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The Mathematical Science - Their lllature and Scope"

by Dr. Geoige F. Feeman, NEA TearL lfuthercatics Specialist

lnt roduct ion

Dur ing the year 2032-2033 Nepal ts f i rs t  journal  devoted to

the nathenat ical  sc iences came i"nto existence.  I t  was given the
t i t le  i tThe Nepal i  l " lathemat ical  Sciences Report . "  To many people

the term | tmathemat ical  
sc iences" has brought great  confusion.  They

think it means nathenatics and science in totality, rather than the

hybrld term which it is. It has come into existence, following tvro

or three decades of  act iv i ty ,  as a way of  descr ib ing the ner, r  and

broad role played by mathernatics throughout the world. fn this

art ic le our purpose is  to descr ibe the nature and scope of  the

mathematical sciences and to clarify the meaning of the term.

Some iiistory

I t  is  appropr iate for  us to begin wi th some history.  For
many centuries rnattrematics and the sciences, particularly the phy-

sical sciences, have lived and grohrn together, moving hand in hand,
eacir serving the other and being served by the other. The movement
has gone in cycl ,es:

Pract l -cal  Sl tuat ionsg Matheurat ical  Formulat j -ons- lAbstract ions

L
\New appl icat ionseNen concepts and structut" t  

y '

The great philosopher - mathematician Alfred l{orth l'lhitehead has
descr ibed t i - re whole of  educat ion as being a cycl ic  act ion.  What
holds t rue there holds t rue here a1so.  There are no sharp l ines
of  d iv is ion between stages" One f lows i -nto another the stages
of  a cycle being largely a matter  of  emphasis at  a g iven t i roe.  The
cycles over lap cycles.  One development may be in one stage,  whi le
anot i rer  is  fur ther on in the process.  There are cycles wiLhln
cycles as wel l .  Out of  i t  a l l  ar ises a cont inul ty of  act ion,
which has a rhythmic character.

For example, geometry began as ttearth 
measurett wlth very real

appl icat ions.  Eucl ld organized i t  as a body of  knowl-edge and a
theory,  wi th an axlonot j -c st ructure.  From that  organizat lon and
theory, over centurles of time, there have grown new approaches
to geometr ic  ldeas,  nen uses of  axlomat lc st ructures wi th in mathe-
mat ics i tsel f  and wi th in f ie lds other than mathemat ics such as

*
This is a revised version of a lecture given to the Nepal

Science Forum on May 28,  1976, wLth the t i t le  "The Emergence of

the Mathexoat ical  Sciences.  
t '
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biology, economlcs, educatlon, lndustry, -and 
governnent' New the-

orles have developed 

-1a:!aeat-nurnbers 
ind depth. Whereas the.value

.i-g."t.a.y used io be thought of as the learning of logic and rea-

sonlng, nov lt fs rn tt'e orfanization of data and the generation of

l-deas.

llath€natlcs aod astronomy have been close allies for a long

tiue. Out of their relattonsirlp have come the study of Planetary

ioaioo, the rrcrke of Newton, Kepler, and others' studles of the

structurea of plaoetary 
"y"i"t", 

.oi oo to the present day explora-

iioo" of 
"p..", 

tor wiitt''the conPuter ls an indl-spensable tool'

The growth of Mathenatice durlng the Renalssance period was

r.ut"a tI *re p.oalr"ii.rt. use and peifection of nachines' Thls

resulted ln studies oi totfott and iynanical systens' the devel-op-

ment of calculue and theoretlcal nethanlcs, differential.eguatLons'

differentlal geonetry; and other fields.of endeavor' Thls rela-

tlonshlp betrleeo t"til*'.tttt and mechanics' which relates to-lndus-

trlal developnent of all klnds, exlsts today. For example, large

automobLle corporattons often employ-mathematlcians to do work in

aporoxlmatlon tneoryl 
"t"ii"tf"", 

aird nunerLcal analysis' Their

fi;k ;;;;i;;J ;; i."re" and manufacture or a autombiles' Proces+

ses which begin with 
"iif"t" 

and clay models and which utLll-ze

eophleticated computlng rnachinery'

To clte yet another example involvlng geometry' lte can-take

the case of Rdemannian geonetry' It and lts relatlve' non-Rieman-

nian geometry, have 

-h"d""lo"t 
iles to the theory of relatlvity' as

expounded by Einsteln. About twenty years ago' an offspring of

thls work came lnto-exlstence in the iorn of geouretrodynamics'

Geometrodynamlcs is a-it-"i"av of curved enpty sPace and the evolu-

tton of thls geometry-"ftit tine accordlng to the equatlons of

Einstelnts 1916 g"o"t"f  relat lvtty theorv' The theory' as l t  has

been developed by ui"o"t and Wheeier since the rnld-1950rs' denon*

strates the sheer force of definitlon and deduction' since the

work is remote from experinent and observatlon To l-Llustrate

this point, only those nasses and ftelds are coosidered whlch can

il-;.;;;A; as-Luilt out of the geometrv itself' Electromagnetlsut

is thought of as a ptopZtty of curved- empty sPace' - 
The el-ec-

tromagnetlc ffefa curve" 
"pt"t 

ln such.a way that its footprints

are themselves nanriesiatl-ons of the fteld' Thls new theory has

proved ltself t. b.-;;;t-;ich, antl recentlv has been applled

lo work on hr:man consciousness'

Many additional e:raoples could be given' One more r'ril-l

suffice. To ease ;";"-;;;;iems Lnvolving cal-culations' logari-

thmg were invented. Then calculators came on the scene' In our

present day' electronlc calculating equiPment in many varleties

and forms ls a very .ti"iUtt part oi the scene' The development

has brought rvlth it new iuteiest in numerlcal analysis and many

new applications fbr math@atlcs via the computer'



Roles

!trhat role or roles has
There are several types of

J

mathematics played i-n these developments'l

r o l es ,  as  f o l l ows :

Quant l f icat l -on ro le.

Deduct lve ro le.

3.  Synthesiz lng ro le.

4.  Conceptual iz ing ro le.

Let  us take a br ief  l "ook at  each.  The t tquant i f icat ion" ro le p layed

by nathemat ics involves the t ranslat lon of  ideas and at t r ibutes in-

to numbers or  numerical  quant i t ies.  I t  ls  the ar i thmet ic ro le,

wi th whlch aLmost everyone ls fami l lar .  Indeed, for  most  people,

mathemat ics is  ar i thnet ic ,  for  they have never been taught d i f fe-

rent ly  nor exper ienced i t  d l f ferent ly .  Quant i f icat ion is  part  of

everyonets l i fe s ince i t  is  v i ta l  to business and t rading to running

a fami ly,  to administrat j .ve wor lc at  a l l  levels,  and to oners l ive-

l ihood. In recent  years psychologists,  educat ionists and socia l

sc ient is ts of  a l l  types have begun to quant i fy  th ings which had

never been quant i f ied before -  inte l l igence,  behavior '  at t i tudes,

and the l ike.  Success in these developments has not  a lways been

good and has left nuany observers shaklng their heads in anguish.

Let  i t  be said c lear l "y that  quant i f icat ion,  ar l thmet ic i f  you l ike '

i .s  not  mathemat ics,  even though i t  is  a cruci-a l  part  of  mathemat ics.

Wherein does the di -st inct ion l ie i '  The answer is  in the other ro les

played by mathernatics, all of which involve prgcgss. For example,

the conceptual iz lng ro le of  mathemat ics,  that  of  generat ing new

concepts in the process of  mathemat lz ing ideas and at t r ibutes '  is

in the long run a more useful role than that of making familiar

not ions operat ional  through quant i f icat ion. .  Without  the inf lux

of  ideas,  the lat ter  nay not  exist  at  a l l  wi th any meaning or  s ig-

n i f i cance .

The deduct ive ro le p layed by mathemat ics has been most crucia l

to the histor ical  developments we have ment loned. This ro le in-

volves algor l t lurs of  reasoning'  logicr  and strengthening of  obser-

vat ions through the use of  more and more ref ined instrumentat ion.

A part  of  i t  ls  conf idence ln basic laws,  as glven by Newton,  Kep-

ler and others, which have stood for many years.

In j - ts  syntheslz l -ng ro le,  pr incip les and re lat ionships are

the keys to deveJ-opment.  Ideas do not  l ive 1n isolat l -on.  Again

Al f red North Whitehead speaks about th is.  He says "Knowledge is

the remi.niscence by the individual of the experience of the race.

But reminiscence is  never s i rnple reproduct ion.  The present reacts

upon the past .  I t  sel -ects,  Lt  emphasizes,  i t  adds.  The addi t ions

are the new ideas by means of  which the 1l fe of  the Present re-

1 .
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=tt." l :  
i tself  upon rhe pasr., ,  This ispermirting 

" eroi.r "i"",;"j " 0,."0 i"i#jlii;j; ll*liiTnj:::.n",,
As ment ioned, of-  these four ro les,  i t  is  the deduct ive ro le andthe quanrificarion role which frr".-JJ,hisrory 6-;;-;;;-.ime or Ls4s, .;"-;#':;.:r:T:::ll.;::"i",::i:

war' Evidence for this lies not ."ry"i" the devel0pneits themselvesbur in school and universi;; ;;;.;;i. 
"r,a 

prosrarns at1 over theworld'  Preparation^l: t  
:"11yi"",-"" i l"r"s,.ana1ysis, dynamics,dlf ferentj 'al  equations, and thei i  *. iy '"pprr"at ions have dominatedrhe curr icu'a'  r t  is-a ait :""r-o-"agi" ian .t  rhe advances made intire Renaissance period ,"d ;;; ;;;'il;" us for so many years thatr^7e are hard put to think or 

" 
r.ii"*.ii.r 

"rr.riculum 
at any level

Xt;:#";:";"?';i in this ai'""ii""l"rnu 
"o,,iiJ"i".*i"i"i""a r"wr,i" r, ioen I ;;;":ii;""j:r:ii:i:J f ;:T::lr;":,:."**:: j j:' ;",iif ;,Idatheuratics has been largely aEJ""ai"."rnd quantitative in i-cs uses.

New Direct ions

As we have seen, through the past  centur ies,  mathemat ics hashad i ts  c losest  t ies ge the physlcal  sc iences and to engLneer ing.Here deduction has t""r, ,r""rii ';;;-i;;;"rentation 
has been avail_able '  These sciences are- f req,r"r r t ry 

"" i r .ed-the 
exact  sc iences.  The

ftTil::"" 
which are conslderei 

"r",,ui*."o targe conrinuous phe_

In the past  three decades,  d i rect ions have changed. Mathemat icshas found new uses in rhe i;;;;";-;;;ec onomics, educa tion, 
_ 
po riEiEir-" i;;;;":; liilltli]; 

" 
i"{;l:t"rr,developnent has been- spurred o" Uy ifr.-"mploynent of professionalma-thematlcians to solve strat.gf.'r"rifJ,all rhe ." ti.,,ity 

-.!i. 
t.a io 

-"p;;; 
;;i#:rlilo.til";"1il. :#:'lhT;the growth and ref inement of 

"orprra"l".- '
Now the phenornena are discrete, the baslc larrs not so preciseand perhaps not even known. oai..-ifr." 

"omputers 
to handle largesets of data, instrumentation 

"rrd 
,"""arring devices have, by com_plexity of the slruarlons,_ru""" i  ; ; i ; ; ' ; .  play _ hence ,, inexact_ness.t '  without well  establf"fr"a b""i""f"c i.se mea suri"! 

-a""il"", 
- wi thou t,"r r""u 

-ill;.X,i:l|::rH: 
;f .fl ff ;reliance of pasr o"*l*g::-9;;;;;;. irn" 

.o play a back sear
Iil.:"llorllilijli";. 

synrhesis, and concEpt,,arization, .i""e,i.r,

" o,u ri"" -.i; ;;'i J:i:fi:i;":i T:,'i;il, ll.rl:ll":*i ., 
'}f;,u._

Logether consti tute whai are 
"or- ""r i l i ' " ' the 

mathernatical scie-^^^,,rf  wir ich marhenarics in irs p;; ;  ; ; ; ls one part

I

\{1L
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What are the basic ingredients of  mathemat ical  approaches in

these t t inexact  
sc iences"? First  there is  heavy use of  mathemat ical

models of  new types.  Star t  wl th a s i tuat ion,  Look at  i ts  compo-

nents.  Try to descr ibe them mathenat ical ly .  In the exact  sc iences

t i r is  has been done for  years wi th great  success,  both descr ipt ively

and predict ively.  In the inexact  sc iences the models f requent ly

have a probabl l is t j -c  or  stat is t ical  base.  Somet imes,  as in l inguis"

t ics or  b io logy,  they are structural .  Here the descr ipt ive aspects

have been greater  than the predlct lve aspects,  unl ike the s i tuat ion

in the exact sciences. By this we mean that we end up with an em-

pir ical ly  suggested formula which has been f i t ted to a set  of  ob-

servat i "ons,  which in turn l - ink a set  of  var iables.  The laws and

pr incip les which under l ie the system are not  suf f ic ient ly  precise,

i f  known at  a l l ,  PredietLve capabl l l ty  is  f requent ly h indered by

the fact  that  human behavior  is  involved.  Thus the nodel  faci l i - .

tates conceptual lzat ion and permits the format ion of  a s imple pic-

ture of  the s i tuat j -on which has been or is  to be invest j -gated,  even

though i ts  predict ive capabi l i ty  is  l imi ted.

Scient i f ic  invest igat ion has three malor  aspects -  observat ion,

induct ion,  and deduct ion.  In the inexact  sc iences the ro le of

mathemat ics in st rent thening observat ion and induct ion is  very
great .  Frequent ly observat ions are stat is t ical  in nature.  Exper l -

ments are observat ions on random samples f rom populat lons in which

a var iable of  interesL is  def ined by a dist r ibut ion.  The degree

of conf idenee Ls quant i f ied.  Pr incipal  components and correlat ions

uoL v is ib le to t ; le eye nor observable v ia instrurnents are exposed

by means of  stat is t ical  techniques.  Thus i t  is  through synthesi-

zat ion by conceptual izat ion that  mathemat ics gets involved,  makes

a contr i -but ion,  and generates a new hybr id f ie1d.

Let  us consider an example f rom socj .o logy,  s ince invest iga-

t ions of  Lhis type are rather common place here.  A sociogram is a

graph or  a p icture,  a mathemat lcal  model ,  of  an aspect  of  the so-

c ia l  prof i le of  a set  of  indiv iduals,  who might  l - ive in a part icu-

1ar v i l lage or  panchayat.  This sociogram gives a descr ipt ion of

the group of  people under considerat l -on -  ethnlc group,  sex,  age

category,  income, occupat ion,  educat ional  background, at t i tudes,

and so on.  I t  is  used tO map out  an approach to developmerr t  of

that  community t i r rough curta in types of  change agents.  The data

which is  col lected for  wha' t  are ca1led "base* l ine studi .esrr  is

stat is t ical  in nature.  At t i tudes are usual ly  quant i f ied on scales

of  1 to 7 or  L to 5.  Noro th is model ,  even though i t  is  descr lpt ive,

is  not  predict ive.  I t  would be predict ive i f  some behavlor  pat terns

could be predicted f rom i t ,  Usual ly  th ls cannot be done. However,

th is does not  mean that  there is  no value in i t .  The mathenrat ical

approach has given the observat ions sorne strength.  Some approaches

ma," become evident which will lmprove the situation in desirable
ways.  In addi t ion,  certa in factors may be observed which could

af fect  conununicat ion capabi l i ty ,  one way or  the other.

l s r
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As in the example cited, the models are frequently tailored

to speci f ic  s i tuat ions,  but  the prospects of  synthesis and process

development may be difficult to achieve because of hurnan problems

or governmentaL situations. Therefore, there is a danger involved

if these model-s and methods are applied routinely and extended in

ad hoc fashion to a varLety of contexts rr-ithout regard to the con-

dl t lons whlch just i f led the model  in the f i rs t  p lace.  For example,

such appl icat ion has al ready occurred in the use of  stat is t ical

analysis,  part icular ly  factor  analysis.  I t  is  based on the under*

l -y ing dist r ibut ions being normal  d ist r ibut ions.  This is  usual ly

ignored in appl icat ions,  thus abort ing thd theoret ical  s igni f icance

of the method. Factor anal"ysis, by the way, is a classic example

of a descriptive model" which facilitates conceptualizatiort. For

instance, it has been used to advantage in studLes in cognltion

and percept ion.  This in turn has had an ef fect ,  in a very scient i -

fic way, on currLcuh:m development l-n certal-o parts of the world.

The quantificatlon and deductive roles of nathenatLcs have

been appreciated for a long time. The syntheslzl-ng and conceptua-

J"izlng roles are only beglnnLng to be appreciated in the same way.

As we have already mentioned, synthesizatJ.on and conceptualization

are being nade possl"bJ-e by new nathenatical theorl-es and hybrid

flelds of j.nvestigation. A11 are distlnct fron what has gone b.e-

fore ln tlme. A11 are now lumped together under the headlng "Ma-
thenatical Sciences." We mention a few of then and give a very

br ief  descr lpt ion of  each.  Note that ,  Ln general ,  they derLve not

f ron the study of  matter  but  f rom observat lons of  act iv i t ies of

hunan belngs - as Ln conmunlcations, plannlng, socletal characte-

r ls t ics,  and strategies of  conf l ic t .

1". Informatlon Theory - analysLs of comrnl-catioo processes,

coding, storing, retrieval, exchange. ApplLcations ln-
cLude studies in reactLon times and meoory spans.

Autonata Theory - physlcal realLzations of reasonJ.ng
processes. Appllcatlons incLude lnput/output theorles
and nernory banks.

0perations Research - l l teral ly theorl-es of operatlons,
such as in managenent problems. Conduct of and coordL-
natl-on of operations within an organlzation. Appllca-
tlons include transportation, management, and queuelng.

Graph Theory - it beglns with points, J-ines, aod networks
of these obJects. Vast appLlcatlons lnclude circultry,
f lows of alL sorts.

Mathematical Llnguistlcs - study of language structure
and syntatlc structures. Appllcatlons to human psycho-
logy .

2 .
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3 .
i
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6. Theory of  Grmes -  study of  st rategi .es of  conf l ic ts of  a l l

k inds,  peaceful  games as wel l  as r rar  games. Studies in

al ternate courses of  act ion wi th opt imizat ion a key feaLure

And many others just emerging, such as mathematical Biology, Malhe-

mat ical  Socio logy,  Mathemat ical  Psychology,  Mathemat ical  Economics,

and Mathemat ical  Chemistry.  F inal ly ,  we mus! not  forget  to add to

our l is t  Stat is t ics and Comput ing Science wi th their  ever enlarging

interest  and use in the real  wor ld.  Without  the aval labi- l i ty  of

computers ur,any of the above fields of endeavor woul-d be exlremely

hindered.

These are the Mathemat ical  Sclences.  Their  nature has been

descr ibed br ief ly .  Their  scope has been al l -uded to.  I ts  fu1l

range has yet  to be revealed,  but  c lear ly i t  wi l l  be vast ,  as wi l l

be  i t s  uses  and  i t s  impac t .

Impl icat ions

With the advent of this mathematization of so many areas of

act iv i ty  must  come ef fects on nat lons and thelr  peoples.  In part i -

cular ,  what do these developments iurpl -y here? First ,  the school

curr iculum should provide a sol id base in mathemat ics.  This must

deal  not  only wi th the deduct ive aspects of  mathemat ics,  as lhe

present curr iculum tends to do,  but  a lso wi th strong emphasis on

observat ion,  induct i -on,  and the study of  pat terns,  In th is way

good foundat ions wj-1 l  be 1aid,  the scope of  th inking wi l l  be broad-

ened, and compartmental lzat ion wi l l  be reduced. Second, the Univer-

s i ty  should make requis i te courses in mathemat ics and stat is t ics

and basic courses in the socia l  sc iences easi ly  accessib le to stu-

dents so that  proper foundat ions can be la id for  hybr id courses.

Third,  ef for ts can be made to develop capabi l l ty  in some of  the

areas of  appl icat ion which have been ment ionedl  that  is ,  in t rans-

portat ion theor ies,  queueing theor ies,  and operat ions research work.

Fourth, mzlny of these areas can be employed in governmental and

industr ia l  work to bet ter  ut i l ize manpower and faci l i t ies.  Fina11y,

in a conceptual  way,  br idges,  l inks,  and good relat ionships can be

establ ished and maintained in inte l lectual  endeavors and thelr  ap-

pl icat ions to the real  wor1d.

As Al f red l t ror th Whitehead has said many years ago,  there 1s
^  - L , , F L -  + ^  i +  - 1 1 I t  i s  c yc l i c  i n  na tu re .  I t  i n vo l ves  i n t u i t i on ,

precis ion,  and general i .zat ion as the essent ia l  s tages.  From i t  a l l

comes grorvth,  knowledge, learning,  and development -  indiv idual ly

and col lect ively.  I t  Ls th ls that  the Mathemat ical  Sclences help

to accompl ish.

I
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Sampling Plan for Large Scale Survey

Devendra Bahadur Chhetry

Lec tu re r ,  S ta t i s t i c s

Inst tuct ion Corrni t tee,

Kir t ipur Campus. T.U.

Introduct ion

A sample enumeration, ar1 enumeration of a fraction of the

populat ion,  ls  possib ly as o1d as human civ i l izat lon i tsel f .  I^ Ie

have been using i t  as a decis ive tool-  in our l i fe in d i f ferent

s i tuat ions.  The technique has become so connon to us that  we f re-

quent ly forget  to pay our at tent ion proper ly ln the select ion of

samples.  Thus,  more of ten,  we tend to loose the meaning of  a sample.

The logic involved behind the theory of sampling is the logic of

induct ion;  therefore,  i f  a sanple is  not  proper ly drawn from a popu-

lation the findings cannot legltimately be generalized for the popu-

lat ion under study.  In a less developed country where the deslde-

rata faci l i t ies such as funds,  professional  personnel ,  qual i f ied

enumerators etc.  for  complete enumerat ion are below the expected

1eve1, a sample enumerat ion becomes inevi table to make inference

about the population. The main advantages of a sample enumeration

over a complete enumerat ion are ( t )  i t  reduces cost ,  ( i i )  1t  pro-

v ides informat ion more qul-ck ly,  ( i i i )  1t  y ie lds more comprehensive

inforrnat ion and ( iv)  I - t  g ives more accurate resul ts.

A large scale sample survey involves three main stages - (a)

planning stage,  (b)  execut ion stage and (c)  analysis and report

writing stage. The p1-anning stage further involves the following

s ceps :

( i )  Speci f lcat l -on of  the purpose of  the survey.

( i i )  Def in i tLon of  the populat ion.

( i i l )  Determinat ion of  the nature of  the informat ion to be

col lected.

(1v)  Decis ion on the nethod of  col lect ing the data.

(v) Choice of the sarnpling units and frame.

(vi) Designtng the sample survey.

Designing a sample survey is the most important step in plan-

ning a sample survey.  I t  inc ludes the speci f icat ion of  the sampl-

i lg techniques to be adopted,  determinat ion of  the sample s ize

and descr ipt ion of  p i lot  or  exploratory survey,  i f  necessary,  for

lre main design. The deslgn of a sample survey is governed by the

;r inc ip les of  ( i )  val id i ty  and ( i i )  opt imizat ion.  The pr incip le
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of val-ldlty of a sample survey design refers to the sel-ection of

the sample in such a way that the findings could be interpreted in

tems oi ttprobab{litytt. This principle can be achleved by select-

lng a "probablllty samplet', which asslgns a deflnite probablllty

toi eaci lndlvidual_ of the population to be included in the sample.

The adoptloo of thls prlnclple guarantees that the personts selec-

tion of the sample w-111 not lnfLuence or bias the sample selection

el-ther conciously or unconclously. Moreover, a probability sample

enables us to make estiuates and their rnargin of errors whlch have

a valid mathenatlcal basl-s and hence declde whether the results

are sufficlently accurate. The prlnclple of optimlzatlon inyolves

--- (f) precislon and (11) cost. Preclsl-on is measured by the in-

verse of-the sampllng me€rn square error (m's'e') of the estimate'

The m.s.e. of the esi l-"t .  t  for the nean,l ;-  ls equal to the sum of

the  var iance o f  t ,and the  square  o f  i t s  b las ,  i .e . r  m 's 'e '  o f  l t  =

var (t)  + gt(t)12. A sapl lng technlque giving smaLler m's'e'  is

preferred to another w-ith whlch m.s.e. ie higher. cost ls measured

6y the enpendlture lncurred in terms of moneys. The m.s.e.' can be

rlduced by taking large samples; but this consumes more time and

money. Glnerally, the aLl-otted fund for a sample survey would be

flxed in advance.

ProbLem

Suppose, lt te declded to conduct a national- leveL sanple

survey iir llepaf wlth a vielr to obtain rel"lable estlmates of varl-ous

economic characterlst ics of the household sector. I t  ls a large

scale sampJ.e survey which would require a carefully worked out

sanpllng pLan. The plan must --- (1) take into account the avafl-

ab:.e reJources, tlne and deslred accuracy; and (11) be abl-e to gen"'

erate estlmating fomulae, controlled by the notlon of probabllity,

of the populatlon characterlstics and mean square error of the

estlnates. The estlmating formulae, i f  posslble, must be unblased.

This paper is an attempt to derlve a sanpling pJ.an for such a large

scale- survey whlch i8 strictly governed by the prlnclple of vali-

iltty and p"ttt"lly guided by the prlnciple of optlmlzation' The

formul_atitn of an appropriate and realistic sanpling plan first

of all denands to make a comparision between several valld sampl-

lng plans and suggests to sel-ect that plan for which elther the

"o!t- 
i" mlnlmgm ior a spectfied 1evel of preclsion or the preclsion

is hlghest for a given cost.

A Tentatlve Sanpllng Plan

For this problem, the total-lty of all househol-ds of Nepal

constitutes the target populatlon. one cannot draw a random sample

(one-stage) by assumlng all these households as saropllng frame

unlts. B"ca.". the selection of random sample dernands the sanpling

frame which ls lnpossible to get in thls case. AccordLnglyt one

has 
'to 

atlopt nultistage plan. The heterogeneity-that exists with-

in the target population also cannot be negl-ected in the seLectlon

of sanple; otherwise the sel"ected sampLe would becorne less rePre-

l--\
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sentatLve of the target PoPulation. To make a sample more represen-

tatlve of the target population one can stratify the target popula-

tion into several mutually exclusive strata. Nepal displays a great

variety of physical and economic conditions. Physically the country

has been divtded into three east-west  cont lguous regions v iz- ,  xhe

Taral regi-on, the Mountai-nous region and the Hllly region. This

extreni ty ln physical  condl t ion has suf f lc ient  ef fect  on the dlst r i -

bution of the populatlon as well as their economic l1fe styl-e. one

expects that the saurple should be at least rePresentative of the

physically diwerse economic condltions and llvel-ihood of the popu-

lation. So, at the flrst step one has to dlvlde the target popula-

tlon into three mutually excluslve strata. Let N1r N2 and N3 cor-

respondlngly denote the number of households 1n the Tarai, Hilly

and Mountainous regions. Further stratification of the three sub-

populat lon ls  possib le l f  one gets some crdter la to do so.

Next, by adoptlng the nultistage sarnpllng pl-an one can draw

Ehree random samples one fron each stratum. Let nr denote the size

of  the sanple to be dravrn f rom the t tn straturm wh6re t= Lr  21 3.

One cannot adopt one stage random sampllng plan in each stratum

for the selectlon of random sample, due to the afore-nentioned rea-

son. The adoption of a two 6tage random sarnpllng plan may also

increase the cost  of  the survey.  A three-stage random sanPl ing

plan can be adopted for the selectlon of three random samples one

from each stratum. According to thl-s plan dlstricts $llthln a stra-

tum can be considered as f i rs t  s tage sanpl i rg uni ts '  panchayats

wiEhln each dlst r ic t  can be consldered as second stage sampl ing

unj.ts and lastly, the households wtthln each panchayat can be con-

sidered as third stage sarnpllng units. Sarnpllng process has to

be carr led out  ln stages.  In the f i rs t  phase,  few distr ic ts are

to be selected from a stratum by random sarnpllng method; in the

second phase few panchayats are to be selected f rom each of  the

selected panchayats by random sanpllng method. The adoptlon of

such stratlfled three stage randour sampllng plan would reduce the

cost  of  t ravel  and also that  of  the preparat ion of  the f rame'

An Est imat ing Formula For Populat ion Character ls t ics

The followlng notations are used to denote the population

constants of  a f ixed t tn stratum:

D = Number of dlstr l-ctsl

Pi = Number of PanchaYats in

Hr i = Number of households in

dls tr ic t  ;

t he  i t h  d i s t r i c t ;
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Testing Constant Beturns to Scale in Gobb - Oouglas
Production Function

Shankar P. Sharma

The Cobb-Douglas Production function is given by

Q = a L b K c  ( 1 )

where L and K stand for the labour and capLtaL inputs and Q stands
for the output. ThLs can be transforned into the linear form and

hence the equation becones

l o g Q =  l o g a + b  l o g L * c  l o g K  ( 2 )

Adding the disturbance term the nodel can be wrltten as

" 
= Fr + Fzxz + F3&*u (3)

Y = 1og 
9 , -XZ 

=  1og L ,  X ,  =  log  K,  p1  =  1og a
p2= b and F:-= 

" '

,n

where

The disturbance term u satisfles the conditlons E(u) = 0 and

var (u) = 6.?"

For the nodel (3), define a n-x 3 matrix X = (X1rx2r13) where
XlrX2rXt are coh:mn vectors and X1 ls a unlt  vector of order n, X2

"ia 
ii ire the vectors of order n-(the totaL number of observations)

each.

Hence the best linear unbiased estimate of the vector p of

order 3 ls given by

(x/x) x/Y where Y is a

.)
The coefficient of deterral-nation R' is defined as

B =  
/ a  \

column vector ., 
"r".!3; 

/

^ 2
^ z  .  e
ra = r-.......'--. Wnere

(Y-Y) z
Y

In the modeL def lned ln (L)  b is  the elast lc l ty  of  output

L ' l -Eh respect  to labour and c ls  the elast ic i ty  of  outgut  wi th re-

spect  to capl ta l .  From the economic poj-nt  of  v j .ew these elast ic i -

cies cannot take the negative values. They show approximately

Ehe average percentage change in the tota l  product ion for  one

percent change in the input concerned. As the sum of these elasti-
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cities thows th€ fetufbs to scale, there nay atlse the foLlowlng

condLtions.

(1) b * c = 1, Thls means that lf labour and capital lnputs

a r e l n c r e a s e d b y t h e s a m e P r o p o r t i o n r o u t p u t a l s o i n c r e a s e s
by that proportion. This is the case of constant return

to scale.

(11) b + c21 Lndlcates that the proportion of output ls more

than ihat of the proportlon of input and this ls the case

of iocreasing returns to scale.

(111) b + c <l Ls the case of dininishing returtrs to scale and

l n d l . c a t e s t h a t t h e P r o P o r t i o n o f o u t p u t l . s l e s s t h a n t h a t
of the ProPort ion of lnPut.

Consider nodel (3), the llnear forrn of equatlon (l-)

under the restr ict ion Fr + Fz 
= 1 ( i 'e '  b * c = 1 ln the

nodel (L))

T h e e g t l . n a t o r s u b j e c t t o t h i s r e s t r i c t l . o n c a n b e o b t a l n e d b y

trrittlng the restrlctlon into the model, as follows:

Y - Fr + Fzxz + (1+2) x3 * u

oa (r-X3) = Fr + p2 (x2-x3) + u

N9w thg regreselou e1 (Y-x3) on (X2;X3) woufd Etve the estl-

natorflg, ?z*,-.ttu Fl* ."'n be Eound 
""?gR= t-ftn

The problen now ls to test the hypothesls p1 + FZ 
= 1 wtth

the poselble alternatlves

"o ,  
tP r .  +P2+L

"o ,  
t  u t  +Pz7L

Har  t  Pr+FA<1

T h e t e s t s t a t i s t l c c a n b e c o n s t r u c t e d b y c a l c u l a t l n g t h e s u m
of squares of the reslduale in the restrlcted and .rnrestrlctec

caae.

T h e r e l e v a n t q u a n t l t y o f l n t e r e e t l n t h e u n r e s t r l ' c t e d c a s e

r,souLd be

f"' = (Y -ft -Fzxz -O*rlt (5)
4

(4)
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The corresponding quanti ty jn case of restr icted case is

X-i 
= f,i<"-*r>-F rn - 0n (xr-xr{z (6)

Deoote the number of  restr ic t ion by p,  which in th is case is

one ( i .e.  Fr  + Br = 1) .  The number of  degrees of  f reedom associated

Hith the rliia"hi sum of squares in the unrestricted estlmation is

glven by (n-k-1) where n is the no. of observations and k is the

nr:mber of dependent varlables or (k + 1) is the m:mber of parameters

in the nodel .  Hence def ine the stat is t ic

( s R - s )  / p

s/ (n-k-l)
)  arLd s =f"2

where Sn = 
X.; 

q

Acldlng varlables to any exlstlng estimated relatlonship will

decrease,  or  at  least  cannot increase the residual  sum of  squares.

conversely,  removing var lables wi l l  general ly  increase and cannot

decrease the residual  sum of  squares+. Hence the restr ic ted resi -

dual  sr .m of  squares Sg must be greater  than the or ig inal  residual

sum of  sqt t " re i .  so Sx is  greater  than S and (Sp-S) wl l l .be posi-

c ive (somet lmes Sp-S is zero whlch is  not  d iscussed here) '

I f t h e n u l l h y p o t h e s l - s i s t r u e t h e S t a t l s t l c d e f l n e d t n ( 7 )

nas the F dlst r lbut l -on wi th p and (n-k- l )  d ' f '

Therefore the cr l t lcal  region for  the two s lded hypothesLs

( i .e.  for  the al ternat ive hypoihesis I t4,  )  atd% i .eveJ.  of  s igni f  i -

cance is

E  
>  F t . C , P , n - k - 1

3  F 1 - t u & ,  p , n - k - 1

The cr i t ical  region for  the one-sided hypothesls ( i . .e.  for  HA2) at

6(% leve1 of  s igni f icance is

, 7 2
-  

6[  P '  n-k- l

and s iml lar1y for  HO" the cr i t ical  region is

F = F1-o( 
,  p, n-k-1

- . ] o n S t e w a r t - U n d e r s t a n d l n g E c o n o m e t r i c s - ( H u t c h i n s o n o f L o n d o n

-  L 9 7  6 ) ,  p p .  8 7 .

( 7 )

F =

j
,
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So lf our calculated value of F
reJect the nu1l hypothesls in favour
tlve hypothesls.

+
Example-

Cooelder 
"a 

s:rrmple where Q ls the total agricultural pfoairrc-
tlon (cereal crops) in kg, L is the '1and in hectares and K is the
Budgeted money J.avested ln Rs. for the productLon. Budgeted.doney
gives the total of the varlable cost (money used for seeds and f'er-
tlLlzer) and the other capltal lnveeted (nalnly used for alL kinds
of labour) ln the productlon of the crops. The data for these three
variables were selected by a sinple random sflpllng procedure frorn^
the data of the 52 households of viJ-lage. The estfuoated value of p
vector ls glven by

$ 
= 1x/x1=1 1x/y1

a = Antl log 2.477 - 299.9

Ilence the nodel becomes Q - 299.9 L 0.224 K 0'848 (8)

The nodel (8) J.ndlcates that the increase of capltal by one
percent wLLL, other thlngs helng equal, bring about an increase.
ot 0.224 in the product. SimLl-arJ-y, if land incressea by one per-

cent, then other things being equal, bring about an lncrease by
0.828 of one percent.

The coefficlent of deternLnatl"on comes to be equal

r o  n 2 = 1 -  _ 0 . 0 6 7 3 8 4 7 8- 
L76 33g 

= u' Y4o

It nay be concluded that the production function (8) expJ.ains 94
percent of the variation in the dependent variable and can be con-
sldered as a better casual reLationship.

tD"t" 
r"" colLected by GaJurel N.H., student of Stat lst ics Instruc-

tlon Comlttee for hls Dlssertation and was guLded by the contri-
butor of thls artlcle. Ile ie thankful to Mr. GaJurel as most of
the calculatLons were done by hJm. Ihe data raas coLlected ln
Gotlkada VilJ.age Panchayat of Surkhet distrlct in the year L975.

ig

o f

in the critical region we
the correspondlng alterna-

" 
G:,ii!)

\



L7

T o t e s t t h e h y P o t h e e i e H " ; b * c = 1  . . '

a g a i n 8 E  f i n : b  + c ) > L

The eum of the equared reslduals uelng the restricted estinators

Pyx= 2 ' l t+ t ,  F2n '0 '142 
comes to  be  equa l  to  0 '138241

(Sn -  S)  (n  -  k  -  1 )  
_  0 .070855 t l  _  r . ,  oz

. . F = * r t -  
-  

P - =  0 . 0 6 ? 3 8 ' f - = * ' r '

Ae this la one talled te8t

To5,r ,u  = 9 '65

Eence F 1lee in the critical regLon, and hence we reject llo and

accept ll4.

Ae the proportlon of out-Put ls nore than proportlon of lnput

l-n thie reglon of etudy, the agriculture Production in the sector

can be raiied by raising the lnvestment in terms of land and capi-

tal. There Is eufficlent scope of ralslng production by the use

of lnproved agro-technlques.
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Examples from Transformation Geometry

by Dr.  Heinz Ruegger,  IOE,

Kir t ipur

1.  Introduct ion

If you look how secondary school geometry 1s taught nowadays
you r.ri11 surely find that (at least in r^restern countrles) transfor-

oation geometry takes a broad place. You may wonder where this

comes f ron.

Ihe modern transformation geometry dates back to the fundanen-

ta1 works of A. Cayley and F. Klein. In his "Erlanger Program" of

1872 e.g. F. KLeln inltiated a development which lead the geometrl-

ca1 thlnking away from the euclidean traditlon. He defined geome-

try as the theory of Lnvarlants wlth respect to a group of transfor-

nat ions.  Af ter  Kle ln i t  was D. Hi lbert  who opened a general  d l -s-

cusslon on the problems of axiomatic and of formal systems with

his ttFoundations of Geometryrr. But very few of these new ideas

found their way into the curricula and texts of school geometry.

There, the 2000 year o1-d elernents of Eucl-id and all lts modified

versl -ons st l l l  p layed the most lnportant  ro1-e.  The r igorous re-

forn plans of Bourbakl/Dieudonn6 whlch demanded that "Eucl-id must
go" and that plane Euclj-dean Geometry be taught as the theory of

a 2-dimenslonaL vector space over the real numbers were necessary

ro get  th ings going.  For a lot  of  teachers these plans were too

extensive and so the transfoffration geometry emerged as a valuable

a1 Eernat ive .

Instead of  t ry ing to g lve you a complete overv iew of  topics

r" 'h ich are taught under the heading rTransformat ion Geometryr ,  I

sha11 discuss to some detai l  two selected examples.  The f i rs t  one

shows how students can be led to the discovery of  the group struc-

ture of transformatlons and the second one illustrates the inva-

r iant  propert ies of  d i f ferent  k inds of  t ransformat lons.

L Mapplngs of  an Equi lateral  Tr iangle onto I tsel f

F i rst  have your students f ind al l  posslb le nappings which

:ap a given equi lateral  t r iangle ABC onto 1tse1f .  I f  they are

:ani l iar  wi th the propert ies of  ( t ranslat lons),  rotat lons and re-

: lect lons,  they can easi ly  do th is job,  f lnding that  there are

5 posslb i l l t les:  3 rotat ions ( lnc luding the ldent ical  mapping)

a:rd 3 ref lect ions.  You may i l lustrate thern wi th the fo l lowing

:  i gu re  :

,



C=C'

A
E \

H \
- \

: \

A_A, ,n g_9, A'C' T* B=A'
.  .  ^ , - o

ro ta t r lon  0y  lzuT d a n i i t r r

rotat ion by O-

A=B' B=A'
{,

ref lect j .on on r , r e f l e c t i o n  o n  q

These mapplngs can be v lsual lzed fur ther by uslng a eatdboard

rnodel  of  the t r langle.

From previous unl ts your students know EhaE napPings can be

combined by applylng a first mapplng on a given figure gettLr.g a

certain inage and then nap this image again by a second napping'

This a l lows us to def ine a connect ion between two elements of  the

set c l(,tr;4,4,{r} of t ransformat ions.  We wr i te

fioif

whici i  roeans:  apply f i rs t  mapplng4 and then napping f ,  .  So 1et

your students e.g.  f tnd the comblnat ion

f , "Tr-  ?
A look at the above flgurei or at the nodeL shows him that he gegs

the same iroage if he uses the reflection Zd or j.f he flrst applies

4 and aftemtafi.s T+. Therefore it is

4"JT*  -  4
Ihe easiest way to forn all posslble combinations of 2 nap-

plags ls to ltrlte them ln the foll-owlng tabl-e:

C-B'

/ \ )

M
/A-A' 

t B=C'
v2

re f l -ec t ion  on  I

A-B' Jr- B=C'

ro ta t j .on  by  - l2 t - lo

C=A'

e- ̂N
/N\.
-c' 

4 
8=8\

C=B' C=A'

\ t \ ,



t 1

lr* lr
lI

4
4
4

{/

Jr*

4
4
4

4
4
Jr-

lL
T- Jr* T

Jr
4

JT
q
4
-4

i l  J r J r - a 4 4

4
4

Summarized they found that  [G'  o]  possesses al l  the Proper-

t ies required for  a group.

You may fur ther emphasize the facts that :

3 i 'o f r  is  not  necessar i ly  equal  to {o3{ (not  commutat ive) .

t4, l f71-3 alone has also group structure.  I t  is  the sub-

group which we get  i f  we restr ic t  ourselves to the mappings

of  the equi lateral  t r iangle which leave the or ientat ion of

the t r iangle invar iant .  In th is subgroup the commutat ive

law is val id.  (group table synnnetr ic  wi th respeet to d iagonal) .

atsro {41d"}, t4,4}, t4,41 are subgroups. Thev are obEained
i f  we  requ i r e  one  f i xpo in t  f o r  t he  mapp ing .

4
4
1T
Jr*

4
4
J/*

Jr-

( I t  is  of  course the task of  the students to complete th is table)

l iow 1et  us see what they can f ind i f  they careful ly  inspect  the

t a b l e :

1.  There appear no other e lements than the 6 mappings of  G in

the table.  This i l lustrates that  the set  G is c losed wi th

respect  to the connect ion o.

2.  The f l rs t  row and the f i rs t  column contain exact ly  the set  G

i .e.  the connecEion of  any mapping of  G r^r i th {  does not-  change

+ L i . .  - ^ - - i  - ^  |L'rr  ureHpa'a.  t  I  p1a-vs the same role as l  wi th respect  to

the ordinary xnul t ip l icat ion;  existence of  an ident i ty  e lement

i n  G .  )  .

3. The elemen! y'! appears in each row and column exactly once

1.e.  to each mappinC gT of  G there or is ts exact ly  one mapping

3T-lsuch t]nat .ffo ?Ta* y'/ (existence of an inverse eler,:ent)'

t .  Us ing  t he  t ab le

a s s o c i a t i v e  e . g .

D .

they may ver i fy  that  the connr lct ion o is

(T ' "4 )o4 :  J r to (4o4)
q-T-

4"  4  : ,J f 'o  J f ' r
T -

Jl vt

t



8 .

Eies elg4qfurg4!

::::l::'";"fi.;;;un 
;f, e invariaot'

is a divisor of the

this grouP [G'

o f  P r .

ol of maPPings

Congrueoce maPping

Trapezltrm ABCD ls naPPed

i-t 
'^ 

o"r"rlel ProJe-ction

?l"i li.""a toltaltr
;;;; il consruent trapezlum

A t B t c r D t
Invarlants
sLze
angles
ra t ios
paral lel io
colncldence

sini lar i tv mapping

Trapeziurn ABCD ls naPPed

i.r-l 
".tttttl 

Projection

; l ; ; i ; ; ;6 '  6816
."i" 

'att" 
similar trapezlum

A t  B r c  
r D r

Invariants
angles
ra t ios
parallelisrn
coincidence

22

the number of eleDents io these subgroups

;;;; or eleruents in G'

FinallY it should be noticed that

i" r";;;;ic to the Pernutation srouP

3. InvarLant r roPeru-""  - -  -

rhis exanple shourd show how 
"T^:1:::,:;i?1::t'?li, 16:;."

" 
r_"" 

"iiy- 
e"onetry -accor<l f :,::r'"":::T:" 

;d;"[;;; : F or, thi s pur-

to certaln tf,anstorll!

io ". " rrae e z ium - AB.iril.'i#,;l' ::p:ffi tffi*f* li*i'
iel Proiectioo 

t?.1,

fr?ff;:, li:*1"*'J lilt3"lfl 
"?:' 

l;'l'"" ; =;; ed which p r o -
I

txltt
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ln ,  to

tecc
I Pur-
paral-

Lane

l.a a

Fo -

' t h e

ppings

!fum

5.6"7{s
r€nfrc+AiBllDC
lPt PB= A'PttP'B'

sF'llABllrc
F'= A'?tn0b'

9- 6 nW+

Affine napping

Trapezium ABCD is mapped

by a paral le l  project ion

from plane if, to 4J
onto the af f ine t rape-

z i u m  A r B r c t D r

Invariants

ra t i os

paral le l ism

coincldence

Project ive napplng

Trapezlum ABCD is mapped

by  a  cen t ra l  p ro j ec t i on

fron plane if xo &{g

onto quadr i lateral

A r  B 'C 'D  t  r uh i ch  i s  no

longer a t rapezium.

Invariants

Eofiiae-"ce

Each of  the f lgures glves only one representat ive of  a whole

group of  respect ive mappings.  The mo.st  comprehensive group of

nappings are the proJect ive mappings.  0n1y coincidence propert iesr

are invar lant  under th ls group.  I f  we want more propert ies to be.

invar iant  we have to adni t  specla l  cases of  the project ive mappings

only e.g.  the af f ine mapplngs whj-ch form a subgroup of  the projec-

tive nappings, or the si-nilarity nappings which forrn a subgroup

of the af f ine mappings or  f inal ly  the congruence nappings which

form a subgroup of  the s l rn i lar i ty  mappings.  By these t ransforma-

t ion groups geometry can be c lassi f ied into project lve geometry

discussing propert ies r .h ich are l -nvar iant  under project ive mappings

i .e.  coincidence,  into af f ine geometry d iscussing propert ies in-

var iant  under af f ine mappings,  into s ln l lar i ty  geometry and into

congruence geometry (whlch are usually comblned l-nto metric geo-

aeEry)  which are def ined accordingl-y.

We may summarize th is d iscussion wi th the fo l lowing table:



congruencel
napPlnss 

I

GROUP OF THE

sfttrilaritY
mappings

aff ine I  Project ive

nappingsl  naPPings

t -

roperty

,osit lon changed
changed

changed

changed

iLze

rnsles

rat ios invariant
Lnvariant

invariant
oaraLlel lsm

:oLncidence

invariant

congruence] sinllaritY

geometry I geometrY

metric geometry

afflne

geonetrY

projectlve
geomet.ry

3 . 9 . 7 6  I l . IOE Kirtlpur



Polynomial Associated With Legendre Polynomial

by l {arayan B. Shrestha

l .  Int roduct ion

One of the well known polynomials is Legendre polynomial de-

f ined by the generat ing re latLon

t e O
, .  ^  . . r i i
(r-zxEr-,,  = 2- Prr(x) tn ( 1  ; 1 )

f i  . 2 )

to one as

( 2 . 2 )

In this paper, we sha1l consider a set of polynomials Srr(x)

associated with Po(x) which may be defined by the generrr.ting tela-

t ion
oa

tL-zxt+t2 (2x-1)I-k = X s't*)."
[=o .

lu wtrich the partlcular branch []--2xt*ta{2x-1)-1116"n6"
tends to zero.

2. Flnlte Series Representatlons

Since 1Fg(af*) = ( l-z;-a'  we have, fron (1 .2)

lL-2xt+r2(zx-1)ft - 
r 

(L)o (',*t-t'(',"-t)>"

n=0
vhlch yte lds

S,r(x)  = Q . 7 )
{ 

(-1)k (t)n-k 
(2x)n-2k (2x-1)k

/ -
Fo k! (n-2k) I

Sini larly, considering (L.2) and notlng that

lL-2xt+82(zx-r) l-tu = 1 (r-xt)2- r2*2 l.12 (2x-r) l-to

t,e get another f inl te series representation as

f. Czl,, e-1)2k *n-2k ,,'
sn(x )=1 f f i

-J
K=U

Resul ts thus obtained as the f in i te ser j -es repl 'esentat ions for

Srr(x)  is  of  part icular  interest  to us in obtain ing hypergeometr ic

forms, integral  representat ion and expansions in ser ies for  Str(x) .
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3. Hypergeornetrle ReDf,esentations

Srom the relat ions (2'1')and (2.2),So(x) can be put in the

hypergeooetric forms as 

f 1
(L)o (2x)n |  

- ' { ' , '^U, 
,o^-,  \  , r . r ,s r r (x )=- - f -2Ft  

I  
"z  

I
L  \ - n i -  J

f -+", '4#e; J
sn(x) = xn ,t, I 

e-r)" 
I rr.rl

L  
l ; a  x -  

J

4, Intesral Representatione

To obtaln an integral representation of the polynomlal Stt(x)

we conslder the relat ion (2.2).

We note that
(t)1 f(&+t) f( l t)  B(b' l t fk)

kt f(k+r)T(a f(L)

t3't 
,,! (*-t)2k *t-2k

Srr(x) = 1/"t 

:
k=0

t T ( D l 2

where B(p,q, = 
kj#g} 

ls rhe Bere function defrned for Re(p)

and Re(q) greater than 0.

By lntegral  def ln i t ion of  Beta funct ion S(prQ)lwe have

("tz
B(\,wk) = '4;' .o'2k0 d0 and also T (\) = 6)"

whlch when used above Yields

'' ftc|lr/lJ ^t-
s,,(x) = # l^' 

'E- 
"r r+:1131+1;31-"""2k0 u,- -  

Jo Go (2k) !  (n-2k) !  * '

Terrn by tern lntegration Yie].ds

(2k) ! (n-2k) ! f""'o'u'
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1 . f ,
I

SOcc I co#O aO=O f or odd m, we replace 2k by k ln the sumation

)o
l! tb€ rlght. Thus

i o! (x-l)k in-k ftso( r )=1k>  
f f i \  "o "koao

k=0 
-o

ta shlch each tern involving an odd k i-s zero. This' in turn'

glyes sn integral of the type called Lapl-ace first integral

a1(

, l
so(x) = 

* Jo 
[* + (x - 1) cos 91" d0

5. Generating tr'unctlons

Sme of the generating functions can be derl-ved from the

lrnerating relat lon (1.2) '  this t ime we note that

[l - 2xt + t2 (z*-r)t-L = I (r-t)2+(r-t) zt!-x)14

-1 f 1-\
=  ( t  -  t ) - '  I  r  +  z t ( r ; . " 1

L  1 r - t ) J

Erpanding in ascending powers of t and equating the coefficients

of  t t r ,  we easi ly  obtain

n

1' (L)s nl  zk (*-r)k
S n ( x . t  = , / .  - --  

E=0 (k t )z  (n-k) !

vhich can be equally put in the hypergeometrLc form

f 
"'-o' 

I
srr(x) = 

2F1 | 
2(1-x) |-  - - L  1 ;  

l
lor arbitrary c, we have

€- 
(c)rrsrr(x) tn .6

n=o n! 

"=o

:,
k=0

. . . .  ( s . 1 )

(c ) r ,  (L ) t  l2 (x  -  t ) l k  t t

k !  (n -k )  !  k !

--,-, tiE
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fron whlch we obtain

n - o

€ (c)rrso(x) tn
, -

t1 rr!

l t / r ,  " t  
2 t (x  -  r l l

= (r" - t)-c 2F1 L 

'  
t i  

-6 -T-l $.2)

Let us obtain a nerr generating functlon for the polynorr:i-al Srr(x)
uslng arbitrary c & (2,2) relatlon, we have

*  l n /21

V 
(c)osrr(x) tn e'1.' '(L)1 (c)o (x - 1)2k*n-2k.n

r i t  4 ? -
n-o- k=o k! (2k) ! (n-2k) I

Thus left sLde equals

= ( l-xt)-c 
2F1

Both the resuLts (5.2) &(5.3) degenerate Lnto the generating
functLon used to deflne Srr(x) when c is unlty.

Start lng from the f ini te serLes representati :on (2.2), we get
another generating functlon whlch have the following form

"t" +g =.*t oF1 [-,r, Y::3' 
I

( 5 . 3 )

( s . 5 )

/ ( . 0 1

( 5 . 4 )

:1"::  oFo(-; 
- , ;  x) =.ex. Agaln slnce 0F1 is a Bessel- funcrlon,

(5.4) can equally wel_l be writ ten as

? r  €  s - ( * ) t t
e^' .rol t(r  -  *) l  =4+-

a resul-t  analogous to that obtained for classical_ Legendre poly-
nontaL [21. Another result involvlng exponentlal function, is

I  t r , ( * ) t n  =  e t  1 r1  [ L ;  1 ;  2 t ( x  -  1 ) ]
A ^

n = u

Dl f fe ren t ia t lng  bo th  sLdes  o f  (1 .2 )  w. r . t .  t  &  rhen mul t lp l ing
both sldes by 2t, we get

€
r?/

=  )  
( 2n  +  t )  s r r ( x ) t n  (5 .7 )

n=0

2 x t - 2 t 2 ( 2 x - L )

[ t  -  2x t  *  ,2 (2*  -  D f  /2

i
I

I
I

I

!

I
I
t

{

" , ! -  q



( s . 2 )

s- (x)

t

ue get

l : . 4 )

It ion ,

oo

[x -  (2x -  t ) t ]  [1- -  2xt + t2(2x) L)f3/2 =.f"  rrr<*y
n=I

r  (r  -  2r)  t l  -  2xr * r2(zx -  t '1;3/z = 
|  , ; ,*r . '

n=l

2 9

Add ing  (1 .2 )  &  (5 .7 ) ,  ne  ge t  R.H.S.  o f  (5 .7 )  equa ls

( 5 . 8 )

6. Recurrence relatl-ons: Dlfferent recurrence relations involving
dl f ferent i -a l  & di f ferent  indices can be obtaj -ned in d i f ferent ia l
& pure forns from the deflnlng relatlon. Differentlating both
s l des  o f  ( 1 ,2 ) ,  we  ob ta l n

r n - I  ( 6 . 1 )

Yu l t tp ly ing  (6 . f1  5 t  2 t  &  (5 .2 )  by  (2x  -  1 )  &  subt rac t lng  (6 .2 )
fron (6.1) & equatlng the coeff icients of tnrwe arr ive ai

( l  + 4n x) srr(x) - 2(n + t) soar(x) - 2(2x - 1) (n - 1) srr_1 (x)

- 2x(2x-1)si(x) - (zx-J_)2sl_1(x) - (2x-l_)sj_1 (x) ( 6 . 3 )

Again wi th the help of  (6.2) ,  l " t  can be obtalned that

s.(x) - srr-1(x) = s[*1(x) - 2x sd(x) + (2x-t) si_r(x) (6.4)

?receding s iml lar1y,  we can get  the pure recurrence re lat ion

t l n -  l ) x S , r _ 1 ( x )  -  ( n  - 1 )  ( 2 x - L )  S r r _ 2 ( x )  = n S r r ( x ) i  n 7 - 2  ( 6 . 5 )

he of  the resul t  obtained in (5.S) above can be used ro ser rhe
sa- pure recurrence re lat ion obtalned above in (6.5) .

- .  
Pa r t i cu l a r  cases :  pa r t i cu l a r  cases  sugges ted  by  Sn (x )  a re  as

:  : i L o w s :

l - .e pure recurrence re lat ion obtained above gives fa i r ly  an easy
aeahod of  conput ing successlve new polynomials,  which aie

S ^ ( x )  =  1 ,  S 1 ( x )  =  x ,  s 2 G ) = ] * 2  -  x - r  r / 2 ,

S  1  ' ,  7  a<: r (x)  = 
i* '  

-  3 xz + )x,  s4(x)= 
f ;*a- $"3+X*r-  1" +t  ecc.

I : .ese successive polynomials suggested by Srr(x)  can be used to
; : :d ' , '  che nature of  the polynomials.  The giaph of  these four
;c i ; . ' : rooia ls are given in Fig.  1.

:o ly-

[ : :rg

( s  . 7 )

i
f;
l
f

t

.l:J



8. Expansl.ons ln series: In

expansions of the polynornial

ml-te & Laguerre polynonlals

have, froro [L],
r*l

* r r = n !  Y
:n 14

k = 0

30

this section, we shall obtain the

Srr(x) in a series of Legendre, Iler-

with known expansions of xn[l]. We

(2r - 4k + 1) Prr-21(x)

k! t i l"-n

t ^ l t 1

*o = t'-'n! 
H',-2t(x)

./= zn kt (n-zt<) !
K=U

n
&  * t = Y

tAL

k=0

(-r)k, , !  ( l+a)n Li(x)

(n -k ) !  ( I  +  a )1

where Prr(x), Ho(x) c trr(a)(x) are Legendre, Ilermite & Laguerre

poJ-ynonials respectl-vely. The expansion formulas are

(Ll2)t

srr(x) =
(312 )  

n

ln/21
(]d. \:'

s-(x) = +' 
24^ '  

n !  k = 0

and

(-t)  """ 
(") 

(x) (-n) 
s

E

L )

(t+ a; 
"
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ln/21 f-t,-t5-+t; ltrr,*o*t)rn-zk(x)

I 
," 

| 
(1-2x) 

lErwz;6- 
(8.tr

k=o L 6- t r i  J . .  
' - ' -  - 'k

(-n)zr \ -21(x) (8.2)

rFl(-k; 1- n i (1 - 2x)) ---TT---

(ri) ..
Sn(x) = - ' "

Itl€r 
'-"t"

l-r,'**",,- ,J

n f r

2^' (1 + a)n 1a
.a

4

n !  s  =  o

+s-1) ;

(2x'L) / 4

%(a+n+s-1) ,L-n-s;

s--ai$ur

l ,

t

t

\
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1. Introduction

In thls paper we shall study the lnvergion theory for

cLass of convolutlon transforms

f (x)

f (x)

Cc: real)
(1.1)

the

for whlch the kernel

(1 .2 )  G( r )  =

?  ^ +

J c(x- t )e" '  doc ( t )

/ -  c(x- t )  0( t )  d t

is of the forn
e l a

(24 r)-1 J .  [ r(s)]- lest , ls,

rfiere E(e) is a meronotphlc function with real zeroes and poles

only, and ls of the form

if- 1t-e2 /ayz) 1r-e2 /ay2)
(1.3) E(s) -  l l  - -------

ll 1t-s2lcy,2)
k = l ( o .

v l th  sequences  o f  rea l  cons tan ts )a1( ,  {1 t1 , {c f i  sa t ts fy tng
e  e  L  

- )  
L " , l * u  

- 1

Q . 1 Z - a y ' 2  < e , I 4 - 2  < o o  , Z " n - z  < e  ,
k-l k=l k=l

( 1 . 5 )  a 1 c 1 )  o  , a 1 b g

for al l  poslt lve integers k .

Ilere we shalJ- pernlt (i) c1 = 9o when ak ) o or ctr = - se

rrhen a1 ( o and (11) bk = @ when ag ( o or bk = - oo when

ak > o by whlch we shall understand

L-s2/ck2 = l-  and L-s2/akz = 1.

We shaLl conslder the neromorphic function E(s) as the

ratio of two functlons deflned bY

El(s) = lI 1t-s2/ayz1 {r-sz/aoz1
(1 .6 ) k=1

= fr (t-sz/cyz1
t l

k=1

E 2 ( s )

tTlr. 
pr.".rrt paper ls a part of the dlssertation thesls submltted

to the Department of lrdathematlcs, Kirtipur Campus, as partial fu1-
flllnent of the requirement for the Degree ln Mathernatlcs.
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This forn E(s) is anal-ogous to one l-n which E1(s) and E2(s)

are the recLproeal of the generating functions of the kernels of

c l a s s  I  a n d  I I  t r e a t e d  i n  ( [ 7 ] ,  [ 8 ] ,  [ 9 ] ,  [ 1 0 ] '  [ 1 1 ] '  [ 3 ] ]

The transforn (l-.L) reduces to the class of convolution

transform studied by Yukichi Tanno [11] when b1 becones-lnfinite

and to the convolution transforms considered by llidder [6] and John

Dauns and I'Ildder [2] when both b1 and c1 become infinite'

2 .  Proper t ies  o f  E(s )

An investigatLon on certain propert les of E(s) wi l l  be useful

for the later develoPment. We deflne

l r c

I r a

: r f

lrf, I

et

ti:rl*

m t
*r- i

fr.* "1 tf b1 ) o frnin 
an

J ' n t o  " ( , - f " u ' ot - l
f n a x b l  f f .  a 1  ) o  l n i n b n
[ b r <  o  t o r > o

l f  b 1 (  o

I f  a k (  o

b.

r r l
( 2 . 1 )  &  

f

and

( 2 . 2 )  d - t =  n a x { " 1 ,  - *  I  . t t  o ] , " r = t i o { " k , -  I  " k  
>  o } '

Theorem 2.1.  r f  the real  sequen"""{"1} ,  { lo} ,  {c1}  satrs fv
(1.4)  and (1.5)  of  $ I '  and l f

+ (L-.2 /a,-2) (t-s2 lauz!
=  l l  _______ : - - - - - - - - - : - -  (m  =  1 ,2 ,3 , " , , , . )

I I 1t-s2tcy2)
k=n

t l n r ( c+ r r )  |  l ' L  t  t l u r (a )  |  J -1  (m=1 ,2 ,3 , " " ) '

Ler s =6*it and (dr+yf) l21t 3 gr+Y)12. We have for

itLve lnteger P

(f+1r) I 2 =

| (L-c / ak) L + 12 / ̂ u2 I | 1t- t I ay.12+ t2 / ̂ n2 I | 1t- lay)z

Ht 
*"2/auzl l(L+t/bk)2+r2/bk2i

il
| | 16-a/cv)z+? /ckz) I (L+a/cp2+* 1"o21

k = m

s | l i

b
- l

rr(s)

then

( 2 . 3 )

Proo f .

any pos

I F
| .,nt

!i*-

s l

, l

sr\[r:
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By the condirions (1.5) and [t: lema 9, ! 9] rhe funcrion

1 1l-.a /  aQ2+ & / 
"y2 

I [( l to/cr) 
2+ 

t2 I  
"y2 

1

has a sLngl-eminimr:mat T= o as a function of t .  l lenc:e

( 2 . 4 ) n+p 1t-n2 /^p2)2 e-J lan\z

1 q 1 c + i i ) 1 2 )T Q-i /"y2y2

(  m  =  1 r 2 r 3 , . , , )

(  p  =  1 r 2 , 3 . , , , )

Now, let p-+€. Both sldes of the inequal- i ty (2.4) tend to l ini t
by the assumption (1.4). In fact the l i rnlt  we have is

I rr{c+:.'c ) l2 2= l % < " 1 1 2
from r,rhlch- the inequality (2.3) is eyident.

Theorero 2.2. If the hypotheses of the theorem 2.L age satisfied,
and if

lT 7t--sz 1^1,21(L-sz lbkz,
E L s l  =  

t t

l l  Cr- .21"{ )
k=1

then for any posLtlve numbers p and R

I  l n ( r + r c l  I  t - l  -  o O  l r l P ] * L I

rmlforrnly Ln the strip lcl t R.

Proo f .  Le t

+ 6-s2 /ay2) (r-s2lbkz)
Er'r(") = 

ll -----------

ll (r-s2 1cu21
k=N+1

I t l - +  -

Then, i f  condit lons (1.5) ho1d, the same arguments used in [4:
pp. 521 and the theorem 2.L yleLd

,) .)

I r1r+i r ; | : --rrl-:l-:{ -l?-1---------:Jl---- t \(r)|
u r 2 . ^ 2 2  . . . . . . N 2 . b 1 '  . b 2 '  , . . . . 0 " '  

'  ' *

f ron which the conclusion for  any posi t ive number p not  greater

than 2N fo l lows.
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J . Prooer tl.e,s of. t,Kerodng..G(!)

Let uE def lne-

e[1) c.t

af2) <.1

=1' L -

{

' a f , ^ t

---5--("k'-au') .-a1 [ t I
' Z c k '

--{-t"ot-.o21 .atit l
2c:*

b k  - r .  i t i- T E  K

b k  u 1  l t l- 7 "

ea(l) {,r) a,'

,f') t,l u"

f o r  a k > o
- a : ' t <

for a1 {. o
- ) g / i t <  i c

f o r  h l  9
- u o  < E  <  F

f o r  h k <  o
- < r  <  t  <  ' x

J ( r ) ,

and

(3 .  L )

( 3 . 2 )

4t

+ --2
ck

( t
I
)

:
I

I
l

where J(t) is a standard Junp 
- functlon

{ o f o r t < or(t) 
i i i:.: :; :

rt  can be easi ly . .r"t i rr .u that hk(1) (t)  is a normalised distr ibu*

tion functlon with ffiean zero and'-variance 2(ak-2-ck-21, and

r  . . .
|  

" - " r  
anu 

(1)  ( r )  = 11t-s2 /a, .2)  { r - "2/"n2)  l -1

the bi lateral  Laplace t ransform converging absolutelv for  
-Re. 

s

1 ^ k  l f  a g ) o  a n d  f o r  R e s ) a k  i f  a k i  o ' a n d t h a t

h, , (2)  1g1 is  a normal ised dist r ibut ion funct lon wi th mean zero

af,d rtariance Zbp.-z , and
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' . ,

t bllateral Laplace trans-forq conver€trog absSlupely for Re s
< b L f f b 1 > o  a n d f o r R e s )  b g  i f b 1 4 o .  , . :

Lorer 3.1. Lf

(1) B(s) ls defined by (1.3) and satisfLes the hypothesis

of the theorem 2.1, and

(11) ic '-= nult ipl icl ty of d' !aa zero of E(s)

hz= mr l t ip l t c t ty  o f  { ,  as  ze to  o f  E(s ) '

n  f  L a

(1r) c(r) = (z zr r;-1- f lrts) 1-J'.st 6"'- 
t-

: i . o  

( - o o  <  t , < # )

(l) G(t) Is a ftequency functlon wLth nean zero and varlance

@ o o €

2 ( u  a k - 2 - 5 -  . . u ' \ * z z  b k - Z '
k-t_ 

-- 
k=1 k-l

r*
O )  J  c C t l e - s t d t  s  I E ( s ) ] - I

OJTU.a""al Lapl-ace traneform convergLng absolutely in the
Btrlp o(r < Re s ( o(a , where or,, and o(l are g{ven by (2'1) '

c6t )  -  p( t )e 
* l t  + R+(r)

(c) 
e(.E

G(t )  -  q (s )e  
- ' r  

+  R- ( t )

fre p(t) and q(t) are teal polynomlale of degree f;L, /^t, 
-L

8rr.Fctlvely and

ts+( t ) l  
( " )  -  o (  e  h '1  -E) t )  

( t ' ->o  n  =  o ,  1 )

o)

tR_( t ) l  
(n )  =  0 (  .  

(c ,  +n) t ,  ( t -> -€  r  D  =  o ,  1 )

t o t a c e € > o .

lroof. If we set

Bo(t)  = h1(1)# nn( ' )# y( 
L)6t 

r( 'h. . . .  .  t r , (1)# t ' r r(2) 1t- t)
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where the operation CF denotes the Stieltjes convolution for dis-

tribution function. Then tl.,(t) is a dlstribution funetion with

mean zero and variance
@ € &

z ( f  
" r - 2  

- f . n - ' ) + 2 t  b k - 2 .
k=l 

^ 
k=1 

'- 
k=l- 

'-

By the condit ions (1.4) and (1.5) of $ t ,  r t  is easi ly seen from

I'l,f;tii,h[:' ;"*# hj",'i :"li: iiifT:":::'li":* "(')
oo

J *t t . )  
. -" t  . t t  = 1 n(s) 1-1,

the lntegral converging absolutely forocr ( Re s(Dra where oc,

and (r are defl-ned by (2.1). From whl-ch the conclubions (A) 
-

and (B) fol low. For conclustons (C) and (D) ve refer to [4:
p p .  1 0 9 1 .

wlth E1(s) and E2(s) given by (1.6) we define

-  , L *
c l ( r )  =  ( z ? (  i ) - 1  

J  
I  E 1 ( s )  1 - 1 e " t  d s

- c e

.  ( L *

czb) .  =  (2  ? i  r ; -1  / , t t rC" l  , - l "s t  ds  .

Then by the condLtions akck ) o and akbk < o, G1(t) belongs to

claes I and G2(t) beLongs to cl-ass I,  I I  and II I  according as

s - . \ - i\ ck-z = - and 2- 
"k-t 

( - provided ck ) o .

h r
.t!

h

{lD

m

-r

p

OII

r-3-
c r E

t !

I

I

L

o l t

b l

h
-t

k=1 k=1

The folLowing tr^ro theorems are wel-l knovm [4 : pp. 55, pp. 1071.

Theorem 3 .2 .

(A) G1(t) ts a frequency furrction with mean zeto and variance
€

-  <-  -7 -2.
2 Zt- (.k - + b1 '),

k=l-
€

1 R \  /  . - " t  n -  1 r ' \  d r  =  t  E r ' o ' t  l - 1
J  

-  - 1 ( t )  d t  =  [  E ( s )  . r  ,
- @

(c )

(D)

cl  (r)

c$ ; l "c r< t l  =  tp t ( r )e€( l t l  
(n )  

+  o (e(q-6) t )  ( ,  - ,  -  )  (n=o, { ,2 , , .  )

$ 1 l " c 2 r . l  
=  [ e 1 ( t ) e o c ' t , ( n )  +  o 1 s ( d r + e ) t ; 1 t - +  *  ) ( n = o , 1 , 2 , , .  )

srtilt
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for eoo€ t)o, where pt(t) and qr(t) are real pol-ynomials of
degree A, -1 and Ar. 11 respectivel-y.

lheoreo 3.3.

(A) G, (t) ls a frequency function with mean zero and variance
I

2 >  c k - . ,
k=1

a €
(E) 

\  ." tcr{ t)  at  = luz(s) l -1
J L
- @

converging absoluteLy ln the half strip /r a *" 
" 

a ./z ,
Ytrere 

{and 
,la ,r" deflned by (2.2),

( c )  c 2 ( t )  €  c F  ( - o o , * )

4. Convergence

We now determLne the convergence behavLor of the transform
(1 .  r )  .

The following two theorems can be followed bV [9].

Theorem 4.1. If o((t) Ls a functlon of bounded varLatlon ln
every flnite LntervaL and

f -  ^ r  , '

\  c(xo- t ;ecE a 4.1t1 (J  c1t"o- ty . t t  a  d-G) )
J-qo 

-p

converges (conditionalJ.y), then

n *

\  
c1x- t ;ec t  d  d . ( r )  t  G1(x- t )ec t  d  ( r )  )

' -6

converges unifornly fog: every x in any finite lntervaL. Theorem
4.2, The transf,orm I C(x-t)ect d d(t) converges i f ,  and only Lf
the rransform 

f c1{i9t)ectaoC(t) converges.
,co

5. Inversion

In this section we glve an lnversion theorem.

We define

1 { *
E1(D)  = ' ^ *  E r , r r (D )  =

n + F :::11
k=1

1t-t2 / ayz) (L-Dz /ak2)
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where D la the qpasdtor of dl.fferentlatl.on and we d*"fi1,*t'g&q,
the operator of translatlon through dlstance t. On thift offiidS*hand,
by vlrtue of equdtloa ln theorem 3.3 we have 

_ . :ri:..r.ri.ii.,
-

tB2('D) I-1r (x) = 
[ f (x-t) c2 (t) dt
! a

whenever the ftitegral convergee.

By the condLtlon (1..5) wlth theorema 3.1 and 3.2, lt follows

that the bllateral Laplace transforms of c(t) and G2(t)'have a
corEnon reglon of, absoLute codvergence and hence by the ploduct

theore! [5] we obtaLn

r -
- |  

"-9tcr 
(t)  dt (s =r+lf  , , .  -a <Tzn1

J .

(s .1)

E(s )  E2 (e )  11 (s )

(1) f (x)

fc
Gt(x) = 

I_c{*-.) 
c2(t)dr - o.

both lutegrale converglng abaolutely.

From the equatlon (5.1) anil the deflnltloo of operator

lE2(o) 3-r we have

tE2 (D) l-lt(*) cz (t)dt 
!-a,"-.-,rr""" 

<t of(u)

- 
l.:, r 

c1r-t-u1c21t) trt )eeu d4(u)

.  
[-  c1(r-u)gcu d G(u).
'-a

For the cbange of order of lntegration perfor:ned above see [91.

Now, la ylew of theorens 4.1 and 4.2, t}re relatl.on (5.2) and

the fact that G(t) and G2(t) have a c@on region of-absolute con-

verg€nce, tt ls Bufflcieit to Lnvert the traneform [-q{x-u)ecu dd(u)

ohere G1(t) bel.ongs to class I kernels.

Theoren 5.1. I f

- 
J 

- 
ct*-t).tt d d(t) coilrerges ,

(fl) d(t) ls of bouded varlatlon ln every flnlte lnterval

and coatinuoua at xte xlr

(A) {, ( c < 4,2 lBplles that



(B)

(c)

4l

jz

lt3- [ !"* rr,oto) Clsr(o)]-1r(x)) ax = d(*z) - d(*1);' 
ta,

. )ZC(afupl"Les that d.G aa ) exlsts and that

t Q
rlm 

\ 
.-"" El,rrco) (lE2(D)l-lf (x)) dx = {1+ao) . o((*r) ;

n - t 6 . ,
zt

c ( (tfunp1ies that t((- oo ) exists and that

/z
rtun 

| "-t* 
E1.n(D) (tE2(D) l- lr(x)) a* = {.(x2) - d,(-"o) .

n  + - J

The proof fol lowe from [4: pp. 135].

Theoren .5 .2. Lf

(f) 0(t) is integrable oo every flnite interval and is con-
tinuoue at x, 

fn
(1i) f(x) 

) 
c(x-t)O(t) at converges,

-aE

then

1ln
n . r , .  E t , r r (o )  ( IE2(D) l - r r ( * ) )  =  0 (x ) .

Ihe proof follows as in the pre.ceding theorem.

I wlsh to expreas my slncere gratitude to rny supervisor,
Dr. R.P. l'lanandhar, for the heJ.p he has given me during the pre*
paratlon of this paper.
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Problem Section

A sectlon on problems has been included in each Lssue of the

Report. A totaL of eight problems were presented for soLution in

Voiune l, Numbers I and 2.Ilere ne provide hlnts to the solutions

of those elght problens. You should use these and attempt to

wrlte conpLete solutions. No new problems w111 be given at this

t lme.

A. Solut ions to problens presented ln Vol-.  I ,  Issue No' I :

1. Show that a nunber consLsting of 3n equaL dlglts ls

divlsible by 3n.

Illnt: Use lnductlon. The case n=l is easy. (M1=aaa)

For the next part you show that Mn+l = Mn. k,

where \ conslsts of 3n dlglts whlch are equal '

M-+r has 3 tlnes as many dlglts as Mo. Show that

k"his a dlgital sun of 3, thus ls dlvlslble by 3'

2. Flnd the snallest natural number wlth the folJ-owing

property: I f  the f lrst digit  on the left  ls transferred

lo the right end, then the new number wlLl be 1'5 times

the o1d number.

I{ lnt:  The answer is 1, 176, 470, 588, 235, 294' To get

i t ,  let N be the nunber. Suppose i ts base ten re-

presentation is N = dan-l an*2 . r .  a1 ao.^-Let

M = an-1arr*2an-l . . .  al  ao. Then N = d.10rr t  M

and 115 u--= 10M + d, by trre condltion of the prob-

len. Therefore by algebra 17 M = d [3'10n-2] '

This finplies that 17 divldes 3.10n-2. Hence we

must fl^nd the smallest natural number n such ttlat

3.L0n = 2 (nod 17). To make n as small- as posslble'

w e s e l e c t d = 1 .

Then M = 1.| !-1=2 and N = 10n + l ' t .  Dlvlde 30000.. '
I I

by 17 unttl-a remainder 2 appears' Then n is found

tL be l -5,  and the solut ion ls  easi ' ly  completed'

3.  A set  of  n points l -n the plane has the fo l l -owing Property:

Any 3-subset of lt. forms a triangle of area 2 1-' Shotl

that  the set  can be enclosed ln a t r langle of  area'  !  4 '

I { i n t :  Se lec t  a  3 - subse t {n , r , c }  o f  t he  g i ven  se t  such

that the triangle ABC has maximum area' Construct

a new tr iangle A1B1C1 such that  ArB, and C are

the nidpoints of  i ts  s ldes.  Show that  the given

set  is  enclosed by the t r i -angle AlBlCl  Use a

method of  contradict ion at  the last  stage'
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4. Let o(a(b' Ram chooses a number c in the interval [a'b]

and Shyam t;;g;;;"-thls ntrmber' Let Shyarn's guess be

d .

rhen the relatlve error !t* ls his loss to R:im' llow

should Shyo choose his guEss so that his maximum possi-

b1e l-oss is as small- as Possible?

Hlnt: The relat ive error is largest i f-  c=a or c=b' For

c=a i i  Ls d-a . For c=b' i t  t"  
%9

a

you musr fr,,d d such tha' 
lf!$;u,b;9lis 

a minimum'

If tt lncreases from a to b-r then the first'number

ittt"l"t*-tid^ the second one decreases' Ttrus the

' r n i n u n o c c u r s w h e n t h e y a r e e q u a l ; t h a t i s ' w h e n

d= 41, the harmonic mean of a and b'
-  

a * b '

B. Solut ions to problems presented in Vol '  I '  Issue No'  2:

5. (An Anclent HLndu Problem)'. Three men rorho had a rnonkey

bought 
" 

pift-tf t*got"' -At 
ntght. one of 

:1"^1:" 
t"t"

to the pffe-of *"ogo!" while the others slep! andt

ftndlng that there-was Just one more mango then could

be dividei"*""tfy by three' tossed the extra nango to

the nonkey ttJ-toot t*ty o"" third of tt€ remainder'

Then 'e *"rli"if.-to s1lep. Presently another of them

anoke and ;;;; the pile of rnangoes ' 1? 11*: 
fol"d

that there were just one too manv to O" 
91"t1:1'-::'""t"

by three' 
"o 

tt" io""td the extra'one to the monkey' took

one third of the remainder' and returned to sleeP' After

a while the third man rose' and he too gave one mango

to the t";";";;e took away the nr:mber of whole nangoes

wnfcn repre"'""ita precisely one third of the rest' Next

morning ti"-tt" goi t'p and went to the pile' Again they

fotrna 3usi oil'-t3"-t""v' so they gave one to the monkey

and dtvtdJd- lht tt"t evenly' wit"i i" the least number

of tangoes tftt' tftf"tt this can be done?

Ilint: Let x= number of mangoes' By simple aLgebra' Ll3

(2x-2) nangoes remain after the first man takes

sone'  G/9)(4x-10) ' *ogot"  remain af ter  the second

;= ; ; ; " ' ; ; ; " ; - ; "JG7zl) (s*- :s)mangoes-rernain
ftiftii"g tit-t"tio" of the third man' one less

til;-;;r; iu'nber ls divislble bv 3' .Tl"^:'!9"'
.hi"";; it;; '-"or"tio" ls given lv'x=(1i 8) (B1t+6s) '

where t assulees values so that x ls a natural

number '  r f  we wr i te 
"=i6t ia* t r lg)  

( t+1) '  we wee that

r..\\tt{}

- t :  :

se8=€

I n a

tu rns

o ther

n e r .
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this occurs when t=8k-1, for k=1r2r3," '  Thereforel

. the answet to the problen is given when k=l- and

t=7, and is x=79 rnangoes. The next largest answer

ls 160, and so on.

6. Show that all prine numbersr excePt 2 ar.d 3, occur as

:::T" 

t t  the sequence defined bv ao="1(24n*1)for n=L'2'3'

Ilint: Every prime from 5 on has the form 6k+1 or 6k-1'

Thls is so slnce all natural numbers can be partl-

t.ioned lnto the classes 5k, 6k+1, 6k+2' 6k+3' 6k+4'

and 6k*5, that is, on divislon by 6 the rernainders

OrLr2r3r4, and 5 are the only ones possible'  0n1y

the classes 6k+1 and 6k*5 can contain prlne numbers '

Modulo 5, +^5 and -1 are of the same class' Show

that (6kf)2 has the form 24n*1 for a suitabl-y

chosen n. To do thls, f l rst f ind out for what

values of n, an is a natural number. Thls is so

lf there ls a natural number q so that 9,2 = 24n+t'

Then n= # = 
(q-r)$q+l).  

For n to be a narural

;;;;";, n'L,". o" .31. r',"""q-r and q*l are con-
secutlve even numbers, and one of them is a multi-

ple of 4. That is, the product (q-1)(q+1) is di-

vtsible by 8. Also one q-l  or q+1 ts divisible by

3. Thus there is a k so that q!1 = 5k or q=6k+l-'

Then n  -  k (3L t1)  
fo r  k=1r2r3 , . . .  There fore  an=5tc+1 '

Let arbrcrd, and e be f lve l ine segments. Any three of the

segments can be used to construct a trlangle. Sholq that at

least one of these triangles has all- acute angles.

l l l -nt:  Let a,b,c be the sldes of a tr iangle such that

a-Z b ! c. First show that,the tr iangle 1: 
gg9-

a J t t t " - i f  a n d  o n l y  t f  a z 2 b z + c t .  L e t  a > = b ! c l d ? e '

Assume that the tr lang1as (a,b,c) and (c,d^e) are.

both not acute. Use of ghe l4eqgali tLes azZbL+cL

and c2Zd2+e2 leads ro az Z dz+ez+d'z+ez 2 (d+e)z+

(d-e)z .  There fore ,  az ;  (d+e)z  and '  a  I  d*e '  wh ich

contradicts the trlangular j-nequality a ( d*e'

In a game inittally there are 2n*1 counters' Two players take

turns alternately se1-ectlng any number of counters from 1 to

k. At the end one player h"" ao even number of counters and the

other an odd number. The one wlth the odd number is the $rln-

ner. Find the losing posit ions for k=4 and for k-3'

R

F l

: - * #
-d



Itint: Translate the game lnto a board game with two

rowe of squares as shown in the figure.

Even

0dd

lc=4 (6t+5' ODD), (51'

k=3 C81, ODD), (81+5,

(8{+4,

ODD), (51+1, EVEN)' for

! = o r L 1 2 1 3 r . . .

oDD), (81+1, EVEN),

E V E N ) ,  f o r  l - = 0 , 1 1 2 , . . .

The poettlon of the checker ln the flgure lndlcate

that there are I counters ln the piJ.e, and the play-

er to move next has an even ilmber of counters. If

he had an odd nuober of counters, the checker would

be ln the eecond (odd) row. The losing posltions are


