt  I r ' i "</ ' f  
) )  -  n ic( l '  {  ) ' / * l

.C l5 .  l " ' i 4 " f  
)  R (? \ )  -  G ' ( )  ' f  )  R (A ) ]
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f ) )

Paot

I  n i "<7, r ,
( n+2 )a -  L

-  2  R i c ( a , i l ? ]

-  R i c (  h  , 7  ) P

and

( 3 .  1 1 ) P ( h , 7 * -  , f  )  = c ( ) , f  ' { )

. f u [ " ' , 4 , f  ) >  - G ' ( ) , f  ) f l

C #  [ . 2  n i ' < 1 , f  ) >  -  a 2  n i c ( z . ' {  ) P

+  R ic ( f  , 7  ) i  -  n i c (>  ,  ?  )P -  '  R i c (  h  'P  )T ]  '

Theorem (3.1). In a KH-structure rnanifold Ml, ve have

( 3 . 1 2 ) w( 7r ,7^ ' {  )

- c ( ? \ , f  , { )

= # [ v r a , f , { )

-  r , (  ) r  , f  , {  ) l

i f

n ic(  , r , t  ,  f  ) )  = Ric(h , ' (  )  / *'  ' . t  I

p roo f .  The rheorem fo l lows in  v iew o f  equat ions  (3 .8 ) ,  (3 .9 ) '  (3 .10)

anc  (J .  r r , ,  .
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Fixed Point Theorems for Nearly

MaPs 
K.p.R.  sasrry arrd

l n  t h i s  P a p e r '  
w e

sudana nao il' l '

I n  w h a t  f o l l o w s '  .  
( * ' - 1 1  

: :

o  . t  t ' ,  6 ( A )  i  s  t h e  d i a m e t e r  o L

bounded

improve upon the f ixed point  theor:ems of  Madhu-

i,':*or'"":;"-:i:::':':;" 
;' ::: :t::'i': "

DensifYing

S . V . R '  N a i d u

(A) = inr t t 
t 

lrlno.i:::::,

i s  t h e  m e a s u r e  o f  n o n - c o m p a c t n e s s  
o f

r , , l hen  A ,  B  a re  bounded  subse t s  o f  X '

o  ( { ( A )  <  5 ( A )

, { A )  =  0  i f  a n d  o n l Y  i f

LJA U B) = max { d,tnl '

a  f i n i t e  c o v e t  c o n s i s t i n g  o f  s e t s

l e s s  t h a n  L  I

we have

A  i s  P r e c o m P a c c

Jtnr I

a n d'  

:  
l , t e l  

=  . 4 ( s l  i t  B  G A  a n d  A  -  B  i s  f i n i t e '

f ,  g  a r e  s e l f  m a P s . o n  X ;

f o r  x I  x ,  1 ( x )  =  
[ ' ] v  

=  x  o r '  = ' l * ' f o r  s o m e  h  i n  s J '

where  S  i s  t he  ' " b ' " * " t oup  
gene ra ted  by  f  and  g  i n  t he  sem ig r : oup  o f

a l I  s e l f  m a p s  
. o n  

X  w i t h  c o m p o s i t i o n  
o p e r a t i o n '

qJJ I I l i g t  i '  f  i s  sa i c l  t o  be  dens i f v i ng  
i f

{ ( f (A))  < 4(A)  whenever d ie l> o '

f  i s  s a i d  t o  b e  n e a r l Y  d e n s i f Y i n g  
i f

{ t r te l )  < 'gA) whenevere(A) > o and A is  f  - invarranc '

'rheorem 2. 'i!-1.:,"?::"!'l:l:::'?.llt,li 'll '*0"-';lt'li 'io""l"inl'n"
t t f f t "  

: i t . ' " ; 'q  * "*  {F(x '  
v ) '  F(x '  rx ) '  F(v '  sv) f

i
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whenever x, y ( X, x # y, x # fx, y * gy and fx + Ey and l(xo) is bounded

for  some xo  €  X .  Then e i ther  f  o r  g  has  a  f i xed  po in t .

P . r o o f .  t r r l r i t e  I ' f o r  l ( x o ) .  W e  h a v e  I  =  f ( r ) V g ( I )  t t  i " .  I  s o  t h a r

4 ( r )  = . m a *  
l x < t < t ' l ) , r ( ( e ( r ) ) 1  .  s i n c e  f  a n d  g  a r e  n e a r l y  d e n s i f y i n g

and I  i s  invar ian t  under  bo th  f  and g ,  i t  fo l lows tha t  4 ( I )  -  0 ,  so  chat
I is precompact and hence by the completeness of X, T is compact. By
the. continuity gI f  and g and the invariance of I  under f  and g, we ha.re
f ( r )  C  r  and g( r )  c  1 .  By  rhe  cont inu i ty  o f  F ,  f  and g  i t  fo l lows thar
the real valued function H on X defined by

H x  =  m i n . l  n ( x ,  f x ) ,  r ( x ,  g x ) |

is continuous. By the compactness of i ,  there exists z 6 T such that
H(z) is the roinimum of H on I.  Suppose thar

( 2 , 2 )  f z  f  z ,  E z  *  z ,  e c z )  +  f z  a n d  f ( g z )  {  g s .

when Hz.=  F(2 ,  f , z ) ,  we haVe,  f rom (2 .1 ) ,  tha t

t t ( f z )  : (  B( f .z ,  g ( fz ) )  I  F (2 ,  fz )  =  11"

and when Hz = F.(z, gz) we have again f.roro (2.1) that

H ( g z )  - <  F ( g z ,  t ( g z ) )  <  r ( 2 ,  g z )  :  H z

so.that we have 4 contradict ion to the rninirnal i ty of z in either case.
Hence (2.2) cannot ho1-d, consequently the result fol lows.

. From the above theorem, r^7e can deduce the following: .

Theorem 3. Let f ,  g be continuous and nearly densifying. Suppose that
I(xo) is bounded for some.xo€ X. Let G be a real valued continuous
function on X x X. Suppose that

r " "  
I c ( f x ,  

g y ) ,  G ( g y ,  r x ) |  <  r n a *  
f G ( x ,  

y ) ,  G ( y ,  x ) ,

G ( x ,  f x ) ,  G ( f x ,  x ) ,  G ( Y ,  e v ) ,  c ( s f ,  y ) ]

w h e n e v e r x ,  y €  X ,  x  #  y ;  x # f x ,  y  *  g y a n d  f x *  g y .  T h e n  e i t h e r  f  o r
g  has  a  f i xed  po in t .

3 , loo f .  .Def ine  F(x ,  y )  =  max {  c (x ,  y ) ,  G(y ,  x ) }  fo r  a t l  x ,  y  e  x .
Then F is a real valued, s]rnmdtric, continuous iunction on x x x satis-
f y i n g  ( 2 . 1 ) .

Corol lary 4. (Madhusudana Rao ftJ, Theorern l)  Let f ,  g be continuous
and densifying. Suppose that l(xo) is bounded.for some xo € X. Let c
be  a  rea l  va lued cont inuous  func t ion  on  X x  X . " 'Suppose. t f ,a t

l i

, l l

l

"\,

J '

Th
iT
x .

(s ,

r.rhe

f i>r

I f ,

lpe
E o t

REmar
;..-
J anl

v )  i r

F = c

Examp

d  ( 1 ,

f l  =

d  ( fx ,

Nei thr

Ackng

T
valuab
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max; c(fx,  sv),  G(sI,-1") ! l -111 /c1x'  rx) + G(v'  gv) '7 whenever x '

v . €  X ,  * ' #  f *  a n d  y  I  g y '  T h e n  e i t h e r  t  o t  g  h a s  a  f i x e d  p o i n t '

Theorem 5.  Let  f ,  g be cont inuous and near ly c lensi fy ing'  Suppose that

TT;)T" bounded t'; ::':";"?;:" i'i r t' a continuous semi-metric on

X. SuPPose that

( 5 . r )  F ( f x ,  g y )  <  m a x  I  
r t * '  y ) '  F ( x '  f x ) '  F ( y '  g y ) '

112 [Ft . . ,  *Y)  + r ( fx ,  v [ ]

w h e n e v e r x ,  Y €  x ,  x * Y ,  x *  f x a n d  y * e Y '  T h e n e i t h e r  f  o r  g h a s  a

f ixed Point

T f  ,  in  add i t i -on ,  (5 ' t )  ho lds

(i) Whenever x * fx ot y * gy. then the f ixed point sets of f  and

g are non-emPty and are the same'

( i i )  Whenever fx * ey then each of f  and g has a unique f ixed point

and these concide'

( i i i )  whenever  x  #  y  and the . f i xed  po in t  se ts : f  
!  i i 9  

g  a re .non-

'  empty thei 
"t '" t t- i t  

a singleton set and these concide'

.  Proof. While the proof of the f irst Part of the theorem is analogous

Eo--ffiat of Theorem'i-,- 
"t'" 

second part is trivial'

Remark. By taking the metri-c-d in the place of 
' t : 'Y"- l l - t-1in 

Theorems 2'

5 ana-4 of Madhusudt"" i i t t-7i l  as corol iar ies of the above theorem'

The fol lowing example shows that the average of F(x'  gy) and F(fx'

y) in (5.1) cannot i l1:; ;"; ;  tv * '"  t"* i*"* oi th"tt  two' even when

l  =  q .

Example 6.  ( l -U,  Example 6) '  Let  x  = 
|  t '  2 '  3 '  4  I  ;

d ( 1 ,  2 )  =  d ( 3 ,  4 )  =  2 ,  d ( 1 ,  3 )  =  d ( 2 '  4 i =  1 '  d ( 1 '  4 )  =  d ( 2 '  D  =  3 1 2 : '

f L  =  f 4  =  2 ,  f Z  =  f 3  = 1 ;  g 1  =  9 3  =  4 ,  g Z  =  9 4  =  3 '

d ( f x ,  gy )  <  max  I  
a { x ,  1 * ; '  d ( x '  gv ) '  d ( f x '  v ) }  f o r  a l l  x '  v '

Nei ther  f  nor  g  has  a  f i xed  Po in t '
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GLOSSARY OF }4ATI{EMATICAI' TERMS

(ProPosed)

ca)

Quart i le

Quadrangl* SSc{.TUT 
Quaternarv TS$

Qrradrangularqtrs4tfuTqrSgffTq 
queue fitf

Quadrangularlv 
qSqTuT Fr{t Quintic ffiT{r 

qq'4Tft

Qrradtairr 
qq:{t? Quintite 

qqffi

Quadrant'al lffirqTq 
Quintillion 

q-4€Efffit b-a'f 
qm

Q-uadrat {-qrFr{ 
QuintuPle 

g1?I{T

Quadrate 
qsw,*q=gfqT{1-{ fiTglquintuplet fiiF

Quadraric etfrmfer-+ 
auotientqTrrwo' 

fslTrtl

fiqra, ffTf{q (R)

Quadrature StTtr{ Raciial ff'{, Sdq"'-fgq

eua<lric dTqrq ffirdTq Radially sfqrs6c$

Qrradrilateral 
q{$q 

Radian tft{{

Quadrtltionq{€qrfsT 
qTq'fsrr 

Radicat q5E, guec{Fa

Quadr:inonialq"g{T Radius ff'qT, CfAtU,@TgTt{

Quadruple f,.ITqf , 
qS: 

Radix S{T{, 1st'{

Quanric.${tlT{T Random {-qtffq, 
qf{F4'{

Quanrile fiqTq{ RandomisationqTftQs-{uT

Quantisation TTfYI{tuT Randomised qftftr-$

Quanritative 
qRqTUTTeq{ 

nange FfT, --tl-{Tg, fOTs

Quanrity 
qfrqTsr, TTfVI nank sTfUl TT{gS

Quantum 6qTUq nate q1

Quarter alurd, sf,qf{ Ratio .,oT(

quartic.q13ffi Rational qfttrq

;i-G-Ttdl 
- 
E:E': 

-affi-;sff ;"i'qs; 
- 
;fr'(- tti-i"fti ffi n;

ftlsTltr sfifril Sgr ourr f,zlrr rftc-{t aT t
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Rational ise qfiEzfd'-{uT T{

Rar iona L i sat ionq:n[qqiEgrT

Ray 3pdfg1

Reaction ffif*-qf

Real itTtF{f*S

Rebound g-ftftq

Reciprocal$fl, qffdtq

Recoil ffiftfq

Recovery $qdfrq

Refinenent JfrflTtl-{

Reflex gtfSfd

Reflexive 14-Sq

Reflexivity €gffiIT

negion Ettr

Regression gqTZzlUT

Regul-ar {tET, fTqfYd

Regul-arity frqffedf

Reinforced g-{ftt-d

Rei.ated gcqFfi

Retative JTtftT{, STqqT

Relatively iITqETd

Relativity .ITtfrTft'f , sTqftTft'T

ReLat lvitistlc .fl'\frT*'TA

Renainder Effi, tnf , tf"t$O

Removable .f9lzl

Renornalization${ I

Rent it'T

Repeat <\re-arrX,

Repeared {ft{fT,

gqTqT<T{'{UT

s{{Ts-fr

5flTF
Repetition g1-{T{ft

Replace gt1giTqT r1{

Replacement ff*qfql

Represented lt6fqd

Representation fr$guT

Rectansle ETqT(, qqstuf TgS

Rectangular ETqTtfffrTT

Rectif iability glq6gqq'1

Rectification {TtFffI

Rectif ied {Trffifim

Rectilinear qTOWt, Vfd

Rectilineal 
'fqf.l|{

necur qTEfft

, l
I
I

{' I

.t

,\

Recurrence St€{fd, ${{qfr

rftsdt

, {TrTT:rdF[

Recurrrng C1-qd, .fT?ffii

Recurrent 
Tf{ff,f,f

Reduce ifil{ T{

Reduced SgTiT, {r{

Reducrion =TtTsTur

Reducible eFffiufi-q

Reducibility *GFfTqflT, {FITttrfT

Reference ft'4TI, d

, nffi'TulTq Represent fi6frf, rt-{

{
l
I

I



Resolve {qg l-d, fru'ffrn 
tt-d

Response .f{f:{-ST

Resr f?fiTq

Restitution TezlT;f+{

Restore g1: €1TI{:TT 
tft

Restricted rfil{r*l(

Resubmissio" xJ: 
qq(fTE{uT

Restricrion Tft4ffi, ffauf

Result qfIuTTq,

Resultant qfi-uTT{T

Retardation 4{T

Retard I'1dfEff| {T

Return gfilItcFT' geqTryH

Reverse 3afi-T, gftffiTq

Rever s ib iL i tY frfi-{uftqf, f

Revolution gft+'r{uT

Revolve t1f,i{-reT rlt

Rhornbic qqqg${T

Rhornbo id ffi t11<t 
gAt{-4f-tl

Rhombus q'{qgtttA

47

nno FT ( f)

Rishr qftTUT

nigid fd
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