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The Mathematical Science - Their Nature and Scope®

by Dr. Geor%e.F. Feeman, NEA Team Mathematics Speeialist

Intrediction

During the year 2032-2033 Wepal's first journal devoted te
the mathematical séiences came into existence. 1t was given the
title '"The Nepali Mathematical Sciemces Report." To many people
the terin "mathematical sciences" has brought great confusion, They
think it means mathematics and sciemee in totality, rather than the
hybrid term which it 48, It has come inte existence, fpllowing tio
or three decades of actiwity, as a way of deseribing the new and
broad role played by matheématics Chroughoul the world. In this
article our purpose is to describe the nature and scope of the
mathematical sciences and to clarify the meaning of the term.

Some History

It is appropriate for us to begin with some history, For
many centuries matlematics and the sciences, particularly the phy-
aical sedences, hawve lived and grown together, meving hand in land,
edch serving the other and being served by the other. The movement
has gone in cyeles:

Practical Situations- Mathematical Formulations-»Abstractions
N'Naw applicationseNew concepts and structures &

e great philosopher - mathematician Alfred North Whitehead has
described the whole of education ag being a cyelic action. What
helds true there holds true here also. There are no sharp lines
of division between stages. One flows inte another the sStages
of a cycle being largely a matter of emphasis at a given time. The
cyveles overlap ecycles. One development may be in one stage, while
anotner 4e further on in the process. [There are cycles within
cycles as well. Out of it all arises a continuity of action,
which has a4 rhythuic character.

For example, geometry began as "earth measure’ with very real
applications. Tuclid organized it as a body of knowledge and a
theory, with an axiomatic structure. From that organization and
theory, over centuries of time, there have grown new approaches
to geometric ideas, new uses of axiomatic structures withia mathe-
matics itself and within fields other than mathematics such as

This is a revised version of a lecture given to the Nepal
Science Forum on May 28, 1876, with the title "The lImergence of
the Mathematical Sciences."




biology, economics, education, industry, and government. HNew the-
ories have developed in great aumbers and depth. Whereas the value
of geometry used to be thought of as the learning of logic and rea-
soning, now it is in the organization of data and the generation ok
ideas.

Mathematics and astronomy have been close allies for a long
time, Out of their relationship have come the study of planetary
motion, the works of Newton, Kepler, and others, studies of the
structures of planetary systems, and on Lo the present day explora—
tions of space, for which the computer is an indispensable tool.

The growth of Mathematics during the Renaissance period was
related to the productive use and perfection of machines. This
resulted in studies of motion and dynamical systems, the develop-
ment of calculus and theoretical mechanlcs, differential equations,
differential geometry, and other flelds of endeavor. This rela-
tionship between mathematics and mechanics, which relstes to indos-
trial development of all kinds, exists today. For example, large
automobile corporations often employ mathematicians to do work id
approximation theory, statistics, and numerical analysis, Their
work is related to design and manufacture of a automobiles, proces—
ses which begin with artists and clay models and which utilize
sophisticated computing machinery.

o cite yet another example involving gedmetry, we can take
the case of Riemannian geometry. It and its relative, non-Rieman—
nian geometry, have had close tias to the theory of relativity, as
expounded by Einstein. About tuwenly years ago, an offspring of
this work came into existence in the form of geometrodynamics.
Geometrodynamics is the study of curved empty space and the evolu-
tion of this geometry with time according to the equations of
Finstain's 1916 general relativity theory. The theory, as it has
been developed by Misner and Wheeler since the mid-1950"s, demon=
strates the sheer force of definition and deduction, since the
work is remote from experiment and chservation To illustrate
this point, only those masses and fields are considered which can
be ragarded as built out of the geometry itself. Electromagnetism
is thought of as a property of curved emply space. The elec—
tromagnetic field curves space in such a way that its foatprints
are themselves manifestations of the field. This new theory has
proved ivself to be very rich, and recently has been applied
to work on human censelousness.

Many additional examples could be given. One more will
suffice. To eagse man's problems involving caleulations, logari-
thms were invented. Then ecaleulators came on tle scene, In our
present day, electronic caleulating equipment in many varieties
and forms is a very visible part of the scene. The development
has btbught'with ir pew interest in numerical analysis and many
new applications for mathematics via the computer.




Roles

What role or roles has mathematics played in these developments!
There are several Etypes of roles, as follows:

1. Quantification role.
2 Deductive role.

3.  Synthasizing role.

4.  Coneeptualizing role.

Let us take a brief look at each. The "quantification" role played
by mathematics invelyes the translation of ideas and attriblites in-
to numbers or numerical quantities. 1t is the arithmetic rale,
with! which almost everyone is familiar. Indeed, for most peopls,
mathematics is arithmetic, for they have never be.ea taught diffe—
renkly nar experiencad it differently. Quantification 1s part of
eyeryone's life since it is vital to business and trading to Tunning
a family, to administrative sork at all levels, and to one's live-
lihood. In recent years psychologists, educationists and social
sciantists of all types have begun to quantify things wiich had
never been quantified before - intelligence, behavior, attitudes,
and the like, Suecess in these developments has not always been
good and has left many observers sbaking their heads in anguish,
Let it be said ulearly that guantiffcatien, arithmetic Lif you like,
is nol mathematics. even though it is a crucial part of mathematics,
Wherein does the distinction lie? The answer (s in the other roles
played by mathematies 6 all of which involve process. For example,
the conceptualizing role of mathematics, that of generating new
concepts 4n the process of mathematizing ideas and attributes, 1s
in the long run a more useful role than that of making familjaxr
nofions opérational through guantification,. Without the influx

of ideas, the latter may not exist at all with any meaning or sig-
nificance. '

The deductive role played by mathematics has been most erucial
to the historical developments we have mentioned. This role in-
volves dlgoritims of reasoning, logie, and strengthening of obser=
vations through the use of more and more refined instrumantation,

A part of it is confidence in basic laws, as given by Newton, Kep—
ler dnd others, which have stood for many years.

In its synthesizing tole, principles and relationslips are
the keys to development. Idaas do not live in isolation. Again
Alfred Horth Whitehead speaks about this. He says "Knowledge is
the reminiscence by the individual of the experience of the race.
But treminlscence 1s never gimple reproduction., The present reacts
uzon the past. It seleets, it emphasizes, it adds. The additions
are the new ideas by means of yhich the 1ife of the present re-



flects 4t861F upon the past." This is synthesiaa—briﬂging-Ebgether,
permitting a global yiew and a broad PELSPective; moving alead.

As mentioned, of these four roles, it is the deductive role and
the quantification role whick have dominated developuients in past
history up to the time of 1945, the end of the second great world

world. Efepaxatiag for caleulus, calculus, aﬁaiysis,"dynamics,
differentig] equations, and their many applications have dominated
the curricula, It 4g g direct outgrowth 6f the advances made in

the Renaissance period and has been with us for S0 many years that

4s deep as that given to Euclid'é'geamatry'ang to Aristotle's ideas,

wilch went virtuaily unchallenged for uearly two centurfes, In short,

Mathematics has Been largely deductive and quantitatiye ip its uses,
New Directions

4As we have seen, through the past centuries, mathematics has

able, Thesa sclenceas are frequently called the exact sciences. The

puenomena which ave considered are, by and large continuous phe—
10Mmena .

In the past three decades, directions have changed. Mathematicg
has found new uses in the inexact sciencas — sociology, psychology,
economics, education, political sclence, and other areas., This
development has been spurred on by the employment of professional
mathemgticians to solve strategic wartime problems, by Sputnik and
all the activity related to Space exploration and rocketry, and hy
the growth and refinement of computers,

How the phenomena are discrete, the basic laus not so precise
and perhaps not even Lnown. Other than computers to handle large
sets of data, ihstrumantaziou.and measuring devices hiava, by com-
slexity of the situations, lesser roles to play - hence "inexact-
ness. " Without well establishied basice laws, withour use of pre-
zise meaauring-devices,'witbqut refined instrumentation, without
reliance of pagt knowledge, deductioy begins to play a back seat
tole, and induction, synthesis, and ﬁﬂnceptualization. along with
the ever necessary quantification, play the lead roles. The outi—
come lies in the development of new hybrid fields, all of which
Epgether comstitute what are now called "the nwthﬁmaticalﬂsciauces“,
*E whieh matbemarics in ite pure form 45 one pare



What are the basic ingredients of mathematical approaches in
| these "inexact sciences"! First there is heavy use of mathematical
models of new types. Start with 4 situation., Lock at iks tompo-
: nents. Try to describe them mathematically. In the exact sciences
wnd this has been done For years with grest success, both descriptively
|

T,

and predictively. In the inexact sciences the models frequently
have a probabilistic or statistical base. Sometimes, as in linguis-

= tice or biology, they are structural. Hers the descriptive aspects
I have been greater than the predictive aspects, unlike the siwuation
: in the sxact soiences. By this we mean that we end up with an em-
pirdically suggested formula which has been fitted to a set of ob-
servations, which in turn link a set of variables. "The laws and
t principles which underlie the system are not sufficiently precise,
= if known at all. Predictive capability is frequently hindered hy
the fact that human behavier is inwvolwed. Thus the model facili-
£5s tates conceptualization and permits the formation of a simple plc—
s ture of the situation which has been or is to be investigated, even
e though its predictive capability is limited.

Sedentific fnvestigation hds thiree major aspects - dhservation,
induction, and deduction. In the inexact sciences the role of
mathemoties in strengthening observation and induction 4s very
graab. Frequently observations ave statistical in nature. [xperi-
ments are observations on rapdom samples from populations din which
e g varidble of dnterest is defined by a discribution. The degree
of iconfidence is quantified. Principal components and correlations
not visible to Lie eye nor observable via instruments are exposced
by means of statistical teclinfgques. Thus 1t i3 through synthesi-

W

ics zation by conceptualization that mathematics gets involved, makes
& a eontribuotion, and ‘generates a new hybrid Field.

f Let usiconsider an example from sociology, since investiga-

: tions of ghis type are rather comnon place here. A socicgram s a

graph or a pleture, a mathematical mladuai, of an aspect of the so—=
cial profile of a get of individuals, who might live in a particu-
lar village ox 'panchﬂyat. This sociogram gives a deseription of
r the group of people under consideration - ethnic group, seM, age
category, income, occupation, educacional background, attitudes,
and so on. 1t 1% used ©O map out an approach to development of
that community through certain types of change agents. 1The data
which 4s ecollected for what are called "base-line studies" is
statistical {n nature. Attitudes are usually quantified on scales
of 1 tol 7 or 1 ta 5, Now this model, even thougl it is deseriptive,
is got predictive. It would be predictive 1f some behavior patterns
could be predicted from it. Usually this cannot be done. However,
3 this does not medn that there is no value in it. The mathematical
approach has given the observations some strength. Some approaches
may become evident which will improve the situation in desivable
ways. in addition, certain factors may be observed which could
affect communication capabllity, ome way or the other.

L _ -
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Ae in the example ciped, the models are frequently tailorved
to specific sitbacdons, but the prospects of synthesis and process
development may be difficult to achieve because of human problems
or govermmental situations. Therefore, there is a danger imvolved
if these piodels and methods are applisd routinely and extended in
ad hoc fashion to'a varisty of contexts without regard to the con-
ditions which justified the model in the first place. For example,
such application has already occurred in the use of statistical
analysis, particularly factof analysis, It is based on the under—
lying distributions baing normal distributions. This is usually
ignored in applications, thus aborting the theoretical significance
of 'the method, Factor analysis, by the way, is a classic example
of a' deseriptive model which facilitates conceptualization. TFor
instance, it has heen used to advantage in studies in cognition
and perception. This in turn has had an effect, in a very scienti-
fie way, on curriculmm development in certain parts of the woprld.

The quantification and deductive roles of mathematics have
bean appreciated for a long time. The synthesizing and conceptua-
1lizing roles are only heginning to be appreciated in the same way.
As we Have already mentioned, synthesization and conceptualization
are heing made possible by new mathematical theories and hybrid
flelds of investigation. All are distinct from what has gone be-
fore in time. All are now lumped together under the heading "Ma-
thematical Sclences."! We mention a few of them and give a very
brief deseription of each. Note that, in general, they derilve not
£rom the study of matter but from observations of activities of
human heings - as In communications, planning, societal characte-
ristics, and strategies of conflict.

1. Information Theory - analysis of communication processes,
coding, storing, retrieval, exchange, Applicaticns in-
clude studies in reaction times and memory spans.

2. Mutomata Theory - physical realizations of reasoning
processes. Applications include input/output theories
~and memory banlks.

3. Operations Research - literally theories of cperations,
such as in management problems. Conduct of and coordi-
nation of operations within an organization. Applica-
tions include transportation, management, and queueing.

4. Graph Theory —~ it begins with points, lines, and nefworks
of these objects. Vast applications include circuitry,
flows of all sorts.

5. Mathematical Linguistics - study of language structure
and syntatic structures. Applications to human psycho-
logy.
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6, Theory of Games — study of strategies of conflicts of all
kinds, peaceful games as well as war games. Studies in
alternate courses of action with optimization a key feature

And many others just emerging, such as mathematical Biology, Mathe-
matical Sociology, Mathemalical Paychology, Mathematical Economies,
and Mathematical Chemistry. T[inally, we must not forget to add to
our list Statistics and Computing Science with their ever enlarging
interest and us2 in the real world. Without the availability of
computers many of the above fields of endeavor would be extremaly
hindered.

These are the Mathematical Sciences. [Their nature has been
described briefly. Their scope has been dlluded to. Its full
range has yet to be revealed, but clearly it will be vast, as will
be its uses and its impact.

Implications

With the advent of this mathematization of so many areas of
activity musft come effects on nations and their peoples. In parti-
culay, what do these developments dimply here! First, the school
curriculum should provide a solid base in mathematics. This must
deal not only with the deductive aspects of mathematics, as the
present curriculum tends to do, but also with strong emphasis on
obgervation, induction, and the study of patterns. Tn this way
good foundations will be laid, the scope of thinlding will be hroad-
ened, and compartmentalization will be reduced. Second, the Univer—
sity should make requisite courses in mathematics and statistics
and basic courses in the social sclences easily accessible to stu-
dents so that proper foundations can be laid for hyhrid tourses.
Third, efforts can be made to develop capability in some of the
areas of application which haye been mentioned; that is, In trans-
portation theories, gqueueing theories, and operations research work.
Fourth, many of these areas can be swployed in governmental and
industrial work to becter utilize manpower and facilities. Finally,
in a conceptual way, bridges, links, and good relatiomships can be
established and' maintained in intellectusl emdeavors snd their ap-
plications to the real world,

Ag Alfred North Whitehead has sald many years ago, there is
a phythm to it all. It is cyelic in nature. It involves intuition,
precigion, and generalization as the essential stages., [From ir all
comes growth, knowledge, learning, and development - individually
and collectively, It is this that the Mathematical Sciences help
to accomplish.







Sampling Plan for Large Scale Survey

-

Devendra Bahadur Chhetry

Lecturer, Statistics
Instruction Committee,
Kirtipur Campus. T.U.

Introduction

A sample enumeration, an enumersation of a fraction of the
population, is possibly as old as homan civilization fvself. UWe
have been using it as a decisive tool in our life in different
sirtuations. The technique has hecome so common to us that we fre-
quently forget to pay our attention properly in the selection of
samples. Thus, more often, we tend to locee the meaning of a sample.
The logic invblved behind the theory of sampling is the logic of
induction; therefore, if a sample 1= mot properly drawn from a popu-
lation the Findings cannol legitimately be generalized for the popu-
lation under study. In a less developed country where Lhe deside-
rata facilities such as funds, professional personnel, ghalifiesd
enumerators ete. for complete enumeration are below the expected
level, a sample enumeration becomes inevitable to make inference
about the population. The main advantages of a sample enumeration
over a complete enumeration are (i) it reduces cost, (41) 1t pro-
vides information more quickly, (iii) it yields more comprehensive
infoymation and (dv) it gives more accurate results.

& large scale sample survey involves three maln stages - (a)
planning stage, (b) execution stage and (c) analysis and report
writing stage. The planning stage further involves the following
steps:

(£) Specification of the purpose of the survey.
(ii) Definition of the population.

(iii) Determination of the nature of the Information to be
collented.

(iv) Decision on the method of collecting the data.
(v) Cholce of the sampling units and frame,
(vi) Degigning the sample survey.

Designing 4 sample survey is the most important step in plan-
ning & sample survey. It indludes the specification of the sampl-
ing techniques to be adopted, determination of the sample size
and deseription of pilot or exploratory survey, if necessary, for
the main design. ‘'fhe design of a sample survey is governed by the
principles of (i) wvalddity and (ii) optimization. The principle
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of validity of a sample survey design refers to Lhe selection of
the sample in such a way that the findings could be interpreted in
terms of "probability". This principle can be achieved by select-
ing & “probability sample', which assigns a definite probability
for each individual of the population to be included in the sample.
The adoption of this principle guarantees that the person's selee-
tion of the sample will not influence or bias the sample selection
either econciously or unconciously. Moreover, a probability sample
enables us to make estimates and their margin of errors which have
a valid mathematical basis and hence decide whether the results
are sufficiently accurate, The principle of optimization inyolves
——= (i) precision and (1i) cost. Precision is measured by the in=
verse of the sampling mean square error (m.s.e.) of the estimate,
The w.s.e. of the estimate t for the mean - is equal to the sum of
the variance of t and the square of its bias, i.e., m.s.e. of it =
var (t) + Bl(t) 12. A sampling technique giving smaller m.s.e. is
preferred to another with which m.s.e. is higher. Cost is meaguread
by the expenditure incurred in temms of moneys. The m.s.e. ean he
reduced by taking large semples; but this consumes more timé and
money. OGenerally, the allotted fund for a sample survey would he
fixed in advance.

Problem

Suppose, it is decided to conduct a national level sample
survey in Nepal with a view to obtain reliable estimates of various
economic characteristics of the household sector. Tkt Is a large
scals sample survey which would require a carefully worked out
sampling plan. The plan must ——— (1) take into account the avail-
able resources, time and desired accuracy; and (if) be able to gen-
erate estimating formulae, controlled by the notiom of probability,
of the population characteristics and mean square error of Lhe
estimates, ‘The estimating formulae, if possible, must be unbiased.
This paper is an attempt to derive a sampling plan for such a large
scale survey whieh is strictly governed by the principle of vali-
dity and partially guided by the principle of optimization. The
formulation of an appropriate and realistic sampling plan first
of all demands to make a comparision between several valid sampl-
ing plans and suggests to select that plan for which either the
gost is minimum for a specified level of precision or the preclsion
is highest for a given cost.

A Tentaetive Sampling Plan

For this problem, the totality of all households of Nepal

constitutes the target population. One cannot draw a random sample

(one-stage) by assuming all these households as sampling frame
unite. Because the selection of random sample demands the sampling
frame which is impossible to get in this case. Accordingly, one
has to adopt multistage plan. The heterogeneity that exists with-
in the target population also camnot be neglected in the selection
of sample; otherwise the selected sample would become less repre-
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sentative of the target population. To make a sample more represen-
tative of the target population ome can stratify the target popula-
tion into several mutually exclusive strata. Nepal displays a great
variety of physical and economic conditions. Physically the country
has been divided into three east-west contiguous regions viz., the
Taral region, the Mountainous region and Che Hilly region, This
extremivy in physical condition has sufficient effect on the distrl-
bution of the populstion as well as their ecomomic life style, One

expects that the sample should be at least representative of the

physically diverse econonic conditions and livelihood of the popu—
lation, So, at the first step one has to divide the target popula-
tion into three mutually exclusive strata. Let Nj, Ny and N3 cor-
respondingly denote the number of households in the Tarai, Hilly
and Mountainous reglons. Further stratification of the three sub-
population is possible if one gets some criteria to do so.

Next, by adopting the multistage sampling plan one can draw
three random samples one from each stratum, Let n, denofe the size
of the sample to be drawn from the tth sfracurm where t= 1, 2, 3.
One cannot adopt one stage random sampling plan in each stratum
fur the selection of random sample, due to the afore-mentioned rea—
son. The adoption of a two stage random sampling plan may also
{ncrease the cost of the survey. A three-stage random sampling
plan can be adopted for the selection of three random samples one
from each stratum. According to this plan districts within a stra-
tum can be considered as first stage sampling units, panchayats
within each district can be considered as second stage sampling
units and lastly, the households within esch panchayat can be con-
sidered as third stage samplitg units, Bampling process has to
be carried out in stages. In the first phase, few districts are
to be selected from a stratim by random sampling method; in the
second phase few panchayats are to be selected from each of the
selected panchayats by random sampling method. The adoption of
such stratified three stage randem sampling plan would reduce the
cost of travel and also that of the preparation of the frame.

An Bstimating Formula For Population Characteristies

The following notations are used to denote the population
constanté of a fixed tth stratum:

D = Number of districts;

P = Number of panchayats in the s district;

s 8

Hij = Number of households in the jth panchayat of the ith
distriect;

Yijk = Yalue of the characteristic "Y" of L household in

the _‘}th panchayat of the 1th district; and d, Bas bup
and Yags corresponding values in the sample where £=

Bps

1,200 ﬁ'lJ"“,E{mﬂéélﬂ"..i
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Arg=L 37 ¥y = Population mean per household of the cha-
"li‘x
racteristic "¥" in the tth seratum, An unbiased' estimate of A4 ;.l_s.

,ﬁ‘_e where ﬁk is defined as

{Z H.. {PH*ZH*F “&-1 M)

Here,
H* P H" Average households per panchayat in the selected
_
dist}rict.
Hou= Hyy = Total Bousehold in the ¢t gtratum.

'ﬁﬁ_—’;.u.‘.‘ = Average household per district.

A mational level unbissed estimate of the population charac—
peristic "Y" is A where A% is defined as

0 .
A= A T AN

Here, N = i K= Total number of households in Nepal.
=4

vhere L
for the
beace C

Adding
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Testing Constant Returns to Scale in Cobb - Douglas
Production Function

Shankar P. Sharma

The Cobb-Douglas Production function is given by

Q=a LPg® (1)

where L and K stand for the lahour and capital inputs and @ stands
for the output. This can be transformed into the linear form and
hence the equaticon becomes

log Q= loga + b log L + c log K (2)

Adding the disturbance term the model can be written as

Y =Byt BoXy * Bakatu (3)

where ¥ =1log Q, X, = log L, ¥, = log K, Py = log a
2 3 1
Py= b and P3 = c.

The disturbanee term u satisfies the conditions E(u) = (0 and
var (a) =1,

For the model (3), define a n'x 3 matrix X = (Xq,X5:%q) where
£y ,Xy,Xq are eolumn vectors and Xy is a unit vector of order n, Xj
and X3 are the vectors of order n (the total number of cbservations)
each.

Hence the best linesr unbiased estimate of the yector B of
order 3 1is given by

By =
’ Ll !
B= |2, &%) x'¥ where ¥ is a

B
column vector of order 0w

The coefficient of determination R% is defined as

Rz' = 1= where & = Y - "E\

(x-¥)?

In the model defined in (1) b is the elasticity of oubtput
with respect to labour and e is the elasticity of outhut with re-
spect to capital. From the sconamic peint of vwiew these elastici-
ties cannot take the negative values. They show approximately
the average percentage change in the total production for one
percent change in the input concerned, As the sum of these elasti-
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cities shows the returns to scale, there may arise the following
conditions. | |

(i) b+ e = 1, This means that if labour and capital inputs
are increased by the same proportion, output also increases
by Ehat proportion. This is the case of constant retirn
to scale.

(i) b + e>1 indicates that the proportion of output is more
than that of the proportion of input and this is the case
of increasing returns to scale.

(i11) b + o <)is the case of diminishing returns to scale and
indicates that the proportion of output is less than that
of the proportion of input.

~ Consider model (3), the linear form of equation (1)
under the restriction Py + Py = 1 {(i.e. b+ ¢ =1 in the
model (1))

The estimator subject to this restriction can be obtained by
writting the restriction into the model, as follows:

Y =By + ByXa + (1-B2) X3 +u
or (Y—X3) = pl = Pz (Xz—x3) + u (4).

Now the regression of (Y-X5) on (X;-X3) would give the esti-
mator Py, Poy, and Pag can be found as Pyp= |- P2R

The problem mow is to test the hypothesis By + Py = 1 with
the possible alternatives

B Pl - Pz#l
HA 3 Pl +p2_71

Hy, ¢ PrtFa<?

The test statistic can be constructed by caleulating the sum
1" of squares of the residuals in the restricted and unrestricted
case.

The releyant quantity of interest in the unrestricted case
would be

Tt =B - B - P’ ®
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The corrssponding quantity in case of restricted case is

Zei = Zia“xg}‘ﬁ IR~ ?23 ze_-x:,')%z (6)

Denote the number of restrictiom by p, which in this casge is
one (i.e. By + Py = 1). The number of degrees of freedom associated
with the re:s':l‘.‘:lua.'% gum of squares in the unrestricted estimation is
given by (n-k-1) where n is the no. of observations and k is the
number of dependent variables or (k + 1) is the number of parameters
in the model, Hence define the statistic

. (sg ~8) /P @)
8/ (n=k-1)

2
where SR = :e; 204 8 =Z"e

Adding variables to any existing estimated relationship will
decrease, or at least cannot increase the residual sum of sduares.
Conversely, removing variables will generally increase and cannot
decrease the residual sum of squares’, Hence the réstricted resi-
dual sum of squares Sy must be greater than the original residual
sum of squares. So Sp is greater than 5 and (5g~5) will be posi-
tive (sometimes Sp-8 is zero which is not discussed here),

If the null hypothesis is true the statistic defined in (7)
has the ¥ distribution with p and (n-k-1) d.E.

Therefore the eritical region for the two sided hypothesis

(i.e. for the alrernative hypothesls Hy,) at p{ % level of signifi-
cance is

¥ => F}ig,p,n—k—l
-"- F]_-']i s By W= e~ 1

The critical region for the one-sided hypothesis (l.e. for th} at
A% level of significance is

= F
- & P, m=k=1

and similarly for _Haa' the ¢rivical region dis

F‘ 'E:_ Fl-.d. N p.’ n—k-l

*jon Stewart - Understanding Econometrics — (Hutchinson of London
~ 1976), pp. 87.




.

16

So if our ealeulated value of F is in the critical region we
reject the null hypothesis in favour of the corresponding alterna-
tive hypothesis.

Example’ :

Consider an example where @ is the total agricultural produc—
tion (cereal crops) in kg, L 15 the land 4h hectares and K is the
Budgeted money invested in Rs. for the production. Budgeted money
gives the total of the variable cost (money used for seeds and fer—
tilizer) and the other capital invested (mainly used for all kinds
of labour) in the production of the crops. The data for these three
variashles were selected by a simple random sampling procedure fram
the dara of the 52 houssholds of village. The estimated value of ﬁ
vector is given by

’F = @t oy = 2 477
0.224
0.828

a = Antilog 2.477 = 299.9
Hence the model becomes Q = 299.9 L 0.224 g 0,848 (&)

The model (8) indicates that the increase of capital by one
percent will, other things being equal, bring about an increase
of 0,224 in the product. Similarly, if land increases by one per-
cent, then other things being equal, bring about an increase by
0.828 of ope percent.

The coefficlent of determination comes to be equal

) 2 0.06738478
ii = = eSO
U - 176,339 0.948

It may be concluded that the production function (B8) explains 94
percent of the variation in the dependent yariable and can be con-
sidered as a hetrer casual relationship.

+Data:waﬁ collected by Gajurel N.H., student of Statisties Instruc-
tion Committee for his Dissertation and was guided by the contri-
butcgt of this arcicle, He is thankful to Mr, Gajurel as most of
the calculations were done by him. The data was collected in
Gotikada Village Panchayat of Surkhet district in the year 1975,




To test the hypothesis i  : b +c =1
against H, : b+ ec>1
The sum of the squared residuals using the restricted estimators
Big = 2.746, Py = 0.142 comes to be equal to 0.138241

£ (5:! -8 m-k-1) _ 0.070856 11 _ 19,57
g s == i P 0.06738 L

As this is ope talled test

Eas_"lg’u il 9.65
Hence ¥ lies in the critical region, and hence we reject H_ and
accept Hy.

&B theptﬂportiﬂn pf out-put is more than -.‘prﬂ-fpo‘_'ticﬂ'.' of :ﬁﬁﬂt
in this region of i -, the sgriculture production in the sector
can be raised by raising the investment in terms of land and capi-

tal, There is sufficient scope of raising production by the use
of improved agro-techniques.

1. Oharles R, Frank JR - Statistics and Econcmetrics = 1971.

2. Jhonston J.= Econometric methods - New York, McGraw HIll Book
Co. 1963.

3. Jon Stewarte Understanding Econometrics - Hutchinson of
London = 1976.




Examples from Transformation Geometry

by Dr. Heinz Ruegger, IOE,
Kirtipur

1. Introduction

If you look hew secondary school gepmetry is taught nowadays
you will surely find that (et least in western countries) transfor—
mation geometry takes a broad place. You may wonder where this
comes from.

The modern transformation geometry dates hack to the fundamen-
tal works of A, Cayley and F. Klein. In his "Erlanger Program" of
1872 e.g. P, Klein initiated a development which lead the geometri-
cal thinking away from the euclidean tradition. He defined geome-
try as the theory of invariants with respect to a group of transfor-
mations. After Klein it was D, Hilbert who opened a general dis-
cussion on the problems of axiomatic and of formal systems with
his "Foundations of Gepometry". But very few of these new ideas
found their way into the curricula and texts of school geometry.
There, the 2000 year old elements of Buclid and all its modified
versions still played the most important role. The rigorous re-
form plans of Bourbaki/Diesudonné which demanded that "Euclid must
go" and that plane Euglidean Geometry be taught as the theory of
& 2-dimensional wector space over the real numbers were necassary
to get things going. For a lot of teachers these plans were too
extensive and so the transformation geometry emerged as a valusble
alternative.

Instead of trying to give you a complete overview of tepie-a
which are taught under the heading 'Transformation Geometry', T
shall discuss to some detail two selected examples. The first one
shows how students can be led to the discovery of the group struc-
ture of transformations and the second ope illustrates the inmva-
riant properties of different kinds of transformations,

2. Mappings of an Equilateral Triangle onto Itself

First have your students find all possible mappings which
map 2 given equilateral triangle ABC onto itself, If they are
familiar with the properties of (translations), rotations and re-
flections, they ecan easily do this job, finding that there are
6 possibilities: 3 rotations (including the identical mapping)
and 3 reflections. You may illustrate them with the following
figure:



3 1 i
A=A' 4 B8 AT g+ B=A
oty fosatian by 120°
rosetion by G
L]

Ci=C' C=8'

1\

1 L il =
Aavi; B=A" A=A e g=C’

reflection on 1y refigction on I redlaction an:3y

These mappings can be wisualized further by using = cardboard
model of the triangle.

From previous units your students know that mappings can be
combined by applying a first mapping on a given figure getting a
certain image and then map this image again by a second mapping.
This allows us to define a connection between two elements of the
set G {4, X, d} of transformations. We write

FHod
which means: apply first mapping & and then mapping d . So lec
your students e.g., find the combination
o, o "= 2
4 look at the above figures or at the model shows him that he gets
the same image if he uses the reflection =y or if he first applies
~f, and afterwards J° . Therefore it is

T =G

The easiest way to form all possible combinations of 2 map-
pings is to write them in the following table:




(It is of course the task of the students to complete this table)
low let us see what they can find if they carefully inspect the
table:

1. There appear no other elements than the 6 mappings of C in
the table. This illustrates that the set G is closed with
respect to the connection o,

2. The first row and the first column contain exactly the set G
i{.e. the connection of any mapping of G with 4 does not change
this mapping. 4 plays the same role as 1 with respect to
the ordinary multiplication; existence of an identity element
in G.).

3. The element 4 appears in each row and column exactly once
i.e. to each mapping 5‘ of G there exists exactly one mapping
57 Tsuch that 37 37 = 4/ (existence of an inverse element).

4, Using the table they may verify that the conmection o is
associative e.g. > B—
(Trod)odh = To(Fod)
'a; o "ﬂ; = y o I i
_ T~ - T
Summarized they found that [G, o] possesses all the proper—
ties required for a group.
You may further emphasize the facts that:
5. 37e & is not necessarily equal to doS (not commutative).

6. {407 ] alone has also group structure. It is the sub-
group which we get if we restrict ourselves to the mappings
of the equilateral triangle which leave the orientation of
the triapgle invariant. in this subgroup the commitative
law is valid. (group table symmetric with respect to diagonal).

7. also {d,dF, {4 ¢, {4 2Lf are subgroups. They are pbtained
if we require one fixpoint for the mapping.




|

g. the number of elements in these subgroups is a diviser of the
number of elements in G.

Finally it should be noticed that this group {G, o] of mapping# i
4{s isomorphic to the permutation group of Py. "

4. Invariant properties of Transformations

This example should show how ¢he ideas of Cayley and Klein, to
classify geometry according to invariance properties with respect

to certain transformation groups can be {1iustrated. For this pur—
pose & trapezium ABCD in plane & is consequtively mapped by @ paral-
iel projection to 2 plane &AF o central projection to 2 plane
glF&F 2 parallel projection to a8 plane H, & and finally by a
cantral projection to & plane® 4 and it {s observed whiclt pra=
perties of thetrapazium,sre-invatiant.

Congruence mapping

Trapezium ABCD is mapped

by a parallel projection
from plane & O & la

onto the congruent trapezium
Az'e'd :
Invariants
size

angles

ratios r
parallelism

coincidence

gimilarity mapping

Trapezium ABCD is mapped
by a central projection
from plane & O !
onto the similar rrapeziun
A's'c'n!

Invariants

angles

ratios

parallelism

goincidence
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Affine mapping

. ‘Prapezium ABCD is mapped
g=dn®, . by a parallel projection
JBEDE»'A?,JZ_?? from plane & to 3,
AP:PB=AP:PE onto the affine trape-
zium A“BYC'D’

Tnvariants
ratios
parallelism
coincidence

Projective mapping

Trapezium ABCD is mapped
by a central projection
from plane & to Iq,
onto guadrilateral
A'B'C'D' which is up
longer a trapezium,
Invariants

‘coincidence

Each of the figures gives only one representative of a whole
group of respective mappings. The most comprehlensive group of
mappings areé the projective mappings, Only coincidence properties
are invariant under this group. If we want more properties to be
invariant we have to admit special cases of the projective mappings
only e.g. the affine mappings which form a subgroup of the projec-
tive mappings, or the simllarity mappings which form a subgroup
of the affine mappings or fimnally the congruence mappings which
form a subgroup of the similarity mappings. By these transforma-
Lion groups geometry can be classified into projective geometry
discussing properties which are Invariant under projective mappings
i.e. coincidence, into affine geometry discussing properfties in-
variant under affine mappings, into similarity geometry and into
congruence geometry (which are usually combined into metric geo-
metry) which are defined accordingly.

We may summarize this discussion with the following table:



5—Fh.n$

GROUP OF THE

Property | congruesnce| gimilarity| -affine projective
mappings. mappings mappings mappings
nanged
changed
e (sie At g
- i i w e - chaniad
ratios dwvrariant
invariant
paraltetien . __.|._._. ... i;veriaat
invariant
coincidence
congruence| similarity affine projective
geometry geomelry geometry genmet-ry__

metric geometTy

3,9.76 B, Ruegger IOE Kirtipur
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Polynomial Associated With Legendre Polynomial
by Narayen E. Shrestha

1. Introduction

One of the well lknown pelynomials is Legendre polynomial de-
fined by the generating relation

S =
(-2zxet?) © = 3 pu(x) ° (et
$ 1300

In this paper, we shall consider a set of polynomials 55 (x)
assocfated with Pu(x) which may be defined by the generating rwelg—

tion
oo

[1-2xets (2x-1)]"% =Z S Gyt (1.2)

n=o =
in which the particular branch [1-2xt+t2(2x-l)]atend3 to one &as
tends to zero.

2e Finite Geries Repressntations

Sinee j¥gplag-g2) = (1-2)72, we have, from (1.2)
O (2xt-t(2x-1))n

nl

[-2xt+t2(2x-1)[% =

n=0

which yields ) .
2 0¥ Gy BT @enk

5,(x) = (&451)
=0 le! (n-Zk)!
Similarly, considering (1.2) and nmoting that
[1-2sere2@e1)]7 = [(oxt)Poede? +e2 (2e-1)T
we get another finlte series representatlon as
e o) . e =)
™ 0, €-12k 222 al 3
S (x) = @.2)

ke (m=2k)! 2Kyl

se=ules thus obtained as the finite series representdations for
S.(x) is of particular ipterest to'us in obtaining hypergeometric
forms, integral representation and expansions in series far S (x).




3. Hypergeometric Representations

From the relations (2:1)and (2.2),S,(x) can be put in the
hypergeometric forms as

Gy ()"

gn{ﬁ} == (301)

(3.2)

To obtain an intagraﬂ. representation of the polynomial §,(x)
we consider the relation (2.2),

We note that : -
Gy T T B(llgHe)

K TeHTC) T (veal?

where E.'(?,q.) = B%w? p_'_q) is the Bete function defined for Re(p)
and Re(q) greater than 0.

By integral definition of Beta function B(p,q),we have

w2 . i
BUs5HK) = 244 cos?¥p dp and also T (%) = &%)

which when used above yields

[m’ZJ
50 al ) 272 cog?y
a0 =5 Jm e o

‘Term by term integration yields

. 2l oz
Sp(x) = 1{“ ; n! (% 1) cos?® ¢ dp
' i ' (ZK)! (n=2k)1 ;
=0



A%

k 2)

8, (=)

(p)
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®
Sipce cos™ dP=0 for odd m, we replace 2k by k in the summation

in the right. Thus
T oal Dk 2k ®

s = Y[ e . Eos P ap
L (%) 5,..2 — E k9
k=0 0

in which each term involving an odd k is zero. This, in tura,
gives an integral of the type called Laplace first integral

0
5, = L J‘D [x + (x - 1) cos 91" a8

5. Generating Functions

Some of the generating functions can be derived from the
generating relatien (1.2), this time we note that

11 - 2xt + €2 @x-1)]"% = [(1-0) 2+ (-8)2e (=) T *

1 . T
@~ |12 -ox
L=t

Expanding in ascending powers of t and equating the coefficients
of t®, we easily obtain

n

- (g ! 2% x-Dk

8, (x) = Zb g L S
=0 &k D2 (oK)t

whiich can he equally put in the hypergeometric form

Sy
S5,&) = 23’1 2(1-x)

¥or arbitrary ¢, we have

@ (@50 & = i (03, G 126 = D1 €
——————— -
o
n=0 k=0

n=0 n k! (n-k)! k!




ﬁ—-\w

from which we obtain

= (e)nSp(x) t? 3 1/2, e; 28(x = 1)
> -y oFy | 6.2

ul i;_ (==
T =gy

Let us obtain a new generating function for the polynomial 8, (x)
using arbitrary ¢ & (2.2) relation, we have

o _ [m/2] o
Z ()pSy(x) £ fz () (g (x - 1) 20-2kn
=0 i o ke Rt (201 (m2i)t

Thus left side equals
" 2 zi_tsslﬁﬁ:; 2.2
= (I-xt) ™" ,F (x=1)"t (5.3)
2% (I=xt)Z

Both the results (5.2) &(5.3) degenerate into the generating
function used to define 8n(x) when e is unity.

Starting from the finite series representation (2.2), we get
another generating function which have the following form

i Ba e (x - 1)%2 (5.4)
=T ml == 071 . =31; '-'a']—'——

slnce gFg(~; - ; %) = e*. Again since (Fy is a Bessel function,
(5.4) can equally well be written as
=, 8 (x)t"
e g e - %)) =Z———-—“ (5.5)

a=o ™

4 regult analogous to that obtained for classical Legendre poly-
nomial [2]. Another result involving exponential function, is

Zosn(x) t = et 3F [ 1; 20(x - 1)] (. 8)
n =

Differentiating both sides of (1.2) w.r.t. t & then multipling
both sides by 2t, we pet

Tt

2xt - 2t%(2x - 1) _ (20 + 1) S, (x)t™ (5.7)

[1 - 2xt # £2(2% - 1132 a=0
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Adding (1.2) & (5.7), we get R.E.S. of (5.7) equals
1-dex-n ST D s@e (6.9

& pure forms from the defini
sides of (1.2), we obtain

Ix - (2x - De) 01 - 2xk + 2 D172 3

ent recurrence relations involving

€L -20) [1-2x0 4 e2x - D22 3 sie0em

Multiplying (6.1) by 2t & (6.2) by (2x - 1) & subtracting (6.2)

from (6.1) & equating the coefficients of t% we arrive at

(1440 x) $3(0) - 200+ 1) Spy1(x) = 2(2x - 1) (0 = 1) §, 100

= =2eDSEE) - eD 6 - Gel)s), ) (6.3)
Agaln with the help of (6.2), it can be obtained that

Sal®) - S () = Spup ) - 20 8160+ (1) LK) (6.4)
Preceding similarly, we can get the pure ﬁqg&nanéé_ relation

(28 - Dx8p 3 (x) = (@ - 1) (2x = 1) Sp_5() =0 S, (x); nZ2 (6.5
Gme of the result obtained in (5.8) sbove can be used to get the
#ame pure recurrence relation obtained above in (6.5). '

7. Particular casesy Pmﬁamrcaa“ suggested hy Sy(x) are as
follows: |

The pure recurrence relation obtsined above gives f&irly an easy
method of computing successive new polynomials, which are
o) ~ 1, 1) = x, SyG)=px” - x +1/2,

\ - 2 3 L 3 2 . 4 BSQ_ o 3 2_ 3 g
b R L O e e L

These successive polynomial
stody the nature of the
pelynomials are given in Fig

s suggested by Qa(x) can be used to
fals, THe graph of these four

.
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8. Expansions in series: In this section, we shall obtain the
expansions of the polynomial S, (x) in a series of Legendre, Her-
mite & Laguerre polynomials with known expansions of x®[1]. We

have, from [1], A )
- 7! (2n - 4k + 1) Py_gp(x) b
oo m E
o0 ! 3 )
=0 kb () "
.
Hp-2kc () 3,

z 2 %Y (e
3 k! (n-2k)!

B, D at () 15

& Dy
:{-_a‘\ (n-ky! (1 + 8)'1l=

where P(x), Hi(x) & Ln(a) (x) are Legendre, Hermite & Laguerre
polynomiale respectively. The expansion formulas are

[n/2] =kl (2041 oy (%)
X) = 1-2% - =
n a2, £ by k! (3/2 + n)k
[n/2] ]
G2 (~n) (%) (8.2) .
5, (=) = —_ . Fl-ky 5 =-1n ; (1 - 2x)) Zilﬂn 2
1 k=0
and

G, 2 Gra, o (D%, Pwen,

§.(x) = F
" , ! s =0 (a+ a)g =2
—_(§'+§-) ,~hlnts-1)

(2x=1)/4

~tg(zdn +s) , ~(atnts-1) , 5-n-s; 4
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On A Class Of Convolution Transform®

By Bhanu Chandra Bajracharya

1. Introduction.

In this paper we shdll study
class of uomiul:iam tmsfum

fx) = I 6x-£)e° det (t) (civeal)
fx) = _-f' G(x-t) B(E) dt

(1.1)

is of the form
-

1.2)  6() = .:‘(i'vrsz_;-i f [E(s) ] LeSt ds,

=l

for which ‘tiie kernel

where E(s) is a meromorphic function with real zerges and poles
only, and is of the form

(1-g 2?’3 i}'ﬂ-'i-jai]z}:hkz.}
an  me - ﬂ'
(1-82/cy2)

with Seqesncke, of real a::i't&nts ak‘g {‘o@; {c-k'g satisfying

(lalzak“zam Zz,ﬁ & oo ,-Zf 2 <o,
k=1 k=1

(L.5)  agee > o L oabg < o dnd o g afee <1
for all positive integers k .
Here we shall pﬂmi.t (1) cjc = oo when a > 0 or ¢y = - 00

\rhmak< o and (il) b = o0 whan&kcn a:’ﬁk-—m when
4y > 0 by which we ‘ghall wrlerstand

I-s?fey2 = 1 and 1-8%/B2 = L

We shall cmidar the meromorphd.c function E(s} as the
ratio of two Emtihns efined by

1) a-s?/a2) (-s*/m,2)
By(s) =

i

(1.6) |
(1-s?(e2)

the dissertatipn thasis mhmit:ﬁed
Firtipur Campus, as partial
fillmeun of t:ha requirement for the Degree in Mathematics.
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This form E(s) is analogous to one in which Ey(s) and E,(s)
are the reciprocal of the generating functions of the kernels of
class 1 and IT trea-ted in ([7]1 [Slf [91! [101 3 [ll]I [SD

The transform (1.1) reduces to the class of convelution
transform studied by Yukichi Tanno [11] when by becomes infinite

and to the convelution transforms considered by Widder [6] and John'

Dauns and Widder [2] when both by and ¢i become infinite.

2. Properties of E(s)

An investigation on certain properties of E(s) will be usefil
for the later development. We define

(max a8y, 4 bk S o min ay if b.k & o

3‘k< [¢] ; 'ak>0 i
(2.1) O = & ,= A

maX b yf g > 0 by 45 ap< o

hk<ﬂ' bk>°

and
(2,2) nf.i= mx{ Cls — = | e < o_},c(fmin{ck,w ] Gl > n}.

Theorem 2.1. IE the real sequences *‘-k.} » {bl g {ck satisfy
(1.4) and (1.5) of §1, and if ¢ ek Lol

T -2/, 2 (=s? /1)
Em(s) =ﬂ ak hk (m = 1,2,3; piact)
(1-s%/cy )
le=m
then
2.9 gD | 178 ¢ IR 170 @=1,2,3,....).

Progf. Let s =0+t and (dy+yy)/2<0¢ < ($9+Y5)/2.  We have for
any positive integer p =

(B (41|12 = .
i = 2R a2 [(-Ta) P e 2] [-TTo)?
m = p ;
+P 1oy 2) [Ty 24420y 2]
[ (1—¢{dk)-2+12!ek2]-( (1+g§i’.ck)_2+1?‘?u-k21
k=m

‘-
f 4



as

By the conditions (1.5) and [1: lemma 9, § 9] the function
/o) 26 fa™] [145/e) %% ©2e 2]
has a single minimum at T = ¢ as a function of T . Hence

(2.4) mp (A= e ) a-2 i, 5)
| B @) | 2 2 '

l:-%m (l-fzfl‘.'kz)z
( m= 19213u|-)
(. P = 1'2'3|l'1)

Now, let p—»e<s , Hoth sides of the inequality (2.4) tend to limit
by the assumption (1.4). In fact the Hdmit we have is

JE e+iTy? 2 | &, ()2
from which the inequality (2.3) is evident.

Theorem 2.2, If the hypotheses of the theorem 2.l are satisfied,
and if = 2 2 2 2
(L-s"/ ay }(L-s J’bk_ )
E(s) = :

(L-a2/ei?)

k=1
then for any positive numbers p and R
[leg+e)l 1 = o irierh fe]es o

uniformly in the strip |r| £ R.

s — (-I.-Bzf.akz) flﬁsthkzj-
Ey (s m . :
” (-s/e2)

Proof, Let

k=141

Then, if conditions (L1.5) hold, the same arguments used in [4:
pp. 52] and the theorem 2,1 yleld

0 2 2 A=
|.t.t2Nﬂl -C_z. -.--u-ooﬂn

_alz.n'gz sens .ai;z.blz.bzz saes ..bnz

[E@+iT)| 2 | By @]

from which the conclusion for amy positive number p not greater
than 2N follows.




RS

I
E h_-‘\.

gk(n () du  + :"122 JCEY
k
5Py = J.' £ @) du

ere J(t) is a stendard jump - function

jf" for t < o
% for t= 0

=
¢ dl for ® > O

1f pan bhe easily \faﬁﬁ*é:l ‘that Iak,(l) (t) is a mormalised distfibu-=
tion function with mean zero and variance 2 E=oy 230y md
(3.1) _J. & L diy

the bilateral upm transor converging absolutely for Re &
Z a. 4F & for rt{ea')a,k if & ~ o, and that

ey = [a-sad=sig I

- [f&uaa.gh ki‘.n -1
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the bilateral Laplace transform converging absolu
< by i£ by > o eand for Re s > by ifhz.-_-@a.

Theorem 3.1. If

(1) E(s) is defined by (1.3) and satisfies the hypothesis
of the theorem 2.1, and

(i4) = multiplicity of oqas zero of E(s)
l?‘z = multiplicity of X, as zero of E(s),

wn  oew = @ant [ Eerletas

~dw .
(o0 < £ <o)

then
(&) Glr) is a frequendy function with mean zero and yariance
W at-2- aDH+22 w2,
k=1 k=1 L=1
(=) J G-(t}_ e 8t o [ E(=) e

the bi.latzsral Laplace transform converging absolutely in the
strip X3 < e s <0n,x , where &, and o, are given by (24,

=2t 4 )

G(e) = ploe
6(r) = «qlt)e == 0 R_(t)

whers p(t) and q(E) are real polynomials of degree /‘-ti 1, [y -1
tespectively and

[R,t,(t)!(*ﬂ = 0(e @’1, -al?la._lzJ leses’ B =10y 1)

©)

™)
Roo]® = o(e @Y (babim o)y B, 3
for some € > 0.

Froof. If we set
@ = nPen Pon, e, P D, P eon
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where the operation # demotes the Stieltjes comvolution for dis- Bax
tribution function. Then H (t) is & distribution function with gz
mean zero and variance
"
)

o = L
k=1 k=1 %=1
By the conditions (1.4) and (1.5) of ﬁ 1, it is easily seen from

[9] that H. (&) = Mm B,(t) is twice differentiable and G(t)
= d(@(t))/de. Hence by [ 5 : pp. 257] we see that

oo
f o) %t dac = [ &) 17,
the integral converging absolutely for sy < Re s< &, where o,
and o, are defiped by (2.1). From which the conclusions (A) =
and (B) follow. For conclusions (C) and (D) we refer to [4:
With Ey(s) and Ej(s) given by (1.6) we define
“
|

i
gq® = eant [ (5 et s
~len

fo -1 st
. = @mot [ e 17 a

|
=3
S £
Then by the conditions agcy > o and aph, < o, G;(t) belongs to iz
class I and G5(t) belongs to class T, IT and H‘jf according as e
) =

Z ck‘.z' = = and Z ck"z ¢« provided e 2 o .

k=1 k=1
B i
The following two theorems are well known [4 : pp. 55, pp. 107].
Theorem 3.2,
(&) G;(t) is a frequency function with mean zero and variance —
= ) Ry ] al,
22 Ga by, S
k=1
_ r- -
(B) f 2_:Et Gl(t) dt = [ E(s) }._'1: ‘
2 )
50
® G%uw = b ®e*1 T + 0e™H (tan ) @0id,2,00)
d o (a) )
Gley® = et + 0TI s Y @moit,2.0)



for some £ 0, where pi(t) and q(c) are #eal palyoatatelor
degree Myl and A, -1 respectively )

Theorem 3.3.
(4) 6,(t) is a frequency function with mean zero and variance

=2
zk% Cp T o

®) st-“-‘f&zm_‘,&t = Byt
%

-

cenmging absolutely in the half strip 1’ & Re s & {
where 9/and Y, are defined by (2.2),

©) Cyr) € €7 (-m,m)

&, .Conwa:gﬂ'ce

We now determine the convergence bahewtﬂr ‘of the transform
{1.1).

The following two theorems can be followed by [9].

Theorem 4.1. If o£(t) is a function of bounded variation in
every fiinite fntervsll and

-0 [ -’
converges (conditionally), then

Ss(;m}e“ dal) G eetetta () )

cmve;tgas mifaml; for ev
the trsmrﬁnm ' Gl %

5. Inversion

ty % in any finite interval. Theorem
Gz }&ﬁt d & (t) converges if, and only if
)eCtd f(t) converges.

In this section we give an inversion theorem.
We define
By (D) = nl,ncm - Un ﬁ a-0%ad @02 a2y
- k=1

o’ :i s'zn 1 )
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~whenever the integral couverges.
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where D is the operator of differentiation and we imterpret &tD,
the operator of -Ersnalatim through distance t. On the other ‘ham‘.
by virtue of equation In theorem 3.3 we have

By e = g £(x-t) Gy (0) de

-0

By the condition (1.5) with theorems 3.1 and 3,2, it |
that the bilateral Laplace tmﬁforms of G(t) and Gg(t’} o
‘common region of absolute comvergence and hence by the product
theorem [5] we obtain

E(s)  Ey(s) Ey(s)  d
; o0
(5.1) G = ; G(x-t) G,()dE - ®© & X < o>
‘both integrals converging absolutely.

From the equation (5.1) and the definition of operator
t'Ez(D')]"-l. we have

B, @17 G = S: Gy (£)de S~ c(x-t—u)e““ d o ()
- g- G{x-l:-u)Gz(t} dt ye¥ d k(u)
S‘ Gl(x—u}a‘:“ d &L (u).
For the change of order uf integration performed above see [9].

"‘i

Now, in view of theorems 4.1 and 4.2, the relation {52)-an
fhe fact that G(t) and Gp(t) have a common region of, Z_ :
vergence, it is sufficient to invert the transform {
where Gy (t) belongs to class I kernels. =

Theorem 5.1. If _
00 L
W e = [  e(x=0)e°t ad(t) converges,
(1) (t) is of bounded variation in every finite interval
and continuous at xj, X,

then
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X2 _
i L &% By ) (5,076 & = Lix) - dxy)s

(B) ¢ »‘lWIhs that ol (+ o¢ ) exists and that
1im

n =pos

-
S e o F Ey (D) ([E‘zcn)rlf(x).) dx = fl(+ee) - ollx));
Ry

€) c £ q(’impiias that of(-— o0 ) exists and that

K
in 5 e B) @) ((EaMILEGD) dx = Llxy) - oll-o0).

n-»es
-

The proof follows from [4: pp. 135].
Theorem 5.2, If

(1) @(t) is integrable on every finite interval and is con-

tinuous at x, s

(1) £(x) = S Glxz-t)P(t) dtr converges,
then e

rae Ea®) ([B@IEG) = 06

The procf follows as in the preceding theorem.

I wish to express my sincere gratitude to my supervisor,
Dr. R.P. Manandhar, for the help he has given me during the pre-
paration of this paper.
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Problem Section

A section on problems has been included in each issue of the
Report, A total of eight problems were presented for solution in
Yolume 1, Numbers 1 and 2.Here we provide hints to the solutions
of those eight problems. You should use these and attempt to
write complete solutions. No tew problems will be given at this
time,

A. Solutions to problems presented in Vol., I, Issue No. 1:

1. Show that a number consisting of 3" equal digits is
divisible by 3%.

Hint: Use induction. The tase n=l is easy. (My=aaa)
For the mext part you show that Mo+l = M,. k,
where M, consists of 3" digits which are equal.
Mp+y bas 3 times as many digits as M. Show that
k 'has a digital sum of 3, thus 1s divisible by 3.

Find the smallest natursl number with the following
property: If the first digit on the lefr is transferred
to the right end, then the new number will be 1.5 times
the old number.

Hint: The answer is 1, 176, 470, 588, 235, 294. To get
it, let N be the number. BSuppose its base ten re-
M = ag.18,-28a-3 ... d] 3p. Then N =d.10% + M
and 1,5 N = 10M + d, by the condition of the prob-
lem. Therefore by algebra 17 M =d [3.10%-2].
This implies that 17 divides 3.107-2. Hence we
must find the smallest natural number n such that
3.10° = 2 (mod 17). To make m as small as possible,
we select d = 1,

Then M = 311}_—3323 and N = 10% + M. Divide 30000...

by 17 until a remainder 2 appears. Then n ip Found
to be 15, and the solution is easily completed.

A set of n points in the plane has the following property:

Any 3-subset of it forms a triangle of area £ 1. Show
that the set can be enclosed in a triangle of area. € 4.

Hint: Select a 3-subset{A,B,C} of the given set such
that the triangle ABC has maximum area. Construct
a new Eriangle A1BiCy such that A,B, and C are
the midpoints of its sides. SHow that the given
set is enclosed by the triangle ‘AyBy0y  Use a
method of contradiction at the last stage.




—?P—

44

Let '_u(a('n.. Ram chooses a number ¢ in the interval [a,b]
and Shyam must guess this mumber. Let Shyaun's guess be
d.

Then the relative error IL;EL is his loss to Ram. How
should Shyam choose his gueéss so that his maximum possi-

bile loss is as small as possible?

Hint: The relative error is largest if e=a or c=b. TFor
¢=a it is d-a . For c=b, it is b=
a b

You must find d such that £d§5,§§-d-,:ts a minimum.

-
1f d increases from a to b, then the first number
inoreases and the second one decreases. Thus the
minimum occurs when they are equal; that is, when

L 2ab ¢ =
- =5 the harmonic mean of a and b.

B. solutions to problems presented in Vol. I, Issue No. Z:

5.

(An Ancient Hindu problem). Three men who had a monkey
bought a pile of mangoes. At night one of the men came
to the pile of mangoes while the others slept and,
finding that there was just one more mango then could
be divided exactly by three, tossed the extra mango to
the monkey and took away one third of the remainder.
Thea he went back to sleep, Presently angther of them
ayoke and went to the pile of mangoes. He also found
that there were just one CoOO many to be divided evenly
by three, so he tossed the extra one to the monkey, took
one third of the remainder, and returned to sleep. After
a while the third man rose, and he too gave one manga
to the monkey and took away the number of whole mangoes
which represented precisely one third of the rest, Next
morning the men got up and went to the pile. Again they,
found just one too many, go they gave one to the monkey
and divided the rest evenly. What is the least number
of mangoes with which this can be done?

Hint: Let x= number of mangoes. #y simple algebra, 1/3
(2x~-2) mangoes remain after the first men takes
some, (1/9)(4x-10) mangoes remain after the second
man takes some, and (1/27)(8x-38) mangoes Temain
following the action of the third man. One less
than this number is diyisible by 3. Therefore,
the complete solution is given by x=(1/B) (8lt+653),
where t assumes walues so that x is a natural
aumber. If we write =1 0t-+8+H(L/B) (L1}, we wee that

m

In a
curne
k., #
other
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this occurs when t=8k-1, for k=1,2,3,,.. Therefore]

the ansyer to the problem is given when k=1 and I

t=7, and is x=79 mangoes. The next largest answer

4is 160, and so on. \
. |

f, Show that all prime numbers, except 2 and 3, occur as
terms of the sequence defined by a,=+/(24n+1l)for n=1,2,3,

ye e
|

Hint: Every prime from 5 on has the form 6kfl or 6k-1.
This 1s so since all natural numbers can be parti-
tioned into the classes 6k, 6k+l, 6lt2, 6k+3, Bk+4,
and 6k#5, that is, on diviaion by 6 the remainders |
0,1,2,3,4, and 5 are the only ones possible. Only
the classes 6ktl and fik+5 can contain prime numbers. !
Modulo 6, + 5 and =1 are of the same class. Show |
that (6k+1)2 has the form 24nwkl for a suitably |
chosen n. To do this, first find out for what .
values of n, ap is a natural numbar. This is so
if there is a natural number q so that gq? = 24n+l.

2 ;
‘Fhen n= q'z_: = Lg%;qu‘l) Tor m to be a natural ‘
number, q must be odd, Then g-1 and g+l are con-—
secutive even numbers, and one of them is a multi-
ple of 4. That is, the product (g-1)(gt+l) is di-
visible by 8. Also one g-1 or gtl is divisible by
3, Thus there is a k so thakt qil = 6k or g=6kil.

_ kil
Then n = E.@zl).. for k=1,2,3,... Therefore ap=6ktl. f

7. Let a,b,c,d, and e be five line segments. Any three of the
segments can be used to construct a triangle. Show that at
least one of these triangles has all acute angles.

Hint: Let a,b,c be the sides of a triangle such that
azb 2 ¢, First show that the triangle is not
acute if and only if a23b%4+c?. Let azb2cZdze.
Assume that the triangles (a,b,c) and (c,d QE) ir':
both not te, Use of the inequalities a“2 b 2
and ez d’te? leads tq al3 direZiilte? 3 (d+e)’+
(d-e)2. Therefore, a> 3 (d+e)? and a2 dte, which
contradicts the triangular inequality a < dte.

‘8. In a game initially there are 2n+l counters. Two players take
turns alternately selecting any number of counters from 1 to
k. At the end ome player has an even number of counters and the
other an odd number. The one with the odd number is the win-
ner. Find the losing positiona for k=4 and for ka3.
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k=4 (61+5, 0DD),

-anslate the game into a board game with two
fm of squares as shown in the figure

The gnstti‘m of the checker in the figure indicate
the 8 counters in the pile, and the p. play-

h#lwé""' d numbe : :
be im the mm& --(ad%&) row. 'I*he 1amg pes&tims are

f=0y1,2} 35 s 0

k=3 (B, ODD), (81+5, ODD), (8i+l, EVEN),

’(8&%, M}', for =018 0000




