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MAHENDRA PANTHEE

Abctnct: We consider a system of coupled Korteweg-de Vries equations and prove well-posedness
results in a space of functions analytic in a ship. The typical class of functions we consider to
obtain analytic solution is the Gevery class introduced by Foias and Temam in [6].

1. Introduction

In this work we consider the initial value problem (IVP)

Analytic solution for a system of KDV equations

= Q

= Q

wherecr,,pareconstantswith d+ B = I andr, te lR ThisisasystemstudiedbyNutkuand
O$uz in [6] and has a structure of the Korteweg-de Yries (KdV) equations coupled in the
nonlinear terms. This system has a bi-Hamiltonian structure. If ttre constants are such that
a = t 9, then the equations in the system (1. l) can be decoupled.

The main interest of this work is to find solutions (u(c,t),a (t,t)) of the IVP (l.l) which
admit an extension as an analytic function to a complex stip So: = {"r + ig : lAl < o}, at least

for small values of o. Analytic Gewey class infoduced by Foias and Temam [6] is a suitable
function space for our purpose.

In recent literature, many authors have devoted much effort to get analytic solutions to
several evolution equations. An early work in this direstion is due to Kato and Masuda [12].
They considered a large class of evolution equations and developed a general method to obtain
spatial analyticity of the solution. In particular, the class considered in [2] contains the KdV
equation. The more recent results in this field can be found in the work of Hayashi [0],
Hayashi and Ozawa [l], de Bouard, Hayashi and Kato [3], Kato and Ozawa [3], Bona,
Grujid and Kalish [, 2], GrujiC and Kalish [8, 9] and referencesthere in.

Let us move to intoduce some notations and defure space of functions in which we will

concenfiate our work. For o > 0 and s e IR, the analytic Gewey class Gd't is defined as the

subspace of 12 (lR; with norm.

llf ll:c,,,: l^ <fl*r2'<€)l?G\12 d€,

/ denotes the Fourier transform of / defned by

( l . l )

(r.2)

w h e r e ( . ) = l + l . l a n d

I u, + ur* t 2auu, + u) r + Qn) r
I

] a, + a,,, + 2Pw, t uu, * (ua),

I u(r,0) = uo(t),tt (r,0) = oo(r)
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r{
q

^ l
fG)=tr6Ĵn"-4 f(t\dt,

f@)=! f^ "*c i6ag.
JQd 

tn

(1.3)

whose inverse fransform is given by

(1.4)

If we define a Fourier multiplieropoatoAlbV

aIG)--(€>f(€)
then Gevrey norm of order (q s) ean be s/riss in terms ofthe operatorl as

' 
llf l l6o,,=llAse'Af I Lz*.)

Note that a function in the Gewey class Gs'd is a restriction to the real axis of a function

analytic on a symmetric sfrip of width Zo.Hace, our interest is to prove well-pose&tess result

for the IVP ( l. I ) for given dafa in Go's x Go's for rypropriate s.
Before establishing well-posedness rezults in the analytic Gewey class, we will prove the

same in the usual Sobolev spaces IIr x llt. Recall that, I/'denotes the Z2 -based Sobolev
space of order s with norm

nf n211,= l*tfl'l |(nP ag,

We denote by Lf (L'1,), (l < p <o) tbe Bud spc II(IR : I'q(IR)) for variables t and .c

respectively. For -l < D < l, let Xr, d€nde lhe Hilbert ryoce with the norm

I

l lf l lx,,t= (l*, e+lt-(tlPtr+l6lP lic,"'tl2 agar)tt2 ,

where i16,r) is the Fornier tansfqm of / in borh c md t vriables. This is the space

infroduced by Bougein [a] in ttre Kd!/ contcxtto obtain wclllosedness results for low
regularity data.

Let us recall some propertios of &e qpace X"l retuding lhe regularig. First, observe that

for feXrp,onehas,

ll f flx,e= ll(r+ Drf u(t)f llr?<rt>,

where t{0 = e-61 isdrermitarygprynsociatedwiftthe lin65,r KdYflow.If 6> lD,the
previous rcmah md the Sobo&v hnm impty,

X,.o cC(IR;Hj(tR)).

We use Cto d€notc variou conffints whose exast values are immaterial. Also, we use the

notationl S B iflt€r€ exisB aconshnt C >Osughthat A<C B,A ) B ifthere exists a

constantC >0suchfta A>CBandl- Brf  ASBandA2B.

Now we state the hcal existcnce result for given data in the usual Sobolev space

II'(IR) x I/"(IR).

Theorem l.l. For ory (us,ole Ilt(IR) x I|"(IR) , s > -314 od b e (ll 2, l), there exist

f = filuo llr",lluo llr") odauniqtesolutionof(I.l) inthetimetntervalf-T,Tlsatisfying
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u,a eC(I-T,II; fi '(R )),

u,a e Xr,5 g tPr,,o'QR; zl 1n;, for ls p so,

(u,)r,(o2), e xsb_r

[4e]

( l5)

(tJ)

(t.7)

d
(to t4,O1 €Xs4,5-1.

llaavv,givenT'e(0,7), themap (zs,us)r+ (u(t),o(t))issnoothfrom Hs(lR)x//r(IR)

to C (t-T',I'l ; fl"(R )) x C (l-T',7'l ; fl"(R)) .

Note tlrat [ (u2 + o\ at is conserved by tre flow of ( I . I ). Using this conserved quantity

we can obtain an a priori estimate m Z2 1n ; x .t2 (IR) which leads to the following global well-
posedness result.

Theorem 1.2. The wtgue local solution to the initial value problem (l .I) obtained in
Theorem I . I can be utanded globally in time for given data rn Hs (IR) x //r (lR), wi eneyer
s ) O

!.T"tt 13. Using l-method and almost conserved quantity introduced in the KdV cont*,t by
Colliander et al in[5], the globalwell-pose&tess result of the abwe theorem can be improvei
for s > -3110, Thse is similar worh in this direaion by the author in qllaboration witi
Linares in ll7l. As our interest hqe is to obtain analytic solutions, we do not proceed in this
direction

Bebre stating the main result of lhis worlc, let us introduce dre function space Xo,',r,
which is analogue of Borrgain's space Xr,6 inhoduced earlier.

For o> 0 and.r e B D e [-1, tJ 6"7-" 1go,t'b with the norm

ll f llzxo.,t = 
lJ<" 

- 13) (€>2' e2o<€> 1 |g,;yf aE at.

If we define the op€rator AP, for p eBby

Nf((,t)=1t7o f((,c).
then we have

llU.f ll xo,r,t. 
=ll As e' A Ab f 11.,._ r..z'(R")

[,et us record that C ([ 0, l] ; Gd't) denotes the space of continuous functions defined on
thd inrcrvol [ 0, fl that take values in Go't. If rve equip C ([ O, f ] ; Go,'\ rvith the norm

oil?, ll f(.,.)ll.o,,
then it becomes a Banach space.

For 6 > l/ 2, using Sotolev eqrbedJing we have

,ll!, 
ll f (.,.)ll 6o," s c ll ull xn,,,t.

Therefore fte space 17o's,b irembedded in C ([ 0, T]; Go,,) whencver 6 > l/ 2.
Now we are in position to state the main result of this rvork which reads as follows.
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Theorem 1.4. Lets 20 and o> 0 ttwtfor W (uo,aieG6'8 xGo" 'there qists atime

T> 0 such tha tte tw:1|'l) is well' posed in the spacec ([ u'r] ; Go")x c ([ 0' r] ;Go''\ '

2. lVell-posedness result in usual Sovolev sprce

In rhis scc.tion we will prove well'posedness results in the usual sobolev spac€!' The-idea

of the proof is similar tr t" 
"i. 

..pf"V"d f:t.fu Gear and Grimshaw system in the author's

;;";id;;;k ir;Gb"t"ti";;itn Liointt in tl7l. For the sake of completeness, we just give

sketch of the p'roof.

Proof of lhcorem l.l. Using Duhamel's principle, we study the following system of integral

equations equivalent to Se systcm (l'l),

i!,

-

c.;
T
I

al

(2.r) I uG\ =u(t'1uo- llou <t -tl r'(tt'o'tt"'o,'1()dt"

l,u, 
= u (t)t o - llo u o - tl G(u,o'u''u')(t') dt"

where u(r) = setdrl irthe unitary group tlat describes the linear Kdv flow and F and G are

respective nonlinearities.

To ftrd a local solutlon tothe rvp (l.l) we cm rralace the system (2.1) with the following

system

I u (t) = yr(t)(J(r) no - y1 (r) [lo u <t' tl'v r(t) F (u'o'u 
"'o "\(t'\ 

dt"

(2'2) 

| u1r)= rp1(r )u(t)oo..'ttt4\ liu<t 
-t)w7$G(u'o'uz'o')(t)dt"

where rp eCf (IR),0 < T 0)3I isastroothfunc{ionsuchthlt

e.3) ^r=t; t,',',ll),

md y7?)=d+\0 <.r< l '

Now, we consider the following function space where we seek b solution to the IVP (l.l).

For given (so,u.) e II'(IR) x /{'(IR) md b >ll 2' let us define'

t{ * : = l(u,o') e X, p x X, p : ll z ll,r",r 3 M' ll o ll * 
" 13 

Nl'

where M = 2cb.lloo llrr, and N =2colloo llr, T\en ![wv is a complete metric space with

nolm' 

ll l(r,u)lllrrav:= llnll""r+llollx"'a'

Withoutlossofgeneraliry,wemayassumethatM> 
l and/V> l.For (a,u)elfilv,letus

define the maPs'

I o* [u, ul = v rQ)I] (t) a o - v {t') f; u <' - t> v' (t') F (u'a'u 
"o'\ 

(t"1 dt'

(2'4) 
| **tr,rt =tyr(t)Il(t)oo-vlt) fru U -t)vr(t)G(u,a,u',u,)(t')dt"

wo pinove that o x Y maps t{pyilrto ,tm{ ard is a contaction' To achieve this goal we

ruc ftc following estimates
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(2.5) l lyrU(t)uollx,,3Clluol la,,

(2.61 a"? I:ue 
-t) f(!")4t ' l lx,.#g7t-b+b' l l  f  l lx,.y, orLr,b-r<b' <o

d

en l l , (uo) l lsg, , t ,  <cl lu l lx , ,6 l lv l lx" .5," t - ; ,  
) . t . f , , t - r<b'  

<-L,

hoofdcsrimates (2.5) and(2,6) is given in [4] and [7] andthat of Q.7) is given in [5].
l{ow using estimates Q.5)-Q.7) we obtain

[ i lafu,a) l lxr .a 
(  Col luol l r ,  +CrTe{l lu l l 'x, .nl l lo l l2x,.r  +l lu l lx"pl lal ly, .6l

(2.8) ,l -',

[1;v12,u]l lx",6 < Collaollr, +Czrq{ll[ l l tr",b +llall?x,.r +ll i l l l*"., l l  olly,.6t,

w h e r e 0 : l - b * b ' .

As (2, o) e If 74y, with our choice of Mand y'f we get fronr (2.8),

(2.e)

If ue choose Isuch that,

(3.10)

(3 .1  l )

| lolu,oll lx,,o=t*qT'e 
lM2 + N2 + MNI

I l l r [ i l , " ] l lx"  .o=t*c270lM2 + N2 + MNl.

Te s (zmur lct,C$(M + /{)21-t
then the estimate (2.9) yielos,

ll O[z,o]ll.y", 3M an r ll Y[z,u]111", (il.

Therefore,
(tb[u,al,Y lu,al) e I{ yy.

In a, analogous manner we can show that O x Y : (u,a) e (Qfu,ol,Y lu, ul) is a confaction.

Therefore the map O x Y is a contaction map in the ball If un. Hence. there exists a

unique fixed poiht (u,o)thatsolves the IVP (l.l) for 73 d. The remainder of the proof follows

a standard argument. n

3. Well-posednesss results in the analytic class

Now we proceed to establish the estimates that arc fundamental in-the proof of the main
result of this work.

3.l.Linear estimates.

Lemma 3.1. Let s e IR, 6r ) 0, uoeGo,t, b> ll2 andb- l<b'<0.Then there exists a
constant C such that

llv(t)U(t)uo llx.","p < ll uollcos ,

tt v, li u G - t') f (t') dt' ll, o.,,t < crt-b+b' ll f ll 11 o,,,t,

Proof: For o= 0 the estimates in (3.10) and (3.1l) turn to be estimates (2.5) andQ.6)

respectively. For o > 0, we just need to replace usby eoAusand / by eoA 7 andso the proof

follows in analogous manner. n
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32. Hlircar esfimatc

Lcmma 32. Ld a,v . ya,$, s) g, o > 0, i. O. i. tf b - | 1 b, < - i itw there q& a
cutstott C depeding only on s, b and b'such that

(3.r2) ll a 3 @rr:j ll x o,s ! < c lt u ll x " s tlto ll x, ", 
p.

Proolr r/e give pwf of (3. l2) for s * o, tte genoal case s > 0 follows fiffiit so, our
interest helre is to prove
(3.13)

Irt us defure

If ;,1i=X-:;i":;::",ilf ;1;
So tha$ llull *o,o,o 

= lJ f l1"rr, and lful[*r, ot =fr 5fr2;2;. Also,

ll 0 ,Qn\ll xo,op, 
= lj (r - E3)b' eol€, {fi t 0)((,t)ll ,; f

(3.r4) =fi<r - 63>b' a"<c> e !!Uer,tt)6(€ 
- €r,, -il a€infirr4

Now, the estimate (3.13) can be wi&ar in terms of /ard gas

p a e$@) $ *,0,v s c lt tt ll *apjll o Il *o,o,t.

t-1$i f (gr,"ry-c(C-€t\n1E -€r,c -cr)

{" l-€ IbF-q-(€-€)3)b

I
q

OJ

L
-

nq
l;r
-

h
d

h

:'

L

(3,s) ilr*tt ogr*ril
iltlt?

I
hq
r-

t
CI

Cr

ts

-a

cuf i l*  * i le\ !44.
Using Caudy-Schwarz inequarrty and Fubiani's theorENn, the LHS of (3.15) can be e$imated
as

"fi €""ril cc"-"Gr) f(€r,r1)s-o<€-€t> g(€ -€r,r -tr) ll

l?-€t>-t' 
JJ h-€?lbe-cr-G -€)3)b 

-'' ' 
frr7rr"

.^1.\ -il {so(€) ff e-o(lir-o(€-€tdgrd", il ,,(3'16) = 
[,"-r* JI n-t',r',*^utwnrr rrilri{,'i'.,Jle1{''7'1'

So, to obtain tfte alesir€d e$imate (3.15) edeereby (3.13), we need to strow
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(3. t4

lil: -, tt tingle inequality we have | | | s | 6r | + | f - f1 f . So,
d t ctint(c (3.17) will be proved if we can show

l*$ffi
tl
ll '"
llry4
eo(() . eolt) 

"o(l-Ci

(3.rt)

The expression in (3.18) is exactly the same term appeared in the proof of the usual bilinear
estimate related to the KdV equation in [5]. So, the rest of the proof follows the same lines in

[5]. This completes th9 proof of the lemma. D

3.3. Proof of the main result. Now we will use the linear and bi-linear estimates derived
above to prove the main result of this work.

Proofof Theorem 1.4. TheideaofproofisthesimilartothatofTheorem l.l presented
earlier. We write the IVP (l.l) in its equivalent integral form as in Q.2). For given

(us,os\ e Go'"([t) x Gor(IR) wrd b> | l2,letus define M=2Csll ze ll6o"c and

N =2C"tt zosll6o,s.Now define a ball

Blay : = {(u,o) e Xd,s,b x Xo,t,b :ll ull *oopS M,llollxoots il}. .

Then $yy is a complete metic space with nomr,

lll (z,o) llla*z=11ullyn,,,t + llo llr",,,a

In this case also, without loss of generality, we may assume ttlrrt M > I and /V > I . For
(u,o)e(86s,let us define the maps <D x Y as in (2.5). We will show that O x Y is a

contraction map in ttre ball CI1ary.

First, let us move to show that O x Y maps the ball {\6 nto itself. Using estimates
(3. l0) - (3. 12) we obtain as in (2.9), for 0 = 1: $ * b' ,

Now, choosing Tsuch that

we obtain from (3.19;,

(3.1e)

re < lznlrl 1C1,C2l (M + N)2)-r

ll@llx""r,a 3M nd llYllx",r,a <il.

Therefore, O x Y maps OyTy mto $w. One can easily prove thatO x Y is a contaction map

in an analogous mann€r, so we skip it.
Hence, the map iD x Y has a unique fixed point (r,?r) whioh solves the M (l.l) for IS d

in the ball $w .\\e rest of the proof follows a shndffd argumont so we omit the details. This

J lloll",,",a <t*crre {tt2 + N2 + MNI

Illvll*,,", ' <$+c2Te {M2 + N2 + MNl.

completes the proof of the theorem.
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