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Fixed points in group invariant subspaw

M. KAMRI'L HASAN AND PARTHAPRATIM DEY

Abstrrct We investigatc the su0spcrs of ftcd elemcnts (also known as cenfalizers) of Ginvuiant
n

subspaoes af Y =IIF whcreGlsag@pofaxs psnu{stisnmaerices,FistheGahisffoldofmder
I

n
pr fc some r > t atld [f F' is $to usrbl wpnical vs:tor spsp€ of dimension fl ov€r F. We are able to

I

charactcrizethcscsubspaceswhcn (p,lCl)= l.Inthtcase, when pdivideslGlellweknowiswherp

to look for these subspaces, namety inside the kenrcl of f = 2 g,
geG
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1. Intrcductionr

Let F.be a finite field oforderp/for some prime p and r 2 l. Then r = fi.F is a vector
I

space of dimension a over F with basis canonical so that a typical vector has the shape

r = (rb . . ., r), fi; cF, i= 1, . . . ; n, A[4s J subspace J over F is a space inside Zof

dimension s. The dual subspace ,Sd is the subspace orthogonal to Junder the usual scalar

product on Z Thet is Sr= {c e f | @, t) = fu1*1 = ofor all z e I }. Then Sr is a In n - s I
. i=l

subspace because dim ̂ 9+ dim 8L drm(.
Let Cb€ a group of pennutmion manices of order r. A subspace Sof Zis called

G-invariant if (S)9 S S.
It is easy to check that if I is G -invariant, so is ̂ 9 r' Let s f,e J f,. Then

(sl,slg)=(sf,sr)=(sgl,sr)=0,whenseSandg, istansposeofg.Thenslge,s*and

,$ is a Ginvariant subspace.

2. Characterization of X'ixed Poinb when (F 16l) = 1

Throughout this section we wlll assume that F= GtrW\and (p,lG)' Set a = * > n '
l v l  geG

I .-r
Shce(p,lcl)=1, *=lCl-lexistsinFmdthereforeaexistsinthegroup-rtngFG'We

l s l

now sho* that ais an idempotent. Let v .r =flF. Then
I
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vqz=(va \a=( "+  I r ) (+  tn ) : " j , ;  Zn (  I s )  = " * t c t  I s'  
l G l g ? c  

' ' l G l g E c  '  
l c l "  g Z c  s Z c  l G f  s Z o

=u4 \ g=ra and a is indeed an indempotent.
l t : l  g e G

Next we prove a couple of theorems.

Theorem 2,1z Let G be a group of nx npermutation matrices and F: GF(pr) with

(p,lcl) =l.If S is a G-invariant subspace of Ir =fi r, ,hrn,Sa: Fix, (G)
I

Proof: We show that ,Sag Fixr (G). l*t z eSa. Then r =sa for some r e,S and

,o = r(* f  9 )= * I  rs. ^S. Thus.reS. Moreoverfor any g eG.-  lc l  s?-  
'  lG I  sZc-

I r \ r
rg  = sag=sl^  I  o)o = s ;  I  9=sd=r '  Hence"c=Fixs(G) '

l w l  g e G  l v l  g e G

S1e now prove the other containment i.e. Fus(G) E .Sa. Let s e Fus(G). Then

I t  s  \  t  r  l l g  I  -
s a = s t *  L S I = -  ) . s s : - _ ) - s =  t G t s = s .  H e n c e s = s a e S a .  I

t r : t s e G  l G l G o -  l G l T  l G l

Theorem 2.2 : Let G be a group of nx npermutation matrices and F: GF(pr) with

(p,f Gl): l. siir a Gintariant subspoce of Y =f ,, ,h"r(Sa)t: Ker a@ (J*)o.
I

Proof : Weprove that (,Sa)rs Kera+ (,S+)a. Let r e (,Sa)]' Then r - s're Ker aas

oP = a.Let us now check if .u a e f a. Since r e (.Saf, we have (t,sa) = 0 for Vs e,S. Then

0=(c,sa) :(rd,s)=(ra,s) and;,a e5*.nyapptyrng aonboth sidesof rae,S'artdusing

the idempotence, we obtain za ef a.Hence r= (z-ra)+ Ker abelongs to Ker a+ 15*)a.

We nowwantto showthat Ker a+1S*) ae (,SaP. I.rtr eKer a+ (J*)a. Then r = lxastq

forsome l  e Kand $e^S*and (t ,sa)=( i+ S4, sa)=(hd+({a)d,s)=

(ka + ({a)a,s ) = (0 +$4 s ) = 0 as /a e S*. Hence r e (^9a)rand Kera+ (S*)a.E (Sa)l.

Finally, we wantto check if Ker an (,$)a.= {0}. Let 'r e Ker an ('$)a.= {0}' Then

t: {uApplying ato both sides, we obtain ra= t)oP. Since z e Ker a and d: a, the

previous equallty yields 0 : sra,which in tum yields 0 : r. Thus Ker a r:1^$1u.: 1O;.

Theorem 2.3 . Let G be a group of nxnpermutation matrices and F=GF(p r) with (p'lc l) =1.

If ,S is a Ginvariant subspace of Y =ff a,,t.n dim Firv(G)=dimFrxs(G) + dim ftrrt(G)
I

proof: As ,Sag Vqwehave dim va= dim ̂ sa+ dim ((sa)'ava). By Theorem (2.2.),

(,Sa) I = Kera @ (S*)a which shows (,Sa) I ^ Vd = (Ker a n4a) @ (9)a n f4'
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Assume te r /anKera.Then teva forsomeve zrhus r =va=va.2=(va)a=^

ra = g.This shows <SA,f n io =(^S*)a n Vo = 1*'1a'Thus dim Va = dimsa + dim'S*a

Nowweapp lyTheorem(2.1) toobta ind imFixv(G)=d imFus(G)+d imFl rs t (G) . !

Notice that the theorem above may not work if (p'lGl ) * l' Consider for example

G=<12...n)>,u.V"ii"g*rrpoforderzgeneratedbypermutation(12"'z)actingon

V =27. Notice that Fun(G)= {0...0,1 " ' l} andS=Fuv(G)isa G-invariantsubspacein

Y.lf n isodd i'e' (p,lcl ) = I then Fix*(d) comprises of zero element only and dim Fuv(G) =

dim Firs (G) + dim riri(C) : 1' But when is even i'e' (p' lGl ) = 2' dim Frxv(G) =

dimF'IJ(G)=dimFlx/(G)=landtheequalltyinTheorem(2.3)ftilstohold.Since

dim Fixv(G) = dim Fr*s(G; + dim Fitl(C)' one wonders if Firv(G) = Frs(G) O F'irt(d)

holds under the conditions of rheorem (2.3). But one immediately notices that Firs(G) n

Firt(C) may not always be the zero space' For exarnple' if we let

6=<(123)>,(4),y=ff  Oa(O) andS =< l l l  > ' then Fus(G)=Fu/(O=$'andhence

I

Fi&(G)^rlri(G)isnotthezerospace.Thisraisesthequestion:whenisthenFixv(G)=

fi,,"tC) o Fir/(C) ? The following treorem ties to answer that question'

Theorem 2.4. Let G be a group of n x n permutation matrices and F : GF (p t ) with

(p,lcl ) = t. If g is a G -iwmiant subspace ot, =fr F, such that Fbs(G\n Flr51(@ ={0},

then Fixy(G)= Frxs(G) o FB*(CI'

Proof: Let r e Fus (G) + Fir*(G)' Then r = s * sr where s e Fits (G) and sre Fu; (G)'

Hen* tg= (J +Jr)g =sg +*g=J +sf,- c and r e Fuv(G) ' which follows Flr"(G) +

FirsL(d)gFxt(G)'As(P'lGl)=l'bYTheorem(2'3)'wehavedimFuv(G)=dimFirs(G)+

dim Frst(G).

Since Flrg(G) n rir*(G) = {0}, dim (Ftrs(cD+rirfr(G)) = dim Ffus(c) +dim Firt(G).

Hence dim Firv(G) = dim (Flxs(GD+Flrl(G), which yields ttre desired equallty Firv(G):

Fbr(G) o riri(C). 
I

Corotlary(2.5).LieGbeagtolryofofnxnPennutationmatricesandF=GF(pt)with

(p,lcl) = l. tf 'Sis a G 'irwoiant subspaceof Y =il F, suchthat Sa SL-- {|'\'then

Fuy(G) = Frxr(G) o Fir* (d)'

Proof: Follows immediately from the theorem above' I

Notice that condition if (p' lcl ) = I in Theore'm (2'4) is a sufficiency condition' not a

necessary one. To see this, we consido G = < (l2X3X4) > acting on V = Zl md

S={0000,0010}. Qnechecksthitinspiteof 
(p,lGl) :2, Fixv(G)'isstillFtu (G)O fir/(G)'
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3. Characterization of Fixed Points when (plcl) * t

Finally we consider the case whurp divides lG | . we set p = Ire and nroduce the
g e G

following theorern, which states that whenp divides lG l, the fixed points reside inside Ker p'

Theorem. LetGbeagroupnxnpermutationmatricesandF=GF(p',)withpdividwlcl'

If S is o G irwariant subspace of Y =fi F,thu S/g Ft"(G) =Ket p'

Proof: We first show that SpE Frr(G) ' Let v e SB i'e' ve sp for some s e'S' Then

vg = spg= s( I g)g = s Z g =s/= v. Hence v = Firg(G).To see the other containment i'e'

g e c  g e c

Firs (G) E Ker p ,we let v e Fixdd) and apply / on it' Then

t c l
v p = v  I s =  I v s = | v = l G l v = a '  

I

g . G  g . G  I

Not icethatthccontainmentFlxfG)eKerfmaynotholdi f(p, |G|)=l .Toseethiswe

consider the following examPlc

t-et G =< (123) (4) > and t' = Z1,. The'n one checks frat

Y , v P = ( I ' ; ,
i- l
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Hence VB= {0000,0001,1I l0,l I l1}'

On the other hand, I G | - 3 and 3 = I (mod 2)' so we have p = cr and by Theorem (2' l) of the

prcvioussoct ion, vp:Ya= Fuv(G)'Thus Fixn(G)= {0000'0001' l l l0 ' l l l l } 'Butfrom

vF = (iur, irr, |nr,uo1,*t learn that for a vector n Irto be in Ker p' the last coordinate

t=l i=l t-l

must be zero. so the vecton 000l,llll in F&v(G)with their last coordinate I can't be in

Ker 0 .This proves the fact that the containment sp g FbdG)E Ker p for an arbitrary

Ginvariant subspace S is specific to the case when p divides lG l'
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