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Proof. It is well-known that /2] the function 2 Sl is bounded

in finite intervals, has an enumerable set of discontinuities and changes
wvalues at these discontinuities only.

Hence, frem (1.1), (1.2) and (2.2), we find
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Hence,

(3.2) p* T* 5 A%,

Similarly, proceeding for lower logarithmic proximate type t* and
applying (2.3), we obtain

(3.3) pre* > Bx.
Combining (3.2) and (3.3), we get
(3.4) Bx g P*'r,'* < F* T* 5 A%,

All the three vesults of theorem 3 now follow fram (3.4).

. A(o) :
Corollary 3. If lim - “— exists and equals to A%, then
—_—— a_p;itri 1
A% = B% = A%, It follows from (3.4) that P*t* = p** = A%, that 15

! No(e)
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and in this case

(3.6) t* = T% = lim ZE*E Mlad)
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Thus existence of lim W—f implies the existence of
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‘Homotopy and Isotopy of Topological
Groupoids and Quasi—Groups
prahlad Singh

Absrract

This paper deals with the notions of homotapy and isotopy for
‘topological groupoids and quasi-groups and establishes certain results
concerning them. Similax notione in algebra have wotrked ay motivation.

1. Introdustian

The notion of homotopy was introduced in algebra by A.C. Choudhury
(1948) in his paper entitled Miasi-groups and non=assoc jative systems [1].
This is a sort of generalization of the concept of isotopy (/. An
ordered triple £ = (<, N + ) of mappings of a groupoid (G, (1) onto a
groupuid (H,.) is said to be a homotopy of (G, o) onto (H,.) if (a© b)Y
- (a4 ). (b3 ) for all a, b€ G. TF %, A ,  are bijective, the
Homotopy is an isotopy. If #=f =1 , homotopy and isotopy roeduce to a
homomorphism and an isomorphism respectively. These algebraic notions
have been carried over to the topological groupoids and quasi-groups and
some -asults have been established.

2. Some preliminary definitions :

A topolugical algebraic structure i a pair consisting of an alge=
braic gtructure over a non—empty set € and a topology over the same set
such that the algebraic compositions are continuous in the given topology.

The only composition in a groupoid is (&, b)) —= ab. A quasi-group
has three compositions, namely (a, b) —= ab, (4, B) — a/b (left divi—
gion, a/b = x if and only if ax = b) and (a, b) — b/a (right division,

%ﬁ x 1f and only if xa = b).

Multiplication (a, b) —ab in a groupoid is continuous in the
given topology If for any neighbourhoed W of ab, we can find neighbour=
hoods U and V of a apd b respectively such that UV CW. The left divi-
sion (a, b) — a/b in a quasi—group is continuous if for every, neigh~
bourhood W of a/b, we can find neighbourhoods U and ¥ of a and b respec=
tively such that Ve UW. The ‘case VWD is the case of continuity of
right division.

3. Definitions off Homotopy and Isotopy

Definition 1. Let (G, o) and(H,.) be two topological groupoids.
Then an ordered triple £ = (51} » v ) of continuous mappings of G
‘onto H will be said to be a homotopy of (G, o) onto (H,.) if (a o b)Y
= (a% ). (b ) for all a, b € G.
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Proof: Tt is sufficient to prove that the multiplication in (H,.)
is conktinuous in the topolegical srpace H, Let a, b €& H and let W be any
neighbourhood of a.b in H. If a'X =a and b'/5 = b, then W is 3 neigh-
bourhood of (a'& ), (b fa = (a ob')y" in H, Since y° is continuous, we
can find a neighbourhood W' of a'ob' in G such that W'f" & W. Since
multzp‘heal_:;_ag in (G, o) is continuous, we can find mighbourhoads U' and
V' of a' and b' respectively such that U'.V' CW'. Sinee « and (b are open,
there exist neighbourhoods U and ¥, of a2 and b respectively in H such that
u CTJ’«'. and vV C V' . Now it can be easily seen that U.V CW, proving
that multiplication in (H,.) is continuous. Hence the theorem.

Theorem 3. Let t = (X, [, 1) be a principal homotopy of a
tmpolngmal groupoid (G, o) onto a topulog:wal groupoid (G,.). If (G, o)
containe the identify element e, then t is a principal isotopy.

Proof: In fact, we are to prove that # and /4 are homeomorphisms.
Let eX =aanded =b. If x& G, x Ig = (eox) Ig = (ex ). (x/b) = a.
(xp) = .(xﬁ; ) L, where x L =ax, that is, x lg = x (ﬁl La), proving

that Ig = ,ﬁ La, or Q ﬂ' ~ and so (5 is bBijective. Since % is continuous,

it follows that r_!, is a homeomorphism of the topological space G onto it=
self.

Similarly, we can see that & is a homeomorphism. Hence the thearem.

Theorem 4. Let £ = (o , (3, ¥ ) be a principal homotopy of a topo-
logical greupoid (G, o) onté a topolcg:.cal iquasi-group (H,.). If (G, o)
be a left topological quasi-group, that is, if the composition of left
division be defined in G and the mapping (&, b) — a/b be continuocus,
thf-‘“--f-‘i is a homeomorphism.

Proof: ﬁ, is injective, for if x #x == xl[.’,- = xﬁ = ¢, (say)

let a've = b' Also let ax = a' and bq“ = b'. Then it can be seen that
aoxy = b = aug which contradicts the fact that (€, o) is a left guasi-

group.

To show that/3 is a homeomorphism, it remains now to show that f3
is open. Let x ¢ G and W be any neighbourhood of x. 1If &, b in G be
such that apx = b, then there exist neighbourhoods, U' and V' of a and b
such that V' _(; U’ow. Since v is a homeomorphism, V'Y is a neighbowrhood
of by = (aox) Y = (ax ).(xf3 ) in H. Since multiplication in (H,.)
is continuous, we can find neighbourhoods U, V of a4 , x4 in H such that
U.v €V'{" . It can now be seen that V Eﬂﬁ , proving the openness of /A

It may similarly be shown tHat if (G, o) be a right topological
quasi-group; then £ is a homeomorphism.

Corollary. 1If (G, o) be a topological quasi-group, then t is an
iso0topy. '
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On KH~—Structure Manifold |

Jaya Pant |
Summary

Ity this paper we have established some theorems on a differentiable
manifold equipped with KH-strucrure. Blesides this some curvature tensors
ave defined and & relationship among them is obtained.

i Introduction

Let s consider a n—dimensional differentiable manifold M. Let
there exist in MY a vector valued linear Function F sueh that \

A% Fan = m2 '3 ) |
for an arbitrary vector field . in i and any complex pumber a. Then

F gives to M' a GF-structire [17. Let this structure be endowed with a \
Riemannian wetric G' such that ‘

2
! (1.2) G‘(Irra, Fuo) = a“ﬂ'(h‘.w] -
for arhitrary vector fields -5 , M in M, ‘Then M" is called an H-
i structure manifold [3].
l in MY, let
{1.3) (E F) = 0,

where E is_;he Riemannian connection then M is called a KH-structure
manifold [3].

25 Sub=manifold of co-dimension 2.

In this section, we will assume that M" {s a H-structure manifold.
Let H“_z he a submanifold of co-dimension 2 with the immersion
n=2 n - = 2ot
b: M — M such that a point p & M === bp = M . Let B be the
corresponding Jacobian map such that ¥ at p in Mp—2 ==» BX at bp
in M®. 1If g is the induced metric tensor in Mnez, N and Wk are two

mitually orthogonal unit normals to M2, then

(a) (G'(BX, BY) o b = g(X, ¥)s

2.1) () GU(N, %) 65 = § ya »







~ and

2 of an
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(2.9) o I
(2.10) S(EX, EY) = = a’g(X, V)
respectively- if and only if

(2) A (DT + A (DT, =0,

(2.11)
(b) -Al(x}Ai(Y) + Az(x)£2fY) =0 .

Now we consider Gauss and Weigarten equations [2]

(2,12) EpeBY = BDLY + H(X, Y)N* + K(X, )N ,

N =-B'K(X) - "LOON* ,

(2.13) By

(2.14) BoN® == B'H(X) + 'LV ,

where E and D are the Riemannian connection in M and 2 regpectively;
H and K are geometric bilinear functions in M and Mnﬁz respectively such

that /27
£2.15) p("H(X), Y) = H(X, V) ,
(2.16) g("K{X), ¥) = K(X, V)
and 'L(X) is the third fundamental tensor.
Let M® be a KH-structure manifold [3], then
(2.17) !EBEFBY = FEBKBY .
Using (2.2), (2.3), (2.4) and (2.12) in (2.17) and comparing the tangen—
tial and normal parts, we have .
(2.18) (Dxf)Y == hI(Y)‘KX = THE Az(?)

- H(X- Y)Tz - K(xn ?)Tl'

(2.19) (DAY = = "L{X)A,(¥) + K(X, £Y) - al(X, ¥) ,

(2.20) (DxAZ}Y = + 'L(X)AI(Y) + H(X, £Y) # ak(X, ¥) .

.

E—
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Let B and Ric be the curvature and Ricci Tensors of M equipped with
Ki-structure. Then for arbitrary vector fields %, ws v » ¢ Of MR, we
have [5] !

@) REA M7 ) =R(H, 8, 1),
(31) (b)) Ry aaT) = 2R 2, py ¥ )
L by, bt 2
(e "R(A , maPP)=—a'BRUa,us )

= ‘R(?\ tj;r f'vr“ Vs

where

(a) ‘RO g ds ) 26E g & sy, 1)
and

(a) Rie( % ,)\_n- Y= = .az'R"ic( A M),
(3.2)

(b) Ricl 7y, pm) == RicCh, i) .

The Pseudo H-Projective cutvature tensor P( x , a, A ) dn M equipped
with KH=structure is given by A7 £

| 2
Bl st D =R o fan ) = a“Ric( g, )N
i T (n+2)a .
(3.3) - Ric(n L € = Ric(A, T )A

+ Ric (3 57" )f» =2 Rie(n ,, % S

Weyl curvature tensor W, conformal curvature temsor V, COn-harmonic
curvature tensor I and COn-circular curyature tensor C are piven by [4]

(3.4) WD ps ) = ROA s s )
-y [ ARieCu, 1) -
- pRic (3 .70
V(h.p.-f")wa(h.zu.f')
-T,;,l.—z)-[llicf,u.*rn- = Rie(n , ¥ IM
£ 6 (L 1) RO = GTOMG T ROV |

i

HeEneen © (T i — i Com]

———— -

S S
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= Rie( \" ]7! - Ric(P "r‘ s
‘:*"‘2}; [ P e },n.
- 2 ’ie(n BT ]

(@11 PR LML) = O 1)
i S ]

—7 a? Ric( “f‘)?‘l.-a Ric( » 1)
(mri)a L Vi M

CRE(RL TR - (D, T )R- 2 Rie(n 7]

Theorem (3.1). In a KB-structure manifold M2, ve have

S LN pa 1]
if

Ric( p,+ IR = Ric(hA , {1 )M -
Proof. The theorem follows in view of equations (3.8), (3.9), (3.10)
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Fixed Point Theorems for Nearly Densifying
Maps
K.P.R. Sastry and §.V.R. Naidu
In this paper, v& improve upon the fixed point rheorems of Madhu=
sudana Rao [1/.

n what follovs, (%, d) is @ complete metric space; for a subset

-

A of X, olA) is vhe diameter of A, A is the closure of A and when A 18
bounded

(A) = inf { g -0l A admits 2 finite cover consisting of sel's
: with diameter less than
{s the measure af hon-CompACENess af Al
When A, H are hounded subsets of %, we have
(RGOS 6(A)
J(A) =10 if and only if A s :Pre.s:?c-mpsct
Jix W BY = max { <CA)s AByY
and
L) = LB ifF B E i and I8 =B is: Finiies
f, p are self waps on X3

for x E X Ay §iy-§y_ = x or y = hx for some h in S‘_i g
Where: 5 18 the spbsemigrodp generated by ¢ and g in the semigroup of

411 self maps oo X with composikicn Joperation.
pefinition 1. £ is said to he densifying 1f
X(£(a)) < AL(r) whenever L 0.
¢ is said to be nearly densifying if
AP € AXA) whenever L) 0 and & is f-invariant .

Theorem 2. Liet £, & be Eontinuads and nearly densi fying. Let B He a
.smetzri‘c continuous real yalued fupctiop un X X %. Suppose that

(L) Flfx, gy) 2z wax ?Fﬁx, gy Blx, fxl, Flys gy.)}

ﬂ
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 max § Glfx, gy), Gleys £x) §<1/2 [6Gx, ) + 60y, gy)] whenever X,
y & X, x'# fx and y # gy. Then either f or g has a Fixed point.
‘Theprem 5. Let f, g be continupus and nearly densifying. ‘Suppose that
1(%o) is bounded for some XqC & Let ¥ be @ continuous semi-metric on
X. Suppose that

(5.1)  Flex, gy)e max § Tex, ), Flx, £2), Fly, 890
1/2 [Fix, gy) * F(ix, -'ﬁﬁ

whenever %, ¥/€ X, x # ¥, X # fx and ¥ é.'#-'-,-g'sr;.. Then either f or g has a

fixed point.

1§, in addition, (5.1) holds
(i) Whenever x # fx or ¥ # gy then the fixed point sets of £ and
g are non-empty and ave the same.
(ii) Whenever fx # gy then each of f and g has au ique fixed point
and these concide.

I(iii) Whenever x ¥ y and the fixed point sets of f and g dre non=
empty then each is a singleton set and these concide.

_Proof. While the proof of the first part of the theorem is analogous

To that of Theorem 2, the second part is trivial.
‘Remark. By taking ‘the metric d in the place of F, we obtain Theorems 2, -
7 and 4 of Madhusudana Rao [1] as corollaries of the above theorem. :
~ The following example shoys that the average of F(x, py) and F(fx,
%) in (5.1) cannot ke replaced by the maximum of ‘these two, even when
Siea, ) .
K le 6. (f2J9 Example 6). Let X = i‘]‘" -z_n: 3, 4 } 3
gL, 2) = 43, 4 =2, 41, 3) = d(2, &) =1, 40, 4) =d(2, 3) = 3/%
£l = 04 = 2, f2=13=1;¢l% 33 =4, g2 =gh =3
dlex, gy) < max § 40 £x), d(x, gy)s 4(Ex, ¥) } for all %, ¥.
Neither  nor g has a fixed point.
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- OF MATHEMATICAL TERMS
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Quadrature r’i’-xﬁﬁ
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.Quaﬁﬁllioﬂm qrATETA
quadrinonial TEET
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Quantite THITHT
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Quantum FIT=H
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